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Abstract. We study the real (measurable and continuous at a point) func-
tions that satisfy, almost everywhere, some systems of two simultaneous
functional inequalities. In particular, we obtain generalizations and exten-
sions of some earlier results of D. Krassowska, J. Matkowski, P. Montel,
and T. Popoviciu.

1. Introduction

In what follows N, Z, Q, and R denote, as usual the sets of positive integers,
integers, rationals and reals, respectively. Moreover Ny := N U {0}.

Let a,b € R\ {0}, ab™! ¢ Q, ab < 0. P. Montel [13] (see also [15] and [12,
p. 228]) proved that a function f : R — R, that is continuous at a point and
satisfies the system of functional inequalities

(1.1) fle+a) < f(zx),  fla+b) < flx) weR,

must be constant. A similar result for measurable functions has been proved
in [3], where a more abstract approach is assumed.

Key words and phrases: Functional inequality, microperiodic function, Lebesgue measurabil-
ity, Baire property, o-ideal.
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The result of Montel has been generalized in [8, 9, 10] by D. Krassowska
and J. Matkowski in several ways (see also [11]). In particular, motivated by
some problem arising in a characterization of LP norm, they have proved in [9]
(cf. [8]) that if o, 8 € R and ab < fa, then the following two inequalities

(1.2) fle+a) < flx)+a,  fle+d) <fl@)+p5, zeR,

has a solution f: R — R, that is continuous at a point, if and only if ab = Sa;
moreover every such a solution must be of the form f(z) = cx + d for z € R,
with some ¢,d € R. An analogous problem for functions f : R™ — R has been
studied in [10]. Some related interesting (and proved in a quite involved way)
results, for the following system of more general functional inequalities

n

(1.3) flz+a) Sf(x)JrZozjzj, flx+0) §f(x)+2[3jxj, r eR,
=0

=0

have been obtained in [11]. More precisely, the authors have shown how to
reduce by 1 the degree of the polynomials on the right hand side of (1.3),
but unfortunately without a precise final description of solutions of (1.3) for
arbitrary integer n > 0 (similar reductions for (1.3) with n = 0 have been
already applied in [4, 5]). In this paper we continue this approach and present
a method that allows to obtain some generalizations and extensions of those
results in [9, 13, 3]. For the clarity of presentation, we consider (1.3) only
with n = 0 and n = 1, but in a conditional form (on a real interval), almost
everywhere, and for real functions that are Lebesgue or Baire measurable. We
obtain outcomes that correspond somewhat to the results in [4, 5] and to the
problem of stability of functional equations and inequalities (for some further
information concerning that problem we refer to, e.g., [2, 6, 7]).

2. Preliminaries

Let us recall some definitions.

Definition 2.1. Let E C R be nonempty and Z C 2%. We say a property p(z)
(x € E) holds Z-almost everywhere in a set E (abbreviated in the sequel to
Z-a.e. in E) provided there is a set A € Z such that p(z) holds for all z € E'\ A.

Definition 2.2. 7 C 2F is a o-ideal provided 24 C Z for A € T and

U An S I, {An}n€N CcT.
neN
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If, moreover, Z # 2%, then we say that Z is proper. Next, we say that Z is
nontrivial provided Z # {0}. Finally, Z is translation invariant (abbreviated to
t.i. in the sequel) if x + A € Z for A € 7 and = € R.

We have the following (see [4, Propositions 2.1 and 2.2]).

Proposition 2.1. Let T C 2% be a t.i. o-ideal and U C R be open and
nonempty. Then

(2.1) int [(U\T)—V]#0, Vedf\7, Tez,
where (U\T) -V ={u—v:ueU\T,veV}.

Definition 2.3. Let D C R. We say that f : D — R is Lebesgue (Baire,
respectively) measurable provided the set f~!(U) is Lebesgue measurable (has
the Baire property (cf., e.g., [14]), respectively) in R for every open set U C R.

In what follows L stands for the o-ideal of all the subsets of R that are of
the Lebesgue measure zero; B denotes the o-ideal of all the subsets of R that
are of the first category of Baire.

We need yet the following proposition. It can be derived from [4, Theorem
3.1 and Remark 3.2], but for the convenience of readers we prove it.

Proposition 2.2. Let P be a dense subset of R, I be a real nontrivial interval,
ECI,andv:1— R. Then the following two statements are valid.

(i) If v is Lebesque (Baire, respectively) measurable, the set I \ E is of

Lebesgue measure zero (of first category, resp.) and
(2:2) v(p+z)<v(z), =zE€EpeEPa+peL,

then there is d € R with v(z) =d L-a.e. (B-a.e., resp.) in I.
(ii) If J C 2% is a proper t.i. o-ideal, [\ E € J, v is continuous at a point
xo € I and (2.2) holds, then v(z) = v(xg) J-a.e. in I.

Proof. (i) For every n € N we have

Ecv'®)=Jv" ((q—i,q—i—i)).

q€Q
Thus, for each n € N, there exists g(n) € Q such that the set

T (CCRE RS )

is not of the Lebesgue measure zero (of first category, respectively).
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Suppose there exists k& € N such that By := v~! ([q(k) + %, oo)) is not in
L (in B, respectively). Then, according to [1, Theorem 1] (Proposition 2.1,
respectively) int (By, — Ey) # 0, whence there is p € P with p € int (By, — Ey),
which means that p+e =b € By C F with some b € By and e € E. Hence

k) + 1 < 0(0) =v(p+ ) < v(e) < alk) + 7.

This is a contradiction.

Now suppose there exists k& € N such that Cy := v~} ((—oo,q(k:) — %]) is

not in £ (in B, respectively). Then, analogously as before we obtain that there
are p € P, ce€ Cy, and e € E such that p+c=e¢ € E;, C F, whence

alk) — 1 < vle) =v(p+0) < vle) < alk) - 1,

which is a contradiction.

Thus we have proved that the set v=! (R\ (gq(k) — £,q(k) + £)) isin £ (in
B, respectively) for every k € N. Let

5= () (a0~ o)+ 1)

keN

It is easily seen that S has at most one point, the set

A= R\ §) =0 (U (R (q<k>—;,q<k>+;>)> -

keN

— ot (=) (a0 - g+ 1))

keN

isin £ (in B, respectively), and v(z) € S for z € E'\ A.
Thus we have proved that there exists d € R such that v(z) = d for x € E\ A.

(ii) Since J is proper and t.i., we deduce that I ¢ J, whence F ¢ J. For
each n € N write
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and C,, := D, \ H, where H := I\ E. Since v is continuous at xg, int D, # 0
for n € N.

Suppose that there is k € N with Ej ¢ J. Then, on account of Proposition
2.1, there is p € P such that p € int (Ex — Ck), whence p+c=e € E, C E
with some ¢ € C), and e € E}. Hence

v(xg) + % <w(e) =v(p+c) <wv(e) <v(zo) + %

This is a contradiction.

Next, suppose that there is k € N with Fy ¢ J. Then, on account of
Proposition 2.1, there is p € PN (int (Cy, — Fy)), whence p+e=c€ Cp, C FE
with some ¢ € Cj, and e € F},. Hence

v(xg) — % <v(c)=v(p+e) <v(e) <v(rg) — %

This is a contradiction, too.
In this way we have shown that Gy, := E,UF}, € J for every k € N. Clearly

Vi=v (R {o(ao))
- (m N (v(xo) ~ = o(ao) + i))

neN

CHU|JGred

keN
and v(z) = v(xg) for x € E\ V. |

3. Thecasen =20

In this part of the paper we consider (1.3) for n = 0. The subsequent
proposition contains auxiliary results for the next section.

Proposition 3.1. Let ay,a2, 1,00 €R, a1 <0 < asg, alagl ZQ,

[e% (0%
(31) C1 = =1 Z 72 =:C2
al ag

and I be a real interval such that
(3.2) |I‘ >as —ay,

where |I| denotes the length of I. Then the subsequent two statements are
valid.
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(i) A function v : I — R is Lebesgue (Baire, respectively) measurable and

satisfies the following two conditional inequalities

(3.3) if ag+xz€el, then v(ag +2z)—v(z) < ay,

(3.4) if aa+ax€l, then v(ag+z)—v(z) < o
L-a.e. (B-a.e., resp.) in I if and only if co = ¢1 and there is d € R with
(3.5) v(z) =z +d, L—a.e (B—a.e., resp.) inl.

(i) Let J C 2% be a proper t.i. o-ideal. Then a function v : I — R is
continuous at a point o € I and satisfies (3.3) and (3.4) J-a.e. in I

if and only if co = ¢y and
(3.6) v(x) = a1z + v(zg), J —a.e. in 1.

Proof. (i) Assume that v is Lebesgue (Baire, respectively) measurable and
there is T € L (T € B, resp.) such that (3.3) and (3.4) are valid for every
x € F:=I\T. Write

w;(z) = v(z) — ¢, i=12,z€F.

Clearly w; is Lebesgue (Baire, respectively) measurable. Further, for every
i,7 € {1, 2}, we have a;; < ¢;a; and consequently

(3.7) wi(x +a;) =v(z+a;) —ci(r+a;) <
<v(z) +a; —cr —ca; <
<w;(x), reFx+a; €l

Fix i € {1,2}. Let

(3.8) H:= U (T + nay + mag)

m,n€Z
and E:=1\ H. Then H € L (H € B, resp.) and it is easily seen that

(3.9) T+ na; +mas € E, r € E,n,mée Ny, z+na +mas € 1.

Write Py := {naj; + mag : n,m € No,n+m < k} for kK € N and

P:U&

keN

Then it is well known that the set P is dense in R (see, e.g., [8, 9, 10]).
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We show, by induction, that for every k € N we have
(3.10) wi(z + p) < w;(x), rE€E,peEP,x+peEi=12.

The case k =1 is just (3.7). So fix k € N and assume that (3.10) holds. Take
x € E and ¢ € Pyyq with z + ¢ € E. Clearly, in view of (3.2), z+¢—a; € I
and p := g—a; € Py for some j € {1,2}. Hence, in view of (3.9), z+g—a; € E
and consequently, by the inductive hypotheses and (3.7),

wi(z+q) S wi(x+q—aj) =wi(z+p) <w(z), 1=1,2.
Thus we have proved that (3.10) holds for all k¥ € N, which yields
(3.11) wi(z + p) < w;(x), reEpePrz+peEi=12.

Consequently, by Proposition 2.2, there are di,ds € R and sets A1, Ay € L
(A1, Ay € B, resp.) such that w;(z) =d; for z € E\ A; and i = 1,2. Clearly

az+dy =v(x) = cox + do, x € E\ (A1 U A,),
whence we have ¢; = ¢ and di = dy =: d.
Since the converse is easy to check, this ends the proof of (i).

(ii) Let v : I — R be continuous at a point z¢ € I and satisfies (3.3) and
(3.4) J-a.e. in I. Since J is proper and t.i., we have

(3.12) ntT=0 TeJ.

There is a set T' € J such that conditions (3.3) and (3.4) hold for every
x € I'\'T. Analogously as in the proof of (i) we define w; and P and obtain
(3.11) for E := 1\ H, where H € J is given by (3.8).

Then, on account of Proposition 2.2 (ii), there are Vi, Vo € J such that

w;(x) = w;(zo), xe E\V,i=1,2.
Clearly, by (3.12), we have int (V4 U V2) = 0 and
w1 (zo) + 12 = wi(x) + 12 = v(x) = cox + wa(zp), xe E\ (V1 UW),
whence ajas = asa; and (3.6) holds.
The converse is easy to check. |

Remark 3.1. Let a1,a2 € R and aj,as € (0,00). Then every function
v:1 — R with

1.
sup |v(x)| < 5 mnin {a1, a2}
z€R

fulfils (3.3) and (3.4) for each real interval I. This shows that assumption (3.1)
is necessary in Proposition 3.1.



88 A. Bahyrycz and J. Brzdek

4. The casen =1

The next theorem gives results for (1.3) with n = 1.

Theorem 4.1. Let ai,az,B1,582,71,7%2 € R, a1 <0 < az, a1a;" ¢ Q,

1
(4.1) em (2o L {8 B
as aq as — a1 2a1 2a2
and Iy be a real interval which contains the interval (a1 — az,as — ay). Then

the subsequent two statements are valid.

(i) A function f: Iy — R is Lebesgue (Baire, respectively) measurable and

satisfies the following system of two inequalities

(4.2) if a1 +x€ly, then f(a1+z)— f(z) < bz + 1,

(4.3) if ax+a€ly, then f(az+z)— f(z) < Box+ 72

L-a.e. (B-a.e., resp.) in Iy if and only if

(4.4) ﬂfﬁzﬁf@ and ﬁ:%:&
ay 2 as 2 ai az
and there exists d € R with
51 2 71 /81
4. = -— B
(4.5) flx) 2a1m + o 5 T +d,

L—ae. (B—a.e., resp.) in I.

(ii) Let J C 2% be a t.i. o-ideal. Then a function f: Iy — R, continuous
at a point xg € Iy, satisfies conditions (4.2) and (4.3) J-a.e. in I
if and only if (4.4) holds and

+ b1x
) = ot (2P ) (o) ),

J —a.e. in Iy.

Proof. (i) It is easy to check that, in the case where (4.4) holds, the function

fFR—=R,
f(w>—61x2+<71—521>a:+d,

2(11 al
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satisfies the equalities

flar + ) = f(x) + Brx + 71, flag +x) = f(x) + Baw + 72

for every z € R.

So assume now that a function f : Iy — R satisfies (4.2) and (4.3) for every
x € Py:=1Ip\T, with some T € L (T € B, resp.). Take § € R, § > 0, with

min{ﬂ1 ﬁ2}< +6<max{61 52}

2a,  2as 2a1 " 2a
Write
v(z) == f(z) — (e + 6)a?, z el
and
o; =; — (e +6)as, aj = — ea; =12
Then
Gz (z_n) o
s az — ay
)
g — ay
_ a _ "
as — a1 [25] ’
whence
(4.6) ahay = afay

and, according to the definitions of «; and o,
(4.7) aza; = ahay — (dag)aza; > aljas — (dai)aza; = ayas.

First consider the case where

Py &
2(11 CLQ
which means that
(48) Bi — 2(1,‘(6 + (5) <0, 1 =1,2.

Then, by (4.2) and
(4.9) v(z+a;)

4.3), there is a set Ag € £ (Ag € B, resp.) such that

IA

(2) = (e +8)2® + (8; — 2a;(e + )z + i — (e + d)af <

(
flx+a;) — (e +0)(2* + 20,2 + a?) <
f
v() + — (e +6)ai = v(x) + o

IN
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for x € E := Iy N (0,00) \ Ag with z +a; € E, i = 1,2. Consequently, on
account of Proposition 3.1 (i) and (4.7), asa; = ajas and there exists d € R
such that (3.5) holds. Clearly (4.6) yields 6 = 0, whence o} = «; for i = 1,2
and

(4.10) f(x) = v(x) +ex?® = d+ 1z + ex?, L—ae. (B—a.e., resp.)in E.
Substituting this form of f in (4.2) and (4.3), we obtain
0 =a+ea? — v = cia; +ea? —v; < (Bi — 2ea;)x

L-a.e. (B-a.e., resp.) in E, which implies §; — 2ea; > 0 for ¢ = 1,2. Note that,
according to (4.8), for every i = 1,2, we have f3; — 2a;e = 0. Next, (4.6) means
that
(11 —eai)az = (72 — ea3)ar.
Consequently, (4.4) holds and from (4.10) we derive (4.5).
Now assume that
B B2

— < 6 < —
2a1_e+ _2(12,

i.e., B; —2a;(e 4+ &) > 0 for i = 1,2, which means that
(Bi — 2a;(e+9))x <0, z € (—00,0].

Consequently we argue analogously as in (4.9) for x € I; := Iy N (—o0,0).
Hence, in view of Proposition 3.1 (i) and (4.7), asa; = ajae and (3.5) holds
with some d € R. We complete the proof similarly as in the previous case.

(ii) In this case we argue analogously as in the case of (i), using Proposi-
tion 3.1 (ii). [ |

Remark 4.1. If in Theorem 4.1 we replace (4.2) and (4.3) by the following
two conditional equalities

(4.11) if a1 +x€ly, then f(ag+2)= f(z)+ frz+ 71,

(4.12) if ag+x €Iy, then f(ag+ )= f(z)+ faz + 72,
then condition (4.1) is superfluous. For, suppose that (4.1) does not hold. Then

B B2 | . [=B1 —Pa
e>max {— , — »=—min{ — , ——
2a1 ’ 2as 2a17  2a2
and consequently
V2 N 1 . [ =B =P
— = | ——— <minq{—, — .
as a1 ) as —aq 2a1  2as
Now it is enough to observe yet that, in view of (4.11) and (4.12), (4.1)—(4.3)
hold with fa 517 BQ; 71,72 replaced by _f7 _ﬁh _B27 —71, —72, respeCtiV61Y'
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Remark 4.2. It is easily seen in the proof of Theorem 4.1 (i) that if we assume
that (4.2) and (4.3) are fulfilled for every x € I, then there exists d € R with

(4.13) flx)= ﬁxz + (,Y1 - 621) xz+d, x € Iy.

2(11 aq

If Iy = R in Theorem 4.1, then condition (4.1) can be relaxed to some
extent as in the subsequent corollary.

Corollary 4.1. Let ay,ab, 81,85, v1,75 € R, af <0< ab, o) /as & Q, By < B
and 451 > 0. Then the subsequent two statements are valid.

(i) A function f:R — R is Lebesgue (Baire, respectively) measurable and
satisfies the following system of two inequalities

(4.14) fla;+ )= f(z) < B+, zeRi=12,

if and only if

! ! ! ! ! !
(4.15) l}_ﬁlzlf_& and @}:ﬁ;
a; 2 ay 2 a]  ag
and there exists d € R with
/51 2 ’71 51
4.16 = — —_ - = d e R.
(4.16) R e e S EN

(ii) A function f:R — R is continuous at a point xg € R and satisfies
(4.14) if and only if (4.15) and (4.16) hold with some d € R.
Proof. (i) It is easy to prove by induction that (4.14) yields

n—1
(4.17) f(na; +z) — f(z) < nBiz+ny, + Zjﬂ;a;, zeRi=1,2
§=0

for each n € N. Further, 8581 > 0 and a}a) < 0, whence

! /
max {/81, , ﬁ%} > 0.
2a] * 2ah
Since S5 — B < 0 and a), — a} > 0, this means that there is m € N with

(4.18) 1(%_%> 1 +(m—1)(6é—ﬁi)<max{6£ /3;}.

/ /! !/ / !/ / 70 /
m \ay, a}/) ay—a] 2m(al — a}) 2ay ' 24,
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Write
m—1
ai=ma,  Bi=mpf, yi=my+ Y jBla, i=12
=0
Then, in view of (4.17), (4.2) and (4.3) are fulfilled for all € R, with Iy = R.
Moreover, (4.18) actually means that (4.1) holds. Now using Theorem 4.1(i)
and Remark 4.2 we obtain (4.13) and (4.4). It is easy to check that those two
conditions imply (4.15) and (4.16).
The converse is easy to verify.

(ii) We argue analogously as in the case of (i), using Theorem 4.1 (ii) with

J ={0}. [ ]

Remark 4.3. There arises a natural question whether similar results can be
obtained for (1.3) with n > 1.
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