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´$¤�¢J©�¢��£¡¤�0õ�D�÷¢�b¥b¥b¥Z�;¡ � õ�D�÷;�ç¦ ±m¬Ô¤�¢Á¿=¨ «�£:Ñk«�¶�ñ÷¬�© §=¥^±Tº�¦ ¬4¬4¢T¹ç±�²�ºÁ¿Y«N¨ ±x§=¥8¹��   6?�§¦ ����� �q67���G¨ª©ª©ª© ¨ � §W©�¢k¬Ô¤�¢�±TªJ§8£T¢.µ`¬Ô¦;ºk¢
¿*¨ «=£:Ñ�£T«�¹*¢äá�µC¡iì ® å�¦;¥8¬4¢c¼Y¢J©zºk§8¬�©¸¦ £T¢c±T´H¬�¤�§8¬z±×§^¬Ô¦ ±�¶ß²

  8   ÿ 6 �¬«  :?�<.   6   ÿ8 :�®�< ¥ á�¼2å

¡á¤�¢ç¬Ô¤�¢T«Y© ² «�¶A«Y©¬�¤8«J¼Y«N¥J§*¨{¹=¢c±c¦ ¼C¥^±�§=¨ ±�«F±T¤8«�´m±�¬Ô¤J§8¬¥á¸±�¢T¢àº?¼0½�åÔ´ ¶¸«Y©$© §8¬4¢ä«N¥�¢v£T«=¹=¢c±�§=¥8¹�© ¢o§*¨h±�²=º¥¿Y«N¨ ±T´ ¬�¤8¢Ò¶`§=º�¦;¨ ²�   6¯��:	�¬���b¥b¥b¥Z�`�W�ç¢%ß�¦ ±Á¬4±�¦ ¶z§*¥�¹F«N¥*¨ ²F¦ ¶°� ¦ ±i¼�´6Þà«*©�ÉA·ÃÕ ¬�¦ ±�±T¤8«J´$¥F¦�¥ º�È0½Û¬�¤�§8¬�»^±c¦�¥^¼�� ±c¦;¥8¼C¨ ¢v»8±�¢J©}¹=¢c¬4¢T£c¬�«Y©�±
¦;¥àª�§J©ß§*¨;¨ ¢J¨;´C¬Ô¤�¢�£J¤8«�¦ £T¢Í«�¶Ó¬Ô¤�¢çºk§8¬Ô©`¦ £T¢c±��   6±�3:?�²���b¥b¥b¥£�`�w�ç§^±�§Ï¿Y«�°J¢çª�© «�°*¦ ¹=¢�¬�¤8¢>¿Y¢c±Á¬Aµ9ñté�·
¯z¥8¹=¢J© ¬Ô¤�¢+³ lWbo~ca � ~o]`bY]�aDQ�´=b*]ùX�bWe*a;dTn º$«�¹*¢J¨Ï´�¦ ¬Ô¤Ò£T«N¤8¢J©�¢J¥8¬A¬×¦�º$¢�«�¶�( ¿*¨ «�£:Ñc±T´H¬�¤8¢ç©�¢T£T¢�¦ °�¢T¹ï±c¦ ¼C¥J§*¨hºk§8¬�©¸¦ ßÒ¶³«*©2¬�¤8¢



� � ze�G� aea�� y a r����2�2���2�"�(� �w���9���w�+���A�(�¡ A�e�f¢w�0�4�2���(�A£4rfP a rdz � o¥¤%}.}J{ �D`µ`¬Ô¤Ò¿*¨ «�£:Ñç¦ ±A¼N¦ °�¢J¥ ¿�² µ
õ�D�÷¶� ö§�Îõ�D-÷f·¸ëõ�D�÷� ö

�� 67���   6 ¡ 6 õ�D�÷¹·º¸ëõ�D�÷-�»D��²����þ�þ�þZ�`(�� á�Û2å

´$¤�¢J©�¢Áö¼�z½?¾M�A�-¦ ±A¬Ô¤�¢�£J¤�§=¥*¥�¢J¨Eº�§^¬�©¸¦ ßä§=¥8¹¿¸ëõ�D�÷$¦ ±A¬�¤8¢�§�¹*¹H¦ ¬Ô¦ °J¢�£T«Nº�ª*¨ ¢%ß�!Ü§*»8±Á±c¦ §=¥v¥�«�¦ ±�¢"·
Õ�¥Í¬Ô¤�¢�±�¢�¾H»�¢J¨w´Û¢ä¥�¢T¢T¹ã¬�¤8¢ç©�¢T£T¢�¦ °�¢T¹ï±c¦ ¼C¥J§=¨�§=¥8¹ã¬Ô¤�¢çª�§J© §=ºk¢c¬4¢J©±�©�¢JªJ©�¢c±�¢J¥^¬�¢T¹ §^±á£T«N¨;»*ºÍ¥�°J¢T£c¬4«*©±J·�ÀÛ¢J¥�«J¬4¢�	õ�D�÷ÂÁ� °�¢T£�õ

µ
õ�D-÷-÷��;Ã�õ�D�÷�Á�k°�¢T£ÎõO¸ëõ�D�÷-÷�� á�ÞÏå

ø Á� °�¢T£�Ä~ö ÿÆÅ �GÇ#6 Á�»ÄO ¾ ó   ÿ 6 Å ø¹¥ á�Æ2å

¡á¤�¢ä©�¢T£T¢�¦ °�¢T¹à±c¦ ¼C¥�§=¨E¦;¥Í«N¥�¢>¿*¨ «=£:Ñ�£o§=¥Í¬Ô¤�¢J¥Ò¿Y¢¡´k©¸¦ ¬4¬4¢J¥ç§8±�	õ�D-÷	� �� 6r��� Ç#6p¡Z6;õ�D�÷f·Ã�õ�D-÷¢¥ á�Ç2å

ÓJ«Y©k©�¢o§=¨h±�²�ºÁ¿Y«N¨ ±Í§=¥8¹Ø´$¤Y¦ ¬4¢"¥8«�¦ ±�¢J´Ü¬�¤8¢ä±Á¬�©`»�£c¬Ô»=©�¢v«�¶á¬�¤8¢ä±TªJ§8£T¢.µ`¬Ô¦;ºk¢ã£T«�¹*¢à¹*«�¢c±ã¥8«J¬�¹=¢JªY¢J¥8¹ö«N¥ï¬�¤8¢"¥*»*º¥¿Y¢J©m«�¶
©�¢T£T¢�¦ °*¦;¥8¼g§=¥^¬�¢J¥*¥J§^±T´2§=¥�¹�·A¾e· á�Ç2å�£o§=¥à¿Y¢F©�¢.´k©¸¦ ¬4¬4¢J¥Ý¿�²à±�¢Jª�§W© §8¬×¦�¥^¼ ¬�¤8¢F©�¢o§=¨h§=¥8¹?¦;ºk§8¼N¦�¥�§J© ²öª�§J©�¬9±�«�¶x¬Ô¤�¢ä£J¤�§=¥*¥�¢J¨
§=¥8¹ø¥8«�¦ ±�¢"ò È �Òú��q�	õ�D�÷;����)�q�	õ�D�÷;�ÊÉ �ÌË�bÍ ¾ ó �� 67���   ÿ 6 ¡ 6 õ�D�÷¯Î

È �Òú��#ø���	�¿�#ø��ÏÉ · È �Òú��£ÃÐ����)�£ÃÐ�ÊÉ ¥
¡á¤=»^±$§Í±�²�±Á¬4¢Jº ´�¦ ¬Ô¤�|õ©�¢T£T¢�¦ °*¦;¥8¼ï§=¥^¬�¢J¥*¥J§8±�§*¥�¹à£T«NºÍª*¨ ¢%ßv£J¤J§=¥*¥8¢J¨N£T«�¢.îä£�¦ ¢J¥^¬4±�¦ ±�¢�¾H»*¦ °J§=¨ ¢J¥^¬m¬4«ï§�±�²�±Á¬4¢Jº ´�¦ ¬Ô¤+Ñk|
©�¢T£T¢�¦ °*¦;¥8¼�§=¥8¬4¢J¥=¥�§8±Ã´$¦ ¬�¤§!}§=»8±Á±c¦ §=¥g¥�«�¦ ±�¢�� õp�f�LÒ£ÓÍ #÷.·�ÓJ«*©m±c¦�º�ª=¨Ý¦ £�¦ ¬³²T´z¦�¥F¬Ô¤�¢"©�¢c±Á¬�«�¶á¬�¤8¢øª�§=ªY¢J©	´Ó¢ï£T«N¥^±c¦ ¹*¢J©x¬�¤8¢
±�²8±Á¬�¢Jº ¹=¢c±�£J©¸¦?¿Y¢T¹Ý¿�² á�Ç2å�´�¦ ¬�¤Ò§=¨;¨Y¬Ô¤�¢�£J¤�§=¥=¥8¢J¨=£T«�¢.îv£�¦ ¢J¥8¬9±Í©�¢o§=¨�§=¥8¹ø©�¢o§=¨E¥8«�¦ ±�¢"Ã�õ�D-÷ÐÔº� õp�¹�`Õ Í #÷.·�Ów�Ö \Td=\T_¸bWVDa ×W\Te�ØïU�e*\TVhX U^_�y*_¸bWaDd*a;dTnFP*�Ni"ÙCUWV ~
Õ�¥�¬�¤Y¦ ±z±�¢T£c¬Ô¦ «N¥p´Û¢Í¦;¥8¬Ô©�«�¹H»�£T¢�§�¼Y¢J¥8¢J© §=¨D¦ Ðo¢T¹ ºk«=¹=¢J¨J¶³«*©{¬Ô© §*¦�¥Y¦;¥8¼�±Á¬�© §8¬4¢c¼N¦ ¢c±J·Ó¡�«ç§=¨;¨ «�´õ±T»=ªY¢J©¸¦;ºÍªY«J±�¢T¹Fª*¨ §8£T¢Jºk¢J¥^¬4±T´
¬�¤8¢�:`¬�¤ç¬Ô©ß§*¥8±Tº�¦ ¬9¬�¢T¹v±�²�ºÁ¿Y«N¨�¡q6-õ�D-÷á«�¶\¿*¨ «�£:ÑCDk¦ ±á¢%ßNªJ©�¢c±Á±�¢T¹"§8±$§à¨Ý¦;¥�¢o§J©Ü£T«NºÁ¿Y¦�¥�§8¬Ô¦ «N¥ç«�¶z§ãª*¦;¨ «J¬m±�²�ºÁ¿Y«N¨C§=¥8¹F§ç¹=§8¬�§
±�²=º¥¿Y«N¨ ¡Z6;õ�D�÷���Ú Û�6�ÜpÝ�6hõ�D�÷f·ßÞ à�6áÜpâ�6hõ�D�÷¢�°:?�²���b¥b¥b¥Z�`�Ê��D��²���b¥b¥b¥Z�`(�� á�È2å

´$¤�¢J©�¢�Ý�6-õ�D-÷�¦ ±A¬Ô¤�¢¨Ñ�¥�«�´k¥àª*¦;¨ «J¬z¬�§ÏÑ�¦;¥8¼ç°J§=¨D»�¢c±x¶4© «Nº��kã��k�Ò§=¥�¹+âJ6-õ�D-÷á§�¹�§^¬Á§�±�²=ºÁ¿Y«N¨=¹H© §.´k¥ã¦�¥8¹=¢JªY¢J¥8¹*¢J¥8¬Ô¨ ²�¶�©�«Nº §
¹C¦ ±Á¬Ô©`¦?¿*»8¬×¦ «N¥�´�¦ ¬�¤¨Ðo¢J©�«gº$¢o§=¥ã§=¥8¹ö»*¥*¦ ¬x°J§W©¸¦ §=¥8£T¢"·k¡á¤�¢Í£T«�¢.îv£�¦ ¢J¥8¬9±�Û 6áÜ §=¥8¹¿à 6�Ü ±TªY¢T£�¦ ¶ß²ç¬�¤8¢àªY«�´Û¢J©Û«�¶ù¬�¤8¢Í¬�© §*¦;¥Y¦�¥^¼
§=¥8¹Í¹=§8¬�§�±�²=º¥¿Y«N¨ ±A©�¢c±TªY¢T£c¬Ô¦ °J¢J¨ ²J·Ü¡á¤�¢J©�¢�¶³«*©�¢J´�¬Ô¤�¢�ª*¨ §8£T¢Jºk¢J¥^¬Ü«�¶ÓªY¦;¨ «J¬2±�²�ºÁ¿Y«N¨ ±�´$¦ ¬�¤Y¦�¥�¬�¤8¢A£T«N¤8¢J© ¢J¥^¬Ü¬×¦�º$¢á«�¶¹( ¿*¨ «=£:Ñc±
£o§=¥�¿Y¢�£T«NºÍª*¨ ¢c¬4¢J¨ ²Ò±TªY¢T£�¦ ÖC¢T¹Ø¿�²Ò¬�¤8¢�¬�´Û«5�åäz( ªY«�´Û¢J©Ó§=¨D¨ «�£o§8¬×¦ «N¥vºk§8¬�©¸¦ £T¢c±æ � 29ç � �b¥b¥b¥£�¢çsè�4O��ç Ü �é2ªÛR�OÜG�b¥b¥b¥Z�;Û � Ü�4 ÿ � á�É2åê � 2 ë � �b¥b¥b¥Z�±ë�èÆ4O�?ë Ü �é2 à �OÜ �b¥b¥b¥£�¯à � Ü 4 ÿ ¥ á�Ù2å



� � ze�G� aea�� y a r����2�2���2�"�(� �w���9���w�+���A�(�¡ A�e�f¢w�0�4�2���(�A£4rfP a rdz � o¥¤%}.}J{ �

Õ ¬�¦ ±�¥8¢T£T¢c±Á±×§J©²v¬4«"¦;º�ªY«J±�¢�£T«N¥^±Á¬�© §*¦;¥^¬4±$«N¥FªY«J´Ó¢J©Û§=¨D¨ «=£o§8¬Ô¦ «N¥Ò±�£J¤8¢Jºk¢c±J·ÃÕ�¥ç¬Ô¤*¦ ±�ªJ§*ªY¢J©�´ ´Û¢Í£T«N¥8±c¦ ¹=¢J©[¬�´Û«à¬³²=ªY¢c±$«�¶
£T«N¥^±Á¬�© §*¦;¥8¬9±Jò
Ä"· � �c\T_¸b�nE\�ì�U�í2\T_�fRUWd8~o]�_¸bWaDdN]Û� � ìùf*�8� ¸�¢�§8±Á±T»*ºk¢á¬�¤�§8¬Ó¬Ô¤�¢k§^°J¢J© §8¼Y¢�ªY«J´Ó¢J©ùªY¢J©�( ¿=¨ «�£:Ñc±T´N¢o§�£J¤�¬�© §=¥^±Tº�¦ ¬4¬×¦�¥^¼��
±�²=º¥¿Y«N¨ ±T´�¦ ±3(�� ´ a;w�\owD� è� Ü\��� �� 67��� ��î�õp¡ 6 õ�D�÷-÷ ÍLï � è� Ü\��� �� 67��� õpÛ 6�Ü ·ðà 6�Ü ÷Ð�ñ(��§¥ á�ÄJÜ2å

¼A· ì�\T_ � ~9��i"ÙCUWV�ì�U�í2\T_kfhUWd�~o]`_¸bWa;d�]ù�±ìÆìùf*�8� ² ±á§�±TªY¢T£�¦ §=¨*£o§8±�¢�«�¶ ²�ò ® ´ ò�ò ® ¦ ±A§�±Á¬�©�«N¥^¼Y¢J©2£T«N¥8±Á¬Ô©ß§Y¦�¥^¬A¦�º�ªY«J±�¢T¹à«N¥
¢o§�£J¤Í±�²�ºÁ¿Y«N¨+ò � î õp¡q6-õ�D�÷-÷ Í ï �»ÛJ6�Ü�·ðà�6�Ü��²��¥ á�Ä"Ä#åò «J´Ó¢J©Û§=¨D¨ «=£o§8¬Ô¦ «N¥Í±�£J¤8¢Jº$¢c±$¬Ô¤J§8¬z±TªY¢T£�¦ ¶ ²Ò¬Ô© §*¦�¥Y¦;¥8¼v±�£J¤8¢Jºk¢c±�£o§=¥Ò¿Y¢ä¦;¨D¨;»^±Á¬�© §8¬4¢T¹v¼C© §=ª*¤Y¦ £o§=¨D¨ ²J·mµ�¤8«J´$¥à¦;¥�ÓC¦ ¼ ·v¼ï¦ ±�§
¼Y¢J¥8¢J©ß§*¨[ªY«�´Û¢J©m§=¨;¨ «�£o§^¬Ô¦ «N¥ä±�£J¤�¢Jº$¢ »=¥8¹=¢J© ò�ò ® §=ª=ª*¨Ý¦ ¢T¹ ¬�«à¬�¤8¢ç¬�© §=¥^±Tº�¦ ±Á±c¦ «N¥v«�¶s(ó�ó�qÑF£T«N¥^±�¢T£J»8¬×¦ °�¢C¿=¨ «�£:Ñ�±¡´$¦ ¬�¤�ô�öõö±�²=º¥¿Y«N¨ ±àªY¢J©i¿=¨ «�£:Ñ:· ·C§8£J¤ £T«N¨;»*º�¥"£T«*©`©�¢c±TªY«N¥�¹Y±ç¬4«g«N¥8¢À¿*¨ «=£:Ñà«�¶�±�²=º¥¿Y«N¨ ±�¬�© §=¥^±Tº�¦ ¬4¬4¢T¹ö¬�«J¼Y¢c¬Ô¤�¢J©t´�¦ ¬�¤Y¦�¥�÷�øõç±�²=ºÁ¿Y«N¨N¦�¥^¬�¢J© °J§=¨ ±J·�¸%¦ ¬�¤Y¦;¥�¢o§�£J¤�±�¾E»�§J©�¢J´N¬�¤8¢$±T¤�§�¹*¢T¹"ª�§J©¬�©�¢JªJ©�¢c±�¢J¥^¬4±x¬Ô¤�¢ÍªY¢J© £T¢J¥^¬Á§^¼Y¢�«�¶ùªY«J´Û¢J©[§=¨D¨ «�£o§8¬4¢T¹ç¬�«
¬�¤8¢�¬�© §*¦;¥*¦;¥^¼FªJ§J©¬7·Û¡�«F¦;¨;¨D»^±Á¬�© §8¬�¢$¬�¤8¢vªY«�´Û¢J©}§=¨D¨ «=£o§8¬Ô¦ «N¥à»*¥8¹=¢J© ²3ò ® ´R§�±c¦�º�¦�¨ §J©fÛ�À ¿�§J©<µ�¹H¦ §8¼C© §=º ºk§�² ¿Y¢ç¥8¢T£T¢c±Á±×§J© ²J·

Ä ¼ Û ÞÆ Ç È É Ù ÄJÜ Ä"Ä ÄJ¼

¡¤�¡ Í¡Zù¡qú ¬
ÓH¦ ¼ ·e¼Aò ² ¼Y¢J¥8¢J© §=¨RªY«�´Û¢J©}§=¨D¨ «=£o§8¬Ô¦ «N¥Í±�£J¤8¢Jº$¢v»*¥8¹=¢J©2¬�¤8¢äªY«J´Û¢J©[£T«N¥^±Á¬�© §*¦;¥8¬iá�Ä"Ä#å

ÖC¼C»*©�¢
Íx¶mªJ§J©¬Ô¦ £J»*¨ §J©Ó¦�¥^¬�¢J©�¢c±Á¬á§J©�¢�¬�´Û«ä±TªY¢T£�¦6§*¨�£J¨ §8±Á±�¢c±á«�¶xªY«�´Û¢J©Ü§=¨;¨ «�£o§^¬Ô¦ «N¥Í±�£J¤8¢Jºk¢c±Jò

Ä"·ù¡�¤8¢ S*U8_`a ×WUWdN]¸bWV jEVÝbWQT\Ti�\TdN] ´z§8±à¦;¨;¨D»^±Á¬�© §8¬�¢T¹ ¦;¥�ÓC¦ ¼ ·�Û�á�§"åÔ´�¦ ±ä§ ±�£J¤8¢Jºk¢ï¬Ô¤J§^¬ãª*¨ §�£T¢c±FªY¦�¨ «J¬�±�²�ºÁ¿Y«N¨ ±Ò«N¥=¨ ²?¦;¥"«N¥�¢
±�²=º¥¿Y«N¨*±T»Ï¿^±�¢�¾H»�¢J¥8£T¢J´h±×§�²T´D´�¦ ¬Ô¤�«N»^¬k¨ «J±Á±á«�¶Ü¼Y¢J¥8¢J© §=¨Ý¦ ¬³²T´�¡û�Jõ�D�÷.·Û¡�¤8¢äªY«J´Ó¢J©Ó§=¨D¨ «=£o§8¬Ô¦ «N¥vº�§^¬�©¸¦ £T¢c±��¤æ5� ê ��±×§8¬×¦ ±�¶ ²Û�6�Ü��ñ���¯à�6áÜ?�²���ýü�:Æ�»Ñ��b¥b¥b¥Z�`�Ê�?ü�D-¥
¡á¤�¢ j�\T_`a;U=e=aDQáS=U^_`a ×WUWd�]`bWV�jEVÝbWQT\Ti�\TdN] ¦ ±m§Ò¤�«Y©¸¦ Ðo«N¥^¬Á§=¨=ª=¨ §�£T¢Jº$¢J¥8¬Ó¬Ô¤J§^¬x©�¢JªY¢o§8¬4±A¦ ¬4±�¢J¨ ¶ ¢�°J¢J© ²C� ¿*¨ «�£:Ñc±dµ�ÖC¼ ·�Û�á-¿:å.·Û¡�¤8¢
lWd=a;X U^_`i-S*U^_�a ×WUWd�]`bWVCjHVÝbWQT\TiÍ\Td�] ´{±T¤8«�´k¥F¦;¥àÓH¦ ¼ ·6Û�á`£#åÔ´Ó©�¢�¶³¢J©�±k¬�«à¬Ô¤�¢Í£o§8±�¢Á´$¤8¢J¥ï§*¨;¨�ªY¦;¨ «J¬A±�²=º¥¿Y«N¨ ±Í¦;¥ç¬Ô¤�¢ã¤�«Y©¸¦ Ðo«N¥^¬Á§=¨
ª*¨ §�£T¢Jº$¢J¥^¬�¤J§o°J¢�¬Ô¤�¢�±×§=º$¢çº�§^¼C¥*¦ ¬�»8¹=¢J´ a;w�\owD� à��OÜ��ßà�·
¼A·ù¡�¤8¢ �c\T_4]`a;QcbJV §*¥�¹ lWd=a;X U^_`i �c\T_9]�aDQcbWV ª=¨ §�£T¢Jº$¢J¥8¬9±T´*§8±m¦;¨;¨D»^±Á¬�© §8¬�¢T¹�¦�¥ÁÓC¦ ¼ ·"Û�á`£.µ�¹�åÔ´�§W©�¢A¹*¢.Ö{¥8¢T¹�±c¦;º�¦�¨ §J©�¨ ²J·[¡�¤8¢ j�\T_`a;U=e=aDQ
�c\T_4]`a;QcbJVNjHVDbWQT\Ti�\Td�] ¦ ±\´k¤8¢J¥ç¬Ô¤�¢vª*¦;¨ «J¬x±�²�ºÁ¿Y«N¨ ±k§J©�¢vª=¨ §�£T¢T¹öªY¢J©¸¦ «�¹C¦ £o§=¨D¨ ²¥´�¦ ¬Ô¤FªY¢J©¸¦ «=¹��÷´�§8±á±T¤8«J´$¥F¦;¥�ÓC¦ ¼ ·vÛ�á`¢#å.·ÃÕ ¬
¦ ±�¦�º�ªY«*©¬�§=¥8¬z¬�«F¥8«J¬�¢�¬�¤�§8¬z¬�¤8¢v»*¥Y¦ ¶³«*©`º ±�£J¤8¢Jº$¢c±k§J©�¢ä»=¥8¹*¢J© ò�ò ® ·
ñÜ«J¬4¢m¬�¤�§8¬{¬�¤8¢x£T«N¥o°J¢J¥^¬Ô¦ «N¥�§=¨T¬�© §*¦;¥*¦;¥^¼:µ�¿J§8±�¢T¹�¬4¢T£J¤=¥Y¦ ¾E»8¢m£T«Y©`© ¢c±TªY«N¥8¹Y±Ó¬�«$¬Ô¤�¢�ªY¢J©¸¦ «=¹H¦ £ù°�¢J©¬Ô¦ £o§=¨Wª=¨ §�£T¢Jº$¢J¥8¬9´�¦ ¬Ô¤sàz�ñ�D·
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¡á¤�¢ø§8±Á±T»*ºÍª^¬Ô¦ «N¥ø¬�¤�§8¬ïªY¦�¨ «J¬ç±�²=º¥¿Y«N¨ ±ã§J©�¢�¿Y¦;¥J§J© ² ¦ ± ¥�«J¬ç£J©`¦ ¬Ô¦ £o§=¨?·õ¡�¤8¢ý!Ü§*»8±Á±c¦ §=¥g§8±Á±T»*ºÍª^¬Ô¦ «N¥ö«N¥ö¹�§^¬Á§g±�²=º¥¿Y«N¨ ±T´
¤8«J´Û¢�°�¢J©`´Ò¦ ±ï¢c±Á±�¢J¥^¬Ô¦ §=¨}¶³«*©�«A¿^¬Á§*¦;¥Y¦�¥^¼ ¬Ô¤�¢ ® é�êAì�§=¥8¹�«J¬�¤8¢J©ä©�¢c±T»=¨ ¬4±"¦�¥?¬Ô¤*¦ ±øªJ§=ªY¢J©�·¹Õ�¥÷§�¹=¹C¦ ¬Ô¦ «N¥�¬�«%º�§ÏÑ8¦�¥^¼�¬�¤8¢
ªJ©�«A¿*¨ ¢Jº §=¥J§*¨ ²8¬Ô¦ £o§=¨D¨ ²ã¬�© §�£c¬�§Ï¿*¨ ¢J´ ¬�¤Y¦ ±�§8±Á±T»*ºÍª^¬Ô¦ «N¥ø¦ ±äª�§W©¬×¦6§=¨D¨ ²i³Ô»8±Á¬×¦ ÖC¢T¹»¿Y¢T£o§=»^±�¢ä¬�¤8¢ä£o§=ª�§�£�¦ ¬³²F§8¬9¬Á§*¦;¥*¦;¥^¼F±c¦ ¼C¥�§=¨Ý¦�¥^¼C´
»*¥�¹*¢J©[¬Ô¤�¢�§^±Á±T»=º�ª8¬×¦ «N¥�¬�¤�§8¬ù¬�¤8¢�£J¤J§*¥=¥8¢J¨h¦ ±pÑJ¥8«J´$¥*´2¦ ±�!}§=»8±Á±c¦ §=¥�º�¼"Û0½`·iÓJ«Y©ù»=¥wÑJ¥8«J´$¥ä§=¥8¹v¬Ô¦;ºk¢ç¦;¥^°J§J©`¦ §=¥^¬m£J¤�§=¥*¥�¢J¨ ±T´
¬�¤8¢�!Ü§*»8±Á±c¦ §=¥á±c¦ ¼C¥�§=¨*¦ ±ù«Nª^¬Ô¦;º�§=¨^¶¸«Y©Üº�¦�¥Y¦�º�¦ ÐJ¦�¥^¼�«N»8¬�§8¼Y¢Íª�© «A¿�§Ï¿Y¦�¨Ý¦ ¬³²Ò¦ ¶{¬�¤8¢$£J¤�§=¥*¥�¢J¨�¢c±Á¬Ô¦;º�§^¬�«Y©}»^±�¢T¹à¦�¥$¬�¤8¢$¹*¢T£T«�¹*¢J©[¦ ±
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«�¶ù§=¨D¨*£T«�¹*¢äº�§8¬Ô©¸¦ £T¢c±�§J©�¢äªY¢J©�º�»^¬�¢T¹à¬Ô¤�¢�±×§=º$¢¡´ù§�²ä«Y©Û¦ ¶Ü«N¥�¢�£T«N¨D»=º�¥ç«�¶ù§*¨;¨*£T«�¹*¢äº�§^¬�©¸¦ £T¢c±�£J¤�§=¥^¼Y¢c±�¬Ô¤�¢�±c¦ ¼C¥Ï·� w � d � d=X U^_`i�b*]`a;UWd?y{S*\TU^_�\^]`a;QcbJV¹ì�\T_�~Áj�\TQ^]�a��T\
ì{¢�¶¸«Y© ¢�´Û¢m¬Á§8£:ÑJ¨ ¢ù¬�¤8¢$ªJ©�«A¿*¨ ¢Jº%«�¶h£J¤�§=¥=¥8¢J¨o¢c±Á¬Ô¦;ºk§8¬Ô¦ «N¥�»^±c¦�¥^¼k±T»*ªY¢J©¸¦�º�ªY«J±�¢T¹k¬�© §*¦;¥Y¦�¥^¼C´�¦ ¬Û¦ ±ù© ¢J¨ ¢�°J§=¥8¬ ¬4«k¢%ßW§=º�¦;¥8¢z¬�¤8¢
»*¨ ¬×¦�ºk§8¬�¢�¼*§*¦;¥�«�¶}±T»8£J¤Í§�±�£J¤8¢Jºk¢"·jËÜ¢J©�¢¡´Û¢�§^±Á±T»=º$¢$¬Ô¤J§8¬Û¬Ô¤�¢k¬Ô© §=¥8±Tº�¦ ¬4¬�¢J©�¹=«=¢c±�¥�«J¬GÑJ¥8«J´Â´$¤�¢J¥Í§=¥8¹ï¦ ¶2¬Ô¤�¢Ò©�¢T£T¢�¦ °J¢J©
¤�§8±�§�£�¾H»Y¦�©�¢T¹F¬�¤8¢Ò£J¤�§=¥*¥�¢J¨?·�¡á¤�¢J©�¢�¶¸«Y©�¢J´ ¬�¤8¢àªY¦�¨ «J¬á±�²�ºÁ¿Y«N¨ ±�§J© ¢�¬�© §=¥^±Tº�¦ ¬4¬4¢T¹ö¦�¥8¹*¢.Ö{¥*¦ ¬�¢J¨ ²J·¨ê�¢c¬Í»^±�§=¨ ±�«F§^±Á±T»=º$¢Í¬Ô¤J§8¬
¬�¤8¢ä©�¢T£T¢�¦ °�¢J©m»^±�¢c±�§=¥Í¢c±Á¬Ô¦;º�§8¬4«*©(´�¦ ¬Ô¤Ò±Á¬�©�«N¥^¼ã£T«N¥8±c¦ ±Á¬�¢J¥8£�²J·GÓJ«N¨;¨ «�´$¦;¥8¼ã¬�¤8¢�±×§=º$¢�§W©¼C»*ºk¢J¥^¬�¦;¥ º�Ù0½�´$¤8¢J© ¢ç¦ ¬$¦ ±A±T¤�«�´$¥
¬�¤�§8¬�¬�¤8¢ §�£J¤Y¦ ¢�°W§Ï¿*¨ ¢à¬�© §=¥^±Tº�¦ ±Á±c¦ «N¥?© §8¬�¢g¦ ±ï¥8«J¬Ò§#Ê{¢T£c¬4¢T¹¶¿Ô²g¬Ô¤�¢g»8±�¢F«�¶�§ ±Á¬�©�«N¥8¼C¨ ²g£T«N¥8±c¦ ±Á¬�¢J¥^¬Í£J¤J§=¥*¥8¢J¨ ¢c±Á¬Ô¦;º�§8¬4«*©
§8¬�¬Ô¤�¢ø© ¢T£T¢�¦ °�¢J©�´Î´Û¢à£o§=¥ ¬�¤8¢J¥ø§8±Á±T»*ºk¢ã¬�¤�§8¬�¬�¤8¢ï£J¤�§=¥*¥�¢J¨Ü¦ ±ÒÑ�¥�«�´k¥g§8¬�¬Ô¤�¢ø© ¢T£T¢�¦ °�¢J©`·Ø¸?¢ö¥8«J´ §^±�Ñ"ò¨´k¤�§8¬ç¦ ±Ò¬�¤8¢
ª*¨ §�£T¢Jº$¢J¥^¬x±Á¬�© §8¬4¢c¼J²Ò¬Ô¤J§8¬$º�§�ß�¦;º�¦ Ðo¢c±x¬Ô¤�¢äº�»8¬Ô»J§=¨H¦;¥^¶³«*©`ºk§8¬Ô¦ «N¥Ò¿Y¢c¬�´Ó¢T¢J¥ç¬�¤8¢�¬�© §=¥^±Tº�¦ ¬4¬4¢J©2§=¥�¹v¬�¤8¢ä©�¢T£T¢�¦ °�¢J©��
y{S*\TU^_�\Ti �W�

Themutualinformationbetweentheinputandtheoutput�võ�� � ¡¤�4õ¯�#÷¢��þ�þ�þ£�;¡ � õ¯�#÷¢��þ�þ�þZ�;¡û�0õ�(ä÷¢��þ�þ�þZ�;¡ � õ�(ä÷-÷ doesnot changeunderany permutationof thecoefficients
�bà�@ Ü �

.

If weconstrainthetotalamountof power thatcanbeusedto transmitpilot signalsto 	 Ü�
 , a;w�\owD�è� Ü\��� ��@ ��� à�@ Ü� (��0. 	 Ü�
k�
thentheuniformschemewith à�@ Ü �²�n. 	 Ü�
�Ê( ü�B#�²�?¥b¥b¥-�§�GD°�²�?¥b¥b¥;� á�Ä7ÞÏå

maximizesthemutualinformationbetweentheinputandtheoutput.ò ©�«�«�¶hòÓ±�¢T¢�¬Ô¤�¢�§*ª=ªY¢J¥8¹H¦ ß��
Íx¶h£T«N»*©±�¢J´*¬Ô¤�¢x§Ï¿Y«�°J¢z¬�¤8¢T«*©�¢Jº%¬�¢J¨D¨ ±}«N¥=¨ ²j´k¤�§8¬Û¤J§*ª=ªY¢J¥^±z¦ ¶E¬�¤8¢m£J¤�§=¥=¥8¢J¨Y¤J§^±Ó§=¨D©�¢o§�¹Y²Ã¿Y¢T¢J¥$§�£�¾H»Y¦�©�¢T¹e·tñÜ«N¥8¢c¬�¤8¢J¨ ¢c±Á±T´
¦ ¬k±T¤8«J´z±�¬�¤�§8¬Í¦ ¶x¬Ô¤�¢ç¬Ô©ß§*¥8±Tº�¦ ¬9¬�¢J©z§=¨ ´ù§�²�±ä¥8¢T¢T¹Y±�¬4«�¦�¥8£J¨;»8¹*¢"ªY¦;¨ «J¬$±�²�ºÁ¿Y«N¨ ±ç¦;¥"¦ ¬9±�¬�© §=¥^±Tº�¦ ±Á±c¦ «N¥=´2¬�¤8¢ç±T»=ªY¢J©¸¦;ºÍªY«J±�¢T¹
±Á¬�© §8¬4¢c¼J²â´$¦ ¬�¤�§ç»*¥*¦ ¶¸«Y©`º ª=¨ §�£T¢Jº$¢J¥8¬z«�¶ùª*¦;¨ «J¬Û±�²=º¥¿Y«N¨ ±á¦ ±z¬�¤8¢¥¿Y¢c±Á¬7·�ñÜ¢%ßJ¬Î´Û¢Ò¨ «�«AÑ�§8¬Ó¬�¤8¢k«J¬Ô¤�¢J©Óª�§J©¬z«�¶[¬�¤8¢Íª�© «A¿*¨ ¢Jº
¬�¤�§8¬ù§�¹*¹H© ¢c±Á±�¢c±z¬�¤8¢�¦ ±Á±T»8¢k«�¶[£J¤J§*¥=¥8¢J¨Y¢c±Á¬Ô¦;º�§^¬Ô¦ «N¥=´h»8±c¦;¥8¼Ò§�¹H¦ Ê{¢J©�¢J¥^¬á¦;¥o¶¸«Y©�ºk§8¬×¦ «N¥äº$¢o§8±T»*© ¢�� ¬Ô¤�¢¥ÓH¦ ±T¤�¢J©2¦�¥o¶¸«Y©`º�§^¬Ô¦ «N¥�·

¦�¦�¦#§���±����R~ « ¦�©��A(«f��� ª¬±��©��(©�®��i«��R���~ «! #"$�(&%	('5~ «&)â�¯(©(®
¡�¤8¢>ÓC¦ ±T¤8¢J©�Õ�¥o¶¸«Y©`º�§^¬Ô¦ «N¥Cãä§8¬Ô©`¦ ßÒá�ÓvÕSãäå�¦ ±á¹*¢.Ö{¥�¢T¹ï§8±

*�õ�ø¹��æÏ� ê �,+��`Õ�÷ � .n� î(- Í.0/2143 õ�� � ø¹��æ5� ê �,+��`Õ�÷ ï �
§=¥8¹Ò¬�¤8¢ ® é�êDì ºk§8¬Ô©`¦ ßC�Gõ�ø¹��æÊ� ê �,+��`Õ�÷�¦ ±ù¼N¦ °J¢J¥ä¿�²�¬Ô¤�¢�¦�¥o°J¢J©±�¢$«�¶�ÓeÕSã�·¬Õ�¥äª�§J©¬Ô¦ £J»=¨ §J©�´*¶¸«Y©2§=¥o²ä»=¥w¿Y¦6§8±�¢T¹Ò¢c±Á¬Ô¦;º�§8¬4«*©5ø{´A´Û¢v¤J§^°�¢ �	õ 5øz.»ø¬÷7õ 5ø+.»øv÷ ÿ /&* � � õ�ø¹��æ5� ê �,+��`Õ�÷ Á���jõ�øf��æ§� ê �,+��`Õ�÷¢¥
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Õ�¥ ¬�¤8¢ï¹*¢.Ö{¥Y¦ ¬×¦ «N¥ø§w¿Y«�°J¢J´�´Û¢g¤J§^°�¢v±TªY¢T£�¦ ÖH¢T¹�§*¨;¨Ü©�¢J¨ ¢�°W§*¥8¬vª�§W© §=º$¢c¬�¢J©±J·æÕ�¥"«Y©�¹=¢J©á¬4«g±c¦;ºÍª*¨D¦ ¶ß²ï¬�¤8¢g¥8«J¬Á§8¬×¦ «N¥�¦;¥ ¬�¤8¢
©�¢c±Á¬A«�¶Ü¬Ô¤�¢äª�§=ªY¢J©`´A´Û¢â´$¦;¨;¨"´$©¸¦ ¬4¢�«N¥*¨ ²Ò¬Ô¤�«J±�¢äª�§W© §=º$¢c¬�¢J©±�«�¶x¦;¥8¬4¢J©�¢c±Á¬7·jÕ�¥ïº$«J±Á¬x«�¶Û£o§^±�¢c±T´h«N¥*¨ ²Ò¬Ô¤�¢äªY«�´Û¢J©Ó§=¨D¨ «�£o§8¬×¦ «N¥
ºk§8¬�©¸¦ £T¢c±3æ §=¥8¹ ê «*©E±�«Nº$¢$£T«N¨D»=º�¥^±z«�¶�¬�¤8¢c±�¢�ºk§8¬Ô©`¦ £T¢c±z§J© ¢�¨Ý¦ ±Á¬4¢T¹v·�Õ ¶�¬�¤8¢�ªY«J´Ó¢J©{§=¨D¨ «=£o§8¬Ô¦ «N¥�º�§8¬Ô©¸¦ £T¢c±á¤�§^°J¢á§k±TªY¢T£�¦ §=¨
¶¸«Y©`º §=¥8¹ã¹=¢JªY¢J¥8¹ï«N¥*¨ ²Ò«N¥ç«N¥8¢äªJ§J© §=º$¢c¬�¢J©`´D´Û¢â´$¦;¨;¨H»^±�¢�«N¥=¨ ²Ò¬Ô¤J§^¬kª�§W© §=º$¢c¬�¢J©Û¦;¥Í¬Ô¤�¢�§J©¼C»=º$¢J¥^¬á«�¶\ÓeÕSã «*© ® é�êAìÎ·
¡�¤8¢Ò¦+·�¦ ·6¹e·ù§8±Á±T»=º�ª^¬Ô¦ «N¥8±á«N¥ã¥�«�¦ ±�¢�§=¥8¹à¹=§8¬Á§ãº�§ÏÑ×¢�¬�¤8¢äÓvÕSã §�¹=¹C¦ ¬Ô¦ °J¢"·Ûµ�ªY¢T£�¦ ÖH£o§=¨D¨ ²T´

*fõ æÏ� ê ÷Ð� è� Ü\��� *�Ü0õOç Ü �±ë Ü ÷-� á�ÄJÆ2å

´$¤�¢J©�¢6* Ü õOç Ü �±ë Ü ÷�¦ ±x¬�¤8¢>ÓvÕSã ¹=¢.Ö{¥8¢T¹ä¶¸«Y©�¿*¨ «�£:Ñ�D7·A¯ù¥�¹*¢J©{¬�¤8¢�!}§=»^±Á±c¦6§=¥�§^±Á±T»=º�ª8¬×¦ «N¥äá ² ÄJ´ ² Û2åÔ´H¬�¤8¢>ÓvÕSã ¤�§8±á§Ã´Û¢J¨;¨
ÑJ¥8«J´$¥ç±TªY¢T£�¦ §=¨W¶¸«Y©`º�¼N¦ °�¢J¥�¿�²Cº�¼4Þ:½2 *MÜ#õOç Ü �±ë Ü ÷=4 698 � È 7 � Ü798 6 É ÿ  � �ÜrÜ È 7 � Ü798 8 É · �Ñ ¬�© È  � �ÜrÜ 7  ÜrÜ798 6  � �ÜrÜ 7  ÜrÜ798 8 É �
´$¤�¢J©�¢ 8 6m¦ ±A¬�¤8¢�:`¬�¤Ò£T«NºÍªY«N¥8¢J¥8¬x«�¶Ü°J¢T£c¬4«*©fø(·� w s � Ø bJd=eøf�|:��õZ*�Jj�_`\�~Á~caDUWd�~
¸?¢ ¥8«J´ ª�© ¢c±�¢J¥^¬F¬Ô¤�¢�¢%ß�ªJ©�¢c±Á±c¦ «N¥^±ø«�¶àÓvÕSã�§*¥�¹ ® é�êAì «N¥»´k¤Y¦ £J¤ ¬�¤8¢�¹=¢J©¸¦ °W§^¬Ô¦ «N¥ «�¶ç¶4»=©¬Ô¤�¢J©vªJ©�«NªY¢J©¬Ô¦ ¢c±g§=¥�¹
«Nª^¬Ô¦;º�¦ Ð^§8¬Ô¦ «N¥^±k¦ ±â¿�§8±�¢T¹e·Ó¡�¤8¢pÖ{©±Á¬x¢%ß�ªJ©�¢c±Á±c¦ «N¥ã¦ ±x¶³«*©2¬�¤8¢�¼Y¢J¥8¢J©ß§*¨N£o§8±�¢�¶¸«N¨D¨ «J´Û¢T¹Ø¿�²v§ãºk«Y©�¢Í£T«Nº�ªJ§8£c¬A¢%ßNª�© ¢c±Á±c¦ «N¥Í¶³«*©
¬�¤8¢ä¤�«Y©¸¦ Ðo«N¥^¬Á§*¨hª*¨ §8£T¢Jºk¢J¥^¬7·jñÜ¢T£T¢c±Á±×§J© ² ¥8«J¬Á§8¬×¦ «N¥^±�§J© ¢ä¨Ý¦ ±Á¬4¢T¹F¦�¥Í¡{§Ï¿*¨ ¢äÕ<·;=<>@?(ACB DFE <>HG IKJML2NPO,Q�R#R�R#QPITSHL2NPOVUXWY <>HG Z J Q#R�R#R#Q[Z S U \0] <>_^�`^badc >eG fg] J Q�R#R#R�Q[fg] S Uh E <> !"� �7/ G i JjE Q#R�R#RdQPi S4E U k E <> !"� �7/6lnm o JjE Q#R�R#RdQ m o S4Egpq E <> !:� �7/ G rsJjE,Q#R#R�RdQtrHS4E�U r ] E <>vu w cyxz�{#|~}��K}g{j� cyx~� z�{[�� ] <> Y W9\0]Fu���]~�

¡ ² ìdêN·ïÕ<ò(ñÜ«J¬�§8¬Ô¦ «N¥^±�¦;¥�¬�¤8¢ ® é�êDì?¢%ß�ªJ©�¢c±Á±c¦ «N¥^±¬Á§w¿=¨ ¢
y{S*\TU^_�\Ti �N�

TheFIM for estimatingthechannelfrom thereceivedvector
�	õ�D�÷

is givenby2 *�Ü0õ ê ��æ¨÷=47698��é2��+�#õ�D�÷=47698	·'2�� Í õ�D-÷=47698û� á�ÄJÇ2å

where
�#�Jõ�D�÷

is thepartcorrespondingto themean2��+�#õ�D�÷=47698 Á�H+ ÿÜ4� Ü�õ±.��z6M· 8 6�#÷t�)Ü�õg��8	· 8 8b#÷ � ÜV+¹Ü�·��
tr
õ � ÍÜ ÷��-698¤� á�ÄJÈ2å

and
� Í õ�D�÷

thecovariance2��"Í"õ�D�÷=4 698 � 8 6 8 8 Ä Ñ�� Í
tr
õg� ÍÜ�� ÍÜ ÷f·������

tr
õg� Ü � ÍÜ ÷f·�� Í

tr
õ � ÍÜ ÷ Å



� � ze�G� aea�� y a r����2�2���2�"�(� �w���9���w�+���A�(�¡ A�e�f¢w�0�4�2���(�A£4rfP a rdz � o¥¤%}.}J{ {h}·$�-6ª8Ïõ���� Í
tr
õg�)Ü � ÍÜ ÷f·�� Í �

tr
õ � ÍÜ ÷-÷·s� Í

tr
õg�)Üj�z6 � Üj�)Üj��8 � Ü`÷Æ.�� Í

tr
õg�)Üj�z6 � ÍÜ �)Üj��8#÷·CÑ����

tr
õg�)Üj�§6 � Üj�¿8 � Ü�÷Æ.��=�

tr
õg�)Üj�z6 � ÍÜ ��8#÷·6� Í

tr
õ � ÜP�z6 � ÜV��80÷¢¥ á�ÄJÉ2åì[_`U=UYX òÜ¡á¤�¢�ªJ©�«=«�¶ «�¶{¬�¤Y¦ ±Ó¬�¤8¢T«*©�¢Jº ¦;¥^°�«N¨ °J¢c±z§k¹C¦�©�¢T£c¬Ó¢�°J§=¨D»J§^¬Ô¦ «N¥k«�¶ÎÓeÕSã »*¥�¹*¢J©h¬Ô¤�¢á£T«N¥8¹H¦ ¬Ô¦ «N¥�«�¶{£T«�¹*¢$«Y©¬�¤8«J¼Y«N¥J§=¨Ý¦ ¬³²

á�¼2å	´k¤Y¦ £J¤à¦;ºÍª*¨D¦ ¢c±A¬�¤�§8¬°Ç 6 §J©�¢�«Y©¬�¤8«J¼Y«N¥J§*¨�°J¢T£c¬4«*©±J·ù¡�¤8¢äªJ©�«�«�¶x¦ ±A¼N¦ °J¢J¥v¦�¥�¬�¤8¢ ² ª=ªY¢J¥8¹H¦ ßA·��
¡�¤8¢$¶³«*©`º�»=¨ §�¼N¦ °J¢J¥Í§Ï¿Y«�°�¢Í¦ ±m¶¸«Y©{¬�¤8¢Òº$«J±Á¬z¼Y¢J¥8¢J© §=¨Eª=¨ §�£T¢Jº$¢J¥8¬ù±�£J¤�¢Jº$¢J´h§=¥8¹ï¦ ±A¹C¦ îv£J»=¨ ¬Û¬�«ä§*¥J§=¨ ²0Ðo¢"·tËÜ«�´Û¢�°J¢J©`´ ¦�¥
¬�¤8¢�±TªY¢T£�¦6§*¨=£o§^±�¢�«�¶}¬�¤8¢ä¤�«Y©¸¦ Ðo«N¥^¬Á§=¨Eª*¨ §�£T¢Jº$¢J¥^¬�´H¬�¤8¢äÓvÕSã ¤�§8±�§Ò£T«Nº�ª�§�£c¬x¶¸«Y©`º�·
y{S*\TU^_�\Ti p �

Consideronly oneblock (t) of a horizontalpower allocationschemewith
� �w�£Ñ��Gõ��

, with power

allocationvectors
ë Ü �²2 à��q���b¥b¥b¥k�q�-4 ÿ

and
ç Ü �é2ªÛ��`���b¥b¥b¥£�`�k4 ÿ

. TheFIM is givenby*�Ü0õ\ë Ü �¢ç Ü ÷¶� ���2õ�D-÷±°·��A�0õ�D�÷[� ÿ � Ç5@qÇ ÿ @ �Æ�Æ·�� Í õ�D�÷ ��@ � Í � ÿ � Ç5@£Ç ÿ @ �Æ�b� á�ÄJÙ2å

� � õ�D�÷ Á� ��Û#· õ���� Í
tr
õg� Ü � ÍÜ ÷f·�� Í �

tr
õ � ÍÜ ÷-÷¢� á�¼"Ü2å� � õ�D�÷ Á� Ä Ñ�� Í

tr
õg� ÍÜ � ÍÜ ÷f·&�����

tr
õg� Ü � ÍÜ ÷f·�� Í

tr
õ � ÍÜ ÷ Å ·Û! _¡�� á�¼AÄ#å� Í õ�D�÷ Á� Û! ��Æ·ðà� ���·Úõ��¼.ðÑ2÷� ��Æ·�  ¡ � á�¼"¼2å

where ��6¹�'�ó   ÿ 6 �¢  ¡ Á�6  6 @C£ ¡b¤y¥ � ¡ � . àÕ Í õg�£à#·ºÕ Í ÷ �¦ �� Á�6  ¡ £ ¡ ����� . �Õ Í õg�3·ºÕ Í ÷ ¥ á�¼"Û2åì[_`U=UYX òÓ±�¢T¢�¬�¤8¢ ² ª*ªY¢J¥8¹H¦ ßD·��
Íâ¿^±�¢J© °J¢�¬Ô¤J§8¬Û¶¸«Y©}§ÒáÁ¥�«N¥Jµ�»*¥*¦ ¶¸«Y©`ºâå�¤�«Y©¸¦ Ðo«N¥^¬Á§=¨*±�£J¤8¢Jºk¢p´�¦ ¬Ô¤�( ¿*¨ «�£:Ñc±T´D´Û¢ä¤�§^°J¢

*fõ ê ��æ>÷�� è� Ü\��� *MÜ#õ\ë Ü �¢ç Ü ÷Ð�§���b°·����d� ÿ � Ç
�GÇ ÿ � �Æ��·�� Í è�@ � Í � ÿ � Ç5@qÇ ÿ@ ���b� á�¼4ÞÏå

´$¤�¢J©�¢ � 6 Á� è� Ü\��� � 6 õ�D-÷-¥ÀA»�¢ù¬�«k¬Ô¤�¢z«*©¬Ô¤�«J¼Y«N¥�§=¨Ý¦ ¬³²ÍªJ©�«NªY¢J©¬³²k«�¶h¬�¤8¢ù°�¢T£c¬�«Y©±s�qÇ 6 �A¬Ô¤�¢á¦�¥o°J¢J©±�¢x«�¶E¬Ô¤�¢pÓeÕSã £o§*¥â¿Y¢m¢o§8±c¦;¨ ²�£T«Nº�ª*»8¬4¢T¹ä¦ ¶��÷�ø{�·
¡á¤*¦ ±�¨ ¢o§8¹*±A¬4«ç¬�¤8¢�¶³«N¨;¨ «�´$¦;¥8¼ã£T«Y©�«N¨;¨ §J©²�·
fRU^_`UWV;VÝb^_ � �W�

For ahorizontalplacementschemewith
�÷�ø{

, theCRLB is givenby�ß��¨©�b°·�¨��`Ç
�GÇ ÿ � ·�¨ Í ��@ � Í Ç5@ZÇ ÿ @ � á�¼"Æ2å

where ¨©� Á� ���� �ª¨û6 Á�ø. �k6���"õ~���	·��K�k6~÷ ¥ á�¼"Ç2å



� � ze�G� aea�� y a r����2�2���2�"�(� �w���9���w�+���A�(�¡ A�e�f¢w�0�4�2���(�A£4rfP a rdz � o¥¤%}.}J{ {%{

Thetraceof theCRLB matrix is givenby

tr
õ��	÷ � �«¨��°·��Dõg¨��Æ·Úõ��0.1�#÷t¨ Í ÷¢¥ á�¼"È2å

Õ ¬ä¦ ±Ò¢c±TªY¢T£�¦6§=¨D¨ ²?¦�¥^¬�¢J©�¢c±Á¬Ô¦;¥^¼�¬�¤�§8¬�´z¦ ¶��Â�ó{?´Û¬�¤8¢ï¢�¦ ¼Y¢J¥^°J§=¨D»�¢c±ä«�¶$¬�¤8¢ÀÓeÕSã'¹*¢JªY¢J¥8¹÷«N¥*¨ ²ø«N¥ø¬Ô¤�¢g¥�«Y©`º «�¶$¬�¤8¢
£J¤�§=¥=¥8¢J¨¬£�£ ø£�£Y§=¥8¹ã¥8«J¬Ó¬�¤8¢A±TªY¢T£�¦ ÖH£á£J¤�§=¥*¥�¢J¨=ªJ§J© §=º$¢c¬�¢J©±J·Ó¡�¤8¢A±×§=º$¢�«A¿^±�¢J© °W§^¬Ô¦ «N¥Í¦ ±Û°J§=¨Ý¦ ¹�¶¸«Y©R¬Ô¤�¢A¬Ô©ß§8£T¢�«�¶�¬�¤8¢ ® é�êDì
ºk§8¬�©¸¦ ß�´$¤*¦ £J¤ãºk¢o§=¥^±á¬�¤�§8¬ù¬�¤8¢ ® é�êDì?«N¥�¬�¤8¢Òãäµ{·F«�¶}¬�¤8¢�£J¤J§=¥*¥8¢J¨�¢c±Á¬×¦�ºk§8¬�«Y©Û¦ ±á£J¤�§=¥*¥�¢J¨H¦�¥8¹*¢JªY¢J¥�¹*¢J¥8¬.·

¦d®C§¯)�~¬����°�±�(« ��v�t¦¢}±�(©�®��6"_%¢)� w�Z ³ lYa��cbJV;\Td�]	ì�U�í2\T_ � VDV;U=Qcb*]�aDUWdÒP�QTS*\Ti�\�~
¸?¢äªJ©�¢c±�¢J¥^¬x¬�´Û«v¬�¤8¢T«*©�¢Jº�±$¬Ô¤J§8¬�©�¢�°J¢o§*¨�¬�¤8¢�¢�¾H»*¦ °W§*¨ ¢J¥8£T¢>¿Y¢c¬�´Û¢T¢J¥ç¬�´Û«ã£J¨ §^±Á±�¢c±á«�¶xªY«�´Û¢J©Ó§=¨D¨ «�£o§8¬×¦ «N¥�±�£J¤�¢Jº$¢c±J·
y{S*\TU^_�\Ti r �

For
�å�ý�£Ñ��Gõ��

, if thereis onesymbolblock thatcontainsasinglepilot,
a�w�\owD�

for someblock indexD
, ç Ü �'Û�>�@L�±ë Ü �²��.Ôõ¯�n.Eà(÷±>A@A� á�¼"É2å

thepositionof thatpilot symboldoesnotaffect theFIM. SeeFig. 4.ì[_`U=UYX òÓ±�¢T¢�¬�¤8¢ ² ª*ªY¢J¥8¹H¦ ßD·��
ÄÄ ¼¼ ÛÛ ÞÞ

¡ �¡ Í¡£ù¡Zú ¬¬
á�§"å á-¿:å

ÓeÕSã

ÓC¦ ¼ ·AÞ ò�·A¾H»*¦ °W§*¨ ¢J¥^¬$ªY«�´Û¢J©Ü§=¨;¨ «�£o§^¬Ô¦ «N¥Í±�£J¤8¢Jºk¢c±�¦;¥Ò¡á¤8¢T«*©�¢Jº Þ ·Û¡á¤�¢äªY«J±c¦ ¬Ô¦ «N¥8±A±T¤�§�¹*¢T¹Ø¿�²¨D¦ ¼C¤^¬m¼C©�¢�²v§J©�¢p´k¤8¢J©�¢vªY«�´Û¢J©Ü§=¨;¨ «�£o§^¬Ô¦ «N¥8±A£o§*¥Ò¿Y¢�§J©~¿*¦ ¬�© §J© ²J· ÖC¼C»=©�¢

² ¥Í¦;ºÍº$¢T¹H¦ §8¬4¢$£T«N¥^±�¢�¾E»8¢J¥8£T¢k«�¶ ¬�¤8¢$§Ï¿Y«�°J¢A¬Ô¤�¢T«Y©�¢Jº�¦ ±Û¬�¤�§8¬Ô´E¦ ¶ «N¥*¨ ²�«N¥�¢�ª*¦;¨ «J¬}±�²�ºÁ¿Y«N¨=¦ ±Û¬�© §=¥^±Tº�¦ ¬4¬4¢T¹Á´�¦ ¬Ô¤*¦;¥�¢o§�£J¤
¿*¨ «=£:ÑJ´�¦ ¬ù£o§=¥ä¿Y¢k±T»*ªY¢J©¸¦�º�ªY«J±�¢T¹ä«N¥^¬�«v§=¥o²�¹�§^¬Á§�±�²�ºÁ¿Y«N¨ á�ÓH¦ ¼ ·DÆ2å%á�§"åÔ´<á-¿:å.·iñ}«J¬m±�«ç«A¿o°=¦ «N»^±k¦ ±m¬�¤�§8¬Û¬�¤Y¦ ±�¦ ±$¥�«J¬ù¬�©`»8¢Í¦�¥
¼Y¢J¥8¢J©ß§*¨*¶³«*©��÷�³²ä§=¥8¹F¦ ¶[¬�¤8¢J©�¢Í§J©�¢çº$«*©�¢�¬�¤�§=¥�«N¥�¢äªY¦�¨ «J¬ù±�²�ºÁ¿Y«N¨Y¬�© §=¥^±Tº�¦ ¬4¬4¢T¹ä´�¦ ¬Ô¤*¦;¥�¢o§�£J¤Ò¿=¨ «�£:Ñ"·jÕ�¥�¬�¤8«J±�¢�£o§8±�¢c±T´
¦ ¬$¦ ±�ªY«J±Á±c¦+¿*¨ ¢$¬�¤�§8¬kª*»8¬9¬Ô¦;¥8¼ ªY¦;¨ «J¬z±�²�ºÁ¿Y«N¨ ±�¦;¥Í¹H¦ Ê{¢J©�¢J¥^¬x±T»Ï¿^±Á¬�©�¢o§=º�±A¼N¦ °J¢c±á¹C¦ Ê�¢J©�¢J¥8¬ ® é�êDì�±J·
¡�¤8¢k¥8¢%ßJ¬2¬�¤8¢T«Y© ¢Jº ¼N¦ °�¢c±Û§=¥á¢�¾H»Y¦ °J§=¨ ¢J¥�£T¢p¿Y¢c¬�´Û¢T¢J¥�¬�¤8¢k»*¥*¦ ¶¸«Y©`º ªY¢J©¸¦ «�¹C¦ £�¤�«Y©¸¦ Ðo«N¥^¬Á§*¨�§*¥�¹ç»*¥*¦ ¶¸«Y©`º ªY¢J©¸¦ «�¹C¦ £Û°J¢J©¬×¦ £o§=¨
ª*¨ §�£T¢Jº$¢J¥^¬4±$§8±A±T¤8«J´$¥à¦;¥ ÓC¦ ¼ · Æ�á-¿"å%á`£#å.·
y{S*\TU^_�\Ti � �

If
� �'Ñ

or
�÷�øõ

, theFIM is thesamefor theuniform horizontalanduniform periodicvertical

placementwith
�

blockseachandequalparameter
à

.ì[_`U=UYX òÓ±�¢T¢�¬�¤8¢ ² ª*ªY¢J¥8¹H¦ ßD·��
¡�¤8¢Ò¢�¾H»Y¦ °J§=¨ ¢J¥�£T¢Í«�¶z¬Ô¤�¢c±�¢�¬�´Û«à±�£J¤8¢Jº$¢c±�¹=«=¢c±Ò¥8«J¬á±�¢T¢Jº ¬�«Ý¿Y¢�«A¿o°=¦ «N»8±J·¥Õ�¥�¹*¢T¢T¹H´}¦ ¶Û¬Ô¤�¢J©�¢v¦ ±�¥�«ø¥�«�¦ ±�¢ç§*¥�¹ ¢o§�£J¤
±�²=º¥¿Y«N¨Ü¦ ±Ò¢�¦ ¬�¤8¢J©á§?ª*¦;¨ «J¬Í«Y©á§"¹�§^¬Á§F±�²�ºÁ¿Y«N¨D´Û«N¥�¢À¿*¨ «�£:Ñã¬�¤�§8¬�£T«N¥8¬�§*¦;¥8±���¬Ô© §*¦�¥Y¦;¥8¼ø±�²�ºÁ¿Y«N¨ ±à¦ ±Í±T»Jîv£�¦ ¢J¥8¬�¶¸«Y©A¬�¤8¢



� � ze�G� aea�� y a r����2�2���2�"�(� �w���9���w�+���A�(�¡ A�e�f¢w�0�4�2���(�A£4rfP a rdz � o¥¤%}.}J{ {h¤

ÄÄ Ä¼¼ ¼ÛÛ ÛÞÞ Þ

¡ �¡ Í¡£ù¡Zú ¬¬ ¬
á�§"å á-¿"å á`£#å

ÓeÕSãÓvÕSã

ÓC¦ ¼ · ÆAò ò «J´Ó¢J©Û§=¨D¨ «=£o§8¬Ô¦ «N¥�±�£J¤�¢Jº$¢c±�¦�¥Í¡�¤8¢T«Y© ¢Jº�±GÞï§*¥�¹ÒÆAò\á�§"åA§àªY¢J©¸¦ «=¹H¦ £�±�£J¤�¢Jº$¢�¬�¤�§8¬£T«N¥8¬�§*¦;¥8±á«N¥8¢�¬�© §*¦;¥*¦;¥8¼ä±�²=ºÁ¿Y«N¨E¦;¥Ò¢o§8£J¤Ò¿*¨ «=£:ÑJ´h§=¨D¨=¬Ô©ß§Y¦�¥Y¦�¥^¼ä±�²=º¥¿Y«N¨ ±�¤�§^°J¢�¢�¾H»J§*¨ªY«J´Ó¢J©�´�á-¿:åx¬Ô¤�¢ç»*¥Y¦ ¶³«*©`º ¤8«Y©`¦ Ðo«N¥^¬Á§=¨*±�£J¤�¢Jº$¢J´�á`£#åA¬Ô¤�¢ç»*¥*¦ ¶¸«Y©`º ªY¢J©¸¦ «�¹C¦ £k°�¢J©¬Ô¦ £o§=¨±�£J¤�¢Jº$¢
ÖC¼C»=©�¢

¦ ¹=¢J¥^¬Ô¦ ÖH£o§8¬×¦ «N¥v«�¶ù¬�¤8¢ç£J¤�§=¥*¥�¢J¨{ºk§8¬�©¸¦ ßD·�ÓJ«*©Û¬Ô¤�¢ã»=¥Y¦ ¶³«*©`º/¤8«*©¸¦ Ðo«N¥8¬�§=¨{ª=¨ §�£T¢Jº$¢J¥8¬Ô´Ó¤�«�´Û¢�°�¢J©`´ù»*¥wÑJ¥�«�´$¥ï¹=§8¬Á§ç±�²=º¥¿Y«N¨ ±
§=¨ ´ù§�²�±�ªJ©�¢c±�¢J¥^¬�¦�¥Í¬�¤8¢Í«A¿^±�¢J© °W§8¬×¦ «N¥Ï·pñÜ«N¥8¢c¬�¤8¢J¨ ¢c±Á±T´[¦ ¬A£o§=¥�¿Y¢�±T¤8«J´$¥ç¬�¤�§8¬x¬Ô¤�¢v»*¥*¦ ¶¸«Y©`º ¤�«Y©¸¦ Ðo«N¥^¬Á§*¨Rª*¨ §�£T¢Jº$¢J¥^¬á«�¶°�
¿*¨ «=£:Ñc±¥´�¦ ¬Ô¤à¶4»=¨D¨�¬�© §*¦;¥Y¦�¥^¼"±�²�ºÁ¿Y«N¨ ±Ò§=¨ ±�«÷¨ ¢o§�¹Y±Í¬4«g¬Ô¤�¢ ¦ ¹*¢J¥^¬Ô¦ ÖH£o§8¬Ô¦ «N¥ «�¶iöÀ·ø¡á¤*¦ ±v© ¢c±T»*¨ ¬ç¦ ±Ò§ £T«N¥8±�¢�¾H»�¢J¥8£T¢F«�¶�¬�¤8¢
±TªY¢T£�¦ §=¨ ªJ©�«NªY¢J©�¬×¦ ¢c±�«�¶A¬Ô¤�¢ä«Y©¬�¤8«J¼Y«N¥J§*¨�¿=¨ «�£:Ñv£T«=¹=¢c±T´}§=¥8¹�¦ ¬k§=ª=ªY¢o§J©±�¬�¤�§8¬$¬�¤Y¦ ±�±TªY¢T£�¦ §=¨h£T«�¹*¢ ªJ©�«�°=¦ ¹=¢c±Í§à±�²=º�ºk¢c¬Ô©²
¦;¥à±Tª�§�£T¢ã§=¥8¹"¬×¦�º$¢��m¦ ¶	´Ó¢ã¬Ô©ß§*¥8±TªY«J±�¢Ò¬Ô¤�¢ ºk§8¬�©¸¦ ßï«�¶A¬�© §=¥^±Tº�¦ ¬4¬4¢T¹ø±�²=ºÁ¿Y«N¨ ±�¬Ô¤�¢v¢c±Á¬×¦�ºk§8¬�¢ä«�¶m¬�¤8¢v£J¤J§=¥*¥8¢J¨R¹*«�¢c±v¥8«J¬
£J¤�§=¥8¼Y¢"· ² ¼*§*¦;¥=´�¦;¥Í¼Y¢J¥8¢J© §=¨�¬Ô¤*¦ ±�©�¢c±T»*¨ ¬m¹=«=¢c±�¥8«J¬k¤8«N¨ ¹ã¶¸«Y©��÷�³²ä«*©Û¦ ¶}¬�¤8¢çª=¨ §�£T¢Jº$¢J¥8¬$¦ ±�¥8«J¬�»*¥*¦ ¶¸«Y©`º�·
Í�¥8¢$ºk§�²G¾E»8¢c±Á¬Ô¦ «N¥x¬Ô¤�¢�ªJ© §�£c¬Ô¦ £o§=¨c°J§=¨D¦ ¹C¦ ¬³²x«�¶h¬Ô¤�¢�¤�«Y©¸¦ Ðo«N¥^¬Á§*¨Jª=¨ §�£T¢Jº$¢J¥8¬.·\ìR²�§=¨D¨ «�´�¦�¥^¼k¬Ô¤�¢z£T«N¥8¬×¦�¥*»�«N»^±}¬Ô© §=¥8±Tº�¦ ±Á±c¦ «N¥
«�¶Û¹=§8¬Á§Í§=¥8¹øªY¦�¨ «J¬m±�²=ºÁ¿Y«N¨ ±T´�¦ ¬m±�¢T¢Jº�±á¬�¤�§8¬m¬Ô¤�¢�¬Ô¤�¢ä¤8«*©¸¦ Ðo«N¥8¬�§=¨hª*¨ §�£T¢Jºk¢J¥^¬�ºk§�²ç«4Ê�¢J©�¿Y¢c¬4¬4¢J© ¬�© §�£:Ñ�¦;¥8¼ã£o§=ª�§Ï¿Y¦�¨Ý¦ ¬³²�¶³«*©
¬Ô¦;º$¢k°W§J© ²=¦;¥^¼à£J¤�§=¥*¥�¢J¨ ±J·�Ówãy{S*\vfRUWdN�T\��=a�]D� UYX s � Ø�X U^_zumU8_`a ×WUWdN]¸bWV�ì2VDbJQT\TiÍ\Td�] ~
¸?¢ ¥8«�´'©�¢c±Á¬Ô©`¦ £c¬à«N»=©±�¢J¨ °J¢c±F¬4« ¬Ô¤�¢ ¤8«Y©`¦ Ðo«N¥^¬Á§=¨Aª*¨ §8£T¢Jºk¢J¥^¬�´�¦ ¬�¤w� � �£Ñ��Gõ��w· ¡á¤�¢ö£T«N¥^°�¢%ß�¦ ¬³²%©�¢c±T»=¨ ¬ø¦ ±Ø¿Y¢c±Á¬
¦;¨;¨D»8±Á¬Ô© §8¬�¢T¹ï¦;¥�ÓH¦ ¼ ·DÇA·ùµ�»=ª*ªY«J±�¢$¬Ô¤J§8¬Î´Û¢�±Á¬�§W©¬Î´$¦ ¬�¤Í§ä»=¥Y¦ ¶¸«Y©�º ¤8«*©¸¦ Ðo«N¥8¬�§=¨Hª=¨ §�£T¢Jº$¢J¥8¬�´k¤8¢J©�¢�¢�°J¢J© ²àª*¦;¨ «J¬ù±�²=º¥¿Y«N¨C¤�§8±
¬�¤8¢�±×§=ºk¢vªY«�´Û¢J©�·�ñÜ«�´ ¨ ¢c¬�»^±�º�§ÏÑ×¢�¬�¤8¢�¬Ô©ß§Y¦�¥Y¦�¥^¼øªY«J´Û¢J©m»=¥8¢�°J¢J¥C¿Ô² ºk«�°*¦;¥8¼gªJ§J©¬á«�¶Û¬�¤8¢�¬Ô© §*¦�¥Y¦;¥8¼øªY«J´Ó¢J©}¶�©�«Nº ¬�¤8¢
±�¢T£T«N¥8¹ï¿=¨ «�£:Ñ�¬�«v¬�¤8¢âÖ{©±Á¬�´R§=¥�¹ã¬�¤8¢�±×§*ºk¢Í§=º$«N»=¥^¬A«�¶ù¹=§8¬Á§ïªY«�´Û¢J©}¶4© «Nº ¬Ô¤�¢âÖ{©±Á¬p¿*¨ «=£:Ñ�¬�«v¬�¤8¢�±�¢T£T«N¥8¹v·ÃËÜ«�´ ¹*«�¢c±
¬�¤8¢äÓvÕSã °W§J© ²´�

à � à Í àJ��.�µ à Í ·&µ® é�êDì

ÓH¦ ¼ · ÇAò ò «�´Û¢J©Ü§=¨;¨ «�£o§^¬Ô¦ «N¥Í±�£J¤8¢Jºk¢c±�£T«Nº�ªJ§J©�¢T¹g¦;¥Í¬Ô¤�¢T«Y©�¢Jº ÇÒ¶¸«Y©Æ� �øõ ·
ÖC¼C»*©�¢
y{S*\TU^_�\Ti��J�

Supposethatonlyonepilot symbolis transmittedin someblock
D
underPPC,

a�w�\owD� ë Ü �é2 à��q���b¥b¥b¥k�q�-4 ÿ
and

àý�×õ����q�#÷
and

ç Ü � õ¯�3.Eà(÷±>M�
. Then

ü!µ+�æõ����q�#÷
suchthat

� � à�.�µ¯¶ßà+·&µ � �
, theFIM · õ�à9÷	�¸*MÜ#õ\ë Ü ÷



� � ze�G� aea�� y a r����2�2���2�"�(� �w���9���w�+���A�(�¡ A�e�f¢w�0�4�2���(�A£4rfP a rdz � o¥¤%}.}J{ {hí

correspondingto block
D

satisfies �Ñ õ · õ�à�.�µÏ÷¹· · õ�à#·�µÏ÷-÷s$ · õ�à9÷¢¥ á�¼"Ù2åì[_`U=UYX òÓ±�¢T¢�¬�¤8¢ ² ª*ªY¢J¥8¹H¦ ßD·��
Õ ¶(´Û¢�§=ª*ª=¨ ²�¬Ô¤*¦ ±z¬Ô¤�¢T«Y©�¢Jº ¬4«Í¬�´Û«Ò¿=¨ «�£:Ñc±T´h¦ ¬A¦ ±z¬Ô¤�¢J¥�§=ª*ª�§W©�¢J¥^¬Û¬�¤�§8¬Û«N¥�¢$±T¤�«N»*¨ ¹v§*¨;¨ «�£o§8¬4¢�¬Ô© §*¦�¥Y¦;¥8¼ãªY«J´Ó¢J©ù»*¥8¢�°J¢J¥*¨ ²
§8±�¦;¨;¨D»^±Á¬�© §8¬�¢T¹ ¦;¥ ÓC¦ ¼ ·eÇA· ò ¨ ¢o§8±�¢ä¥�«J¬4¢�¬Ô¤J§^¬m¬�¤8¢�±c¦ ¼C¥5�´¶��Ò¿Y¢c¬�´Ó¢T¢J¥ä¬�¤8¢�±�£J¤8¢Jº$¢c±�¦;¨D¨;»^±Á¬�© §8¬4¢c±A¬�¤8¢�¶¸§�£c¬m¬Ô¤J§^¬m¬�¤8¢äé�ËÓµ
¦ ±º¹�¿Y¢c¬4¬4¢J©¼» ¬Ô¤J§*¥ä¬�¤8¢CêAËÓµ�´ §�£T£T«Y©�¹H¦;¥8¼"¬4«ï¬�¤8¢ ® é�êDì�£J©¸¦ ¬4¢J©`¦ «N¥*´(´$¤Y¦ £J¤à§�£c¬Ô»J§=¨D¨ ²gº$¢o§=¥^±�¬�¤�§8¬á¬�¤8¢ï©�¢J¨ §8¬Ô¦ «N¥à¿Y¢c¬�´Û¢T¢J¥
¬�¤8¢ç¬�© §�£T¢c±�«�¶m¬�¤8¢ä¬�´Û« ® é�êDì ºk§8¬Ô©`¦ £T¢c±ç¦ ±�«Nª=ªY«J±c¦ ¬�¢"·�Õ ¬�¦ ±�¬Ô¤�¢J¥ï§ï¹C¦�©�¢T£c¬k£T«N¥8±�¢�¾H»�¢J¥8£T¢ã«�¶x¬�¤8¢ä£T«N¥o°J¢%ß�ªJ©�«NªY¢J©�¬³²g¦�¥
¡á¤�¢T«Y©�¢Jº Ç�¬�¤�§8¬ù«N¥�¢k±T¤8«N»*¨ ¹ä§o°J«�¦ ¹ç±T»=ªY¢J©¸¦;ºÍªY«J±c¦;¥^¼ïªY¦�¨ «J¬d´$¦ ¬�¤�¹=§8¬�§�±�²=ºÁ¿Y«N¨;´H§*¥�¹Ò¬Ô¤�¢k«Nª8¬×¦�ºk§=¨N¤8«*©¸¦ Ðo«N¥8¬�§=¨W±�£J¤8¢Jºk¢Í¦ ±
¼N¦ °J¢J¥Ò¿�²Ò¬Ô¤�¢�¶³«N¨;¨ «J´�¦;¥8¼ã£T«Y© «N¨D¨ §W© ²J·
fRU^_`UWV;VÝb^_ �v�N�

UnderPPCwith total training power 	 Ü�
 , the optimal horizontalplacementis given by making½ 	 Ü�
b¾ symbolswith full trainingandallocatingtheremainingtrainingpower 	 Ü�
n. ½ 	 Ü�
�¾ to a singlesymbol.The

restof thesymbols(if therearesuchsymbolsleft) will containonly data.
Õ ¶�´ ¤8«J´Û¢�°�¢J©`´h¬Ô¤�¢�§^°�¢J© §8¼Y¢äªY«J´Ó¢J©Ü£T«N¥^±Á¬�© §*¦;¥8¬iá ²�ò ® å�¦ ±�»8±�¢T¹H´{¦ ¬�¦ ±A¬Ô¤�¢J¥ãªY«J±Á±c¦?¿=¨ ¢�¬�¤�§8¬x«N¥8¢�±�²�ºÁ¿Y«N¨H¦ ±A¬Ô©ß§*¥8±Tº�¦ ¬9¬�¢T¹

´�¦ ¬Ô¤øªY«�´Û¢J©Û¼C©�¢o§8¬�¢J©Û¬Ô¤J§=¥ »*¥Y¦ ¬³²J·�Õ�¥v¬�¤Y¦ ±k£o§8±�¢J´2«N¥�¢ç±T»^±TªY¢T£c¬4±$¬�¤�§8¬ÁÓvÕSã £o§=¥à¿Y¢à¦�¥8£J©�¢o§8±�¢T¹F¶�»*©¬�¤8¢J©`·�¡á¤�¢ä§*¥8±h´Û¢J©x¦ ±
§#î ©`ºk§8¬Ô¦ °�¢�§8±ù±T¤�«�´$¥v¦;¥�¬�¤8¢Í¥8¢%ß�¬ù¬Ô¤�¢T«Y©�¢Jº�§*¥�¹ï¦;¨;¨D»^±Á¬�© §8¬�¢T¹ã¦�¥>ÓC¦ ¼ ·DÈA·\Õ�¥p´Û«Y© ¹Y±T´�¦ ¶[¬Ô¤�¢J©�¢�§J©�¢$¬�´Ó«�¿=¨ «�£:Ñc±T´N¢o§�£J¤p´$¦ ¬�¤
«N¥8¢Òª*¦;¨ «J¬ù±�²=ºÁ¿Y«N¨+·\Õ ¶2¬�¤8¢k¬Ô©ß§Y¦�¥Y¦�¥^¼ïªY«�´Û¢J©Ó¦;¥�«N¥�¢�«�¶[¬�¤8¢¥¿*¨ «�£:ÑÍ¦ ±��b�¤�©¿ §*¥�¹ç¬Ô¤�¢�«J¬Ô¤�¢J©Ü¦ ±k¥8«J¬�´�¬�¤8¢¨ÓvÕSã�¦�¥8£J©�¢o§8±�¢c±p¿�²
£T«N¥8£T¢J¥8¬Ô©ß§^¬Ô¦;¥8¼à§=¨D¨=¬Ô¤�¢çªY«�´Û¢J©[¬�«v«N¥�¢>¿*¨ «=£:Ñ"·
y{S*\TU^_�\Ti��T�

For
�Ì�E�£Ñ��Gõ��

, considertwo blocks
D;�

and
D Í

anddenoteç ÜgÀ Á� 2����`���b¥b¥b¥k�`�k4 ÿ �fë ÜgÀ Á�+2 ���q���b¥b¥b¥k�q�-4 ÿ � á�Û"Ü2åç Ü Ó Á� 2��n.�µM�`���b¥b¥b¥Z�`�k4 ÿ �Rë Ü Ó Á��2 à��q���b¥b¥b¥k�q�-4 ÿ ¥ á�ÛAÄ#å

Thenfor any
ÛR��¶ßÛ Í

,*fõ\ë ÜgÀ �±ë Ü Ó �¢ç ÜgÀ ·ÛR�`>J�q�¢ç Ü Ó .þÛf�;>J�%÷ � *�õ�ë ÜgÀ �±ë Ü Ó �¢ç ÜgÀ ·Û Í >M�q�¢ç Ü Ó .ðÛ Í >J��÷ á�Û"¼2å

It follows immediatelythat

tr
õ��Gõ\ë Ü À �±ë Ü Ó �¢ç Ü À ·ÛR�;>J���¢ç Ü Ó .þÛf�`>J�.÷-÷�/ tr

õ��Gõ\ë Ü À �±ë Ü Ó �¢ç Ü À ·Û Í >J�b�¢ç Ü Ó .ðÛ Í >M�%÷-÷ á�Û"Û2åì[_`U=UYX òÓ±�¢T¢�¬�¤8¢�§=ª=ªY¢J¥8¹C¦ ßA·��
¸?¢ç¥8«J¬�¢�¬�¤�§8¬Ô´�¶�©�«Nº ¬�¤8¢çªJ©�«�«�¶Û«�¶[¬�¤8¢�¬�¤8¢T«*©�¢Jº á¸±�¢T¢v·A¾e·6á�ÄJÜ"Ü2åÔ´<á�ÄJÜ"¼2åk§=¥8¹ä¬�¤8¢�£T«NºÍº$¢J¥^¬x¬�¤�§8¬Û¶¸«N¨D¨ «�´m±%åm¬Ô¤J§8¬ù¬�¤8¢

ÓeÕSã á�§*¥�¹ø¬�¤8¢ ® é�êDì�å�¹=«=¢c±à¥8«J¬�£J¤�§=¥^¼Y¢"¦ ¶sà� �D·ÀÕ�¥F«J¬�¤8¢J©	´Ó«*©�¹Y±T´Ó£T«Nº¥¿Y¦;¥*¦;¥8¼ø¬�¤8¢ã¢J¥�¢J©¼J²"«�¶á¬�´Û« ¶�»*¨D¨R¬�© §*¦;¥Y¦�¥^¼
±�²=º¥¿Y«N¨ ±�¥�¢�¦ ¬�¤8¢J©2¹=¢T£J©�¢o§8±�¢c±�¥8«*©Û¦�¥8£J©�¢o§8±�¢c±á¬�¤8¢ ® é�êAìÎ·



� � ze�G� aea�� y a r����2�2���2�"�(� �w���9���w�+���A�(�¡ A�e�f¢w�0�4�2���(�A£4rfP a rdz � o¥¤%}.}J{ {;��°·Û � �3.ðÛR��.�µà �� �°·Û Í �n.ðÛ Í .�µ® é�êAì

ÓH¦ ¼ ·eÈAò ò «�´Û¢J© ² ¨D¨ «=£o§8¬Ô¦ «N¥�±�£J¤�¢Jº$¢c±�£T«NºÍª�§J©�¢T¹g¦�¥�¬�¤8¢T«Y© ¢Jº È
ÖC¼C»*©�¢
Ó�©�«Nº ¡�¤8¢T«Y© ¢Jº¹È�´2¦ ¬m¶³«N¨;¨ «�´m±�¬�¤�§8¬A¬�¤8¢vªY«J´Û¢J©Ó§=¨;¨ «�£o§^¬Ô¦ «N¥Ò±�£J¤8¢Jºk¢�¬�¤�§8¬�¦ ±�«Nª^¬Ô¦;º�§*¨�»=¥8¹*¢J© òÆò ® £o§=¥�¿Y¢ä¦�º�ªJ©�«�°�¢T¹

¿�²�£T«N¥8£T¢J¥^¬�© §8¬Ô¦;¥^¼Í¬Ô©ß§Y¦�¥Y¦�¥^¼vªY«J´Ó¢J©�¬�«Í§$¶¸¢.´Û¢J©}¥=»*º¥¿Y¢J©h«�¶ÛªY¦�¨ «J¬xªY«J±c¦ ¬Ô¦ «N¥8±A¦ ¶ «N¥�¢$§=¨D¨ «�´z±z±T»*ªJ© §=»*¥*¦ ¬Á§J© ²çªY«�´Û¢J©R¶³«*©h±�«Nºk¢
±�²=º¥¿Y«N¨ ±J·\Õ ¬á§=¨ ±�«ç±T¤�«�´z±�¬Ô¤J§^¬z±T»*ªY¢J©¸¦�º�ªY«J±�¢T¹ø¤8«Y©`¦ Ðo«N¥^¬Á§=¨=¬�© §*¦;¥*¦;¥8¼ç£o§=¥ï¥8«J¬¡¿Y¢�«Nª^¬Ô¦;º�§*¨+·
Õ�¥v«*©�¹*¢J©Ó¬�«äÖ{¥�¹à¬�¤8¢Ò«Nª^¬Ô¦;º�§=¨RªY«J´Û¢J©z§=¨D¨ «�£o§8¬×¦ «N¥�¶¸«Y© ²�ò ® £T«N¥8±Á¬Ô© §*¦�¥^¬4±T´R«N¥�¢àºÍ»^±Á¬�¥�«�´ ¨ «=«AÑç§^¬�ªY«�´Û¢J©ù§=¨D¨ «�£o§8¬×¦ «N¥
¶¸«Y©2¹�§^¬Á§�±�²�ºÁ¿Y«N¨ ±J·\Ë}¢J© ¢J´{»*¥o¶¸«Y©�¬Ô»=¥�§8¬4¢J¨ ²T´A´Ó¢�£o§=¥�«N¥=¨ ²Í£T«N¥h³4¢T£c¬Ô»=©�¢�¬�¤�§8¬A¦ ¬A¦ ±á§=¨ ±�«ïªJ©�¢�¶¸¢J© §Ï¿*¨ ¢�¬�«ä§=¨D¨ «�£o§8¬4¢k¹=§8¬Á§vªY«J´Û¢J©
»*¥�¢�°�¢J¥=¨ ²J·
fRUWdjÁT\TQ^]4lW_`\Ò�W�

Consider
� �ð�£Ñ��Gõ��

,
{ � �

anda horizontalpower allocationschememadeup of two blocks

definedasdefinedbelow : ç Ü � 2ªÛ��`���b¥b¥b¥Z�`�k4 ÿ �ÐDÐ�é���;Ñ�� á�Û4ÞÏåë � � 2 à#·�µ��q���b¥b¥b¥£�q�-4 ÿ � á�Û"Æ2åë Í � 2 à�.�µ��q���b¥b¥b¥£�q�-4 ÿ ¥ á�Û"Ç2å

Then
ü�Û��¯à��#µ

suchthat
��¶ßÛº¶ ���`�¯¶à).�µ � à5·�µ¯¶ �7

tr
õ��Gõ�à��#µM�;Û9÷�÷7 µ � ��¥ á�Û"È2å�

Õ�¥�¬�¤8¢k£T«N¥;³4¢T£c¬�»*©�¢�§Ï¿Y«�°�¢$¬�¤8¢�§^±Á±T»=º�ª8¬×¦ «N¥�{0�ñ��¦ ±�¦;ºÍªY«Y©¬Á§=¥^¬j¿Y¢T£o§=»^±�¢$¬�¤Y¦ ±A§=¨D¨ «�´z±k»^±z¬4«ï»8±�¢�¬�¤8¢�¶³«*©`º�»=¨ §äá�¼"È2å
«�¶x¬Ô¤�¢ç¬Ô© §�£T¢v«�¶x¬�¤8¢ ® é�êDìêº�§8¬Ô©¸¦ ßA·ç¡á¤�¢v§Ï¿Y«�°�¢ä£T«N¥;³4¢T£c¬�»*©�¢à£o§=¥ï§=¨ ±�«À¿Y¢ç±Á¬Á§^¬�¢T¹ø¹H¦ Ê{¢J©�¢J¥^¬�¨ ²J· ® «N¥^±c¦ ¹*¢J©Û¬�´Û«�ªY«J´Û¢J©
§=¨D¨ «=£o§8¬Ô¦ «N¥�±�£J¤�¢Jº$¢c±�§8±�¦;¥Ò¬Ô¤�¢�£T«N¥;³4¢T£c¬�»*©�¢¥´$¦ ¬�¤àªJ§J© §=º$¢c¬�¢J©±�õ�àÆ�µ � �ÆÛ9÷á§=¥�¹Ýõ�à��µ�Ík�ÆÛ9å�©�¢c±TªY¢T£c¬Ô¦ °J¢J¨ ²T´ ´$¦ ¬�¤�µ � ¶�µ�Í:·
¡á¤�¢c±�¢�±�£J¤8¢Jºk¢c±$§J©�¢v©�¢JªJ©�¢c±�¢J¥^¬�¢T¹g¦;¥ÒÓH¦ ¼ ·\á�É2å.·6¡�¤8¢J¥=´ø¬�©`õ��Gõ�à��#µ£�û�;Û9÷-÷n/�¬Ô©;õ��Gõ�à���µ Í �;Û9÷-÷.·

ÂÂ ÂÂÃÅÄ�Æ I ÃÈÇ�Æ I Ã¯Ä�ÆÊÉ ÃËÇ�ÆÊÉÌÍÎFÏ
ÓH¦ ¼ · ÉAò ò «J´Û¢J© ² ¨;¨ «�£o§8¬×¦ «N¥�±�£J¤8¢Jºk¢c±�£T«Nº�ªJ§J©�¢T¹g¦;¥Ò£T«N¥;³4¢T£c¬�»*©�¢ Ä

ÖC¼C»*©�¢

f�w$P{lWiÍi�b^_ �vPRQT\Td*b^_`aDUo~
ÓH¦ ¼ ·wÙ�±T»*º�º�§J©¸¦ Ðo¢c±ù«N»*©}©�¢c±T»*¨ ¬9±ù¼C© §=ª*¤Y¦ £o§=¨D¨ ²J·tÓC¦ ¼ ·ÏÙ�á�§"åm¦ ±Û¬�¤8¢�»=¥Y¦ ¶¸«Y©�º ¤�«Y©¸¦ Ðo«N¥^¬Á§=¨8±�£J¤�¢Jº$¢G´$¤Y¦ £J¤k£o§=¥¨¿Y¢�¦�º�ªJ©�«�°�¢T¹

¿�²ã¡á¤�¢T«Y©�¢Jº Çv¬�«ÝÓH¦ ¼ ·9Ù�á`£#åá°*¦6§CÓC¦ ¼ ·¬Ù�á-¿"å.·�¡á¤Y¦ ±�¦ ±�¬�¤8¢ ¿Y¢c±Á¬�»*¥�¹*¢J© ò�ò ® ·�Õ ¶ ²3ò ® ¦ ±Í»8±�¢T¹H´dÓC¦ ¼ ·¬Ù�á`£#å$£o§=¥ä¬�¤8¢J¥C¿Y¢



� � ze�G� aea�� y a r����2�2���2�"�(� �w���9���w�+���A�(�¡ A�e�f¢w�0�4�2���(�A£4rfP a rdz � o¥¤%}.}J{ {h�

¦;ºÍªJ©�«�°�¢T¹ø¬4«ïÓC¦ ¼ ·9Ù�á`¹�åÍ»^±c¦�¥^¼F¡á¤�¢T«Y©�¢Jº ÈA·�¡�¤8¢Ò±×§=º$¢Í¬Ô¤�¢T«Y©�¢Jº ±×§�²8±�¬�¤�§8¬á¬�¤8¢Ò±�£J¤8¢Jºk¢ï¦;¥àÓH¦ ¼ ·9Ù�á`¢#å�§=¥8¹Ìá`¹Aå�¤J§^°�¢
¬�¤8¢�±×§=º$¢vªY¢J© ¶³«*©`ºk§=¥�£T¢"·tÍ�»*©2£T«N¥h³9¢T£c¬�»*© ¢�±T»8¼W¼Y¢c±Á¬9±á¬�¤�§8¬pÓC¦ ¼ ·eÙ�á`¹�åÔ´<á`¢#å$§J©�¢>¿Y¢c¬4¬�¢J©2¬�¤�§=¥ÒÓH¦ ¼ ·eÙ�á³¶%åá§=¥�¹ØÓC¦ ¼ ·eÙ�á¸¼Ïå.·¡Õ�¥
±�¢T£c¬Ô¦ «N¥¥ð%±�«Nº$¢ä¥=»*ºk¢J©¸¦ £o§=¨N¢�°J§=¨D»J§^¬Ô¦ «N¥8±á§J©�¢�¼N¦ °�¢J¥Ï·

á�§"å á-¿:å á`£#å á`¹Aå á`¢#å á³¶%å á¸¼Ïå
ÓC¦ ¼ ·eÙAò ò «�´Û¢J©Ó§=¨D¨ «�£o§8¬×¦ «N¥�±�£J¤�¢Jº$¢c±�£T«NºÍª�§J©�¢T¹Òµm§=ª=ª*¨Ý¦ £o§8¬×¦ «N¥�«�¶Û£T«N¥o°�¢%ß�¦ ¬³²ç¬Ô¤�¢T«Y©�¢Jº

ÖC¼C»*©�¢

®C§ËÐv±��G¯f��� ª¬±��©��Ñ�(©(®§Ò¥¯R��~ «9±�°9�f�Ó""~��J¯f�#ª¹�� wçf�|:��%lWd*e=\T_ÜP{l^j�\T_`aDikj�Uo~c\Te�y*_¸bWaDd=aDdon
Õ�¥�¬�¤Y¦ ±z±�¢T£c¬×¦ «N¥p´Û¢j´ù§=¥^¬Û¬�«�±�¢T¢Í¤8«J´%¹*«�¢c±z¬�¤8¢k§=º$«N»*¥8¬ù«�¶ÛªY«�´Û¢J©2§=¨D¨ «=£o§8¬�¢T¹Ò¬4«�¬Ô© §*¦�¥Y¦;¥8¼Ò§=¥8¹Ò¬�¤8¢�ªY«�´Û¢J©2§=¨D¨ «�£o§8¬×¦ «N¥
±�£J¤8¢Jºk¢�¦�¥TÔ{»8¢J¥�£T¢�¬�¤8¢ ® é�êDìd·vÓC¦ ¼ ·tÄJÜv¦;¨;¨D»^±Á¬�© §8¬�¢c±Û¬Ô¤�¢A°W§J©¸¦ §8¬Ô¦ «N¥�«�¶ ¬�¤8¢á¬�© §�£T¢k«�¶ ¬Ô¤�¢ ® é�êDì÷ºk§8¬�©¸¦ ßp´�¦ ¬Ô¤�¬�¤8¢$§=ºk«N»*¥^¬
«�¶ÜªY«�´Û¢J©h§=¨D¨ «=£o§8¬�¢T¹�¬4«�¬�© §*¦;¥*¦;¥8¼$¶¸«Y©R§á±�²�±Á¬4¢Jº ´$¦ ¬�¤�� �øõ��G{0�øõ��G|Ï�ñõ�¬Ô¤J§^¬z»^±�¢c±Û§�»*¥Y¦ ¶³«*©`º ¤�«Y©¸¦ Ðo«N¥^¬Á§=¨Yª*¨ §8£T¢Jºk¢J¥^¬
±�£J¤8¢Jºk¢v»=¥8¹*¢J© ò�ò ® ´�¦ ¬�¤�(��³�¤Ñà¿*¨ «=£:Ñc±J·Û¡�¤8¢�£J¤J§*¥=¥8¢J¨hª�§J© §=ºk¢c¬4¢J©±�¤�§^°�¢¨¿Y¢T¢J¥ç£J¤8«J±�¢J¥F© §=¥8¹=«Nº�¨ ²�· ² ±t´Û¢�¢%ß�ªY¢T£c¬�´
¬�¤8¢ ® é�êDì ¹*¢T£J©�¢o§8±�¢c±p´k¤8¢J¥v¬�¤8¢ä§=º$«N»=¥^¬$«�¶m¬Ô©ß§Y¦�¥Y¦�¥^¼g¦ ±çº$«�¹C¦ ÖC¢T¹v·�¡á¤�¢ÁÖC¼C»=©�¢F©�¢�°�¢o§=¨ ±k¬�¤8¢ ¿Y¢J¤J§o°=¦ «*©Ü«�¶m¬Ô¤�¢ ® é�êDì
¶¸«Y©}¬Ô¤�¢�±T»*ªY¢J©¸¦�º�ªY«J±�¢T¹ã±�£J¤8¢Jº$¢c±G´�¦ ¬Ô¤Ò¬Ô¤�¢�µ9ñté�· ² ¬k¨ «�´ µ9ñté�¬Ô¤�¢ç¦;¥MÔ{»8¢J¥8£T¢�«�¶Ü¬�¤8¢Í§*ºk«N»*¥8¬x«�¶Ó¬�© §*¦;¥*¦;¥^¼"¦ ±�¨ «J´$´f¿*»^¬
¦ ¬¡¿Y¢T£T«Nº$¢c±Í¨ §J©�¼Y¢Í§8¬$¤*¦ ¼C¤äµ9ñté�·H¡á¤�¢äªY¢J© ¶¸«Y©`º�§*¥�£T¢Í«�¶Ó¬�¤8¢�±T»=ªY¢J©¸¦;ºÍªY«J±�¢T¹v±�£J¤�¢Jº$¢c±�¦ ±�¨Ý¦�º�¦ ¬4¢T¹Ø¿Ô²ç¬�¤8¢�¹�§^¬Á§Í±�²=º¥¿Y«N¨ ±
¬�¤�§8¬x§W©�¢ä»*¥ÏÑJ¥8«�´k¥Ï·
ÓH¦ ¼ ·×Ä"Äà£T«NºÍª�§J©�¢c±ç¬�¤8¢gªY¢J© ¶¸«Y©`º�§*¥�£T¢F«�¶�±�£J¤8¢Jºk¢c±ï»=¥8¹=¢J© òÆò ® ´�¦ ¬Ô¤F¬�¤8¢à±×§*ºk¢ï§=ºk«N»*¥^¬Í«�¶�ªY«�´Û¢J©�§=¨D¨ «=£o§8¬�¢T¹g¬�«
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CRLB vs noise power
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CRLB vs noise power
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CRLB vs noise power for semiblind and training−based−only estimators
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CRLB and variance for different allocation powers

crlb − 0.1
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ÖC¼C»*©�¢
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¡�¤Y¦ ±ùª�§=ªY¢J©=¹=¢o§*¨ ±(´$¦ ¬�¤m£J¤J§*¥=¥8¢J¨T¢c±Á¬Ô¦;ºk§8¬Ô¦ «N¥$¦;¥A£T«Nº�ºÍ»*¥*¦ £o§8¬×¦ «N¥A±�²8±Á¬�¢Jº�± ¬�¤�§8¬Ü»^±�¢m§A£J¨ §8±Á±2«�¶H±TªJ§�£T¢.µ`¬×¦�º$¢ù«*©¬�¤8«J¼Y«N¥�§=¨

¿*¨ «=£:Ñà£T«=¹=¢c±J·ä¸?¢"¤J§o°J¢v£T«N¥^±c¦ ¹*¢J©�¢T¹?§ï¼Y¢J¥�¢J© §=¨�£J¨ §8±Á±�«�¶x±�¢Jº�¦?¿=¨Ý¦;¥�¹g£J¤J§=¥*¥8¢J¨�¢c±Á¬Ô¦;ºk§8¬Ô¦ «N¥ï¬4¢T£J¤=¥Y¦ ¾H»8¢c±Ã´�¦ ¬�¤ï±T»*ªY¢J©¸¦�ºjµ
ªY«J±�¢T¹ã¹�§8¬�§#µ�ªY¦�¨ «J¬m±�²=º¥¿Y«N¨ ±J·�¸?¢ç¤�§^°�¢�¹=¢J©¸¦ °J¢T¹à§Ò£J¨ «J±�¢T¹2µ¸¶³«*©`º ¢%ß�ªJ©�¢c±Á±c¦ «N¥�¶¸«Y©[¬Ô¤�¢>ÓeÕSã�§=¥8¹v¶4»=©¬Ô¤�¢J©Ó¦;¥^°�¢c±Á¬Ô¦ ¼*§8¬�¢T¹v¬�¤8¢
¿Y¢J¤�§^°=¦ «N»*©Û«�¶ ® é�êDì ¶¸«Y©ù¹H¦ Ê{¢J©�¢J¥^¬�£J¤�§=¥*¥�¢J¨E¢c±Á¬Ô¦;ºk§8¬Ô¦ «N¥v±�£J¤�¢Jº$¢c±J· Õ ¬G´ù§8±�±T¤8«J´$¥ã¬�¤�§8¬�¶³«*©z§v±T»Ï¿Y£J¨ §8±Á±�«�¶m£T«�¹*¢c±�¬�¤8¢
»*¥*¦ ¶¸«Y©`º ¤8«Y©`¦ Ðo«N¥^¬Á§=¨W±�£J¤8¢Jºk¢ÍªJ©�«�°=¦ ¹=¢c±m¬�¤8¢k±×§=º$¢ÍªY¢J© ¶¸«Y©`º�§=¥8£T¢�§8±z¬�¤8¢�°�¢J©�¬×¦ £o§*¨Y«N¥�¢"· ² ¨ ±�«Ã´Û¢Ò¤�§^°�¢k£J¤�§W© §�£c¬4¢J©¸¦ Ðo¢T¹ä¬�¤8¢
¿Y¢J¤�§^°=¦ «N»*©[«�¶Ü¬�¤8¢ ® é�êDìö¶³«*©ù¤�«Y©¸¦ Ðo«N¥^¬Á§*¨=±�£J¤8¢Jºk¢c±j´$¤�¢J¥�¬�¤8¢äªY«J´Û¢J©Ü§=¨D¨ «=£o§8¬Ô¦ «N¥vªJ§J© §=º$¢c¬�¢J©±$§W©�¢�°J§W©¸¦ ¢T¹v·
¸%¤J§8¬�¤�§8±�¥�«J¬Ã¿Y¢T¢J¥ã§�£J¤Y¦ ¢�°J¢T¹ö¦;¥ç¬�¤Y¦ ±Íª�§=ªY¢J©`´Ü»*¥^¶³«*©¬�»*¥�§8¬�¢J¨ ²T´}¦ ±$¬4«�Ö{¥8¹ï¬Ô¤�¢Í«Nª8¬×¦�ºk§=¨�ª*¨ §8£T¢Jºk¢J¥^¬�´¬´$¤Y¦ £J¤ ©�¢Jºk§*¦�¥^±
§=¥ «NªY¢J¥ø§*¥�¹?£J¤�§=¨D¨ ¢J¥^¼N¦�¥^¼ ª�© «A¿*¨ ¢Jº�·Ý¸%¤�§8¬ç¦ ±Ò£J¨ ¢o§J©x¬�¤8«N»8¼C¤?¦ ±Í¬Ô¤J§^¬�¬�¤8¢gª*¨ §�£T¢Jº$¢J¥^¬�¬Ô¤J§^¬äº�§Jß=¦;º�¦ Ðo¢c±Í¬Ô¤�¢øºÍ»^¬�»�§=¨
¦;¥^¶³«*©`ºk§8¬Ô¦ «N¥à¦ ±�¥�«J¬m¬�¤8¢�±×§=ºk¢�§8±á«N¥8¢�¬�¤�§8¬m¼N¦ °�¢c±�ºk§Jß=¦�º�»*º ÓC¦ ±T¤8¢J©Ó¦�¥o¶¸«Y©`º�§^¬Ô¦ «N¥�·ù¡�« ©�¢o§�£J¤ä§Í±�¢J¥^±c¦?¿=¨ ¢�£T«NºÍªJ©�«Nº�¦ ±�¢J´
«N¥8¢Íº�»8±Á¬x©�¢�¶³«*©`º�»=¨ §8¬�¢�¬�¤8¢�ª�© «A¿*¨ ¢Jº�¦�¥�§�¹C¦ Ê{¢J©�¢J¥8¬Ó±�¢c¬9¬Ô¦;¥8¼C´N§=¨D¨ «�´$¦;¥^¼Ò¿Y«J¬Ô¤�£J¤J§*¥=¥8¢J¨W¢c±Á¬Ô¦;ºk§8¬Ô¦ «N¥�§=¥8¹ç¹*¢c¬�¢T£c¬×¦ «N¥�¢J©`©�«*©±
¿Y¢àª�§J©¬k«�¶ù¬�¤8¢ç«�°�¢J© §=¨;¨H£T«N¥^±c¦ ¹=¢J© §8¬×¦ «N¥Ï· ² ¨ «N¥^¼F¬�¤Y¦ ±Ò¨Ý¦�¥8¢J´ §=ª*ªJ©�«Y§�£J¤8¢c±ç¨D¦?Ñ×¢Ò¬�¤8«J±�¢ç«�¶¡ËÓ§8±Á±c¦?¿*¦H§=¥�¹ÌË}«�£J¤J´ù§=¨ ¹»º�¼AÄ.½�´2«*©
² ¹H¦;©�¢T¹=¹W²T´E¡�«N¥^¼à§=¥�¹>ðá¦ ±h´Û§=¥J§^¬�¤�§=¥�ºÅÄJÛ0½mº�§�²Ò¿Y¢�£T«N¥8±c¦ ¹*¢J© ¢T¹e·à �M�M~ ©(®f±¼á� w�ì[_`U�UYX[UYXÓ]�S*\TU8_`\Ti��
Õ ¶Ü¬Ô¤�¢�£J¤�§=¥=¥8¢J¨H¦ ±âÑJ¥8«�´k¥*´E¶³«*©�!}§=»^±Á±c¦6§=¥ä¦;¥=ª*»^¬z±�²=º¥¿Y«N¨ ±t´Û¢v¤J§o°J¢�võ�� �dâ ÷	� �Ñ / ��ã6£;ùDú�û0õ³£T«�° õ���÷-÷�£�. �Ñ / ��ãH£;ùDú�û0õ�Õ Í #÷�£ �

´$¤�¢J©�¢ â Á�+2ª¡û�#õ¯�#÷¢�b¥b¥b¥£�;¡ � õ¯�#÷¢�b¥b¥b¥k�;¡û�Jõ�(ä÷¢�b¥b¥b¥£�;¡ � õ�(>÷=4 ÿ ·ä¯2±c¦�¥^¼ï¬Ô¤�¢àªJ©�«NªY¢J©�¬×¦ ¢c±�«�¶ù¬Ô¤�¢Ò±Tª�§�£T¢.µ`¬×¦�º$¢�¿=¨ «�£:ÑÒ£T«�¹*¢c±¡´Û¢
¤�§^°J¢>ò

ùDú�û0õ³£T«�° õ���÷-÷	� ùDú�û#õ  õ�øv÷-÷°�ñÕ Í è4ä ¾¤�����@å èæÜ\��� �æ@ ��� õg�£à�@ Ü ·þÕ Í ÷¢� á�Û"É2å

¿Y¢T£o§=»^±�¢��£à�@ Ü ·)Õ Í §=¥8¹CÕ Í §W©�¢x¬Ô¤�¢á¢�¦ ¼Y¢J¥^°J§=¨D»�¢c±Û«�¶� �õ�øv÷Ô´AÕ Í ¤�§^°=¦;¥^¼äºÍ»*¨ ¬×¦�ª*¨Ý¦ £�¦ ¬³²�(Cõ�|f� .5�ï÷.·�Õ ¬m¦ ±Ü±Á¬�© §*¦ ¼C¤^¬9¶¸«Y©<´ù§J©�¹
¬�¤�§8¬x»*¥8¹=¢J©�¬Ô¤�¢�£T«N¥^±Á¬�© §*¦;¥8¬Ó¼N¦ °J¢J¥Í¦�¥�¬Ô¤�¢á¬�¤8¢T«Y© ¢Jº ¬Ô¤�¢�¹=¢c¬4¢J©`º�¦;¥J§*¥8¬ù§=¥8¹Ò¬Ô¤=»^±Û¬�¤8¢�º�»8¬Ô»J§*¨�¦�¥o¶¸«Y©`º�§^¬Ô¦ «N¥Ò¦ ±�ºk§Jß�¦;º�¦ Ðo¢T¹
¦ ¶Æà�@ Ü §J©�¢�¢�¾H»�§=¨+·ì[_`Uoj�\T_9]�aD\�~�UYXÜ]`S=\kPÛyR�xføi�bY]�_`a;QT\�~
ãç«J±Á¬k«�¶z¬�¤8¢Ò¬Ô¤�¢T«Y©�¢Jº$±�¹*¢J©`¦ °�¢T¹?¦;¥v¬�¤Y¦ ±ÍªJ§*ªY¢J©x©�¢J¨ ²ï«N¥v¬�¤8¢Ò±TªY¢T£�¦6§*¨{ªJ©�«NªY¢J©�¬×¦ ¢c±�«�¶z¬�¤8¢äµC¡iì ® ºk§8¬�©¸¦ £T¢c±ç»^±�¢T¹»á�¼2å.·

Õ�¥�¬�¤Y¦ ±z±�¢T£c¬Ô¦ «N¥Ò«�¶[¬�¤8¢�§=ª*ªY¢J¥8¹H¦ ßÃ´Û¢�¹*¢J©`¦ °�¢k±�«Nºk¢�¢%ß�¬�© §vªJ©�«NªY¢J©�¬×¦ ¢c±á«�¶[±�«Nº$¢�µH¡iì ® ¶`§=º�¦�¨Ý¦ ¢c±x«�¶zº�§8¬Ô©¸¦ £T¢c±T´�ª�© «NªY¢J©¬×¦ ¢c±
¬�¤�§8¬�´$¦;¨;¨ ¿Y¢ç»^±�¢T¹ø¦;¥Í¬Ô¤�¢çª�© «=«�¶Û«�¶Ó¬Ô¤�¢T«Y©�¢Jº$±J·:�\Ti�i�bã�W�

Consider
�å�ý�£Ñ��Gõ��

and
�   6¯�¹:Ð�²���b¥b¥b¥Z�`�W�

a family of
�÷ä��

matricessatisfyingconditions(2)

and   � �ø � . Constructthefamily ç 6GÁ�   6   ÿ @ , where
B

is fixedand
:	�E�L���b¥b¥b¥Z�`�W�

. Thenwehave thefollowing
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: ü�:°�ý�L���b¥b¥b¥k�`�W��èn<5�E�L���b¥b¥b¥Z�`�W�
suchthat ç 6f�»ã   8ì[_`U=UYX ò

Õ ¶�B5�²��¬�¤8¢J¥Ò¬Ô¤�¢�±Á¬�§8¬�¢Jº$¢J¥8¬$¦ ±A±Á¬Ô©ß§Y¦ ¼C¤^¬9¶³«*©<´ù§J©�¹v·
Õ ¶?:?�²��¬�¤8¢J¥ ç ���   ÿ @ � .   @�¬�¤*»8±t´Û¢�³Ô»^±Á¬x£J¤8«�«J±�¢�<��»B6·
Õ ¶?:?�'Bï¬�¤8¢J¥ ç @��   @   ÿ @ �ñ3�   � ±�«¨´Û¢�£J¤8«�«J±�¢�<��²�"·
¡�¤*»^±A¬�¤8¢�±Á¬Á§8¬4¢Jºk¢J¥^¬m¶¸«N¨D¨ «J´z±A¶¸«Y©Æ� �»ÑA·jÓJ«Y©�� �øõ¨´Û¢ã¤�§^°�¢�¬�«ä±T¤8«J´ ¬�¤�§8¬7òü":�®�»Beès<#�w�£Ñ��b¥b¥b¥£�`�W�%±T»8£J¤Í¬Ô¤J§8¬   6   ÿ @ �»ã   8�¥
¸õ¦ ¬Ô¤�«N»^¬k¨ «J±Á±á«�¶Ó¼Y¢J¥8¢J©ß§*¨D¦ ¬³²ä§^±Á±T»=º$¢"B#�»ÑA·�¸�¢v¤�§^°�¢�¬�¤8¢k¶¸«N¨D¨ «�´$¦;¥^¼Ýò

  ù   ÿ Í ®�»ã   � �   ù   ÿ Í ®�»ã   Í �   ù   ÿ Í ®�»ã   ù á�Û"Ù2å

¡�¤*»^±t´Û¢äºÍ»^±Á¬m±T¤8«J´ê¬�¤�§8¬   ù   ÿ Í �»ã   ú"·¡�¤8¢x¶`§=º�¦;¨ ²"�   �q�   Í �   ù£�   Í   ÿ ù �$±×§8¬Ô¦ ±hÖH¢c±Ü¬Ô¤�¢á£T«N¥8¹H¦ ¬Ô¦ «N¥8±já�¼2å.·�¸?¢�Ù ¨D¨�±T¤8«�´�¬�¤�§8¬m¦ ¶�¬Ô¤�¢x¶¸§=º�¦;¨ ²��   ���   Í �   ù�� ç �±×§8¬×¦ ±hÖH¢c±¡á�¼2åA¬Ô¤�¢J¥ ç ¦ ±á¹=¢c¬4¢J©�º�¦;¥�¢T¹ø»=ªÍ¬�«v§Í±c¦ ¼C¥�·jÕ ¬ù¶¸«N¨D¨ «�´m±á¬Ô¤J§8¬   ú��'ã   Í   ÿ ù ·
¸?¢×Ñ�¥�«�´�¬Ô¤J§8¬ ¦;¥÷§=¥o² «�¶Í¬�¤8¢?µC¡iì ® ºk§8¬Ô©`¦ £T¢c± ¢o§�£J¤%©�«J´ §=¥8¹õ¢o§�£J¤÷£T«N¨;»*º�¥ ¤�§8±F«N¥*¨ ² «N¥8¢ ¥8«N¥#µ~Ðo¢J©�« ¢J¥^¬�© ²J·
¡á¤�¢ïªY«J±c¦ ¬Ô¦ «N¥ã«�¶m¬Ô¤�¢F¥8«N¥#Ðo¢J© « ¢J¥^¬�©¸¦ ¢c±�«�¶ ç §J©�¢ä¹=¢c¬4¢J©�º�¦;¥�¢T¹�¿�²ã¬�¤8¢ä«J¬�¤8¢J©Û¬�¤*© ¢T¢àº�§8¬Ô©¸¦ £T¢c±�¶4© «Nº ¬Ô¤�¢ä«Y©¬�¤8«J¼Y«N¥J§=¨Ý¦ ¬³²
£T«N¥8¹H¦ ¬Ô¦ «N¥8±\á�¼2å.·�¸�¢�§8±Á±T»=º$¢T¹   ���ñm±�«�¬�¤8¢A¹C¦6§8¼Y«N¥�§=¨8¢J¥8¬Ô©¸¦ ¢c±Û«�¶R¬�¤8¢A«J¬�¤8¢J©E¬Ô¤=©�¢T¢�ºk§8¬�©¸¦ £T¢c±ù§W©�¢á§=¨D¨Z�D· ² ¨ ±�«N´ ¿Y¢T£o§=»^±�¢  ���ñi´Û¢ç¤�§^°�¢ ç � . ç ÿ÷§=¥8¹ã¬Ô¤�¢$¬�´Û« ¥�«N¥#Ðo¢J©�«ã¢J¥^¬�©¸¦ ¢c±p¿Y¢J¨ «J´ ¬�¤8¢Òº�§Y¦�¥Í¹H¦ §8¼Y«N¥�§=¨=§J© ¢�¹*¢c¬�¢J©`º�¦�¥8¢T¹Ý¿Ô²Ò¬Ô¤�¢�«J¬Ô¤�¢J©
¬�´Û«"¥�«N¥#Ðo¢J©�«v¢J¥8¬Ô©`¦ ¢c±J·ÀÛ¢J¥�«J¬4¢ä¿Ô² ç õpB���é?÷m¬�¤8¢"BÏµ`¬�¤ã©�«J´ «�¶ ç ·jÓ�©�«Nº   Í ç ÿ �². ç   ÿ Í ¦ ¬ù¶¸«N¨D¨ «�´m±á¬Ô¤J§8¬ù¬�¤8¢J©�¢�§W©�¢"B��$§=¥�¹¿B Í ±T»�£J¤Í¬�¤�§8¬  Í õpB��q��é?÷ ç õpB Í ��é?÷ ÿ � . ç õpB��q��é?÷   Í õpB Í ��é?÷ ÿ ®�ñ��¥ á�ÞwÜ2å

¡�¤Y¦ ±á£T«*©`©�¢c±TªY«N¥�¹Y±á¬�«ã§à¥8«N¥#µ~Ðo¢J©�«v¢J¥^¬�© ²ä«�¶ ç   ÿ Í ´H±�«5B��C®�'B Í ··C§�£J¤v©�«J´%°�¢T£c¬�«Y© ç õpB � ��é?÷x§=¥8¹ ç õpBûÍ���é?÷z£T«N¥^¬Á§*¦;¥8±x«N¥=¨ ²Í«N¥�¢Ò¥8«N¥Jµ~Ðo¢J© «ä¢J¥^¬�© ²J·jÕ ¶2¬�¤8¢Ò¥8«N¥0Ðo¢J©�«ä¢J¥^¬�©¸¦ ¢c±x¬�¤�§8¬z§J© ¢k£T«N¥#µ¬Á§Y¦�¥8¢T¹�¦;¥ ç õpB��q��é?÷ §=¥8¹ ç õpB Í ��é?÷ §W©�¢áª=¨ §�£T¢T¹�±�²�º�ºk¢c¬Ô©¸¦ £o§=¨�´$¦ ¬�¤�©�¢c±TªY¢T£c¬�¬�«á¬�¤8¢�Ö{©±Á¬�¹C¦6§^¼Y«N¥J§=¨�«�¶ ç ´8¬�¤8¢J¥ ç õpB Í �;B��.÷�®�ñ�D·¡á¤*¦ ±�¦�º�ª*¨D¦ ¢c±   Í õpB��q�;B��.÷�®�ñ�4´$¤*¦ £J¤à¦ ±x¶`§=¨ ±�¢�¿Y¢T£o§=»^±�¢   Í � .   ÿ Í ·¡�¤*»^±pá�ÞwÜ2å$ªJ©�«�°=¦ ¹*¢c±�§v©�¢J¨ §8¬Ô¦ «N¥ä¿Y¢c¬�´Û¢T¢J¥Ò¬�´Û«ä¢J¨ ¢Jº$¢J¥8¬9±á«�¶ ç ´k¤Y¦ £J¤Í§J©�¢Ò¥8«J¬kª*¨ §�£T¢T¹ä±�²=ºÍº$¢c¬�©¸¦ £o§=¨"´$¦ ¬�¤ä©�¢c±TªY¢T£c¬z¬�«
¬�¤8¢äº�§Y¦�¥�¹C¦6§8¼Y«N¥�§=¨?·Û¡�¤Y¦ ±kºk¢o§=¥^±á¬�¤�§8¬ ç ¦ ±á¹*¢c¬�¢J©`º�¦�¥8¢T¹g»*ªÍ¬4«ä¬�¤8¢�±c¦ ¼C¥*´D´k¤Y¦ £J¤�±T¤8«J´z±á¬�¤�§8¬   ù   ÿ Í � ã   ú:·�
|}\Ti�b8_`t ò�¦�¥ã¡{§J©�«AÑJ¤©Ù6±äªJ§*ªY¢J©jº?¼0½á¦ ¬�¦ ±Òº$¢J¥^¬Ô¦ «N¥�¢T¹"¬�¤8¢ç£T«N¥*¥�¢T£c¬×¦ «N¥Ý¿Y¢c¬�´Û¢T¢J¥ §ç¶`§=º�¦;¨ ²ã«�¶�õ)äÊõøµC¡iì ® ºk§8¬Ô©`¦ £T¢c±
§=¥8¹ã¬Ô¤�¢â¾H»�§8¬�¢J©`¥Y¦ «N¥Y¦ £�§=¨ ¼Y¢:¿J© §=´ ¤8«J´Û¢�°�¢J©`´R¬Ô¤�¢�±Á¬�§8¬�¢Jº$¢J¥8¬x«�¶Ü¬�¤8¢ä¨ ¢Jº�ºk§Ò¹=«=¢c±�¥�«J¬ù¶¸«N¨D¨ «�´ ¦;ºÍº$¢T¹C¦6§8¬4¢J¨ ²�·
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Consider

�÷�ñõ
and

�   6±�¹:?�é���b¥b¥b¥Z�`�W�
afamily of

{ ä��
,
{ê¶1�

, matricessatisfyingconditions

(2). As in [7], denoteby
� ç 6 �f:Ð�²���b¥b¥b¥Z�`�W�

the generatingfamily of matrices.Definethe following family of

matrices: � @ Á�Õëìí ç �JõpB���é?÷...ç � õpB���é?÷
înïð �	B#�²���b¥b¥b¥£�`�

Notethat,by thedefinitionof thefamily
� � @A�

,   @ is madeup of thefirst
{

rows of
� @

. Considerthat
� ��� 

.

Thenfor any fixed
B

wehaveü":°�w�L���b¥b¥b¥Z�`�W�vès<5�E�L���b¥b¥b¥£�`�W�
suchthat   6 � ÿ @ � ���»ã   8�¥ á�Þ Ä#å

We have to observe that if we fix
:

then
<

is differentfor differentchoicesof
B
. It follows that if we fix

<
we

have: ü�:°�E�L���b¥b¥b¥£�`�W��è�B)�w�L���b¥b¥b¥Z�`�W�
suchthat   6 � ÿ @4� ��� ã   8�¥ á�Þw¼2åì[_`U=UYX ò

Õ ¬k¦ ±á¢o§8±�²Í¬�«ä±T¤�«�´L¬Ô¤J§8¬�� � 6±�G:	�ý�L���b¥b¥b¥£�`�W�¤�Í±×§8¬Ô¦ ±hÖH¢c±pá�¼2å.·  �ñ � ÿ @ � �s�  Èñ � ÿ @ §J© ¢�¬Ô¤�¢pÖ{©±Á¬�{�©�«�´m±�«�¶ � ñ � ÿ @ ·¡á¤�¢J¥Òá�Þ Ä#åm¶³«N¨;¨ «�´m±�¦;ºÍº$¢T¹H¦ §8¬4¢J¨ ²�¶�©�«Nº ¨ ¢Jº�º�§�Ä"·� :�\Ti�i�b p �
Considerthe samefamily of matricesas in lemma2. Thenfor any choiceof 4 different indicesB��q�;B Í �;Bûù��;Bûú
wehave :   @ À   ÿ @ Ó �»ã   @#ò   ÿ @#óì[_`U=UYX ò

¯[±�¢¨á�Þw¼2åm¶�©�«Nº ¼ä¬4«ä£J¤�«=«J±�¢�Bï±T»8£J¤�¬�¤�§8¬7ò   @ À � ÿ @ �»ã   @#ò
¡á¤�¢J¥Ò¿�² á�Þ Ä#å�´�¦ ¬Ô¤�:?�'B Í ´Û¢ä¤�§^°�¢J´   @ Ó � ÿ @ �»ã   @ ó
¿Y¢T£o§=»^±�¢�§=¨;¨Y¬Ô¤�¢�«J¬Ô¤�¢J©2¬�¤*©�¢T¢�£J¤8«�¦ £T¢c±�¶³«*©2¬�¤8¢äé�ËÓµöºk§8¬�©¸¦ ßv§J©�¢ä¥�«J¬�ªY«J±Á±c¦?¿*¨ ¢"·Ó¡á¤�¢�±Á¬�§8¬�¢Jº$¢J¥^¬m¶¸«N¨D¨ «�´z±J·�ì[_`U=UYX}UYXAy�S=\TU^_`\Ti �
¯[±c¦;¥8¼ä¬Ô¤�¢çª�© «NªY¢J©¬×¦ ¢c±�«�¶Ó¬Ô¤�¢�µC¡iì ® º�§^¬�©¸¦ £T¢c±âá�¼2åx¬�¤8¢k¶¸«N¨D¨ «J´�¦�¥^¼"ªJ©�«NªY¢J©¬Ô¦ ¢c±$£o§*¥ ¿Y¢�£J¤8¢T£:ÑÔ¢T¹eòÇ ÿ6 Ç5@ � ��� 6 @A�ßô ÿ ô ������ á�ÞwÛ2å



� � ze�G� aea�� y a r����2�2���2�"�(� �w���9���w�+���A�(�¡ A�e�f¢w�0�4�2���(�A£4rfP a rdz � o¥¤%}.}J{ ¤%¤õ ÿ6 @ À õ 8 @ Ó � . õ ÿ6 @ Ó õ 8 @ À�ö�÷ B��C®�'B Í � õ ÿ6 @ À õ 6 @ Ó �³��@ À @ Óô ÿ · 6å� �z6M· 8 6��� · ÿ 6 ô � .��z6M· 8 6�� ÿ 6 � .��z6±¥
Õ ¬$¦ ±á£T«N¥^°�¢J¥Y¦ ¢J¥^¬A¬�«ç±�¢Jª�§J©ß§^¬�¢�¬�¤8¢�¢%ßNª�© ¢c±Á±c¦ «N¥ä«�¶}¬�¤8¢�¢J¨ ¢Jº$¢J¥8¬9±$«�¶}¬�¤8¢äÓvÕSã ¦;¥Í¬�´Ó«"ª�§J©¬4±2 *MÜ0õOç Ü �±ë Ü ÷=476�¨ 8 � øÆ�#õ�D-÷f·�ø Í õ�D�÷¢�ø��#õ�D�÷ � ù 7 � Ü798 6Cú ÿ  � �ÜrÜ ù 7 � Ü7û8 8�ú �ø Í õ�D�÷ � �Ñ ¬�© ù  � �ÜrÜ 7  "ÜrÜ7û8 6  � �ÜrÜ 7  "ÜrÜ7û8 8 ú ¥
Õ�¥Ò«Y©�¹=¢J©[¬�«v«A¿^¬Á§*¦;¥Í¬Ô¤�¢k¶³«*©`º�»=¨ §ç«�¶Ü¬Ô¤�¢�¢J¨ ¢Jºk¢J¥^¬4±�«�¶Ó¬Ô¤�¢>ÓeÕSã ¦;¥Í¬Ô¤�¢�¬Ô¤�¢T«Y©�¢Jº ´Û¢p´k©¸¦ ¬�¢�¬�¤8¢�¶¸«N¨D¨ «�´�¦�¥^¼"© ¢J¨ §8¬×¦ «N¥^±Jò7 � Ü798 6 � · 6 � ÜV+¹Ü¯�n "ÜrÜ���ô � ÜVô ÿ ·ºÕ Í  á�Þ"ÞÏå � �ÜrÜ � ôü�)Ügô ÿ ·��A�� 7  ÜrÜ7û8 6 � · 6 � ÜVô ÿ ·�ô � Ü · ÿ 6 ¥ á�ÞwÆ2åò ¨D»8¼W¼N¦;¥^¼Ò¬�¤8¢$±T»w¿Y¢%ß�ªJ©�¢c±Á±c¦ «N¥^±A§Ï¿Y«�°�¢�¦;¥�¬Ô¤�¢á¶¸«Y©�º�»*¨ §�«�¶2¬�¤8¢¥ÓeÕSã §=¥8¹Ò¬�§ÏÑ�¦;¥8¼ã¦�¥^¬�«Í§�£T£T«N»*¥8¬ù¬�¤8¢�±TªY¢T£�¦ §=¨Nª�© «NªY¢J©¬×¦ ¢c±
ªJ©�¢�°*¦ «N»^±T¨ ²ï¨D¦ ±Á¬�¢T¹>´Û¢�«A¿^¬Á§*¦;¥Í¬Ô¤�¢k¶³«*©`º�»=¨ §Ò¼N¦ °J¢J¥ã¦�¥�¬�¤8¢�¬�¤8¢T«*©�¢Jº¥·ø � õ�D-÷$¦ ±j¾H»*¦ ¬�¢�±Á¬Ô© §*¦ ¼C¤^¬9¶³«*©<´ù§J©�¹H´�§8±x¶³«N¨;¨ «�´m±J·

ø � õ�D-÷ � ù 7ûý Ü7û8 6 ú ÿ  � �ÜrÜ ù 7ûý Ü798 8 ú á�ÞwÇ2å� + ÿ � Ü · ÿ 6 ôü�)ÜVô ÿ · 8 � ÜV+¹Ü�·��©+ ÿ � Ü · ÿ 6 · 8 � ÜV+¹Ü á�ÞwÈ2å� + ÿ � Ü�õ±.��§6�· 8 6p#÷t�)Ü�õg�¿8�· 8 8Z#÷ � ÜV+¹Ü�·��à¬Ô©`õ � ÍÜ ÷��-6ª8 á�ÞwÉ2åÀÛ¢J¥�«J¬4¢
øÆ�G�0õ�D-÷ Á� + ÿ � Ü�õ±.��§6�· 8 6p#÷t�)Ü�õg�¿8�· 8 8Z#÷ � ÜV+¹Ü á�ÞwÙ2åøÆ� Í õ�D-÷ÂÁ� �à¬�©`õ � ÍÜ ÷��-698 á�Æ"Ü2å

ÓJ«Y©!ø Í õ�D�÷�´Û¢Ò¥8¢T¢T¹ç¬�«�±T»Ï¿^±Á¬Ô¦ ¬�»^¬�¢á¬�¤8¢k£T«�°J§J©`¦ §=¥8£T¢Òºk§8¬�©¸¦ ßÒ§=¥�¹ã¦ ¬9±m¹*¢J©¸¦ °J§8¬Ô¦ °�¢�§=¥8¹Ò¬�¤8¢J¥p´$©`¦ ¬�¢$¹=«�´$¥Ò§*¨;¨J¬Ô¤�¢�±c¦ ß�¬�¢T¢J¥
¬�¢J©`º�±J·Û¡�¤8¢J¥Á´Ó¢�±c¦;º�ª=¨Ý¦ ¶ ²�¬�¤8¢c±�¢�¬�¢J©`º$±á¢%ßJ£J¤�§=¥8¼N¦;¥^¼ã¬Ô¤�¢�«Y©�¹=¢J©[«�¶Ü¬Ô¤�¢�¬4¢J©`º$±�»*¥�¹*¢J© ¬�¤8¢�¬�© §�£T¢�§=¥8¹"»8±c¦;¥8¼ä¬Ô¤�¢�±TªY¢T£�¦ §=¨
ªJ©�«NªY¢J©¬Ô¦ ¢c±ù«�¶{¬�¤8¢�º�§8¬Ô©¸¦ £T¢c±x¦;¥^°�«N¨ °J¢T¹e·Ü¡á¤�¢�¥8¢%ßJ¬Ü±Á¬4¢Jª8±ù§J©�¢A¼C©�«N»=ªY¦�¥^¼�¬�¤8¢x±c¦�º�ª=¨Ý¦ ÖH¢T¹�¬4¢J©`º$±A¦;¥Íª�§*¦;©�±Û«�¶}¦ ¹*¢J¥8¬×¦ £o§*¨8¬4¢J©�º�±
§=¥8¹ø±T»w¿^±Á¬Ô¦ ¬�»^¬Ô¦;¥8¼ ¬Ô¤�¢Ò¶³«*©`º�»=¨ §8±äá�Þ"ÞÏå.·ï¡á¤�¢J¥�´Û¢ »8±�¢v«N¥8£T¢øº$«Y© ¢v¬�¤8¢ä±TªY¢T£�¦6§*¨2ª�© «NªY¢J©¬×¦ ¢c±Í«�¶x¬Ô¤�¢ ºk§8¬�©¸¦ £T¢c±v¦;¥o°J«N¨ °J¢T¹
§=¥8¹ä´Ó¢�£T«N¨D¨ ¢T£c¬x¬�¤8¢�¬�¢J©`º$±�¦;¥Ò«Y©�¹=¢J©2¬�«v«A¿^¬Á§*¦;¥�¬�¤8¢�¢%ßNªJ©�¢c±Á±c¦ «N¥ä«�¶4ø Í õ�D�÷m¼N¦ °J¢J¥v¦�¥�¬�¤8¢�¬�¤8¢T«*©�¢Jº¥·



� � ze�G� aea�� y a r����2�2���2�"�(� �w���9���w�+���A�(�¡ A�e�f¢w�0�4�2���(�A£4rfP a rdz � o¥¤%}.}J{ ¤%í

ø Í õ�D�÷ Á� �Ñ ¬�©ù� � �ÜrÜ 7  "ÜrÜ7û8 6  � �ÜrÜ 7  "ÜrÜ7û8 8 ú
¸õ¦ ¬Ô¤Í¬Ô¤�¢ç¥8«J¬Á§^¬Ô¦ «N¥8±�ªJ©�¢�°*¦ «N»^±T¨ ²ï¦;¥8¬Ô© «=¹E»8£T¢T¹þø Í ¿Y¢T£T«Nº$¢c±Jò

ø Í õ�D�÷�� �Ñ ¬�© Ä õ�ôü�)ÜVô ÿ ·��A#÷7õ · 6 � ÜVô ÿ ·�ô � Ü · ÿ 6 ÷7õ�ôü�)Üjô ÿ ·���#÷7õ · 8 � ÜVô ÿ ·�ô � Ü · ÿ8 ÷ Å
Õ�¥�¬�¤8¢�¶³«N¨;¨ «�´$¦;¥8¼>´Û¢p´$©¸¦ ¬4¢�§=¨;¨Y¬Ô¤�¢�±c¦ ßJ¬4¢T¢J¥Í¬4¢J©�º�±�¦;¥Í¬Ô¤�¢�¢%ß�ªJ©�¢c±Á±c¦ «N¥ç§Ï¿Y«�°J¢J´A´Ó¢�±c¦;º�ª=¨Ý¦ ¶ ²�¬�¤8¢Jº §=¥8¹ä´Ó¢�±�¢T¢¡´$¤Y¦ £J¤Ò«�¶
¬�¤8¢Jº §J©�¢�¬�¤8¢�±×§=º$¢Í§*¥�¹=ÿ�«*©[£o§=¥8£T¢J¨+·
¡�¤8¢�±c¦;ºÍª*¨D¦ ÖH¢T¹ã¢%ßNª�© ¢c±Á±c¦ «N¥^±$«�¶Ü¬�¤8¢�¬�¢J©`º$±$§J©�¢ä¨D¦ ±Á¬�¢T¹ ¦�¥�¬�¤8¢�¬�¤Y¦;© ¹ã£T«N¨D»=º�¥�·�1�G�G�G� ¬�© Ä ôü�)Ügô ÿ · 6 � ÜVô ÿ ôÞ�)ÜVô ÿ · 8 � ÜVô ÿ Å � Í ¬Ô© Ä �)ÜVô ÿ · 6 � Üj�)ÜVô ÿ · 8 � Ü Å�1�G�G� Í ¬�©���ôÞ�)ÜVô ÿ · 6 � Ügô ÿ ôü�)ÜVô ÿ�ô � Ü · ÿ8�� � Í ¬Ô©��TôÞ�)ÜVô ÿ · 6 � Üj�)Ü � Ü · ÿ8���1�G� Í � �ã¬�©�ÄjôÞ�)Ügô ÿ · 6 � ÜVô ÿ · 8 � Ügô ÿ Å �=�Í¬�©�ÄP�)Ü�ô ÿ · 6 � ÜVô ÿ · 8 � Ü Å�1�G� ÍGÍ �ã¬�©���ôü�)ÜVô ÿ · 6 � Ügô ÿ ô � Ü · ÿ8 � �=�Í¬�©���ôü�)ÜVô ÿ · 6 � ÍÜ · ÿ8 �
� � Í �G� ¬�©�ÄVôü� Ü ô ÿ ô � Ü · ÿ 6 ôü� Ü ô ÿ · 8 � Ü ô ÿ Å � Í ¬Ô©�Äj� Ü � Ü · ÿ 6 ôÞ� Ü ô ÿ · 8 � Ü Å�1� Í � Í ¬�©���ôÞ�)ÜVô ÿ ô � Ü · ÿ 6 ôÞ�)ÜVô ÿ ô � Ü · ÿ8 � � Í ¬Ô©��TôÞ�)Ü � Ü · ÿ 6 ôÞ�)Ü � Ü · ÿ8 ��1� ÍGÍ � �ã¬�© Ä ôÞ�)Ügô ÿ ô � Ü · ÿ 6 · 8 � ÜVô ÿ Å �=� Í ¬�© Ä �)Ü � Ü · ÿ 6 · 8 � Ü Å� � ÍGÍGÍ �ã¬�© � ôü� Ü ô ÿ ô � Ü · ÿ 6 ô � Ü · ÿ8 � �=�Í¬�© � ôü� Ü � Ü · ÿ 6 ô � Ü · ÿ8 �
� Í �G�G� �ã¬�©�Ä · 6 � Ügô ÿôÞ�)ÜVô ÿ · 8 � Ügô ÿ Å �=�Í¬�©�Ä · 6 � ÜV�)ÜVô ÿ · 8 � ÜVô ÿ Å
� Í �G� Í �ã¬�© � · 6 � ÜVô ÿ ôü�)Ügô ÿô � Ü · ÿ8 � �=� Í ¬�© � · 6 � Üj�)Ü � Ü · ÿ8 �� Í � Í � � Í ¬�©�Ä · 6 � ÜVô ÿ · 8 � Ügô ÿ Å � Í ¬Ô©�Ä · 6 � ÜVô ÿ · 8 � ÜVô ÿ Å
� Í � ÍGÍ � Í ¬�©�� · 6 � Ügô ÿ ô � Ü · ÿ8 � � Í �Ò¬�©�� · 6 � ÍÜ · ÿ8 �
�þÍGÍ �G� �ã¬�© Ä ô � Ü · ÿ 6 ôü� Ü ô ÿ · 8 � Ü ô ÿ Å �=�Í¬�© Ä � Ü · ÿ 6 ôü� Ü ô ÿ · 8 � Ü Å� ÍGÍ � Í �ã¬�©���ô � Ü · ÿ 6 ôÞ�)ÜVô ÿ ô � Ü · ÿ8 � �=�Í¬�©���ô � Ü · ÿ 6 ôÞ�)Ü � Ü · ÿ8 �� ÍGÍGÍ � � Í ¬�© Ä ô � Ü · ÿ 6 · 8 � ÜVô ÿ Å � Í �Ò¬�© Ä � Ü · ÿ 6 · 8 � Ü Å�þÍGÍGÍGÍ � Í ¬�© � ô � Ü · ÿ 6 ô � Ü · ÿ8�� � Í ¬Ô© � ô � Ü · ÿ 6 ô � Ü · ÿ8��

Õ�¥"¬�¤8¢ö¥8¢%ßJ¬�¬Á§Ï¿*¨ ¢ï¬�¤8¢ï¬�¢J©`º�±Ò¶�©�«Nº-¬�¤8¢ï¬�¤Y¦;© ¹?£T«N¨D»*ºÍ¥g«�¶k¬Ô¤�¢gªJ©�¢�°=¦ «N»8±ä¬�§Ï¿*¨ ¢ï§W©�¢F¼C©�«N»*ªY¢T¹ §=¥8¹�¬�¤8¢J¥g§J© ¢ï¶4»=©¬Ô¤�¢J©
±c¦;ºÍª*¨D¦ ÖH¢T¹v±T»Ï¿^±Á¬Ô¦ ¬�»^¬Ô¦;¥^¼ç¬�¤8¢k¶¸«Y©`ºÍ»*¨ §^±Áá�Þ"ÞÏå.·



� � ze�G� aea�� y a r����2�2���2�"�(� �w���9���w�+���A�(�¡ A�e�f¢w�0�4�2���(�A£4rfP a rdz � o¥¤%}.}J{ ¤��

�1�G�G�G� øÆ� Í � Í � Í ¬�© Ä �)ÜVô ÿ · 6 � Üj�)ÜVô ÿ · 8 � Ü Å � Í ¬�©`õg�)Üj�z6 � Üj�)Üj��8 � Ü`÷f·�� Í 8 6 8 8�¬�©`õg� ÍÜ � ÍÜ ÷�1� Í �G� øÆ�G�G� Í � Í ¬�©���ôÞ�)ÜVô ÿ · 6 � Üj�)Ü � Ü · ÿ8 � .�� Í ¬�©`õg�)Üj�z6 � ÍÜ �)Üj��8#÷f·�� Í 8 6 8 8�¬�©`õg� ÍÜ�� ÍÜ ÷�1� ÍGÍGÍ øÆ�G� Í � ���Ò¬Ô©;õg�)ÜVô ÿ · 6 � ÜVô ÿ · 8 � Ü`÷ �=�Ò¬Ô©`õg�)Üj�§6 � Üj�¿8 � Ü`÷f·��=� 8 6 8 8�¬�©`õg�)Ü � ÍÜ ÷� Í �G�G� ø ÍGÍ �G�
� ÍGÍ �G� øÆ�G� ÍGÍ ���Ò¬Ô©��Êôü�)ÜVô ÿ · 6 � ÍÜ · ÿ8 � .����Ò¬Ô©;õg�)Üj�z6 � ÍÜ �¿84÷¹·���� 8 6 8 8�¬�©`õg�)Ü � ÍÜ ÷� Í �G� Í øÆ� ÍGÍ � ��� Í ¬Ô© Ä �)Ü � Ü · ÿ 6 · 8 � Ü Å �=� Í ¬�©`õg�)Ü � ÍÜ ÷��-6ª8�þÍGÍGÍGÍ ø¹Í � Í � � Í �Ò¬Ô©�Ä � Ü · ÿ 6 · 8 � Ü Å � Í ¬Ô©�õ � Ü � 6 � Ü � 8 ÷¹·�� Í 8 6 8 8 ¬Ô©;õ � ÍÜ ÷� ÍGÍGÍ � ø Í � ÍGÍ � Í �Ò¬Ô©�� · 6 � ÍÜ · ÿ8 � � Í �Í¬�©`õ � ÍÜ ÷��-6ª8
!ù©�«N»=ª�¬�«J¼Y¢c¬Ô¤�¢J©2¬�¤8¢�¬�¢J©`º�±A¬�¤�§8¬m£T«N¥^¬Á§Y¦�¥ 8 6 8 8�¬�¤8¢�¬�¢J©`º�±A¬�¤�§8¬m£T«N¥^¬Á§Y¦�¥_�-698�§=¥8¹v¬Ô¤�¢ç©�¢c±Á¬m«�¶Ü¬�¤8¢�¬�¢J©`º�±A¬�¤�§8¬z£T«N¥8¬�§*¦�¥
¬�¤8¢äº�§^¬�©¸¦ £T¢c±��»·

ø Í õ�D�÷ � ø Í �0õ�D-÷f·�ø ÍGÍ õ�D�÷f·�ø Í ù2õ�D-÷ á�ÆAÄ#åø Í �0õ�D�÷ � 8 6 8 8 Ä Ñ�� Í ¬�©`õg� ÍÜ � ÍÜ ÷¹·������ç¬�©`õg�)Ü � ÍÜ ÷f·�� Í ¬�©�õ � ÍÜ ÷ Å á�Æ"¼2åø ÍGÍ õ�D�÷ � �-698wõ��=� Í ¬�©`õg�)Ü � ÍÜ ÷f·�� Í �Ò¬�©`õ � ÍÜ ÷-÷ á�Æ"Û2åø Í ù2õ�D�÷ � � Í ¬Ô©;õg�)Üj�z6 � Üj�)Üj�¿8 � Ü`÷�.�� Í ¬�©`õg�)Üj�z6 � ÍÜ �)ÜV�¿84÷ á�Æ4ÞÏå·�Ñ��=�ç¬Ô©`õg� Ü � 6 � Ü � 8 � Ü ÷�.����Ò¬�©`õg� Ü � 6 � ÍÜ � 8 ÷·H� Í ¬Ô©`õ � Üj�z6 � Üj��8#÷
¡á¤�¢�¢%ß�ªJ©�¢c±Á±c¦ «N¥Í¼N¦ °�¢J¥à¦;¥Í¬Ô¤�¢�¬Ô¤�¢T«Y©�¢Jº ¶¸«N¨D¨ «J´z±J·�ì[_`U=UYX}UYXAy�S=\TU^_`\Ti p
ÓH¦;©±Á¬�´Ó¢�Ù ¨;¨hªJ©�¢c±�¢J¥8¬A±�«Nº$¢äªJ©�«NªY¢J©�¬×¦ ¢c±á¬Ô¤J§8¬x§=¨D¨ «�´ ¬Ô¤�¢�±c¦;ºÍª*¨Ý¦ ÖH£o§^¬Ô¦ «N¥Í«�¶}¬�¤8¢äÓvÕSã ¶³«*©`º�»=¨ §�¶¸«Y©2¬�¤8¢v¤8«Y©`¦ Ðo«N¥^¬Á§=¨=£o§8±�¢"·
¸?¢�Ù ¨D¨*¢%ßNª*¨ «�¦ ¬ù¬�¤8¢k±Á¬�©`»8£c¬�»*© ¢k«�¶}¬Ô¤�¢�º�§8¬Ô©¸¦ £T¢c±��M�z6±�>¿Ô²Ò¹*¢.Ö{¥Y¦�¥^¼ç¬Ô¤�¢$°�¢T£c¬�«Y©±����R6=�Í§=¥�¹ç¬Ô¤�¢Íº�§8¬Ô©¸¦ £T¢c±��Z&�6±�>¿�²�¬�¤8¢
©�¢J¨ §^¬Ô¦ «N¥¨¿Y¢J¨ «�´ á	�R6Ü¦ ±ù¬�¤8¢jÖ{©±Á¬Û£T«N¨D»=º�¥�«�¶ ¬�¤8¢�º�§8¬Ô©¸¦ ß �z62§=¥8¹�&�6Ü¦ ±z¬Ô¤�¢Ã¿*¨ «=£:Ñk«�¶ �z6 «A¿8¬�§*¦;¥�¢T¹ ¿Ô²�¹=¢J¨ ¢c¬Ô¦;¥8¼�¬�¤8¢GÖ�©�±Á¬
©�«J´L§=¥8¹ã¬Ô¤�¢pÖ{©±Á¬x£T«N¨D»*ºÍ¥:å �z6f�é2r2 ���
� ÿ 6 4 ÿ �Z2á.��R6 �`& ÿ 6 4 ÿ 4O¥ á�Æ"Æ2å

Õ ¬$¦ ±á¢o§8±�²Í¬�«v«A¿^±�¢J©°�¢�¬�¤�§8¬m¬Ô¤�¢çºk§8¬Ô©`¦ £T¢c±��Z& 6 ��±×§8¬×¦ ±�¶ ²5�Z& ÿ 6 � .�& 6 �w·ì[_`Uoj�Uo~ca�]�aDUWdï�W�
For any two diagonalmatricesof theform �@ Á� ��¨û: 8 �¬õ� � @�����@L�b¥b¥b¥£����@:÷¢�²B��E�L���;ÑA� á�Æ"Ç2å



� � ze�G� aea�� y a r����2�2���2�"�(� �w���9���w�+���A�(�¡ A�e�f¢w�0�4�2���(�A£4rfP a rdz � o¥¤%}.}J{ ¤%�

wehave :

tr
õ  #�d�z6  Í �¿80÷Ð�².¥õ�Ê�-�
� Í ·��b� Í �£�.÷�� ÿ 6 ��83.��£�
� Í

tr
õ�&�6p&�80÷¢¥ á�Æ"È2å� ì[_`Uoj�Uo~ca�]�aDUWdç�N�

Wehave : 2 �z6g�¿8-4\@ ÀG¨ @ Ó � .�2 �§6���8-4\@ Ó ¨ @ À B��C®�'B Í ¥ á�Æ"É2åì[_`U=UYX ò
¡{§ÏÑ8¦�¥^¼ ¦�¥^¬�«v§�£T£T«N»*¥^¬x¬�¤�§8¬ � 6 @ ¨ @ �ñ�N´D´Û¢�£o§=¥Ã´k©¸¦ ¬�¢2 �§6���8�4\@ À @ Ó � �@#ò��� @ À¯¨ @ Ó 2 �§6\4\@ À¯¨ @#ò�2 �¿8�4\@�ò ¨ @ Ó ¥ á�Æ"Ù2å
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