VI SAL ] R A 12 e 1-13
A1 IRAREL

2015412-31




1 XA RARE T E 3, AR 35— Pl Y J
WREM A A XA AFFAZAE? R4 7

Let B be a nonempty set with two binary operations 4 and *, a unary operation ’, and two distinct elements
O and 1. Then B 1s called a Boolean algebra if the following axioms hold where a, b, ¢ are any elements in B:

[B;] Commutative laws:

(lay a+b=>b+a (1b) axb=bxa
[B,]  Distributive laws:

(2a) a+bxc)=(a+b)xa+c) (2b) ax(b4+c)=(a % b))+ (a * c)
B3] Identity laws:

(3a) a+0=a (3b) axl=a
[B;] Complement laws:
(4a) a+a =1 (4b) axa =10

Axioms Defining a Lattice

Let I. be a nonempty set closed under two binary operations called meer and join, denoted respectively by
A and v. Then L is called latrice if the following axioms hold where a. b, ¢ are elements in L:

[L1] Commutative law:
(lay a~nb=>bna (1) avb=>bHva

[I.o] Associative law:
2a) (a~nbyrnec=an(bANc) 2b) (avb)yve=av (bwvc)

[L.s] Absorption law:
Ba) an(avb) =a 3b) av(ianb) =a

We will sometimes denote the lattice by (L, A, v) when we want to show which operations are involved.
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Theorem 15.2: Let a. b, c be any elements in a Boolean algebra B.

(1) Idempotent laws:

(S3a) a+a=a (5b) axa=a
(1) Boundedness laws:
ba)—a+4+1 =1 (6b) ax0=0
(111)  Absorption laws:
— a)y aFlaxb)y=a (7b) ax(a+b)=a
(1v) Associative laws:

8a) (af+tb)Ffc=a+b+c) (8b) (axb)xc=ax(bxc)
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(b) Let B" =B x B x --- x B (n factors) where the operations of 4, %, and ” are defined componentwise using
Fig. 15-1. For notational convenience, we write the elements of B” as n-bit sequences without commas, e.g.,
x = 110011 and y = 111000 belong to B". Hence

x4+ vy=111011, x=xy=110000, x"=001100

111
Then B” is a Boolean algebra. Here 0 = 000 - - - 0 is the zero element, and 1 = 111 --- 1 is the unit element.
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Theorem 15.5: The following are equivalent in a Boolean algebra:
(1) a+b=>b, (2) axb=a, 3) a+b=1, 4 axb =0

Thus in a Boolean alegbra we can write @ < b whenever any of the above four conditions is known to be true.
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Fig. 15-3

rectangle (universal set) into eight numbered sets which can be represented as follows:

() ANBNC @(3) ANBNC (5 ANnBcnNncCce (1) A°NBeNC
(2) ANBNC® (4) A°NBNC (6) A°*NBNCc (8) A°NB°NCe
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=x4+y2)+ @y +xy) and E, = ((xy'z' +y) +x'2)
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x’ 1s not a literal of xy’z. Observe that if P is contained in P,. say P, = P; % Q. then, by the absorption law,

P|+P2:P1—|—P|*Q:P|

Thus, for instance, x'z + x'yz = x'z]
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X’ yz+ Xy’ Z+ XyZ’+ Xyz=
X’ yz+ Xyz+ Xy’ Z+ Xyz+ XyzZ’+ Xyz =
yzZ+xz+

EA KT WA ARIE?

sum-of-products
expression
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Algorithm 15.1: The input is a Boolean expression £. The output is a sum-of-products expression
equivalent to £,

Use DeMorgan’s laws and involution to move the complement operation into any
parenthesis until finally the complement operation only applies to variables. Then E
will consist only of sums and products of literals.

Step 1.

Step 2.
Step 3.

Step 4.

Use the distributive operation to next transform E into a sum of products.

Use the commutative, idempotent, and complement laws to transform each product in £
into 0 or a fundamental product.

Use the absorption and identity laws to finally transform E into a sum-of-products
expression.
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E is simpler than F

E Is minim: x° yZ+ Xy’ 2+ XyZ’+ XyZ= 2ssion

which Is sin :

Prime Imp| X YZT XYZ+ Xy’ 2+ Xyz+ Xyz'+ Xyz =
YZ+XZ+XY

Theorem 15.9: A minimal sum-of-products form for a
Boolean expression E Is a sum of prime implicants of E.
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Let E =/ xyz+ xZ +
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+ XiyJZ + XJyZJ
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Lemma 15.10: Suppose Q is the consensus of P; and P,. Then Py 4+ P, + Q = P, + P,.

Let E = Xxyz + x'z

"+ XyZ'+ XY'Z + XYZ'+Xy
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EXAMPLE 15.8 Let E = xvz +x'2 4+ xyvz' 4+ x'yv'z+ x'vz/. Then:

E=xyz+x"7/ +xyz’ +x'V'z (x"vz" includes x'z")
=xvz+x'yv'+xyz’+x'v'z+ xy (consensus of xyz and xvz")
=x'7 +x'y'z 4+ xy (xyz and xyz" include xvy)
=x"Z/ 4+ x"yvz4+xy+xy (consensus of x’z" and x’'y'z
=x'7 +xy+x'y (x"v'z includes x'y’)
=x"Z/ +xy+x'v' + vy (consensus of x'z" and xvy)
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EXAMPLE 15.9 We apply Algorithm 15.4 to the following expression E which (by Example 15.8) is now
expressed as the sum of all its prime implicants:

E=x7"4+xy+x'y 4+
Step 1. Express each prime implicant of E as a complete sum-of-products to obtain:

r_r f_r ! ! ! L
Xz =xz(y+y)=xyzr+xyz

xy=xy(z+7)=xyz+xyz
L) o ! I L
Xy =xy(z+z)=xyz+xyz

! ! ! ! ! !
vi=yz(x+x)=xyz +xyz

Step 2. The summands of x"z" are x"yz and x"y'z" which appear among the other summands. Thus delete x'z’
to obtain
E=xy+ x"}‘f + }-‘E:f
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