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Abstract. The Jacobsthal quaternions defined by Szynal-Liana and Wloch [35]. In this paper, we defined
some properties of Jacobsthal quaternions. Also, we investigated the relations between the Jacobsthal
quaternions which connected with Jacobsthal and Jacobsthal-Lucas numbers. Furthermore, we gave the
Binet formulas and Cassini identities for these quaternions.

1. Introduction

In 1973, the first use of this numbers appears “A Handbook of Integer Sequences” in a paper by Sloane
by the title applications of Jacobsthal sequences to curves [1].
Furter, in 1988, Horadam [3] introduced the Jacobsthal and Jacobsthal-Lucas sequences recurrence relation
{J»} and {j,} are defined by the recurrence relations

]0 = 0/ ]1 = 1/ ]n = ]Vl*l + 2]‘11*2/ forn > 2/ (1)
jO =2, jl =1, jn = jn—l + 2jn—2/ fO?’ n>2 (2)
respectively.

In 1996, Horadam studied on the Jacobsthal and Jacobsthal-Lucas sequences and he gave Cassini-like
formulas as follows ([3],[4])

Jns1Jn-1 — ]nz = (_1)n-2n_1/ 3)

justfuca = ju© = 32 (=120 (4)
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The first eleven terms of Jacobsthal sequence {J,} are 0,1,1,3,5,11,21,43, 85,171 and 341.
This sequence is given by the formula

B on _ (_1)71

Jn = 3 . ®)
The first eleven terms of Jacobsthal-Lucas sequence {j,} are 2,1,5,7,17,31,65,127,257,511 and 1025.
This sequence is given by the formula

jn=2"+ (1" (6)
Also, for Jacobsthal and Jacobsthal-Lucas numbers the following properties hold [3]:

]n + jn = 2]n+1/ (7)

jn = ]n+1 + 2]11—1/ (8)

3n + jn = 2", 9)

JuJn = Jon, (10)

]mjn + ]njm = 2]m+n/ (11)

]mjn - ]njm = (_1)11 2n+1 Im—n/ (12)

jn+1 + jn = 3(]n+1 + ]n) = 32”/ (13)

jn]m+1 + Zjn—l ]m = jm+n/ (14)

Juet = jn = 3Une1 = Ju) + A=) = 2" 4 2(-1)", (15)

jn+r - jn—r = 3(]n+r - ]n—r) =2" (22r - 1)/ (16)

Juar + jner = 3(nar + Juor) + 4(=1)"" = 27722 + 1) + 2(=1)", (17)
and summation formulas

n
_ ]n+2 -3
Z Ji = — (18)
=2
- . jn+2 -5
Z Ji=—H (19)

i=1

Several authors worked on Jacobsthal numbers and polynomials in [5]-[13].

Sum formulas for odd and even Jacobsthal and Jacobsthal-Lucas numbers were given in [8] respectively as
follows,

n
2 +n+1
Y o = 22t L (20)
i=0
< 2ot =1 —2
Y = S 1)
i=0

and

n
Z Jois1 =22 —n =1, (22)
i=0
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Z joi = Jons2 +n+ 1. (23)

i=0
Identities for Jacobsthal numbers were given in [5] as follows,

]n]n+1 + 2]71—1]" = ]211 = ]n jnr
JuJms1 + 2Ju1Sm = Jnem,

Jons1 = J2 +2]3,

JnJn-1 = Jm-1Jn = (_1)71‘271—1]"1_”.

(24)

Now, we be talked about the history of the quaternions:

The quaternions were first described by Irish mathematician Sir William Rowan Hamilton in 1843, [14].
The description is a kind of extension of complex numbers to higher spatial dimensions. The set of real
quaternions, denoted by H, is defined by

H={g=qo+iq+jq+kgs | q0, q1, 92, 93 € R} (25)
where
P=pP=k=-1,ij=-ji=k, jk=-kj=i, ki=—-ik=]j.

After the work of Hamilton, in 1849, Cockle introduced the set of split quaternions [15] which can be
represented as

Hs = {q = qo +iq1 + jga + kqs | 0,91, 92,93 € R} (26)

where
F=-1, f=kK=1,ijk=1

Several authors worked on different quaternions and their generalizations. ([16]-[20],[27]-[31]). In 2013,
Akyigit and et al. [17] defined split Fibonacci quaternions and split Lucas quaternions and obtained some
identities for them. Complex split quaternions defined by Kula and Yayl in 2007, [28]. In 1963, Horadam
[21] firstly introduced the n-th Fibonacci quaternion and generalized Fibonacci quaternions, which can be
represented as

Hr={Q, =F,+iF,s1 + ] Fuso + kFyyi3 | Fy, n — th Fibonacci number} (27)
where

P=pP=kK=ijk=-1, ij=-ji=k, jk=-kj=i, ki=-ik=]j
andn > 1.

In 1969, lyer ([26],[27]) derived many relations for the Fibonacci quaternions. Also, in 1973, Swamy
[30] considered generalized Fibonacci quaternions as a new quaternion as follows:

Pn = Hn +iHy1 + ] Hyp + an+3 (28)

where

H, =Hy-1+ Hy,

Hy=p,

Hy=p+q,

H, :(p_q)Fn+an+1/ n>1.
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(See [30] for generalized Fibonacci quaternions). In 1977, Iakin ([24],[25]) introduced higher order quater-
nions and gave some identities for these quaternions. In 1993, Horadam ([22],[23]) extended into quater-
nions to the complex Fibonacci numbers defined by Harman [20]. In 2012, Halic1 [18] gave generating
functions and Binet’s formulas for Fibonacci and Lucas quaternions. In 2013, Halic1 [19] defined complex
Fibonacci quaternions as follows

Hpe = Ry =Cp+e1Cpy1+e2 Cup+e3Cpy3 |Cy =F +iFyy1, = -1} (29)
where
al=e’=e’=eee=-1,

€16 =—€r€1 =€3,6)€3 =—€36) =¢€1,63€] =—€163 =2¢e, n>1.

In 2009, Ata and Yayl [16] defined dual quaternions with dual numbers V) coefficient as follows:

HD)={Q=A+Bi+Cj+Dk |A,B,CDeD,?==k=-1=ijk} (30)

In 2014, Nurkan and Giiven [29] defined dual Fibonacci quaternions as follows:
H(D) = {Qy = F + iFys1 + jFpia + kFpy3| Ey = F, + €Fyi1, €2 = 0,6 20}, (31)

where

P=pP=kK=ijk=-1, ij=-ji=k, jk=-kj=i, ki=-ik=]j

n>1and Q, = Q, + € Qui1. Essentially, these quaternions in equations (26) and (27) must be called dual
coefficient quaternion and dual coefficient Fibonacci quaternions, respectively. Majernik [32] defined dual
quaternions as follows:

HD:{Q=a+bi+cj+dk| a,b,c,deR, i2=j2=k2=ijk=0,}. 32)

ij=—ji=jk=-kj=ki=-ik=0

For more details on dual quaternions, see [33]. It is clear that H(ID) and Hp are different sets. In 2015, Ytice
and Torunbalc1 Aydin [34] defined dual Fibonacci quaternions as follows:

Hp ={Qu=F,+iFy1 +j Fpio + kFpi3 | Fy, n —th Fibonacci number}, (33)
where
P=p=kK=ijk=0, ij=—ji=jk=-kj=ki=-ik=0.

The Lucas sequence (L,) and D5 which is the n — th term of the dual Lucas quaternion sequence (D%) are
defined by the following recurrence relations:

Lip=Ly1+L,, ¥Yn20
{LO:Z, Ly=1 (34)
and
Dﬁ =L, +ily + jLn+2 + kL3, (35)

DDual number: A=a+¢b,a,beR, 2=0, ¢ #0.
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where

P==kK=ijk=0.

In 2015, Szynal-Liana and Wloch defined the Jacobsthal quaternions and the Jacobsthal- Lucas quaternions
respectively as follows [35]

]Qn =]11+i]n+1 +j]n+2+k]n+3/ (36)

]LQn = jn + ijn+1 + ] jn+2 + kjn+3 . (37)

In [35], using (7)-(17) relations between Jacobsthal and Jacobsthal-Lucas numbers are given as follows

JQus1 + JQu = 2"(1 + 2i + 4j + 8k), (38)
JQui1 — JQ, = %[2“(1 +2i+4j+8k) +2(-1)"1—i+j—-k)], (39)
JOuir + JQuy = %[2”"(22’ + DA +2i+4j+8k)-2(-1)""A-i+j—k), (40)
JQpsr — JQuer = %[zn-r(zzr —1)(1 +2i +4j + 8k)], (41)
N(JQ,) = ]Qn.En = %[85.22” +10.2"(-1)" + 4], (42)
JLQus1 + JLQ, = 3.2"(1 + 2i + 4] + 8k), (43)
JLQui1 — JLQu =2"(1 +2i+4j+ 8k) —2(-1)"(1 —i+j— k), (44)
JLQuir + JLQnor = 2"7QR% + 1)1 +2i + 4] + 8k) + 2(=1)""(1 =i+ j — k), (45)
JLQusr = JLQur = [2"77(2% = 1)(1 + 2i + 4j + 8K)], (46)
N(JLQ,) = 85.2%" +10.2"(-1)" + 4, (47)
]Qn + ]LQn = 2-]Qn+1/ (48)

In this paper, we will give the Jacobsthal quaternions as follows
Qr =1JQu = Ju +iJus1 + jJus2 + k Juss | Ju, nthJacobsthal number} (49)

P=pP=kK=ijk=-1, ij=-ji=k, jk=-kj=i, ki=-ik=]j (50)

and n > 1. The scaler and the vector part of the Jacobsthal quaternion JQ, are denoted by

SQn = In and VQn = i]n+1 + j]n+2 + k]n+3- (51)

Let JQ, and JR, be two Jacobsthal quaternions such that

]Qn :In+i]n+1 +j]n+2+k]n+3 (52)

and

JRy = Ky +iKyyq + j Kpso + kKpys (53)
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where K, is n — th Jacobsthal number.

Then, the addition, subtraction and multiplication of the Jacobsthal quaternions are the same as for real
quaternions.

The conjugate of the Jacobsthal quaternion JQ, is denoted by JQ, and it is

]Qn =]n_i]n+1 _j];1+2_k]n+3- (54)
The norm of |Q, is defined as
Nig, = 1Qull =1Qu JQu = Ii + T + Jhsa + Jhua: (55)

2. The Properties of the Jacobsthal Quaternions

Theorem 2.1. Let ], and JQ, be the n — th terms of the Jacobsthal sequence (J,) and the Jacobsthal quaternion
sequence (]Q,), respectively. In this case, for n > 1 we can give the following relations:

JQu +1Q = 2] (56)
JQi = 2J0JQu = JQu-JQ, (57)
]Qn+1 + ZIQn = ]Qn+2 (58)
]Qn - iIQn+1 - j]Qn+2 - k]Qn+3 = ]n + ]n+2 + ]n+4 + ]n+6 (59)
]Qn]Qm + 2]Qn—1]Qm—1 = 2]Qn+m—1 - ]n+m—1 - ]ﬂ+m+1 - ]n+m+3 - ]n+m+5- (60)

Proof. (56): From (1.52) and (1.54) proof can easily be done.
(57): By (1.52) and (1.55)

JQn =T2 = ooy = Jaua = o + 20u(i Tus1 + j Jusz + k Jss)
=2Lu(Jn + 1 Juer + j oz + K Jusa) = o+ oy + Joo + J203)
=2]3.JQu = JQuJ Qs

(58): By the equations (1.52) and

JQui1 = Jur1 +iJns2 + j]n+3 + k Jy+a (61)

we get,

JQui1 +2]JQ, =(Jns1 + i Jus2 + j Juwz + k Jusa) + 2(Ju + i Jus1 + j Jus2 + k Jus3)
:(]n+1 + 2]n) + i(]n+2 + 2]n+1) + j(]n+3 + 2]n+2) + k(]n+4 + 2]n+3)
=]n+2 + i]n+3 + j]n+4 + k]n+5

:]Qn+2 .
(59): By using (1.52) and conditions (1.50) we get
JQu —1]Qus1 — j]Qn+2 - k]Qn+3 =(Ju +iJu1 + j]n+2 +k Jus3)

— i (Jus1 + 1 Jpan + j]n+3 +kJnra)

- j(]n+2 +1i ]n+3 + j]n+4 + k]n+5)

- k(]n+3 +1i ]n+4 + j]n+5 + k]n+6)
=Jn + Jn+2 + Jnsa + Jure -
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(60): By using (1.52), we get

JQu JQu =Jn T = Jns1 Jmsr = Jns2 Jma2 — Jn+a Jmes
+1(Jn Tt + Jns1 Jin + Jns2 Jmes = Jnes Jm+2)
+ ](In Im+2 - ]n+1 ]m+3 + ]n+2 ]m + ]n+3 ]m+1)
+k(Ju Jm+s + Just Jmez = Juw2 Jmsr + Jnas )

2]Qu-1 JQu=1 =2Un-1 Jm—1 = Jn Jm = Jns1 Jmwr = T2 Jim+2)
+2i (]n—l ]m + ]n ]m—l + ]n+1 ]m+2 - ]n+2 ]m+1)
+ Zj (]n—l ]m+1 - ]n ]m+2 + ]n+1 ]m—l + ]n+2 ]m)
+2k (]n—l ]m+2 + ]n ]m+1 - In+1 Im + ]n+2 ]m—l)

Finally, adding equations (62) and (63) side by side and using (24), we obtain

(62)

(63)

JQu JQum +2]Qu1 JQu—1 =nsm—1 = Jntm+1 = Jurm+s = Jntms5)
+ i(2]n+m) + j(2]n+m+1) + k(]n+m+2)
:2(]n+m—1 + i]n+nl + j]n+nl+1 + k]n+m+2)
- (]n+m—1 + ]n+m+1 + ]n+m+3 + ]n+m+5

=2]Qn+m_1 - ]n+m71 - ]n+m+1 - ]n+m+3 - ]n+m+5-

O

Theorem 2.2. Let JQ, be the Jacobsthal quaternion and JLQ,, be Jacobsthal-Lucas quaternion. The following relations
are satisfied

JQui1 +2]Qu1 = JLQ,,
2]Qn+1 - ]Qn = ]LQn .

Proof. From equations (52) and (8), it follows that

]Qn+1 + ZIQn—l

(64)

(]n+1 + i]n+2 + j]n+3 + k]n+4) + 2(]71—1 + i]n + j]n+1 + k]n+2)
(]n+1 + 2]14—1) + i(]n+2 + 2]n) + j(]n+3 + 2]n+1) + k(]n+4 + 2]n+2)
jn + ijn+1 + jjn+2 + kjn+3

JLQ, -

and

2]Qn+l - ]Qn 2(]n+1 + i]n+2 + j]n+3 + k]n+4) - (]n + Z']n+1 + j]n+2 + k]n+3)
(2]n+1 - ]n) + i(]n+2 - In+1) + j(2]n+3 - ]n+2) + k(2]n+4 - ]n+3)
jn + Z']'n+1 + jjn+2 + kjn+3

JLQ, .
where we used (8) and 2J,+1 — [, = j, [3]. O

Theorem 2.3. Let JQ, be the Jacobsthal quaternion and JQ, be conjugate of JQ,. Then, we can give the following
relations between these quaternions:

JQ2 =7Q, (2], = JQ,), (65)

JQuJQy +2]Qu1]Qu1 = Jano1 + Jons1 + Jonss + Janss, (66)
JQ2+2]Q% 1 =2]Qsu 1 — Jau-t + Jonst + Jonss + Jonss) = 2] Qo — JQuJQu = 2]Qu1 T Q1 (67)
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Proof. (65): By using (52) and (55) we get

JQi= (2= J2 == 12a) + 2i Juws1) + 2f JuJus2) + 2k (JuJnss)
2]11(]11 + i]n+1 + j]l’l+2 + k]n+3) - (]% + ],%_'_1 + I,%H_z + ]ﬁ+3)

2] JQp = JQuJQ, = JQu-(2Tn = JQ,)-

(66): By using (55) we get

JQuJQu +2JQu 1 JQua = (B+22 )+ (2, +2/)+ (P, +22, )+ (2, +2]%,)

= Jon-1 + Jonse1 + Jone3 + Jones
(67): By using (55) and (68) we get

JQr+2]Q = +2]2) = (o + 200 = U + 212, ) = Uays + 212,
+ 2[ i(]n]n+1 + 2]n—1]n) + j(]n]n+2 + 2]n—1]n+1) + k(]n]n+3 + 2]n—1]n+2)]
=[J2n-1 = Jan+1 = Jonss = Jons] + 2[i Jon + j Jan+1 + K J2us2]
=2[Jan-1 +1J2n + j Jans1 + k Jans2] = Uz2n-1 + Jons1 + Jonas + Jonss]
=2JQpp-1 — (Jan-1 + Jan+1 + Jan+3 + Jou+s)

=2JQo1 = JQuJQu — 2]Qy_1-J Q1

where we used relations (24). O

5574

(68)

Theorem 2.4. Let [Q,, be the n—th term of the Jacobsthal quaternion sequence. Then, we have the following identities

Y10 = 51Que ~ JQ:)
s=1

. 1
Z JQuss = EUQn+p+2 = JQus1l,
s=0

- 2
Y JQus = L2 4 2020, - 1) - 21
s=1

- 2
Y j0u = 2 S0, - 10 - 27011
s=1

Proof. (69): we get

i]Qs = Zn‘]s +i i}sﬂ +j i[sﬂ +k i}sﬂ
s=1 s=1 s=1 s=1 s=1

= 2{0ws2 = 1)+ 13 =3) + [ (ss = 5) + k (Juss — 1D)]
1

= E[(]n+2 =) +i(Juez = J3) + jJnsa = J4) + k(Juss = J5)]

= S0z + i+ jToss + KJass = G2 + 15+ T3 +K )

1
= 3UQu2 ~ Q1.

(69)

(70)

(71)

(72)
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(70): Hence, we can write

4
Z]Qn+s :(]n +...+ ]n+p) + i(]n+1 +...+F ]n+p+1) + j(]n+2 +...F ]n+p+2) + k(]n+3 +...+ ]n+p+3)

1 . ;

ZE[(]n+p+2 = Jus1) + i Juapss = Jns2) + J Jnspsa = Ju3) + kK Juapes — Jura)]
1

=§Un+p+2 + i]n+p+3 + j]n+p+4 + k]n+p+5 - (]n+1 + i]n+2 + j]n+3 + k]n+4)]

=2 UQuapez ~ Q]

(71): Using (20) and (21), we get

Z]st-1 =i+ s+t Jm-)tila+Jat+ .o+ )+ j(J3+ 5+ .o+ Jous1) Hh(Ja+ J6 + ... + J2us2)

s=1
@ t+n) QR —n=2) Qw2 +n—=2) (23 —n—6)
=[ 3 +1i 3 +j 3 +k 3 1
:gUZn +1Jons1 + j Jans2 + Kk Jonas] + %[” (1—-i+j—k) =23+ j+3k)]
]QZn

+3 [(ZIQz JQ3) —2]Qp)].

(72):  Using (20) and (21), we obtain

ZIQZS :(]2+]4+---+]2n)+i(]3+]5+---+]2n+1)+j(]4+]6+-~'+]2n+2)+k(]5+]7+---+]2n+3)
=1

Qi —n-2 Q2P +n=2) Qs —n-6)  (2)os+n—-10)
= 3 +i 3 1 3 e 3 |
=§[]2n+1+i]zn+2+f]2n+3+k]2”+4]+%[_n(l_i+j_k)_2(1+i+3j+5k)]

2]Qpu 1

_ % - 31-1@2JQ2 - JQs) - 2JQ)I.

O

Theorem 2.5. Let En be the conjugate of the Jacobsthal quaternions JQ,, = Ju +1i Jus1 + j Jns2 + k Jn43 and mn be
the conjugate of the Jacobsthal-Lucas quaternions JLQ, = ju + i jus1 + J jus2 + K juss. Then

JLQ,JQ, - JLQ,JQ, = (-1)""'.2"(4i + 4j + 12k), (73)

JLQ, JQu +JLQ, JQu =2 [(Jan + Jans2 + Jansa + Janse) + (=1)".2"(=8i — 4j + 4k)], (74)

JLQ, JQu = JLQ, JQp =2 [(an = Jansz = Jansa — Jouse) + (=1)".2"(8i — 4j — 4K)] . (75)
Proof.

(73): Using the relations (12), (36) and (37), we get
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JLQ, TQy = TLQ, JQu = + i just + j juez + Kk jusa) Un — i Just = j Juwz — k Jus3)
- (]n - ijn+1 - jjn+2 - kjn+3) (]n + i]n+1 + j]n+2 + k]n+3)
=2i [‘(jn]n+1 - ]njn+1)] + Zj [_(jn]n+2 - ]njn+2)] + 2k [_(jn]n+3 - ]njn+3)]
=(-1)""12"2( i + j ] + k]5)
=(=1)""1.2"(4i + 4j + 12k).

(74): Using the relations (12), (36) and (37), follows

JLQuTQy + TLQu JQu =i + i st + j jus2 + K jusa) (= i Jus1 = j Jus2 = K Jos3)
+ (]n - ijn+1 - jjn+2 - kjn+3) (]n + i]n+1 + j]n+2 + k]n+3)
=2 [jn]n + jn+1]n+1 + jn+2]n+2 + jn+3]n+3] +2i [_(jn+2]n+3 - In+2jn+3)]
+ 2j [jus1Jues = Jusrjnaa] + 2k [= (st Jns2 = Jur1jne2)]
=2[(Jan + J2n+2 + Jon+a + Jonse) + (—=1)".2"(=8i + 4] + 4k)].

(75): Using the relations (12), (36) and (37), we find

JEQu JQu +TLQu JQu =(in + i e + j jiea + K jus3) (1 Just + f Jus2 + K Jns3)
+ (]n - ijn+l - jjn+2 - kjn+3) (]n - i]n+1 - j]n+2 - k]n+3)
=2 [jn]n - jn+1]n+1 - jn+2]n+2 - jn+3]n+3] +2i [(jn+2]n+3 - ]n+2jn+3)]
+ 2j [_jn+1]n+3 + ]n+1jn+3] + 2k [(jn+1]n+2 - ]n+1jn+2)]
=2[(Jan = Jon+2 = Jon+a = Janse) + (=1)".2"(8i — 4] — 4k)].
0

Theorem 2.6. (Binet’s Formulas). Let |Q, and [LQ, be n — th terms of the Jacobsthal quaternion (JQ,) and the
Jacobsthal-Lucas quaternion (JLQ,,), respectively. For n > 1, the Binet’s formulas for these quaternions are as follows:

1
Q=75

|2 a"—pp"] (76)

and

JLQ, = (& a" +B §") (77)

respectively, where

a-p=3, a=1+2i+4j+8k, p=1-i+j—k

and

a=3+6i+12j+24k, B=3-3i+3j-3k.

Proof. The characteristic equation of recurrence relations

JQuiz = JQui1 +2]Q, and JLQ,,; = JLQ, 41 +2JLQ, is 2 —t-2=0.

The roots of this equationare« =2 and f=-1where a+=1, a-=3, af=-2.
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Using recurrence relation and initial values JQ, = (0, 1, 1, 3), JQ; = (1, 1, 3, 5) the Binet’s formula for
JQ,, we get

JQ,=Aa"+Bp" = [ 142i+4j+8k)2"—(1-i+j—k)(-1)"],

JQ T, @]Qo =T _ ) . _ .
where A = a=B , B= o and a=1+2i+4j +8k, [_%—1—z+]—k

Similarly, the Binet’s formula for JLQ, is obtained as follows:

JLQ, =[(3+6i+12j +24k)2"+(3-3i +3j —3k) (-1)"]
where

a=3+6i+12j+24k, B=3-3i+3j -3k

respectively. [J

Theorem 2.7. (Cassini Identity). Let JQ, and JLQ, be the n — th terms of the Jacobsthal quaternion sequence
(JQ,,) and the Jacobsthal-Lucas quaternion sequence (JLQ,,), respectively. For n > 1, the Cassini identities for ]Q,
and JLQ,, are as follows:

JQu1JQui1 — JQ5 = (-1)"2"7X(7 + 5i + 7j + 5k). (78)
JLQ,1JLQ,1 — JLQS = (=2)"71 3%(7 + 5i + 7] + 5k). (79)

Proof. For the proof of (78) and (79), we will use relations of Jacobsthal number and Jacobsthal-Lucas
number [5, 6] as follows:

JnJn-1 = Jm-1Jn = (_1)11 2t Jin-n (80)
jmjn—l - ]'mfl].n = (_2)n—1 32 jm—n (81)
(78): Using the relations (3) and (80), we get

JQu1JQus1 = JQh =(Tut + i Ju + j Juser + K Jus2) (st + i Jusz + j Jusa + K Juea)

- (]n + i]n+1 + j]n+2 + k]n+3) (]n + i]n+1 + j]n+2 + k]n+3)

=[Jnrfusr = J2) = UnJusz = Jar1) = Unsafuss = Jan) = UnszJnsa = Jiy3)]
+i [_(]n]n+1 - ]n—l]n+2) - (]n+2]n+3 - ]n+1]n+4)]
+ j[=UnJns2 = Jn-1Jn43) = JuJnsa — UnJus2 — ]iﬂ) + ]ﬁu]

k[_(]n]n+3 - ]n—l]n+4) - (]n+2]n+1 - ]n+1]n+2)]
=(=1)"2""1(7 + 5i + 7] + 5k).
(79): Using the relations (4) and (81), we obtain
]Lanl ]LQn+1 - ]LQﬁ :(jn—l + ijn + jjn+1 + kjn+2) (jn+1 + ijn+2 + jjn+3 + kjn+4)

= (n + 1 jne1 + Jjus2 + Kk jues) G + 1 jnse1 + J jue2 + K jues)

=[(ju-1jn+1 — ) (jnjne2 — ];1+1) = (Jus1fnss — ]%Jrz) = (Jns2fn+a — ]31+3)]

+i[- (]n]n+l = ju-1jn+2) = (ns2jnss — jn+1jn+4)]

+ﬂ4nna—mnm9—npﬂ—owmyﬁau+ﬁﬂ]
+k [_(jnjn+3 - jn—ljn+4) - (jn+2jn+1 - jn+1jn+2)]

=(=2)""13%(7 + 5i + 7j + 5k).
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We will give an example in which we check in a particular case the Cassini identity for the Jacobsthal
quaternions.

Example 1. Let JQy, JQ,, JQ; and JQ, be the Jacobsthal quaternions such that

JQ,=1+i+3j+5k,
JQ, =1+3i+5j+11k,
JQ3 =3 +5i +11j + 21k,
JQu =5+ 11i + 21j + 43k.

In this case,

JQ,JQs —JQ3 =(1 +i +3j +5k)(3+5i +11j +21k) — (1 +3i +5j + 11k)?
= (—140 + 16i + 24j + 32k) — (~154 + 6i + 10 + 22k)

=(14 + 107 + 14j + 10k) (82)
=(-1)22(7 + 5i + 7j + 5k)
and
JQ, JQs — ]Q§ =(1+3i +5j +11k)(5+11i +21j +43k) - (3+5 +11j + 21k)?
=(—606 + 10i + 38j + 106k) — (=578 + 30i + 66j + 126k) -
=(—28 — 20i — 28j — 20k) (83)
=(=1)>22(7 + 5i + 7j + 5k).
Example 2. Let JLQ,, JLQ,, JLQ; and JLQ, be the Jacobsthal-Lucas quaternions such that
p 1 2 3 4 q
JLQ, =1+5i+7j+ 17k,
JLQ, =5+ 7i+17j + 31k,
JLQ; =7+ 17i + 31j + 65k,
JLQ, =17 + 31i + 65 + 127k.
In this case,
JLQ; JLQ; —]LQ% =(1+5i +7j +17k) (7 +17i +31j +65k) — (5 + 7i + 17 + 31k)?
=(—1400 — 20i + 44 + 220k) — (—1274 + 70i + 170j + 310k) ”
=(—126 — 90i + 126j + 90k) (84)
=(~2)3%*(7 + 5i + 7j + 5k)
and
JLQ,JLQy — JLQ3 =(5+7i +17j + 31k) (17 + 31i + 65 + 127k ) — (7 + 17i +31j + 65k)?
=(—5174 + 418i + 686j + 1090k) — (5426 + 238i + 434 + 910k) (85)

= (252 — 1120i + 252j — 910k)
=(—2)>3%(7 + 5i + 7] + 5k).
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