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Introduction

Stimulated by the celebrated Galois theory for algebraic extensions of
fields, Lie, Picard and many mathematicians devoted themselves to establishing
the Galois theory for differential equations. For linear ordinary differential
equations, the theory is completed and is called the Picard-Vessiot theory
(Kolchin [5]). This theory is a Galois theory for finitely generated extensions
of ordinary differential fields. Kolchin [6] further defined the strongly normal
extension, which is also a finitely generated extension and contains the concept
of Picard-Vessiot extension, and he applied it to the study of some class of
non-linear differential equations. (Recently Umemura [16] and Nishioka [10]
have proved the irreducibility of the first transcendental function of Painleve by
using this concept.)

On the other hand Drach [2, 3] initiated a Galois theory for general
non-linear ordinary differential equations by considering the first integrals of
the equation. Therefore his theory is a Galois theory for a linear homo-
geneous partial differential equation of the first order, because the first integrals
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satisfy such an equation. Several definitions appearing in the algebraic Galois
theory can be extended to this case in a natural way. However, since a partial
differential equation has a solution space of an infinite dimension, some diffi-
culties arise from the infiniteness, which leaves the Drach’s theory incomplete.
Introducing the concept of automorphic extensions, Vessiot [18] made an effort
to complete the Drach’s work, but had not succeeded.

The purpose of this paper is to complete the Drach-Vessiot theory by
considering the objects in the local analytic category. We define a Galois
extension to be some infinitely generated extension and establish a one-way
Galois correspondence. In the following we illustrate the Drach-Vessiot theory,
point out the defects of the theory and explain the way of our justification.

For an ordinary differential equation of order n

0.1) y» =F(x,y,...,y" D),

the first integrals of (0.1) satisfy the following linear homogeneous partial
differential equation of the first order

0z 0z 0z
0.2 — '—+ "+ F_——=0.

0.2) ox Y oy o oy™—b

Drach and Vessiot considered in general partial differential equations of the

form

0 0
(0.3) é5—2+al(x)—z+"'+a,,(x)—z=0,
0x, 0x4 0x

n

where x = (xg, X;,..., X,). By a fundamental system of solutions of (0.3) they
0y, -+ Ca)
0(Xqs -5 X,)
then any solution of (0.3) becomes a function of {,, ..., {,. Thus another
fundamental system of solutions of (0.3) is written as (Fy({{,---5,C)---»

oFy,..., F,)
Falys s o)), where 0 S

the pseudo-group I, of biholomorphic transformations in C". The base field K

0 0
which contains all the coefficients a;, ..., a, of (0.3). It seems that Drach and
Vessiot defined the Galois extension for (0.3) over K to be the differential field
K<, ..., L,>, which is the smallest differential extension field of K containing
{45 .++» (,- And they defined the Galois group for (0.3) over K to be the set of
the transformations of fundamental systems of solutions that leave all the
differential algebraic relations over K between {;, ..., {, invariant. Hence the
Galois group is a subset of 7.

meant an n-vector ({,(x),..., {,(x)) of solutions of (0.3) with # 0;

# 0. Such transformations (Fi,..., F,) form

was taken to be a partial differential field with derivations
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This is the fundamental definitions in Drach-Vessiot theory, and they
afterwards examined the Galois correspondence. However there exist two
serious defects in their definitions. The first one is the ambiguity for the
domains of definition of the coefficients and solutions. Even in the analytic
case the domain of definition of a solution of a partial differential equation may
become narrower than that of coefficients of the equation, so that strict conven-
tions are needed for the domains of definition. This ambiguity causes not only
the vagueness of their definitions but also an essential difficulty in the develop-
ment of their theory. The second defect is inconsistency of the Galois group
with the group of the differential automorphisms of the Galois extension field
over the base field. In fact, when a transformation of a fundamental system of

solutions leaves all the relations between (,, ..., {, invariant, it may happen
that the image of each {,, ..., {, by the transformation, which in general is an
(analytic) function of {,, ..., {,, does not belong to K<{,,...,{,>. Conversely

if one wants to define the Galois group to be the group of the differential
automorphisms of K<{{;,...,{,> over K, one should restrict the transforma-
tions under consideration to, for example, the birational transformations in C".
Owing to this inconsistency, for two fundamental systems of solutions, the
corresponding Galois groups may not be isomorphic. Therefore the normality
of the Galois extension and hence the Galois correspondence are not estab-
lished in the Drach-Vessiot theory.

We will resolve the above difficulties by introducing some universal field
which plays a role similar to an algebraically closed field in the theory for
algebraic extensions. In consideration of solving partial differential equations,
we take the field of germs of all meromorphic functions as the universal
field; namely we consider everything in the local analytic category. Then the
Cauchy-Kowalevsky theorem is at our disposal, and substitution into analytic
functions will be justified. The Galois extension for (0.3) is defined by adjunc-
tion of all solutions in the universal field, which in general becomes an infinitely
generated extension. As this definition is independent of the choice of funda-
mental systems of solutions, the Galois group is canonically defined as the
group of the automorphisms of the Galois extension field over the base field.
Thus we have resolved the difficulties in the Drach-Vessiot theory, and more-
over a kind of normality holds for Galois extensions.

In §1 of this paper we consider an equation (0.3) in the local analytic
category and define fundamental systems of solutions. The set of all funda-
mental systems of solutions is regarded as a principal homogeneous space of the
pseudo-group 7,. In §2, the Galois extension and the Galois group for (0.3)
are defined as above. Since we treat infinitely generated extensions, we need to
introduce several concepts in differential algebra. The first theorem asserts
that, for any fundamental system of solutions, there exists a representation of
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the Galois group into 7, with respect to the fundamental system. And we
have a similar representation with respect to another fundamental system of
solutions, which is stated in Theorem 2. §3 is devoted to the study of the
structure of Galois groups. In comparison with the Picard-Vessiot theory in
which Picard-Vessiot groups are algebraic over the field of constants, the Galois
groups in our theory are found to be defined by some differential equations
(Theorem 5). The main theorem, the normality of Galois extensions, is proved
in §4. In general there are two definitions for a normal extension; we adopt
one of them (Definition 6) and prove this normality of Galois extensions
(Theorem 6). The other normality does not hold in general, because Galois
extensions are infinitely generated (see Example at the end of §4). Thus we
establish a one-way Galois correspondence in Theorem 8. In §5 we return to
an ordinary differential equation (0.1) and define the Galois group for (0.1)
to be that for the associated equation (0.2). We calculate several Galois
groups for reducible ordinary differential equations; namely for linear ordinary
equation, linearizable equations and equations reducible to equations of lower
order.

The present theory is applicable to the examination of irreducibility of
non-linear ordinary differential equations; if we define a reducible equation to
be a linearizable or a reducible to lower order ones equation, we see, by
Theorem 8, that a given equation is irreducible whenever the Galois group for
it cannot be contained in the groups of the form given in §5. For the first
equation of Painlevé [11]

0.4) y" =6y + x,

Drach [4] claimed, by using the results of the theory for infinite dimensional
Lie groups (Lie [8], Vessiot [17], Cartan [1]), that the Galois group coincides
with

(g1 92) _ 1} .

G = {(91(Z1a 2,),9(z1,23)) € Fz§m =

Our theory asserts that, if the Galois group for (0.4) is given by
G,=GNI, ,,

then the equation (0.4) is irreducible. The example above shows that it is
necessary to study the theory for infinite dimensional Lie groups, especially the
classification of Lie subgroups, to determine Galois groups (see Kuranishi [7]).
We have completed the Drach-Vessiot theory by considering objects in
the local analytic category. However the exact Galois correspondence cannot
be established. It is caused by the inconsistency of algebraic concepts and
analytic concepts. For the Drach-Vessiot theory other completions may be
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possible, and the exact Galois correspondence may be established by combining
plural completions.

The author would like to express his gratitude to Professor T. Kimura for
valuable directions and perpetual encouragement. He also wishes to thank
Professor H. Kimura who read the manuscript and gave him helpful advices.

§1. Fundamental systems of solutions

For a fixed integer n, let x = (xy, X4, ..., X,) denote the coordinates of
C"*1. Take a point x° = (x3, x9, ..., x2) e C"*! and fix it. The field ,,;.#,0 of
all germs of meromorphic functions in x at x° can be considered as a partial
differential field under the usual commutative derivations i, —a~, - ~a—; we

0xo 0x,4 0x,
denote this differential field by 2 and call it the universal differential field. The
set ,+1 0,0 of all elements in £ that are holomorphic at x° makes a differential
subring of Q and is denoted by Q,. The field of constants of 2 is the set C of
all complex numbers. For any vector (¢4, ..., &,) € (£2,)", we put

p(&l: teco ém) = (él(xo)a e fm(xo)) eC”

and call it the center of (&4, ..., &)

Take a differential subfield K of £ whose field of constants is C and fix
it. Throughout this paper we shall consider a linear homogeneous partial
differential equation of the first order ‘

0z

0z
ix, + -+ a,,(x)g =0

0z

1) X@) =5+ a ()
Xo n

with ¢;(x) e KNQ,,i=1,...,n. By Cauchy-Kowalevsky theorem we have

Proposition 1. For any ¢(xy, ..., X,) € .00, . 1) there exists one and only
one solution of (1) that belongs to 2, and satisfies the initial condition

Z(xgaxla "'sxn) = qo(xl,...,x,,).

A solution of (1) which belongs to £, is called an €,-solution of (1). For
any Q,-solution {(xq, X;,...,X,) it is clear that {(x$, x;,..., x,) belongs to
nOx....x9. Hence we can identify the set of all Q,-solutions with the set

n(o(x?,...,xg)'
Let L be a differential extension field of K which is not necessarily a
differential subfield of 2. For &, ..., &,€e L, we say that &,, ..., £, are

independent if

=min {m,n + 1} .

9¢;
rank <ax i=1,...,m
j/ j=0,1,...,n
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When n + 1 elements &, &,, ..., &, of L are solutions of (1), we obtain
() Mt
0%; /)i j=0,.on  0(Xg, .5 Xy)

from X(&;) =--- = X(&,) = 0. Hence no differential extension field of K con-
tains more than n independent solutions of (1). This fact lead us to the
following definition.

.....

Definition 1. An n-vector ({;,...,{,) with elements in Q, is called a
fundamental system of solutions of (1), if each {; (i=1, ..., n) is a solution of (1)
and (,, ..., {, are independent with respect to (x,, ..., x,) at x% namely

X(C)==X(C)=0,
01> La)

a(xl,...,x,,)(xo)séo'

By using Proposition 1, we can show the existence of fundamental systems
of solutions. Put

a((pl’ AR (pn)(

0 . x020b.
0, x) 0 ’x”)¢}

@ = {(q)l’ ey qon) € (n@(x?,...,xﬁ))n;

Proposition 2. For any (¢q,..., @,) € @ there exists one and only one
fundamental system of solutions ({4, ..., {,) of (1) such that

(2) Ci(x&xla"'axn): (Pi(xl,-“a xn)
fori=1,...,n

Proof. By Proposition 1 there is one and only one €,-solution
(ilxg, X15--.5 X,) of (1) that satisfies (2), for i=1, ..., n. Then ({y,...,{,)
becomes a fundamental system of solutions of (1) since

a(clﬁ"':Cn) _a((Pl,...,(pn)
m(xo) = m(x?, X #0.

We denote by X' the set of all fundamental systems of solutions of (1).
Take any { = ({y,...,{,) in 2 and fix it. Put

n(pp(C)(C) = {f(Ch LX) Cn)a f € n(Qp(C)} s
then clearly we have ,0,(() = £2,.

Proposition 3. ,0,,(() is the set of all Q,-solutions of (1) for any (€ X.
And hence, for any { and n € X, we have

n(gp(C)(C) = "(QP('I)(") .
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Proof. For any f({y,...,0,) € ,0,pn{), X(f({y,...,C)) = 0 since
X({)=0,i=1, ..., n. Thus ,0,,({) is contained in the set of all 2,-solu-
tions of (1). Conversely take any solution £ € 2, of (1) and put Y¥(x,,..., x,) =
E(XQ0s X15-+5 X,), then Y €,040 9. If we put xy, ..., x,)={(x3, x4, ..., X,)
for i=1, ..., n, (¢1,...,9,) belongs to &. Then, by the inverse mapping
theorem, there is an F € ,0,,, such that ¥ = F(¢y, ..., ¢,). Since F({;,...,{,)
is an £,-solution of (1), the uniqueness of the solution (Proposition 1) proves

¢=F(,.-., ), and hence ¢ € ,0,(0).

Now we shall study the structure of 2. Proposition 2 shows that X can
be identified with @&, so that we first examine the structure of @. Consider the
set

6(g19 L] gn)

a(zl,...,z,,)(p)#o}‘

1—;1 = Un {g = (91(21, RS ] Zn)7 ey gn(le Tees Zn)) € (n(Op)n;

peC

When g e I, N (,0,)", p is said to be the source of g and is denoted by s(g), and
g(p) € C" is said to be the target of g and is denoted by t(g). For any g, he I,
such that t(g) = s(h), the composition hog can be defined and belongs to I,
and, by the inverse mapping theorem, the inverse g~' of any g e I, exists and
belongs to I,. Thus I, has the structure of pseudo-groups; we call I, the
pseudo-group of germs of bioholomorphic transformations of C". Note that
s(g7!) = t(g) and t(g™") = s(g).

I, acts on the set @ as follows; take any ¢ = (¢y,..., ¢,) € ® and any
g =1(g1, ..., 9,) € I, such that s(g) = p(¢), and put

(3) (sz(gl((Pla"" (pn)ﬂ"'a gn(qola"'a (pn))s

then it is easy to see that p? e @. The mapping (¢, g)— ¢? defines the action
of I, on ®.

Lemma 1. The action of I, on @ is transitive, and ® is a principal
homogeneous space of I; i.e. for any @, € D, there exists one and only one
g € I, such that = ¢°.

Proof. @ can be regarded as a subset of I, which consists of elements
with the source (x9,...,x2). Then, for any ¢, Y€ @, we see that ¢ ' e I} and
to™) =s(¥Y)=(x}, ..., x2), so that the composition o ¢! belongs to I,. It
is clear, by the definition (3), that g = o ¢! has the asserted property.

The action of I, on @ can be extended canonically to the action on
2. For any {=({y,...,{,)e2 and for any g =(g,...,9,) €I, such that
s(g) = p((), put

Cg = (gl(Clﬁ""CH)""ﬂ gn(Cl""aCn))'
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From the proof of Proposition 3, we see that (?e X, then the mapping
(¢, g)— (7 defines the action of I, on 2. By Lemma 1 and Proposition 2, we
have

Proposition 4. The action of I, on X is transitive, and X is a principal
homogeneous space of I,; ie. for any (, ne X, there exists one and only one
g € I, such that n = {°.

§2. Galois extensions

In this section we shall define a Galois extension for a differential equation
of the form (1) over a differential subfield of 2, and give a representation of the
Galois group into I;,. For this purpose we introduce several new concepts in
differential algebra in the first half of this section.

As in the preceding section let K be a differential subfield of 2 whose field

of constants is C. For differential indeterminates z,, ..., z, with respect to the
. 0 0 . . .
derivations —, ..., —, K{z,,...,z,} denotes the differential ring of all
0x¢ 0x,,
differential polynomials in z,, ..., z, with coefficients in K. Take a point
=(p1>---> Pm) € C™. By regarding z,, ..., z, as ordinary indeterminates, we
have the ring ,0,(z,,...,z,) of all convergent power series in z; — p;, ...,
Zm — Pm With coefficients in C. For any vector (fi, ..., fi) € (n0,(z1, ..., 2,,))

we put

p(fi> -5 f) = (f1(D), ..., fi(p)) € C*

and call it also the center of (fy,..., f;). Note that both K{z,,...,z,} and
m0Up(zy, ..., z,) are C-algebras; then we define a C-algebra R by

R = K{Zl’ ...,Zm} ®Cm(9p(21, cees Zm).

0 0 0
We shall extend the derivations — on K{z,,...,z,} to those on
ox,” 0xy” 7 ox,

R;fori=0, 1, ..., n, define an additive mapping J;: R — R by

of
(32

0
60BN = @+ Tl

where a € K{z,,...,z2,} and fe€,0,(z,,...,z,). Certainly §, maps R into R

) ) :

since 6_f € m0p(24, ..., 2,) for any f e ,0,(z,,...,z,). Itis easy to see that J;s
Zj

are derivations on R, and hence R becomes a partial differential ring with

derivations 0,, 0,, ..., d,. The ring of constants of R is the field C. By

the natural injections K{z,,...,z,} < R and ,0,(zy,..., z,,) < R, we regard
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K{zy,...,2,} and ,0,(z,, ..., z,) as subrings of R. As ¢, is an extension of
Xi

on K{z,, ..., z,}, we often use instead of ¢, for i =0, 1, ..., n. We denote

0x;
R by K{,,0,(z4, ..., 2,)}.

Take any (ny,...,7n,) € ()" with p(ny,....,n,) = peC™ By replac-
ing (zy,...,z,) with (y{,...,7,) we similarly define a differential ring
K{,.0,Mn;,...,n,)}. In this case K{ny,...,n,} = Q and ,,0,04,...,n,) < 2
since, for any f e ,0,(z,...,2,), f(Nys---s1,) € £,. Then we regard
K{,.0,n,,...,n,)} as a differential subring of the universal differential field
Q. We denote by K{#y,...,n,» the quotient field of K{,0,(ny,...,n,)}
in Q.

Remark 1. By the definition we have

K<<1’]1, cees ’7m>> = K<m(0p(711’ s ”m)> s

where, for a subset M of Q, K{M)> denotes the smallest differential subfield of
€ containing both K and M.

Let R, be a differential subring of K{,0,(z,,...,z,)}, and let R, be
Q{,,0,(zq, ..., z,)} or Q.

Definition 2. A ring homomorphism ¢: R, — R, is called a differential-
analytic homomorphism over K if

i) o|K{zy,...,z,} N R, is a differential homomorphism over KN R,, and
if

ii) p(o(zy),...,0(z,) = p and, for any f(z,, ..., z,) € ,O,(zy, ..., z,) N Ry,

o(f(z1, .5 2m)) = flO(24), ..., 0(2,)) -

Similarly we have the following definition; let R, be a differential subring
of K{,,0,(n,...,n,)} and let R, be the same as above.

Definition 2". A ring homomorphism o: R, — R, is called a differential-
analytic homomorphism over K with respect to (44, ..., ) if
iy o|K{n ....n,} N Ry is a differential homomorphism over K N R, and
if
iy p(e(n),...,06(n,) = p and, for any f(ny, ..., M) € wOpMy, ..., Mm) N R,
o(f(M1s .o 1w)) = flo(n1), ..., (1)) -

It is clear that a differential-analytic homomorphism over K is a differential
homomorphism over K. We say that a differential-analytic homomorphism o
over K is a differential-analytic isomorphism over K if it is a differential isomor-
phism over K. And a differential-analytic isomorphism o: Ry, —» Ry, is called a
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differential-analytic automorphism of R, if Image 0 = R,. A differential-analytic
homomorphism (resp. isomorphism) o: R, - R, over K is uniquely extended to
the field of quotients Q(R,) of R, as a differential homomorphism over K,
which we call again a differential-analytic homomorphism (resp. isomorphism)
over K. A differential-analytic isomorphism o of Q(R,) over K is called
a differential-analytic automorphism of Q(R,) over K if Image 6 = Q(R,). The
following lemma is frequently used for determining differential-analytic
homomorphisms.

Lemma 2.

(1) For any (fla . "9fm) € (m(pp(zls (RN Zm))m with p(fls cees fm) = p
(resp. (&4, ..., &) € (820)" with p(&y, ..., &) = D), there exists one and only one
differential-analytic homomorphism

0: K{,,0,(z4, ..., 2,)} > K{,,0,(z4, ..., z,,)}
(resp. 0: K{,,0,(24, ..., 2,,)} = )

over K such that o(z;) = f; (resp. o(z;)) = &) fori= 1, ..., m.
(i) A differential-analytic homomorphism

2 K{m@p(nla L nm)} - Q
(resp. o: K<<7719 see ’7m>> - Q)

over K with respect to (1, ..., n,,) is uniquely determined by (c(n,), ..., 6(n,,)) €
(£25)". And we have

Image o= K{m@p(o-(nl)a ver O-(rlm))}
(resp. Image 0 = Ko (ny), ..., 0(11,) ) -

Proof. (ii) is a direct consequence of the definitions. We prove (i). Note
that, for any multi-index j = (jq, j;, ..., j,) € N**! we have

0f; = 057071 ... 87f; € K{yOp(21s -- -5 Zm)} »
since f; € ,,0p(zy, ..., 2,), i=1,..., m. Define a ring homomorphism
01:K{zy,...,2,} > K{,0,(z4, ..., 2,)}

over K by
Ul(Zi)=ﬁ, (i=1,...,m),

J
(<§>>=6f (=1,...,mjeN"™).

As there is no relation between the differential indeterminates z,, ..., z,, g, is
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well-defined and makes a differential homomorphism over K. Next, for any
Fe, 0,z,,...,z,) we have

F(fla"'Sfm)em(op(zlﬁ"'szm)a

since p(fi,..-, fm) =D- Then, if we define

O2: mOp(2y1, ..., 20) = K{,0,(2y, ..., 2,)}

by 6,(F) = F(f1, .., fm)» (F € ,0,(z4,...,2,)), 0, is well-defined and makes a
ring homomorphism over K since no relation exists between the (analytic)
indeterminates z;, ..., z,. Now o; and o, coincide on the intersection
K{zy, ..., 2y} N W0, (24, ..., 2,) = Clzy, ..., 2z,], and z,, ..., z,, have no relation,
so that o; and o, are uniquely extended to a common homomorphism

0:K{zy, ..., 2} c mO0p(2y1, ..., 2p) > K{, Oz, ..., 2,,)}

over K. Then o is clearly a differential-analytic homomorphism over K. The
claim for (&4, ..., &,) € (£2,)" can be shown similarly.

Take any g =(g4,...,9,) € I[,. Put s(g) =p and t(g) = ¢q, then in partic-
ular g; € ,0,(z4,...,z,) fori=1, ..., n. We define a differential homomorphism

4) 0, K{,0,(zy,...,2,)} = K{,0,(z4, ..., 2,)}

over K by

0,(F)=F(g1,...,9n) > (F €,0,z,...,2,)) .

In a way similar to the proof of Lemma 2 (i), we see that ¢, is well-defined.
For any { =({,...,{,) € (Q,)" with p({) = p, a differential-analytic homomor-
phism

%) Vi K{,0,(z4,...,2,)} = Q

over K is defined by v(z;) = {;, (Lemma 2 (i)). Note that, for the above g and
§ 9=(9.0), ..., 9.0) €(R2,) with p({?)=gqg. Then we have the following
commutative diagram;

K{,O0,(z1, ..., 2,)} —2— K{,0,(z1...,2,)}

Q

(6)

ie. v =V, 00,
Now consider a differential equation

1 X(z)=éai+a1(x)—az—+"'+a,,(x)aa7z=0

Xo 0x, "
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with a;(x)e KNQ,, i=1, ..., n. Take any fundamental system of solutions
¢4,...,¢,) of (1) and put p(¢y,...,{,) =pe C". By Remark 1, the differential
subfield KK, ..., {,» of Q coincides with K<,0,(;,...,{,)> and ,0,(,, ..., {,)
is the set of all ©,-solutions of (1) which is independent of the choice of
a fundamental system of solutions ({,,...,{,) (Proposition 3), so that
KKy, ..., ¢, » is determined only by K and the equation (1). In other words
KKy, ..., ,» is the smallest differential subfield of €2 containing both K and
the set of all €,-solutions of (1). Put L = K{,,...,{,». Then, from the
above consideration, we have

Definition 3. L is called the Galois extension field of K for (1).

Lemma 3. Let L be the Galois extension field of K for (1). If 6: L — L is
a differential-analytic automorphism of L over K with respect to a fundamental
system of solutions ({,...,{,) of (1), then o is a differential-analytic auto-
morphism of L over K with respect to any fundamental system of solutions

of (1).

Proof. Take another fundamental system of solutions (#,,...,#%,) of
(1) and put p(ny,...,n,) =q. By Proposition 4 there exists a unique

g =1(g1,---,g,) € I, such that (n,, ..., 1,) = ({y, ..., () 1e. = gilly, ..., §,) for
i=1,...,n. Note that s(g) = p and t(g) = q, where p = p({,, ..., {,).
As o is a differential-analytic homomorphism over K with respect to

(Cla T Cn)a o maps #; to 0(’1;‘) = gi(a(C1)a R O-(Cn))5 i= 15 sy I Then

0
a(g m) _ a<g(g,-(c1, c,.)))

= 2 (o). o)
Xj
0
= aﬁxj(o'(ﬂ;)) >

i=1,...,nj=0,1, ..., n. Thus o|K{#n,...,n,} is a differential homomor-
phism. For any F € ,0,(z,, ..., z,),

O'(F(nla ceey '1”)) = G(F og({l, e C"))
=Fog(6(y),...,0())
=F(o(ny), ..., a(n,)

since Foge,0,z,...,z,). Hence ¢ is a differential-analytic homomorphism
over K with respect to (14, ..., #,)-
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On the other hand, it is easy to see that ¢ is a differential isomorphism
over K. Then (6({;),...,0((,) is a fundamental system of solutions of (1),
so that (6(n,),...,0(,)) = (0(y),...,0((,)) is also a fundamental system of
solutions of (1) because of Proposition 4. Then, by Lemma 2, Image ¢ =
K«&ony), ..., 0(n,)» = L. Thus o is a differential-analytic automorphism of L
over K with respect to (x4, ..., #,) and this completes the proof.

Then we say that ¢ is a differential-analytic automorphism of L over K if it
is a differential-analytic automorphism of L over K with respect to one (and
hence any) fundamental system of solutions of (1). The set of all differential-
analytic automorphisms of L over K makes a group with respect to composition.

Definition 4. Let L be the Galois extension field of K for (1). The group
of all differential-analytic automorphisms of L over K is called the Galois group
of L over K or the Galois group for (1) over K, and is denoted by Gal (L/K).

In the remainder of this section we shall construct the representation of
Gal (L/K) into I,. For p e C" we put

I, ,={g9¢erl,;s(9)=t(g) =p},

then I, , is the subgroup of 7, which fixes the point p. For any ge 1, ,, o,
which is introduced in (4) becomes a differential-analytic automorphism of
K{,0,(z,,...,z,)} over K, and the inverse of g, is 0,:.

Let {=({,,...,{,) be a fundamental system of solutions of (1) with
p({) = p. For a differential-analytic homomorphism v, (see (5)), we put

I=Kerv,={peK{,0,(z4,...,2,)} v(p) =0} .

Then J is a prime differential ideal of K{,0,(z,,...,z,)}, which we call the
prime ideal for {. Thus we have an exact sequence

(7) 0 — F —> K{,0,(z,...,2,)} —— K{,0,(0))} — 0,

where each arrow of the sequence represents a differential-analytic homo-
morphism over K.

Take any o € Gal (L/K) and fix it. Then # = (a({y),...,d((,)) is also a
fundamental system of solutions of (1) with p(y) = p({) = p, so that, by
Proposition 4, there exists a unique g€ [, , such that n ={% ¢ induces a
differential-analytic isomorphism

) o: K{,0,(0)} 3 K{,0,(m}

over K, which is denoted by the same letter. Let us calculate the prime ideal
for #.
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Ker v, = { € K{,0,(z1, .., 2,) }; v, () = 0}
= {¥; vo(¥) = 0}
= {y; v (o,(y)) = 0}
= {y; 0,()) € 3}
= {0, (php eI},

where we used (6). We denote the above ideal by J¢'. Similarly to (7) we
have an exact sequence

(9) 0 I Sgil E— K{n@p(zla""zn)} _—VL-) K{n(op(")} - O

Combining (7), (8) and (9), we obtain the following commutative and exact
diagram;

¥

05 I > K{,0,z1 -, 2)} = K{,0,0)} 0

(10) id. G

O i Sgd d K{n0p(zl5 s Zn)} _)K{"(Op(rl)} - 0 )

0 0 0
The chase of (10) shows that § = 3¢ .

Conversely, for two fundamental systems of solutions {, # with p({) =
p(n) = p, the prime ideal for u is 37, where 3 is the prime ideal for { and
gel, ,is determined by n = (% If we have 3 = 39", the chase of (10) shows
the existence of a differential-analytic isomorphism (8) over K. It is naturally
extended to a differential-analytic automorphism o: L — L over K, and hence
belongs to Gal (L/K).

Thus we have

Theorem 1. Let { =({4,...,{,) be a fundamental system of solutions of (1)
with a center p, and put L = K, ..., {,), the Galois extension field of K for
(1). Then we have an injective homomorphism of groups

0 — Gal(L/K) %> I, , (exact)
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defined by (6({,), ..., a({,)) = {*@ for any o € Gal (L/K). Moreover we have

Image p, = {ge 1, ,;3I=3"},

n,p>

where 3 is the prime ideal for (.

We call p, the representation of Gal(L/K) into I, , with respect to {. Now
we study how p, depends on {. Take another fundamental system of solutions
E=(&,...,&,) of (1). From Proposition 4 there exists a unique h € I, such
that ¢ = {*. For any ¢ € Gal (L/K), we have

(G(Cl)a LR O-(Cn)) = Cpg(o') >
(©@(¢&1), .-, 0(&,)) = EPHO .

Simple calculation shows that the left hand member of the second equation
coincides with (a((,), ..., (¢,))". Thus we have

(:p;(a) — chﬂa;(cr)lrl .

Theorem 2. The notation being as above, two representations p, and p; are
similar;

p(6) = hpg(o)h™ (o € Gal (L/K)).

Theorem 1 and 2 assure that, in order to obtain the Galois group for (1), it
is enough to calculate the set {ge I}, ,¢); 3 = 3¢} for the prime ideal 3 for any
one fundamental system of solutions { of (1). Moreover we have

Proposition 5. Let { and 3 be the same as in Theorem 1. If the set
H={gel, ,;3c 3"} is agroup, then

n,p»

Image p, = H .

It is not known whether the assumption of Proposition 5 is always satis-
fied, while, in the Galois theory for algebraic equations and in the Picard-
Vessiot theory for linear ordinary differential equations, the corresponding
conditions always hold (Kolchin [5]). We will not go into this problem in this

paper.

§3. The structure of Galois groups

In the Galois theory for algebraic equations, Galois groups are isomorphic
to subgroups of symmetric groups of finite degree. And in the Picard-Vessiot
theory, Picard-Vessiot groups are isomorphic to algebraic groups over fields of
constants. We shall show that the Galois groups introduced in the preceding
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section are isomorphic to solution spaces of some kind of systems of differential
equations, when some conditions are satisfied.

We quote several terminology and results from differential algebra which
will be used in this section. For the proofs and the details, see Kolchin [6].

Let R be a differential ring. A differential ideal A of R is said to be
perfect if whenever the m-th power x™ of an element x in R belongs to U for
some m € IV, then x belongs to A. For any subset M of R there is the smallest
perfect differential ideal of R containing M, which is denoted by (M),. A
subset M of a perfect differential ideal 2 of R is called a basis of U if A = (M),
and is called a finite basis of A if moreover it is a finite set.

Definition 5. A differential ring R is said to be dlﬂerentzal Noetherian if
any perfect differential ideal of R has a finite basis.

The following is an analogue of the basis theorem of Hilbert and is said to
be the basis theorem of Ritt-Kolchin.

Theorem 3 (Kolchin [6], Chapter III, section 4, Theorem 1). Let R, be a
differential subring of a differential ring R over which R is finitely generated (as a
differential ring). Suppose that the ring of constants of R, contains the field
Q. If R, is differential Noetherian, then R is also differential Noetherian.

Now we consider the differential ring C{,0,(z,, ..., z,)}. From the defini-
tion R = C{,0,(zy, ..., 2,)} = C{zy, ..., 2,} ®¢ ,0,(z,, ..., z,) and we know that
Ry = ,0,(z4, ..., z,) is a Noetherian ring, but Theorem 3 cannot be applied to
these rings because R, is not a differential ring. However we have

Proposition 6. C{,0,(z4, ..., z,)} is differential Noetherian.

To prove this proposition, we define a ranking of elements of
C{,0,(zy, ..., z,)} as follows;

a ranking of C{,0,(z, ..., z,)} is a mapping
r:C{,0,(zy,...,2,)} > N
which satisfies that
i) r(f)=0forany fe,0,z,...,z,),
0

i) for o = (g, 0ty,...,,) and B = (By, By, ..., B,) € N**1, r((ayzi) >

P v
r((%) zj> if and only if (|af, i, oy, ®q, ..., ®,) exceeds (|Bl, ], Bo> B1---» B,) In

lexicographic order,
iii) for a general element in C{,0,(z,,..., z,)}, r can be defined so that
the convention in Kolchin [6], Chapter I, section 8 holds.
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Once a ranking r is defined, using the fact that ,0,(z,, ..., z,) is Noetherian,
we can prove this proposition in exact the same way as the proof of Theorem 3,
and hence we omit the proof.

The following lemma can be shown in the same manner as the case of
ordinary rings (see Nagata [9]).

Lemma 4. Let R be a differential Noetherian ring and let S be a multi-
plicatively closed subset of R which does not contain 0. Then the quotient ring
Rg with respect to S is also differential Noetherian.

Theorem 4. Suppose that a differential field K is finitely generated as
a differential field over its field of constants C. Then the differential ring
K{,0,(zy, ..., z,)} is differential Noetherian.

Proof. From the assumption there are u,, ..., u, € K such that K =
Cluy, ..., u,y. If we put S=C{uy,...,u,}\{0}, S is multiplicatively closed
and K = Cfu,,...,u,}s. Put R = C{,0,(z4,...,z,)}, then it is differential
Noetherian by Proposition 6. Now we have

K{,0,(zy,...,2,)} = K®cR
=C{uy,...,u,}s ®cR

=~ R{uy, ..., uy,}s .

From Theorem 3, R{u,,...,u,} is differential Noetherian, and then, from
Lemma 4, R{u,, ..., u,}s is also differential Noetherian, which establishes the
proof.

Consider the equation

(1) X(z)=£+a1(x)ﬁ+"'+a,,(x)£=0

0x, 0x, 0x,
over K (ie. a;(x)e KN, for i=1, ..., n) and take a fundamental system of
solutions { = ({y,...,{,) of (1) with a center p. Let L be the Galois exten-
sion field of K for (1). Then, from Theorem 1, the Galois group Gal (L/K)
is isomorphic to G = {ge I, ,; 3 = 3} (which is apparently the same set as

n,p>

gerl, ;3 =3%"}), where 3 is the prime ideal for {. We are interested in the
n,p p

structure of the group G.
Before stating the theorem we must prepare several notation. For

indeterminates z,, ..., z,, the field ,.#,(z,,...,2,) of all germs of mero-
morphic functions in (z4, ..., z,) at p makes a differential field with derivations
0

PRI Let y,, ..., y, be differential indeterminates with respect to these
Zl Zn
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derivations, and let R, be a differential subring of ,.#,(z,, ..., z,) with the ring
of constants C. We denote by Ry{y,...,y,}* the ring of all differential
polynomials in y,, ..., y, with coefficients in R,, where * is used to distin-
guish it from a differential polynomial ring with respect to the derivations

o 0 ) . . .
~—, 2> ---» z—. In the same manner as in §2, we obtain a differential ring
0xq 0x4 0x

n

R=R0{ylﬂ"" yn}* ®Cn(9p(y1’---a yn)

with derivations 44, ..., d, defined by

o 2
5,-(é®F)=a~f-_®F+Z:-‘=lé

. OF
Vi

—, i=1,...,n,
0z; ~ 0y,

for £ € Ro{yi,...,Yny* and for F € ,0,(yy,...,y,). R is denoted by

0
Ro{n0,(y1,.-.,y,)}* and we often use . instead of §; for j=1, ..., n

j

Note that Ro{y;,...,y,}* and ,0,(yy,...,y,) are canonically regarded as
subrings of Ro{,0,(yy,...,y,)}* The concept of differential-analytic homo-
morphisms can be defined similarly. Take any g =(gy,...,9,)€1l,,. We

define a differential-analytic homomorphism

(11) %fRo{n(Op(Yp---, yn)}*_)n'/%p(zl,-uazn)

by o, (y:)=gi(zy, - .., z,) (see Lemma 2 (i)). For a subset 2 of Ry{,0,(y;, .-, y,)}*
g is said to be a zero (or a solution) of 9 if & is contained in the kernel of o,.

Now we state the main theorem of this section. While we are interested in
the structure of the Galois group, the theorem is concerned with a distinct set;
the relation to the Galois group shall be mentioned in Remark 2 after the proof
of the theorem.

Theorem 5. Let { be a fundamental system of solutions of the differential
equation (1) over K and let H be the set

{gel, ;3 <=3},

where 3 is the prime ideal for { and p is the center of {. Suppose that K is
finitely generated over C as a differential field. Then there exists a finite subset
D of fMp (215 ...s2){nOp(V1, ..., Yu)}* such that g € I, , belongs to H if and only
if g is a solution of 9. ’

Proof. Put {=((,...,(,). Take g=(gy,...,9,) € H and fix it. Then,
for any ¢ € 3, we have g (¢) €3, so that v, o g,(¢) = 0 (6, and v, are defined in
(4) and (5), respectively, in §2). We shall extract the equations satisfied by g
from the last equation.
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Consider a ring R = K{zy, ..., 2,} ®c C{,0,(yy, ..., y,)}* and define addi-
tive mappings df: R—->R,i=0, 1,..., n, by
* = = n azj =
FE®E)=0{®E +Zj=1 f'g;@éjﬂ

for £ € K{zy,...,z,} and for T € C{,0,(y,,..., y,)}*. We see that, for i =0, 1,

. . . 0
..., n, 0F is a derivation of R and can be regarded as an extension of i SO
i
that R becomes a differential overring of K{z,,...,z,}. Now we decompose
o, into two differential-analytic homomorphisms over K. First we define a

differential-analytic homomorphism over K

0, K{,0,(z1, ..., 2,)} > K{z1, ..., 2,} c C{,Up(y1, .-, V) }*

by 0,(z)=1®y,; for i=1,..., n. Second we have a differential-analytic homo-
morphism over K

oy K{zy, ..., 2} ®c CLuOp(y15 -5 Y)}* = K{,0,(24, ..., 2,)}

defined by o,(1 ® y;) = g; and a,(z;® 1) = z; fori = 1, ..., n. For a differential
subring R, of ,.#,(z4,...,2,), «, canonically induces a differential-analytic
homomorphism

RO{n(Op(yls"'syn)}*_)n p(Zla“':Zn):

which is nothing but the differential-analytic homomorphism introduced in (11)
(hence we use the same notation). In consequence we have the decomposition

(12) 0, = 0,00,.

Next we define two other differential-analytic homomorphisms £ and y, over K
as follows;

B: K{,0,(z;,...,2,)} > 2, or
B:K{zy,..., 2.} ®c CLu0p(¥1,-..» Yu) }*
- K{Cla ’ Cn} ®C C{n@p(yla s yn)}*

is defined by B(z;) = {; or B(z; ® f) = {; ® f, respectively, fori =1, ..., n and for
any f e C{,0,(y;, ..., y,)}* (hence B is nothing but v,), and

'yg: K{Clﬂ e Cn} ®C C{n@p(yla LR yn)}* i Q

is so defined that the following diagram commutes:
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a

K{zi,...s 2.} ®c CLu0,(yy, ..., yu)}* —2— K{,0,(z4, ..., 2,)}
(13) 5 .
K{CD---&Cn} ®CC{n(9p(y1>"'5yn)}* __Vg_) Q

(y, is well defined by the definitions of «, and ). The homomorphisms «,, f
and y, canonically induce the following commutative diagram:

n’%p(zl"--aZn)®CC{n(9p(y1:"'7 yn)}* _‘19_9 n p(zl,'-'azn)
(14) s 8
n%p(cla"'9Cn)®CC{n(9p(y19"'s yn)}* # n p(gls-'an)s

where oy, f and 7y, denote the induced homomorphisms from the former ones
respectively. In this diagram f in each column is an isomorphism, since {,, ..., {,
are independent with respect to (xi,...,x,), while B: K{,0,(z,,...,z,)} = Q
is not necessarily an isomorphism (see (7) in §2).

As we have seen above, for any ¢ €3, fog,(p) =0 when g belongs to
H. Then, by using (12) and (13), we obtain ‘

(15) Boa,20,(¢) = 7,0 B 00, @) =0.

By regarding f o o,(¢) as a polynomial in elements of C{,0,(y,, ..., y,)}* with
coefficients in K{(,,...,{,}, we take the maximal subset {&%,...,¢&%} of all
coefficients appeared in B o o,(¢) that is linearly independent over the field
nMp(Cy,..., (). Then we obtain

(16) Booy@) =01t + -+ 055,

where 0F, ..., 0% € , My, ..., () ®c C{,0,(y1, ..., y,)}* Applying y, to each
member of (16) and using (15), we have :

0= 17,0 Boa,(p)=1,(07ET + -~ + 5,(09)<T .

Note that y, maps C{,0,(y;,...,y,)}* into ,.,((;,...,(,) = 2. Thus y,(6%),
.+ ¥,(0%) belongs to the field ,.#,(,, ..., {,) over which &%, ..., & are linearly
independent. Hence 7,(0F) =~ = 7,(0%) =0. Put6,=p*(0F)fori=1,...,m.
Then 7,(67) =y, o B(6;), therefore, by using (14), we have fo oy (f,) =0 for
i=1,...,m. Thus o, (0;)=0fori=1,...,m. Namely g is a zero of 0,, ..., 0,
Recall that @’s are obtained independently of g. Hence, with each ¢ €3, a
finite subset {0,,...,0,} of , 4, (z4,...,2,) ®c C{,0,(y1, ..., y,)}* is associated
such that § o a, © 0,(¢) = 0 if and only if ay(0;) = --- = o,(6,,) = 0.
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By the assumption on K and Theorem 4, K{,0,(z,, ..., z,)} is differential
Noetherian, so that I has a finite basis {¢;,..., py}. Let {6},..., 6.} be the
subset of .M ,(zy,...,2,){,0p(y1,--., ya)}* associated with ¢, for i=1, ..., N.
Then the set 2 = {0};i=1,...,N,j=1,...,m} has the asserted property. In
fact, if g € H, then clearly o (6/) = 0 for every (i,j). Conversely suppose that
gel,, is a zero of 9. Then Boa,o0,(p)=0 for i=1, ..., N and so
poa,oo,(p)=0for any ¢ €I because {¢,, ..., oy} is a basis of J. Therefore
39 < 3, hence g € H.  This completes the proof.

Remark 2. Theorem 5 is concerned with the set

H={gel, , 3 c3J}.

By Proposition 5, when H is a group, it coincides with the set

G={gel,

n,p?

39 =3},

which is isomorphic to the Galois group for (1) over K. And in this case
Theorem 5 gives the characterization of the structure of the Galois group.

Several examples of Galois groups will be given in §5.

§4. Normality of Galois extensions

It is known in the theory of commutative algebra that, for an algebraic
extension L/K of fields with char K =0, the following two conditions are
equivalent:

(N1) L contains with every element x also all conjugates of x over K,

(N2) the elements of L which are left invariant under all the automorphisms of
L over K belongs to K.

L is called a normal extension of K when the two equivalent conditions are
satisfied. It will be shown that, for the Galois extension defined in §2, a
condition corresponding to (N1) holds. While, in general, a condition corre-
sponding to (N2) does not hold; we shall explain by an example the cause at
the end of this section.

Let K be a differential subfield of 2 whose field of constants is C. Two
elements a, f of 2 are said to be comjugate over K if there is a differential
isomorphism

K{a) = K<BD

over K which sends « into . We also say that § is a conjugate of a over K if
o and f are conjugate over K. For an element a of Q, define a differential
homomorphism

vy K{z} > K{a}



100 Yoshishige HARAOKA

over K by v,(z) = a (see (5) in §2). Let 3, be the kernel of v,., Then we see
that « and f are conjugate over K if and only if 3, = J;. Indeed this is shown
by the chase of the following exact and commutative diagram,;

0 0 0

v

0-3,—>K{z} > K{a} -0

. d id

0—»3,,—»K{Z}—>K{ﬂ}—>0.

i ! B

0 0 0

 Definition 6. Let K be a differential subfield of € with the field of
constants C. A differential extension field L of K in € is called a normal
extension of K if any conjugate of every element of L over K belongs to L.

Theorem 6. The Galois extensions are normal.

For proving the theorem we need a result due to Riquier in differential
algebra which claims the existence of analytic solutions of some kind of partial
differential equations. We illustrate it below.

Let (x4,...,X,) be coordinates of C", and let y,, ..., y, be differential
) } ) .. 0 0 )
indeterminates with respect to derivations T B With each x; (resp. y;),

1 n
s-tuple of non-negative integers (u;y, ..., U;) (resp. (vj1, ..., v;)) is associated and
is called the mark of x; (resp. y;), i=1, ..., n; j=1, ..., m. With each
derivative
0\ 0\
<?3x_1> "'(m) Yo

of y;, we associate the mark (w;q, ..., w;;) with

wy = v+ kyuyj + o+ Ky, j=1,...,s.

We put the lexicographic order to the set of all marks, and consequently we
have an ordering of derivatives of y’s. Suppose that a difference in order exists
between any two distinct derivatives of y’s (it is always possible by increasing
the number s if necessary). We are now in position to introduce the system of
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partial differential equations which is treated in Riquier’s work; it is a finite
system of partial differential equations

0 ki a k,
(17) <5x_1> (8—36,,> yi=Gk1...kn,i

where

i) in each equation, G is a function of x,, ..., x, and of a certain number
of derivatives of y’s, every derivative in G being lower in order than the left
hand member of the equation,

ii) the left hand members of any two equations are distinct,

iii) if w is a left hand member of some equation, no derivative of w
appears in the right hand member of any equation,

iv) the functions G are all analytic at some point in the space of all the
arguments involved in them.

Such a system is called orthonomic.

The derivatives of y’s which are derivatives of left hand members in the
orthonomic system are called principal derivatives. All other derivatives are
called parametric derivatives. For simplicity we consider the system (17) at
x, =-=x,=0. For each y;, let numerical values be assigned to the para-
metric derivatives of y;, at the origin, such that the right hand member in (17)
are analytic for the values given to the derivatives in them and that the series

a; . .
I, = Zﬁxlh X,
where a’s are the values of the parametric derivatives, the subscripts indicating
the type of differentiation, converges in a neighbourhood of the origin. We call
the series I; the initial determination of y;. Let an initial determination I, be
given for each y;. Then, determining principal derivatives by using (17) with I,
we obtain the unique vector (yi,...,Y,) of functions, which will turn out
analytic at the origin; we denote this vector by (y,’, ..., y,’), where we put
I=(,,...,1,). ’

For every orthonomic system (17), there exists the smallest differential
extension field F of C{y,,...,y,» that contains every right hand member of
the equations (17). Then a finite subset {u,,..., uy} of F, which consists of
functions of parametric derivatives, is associated with the system (17) in some
definite way; we call it the compatibility condition of (17).

Theorem 7 (Riquier, see Ritt [15], Chapter VIII). Let{u, ..., up} be the
compatibility condition of an orthonomic system (17). If (17) has a solution
analytic at the point in the domain of definition, then every u; vanishes when the
parametric derivatives are replaced by those of the solution. Conversely, for a
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vector I = (I, ..., I,) of initial determination of (¥, ..., Ym), if every u; vanishes
when the parametric derivatives are replaced by those of (y',...,y.'), then
(v{%, ..., y,,}) makes an analytic solution of (17).

Proof of Theorem 6. Let K be as in Definition 6 and let L be the Galois
extension field of K for a linear homogeneous partial differential equation of the
first order

1) X(z)=0

over K. Take a fundamental system of solutions ({,, ..., {,) of (1) with a center
p- We have to prove that f e belongs to L whenever f is a conjugate of
some element o of L over K. Let

a: K<o) = K{f>

be a differential isomorphism over K which sends « into . Put K, = K<{a)
and K, = K{f). We may assume that o is in K{,0,(,,...,{,)}. Then we
have an expression

a =Z;cn=1 A ® &
where 4,€K{{,...,{,} and &, = fi({y, ..., (,) for some f,€,0,(z,,...,2,), k=1,

..., m. We introduce new differential indeterminates y,, ..., y,, with respect to
. 0 0 . ) ) )
derivations —, —, ..., — and consider a differential homomorphism
0x, 0x4 0x,

Kl{zl""’zn’ J’1,---,ym} _)K{Cl>---scn9 éla---aém}

over K which sends z; and y; into {; and ¢; respectively, i=1, ..., n; j=
I, ..., m. The kernel of this homomorphism has a finite basis because
K. {zys..-sZy Y15 ---» Ym} is differential Noetherian by Theorem 3 in §3. Let
{@1,..., oy} be the basis of the kernel. Then ({4, ...,y &4, ..., &,) satisfies
the following system;

(18) goi(Zl,...,Zn,yl,...,ym)=0, i=1,...,N.

By introducing other indeterminates if necessary, we may assume that (18) is an
orthonomic system. Let {u,..., uy;} denote the compatibility condition of
(18). Since (18) has an analytic solution ({;,...,{,, &1,..., &), We see, by
Theorem 7, that every u; vanishes when the parametric derivatives are replaced
by those of the solution.

The differential isomorphism o: K; — K, induces the differential isomor-
phism

o ®id: K {Zy,.oes Zps Visooos Yt = Ko{Z1sooos Zs Vis oo vs V)
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over K (where Ki{z{,...,Z4 V1,---»Vmy 1is Iidentified with K;®c
C{zy,..-sYu> V1> ---» Ym})- Then the orthonomic system (18) is transformed by
it to the system

(19) (a®id)((pi)(zl,""Znsyls--'sym)=Oa i=1,...,N,

which is again an orthonomic system. Note that the parametric derivatives of
(19) are the same as those of (18). Let I =(Iy,...,1,, I,+1,-.., I,+.,) be the
initial determination of ({,,...,{,, &;,..., &,), and let (ny,...,n,, 04,...,0,) be
the vector (y,%, ..., v}, z,%, ..., z,;) of analytic functions obtained from the same
initial determination I by using (19). Note that the compatibility condition
{fig,..., fipy of (19) is just the image of that of (18) by the differential iso-
morphism ¢ ® id. Now we show that every fi; vanishes when the parametric
derivatives are replaced by those of (11, ..., #,, 01, .-, 6,,)-

For simplicity we use ({, £) and (#, 8) instead of ({y,...,{,, &y, ..., &) and
(g5 --esMp» 04, ..., 6,,), respectively. As we have seen above, for each i,

1i(C, &) =0,

only the parametric derivatives of ({, ) appearing in the left hand member.
Then for any j = (jig, j1, ---5Jj,) € N**! we have

o\
<a) m &) =0.

By using the equations (18), the left hand member of this equation can be
written as follows:

; <(%>J Hi) ¢ 8)Gp((,¢)=0, (finite sum),

where G’s belong to K;{z,..., z,, V1,---» Ym} and only the parametric deriva-
tives appear in the left hand member. Thus in particular we have

oy
; <<E> m)((a))G,v((a)) =0,

where (a) denotes the vector of the numerical values assigned to the parametric
derivatives of (, £). Operating o to each member of this equation, we obtain

oY ~
2 ((5;> #) (@)G;((@) =0.

In this equation we can regard G’s as elements in Ko{Ziseoos Zny Viseoos V)
which are used for expressing the principal derivatives of (y, 0) by the para-
metric derivatives of it by the help of equations (19). Since (1, ) has the same
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initial determination as that of ({, &), it follows that
oY .
<5ﬁ> ﬂi(n(x0)9 Q(XO)) =0 5
x

for any j e N*"*'. Regarding fi;(17, #) as an analytic function at x°, we conclude
that fi;(n, 0) = 0 from the theorem of identity.

Hence the compatibility condition of (19) is satisfied by (», 8), so that
(n, 8) makes an analytic solution of (19) by Theorem 7. With {,, ..., {, also
¢y ..., &, being solutions of (1) by Proposition 3 in §1, I3 contains the elements

X(Zl)a LR ] X(Zn)7 X(_V1)9 srey X(ym)a

which are invariant under the differential isomorphism ¢ ® id over K. Thus
#ys ---» N, and 6,, ..., 6, are solutions of (1), and hence belong to L. Now we
see that the diagram

0

|

0—)S_)Kl{zl,...,Zn,yl,...,ym}—)Kl{Cl,...,C'!, 61,...,6'"}“_')0

la ®id o ®id .
v

0_)R_)K2{Zl,..., Zn, yls"':ym}—)Kz{rlh"') 7’", 01,..., Qm}'—‘>0

0

is exact and commutative, where & is the kernel of the differential homo-
morphism in the second row of this diagram; in fact, ¢ ® id maps 3J into K
because (#4,...,#,, 01, ..., 6,) 1s a solution of (19) which is the image of the
basis of 3. Then we have a differential homomorphism

K {liseos G Ers oo s i} 2 Ko {Ngs oo s My 015 .., 6,,}
over K which is compatible with . Thus we have
B=0@)=0cQ i 4 ®E)
= Yit1 6(A)G(&)
= Yk 3(40)6,

where 6(4,)e K{n,,...,n,} =L and 6, €L for k=1, ..., m, and hence e L.
This proves our assertion.
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Theorem 8. Let K be a differential subfield of Q with a field of constants C
and let M be a Galois extension of K. Then, for every intermediate differential
field L between K and M, M is a Galois extension of L and Gal (M/L) is a
subgroup of Gal (M/K). Moreover, if L is a normal extension of K, then
Gal (M/L) is a normal subgroup of Gal (M/K).

Proof. Let M be a Galois extension of K for a differential equation
1) X((z)=0

over K. Then we have M = K{(Z), where Z is the set of all Q,-solutions of
(1). As Lo K, (1) can be regarded as an equation over L, then L{(Z) is a
Galois equation of L for (1). And as M o L, we have M = L{(Z)», which
proves the first half of the assertion. Clearly Gal (M/L) is a subgroup of
Gal (M/K).

Note that, for any o € Gal (M/K) and for any ae M, o and o(x) are
conjugate over K. Then, if L is a normal extension of K, o(x) belongs to L for
every o € L. Take any 7 € Gal (M/L) and any a € L. Since o(«) belongs to L
for any ¢ € Gal (M/K) and since 7 is a homomorphism over L, we have

6" 1o(x) = o 'o(0) = a,
thus o 1o leaves every element of L invariant. Hence ¢ !to belongs to

Gal (M/L), which proves that Gal (M/L) is a normal subgroup of Gal (M/K).

Thus, for a Galois extension M/K, we have a one-way correspondence
L— Gal (M/L)

of differential subfields of M which contain K with subgroups of Gal (M/K).
In particular M corresponds with {e} (e is the unit element), and K corresponds
with the whole Gal (M/K).

However the Galois correspondence in the opposite direction does not
exist. Now we give a typical example.

Example. Let K be the field C(xq, x4, ..., x,) of all rational functions in

(Xg» X1, --.,%,). Considering the germs at x° we can regard K as a differential
subfield of Q. As a differential equation under consideration, we take
0
(20) X@) =2 -0
0x,
over K. Then we have a fundamental system of solutions (x,..., x,) of (20).

Thus the Galois extension field of K for (20) is

L=K{&X1y.ces X))

Since each x; belongs to K, the Galois group Gal (L/K) is {e}. However L



106 Yoshishige HARAOKA

cannot coincide with K because any analytic function in (x,, ..., x,) which is
not rational belongs to L\K; for example exp (x;) € L\K.

This example implies that the lack of the Galois correspondence in the
opposite direction results from the definition in which Galois extensions are
defined as infinitely generated in general, on the other hand it is necessary to
define Galois extensions as above in order to assure the normality of the
extensions.

§5. Galois groups for reducible ordinary differential equations

In this section x denotes a complex variable. Take x°e C and fix it.
Let w be the field ;.#,0 of all germs of meromorphic functions in x at x©,
which makes an ordinary differential field with a derivation e whose field of

X
constants is C. We denote by w, the set of all elements in w that are

. . o . ) d
holomorphic at x°. Let y be a differential indeterminates with respect to I
x

. ) d d \? d\"
We often use y’, y”, ..., y™, ... instead of —y, [— )y, .... {—1) », ...,
dx dx dx
respectively. A positive integer n being fixed, we take a point y° =
(¥3, %8, ..., ¥9-1) € C" and put Q= ,, Mo, which is understood to be

the universal differential field in preceding sections, where we employ

(x, ¥, ¥, ...,y D) as coordinates of C"*! instead of (xq, X, ..., X,,).
We consider an ordinary differential equation of order n
(21) ‘ Yy =F(xp,5,...,y""),

where F belongs to 2. It is well known that first integrals of (21) are solutions
of

oz 0z 0z 0z
22 ’ (n—1) —
(22) x Vet et F e

0,

which is of the form (1) in §1. We call (22) the associated partial differential
equation with (21). If we have n solutions of (22) which are independent with
respect to (y, ', ..., y* ™) at (x°, y°), a general solution of (21) which contains n
constants can be expressed implicitly by them. In this point of view we call a
fundamental system of solutions of (22) a fundamental system of solutions of
(21). Let K be a differential subfield of Q with the field of constants C which
contains y’, ..., y» " and F. Then the Galois extension of K for (22) and the
Galois group for (22) over K are defined as in §2. They shall be called the
Galois extension of K for (21) and the Galois group for (21) over K, respectively.
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It may happen that a general solution of (21) is expressed by solutions of a
linear ordinary differential equation, or by solutions of ordinary differential
equations of orders less than n. On that occasion we say that a differential
equation (21) is reducible. We shall study the characterization of Galois groups
for reducible ordinary differential equations.

5.1. Linear ordinary differential equations

Let k be a differential subfield of w with the field of constants C. Con-
sider a linear ordinary differential equation

(23) (y)=y" +ay" U+ +ay=0,

where a;e kNw, for i=1, ..., n. For simplicity we put y° =(0,...,0)e C".
The associated partial differential equation with (23) is

0z 0z _ 0z
(24) x + y/a o (magy = — any)—ay(n—l) =0,

hence we consider this equation over K =k(y,)’,...,y" D)= Q. Let u be
another differential indeterminate with respect to P Then the adjoint differ-
x

ential equation of (23) is

(25) CFu) =Y 1o (= 1) Hauw P =0,
where we put a, = 1. Define the bilinear concomitant by
(26) By, u) = Y128 5= (= DI @)=yt d,

then we have Lagrange’s identity

d
27) 2 2Oh ) = ud(y) — y£*w) .

We obtain a fundamental system of solutions of (24) by using (23) and (26) as
follows. Take any n solutions u,, ..., u, of (25) which are linearly independent
over C, and put

Ci(xa YVsunns y(n—l)) = Qb(y, ui)

fori=1,...,n Then{,, ..., {, are first integrals of (23) because of Lagrange’s
identity (27). Moreover we have

a(CI’ ceey Cn)
0y, Y ..., ")

=Wu,,...,u,),
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where W(uq, ..., u,) denotes the Wronskian of u,, ..., u,, which is different from
0 since uq, ..., u, are linearly independent over the field of constants. Clearly
{; belongs to 2, fori =1, ..., n, thus ({4, ..., {,) makes a fundamental system of

solutions of (24) (and hence of (23)) with a center 0.

Let L be the Galois extension field of K for (24). By Theorems 1 and 2,
the Galois group Gal (L/K) is entirely determined up to isomorphism by the
image of ({y,...,{,) by every element of Gal (L/K). Take any o € Gal (L/K).
Note that

_0g;
by (26), and hence u; belongs to L for i=1, ..., n. Since {; is linear in
¥, ..., " V) and since y, y/, ..., y" D belong to K, we obtain
(28) a(8) = o(D(y, w))

= &(y, o(u;))

fori=1,..., n

Here we recall the Picard-Vessiot theory for linear ordinary differential
equations. The equation (25) being considered over k, the Picard-Vessiot
extension of k for (25) is k{u,,...,u,y, where, for a subset U of w, k<U)
denotes the smallest differential subfield of w containing k and U. The Picard-
Vessiot group for (25) over k is the set of all differential automorphisms of
k<{uy,...,u,y over k, which is known to be isomorphic to an algebraic sub-
group ® of GL (n; C). The isomorphism of groups Picard-Vessiot group s o+
y € ® is defined by

o(uy) 231
(29) L=y
o(u,) Uy,

Now let us return to the study of the Galois group for (23). As k < K and
k<{uy,...,u,y = L, every o € Gal (L/K) induces a differential automorphism of
k<{uy,...,u,y over k, which we know is an element of the Picard-Vessiot group
for (25) over k. Then there exists a matrix y = (¢;;) € ® such that (29) holds.
Combining (28) and (29), we have

a((;) = D(y, Z?=1 cijuj)
=Y i-1¢50

for i=1, ..., n, because @(y, u) is linear in (u, v/, ..., u™ V). Moreover (¢({,),
..., a({,)) has the same center 0 as ({;,...,{,). Thus we have
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Theorem 9. Let k be a differential subfield of w with the field of con-
stants C and put K = k(y, y', ..., y® V). Then, for a linear ordinary differential
equation

(23) y® +ay" V44 a,y=0

over k, the Galois group for (23) over K is isomorphic to the Picard-Vessiot group
for the adjoint equation of (23) over k, in particular to an algebraic group over C.

5.2. Linearizable differential equations

As in the preceding paragraph, k is a differential subfield of w with the field
of constants C. Before defining linearizable differential equations, we give two
examples.

A non-linear differential equation of the form

(30) y' =ay*+ by +c,

where a, b, ¢c € kNw, with a(x®) # 0, is called a Riccati equation over k. It is
known that, if we put

1u

(1) y=—-2,

then u satisfies the linear ordinary differential equation of the second order
al
(32) u” — (a + b)u’ +acu=0

whenever y is a solution of (30). The coefficients of the equation (32) belong
to kNw,. Conversely, for any non zero wy-solution u of (32), the function y
defined by (31) satisfies the Riccati equation (30). In other words, the Riccati
equation (30) is obtained from the linear equation (32) by the rational trans-
formation (31). Note that the right hand member of (31) belongs to k<{u).

We proceed to the second example. Consider a linear ordinary differential
equation of the second order

(33) u"+au' +bu=0

over k. By a projective solution of (33) we mean a ratio u,/u,; of two solutions
of uy, u, of (33) that are linearly independent over C. Then projective solu-
tions of (33) satisfy a non-linear differential equation of the third order

(34) {y;x}=2b-—a’—;a2,
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where the left hand member of this equation is called the Schwarzian derivative

and is defined by
y” ’ 1(yu)2
Vixg=\=7) 5\ 7 ) -
i) <y> Z\y

Conversely a differential equation

(34) {yix}=gq

with g € kN w, is satisfied by

U,
35 —J—
(35) y a,’

where u,, u, are linearly independent solutions over C of a linear equation

(33 u” + %qu =0
over k. We call (34) or (34) a Schwarzian equation over k. Thus the
Schwarzian equation (34) (resp. (34)) is obtained from the linear equation (33)
(resp. (33)) by the rational transformation (35). In this case, u; and u, being
differential indeterminates, the right hand member of the transformation (35)
belongs to k<{u,, u,).

By the above examples we are led to the definition of linearizable differen-
tial equations. A differential equation

(21) YO =F(xpy,...,y" ")

is called rational over k if Fe K = k(y, y’, ..., y"™ 1), and is called algebraic over
k if F € K, where K denotes the algebraic closure of K in Q2. Let u, uy, u,, ...,
u,, ... be differential indeterminates with respect to the derivation i
x

Definition 7. A rational or algebraic differential equation (21) over k is

said to be linearizable over k, if there exists a triple (£, 4, P) consisting of
i) ¢, a linear differential operator of some order m over k:

(W) =u™ + au™ P+ +a,u,

where g;ekfori=1,..., m,
i) 4 < k{uy,...,u,}, a finite subset, and
iil) Pekluy,...,u,),

such that, for any (y, uy, ..., u,,) which satisfies
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{u)="="4u, =0,

Wwuy,...,u,) #0,

o(uy,...,u,)=0 forany de4d, and
(36) y=Pu,...,u,),

the conditions
tr. deg. k<{y, uy, ..., U, »/k = tr. deg. k{y>/k =n

hold, and that the algebraic dependence of (y, ', ..., y™) yields the equation
21).

We call (¢, 4, P) a linearization of (21) over k. Now we explain what role
A plays in a linearization. Once a linear operator ¢ is given, there exist, a
priori, relations over k which any fixed solutions linearly independent over
C satisfy. Hence the value tr.degk<{uy,...,u, /k, which coincides with
tr. deg. k<{y, uy, ..., u,,»/k when y satisfies (36), is determined only by /. How-
ever, without the relations 4, (21) is not necessarily obtained by virtue of
(36). Now we give an example. Consider the Riccati equation (30) over k,

4

which has a linearization <(32), g, ——aﬁ;—>; in this case we do not need 4.
1
On the other hand we have another linearization of (30) as follows. By
Lemmas 5 and 7 below, we see that there exists a linear operator 7(v) of which
uy, Uy, u;’” and u,’ are solutions, where u; and u, are any solutions of (32)
linearly independent over C. The order of / is 4 or 3, according to the linear
independence of u,, u,, u,” and u,’. We assume that the order of 7 is 4
namely u,, u,, u,’ and u,’ are linearly independent over C. Put v; =u,,
v, = Uy, v3 =u," and v, = u,’, then vy, ..., v, are solutions of /(v) = 0 linearly
independent over C and satisfy the relations

We see that (31) is now written as

1 v,
31y = ———=.
(31) y a0,
However, for any solutions v, ..., v4 of /, /(v) and (31Y do not necessarily yield

the Riccati equation (30); #(v) and (31) yield (30) only when the relations
v, = v, and #(v;) = O are satisfied. Thus we must take 4 as {v," — v3, £(v{)}.
Hence 4 plays a role of indicating some class of solutions of Z

As we have shown just above, for a linearizable equation, its linearization
is not unique; however we show that there is the canonical one.
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Proposition 7. If an equation (21) is linearizable over k, there exists the

u
linearization (¢, A, P) over k with P = 2,
Uy
In proving this proposition, we use three lemmas. For simplicity we say
that “linearly independent” instead of “linearly independent over C”.

Lemma 5. Let u,, ..., u, be linearly independent solutions of a linear
differential equation of order m over k. Then, for any a €k and for any i€ N,
there exists a linear differential equation over k of which au,?, ..., au,” are
solutions.

Lemma 6. The assumption being the same as in Lemma 5, let {q, ..., qu}
be the set of all monomials in u,, ... u,, of degree s. Then there exists a linear
differential equation over k of which q, ..., q, are solutions.

Lemma 7. The assumption being the same as in Lemma 5, let vy, ..., v, be
linearly independent solutions of another linear differential equation of order p
over k. Then there exists a linear differential equation over k of which uy, ..., u,,
and vy, ..., v, are solutions.

Proof of Proposition 7. Take one linearization (7, 4, P) of (21) over k, then
P can be written as

P=‘121+"'+‘12:
g+ + qys

where each g;; is a monomial in u’s and their derivatives with a coefficient in
k. By Lemmas 5, 6 and 7, there exists a linear differential equation /) =0
over k of which q,4, ..., g1 921> ---»> d2s Uys ---5 U, are solutions. Let the
order of 7 be M and let vy, ..., vy denote linearly independent solutions of
/(v) = 0. We can take v,, ..., vy as follows:

U, =v;, i=1,...,m,
qle='1)ie, q2f=l)jf, e=1,...,S, f=1,...,t.

Then this convention yields the relations A4 between v, ..., v, in which
o(vy, ..., v,) is contained for every 6 € 4. Put

U, T,

P= :
vy, + v,

Then clearly (7, 4, P) becomes another linearization of (21) over k. Moreover if
we put w, =v; + -+ 0, wy = v; + - + v;, and introduce ws, ..., wy so that
(Vy,...,0y) and (wy, ..., w,,) are obtained by linear transformations from each
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other, there corresponds 4 < k{w{, ..., wy} to A canonically and (Z, A, —W—z) is
also a linearization of (21). This completes the proof.

The proofs of Lemmas 5, 6 and 7 are omitted here (see Picard [12]). Now
we have the main result of this paragraph.

Theorem 10. Let k be a differential subfield of w with the field of constants
C. Suppose that a rational or algebraic differential equation over k

(21) YW =Fxyy,...,y"")

is linearizable over k. Then the Galois group for (21) over k(y, y’, ..., y®™V) is
isomorphic to an algebraic group over C.

When (21) has such a linearization (7, 4, P) that P € k{u,, ..., u,}, we see,
from the proof of Proposition 7, that y = P(u,, ..., u,,) satisfies a linear differ-
ential equation over k. Hence Theorem 10 is a direct consequence of Theorem
9 in this case. Previous to the proof of Theorem 10 for a general case, we
calculate the Galois groups for Riccati equations and Schwarzian equations,
which will illustrate the idea of the proof.

As we have seen above, the Riccati equation (30) has a linearization

1
((32), <, — %) over k. The adjoint equation of (32) is

1

(37 v”+<%+b>v’+<<%+b) +ac>u=0,

and we take linearly independent solutions v,, v, of (37). Put

ni(x, u,u’) = v;u’ — (U,-' + (a_ + b) vi)u , i=12,
a

then (1,,7,) makes a fundamental system of solutions of (32) (see §5.1). By
virtue of the relation (31), we can write

I4 ’ al
nz(x,u,u’)_vzu — v + —a—+b v, |u

11(x, u, u’) , ( ,
v, u' — v +
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Let {(x, y) denote the last member of the above. For any solution y of (30),
every u which is determined by (31) is a solution of (32), so that #, #, and
hence { become constants. Thus { is a first integral of (30), and moreover
becomes a fundamental system of solutions of (30) by virtue of the linear
independence of v, and v,.

Let L be the Galois extension field of K = k(y) for (30), then, from the

’ ’

- Uy Uy ) .
expression of {, we see that =, — and —= belong to L. Now we-examine how
Uy Uy Uy

these elements are transformed by the elements of Gal (L/K). Let X be a
neighborhood of x° in x-space. Consider a point

E=(0(x):v5(x): 0, (x):v,/(x)) e P? x X .

The ideal 3yomee < K[V, V2, Vi, V2] is defined as consisting of all homogeneous
algebraic relations over k between v,, v,, v," and v,’. Any x € X being fixed,
let 5, be the projective algebraic subvariety of P* x {x} defined by Jpomog-
For any F € Jp,mog> W€ have

F(”l? U3, vlla Uzl) =0 s

so that

Take any o € Gal (L/K) and operate it to each member of the above equation,

then we obtain
<1’ (02>, <Ul,>, <02,>) ;
vy vy vy

hence (1 1o <v2> : a(v—1> : a(v—2>> € E,. Namely ¢ maps the point £ € =, into

51 Uy Uy
E, itself. Put = [] Z,, then, by the help of (37), any point of = is expressed
xeX
as

(€1101(X) + €1205(X) 1 €2101(%) + C2202(X) 1 €1101(X) + €120,'(X)

102101 (X) + €3205(x))

for some [2“ le:l e ®, where ® is a projective algebraic subgroup of
21 22

PGL (2; C), which we call the projective Picard-Vessiot group relative to (vy,v,).

Thus we have
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7’ 4 14
O_(”z) €U + Cop0p O_<U1 ) _ C11U1 + €y
I ] D s
(2] C11V1 + €120 Uy C11V1 + Cy20;
7 !
€21V + €305
2
C11V1 + €103

q

)

S

~
[

for some (c;) € ®. Then we have

(ay + A)a(v—2> + J(Ui’)
v, Uy

(ay + A) + J(Uii>

Uy

o(l) =

_ cyi((ay + A)vy + v,") + car((ay + Ay, + vy))
cii((ay + Aoy + vy') + cyo((ay + Ao, +v5)

Gy t+ €220
c11 + €128 ’

c c a )
where [ t 12:| € ® and we put A = — + b. Thus we obtain
C21 €22 a

Proposition 8. The Galois group for a Riccati equation
(30) y =ay* +by+c

over k is isomorphic to the group

+
{g(z)=c“ C”Z-[c“ c“]e& g(z°)=z°},

2
Ci1 +C12Z [ €3y Cpp

where ® is a projective algebraic subgroup of PGL (2; C) which is called the
projective Picard-Vessiot group for a linear differential equation

(37) v”+<%+b)v’+((%+b> +ac)v=0

over k.

The Schwarzian equation (34) has a linearization ((33)', g, %) over k.
Uy

We take linearly independent solutions v; and v, of the adjoint equation

1
v”+§qv=0

of (33), and put
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n;(x, u, u') = v;u’ — vju

for i = 1, 2, then (,, n,) makes a fundamental system of solutions of (33). On
the other hand (35) gives the following expression:

" ”

u,’ y u, y'y
38 = — , L =y = .

In the same manner as in the case of Riccati equations, we can show by using
the expression (38) that

nj(xa ut: ut,)
ni(x’ us’ us,)

becomes a function of x, y, y" and y” for i, j, s, t =1, 2. ‘Then they are first
integrals of (34) and we can obtain a fundamental system of solutions of (34)
by using them. In fact define {,, {, and {; by the following:

M u, uy)  vuy —vuyp 03" + 205y

C - n o ’ ’ - " 7.2
! (e ug, uy’)  vuy’ —ou; v y" + 20y
¢, = N2(X, ug, ') vuy’ — v*¥u,
2 n ’ ’
N0, uy, uy') v Uy —vi'u,
_02(y"y —2y"?) + 20,y
v (¥"y —2y"?) + 20,'y'y’
_ (%, uy, uy) _ viuy — vy Uy
(s

- n o ’ 7
(X, ug, uy')  viu —vuy

_ 00"y —2y%) + 20,y'y
vlyll + 2vllyl

>

then we see that ({,, {,, {3) makes a fundamental system of solutions of (34) by
virtue of the linear independence of v, and v,. Let L be the Galois extension

field of K = k(y, y’, y”) for (34). From the expression of {’s we see that v—z, s

Uy Uy

7

v . . . .
and 2> belongs to L. Thus, in the same manner as in the case of Riccati
Uy
equations, we obtain

Proposition 9. The Galois group for a Schwarzian equation
34y {y;x} =4

over k is isomorphic to the group
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{(91(2), 92(2), 93(2)) € I3 p;

Ja(2) = z3(c1g + C1222), l:cn C12:| c S} ,

€11 + €122y Ca1 C22

where ® is the projective Picard-Vessiot group for a linear differential equation

1
v” +§qv =0

over k.

Proof of Theorem 10. By Proposition 7, for the linearizable equation

(21) y® =F(x,y,y,...,y" 1),

Us

we have the canonical linearization (/, A4, ) over k. Let m be the order of

(31
¢. Take linearly independent solutions v, ..., v,, of the adjoint equation £* of
¢ and put

"Ij(u) = D(u, v;)

for i=1, ..., m, where @ is the bilinear concomitant for ¢/ (see (26)). Then
(¢ -..> n,) makes a fundamental system of solutions of Z On the other hand,

by the expression y = — and Definition 7, we have
31

W
(39) —eK=k(y,y,...,y"™V)
Uy

fori=1,2andforj=0,1,...,m — 1.

Consider any first integral { of (21). Putting the expression y = % into ¢,
1

we see that { is a function of x, u,, u, and their derivatives and becomes a
constant for solutions u; and u, of /£ Then, as (#,...,#,,) 1S @ fundamental
system of solutions of Z, { can be written as a function of n,(u,), ..., 7,,(u1),
n.(u,), ..., n,,(u,). On the other hand { originally a function of x, y, y', ...,
”j(ut), i, j
n:(uy)

(n—1)

Hence { must be a function of =1, ..., m; s, t=1, 2.

y
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Therefore we can take a fundamental system of solutions of (21) which consists

1, (1)
Of Ci jis,t . > S
et ni(us)

tem of solutions of (21) for e =1, ..., n, then each (; ;,; , becomes a function of

iy eens Ce

Let {,={;_j.;s.,.. D€ a component of a fundamental sys-

Ci,j;s,t = Fi,j;s,t(Cls ceey Cn) .

Let L be the Galois extension field K4, ..., {,» of K for (21). Then, as we
have seen in the above examples, every o € Gal (L/K) corresponds to an element
of projective Picard-Vessiot group for £* over k. Thus we obtain

a(l.) = O'(Ci,_,, je;se,te)
_ <n,e( ))
i, (us,)
Z] 1 eln](ut
Z]=1 Cle]nj(use)

m
_ 2751 €, st
m
Zj=1 Ci0iCinsserse

ZJ 16j,j lejset(clw--scn)
b
Z] 1Cle] iesJiSes se(Cla---aCn)

for e =1, ..., n, where (c;;) represents an element of projective Picard-Vessiot
group relative to (vq,...,v,). Hence Gal (L/K) is isomorphic to an algebraic
group over C.

5.3. Equations reducible to lower order ones
Consider a rational equation
(21) , y® =F(x, y, ¥, ..., y"™ )

over k of order n; namely F belongs to the field K = k(y, y’, ..., y" V). Take
n,, n, € N such that n, + n, = n. We shall define (n,, n,)-reducible equations.
Let there be two differential equations

(40) u®™ = A(x, u, u', ..., u"m ),
(41) Y™ = B(x, u, u/, ..., u™ ™V y y, ..., yrD)

with
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Aeck(wu,...,um™ D),
Bek(uu,...,u™ D, y y, ... ym"),

and suppose that, for any solution y of (21), there exists a solution u of (40)
such that y is a solution of (41) with the u. Then any solution of (21) is
obtained by solving the equations (40) and (41) that are of lower order than
(21). It seems natural that we define (n,, n,)-reducible equations by the above,
but there is some ambiguity, especially in the term “any solution”. Therefore
we have to define (n,, n,)-reducible equations in an exact and algebraic way.

. d . C . .
By operating I successively to each member of (41) and eliminating higher

derivatives of u and y in the right hand members by the help of (40) and (41),
we obtain the following expressions:

~

-1 -1
¥ = B(x, u, ..., u™m™ y . ymTh)

(42) 4 y("2+1) - Bl(x, U ..., u(nl_l)’ Vs orns y(nz—l)) ,

-1 -1 -1
LY V=B, (X u...,umDy D),

where each B,ek(u,...,u™™, y, ..., y™™D) Regarding (42) as a system of
algebraic equations in (4, u/, ..., u™ ™), we obtain the solutions
43) CO,cM,... cmV),  t=1,..,T,

where C® = CO(x, y,y,...,y* MNeK for t=1,..., T and for s=0, 1, ...,
n — 1 (K denotes the algebraic closure of K). We call (43) a parametric root for
the pair ((40), (41)). Note that

oCc
(44) det (—’.~>s= L #0.
oy Jszpmid

This can be shown by differentiating each member of the equations in (42) with
respect to y"?, ...,y D,

d
Now operate I to each member of
X

um ™ = M Y(x, y,y, ...,y D).
Then we have, by using the equation (40),
oC,m 1)

Dy

act("l"l) ,6Ct("1“1)
+

A(X, Ct(O)s SRR Ct(nl_l)) = 0x y ay

_|_...+y(n)
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If (21) is (n,, n,)-reducible in the above sense, y™ in this equation must coincide
with F. Hence we are led to the following definition.

Definition 8. A rational differential equation

(21) y(n) = F(x’ Y, yla ceey y(n——l))

over k is said to be (n,, n,)-reducible over k if n; + n, = n and if the following
holds;
there exist two differential equations

(40) W = A(x, u, o, ..., uD)
(41) Y = B(x, u, v/, ..., u™ ™D,y ', ..., ymD)

with A e k(u, v',...,u™ ™), Bek(u,...,u™ V y ..., y"™V) and, for any para-
metric root (C?, ..., C™ ™) for the pair ((40), (41)), the expression

@Ct(nl—l) -1 © 1) act(nl—l)
<—ay(ll——1) A(X,Ct ""’Ct 1 )_T
_ e 9GO
dy y ay"=?

coincides with F.

The equation (40) is called the parametric equation for (21), and the equa-
tion (41) is called the reduced equation for (21).

Example. The rational equation

. 3y?
Y=
y

is (1, 1)-reducible over C with the parametric equation

u =ud

and with the reduced equation
y'=u’y.

For any partition of n, n=n, + -+ + n,,, we define (n, ..., n,)-reducible
equations inductively as follows; if the equation (21) is (n4, ..., n,,_,, #n’)-reducible
and if the reduced equation for (21), which is of order »/, is (n,,—;, n,,)-reducible
(where n’ = n,,_, + n,,), then (21) is said to be (n,, ..., n,,)-reducible and the new
reduced equation for (21) is of order n,,.
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We are now ready to state the characterization of Galois groups for
equations reducible to lower order ones.

Theorem 11. Let k be a differential subfield of w with the field of constants
C. Suppose that a rational equation

(21) Y =F(x,py,....,y")

over k of order n is (ny, n,)-reducible over k. Let L be the Galois extension field
of K=k(y,y,...,y" V) for 21). Then there exists a normal subgroup G of
Gal (L/K) which is isomorphic to a subgroup of the group

0z

J

09, .
Gyny = {(gl(z),...,g,,(z))el“,,,p; g =0fori=1,...,n,j=n, + 1,...,n},

such that the quotient group Gal (L/K)/G is isomorphic to a subgroup of the
symmetric group of a finite degree.

For a subgroup G of I, ,, the set of Jacobian matrices

dg;
J(G) = {(;) ;(gl,..,,gn)eG}
Zi/)ii=1,...,n

makes a group, which we call the Jacobian matrix group of G. The group
G,,.n, appeared in the above theorem is nothing but the group of which
Jacobian matrix group is of the (n,, n,)-block triangular form. Thus Theorem
11 asserts that the Galois group for an (ny, n,)-reducible equation over K is
(ny, ny)-block triangularizable.

Proof of Theorem 11. Since the equation (21) is (n,, n,)-reducible over k,
we use the notation in Definition 8. Take a fundamental system of solutions
(1, ..., n,,) of the parametric equation

(40) U = 4,
take ate {1,..., T} and fix them. Fori=1,..., n,, define a function {; by
Ci(x’ ya ey y(n—l)) = r]i(xa Ct(O)a Y Ct(nl_l)) 1)

then we see that it becomes a first integral of (21) by virtue of Definition 8.
We denote the right hand member by #;. Then we have

0 _ -1 O 0CY
3y = Lo ou® ay0
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forj=0,...,n—1and fori=1, ..., n;. Let us write down this relations in

the form of matrices:

0Ly o,
Oy oy
o¢, 0y,
gy™a=D gy™2=D
(45)
¢, 0L,
ay(nz) ay(nz')
acl aCnl
By gy
B 5Ct(0) act(nl—l) ]
oy oy
....... 5 o
aC‘(O) . act(nl—l) -éﬁu—l %
6y("2—1) ay(nz 1)
= act(o) 5Ct("1‘1) .......
R 2y on O,
Y Y ou™—D PRCIESY
5C,(0) 6C,("‘—1)
Put
B 8Ct(0) act(nl—l) T
oy™2) 8y™
M= ... s
5Ct(0) 0Ct(n1—1)
_ay(n‘l) ay(n—l) |

then we see that det M # 0 by (44).

Therefore we have
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i, O, e o,
ou = ou oy™ T By
@6 | . =M1 ...
6ﬁ1 aﬁni 6C1 6Cn1
| o™= T y™D | Lay(n_l) T gy |

from (45). Since (ny,...,#,) is a fundamental system of solutions of (40),
the determinant of the left hand member of (46) differs from O, so that we
have

6(61: Teey Cnl)
IO M

Hence we can take {, 44, ..., {, so that ({;, ..., {,) makes a fundamental system
of solutions of (21). Now we put

[ oC© aCm 1 7]
5 5
My=| ...
aC© oC,m™b
|y gy

Then, by using (45) and (46), we obtain the important formula:

9, 0ln, | 0¢4 - 0,
oy oy oy Gy
an | =M,M™1| .
G, G, ¢4 0,
| 9y y™D | | 9y™D ay" D |

Take a differential extension field K; of K which contains every element
of MyM™! and let L, = K,K{;,...,(,» be the Galois extension of K, for
(21). Take any o e Gal(L,/K;) and define (g,(2),...,9.(2) eI, , by a({;) =
gi(ly,...,¢,) for i=1, ..., n, where p denotes the center of ({,...,{,). As o
leaves every element of MyM ™! invariant, applying ¢ to each member of (47),
we have
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aCI aCnl aCnl-i—l aCn
By T gy gy 8y
M,M™Y
aCI aCnl aCn,+1 aCn
E}F—T) Tt ay(n—l) ay("“‘l) ay("—l)
[ 99, 99, ]
0z, 0z,
agl a9"1
0z, 0z,
X
99, g,
0Zy, +1 0z, 41
6gl 'agnl
| 0z, oz, |
X, a, s L,
dy dy oy dy
o(, 0Cn, 00441 L,
3y™D aymD  gymD 5ymD
[ %9 0gs, ]
0z, 0z,
%9, 99,,
0z, 0z,
X
agl agm
aZnﬁ-l aZn1+1
99, OGn,+1
| 0z, oz, |
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Then, using (47) once more, we obtain

i [ aCn1+1 6Cn i [ 6Cn1+1 % 1—
oy T Gy ay Ty
MoM—1 ....... — 1l 0 eaesense
6Cnl+1 6Cn aCn1+1 aCn
5D @D | [ gymD gD
i agl agm ]
0Zp, +1 0z, 41
x| =0.
6gl 6gn1
| 0z, oz, |

If the determinant of the first factor of the left hand member of this equation
were 0, we should obtain, by using (47),

015> Cn)
oy, ...,y

which contradicts the definition of fundamental systems of solutions. Hence

we have
oqg.:
(”&)iﬂ oy =0
azj j=n,1+i ..... n

Therefore Gal (L,/K,) is isomorphic to a subgroup of G,_ ,,.

We have been interested in the Galois extension L = K({,;,...,(,» of K
for (21) and the Galois group Gal (L/K). By virtue of (47) we see that every
element of MyM™! belongs to L, and moreover, for any parametric root
(C9, ..., C,"V), every element of the corresponding matrix MoM'™! also
belongs to L. Let K, be the differential extension field of K which is obtained
by adjunction of every element of the matrices MoM ™" for every parametric
root for ((40), (41)). Then we have

=0,

KcK,cL.

By the definition parametric roots are solutions of the system of algebraic
equations (42) over K, so that every differential isomorphism over K sends
a parametric root to another parametric root. Therefore K, is a normal
extension of K (see Definition 6 in §4), and hence, by Theorem 8 in §4,
Gal (L/K,) is a normal subgroup of Gal(L/K). On the other hand the
group of all differential automorphisms of K, over K is isomorphic to a sub-
group H of the symmetric group of degree T. Thus the quotient group
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Gal (L/K)/Gal (L/K,) is isomorphic to H. As we have seen that Gal (L/K,)
is isomorphic to a subgroup of G, ,,, this completes the proof.

We can show the following by induction.

Corollary. The Galois group for an (ny, ..., n,)-reducible equation over K

is (n4, ..., n,)-block triangularizable.
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