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7-IRRADIATION o f  p o l y m e t h y l  m e t h a c r y l a t e  a n d

POLYSTYRENE
B y  L. A. W a l l  a n d  D .  W . B r o w n  

N atio na l B ureau  o f S tandards, W ashington 25, D . C.
Received July 19, 1956

T h e num ber of scissions produced in polym ethyl m ethacrylate for a given dose of 7 -irradiation is decreased m easurably 
b y  the presence of air, sm all am ounts of benzene, and by lowering the tem perature to  — 196°. Irradiation in air produced 
labile structures in the polym er, probably peroxides, which decompose and cause further scissions. T h e decom position of 
these structures is accelerated b y  traces of i-butylcatechol, hydroquinone and dim ethylaniline. T h e  cross-linking reaction 
in polystyrene caused b y  7 -irradiation is also decreased when tem peratures are lowered to — 196°. Studies of p artia lly- 
deuterated styrenes show little  correlation between cross-link form ation and site of deuteration. T h is observation, plus the 
fact th a t cross-links exceed the num ber of hydrogen m olecules produced, suggests th at the phenyl ring is in volved in cross- 
linking. Com parison of the results w ith deuterated p olystyrene and deuterated polyethylene indicates a  difference between 
the tw o m aterials in the mechanisms of irradiation-induced processes.

Introduction
In recent years the effects of high-energy radia

tion on polymers have been investigated by a num
ber of workers.1 Due to the nature of these materi
als scissions and cross-links are most easily deter
mined, and polymers have been catalogued as to 
whether they undergo one or the other of the two 
processes.2'3 In reality both processes always occur 
simultaneously, at least to some extent, and stud
ies have been made to determine the relative 
amounts of both processes.4'5 Other processes are 
also occurring, such as the formation of certain 
types of double bonds in polyethylene along with 
the removal of vinylidene groups.6

In the present work polymethyl methacrylate 
and polystyrene were chosen for study because one 
undergoes scission while the other undergoes cross- 
linking, and in each case the alternative process is 
nearly absent. A comparison of the changes in 
the two processes produced by varying the condi
tions may give helpful information as to similarities

(1) F. A. Pecjak and K. H. Sun give a comprehensive bibliography 
in Nuclear Engineering and Science Congress, Dec. 12-16, 1955 
(Cleveland, Ohio).

(2) A. A. Miller, E. J. Lawton and J. S. Balwit, J. Polymer Sci., 14, 
503 (1954).

(3) E. J. Lawton, IL. M. Bueehe and J. S. Balwit, Nature, 172, 76 
(1953).

(4) A. R. Schultz, Nuclear Engineering and Science Congress, Dec. 
12-16, 1955 (Cleveland, Ohio).

(5) A. Charlesby, Proc. Roy. Soc. (London), 222, 60 (1954).
(6) M. Dole and C. D. Keeling, J. Am. Chem. Soc., 75, 6082 (1953).

and dissimilarities in the mechanisms involved and 
perhaps offer a clue as to the determining factors. 
Certain deuterated polystyrenes were available 
and were studied in order to determine to what ex
tent different positions contributed to the cross- 
linking process and gas evolution.

E x p e r im e n ta l
T h e p olym ethyl m ethacrylate  used for irradiation was 

prepared in 1 2 %  conversion from  distilled, twice-degassed 
m eth yl m eth acrylate, polym erized a t 60°, using 0.0082 
mole per liter of ben zoyl peroxide as cata ly st. I t  was pre
cip itated  w ith m ethanol and dissolved in benzene three 
tim es. T h e  third benzene solution contained abou t 5 
w eight %  of polym er; it  w as frozen, and th e benzene w as 
sublim ed off in  vacuo. T h e residue was heated for 10 days 
a t 60° in a  vacuum  oven. Its  intrinsic viscosity  in benzene 
a t  29.3° was 1 .6 6 . T his m aterial is called p olym ethyl 
m eth acrylate  sample F B - 1 .

A  more disperse m aterial was prepared b y  m aking a 0 .5 %  
solution of sam ple F B -1 , freezing it and recovering the p o ly
mer as described above. T his is called sam ple F B -2 .

Film s 0.2 m m . th ick  were prepared b y  dissolving the p o ly
mer in benzene and lettin g the solvent evaporate from  a 
sheet of unplasticized cellophane.

Some experim ents which are reported in T ab le  I I I  were 
perform ed w ith  a b iaxially  stretched polym eth yl m etha
crylate  and w ith the original unstretched m aterial, which 
w as unplasticized.

F or the data  in F igs. 1 to 4 , inclusive, and Tabic II  each 
irradiation w as perform ed in a  tube th a t contained about
0 .2  g. of one of the above m aterials. B efore exposure, each 
specim en was heat-treated in  vacuo, as outlined in the 
figures. A fter cooling, the sam ples th at were to be irradi
ated in  vacuo were sealed off; the others were rem eved and 
stoppered.
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o

Electron volts/g. X  10_2°.
Fig. 1.— Scissions produced in polymethyl methacrylate 

sample FB-1 by 7 -rays. Preheated at 100° for 20 hours: 
O, irradiated in vacuo, viscosity determined in benzene; A, 
irradiated in air, viscosity determined in benzene; • , 
irradiated in vacuo, viscosity determined in benzene con
taining 0.1% ¿-butylcatechol; X , irradiated in air, viscosity 
determined in benzene containing 0 .1 %  2-butylcatechol.

1000 2000 3000 4000 5000 6000 7000 
Time (min.).

Fig. 2.— Change of viscosity with time. Polymethyl 
methacrylate sample FB-1 irradiated in air, in benzene solu
tion containing 0.02% ¿-butylcatcchol (4.796 g. of polymer 
per liter). Preheated at 100° for 20 hours.

Fig. 3.— Change of viscosity with time. Polymethyl 
methacrylate sample FB-1, irradiated in air, in chloroform 
solution containing 0.02% i-butylcateohol (4.796 g. of poly
mer per liter). Preheated at 100° for 20 hours.

Fig. 4.— Scissions produced in various samples of solid 
polymethyl methacrylate by 7 -rays; all samples irradiated 
in vacuo, e , sample FB-2, preheated 20 hours at 120° in 
vacuo; X, sample FB-1, preheated 20 hours at 120° in vacuo; 
■, sample FB-2, preheated 20 hours at 100° in vacuo; o ,  
sample FB-1, preheated 20 hours at 100° in vacuo; • , film, 
preheated 20 hours at 100° in vacuo.

The irradiations of polymethyl methacrylate at room 
temperature were performed at the Naval Research Labora
tory, Washington, D . C. The NRL Source has been de
scribed .7 The tubes were exposed in the inner cell in a holder 
that kept them in an annular arrangement within the cell. 
The polymer samples were each distributed through a cylin
drical volume 0.8 cm. diameter by 1.5 ±  0.2 cm. high. 
The dose rates calculated were those at the center of each 
tube at the average height of the centers of the polymer 
samples. Individual polymer samples received doses differ
ent from those calculated because of variations in the height 
of the sample and variations in the dose rate around each 
annular ring. It is estimated, however, that such varia
tions amounted to only about 5% . For all polymers studied 
with the exception of polyethylone-%, where a correction 
based on electron density was applied, it was assumed that 
one gram absorbed 58 X 10ls e.v. when given 1 megaroent
gen.

The irradiations at liquid nitrogen temperature were per
formed with a 200-curie cobalt-60 source at the National 
Bureau of Standards. In order to get high dose rates a 
Dewar flask was made that could be positioned close to the 
source, and the film was irradiated in sealed glass ampules 
surrounded by liquid nitrogen at the bottom of the Dewar. 
Blanks were run at room temperature in the Dewar because 
the double thickness of glass and silver materially reduced 
the field.

After irradiation, the intrinsic viscosities of the polymers 
in benzene solution at 29.3° were determined. i-Butyl- 
catechol was added (1 g. per liter) to solutions of the speci
mens irradiated in air, and after at least 20 hours the in
trinsic viscosities were redetermined.

The intrinsic viscosity was converted to molecular weight 
by the relation8

M n =  2 X  10= [„]■•«
This relation is for whole polymer, presumably one with a 
broad distribution in molecular weight. The quantity 
(l/M n — 1 /il/no) gives the moles of breaks per gram, and 
it is converted into scissions per gram by multiplying with 
Avogadro’s number.

The drop in viscosity with time after addition of i-butyl- 
catechol was studied. Catechol was added to a solution of

(7) H. Rabin and W. E. Price, Nucleonics 13, 33 (1955).
(8) J. Baxendale, S. Bywater and M. G. Evans, J. Polymer Sci., 1, 

237 (1946).
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the polymer that had been irradiated in air. The viscosity 
of the solution was then measured at various times with an 
Ubbelohde viscometer.

i-Butylcatechol was shown to decompose benzoyl peroxide 
in solution by determining the peroxide remaining in a stand
ard solution by the iodine method of Siggia,8 24 hours after 
the addition of the catechol. The technique was modified 
to include a vacuum distillation of the liberated iodine be
cause strong titratable color develops when i-butylcatechol 
and a solution of benzoyl peroxide are mixed. The distilla
tion significantly reduces the observed titer of the standard 
solution, but the effect is small compared with that of the 
Z-butylcatechol.

The deuterated styrene monomers were prepared by the 
reactions outlined below

a,(3,(3-Trideuterostyrene
O O i LiAlD4

/■  NaOD /■  2, H20
CH,— C ----------->  CD3— C — ------------ >  CD3= C D

D 20 3, — HDO

/3,/3-Dideuterostyrene
O O i, LiAlH,

/  NaOD S  2,II20
CPIs— C ----------->  CDs— C --------------- >  CD2= C H

/ \  D 20  / \  3, -H D O  / \

«-Deuterostyrene
0  1, LiAlD4 

/■ 2, H20
CHs—C -------------- >- CH2= C D

/ \  3, - H 20  / X

/3-Deuterostyrene
1, DBr

C H B r=C H  — ---------^  C H D = C H
2, — Br2 / \

p-Deuterostyrene

1, Mg

2, D20

1, Mg
2, CHsCHO
3, H»0
4, - H 20

CH«=CH

V /
D

The numbers beside the compounds listed, above and be
low the arrows, indicate the sequence of reactions and re
agents added. Their analyses by mass spectrometry are 
given in Table I.

T a b l e  I

M ass  Spe c t r o m e t r ic  A n a ly sis  o f  D e u t e r a t e d  St y r e n e s

Components a, B,e
IN %  
B,B a B V

Styrene 0.5 0 ,6 2 5.0 1 .2

Styrene-ifi 0.4 3 .4 98 94.0 98.5
Styrene-d2 5,4 95.8 < 1 0 .2

Styrene-ci 93.7 tr < 1

The polymers were prepared by thermal polymerization 
at 70° of carefully-degassed monomer samples. After prepa
ration the polymer was freed from monomer, and films were 
prepared by the methods described above for polymethyl 
methacrylate.

The irradiation for all the polystyrene experiments was 
obtained from the NBS source. This is a single piece of

(9) S. Siprgia, “ Quantitative Organic Analysis Via Functional
Groups.”  John Wiley and Sons, Inc., New York, N. Y., 1949. p. 100.

cobalt that was calibrated by irradiating films of polymethyl 
methacrylate in vacuo at room temperature and then deter
mining the dose from the film line in Fig. 4. A curve repre
senting dose rate versus distance from the source was con
structed for use with polystyrene.

Tubes containing disks of the polystyrene separated by 
wafers of polyethylene were heated for 20 hours in vacuo at 
100°, cooled and sealed off. They were placed above the 
NBS source and irradiated for known times. The dose was 
determined from the calibration described above.

After irradiation the polystyrene films were dissolved, 
and single-point viscosity determinations were made at the 
same concentration for all films of the same polymer. Plots 
of relative viscosity versus dose were made; the one for non- 
deuterated 70° polystyrene is shown in Fig. G. The dose 
at the gel point was assumed to be that value midway be
tween the highest dose which gave a reproducible finite 
viscosity and the lowest dose which gave a material which 
would not flow through the viscometer. The reported tol
erances indicate the magnitude of this spread when converted 
into electron volts absorbed per cross-link (see Table III).

The intrinsic viscosities of non-irradiated samples were 
converted into viscosity-average molecular weights by the 
relation9 10

[77] =  0.97 X  10“ 4 1/v0-74

The ratio of weight-average to viscosity-average molecular 
weight was calculated to be 1.07 from the relation of Flory .11 
The number of moles of cross-links per gram at the gel 
point is the reciprocal of twice the initial weight-average 
molecular weight.12

The hydrogen yield was obtained by irradiating a single 
film, preheated as above, of each of the polystyrenes with 
the NBS source and analyzing the resulting gases by the 
mass spectrometer. These gases were hydrogen and ben
zene, the latter being from the solvent left in the film since 
no deuterated benzene was found when p-deuterated poly
styrene was irradiated. The yields of hydrogen and deu
terium were calculated from the analysis and from the pres
sure and volume of the inlet system of the mass spectrometer.

Results
Polymethyl Methacrylate

Production of Scission.— In Fig. I arc plotted the 
number of scissions produced for a given amount of 
energy absorbed. When the irradiations are car
ried out with the sample sealed in a highly evacu
ated tube the upper line is obtained. The lowest 
line was obtained when unevacuated tubes were 
used. In this case fewer scissions occurred, pre
sumably because oxygen interfered with the process 
which produces scission.

Earlier work13 had shown a small lowering of in
trinsic viscosity ivhen irradiated polymers were 
dissolved in solvents containing i-butylcatechol. 
The purpose of measuring intrinsic viscosity of 
polymers dissolved in such solutions was to see if 
immobilized free radicals could be detected. Pro
vided that a high percentage of radicals combine on 
solution, the presence of a monofunctional inhibi
tor, or one that effectively terminates all radicals by 
a disproportionation process* would produce a lower 
viscosity than that observed in the absence of the 
inhibitor. Of course, if the radicals ordinarily 
terminate by disproportionation, no effect due to 
the inhibitor would be observed. For detection in 
this manner, a concentration of recombining radi
cals greater than 10_4 mole per liter would be nec
essary.

(10) Q. II. Ewart and H. C. Tingey, unpublished work referred 
to in “ Styrene” Monograph, Rein hold Publ. Corp., New York, N. Y., 
1952, p. 334.

(11) P. J. Flory, “ Principles of Polymer Chemistry,”  Cornell Uni
versity Press, Ithaca, N. Y., 1953. 1 . 373.

(12) Ref. 11, p. 359.
(13) L. A. Wall and M. Mngat. . / .  r/iim. ph us.. 50, 308 (1953).
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When the polymer was irradiated in vacuo, t- 
butylcatechol had no effect on the intrinsic viscos
ity and hence on the number of scissions (see solid 
circles in Fig. 1). However, when the polymer was 
irradiated in air the catechol produced a definite 
increase in the number of scissions (see intermediate 
line in Fig. 1). This result evidently is due to some 
peroxide structure formed during irradiation, that 
is decomposed by the catechol and simultaneously 
produced scission. Addition of catechol after the 
polymer was in solution produced the same ulti
mate decrease in viscosity over a period of time. In 
the absence of the catechol several weeks time is 
required before a slight decrease in the viscosity of a 
solution is observed.

Further study of the decrease in viscosity pro
duced by ¿-butylcatechol showed that there is an 
increase in the rate of producing scissions with an in
crease in concentration of catechol. With benzene 
as solvent a puzzling change with temperature was 
observed. This is shown in Fig. 2, where it is seen 
that the viscosity drops at 20.0 and 39.6° are both 
faster than the one at 29.3°. Changing the solvent 
to chloroform gave a more normal result with 
changes in temperature as can be seen in Fig. 3. 
The difference of behavior with the solvents sug
gests that the mechanism involve a sensitive inter
mediate complex or possibly other solvent effects. 
No simple treatment could be applied to the data.

It is quite likely that peroxide structures at the 
ends of chains are present and produce no observ
able scissions on decomposition. The magnitude 
of the effect is too small for direct analysis of per
oxide, and hence no attempt in this direction was 
made.

Volatile Products.—An investigation of the vola
tile products obtained from 7-irradiated poly
methyl methacrylate has been reported elsewhere.14 
No monomer was produced during irradiation at 
room temperature and the observed products were 
similar to those reported by earlier workers.15 
Heating to 125° for three hours after irradiation, 
however, produced considerably more monomer 
than that obtained from the unirradiated material. 
This indicates the presence of long-lived free radi
cals which is in agreement with studies of poly
merization induced by 7-irradiated polymethyl 
methacrylate14 and of the paramagnetic resonance 
of 7-irradiated polymers.16 Hence the foaming17 
effects observed in polymethyl methacrylate may 
be due in part at least to the formation of monomer 
by the depropagation of radicals.

Effect of Solvent.—The number of scissions ob
served for a given dose was found to vary with the 
method of treating or preparing the polymer. 
Since benzene was the only solvent used and should 
be the only appreciable impurity in our polymer, 
the possibility of “ protection” 18 by this compound 
was explored. In Fig. 4, the results for several 
materials tested are presented so as to show the ef-

(14) L. A. Wall and D. W. Brown, J. Res. Natl. Bureau of Standards, 
57, 131 (1956).

(15) P. Alexander, A. Charlesby and M. Ross, Proc. Roy. Soc. 
{London), 223A, 392 (1954).

(16) E. E. Schneider, Disc. Faraday Soc., 19, 158 (1955).
(17) A. Charlesby and M. Ross, Nature. 171, 1153 (1953).
(18) S. Gordon and M. Burton, Disc. Faraday Soc., 12, 88 (1952).

feet of the aromatic solvent (see also Table II). It 
is estimated by weighing experiments that the film 
contained 5% benzene by weight while the FB-2 
sample contained less than one per cent. The inter
mediate points were in the range of 2-3%  benzene. 
Thus it is seen that about 5% benzene decreases 
the scission rate by 50%.

The numbers of scissions per 100 electron volts of 
absorbed energy for various samples of polymethyl 
methacrylate are listed in Table II. It is seen that 
irradiation in air leads to a decrease in scissions for 
all samples for which data are available. Per
centagewise the more benzene-free samples are 
slightly less protected by air. Also in Table II 
data cn the biaxially-stretched polymer are com
pared with those on unstretched material. No 
significant changes in the number of scissions were 
observed with the stretched materials as compared 
with the unstretclied. Also these materials, which 
should be free of aromatic impurities, gave results 
close to the other samples which were almost free of 
solvent.

T a b l e  II
G -V a lu e s" fo r  S cissions  P rodu ced  in  V a r io u s  S am p le s  

of P o l y m e t h y l  M e t h a c r y l a t e  b y  7 -R ays
After

Sample
Treatment 

before irradiation
irradiation 
In In

vacuo air
Film 100° for 20 hr. in vacuo 1.23 0.645
FB-1 100° l'or 20 hr. in vacuo 1.70 0.894
FB-2 100° for 20 hr. in vacuo 1.99 1.37
FB-1 120° for 20 hr. in vacuo 2.00 1.25
FB-2 120° for 20 hr. in vacuo 2.48 1.52
Commercial Plexi Noue 2.28

glas, biaxially- 100° for 20 hr. in vacuo 2.31
stretched 150% 120° for 20 hr. in vacuo 2.23

Commercial Plexi None 2.23
glas, unstretched 100° for 20 hr. in vacuo 2.16

120° for 20 hr. in vacxio 2.16
“ (7-value is number of scissions per 100 electron volts of 

absorbed energy.

Effect of Temperature.— Investigation of the deg
radation at liquid nitrogen temperature, —196°, 
revealed a considerable decrease in the number of 
scissions (see Fig. 5) as compared to those obtained 
at room temperature. For the film material ir
radiated in vacuo, G (scissions) was found to be 0.50 
at —196°, compared with 1.23 at 25°. In Fig. 5 
the results for film under different conditions are 
plotted for both temperatures. For the low tem
perature work it was not convenient to give sam
ples high doses. At —196° irradiation in air ap
pears to increase the number of scissions slightly 
rather than produce a large decrease. Addition in 
this case of ¿-butylcatechol did not produce more 
scissions. Exposure to air at —196° after irradia
tion and then allowing the sample to come to room 
temperature showed no effect.

Polystyrene
Formation of Cross-links.—The cross-linking 

of polystyrene and the various deuterated poly
styrenes required quite long periods of irradiation. 
Fortunately the molecular weights were fairly large, 
otherwise the periods would have been inconven-
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Electron volts/g. X  10~20.
Fig. 5.— Scissions produced in various polymethyl methacrylate films by 

7 -rays. Preheated at 100° for 20 hours. O, irradiated in vacuo at room 
temperature; • , irradiated in air at room temperature; a , irradiated in air 
at room temperature, with i-butylcatechol added to solution; X , irradiated 
in vacuo at —196°; □, irradiated in vacuo at —196°, exposed to air before 
warming to room temperature; 9 , irradiated in air at —196°.

iently long. A typical curve is 
shown in Fig. 6 where the increase 
in the relative viscosity of ordinary 
polystyrene is plotted against energy 
absorbed. It is seen that just prior 
to gelation the viscosity rises sharply.
The dashed vertical lines represent 
the erratic results obtained with 
samples that were definitely gelled 
and only incompletely soluble. The 
gel point is thus rather well-defined.
In this manner the gel points of sev
eral ordinary polystyrenes and the 
five deuterated polymers were ob
tained.

In Table III the energy absorbed 
during the formation of a cross-link 
is listed for these polymers. It was 
observed that old samples of poly
styrene gave higher values than 
freshly prepared material. The two 
polymers at the bottom of the table 
were several years old. The other 
ordinary polystyrene was prepared at 
the same time as the deutero polymers. It is 
reasonable to expect that slightly-oxidized polysty
renes will show less tendency to cross-link. Sam
ples irradiated in air in a finely-divided state have 
always shown degradation. Other investigators19 
also have observed this behavior in the presence 
of air.

T a b l e  III
E n e r g y  D issip a t e d  in  7 - I r r a d ia t e d  St y r e n e  an d  D e u -
TEROSTYRENE POLYMERS DURING THE FORMATION OF CROSS

LINKS an d  th e  P rodu ctio n  of H yd ro g en
In it ia l 

m o l. w t . E c a E  i> (H l+H D +I>2)
Polymer (v is .  a v . ) ( e .v . ) (e.v.)

a,j9,f3-d3-Styrene 9 7 3 , 0 0 0 2 3 7 0  ±  1 5 0 7 6 5 0

/3,|8-d2-Styrene 7 9 3 , 0 0 0 2 9 7 0  ±  5 0 0 5 4 5 0

a-di-Styrene 1 , 1 1 8 , 0 0 0 2 5 5 0  ±  1 5 0 5 2 4 0

/5-di-Styrene 1 , 1 4 8 , 0 0 0 2 1 5 0  ±  1 0 0 3 8 3 0

p-di-Styrene 1 , 0 3 2 , 0 0 0 3 3 0 0  ±  5 5 0 4 7 3 0

do-Styrene 1 , 1 7 6 , 0 0 0 1 8 6 0  ±  2 0 4 4 9 0

rfo-Styrcne 1 , 2 5 2 , 0 0 0 2 0 5 0  ±  2 0 0 3 9 1 0

do-Styrene 3 2 6 , 0 0 0 2 2 0 0  ±  2 5 0

“ Energy dissipated per cross-link formed. b Energy dis
sipated per molecule formed.

The effect of the deuteration on the cross-linking 
is not as large or as specific as might have been ex
pected. If the cross-linking process involves the 
abstraction of a hydrogen in a specific position 
which had been deuterated, cue would anticipate at 
least 1.4 times the energy required for a cross-link 
in ordinary styrene.20 Hence one or more of the 
deuterated substances would have shown high val
ues, and the others would show values close to that 
for the ordinary polymer.

In general the results in Table III show, as far 
as cross-linking is concerned, a lower probability 
for the deuterated species. However, no particular 
position or site would appear to be pre-eminently 
involved.

(19) P. Y. Feng and J. W. Kennedy, J. Am. Chem. Soc., 77, 847 
(1955).

(20) K. B. Wiberg, Chem. Revs., 55, 713 (1955).

In Fig. 6 there are also shown some data obtained 
at —196° on the cross-linking reaction in polysty
rene. Although the irraciations were not carried 
to the gel point at this temperature it is seen that 
the process is reduced to about 0.65 of the rate of 
cross-link production at room temperature. This is 
the same magnitude as the reduction in the scis- 
sioning process in polymethyl methacrylate, which 
was about 0.4 of that at room temperature.

Hydrogen Formation.— In polyethylene it is 
clear6’21 that the number of hydrogen molecules 
formed is several times the number of cross-links. 
The formation of double 1: onds accounts for the ex
cess hydrogen.

In Table III we see that for polystyrene the en
ergy dissipated during hydrogen formation is much 
larger than that for cross-links. Apparently con
siderably more cross-links are formed than hydro
gen molecules. This is the opposite of the behavior 
of polyethylene.

With hydrogen formation the effect of the deu
teration is qualitatively more consistent. With the 
exception of the /3-deuterated species, increasing 
deuteration leads to greater energy requirements,
i.e., lower yields. Deuteration in the a-position is 
also more effective than when in the para or /3-posi
tion.

The composition of the evolved hydrogen is 
compared with that of the polymer in Table IV. 
The hydrogen, as measured, was always an equilib
rium mixture of H2, IID and D2. The atom per 
cent, of deuterium is therefore listed in the table 
with that for the polymer. The third column is 
the uncorrected atom per cent, in polymer. The 
fourth column is the latter corrected for the lack of 
perfect deuteration in the monomer unit and for 
the contamination of the benzene solvent used for 
film preparation. The results indicate a variation 
in preference for hydrogen production over deu
terium. The fifth column in Table IV is a meas-

(21) M. Dole, C. D. Keeling and D. G. Rose, J. Am. Chem. Soc., 7$, 
4304 (1954).
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Electron volts/g. X 10-20.
Fig. 6.— Relative viscosity of y-irradiated polystyrene 

solution versus energy absorbed by polymer. O, irradiated 
in vacuo at room temperature, vertical dashed lines refer to 
samples incompletely soluble; X , irradiated in vacuo at 
-1 9 6 ° .

ure of the discrepancy between atom per cent, of D 
in gas versus that in polymer. It is seen that a more 
statistical result occurs as more deuterium is sub
stituted for the less strongly-bonded hydrogens,
i.e., the a and ¡3, in polystyrene.

T a b l e  IV
C o m p a r i s o n  o r  D e u t e r i u m  i n  G a s e o u s  P r o d u c t s  w i t h  

D e u t e r i u m  i n  P o t .y m e r

Polymer
Polymer

Gas,
atom %

Polymer, 
; atom %

(cor.), 
atom %

Com
parison1

a,0,0-d3 34.4 37.5 35.0 0.02
(3,0-di 19.3 25.0 23.8 .19
a-di 9.2 12.5 11.9 .23
P-di 9.0 12.5 11.9 .24
p-di 3.9 12.5 11.9 .67
(Polymer (cor.) — gas)/polymer (cor.).

In Table V arc listed the 6-values, i.e., number 
per 100 e.v., for the production of hydrogen and 
deuterium atoms. The second column shows that 
the total H plus D yield decreases with increased

T a b l e  V

G - V a l t j e s '1 f o r  H y d r o g e n  a n d  D e u t e r i u m  A t o m s  P r o 

d u c e d  b y  7 - I r r a d i a t i o n  o f  D e u t e r o p o l y s t y r e n e s

Styrene
polymer G(II +  D) G(II) G(D)
a,0,0-d3 26.2 17.2 9.0
P.P-dz 33.6 27.1 6.5
a-di 38.1 34.6 3.5
0-di 52.2 47.0 5.2
p-di 42.2 40.6 1.6
d0 44.6 44.6

“ Number of atoms per 100 e.v., values in table multi
plied by 103.

deuterium content, again with the exception of the 
d-di polymer. For 1.5 m.v. electrons the (?(H) for 
benzene-do was 72 X 10 ~3, and the 6(D ) for ben
zene-do was 23.4 X  10“ 3.18 Recently, an almost 
identical value has been reported for the yield of

hydrogen from y-irradiated benzene,22 as that from 
the electron irradiated. All these values compared 
favorably with those in Table V, and indicate that 
polystyrene is at least as stable, if not more so, 
than liquid benzene.

The 6-values for hydrogen atoms, 6(H ), i.e., 
26(H 2) +  6(H D ), and that for deuterium atoms, 
6 (D ), are listed in the third and fourth columns. 
With the exception of the poly-/l-deuterostyrene, 
all the 6(H) values appear to be comprised of addi
tive terms, depending on the position in the basic 
monomer unit. Thus we may write

D. W. B rown Yol. 61

Obsd. Calcd.
(?(H)0 = 4 gT +  gp + 2gp + ga = 0.0446 0.0444*
G( H)p = 4  gr + 2  gp +  ga = .0404 .0405
<?(H)/s = 4 gt +  Sp +  fgp +  ga = .0470 .0470
(7(H)a = 4<7r -j- gp -j- 2<7/? = .0346 . 0345
G(R)pp = 4gr +  <7P +  ffa = .0271 .0270
(?(H)a/ss= 4gr +  gP = .0172 .0171
where the g’s refer to disruptions of particular C— H 
bonds. For example, the 4gT refers to the disrup
tion factor of the four ring-hydrogens, other than 
that of the para-hydrogen, which is represented by 
<7P. For the four ring-hydrogens other than the 
para hydrogen the disruption factor, gr, has an av
erage value slightly smaller than gp. Using the 
last five equations above, the specific disruption 
values for the particular C—H bond can be calcu
lated. They are listed in Table VI, together with 
the factor, / ,  which is required to account for the 
high yield of hydrogen from the poly-,8-deuterosty- 
rene. When a deuterium is attached to the same 
carbon as a hydrogen it appears that the C—H is 
broken 2.3 times as readily as a C—H bond in the

H
structure, — C—, and the C—D appears to be

broken 1.6 times as readily as a C— D bond in the
D

structure —C—. Otherwise the data are com-
D

prised of additive terms dependent only on the po
sition of the particular bond. The starred calcu
lated value above is the only independent check. 
It is seen that it is in very good agreement with the 
observed quantity.

The <7'-factors, where prime signifies that a C— D 
bond is involved, are also given in Table VI. These 
values are obtained very simply from the 6 (D) 
values for the deuterated polymers. For instance, 
gp' =  6 (D)P, and g„ =  6 (D )a, w h iles/ =  6 (D) ̂ /2 . 
The gT' is estimated by an extrapolation of the 
trends in the other values in Table VI. For an in
dependent check the 6 (D) value for the a,/?,/?-tri- 
deuterostyrene polymer was computed from the 
expression

G(D)app =  2gg' +  ga' =  10.0

The observed value of 9.0 is only in fair agreement 
as compared with the agreement obtained above for 
the hydrogen bonds. The value in parentheses in 
Table VI for the isotope effect in the ring positions 
is, of course, speculative since gT' is based on the 
trends in the table and therefore less certain. 
There is more spread between the various g-factors 
for the C—H bond than between those for C—D 
bonds.

(22) R. II. Schuler, T h is  J o u r n a l , 60, 381 (195G).
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T able  VI

(7-Values fo r  S pe c ific  C-—II AND O -D B onds
(7-value Isotope

Position <7, C— II O', C— D effect“
a 9.9'' 3 .5 2 .8
0 8 .7 3 .25 2 .7
p 3 .9 1.65 2 .4
r 3 .3 (1 .5 ) (2.2)
/ 2 .3 1 .0

Ratio f/( C-—IT ) / ( / '(  C— D ). b (7-values are multi]
by 103.

Discussion
Temperature Effect.— In general one visualizes 

a mechanism for the processes caused by high 
energy radiation23 to be comprised of initial ioniza
tion which is quickly neutralized leaving relatively 
long-lived free radicals and atoms. These radicals 
recombine, disproportionate or react further with 
the surrounding material, depending on their rela
tive rates of diffusion.22 High local temperatures, 
presumably, cause the reactions to be unspecific 
and the small temperature effect observed. In this 
framework mutual termination of radicals and atoms 
may preponderate facilitated by the “ cage effect.” 
The correlation24 of scission with low heats of poly
merization, and cross-linking with high heats of 
polymerization, suggests that in the polymers 
which undergo scission disproportionation is more 
favored than in the polymers which cross-link. In 
the scissioning-type polymers diffusing radicals can 
cause further cleavages of chains and in each case 
regenerate a free radical. Hence, by going to sub- 
pyrolytic temperatures G-valu es for scission should 
become quite large. Depropagation into monomer 
would at very high temperatures overshadow ran
dom scission. On the other hand, cross-linking 
cannot become a chain process unless unsaturation 
exists in the polymer. Hence study at higher tem
perature would show for many of the cross-linking 
polymers lower G-values for cross-linking, or at 
least more concomitant scissions.

Oxygen Effect.—The effect of oxygen on scission 
reported here and on crosslinking13'19'26 would fit 
the framework outlined above. Oxygen, it is read
ily seen, could decrease scissions by reacting with 
the small radicals and thereby prevent them from 
attacking polymer chains. It is also evident that 
peroxide structures are formed on the polymer 
chains which interfere with scission. Such struc
tures will increase susceptibility to thermal deg
radation. In like manner, oxygen can prevent 
cross-linking. Only such polymers are more prone 
to oxidative scission. Hence these materials usu
ally show decreases in molecular weight after irra
diation in the presence of adequate oxygen.

Deuterostyrene Polymers.— Of the hydrogen 
evolved from ordinary styrene 22.3% appears to be 
derived from the «-position, 39.2% from the 13-  

positions, and 38.5% from the ring. In other 
words, no simple mechanism can be pictured oper
ating totally through a specific position in the 
monomer unit. However, the one «-hydrogen is

(23) A. H. Samuel and J. L. Magee, J. Chem. Phys., 21, 1080 
(1953).

(24) L. A. Wall, J. Polymer Sci., 17, 141 (1955).
(25) A. Chapiro, J. chim. phys., 52, 247 (1955).

equivalent to three atoms in the phenyl group. 
The isotope effect, 2.2-2.8, may indicate an average 
maximum local temperature of about 400°.20 The 
lack of correlation between deuterium content and 
cross-linking suggests that this process involves the 
phenyl group and not the hydrogen atoms. This is 
fortified by the fact that the number of cross-links 
exceeds the number of hydrogen molecules pro
duced. The cross-linking process does not appar
ently produce free hydrogen molecules, which is 
not surprising in view of the fact that more polymer 
is found in the radiolysis of benzene than gaseous 
products.18

The hydrogenation of the phenyl ring may ac
count for the low hydrogen production, which is 
lower than the equivalent of cross-linking indicat
ing the ring as a contributory, or even the predomi
nant site, for cross-linking formation if we rule out 
hydrogenation of the ring by H2 molecules. This is 
not, however, completely feasible due to the possi
bility of high local temperatures and the presence 
of radicals and atoms. However, in such an aro
matic polymer cross-linking processes such as 
are quite possible as well as other variations.

H II

•~CH2— C~» ' " C H r - C .

In this respect the observation of Dole6 on the dis
appearance of the vinylidene group in polyethylene 
is suggestive of simultaneous hydrogenation and 
dehydrogenation processes in irradiation polymers. 
It is quite likely that in these systems the atoms re
act very rapidly, either to combine, add to unsatu
ration, or abstract, depending on the structure of 
the material being irradiated. Hence radical scav
engers are not likely to have extremely large effects.

Polyethylene-1/4.—Some preliminary experiments 
have been carried out with polyethylene-d4 and 
polyethylene-do. The results arc tabulated in 
Table VII. The (7(H ) values obtained on several 
commercial polyethylencs ran from 6 to 8 depend
ing on the sample. Therefore, the polyethylene 
compared in Table VII with deuterated polymer 
was made at the same time and under the same 
conditions as the polyethylene-d4. At first sight the 
data appear to indicate a higher value for the deu
terated polymer than for the hydrogenated sub
stance. However, it was observed that the num
ber of H atoms in the gas from the deuterated poly
mer was much higher than that which was likely 
to be in polymer. As in the earlier results with 
poly-d-deuterostyrene it appears that hydrogen in 
-C H D - structures is evolved during radiolysis with 
a greater probability than hydrogen from poly- 
ethylenc-r/o. Assuming the polyethylene-rf4 con
tained 2.16 atom %  of H, the initial (7-values were 
corrected. For polyethylcne-d4 (7(D) is estimated 
to lie about 3.7. It may be slightly less if deu
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terium in -C H D - structures has an increased prob
ability for rupture compared with -C D 2-  structure. 
The value of 3.7 for polyethylene-d4, compared with 
a G{H) of 3.8 for polyethylene-cL, denotes an almost 
negligible isotope effect, a (7(H)/(7(D) of 1.03. On 
the other hand, the hydrogen in the deuterated 
polymer, which is almost entirely contained in 
-C H D - type structures, appears to be evolved 8.3 
times as easily as the hydrogen from the polyethy
lene-do- This is considerably larger than the 2.6 
factor observed in connection with the poly-/3-deu- 
terostyrene. At the present time not too much can 
be said about this latter effect except that analogous 
but small effects have been obtained in the mass 
spectrometric dissociation patterns of partially 
deuterated paraffins.26

T a b l e  V II

7 - I r r a d ia t io n  of P o l y e t h y l e n e -i ô an d  P o l y e t h y l e n e -^
Polyethylene-do Polyethylene-di Prior dose,

G{ H) g :h  +  d ) Atom % H in gasa e.v. X 10“20/g .
3.78 4.3 14.6 0
3.08

3.1 1 2 .1
53.65
57.25

2.4 11.3 76.80
a Polyethylene-i4 was prepared from monomer containing 

2.16 atom %  of H.

The fact that we find a relatively large ratio of 
G(H)/G(D) for polystyrene and a negligible ratio 
for polyethylene, suggests a considerable difference 
in the mechanism of hydrogen formation in the two 
cases. Somewiiat similar data are available for 
small molecules. The G(H)/G(D) for benzene and 
benzene-do is 0.070/0.0234 or 3,18 while the ratio of 
the radiochemical yield of radicals from methanol- 
d0 to that for methanol-d4, G(R) methanol-d0/G(R) 
methanol-d4, is 24.0/23.0 or 1.04.27 The latter 
measurement is based on the consumption of the 
radical “ scavenger”  diphenylpicrylhydrazyl.

The small molecule behavior, it is seen, has sev
eral similarities to that of the polymers. A high 
isotope effect is associated with the aromatic struc
ture and the low G-values; and the low isotope ef
fect is associated with the aliphatic structure and 
relatively large G-values. Comparison of the mass 
spectra of CH4 and CD426 and certain deuterated 
and undeuterated aromatic compounds28 show lit
tle or no effects on the fragmentation patterns or on 
total ionization as a result of deuteration. There 
are effects in partially-deuterated methanes26 due to 
the -C H D - type structure.

During 7-irradiation, it is evident that the mech
anism in polystyrene differs fundamentally from 
that in polyethylene. If a negligible isotope ef
fect is assumed in the initial production of hydro
gen atoms, then the number of hydrogen molecules 
from polyethylene, whether formed by combination 
or abstraction processes, should not be more than
10- 20%  greater than the number of deuterium mol-

(26) V. H. Dibeler and F. L. Mohler, J. Research Natl. Bur. Stand
ards, 45, 441 (1950).

(27) A. Prevost-Bernas, A. Chápiro, C. Cousin, Y. Landler and M. 
Magat, Disc. Faraday Soc., 12, 98 (1952).

(28) F. L. Mohler V. H. Dibeler, L. Williamson and H. Dean, J. 
Research Natl. Bur. Standards, 48, 188 (1952).

ecules from polyethylene-^*. In polystyrene the 
isotope effect, —2.5-3, implies that the observed 
hydrogen molecules are formed by abstraction 
processes, in competition with atom addition to 
unsaturation. That is, assumption of no isotope 
effect in the production of primary atoms, requires 
for the appearance of the observed isotope effect, 
that some mode for the consumption of hydrogen 
atoms exists, which does not produce hydrogen 
molecules.

Alternative mechanisms for hydrogen produc
tion would be ionic reactions similar to those re
cently reported.29 An example which could ex
plain cross-linking is shown here

CH3+ +  CH4 — s- C2H6+ +  H2

However, no scheme involving ionic processes 
alone can be devised readily to explain the results 
discussed above.

Another important point arises from the drop in 
the hydrogen yield from polyethylene with increas
ing dose, observed here and previously.30 It has 
often been assumed that the cross-linking in this 
material is a linear function of dose. This non
linear hydrogen yield suggests that the cross-link
ing is really not linear with dose. If double bond 
formation were truly linear as some studies6’21 ap
pear to indicate, then stoichiometry would require 
non-linearity in cross-link production.
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DISCUSSION
L. M. D orfman . (a) Dr; Wall has stated “ In polyethyl

ene it is clear that the number of hydrogen molecules formed 
is several times the number of cross links.”  This is in fact 
a matter of contention. The evolved hydrogen exceeds the 
number of cross links, but there is not general agreement as 
to whether this is a small excess (see A. A. Miller, et a l, 
T h is  Journal, 60, 599 (1956)) or a several-fold excess as Dr. 
Wall has stated.

(b) I believe that Dr. Wall and I have somewhat dif
ferent results on the apparent isotope effect in the deuter
ated polyethylene. We find an over-all isotope effect of 
ks/kn =  2.2 for mixtures of normal and deuterated paraf
fins. I hasten to add, however, that this is not quite the 
same experiment, as we are irradiating mixtures. But in the 
radiolysis of the deuterated paraffin alone we do not find 
the disproportionately large effect reported by Dr. Wall. I 
would point out that if his deuteropolyethylene were 93%  
D (rather than the assumed 98%  D), this would give an 
isotope effect in very close agreement with my observed 
value.

L. A. W a l l .— (a) In regard to the ratio of hydrogen 
molecules to cross links produced in polyethylene, Miller’s 
results indicate a value for DYNH polyethylene of ~1.7 . 
Data of other earlier workers suggest considerably larger 
values. In view of the wide range of hydrogen yields found 
in our work with various polyethylenes it is unlikely that 
such ratios will not be subject to considerable variation.

(29) D. O. Schissler and D. P, Stevenson, J. Chem. Phys., 24, 926 
(1956).

(30) E. J. Lawton, P. D. Zemany and J. S. Baîwit, J. Am. Chem. 
Soc., 76, 3437 (1954).
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The specific heat of a sample of polyethylene exposed to 50 megarep of 7 -radiation as well as one exposed to approximately 
336 megarep of pile radiations has been measured from —20 to 140°. In the case of the 50 megarep sample a slight depres
sion of the maximum melting temperature of about 1.5° was observed, although no flow of the polyethylene occurred above 
this temperature. In all other respects the specific heat of this sample was identical with that of unirradiated polyethylene. 
In the case of the pile irradiated sample, the crystallinity decreased 5.7%. No depression of the maximum melting point 
could be observed, probably because of a change in the character of the melting. The G-value for hydrogen evolution was 
estimated to be 3.75.

I. Introduction
It has been stated1 that irradiation of poly

ethylene increases the melting point, that irradiated 
polyethylene2 “ no longer melts,”  even at tempera
tures of 300°, but “ loses its crystalline character at 
110°”  that3 the “ transition temperature corre
sponding to melting in ordinary polyethylene is 
only very slightly decreased with increasing cross- 
linking, so that the temperature at which all crys
talline structure vanishes is little affected,”  and 
that4 irradiated polyethylene melted at about the 
same temperature as unirradiated polyethylene, 
“ but instead of flowing, the material retains its 
form stability even at temperatures considerably 
above the melting point.”

In order to clarity the question regarding the 
effect of high energy radiations on the melting 
point of polyethylene it was decided to study the 
specific heat and the heat of fusion of irradiated 
polyethylene. Previously, Charlesby3 studied the 
melting of irradiated polyethylene by taking cool
ing curves from 220°. However, accurate deter
minations of the melting point and of the range of 
melting are not possible from cooling curve meas
urements because of super-cooling of the melt and 
because the rapid change of temperature prevents 
equilibrium from being established during the cool
ing. With precise colorimetric equipment much 
more accurate information can be obtained. For
tunately, the equipment5 was at hand for making 
such studies as many specific heat measurements of 
synthetic high polymers had previously been car
ried out6-7 in this Laboratory.

II. Theory of Melting
Part of the confusion regarding the exact melting 

point and melting range of polyethylene arises from 
the concept of melting as a process whereby a solid 
is converted to a liquid that will flow. Thermody
namically, the melting point is defined as the tem
perature at which the solid and liquid are in equilib
rium with each other. For a partially crystalline, 
partially amorphous material such as polyethylene 
in which there are crystallites of varying sizes melt-

(1) E. Collinson and A. J. Swallow, Quart. Rev,, 9, 311 (1955).
(2) A. Charlesby, Proc. Roy. Soc. {London), 215A, 187 (1952).
(3) A. Charlesby, ibid., 217A, 122 (1953).
(4) E. J. Lawton, J. S. Bai wit and A. M. Bueche, Ind. Eng. Chem., 

46, 1704 (1954).
(5) A. E. Worthington, P. C. Marx and M. Dole, Rev. Sci. Instr., 26, 

298 (1955).
(6) M. Dole, W. P. Hettinger, Jr., N. R. Larson and J. A. Wething- 

ton, Jr., J. Chem. Phys., 20, 781 (1952).
(7) S. Alford and M. Dole, J. Am. Chem. Soc., 77, 4774 (1955) 

(polyvinyl chloride). This paper contains references to earlier work.

ing at various temperatures, the definition of the 
melting point has to be restricted to the temperature 
at which the last bit of crystallites to melt are in 
equilibrium with the meb. The maximum melting 
point is the temperature at which the last detect
able crystallinity disappears. Because different 
methods have different sensitivities for crystallite 
detection, the different methods may yield dif
ferent results.

We prefer to define the maximum melting point 
as the temperature of intersection of the enthalpy- 
temperature curve for the liquid polyethylene with 
the enthalpy-temperature curve as actually meas
ured for the crystalline-amorphous solid. The lat
ter enthalpy includes the heat required to melt the 
fraction of crystalline material that has melted at 
the temperature in question. Figure 2 illustrates 
such a curve.

The factors that influence the melting range and 
maximum melting point are the following: (a) the 
reduction in the melt of she activity of the crystal
lizing segments by increase of mole fraction of non- 
crystallizable units such as co-polymer units or 
units containing branch points, cross-links and 
double bonds, or irradiation degradation products, 
etc.; (b) change in nature of crystallizing units, 
such as higher molecular weight cross-linked units 
being the crystallizing substance instead of the 
CH* segments of the unirradiated polyethylene;
(c) change in crystallite-melt interfacial area per 
gram of material by disruption of large crystallites 
into smaller ones8; (d) failure to attain equilibrium 
between “ pockets”  of impurities produced by the 
irradiation and the main bulk of amorphous ma
terial; (e) possibility of simultaneous presence of 
two kinds of crystallizing segments, either as dis
crete crystallites or in solid solution. Items (a) 
and (c) would cause a lowering of the melting 
point, while as a result of (b) the melting point 
would be increased. At low irradiation doses 
items (b), (d) and (e) probably would not produce 
detectable effects in the melting behavior. Item
(c) might shift the melting curve in a direction to 
increase the proportion vhat melted at lower tem
peratures.

III. Experimental Details
The details of the apparatus for measuring the 

specific heat have been described elsewhere5 and 
will not be repeated here. Each heating interval 
was about 10° at the lower temperature but only

(8) M. Dole, J. Polymer Sci., 19, 347 (1950); see also P. J. Flory, 
Trans. Faraday Soc., 51, 848 (1955).
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Fig. 1.— Specific heat of irradiated polyethylene in cal. g. 1 
deg._1.

about 2 to 5° in the significant melting range. As 
one hour approximately was required to regain a 
steady-state temperature drift of the calorimetric 
system and to determine this drift accurately, the 
rate of heating was slow enough to ensure nearly 
equilibrium conditions in the polyethylene. The 
highly irradiated pile sample required less time to 
come to thermal equilibrium after a heating inter
val than did the unirradiated sample.

The polyethylene samples studied were granular 
“ alkathene,”  a polyethylene9 produced commer
cially by I.C.I. Its maximum melting point was
113.8 ±  0.4°. see Fig. 2.

Three irradiations were carried out at the Ar- 
gonne National Laboratory, two of them in the pure 
7-radiation facility and one in CP-5, the heavy 
water pile. The first sample was exposed to 1 X 
106 roentgens cf y-radiation, the second to 50 X 106 
roentgens, while the third was in the pile for 20 
hours at a thermal neutron flux of 1 X  1013 thermal 
neutrons/sq. cm./sec. The first two irradiations 
using y-rays were performed with the polyethylene 
sealed in evacuated Pyrex tubes, while the third was 
carried out with the polyethylene in aluminum 
tubes, capped up, but open to the atmosphere. 
Oxidation occurred in this irradiation sufficient to 
produce a net weight increase of 0.82%.

In discussing quantitatively the irradiation dose 
it is convenient to take some significant unit. As 
our unit dose we have decided to take 106 rep or one 
megarep (one rep is defined as 93.1 ergs/g. energy 
absorbed in the ferrous sulfate dosimeter). One

(9) Kindly supplied by Dr. R. B. Richards.

megarep liberated 0.722 X 1 0 g. of hydrogen per 
g. of polyethylene as determined from the experi
ment performed in which the polyethylene was ex
posed to 50 megarep. As Charlesby2 quoted 7.7 X 
10 " 4 g. of hydrogen per g. of sample for his unit 
dose in the Harwell B.E.P.O., his unit dose was 107 
megareps. The irradiation dose of our third 
sample cannot be estimated accurately because of 
failure to collect the hydrogen evolved. A crude 
guess from a comparison of the slow neutron flux 
in the present Argonne CP-5 pile with that of the 
old heavy water pile yielded the value 340 me
garep.10

From the value of 0.722 X 10-6 g. of hydrogen 
evolved per megarep the (7-value was calculated to 
be 3.75 molecules of H2 evolved per 100 e.v. as
suming that the energy absorbed in polyethylene 
per g. was the same as in the ferrous sulfate dosim
eter used to determine the y-radiation intensity. 
This (?-value is probably within the limits of uncer
tainty equal to 3.5 which Tolbert and Lemmon11 
report as to the limit to which the (7-value of the 
saturated straight chain hydrocarbons approach as 
the molecular weight increases.

IV. Results and Discussion
The specific heat of the sample of polyethylene ir

radiated with 1 megarep of y-radiation could not 
be distinguished in any way from that of the unir
radiated material. It was used, therefore, as a 
standard to represent the unirradiated material.

The 50 megarep irradiated sample had a dosage 
sufficient to make the polyethylene almost com
pletely insoluble. After taking this irradiated 
sample through the long heating cycle, up to 135°, 
over a heating period of 48 hours, from a visual 
standpoint it appeared not to have melted. Each 
granule had maintained its individuality and moved 
freely over the others when the material was shaken. 
Yet its specific heat-temperature curve, Fig. 1, 
showed definitely that it had melted to exactly the 
same extent as the unirradiated sample.

It was the cross-linking which had produced the 
insolubility which also prevented the material from 
flowing after melting. The molten irradiated poly
ethylene was a gel maintaining its physical form 
despite being practically completely liquid.

The crystallinity of the irradiated sample was 
calculated by the equation

fraction of crystallinity =  /  = H l -  H
AH i (1 )

where is the enthalpy of the liquid polyethyl
ene, H  the enthalpy of the sample and AHf the heat 
of the fusion of the 100%  crystalline material, all at 
the same temperature and per gram of polyethyl
ene. For the 50 megarep irradiated sample no 
change in the crystallinity at room temperature 
could be detected. However, the hydrogen lib
erated, 3.61 X 10~4 g./g. sample, was only 0.25%

(10) The statement made in our previous publication, M. Dole, C. D. 
Keeling and D. G. Rose, J. Am. Chem. S o c 76, 4304 (1954), that 
Charlesby’s unit dose was equivalent to 974 hours of “ goat hole” 
irradiation was probably incorrect. A better estimate based on a 
hydrogen evolution comparison yielded the value of 450 hours of goat 
hole irradiation.

(11) B. M. Tolbert and R. M. Lemmon, Univ. of Calif. Radiation 
Laboratory Report No. UCRL-2704 (unclassified), August, 1954.
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of the whole. If the crystallinity had decreased by 
only 0.25%, this change could not have been de
tected.

The only detectable change in the thermal prop
erties of the 50 megarep irradiated polyethylene was 
a decrease in the maximum melting point of about
1.5 ±  0.5°. From the enthalpy curves of Fig. 2, in 
which the enthalpy of the melting region is plotted, 
one can see that the maximum melting point has 
definitely decreased. The point of intersection of 
the curve of the liquid region with that of the solid 
is at a temperature 1.5 ±  0.5° lower for the irra
diated sample than for the non-irradiated.

From the Flory12 equation it is possible to calcu

late the mole fraction of the crystallizing units, X a , 
necessary to produce a decrease of the maximum 
temperature of melting of 1.5°. In equation 2 T0 
is the maximum melting temperature of the pure 
polymer, Tm is the maximum melting temperature 
of the polymer whose mole fraction of crystallizing 
units is X a, R is the gas constant and AHf is the 
heat of fusion per mole of crystallizing segments. 
Taking6 AHt to be 921 cal./mole of CH2 units, T0 
to be 387 and Tm, 385.5°K., X a turns out to be
0.995 or the change in composition of the amorphous 
region due to the presence of irradiation products is
0.5 ±  0.2%. In the 50 megarep irradiated sample, 
the hydrogen evolution was 2.53 X 10~3 mole of H2 
per mole of CH2 units. This number must be mul
tiplied by two as each molecule of hydrogen evolved 
involves removing a hydrogen atom from two CH2 
units. The expected change in X a from hydrogen 
evolution is, therefore, 2 X 2.53 X 10-3 or 0.5%. 
Thus, the observed lowering of the maximum melt
ing point is the correct order of magnitude expected 
from Flory’s equation 2.

Turning now to the pile irradiated sample, the 
situation is less clear-cut because of the slight oxida
tion of the sample, and because the amount of hy
drogen evolved could not be measured. However, 
from the estimates of the latter given above, it was 
calculated that the expected change in X a was 2 X
0.017 or 3.4%. Such a decrease of X a would have 
produced a maximum mebing point depression of 
10.8°. By inspection of Fig. 2 it will be seen that no 
such lowering of the melting point occurred, al
though if only the lowest points on the enthalpy

(12) P. J. Flory, J. Chem. Phys., 17, 223 (1949); Trans. Faraday 
Roc., 51, 848 (1955).

Fig. 2.— Enthalpy of irradiated polyethylene relative to the 
enthalpy at 140°.

curve are extrapolated to an extension of the en
thalpy curve for the liquid, a freezing point lowering 
of 10.8° seems reasonable. The enthalpy curve for 
the pile irradiated sample suggests that there has 
been a redistribution of crystallite size and possibly 
molecular weight in a direction to produce a small 
amount of material melting at a somewhat higher 
temperature and to reduce the amount melting at 
the lower temperatures.

The fraction of crystallinity of the pile irradiated 
sample was 49.9% as calculated by eq. 1, 5.7% less 
than the crystallinity of the unirradiated sample. 
This change is somewhat more than 3.4% estimated 
above for the decrease of X a but, because of the 
uncertainty in the radiation dose, exact quantita
tive comparisons are meaningless.
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UREA DENATURATION OF IRRADIATED OVALBUMIN
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Irradiated ovalbumin, subjected to a light dosage of 7 -radiation, is denatured by urea, the kinetics of the dénaturation 
being obtained from the polarimetrically measured optical rotations. A comparison between the rate of dénaturation of the 
irradiated protein and the rate of dénaturation of unirradiated material reveals the former to be significantly larger. An 
explanation of the observations is given in terms of the radiation rupture of bonds in hydrogen-bonded groups.

Through coagulation studies Fricke has been 
able to demonstrate in X-rayed ovalbumin the 
presence of three fractions exhibiting a thermal la
bility greater than the native protein.2 The frac
tions were characterized by marked lowering of 
both energy and entropy of activation of dénatura
tion. The suggestion was made that certain struc
tural injuries in the protein molecule arising from 
the irradiation give rise to the enhanced lability to
ward heat.

A comparison between the rate of urea dénatura
tion of native and of irradiated ovalbumin provides 
information on the nature of the structural injuries 
sustained by the irradiated protein. The kinetics 
of urea dénaturation of this particular protein have 
been studied in detail by Simpson and Kauzmann.3 
The dénaturation proceeds by way of an unfolding 
of the polypeptide chain during which the solution 
becomes more negatively rotating. According to 
these authors the slower rate of dénaturation found 
with ovalbumin compared to many other proteins is 
a consequence of the unique initial step in the dé
naturation. This initial step is pictured as the pry
ing loose of the urea of an entire loop of the peptide 
chain, a process involving the rupture of about eight 
intramolecular hydrogen bonds. Recent work in 
which the same rate process has been studied with 
ovalbumin in D20  provides additional evidence for 
such an initial step.4 If the structural changes in
duced in the protein as a result of irradiation happen 
to involve any of the functional groups participat
ing in the hydrogen bonding of this peptide loop, 
there is likely 70 be a significant alteration of the 
rate of dénaturation when urea is added.

Experimental
Irradiations were carried out using radioactive cobalt 

(Co60) as the source of 7 -rays.E An aerated 10% aqueous 
solution of ovalbumin (no buffer) was irradiated in the 
capped 10-ml. Pyrex cells described by Hart.5 The irradia
tion chamber was refrigerated at about 4°. Irradiation 
for about 120 minutes at a dose rate of 2 X 10”  e .v ./g ./m in . 
produced 8 X 1017 ion pairs/g. (30 e.v. per ion pair) for a 
total of 11 X 1017 protein molecules/g. solution (ovalbumin 
mol. wt. =  45,000) or about 1 ion pair per protein molecule.

The dénaturation was followed polarimetrically in a 
fashion identical to that described by Simpson and Kauz
mann.3 2 cm. tubes jacketted at 30 ±  0.5° were used with 
the Rudolph High Precision Model 80 Polarimeter and 
Monochromator (5893A.). Protein concentrations were de
termined by dry weights or spectrophotometrically,
=  7 .5 .6 Five times crystallized ovalbumin obtainable from

(1) Work performed at Argonne National Laboratory during tenure 
of Resident Research Associateship.

(2) H. Fricke, T h i s  J o u r n a l , 56, 789 (1952).
(3) R. B. Simpson and W. Kauzmann, J. Am. Chem. Soc., 75, 5139 

(1953).
(4) R. H. Maybury and J. J. Katz, Nature, 177, 629 (1956).
(5) E. J. Hart, J. Am. Chem. Soc., 73, 68 (1951).
(6) J. F. Foster and J. T. Wang, ibid., 76, 1015 (1954).

Pentex Corporation, Illinois, was used without further puri
fication. Reagent grade urea and buffer salts were used.

In each experiment a run was made with the native pro
tein and one with the irradiated material. Only in this way 
is a valid comparison made possible since the protein seems 
to vary from lot to lot. The dénaturation was carried out in 
8 molar urea in 0.035 molar phosphate buffer of pH 7.7. 
Protein concentration was about 2% .

Results and Discussion
The marked increase in the rate of dénaturation 

found with the irradiated ovalbumin over the rate 
found for the native protein is clearly indicated by 
the respective curves in Fig. 1. As was found to be 
the case by Simpson and Kauzmann, the kinetics 
are complex, departing somewhat from first order. 
The best course to take is to recognize that the dé
naturation proceeds in two stages, an initial fast 
stage followed by a slow stage which goes on for 
many days, a final, characterizing the termina
tion of the initial stage, is considered to lie on the 
curve at about the place where the initially rapid 
rise appears to level off. The time for the change 
in rotation to reach the mid-point between the ini
tial value and a final is termed the half-time, 6/, of 
the fast stage of the dénaturation. From Fig. 1 it 
is seen that this half-time is 12 minutes for the irra
diated protein, and is 24 minutes for the native pro
tein. In other words, the irradiated protein de
natures twice as fast as the native.

Clearly, the structurally injured ovalbumin shows 
greater sensitivity to both heat and urea as dénatu
rants. Though it must be remembered that the 
courses of these two modes of dénaturation are not 
necessarily related,3 the result of the experiment in
dicated by the dotted line in Fig. 1 seems to argue 
for a close relationship. In this experiment, which 
is preliminary to more thorough work to be pur
sued,7 the irradiated ovalbumin was first heated 
and coagulated to remove about 20%  of the total 
protein. According to Fricke’s work this heating 
should have removed about half of the extra labile 
protein, all of fraction A and most of B, the two 
most labile fractions. The protein remaining in 
solution was then subjected to urea dénaturation to 
give the result shown. The fact that the curve now 
lies closer to that for native ovalbumin suggests that 
the radiation-damaged molecules which exhibited 
increased lability to urea are the same molecules in 
heat labile fractions A and B.

In this work the optical rotation for the undena
tured but irradiated ovalbumin is identical with 
that observed for native ovalbumin. Apparently, 
therefore, the damage to the irradiated protein is of 
a latent nature which only expresses itself in the

(7) These heating precipitation experiments were done in collabora
tion with Dr. Wendell Landmann, Argonne National Laboratory.
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T a b l e  I
O p t ic a l  R o ta t io n s  of U n d e n a t u r e d  O v a l b u m in  S olu 

tio n s

W 3d°
Native ovalbumin (measured in this work) —30.0 ±  0.3° 
Irradiated ovalbumin — 30.3 ±  .3°
Native ovalbumin (ref. 3) — 30.0 ±  .3°

subsequent dénaturation. This latent damage 
could be the rupture of a bond in a hydrogen- 
bonded group. Since such rupture does not neces
sarily cause movement of atoms relative to one an
other no change in optical rotation would be ob
served until the unfolding commences under the 
action of the urea. Such motion, even to a slight 
extent, is believed to produce changes in the optical 
rotation.8-10 Since the urea is believed to attack 
some eight hydrogen bonds in the unirradiated pro
tein in order to pry loose the first turn of the coiled 
peptide chain, in the irradiated protein the observed 
rate increase could very well be the result of fewer

(8) B. Jurgensons, Arch. Biochem. Biophys., 57, 376 (1955).
(9) J. A. Rupley, W. J. Dryer and H. Neurath, Biochim. Biophys. 

Acta, 18, 162 (1955).
(10) J. F. Foster and J. T. Yang, J. Am. Chem. Soc., 77, 3895 

(1955).

Fig. 1.— Time dependence of the optical rotation of oval
bumin preparation denatured by urea: urea concentration, 
8 M ; protein concentration, 2% ; buffer, 0.035 M  phos
phate, pH 7.7. For dotted line see text.

hydrogen bonds needing to be broken since some of 
these already have been ruptured. Further stud
ies aimed at relating the thermal lability to the urea 
lability of irradiated ovalbumin are planned.

Grateful acknowledgment is made of the encour
agement and interest of Dr. Hugo Fricke and Dr.
J. J. Katz.

INTERPOLYMER ION-SELECTIVE MEMBRANES. I. PREPARATION AND 
CHARACTERIZATION OF POLYSTYRENESULFQNIC ACID-DYNEL
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B y  H a r r y  P. G rego r , H arold  Jacobson , R obert C. Sh air  and  D avid  M. W etstone
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Interpolymer ion-selective membranes were prepared by casting a film from a solution of linear polystyrenesulfonic acid 
and Dynel (a copolymer of acrylonitrile and vinyl chloride) in a suitable solvent, and allowing the solvent to evaporate. 
Films of varying thickness (5-50 y) and polyelectrolyte-Dynel ratios (1/15 to 1/2) were cast from starting materials of differ
ent molecular weights and solvents. The ohmic resistances of these membranes varied upwards from about 5 ohm-cm.2 
in 0.1 M  potassium chloride; the concentration potentials (0.2 M  [0.1 M  potassium chloride) of some of the better mem
branes varied from 15.3 to 15.6 mv., as compared to a theoretical maximum of 16.1, showing a small anion leak. The inter
stitial molality of these membranes was calculated to be in the range 0.3 to 7. Osmotic flow rates using 1 M  sugar were 
also measured. Bi-ionic potential measurements showed the membranes to be highly speciSc toward calcium. Some of the 
general properties of interpolymer membranes are discussed in detail.

Introduction
The duplication of physiological membranes 

possessing ion-selective properties (i.e., the ability 
to restrict the transport of either cations or anions 
preferentially) by at least partly synthetic means 
dates prior to 1930. The early, classical work of 
Michaelis1 on the dried collodion membrane repre
sented the first major attempt to study these mem
branes and establish standard electrochemical cri
teria for membrane characterization. Ion-selec
tive membranes have been formed from hydrated 
zeolitic materials by Marshall,2 and from collodion 
and treated collodion by Sollner.3'4 Membranes

(1) As described by K. Sollner, T h i s  J o u r n a l , 49, 47 (1945).
(2) C. E. Marshall and W. E. Bergman, J. Am. Chem. Soc., 63, 

1911 (1941); C. E. Marshall and C. A. Krinbill, ibid., 64, 1814 (1942).
(3) C. W. Carr and K. Sollner, J. Gen. Physiol., 28, 119 (1944); 

C. W. Carr, II. P. Gregor and K. Sollner, ibid., 28, 179 (1945).
(4) K. Sollner, J. Electrochem. Soc., 97, 139C (1950); II. I5. Gregor 

and K. Sollner, T h i s  J o u r n a l , 58, 409 (1954).

have been cast from sulfonated phenol-formalde
hyde resins.6-6 Polystyrenesulfonic acid-divinyl- 
benzene ion-exchange resin particles were bonded 
with thermoplastic polymers to produce heteroge
neous membranes by Wyllie,7'8 and by Winger, 
Bodamer and Kunin.9 Membranes were prepared 
by dissolving linear polystyrenesulfonic acid in col
lodion solutions and casting films therefrom, and 
also by adsorbing the acid into the pores of collo
dion films; this work was reported by Sollner and 
Neihof.10'11 Homogeneous acid type membranes

(5) T. R. E. Kressman and J. A. Kitchener, J. Chem. Soc., 1190
(1949) .

(6) W. Juda and W. A. McRae, J. Am. Chem. Soc., 72, 1044 (1950).
(7) M. R. J. Wyllie and H. W. Patnode, T h i s  J o u r n a l , 54, 204

(1950) .
(8) M. R. J. Wyllie and S. L. Kanaan, ibid., 58, 73 (1954).
(9) A. G. Winger, G. W. Bo .lamer and R. Kunin, J. Electrochem. 

Soc., 100, 178 (1953).
(10) K. Sollner and R. Neihof, Arch. Biochem. Biophys., 33, 166

(1951) .
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were recently prepared by the copolymerization of 
p-styrenesulfonic acid and divinylbenzene,11 12 and of 
methacrylic acid and divinylbenzene.13

This paper is the first in a series dealing with the 
preparation and characterization of interpolymer 
ion-selective membranes. These membranes are 
prepared by dissolving a polyelectrolyte or an iono- 
genic polymer together with an inert film-forming 
polymer in a suitable solvent or solvent mixture, 
casting a film therefrom, and wholly or partially 
evaporating the solvent before placing in water.

Two types of membrane phenomena can occur. 
A membrane may be ion-selective, i.e., able to 
restrict the transport of either cations or anions 
preferentially; also a membrane may exhibit ion- 
specificity, i.e., be ion-selective among cations or 
among anions. A membrane may be cation-selec
tive {i.e., permeable to cations rather than anions) 
and simultaneously be ion-specific toward a cer
tain cation or cations. It obviously cannot be 
anion-selective and yet exhibit specificity toward 
any cation. However, it can be ion-specific with
out being appreciably ion-selective.

The considerations applied to the preparation of 
interpolymer membranes include : the desired elec
trochemical properties of the ionic or ionogenic 
material; the chemical and thermal stability of the 
film-forming matrix material as well as the polyelec
trolyte; the mutual solubility relationships of these 
multi-component systems.

The membranes reported here were formed from 
solutions of polystyrenesulfonic acid (of varying 
molecular weights), a copolymer of vinyl chloride 
with acrylonitrile, and either N,N-dimethylforma- 
mide, dimethyl sulfoxide or a mixture of cyclohexa
none with methanol.

Experimental
Most of the characterization procedures employed are 

similar to standard procedures in this field, developed 
largely by Sollner and his co-workers; the reader is referred 
to the original papers for details.4

Materials.—Dynel (D Y N ) is a copolymer of vinyl chlo
ride and acrylonitrile (Bakelite Division, Union Carbide 
and Carbon, NYGL). The solvents used were N,N-di- 
methylformamide (D M F, du Pont), dimethyl sulfoxide 
(DSO, Stepan Chemical Co.), cyclohexanone and methanol 
(Li.S.P. grade, Union Carbide and Carbon).

Polystyrenesulfonic acid (PSA) was prepared from poly
styrene or, in some cases, a commercial product was used. 
The preparation and purification procedure for PSA followed 
that described previously.14 Polystyrene powders (M on
santo) of three different average molecular weights, namely, 
10,000, 30,000 and 70,000, were used. To ensure rapid and 
thorough sulfonation, only the —40 mesh fraction was used.

Sulfonations were carried out at 95° employing a 10 molar 
excess of concentrated sulfuric acid and silver sulfate as 
catalyst (1%  of the wreight of polystyrene). The 10,000 
mol. wt. polystyrene was sulfonated for 2 hours, the 30,000 
mol. wt. polymer for 3 hours, and the 70,000 mol. wt. 
product for 4 hours. Complete sulfonation was achieved as 
indicated by complete solubility of the polymer in water, 
with no evidences of cross-linking.

The large excess of sulfuric acid present could be removed 
by dialysis, by neutralization with sodium carbonate and 
subsequent salting-out of the sodium salt, or by an anion- 
exchange treatment. A convenient procedure for éliminât-

(11) R. Neihof, T his Journal, 58, 916 (1954).
(12) W. F. Graydon and R. J. Stewart, ibid., 59, 86 (1955).
(13) G. J. Hills, J. A. Kitchener and P. J. Ovcndcn, Trans. Faraday 

Soc., 51, 719 (1955).
(14) M. H. Waxrnan, B. R. Sundheim and H. P. Gregor, This

J o u r n a l , 57, 969 (1953).

ing most of the sulfuric acid present was to add a limited 
amount of water to the sulfonation mixture, at which point 
most of the PSA precipitated. For example, when the 30,- 
000 mol. wt. PSA-sulfuric acid mixture was diluted to a com- 
.position of one part of sulfuric acid to 2.7 parts of water, a 
gummy mass separated out. Less than 10% of the PSA 
remained in solution; the precipitate contained about 30% 
of the sulfuric acid originally used.

This concentrate was purified further by dialysis across 
cellophane diaphragms, at which point 95% of the acid 
present was PSA, as indicated by the solubility test with the 
barium salt. The last traces of sulfuric acid were removed 
by passage through a column of strong base (Type II) anion- 
exchange resin. These resins have lower capacities than 
do the weak base resins, but they can be rinsed free of so
dium more readily. The resin columns were rinsed with 
water after passage of the PSA solutions to minimize loss of 
PSA.

The PSA solutions were evaporated to dryness at 105°. 
The dried polymers were completely re-soluble in water, 
indicating their stability at this temperature. The over-all 
yield by this procedure was 70%. The calculated acid value 
of pure PSA is 5.43 meq. per gram. The values for one 
group of PSA polymers prepared by these techniques were: 
10,000 mol. wt., 5.22; 30,000, 5.24; 70,000, 5.15. It 
should be noted that these molecular weights are for unsul- 
fonated polystyrene; the actual molecular weights would 
be 1.8  times the values stated, assuming no degradation of 
the polystyrene. This is difficult to ascertain by direct ex
periment. However, beads of loosely cross-linked poly
styrene (0 .1 %  divinylbenzene) are not degraded significantly 
by this sulfonation technique, as showm by visual observa
tion .

The solubility of the different PSA materials in a number 
of solvents in which D Y N  was also soluble was measured. 
The solubility of the 10,000 mol. wt. fraction was somewhat 
greater than of the other fractions. At 25°, the solubility 
on a weight per cent, basis of this fraction was: acetone, 
0.4; 2-ethoxyethanol (Cellosolve), 34; dipropylene glycol, 
5.4; D M F, 35; methanol, 62. The solubility in DSO was 
comparable to that in D M F, being difficult to measure be
cause of gel formation. The PSA was soluble in 3:1 mix
tures of D M F and acetone, but only slightly soluble in 1:1 
mixtures.

In an effort to increase the solubility of PSA in acetone 
and dipropylene glycol, the diethanolamine, isobutylamine 
and octylamine salts of PSA wore prepared; the salts were 
less soluble than the free acids.

Solutions of PSA in D M F were found to become opales
cent after a few days upon the absorption of even minute 
quantities of water. This is presumably the result of hy
drolysis of D M F by the strong acid. The DSO solutions 
did not deteriorate in this fashion.

The viscosity of a 70,000 mol. wt. sample of PSA in dif
ferent solvents was measured using a Brookfield Viscosimeter 
at 25°. The reduced specific viscosities ((17 — q¡,)/v<¡c, 
with c expressed in weight per cent.) for 2 %  solutions were 
as follows: D M F, 57; water, 124; DSO, 137. Comparable 
values for the D YN  were as follows: D M F, 93; acetone, 43; 
DSO, 99.

PSA is available commercially as the impure sodium salt 
of mol. wt. 10,000 (Lustrex 710) and mol. wt. 70,000 (Lus- 
trex 770) (Monsanto Chemical Co., Springfield, Mass.). 
A fraction (10-15% ) of these materials was insoluble be
cause of cross-linking, presumably due to sulfone bridges. 
These materials were dissolved in water, the gel filtered off, 
and the solution passed through a column of sulfonic acid 
cation-exchange resin in the hydrogen form (Nalcite HCR, 
National Alumínate Corp.) for conversion into the acid. 
The sulfate present in the original products was converted 
to sulfuric acid which had to be removed since it charred 
the polymer during drying. Therefore, the PSA solution 
was passed through a Irydroxide-regenerated anion-exchange 
resin as before, then evaporated to dryness. The acid 
values were: Lustrex 710, 5.02; Lustrex 770, 4.87, meq. 
per gram.

Membrane Preparation.— Casting solutions were pre
pared using D YN as the matrix material (M ) and PSA as 
the polyelectrolyte (P), with either DM F, DSO, or a mix
ture of cyclohexanone and methanol as solvent. All poly
mer solutions were filtered before use through a glass wool 
mat. Varying P /M  ratios were employed, the total solids 
content being chosen in each case so as to yield practical
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casting viscosities. For the casting of thicker membranes 
(>10 m final thickness) viscosities in the range of 150 to 250 
c.p. were found satisfactory. Below 150 c.p., the thicker 
films were found to spread uncontrollably over the casting 
plate before sufficient solvent could evaporate to make the 
film “ set.”  The total solids content was kept in the range 
10-15%.

The membranes were formed by casting films of the 
polymer solutions on glass plates, using a Boston-Bradley 
blade, and drying the plates at 70-75° for 48 to 96 hours. 
Membranes were stripped from the plates after soaking in 
water for 10 to 30 minutes. The membranes were condi
tioned for testing by about 24-hour equilibration with 1 M  
potassium chloride (plus a small amount of potassium ace
tate to buffer the solution at pH 5-6.5; this served to neu
tralize the acid present in the film). Prolonged equilibra
tion in 0.1 M  potassium chloride preceded all measurements.

Thickness.— Average thickness is reported in microns % ) 
for a membrane equilibrated with 0.1 M  potassium chloride- 
Average dried thickness is reported for the same membrane 
soaked briefly in water to remove diffusible electrolyte and 
dried as indicated below. The shrinkage is reported as per 
cent, of wet thickness.

Water Content.— The conditioned membranes were first 
soaked in water to elute diffusible salt, blotted quickly with 
filter paper to remove surface moisture and U'eighed quickly. 
They were then dried in a vacuum oven at 50° for about 24 
hours and re-weighed. Water content is reported as per 
cent, of total wet weight. It was established that further 
drying under these conditions did not remove more than an 
additional 0.3%  of water.

Exchange Capacity.— The active exchange capacity is 
defined experimentally as the number of exchange sites 
within the membrane structure which are titrable while 
leaving the membrane intact. Each sample was equilibrated 
with 1 M  hydrochloric acid, rinsed free of diffusible acid, 
blotted quickly and eluted with an excess of 1 M  potassium 
chloride. The eluent was titrated in conventional fashion 
with standard base. The theoretical equivalence of each 
membrane was calculated on the basis of the composition of 
the casting solution and dry weight as determined above; 
the available capacity is reported as per cent, of this theo
retical maximum and as meq. of active groups per unit area 
of membrane. In addition, the molality of these groups was 
calculated on the basis of water content.

Osmotic Flow.— The movement of water across mem
branes resulting from osmotic pressure difference was deter
mined with a conventional osmometer which supported the 
membrane horizontally on a wire screen. The osmometer 
was filled with water and immersed in a relatively large 
volume of 1 M  sucrose; the latter solution was stirred vigor
ously. Interpolymer ion-selective membranes are almost 
completely impermeable to sucrose.15 The entire assembly 
(less capillary and riser tubes) was thermostated at 25 ±  
0.03°. Thirty minutes to one hour was required for attain
ment of thermal equilibrium and uniform osmotic flow, and 
the extent of capillary fall was then measured over a timed 
period of one to four hours, depending upon the rate. The 
effective area of the film was 6.4 cm.2; the osmotic flow rates 
are reported as mm .3 per 100 cm .2 per hour. Rates were re
producible to ± 10% .

Ohmic Resistance.— Resistance measurements were made 
in a simple methyl methacrylate cell employing fixed platin
ized platinum electrodes. The cells were rugged and simple 
to use. The membrane cross-section tested was 0.30 cm .2 
to provide a measurably high resistance with highly conduct
ing membranes. A Klett Conductivity Bridge at 1000 
c.p.s. was used; additional capacitances up to 5,000 
were required for some measurements. Readings were taken 
at the ambient temperature and corrected to 25° (2%  per 
degree). Results are reported in ohm-cm.2, equal to pi, 
the product of the specific resistance and the thickness.

Concentration Potential.— Concentration potentials were 
measured using a methyl methacrylate cell; the exposed 
membrane area was about 3 cm.2. The cell was so con
structed that air could be bubbled across each membrane 
surface to reduce concentration overvoltage. Measurements 
were made during bubbling. The double compartment 
minimized diffusion from the salt bridge.

The cell circuit is represented by

(15) H. P. Gregor and II. Jacobson, to be published.

(1) „ (2) (3) (4)
S.C.E. |sat. KC1 |ci |Memb. |c2 ¡sat. KC1 ¡S.C.E.

where S.C.E. is the saturated calomel electrode, and junc
tions 1-4 were effected by saturated potassium chloride-3% 
agar salt bridges; the bracket represents the plastic cell.

The measuring circuit employed a Leeds and Northrup 
Type K-2 potentiometer and Typo E galvanometer with a 
sensitivity of 3.5 X  10“ 10 amp./’mm. when critically damped. 
The procedure was to clamp the membrane, previously 
equilibrated with the more dilute (c2) solution, in position 
and take periodic readings until the potential remained con
stant to within 0.01 mv. Membranes of higher selectivity 
yielded potentials which rose quickly (in a minute or less) 
to a constant, maximum reading which did not decay meas
urably. With poorer membranes, the potential decayed in 
spite of the stirring action, and an approximate maximum 
reading was taken. For membranes yielding close to theo
retical results, the cell solutions were changed several times 
before a final reading was recorded. The cessation of stir
ring resulted in no drop in potential with membranes of es
sentially maximum selectivity; as the selectivity of the film 
decreased, the potential drop increased correspondingly.

Three separate corrections were applied to each potential 
measurement: for the salt bridge liquid junctions, for the 
S.C.E. asymmetry, and for the temperature (except as 
noted below). The liquid junction potential error is the 
sum of the potentials of junctions (2 ) and (3), as written, 
in the concentration chain. This was obtained experimen
tally for different salts at varying concentrations by sub
stituting for the polymer membrane a thin rubber membrane 
containing a pin-hole. The total potential of this chain was 
measured. The liquid junction potential at the pin-hole 
■was calculated through use of the Nernst equation (for con
centration potentials) and the Henderson equation (for bi
ionic potentials, neglecting activity coefficient corrections). 
The (calculated) potential at the pin-hole was subtracted 
from the total potential; the salt bridge liquid junction po
tential was the difference and was applied as a correction. 
This technique is similar to that described by Sollner and 
Gregor.18

Bi-ionic Potential.— Bi-ionic potentials were taken in sub
stantially the same manner as the concentration potentials. 
Here 0.01 M  potassium chloride was used as the reference 
salt (c2). Corrections for liquid junction potential differ
ences at the salt bridges were applied as described above. 
It is recognized that such corrections (which amounted to a 
few mv.) may be trivial, especially where applied to uni
valent-divalent cation systems.

Bi-ionic potentials were found to decay more rapidly than 
concentration potentials, even when the solutions were re
placed within twro minutes, and particularly when divalent 
ions were involved. In such cases, readings were approxi
mated to the nearest 0.1 mv. In all cases, membranes were 
equilibrated with 0.01 M  potassium chloride (c2) before BIP 
measurements were made.

Results
In Table I are listed characterization data on a 

number of representative membranes. Thickness, 
resistance and concentration potential measure
ments were made on membranes equilibrated with
0.1 M  potassium chloride. The table indicates the 
general effects noted with variation of polyelectro
lyte to matrix material weight ratio (P /M ), thick
ness and solvent. Concentration potentials are 
to be compared to the theoretical maximum of 16.11 
mv., obtained from the relationship

by setting t+ =  1 (i.c., the Nernst equation). The 
respective activities are obtained by converting 
concentrations to molality and utilizing mean activ
ity coefficients in place of individual ion activity 
coefficients.4 Data were obtained from Conway.17

(1G) K. Sollner and II. P. Gregor, T h i s  J o u r n a l , 51, 299 (1947).
(17) B. E. Conway, “ Electrochemical Data,”  Elsevier Publishing 

Co., New York, N. Y., 1952.
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T a b l e  I T a b l e  I I I

G e n e r a l  C h a r a c t e r iza t io n  D a t a  f o r  Som e  PSA-DYN 
I n t e r p o l y m e r  M e m b r a n e s

O sm otic  F lo w  R a te s  fo r  S e le c te d  PSA-DYN  I n t e r 
p o l y m e r  M e m b r a n e s

(Theoretical Maximum Co. P. =  16.11 inv.)

No.
Mol. wt. 

X 103 P/M Solvent
Thick
ness,

/A

fi
Resistance,
ohm-cm.2

Concn. 
potential 
0.2/0.1 M 
KC1, mv.

39 70 1/15 DM F 36 20,500 1.42
38 70 1/9 DM F 37 10,100 9.32
37 70 1/5 DM F 44 425 15.54
15 30 1/4 DM F 19 335 15.28
5 10 1/3 DM F 37 398 15.51

11 30 1/3 DM F 14 17.3 14.41
13 30 1/3 DM F 39 141 15.36
10 30 1/3 3 CHO“ 9 79.3 11.70

30 70 1/3
1 MeOH 
DM F 5 6.7 10.77

34 70 1/3 DM F 11 5.8 15.39
35 70 1/3 DM F 20 11.2 15.12
36 70 1/3 DM F 39 182 15.54
32 70 1/3 DSO 10 4.32 15.32

8 30 1/2 DM F 20 17.3 15.18
9 30 1/2 DM F 48 11.5 14.81

26 70 1/2 DM F 10 4.6 11.10
28 70 1/2 DMF 39 21.1 12.02

“ Cyclohexanone.

Titrable exchange capacity, water content and 
shrinkage are listed in Table II for a number of 
membranes, differing primarily in the proportion 
of polyelectrolyte to matrix material employed. In 
addition, the interstitial molality of the active 
groups has been calculated on the basis of the ti
trated capacity and per cent, water.

No.
Thickness,

P

34 11
35 20
36 39
32 10

9 48
26 10
28 39

CO
Osmotic 
flow rate, 
mm.yiOO 
em.2-hr. fid!

591 3440
328 3660

43 7800
1722 7400
267 3030

1722 7900
216 4580

Concentration potentials for the membranes 
being characterized were measured over a wide 
range of potassium chloride concentrations, main
taining a 2:1 concentration ratio between the am
bient solutions. These results are listed in Table 
IV, and are to be compared to the calculated theo
retical potential shown for each pair.

The cationic specificity of several selected mem
branes is indicated by the bi-ionic potential (BIP) 
data of Table V. These data should be compared 
to values of the potential for free diffusion and for 
free canon diffusion (ii_ =  0) calculated from vari
ous forms of the Henderson equation. For the 
Li+ | K + pair, free diffusion is given by

and, wiien uci - =  0 

E ET . (¿+ A)i
if 0+ A),

T a b l e  I I

C a p a c it y  an d  W a t e r  C o n t e n t  o f  S e v e r a l  PSA-DYN 
I n t e r p o l y m e r  M e m b r a n e s

Capacity

No. P/M
Thick
ness,

P

meq. 
cm. “2 
X 103 %

h 2o
content,

%

Inter
stitial

molality
Shrink

age,
%

34 1/3 11 1.0 79 10.5 7.1 9 .1
36 1/3 39 3 .4 88 .2 21 .2 3 .7 2 .6
32 1/3 10 0 .9 77 20.5 3 .4 0

9 1/2 48 1.2 27 37.6 0.68 34 .8
26 1/2 10 0.1 8 .3 15.1 0.73 0
28 1/2 39 0 .4 13.7 35 .0 0.29 0

In Table III are listed osmotic flow data for sev
eral selected membranes, together with their 
thicknesses. The results in the third column (os
motic flow) are generally inversely proportional to 
the membrane thickness while resistance is directly 
proportional; the product of these two quantities is 
shown in the last column.

As a matter of practical interest, the burst 
strength of several membranes was measured on a 
Mullen Burst Strength Tester. These films are 
quite strong and easy to use as regards laboratory 
procedure. They are somewhat plastic and stretch 
before they tear. The pressure in pounds per 
square inch to the point of stretching on the Mullen 
Tester was about 7, the pressure at the tear point 
about 15, for several of the stronger films. Dynel 
films are not particularly elastic; the elasticity of 
these films is probably a reflection of the plasticiz
ing action of PSA.

where A and t refer to the equivalent conductivity 
and transport number at that concentration. For 
the Ca++ | K+ pair, the free diffusion potential is
p  _  _  A (ck)2 — B (cca)i — (cci)a +  (cciii RT  

A(ck)i — 2R(CCa)i +  (cci)j — (cci)i J
, A(Ck)2 +  (cci)l 

2£(cca)l +  (cci)l
where

a — 2(q.a )2____ „  _  2(l+ A)i
(i-A )i +  (t- A h ’ (i-A )i -f- (t- A)i

and (ck)2 is the molar concentration of potassium 
ion in solution (2), etc. The free cation diffusion 
potential (»ci^ =  0) is given by

p  _  _  (A/B)(ck)i — (C0a)l R T . {A/B)(ck)2
(A /B H ck). -  2(CCa)l SF 2 (cCa)l

where A/B is obviously (i+A)2/(£+A)i, from above. 
The transport number and conductance data of 
Conway17 were used for this purpose.

Discussion
This study is concerned with the development of 

improved techniques for the preparation of ion-se
lective membrane systems of superior properties. 
Those membranes previously described in the litera
ture or available commercially are not completely 
desirable from many points of view. An ideal 
membrane system should be easy to prepare in a re
producible manner from readily available or pre
pared materials and it should possess a high level of 
chemical stability and reasonable mechanical sta
bility. Further, the techniques employed should
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T a b l e  IV
C o n c e n tr a t io n  P o t e n t ia l s  in  M il l iv o l t s  o p  Se le c te d  
PSA-DYN  I n t e r p o l y m e r  M e m b r a n e s  as  a  F u n c tio n  of 

C o n c e n t r a t io n  op P o ta ssiu m  C h lo r id e  
Concentration ratio—2:1

Lower concn. ---Cl
Mem 0.001 0.004 0.01 0.04 0.1 0.4 1
brane

Theor.
M M M M M M M

max. 17.43 17.14 16.87 16.39 16.11 15.89 17.18
34 17.10 16.91 16.59 15.89 15.39 13.56 11.23
35 17.11 17.01 16.75 15.85 15.12 12.52 9.67
36 16.95 16.90 16.74 16.04 15.54 14.09 12.31
32 17.79 16.95 16.57 15.80 15.32 12.59 9.93
9 17.46 16.90 16.42 15.45 14.81 10.00 6.87

26 16.89 16.59 15.90 13.62 11.10 7.26 4.58
28 17.28 16.58 16.21 14.14

T a b l e  V
12.02 7.60 4.83

B i - io n ic  P o t e n t ia l s  a t  0.01 M  I o n ic  Str e n g t h  f o r  Se 
le c te d  PSA-DYN I n t e r p o l y m e r  M e m b r a n e s

BIP BIP
0.0033 M  CaCWO.Ol M 0.01 M  LiCl/0.01 M

No. KCl, mv. KC1, mv.
34 19.31 -2 4 .4 7
35 21.77 -2 4 .5 1
36 41.03 -3 0 .7 9
32 12.85 -2 1 .5 4

9 24.53 -2 1 .0 3
26 8.76 -1 9 .3 2
28 15.52 -2 0 .7 1
Theor. potentials for :
Free diffusion -  8.41 -  7.04
Free cation diffusion
(tier =  0) -2 6 .1 5 -1 9 .0 9

permit utilization of a number of different poly
electrolytes or ionogenic materials, and should al
low one to prepare any given membrane type with 
widely varying properties such as thickness, selec
tivity and permeability.

In principle, an ion-selective membrane need be 
no more than a film of a polyelectrolyte. Its se
lectivity would be proportional to the molal con
centration of fixed ionic groups in the membrane. 
Consequently, it is important not only that a film 
be highly ionic, but also that it not sorb too much 
water, thereby reducing the concentration of active 
groups. Were it not for the fact that polyelectro
lytes are water-soluble, the obvious and most di
rect procedure would be to cast films directly from 
them. Copolymers of an ionic or ionogenic mono
mer and a non-polar monomer can be prepared, but 
these are water-soluble when as little as 3% of the 
material is ionic. If the amount of ionic material is 
less than one per cent., the film is insoluble but also 
shows no electrochemical activity because the ionic 
groups are now isolated in an apolar matrix. While 
a polyelectrolyte could be insolubilized by cross- 
linking, which is not easily accomplished, the re
sulting film is rigid because a high level of cross- 
linking is required to counteract the swelling pres
sures. For example, the ion-exchange resin type 
membranes are 4-8%  cross-linked.

The technique described in this paper involves 
combining the polyelectrolyte with a second, water- 
insoluble film-forming polymer, such that the poly
electrolyte is enmeshed with the inert polymer in 
the final film. One then obtains the mechanical ad
vantages of an inert linear polymer, while retaining 
a high concentration of polyelectrolyte.

Phase Relationships.—A series of preliminary 
studies were carried out on a number of polyelec
trolytes, film-forming polymers and solvent sys
tems. Of the many possible combinations of polar 
polyelectrolytes and apolar film-forming polymers 
available, and solvents for either of these, only a 
few systems satisfy the requirement of compatibil
ity at any but insignificant concentrations. In 
many cases a single solvent would dissolve either 
polymer, but not both together. In some cases an 
apparently homogeneous solution of the two poly
mers could be achieved using a single solvent, but 
the film cast from this solution showed little or no 
electrochemical activity. For example, polyacrylic 
acid and DYN are apparently soluble in DMF, but 
during the drying process there occurs the formation 
of agglomerates of PAA in the DYN matrix, such 
that almost none of the acid groups are available 
for exchange.

While in some cases it was found possible to 
employ mixed solvents, these were difficult to use 
because one of the polymers usually coagulated as 
the more volatile solvent evaporated. Two sol
vents, DM F and DSO, were found to be outstanding 
as regards their ability to dissolve two incompatible 
solutes. The casting solutions had to be stable as 
regards absence of any gelation, but these often 
showed an appreciable Tyndall beam. All cross- 
linked material had to be eliminated from the sys
tem, and it also appeared that highly branched 
polymers were not particularly desirable. If the 
polyelectrolyte were made more compatible with 
the inert polymer as by esterifying the former, it 
was often found that the film was not electrochem- 
ically active because the esters could not be hydro
lyzed appreciably.

As a rule, the viscosity of the components in the 
system was studied in different solvents, because 
the reduced specific viscosity is indicative of the 
occluded volume of the polymer. Those solvents 
which gave polymer solutions of high viscosity were 
found to be desirable because here the polymer 
chain was relatively elongated, at least during the 
initial stages of drying. The films were conse
quently stronger mechanically, and the polyelec
trolyte was held more firmly because both poly
mers were presumably better intertwined.

Intrinsic Properties of Membranes.— The in
trinsic properties of a membrane system are those 
of the film itself such as molality of exchange 
groups, per cent, of available capacity, specific con
ductivity and mechanical properties. These are 
to be differentiated from its functional properties 
which are concerned with what the membrane 
does rather than what it is.

An examination of the data indicates that the 
molecular weight of the PSA used was not partic
ularly critical. The 10,000 mol. wt. material was 
more soluble in the casting solution, but probably 
would more readily diffuse out of the final film. For 
this reason the 30,000 and 70,000 mol. wt. materials 
were preferred. As regards the choice of solvent, 
Table I shows that the cyclohexanone-methanol 
solvent gave apparent^' homogeneous solutions but 
rather inferior membranes of high resistance and 
poor selectivity.



14G H. P. G regor, H. Jacobson, R. C. Shair and D. M. W etstone Vol. 61

Membranes cast from DSO rather than from 
DM F tended to swell somewhat more, and conse
quently were of lower resistivity.

An examination of Table II shows that not all of 
the PSA contained in the casting solution is titrable. 
When 25% of the film was PSA (P /M  =  Vs), the 
capacity varied from 75 to 90% of the PSA origi
nally present. Part of this difference is presumably 
due to complete enclosure of the polar exchange 
group by the matrix. When 33% of the film was 
originally PSA, the capacity varied from 8 to 30%. 
Here, at these higher polyelectrolyte contents, en
closure is less of a factor; rather, part of the poly
electrolyte was found to diffuse out of the mem
brane. However, the part that remained was 
firmly bound.

It would be expected that the thicker membranes 
would have proportionately lower water contents 
and higher molalities than thinner membranes. 
However, often the atmospheric conditions during 
the casting and drying operations are important 
factors, as is the amount of moisture originally 
present in the casting solutions. PSA is extremely 
hygroscopic, as are DM F and DSO. Traces of 
moisture present in the casting solution resulted 
in membranes of somewhat lower resistances. All 
of these factors require control for reproducibility.

As a rule, the swelling of a membrane was found 
to vary directly with its PSA content. However, 
the extent of swelling is not independent of the film 
thickness. Usually, the thinner membranes (<30 
/x) evidenced about the same specific resistances, 
while the thicker membranes often showed higher 
values. This effect was more prevalent with films 
cast from the lower P /M  ratios; here, some phase 
separation may have occurred. The thicker films 
dried at relatively slow rates thereby permitting 
time for diffusion while the membrane is still fluid 
or gelatinous.

The specific conductance of films having a P /M  
ratio of y 3 was about 2 X  10-6 mho cm.“ 1, while 
that of V* membranes was 2 X 10-4 mho cm.-1. 
Since the latter films are about 20% water, the spe
cific conductances of their interstitial solutions 
would be about 10-3 mho cm.-1. The interstitial 
molality of these '/Z membranes being about 0.6, 
one may calculate their interstitial specific con
ductance also from the free solution conductance 
of the potassium ion at these concentrations, and 
obtain a value of 40 X 10-3 mho cm.-1. The dif
ference in these two values is obviously a reflection 
of steric factors. The interstitial conductivity of 
the Vs membranes is one-fifth that of the Vs films 
while the former possess an interstitial molality 
greater by an order of magnitude; a greater steric 
factor would be expected at the lower polyelectro
lyte contents.

Functional Properties of Membranes.—The re
maining data of Table I require little comment. 
They show that membranes prepared from mixed 
polymers low in PSA have high ohmic resistances 
and rather poor concentration potentials. Obvi
ously, with these membranes, the conducting paths 
do not necessarily connect along the pores contain
ing the polyelectrolyte. DYN membranes are 
characterized by an extremely fine pore structure

even in the completely dried state, and may con
tribute to the conductance without, of course, mak
ing a parallel contribution to the potential of the
system.

Membranes containing appreciable amounts of 
PSA, varying from 16 to 25%, all evidence specific 
conductances of about the same order of magnitude 
(10-3 mho cm.-1 ), with concentration potentials 
which vary from good to excellent. A single ex
ample is given for a membrane prepared from a 
mixed solvent; asa rule, such membranes show in
ferior properties.

Membranes in the series 30, 34, 35 and 36 were 
cast from the same solution but had thicknesses 
ranging from 5 to 39 ¡x. Here the specific conduct
ance is not the same for all membranes, being ap
preciably higher for the 39 tx membrane. Films 
with thicknesses of 10 n or greater show excellent 
concentration potentials, but only a limited number 
of very thin membranes (i.e., <5 n) show good 
concentration potentials in these relatively con
centrated solutions.

The effect of substituting DSO for DMF may be 
seen by comparing membranes 34 and 32. Other 
factors being the same, DSO membranes generally 
evidence lower ohmic resistances but equal concen
tration potentials.

Membranes cast from solutions containing the 
polymers in a P /M  ratio of Vs show lower resist
ances, as expected, but as a rule also somewhat 
lower concentration potentials in 0.1 M  potassium 
chloride solutions. As has been described previ
ously, these membranes swell more strongly and 
imbibe more water than do those membranes with 
less polystyrenesulfonic acid. Further work at 
restricting the swelling of membranes having high 
PSA contents is continuing.

The data of Table III indicate an excellent par
allelism between the osmotic flow rate of a mem
brane and its ohmic resistance and thickness. The 
specific resistances of all the membranes listed are 
about the same (2-5 X  103 ohm-cm.) except that 
of 32, which is 43 X  103 ohm-cm. Consequently, 
co should vary inversely with thickness, which it 
does approximately except for some aberrant re
sults wdiich probably reflect individual variations 
between membranes. The relative constancy of 
the product Oco (about a twofold variation) strongly 
suggests that the mechanical pathways for osmotic 
flow and conductance are the same here. This will 
not be found true for other membrane types, re
ported in later papers. Also, PSA membranes have 
generally evidenced much higher osmotic flow rates 
than have comparable membranes of other types.

The concentration potentials of Table IV are 
typical and require little comment. In dilute solu
tions the membranes approach (or in some cases 
exceed, although some of this may be due to experi
mental error) the theoretical maxima. Membranes 
which are of low ohmic resistance show relatively 
poor selectivity in concentrated solutions but ap
proach the theoretical maximum as the concentra
tion decreases toward 0.01 M.

Bi-ionic potentials, as are given in Table V, are a 
good measure of the relative transport numbers of 
competing diffusible ions within a membrane. This
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current carrying ability is, of course, a function of 
both average mobility and effective concentration 
within the conducting pores of the membrane. If 
one assumes comparable effective concentrations for 
two competing cations, the Henderson equation 
may be employed to calculate a cation transport ra
tio from the measured bi-ionic potential. This 
may be done for the lithium-potassium system, re
vealing that, in comparison to the potassium ion, 
the lithium ion is only slightly less effective as a 
current carrying species in the membrane than it is 
in solution. Evidently in these systems there is 
little steric hindrance for the lithium ion as op
posed to the potassium ion, as is shown in more 
dense membrane systems.

The results of bi-ionic potential measurements 
when calcium solutions are compared with potas
sium are quite interesting. The free cation diffu
sion potential is in this case —26 mv., while 
measured potentials as high as 40 mv. are encoun
tered. Obviously, the membranes are considerably 
more permeable to calcium than to potassium, al
though the mechanism of preference is not evident 
from these data alone. Some of these phenomena are 
described in more detail in another paper,18 which

(18) H. P. Gregor and D. M. Wetstone, Trans. Faraday Soc., in 
press.

shows that while the membrane is highly specific to
ward calcium, the calcium is not bound by the ex
change groups but rather is diffusible. In this case 
also one may calculate a cation mobility ratio from 
the Henderson equation, although the known cal
cium concentrating ability of the membrane tends 
to invalidate the result for any but indicative pur
poses. As an example, a bi-ionic potential of 23.4 
mv. corresponds to a calcium to potassium ion 
transport ratio of 10. The transport data reported 
in the above-mentioned study indicate that this 
value is somewhat high, as would result from a 
calculation which assumed comparable membrane 
concentrations of the two cations.

Other trends in these potentials are as expected; 
increase of resistance and thickness tends to im
prove the results somewhat. However, higher PSA 
contents again appear to reduce the functionality 
of the film, presumably as a result of causing too 
great a matrix swelling. Data on other polyelec
trolyte type membranes, to be reported, will show 
that the degree to which thickness and ohmic re
sistance can affect bi-ionic potentials is very much 
dependent upon the degree of hydrophilic charac
ter attributable to the polyelectrolyte component.
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Interpolymer ion-selective membranes were prepared by casting a film from a solution containing a linear copolymer of 
vinyl methyl ether and maleic anhydride, Dynel (a»copolymer of acrylonitrile and vinyl chloride), and a suitable solvent. 
Films of varying thickness (1-113 m) and polyelectrolyte-Dynel ratios (1/6 to 1/1) gave ohmic resistances upwards from 
0.26 ohm-cm.2 in 0.1 M  potassium chloride. The concentration potentials (0.2 Af|0.1 M  potassium chloride) of some of the 
better membranes varied from 14.S to 15.8 mv., as compared to the theoretical maximum of 16.1, showing a small anion leak. 
The interstitial molality of these membranes was calculated to be in the range 0.4 to 4.4. Osmotic flow rates using 1 M  
sugar were also measured. Bi-ionic potential measurements showed the membranes to be highly specific toward calcium, 
with respect to potassium, but less specific toward lithium. The results are discussed and compared to those obtained with 
polystyrenesulfonic acid membranes.

Introduction
This paper is the second in a series2 describing the 

synthesis and characterization of interpolymer ion- 
selective membranes. The membranes reported 
here were formed from a solution of a copolymer of 
maleic anhydride with vinylmethyl ether and a co
polymer of vinyl chloride with acrylonitrile in N,N- 
dimethylformamide. On contact with water the 
maleic anhydride hydrolyzes to maleic acid. Some 
results are also reported on films made using poly
acrylic acids and polymethacrylic acids.

(1) Taken in part from material which was submitted in partial 
fulfillment of the requirements for the degree of Doctor of Philosophy 
in Chemistry at the Polytechnic Institute of Brooklyn.

(2) H. P. Gregor, H. Jacobson, R. C. Shair and D. M. Wetstone, 
T h is  J o u r n a l , 61, 141 (1957).

Experimental
The characterization procedures were exactly those em

ployed in the previous study,2 with such modifications as 
are'noted here. The procedures included determination of 
thickness, water content, osmotic flow, ohmic resistance, 
concentration potential and bi-ionic potential. The mate
rials used and the determination of exchange capacity dif
fered, as noted below.

Materials.— P V M /M A  is a 1-1 copolymer of vinyl methyl 
ether and maleic anhydride (General Aniline and Film). 
Polyacrylic and polymethacrylic acids were used, freeze 
dried from solutions supplied by the Rohm and Haas Com
pany. Dynel (D Y N ), N,N-dimethylformamide (D M F) 
and dimethyl sulfoxide (DSO) are as previously described.

Exchange Capacity.— The buffer technique described by 
Gregor and Bregman3 was used. The membranes were put

(3) H. P. Gregor and .1. 1. Brennan. J. Am. Chem. Sac., 70. 2370 
(1948).
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in the hydrogen form by treatment with 1 M  hydrochloric 
acid, equilibrated with water, blotted and then treated with 
a measured amount of a solution which was 0.015 M  in po
tassium acetate and 1 M  in potassium chloride; the pH was 
read after 24 hours. These pH values were compared to the 
curve for the titration of the same concentration and amount 
of potassium acetate in potassium chloride with standard 
hydrochloric acid, and the equivalents of hydrogen ion con
tributed by the membrane was read. The theoretically 
expected equivalence of each membrane was calculated on 
the basis of its initial composition and its dry weight; the 
available capacity is reported as per cent, of this theoretical 
maximum and as meq. of active groups per unit area of mem
brane. In addition, the molality of the active groups is 
calculated and reported, based upon the determined inter
stitial water content.

The procedure just described is rapid and convenient, 
although it does not give as definitive results as a direct 
titration of the membrane itself. These were carried out 
by adding increments of standard base to a membrane sample 
in the hydrogen state in 1 M  potassium chloride, reading the 
pH at 8-16 hours after each addition of base. The direct 
titration of the membrane gives an average first ionization 
constant of pK^i =  5, and pK „,  =  9. Accordingly, since 
the buffer titrations were carried out at pH 5-7, only about 
50% of the titrable hydrogen ions were detected; the ca
pacities may in some cases be greater by a factor of 1.5-2.

Results
In Table I are listed characterization data on a 

number of representative membranes. Thickness, 
resistance and concentration potential measure
ments were made on membranes equilibrated with
0.1 M  potassium chloride (except the dilute Co. P., 
which employed 0.01 M  potassium chloride). 
The table indicates the general effects noted with 
variation of polyelectrolyte to matrix material 
weight ratio (P/M ), thickness and solvent. Con
centration potentials are to be compared to the 
respective theoretical maxima, as given, obtained 
from the Nernst relationships.

T a b l e  I
G e n e r a l  C h a r a c t e r iza t io n  D a t a  f o r  Som e  P V M /M A - 

D Y N  I n t e r p o l y m e r  M e m b r a n e s  
(Theor. max. C d.P .:  0.210.1 M  KC1, 16.11 mv., 0.0210.01 

M  KC1, 16.87 mv.)
Concn. potential (Co.P.)

No. P/M Solvent
Thick
ness,

p

fi
Resistance,
ohm-cm.2

0 .2  0 .1  
M  KC1, 

mv.
0.0210.01 
M KC1, 

mv.
204 1 /6 DSO 34 69 15.57 16.83
188 1/5 DM F 40 8500 10.70 15.96
189 1 /4 DM F 40 728 15.77 16.75
206 1 /4 DM F 37 2275 15.12 16.62
207 1 /4 DM F 20 77 15.18 16.63
208 1 /4 DM F 10 10.3 14.98 16.68
190 1 /4 Acetone 29 8840 14.96
191 1/3 DMF 41 38 15.59 16.83
209 1/3 DMF 46 42 15.56 16.68
210 1/3 DM F 23 12.1 14.90 16.78
211 1 /3 DMF 14 6 .5 14.94 16.71
220 1/3 DMF 6 1.9 11.20 16.40
221 1/3 DMF ~ 1 0.32 ~ 7 . 1 ~ 1 2 .7
205 1/3 DSO 49 18.4 15.11 16.78
192 1/2 DMF 57 12 15.43 16.83
212 1/2 DMF 65 10.9 15.09 16.74
213 1/2 DM F 41 4.7 14.67 16.68
214 1/2 DMF 22 2 .7 13.62 16.17
222 1 /2 DSO 61 0.26 ~ 1 0 .4 15.40
193 1/2 Acetone 105 7.1 13.29
194 1/1 DMF 113 5.1 14.19 16.63

Titrable exchange capacity, water content, 
shrinkage and interstitial molality are listed in

Table II for five membranes, differing primarily in 
the proportion of polyelectrolyte to matrix material 
employed. In Table III are listed osmotic flow 
data for three additional, selected membranes, to
gether with their thicknesses and resistances. The 
product of resistance and osmotic flow is shown in 
the last column.

T a b l e  I I
C a p a c it y  an d  W a t e r  C o n t e n t  o f  Se v e r a l  P V M /M A -  

DYN I n te r p o ly m e r  M e m b r a n e s
Capacity

No. P/M
Thick
ness,

P

(meq. 
cm. ~2) 
X 10» %

HjO
content,

%
Inter
stitial

molality
Shrink

age,
%

188 1/5 40 0.27 3 .1 14 0.42 5
189 1 /4 40 5 .4 57 22 4 .4 0
191 1/3 41 7 .5 66 50 2 .5 15
192 1 /2 57 10.9 67 49 2 .7 42
194 1/1 113 12.4 63 71 1 .4 70

T a b l e  I I I

O sm otic  F lo w  R a te s  f o r  Se le c te d  P V M /M A -D Y N  
I n t e r p o l y m e r  M e m b r a n e s

Osmotic 
_ fi flow rate,

Thickness, Resistance, mm.3/ 1 0 0
No. P/M p ohm-cm.2 cm.*-hr. fi (1)
207 1/4 20 7 7 19.8 1530
210 1/3 23 12.1 340 4120
213 1/2 41 4.7 1166 5500

The b u rst stren g th o f  severa l m e m b r a n e s  as
measured on a Mullen Burst Strength Tester was 
about 2 pounds per square inch to the point of 
stretching, and the pressure at the tear point was 
about 5, for an average film. Pure Dynel films 
are not particularly elastic; the elasticity of these 
films is probably a reflection of the plasticizing ac
tion of PVM /M A.

Concentration potentials for two of the better 
membranes were measured over a wide range of 
potassium chloride concentrations, maintaining a 
2 ; 1 concentration ratio between the ambient solu
tions. These results are listed in Table IV  to
gether jivith the cationic transport numbers, calcu
lated from the membrane potential, neglecting 
other effects. Table V lists similar data for hydro
chloric acid at three concentrations in the same 
range.

T a b l e  IV
C o n c e n tr a t io n  P o te n tia ls  o f  Se le c te d  P V M /M A - 
DY'N I n te r p o l y m e r  M e m b r a n e s  as a  F u n c tio n  of C on -

c e n tr a tio n  o f  P o tassiu m  C h lo r id e
Theor. No. 207 No. 210
max., E, E,

c i / «  M  KCl mv. mv. i+ mv. i+
0.002/0.001 17.43 17.10 0.991 (17.47) (1.001)
0.008/0.004 17.14 10.48 .981 16.57 0.983
0.02/0.01 16.87 16.12 .978 10.18 .980
0.08/0 .04 16.39 15.77 .981 15.72 .980
0 .2 /0 .1 16.11 15.18 .971 14.90 .962
0 .8 /0 .4 15.89 14.06 .942 12.14 .882
2/1 17.18 10.51 .806 8.15 .787
0 .6 /0  01 96.6 92.5 .958 90.7 .940

The cationic specificity of several selected mem
branes is indicated by the bi-ionic potential (BIP) 
data of Table VI. These data should be compared
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T a b l e  V
C o n c e n t r a t io n  P o t e n t ia l s  o f  Se le c te d  P V M /M A -D Y N  
I n t e r p o l y m e r  M e m b r a n e s  a s  a  F u n ctio n  o f  C on cen 

t r a t io n  o f  H y d r o c h lo r ic  A cid  
T heor.
max., No. 207 No. 210

ci/ct M  HC1 mv. E, mv. t+ E, mv. u
0.002046/0.001023 17.44 (17.46) (1.001) (17.48) (1 .001)

.02046/0.01023 16.94 16.84 0.997 16.66 0..992

.2046/0.1023 16.85 15.07 0.947 15.02 0 .946

to values of the potential for free diffusion and for 
free cation diffusion (u~ =  0), which are calcu
lated from various forms of the Henderson equa
tion.2

< T a b l e  VI
B i- io n ic  P o t e n t ia l s  a t  0.01 M  I onic  S tr e n g t h  f o r  Se

le c te d  P V M /M A -D Y N  I n t e r p o l y m e r  M e m b r a n e s
BIP

0.0033 M CaClj’O.Ol M  
No. KC1, mv.

BIP
0.01 M  LiCI 0.01 M  

KC1, mv.
207 — 1-17.8 - 4 0 .7 9
210 ~ + 1 1 . 9 - 3 8 .4 6
211 ~ +  4 .1 -3 5 .4 1
220 2 .9 - 3 3 .4 8
213 ~  0 .0 - 3 4 .1 4
Theor. potentials for:
Free diffusion -  8.41 -  7 .04
Free cation diffusion
(uoi- — 0) - 2 6 .1 5 - 1 9 .0 9

Discussion
Before discussing the properties of the PVM / 

M A-DYN  membranes, a few remarks on the rea
sons for the choice of this particular system are in 
order. The first carboxylic acid systems investi
gated employed polyacrylic (PAA) and poly- 
methacrylic (PMA) acids with DYN. Solutions 
prepared from these polymers were apparently 
homogeneous in several solvents, but did show evi
dences of settling-out after standing for some weeks, 
indicating some incompatibility between the three 
components. Membranes cast from these systems 
gave low concentration potentials in all cases. Mi
croscopic examination of the films showed that they 
contained micro-globules of the acid, encapsulated 
by the matrix polymer.

Attempts also were made to prepare membranes 
by absorbing the acids in an already formed ma
trix. Films of DYN and polyvinylbutyral were 
cast, partially dried (various lengths of time), and 
coagulated with water. These films were then 
soaked in aqueous solutions of the polyacids, and 
dried in an attempt to “ lock”  molecules of the ac
tive materia] in the matrix pores.

The best membrane obtained by this technique 
was prepared by soaking a coagulated DYN film 
in a 10% aqueous solution of PAA for 18 hours, 
followed by drying. Its thickness was 51 a, the 
resistance was 98 ohm-cm.2, and the concentration 
potential (0.2 M  | 0.1 M  KCI) was 14.07 mv. All 
of the other membranes prepared by either of these 
techniques were inferior.

In an effort to obtain a polycarboxylic acid in 
such form as to be compatible with DYN, polymers 
of lower polarity were examined. It was found 
that the maleic anhydride copolymer formed 
homogeneous interpolymer membranes with DYN

at different ratios, and that it readily hvd rolyzed 
to the acid in contact with water. The initiation 
of this hydrolysis process was noted when the cast
ing plates were first dipped in water to strip the 
membranes, and was further evidenced by the 
large swelling which occurred at high values of 
P/M .

In considering the characterization data of Table 
I, several general effects are to be noted. The re
sistance varied substantially in an inverse manner 
with P /M , since conductance in a membrane is by 
the gegenions. The magnitude of the resistance 
and thickness variations, however, merits addi
tional comment. There is considerable swelling 
engendered by the hydrolysis of the anhydride 
which creates a considerably “ opened”  matrix 
structure, i.e., a porous film. This is corroborated 
by a soft, gel-like appearance in the high P /M  mem
branes.

The magnitude of the concentration potentials 
depends largely upon the extent to which fixed ex
change groups of the polyelectrolyte screen the 
pores available for electrolyte transport. Among the 
relatively unswelled membranes (e.g., 189, 191 and 
192) the Co.P. decreases slightly, corresponding to 
a moderate increase in swelling. This is evidenced 
both by increase in thickness and decrease in resist
ance. That the Co.P. does not drop abruptly for 
this P /M  range may be due to the increased 
amount of active sites present.

The two extremes (188 and 194) are also of inter
est. The considerable swelling of the 1/1 mem
brane probably has overcome any advantages 
gained by the large amount of polyelectrolyte 
present; thus both resistance and Co.P. drop 
sharply. Conversely, membrane 188 is probably 
composed of an essentially unporous, closed ma
trix, as evidenced by the resistance; what pores are 
present for transport contain few active sites. Thus 
the Co.P. is again quite low.

With respect to variation in thickness, 191, 211, 
220 and 221 may be examined. As would be ex
pected for macroscopically homogeneous systems, 
the specific resistances, particularly the last three, 
are about constant. An indication that a signifi
cant number of pores are unprotected by active 
sites may be gained from the significant drop in 
Co.P. with increasing thinness. It may be, how
ever, that very thin membranes develop mechani
cal imperfections in the course of handling, which 
are not easily detectable visually.

Two additional solvent systems were used. Films 
cast from acetone showed high resistances, a high 
level of swelling and the same concentration po
tentials. It may be that much of the polyelectro
lyte was hydrolyzed but was also encapsulated; 
acetone may be a better solvent for DYN than for 
PVM /M A. The results with DSO provided a 
more interesting case. While the Co.P. values ob
tained were slightly poorer than with DMF, re
sistances were remarkably low. Attention is par
ticularly directed to 222, a 61 n membrane of 0.26 
ohm resistance, which still yielded an appreciable 
value for Co.P. in the more concentrated solution. 
These phenomena with DSO have not yet been 
fully explored and discussion here of the causative
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factors would be premature. Many of these ef
fects were found to occur also with polystyrenesul- 
fonic acid-DYN systems.

The data of Table II on exchange capacity and 
water content are essentially self-explanatory. In
creased water content and shrinkage upon drying 
are to be expected of the more swelled membranes 
of higher polyelectrolyte content. Capacities of 
60-70% obtained at neutral pH levels indicate 
that almost all of the polyelectrolyte present in 
these membranes is available at pore sites.

The osmotic flow rates shown in Table III for 
three of the better membranes are to be compared to 
the parallel resistance data. While resistance and 
osmotic flow should be directly and inversely pro
portional, respectively, to thickness with uniform 
membranes, exactly the opposite is found here. 
Undoubtedly, this is largely the result of increas
ingly enhanced swelling of carboxyl membranes 
with larger polyelectrolyte contents. Ideally, the 
product of resistance and osmotic flow (last col
umn) should be constant. However, this assumes 
that the mechanisms of conductance and of osmotic 
flow are always dependent upon the same factors, 
which is patently not reasonable. The gegenions 
of the fixed active sites in the pores contribute to 
conductance, as may be seen when membrane 
conductance is measured in dilute solutions.4 
Obviously, pure osmotic flow is not so affected. 
When the pores are relatively large and greater in 
number (213), the gegenions’ contribution is small 
since the pores contain much diffusible salt, and 
conductance and osmotic flow should both depend 
directly upon variation in pore size. However, in 
smaller pores (207) the gegenions maintain a rela
tively high level of conductance (low resistance) 
while osmotic flow is sharply curtailed. Thus, the 
low value of fiw for 207.

Two facts of significance are to be noted in the 
Co.P. data of Table IV, the decrease of potential 
with increasing concentration and the failure in one 
case to achieve theoretical maximum. The selec
tivity of a membrane is dependent upon a number 
of factors, many of which have been discussed else
where.4“ 6 In the more concentrated solutions the 
“ anion leak” is of consequence. Of greater interest 
is the lack of attainment of theoretical maximum 
potentials even at extreme dilution. At c2 values 
of 0.004, 0.01 and 0.04 M  potassium chloride, the 
cationic transport numbers in both membranes are 
remarkably the same, 0.980. This constancy in t+ 
below 0.4 M  potassium chloride suggests that here 
the Donnan concentration inside the membrane is 
not a factor.

Two other explanations are available for lack of 
selectivity in the high dilution range. Water move
ment is a dissipative process which may occur to an 
appreciable extent in membranes of moderate re
sistance, and acts to lower the concentration poten
tial.7 At high dilution this effect could be inde
pendent of concentration, as is the case here.

Hydrolysis (of the weak acid active sites) is a
(4) A. G. Winger, G. W. Bodamer and R. Kunin, J. Electrochem. 

Soc., 100, 178 (1953).
(5) R. Neihof, T h i s  J o u r n a l , 58, 91G (1954).
(6) K. Sollner, J. Electrochem. Soc., 97, 139C (1950).
(7) G. Seatchard, J. Am. Chem. Soc., 75, 2883 (1953).

second factor to be considered, particularly in di
lute solutions.6'7 The replacement of the gegenion 
(e.g., potassium) with a hydrogen ion derived from 
the solvent increases the concentration of diffusible 
anions and decreases the potential. This effect 
would also be relatively concentration independent 
at high dilution.

That hydrolysis plays an important role here is 
suggested by consideration of the hydrochloric acid 
data in Table V. Weak acid membranes should 
not be expected to evidence high selectivity in the 
presence of a strong acid, and at 0.1 M  hydrochloric 
acid this is seen to be true. At higher dilutions 
these membranes are highly selective in acid, where 
hydrolysis may not occur, and evidence poorer se
lectivity in salts where it may. There is no com
parable argument to show that water transport 
would be significantly different in salt than in acid.

In the case of the 0.6 ¡ 0.01 M  potassium chloride 
chain of Table IV, some comment should be made 
on an additional effect which obtains when the two 
concentrations are quite different. Here the two 
faces of the membrane have rather different degrees 
of selectivity, the concentrated side of the mem
brane dominating the selectivity of the over-all 
system. This effect is in part a function of the 
thickness of the membrane, since it is the gradient 
of non-exchange electrolyte in the membrane phase 
which determines its selectivity. The higher con
centration can be so high that this flux of non-dif- 
fusible electrolyte moving across the membrane 
may make for poor selectivity even on the dilute 
side. Stirring would have a significant effect 
here.8 Thicker membranes, in general, show con
centration potentials corresponding to the selectiv
ity of the more dilute solution; thin membranes, 
on the other hand, are more prone to show concen
tration potentials reflecting higher concentrations. 
For both membranes, the selectivity of the 0.6 
M  | 0.01 M  chain lies between those of the 0.8 M 
and 0.2 M  chains.

Turning from selectivity to specificity, the bi
ionic potentials of Table VI are to be considered. 
The BIP of a particular membrane system is a 
measure of the relative transport of the two oppos
ing cations. For the lithium-potassium chain, the 
BIP varies from —30 to —40 mv., compared to a 
theoretical BIP of —19 mv. at zero anion transport 
using the Henderson postulates. These BIP val
ues indicate that the transport numbers of potas
sium ions in the membrane phase are four to five 
times as large as those for lithium. Since the mo
bility of lithium is about half that of potassium in 
free solution, it may be concluded that the effective 
concentration in the membrane phase of potassium 
is twice that of lithium. However, carboxyl mem
branes are known to concentrate lithium.9 There 
may be a steric effect operative here but the phe
nomena are yet to be explained.

For the calcium-potassium chain, the free cati
onic diffusion potential is —26 mv., reflecting the 
greater mobility of potassium. Since the measured

(8) II. P. Gregor and D. M. Wetstone, Trans. Faraday Soc., in 
press.

(9) H. P. Gregor, M. J. Hamilton, R. J. Oza and F. Bernstein, T h i s  
J o u r n a l , 60, 2G3 (1956).
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BIP values are positive and in some cases approach 
20 mv., one may calculate that calcium has a trans
port number which is as much as 10 times that of 
potassium, again making use of the Henderson 
postulates, which cannot apply here in a strict 
sense.1 2

It is of particular interest to note that the BIP 
for lithium-potassium is affected but slightly by 
the ohmic resistance of the membrane, while the 
BIP for calcium-potassium is affected strongly.

This may be seen by comparing the results for the 
membrane series 210, 211, 220. These membranes 
are in the sequence of decreasing ohmic resistance 
(and also decreasing thickness). Accordingly, one 
or both of these factors must play a significant role 
in these phenomena.
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Interpolymer anion-selective membranes were prepared by casting a film from a solution containing polyvinylimidazole 
quaternarized with methyl iodide, Dynel (a copolymer of acrylonitrile and vinyl chloride), and a suitable solvent. Films of 
varying thickness (1-30 m) and polyelectrolyte-Dynel ratios (1/5 to 1/1) gave ohmic resistances upwards from 5 ohm-cm.2 
in 0.1 M  potassium chloride. The concentration potentials (0.2 jW|0.1 M  potassium chloride) of some of the better mem
branes varied from —15.5 to —15.8 mv., as compared to the theoretical maximum of —13.1, showing a small cation leak. 
The interstitial molality of these membranes was calculated to be in the range 2.1 to 5.7. Osmotic flow rates using 1 M  
sugar also were measured. Bi-ionic potential measurements showed the membranes to transport chloride ion preferentially 
to iodate ion, but this may result from the operation of steric factors. The data are discussed and compared to those ob
tained with cation-selective membranes.

Introduction
This paper is the third in a series2'3 describing 

the synthesis and characterization of interpolymer 
ion-selective membranes. The present contribu
tion reports a membrane formed from a solution of 
polyvinylimidazole quaternarized with methyl io
dide, Dynel and either N,N-dimethylformamide or 
dimethyl sulfoxide. The active exchange material 
(the quaternarized imidazole) functions as a strong 
base anion exchanger.

Experimental
The characterization procedures used were exactly those 

employed in the previous two studies, with such modifica
tions as are noted here. These procedures included deter
mination of thickness, water content, osmotic flow, ohmic 
resistance, concentration potential and bi-ionic potential. 
Materials, membrane preparation and determination of ex
change capacity differed, as noted below.

Materials.— Polyvinylimidazole (Badische Anilin und 
Soda Fabrik) was quaternarized in these laboratories with 
methyl iodide to produce a polymer of l-vinyl-3-methyl- 
imidazolium iodide (QPVI). Conventional techniques 
were employed, the reactants being refluxed in methanol 
and the product precipitated and washed with acetone. 
Details of the preparation and properties of this polybase are 
described elsewhere.4 Dynel (D Y N ), N,N-dimethylform- 
amide (D M F ), and dimethyl sulfoxide (DSO) were as 
previously described.2

Membrane Preparation.— Preparative techniques were 
similar to those previously reported; since QPVI was quite 
slow to dissolve in D M F (somewhat faster in DSO), com
plete dissolution to form appropriate casting solutions usually

(1) Taken in part from material which was submitted in partial 
fulfillment of the requirements for the degree of Doctor of Philosophy- 
in Chemistry at the Polytechnic Institute of Brooklyn.

(2) H. P. Gregor, H. Jacobson, R. C. Shair and D. M. Wetstone, 
T h i s  J o u r n a l , 61, 141 (1957).

(3) H. P. Gregor and D. M. Wetstone, ibid., 61, 147 (1957).
(4) H. P. Gregor and D. H. Gold, in preparation.

required three to five days. Membranes were formed on 
glass plates with a Boston Bradley Blade as before, with the 
drying temperature reduced to 50° to preclude any decom
position of the imidazole group, thereby requiring about 
96 hours for drying to occur. Stripping the membranes re
quired prolonged soaking in water (30 minutes or more) to 
avoid tearing. Conditioning and storing in potassium chlo
ride were employed as before.

Exchange Capacity.— The chloride form membranes were 
first washed with water to remove diffusible salt, then 
treated with a large excess of 1 M  potassium nitrate for 24 
hours. The decanted solution was titrated potentiometri- 
eally with standard silver nitrate using a silver-silver chlo
ride electrode. Available capacity is reported as per cent, 
of the theoretical maximum, calculated from the composi
tion of the casting solution and the dry weight, and also as 
milliequivalents per unit area of membrane. In addition, 
the molality of the active groups is calculated and reported, 
based upon the determined inl.erstitial water content.

Results
In Table I are listed characterization data on a 

number of representative membranes. Thickness, 
resistance and concentration potential measure
ments were made on membranes equilibrated with
0.1 M  potassium chloride (except the dilute Co.P., 
which employed 0.01 M  potassium chloride). The 
table indicates the general effects noted with varia
tion of polyelectrolyte to matrix weight ratio (P /
M), thickness and solvent. Concentration poten
tials are to be compared to the theoretical maxima, 
as given.2

Titrable exchange capacity, water content, 
shrinkage and interstitial molality are listed in 
Table II for four membranes, differing primarily in 
the proportion of polvelectrolyte to matrix material 
employed.

In Table III are listed osmotic flow data for four 
additional, selected membranes, together with some
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T a b l e  I

G e n e r a l  C h a r a c t e r iza t io n  D a t a  f o r  S om e  QPVT-DYN 
I n t e r p o l y m e r  M e m b r a n e s

(Theor. max. C o.P .: 0.2[0.1 M  KC1, —16.11 mv., 0.02| 
0.01 M  KC1, -16 .8 7  mv.)

No. P/M
Thick- ti 
ness, Resistance, 

Solvent n ohm-cm.2

Concn. potential (Co.P.) 
0.210.1 0.0210.01 
M KC1, M KC1, 

mv. mv.
176 1/5 DM F 30 930 - 1 5 .8 0  - 16.66
179 1 /4 DM F 29 366 - 1 5 .7 8  - 16.67
182 1/3 DM F 29 52 - 1 5 .8 1  - 16.72
184 1/3 DM F 8 22 - 1 5 .7 1  - 16.72
225 1/3 DM F 3 139 - 1 5 .5 5  - 16.01
229 1/3 DM F ~ 1  17.9 - 1 4 .9 9  .
230 1/3 DSO 5 176 - 1 5 .2 5  .
231 1/3 DSO ~ 1  5 •—' —11.3
185 1/2 DM F 29 15.7 - 1 5 .7 0  - 16.70
215 1/1 DM F 24 13.7 - 1 5 .2 9  - 16.76

T a b l e  II
C apacity  and W ater  C ontent of Several  Q PVI-D YN

I nterpolymer M embranes

No.

Capacity 
Thick- (meq. 
ness, cm. ~2)

P /M  u X 10* %
H2O Inter

content, stitial 
% molality

Shrink
age,
%

176 1 /5  £0 1.18 30 8 4 .0 0

179 1 /4  29 1.90  40 9 5 .7 7
182 1/3  29 1.62 29 13 3 .5 7
185 1 /2  29 1.18 18 16 2 .1 14

characterization data. The product of resistance 
and osmotic flow is shown in the last column.

T a b l e  I I I
G e n e r a l  C h a r a c t e r iza t io n  D a t a  a n d  O sm o tic  F lo w  
R a te s  f o r  Se le c te d  Q P V I -D Y N  I n t e r p o l y m e r  M em 

b r a n e s '*
CO

Osmotic

No. P /M
Thick
ness,

a

n
Resistance, 
ohm-cm.2

flow rate,
mm.8/100
em.2-hr. Où)

177 1/5 20 1237 < 5 <6200
180 1/4 16 149 30.9 4740
183 1/3 16 32 41.5 1330
186 1/2 16 10.5 106 1120

a These membranes cast from D M F solutions.

The burst strength of several membranes as 
measured on a Mullen Burst Strength Tester was 
about 4 pounds per square inch to the point of 
stretching, and the pressure at the tear point was 
about 8, for an average film. Dynel films are not 
particularly elastic; the elasticity of these films is 
probably a reflection of the plasticizing action of 
the QPVI.

Concentration potentials for three of the better 
membranes were measured over a wide range of po
tassium chloride concentrations, maintaining a 2:1 
concentration ratio between the ambient pairs. 
These results are listed in Table IV together with 
the anionic transport numbers, calculated from 
the theoretical maximum potential which is listed 
for each pair,2

The anion specificity of several selected mem
branes, i.e., their ability to distinguish between 
various diffusible anions, is indicated by the bi
ionic potential (BIP) of the chain: 0.01 M  K I0 3 | 
Memb. | 0.01 M  KC1. These BIP values were as

follows: membrane 177, 50.77 m v.; 180, 36.28; 
182, 28.58; 183, 30.86; 184, 27.75; 225, 43.56; 
186, 22.64.

These data should be compared to values of the 
potential for free diffusion, 7.43 mv., and for free 
anion diffusion (u+ =  0), 16.66 mv., calculated 
from various forms of the Henderson equation. For 
the I0 3~ | CD pair, free diffusion is given by

and, when uk+ =  0
RT (t— A)i 
T  (l a )2

Transport and conductance data at 25° for potas
sium iodate (ci) are difficult to find in the literature. 
A recent value5 for the salt conductance at infinite 
dilution is A0 =  114.3 and for the iodate ion,6 X0~ 
=  40.75. A determination at about 0.01 M  potas
sium iodate yielded7 A =  105.8. Lacking a direct 
value for t-  in potassium iodate it was assumed that

(AA)i =  -  (X„- Ao
105.8
114.3 (40.75) =  37.7

Taken together with values already established2 for 
potassium chloride, theoretical potentials for re
stricted and free diffusion may be readily calcu
lated.

Discussion
As will be shown later, the iodide ion is strongly 

bound by the polybase, such as to make it difficult 
to displace from the membrane phase. Since the 
question of iodide contamination could be raised in 
connection with the data reported here, it was es
tablished that potassium chloride conditioning re
moved the last traces of iodide, as shown by the per
oxide, carbon tetrachloride test.

In examining Table I, certain general patterns of 
data are again evidenced, as they were for the pre
vious two membrane types.2’3 The resistance de
creased with increasing P /M  ratios, being parallel 
to an increase in concentration and availability of 
active sites. The decrease in resistance from P /M  
=  y 5 to ’/ 1 is about 67-fold, whereas for the car
boxyl membrane it was 1700-fold; this latter can 
be partly accounted for by swelling. If comparable 
values of P /M  are considered, it is seen that the 
QPVI membranes range slightly higher in resist
ance but, concurrently, possess somewhat higher 
values for the concentration potential also. Whereas 
a sharp decrease in Co.P. was noted for extreme 
values of P /M  (both high and low) in the carboxyl 
membranes, an apparently more homogeneous 
structure here permits the membranes described to 
manifest rather uniform values. A lower availa
bility of through pores is clearly indicated, although 
those that are available appear to be well “ pro
tected” by active sites. Thus, the presence of a 
large amount of non-exchange electrolyte in the 
these membranes appears unlikely.

(5) E. G. Baker and C. A. Kraus, Natl. Bur. Standards Cir. No. 
524, 27 (1953).

(6) C. B Monk, J. Am. Chem. Soc., 70, 328 (1948).
(7) K. A Krieger and M. Kilpatrick, ibid., 64, 7 (1942).



Feb., 1957 Characterization of Quaternary Ammonium-D ynel Anion-Selective M embranes 153

T a b l e  IV

C o n c e n t r a t io n  P o t e n t ia l s  o f  Se le c te d  Q PVI-D YN  I n t e r p o l y m e r  M e m b r a n e s  as  a  F u n ctio n  o f  C o n c e n tr a t io n

o f  P o ta ssiu m  C h lo rid e

ci/ci M  KC1
Theor. 

max., mv.
No. 180

E, mv. ( _
No. 183 

E, mv.
No. 18G

E, mv. (_
0 002/0.001 -1 7 .4 3 -1 6 .8 0 0.982 -1 6 .7 1 0.979 -1 7 .1 7 0.993

.008/0.004 -1 7 .1 4 -1 6 .8 6 .992 -1 6 .9 0 .995 -1 6 .8 6 .992

.02/0.01 -1 6 .8 7 -1 6 ,6 6 .994 -1 6 .6 0 994 -1 6 .6 6 .994

.08/0.04 -1 6 .3 9 -1 6 .1 3 .992 -1 0 .1 3 .992 -1 6 .0 7 .990

.2 /0 .1 -1 6 .1 1 -1 5 .6 2 .985 -1 5 .5 8 .984 -1 5 .5 1 .981

.8 /0 .4 -1 5 .8 9 -1 4 .3 5 .952 -1 4 .9 5 .970 -1 3 .7 3 .932
2/1 -1 7 .1 8 -1 2 .4 0 .861 -1 2 .0 5 .851 -1 2 .3 6 .860
0 6/0.01 -9 6 .6 -9 4 .8 .982 -9 4 .6 .979 -9 2 .7 .960

Variation in membrane thickness (182, 184, 225, 
229) and resistance appears initially to be directly 
proportional, as would be expected; unlike the sul
fonic and carboxyl membranes, these amine mem
branes evidence anomalously high resistances when 
cast thinner than 8-10 n. This phenomenon is not 
attributable solely to the solvent since the use of 
DSO yielded similar results (230 and 231). High 
Co.P. values for these unusually high resistance 
membranes is of course not unexpected. The rea
sons for these results with such thin membranes are 
not presently apparent; it may be associated with 
the ambient relative humidity at the time of casting 
and initial drying, and with the ease with which 
solvent evaporates.

Insofar as variation in solvent is concerned, it is 
seen that no significant alteration of properties is 
attendant upon substituting DSO for DMF.

The low availability of active sites is further cor
roborated by the titrable exchange capacities listed 
in Table II, and the shortage of through pores is 
demonstrated by extremely small water content 
and shrinkage. This behavior would appear to re
sult from a blocking of exchange sites by the matrix 
material; the polyelectrolyte here is not as polar as 
the polyacids.2-3

The osmotic flow results of Table III for four of 
the better membranes may be compared to the par
allel resistance data. First, it should be noted that 
although resistance and osmotic flow should be di
rectly and inversely proportional, respectively, to 
thickness exactly the opposite is true here. Un
doubtedly, this is largely the result of increasingly 
enhanced swelling of the membranes with larger 
polyelectrolyte contents. This effect was also 
strikingly demonstrated by the previously reported 
carboxyl membranes. Ideally, the product of 
resistance and osmotic flow should be roughly con
stant on the assumption that both phenomena orig
inate "with the same factors. Conductance, how
ever, results not only from the gegenions but also 
from the presence of non-exchange ions within the 
membrane. High resistance and Co.P. values, even 
for high P /M  membranes, and a relatively small 
variation of resistance with P /M , have both been 
postulated as resulting from the presence of fewer, 
well protected pores. That these pores are few and 
probably ¿mall is further demonstrated by the re
markable impenetrability of the membranes to wa
ter, even when P /M  increases to y 2, where rela
tively low resistance has resulted in a sharp drop in 
the product iico.

The Co.P. data of Table IV indicate that even in

dilute solutions these membranes do not behave 
ideally. As previously reported,3 the PVM /M A 
(carboxyl) membranes evidenced substantially the 
same behavior in potassium chloride. However, 
the possibilities for dissipation of free energy 
through water transport or increase of non-exchange 
ions through hydrolysis are not as likely in this 
case. However, the over-all performance here is 
somewhat better ; the QPVI membranes maintain a 
fairly constant t_ value of 0.992 until c2 =  0.1 M  
potassium chloride (indicating here the small ef
fect of the Donnan concentration), and even then it 
does not drop below 0.980. Further, at no con
centration does t-  drop below 0.850. The low val
ues of 180 and 183 in 0.901 M  potassium chloride 
probably are anomalous. It may be that a small 
amount of water transport is the causative factor in 
this case. It is seen that the 0.6[0.01 M  potassium 
chloride chain produces substantially the same re
sults here as it did with the carboxyl membranes; 
the Co.P. developed from a large concentration 
difference is still clearly a function of the selectivity 
on the concentrated side.

The anion specificity of these membranes may be 
examined from their bi-ionic potentials. The BIP 
here is a function of the relative transport of the 
opposing anions (iodate and chloride) in the mem
brane phase. In free anion diffusion (u+ =  0) the 
current carrying ability of chloride is twice that of 
iodate. Accordingly, a perfectly selective but 
non-specific membrane would result in a BIP of
16.7 mv. However, a BIP of over 50 mv. (177) im
plies an absolute transport advantage of seven-fold 
for the chloride ion, indicating a definite ion speci
ficity on the part of the membrane.

One could choose to interpret these results either 
as an advantage in mobility or in effective concen
tration since both lead to enhanced transport. Steric 
interference on the part of the membrane pores to 
the passage of iodate may be the factor, since iodate 
is considerably larger than chloride. The drop in 
BIP with decrease in resistance and P /M  (cf. Tables 
I and III) is even more marked than is the varia
tion with Co.P. Thus, the results are as would be 
expected were the movement of iodate enhanced by 
pore enlargement and increase in number attend
ant upon lower P /M  ratios. The erratic variations 
in the series 182, 283, 184 are not significant since 
the resistance varied only between 52 and 22 ohm- 
cm.2. It is pertinent to this argument that for the 
anomalous membrane 225 (139 ohm-cm.2) the BIP 
rose abruptly. It seems therefore likely that any
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ion specificity so far demonstrated by this mem
brane is one of mechanical origin.

Acknowledgment.—The authors wish to thank

the Office of Saline Water, United States Depart
ment of the Interior, for the support given this 
work.

PREPARATION AND PROPERTIES OF STRONG BASE TYPE COLLODION
MATRIX MEMBRANES

By M elvin  H. G o ttlieb ,1 R e x  N eih o f2 and K arl So llner3
Laboratory of Physical Biology, National Institute of Arthritis and Metabolic Diseases and- Laboratory of Kidney and Electrolyte 

Metabolism, National Heart Institute, National Institutes of Health, Public Health Service, Bethesda l/h Maryland
Received December 27, 1955

Strong base type, electropositive collodion matrix membranes of extreme electrochemical activity were prepared by the 
adsorption of poly-2-vinyl-N-methylpyridinium bromide, called PVMP (quaternized to 65-85%  of the theoretical bromine/ 
nitrogen ratio) from aqueous solutions on preformed highly porous collodion membranes whose porosity can subsequently 
be reduced by drying. The PVMP collodion matrix membranes combine strong base character with the mechanical st rength, 
flexibility and thinness characteristic of collodion membranes. Membranes of high porosity show high anomalous osmotic 
activity. The most useful permselective membranes give rise to concentration potentials which agree with the calculated 
thermodynamic maximum potential in potassium chloride cells up to 0.1 V /0.05 N  within the meaningfulness of the method. 
At higher concentrations the measured potentials become gradually less than the theoretical value. The more highly 
selective membranes have anion permeabilities which in 0.1 N  KC1 are 500 to 1300 times greater than the cation perme
abilities, and 5,000 to 32,000 times greater in 0.01 N  solutions. With solutions of CaCl2 these ratios are two to three orders 
of magnitude greater. The ohmic resistances of the permselective membranes of highest selectivity (as measured in 0.1 N  
KC1) may be adjusted from about 10 SI cm.2 upward. The bi-ionic potentials across the permselective PVMP membranes 
with pairs of the common anions are substantially higher than with the previously described permselective protamine mem
branes.

Introduction
In a recent paper the preparation and properties 

of electro-negative strong acid type collodion ma
trix membranes were described.4 The present 
paper outlines the preparation and properties of 
analogous strong base type collodion matrix mem
branes. For background references and general 
considerations concerning membranes of extreme 
ionic selectivity as well as for many experimental 
details the reader is referred to the previous paper.4

The heretofore most thoroughly studied and 
most useful anion selective, electropositive mem
branes were the protamine collodion membranes.5 ~7 
A minor shortcoming of these membranes is the 
only moderately strong basic character of their 
functional groups. More important, their anion 
permeability, even at the lowest concentrations, 
was only 30-50 times greater than their cation per
meability, and declines sharply at higher concen
trations.

Strong base membranes have been described 
repeatedly.8'9 Some of these membranes8 have 
either excessively low permeabilities for anions or 
ionic selectivities too low for our purposes. The

(1) Research Laboratories, Interchemical Corporation, New York 
36, N. Y.

(2) Physiological Institute, University of Uppsala, Uppsala, 
Sweden.

(3) Laboratory of Physical Biology, National Institute of Arthritis 
and Metabolic Diseases.

(4) R. Neihof, T h i s  J o u r n a l , 58, 910 (1954).
(5) I. Abrams and K. Sollner, J. Gen. Physiol., 26, 369 (1943).
(6) C. W. Carr, II. P. Gregor and K. Sollner, ibid., 28, 179 (1945); 

I I .  P. Gregor and K. Sollner, T h i s  J o u r n a l , 50, 8 8  (1946); 54, 325 
(1950); J. Colloid Sci., 7, 37 (1952).

(7) H. P. Gregor and K. Sollner, Tins J o u r n a l , 54, 330 (1950).
(8) K. H. Meyer and J.-F. Sievers, Helv. Chim. Acta, 19, 665 

(1936); W. S. Albrink and R. M. Fuoss, .7. Gen. Physiol., 32, 453 
(1949); G. Maneeko and K. F. Bonhoeffer, Z. Elektrochem., 65, 
475 (1951).

(9) A. G. Winger, G. W. Bodamcr and R. Kunin, J. Electrochem. 
Soc., 100, 178^(1953).

permeability of some, of an undisclosed mode of 
preparation,9 is high, but their selectivity, though 
good, is not adequate, especially at higher concen
trations; their unit area exchange capacity is un
desirably high for many physico-chemical applica
tions. Contrary to the situation prevailing gener
ally with collodion matrix membranes, the porosity 
of these membranes cannot be adjusted readily at 
will.
The Preparation of Strong Base Type Collodion 

Matrix Membranes
As in the case of the preparation of strong acid type mem

branes, most of our efforts to prepare strong base type mem
branes have been directed toward infixing basic polyelectro
lytes in cellulose derivative membranes, particularly in 
collodion membranes.4

Attempts to prepare collodion solutions containing dis
solved strong base polyelectrolytes were unsuccessful. In
variably, regardless of the solvents used, a precipitate 
formed when the polyelectrolyte was added to the collodion 
solutions. Therefore, one has to rely on the adsorption of 
the polyelectrolyte from aqueous solution on preformed 
membranes.

Of the several strong base polyelectrolytes considered, 
the most conveniently prepared material was poly-2-vinyl- 
N-methylpyriclinium bromide (PVM P)

P - C I I — CH2— 1

The synthesis should be directed to yield polyelectrolyte 
ions small enough to enter the pores of the membrane and 
large enough to be strongly adsorbed and permanently re
tained within the membrane.

For the preparation of PVMP, 2-vinylpyridine was poly
merized by a procedure similar to that given )*y Harmon.10 
One hundred parts of 2-vinylpyridine (Reilly Tar and Chemi
cal Co.) freshly distilled under nitrogen at 28 mm. pressure, 
were dissolved in 200 parts of 15% aqueous HC1 of room 
temperature. One part ammonium persulfate catalyst, and

(10) T. ITarmon. U. S. Patent 2,491,472 (Doc. 20, 1949b
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one part ethyl mercaptan modifier, were added, the latter 
■to obtain polymers of molecular weights sufficiently low 
for our purpose. The polymerization mixture was kept 
under nitrogen at 50° for 48 hours. The resulting some
what viscous solution was diluted with an equal volume of 
water; 2 N  NaOH was added with stirring until the mixture 
was alkaline. The white gummy mass which separated out 
was washed with water, redissolved in 1 N  HC1, filtered and 
reprecipitated with N  NaOH. The material obtained was 
washed with water and redissolved. A final precipitation 
with NaOH under vigorous stirring yielded a finely divided 
precipitate which was removed from the solution by decan
tation and filtration at intervals as it was formed. The 
purified polyvinylpyridine was dried in vacuo at room tem
perature. It was quaternized by a method similar to that 
given by Maclay and Fuoss.11 Two parts of CH3Br were 
added to one part of polyvinylpyridine dissolved in 30 parts 
of dimethylformamide. The mixture was kept in a stoppered 
flask for two days at room temperature. The solution, to
gether with a small amount of white precipitate which formed, 
was poured into 100 parts of rapidly stirred dioxane. The 
resultant gummy product was redissolved in methyl alcohol, 
reprecipitated in dioxane, washed with ether, and dried in 
vacuo. Analyses for nitrogen and bromine in the various 
polymer samples so prepared indicate that 65-85% of the 
pyridine nitrogen was quaternized . No deterioration of the 
dry polymer in the bromide form was observed after storage 
for six months.

The membranes described below were prepared with 65- 
70% quaternized polymers which, as far as investigated, do 
not differ in their properties from membranes prepared with 
material with a higher degree (85% ) of quaternization.

For the preparation of membranes of high porosity, 
PVMP is adsorbed from aqueous solution on collodion mem
branes of suitable porosity. The electrochemical activity 
of the membranes varies with the amount of PVMP taken 
up. With a given solution of poly electrolyte this quantity 
increases with the porosity of the membranes, as discussed 
in an earlier report.4 The amount of PVMP taken up by 
membranes of a given porosity is greater with preparations 
of lower molecular weight, and with higher concentrations 
of the PVMP solutions. Other factors which can be ex
pected to influence the adsorption of PVM P to some extent 
are the pH of the PVM P solutions and the presence of inor
ganic electrolyte in the latter; these variables have not been 
fully investigated.4

The membranes of high porosity were prepared at room 
temperatures and at relative humidities between 20 and 40% 
from a 4.0%  solution of Collodion Cotton, U.S.P. (Baker) 
in 50:50 ether-alcohol containing 2 %  water. The collodion 
solution was poured, usually in three successive layers, over 
25 X  100 mm. test-tubes rotating in a horizontal position.12 
The first layer was dried 3 min., the second 4 min.; 4.5 min. 
after the third layer was poured the membranes were im
mersed in water. After being washed for an hour, the mem
branes were slipped off their casting tubes and reimmersed 
in water overnight. They were then placed for 2 to 3 days 
in a 1 to 2%  solution of PVMP-bromide, adjusted to pH 6 
to 7. After being kept in water for a day, the membranes 
were tied to glass rings and were ready for use. The elec
trochemical activity of these membranes decreases very 
gradually over a period of several months, so slowly, how
ever, that even freshly prepared membranes can be consid
ered as being unchanged over a period of several weeks.

The preparation of permselective membranes consists of 
casting collodion membranes of high porosity followed by 
adsorption of PVM P and controlled drying. Two layer 
membranes were routinely prepared. Three minutes after 
pouring the first layer, the second layer was added, and 4.5 
minutes later the membranes were immersed in water which 
was repeatedly changed. On the following day, the mem
branes were removed from their casting tubes and immersed 
for two days in 0.5 to 2%  solutions of PVMP at pH 6 to 7.13 
They were then washed for a few minutes in distilled water,

(11) W. N. Maclay and R. M. Fuoss, J. Am. Chem. Soc., 73, 4065 
(1951).

(12) H. P. Gregor and K. Sollner, T h i s  J o u r n a l , 50, 53 (1946).
(13) There is a typographical error in column 1 of Table II of the

paper on “ The Preparation of the Strong Acid Type Collodion Matrix
Membranes.” 4 The values given there for the concentration of sodium
polystyrene sulfonate in the solution used for adsorption are too low 
by a factor of 10.

replaced on their respective casting tubes and dried in air 
for at least 24 hours. Next, the membranes were placed in 
water for two hours, removed from their casting tubes, and 
tied with linen thread to glass rings slipped into their open 
ends. After being dried again in air for 24 hours, the mem
branes were placed in 0.1 N  IvCl solution. After an aging 
period of two days in this solution their properties are 
virtually constant. These membranes were about 30 n 
thick, transparent, glass clear, smooth, and of test-tube 
shape. Some of these membranes, after two months’ stor
age, were too brittle for use; others have maintained excel
lent mechanical strength for a year when stored in the dry 
state in the chloride form or in dilute potassium chloride 
solutions (to which a preservative such as thymol was added 
for protection against mold growth) and did not show any 
changes in their electrochemical properties aside from a very 
gradual decrease in ohmic resistance. The cause of the dif
ferences in the mechanical stability of different membranes 
is unknown.

The Properties of Strong Base Type Collodion 
Matrix Membranes of High Porosity

The electrochemical activity of the membranes 
was determined by the routine method used for 
this purpose in our laboratory, namely, by the 
measurement of the extent of anomalous osmosis 
across them.14 *

A membrane, tied to a glass ring, was filled with an elec
trolytic solution. A rubber stopper holding a capillary tube 
(1.25 mm. inside diameter) and a siphon tube provided with 
a stopcock was firmly inserted in the glass ring, and the 
membrane placed in a beaker filled with distilled water. 
The meniscus in the manometer tube was adjusted to a posi
tion corresponding to the capillary rise above the outside 
water level. The rise of the meniscus during the next 20 
minutes was taken as the measure of the extent of anoma
lous osmosis. The experiment was repeated until succes
sive 20 minute readings agreed within 5% .

As measures of the functional porosity of the membranes, 
the filtration rates and the “ sucrose value”  were employed. 
The sucrose value is the osmotic rise in mm. in the capillary 
manometer 20 minutes after the membrane, filled with 0.25 
M  sucrose solution, is placed in water.14 Filtration rates 
are calculated from the rates of passage of a 1 M  KC1 solu
tion through a membrane under a standard hydrostatic 
head.

Figure 1 shows the pressure rises obtained in a 
series of anomalous osmosis experiments with a 
typical PVMP membrane with three electrolytes 
having the same anion and uni-, bi- and trivalent 
cations, respectively. The membrane had an ac
cessible area of about 50 cm.2, a sucrose value of 175 
mm. and a filtration rate of 2.9 ml./hr. 100 cm.2 
for a pressure head of 10 cm. water.

The curves of Fig. 1 have the typical N-shape 
found ordinarily in anomalous osmosis studies.14'16
The Properties of Permselective Strong Base Type 

Collodion Matrix Membranes
A variety of permselective PVMP collodion ma

trix membranes were prepared and characterized by
(a) anion-exchange capacity, (b) water content,
(c) the rate of osmotic water movement, (d) the 
ohmic resistance in contact with 0.1 IV KC1 solu
tion, and (e) the concentration potential in the cell
0.4 N  KC1 S membrane | 0.2 N  KC1.4 Following 
this survey, a few membranes of the types most 
useful for physico-chemical investigations were 
studied (1) for their electromotive properties in 
concentration cells over a wide range of KC1 con-

(14) K. Sollner and I. Abrams, J. Gen. Physiol., 24, 1 (1940); 
K. Sollner, I. Abrams and C. W. Carr, ibid., 24, 467 (1941); 25, 7 
(1941).

(15) K. Sollner, Z. Elektrochem., 36, 36 (1930) (with numerous refer
ences).
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Fig. 1.—Anomalous osmosis across a poly-2-vinyl-N-methyl- 
pyridinium collodion matrix membrane.

centrations, (2) for the bi-ionic potentials which 
arise across them with various pairs of critical 
ions,10 and (3) for the rates of exchange of critical 
ions (anions) and of non-critical ions (cations) 
across them, as a measure of their absolute permea
bility and ionic selectivity.

For the survey experiments, five sets of twelve membranes 
each were cast under as nearly the same conditions as pos
sible. Each set was immersed for 48 hours in an aqueous 
solution of PVM P bromide varying in concentration from 
0.6 to 1.6%. All membranes were washed and dried under 
the same conditions.

The anion-exchange capacity of the membranes was deter
mined with three or four membranes selected at random 
from each of the five sets. The membranes were slit open 
lengthwise, and 5.0 X  7.0 cm. rectangles cut from the flat 
portion were placed in 0.1 A" KC1 solution. The KC1 solu
tion was changed several times during a week in order to as
sure that all accessible fixed charged groups were in the chlo
ride form. Thereafter, the membranes were washed with 
distilled water for several days until chloride could not be 
detected in the wash water. The chloride ions in the mem
branes were then displaced by immersing the latter in 20 
ml. of 0.5 N  N aN 03 solution. After standing three days 
with occasional stirring, the N aN 03 solution was analyzed 
for chloride ion and the anion-exchange capacity of the mem
branes in jueq./'cm.2 calculated. The dry -weights of the 
membranes (see below) were used to calculate the anion- 
exchange capacities per gram of dry membrane.

To measure the water content, the flat membranes used 
in the anion-exchange measurements were reconverted to 
the chloride form, washed, blotted dry with filter paper, 
placed immediately in tared weighing bottles and weighed 
in the wet state. They were then dried over phosphorus 
pentoxide in vacuo. The loss in weight was taken as the 
water content. The reproducibility of the measurements 
was about ± 0 .5  g., when the results are expressed as g. 
water/100 g. wet membrane.

To measure the rate of osmotic water movement across 
a membrane, it was filled with 0.2 M  solution of sucrose 
(for which the membranes are virtually impermeable), 
fitted with a rubber stopper carrying a graduated capillary 
manometer tube, and placed in a beaker of water at 25.00 
±  0.05°. After thermal equilibrium was reached, the rise 
of the liquid in the capillary gives the rate of water trans

(10) K. Sollner, T h i s  J o u r n a l , 53, 1211, 1226 (1949).

port, the reproducibility of these measurements being about
± 10%.

The ohmic resistance of the membranes in 0.1 N  KC1 
solution, p*, was measured at 25.00 ±  0.05° using the Kohl- 
rausch method as previously described.12 The reproduci
bility of the membrane resistance from day to day was 
about ± 3 % .

The concentration potential of the membranes in the 
series of survey experiments was measured with 0.4 N  KC1 
inside and 0.2 N  KC1 outside after they had been kept over
night between solutions of these concentrations. All meas
urements were made at 25.00 ±  0.05° using saturated calo
mel half-cells with saturated potassium chloride-agar 
bridges. With membranes having a resistance of less than 
about 30 £2 cm .2 in 0.1 N  KC1 it was necessary to stir the 
solutions in order to obtain a steady, reproducible potential. 
The reproducibility of these measurements was about ±0 .05  
mv. Because of the asymmetry of the liquid junction po
tential at the tips of the potassium chloride bridges, the po
tentials obtained by the outlined procedure are too low by 
0.33 mv. All concentration potentials reported in this 
paper are corrected accordingly.

The concentration potentials across some membranes 
selected for a more detailed study were determined in cells 
with potassium chloride solutions at ten concentration levels 
between 0.001 and 2.0 N, the concentration ratio being 2 :1 . 
An influence of stirring was not noticeable at any concen
tration with membranes of p* of several hundred £2 cm.2 and 
more. With membranes having a p* of about 100 £2 cm .2 
stirring was necessary at concentrations below about 0.2 
A /0 .1  N ; otherwise, particularly at the lowest concentra
tions, the potentials -were up to 0.5 mv. too low.

The bi-ionic potential in cells of the type 0.1 N  NaCl 
I membrane | 0.1 N  NaX, where X  may be any anion other 
than chloride, was measured (with all the precautions de
scribed recently elsewhere17), using saturated calomel half
cells with saturated potassium chloride-agar bridges. The 
measurements were reproducible in general within ± 0 .5  
mv. N o correction was made for the asymmetry of the 
liquid junction potentials at the tips of the two agar bridges.

For the measurement of the rate of exchange of the anions 
a membrane filled with a KC1 solution containing radioac
tive Cl36 was placed in a large volume of solution of non- 
radioactive KC1 of the same concentration. Both solutions 
were stirred. Aliquots of the outer solution were periodi
cally withdrawn and their radioactivity determined. The 
initial rate of anion exchange was calculated from the frac
tion of the radioactive chloride exchanging for stable chlo
ride per unit time.18

The strictly comparable initial rate of exchange of the 
cations can be obtained from analogous experiments only 
with membranes of very low resistance because of the short 
half life ( f y ,  =  12.4 hr.) of the available potassium isotope 
K 42. Instead, with the membranes of the extremely low 
cation leak of particular interest here, the rate of exchange 
of cations between an NH4C1 and a KC1 solution of equal 
concentration was determined by conventional micro
analysis. This seems permissible in view of the great simi
larity in behavior of NH(+ and K + ions in solution as well as 
in cation selective membranes, and of the fact that the rates 
of exchange K 33+ K 42+ and NH4+ ±  K + agreed satis
factorily in the case of those PVM P membranes with which 
both rates could be determined.

In addition, a few analogous experiments were carried out 
with CaCb solutions in which the rate of exchange of the 
bivalent non-critical Ca + + ions was obtained by the use of 
Ca45 (¿i/2 =  152 days).

Table I summarizes the properties of representa
tive membranes (about 30 ¡x thick) prepared by the 
adsorption of PVMP from aqueous solutions of 
the various concentrations shown in column 1. 
Tables II and III are self-explanatory, the sign of 
the potentials referring to solution 2. Table ÍV is 
virtually so; its columns 4, 7 and 10 give the ratios

(17) S. Dray and K. Sollner, Biochem. et Biophys. Acta, 18, 341 
(1955).

(18) A detailed account of the experimental technique is planned 
for a forthcoming paper on the exchange of ions across permselective 
membranes: M. H. Gottlieb and K. Sollner, in preparation.
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T able  I
P r o p e r t ie s  an d  F u n c tio n a l  B e h a v io r  of V a r io u s  P e r m se l e c t iv e  P o ly -2 -v in y l -N -m e t h y l p y r id in iu m  C ollodion

1 2 3
M a t r ix  M e m b r a n e s
4 5 6 7

Concn. of Anion- Anion-
Rate of 

osmotic water Av. unit area resist Av. concn. potential“PVMP-Br in exchange exchange Water movement (0 .2 M ance“ in 0.1 N KC1, 0.4 N  KC1/0.2 N  KC1aq. soin., capacity, capacity, content, sucrose), mm.3/ p * (t =  25.00°), (i =  25.00°),
g-/l. meq./g. Meq./cm.2 % hr. 100 cm.2 il cm.2 mv.
6.0 0.045 0.16 5.8 6.0 440,000 (10,000) -1 3 .9 1  (0.92)
8.0 .084 0.30 6.9 11.1 8,000 (7,000) -1 5 .5 5  (0.07)

10.0 .104 0.37 7.6 18.7 825 (105) -1 5 .5 0  (0.16)
12.0 .200 0.74 7.9 93 165 (35) -1 5 .4 1  (0.05)
16.0 .405 1.43 14.4 475 10 (5) -1 5 .0 8 (0 .1 8 )

“ Figures in parentheses indicate maximum deviations from the mean value.

of the permeabilities of the anions and cations 
across the various membranes.

T able  II
T he C oncentration D ependence of the Concentration 
P otentials (ci: c2 =  2 :1 )  w ith  Solutions of KC1 across 
R epresentative  Permselective P oly-2-vinyl-N -methyl- 
pyridinium  C ollodion M embranes of D ifferent R esist-

Concn. of
ANCE (t = 25.00 =fc 0 .05°)

Membrane resistance in 0.1 N KC1,
electrolyte 
soin. c i:c2,

Theor.
max., p* =

mv.
p* = p* =

equiv./l. mv. 70 fì cm.2 610 12 cm.* 7500 12 cm.
0.002/0.001 -1 7 .4 5 -1 7 .1 7 -1 7 .2 2 -1 7 .2 0

.004/0.002 -1 7 .3 1 -1 7 .1 5 -1 7 .1 6 -1 7 .1 2

.01/0.005 -1 7 .1 0 -1 7 .0 9 -1 7 .1 0 -1 7 .0 7

.02/0.01 -1 6 .8 6 -1 6 .7 3 -1 6 .8 1 -1 6 .8 2

.04/0.02 -1 6 .6 3 -1 6 .4 8 -1 6 .5 4 -1 6 .5 2

.1/0.05 -1 6 .3 0 -1 6 .0 9 -1 6 .1 9 -1 6 .1 4

.2 /0 .1 -1 6 .1 1 -1 5 .7 3 -1 5 .8 6 -1 5 .8 2

.4 /0 .2 -1 5 .9 5 -1 5 .3 7 -1 5 .4 6 -1 5 .5 2
1/0 .5 -1 6 .3 2 -1 4 .4 8 -1 4 .7 7 -1 4 .6 1
2 /1 .0 -1 7 .3 -1 3 .3 1 -1 4 .0 2 -1 3 .8 1

The low unit area ion-exchange capacity of the
permselective PVMP membranes (Table I, column 
3) and their low water permeability (column 5) 
makes them well suited to many physico-chemical 
studies, as indicated in the introduction.

The resistances (Table I, column 6) of the mem
branes of a given type prepared under nominally 
identical conditions show substantial variations. 
Small increments in anion-exchange capacity are 
accompanied by great differences in resistance.19

The degree to which the concentration potentials 
(Table I, column 7) of the membranes deviate from 
the theoretical maximum at the 0.4/0.2 N  KC1 
concentration level can be estimated by comparing 
them with the calculated theoretical maximum 
potential, 15.95 mv. Theoretical maximum poten
tials are computed assuming that the membrane 
acts electromotively like two ideal chloride elec
trodes connected by a metallic conductor and that 
the activity of the chloride ion is equal to the mean 
activity of potassium chloride. The activity coef-

T able  III
B i- io n ic  P o t e n t ia l s  w it h  V a r io u s  P a ir s  of C r it ic a l  I ons  A cross P o ly-2 -v in y l -N -m e t h y l p y r id in iu m  C ollodion

M a t r ix  M e m b r a n e s  o f  D if f e r e n t  E l e c t r ic a l  R e sistan ce  
(t =  25.00 ±  0.05°)

------ •------------------------—----------------- Resistance in 0.1 N  KC1--------------------------------------------------%

Soin. 1 Soln. 2
12 cm.2 

325
0.1 N 0.1 N
NaCl NaCNS +  58.0
NaCl Nal + 2 5 .8
NaCl N aN 03 + 29 .5
NaCl NaBr +  13.9
NaCl NaCl ±  0 .0 0
NaCl NaBr03 -  5.2
NaCl Na Formate -1 8 .5
NaCl Na Benzoate -4 1 .0
NaCl NalOs -5 3 .7
NaCl Na Acetate -5 3 .1
NaCl Na Propionate -6 1 .0
NaCl Na Butyrate - 6 6 . 6

Discussion
With the PVMP membranes of high porosity, 

the maximum pressure rises in the anomalous os
mosis experiments occur in the same concentration 
range as with the sulfonated polystyrene collodion 
membranes4 but with considerably more dilute 
solutions than with protamine collodion membranes 
of similar general characteristics which were stud
ied earlier.6 A satisfactory explanation of this ob
servation is lacking.

S2 cm.2 
650

12 cm.2 
2300

Bi-ionic potential, mv.
12 cm.2 
4200

U cm.2 
5900

+  32.5 + 4 9 .6 +  68.9 + 6 7 .8
+ 2 0 .6 + 29 .1 + 25 .6 +  29.5
+  15.9 + 2 3 .9 + 2 3 .4 + 42 .1
+  10.1 +  13.5 +  14.5 +  16.3
±  0.00 ±  0.00 ±  0.00 ±  0.00
-  6.9 -  6.5 -  5 .4 -  4 .4
-1 8 .0 -2 0 .8 -1 9 .4 -1 3 .9
-3 0 .2 -4 0 .7 -4 0 .4 -5 7 .2
-3 7 .2 -4 7 .4 -4 7 .9 -8 1 .2
-4 0 .2 -4 8 .1 -5 0 .1 -6 9 .7
-4 4 .5 -5 8 .9 -5 9 .4 -8 7 .8
-4 9 .0 -6 2 .6 -6 4 .5 -9 4 .5

ficients were taken from the book of Harned and 
Owen,20 and converted from the molality to a nor
mality scale.

(19) The standard resistances of 0.10 N KC1 reported in the paper 
on the strong-acid membranes4 were obtained with a faulty technique; 
the data given there are approximately 15-20 ohm cm.2 too high. The 
inner electrode of the conductance cell had not been fitted with a glass 
ring for the blank measurement in absence of the membranes.

(20) H. S. Harned and B. Owen, “ The Physical Chemistry of 
Electrolytic Solutions/’ 2nd Ed., Reinhold Publ. Corp., New York, 
N. Y., 1950.
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T a b l e  IV
T h e  R a te s  o f  M o v e m e n t  o f  C r it ic a l  an d  N o n - c r it ic a l  I ons  acro ss  Se v e r a l  P e r m se l e c t iv e  P o l y -2 -v in y l -N -m e t h y l -

p y r id in iu m  C ollo dio n  M a t r ix  M e m b r a n e s  a t  V a r io u s  C o n c e n tr a t io n  L e v e l s  in  t h e  Syste m

KC1 (c,)||NH4C1 (ci)
2 3 4 5 6

Concentration
7 8 9 10

Initial Ratio of Initial Initial Ratio of Initial Initial Ratio of
rate of rate of initial rate of rate of initial rate of rate of initial

Mem- movement movement rates of movement movement rates of movement movement rates of
of C1-, of N H i+, movement of CI-, of NH4+, 

Ateq./hr.
movement of C l-

Ateq./hr.
of N H i+, movement

A t e q . / h r . A te q ./h r .  . of C l" Ateq./hr. of C l- Ateq./hr. of C l"
£2 cm.2 cm.2 cm.2 to NFÎ4 + cm.2 cm.2 to NHC cm.2 cm.2 to NHi +

9500 0.146 5.8 X  10~3 25 0.133 19 X  10“5 700 0.114 8.1 X  IO“ 6 14,000
900 4.42 0.37 12 2.96 5 .4  X  10“ 3 550 1.88 3 .4  X  10~4 5,000
330 6.55 0.16 41 5.08 3.9 X  10~3 1,300 3.15 9 .8  X  10"5 32,000
160 27.2 2.47 11 18.2 3.8 X  10“ 2 480 8.7 1.05 X  10~3 8,300
16 218 59 3.7 107 0.765 x  f i r 1 140 43 1.43 X  10“ 2 3,000

Table II on the concentration dependence of the 
concentration potential shows that the potentials at 
the lowest concentrations are 0.2 to 0.3 mv. below 
the calculated maximum; at 0.01/0.005 N  and
0.02/0.01 N  the agreement is perfect within the ac
curacy of the measurements21; with more concen
trated solutions the deviation becomes greater. 
The electromotive behavior of the permselective 
PVMP membranes in this series of concentration 
cells is virtually the same (with negative sign) as 
that of the analogous strong-acid type membranes.4 
Electromotively, and therefore also with respect to 
ionic selectivity, the PVMP membranes are con
siderably superior to previously described anion se
lective membranes.

Table III shows that the bi-ionic potentials
across the various permselective PVMP membranes 
differs widely with the nature of the critical ions. 
The bi-ionic potentials with the same pair of critical 
ions differ for different membranes. There is no 
clearcut correlation between membrane resistance 
and absolute magnitude of the bi-ionic potentials; 
generally, higher potentials tend to arise with 
membranes of higher resistance. If for each mem
brane the various anions are arranged (as in Table
III) in the order of their relative electromotive ef
ficacy, the resulting sequence is the Hofmeister 
series. With some of the membranes, as in many 
other situations where the anion series comes into 
play, the I -  and the N0 3~ions, and ICV'and acetate 
ions appear in reversed order. In all these respects 
the PVMP membranes are similar to all other an
ion selective membranes of high selectivity which 
have been studied, particularly to the permselective 
protamine collodion membranes which were inves
tigated in some detail.17 The absolute magnitude 
of the bi-ionic potentials across the PVMP collo
dion membranes, however, is considerably greater 
than with the protamine collodion membranes, a 
point of some significance in certain model studies, 
in which large differences in the behavior of differ
ent ions are desirable.

Columns 2, 5 and 8 of Table IV show that the 
initial rate of movement of the critical ions, the
anions, across the various membranes shows a 
rough inverse proportionality to their standard 
resistances shown in column l .22

(21) The slightly higher discrepancy between calculated and experi
mental potential values at the lowest concentrations (found also witli 
permselective protamine collodion membranes7) is not to be expected 
on the basis of existing theories. It deserves further investigation.

The initial rate of movement of the non-critical 
ions, the cations, (columns 3, 6 and 9) shows a con
siderably steeper inverse relationship with the 
standard membrane resistance.

The rates of exchange of the critical ions across a 
given membrane in 0.01 and 1 N  solution differ by a 
factor of about 1.3 with the membrane of the high
est standard resistance to a factor of about 5 with a 
membrane of extremely low resistance. The rate of 
exchange of the non-critical ions varies over the 
same concentration interval by a factor of about 
700 for the membrane with the highest resistance, to 
a factor of about 4000 for the lowest resistance 
membrane.

The ionic selectivities of the various perm
selective membranes, that is, the ratio of the initial 
rates of exchange of critical over non-critical ions 
(columns 4, 7 and 10 of Table IV) are very much 
greater at the lower than at the higher concentra
tions, in agreement with all previous experience. 
The correlation between membrane resistance and 
selectivity is not straightforward; the best mem
brane wfith a selectivity of 32,000:1 in 0.01 N  KC1 
solution is of medium resistance. The degree of 
ionic selectivity of the permselective PVMP mem
branes approaches, but does not quite reach, that 
of the analogous permselective sulfonated polysty
rene collodion membranes.4

The selectivities of permselective PVMP mem
branes, in the presence of univalent anions and bi
valent cations (not shown in the tables), as deter
mined with 0.1 N  CaCl2 solutions containing radio
active Ca46, were found to be of the order of several 
hundred thousand to one. With more dilute solu
tions this selectivity can be safely assumed to be 
even higher.

The small “ leaks”  of non-critical ions which cor
respond to these high ionic selectivities (numerically 
their reciprocals) circumscribe the conditions under 
which these membranes can be used without sig
nificant disturbances due to this imperfection.

Aside from their many other potential uses, some 
of which were referred to in the introduction, the 
development of anion selective permselective mem
branes of extreme ionic selectivity makes possible

(2^) The numerical correlation between membrane resistance and 
rate of exchange of critical ions predicted by the Nernst-Einstein 
equation (and found with the permselective sulfonated polystyrene and 
with the protamine collodion membranes) is lacking with the PVMP 
membranes as well as with membranes prepared with several other 
strong-base polyelectrolytes. This topic will be treated in a separate 
paper.
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the investigation, of particular interest in the elec
trochemistry of membranes, of concentration cells 
of the type cqAX | -* -© -» -  | c2A X  | ©  —• | ciAX
in which both the anion selective ■«-©->•, and the 
cation selective membrane -«— © - >  are of practi
cally ideal ionic selectivity. The accurate quantita
tive study of such cells with membranes of insignifi
cantly low leak (for which some data are contained

in this and a preceding paper4) should be helpful in 
elucidating the basic differences between conven
tional and membrane concentration cells, namely, 
that in the membrane cells one is dealing with the 
transfer of hydrated ions, with osmotic and elec- 
troosmotic movement of solvent, and with a sol
vent whose ionic character gives rise to membrane 
hydrolysis.

T H E  T R A N S I T O R Y  O V E R S H O O T IN G  O F  F I N A L  E Q U IL IB R I U M  
C O N C E N T R A T IO N S  I N  M E M B R A N E  S Y S T E M S  W H IC H  D R I F T  T O W A R D  

T H E  G I B B S -D O N N A N  M E M B R A N E  E Q U IL IB R I U M

B y  R e x  N eih o f1 and K arl  Sollner

Laboratory of Physical Biology, National Institute of Arthritis and Metabolic Diseases, National Institutes of Health, Public
Health Service, Bethesda H , Maryland 

Received July 19, 1956

T h e existence of a  tran sitory effect, is postulated, which m ust arise in the course of the spontaneous drift tow ard the G ibbs- 
D onnan m em brane equilibrium  of system s in which tw o or more species of ions of the same charge coexisting in one solution 
exchange a t greatly  different rates across a m em brane of high anionic or high cationic se lectivity  against some other species 
of ions in the other solution. On the basis of a consideration of the p artia l m em brane equilibr_um which would arise if the 
ratio of the intrinsic com petitive perm eabilities of a n y  tw o species of ions coexisting in solution 1 were in fin itely  high, it 
can be predicted th at a  m uch faster exchanging species of ions in an experim ental system  which drifts tow ard the m em 
brane equilibrium  w ill reach, for a  tran sitory period, a concentration in solution 2 which m ay be far in excess of th a t ob
tained in the state  of the final, true m em brane equilibrium . Sim ilarly, the concentration of a species of ions existing in solu
tion 2 m ay be lowered for a  tran sitory period to a value well below th a t corresponding to the final true equilibrium  state. 
T h e existence of these overshooting and depletion effects was verified experim entally in several system s w ith  perm selective 
collodion m atrix membranes. In one instance the more readily exchanging ion reached in solution 2 a concentration abou t 
250%  above th at corresponding to the final equilibrium  state. In  a  depletion experim ent the concentration of one species 
o f ions in solution 2 was reduced to about one-half th at corresponding to the final equilibrium . T h e  possible biological sig
nificance of the overshooting and depletion effects is briefly discussed.

Introduction
In an earlier paper we have postulated and proved 

experimentally the occurrence of greatly different 
rates of permeation of ions of the same sign of charge 
across porous membranes of extreme ionic selectiv
ity in systems such as System 1 which (for the case 
of exclusively cation-permeable anion-impermeable 
membranes of ionic character, | 1) are rep
resented by the scheme

Solution 1 
A + X -  
B + X -c + x -
cte.

^  ©  ->

Solution 2

L + X -
M + X -  (System  1) 

etc.

where A+, B+, C+, etc. and L+, M+, etc., represent 
the exchangeable (permeable) ions, X  ~ the non-ex- 
changing anions.2 (Anionic systems with exclu
sively anion permeable membranes, | -« -© -* - |, are 
analogous.)

The ratios of the rates of penetration, that is, the 
ratios of the net fluxes, of any two coexisting species 
of permeable (univalent) ions being present simul
taneously in the one or in the other solution, <£a +/ 
</>b +, <t>B+/4>c+, </>l +/ 0m +, etc., can be predicted on 
the basis of independent electrometric measure
ments in simple systems (with the same membrane) 
of the type of systems 2

Solution 1 Solution 2

a iA  +X  *  | < — ©  —>  I +X  ~ (System  2a)

(1) Physiological Institute, University of Uppsala, Uppsala, Sweden.
(2) R. Neihof and K. Sollner, Disc. Faraday Soc., in press.

Solution 1 Solution 2

a ,B + X -  | -<— © - >  | a iC + X -  (System  2b) 

etc. (and analogous systems with exclusively anion 
permeable membranes).2

For the potential arising in such systems, the so- 
called “ bi-ionic’ ’ potential, one may write

E = ± f - In^V:r r b+ a)
when r°a + and r °b + represent the transference num
bers within the transition zone (membrane) of A + 
and B+, any two permeable species of ions under 
consideration, the sign of the potential referring to 
solution 2.3

The ratios t °a +/ i °b +, t °b vT°c+, etc., obtained in 
this manner were shown to be numerically identical 
with the ratios of the initial flux rates of the same 
ions in systems of the type of system 1 in which the 
various coexisting species of ions in solution 1 (or 
in solution 2) are present at the same activity, 
4>°a +/(I>°b +, etc.

r ° A + _  < ÿ K + . f ° E *  _  <t>°B + .

T ° B + <t>° B+ ’ T °C + <t>°c+’
(2a,b)

These ratios may be considered as the ratios of the 
intrinsic competitive permeabilities (across a given 
membrane) of any two coexisting species of critical 
ions under consideration.2-5 They can be as high 
as 1:100 and more.

(3) K. Sollner, T h i s  J o u r n a l , 53, 1211, 1226 (1019).
(4) S. Dray and K. Sollner, Biochill. Biophys. Acta, 18, 341 (1955).
(5) S. Dray and K. Sollner. ibid., 21. 120 (1950); 22, 213, 220

(1950).
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If in systems of the type of system 1, the ratio of 
the activities of any two species of exchangeable 
ions in solution 1 or in solution 2 is not 1 : 1, the ratio 
of their initial net fluxes across the membrane, <pa +/ 
<£b +, 4>b */4>c +, etc., are equal to the corresponding 
<j>° ratio times the ratio of the activities in solution 1, 
a(1), or in solution 2, a(2), as the case may be, of the 
two ions under consideration, according to equa
tions of the type
0 A + _  0 ° A+ t t A + e ) . 0T.V _  0 ° B*

0 b + 0 ° b + aB+(I>’ 0c+ <t> °  c+ ac+(1)!
0 L +(2) _  0 ° L+

0  M + (2 ) 0 °  M + <ï m +(2> '
(3a-o)

In the course of time systems of the type of sys
tem 1 drift to the Gibbs-Donnan membrane equilib
rium, provided that the movement of solvent is 
insignificantly slow, or that osmotic equilibrium is 
maintained by the addition of the proper concentra
tion of non-diffusible non-electrolyte or by the ap
plication of hydrostatic pressure to the more dilute 
solution. In the final equilibrium state the ratios 
of the activities of all permeable ions in solution 1 
are identical with the ratios of their activities in 
solution 2 according to equation 2 or its analog for 
anions

aA+<1) Ob+<1) _ fisc+(1) _ cl+U)
alïK) ~ ~ ~ etc- W

where the a(1) and a(2) terms refer to the activities 
of various ions, A+, B+, etc., in the equilibrium solu
tions 1 and 2, respectively.

In the present paper we postulate and demon
strate experimentally the existence of an interesting 
and heretofore not explicitly described effect which 
must arise in the course of the spontaneous drift 
toward the Gibbs-Donnan membrane equilibrium 
of systems in which two or more species of ions of 
the same charge in solution 1 exchange at greatly 
different rates against some other species of ions 
in solution 2.

This effect, it might be added, is of a general na
ture. It is not restricted to any particular mech
anism by which a system may drift toward a 
Gibbs-Donnan equilibrium; it can occur with “ oil” 
membranes as well as with porous membranes. 
Aside from its purely physico-chemical interest it 
might be of significance in the preferential accumu
lation of ions against concentration gradients by 
living cells.

Theoretical
Consider a system, system 3, with an ideally cat

ion selective membrane which in the initial non
equilibrium state, state I, corresponds to the fol
lowing scheme (which for simplicity’s sake is writ
ten in terms of concentration rather than in terms of 
activity)

Solution 1 Solution 2
A+X~ 0.005 N  
B + X - 0.005 N  
C + X - 0.005 1V

Initial State: State I

c + x - 0.060 N  (System 3, 
State I)

The volume of solution 1 is so large compared 
with that of solution 2 that its composition can be 
considered as constant. The water permeability of 
the membrane is negligibly small (or the system 
may be equilibrated osmotically as stated before).

We assume now that the rate of exchange of A+ 
against C+ is exceedingly high compared with the 
rate of exchange of B+ against C+ or A+. In this 
case, as pointed out by Donnan,6 a partial mem
brane equilibrium fulfilling the requirements of 
equation 4 is established with respect to A+ and C + 
ions before a significant quantity of B+ ions have 
penetrated across the membrane (state II)

Solution 1 Solution 2
A+X  -  0.005 N 
B + X - 0.005 IV 
C + X - 0.005 N

A+X  0.030 N  (System 3, 
C + X - 0.030 IV S ta te li)

State of Partial Equilibrium: State II

If we wait long enough (remove from our system 
the restriction that the B+ ion cannot exchange at 
a significant rate across the membrane), our system 
will degrade spontaneously until State III, the 
true Gibbs-Donnan equilibrium, is reached, in 
which equation 4 applies to all species of cations

Solution 1 Solution 2
A + X “  0.005 N 
B+X -  0.005 N 
C + X " 0.005 N

A+X  -  0.020 N  
B+X -  0.020 N  
C + X - 0.020 A

(System 3, 
State III)

Gibbs-Donnan Equilibrium: State III

A comparison of the concentrations in states II 
and III of the A+ ions in solution 2 shows that the 
transitory overshooting effect in system 3 amounts 
to 50% of the final equilibrium concentration.

Finally we consider the experimentally readily 
realized case, that the A+ and the B + ions exchange 
simultaneously across the membrane but at differ
ent rates. With the A+ ion being the more readily 
exchanging ion, the system drifts through a se
quence of states in which the concentration of A + 
in solution 2 will be between those described by the 
states II and III, (while the concentration of B+ in 
solution 2 will be below that of the state III) until 
the final membrane equilibrium of state III is 
reached. This means that the concentration of the 
faster exchanging A+ ion will transitorily exceed in 
solution 2 the concentration which corresponds to 
the true equilibrium of state III. If the ratio of the 
intrinsic permeabilities of the two competing spe
cies of ions, <t>°A+/<t>°B+, is high, this “ overshooting 
effect”  can be expected to amount to a considerable 
fraction of that calculated for the hypothetical con
dition of an infinitely high 0 ° ratio.

Systems in which the coexisting species of per
meable ions are present in solution 1 not at the 
same concentration (as they are in System 2) but 
at different concentrations, are analogous. They 
drift through an intermediate state of partial equi
librium, fulfilling the conditions of equation 2 with 
respect to two species of permeable ions, until they 
reach the final equilibrium in which equation 4 holds 
true with respect to all ions of the same charge. A 
consideration of equation 4 leads for such systems 
to the conclusion that the overshooting effect in 
solution 2 will be, percentagewise, greater the 
lower the relative concentration of the overshooting 
ion in solution 1.

The converse of the transitory overshooting ef
fect is the transitory depletion of an ionic species 
from a higher concentration level to a concentration

(6) F. G. Donnan, Chem. Revs., 1, 73 (1924).
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below that corresponding to the final state of true 
equilibrium.

Consider the (anionic) system, system 4
Solution 1 Solution 2

X + A - 0.015 N\ „ ^  „ IX +A - 0.030 N  (System 4, 
X + B - 0.030 iV| IX +C - 0.060 N  State I)

Initial State: State I
The volume of solution 1 is infinitely large. The 

rate of exchange of B~ for A -  is exceedingly fast 
compared to the rate of exchange of A “  against 
C~ as well as of B -  against C~. The system, 
therefore, degrades first to the partial equilibrium 
of state II in which the ratio of the concentrations 
of A -  and B~ are the same (1:2) in both solutions.

Solution l Solution 2

X + A - 0.015 N  
X + B - 0.030 N

X + A " 0.010 N 
X + B - 0.020 N  
X + C - 0.060 N

(System 4, 
State II)

State of Partial Equilibrium: State II
State II in time degrades, az a much lower rate, 

to the true equilibrium state, state III in which 
the concentration of C -  in solution 2 (and also in 
the infinite volume of solution 1) is zero.

Solution 1 Solution 2
X + A “  0.015 N\ „ /—, .  |X+A_ 0.030 N  (System 4, 
X+B -  0.030 M| |x  +B -  0.060 N  State III)

Gibbs-Donnan Equilibrium: State III
The concentration of X + A -  in solution 2, which 

in the initial system, state I, is the same as in the 
final stable Gibbs-Donnan equilibrium of state III,
0.03 N, drops in state II to a much lower level, 0.01 
N, which in this instance is also lower than the 
concentration in solution 1.

Overshooting and depletion effects can, of course, 
occur with different ions in the same system. A 
given ionic species may go successively through 
phases of overshooting and of depletion as the sys
tem drifts toward final equilibrium. AVe add to 
solution 1 of the previous anionic system an ionic 
species D~, the exchange of which against any 
other ions is very slow compared with all other ex
change processes in system 5

Solution 1 
X + A “  0.015 N  
X + B " 0.030 N 
X + D - 0.045 N

Solution 2

X + A “  0.030 N 
X + C “  0.060 N

Initial State: State I

(System 5, 
State I)

AVith the volume of solution 1 infinitely large, 
system 4 drifts first through one state of partial 
equilibrium, state II, which is identical with state 
II of system 4, later through a second state of par
tial equilibrium, state III, identical with state III 
of the system 4, and finally reaches the true equi
librium state, state IV, in which (in this particular 
case) solution 2 has the same composition as solu
tion 1.

E x p e r im e n ta l
In proving experimentally the existence of the transitory 

overshooting and depletion effects it is necessary to construct 
systems which show within a reasonable period not only the 
overshooting or the depletion effect to a pronounced degree, 
but also the much slower disappearance of these effects as 
the systems drift toward the final equilibrium. In such 
experiments, all changes in the concentration in solution 2 
of the ion or ions under consideration should occur essen
tially undisturbed by such effects as leakage of nominally 
impermeable ions, water movement, etc. Sizable effects

can be expected only if the ratios of the intrinsic competitive 
permeabilities of the ions studied are fairly high.

By far the most suitable membranes for such experiments 
are the permselective collodion matrix membranes,7 par
ticularly the more recently described types, the strong acid, 
exclusively cation permeable sulfonated polystyrene collo
dion membranes,8 and the analogous strong base, exclusively 
anion-permeable poly-2-vinyl-N-methylpyridinium collodion 
membranes.9

The practical problem is to select membranes with a suit
able combination of properties in which the somewhat an
tagonistic requirements of the planned experiments are bal
anced. For instance, high ratios of the intrinsic competi
tive permeabilities of coexisting species of ions tend to occur 
with membranes of fairly high resistance which yield low 
rates of exchange of these ions across their thickness. 
Membranes of lower resistance which allow a fast exchange 
of ions, tend to show low ratios of intrinsic competitive per
meabilities. The information available on the permselec
tive membranes with respect to their ionic selectivity (ab
sence of exchange of nominally impermeable ions), their 
water permeability, the rate of exchange of various perme
able species across them, and the ratios of the intrinsic com
petitive permeabilities across them of various combinations 
of ions, etc., makes it possible to select systems suitable for 
the planned experiments.

The membranes were test tube shaped (25 X  100 mm.) 
and mounted on glass rings for easy handling.8’9 They were 
tested by our standard methods (a) for their ohmic resist
ance, p*, in 0.1 N  KC1 as an indication of the rates at which 
ions exchange across them, and (b) their electromotive prop
erties in the concentration cell 0.4 A  KCl/membrane/0.2 N  
KC1 as a measure of their ionic selectivity. Membranes 
with resistances p* of 30 to 303 ohm-cm.2 were considered 
potentially suitable. The concentration potentials, cor
rected for the asymmetry of the liquid junction potentials 
at the tips of the saturated KC1 bridges used in the measure
ments, were in no instance more than 0.6 mv. below the 
theoretical maximum potential of ±15.95 m v., the plus 
sign referring to the selectively cation-permeable, the minus 
sign to the selectively anion-permeable membranes.

To determine the ratio of the intrinsic competitive perme
abilities of any two species of ions across a given membrane 
the corresponding bi-ionic potential in a system like system 
2a or 2b was measured by the Poggendorf compensation 
method (using saturated calomel half-cells with saturated 
KCl-agar bridges as reference electrodes) and evaluated 
according to equations 1 and 2 .3’4

The experimental arrangement consisted essentially of a 
membrane containing a known volume of solution 2, which 
was inserted in a vessel through which solution 1 was flowed 
continuously at a rate rapid enough to keep its composition 
virtually unchanged, both solutions being stirred by streams 
of air bubbles.

During the rather prolonged experiments small but ap
preciable quantities of water entered the compartment of 
solution 2 from the outside due to the higher water activity 
of solution 1. In order to obviate any corrections for this 
effect, the volume of solution 2 was kept constant by regulat
ing the stream of air (dried by passing it through a CaCfi 
column) which was used for stirring.

The speed at which an experimental system with a given 
membrane and solutions of given compositions drifts toward 
equilibrium is proportionate to the ratio of the effective 
membrane area to the volume of the inside solution 2. For 
practical reasons, therefore, the volume of this solution 
should be small. To achieve this, a test tube-shaped glass 
bulb was mounted coaxially inside the membrane by means 
of a rubber stopper inserted in the glass ring on which the 
membrane was mounted; this stopper was also provided with 
an inlet and an outlet tube for the air used in stirring.

For an experiment, the annular space between the mem
brane (of about 50 cm.2 effective area) and the glass bulb 
was filled with a known volume (11-17 ml.) of solution 2, so 
that the latter reached a level above the bottom of the glass 
ring. The membrane was mounted in solution 1 and both 
solutions were stirred. To establish a stationary or near- 
stationary state with respect to the distribution of ions

(7) K. Sollner, J. Electrochem. Soc., 97, 139C (1950); Ann. NT. Y. 
Acad. Sci., 57, 177 (1953).

(8) R. Neihof, T h is  J o u r n a l , 58, 916 (1954),
(9) M. Gottlieb, R, Neihof and K. Sollner, ibid., 61, 154 (1957).
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within the membrane, a. period of one to three hours (de
pending on the permeability of the membrane) was allowed 
to elapse before the .solution inside the membrane was with
drawn and replaced by a measured amount of fresh solution 
2. The moment of this replacement was taken as the zero 
time of the experiment proper. The experiments were 
carried out at room temperature, between 22 and 25°.

After measured intervals aliquots of the inside solution 
were removed with micropipets and analyzed for the ions 
entering from the outside solution.

Thiocyanate was determined colorimetrically at 460 mu 
using F e(N 03)3 acidified with I1N03 to develop a color.10 
In order to avoid interferences due to other ions the stand
ards used had approximately the same ionic composition as 
the unknowns.

The acetate analyses were made by a displacement titra
tion in 90% or more of acetone with standard IIC1 (in 75% 
ethyl alcohol) using neutral red as an indicator.11

Lithium was determined by standard flame photometric 
techniques using a Beckman flame attachment with a Beck
man Model DU spectrophotometer.

Hydrogen ion was titrated with standard NaOII solution. 
Ill the samples containing ammonium ion the end-point was 
determined (with a universal indicator) by comparison with 
the color of a solution containing approximately the same 
concentration of ammonium.

The accuracy of the analyses was in all cases better than 
± 5 % .

All experimental data are presented below as obtained 
without correction for the small changes in the ratio of mem
brane area to volume of solution 2 which are due to the re
moval of liquid for analysis (never more than 10% in any 
experiment) and to small changes in total concentration 
which might have arisen because of lack of accuracy in the 
balancing of the osmotic inflow of wratcr into solution 2 with 
the loss of water by the evaporation caused by the stirring 
with dry air.

In view of the low concentrations used, the similarity of 
the activity coefficients pertaining to the various ions in 
each system, and the limited accuracy of the analysis, all 
results are expressed on a concentration rather than on an 
activity basis, as are also all partial and final equilibria.

While these factors might impose some limitation in any 
attempt at a kinetic evaluation of the experimental data, 
their influence is of no consequence in the problem at hand— 
the demonstration of the postulated overshooting and de
pletion effects.

Figures la - lc  show three examples of the overshooting 
effect. The system of Fig. la  is the anionic analog of the 
cationic system 3, magnesium salts being used to minimize 
cation leakage. The system of Fig. Id, showing an instance 
of the depletion effect, corresponds to system 4. The ex
perimental points pertaining to the ions that show the over
shooting or depletion effect are connected by a heavy solid 
line, the corresponding partial and final equilibrium concen
trations are indicated by dotted lines. The experimental 
¡joints pertaining to the simultaneously exchanging ions are 
connected by light solid lines; broken lines indicate the corre
sponding final equilibrium concentrations.

Discussion
Figures la -ld  clearly demonstrate the existence of 

the postulated transitory overshooting and deple
tion effects. Tn the experiments of Figs, la -lc , the 
overshooting reaches about 75, 80 and 80%, re
spectively, of the maxima which are calculated for 
the partial equilibria in the hypothetical systems 
in which the intrinsic competitive permeability of 
the overshooting ion is assumed to be infinitely 
greater than that of the more slowly exchanging ions 
under consideration. The depletion effect shown 
in Fig. Id reaches about 75% of the theoretically 
possible maximum.

(10) F. I). Rni'll and O. T. Snell, “ Colorimetric Methods of Analy
sis,”  Vol. Id., Van Nostrand Co., New York, N. Y., Third Edition, 
1949.

(11) I. M. KolthoiT and V. A. Stenger, “ Volumetric Analysis,”  
Vol. If, Interscience Publishers, Inc., New York, N. Y., Second Edi
tion, 1947.

The observed effects could, of course, have been 
larger or smaller than those shown in Fig. 1, if mem
branes with higher or lower ratios of the intrinsic 
competitive permeabilities of the permeable ions 
in solution 1 were used.

A comparison of the experiments of Figs, la and 
lc which were carried out with similar membranes, 
having the same -  ° son - /  r ° a c - ratio, 84:1 (and stand
ard resistances of 80 and 125 Í2 cm.2, respectively) is 
of some interest. In the system of Fig. 1 c the over
shooting ion, SCN- , is present in solution" 1 at a 
much lower relative concentration than in the 
comparable system of Fig. la. In agreement with 
the theoretical prediction the transitory overshoot
ing is percentagewise (in terms of the final equilib
rium) higher in the system of Fig. lc, about 250% 
as compared to about 37% in the system of Fig. la.

A very substantial overshooting effect, about 
120%, was also observed in the system of Fig. lb 
with H+ (of low concentration in solution 1) as the 
overshooting ion.

Overshooting effects of this order of magnitude 
thus far have not been obtained with pairs of the al
kali ions, such as K+ and Na + or K+ and Li+, cor
responding to the low (j>° ratios of these ions across 
permselective membranes that give conveni
ently fast reaction rates. Substantial effects, un
doubtedly, could be obtained after prolonged peri
ods with permselective membranes which give low 
reaction rates and rather high 4>° ratios.4

The here-presented overshooting and depletion 
effects across membranes of extreme ionic selectiv
ity show a considerable similarity to certain effects 
across membranes of higli porosity, which were de
scribed by Straub under the term “ harmony,” 12 
and to the “ diffusion effect”  investigated by Teo- 
rell.13 Concerning these effects and their theory 
the reader is referred to the recent review by Teo- 
rell.14

The discussion of the overshooting and depletion 
effects requires at least a brief reference to their 
potential biological significance.

Two of the most characteristic features of living 
cells are their ability (1) to accumulate electrolytes 
in their sap up to concentrations far in excess of the 
concentration of these electrolytes in the surround
ing milieu and (2) to take up different species of 
ions of the same charge in ratios which are vastly 
different from the ratio in which these ions are pres
ent in the surrounding milieu.

It is generally felt that both these phenomena are 
closely related to the Gibbs-Donnan membrane 
equilibrium, the consideration of which has recently 
also led to the construction of a cell model which 
accumulates simultaneously anions and cations 
against concentration differences and thereby imi
tates in vitro the first of the named activities of liv
ing ceils.18

With respect to the preferential uptake of certain 
ions (for instance K+ over Na+, or of I~ over Cl% 
it is now commonly realized that this effect must

(12) J. Straub, KóUoid Z., 62, 13 (1933); Chem. Weekblad, 45, 301 
(1949).

(13) T. Teorell, Skand. Arch. Physiol., 6 6, 225 (1933); Gastroenter
ology, 9, 425 (1947).

(11) T. Teorell. Progr. Biophys. Biophys. Chem., 3, 305 (1953).
(15) K. Sollner, Arch. Biochem. and Biophys., 54, 129 (1955).
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So In. 1 So in . 2
0.0015 N Mg ( SCN>2

-<-(~)-H0-2AIMg(N03)?0.0200 N Mg (Ac)2
■0.0050 N Mg (N03) -

In it ia l S t a t e

10 20 30 40  AT EQUIU8R.
T IM E  (DAYS)

c
Fig. 1.— The time-concentration in solution 2 relationships in three representative systems with membranes of extreme 

ionic selectivity (Figs, la - lc )  which show the overshooting effect, and one system (Fig. Id) which shows the depletion 
effect.

be connected with a state of non-equilibrium. This 
state of non-equilibrium is maintained, generally at 
a fairly steady level, by the metabolic activity of 
the cell. The electrolyte content of the cell is 
commonly considered as the result of the exchange 
of the ions of some metabolic waste product, such 
as carbonic acid, for the ions of the surrounding mil
ieu.

While the stationary state condition is main
tained by the cell, the quantity of any ionic species 
which enters the cell per unit of time equals the 
quantity leaving it. The faster permeating ions 
must be present in the cell sap at relatively higher 
concentrations than the more slowly penetrating 
ones, provided no specific, ion-selective, counteract
ing mechanism is involved in the process by which 
the ions under consideration leave the cell. (An 
efflux of hypertonic cell sap in bulk caused by the 
turgor pressure of the cell, for instance, would fulfill 
this condition of a nonspecific process.)

This view of the cell as a non-equilibrium, sta
tionary state system is commonly associated with 
the apparent common-sense assumption that the 
concentration (or activity) which a particular ion 
may reach within the sap of a cell must of necessity 
be between that in the outside milieu and that de
scribed by the Donnan equilibrium, if the latter 
ever were reached.

This latter assumption, however, as shown in this 
paper, is fallacious. The overshooting and deple
tion effects could cause a variety of selective accu
mulation and elimination effects well above or be
low the level of those which would be expected on 
the basis of the conventional approach to this prob
lem. Cell models (involving both cation selective 
and anion selective membranes) 15 to demonstrate 
such selective accumulation and depletion effects 
against concentration differences are currently being 
studied. The possil.de role, however, which these 
effects may play in living cells and tissues remains 
at present an open question.



164 R. J. Stewart and W. F. G raydon Vol. 61

IO N -E X C H A N G E  M E M B R A N E S . I I I .  W A T E R  T R A N S F E R 1

B y  R. J. Ste w a rt  and W. F. G raydon

Department of Chemical Engineering, University of Toronto, Toronto, Canada 
Received July 19, 1956

Direct measurements of electroosmotic water transfer across various polystyrene sulfonic acid ion-exchange membranes 
have been made. These data are correlated with the membrane properties of exchange capacity and water content. Mem
brane potentials for membranes of various capacity and divinylbenzene content have been measured. For several mem
branes exhibiting close to the ideal potential, the deviations from the ideal potential are in good agreement with the values 
calculated from the water transfer data. This conclusion has been substantiated by the measurements of membrane poten
tials under conditions of osmotic equilibrium. For membrane cell potentials less than 98% of the ideal potential the calcu
lated deviations using the measured water transfer data and chloride-ion transfer data are less than the deviations measured. 
It is postulated that these cells degrade by chloride-ion diffusion so rapidly that the reversible potential has not been measured.

Introduction
Previously reported measurements of membrane 

potentials for a series of ion-exchangers permitted 
the estimation of water transfer.2 Direct meas
urements of electroosmotic water transfer across 
the same and similar membranes are given in this 
report. The membranes used were prepared by 
the copolymerization of the propyl ester of p-sty- 
renesulfonic acid with styrene and divinylbenzene 
and subsequent hydrolysis to produce polystyrene- 

• sulfonic acid. This method permitted the prepara
tion of membranes of various capacities with the 
sulfonate groups distributed throughout the bulk 
of the membrane. These membranes contained no 
inert binder.

Experimental
Membranes.— The membranes used in this work were 

prepared as described previously.2'8 In general the mem
branes previously prepared were used. The membrane 
characteristics, capacity, nominal cross-linking and mois
ture have been given.2 The membranes are designated by 
two digits. The first digit represents the exchange capacity 
of the membrane to the nearest integer and the second digit 
represents the mole per cent, of divinylbenzene used in the 
preparation of the membrane. Two additional membranes 
have been prepared. The 2-2B membrane had a moisture 
content of 1.60 g. of water per g. of dry hydrogen resin and 
a capacity of 2.49 meq. per gram of dry hydrogen resin. 
For the 1-2B membrane these values were found to be 
0.562 g. H20 /g .  and 1.08 meq./g.

Electroosmotic Water Transfer.— Measurements of elec
troosmotic water transfer were made using a lucite cell as 
shown in Fig. 1. The cell filled on both sides of the mem
brane with the same salt solution of known concentration 
was placed on a firm support in a water-bath controlled to 
25 ±  0.1°. A measured current was passed through the 
cell for a time determined by stopwatch. The heights of 
the solutions in both the capillary tubes were measured us
ing a cathetometer before and after the passage of current. 
All the data reported are average values of eight individual 
measurements. The solution was adjusted to about the 
same level in both capillaries at the time of filling. A con
stant current, usually 2 milliampères, was passed for a 
measured time. The heights were then measured in both 
capillary tubes. The current was reversed and passed in 
the opposite direction for the same time. The two heights 
were again measured. This procedure was then repeated 
for a different current, usually 4 milliampères. Various 
times (2 to 10 minutes) were chosen to give a change in 
height of 0.5-1 cm. in each capillary tube. The average 
deviation of a single measurement from the mean of eight 
was between 0.01 and 0.02 cm. for all measurements. Al

(1) This report is abstracted from the thesis of R. J. Stewart 
submitted for the degree of Doctor of Philosophy, University of 
Toronto, October, 1955. It was presented at the Gordon Research 
Conference on Ion Exchange in New Hampshire, June, 1955.

(2) W. F. Graydonand R. J. Stewart, T h i s J o u r n a l , 59, 86 (1955).
(3) I. H. Spinner, J. Ciric and W. F. Graydon, Can. J. Chem., 32,

143 (1954).

though the temperature for the whole series of measurements 
was controlled to ± 0 .1 ° , the temperature variation during 
a run was considerably less than 0.1°. It may be noted that 
a charge of about 5 X  10"f faraday was passed in making a 
measurement. This corresponds to a maximum transfer 
of salt of 2.5 X  10~3 * mole per liter. Hence concentration 
changes during a run are less than 5%  for the most dilute 
solutions used. From time to time the cell was allowed to 
stand with the electrical circuit disconnected before the cur
rent was reversed to check for leaks, osmotic transfer and 
temperature variations. The greatest change observed was 
a steady decrease amounting to 0.03 cm. for a standing time 
of 100 minutes. It was attributed to cell leakage. It is 
evident that these variations were quite negligible for runs 
up to ten minutes duration. To extend the above indication

Fig. 1.— Water transfer cell. The membrane exposed 
was a circle of 1 cm. diameter. The volume of each half-cell 
was 2 cc. The diameters of the capillary tubes were each 
0.0355 cm.

that the volume changes were independent of current den
sity a series of experiments were done with a constant charge 
passed of 0.600 coulomb. Four measurements were made 
at each of the currents 0.1, 0.5, 2, 4 and 10 milliamp. The 
average deviation of a single measurement from the mean of 
20 was 1% of the volume change. These measurements were 
obtained for the 1-6 membrane and the 3-4 membrane in 
0.1 NaCl solution.

Membrane Cell Electromotive Force Measurements.— 
The apparatus used and the procedure followed were essen
tially the same as previously described2 except that the 
solution in one side of the cell was subject, through an air 
cushion, to the pressure of a column of mercury. The pres
sure could be applied or released in 5 to 10 seconds. All 
measurements were taken at 25 ±  0.1° with the solutions 
at rest in the cell.

Membrane Moisture Content.— Samples of membrane 
in the leached sodium form were placed on a screen in the 
vapor space of a large glass desiccator fitted with a rotating 
fan blade. The bottom of the desiccator contained two 
liters of sodium chloride solution of known composition. 
The desiccator was immersed in a water-bath at 25.0°. 
After two weeks the membranes were rapidly transferred 
to weighing bottles and weighed. After weighing the mem-
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Fig. 2.— Electroosmotic water transfer for various membranes, 25°. AF/18 is the volume change (cc.) per faraday in
one half of the electroosmotic cell. This quantity is approximately the water transference number in moles/faraday. 
The experimental points obtained for 2 and 4 M  sodium chloride solutions have not been encircled because of the closeness 
of the plots. All points are average values for eight measurements.

branes were returned to the desiccator for 24 hours and re
weighed. This procedure was repeated on five successive 
days. Constant weights to about 1% of the total sample 
weight were obtained and the deviations showed no general 
trend. However, the values were not approached from both 
sides of the moisture adsorption equilibrium and therefore 
must be considered as indicative only._ The dry weights 
of the samples were determined by drying for 16 hours at 
110° .

Results and Discussion
The data obtained for the volume change in one 

half of the electroosmotic cell per faraday are given 
in Fig. 2. The quantity AF/18 is a good approxi
mation to the moles of water transported per 
faraday. The corrections for the volume change of 
the cell reaction estimated below reduces these 
values by about 0.1 mole of water per faraday in 
the dilute solution. This correction is probably 
no greater than ±  0.2 mole o: water per faraday at 
any of the concentrations used.

The variations in the water transfer data are very 
similar to the variations observed for membrane 
water content, as shown in Fig. 3. In Table I are 
given values for the ratio of water transfer AF718F 
to water content (moles of water per equivalent of 
ion-exchange resin). The values for water transfer 
at zero sodium chloride concentration have been ex
trapolated from the data of Fig. 2 and are therefore 
in some doubt.

It may be noted that over a considerable range 
of membrane capacity, cross-linking and moisture 
content, about half the water per ion-exchange 
group in the resin is transferred per faraday. The 
ion concentration of the solution transferred across

T a b l e  I
R a t io  o f  W a t e r  T r a n sf e r  to  W a t e r  C o n t e n t

Membrane Sodium chlorine solution molarity
no. 0 l 2 4

1-6 0.39 0.48 0.50 0.47
1-4 .38 .47 .47 .48
1-2B .38 .41 .41 .38
2-6A .48 .54 .57 .53
2-6B .42 .47 .47 .48
2-4 .45 .48 .48 .47
2-2B .54 .52 .48 .48
3-6A .58 .55 .55 .51
3-6B .54 .54 .55 .52
3-4 .60 .57 .54 .52

the membrane is to a first approximation the same 
as the internal ion concentration of the membrane 
pore solution. There is a tendency for the ratio to 
be less than 0.5 for membranes of low capacity and 
somewhat greater than 0.5 for membranes of high 
capacity.

The numbers in the body of the table are AF X 
(C/1000 PF̂ Na) where

AT is the vol. change (cc.) per faraday in one-half of the 
electroosmotic cell

C is the membrane capacity in meq. per g. of dry sodium 
resin

Wd*« is the membrane moisture content in grams of water 
per gram of dry sodium resin.

In order to calculate the water transfer term for 
the membrane potential equation it is necessary to 
consider the correction of the quantity AF/18.
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0 1.0 2.0 3.0 4.0
Solution, N.

Fig. 3.— Membrane moisture content, 25°. Wd-$B is the weight of water in grams per 100 grams of dry resin in the 
sodium form. Solution normality refers to the solution with which the membrane was equilibrated. These values were not 
verified by approaching the equilibrium from both sides and must be regarded as indicative only.

AT = u, l\, +  ¿NaTNaci — Fasci +  TAb (l) for various membrane cells and the water transfer 
where term calculated.

AT is the vol. change per faraday in the cell
tw and tsa are moles of water and sodium ion transferred per
_  faraday
V signifies partial molal volume
T abCI taken as 25.8 cc.
VAe taken as 10.3 cc.

Using the equations given by Harned and Owen4 
the partial molal volume of water Vw is calculated 
to be 18.0 ± 0.1 cc. for the solutions used here.

For the 0.1 M  solutions the value, ¿Na =  0.98, for 
these membranes has been estimated previously2 
and confirmed by direct ion-transfer measure
ments.6 In 0.1 M  solutions UnoCi = 17.42 cc.4 
and equation 1 becomes

A T7

~To 0.1 dz 0.01 =  tw lo
For the more concentrated solutions the correc

tion term cannot be so readily evaluated because 
¿Na is not known. One may assume as a reasonable 
range of values for the 1 M  solution, tn& =  0.90 to
0.98. Since kNaCi =  19.60 ml. a correction of
0.12 to 0.20 is calculated. For the 4 M  solution 
FnaCI =  22.73. The correction of AF/18 to give 
t w will be within ± 0.2 mole per faraday if ¿Na is in 
the range 0.52-0.84.

Since the membrane potentials were measured 
between 0.05 and 0.1 ili solutions the values AF/18 
may be used for tw without serious error. In Table 
II are listed the electromotive force measurements

(4) H. S. Harned and B. B. Owen, “ The Physical Chemistry of Elec
trolytic Solutions,”  Reinhold Publ. Corp., New York, N. Y., 1050.

(5) R. J. Stewart, and W.F. Graydon, T his Journal, 60, 750 (1050).

T a b l e  II

E le c tr o m o tiv e  F orce  M e a s u r e m e n t s  fo r  M e m b r a n e  
C ells

E.m.f. for sodium transfer only =  32.55; solutions 0.05 M  
NaCl, 0.1 .1/ NaCl.

Mem
brane

no.
Measured

e.m.f.,
mv.

Water
transport

term,
mv.

Chloride
transport

term,
mv. Total

Dev.
from
ideal

1-4 32.35 0.19 0.01 32.55 0
2-f)B 32.30 .22 .01 32.53 0.02
2-6A 32.24 .20 .01 32.51 .04
3-GB 32.14 .33 .01 32.48 .07
3-OA 32.06 .40 .01 32.47 .08
2-4 31.90 .30 .01 32.21 .34
3-4 31. G4 .52 .02 32.18 .37
1-2B 31.70 .34 .03 32.07 .48
2-213 30.40 .02 .04 31.06 1.49

It may be noted that the chloride transfer terms, 
calculated as previously reported,2 are in all cases 
small with respect to the water transport terms. 
Direct ion transfer measurements5 indicate that the 
values given for the chloride transfer terms may be 
low. However, for the first five membranes listed 
in Table II the water transport term accounts for 
the deviation from ideality within the experimental 
error. For the remaining four membranes the sum 
of the water and chloride transference terms is too 
small to account for the deviation of the measured 
from the ideal values.

In order to verify the above, measurements were 
made of electromotive force for various membrane
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cells under conditions of constant pressure of one 
atmosphere on the dilute solution and varying pres
sure differences up to 3 atmospheres between the 
dilute and the concentrated solution (0.05 and 0.1 
M). If the water transfer is the only significant 
cause of membrane potential deviations from ideal 
values then at conditions of equal chemical poten
tial for water (AP  =  2.3 atmospheres) the electro
motive force measured should be the ideal. As 
shown in Fig. 4 the values for cell e.m.f. measured at 
3 atmospheres were above the theoretical values for 
the first five membranes in Table II. Since the 
ideal e.m.f. is the same for all membranes the pres
sure e.m.f. plots should intersect at AP =  2.3 at
mospheres if the only cause for deviation is water 
transfer. The two most nearly ideal membranes 
approach this behavior closely as shown in_Fig. 4. 
It may be noted that the quantity A P X  ( FNaCi — 
FAgci — Va«) is negligible in these measurements. 
The slopes of all the plots in Fig. 4 are qualita
tively consistent with ¿w values calculated from 
the measured volume changes above. These data 
verify the conclusion that for four of the mem
branes, the water transport is insufficient cause for 
the deviation from ideality. Some degradation of 
the cell by a non-reversible diffusive process is in
dicated.

1 2 3
Pressure, atm.

Fig. 4.— Variation of membrane cell electromotive force 
with pressure differences at 25°. The values given for pres
sure are pressure differences across the membrane, which is 
the applied pressure on the concentrated solution above one 
atmosphere. The solutions used were 0.05 and 0.10 M  
NaCl. The calculated ideal e.m.f. for sodium ion transfer 
only was 32.55 millivolts.

As noted previously2 it is possible that the meas
ured e.m.f. values for cells showing large deviations 
were not reversible values for the cell reaction 
stated. To investigate the question of cell reversi
bility somewhat further the data given in Fig. 5 
have been obtained. Considering the curves with 
zero subscripts which were obtained without a pres
sure difference across the membrane a marked dif
ference may be seen between the plots for the mem
branes of low deviation from ideality (1—40 and
2-6A0) and those for membranes with a much

0 4 8 12 10 20
Time, minutes.

Fig. 5.— Variation of membrane cell electromotive force 
with time. The subscripts 3 and 0 on the membrane designa
tion for each plot refer to the hydrostatic pressure dif
ference in atmospheres across the membrane. The solutions 
used were 0.05 and 0.1 M  NaCl. The calculated ideal 
e.m.f. was 32.55 millivolts.

Time, minutes.
Fig. 6.— Membrane cell electromotive force measurements 

with intermittent stirring. The cell solutions were stirred 
vigorously at 4-minute intervals. The ideal e.m.f. was 32.55 
millivolts. The solutions were 0.05 and 0.10 M  NaCl solu
tions.

greater deviation (2-40, 1-2B0). For the poorer 
membranes there is certainly some doubt that the 
reversible e.m.f. values have been measured for the 
cell without liquid junctions. Since both chloride 
ion diffusion and water diffusion reduce the e.m.f. 
measured no indication of the relative magnitude of 
these processes can be obtained from these data. 
However with a pressure differential of three at
mospheres applied to the more concentrated sodium 
chloride solution the two diffusive processes may be 
distinguished. Under these conditions degrada
tion by water flow increases the e.m.f. of the cell 
while degradation by chloride ion diffusion reduces 
the e.m.f. of the cell. Considering the curves la
beled with subscripts 3 in Fig. 5, one membrane 
shows an increasing e.m.f. with time (1- 43). For 
this membrane it is concluded that the major deg
radation is caused by flow of water across the mem
brane. The two degradation processes mutually 
cancel for the (2-63) plot. For the (2—43) the deg
radation resulting from chloride ion diffusion is 
much the greater effect.
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The changes with time noted in Fig. 5 are greater 
than would be expected if the entire solution in 
each half-cell remained at uniform concentration. 
Chloride ion transfer rates of the order of 10_6 
gram ions per hour are to be expected. Flence it is 
supposed that the major concentration changes 
resulting frcm diffusion must be limited to small 
volumes adjacent to the membrane surfaces. This 
view is confirmed by the measurements illustrated 
in Fig. 6. In this experiment the solution in the 
cell was stirred rapidly at four minute intervals. 
The cell solutions were not changed and the poten
tials were measured with the solutions at rest in the 
cell. As may be seen the original e.m.f. could be 
restored at will by mixing. However, it should be 
noted that on the basis of the above discussion the 
highest e.m.f. obtained is by no means the reversible
e.m.f. for the cell reaction considered.

In the dilute solutions used for these measure

ments we concluded that reversible e.m.f. values 
within 0.1 mv. have been measured only for mem
brane cells exhibiting a potential >98%  of the ideal 
value. For these membranes the deviation is al
most entirely because of reversible water transfer. 
The chloride transference number is almost negli
gible. For membrane cells showing a potential 
<98%  of the ideal value it is doubtful that the re
versible e.m.f. for the assumed cell reaction has 
been measured. The degradation of cells of this 
sort may be considered as the establishment of sig
nificant concentration gradients in the liquid layers 
at the membrane interfaces as a result of chloride 
ion diffusion.
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Electrogravitational effects associated with vertical ion-exchange membranes are investigated and found to be of large 
magnitude. The development of a vertical concentration gradient is explained by regarding the membrane as a type of 
electrode; the flow of current, just as with an ordinary electrode, leads to concentration polarization and the convective 
transport of matter. The limiting current behavior of an ion-exchange membrane, however, is complex, and a new concept 
is required to explain how membranes conduct current above the limiting current density. A qualitative discussion of the 
possible mechanisms is offered. Electrogravitational fractionation of cations or anions was found to take place when elec
trolytes were concentrated in a small cell. Simple considerations indicate that fractionation is a consequence of the relative 
mobility of the fractionated ions in the solution phase. Confirmation of this hypothesis would lead to a simple method 
for the estimation of relative mobilities. Although much remains to be done, the electrogravitational membrane process 
suggests a new approach to a commercial method for water demineralization and ion fractionation.

Introduction
The relatively recent development of highly ef

ficient, synthetic ion-exchange membranes has ex
tended the interest in membrane processes from the 
biochemistry laboratory to industry. Important 
projected uses for membranes now include the large- 
scale demineralization of brackish waters and sea
water, recovery of waste pickle liquor and the pro
duction of chlorine. An excellent review of recent 
work in this field is given by Spiegler.1

Most of the studies concerned with ion-exchange 
membranes have centered around their ability to 
hinder gross diffusion of salts while at the same time 
permitting either anions or cations to move freely 
through the barrier. Some attention has been 
given to changes of pH accompanying electrodialy
sis,2 and the fact that membranes polarize has been 
recognized and discussed.3 None of the prior in
vestigators appears to have studied or has at
tempted to utilize the concentration polarization 
which occurs whenever a current is passed through 
an immersed ion-exchange membrane.

* Socony-Mobil Research Laboratories, Paulsboro, New Jersey.
(1) K. S. Spiegler, J. Electrochem. Soc., 100, No. 11, 303C (1953).
(2) E. Manegold and K. Kalauch, Kolloid Z., 84, 313 (1938).
(3) K. H. Meyer and W. Strauss, Helv. Chim. Acta, 23, 795 (1940).

In our laboratories we have found that any verti
cal ion exchange membrane on the passage of cur
rent gives rise to a vertical concentration gradient, 
the latter being formed presumably by gravita
tional convection of the polarized layers of depleted 
or enriched electrolyte. The magnitude of this ef
fect is quite large and may have commercial signifi
cance. The means by which a flow of current in 
the horizontal plane generates a vertical concentra
tion gradient, and the role of the membrane in the 
process, are not simple. Quantitative treatment 
has been applied with success to the behavior of 
vertical electrodes with natural convection,4-6 
and one is tempted to assume that the treatment is 
valid for ion-exchange membranes, regarding the 
latter as another form of reversible electrode. 
However, as we shall see, ion-exchange membranes 
do not appear to behave as simple electrodes. In 
this paper we shall attempt to present our findings 
with particular emphasis on the phenomenological 
aspects of the problem.

Basic Cell
Construction.—The basic element with which

(4) B. Levich, Acta Physicochim. U.R.S.S., 19, 117 (1944).
(5) B. Levich, Disc. Faraday Soc., 37 (1947).
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this study concerns itself is the single, vertical ion- 
exchange membrane together with the polarized 
surface layers of electrolyte. For convenience, we 
shall refer to the membrane surface nearest the 
cathode as the anode surface, and the corresponding 
electrolyte film as the anode diffusion film; the 
membrane surface nearest the anode will be referred 
to as the cathode surface.

To provide a basic element for laboratory study, 
and at the same time to avoid the chemical and 
physical disturbances caused by electrodes, it was 
found desirable to use two membranes in the three- 
chamber cell shown in Fig. 1. The central chamber 
of this cell is physically isolated from the electrodes 
and yet contains an anode and cathode membrane 
surface, i.e., the components of a single membrane. 
When the cell is in use, the electrode chambers are 
rinsed by a continuous, moderate flow of the same 
solution as used to fill the central chamber; by this 
means, the accumulation of alkali and acid is 
avoided without unduly disturbing the system. 
Two additional buffer chambers are sometimes de
sirable to separate the central chamber from the 
electrodes; when used, these chambers are filled 
with the solution under study and serve to further 
isolate the important central chamber from the 
chemical products formed at the electrodes.

The cell shown in Fig. 1 was constructed with 
molded circular polyethylene spacers having an in
ner diameter of 5.6 cm. and a thickness of 1.4 cm. 
When assembled with membranes, each of the 
chambers had a capacity of approx. 35 ml. Two flat 
graphite electrodes were used to form the ends of the 
cell, and the whole assembly was held together in a 
frame composed of two Lucite blocks bolted at the 
four corners. As shown in Fig. 1, each of the spac
ers is provided with an inlet and overflow tube in
serted through the body of the spacer.

The membranes used in this study are similar to 
Permutit Cation Membrane 1373 and Permutit 
Anion Membrane 1374 which were described in a 
prior publication; the present membranes, how
ever, have better selectivity.6 The characteristics 
of these membranes are summarized below, the 
values shown having been obtained by methods al
ready described.6

M e m b r a n e  C h a r a c t e r i s t i c s

Permutit
Cation
3141

Permutit
Anion
3145

Thickness, mm. 0 .2 2 0.18
60 cycle effective areal resistance, 0.1 

N  NaCl, ohms-cm.2 13.8 11.3
Transport No., 0.01 N  NaCl 0.995 0.975

0.15 1V NaCl .995 .962
0.60 IV NaCl .995 .897
1.50 IV NaCl .960 .793
3.00 IV NaCl .868

Behavior of Basic Cell.— In the experiments 
about to be described, the basic cell was assembled 
with two Permutit Cation Membranes 3141. The 
cell was rinsed and equilibrated with the electro
lyte solution, in these instances 0.0996 N  NaCl, be
fore each experiment. Finally, the central cham
ber was filled, several minutes were allowed for the

(6) V. J. Frilette, T his Journal, 60. 435 (1956).

Fig. 1.— Cross-section of basic cell: (A ) =  lucite end
block; (B ) =  graphite plate; (C) =  spacer; (D ) =  mem
brane.

convection eddies within the chamber to damp, and 
the current was turned on. The current, kept con
stant by a suitable rheostat, was turned off after 
the predetermined time had elapsed. After the 
completion of the experiment, several minutes 
again were allowed to pass before the contents of the 
central chamber were drained off slowly and col
lected in two equal portions; the portion first col
lected corresponded to the solution in the lower half 
of the central chamber. The two portions were 
analyzed for chloride ion by Mohr titrations. In 
all experiments it was found that a net movement 
of sodium chloride into the lower half of the cham
ber had occurred, with no significant change in total 
electrolyte content of the chamber.

The results of this series of experiments are given 
in Tables I and II. Table I summarizes the results 
obtained for a series in which the time and current 
density were varied, but the total coulombs passed 
was constant for all runs. Table II summarizes 
the effects of varying the time of treatment at a 
fixed current density. All of the results are char
acterized by a relatively large vertical transfer of 
salt from the upper half into the lower half of the 
chamber.

Coulomb Efficiency.— Concentration polariza
tion at ordinary electrodes and convective move
ment of vertical polarized films are concepts which 
are well known to electrochemists.7 Most prior 
studies, however, are of systems characterized by 
forced convection and they are designed to evalu
ate the role of the Nernst layer on potential rather 
than to investigate concentration changes in the 
bulk of the solution. A noteworthy exception is 
found in the work of Murphy, who designed an elec
trogravitational cell with two silver-silver chloride 
electrodes.8 Although this investigator was lim
ited by the nature of his electrodes to low current 
densities and to chloride solutions, he did obtain

(7) C. W. Tobias, M. Eisenberg and C. R. Wilke, J. Electrochem. 
Soc., 99, No. 12, 359 C (1952).

(8) G. W. Murphy, ibid., 97, No. 11, 405 (1950).



170 V. J. Frilette Voi. 61

considerable vertical transport of salt and com
mented that “ the magnitude of convection effects 
has not been fully appreciated.”  In the para
graphs which follow we shall attempt to explain the 
high efficiencies observed in the present study.

Ion-exchange membranes may be considered 
electrodes in the sense that a particular ion, e.g., 
sodium, is in reversible equilibrium between a 
solution phase and the membrane surface. The 
membranes are not electrodes in the ordinary sense 
because they do not serve as oxidation-reduction 
sites, and also because they are to some extent 
permeable to water. Water transport, in particu
lar, is a factor which must be considered before any 
quantitatively satisfactory theory of the behavior 
of membranes in an electric field can be obtained.

The transport number of Cation Membrane 3141 
in dilute solution, as determined from Nernst po
tentials, indicates that the membrane behaves al
most as an ideal sodium electrode. Based solely on 
these potentials, one might predict that the passage 
of one faraday of current leads to the deposition on 
the surface of the membrane (or release from the 
surface) of one equivalent of sodium ion. How
ever, it has been noted in our laboratory and also 
elsewhere that the kinetic transport number is less 
than the Nernss value; this discrepancy has been 
attributed to the transfer of water in the hydration 
shell of the ion.9'10 In our laboratory, based on the 
behavior of the pair of membranes in an electrodi
alysis cell, the discrepancy between the kinetic and 
Nernst transport numbers was estimated at ca. 0.05 
for both membranes; assigning the deviation 
equally, the kinetic transport number of Cation 
Membrane 3141 in 0.1 N  NaCl may be estimated as

=  0.97; thus the membrane may be regarded as 
a slightly leaky electrode.

The first mechanism that may be proposed to 
explain the vertical transport of electrolyte is iden
tical with that suggested by Murphy for a pair of 
Ag-AgCl electrodes. Consider the anode diffusion 
layer; at the solution interface the Na+ transport 
number t* is 0.395,11 while at the membrane in
terface, C =  0.97. The coulomb efficiency for 
the concentraticn of electrolyte in the anode layer is 
thus the difference between these two values, or
0.585. If no extraneous electrode reaction occurs, 
and no movement of water other than that already 
taken into account, one faraday of current would 
cause the concentration of 0.585 equivalent of NaCl 
in the anode film, and the depletion of an identical 
amount from the cathode film. As the concentra
tion gradient develops between the membranes in 
the horizontal directions, two processes are ini
tiated; the first is ordinary diffusion which tends to 
modulate the gradient in the vicinity of the mem
brane surface, and the second gravitational con
vection of the films in the vertical plane. At first 
one might suspect that diffusional transport would 
nullify extensively the effects of electromigration; 
however, provided the membranes are sufficiently 
far apart and highly selective, diffusion will serve 
only to thicken the anode and cathode films, result-

(9) Rosenberg, Gordon Research Conference, July (1953).
(10) G. Scatchard, J. Am. Chem. Soc., 75, 2883 (1953).
(11) Kortum-Bockris, “ Electrochemistry ”  Vol. II, Elsevier Press, 

New York, N. Y., p. 719.

ing perhaps in a slower linear convection velocity 
but a higher total volume movement. In other 
words, for diffusion to cause a loss of coulomb ef
ficiency, there must be a transference of salt across 
a hypothetical vertical plane situated equidistant 
between the membranes; but, it is in just this re
gion that there is the smallest concentration gradi
ent and the lowest diffusional flux. In the absence 
of eddy diffusion, one would expect that the hori
zontal gradient generated by electromigration would 
be transformed into a vertical gradient with very 
high efficiency, at least during the early stages of 
a separation. Eventually, the vertical gradient 
must develop less efficiently because of the super
position of the horizontal generating gradient on the 
resultant vertical gradient.

A graph of the vertical transfer of electrolyte per 
faraday is shown in Fig. 2, the data being derived 
from Tables I-II. The two curves are superim- 
posable within the limits of the techniques used. 
One infers from the graph that vertical gradient 
development efficiency is independent of current- 
density, but depends essentially on the duration of 
the experiment. The deterioration of efficiency 
with longer times of operation probably is the result 
of eddy diffusion. Experimental evidence for 
eddy diffusion exists and will be described in the 
latter part of this paper. Loss of coulomb effi
ciency because of eddy diffusion should be at a mini
mum at zero time; extrapolation of the curve of 
Fig. 1 indicates a maximum efficiency of 0.54 equiv
alent per faraday, in reasonable agreement with
0.585 equivalent per faraday calculated.

Voltage-Current Relations.—The potential vs. 
current behavior of ion-exchange membranes as 
electrogravitational elements is perhaps even more 
interesting than the observed high coulomb ef
ficiency. Constant-current operations with the 
basic cell were found to give essentially constant- 
voltage operation; there was very little drift in 
the voltage required to maintain the current except

T a b l e  I
V e r t ic a l  T r a n sf e r  of E l e c tr o ly te  in  B a sic  C e l l ;

C o n st a n t  C u r r e n t  X T im e “
Current Meq. NaCl Equiv. transferred

Current,
mamp.

density,
mamp./

cm.2
Time,
min.

Lost,
upper
layer

Gained,
lower
layer

per faraday 
Upper Lower 
layer layer

46 1.87 40 0.303 0.310 ' - 0 .2 6 4 +  0.270
61.3 2.49 30 .345 .310 .301 .270
92 3 .74 20 . 367 .365 .320 .318

138 5.61 13'/» .465 .457 .406 .400
184 7.48 10 .483 .488 .422 .426
230 9.35 8 .506 .493 .442 .430
368 14.96 5 .504 .511 .440 .446
“ Total of 1.840 ampere minutes for all runs, or 1.147 X 

10“ 3 faraday.

what could be explained by the heat generated 
in the operation. The stability of the system per
mitted one to increase the voltage in steps and note 
the corresponding currents after brief intervals, 
much in the same manner as one develops a polaro- 
graphic curve. A large number of points could be 
determined in very little time so that no substantial 
vertical gradient was produced in the operation.

The basic cell, assembled as in previous studies
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T a b l e  II
V e r t ic a l  T r a n s f e r  of E l e c t r o l y t e  in  B asic  C e l l  fo r  

3.74 m a m p . / cm .5
Meq. NaCl _ Equiv. transferredLost, Gained, per faradayTime, upper lower Upper Lowermin. layer layer layer layer

GO 0.6406 0.6390 -0 .187 +  0.186
45 .5804 .5652 .226 .220
30 . 4745 .4690 .276 .273
20 . 3902 .3762 .340 .328
10 .2520 .2313 .440 .404
5 . 1634 .1188 .570 .414

but without membranes, was filled with 0.1 N  NaCl 
and was run at different voltages to determine the 
stable current. Voltages were determined with a 
high impedance voltmeter connected across the 
terminals of the cell. An essentially straight line 
function resulted, with no indication of an inflection. 
The same procedure was repeated after the cell was 
reassembled with two cation membranes. The curve 
obtained in the latter instance was distinctly non
linear. Both curves are shown in Fig. 3; the curve 
for the cell without membranes is adjusted in slope 
to simulate the presence of hypothetical membranes 
which behave simply as an additional one ohm re
sistor. The curve shown for membranes was found 
to be highly reproducible and characteristic of this 
general type of membrane.

An examination of Fig. 3 reveals three distinct 
regions in which the overvoltage-current relations 
are different. The interpretation of this curve is as
sociated intimately with the theory of membrane 
behavior; therefore, an attempt to interpret the 
overvoltage in terms of possible mechanisms ap
pears to be justified.

Theory of Membrane Behavior.—The first region 
of the curve, which extends approximately up to 7 
mamp. per cm.2, is characterized by a low over
voltage which diminishes with decreasing current 
density. In this region the membrane appears to 
behave very much like an ordinary electrode; the 
overvoltage observed may be accounted for by the 
concentration cell potential and the added resist
ance of the cathode diffusion film. The mechanism 
for the generation of a vertical concentration gradi
ent is the one we have tacitly assumed, i.e., con
centration polarization with free convection.

The second region of the curve, extending in a 
diffuse manner from 7 to 9 mamp. per cm.2, evi
dently is a transition zone. This zone was found 
to occur in other cells of quite different size and 
shape, but usually at current densities of ca. 3 
mamp. per cm.2. There seems to be little question 
that the rapid rise is caused by an approach to the 
limiting current density which results, as with an 
ordinary electrode, when the solution at the cath
ode surface of the membrane is almost free of ions. 
That the rise does not continue can only mean that 
a consecutive process is initiated in this region.

The third region, beginning at 9 mamp. per cm.2, 
is characterized by a high overvoltage. In this re
gion the membrane no longer appears to behave as 
an ordinary electrode for no obvious consecutive 
process is available to explain conduction. Three 
mechanisms not found with ordinary electrodes, 
however, could well have significant roles and will

Time, min.
Fig. 2.— Efficiency of basic cell.

_____I______ 1______ I______ I______ I______ I______ I______ L_
0 2 4 6 8 10 12 14 16

Current density, mamp. per cm.2
Fig. 3.— Current-voltage behavior.

be discussed. These are proton conduction, elec
troosmosis and interfacial microstreaming.

Proton transfer was found to be very high with 
bipolar ion-exchange membranes.8 These mem
branes consist of two faces, of which one is highly 
cation selective and the other anion selective. Pas
sage of current leads to depletion of electrolyte at 
the interface between the lamina at very low current 
densities, and very efficient proton transfer is ob
served as the current density is increased. It was 
thought originally that beyond the limiting current 
density a simple membrane, such as we are con
cerned with, would behave in the same manner, the 
Nernst layer serving as a preferentially selective an
ion membrane. A necessary consequence of proton 
transfer, however, is the formation of acid and al
kali. Analysis of the upper and lower layers, con
trary to what was expected, indicated that less than 
5% of the total current in the basic cell is carried 
by this mechanism, even at the highest current 
densities. Evidently there is another mechanism 
present, which interferes in some manner with 
proton transfer.

Electroosmosis, which would require water to be 
transported toward the cathode, would support 
conduction by transporting ions toward the cathode 
surface of the membrane A necessary consequence
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of this process is the deterioration of coulomb ef
ficiency with increasing current density. With the 
present membranes, however, the coulomb ef
ficiency is not diminished, indicating minimal elec
troosmosis. Experiments in which glycerol was 
added to the electrolyte confirm this view. It 
might be mentioned that in our laboratories, how
ever, membranes of a somewhat different type have 
been found to show a very pronounced loss of cou
lomb efficiency at high current densities, and the 
same phenomenon has been reported from another 
laboratory.12 It appears, then, that although with 
the membrane under study the role of electroos
mosis is a minor one, other membranes could be
have differently.

The third mechanism, interfacial microstream
ing, is suggested by simple considerations. From 
Fick’s first law

and the only way in which J may be increased is to 
decrease the diffusion film thickness. If we con
ceive of a membrane surface as consisting of a series 
of quasi-blind pores, electroosmotic streaming 
could occur at the surface of the membrane, and 
the Nernst layer, due to short-range turbulence, 
would be effectively thinner. This type of stream
ing is well-known to colloid chemists who use it to 
demonstrate the presence of a double layer.13 A 
phenomenon similar to the above streaming is also 
known in polarography, and is associated with ap
pearance of polarographic maxima. Antweiler was 
successful in observing the streaming, and noted a 
turbulent disturbance of the diffusion layer.14 
Thus, it seems reasonable tentatively to assume 
that a similar type of streaming occurs in membrane 
systems at the cathode surface of the membrane, the 
resulting disturbance in the diffusion layer providing 
a mechanical eddy-like transport of cations to the 
surface of the membrane to enhance the total flux 
of ions. This mechanism actually would be ex
pected to overlap electroosmosis, the dominance of 
one or the other being determined by the extent of 
hydraulic constriction of the pores. The streaming 
phenomenon also accounts for the absence of any 
large amount of proton transfer in the high current 
density region.

Ion Fractionation
Murphy, in his work with silver-silver chloride 

electrodes, recognized that electrogravitational 
separation of ions which had different mobilities 
could take place along with the concentration ef
fect, and demonstrated the partial separation of 
HC1 from NaCl.8 It is easy to see why fractiona
tion occurs; in the case of sodium and hydrogen, for 
example, the faster-moving hydrogen ion tends to 
become more concentrated than the sodium ion in 
the cathode diffusion layer, and in turn the electro
lyte in the lower half of the cell will be richer in acid 
than the upper half. The use of ion-exchange mem
branes instead of silver-silver chloride electrodes

(12) Report T.A. 270, of General Technical Dept., T.N.O., p. 93, 
The Hague (1952).

(13) Ref. 11, p. 339.
(14) I. M. Kolthoff and J. J. Lingane, “ Polarography,”  Vol. 1, 

Interscience Publishers, New York, N. Y ., 1952, p. 173.

provides a general system with which either cat
ions or anions may be fractionated, depending on 
the choice of membranes.

The behavior of the basic cell in the fractionation 
of ions indicates that the loss of coulomb efficiency 
with time (Fig. 2) is due mainly to eddy convec
tion. Consider, for example, a mixture of two cat
ions of different mobilities, denoted by catiom and 
cation2. The rate of transport of cationsi across a 
hypothetical median plane parallel to the mem
branes may be written

dtti
iff = kiCiiii — keni (1)

in which nx is the number of cationsi transported, cx 
and «1 the concentration and absolute ionic velocity 
in the bulk solution, and kx is a constant which de
pends on applied voltage, cell dimensions, fara- 
day’s constant and activity coefficient. In this 
equation we have made the tacit assumption that 
the reverse transport, or coulomb loss, is due en
tirely to a fixed rate of eddy loss, the rate being 
associated with the constant, 7ce. A similar equa
tion may be written for cation2, noting that ke is 
the same for both cations, but fc2 differs from hi, 
their ratio reducing to the ratios of the activity co
efficients of the two cations. If a cell is operated 
so that the total transport across the median plane 
is small, then it seems justified to regard cx as con
stant and we may integrate to obtain

dnt
kiCi'lli —  111

j- [In(k\C\Ui — I-„ni)]ni° = t orICe

In
kiCiUi

kiCiUi — k0ni — ket

(2)

(3)

(4)

Since the transport of the second cation gives rise 
to an identical equation, we may equate the log
arithmic terms

k,c,Ui _  kjCjUz
k iC iU i  —  k en i  k iC iU i  —  k er i i  '

Taking cross products and eliminating leads to
ni _  kiCiUi
U2 k2.C2.U2 '

For the special case in which the activities of the 
two ions in the bulk of the mixture are equal, the 
ratio of the amounts transported becomes simply 
the ratio of their mobilities. Without restricting 
ourselves to this case, however, equation 6 indicates 
that if eddy convection alone is responsible for 
coulomb efficiency loss, the ion-transport ratio is 
independent of time or coulomb efficiency, provided 
the total transport is small. A parallel analysis for 
coulomb efficiency loss due to ordinary diffusion 
could not be completed, but qualitatively it is evi
dent that the faster moving ion also must be lost 
faster, so that nx/ni is always closer to one than the 
corresponding mobility X  activity ratio.

A series of partial separations were run to com
pare ion transport with mobility ratios. The basic 
cell was assembled with anion membranes; two 
buffer chambers were inserted to guard against in
cidental errors. Results for five experiments with 
hydrogen-sodium mixtures are shown in Table III.
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Analyses for hydrogen and chloride ions were made 
volumetrically, sodium being determined by dif
ference. Table III also includes results from the 
separation of sodium-potassium and lithium-po
tassium mixtures. In these cases sodium, lithium 
and potassium were determined with a Perkin- 
Elmer flame spectrophotometer, chloride being de
termined by Mohr titration.

An examination of Table III shows that the so
dium-hydrogen behavior is variable. Experiments
1- 2, run for a short time, give evidence for ordinary

diffusion losses, the bulk of the coulomb-efficiency 
loss being attributable to eddy diffusion. The sep
arations for the other alkali ions appear to confirm 
this reasoning. A short-term experiment with a 
lithium-potassium mixture (expt. no. 8) showed 
no anomaly comparable with that found for the 
hydrogen-sodium mixture.

An interesting case arises when one considers 
what might happen in an attempt to separate two 
cations by use of cation-exchange membranes. In 
this case separation should occur only if the ratio of

T a b l e  I I I
F r a c t io n a t io n  o p  C a tio n s  in  C e l l  w it h  A nion  M e m b r a n e s

Expt.
Total

current,
mamp.

Time,
min.

Cationi
Initial
concn.,

Identity N

Cation2
Initial
concn.,

Identity N

Net vertical 
transfer

Cationi Cation2 
meq. meq. 

transpt. transpt.
C l-

meq.
transpt.

Oyer-all
coulomb

effi
ciency,®

% ni/nt

Caled.
mobility ratio 
cationi/cation2 

From
eq. 66 Lit.6

1 92 5 H  + 0.0504 Na+ 0.0500 0.105 0.025 0.130 45.7 4 .1 4 .1 7 .0
2 368 5 H + .0504 Na+ .0500 .314 .072 .386 33.7 4 .4 4 .4 7 .0
3 92 20 H + .0504 Na+ .0500 .276 .036 .312 27.3 7 .7 7 .7 7 .0
4 92 35 H + .0500 Na + .0501 .387 .063 .450 22 .4 6 .2 6 .2 7 .0
5 92 45 H  + .0504 Na + .0500 .424 .060 .485 18.8 7 .0 7 .0 7 .0
6 92 20 Li + .0504 K  + . 0492 .077 .161 .238 20 .8 0.48 0.47 0.53
7 92 20 N a+ .0504 K  + .0492 .112 .158 .270 23.5 .71 .69 .68
8 368 5 L i+ .0504 K  + .0484 110 .221 .331 28.9 50 .48 .53
° Calculated as equivalents total salt transferred per faraday X  100. b Activity coefficient ratio taken as =  1.0; ionic 

mobilities at 25° taken from Appendix 6.2, Robinson and Stokes, “ Electrolyte Solutions,”  Academic Press, New York, 
N. Y „  1955.

diffusional loss even with fairly high coulomb ef
ficiency. On the other hand, experiments 3-5 give 
transport ratios which closely approximate those 
expected from the mobility of the ions, even though 
the over-all coulomb efficiency is relatively poor. 
It is the writer’s belief that this peculiar relation
ship arises from an unfortunate property of the 
anion-exchange membranes, viz., that they tend to 
leak hydrogen ion at fairly low concentrations.6 In 
the first two experiments, the vertical transport of 
the polarized films has not proceeded to any great 
extent before the applied potential is removed; 
with the loss of the polarizing force, the ion-de
pleted cathode diffusion layer, in which environ
ment the anion membrane is highly selective, be
gins to acquire more electrolyte; the latter in turn 
permits the concentrated hydrogen ion from the an
ode diffusion layer to leak through the thin mem
brane and causes further loss of efficiency of the 
membrane as a hydrogen ion barrier. Thus, al
though experiments 1-2 indicate loss by ordinary 
diffusion, the diffusion takes place not through the 
bulk solution but rather through the membrane. 
With long-term experiments the polarizing force is 
maintained sufficiently long so that convection 
removes the films from immediate contact with the 
membranes; as shown by experiments 3-5, these 
conditions are not associated with large ordinary-

the products of mobility X activity for the two 
cations is different in the solution and membrane 
phases, i.e., if the membrane is “ kinetically selec
tive.” The results of attempts to separate several 
pairs of cations are summarized in Table IV. The 
complete lack of any selectivity, even for the so
dium-calcium pair, is somewhat surprising and 
indicates that kinetic selectivity is not a natural 
consequence of mass-action selectivity, i.e., the 
selective concentration of one species in the mem
brane phase. Also, because these membranes are 
characterized by high biionic potentials for the ion- 
pairs studied, this property, too, is apparently un
related. Whether or not the lack of selectivity 
found is a result of the current density used in the 
experiments is a question which remains to be ex
plored ; it may well be that at extremely low current 
densities, when concentration polarization is at a 
minimum, the results will be quite different from 
these found in the present study.

Continuous Process
The use of ion-exchange membranes in electro- 

gravitational systems appears to offer an interest
ing tool for the study of both membrane behavior 
and solutions. The preliminary study presented 
in this paper is of a highly qualitative nature, and 
much remains to be done to elaborate the quantita-

T a b l e  IV
R e su l ts  o f  C a tio n  F r a c t io n a t io n  U t il iz in g  C a tio n  E x c h a n g e  M e m b r a n e s

Over-all Final ratio

Expt.
Total

current,
mamp.

Time,
min.

coulomb
efficiency,

%
Cationi

Initial
Identity concn., N

Catiom
Initial

Identity concn., N

cationi/cationj 
Upper Lower 
layer layer

9 184 20 32 Na + 0.099 Ca + + 0.074 1.33 1.35
10 184 20 13 H + .097 N a+ .101 0.94 0.96
11 92 40 9.5 H + .097 N a+ .101 .95 .96
12 276 6 9.4 H + .097 Na + .101 .95 .97
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tive aspects of the problem, especially since the lat
ter may vary with the fine detail of membrane 
structure. Although this report is restricted to the 
behavior of a single membrane, it is possible to 
multiply the single membrane effect simply by in
serting additicnal membranes loosely between the 
two active surfaces in the basic cell. The multi
membrane electrogravitational cell so formed may 
be operated continuously by feeding an influent solu
tion at an intermediate height in the cell and 
withdrawing two product streams, one from the

uppermost level and the other from the bottom of 
the cell. Such cells have been constructed and 
operated successfully in our laboratories. The re
sults of these studies will be reported elsewhere.
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A 0.1 solution of sodium chloride was forced through a “ Permaplex C-10”  cation-exchange resin membrane in the sodium 
form. It was found that the exuding solution was depleted in salt. This salt filtering action probably is duo to ion ex
clusion and not to ion exchange. Various types of ion-exchange resin granules were equilibrated with sodium chloride 
solution and synthetic sea water. The resin granules were then separated from the solution and subjected to pressure. 
It was found that the concentration of salt in the solution expressed from the resin decreased gradually. The ratio of the 
concentrations of the various dissolved salts also changes as the compression proceeds.

It is well known that an ion-exchange resin when 
in equilibrium with an aqueous electrolyte solution, 
contains less of the soluble electrolyte per unit 
weight of water than the solution.2 This electro
lyte exclusion phenomenon, which is essentially a 
“ Donnan”  effect, may be utilized in various ways to 
separate an electrolyte solution into a more con
centrated and a more dilute portion. This note 
deals with two methods by which this may be 
achieved: namely, (a) equilibration of resin grains 
with a salt solution; separation of the grains; appli
cation of pressure to the grains and collection of the 
dilute solution squeezed from them, and (b) com
pression of a salt solution through an ion-exchange 
membrane and collection of the dilute filtrate.

It is important that these separation processes 
are probably caused primarily by the electrical 
properties of the ion-exchange resins; the filtering 
action is probably not due to the relative size of the 
ions and resin “ pores” . These processes are quite 
different from regular ion-exchange demineraliza
tion since chemical regeneration of the resins is not 
required. They are related to the new process of 
“ Ion Exclusion” 3 in wdiich separation between 
electrolytes and non-electrolytes is effected by a 
column technique but without application of pres
sure.

1. Squeezing of Solutions from Ion-exchange 
Resins.—The resins used in these experiments were 
“ Dowex 50,” a sulfonated polystyrene cation ex
changer (Dow Chemical Co., Midland, Mich.) and 
“ Amberlite IRA 411”  a quaternary amine anion 
exchanger (Rohm & Haas Co., Philadelphia, Pa.). 
The resin grain size was 20-50 mesh (w7et U. S. 
Standard Screen). The solutions used were sea

(1) The results of these experiments have been reported in part at 
the AAAS Gordon Conference on “ Ion Exchange,”  1954.

(2) J. Schubert, Ann. Rev. Phys. Chem., 5, 413 (1954).
(3) R. M. Wheaton and W. C. Bauman, hid. Eng. Chem., 45, 228 

(1953.)

water from the Gulf of Mexico (chlorinity 17.9%o) 
and magnesium chloride (0.204 normal).

The ion-exchange resin granules were equilibrated 
with the respective salt solution, filtered on a 
“ Buechner” filter and the moist resin granules were 
then loaded into a steel cylinder. They were sub
jected to pressure by means of a steel piston with 
“ O”  ring seals and a hand operated hydraulic press. 
A “ 341-20” press (Loomis Engineering & Mfg. Co., 
Newark, N. J.) was used for the cation-exchange 
resin while a “ 1315”  press (Buehler Co., Chicago, 
111 .) was used for the experiments with the anion- 
exchange resin. The resin bed was supported by a 
micro-metallic porous disc (Micro Metallic Corp., 
Glen Cove, N. Y.) which allowed the exuded solu
tion to pass through and be collected. The appara
tus is shown schematically in Fig. 1. The volume 
of the resin bed was decreased stepwise and the 
liquid exuding after each step collected as a sepa
rate sample. At first, the application of pressure 
did not cause any liquid to emerge at the top, since 
the solution squeezed from the resin merely filled 
the interstitial space of the bed. Later, solution 
emerged and the volume exuding after each pres
sure increase was collected as a separate sample.

The position of the piston and hence the depth 
of the resin bed were measured before the initial 
application of pressure, when the particles were 
loosely packed, and after each subsequent pressure 
increase. After application of pressure in each 
step the pressure gage rose sharply and then dropped 
rapidly, leveling off to a time-independent value. 
This latter pressure was recorded and served as ref
erence to the particular stage of the experiment. 
Chloride concentration in the effluent was deter
mined by titration with standard mercuric nitrate 
solution/ 11 magnesium and calcium concentration

(4) (a) F. E. Clarke, Anal. Chem., 22, 553 (1950); (b) M. Calvin 
and A. E. Kartell, “ Chemistry of the Metal Chelate Compounds,”  
Prentice-Hall, Inc., New York, N. Y., 1952.
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Í
Fig. 1.— Steel apparatus for squeezing of solutions from 

ion-exchange resin grains through a steel assembly, effluent 
is collected at top: a, Saran tube; b, top section of hy
draulic press; c, “ O”  ring; d, microporous disc; e, steel 
body; f, resin grains; g, piston.

either by titration with ethylenediaminetetraacetic 
acid,4b or with the flame photometer. Sodium and 
potassium concentrations were determined only 
with the flame photometer.

Figure 2 shows typical results for a squeezing 
experiment with “ Dowex 50’’ initially equilibrated 
with sea water. The figure shows the amount of 
solution exuding from the resin bed as a function of 
the applied pressure, and also the Cl- , Ca++ and 
Mg++ concentrations in this solution. The points 
of curve 1 relate to the pressure necessary to re
move a certain volume of solution from the resin 
bed; the points on curve 2 refer to the average ef
fluent concentration in the sample collected be
tween two necessary pressures; they are, there
fore, plotted midway between these pressures. The 
results of a similar experiment with an anion-ex- 
change resin originally in equilibrium with a mag
nesium chloride solution (0.204 N) are shown in 
Fig. 3.

It is seen that on application of pressure, the solu
tion is first squeezed out rather easily, but a stage 
is reached at which large additional pressure 
causes only a minor increase in the volume of solu
tion collected. At this stage, about 45 and 62% of 
the total water content of the cation- and anion- 
exchange resin, respectively (as determined by dry
ing at 110°) has been squeezed out. It is well to 
remember that not all the water determined by 
this drying procedure is free to migrate, since some

Fig. 2.— Squeezing of solution from cation-exchange resin 
grains: 150 g. (moist weight) “ Dowex 50”  (20-50 mesh) 
previously equilibrated with sea water. Initial and final 
volumes of resin bed— 160 and 74 ml., respectively. 
Total volume of solution exuded— 32.2 ml. (1) applied 
pressure vs. effluent volume; (2) normality of Cl “ , Mg + + and 
Ca + + in effluent vs. effluent volume.

must be considered tightly bound.6'6 It is seen 
that the total chloride concentration in the first 
few samples was about the same as in the original 
equilibrium solution while the concentration in the 
later samples was much lower. The first samples 
represent surface adsorbed fluid not removed by 
filtration. The slight initial increase in chloride 
concentration, as compared to the equilibrium solu
tion was also observed in several other experiments. 
It may be due to some evaporation. Later sam
ples are more representative of the solution held in

(5) H. P. Gregor, J. Am. Chem. Soc., 73, 012 (195J).
(6) K. W. Pepper, D. Reichcnberg and D. K. Hale, J. Chem. Soc., 

3129 (1952b
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Fig. 3.— Squeezing of solutions from anion-exchange resin 
grains: 58 g. (moist weight) Amberlite IRA-411 (20-50
mesh) previously equilibrated with 0.204 N  M gCR Initial 
and final volumes of resin bed— 80 and 41 ml., respectively. 
Total volume of solution exuded—20.8 ml.: (1) applied
pressure vs. effluent volume; (2) normality of M g++ in 
effluent vs. effluent volume.

the resin phase but, because of mixing along the 
column, the solution emerging at any pressure does 
not exactly represent the equilibrium solution for 
that pressure.

In the experiment involving squeezing of a cat
ion-exchange resin originally in equilibrium with sea 
water, the ratio of sodium to potassium in the 
exuded solutions stayed relatively constant 
throughout the experiment while the ratio of mag
nesium to calcium in the first samples was higher 
than in sea water, then decreased to a much lower 
value than in the sea water.

These observations may be of geological signifi
cance. When sedimentation occurs in a marine or

non-marine basin, the uppermost sediment layers 
are of high porosity and thus contain large amounts 
of interstitial solutions. Many sediments con
tain considerable amounts of hydrated clays of high 
base exchange capacity such as montmorillonite. 
As these sediments become buried and compaction 
proceeds under high pressure, these solutions are 
gradually squeezed out and the porosity of the 
sediment is thus reduced. In addition, some of the 
water originally contained in the solid particles and 
not strongly bound may also be squeezed from the 
solid. At this stage, the situation is somewhat sim
ilar to that prevailing in our experiments with cat
ion exchange resins and rather complex concentra
tion changes in the liquid phase are liable to occur 
as in these experiments.

2. “ Filtration”  of Salt by a Cation-exchange 
Membrane.— It is often believed that a solute 
cannot be separated by filtration from a solvent 
unless the sizes of the solvent and solute molecules 
are appreciably different. In particular, it has 
been believed until recently that separation of 
sodium chloride from water by filtration is impos
sible, since the molecular sizes of these two com
pounds are not sufficiently different. Recently, 
however, Reid and Breton7 have shown that such a 
filtration process may be effected by forcing the 
solution through certain cellulosic membranes. 
The exact mechanism of this action is not yet 
known. It has been claimed on the strength of elec
tric transference measurements, that the salt filter
ing action is not due to selective permeability to 
cations or anions.

Schmid8 measured the streaming potential across 
collodion membranes and from the shape of the po
tential vs. time curve he concluded that the mem
brane acted as a salt filter. The filtration of salt 
solutions through charged-net (ion exchange) mem
branes has been suggested9-10 as a theoretical possi
bility to produce fresh water from sea water. A 
similar filtration through compacting shale mem
branes has been suggested as a possible mechanism 
for the high salt concentrations of connate waters 
in porous sedimentary rocks.11 Here it is assumed 
that salt held back by clay-containing shales accu
mulates in the water not squeezed from the geologic 
column as compaction proceeds. The process of 
salt removal or concentration depends upon the 
large excess charge permanently attached to the 
membrane which prevents the passage of like 
charged ions. In this case the separation is ef
fected because of the electrical properties rather 
than the size of the solute. Consider, for instance, 
the case of a cation-exchange membrane through 
which a dilute solution of sodium chloride is being- 
compressed. (The hydraulic permeability of com
mercial ion exchange membranes is generally very 
low, but if sufficient pressure is applied, it is possible

(7) C. E. Reid and E. J. Breton, 30th National Colloid Symposium, 
Madison, Wisconsin, June, 1956.

(8) G. Schmid and H. Schwarz, Z. Elektrochem., 53, 35 (1952).
(9) United States Department of the Interior “ Saline Water Con

version,”  Annual Report of the Secretary of the Interior for 1952.
(10) C. B. Ellis, “ Fresh Water from the Ocean,”  Ronald Press, 

New York, N. Y ., 1954.
(11) M. R. J. Wyllie, Proc. First National Conference on Clays and 

Clay Technology, p. 282, Bulletin 169, Division of Mines, State of 
California (1955).
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to compress liquids through them.) Since the salt 
is largely excluded from the resin phase, the con
centration of chloride ions in the membrane is quite 
low. Because of the electroneutrality condition, 
sodium ions cannot leave the membrane without 
being accompanied by chloride ions except for a 
minor amount of Na+ which enters the solution on 
the low pressure side and thus creates a streaming 
potential which prevents further unequal flow of 
Na+ and Cl- . Since the flux of the chloride ions 
is low, because of their low concentration in the 
membrane, the total flux of salt across the mem
brane is low. This is true only in the absence of an 
electrical short circuit between the liquids separated 
by the membrane. On the other hand, if silver- 
silver chloride electrodes are inserted in the two 
solutions and connected, chloride is withdrawn from 
the high-pressure side and supplied to the low-pres
sure side by electrode reactions and thus the flux of 
sodium ions in the membrane is no longer depend
ent on the flux of chloride ions through the mem
brane and can, therefore, proceed at a much faster 
rate.12 Similarly other electrodes can modify the 
concentration changes by their characteristic elec
trode reactions. At any rate, if no such short cir
cuit exists, sodium chloride can travel through the 
membrane only at a slow rate. On the other hand, 
no such electrical restrictions are placed on the wa
ter molecules. The water molecules therefore 
“ overtake”  the salt and the result is a lower salt 
concentration in the filtrate than in the original 
solution. Thus the salt is filtered by virtue of its 
electrolytic dissociation and the ionic nature of the 
ion-exchange membrane. These considerations 
hold mainly for dense membranes containing no 
large pores. If such pores are present, their central 
portions act as internal short circuits and thus de
crease both the streaming potential13 and the de
salting effect.

We have now directly demonstrated the salt fil
tering action of synthetic ion-exchange mem
branes, using a cation-exchange membrane “ Per- 
maplex C-10” 14 (United Water Softeners, Ltd., Lon
don, England), a solution of NaCl about 0.1 N, 
and a pressure differential of about 1500 p.s.i.

The membrane used was conditioned by cycling 
between the sodium and hydrogen forms prior to 
the experiment. At the start of the experiment, 
it was in the sodium form and in equilibrium with a
0.099 N  sodium chloride solution. The effective 
membrane area was 9.0 cm.2 and the thickness 0.06

(12) The presence of this effect might prove to be a criterion for the 
electrical nature of the salt filtering action of the membrane.

(13) A. S. Michaels and C. S. Lin, Ind. Eng. Chem., 47, 1249 (1955).
(14) The “ Permaplex C-10”  membrane used in this experiment was a 

sample of an early experimental membrane supplied by Dr. T. E. E. 
Kressman of United Water Softeners Ltd., London. “ Permaplex 
C-10”  membranes of later manufacture did not show the desalting 
effect and appeared to be quite different in physical properties as well. 
Dr. Kressman informed the authors that these membranes were pre
pared in a different manner. The early membranes had higher 
electrical resistance and much lower hydraulic permeability than the 
present commercial membranes. Dr. Kressman kindly supplied the 
authors with additional membranes of early manufacture. With these 
membranes the desalting effect was again confirmed.

Samples of the older “ Permaplex C-10”  membranes are now no 
longer available. However, it was found that certain other membranes 
also show a desalting effect, e.g. “ Nalfilm-l” (National Aluminate Corp., 
Chicago, EL).

cm. The membrane was held at one end of a 
“ Lucite”  tube and supported against high pres
sures by a micro-metallic porous disc. The Lucite 
tube was surrounded by a close-fitting steel cylinder. 
The Lucite cylinder was partially filled with 45 ml. 
of a 0.099 N  sodium chloride solution and pressure 
was applied to the solution via a close-fitting 
weighted piston with “ O”  ring seal and a hand op
erated “ Buehler 1315”  hydraulic press. After ini
tially raising the piston pressure, a slow drop oc
curred, as the liquid moved through the membrane. 
This was corrected by raising the piston again, 
causing the pressure to rise to the higher level. 
This was continued in about half-hour intervals dur
ing daytime, but was not done during the night. 
Accordingly, the pressure dropped to a very low 
value during the night periods. Because of these 
pressure fluctuations the hydraulic permeability of 
the membrane cannot be calculated from the data 
with any degree of accuracy. However, the salt 
filtering effect was clearly demonstrated by col
lecting and analyzing the solution filtered through 
the membrane. This fluid was collected in a loosely 
stoppered test-tube about every second day. Un
der these conditions, the size of each sample was 
about 1.5 ml. The experiment lasted 45 days. The 
chloride concentration in each sample was deter
mined volumetrically by Clark’s method.43

After about four-fifths of the original solution 
had been “ filtered,”  the pressure cell was disas
sembled and the remaining solution was analyzed.

The results of this experiment are shown in Fig.
4. Curve 1 shows the salt concentration in the fil
trate as determined by titration. The salt concen
tration in the concentrate (curve 2) was calculated 
from the amount of filtrate collected and its con
centration. This mass balance calculation was 
confirmed at the end of the experiment by titration 
of the concentrate which had remained in the cell. 
It is seen that the salt concentration in the filtrate 
was about 30% less than in the remaining solution 
in the pressure cell.

Several additional experiments were conducted 
at pressures below 100 p.s.i. At these pressures, 
no desalting Avas observed and the hydraulic perme
ability was much higher than in the experiment 
conducted at a maximum pressure of 1500 p.s.i. 
A possible explanation is that the membrane con
tains pores which pass salt and water at low pres
sures but which are reduced in size by the high 
pressure and then reduce the passage of salt more 
efficiently.

Experiments with membranes of similar chemical 
composition, but different hydraulic permeability, 
confirmed that the desalting effect is critically de
pendent on the hydraulic permeability of the mem
brane. Other things equal, membranes of lower 
hydraulic permeability produced higher desalting 
effects.

It is possible that the true desalting efficiency of 
the membrane at high pressure is higher than re
ported here since the frequent drops in pressure 
which occurred in our experiment might have al
lowed a considerable volume of relatively concen
trated solution to pass through the membrane at 
periods of low pressure.
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VOL. OF SOLUTION IN CELL (ML).
45 40 35 30 25 20 15 10

Fig. 4.— Filtration of a salt solution through an ion-cxchange membrane. “ Permaplex C-10”  membrane—0.099 N  NaCl 
maximum pressure about 1500 p.s.i.: (1) normality of filtrate vs. volume filtered; (2) normality of NaCl solution in cell 
vs. volume in cell (calculated except initial and final points). Dotted line shows normality of original solution.

The observed salt, filtering effect of the ion-ex
change membranes is believed to be due to the elec
trical properties of the membrane, but we have no 
proof yet that it is not a size or shape effect. If it is 
indeed an electrical effect, then it is related to other 
ion transport phenomena across the membrane 
such as electric conductance, electric ion transfer, 
electro-osmos:s and diffusion. These relationships

are expressed by the general flux equations of the 
thermodynamics of the steady state.15-16 Addi
tional studies on the relationship between these 
processes as well as further experiments are in 
progress.

(15) A. J. Staverinan, Trans. Faraday Soc., 48, 176 (1952).
(16) S. W. Lorimer, E. I. Boterenbrood and J. J. Hermans, Dis

cussion of the Faraday Society on “ Membrane Phenomena,”  Notting
ham, 1956 (in press).

S O M E  P R O P E R T IE S  O F  D IF F U S IO N  C O E F F IC IE N T S  IN  P O L Y M E R S

By R. M. Barrer

Contribution from the Chemistry Department, Imperial College of Science and Technology, London, S. W. 7, England
Received July SO, 1956

An account has been given of several recent developments in sorption and diffusion in some polymers. The five diffusion 
coefficients characteristic of any binary mixture can all be obtained in penetrant-polymer mixtures, but past measurements 
in a variety of systems have probably given erroneous diffusion coefficients D because it has only recently been realized that 
in them the diffusion coefficients are a function of time as well as of concentration. Present methods of interpretation 
cannot allow for simultaneous time and concentration dependence of D. The most reliable results for this reason refer to 
elastomer-penetrant systems, where time effects are at a minimum owing to short relaxation times of polymer molecules. 
For the same reason in polymers exhibiting less chain mobility and stronger inter-chain bonds the steady-state methods of 
measuring diffusion coefficients are preferable to transient state procedures. A classification of penetrant-polymer systems 
has been given, with examples of each category. Factors influencing the concentration dependence of diffusion coefficients 
D  are discussed, and also the experimental observations leading to the zone theory of the diffusion mechanism and the 
quantitative formulation of this theory. Relations between viscous resistance and diffusion are indicated, and generalized 
functional relationships between D0 and E J T  in the Arrhenius equation D  =  D0 exp ( —E J R T ) are considered. Selectivity 
in the transmission of molecules through organic membranes also has been considered.

Investigation of transport processes of simple 
molecules within polymers usually involves meas
urements of sorption, permeability and diffusion 
of penetrant in and through the polymer. Inter
pretation of these basic phenomena brings contact 
with a considerable region of the physical chemis
try of high polymers. Sorption and solubility are 
equilibrium properties characteristic of polymer 
and penetrant amenable to thermodynamic and

statistical thermodynamic analysis1-6; diffusion 
coefficients are rate constants, amenable to “ irre-

(1) E.q., G. Gee, Quart. Rev., 1, 265 (1947).
(2) M. Huggins, J. Chem. Phys., 9, 440 (1941); Ann. N. Y. Acad. 

Sci., 43, 1 (1942).
(3) W. Orr, Trans. Faraday Soc., 40, 320 (1944).
(4) P. J. Flory, Proc. Roy. Soc. {London), A234. 60, 73 (1956).
(5) R. M. Barrer, Trans. Faraday Soc., 43, 3 (1347).
(6) H. L. Frisch and C. V. Stannett. J. Polymer Sci., 13, 131 (1954).
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versible thermodynamic”  and kinetic treatment.7’8 
Diffusion may be connected with other rate proc
esses such as dielectric relaxation or viscous flow for 
which a spectrum of relaxation times is ex
pected.7'9’10 In this paper some recent progress 
is considered.

1. The Five Diffusion Coefficients in a Binary 
Mixture.— Meyer,11 Darken,12 Hartley and
Crank,13a and Carman and 3tein13b have discussed 
the physical significance of diffusion coefficients 
measured under different conditions. Five dif
fusion coefficients characterize any binary mixture 
of species A and B (whether gaseous, liquid or solid). 
First we may think of pure diffusion streams of A 
and B along the ^-coordinate uncomplicated by 
any kind of mass flow. That is, the origin of the 
.^-coordinate is in a plane normal to it and moving 
so that there is no mass flow across it. Per unit 
cross-section normal to the ^-direction, in which 
diffusion occurs, the streams are

J  a =  —-Da
acy
dx ’ J  B = —Db Ò C b

òa: ( 1 . D
where Da, Db, Ca and Cb are, respectively, intrin
sic diffusion coefficients and concentrations of A 
and B.

However, in a binary mixture which undergoes 
no volume change on mixing at constant pressure 
and which fills a constant volume vessel, a compli
cation arises when we consider transport through a 
unit cross-section fixed with respect to the walls of 
the vessel and normal to x. Since in general, J a ^  
Jb, a compensating mass flew must occur to main
tain uniform pressure throughout the diffusion 
volume. If Va and F b are the specific volumes of 
A and B, and Ca and Cb are their concentrations in 
g. per unit volume, then for unit volume of solution 

FaCa +  FbC'b =  1 (1-2)
and so

*0 I f  +  r ‘  o r  - 0 <L3)
Moreover the total volume flow of A through the 
fixed unit cross-section (due to mass flow and pure 
diffusion) must equal the corresponding total vol
ume flow of B through unit cross-section, since 
uniform pressure is maintained. These two equal 
and opposite flows, J'a, J'b are

J ’a  =  - D a b F a  J ’b =  - D b a F b  §  ( 1 . 4 )

where D a b  and Dba are two interdiffusion coeffi
cients, and where

J' a =  J 'b ( 1 . 5 )

Since Fa and F b are not in general equal to zero the 
only way in which 1.3, 1.4 and 1.5 can simultane
ously be satisfied requires that Dab =  Dba- Thus

(7) R. M. Barrcr, Trans. Faraday Soc., 35, 044 (1939); 38, 322 
(1942); 39, 237 (1943).

(8) II. Eyring, J. Chem. Pfiys., 4, 283 (1936). See S. Glasstone, 
K. J. Laidlcr and II. Eyring, “ Theory of Rate Processes,’ ’ McGraw- 
Hill Book Co., Inc., New York, N. Y., 1941.

(9) W. Kauxmann, Rev. Mod. Rhys., 14, 12 (1942).
(.10) W. Kuhn, /¿libber Chemistry and Technology, 27, 36 (1954).
(11) O. E. Meyer. “ Kinetisehe Theory von Case,”  1st od., Breslau, 

1877.
(12) L. S. Darken, Trans. Am. Inst Mech. Eng., 175, 184 (1948).
(13) (a) G. S. Hartley and J. Crank, Trans. Faraday Soc., 45, 801 

(1949); (b) P. C. Carman and L. Stem, ibid., 52, 619 (1956).

only one mutual interdiffusion coefficient describes 
the combination of mass flow and pure diffusion. It 
can now be shown easily that14

D a b  =  F a C a D b  +  F b  C b D a  (1.6)
and that when F a  =  F b

Dab =  N aD0 +  IVbDa (1.7)
where N a and N b are mole fractions of A and B, 
respectively.

Two other diffusion coefficients, D a * and D b * 
can be measured directly. These are the self-dif
fusion coefficients. Suppose a mixture consists of 
nk +  na* molecules of A (where the * denotes iso- 
topically labeled molecules) and wb molecules of B. 
In the solution we have dns/dx =  0 and d(?u +  
nA*)/dx =  0. However if dnk*/dx, and so dn&,/ 
dx, are not zero the pure diffusion flux J a* =  
— DA*(àCA*/àx)  can be measured and D a * evalu
ated. One may obtain Db* in a similar way.

A relation between D a and D a * exists, and is de
rived as follows. If jua is the chemical potential of 
A, the driving force causing diffusion of A is usu
ally assumed proportional to — àpA/àx. The total 
force on all molecules of A at a point x is then pro
portional to — C&(àpk/àx) and so the flux J a 
through unit area is

Ja = -B aCa ^  (1.8)

Since dpk =  RT d In a a , substitution in 1.8 gives

Ja =  -R T B
d In aA

A d lfT C l
ÔCa
dx (1.9)

where Ba is the intrinsic mobility of A, and « a de
notes its activity. A comparison of 1.1 and 1.9 
shows that

-  RTB‘  n i r f i  <u »>
Next we may apply the same argument to the dif
fusion of labeled molecules of A and obtain

= ( m )
the intrinsic mobility B a being the same for la
beled and unlabeled molecules of A. However since

d (»A +  WA*) =  o =  4îi?
dx dx

we must have
d In aA* 
dlrTCA* 

Da* -

- 1 and so 

RTB a ( 1.12)

Comparison of 1.12 and 1.10 then shows that
(14) Consider a cross-section moving at such a rate that no mass 

flow occurs across it. There is now only pure diffusional transport 
through this cross-section and, according to 1.1, because Ja 7̂  JB. 
a rate of accumulation of volume dV/dt on one side of it which is

&V 
d t = DaVa ox

n vE>bPb -r~- OX
(1.8a)

Then dV/dt must equal the rate of transfer of total volume by mass 
flow through a fixed cross-section. Accordingly the rate of transfer 
of A by mass flow is (dV/dt)CA, and the total rate of transfer of A is 
thus

. òC'a _  n DC a , dF  r
~DaB J.r -  J.” +  di' '■ (1.9a)

by equating two expressions for the total transport of A. Using 1.2 
and 1.3, substitution of 1.8a in 1.9a then gives 1.6.
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^  = ^ * c T i i t  (L13)
as the desired relation between Da and D a *- Simi
lar relations follow for Db and Db*.

We may further relate D a * and Db* with Dab- 
The Duhem-Margules relationship gives

ò In a a =  ò  In qB . . .
d in  N a  d l n N B U  '

Also, Ca =  -VA/ (FaV a +  FbÌVb); Cb =  N B/ 
(VaNa +  FbÌVb) 
and so

d In aA d In aA N  AV A +  A bF b
d In Ca d In N a V b U '

with an analogous expression for species B. Equa
tions 1.13, 1.14 and 1.15 may be substituted in 1.6 
to give

■Dae =  g -j— V  {N BDA* +  N AD B*\ (1.16)

The above relations assume no volume change on 
mixing A and B.

2. Measurement of the Five Diffusion Coef
ficients.—For two interdiffusing liquids one may 
determine directly Dab and Da* and Db*, but not 
Da and D b . This is the case because in liquids no 
way of separating mass flow and intrinsic diffusion 
rates has been devised. However, from a knowl
edge of d In aA/d In Ca and d In aB/d In Cb, one 
may obtain Da and DB from D a* and Db*.

For two solids, e.g., Ag and Au, mass flow ac
companying diffusion may be measured by placing 
markers at the Ag-Au interface, and observing the 
rate at which the markers move (the Kirkendall ef
fect) .15 Indeed for one composition of the Ag-Au 
alloy (-—'50:50 atomic % ) all five diffusion coef
ficients have been separately determined.16 When a 
liquid or vapor diffuses in a polymer, B, it may be 
assumed that DB is extremely small, so that it will 
be difficult to measure. Also over nearly all the 
composition range eq. 1.6 reduces to

D‘  -  È s  <2-‘ >
Finally, if we refer to permeation rates in the steady 
state through a membrane of unswollen thickness, l, 
it can be shown that18

Ja =  ]  S : A 2>a( W  dCA; or

f a è  = jDa(FbCb)8 = - ^ ( F bCb)* (2.2)

Thus, the slope of a curve of Ja against Ca serves to 
measure Da. Finally the self-diffusion coefficient 
Da* may be measured in the polymer just as in the 
case of liquids.

3. Classification of Penetrant-Polymer Sys
tems in Diffusion and Solution.— Many penetrant- 
polymer systems may from the standpoint of dif
fusion and solution be placed into four categories

(15) (a) A. D. Smigelskas and E. O. Kirkendall, Trans. Am. Inst. 
Mech. Eng., 171, 130 (1947); (b) For discussion see W. Seith, “ Dif
fusion in Metallen,”  Springer Yerlag, Berlin, 1955, p. 129, et seq.

(16) (a) W. A. Johnson, Trans. Am. Inst. Mech. Eng.. 143, 107
(1941); 147, 331 (1942); (b) W. Seith, “ Diffusion in Metallen,”
Springer Yerlag, Berlin, 1955, p. 148, et seq.

(1)
òCa
òt =  Dab

ò 2CA. r  
òx2 ’ ° A =  bpA

(2) ÒCA ò /
Dab

òCa\ Dabòt àx V òx ) ’

(3) òCa
òt

*L
SII Dab

òCa\ 
òx ) ’ Dab

(4) òCa
òt

*1,8ii Dab
Ò C A . 
òx / ’ Dab =

f  (C a ); Ca = kp\ 

CA =  F(pA) 

Ca =  F(Pa)

Into the first category fall diffusion and solution 
of permanent and inert gases in rubber, synthetic 
elastomers and probably in many harder polymers. 
Solubility and diffusion have been rather exten
sively investigated in the author’s laboratory in elas
tomer systems.5'17- 19 Since VbCb ~  1, DB «  
D a , all measurements of D ab  are in fact measure
ments of the intrinsic diffusion coefficient D a . 
Moreover, at equilibrium d In «A/d In Ca =  
d In pA/d In C a =  1, and so D a  =  D a *. Further 
comment on these systems is made later.

The second category of penetrant-polymer sys
tems is well represented by C4 and C6 paraffins 
diffusing and dissolving in rubber.19 D ab  is no 
longer independent of Ca, but Henry’s law is still 
valid, so that

Dab
D a

VbCb
an d  D a Da*

Since D a *  =  R T B a one may easily obtain the in
trinsic mobility, B a , from measurements made on 
the first two categories of penetrant-polymer sys
tems. The intrinsic mobility is inversely propor
tional to the viscous resistance, 17, brought into 
play by the relative motion of molecule and poly
mer. The constant of proportionality has been 
derived theoretically by Kuhn,10 and for self-dif- 
fusion of polymers by Barrer.7 Aitken and Bar- 
rer19 for Ch and C5 paraffins found in the concentra
tion range studied that

Ba =  £ c _ o ( l +  6Ca ) (3.1)

When values of b were measured at a series of tem
peratures this coefficient was found to decrease rap
idly with rising temperature (Fig. 1). It was sug
gested that the internal mobility of polyisoprene 
chains increased so much at the higher tempera
tures that small increments of concentration of 
paraffin no longer led to much additional plasticiz
ing of polymer. At lower temperatures the natural 
mobility of polymer chains was much less and so 
plasticizing by penetrant molecules produced a 
greater effect.

For penetrant-polymer systems in the third cate
gory, typified by the sorption and diffusion of 
heavier hydrocarbon vapors20-22 or chloroform23 in 
rubber, we no longer have a linear isotherm. Often 
the isotherm contours can be represented over a

(17) R. M. Barrer, Trans. Faraday Soc., 85, 628 (1939); 36, 645 
(1940); Roll. Z., 120, 177 (1950).

(18) R. M . Barrer and G. Skirrow, J. Polymer Sci., 3, 549, 564 
(1948).

(19) A. Aitken and R. M. Barrer, Trans. Faraday Soc., 51, 116 
(1955).

(20) G. Gee and L. R. Treloar, ibid., 38, 147 (1942).
(21) J. Ferry, G. Gee and L. R. Treloar, ibid., 41, 340 (1945).
(22; K. Ii. Meyer, E. Wolff and C. Boissonas, Helv. Ckim, Acta, 23,

430 (1940).
(23) (a) P. Stamberger, J. Chem. Soc., 2318 (1929); (b) J. Lena 

Rec. trav. chim., 51, 971 (1932).
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substantial range of concentrations by expressions 
based on the lattice theory of penetrant-polymer 
mixtures (Fig. 2). In the isotherm for a vapor with 
zero heat of mixing there is only one adjustable 
parameter,5 as against two for B.E.T. or Langmuir 
isotherms, yet the equation can be very successful 
indeed, as the figure shows. Normally we would 
still expect Db «  Da, and so

D ab —  D a( F bCb) (3.2)

The polymers in this category arc rubbers with high 
chain mobility and short relaxation times.

The fourth category of penetrant-polymer sys
tems includes many more rigid and internally vis
cous polymers, with long relaxation times. This cate
gory includes the group of “ anomalous”  diffu
sions24'25 in which it seems likely that time-com
ponents enter the diffusion coefficient in the tran
sient state of flow. The process of sorption on oc
casions takes place in two distinct stages (Fig. 3, 
curve a). Both stages involve swelling of the 
polymer. The first stage involves a spectrum of 
smaller relaxation times, and in part may be elastic. 
However, there are also semi-permanent bonds the 
relaxation times for which are very great and so 
which resist swelling until the content of penetrant 
reaches a high enough value in the region of poly
mer concerned and the stress builds up suf
ficiently. Then these bonds begin to break, and the 
ambient stress system is relieved by further swell
ing. The more of such bonds which break the 
greater the stress on the remainder and so the proc
ess can be and often is an “ autocatalytic”  one (Fig.
3). Taken as a whole this two-stage process could 
be represented as a diffusion with a complex time 
and concentration dependence of D ab (Dab =  
f(c, t)). It is also possible that slow relaxation is 
occurring as a result of past treatments of polymer 
and that these are largely independent of the pene
trant. In this case Dab =  fi(<) X U(C).

We have recently examined ethylcellulose as a 
diffusion medium using vapors26 of different polar
ity (C6H6, (CH3)2CO and CH;OH) and also C4 and 
C6 paraffins.27 These systems exhibit history-de
pendent sorption and diffusion, but by working in 
regions of lower penetrant concentration (volume 
fractions < 0.1) it was found possible to control 
history-dependence and to obtain “ settled”  sorp
tion and permeation data. As penetrant concen
trations increased time-dependent processes were in
creasingly evident. It therefore seems likely that 
such processes occur even before completion of the 
first stage of sorption (curve a in Fig. 3). Indeed 
many “ anomalous”  diffusions do not show the two 
stages, but follow the course shown in curve b, and 
are “ autocatalytic”  in shape from the beginning.

The four categories of penetrant-polymer mixture
(24) (a) J. Crank and G. S. Park, T-'ans. Faraday Soc., 47, )072 

(1951); (b) G. Park, J. Polymer Sci., 11, 97 (1953); (c) J. Crank, 
11, 151 (1953).

(25) (a) F. A. Long, E. Bagley and J. Wilkens, J. Chem. Phys., 21, 
1412 (1953); (b) L. Mandelkern and F. A. Long, J. Polymer Set., 4, 
457 (1951); (c) R. J. Kokes, F. A. Long and J. L. Hoard, J. Chem. 
Phys., 20, 1711 (1952); (d) P. Drechsel, J. L. Hoard and F. A. Long, 
J. Polymer Sci., 10, 241 (1953).

(26) (a) R. M. Barrer, J. A. Barrie and J. Slater, J. Polymer Set., 
in press; (b) R. M. Barrer and .1. A. Barrie, J. Polymer Sci., in press.

(27) R. M. Barrer, J. A. Barrie and J. Slater in preparation.

Rubber A. Rubber B. Rubber C.

Fig. 2.— Calculated isotherms5 using lattice theory with 
zero heat of mixing, and observed isotherm points, for ben
zene-rubber mixtures.

Fig. 3.— Some characteristic rates of sorption in polymers of 
the fourth category.

already referred to are not the only possible cases. 
Where there is a steady thermal gradient across a 
membrane (as in thermoo.smosis28) or where a mem-

(28) K. Denbigh and G. Rauinann, Proc. Roy. Soc. {London), A210, 
377. 518 (1951).
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MEMBRANE

Fig. 4.— Gradients across a polymer membrane with (curve 
2) and without (curve 1) surface barrier layers.

100% A 100% B
Fig. 5.— Possible changes in Dab over a complete composi

tion range from 100% B to 100% A.

Fig. 6.— Mutual diffusion coefficients for three penetrants 
and cellulose acetate at 2S°31: a, acetone; b, chloroform; 
c, methylene chloride.

brane consists of laminae of different polymers we 
may have

I f  = £  (Dab l f ) : Dab = i{x); C = kv 
lf = £ (Z)AB£ ); C); C = F(P)

Moreover when thermal transients are combined 
with material diffusion we could have (5) with D ab 
=  f(x, t) and (6) with D ab =  f(x, t, C). Such sys
tems could have considerable importance. Those 
where D =  /(.r) only can often be solved explicitly.

A final possibility arises when the polymers arc 
covered by impermeable boundary layers of molec
ular thicknesses which form surface resistances to 
entry or to exit from the polymer. Such behavior 
can arise with metallic membranes and has been 
investigated both theoretically and experimen
tally.29’33 It converts concentration gradients such 
as (1) in Fig. 4 to (2) in the same figure.

4. Concentration Dependence of Diffusion Co
efficients.— The way in which diffusion coefficients 
change with penetrant concentration has now been 
investigated for a number of penetrant-polymer 
systems. It would be expected that, as the con
centration of A  approaches 1 0 0 % , D ab  would 
approach the coefficient D b . In nearly pure poly
mers Dab should approach DA ~  Da* (since d In a/ 
d In C'a ~  1), as indicated in section 3. Between 
these extremes Dab may follow various paths as 
shown in Fig. 5. Figure 6 shows examples of a 
complex dependence of D ab upon the composition 
of the mixtures of cellulose acetate with acetone, 
chloroform and methylene dichloride.31 Several 
factors contribute to the form of the curves.

(1) In some parts of the concentration range 
time-dependent components will enter into the dif
fusion.

(2) In D ab appears a contribution due to mass 
flow, to which the maxima in Fig. 631 have been at
tributed. This mass flow component is absent in 
the intrinsic diffusion coefficient, D a , which docs not 
in fact exhibit a maximum (Fig. 7 ) .31

(3) In D ab and in D a appears also the quantity 
d In c la/ A  In C a (eq. 1.16 and 1.10). To a first ap
proximation d In c i a / A  In C'a may be derived from 
the appropriate lattice theory equation. For ex
ample, for zero heat of mixing5

where va is the volume fraction of A (=  F aCa), Z is 
the coordination number of a lattice point, and p/pR 
is the relative pressure of vapor. However such 
expressions may not give d In c i a / A  In C a  at all con
centrations, and in particular must not be relied on 
as C a -*■ 100%  (pure liquid A).

The concentration dependence of D a * (and so of 
mobility D a ) then remains after allowance for all 
three of the above effects. As yet no satisfactory 
theory of concentration dependence of D a * exists. 
A number of investigations have shown that D a b , 
D a , or

1 PCAD = ¿ / o DABdCA

can be represented as exponential functions of pene
trant concentration.32 Many of these investiga
tions refer to polyvinyl acetate, cellulose acetate, 
cellulose nitrate and polystyrene as diffusion media 
and therefore time components may enter D ab , 
etc., and the concentration dependence may

(29) R. M. Barrer, Trans. Faraday Soc., 36, 1235 (1940).
(30) R. M. Barrer, Phil. Mag., 28, 148 (1939); see also R. M. Bar

rer, “ Diffusion in and through Solids,”  Chap. 4, (C.U.P.), 1951.
(31) J. Crank and C. Robinson, Proc. Roy. Soc. {London), A204, 

549 (1951).
(32) (a) G. Park, Trans. Faraday Soc., 46, 084 (1950); 47, 1007 

(1951); (b) .T. Crank and G. Park, ibid., 45, 240 (1949); (o) R. J. 
Kokes and F. A. Long, J. Am. Chem. Soc., 76, 0142 (1953).
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be wrongly assessed. However, data of Prager 
and Long33 for polyisobutylene-hydrocarbon sys
tems (which should give the correct concentration 
dependence of the diffusion coefficient, since the 
diffusion medium is an elastomer) still follow the ex
ponential expression (D =  De = o exp « C a ) .  A s a 
corrective to any tendency to read undue signifi
cance into an exponential relation one notes that 
Fujita34 was just as successful in representing the 
relation between Ca and Dab for CHC13 diffusing 
in polystyrene by means of the relation D ab =  
D°ab(1 — bCA) ~ 2 as Crank and Park32 had previ
ously been with the exponential relation. Barrer, 
Barrie and Slater27 in studies of diffusion in ethyl- 
cellulose, in which time-dependent effects were elim
inated, have come to a similar conclusion.

5. Temperature and Diffusion.— It was pointed 
out by Barrer17'35 that diffusion coefficients in 
elastomers depend exponentially upon tempera
ture T

Dab =  D0 e x p ( - E a/RT) (5.1)
and thus that diffusion is an activated process. 
Values of the constants D0 and Da were obtained 
and considerable light thrown upon the nature of 
the diffusion process.7'17'18-36 In Table I are
summarised values of Ea and D0 for various natural 
and synthetic polymers, in which elastomers pre
dominate. Barrer18 drew attention to two features 
of special significance: (I) the size of the diffusing 
molecule has in elastomers a much smaller influence 
than would be inferred from analogous experiments 
on diffusion through a rigid membrane such as sil
ica glass.17’37 Da is given for the latter in Table II.
(2) the magnitudes of D0 in elastomers are far 
above those usually observed in diffusion processes. 
This is shown in Fig. 8 for various types of interdif
fusion process.

T a b l e  I
E  AND Do IN THE EQUATION D  =  D 0e " E//RT FOR DIFFUSION

in  E la sto m e r s17' 18-30
E

(cal./
Gas Polymer mole)

Helium Perbunan 18 4200
Natural rubber 4300
Isoprene-acrylonitrile

copolymer
4900

Perbunan (German) 5200
Hycar OR 25 5200
Hycar OR 15 5500
Butyl rubber 5800

Hydrogen Polybutadiene 5100
Natural rubber 6000
Perbunan 18 6200
Perbunan (German) 6900
Isoprene-methacrylo- 

nitrile copolymer
6900

Hycar OR 25 . 7000
Isoprene-acrylonitrile

copolymer
7400

Do
(cm.2 

sec.-1)
0.019

.031

.031

.077

.074

.087

.015
0.053

.26

.23

.52

.41

.52

.67

(33) S. Prager and F. A. Long, J. Am. Chem. Soc., 73, 4072 (1951).
(34) H. Fujita and A. Kishimoto, Textile Res. Jr., 23, 59 (1953).
(35) R. M. Barrer, Nature, 140, 106 (1937).
(36) (a) R. M. Barrer, Trans. Faraday Soc., 39, 48, 59 (1943); 

(b) G. J. van Amerongen, J. Polymer Sei., 5, 307 (1950); J. A jipl. 
Phys., 17, 972 (1946).

(37) R. M. Barrer, ./. Chem. Soc., 378 (1934).

Methyl rubber 7500 1.3
Vulcaprene A 7600 0.98
Hycar OR 15 7600 0.92
Butyl rubber 8100 1.36
Neoprene (vulcanized) 9250 9.0
Chloroprene 9900 39.4

Oxygen Polybutadiene 6800 0.15
Perbunan 18 8100 0.69
Natural rubber 8300 1,94
Perbunan (German) 9200 2.4
Isoprene-methacrylo- 

nitrile copolymer
9600 2.6

Polymethylpentaciene 9800 8.5
Vulcaprene A 10200 7.0
Hycar OR 25 10300 9.9
Hycar OR 15 10900 13.6
Methyl rubber 11100 20
Butyl rubber 11900 43
Isoprene-acrylonitrile

copolymer
12700 70

Argon Butadiene-styrene co
polymer

9000 1.84

Butadiene-methylmeth
acrylate copolymer

10300 15.1

Neoprene (vulcanized) 11700 54.6
Nitrogen Polybutadiene 7200 0.22

Perbunan 18 8500 0.S8
Natural rubber 8700 2.6
Butadiene-styrene co

polymer
8900 0.93

Perbunan (German) 10400 10.7
Polymethvlpentadiene 11100 42
Butadiene-methylmeth

acrylate copolymer
11500 38

Butadiene-acrylonitrile
copolymer

11500 28.1

Isoprcne-methacrylo- 
nitrile copolymer

11600 39

Hycar OR 25 11700 56
Vulcaprene A 11700 55
Neoprene (vulcanized) 11900 79
Butyl rubber 12100 34
Methyl rubber 12400 105
Hycar OR 15 12700 131
Isopren e-acrylonitrile 

copolymer
14500 1880

Carbon Polybutadiene 7300 0.24
dioxide Natural rubber 8900 3.7

Perbunan 18 9200 2.4
Perbunan (German) 10700 13.5
Vulcaprene A 11800 42
Butyl rubber 12000 36
Hycar OR 25 12000 67
lsoprene-meth acrylo

nitrile copolymer
12200 81

Methyl rubber 12800 160
Hycar OR 15 13400 260
I soprene-acrylonitrile 

copolymer
14400 1150

Do in Fig. 87 has the dimensions cm.2 sec.-1 and is 
equal to dVc0 where d is the average distance jumped 
per unit diffusion process and 7c0 is entirely analogous 
with the pre-exponential factor in first-order veloc
ity constants, lc (7c =  7c0 exp ( — Ea/RT)). Taking 
d =  2.1 X I0-8 cm. one obtains values for 7c0 for the
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Fig. 7.—Intrinsic diffusion coefficients for chloroform and 
cellulose acetate31 at 25 and 40°.

Log A,.
Fig. 8.— Periodicity curve for D0 in D =  D<ie^E/RT for acti

vated diffusions.17

T a b l e  II
D if f u sio n  in  S il ic a  G lass

Arrhenius
Diameter,« energy of

Gas A. activation
He ~ 2 .2  5,600
H2 3 .1 4 ,2 .4  10,100
Ne 3.20 9,500
N2 4 .1 ,3 .0  26,000
A 3.84 ~32 ,000

«F or  the dumbbell shaped molecules H2 and N 2 length and 
cross-sectional diameters both are given.
several maxima in the curves of Fig. 8, as shown in 
Table III. fc0 is much the highest for diffusion in 
elastomers and so an analogy may be drawn be
tween such diffusions and fast unimolecular reac
tions. In the latter, where chain mechanisms are 
absent, the energy of activation has been consid
ered to be first stored in a considerable number, /, 
of degrees of freedom. In this event the constant k0 
should contain a term

0 § i) / ' , (7^TjIexp _ ( / ~ 1}
where E& =  E — ( /  — 1 )RT. This term is » 1  
for suitable values of /  and E. Such an analogy 
for diffusion requires a “ zone”  of activation in

Type of rate

T a b l e  III
Value of fco 

(sec.-1) at max. 
in periodicity

Spread in 
values of

process curve of Fig. 7 ko
Some first-order 1013 to 1014 1013-fold

reactions
Diffusion in some 3 X  1016 103-fold

rubbers
Diffusion in some 3 X  1013 104-fold

liquids
Diffusion in some 1012 108-fold

crystals

which polymer segments adjacent to the diffusing 
molecule (A, H2, CH4, etc.) share in E. The es
sential act of diffusion then involves a loosening of 
polymer segments by absorption of energy and 
their rearrangement while in this loosened state by 
various synchronized movements so that the pene
trant molecule within the activated zone is thrust 
to a new position. The penetrant molecule need 
not of course play an entirely inert role in the proc
ess but may share in it.

This viewpoint also provides an explanation of 
Barrer’s first point, that the size of the penetrant 
molecule while not without influence is yet less im
portant than might be expected if it alone deter
mined Ea in elastomers.

6. Evaluation of Diffusion and Viscosity Coef
ficients According to the Zone Theory.— The energy 
of activation appears in any region of the polymer 
as a result of thermal fluctuations in it. The 
chance that there is a total energy ^ E  in a small 
region surrounding the solute molecule and which, 
including the solute molecule contains n degrees of 
freedom38 is

F ~ %
f=n

P s exp ( -E / R T )  (6.1)
/  = i

where Pf =  (E/RT)f ~ 1 1 / ( /  -  1)! If for any 
value of E/RT Pf is plotted against /  the family of 
curves, with maxima, as shown in Fig. 9 is obtained. 
The locus of the maxima corresponds to E =  U =  
fRT, where therefore U is the average energy in the 
chosen /  degrees of freedom. This most probable 
distribution is not the one of importance in diffu
sion because the rate process would then occur with 
zero value of Ea, contrary to experience. Certainly 
then the value of n in the region need not exceed 
/m ax to include all energy distributions likely to con
tribute to a successful unit process, for we may ex
clude all “ colder”  than average distributions.

We then consider “ hot”  distributions (E >  U; 
Ea >  0), The important “ hot”  distributions are 
decided by two balancing factors: (1) 2?a =  E — 
U must be as concentrated as possible to give the

(38) In general internal vibrational degrees of freedom need not be 
considered because energies of activation are too small to excite them.
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most energized zone compatible with (2); (2)
there must be an a priori probability Pf — (E/ 
RT)r ~ 1 1 / ( /  — 1)! which is as large as possible, 
bearing (1) in mind.

This means the optimum zone of activation will 
have values o f /  somewhere between 1 and/max (/max 
=  E/RT). In addition there will normally be 
need for cooperation or synchronization between 
segmental rotations and intermolecular vibrations 
within the zone of activation if a successful unit 
diffusion is to occur within the life-time of the im
portant energy fluctuations defined by conditions 
(1) and (2). For example, if each of p groups must 
simultaneously move in one of m directions the 
chance of this is (1 /m)v, and since various coopera
tions may be successful the total chance of all indi
vidual possible chances of cooperation is the sum of 
all individual chances, pf. p/will be expected to de
pend on /, and is < 1.

In general a spectrum of terms pfP/ for different 
values of /  may contribute to the probability of 
each act of diffusion, viscous flow or dielectric relax
ation. Then7-36

D =  V'/T ; i f  c/" ( ¿ ) /_1 (7=bo! exP ( ~ E / Rrl">

( 6 .2 )

where v is a vibration frequency ~ 1012 sec.-1 char
acteristic of the diffusing units. With d =  3.5 X 
108 cm.

D =  0 X  1 0 -  ^  P/ _  | exp ( —E/RT)

(6.3)
The coefficient y of the viscous resistance called 

into play by any shearing force F may be defined as

where Ap is the relative velocity parallel to the di
rection of shear of two adjacent hydrocarbon 
chains X apart. In this case7

FA 2k T _____
d b f — fm&i

E
/= 1

pfV (AT l
(/ -  D! exp ( —E/RT) 

(6.5)
where b ~  10-22 cm.3 is the volume of a flow unit. 
With d ~  X and v ~  1012 sec.-1
v =  1.8 X  1011 kT  X

'%<■-Gir<rlTy.“1><- /'!n <0 C>
For self-diffusion and viscous flow of polymer under 
gentle shearing forces, pf and /mo» should be identi
cal and so D b??b =  kT( 1.2 X  107), for the values 
assigned above to d, b and X. Stokes law gives for 
a sphere diffusing in a continuum Dav =  kT/Qnrr =  
JcT(1.8 X 106) if r =  3 X 10-8 cm. Another quite 
different approach to the relation between D and y 
for self-diffusion has been developed by Bueche39 
who found for a particular polymer D'bvb =  pkT 
(0.8 X  106) where p is the density of the polymer.

Fig. 9.— Curves showing log \{E/RT)f ~' 1 / ( /  — 1)!] vs. f  
for different values of E/RT.1

log M .
Fig. 10.— Viscous resistances calculated (points A and B) 

and obtained from diffusion data with Stokes law, for dif
fusion in rubber.10

For diffusion of a dissolved molecule in a polymer 
D a  and the viscous resistance tja its movement 
calls into play have been investigated by Kuhn.10 
He concluded on theoretical grounds that y\ for a 
linear chain molecule diffusing in a flexible linear 
polymer will rise exponentially with its chain 
length. The calculated values of yA for two chains 
of isoprene segments, one of mol. wt. 500 and the 
other of mol. wt. 5000 are points A and B of Fig. 10. 
He also computed a viscous resistance from 
Stokes law using Dab obtained by Grun40 for 
colored molecules of systematically increasing

(39) F. Bueche, J. Chem. Phya., 20, 1959 (1952). (40) F. Grun, Experientia, 3, 490 (1947).
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Ev/T.
Fig. 11.— Functional relation between logm Da and E d/T foi- 

diffusion in numerous elastomers.18

Fig. 12.— t] log t;o vs. E\/T3C". X, A-poIar liquids; •, 
polar liquids; o. hydrogen or hydroxyl bonded liquids; □, 
liquid metals; V, ionic melts.

molecular weights, getting the points in Fig. 11. 
There is an interesting continuity in the whole 
curve. It is not however possible to say at what 
point on the curve 17 for self-diffusion of rubber 
would appear, for movement of chains occurs seg- 
mentally.

7. Curvature in Plots of Log D or Log ij vs.
1/T.—When log D or log ?? is plotted against l/T 
the plot is usually linear or nearly linear. This 
suggests that the summations in eq. 6.2 or 6.5 may 
often be replaced by their largest term. Even 
in this case a small curvature may arise, for then 
E& = E  — ( /  — 1 )RT  and so c\Ea/dT =  — ( /  — l)iJ. 
In addition however the dominant zone size may 
change with temperature, corresponding to a tem
perature coefficient in /,  and curvature become en
hanced. Thus measurements of /  from dEa/dT 
would be an upper limit only.

8. Functional Relationships.—Whether for dif
fusion, or for fluidity 4>(<f> =  \/v), log A> and log

0o(</> =  <f>o exp ( — E JR T )) have been found17’18.36 
to be functionally related to Ea/T

TJ-Ci
log Do (or log = A +  - p  (S .l)

where A and B arc constants. This is seen in Figs. 
11 and 12. The significance of this relationship is 
as follows. From the Arrhenius equation

log D =  log Do -  (8.2)

and if the range in values of log D is small com
pared with that in Ea/4.60 T, then to a first ap
proximation log D is a constant, A. Accordingly 
log D0 =  A — 0.22f?a/T , which has the form of
8.1. In fact it is always found that the range in 
log D or log 7] is less than that in Aa/4.60 T, either 
due to experimental limitations of measurements, 
or because of a fundamental property of rate proc
esses in condensed phases.

For a substantial group of diffusion coefficients 
in rubber Barrel’ and Skirrow18 found

log D0 =  -3 .6  +  O .U EJT  (8.3)
while Barter36 found for viscous flow in many 
different kinds of molecular and atomic fluids (in
cluding liquid metals)

log 60 =  2.43 +  0.17EJT  (8.4)

The constants 0.14 and 0.17 fall below the slope of
0.22, which is the maximum’ value to be expected 
only if the range in log D or log <j> is wholly negligible 
compared with that in Ea/4.60 T. This situation 
was approached in some measurements of Aitken 
and Barrer.19 For the extended viscosity data em
bodied :n Fig. 12 and cq. 8.4 there is some justifi
cation for setting up a universal fluidity function

As a result of research upon the pressure coef
ficient of viscosity of hydrocarbons41 it has re
cently emerged that there is a clear functional re
lationship between

fd  In tA  =  AF*
V OP ) T RT

and
/ a  In n\ AH*
V or ):■ RT2

where AF* and AII* are the volume increment and 
heat of activation, respectively, on passing from 
the normal to the transition state in an Avogadro 
number of unit flow1 processes. It follows that 
there must be a correlation between AF* and AH*/
T. Since the work of Barrer, et al, has already 
established correlations between AS* and E J T  (and 
so AH*/ T) for diffusion in elastomers and for viscous 
flow-' in liquids, it follows that there should be a cor
relation between AS* and AF*, certainly for vis
cous flow and for self-diffusion, and probably for 
diffusion in general.

Such a correlation is readily understood from the 
viewpoint of the zone theory. The heat of activa
tion, AH*, is accumulated as a result of thermal 
energy fluctuations in a number of degrees of free
dom significant from the viewpoint of diffusion or

(*it) ASME Research Publication, 1953.
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T a b l e  IV

I n t e r p o l a t e d  P0 an d  Dc-o fo r  V a r io u s  R u b b e r s

Gases 30°
Po X 10?

40° 50° f>0° 30°
/L_ü X 10' (err 

40°
i.2 sec. "'0 

50° 00°
R ubber A

n -Butane 5.38 7 .0 1 9.88 1 2 . 2 0 2.32 4.28 7 .1 5 1 1 . 2 0
Isobutane 2 .3 4 3 .39 4.00 5.89 1.50 2 .7 5 4.0 5 7 .3 3
n-Pentane 10 .27 2 1 .7 3 25.33 2 7 .7 5 2.28 4 .24 0.80 1 0 . 0 2
Isopentane 4.87 8.94 12.95 10.70 0 .91 2 .2 7 4.40 7.4 6
Neopentane 1 . 8 6 2.80 3.92 5 .1 4 0.72 1 .41 2 55 4.24

R ubber B

»-Butane 4 .76 0 .79 8.80 1 1 . 0 0 2 . 0 0 3 .7 1 0 2 1 9.73
Isobutane 1 .7 9 2 .8 1 3.94 5 .1 5 1 .1 8 2 .34 4.09 6.50
»-Pentane 8.40 14 .22 19 .34 23.40 1 . 2 2 2.94 5 .5 2 9 .1 3
Isopentane 5.9 6 8.30 10.80 13.01. 1 . 1 0 2  22 3.94 0.63
Neopentane 1 .3 7 2 .26 3.28 4.39 0.55 1 .1 7 2 .1 7 3.06

R ubber C

»-Butane 3.0 1 5 .23 7.0 1 9 .1 1 l . 09 3.23 5 . 00 9 .4 5
Isobutane 1 .4 7 2.30 3.24 4.30 1.08 2 . 2 1 3.99 0.80
»-Pentane 8.96 12 .9 7 1 0 . 0 0 19.50 1.38 2 .79 4 .9 1 7 .7 0
Isopentane 4.39 0.40 8.40 10.78 0.87 1 .7 5 3 .13 5 .2 9
Neopentane 1 .26 1 . 8 8 2 .7 5 3.81 0.54 1.08 2.04 3 .7 2

i  (e. g ., intermolecular vibrations). This causes rubber, the permeated mixture being enriched
a local loosening of the fluid or polymer structure, 
and so its expansion. The more degrees of free
dom involved, and so the larger AH*, the greater 
will AS* and AF* both tend to be.

9. Selective Transmission through Membranes. 
—Barrel- and Skirrow18 have demonstrated the 
marked influence which cross-linking of rubber (up 
to 11.3% of combined sulfur) can have upon perme
ability and diffusion coefficients of nitrogen and of 
paraffins (Fig. 13). In contrast the solubility con
stants were not greatly influenced by this degree 
of vulcanization. Similar relations were observed 
in rubbers cross-linked by i-tutyl peroxide.19

The influence of the molecular weight of the pen
etrant upon permeability, diffusion and solubility 
coefficients is also very striking (e.g., Fig. 14). 
Moreover molecular shape, in isomeric C4 and C6 
paraffins, has its own strong influence, as seen in 
Table IV for diffusion and permeability and in 
Table V for solubility constants in three increasingly 
cross-linked rubbers A, B and C. These data 
lend themselves to interesting analyses in 
terms of molecular dimensions32'19 (for diffusion) 
and cohesive energy density (for solubility42). 
A statistical mechanical analysis of solubility con
stants has been given for zero and non-zero heats of 
mixing,6 and extended to include effects of cross- 
linking.6 However, here we shall consider possible 
fractionations of mixtures. Fractionation factors, 
S, in the steady state can be estimated to a first 
approximation from the ratios of individual perme
abilities, since, at least in the regions where Henry’s 
law is valid and solubility rather small, interference 
effects are not likely to be very large. $  may also 
be defined as Q1C2/Q2C1 where Qi and Q2 are the 
amounts of species 1 and 2 diffusing through a mem
brane in time t and Ci, C2 are the concentrations of 
gaseous species 1 and 2 at the ingoing surface of the 
membrane. Values of permeability ratios are 
shown in Table VI for various paraffin pairs in

(42) G. Goo, I.l t.T. Tnna., 18, 200 (1(143).

the first mentioned component.

T a b l e  V

I n te r p o la te d So l u b il it ie s , 0- (e m .3 at S .T .P . /c m .3)
30° 40° 50° 000

R u b ber A

N h 0 .0 71 0 .0 0 5 0 .001 0 .0 5 7
M-CJIio 17 .00 13 .52 1 0 .50 8 .2 8
?so-C.iH10 1 1 .88 9 39 7 .5 1 O i l
•R.-Cr,HI2 5 4 .2 0 3 8 .8 9 2 8 .31 2 1 .0 4
¡1so-C.,H,2 4 0 .9 3 2 9 .9 9 2 2 .3 9 1 7 .02
n.eo-CsHi2 19.81 15 .10 1 1 .68 9 .2 0

R u b ber  B

Nna 0 .0 0 0 0 .0 01 0 .0 5 8 0 .0 5 3
» -O 4llio 18 .09 13.91 10 .80 8 .6 0
A o -C J I ,o 11 .50 9 .1 4 7 .3 7 0 .0 2
» -C A R , 5 2 .1 2 36.81 2 0 .01 19 .54
?SO-Cr,IIi2 3 9 .2 2 2 8 .4 7 2 0 .8 9 15.63
neo-C:, H , •> 19 .05 14,71 1 1 .48 9 .1 0

R u b ber  C

» - C 4H 10 16 .20 1 2 .30 9 .4 2 7 .3 3
mo-C 4H 10 1 0 .33 7 .9 3 6 .1 7 4 .8 8
k -C 5H i;, 4 9 .4 3 3 5 .3 2 2 5 .7 0 1 9 .10
¿SO-C5H 10 3 8 .3 7 2 7 .8 3 2 0 .5 6 15.51
neo- C 6II i2 1 7 .02 1 3 .30 1 0 .26 7 .8 0

0 Solubilities o f No were determ ined b y the tim e-lag
m eth od .

In the transient state of flow separation factors 
may be very great indeed. The faster moving com
ponent may reach the outgoing surface of the mem
brane long before the slower moving component. If 
p =  £(<tb/ o-a ) where a a and <tb are the solubilities 
of two components which dissolve according to 
Henry’s law, and neglecting concentration depend
ence of Da and D-b (a procedure valid only for 
smaller concentrations of A and B in the mem
brane), one obtains19
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Sulfur, % .
Fig. 13.— Diffusion constants as a function of the per cent 

combined sulfur in natural vulcanizates.18

T a b l e  VI
F r a c t io n a t io n  F act o r s  f o r  P a r a f f in  D if fu sio n  in  

St e a d y  Sta t e

Rubber
T,
°C.

Molecular pair 
A -B

Perme
ability 
ratio of 
A to B

Natural rubber,18 40 c h 4- n 2 3 .O5
2 .9 %  combined c 2h 6- c h 4 2 .6
S c 3h 8- c h 4 4 . 1

»-C 4Hio-CH 4 1 0 .0

Natural rubber19 30 «-C 4H 1o- iso-C4H io 2 .3
cross-linked by R-C5IÎ12- R-04H ] 0 3 .0
¿-butyl chloride R-C5H 12—ÎSO-C5IT12 3 .3

rc-C6Hi2-neo-CsHi2 8 .7

where ¿/La =  k defines the constant k and La and 
Lb are the time lags17 for A and B. The amount of 
A which has diffused through the membrane in time 
t =  IcLa is

*F )|
In Table VII are summarized ratios of amounts 

diffused after a series of times for a rubber19 and for 
an ethylcellulose membrane.27 The very high sep
arations arise in the early stages of emission of the 
faster moving component before much has actually 
passed through the membrane. The transient 
state method of fractionation has therefore this 
limitation. If the membrane is doubled in thick
ness the theory shows that twice as much of A dif
fuses before the separation factor drops to a given 
value. On the other hand the total time involved is 
correspondingly increased. For the diffusions given 
in Table VII involving n- and fso-C4H10, and rubber, 
the calculated separations assume that each gas dif
fuses in presence of the other just as fast as when it 
alone is present. This assumption has not yet 
been tested experimentally. In the rubber system

Q A =
vbPaI /  

76 X  0
(k ( - i )*9

n = 1
exp

( -

6.0

4.0

50 °

1.7 V. s  ;

: ?

2 .9V . S  / /

X ’  V
*  ó ¡

A
2 0 h  s *  11.3% s

r f e h

(a)

¿CT

.7
;7  - 18 .0

!  !
P /2 .9 V . S

/ À
é f  7 .1 5  V. S -  4 #0

/ 7 . 1 5 V .  S > 0  J / V  
Í 4 - 0 n  r - ^ r S i - i o n . 3 v . s
K=LÂî=iûJcl5L ffT— ___ !____I

(b)

N o. of carbons atoms.

Fig. 14.— (a) Dependence of permeability constant upon 
the number of carbon atoms in simple »-paraffins18; (b) 
dependence of diffusion coefficient upon the number of car
bon atoms in simple n-paraffins.18

the diffusion is moreover somewhat concentration 
dependent; and in the transient state for ethylcellu
lose it is both time and concentration dependent.27

T a b l e  VII
C a l c u l a te d  Se p a r a t io n s  o f  n-C 4H i0 an d  iso-C4Hi0 in  

T r a n sie n t  Sta t e

Amounts diffused
Partial cm .3 at S.T.P.

pressure Sépara- per meter2 at
of each 
vapor 
(cm.) k

Time
(min.)

tion
factor

S
V -  7 

n-CiHio
. 6 cm. 

iso-
Cdho

Rubber A, 19 cross-linked by ¿-butyl peroxide,
at 50°, 0.5 mm. thick

0 .5 4 .9 14 .8 1 .98 0 .1 3 4
1 .0 9 .7 10 .2 2 0 .5 2 .01

7 .6 2 19.4 3 .3 9 0 .1 2 7 .3
5 4 8 .5 2 .5 350 141

CO CO 2 .3

Cellulose ether27 at 50°, 0 .1  mm. thick

2 162 333 5 6 .7 0 .1 7
7 .6 5 405 3 2 .7 217 6 .63

CO CO 7 .6
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Experimental velocity-diameter D(d) and velocity-density D ( p i ) curves are presented for 8 0 /2 0  T N T -A lum inum  (Al), 
4 5 /3 0 /2 5  R D X -T N T -A lu m in u m  (Al), 7 5 /25  Composition B -A l (H B X ), and various mixtures of ammonium nitrate and 
aluminum ranging from pure ammonium nitrate to 6 0 %  A N . Also presented are some results with A N -D N T  mixtures. 
Results show that aluminum reacts too rapidly for the energy release as a function of time to be a limiting factor in T N T -A 1  
and R D X -T N T -A 1  mixtures at diameters above 5 cm., but it reacts relatively slowly in the A N -A 1 mixtures and the rate of 
reaction of aluminum (and A N ), or the rate of energy release is a limiting factor in this case. The familiar properties of the 
high temperature Al-explosives are here attributed to the thermod.ynamics of Al-reactions in which the Al20 (g ) /A l20 3 (c) 
ratio is appreciable in the detonation wave but becomes negligible later on during adiabatic expansion. The change of this 
ratio from a high value in the detonation wave to an ultimate low value gives aluminized explosives low “ brisanee”  but high 
blast potential. The A N -A 1 mixtures were shown to be “ non-ideal”  (£> <  D*) over the entire range of conditions studied. 
Reaction rates in these mixtures are shown to depend on the particle size of both the A N  and the Al. They seem to be 
controlled by mass transfer which leads to anomalous D(pi) curves each showing a maximum at a relatively low density 
(1.0 to 1.2 g ./cc .).

Introduction
Aluminized explosives are characterized in gen

eral by relatively low “ brisanee” but high (under
water, open air and underground) blast potential. 
The low relative “ brisanee”  of aluminized explo
sives has been attributed in the past to incomplete 
reaction of Al at the “ Chapment-Jouguet plane,” 
and the high blast-potential to after-burning of 
aluminum. Thus early unpublished shaped charge 
studies with aluminized explosives, interpreted in 
light of the observed linear variation with detona
tion pressure of hole depth and volume from jets in 
uniform targets indicated that aluminum acts ef
fectively as a diluent as far as the end effect, e.g., 
shaped charge action, is concerned. More careful 
study showed, however, that aluminum lowers the 
“ detonation”  pressure and velocity even more, 
sometimes quite considerably more, than an ideal 
diluent. The effectively endothermic reaction of 
Al in the detonation wave may be seen, for exam
ple, in the results of detonation pressure measure
ments,2 summarized in Table I, by the shaped 
charge method (using calibration curves established 
with known ideal explosives). These data show that 
the detonation pressures of tritonal and HBX were 
less than in TNT and composition B, respectively, 
even though the densities of the former explosives 
were 6 to 8%  higher. This is significant particu
larly in view of the known pronounced effect of 
density on pressure. This same situation may also 
be seen by comparing detonation velocity (Table
II), realizing that pressure is given hydrodynami- 
cally by the equation p2 =  piDW =  pi/)2/4- These 
results show that aluminum lowers the velocity of 
TNT, 60/40 R D X -T N T  and composition B even 
more than salt, sand and similar ingredients which

(1) This investigation was supported by Office of Naval Research, 
Contract No. N7-onr-45107, Project No. 367,239.

(2) M. A. Cook and A. M. Spencer, “ The Determination of Reac
tion Rates of Non-Ideal Explosives from Shaped Charge Penetration 
Data,”  Technical Report XLVII, ERG, University of Utah, August 19, 
1955.

act, if not as pure diluents, at least as (slightly) 
heat absorbing or endothermic materials.3 Clearly, 
therefore, aluminum must have a strongly endo
thermic effect at the C-J plane. This would be the 
result, if, for example, Al20(g) were to form in ap
preciable amount in the detonation wave. But if 
A1203(c) were the sole aluminum product, the (large 
diameter) velocity of the TNT-A1 and R D X - 
TNT-A1 mixtures would be appreciably higher 
(even at the same density) than the velocity in the 
corresponding explosives without aluminum owing 
to the large heat of formation of Al2Os(c).

T a b l e  I
D e t o n a t i o n  P r e s s u r e s  D e t e r m i n e d  f r o m  S h a p e d  C h a r g e

Measured
detonation

Explosive n

pressure 
p 2(atm. 

X 10-*)“
T N T 1.59 150
8 0 /2 0  T N T -A 1 1 .68 140
T N T 0.81 46
8 0 /2 0  T N T -A 1 0 .9 4 45
Composition B 1.71 230
8 0 /2 0  Composition B -A l (H B X ) 1.81 170
73.2 /26.8  Composition B -A l (H B X ) 1.83 155

“ Average deviation from mean less than 10% .

This article presents experimental studies de
signed to provide data for the determination of the 
behavior of aluminum in explosives. Since some 
theoretical treatments of non-ideal detonation make 
use of wave shape, measurements of the shapes of 
the wave fronts of these explosives are also pre
sented.

Experimental
D(d) Curves for Tritonal and HBX — Velocity-diameter 

studies of cast and loose-packed 8 0 /2 0  T N T -A 1 , cast 75/25  
H B X  and loose-packed 4 5 /3 0 /2 5  R D X -T N T -A I  are pre
sented in Fig. 1. Velocities were measured by a “ pin-

(3) M. A. Cook, Paper #25, Discussion of Faraday Society, Phys
ics of High Pressures, Sept. 20, 21, 1956.
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T a b l e  II

V e lo c ity  C o m pa riso n
Explosive pi D (m./see.)

T N T 1.59 0910
8 0 /2 0  T N T -S a lt 1 .75 6900
8 0 /2 0  T N T -A 1 1 .75 0800
T N T 0 .85 4525
8 0 /2 0  T N T -S a lt 1 .00 4400
8 0 /2 0  T N T -A 1 1 .00 3840
00 /4 0  R D X -T N T 1.70 7800
4 5 /3 0 /2 5  R D X -T N T -S a lt 1 .77 (7430)"
4 5 /3 0 /2 5  R D X -T N T -A 1 1 .77 7200
60 /4 0  R D X -T N T 1 .00 (5650)“
4 5 /3 0 /2 5  R D X -T N T -S a lt 1 .15 (5400)“
4 5 /3 0 /2 5  R D X -T N T -A 1 1.15 4600

“ B y linear interpolation of 
R D X -sa lt  mixtures.

results for T N T -sa lt and

oscillograph”  and by a rotating mirror or “ streak”  camera 
as desired. The charges all had a length/diameter (L/d') 
ratio of six or moi'e. The large diameter charges were con
tained in thin-walled cardboard tubes and the small diame
ter ones in thin rolled plastic tubes. Densities were meas
ured in samp.es of the cast charges by sectioning them. 
While they were found to show some axial and radial den
sity fluctuations, these variations were limited in all cases 
to 2 %  or less. The loose-packed charges were vibrated for 
density uniformity, care being taken to avoid segregation 
by excessive vibration. Densities were determined in all 
cases by total weight/total volume measurements. Ve
locities were corrected to an average density in each case by 
appropriate Z>(pi) relations, only small density corrections 
being required in any case.

N o systematic aluminum particle size or diameter effects 
were found in either the 8 0 /20  T N T -A 1  or 4 5 /3 0 /2 5  R D X -  
T N T -A 1  except for the former at diameters less than 5 cm. 
In fact, in the I iB X  series no definite influence of diameter 
on velocity was found in the diameters studied. These re
sults show clearly that the reaction rate of aluminum is not 
a limiting factor in the behavior of Tritonal and H B X .  
One must, therefore, look elsewhere for an explanation of 
low “ brisance”  in the Al-explosives.

Since theoretical velocity calculations indicated that the 
D(pi) curve for Tritonal and IIB X  should not be linear, meas
urements also were made to determine the velocity-density 
curves for pressed 8 0 /2 0  T N T -A 1  in 8 .5  cm. (L/d =  6”) 
charges and for 4 5 /3 0 /2 5  R D X -T N T -A l  at d =  5.2 cm. 
and L/d =  6. These diameters were chosen to ensure 
“ ideal”  detonation. The results are shown in Fig. 2 . In 
accord with predictions, it may be seen that these curves are 
indeec non-linear; they are quite different from the normal 
(generally linear) ones. They are evidently characteristic 
of an Al20 (g ) /A l20 3(c) ratio which decreases rapidly with 
density as discussed below.

D(a) Curves for AN-A1 Mixtures.— Experimental D(d) 
and D vs. per cent. A1 (constant pi) data for A N -A 1 mixtures 
varying in composition from 100 /0  to 7 0 /3 0  are shown in 
Figs. 3 and 4 . The influence of Al particle size is indicated 
by some of the results shown in Fig. 3 for 8 to 2 0 %  Al. 
Additional data showing Al particle size effects are given in 
Tables III  and IV . The A N -A 1 mixtures were all “ non
ideal”  (D <  D* where D* is the ideal velocity) at velocities 
far below the ideal velocities in all cases irrespective of the 
particle size of either the A N  or A l. No attempt was made 
to collect velocities for small density fluctuations owing to 
the anomalous D(pi) relations as noted from the data in 
Fig. £.. For example, the velocity was in general consider
ably lower on the high density side than on the low density 
side. Previous unpublished studies have shown that this is
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DENSITY (gyco).
Fig. 2 .— Experimental ideal detonation velocity-density curves for 4 5 /3 0 /2 5  K D X -T N T -A L  and 8 0 /2 0  Tritonal.

a characteristic of fuel or combustible-sensitized A N  explo
sives at D/D* considerably less than unity.

In order to bring out the anomalous density effect unam
biguously, D(pi) measurements were carried out with the 
9 0 /1 0  A N -A 1 mixture using a single, uniform, unscreened 
A1 sample throughout. These results are shown in Table V . 
In the first series using a fine A N  product (sample 1, Tabic 
V ) the D(pi) curve was found to go through a maximum be
tween a density of from 1.09 to 1.28 These measurements 
were repeated about three weeks later using the same lot of
A N . However, clearly the sample had changed during the 
three week interval as a result of partial recrystallization, as 
observed, for example, by the face that it then packed to a 
lower density. In this series the maximum velocity (3485 
m ./se c .)  was observed at about p; =  1.12 and the velocity 
was 950 m ./sec . lower at pi =  1.25 than at pi =  1.12. 
Pressing crushes the A N  somewhat; but to investigate the 
anomalous D(pi) effect one should use constant particle size. 
To accomplish this, several shots were made in which the 
pressed charges were compared with loose-packed ones made 
by first pressing the A N  to the density of the corresponding 
pressed charge, crumbling the mixtui e and loose packing it in 
charges of the same diameter and length. Three compari
sons of this sort are shown in Table V (A N  samples 3, 4 and 
5). Note that the low density product showed a higher 
velocity than the higher density one, and the difference in
creased with the density difference. These results show 
that the D(pi) curve for 9 0 /1 0  A1S-A1 with fine A N  and fine 
A1 exhibited a maximum at some value of density below pi =  
1.25.

A  more easily reproducible example of the anomalous 
D(pi) effect in A N  explosive is shewn in Table V for a 90 /10  
A N -D N T  mixture using solid D N T  and line A N . Again 
the D(pi) curve was shown to go through a maximum in this 
case near pi =  1.08 g ./cc .

The A N -A 1 mixtures are complicated non-ideal explo
sives; besides the anomalous D(p,i relations, particle size

T a b l e  III

I n f lu e n c e  of Al P a r t ic l e  S ize  in  A N -A 1 M ix t u r e s  in  
9.94 (rf) X  61 (L) cm . C h a r g e s

AI particle 
size“

PI
(g-/cc.)

D
fohsd.)

(m ./
sec.)

Al particle 
size

PI
(g./cc.)

D
(obsd.)

(m./
sec.)

6 %  Al 1 0%  Al

- 100 + 150 1 .13 Failed -  65 +  100 1 .15 Failed
- 1 5 0  + 200 1 .13 Low - 1 0 0  +  200 1 .12 3085
— 200 + 325 1.14 2495 - 2 0 0  +  325 1 .15 3090
- 3 2 5 1 .20 3050 - 3 2 5 1 .20 3225

1 5%  Al A N  particle size

— 65 -{- 100 1 .15 Failed +  48 1 3 .3 %
- 1 0 0  + 150 1 .14 3170 -  48 +  65 6 0 .2 %
- 1 5 0  + 200 1 .16 2865 -  65 +  100 2 2 .5 %
- 2 0 0  + 325 1 .18 2880 - 1 0 0  +  150 4 -0 %
- 3 2 5 1 .20 2900

“ Standard Tyler Mesh.

effects may be observed not oi ly in A1 but also in A N . The 
A N  particle size was not allowed to vary more than the 
amount caused by crystal growth in the A N  and the in
ability to reproduce particle size in A N  from one lot to an
other. As a result, no definite particle size effects of A N  
were noted. To show that the A N  particle size also in
fluences velocity in these mix ores, two shots wore made in 
10 cm. diameter charges using a much coarser A N  product 
and the same grade of aluminum as in the comparative ex
amples. The results (A N  sample 6 in Table V) showed an 
average velocity about 1000 m ./sec. lower than for the finer 
grade A N  charges of the same density and A1 particle size.
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Fig. 3.— Experimental detonation velocity-diameter curves for various A N -A 1 mixtures.

T a b l e  IV 3 1 .07  p 3570 7 1 .03 pc 3680
C r it ic a l  D ia m e t e r  D a t a  for; A N -A l M ix t u r e s 3 0 .9 6  pc 3490 7 1 .27 p 2890
Al, % Particle size“ Critical diameter 4 1 .18  p 3405 7 1 .07 pc 3700

0 - 3 2 5 12.7  < d c <  16 .0 4 1 .00  pc 3715
2 - 3 2 5 5 .0 5 1 .28  p Failed
4 - 3 2 5 2 .5 5 0 .9 5  pc 3650
6 - 3 2 5 2 .5 6 1 .1 2  LP 2595
8 - 3 2 5 < 2 .5 6 1 .11  LP 2525

10 - 3 2 5 2 .5 a Screen Analysis of samples 1, 6, 7, were
15 - 3 2 5 2 .5 A N  Particle Size Data
20 - 3 2 5 2 .5  <  d <  5.0 Mesh 0 ) (6) (7)
30 - 3 2 5 5.0 -  10 +  20 5 .1
40 - 3 2 5 >7.5 -  20 +  35 7 0 .9
10 -  48 +  325 5 .0 -  35 +  48 2 0 .2 6 .0
12 -  48 +  325 5 <  dc <  75 -  48 +  65 4 8 .5 2 .9 4 8 .4
15 -  48 +  325 5 .0 -  65 +  100 2 8 .5 0 .9 3 6 .9
6 - 1 5 0  +  200 10.0 - 1 0 0  +  150 10.1 4 .3

10 - 1 0 0  +  200 10.0 - 1 5 0  +  200 4 .8 2 .0
15 -  65 +  100 10.0 - 2 0 0 8 .1 2 .4

“ A N  approximately the same throughout— see Table III . 

T a b l e  V
V a r ia t io n s  o f  V e l o c it y  w it h  D e n s it y  in  A N -A 1 an d  

A N -D N T  M ix t u r e s
90/10 AN-Al (10 X 60 cm.) 90/10 A N -D N T (1) (10 X 60 cm.)

AN
sample

pi
fg-/
cc.) Charge &

D
(m./
sec.)

AN
sample

pl
(g ./
cc.) Charge b

D
(m ./
sec.)

1“ 1 .07 LP 3280 1 0 .8 8 LP 3310
1 1 .09 1' 3460 1 .99 LP 3480
1 1 .19 P 3410 1 1 .08 P 3560
1 1 .28 P 3350 1 1 .18 P 3330
2 0 .9 6 Iff’ 3365 1 1 .27 P 3120
2 1 .12 P 3380 7 1 .08 P 3315
2 1 .17 P 3290 7 1 .04 pc 3440
2 1 .25 F 2530 7 1.17 P 3210

Samples 2 , 3, 4 and 5 were the same as sample 1 but had 
aged to 27 days. Aging of A N  causes definite changes, the 
most significant of which is the packing quality. b LP =  
loose packed, p =  pressed, pc =  pressed and crushed to a 
loose powder which was then loose-packed. This gave a 
loose-packed product of the same particle size as in the corre
sponding pressed charges.

W ave Shape Measurements in Aluminized Explosives.—
After considerable effort to obtain quantitative wave shape 
results in cast Tritonal and H B X , studies were discontinued 
owing to the very erratic results obtained. The cause of 
these irreproducible results is associated with the difficulties 
inherent in casting such mixtures without incurring some 
density and composition fluctuations; tendency toward 
segregation of the aluminum causes it to concentrate along 
the charge axis enough to attenuate the wave at this posi
tion more than toward the sides. Only relatively slight 
segregation of this sort is sufficient to flatten and even in-
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T a b l e  V I

O b s e r v e d  V a r ia t io n s  o f  th e  St e a d y - sta te  R a d iu s  o f  C u r v a t u r e / D ia m e t e r  (Rm/d) w it h  C om po sitio n  an d  d in  A N -A I

d =  2.5
A l  % ( c m . ) 5.0 7.5

0
2 Failed
4 Failed 1 .33 1.31
0 0 .9 2 1 .25 1 .55
8 1 35 1 37 1 .39

10 1 .68 1 .56
15 1 .07 1 .54
2 0 Failed 1 .39 1 .53
3 0 Failed 1 .59

E x p l o siv e s

10.0 12.5 15.0 17.5
A. — 325 Mesh Al, Fine A N “

Failed 1 .16
1.26
1 .27 1.31
1 .35 1 .38
1 .39 1 .43 1.21 1.31
1 .49 1 .39

20.0 25.0 40.0 46.0

1 .09 0 .9 6 0 .7 8 1.03

1.21 1 .35

B. Fine A N , + 3 2 5  Mesh A1 (by removing —325 mesh material from standard6)

10 F  ailed 1 .61 1 .48 1 .50 1 .50 1.37 1.67
12 Failed 1 .36 1 .29  1 .36 (1 .2 6 ) 1 .55
15 Failed 1 .30 1 .33 1 .63  1 .52 1 .42 1 .45

C . 150 to 200 Mesh Al

6 0 .9 9
10 1.31
15 1 .30

“ A N  particle size: +  48 mesh, 0 -3 1 % ; —48 +  65 mesh, 2 4 -4 0 % ; — 65 +  100 mesh, 8 -4 0 % ; — 100 +  100 mesh, 
4 -2 5 % ; — 150 mesh, negligible. * Standard Al particle size: +  65 mesh, 1 4 .9 % ; —65 +  100 mesh, 1 3 .1 % ; — 100 +  200  
mesh, 2 0 .0 % ; - 2 0 0  +  325 mesh 1 2 .7 % ; - 3 2 5  mesh, 3 8 .4 % .

vert the wave from its normal value for an homogeneous 
charge. The effect of A1 segregation on wave shape is more 
pronounced than density fluctuations along the charge axis 
which also tends to flatten or distort the wave.

In loose-packed and pressed charges of 8 0 /2 0  T N T -A 1  
and 4 5 /3 0 /2 5  R D X -T N T -A 1 , the observed wave shapes 
were obtained with normal reproducibility and showed nor
mal curvature.4 The waves were spherical in shape and 
exhibited a normal (constant or steady state) value Rm at 
large L/d. Values of Rm/d obtained for the loose-packed 
mixtures of T N T -A 1  and R D X -T N T -A 1  with two grades 
of A1 ( —325 mesh and —65 +  100 mesh) are plotted against 
diameter in Fig. 5 . Rm/d vs. pi curves for pressed 8 0 /2 0  
T N T -A 1  and 4 5 /3 0 /2 5  R D X -T N T -A 1  obtained at d =  8.3  
cm . and d =  5.2 cm ., respectively, are also shown in Fig. 5. 
Rm/d  increased for T N T -A 1  from 1.45 at p\ =  1.0 to 2 .5  at 
pi =  1.56 at which density the Rm/d vs. pi curve still had a 
fairly steep slope. In the R D X -T N T -A 1  mixture, how
ever, Rm/d  increased from 1.95 at pi =  1.18 to an apparent 
limiting value of about 3.85 at pi =  1.48. This mixture 
showed no further increase in Rm/d with density as thervave 
increase from pi =  1.48 to 1.57.

W ave shape data obtained for the A N -A I mixtures are 
given in Table V I. They show Rm/d  to be confined to the 
relatively narrow range between 0.9 and 1.7 in the diameters 
studied.

Discussion of Results
At low temperatures and pressures aluminum 

oxide exists as crystalline A120 3 (corundum), the 
stable form of which has a heat of formation of
399.1 kcal./mole (using the convention that heat 
given off is positive). At a pressure of one at
mosphere it melts at 2313°K., with a heat of fusion 
of 26 kcal./mole. The normal boiling point has not 
been observed directly, but on the basis of experi
ments made around 2500°K.5 it has been calculated 
to be 3770 ±  200°K. A120 3 apparently does not 
exist in the vapor state; decomposition occurs on 
vaporization, and apparently the oxide of alumi
num in the gas phase consists of A10.4 If other

(4) M. A. Cook, G. S. Horsley, R. T. Keyes, W. S. Partridge and 
W. O. Ursenbach, J. App. Phys., 27, 269 (1956).

(5) L. Brewer and A. W. Searcy, J. Am. Chem. Soc., 73, 5308 
(1951).

materials are present A10 may react with them, and 
in the presence of reducing mixtures the sub-oxide 
replaces A10 as the dominant aluminum containing 
gas. Indirect methods indicate that this sub-oxide 
is A120 .4 AlO has been studied spectroscopically 
giving a value for the heat of formation of +45 
kcal./mole. However it is pointed out in reference 
5 that the lower electronic state found in the spec
troscopic studies may not be the ground state of the 
molecule. Chemical evidence is presented there 
which indicates a heat of formation of about —8 
kcal./mole for AlO. Reference 5 gives results 
which indicate a heat cf formation for A120  of 
about 39 kcal./mole.

The only compounds of aluminum which might 
conceivably form in detonation besides the oxides 
are AIN and A1H. A14C3 exists only in the solid 
state, decomposing on vaporization. However, 
careful considerations show that none of these can 
be important as detonation products and the sig
nificant products are considered therefore to be only 
A lA (c ), AIsO(g) and AlO(g).

The heat capacities at constant volume for A120  
and AlO were calculated on the basis of rigid-rotor 
and harmonic-oscillator approximations. The spec
troscopically observed frequency of 977 cm.“ 1 was 
used for AlO. For AbO no data were available. 
Comparing with other triatomic molecules, and 
assuming that A120  is non-linear, it was assumed 
that A120  has vibration frequencies of 500, 977 and 
1580 cm.“ 1. The harmonic oscillator heat capac
ities were taken from a table given by Aston.6 
Heat capacity data for A120 3 are given by Ginnings 
and Corruccini up to 900°.7 The reactions yielding 
Al20(g) and AlO(g) may be reduced to

(6) H. S. Taylor-S. Glasstone “ Treatise on Physical Chemistry,*' 
Vol. I, D. Van Nostrand Co., Inc., New York, N. Y., 1942, Appendix I.

(7) D. C. Ginnings and R. J. Corruccini, Paper 1797, J. Research 
Natl. Bur. Standards, 30, 593 (1947).



DI
M

/S
eq

).
194 M. A. Cook, A. S. Filler, R. T. K eyes, W. S. Partridge and W. 0. Ursenbaci-i Vol. 61

Fig. 4.— Detonation velocity vs. per cent, aluminum curves 
for A N -A 1 mixtures.

Fig. 5.— Rm/d (steady-state radius of curvature/charge 
diameter) vs. charge diameter and density for 8 0 /2 0  T N T -  
A1 and 4 5 /8 0 /2 5  K D X -T N T -A 1 .

A120  +  2 C 0 2 AI20„ +  2CO

AID +  V=C 02 7 ,A 120 3 +  V 2CO

Their equilibrium constants (using definitions pub
lished elsewhere) are8

jr  _  f\ h 0 .f  CO, T - / -rvpss — ri ---- , R — A „28
. /  C O j

2181 \ (Al20 ) ( c :0 2) 2
(CO ) 2

_  / a i o / c o s 'A  _  ( 1.2181X-  A.. -  { r  )  A,a. -
(A 1 0 )(C 0 2)V, 

(CO) A

(Definition of F given by equation 12, reference 8.) 
Solving these expressions for (A120) and (AlO)

(AW) (coy i
s  (CO-/)2 F

//2:i — (AlO) — As,
(C O )'A  ]
(C 0 2)TA f

Putting the remaining aluminum into AhO- one 
finds

1/2-1 =  (AI2O3) =  7 2A1o — V-- ~  1 /-!/?'■'■
where AI0 is the number of gram-atoms of A1 in 100 
grams of explosive. (Designations here adopted 
conform to extensive tabulations and conventions 
using derivations previously published.8)

There is sufficient uncertainty in the available 
thermo chemical data for A120  and AlO that a con
siderable variation is possible in the values of 
the equilibrium constants calculated by statistical 
mechanics. While it does not, therefore, seem 
possible at the present time to give precise values 
for the K p, the following are considered to be the 
best data available at present

/ v  „28 =  i o 2 i - n t m 6 3 ’ 200 /71A ' p 2!> =  1 0 1 3 - 3 1 0 - 4 9 . ™ 0 ' 7’
Heat capacity data computed by the approximate 
methods outlined above are given in Table VII. 
With these data one may carry out at least qualita
tive thermo-hydrodynamic calculations for alumi
nized explosives.

Temperatures and pressures at the C-J plane for 
low density TNT-A1 and R D X  -TNT-A1 mixtures 
are according to calculations based on the above 
data such that the chief product of aluminum 
should be Al20(g). This forms endothermically 
with respect to the products of detonation of these 
explosives, (i.c., by removing ox}rgen from more 
exothermic reactions) and as a result the intensity 
of the detonation wave is reduced by aluminum. 
Owing to the much more rapid increase of pressure 
than temperature with density, however, the ratio 
Al20 (g )/A l20 3(c) should decrease with density, 
but evidently remains appreciable even at the max
imum density possible. As a result the influence of 
the highly exothermic product Al20 3(s) apparently 
never is sufficient in Tritonal and H BX to overcome 
the endothermic effect at Al20(g) at the C-J plane. 
The detonation velocities and detonation pressures 
(or “ brisance” ) of these high temperature alumi
nized explosives are thus always lower than those of 
the corresponding explosives without aluminum 
even at the maximum densities, despite a 6 to 8%

(8) M. A. Cook, II. T. Keyes, G. S. Horsley and A. S. Filler, T h i s  
J o u r n a l , 58, 1114 (1954). See also M. A. Cook, J. Chem. Phys., 16, 
1081 (1948).
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T a b l e  V II

I d e a l  M o l a l  H e a t  C a p a c it ie s  fo r  A lu m in u m  Ox id e s

T, "K. > O o'

Cv
AlO(g) AhO(g) AlzCMc)

Cv
AlO(g) ALCXg)

1000 2 6 .6 7 6 .2 2 9 .6 9 2 7 .8 9 6 .6 5 8 10 .868
1100 2 7 .1 0 6 .2 8 9 .8 4 3 0 .3 2 6 .7 0 5 1 1 .024
1200 2 7 .4 8 6 .3 3 9 .9 8 3 0 .7 0 6 .7 4 3 1 1 .150
1300 2 7 .8 2 6 .3 7 1 0 .1 0 3 1 .0 2 6 .7 7 2 11 .252
1400 2 8 .1 3 6 .4 1 10.21 3 1 .3 4 6 .8 0 0 11 .339
1500 2 8 .4 0 0 .4 4 10 .31 3 1 .6 0 6 .8 1 6 11 .405
1600 2 8 .6 6 6 .4 7 1 0 .40 3 1 .8 3 6 .8 3 2 11 .463
1700 2 8 .8 9 6 .5 0 1 0 .47 3 2 .0 6 6 .8 4 5 1 1 .512
1800 2 9 .1 1 0 .5 2 1 0 .54 3 2 .2 8 6 .8 5 7 11 .553
1900 2 9 .3 2 6 .5 4 10 .61 3 2 .4 8 6 .8 6 7 11 .589
2000 2 9 .51 6 .5 6 1 0 .67 3 2 .6 0 6 .8 75 11 .620
2100 2 0 .6 9 6 .5 8 1 0 .72 3 2 .8 0 6 .8 8 5 11 .649
2200 2 9 .8 6 6 .6 0 10 .77 3 2 .9 2 6 .8 8 9 11 .670
2300 3 0 .01 6 .6 1 10 .82 3 3 .0 5 6 .8 9 4 1 1 .690
2400 3 0 .1 6 6 .6 3 10 .80 3 3 .1 5 6 .8 9 9 11 .709
2500 3 0 .3 0 6 .6 4 1 0 .90 3 3 .2 3 6 .9 03 11 .724
2750 3 0 .5 9 6 .6 7 1 0 .98 3 3 .41 6 .9 12 11 .757
3000 3 0 .8 5 6 .6 9 1 1 .06 3 3 .5 5 6 .9 1 9 11 .783
3250 3 1 .0 9 0 .7 1 1 1 .1 2 3 3 .6 7 6 .9 2 4 1 1 .804
3500 3 1 .2 9 6 .7 3 1 1 .1 7 3 3 .7 4 6 .9 2 8 1 1 .820
3750 3 1 .4 7 6 .7 4 11 .22 3 3 .7 9 6 .9 3 2 11 .833
4000 3 1 .6 3 6 .7 5 1 1 .26 3 3 .8 3 6 .9 3 4 11 .843
4250 3 1 .7 7 6 .7 6 1 1 .30 3 3 .8 5 6 .9 3 7 11 .852
4500 3 1 .8 9 6 .7 7 11 .33 3 3 .8 7 6 .9 3 9 11 .860
4750 3 2 .01 6 .7 8 1 1 .36 3 3 .8 9 6 .9 4 0 11 .866
5000 3 2 .11 6 .7 9 1 1 .39 3 3 .9 0 6 .9 4 2 11 .873
5250 3 2 .2 0 6 .8 0 11 .41 3 3 .9 1 6 .9 43 11 .878
5500 3 2 .2 8 6 .8 1 1 1 .4 4 3 3 .9 2 6 .9 4 4 11 .882
5750 3 2 .3 6 6 .8 1 1 1 .46 3 3 .9 3 6 .9 4 5 11 .886
6000 3 2 .4 3 0 .8 2 1 1 .48 3 3 .9 4 6 .9 4 0 11 .889

higher density for the aluminized explosive. Com
pare, for example, Fig. 2 with the experimental 
D(p1) curves for TNT and RDX, namely 

D =  5900 +  3650 (pi -  1.0) (R D X )
D =  5010 +  3225 (p, -  1.0) (T N T )

See also Tables I and II.
The ratio Al20 (g )/A l20 3(c) falls to zero at tem

peratures below about 3500°K. at the “ explosion 
pressures”  p3 of the high density aluminized ex
plosives, or below about 3000°K. at very low densi
ties. (The “ explosion”  state here follows the usage 
of Schmidt.9 The subscript 3 refers to the initial 
conditions of the real work process corresponding to 
the gaseous products at the same density as the orig
inal explosive, and subscript 4 to the final state of 
the work integral. This quite correctly ignores the 
influence of the detonation wave since this wave has 
only a transient influence compensated by the rare
faction wave as far as the work integral A is con
cerned). This apparently causes the temperature 
to be buffered at a value between 3000 and 3500°K. 
during adiabatic expansion. The maximum avail
able energy or total blast potential is determined by 
the work integral

where A is the maximum available work in adiaba
tic expansion of the products of detonation from

(9) A. Schmidt, Z. (/es. Schiess und Sprcnpstoffw., numerous articles 
from 1929 to 1939.

specific volume vz to va, Q is the heat of explosion 
and q is the heat retained by the products of detona
tion at Vi. In general, explosives are very ef
ficient in utilizing Q in work processes as long as 
the confinement of the burden is adequate. In 
open air blasts the compressibility of air is such that 
A/Q is only about 0.15 to 0.2, but in underground 
and underwater blasting A/Q —0.8 to 1.0 depend
ing primarily on pj. In either case, however, the 
buffering action of the ratio Al20 (g )/A l20 3(c) on 
temperature will tend to increase Q and A in alu
minized explosive approaching as far as the maxi
mum available energy is concerned, the high value 
corresponding to zero in this ratio. Only where Vt 
is effectively only slightly greater than v3, as in ap
plications requiring high brisance (e.g., end effect 
phenomena including impulsive loading of targets, 
cavity effect, etc.) will the high AI20 (g )/A l20 3(c) 
ratios applicable in the wave front of detonation be 
important in lowering intensity. In cases where Vi 
is much greater than y3, this ratio should be effec
tively zero. The thermodynamics of the Al20 (g ) / 
A120 3(c) ratio thus appears to give a satisfactory ex
planation of the behavior of the important high 
temperature, aluminized explosives. Quantitative 
computations accurate within the accuracy of the 
thermodynamic data presented above are possible 
for any particular set of conditions.

The situation is somewhat different in AN-A1 
mixtures. In the first place these mixtures have 
low enough detonation temperature and sufficient 
oxygen at A1 <  15% that Al20 (g )/A l20 3(c) ratio is 
practically zero in this range. At 20% Al, where 
the explosive is approximately oxygen balanced, this 
ratio is still quite low and Q for detonation condi
tions is a maximum (at 1355 kcal./kg.) since the ra
tio Al20 (g )/A l20 3(c) increases rapidly as Al is fur
ther increased owing to the rapidly increasing tem
perature. However, in work processes where is 
effectively much greater than v:i, A should continue 
to increase with per cent, aluminum in the AN-A1 
mixtures, perhaps to as nigh as 35 to 40% Al. The 
AN-A1 explosives in this composition range should 
thus be very powerful ones for underwater, air-blast 
and underground use. However, while they should 
develop sustained pressures, their peak pressures 
under all circumstances will be very low, particu
larly in small sizes where D/D* < <  1.

Finally, let us consider some aspects of the kinet
ics of the reactions of AN-A1 and AN -D N T mix
tures in detonation. In previous studies of non
ideal explosives, including both pure explosives 
and mixtures, the surface burning (two-thirds or
der) rate law described by Eyring, et al.,10 was found 
to apply. The explosive mixtures studied, how
ever, were of a type in which the temperature gen
erated by the reaction cf at least one of the ingre
dients alone without rtuxing with those of any of 
the other components would raise the temperature 
in the products to or above the final equilibrium T2. 
In AN-A1 mixtures, on the other hand, the tempera
ture attained by reaction of AN alone cannot ex
ceed about 1700°K., whereas that for the complete 
mixtures goes much higher. Hence mass transfer

(10) H. Eyring, R. E. Powell, II. H. Duffey and R. B. Parlin, Chem. 
Revs.. 45, 1 (1949).



196 S. A. Greenberg Vol. 61

and possibly heat transfer are much more impor
tant factors in these mixtures than in TNT-A1 and 
TN T-RDX-A1 mixtures. The temperature of the 
latter will always be in the neighborhood of the 
final temperature, irrespective of the fraction of ex
plosive reacted, but this is by no means true in fuel 
sensitized AN mixtures. Two other possible 
limiting factors besides heat transfer in the con
densed phases thus arise. The limiting factor de
termining rate in the AN-A1 mixtures thus might be 
either (1) mass transfer (or mixing) in the gas 
phase, or/and (2) heat transfer in the gas phase- 
in the previous examples studied these processes 
were apparently unimportant and the rate of reac
tion was limited by the upper limit of temperature 
and reaction rate in the solid (the Eyring process). 
However, in AN-A1 mixtures the gaseous phase is 
apparently not in equilibrium, and factor (1), (2) or 
both thus limit the rate of reaction. The fact that 
the rate decreases rapidly with density indicates 
that the limiting factor is mass transfer. (Diffu
sion falls rapidly with increasing density or pres
sure in the vapor phase, but thermal conductivity 
does not.) This situation corresponds approxi
mately to that occurring in granular “ low”  explo
sives such as black powder in which the burning

rate decreases with increasing density.
Single and double-base propellants in which the 

solid phase is homogeneous apparently have thermal 
conductivity as the rate-determining factor. That 
is, the rate in these explosives is probably deter
mined by the temperature at the solid-vapor inter
face, but the initial process of decomposition is endo
thermic or much less exothermic than the over-all 
reaction. Most of the heat is thus generated a 
short distance away from solid-vapor interface and 
must be transferred back by thermal conduction to 
support the reaction. The temperature gradient 
away from the surface (temperature being smallest 
at the solid surface), therefore, increases with pres
sure, and the effective surface temperature also in
creases with pressure. The result is that the burn
ing rate increases with pressure.

The anomalous Z)(pi) curves observed at d  =  10 
cm. in 90/10 AN -D N T are characteristic of nearly 
all AN-combustible mixtures in small diameter. 
Quantitative studies of the D/D* vs. p\ curves of 
such mixtures should thus lead to valuable informa
tion on mass transfer in gases at higher densities 
and pressures in addition to important practical 
and theoretical information regarding the reaction 
kinetics of AN-combustible mixtures.

T H E R M O D Y N A M I C  F U N C T IO N S  F O R  T H E  
S O L U T IO N  O F  S IL IC A  I N  W A T E R
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The thermodyramic functions connected with the equilibria between both high surface area, amorphous silica and quartz 
and aqueous sohrions saturated with monosilicic acid (H4Si04) were calculated from data reported in the literature.

Introduction
Although accurate measurements have been 

made of the solubility of high surface area amor
phous silicas2-5 and quartz2-4 in water at various 
temperatures, the thermodynamic functions con
nected with these equilibria have not yet been re
ported.

The equilibrium between solid silica and satu
rated aqueous solutions may be written

Si02(s) +  toH20(1) H4Si04-aq (l)

Since the silicic acid is very weak6 no appreciable 
dissociation in neutral water would be expected. It 
has been established fairly conclusively that the 
soluble species of silica in neutral solutions of low 
ionic strength is monosilicic acid.2-4 Therefore, 
the equilibrium constant for the reaction K c is equal 
to the activity of the monosilicic acid. Because

(1) Chemistry Department, Seton Hall University, South Orange, 
New Jersey.

(2) For review see R, K. Iler, “ The Colloid Chemistry of Silica and 
the Silicates,”  Cornell University Press, Ithaca, N. Y., 1955.

(3) G. B. Alexander, W. M. Heston and R. K. Iler, T his Journal, 
58, 453 (1954).

(4) G. C. Kennedy, Econ. Geol., 45, 629 (1950).
(5) C. S. Hitchen, ibid., 40, 361 (1945).
(6) S. A. Greenberg and J. J. Hermans, J. Phys. Chem., in press.

the concentration of silicic acid in saturated solu
tions is small, it is possible to equate activity with 
concentration (moles/1.) without introducing a large 
error.

R e s u lts
Calculation of AH, AF°200„ and A,32000.7— Data 

for the evaluation of these quantities were taken 
from Iler2 and Kennedy.4

In order to calculate the heat of reaction AH for 
the equilibrium (eq. 1) the van’t Hoff equation was 
used. In Fig. 1 the negative logarithm of the con
centration of silicic acid is plotted as a function of 
the reciprocal of the absolute temperature. AH 
values were determined from the average slopes 
(Table I).

T a b l e  I
T h e r m o d y n a m ic  F u n ctio n s  f o r  So lu tio n  o f  S il ic a

Amorphous silica Quartz
AH , kcal./mole +2 .65  ±  0.28 + 7 .3 4  ±  0.37
AF°200o, kcal./mole + 3 .9 8  ±  0.04 + 5 .2 0  ±  0.04
AS200o,cal./deg. mole —2.82 ±  0.50 + 4 .5 3  ±  0.71

It is obvious from the deviations from the average
(7) For discussion see F. H. MacDougall, “ Physical Chemistry,”  

The Macmillan Co., New York, N. Y ., 1936.
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slopes and the differences between the measured 
and average values of the concentrations that the 
AH quantities for both the amorphous and the 
crystalline silica are essentially constant over the 
temperature range investigated.

From the usual relationships between AF° and 
K e, and between AS and AH, AF° and T, the values 
at 200° for AF° and AS were obtained. In Table I 
these quantities are listed for amorphous silica and 
quartz.

The free energy change for the crystallization of 
amorphous silica into quartz may be found at 200° 
from the difference in the free energy relationships 
for each substance

AF°q -  AF ° a s  =  RT In K AB/K Q (2)

where the subscripts refer to amorphous silica and 
quartz. It readily may be observed that because of 
the lower free energy state of quartz the solubility 
of the amorphous silica is greater than that of quartz 
by the above equation. The free energy change at 
200° on going from amorphous silica to quartz is
— 1.22 kcal./mole which compares fairly well with 
the —1.5 kcal./mole of the 25° transition of silica 
glass to quartz.8 Moreover, the AH on going from 
hydrated amorphous silica to quartz as found in the 
present study is —4.69 and from reported data,8
— 4.4 kcal./mole was calculated for this change.

Rariisberg9 has evaluated the heat of formation of
silicic acid from quartz and reports it to be + 2.8 
kcal./mole. If the heat of solution AH of quartz 
(Table I) is +7.34 kcal./mole then the heat of solu
tion of solid silicic acid must be approximately 
+4 .5  kcal./mole.

Discussion
The silicas, as has been pointed out previously,2’10 

are condensation polymers of silicic acid, H4SiC>4, 
and, therefore, to form a silicic acid solution a de
polymerization reaction must proceed by hydroly
sis. Tourky11 estimates the heat of polymerization 
at —8.0 kcal./mole. Therefore, the heat of depoly
merization would be approximately of this order 
of magnitude. The heats of solution for quartz 
and amorphous silica found in the present study 
are +7.34 and +2.65 kcal./mole, respectively. 
Since the product obtained by Tourky on the poly
merization of silicic acid most closely resembles 
amorphous silica, the value of 8.0 kcal. reported by 
him is probably much too high.

An amorphous silica with a surface area of 250 
sq. m./g. contains approximately 3 g. of water per 

.OH
100 g. Si02 in Si<̂  groups.10 Therefore, such an 

X )H
amorphous silica is about 5% hydrolyzed, whereas 
quartz because of its small surface area has a neg
ligible amount of SiOH water.

The negative value of AS200O of —2.82 found for
(8) E. L. Brady, T h i s  J o u r n a l , 57, 706 (1953); National Bureau 

of Standards, Circular 500, “ Selected Values of Thermodynamic 
Properties,”  U. S. Govt. Printing Office, 1952, p. 148.

(9) H. Ramsberg, J. Geol., 62, 388 (1954).
(10) S. A. Greenberg, T h i s  J o u r n a l , 60, 325 (1956).
(11) A. R. Tourky, Chemistry and Industry, 254 (1942).

Fig. 1.— Solubility of amorphous silica (1) and quartz 
(2) expressed in log [H4S i0 4j vs. 1/T  plots (O, ref. 2 ; □ , 
ref. 4).

amorphous silica is not surprising. First, because 
the silica is already in an amorphous state, and, 
secondly, because of the reduction in entropy of the 
water bound to silicic acid SiOH groups by hydro
gen bonds.12 The estimated heat of solution of 
solid silicic acid of +4 .5  kcal./mole is to be ex
pected. Although silicic acid possesses four OH 
groups to interact with water, which would lead to 
a more stable state and a negative change in the 
heat content, there is probably a large amount of 
energy necessary to separate the silicic acid mole
cules in the formation of a solution.

The higher AH, AF°200O and AS2000 values found 
for quartz are reasonable. Certainly, quartz is at a 
lower free energy state than amorphous silica. A 
greater amount of energy would also be necessary 
to hydrolyze the Si-OSi bond in quartz than in 
amorphous silica which would lead to a higher AH 
change. However, the difference in entropy of 7.35 
cal./deg. mole between amorphous silica and quartz 
for this process appears to be quite high.

From the results of this discussion it appears that 
the treatment of the solubility data as an equi
librium is reasonable. Although theoretically the 
solubility of crystals is a function of particle size 
and surface area, according to Alexander and John
son13 experimentally this has not been found to be 
the case. Apparently, small amounts of impurities 
can change the character of the surface to such a 
degree that the theoretical relationships do not 
hold. Since particle size seems to have no influence 
on solubility,3 it can perhaps be assumed that at 
equilibrium the amorphous silicas exhibit the same 
surface energies.
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Wilson’s compì.tation of the Wien effect in strong binary elect.rol.ytes is simplified and extended to simple electrolytes of all 
valence types. The results appear as double integrals, which are reduced to closed form by elliptic substitutions. Alterna
tive forms for evaluation by descending power series (for high field intensities) or by numerical quadrature (best for low field 
intensities) are described in detail.

Introduction
Deviations from Ohm’s law in electrolytic con

ductors were discovered by Poole1 for solid dielec
trics and by Wien2 for liquid electrolytes. In both 
cases the conductance increases with the intensity 
of the field. This increase has been shown in gen
eral to arise from two different effects: i.e., a de
struction of the “ ionic atmosphere”  and a modifica
tion of the dissociation kinetics. In weak electro
lytes the latter effect is rather more important; a 
theory has been developed by Onsager.3 The 
former effect was first computed by Joos and Blu- 
mentritt4 using a method of successive approxi
mations. Their convergence difficulties and one 
incorrect assumption severely limit the value of 
their results. Formulas applicable to simple bi
nary electrolytes over an unrestricted range of field 
intensities were derived by Wilson5 from the basic 
equations formulated by Onsager and Fuoss.6 
We shall presently extend Wilson’s computation to 
simple strong electrolytes of arbitrary valence 
type. Wilson solved the fundamental equation by 
means of the one-dimensional Fourier transforma
tion. We shall prefer the three-dimensional Fou
rier transformation, which substantially simplifies 
the analysis.

We start from Onsager’s linearized equation of 
continuity and Poisson’s equation, which are valid 
for field strengths from zero to infinity in the case of 
very low concentrations. We shall first simplify 
the system of differential equations by introducing 
the symmetric part and the asymmetric part of the 
potential and the distribution function. Then by 
applying the three-dimensional Fourier transforma
tion to the differential system, we obtain the trans
formed potential and the distribution function 
specialized for simple electrolytes. From the asym
metric part of the potential we get the relaxation 
force. Upon substituting the charge density into 
the Stokes’ hydrodynamic equation we obtain the

* This paper is based on the dissertation submitted by Shoon K. 
Kim to the Faculty of the Graduate School of Yale University in par
tial fulfillment of the requirements for the Degree of Doctor of Phil
osophy.

t  Institute for Fluid Dynamics and Applied Mathematics. Univer
sity of Maryland, College Park, Maryland.

(1) H. H. Poole, Phil. Mag., 32, 112 (1916); 34, 204 (1917).
(2) M. Wien, Ann Physik, [4J 83, 327 (1927); [4] 85, 759 (1928).
(3) L. Onsager, J. Chem. Phys., 2, 599 (1934).
(4) G. Joos and M. Blumentritt, Physik. Z., 28, 836 (1927); M. 

Blumentritt, Ann. Paysik, 85, 812 (1928).
(5) W. S. Wilson, Dissertation, Yale University, 1936; also H. C. 

Eckstrom and C. S^hmelzer, Chem. Revs., 24, 367 (1939); H. S. 
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1950, p. 95.
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also, H S. Harned and B. B. Owen, ref. 5, p. 24.

electrophoretic velocity of an ion; the symmetrical 
part of the atmosphere determines this effect. The 
two results together give us the conductivity as a 
function of the field.

The result appears directly as a double integral, 
which is readily reduced to a single integral and 
may be expressed in closed form in terms of elliptic 
integrals of the first and second kind. Unfortu
nately, the limits of these integrals are determined 
implicitly by a cubic equation, so that the numerical 
quadrature seems simpler for weak fields. For 
strong fields we provide a convenient series in de
scending powers of the field intensity (with occa
sional logarithmic terms).

2. The Fundamental Equation
We shall consider a solution containing nh n2, . . . 

n$ ions (per cm.3) of species 1, 2, . . ., s. The sol
vent is assumed to be a viscous dielectric continuum 
with dielectric constant D, so that a j-ion is charac
terized by its electric charge e, and absolute mobil
ity co, (the reciprocal of the friction constant). We 
shall assume that a homogeneous electric field acts 
upon the ions in the solution at rest; then the distri
bution function/ji for an ion pair (j, i) depends upon 
only the relative location r of the j -  and i-ion. We 
denote by i/q(r) the (average) electrostatic potential 
at a directed distance r from the ,7-ion. This po
tential is related to the distribution function /¡¡(r) 
by Poisson’s equation

W j(r) =  -  ~  £  f i M e i / n v ,  (r *  0 ) (2.1)
¿ = 1

The symmetry condition for/ji(r)
/¡¡(r )  — /«  ( —r) (2.2)

is obvious. The motion of an ion pair (j, i) is gov
erned by the equation of continuity in the six-di
mensional space of the coordinates of the ion pair. 
With the aid of well-known approximations which 
are permissible for low concentrations of ions6 we 
may obtain the linearized equation of continuity
A T(uj +  u i)V 2/ j i ( r )  +  w\c.\n\n-F-\hi(*)

+  iojCjiiiniVVif-r) +  (ujCj -  a,-,e-,)X ^ / ¡ ¡ ( r )  =  0

(2.3)
where we have assumed that the applied homoge
neous field X  is parallel to the .r-direction. This 
equation is valid with homogeneous boundary con
ditions; there are no sources or sinks where ions are 
created or destroyed. On the other hand, the 
boundary condition for the Poisson equation is in
homogeneous at r =  0 because of the point charge 
e\ of the central ion. Thanks to the principle of 
linear superposition, the equation



Feb., 1957 W ien Effect in Simple Strong Electrolytes 199

V 2 [ * i (r )  -  E  /j ,( r )  « , /« ,  (2.4)

is valid everywhere with homogeneous boundary 
conditions. The functions ¿ ¡( r )  and /¡¡(r) satisfy 
the following boundary conditions for large r

i/-j( co ) =  () (and V<p;(c°) = 0)
/ ü ( 00 ) =  » jWi (and V/ji( «>) =  0) (2.5)

Equations 2.3 and 2.4 together with the boundary 
condition give us the complete system of differential 
equations for the present problem.

The \f/i term in the equation of continuity has a 
negative sign. Before we deal with this complica
tion, we first introduce a dimensionless variable, 
ro (-To, ¡Jo, zo) by

/v-r =  r»; V =  «Vo (2.6)
where

K

We next define the even and odd-parts of the func
tions by

1
2 
1 
2 
1 
2 
1 
2

W r) + « - r ) l  “  ßr =  i> 'f+i(r»)
I

l î(r) -  '/'¡( — r)] =  *fJ J'-j(ro)
f

l/ji(r) + /ü (-r )l -  f +y,{n) |

l/iifr) — /ü (  — r)l =  ,u.rn f  ü(r»)

(2.7)

By definition, these functions satisfy the following 
symmetry relations
>/'+j(-ro ) = <P+j(T0), = -  tf-j(ro) 1
/ +ü( - r . )  =  / +ji(ro) =  / + ü( - r „ ) ,  | (2 .8 )

f ~ j i ( - r o )  =  —  / ~ j i ( r 0)  =  —  / “ ¡ j(  — r 0 )  J

In terms of these functions, the boundary condi
tions become
’/,* j(co) = Vo'Fbt00) = 0, 00) = Vo/*ji(“ ) = 0

(2.9)
and the Poisson eq. 2.4 is separated into two equa
tions

3 )
V o V +j(ro) =  -  E  / +ii(«o)#u |\ ( 2. 10)

V oV “ j(ro) =  -  E  f~i‘ ( r") Mi 
■1 = 1

where « is the relat ive ionic strength of an ¿-ion 

Finally, if we define the quantities

«n = — 2 —  (2.11)
M j +  OJi

«6 = (2.12) K/vi Cdj -f -  OJi

then the equation of continuity may be written in 
the forms
Vo2/ +ji(r0) +  wijVoV+j(ro) +  &>jiV]V + i(ro) +  j 

d
ay, ~ - f  ji(r0) =  4x«(r„)

Vo2/ ' j . ( r „ )  +  w ijV oV _ j(r0) -  w jiV )V _ i(r0) +  j

aiiâ /+ii(ro) = 0j

(2.13)

Here 5(r0) is Dirac’s delta-function defined by 
i(r0) =  0 (r0 X  0 ), /S ( r 0)d3r0 =  1

In obtaining eq. 2.13, we have used the following 
property of the delta-function

Vo2 =  -  4x5(r„)

Since we are going to integrate eq. 2.13, the use of 
the delta-function is appropriate and particularly 
convenient in solving the system of equations by 
the Fourier transformation.

It may be profitable to discuss the physical sig
nificance of the antisymmetric matrix || an ||. 
The order of magnitude of its elements for j  ^  i 
is determined by a parameter ao

a0 =  Xe/KkT (2.14)

where e is the absolute electronic charge. It is ap
parent that for a system whose relative concentra
tions of various valences and mobilities of ions are 
fixed, our fundamental eq. 2.10 and 2.13 are com
pletely determined by the single parameter a0. Ac
cording to Falkenhagen,7 the time of relaxation 
0 j i  of the ionic atmosphere with regard to j-th and
i-th ions is given by

ji A T  (Wj +  « ¡)

In the zero’th approximation, the relative speed v» 
between two ions of species j and i equals | cô j — 
wiCi | X. The mean diameter of the ionic atmos
phere (in equilibrium) equals 1 /k. Therefore, the 
parameter a0 has the following physical meaning 

ao |nji| =
where Gjiis the time of relaxation and l / 0®ji) is the 
time required for two ions to drift apart to a dis
tance 1 /k. Accordingly, if a0 »  1 the ionic at
mosphere of any ion is reduced to a deficiency of 
similar ions in its neighborhood; the conductivity 
increases because the relaxation effect becomes rela
tively negligible, and the electrophoretic effect is 
reduced although a certain fraction of it always re
mains. The perturbations are small and Ohm’s 
law holds whenever3

ao = X* _ __________1__________

KkT 2c X  1 0 - “ V l 0 r ß VJ, T-'/i V <C 1 (2.15)

where V is the applied field strength expressed in 
volt/cm., R the molar gas constant, c the velocity of 
light in cm./sec., T the ionic strength of the solu
tion defined in terms of the molar concentration, m-, 
(moles/1000 cm.3) and the valence z\ of an ¿-ion as

S

r = E  m‘z¡2
i = 1

3. The Fourier Transform
Let us assume that the Fourier transforms8 of the 

functions/+ji(r0) and ^ +j(r0) exist, ¿.e., we can define 
functions

F~,i0 0  =  (2 x )-V *  d3r„ 1
=  ( 2 x ) - ‘A  /  d3r„J 1 '

(7) H. Falkenhagen, “ Electrolytes”  (English edition), Clarendon 
Press, Oxford, 1934, p. 176.

(8) R. Courant and D. Hilbert, “ Methods of Mathematical Phys
ics,”  English Edition, Interscience Publishers, New York, N. Y., 1953, 
p. 79.
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which satisfy Fourier’s inversion formulas 
/* n (r .)  =  ( 2 x ) -A  f  d3X 1
^ ¡ ( r . )  =  (2 x )_!/s /  x p /X je -ta -« )  d3X J 1 '

where X is a vector whose components are £, tj and f . 
If we apply the transformation (3.1) to the differ
ential eq. 2.10 and 2.13, and use Gauss’ theorem and 
the boundary condition (2.9) we obtain

x2* +A )  = E  F+ji(X)m (3.3)
i = 1

X2̂  ¡(X) = E  F_;;(X)/i; (3.4)
(= l

X2(F+;;(X) +  coii't+jU) +  

X!(F~;i(X) +  m j ,  -j(X ) —

wjiF+i(X)) =

ifd jiF 'ii 1X) -  (3.5)

wjivj>“ iiX)) = i(OjiF+ji(X)
(3.6)

We have used here
/  5 (r 0)e~ i (X-r»)d3ro =  i

Before trying to solve these algebraic equations for 
the case of simple electrolytes where s =  2, we shall 
obtain some simple relations. First of all, we note 
that the symmetry property, (2.8), of the functions 
does not change by the transformation. Accord
ingly, we have

F +n (X) =  F +„  (x ) (3.7)
F - i i (X) =  -  F~ij (X) (3.8)

If we apply eq. 3.8 to eq. 3.4, we immediately ob
tain

E #w"j = 0 (3.9)
i=  i

Since the diagonal elements of the matrix || a-}\ || 
are zero, equation 3.5 yields

FLl + *+j = -  ^ (3.10)
Equations 3.7-3.10 give us (s2 +  s +  1) equations 
for the 2(s2 +  s) unknown functions. The remain
ing (s2 +  s — 1) equations independent from these 
would be obtained from eq. 3.3-3.4 and the off-di
agonal part (j  <  i) of eq. 3.5-3.6.

Now, it is a simple matter to solve the algebraic 
equations for s =  2. Routine elimination yields 
the results

s r A )  — — i a /-  aji/iii (X2 +  ?)/TF(X); (i ^  j )

(3.11)
T +i(x) = -  !x2(x2 +  qY

+  a2|2 (X2 +  1 -  w)wlAW(X) (3 .1 2 ) 

F-ji(X) = -  i  - y j l  «¡¡A5(X2 +  q ) / W ( x )  (3 .1 3 )

F +i¡(X) =  -  - y j?  fX2(X2 +  q Y
+  (a2 -  avY) (X2 +  1 -  W)|/TF(X) (3.14) 

where j, i =  1, 2
q =  mi“ i2 +  o =  Iflizl =  <ioq( |«i| +  \z?\ ) (3.15) 

and
TF(x) =  x2(x2 +  l)(x2 +  qY +  a2i 2 (x2 +  Ml)(x2 +  « )

4. The Ionic Field
Since the symmetric part of the ionic atmosphere, 

rp+i, does not produce any field at the central ion, 
we have for the x-component of the ionic held AXj 
at the central ion

AX; = I
Dr) |r = 0

K*e\ u . _ f N
-D * £ *  i(fo) ro = 0

The y- and z-components naturally vanish.
The Fourier inversion formula 3.2 applied to the 

above equation yields

AX; = /i2e;
D(2x)V. J’ ¡M d3X

K2g;a;î i
2 X2Z>

______________ £2 (x2 +  q)______________ jji
X2(X2 + 1)(X2 + qY + a*e (X2 + mi)(X2 + Hi)

where i  d= j ■ Since we are dealing with a simple 
electrolyte, the electro-neutrality condition gives

m = e;/(ei — e;), ctjiMi = — Xqei/nkT; (i X j)
The integrand is invariant to rotation around the 
£-axis. We perform the trivial integration over the 
azimuthal angle and denote by t =  £/X the cosine 
of the polar angle; then our expression for the 
ionic field takes the form

AX, = aX 2 =  AX = X  W j* A (a)

where 

A(a) =

X

f 1 dl f "  dX Ji=o Jx=o
i2X2(X2 + q)

(X2 + 1)(X2 + qY + aV{\2 + mi)(X2 + M) 
When a «  1, the integral A(a) becomes 

1A{a) = +  0 (a2)
3(1 +  Vq) 

and accordingly, the held AX becomes

(4.1)

(4.2)

(4.3)

AX/N = /ce,e 2 q
3DkT 0(a2) (4.4)

This is the result first obtained by Onsager9 for low 
held strengths where the Ohm law holds.

When a — °°

A(a) = t  +  0(<z”2); = 0
which will be shown later in Sec. 9.

Nov/ the integral A as a function of a2 is a mono
tonic decreasing function which does not have any 
inflection points, because by differentiating eq. 4.2 
with respect to a2 we can show

dA £>2A
S(a2) < d(a2)2> 0 (4.5)

5. Electrophoresis
We shall now compute the additional velocity of 

an ion, say j-ion, caused by the electrophoretic how 
of the medium surrounding the ion. This effect 
may be calculated by the Stokes’ hydrodynamic 
equations for an incompressible liquid

VoV2Vj = VP; -  f; 
V-Vj =  0

( 5 .1 )

where v,(r) is the velocity, p;(r) the pressure, the
(9) L. Onsager, Physik. Z., 27, 388 (1920); 28, 277 (1927).
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viscosity of the medium and fj(r) is the force den
sity which arises from the action of the external 
field X upon the charge density in the ionic at
mosphere. (For the justification of the procedure 
see references 7 and 9.)

The charge density pj in the atmosphere is most 
easily obtained from the Poisson equation

( * J Dr)

47rj Vo2 (lA+j(ro) +  ÿ '- j(r o ))

Accordingly, the force density is given by 

fj =  ~ X ~ J Vo2( ^ +j(r0) +  lA-j(ro)) (5.2)

The action of the external field upon the asymmet
ric part of the charge density contributes a total of 
zero to the hydrodynamic velocity at the origin be
cause the contributions from corresponding volume 
elements located at r and — r cancel each other.

In terms of the dimensionless variable r0 eq. 5.1 
becomes

Vo2Vj —  V t f i + X ^ V ^ +i(r,) +  *-i(r0))l 
K-r) o Zittìo ) (5.3)

Vo-Vj = 0
If we assume that the Fourier transforms, like eq,
3.1, of the functions in eq. 5.3 exist, we have

x2Vj = ------ü.Pj +
«Va

x ^  x2(*+A) + F “A)) (5.4)

XV i  =  0

where the capital letter functions indicate the Fou
rier transforms of their respective small letter func
tions. Eliminating P ■, from eq. 5.4, we easily ob
tain

V A ) =_ X2X -  X(X-X)
-  (<i>+A )  +  ¡M)

w

X

j =  -  X  f  d3X 
8r3vo J

(X2 -  P ) |X2(X2 +  qY +  aV  (X2 +  1 — Mi)wL  
XffX2(X2 +  1)(X2 +  qY +  a'-e (X2 +  p,)(X2 +  p2)|

Avt — X «e î
47n;o(cj — e-,)

B;(a), (i X  j) (5.8)

When a «  1, we easily obtain
2B>(a) 3(1 -  m )

T  0 (a 2) (5.9)

and accordingly

Avi/X =  -  - p -  +  0 ( a 2)O7T50
which is the result first obtained by Onsager9 for low 
field strengths. When a ~  <»

Bi(a) = Mi

3 (1 — Pj)
+  a “ 1 log a +  0  (a -1 );

B  ¡(co ) Mi

4jnjo X2
Since we have assumed that the external field X has 
a component X  only in the ^-direction, we obtain 
by means of the Fourier inversion formula

»jx(0) = X  - P -  (2x)- V. f  MrJ? * +j(X) <DX (5.5)

3 ( 1 -  w)
which will be shown later in Sec. 9.

Now the integral B\(a), as a function of a2, has 
the same property as the integral A, i.e., B-, is a 
monotonic decreasing function of a2 which does not 
have any inflection points, because by differenti
ating eq. 5.7 wo can easily show

-M l < 0 o
5(a2) ^  ’ d(a2)2

6 . Evaluation of the Integrals A ( a )  and B ( b )  for 
Binary Electrolytes

For the case of binary electrolytes, we have 

N  = M =  |z|, = n2 =  n, pi = p2 = q = | (6.1)

and accordingly from (3.15)

a =  M  =  a *  =  ( g ^ )  1A (6-2)

which depends neither on the mobilities nor on the 
valences of ions. Substituting (6.1) into the inte
grals (4.2) and (5.7), we obtain

. _  2 n  r »  ___________ ¿2x2
A W  x J <=0 Jx=o (x2 +  >A)(X2 +  l  +  a V )

(6.3)

(11

dX

47T?70 J X2

V j y ( 0 )  =  V j z ( 0 )  =  0

So far, our results are entirely general. For the case 
of simple electrolytes, we substitute eq. 3.12 into 
eq. 5.5 and we obtain for the electrophoretic effect,
Avj =  ĵx(O)

B\(a) = B2(a) =  B (a) = -  T  r J 1 = 0

(1  -  ¿2)(x 2 +  \ +  l2 a n A
f  ---------- A ---------?------?-------¿ a x  (6.4)

JX~° ( X2 +  2 J(X2 +  1 +  an2)

If we expand the integrands into partial fractions 
and integrate over A, we obtain
, ,  , f 1 /  1 i2 , t W  1 +  aV \

A{a) = J«-o “ V5 7T +
( 2  +  aH' )  ( 2  +  a V )

I d£

(5.6)
If we define an integral B, (a) by

2?j(a) =  ■ 2 - v  f 1 dz (* ” clx
1 (1 -  pj)*- Jt= o  J x  = o

v  ( l  ~  ¿2) i A 2 +  g ) 2 +  +  1 -  p j)pj[ , „
X  (X2 +  1)(X2 +  qY +  a2£2(X2 +  pi)(X2 +  w ) •

the electrophoretic effect Ayj takes the following 
final form

(6.5)

+

(1 -  P)V\ +  a2<A

(I + “’’) )
d t  ( 6 . 6 )

It is a simple matter to evaluate these integrals. 
The results are

A{a) = A- ja t V I T ^2 -  v /2) +

(ta n -1 (V 2 a )  -  tan-4 [ (6-7)
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B ( c i )  =  +  A  1 2 a3 sinh 1 a  — a  (\ /i +  a 2 —

\-'2) — (1 +  it2 )(̂  ta.n— 1 (\/2(i.) — tan“ 1 —j - il — V 'V v  1 + a-) '
( 0 .8 )

Now, from eq. 4.1 and 5.8 the ionic field AX  and 
the electrophoretic velocity Av± for binary electro
lytes become

A X  =  -  X  ^  A ( a )  (6 .9 )

A«± = ±  X  iV li B ( a )  (6 .1 0 )
O7T7?0

where the sign is to be taken depending on the sign 
of the charge of the ion at the origin. Wilson, who 
first obtained these results,6 expressed them by us
ing the functions g(x) and f(x) defined as

g ( x )  =  A ( a ); x  = a  (6 .1 1 )

/W  =  V 8 S(a)
( 6 .12 )

For numerical computation, convenient forms of 
g(x) and/(a;) valid for x from 0 to °°, can be found 
in the monograph of Harned and Owen.5 Using 
these forms Wilson tabulated the numerical values 
of the functions from x =  0 to x =  65, to four sig
nificant figures. Although we could not find such 
convenient forms for the case of general simple elec
trolytes, for strong fields we shall provide a conveni
ent series in descending powers of field strengths.
7. Evaluation of the Integrals for General Simple 

Electrolytes
In order to carry out the integrals (4.2) and (5.7) 

we put (7 — at to obtain

B-M =
t{a) ~

»(■-£>
h <r2(X2 - 
Q(Az,cr)

A2(X2 +  g) 
X=0 Q ( \ 2,cr)

da(1 — m )-ra

x  ( X  +  g ?  +  p2(A2 +  1 -  jXjjfXj
A J x  = 0

dX (7 .1 )

dX (7 .2 )

where
Q(\*,a) =  (x2 +  i)(x 2 +  qy- +  c2(x2 +  Ml)(x2 +  k )

(7.3)
= (A2 +  pjXX2 +  p2)(X2 +  p3) (7.4)

and — pi, — p2, — p3 are the roots of the cubic equa
tion, Q(X2, <r) =  0, with respect to X2. We take the 
three roots in turn as independent variables, then a 
can be expressed as
t2 _  (e- ~ <?)2(pv -  1 ).

(Pv —  Ml )(p» — M2)’

I Pv q\V Pv 1
(pv — Ml )(pv — ms) > 0 (7.5)

Since <r( 0) is a one-valued function of each p„, each 
p„ must be a monotonic function of cr( ^ 0), and their 
ranges of variation can be found from the set of in
equalities (see Fig. 1)

0 <  mi < pi q ^ P2 < M2 < 1  ̂Ps  ̂ °° (7.6)
Here we have adopted the convention p2 > 

i.e., the absolute value of the valence of type-1 ions 
is less than tha5 of type-2 ions. After substituting 
(7.4) into (7.1) and (7.2), we expand the integrands 
into partial fractions, thus

a — 0 a2d< XX =0 
3

(IX

x E pv(p"
/r 'j  Q\ —pv) (x2 +  pv)

(7.7)

B j(o) = O - -  - f °  ( l  -  - Ì )  dtr r  dX
Mi)re J a = o \ a2/  J  x = o

C  (pv -  '/)2 — W pv — I +  Mj)Mj
X A ,  “  <?T( -  Pv)(X2 +  p,j “ “

where

(?'( — Pv)

We integrate (7.7) and (7.8) over X to obtain
, (pv -  g)V  Pv

;\0(X2)/ CT[X2 = — Pp

( a )  =

b« . - 1 s  f  (1 - o w s i x *a J a = 0 \ a2/  (pp —

<2'( — Pv)

JT. 7)2P
M)>0'(- Pv)

do- (7.9)

(7.10)

where we have substituted the value (7.5) for c 2 in 
the second factor of the integrand (7.10). Since in 
eq. 7.5 cr is an explicit function of each p„, we shall 
transform the integration variable a to p„. Differ
entiating Q( — p„, a) = 0, we obtain

do _ dp,. _ d pv
Q'(~ Pv) (dQ/da) 2o(pv — Ml)(pv — M2)

Substituting this and (7.5) into the integral (7.9), 
we get

.-1(c) 1 £  P " "
2'"  A ,  J"'.,

(p -  ?)2
l)(p — M2)

V(X A I . - P-(-P- ~ ^ -  1 (p — Mi AP —Mi) dp (7.11)

where p'i =  n, p"i =  r2> p'2 =  1, p 'i =  r3, and n , r2, 
r3 arc the roots of the cubic equation

( t — 1 )(t — i )2 — il2(r — Mi)(r — M2) = 0 (7.12) 
and satisfy the set of inequalities (see Fig. 1)

u; < 1 < (7.13)
In the same way, we obtain for the integral, Bj(a), 
of the hydrodynamic effect

Bin.) = H,(a) -  D,(a) (7.14)
where

Hi(a) = ~  E r
2an = iJp'n

__p(p — g)_______
(p ~ Mj )(P -  Ml )(p -  Mi)

X V
AD ) = 2̂ sI- y  f p""

C3 „ = ! Jp'n (p -  Mj)(P

x V

(p — Ml )(p_ Ml) rK 
p(p — 1 )

(p -  <lY

(7.15)

l ) ( p  — M2 )

p(p — 1) 
(p — Mi )(p — —; dp (7.16) Ml)

These integrals (7.11), (7.15) and (7.1.6) belong to 
the class of elliptic integrals10; in fact, they can be 
reduced to elliptic integrals of the first and second 
kinds. We introduce the substitution

P = 2 (1 +  ks); k = M2 — Mi !«i
IZ2; +  ¡Zil

-  >  0 (7.17)

(10) E. T. Whittaker and G. N. Watson, “ A Course of Modern 
Analysis,”  4th Ed., Cambridge Unix. Press, 1953, pp. 491-521.
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(p -  D =  - 2 o k>0

(p

(p - 

(p -

where

- '/) = g *'(« -  )

Ml) =  ^ fr(l +  S), 

Ms) = -  2  ¿"0 -  S)

C02 — C01???, = ----;---- = CÜ21 — C012

} (7.18)

o)2 ~r

Accordingly, the integral (7.11) takes the form

(7.10)

A(k, to, a) = -  ¿ 3
y-i Ç s "n 1 S — m)2

-  S 2 )

V1. -— &2s2
ds (7.20)

where we have designated the dependence of the 
integral on k and m as well as a. The limits of the 
integration are s'i =  si, s'\ =  s2, s'2 =  l//c, s"2 = 
s3 where Si, s2, s3 arc the roots of the cubic equation

(1 -  ks)(s -  my -  2a2( 1 -  s2) =  0 (7.21)

and satisfy the set of inequalities (see Fig. 2)
- 1  <  Si «  TO <  s2 <  1 <  1 /k < s3 <  cc (7.22)

The same transformation (7.17) applied to the in
tegrals (7.15) and (7.16) yields for j  =  1

"«"n  (1 +  ks)(s — TO)
2 aH,(/,-, to, a) =
1 yr /* s”n ( 1 ■
2« n~ j  Js'„ (1

X

+  s )(l  -  s2)

I 1 -  s2
\ 1 -  Æ2s

TW7 , 1 V' f 8"" (s ~ m)3
- t o ’ S J s n  (T

ds (7.23)

+  s ) ( l  -  S2)

X V t
-  7V

ds (7.24)

Fig. 1.— The roots pi, p2, P3 versus a.

2aHo(k, m ,a )=  — ml — -J------ ^  J  +  L +I m

î I - f  E  (1 +
. = 1

4azDo(k, m, a) =  -  # 3/  +  (1 +  M , -  (7.28;
3 <

Mi)J -j- MdcTj — j (M 2 — M i) -f- (M 3 —

# 0 «- -  AUk'/ky f r r y i  /

where
k' = \ /l — k2, =  a y/2(1 +  ksv)/(s„ — m) (7.29)

In view of the original expression (7.2) of B/a) 
( =  H,(a) — /),(«)), /?](«) and /?2(a) must satisfy the 
relation

/?2(7, to, a) =  B,( — k, —to, a) (7.25)

Therefore, once we evaluate Bi as a function of fc, m 
and a we can evaluate fi2 too.

We shall give here only the results of computa
tions for A{k, m, a) and B-S(k, m, a) ( = Hj(k, m, a) — 
Dj(k, m, a)) (the derivation will be seen in the Ap
pendix 1)
4a3A(k, m, a) = -  (1 +  to2) /  +  (2 +  to2),/ -  2mkL +

3
E  (2m -  (1 +  m2)s„)rv (7.26)
» = 1

Af, =  t (7 /7 ')2( l  +  w)3, A/2 =  1 +  3»i 

jI/,7 =  2 +  3»; -)- 3to2 — \ (1 +  v> )3o

M, =  i  (7 /7 ')2( l  -  to)3, # 2 =  1 -  3otO

M3 = 2 — 3m +  3?n2 — g (1 — to) 3

• (7.30)

(7.31)

/  =  F(k, 0 2) -  F(7, 0 0  +  F(7, 0„) -  K(k) (7.32) 
/  = i?(/c, 02) — i?(7, 00 + F(7, 0o) — /?(7) +

(S3 -  ss- 1>3 (7.33)
3

r 1 i TT ( k  +  r„)
L = 2 l0S I l f T ^(A; — rv) (7.34)

2aHi(k, to, a) =  to/
1 +  TO T , J

1 + 7 “ +
1 + TO E (i -  «O»-
1 + k p=l
f  (1 +  Ms

Mt)J -  M,kL +  E  j ^ 2 -  -  (M3 -

and

4cBDiik, to, a) =  — M 3/  +  (1 +  Ms — 
3

(7.27)

Ml)sv - M l{k'/k)2r ^ s l r.

sin 0 i =  Si, sin 0 2 =  0 2, sin 0 o =  l/ (h s3) (7.35)

The functions F(k, <t>P) and E(k, <j>v) are incomplete 
elliptic integrals of the first and second kind, re
spectively. Tables of these integrals by intervals 
of 5° in the “ modular angle,” a =  sin“ 1/«, and of 1° 
in the “ amplitude”  4> are available.11 The nota
tion

(11) E. Jahnke and F. Emde, “ Tables of Functions,”  4th Ed., 
Dover Publications, New York, N. Y., 1945, pp. 53-97.
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m  t) ~ / o '  V l  - t  KW -
E(k, <j>) =  JJ" \ / l  — ft2 sin2 tp d0, E(k) =

is standard, although F(sin a, $) is often written 
simply F(a, <p), etc. When <p is negative, we have

F(k, — 0) = — F(k, 0), E(k, — 0) = — E(k, 0)

Accordingly, the other two roots ¿„(r ^  i) can be 
expressed in terms of Si as

A  +  V W ^ C i ,  CJ(B\ +  V b 7 ~ -~ c ])

The field parameter a2 may be obtained most easily 
by the following equation derived from the second 
equation of (7.40)

2a2 =  m 2 — ksiCi

The ordinary types of simple electrolytes are NaCl- 
type (k =  0), BaCh-type (k =  1/3), LaCl3-type 
(fc =  V2), K4[FeCN6]-type (fc =  3/ 6) and A12(S04)3- 
type (k =  Vs). For the case of k =  0, the results 
are elementary. When k — V2, the modular angle 
a =  sin-1 Vs equals 30°, so that the elliptic inte
grals can be evaluated easily by the table of Jahnke 
and Emde11 with interpolations for the amplitude </>. 
For the case of k =  y 3, we can attain similar ad
vantage with the aid of a Landen’s transforma
tion,10-11 which generally relates elliptic functions of 
modulus k to those of modulus

h 2 Vk 
1 +  k (7.36)

because when k =  Vs, h  =  sin 60°. The elliptic 
integrals transform as follows (see Appendix 2)

1I  = j  _l_ % (F(fc, 0h ) — F(ki, 0h ) +

F(ki, 0 b ) -  X (A i)l 

J =  Ì2 + 1 *  0 b ) -  E(kh 0h ) +

tf(*i,0:.) -  tf(*i)| +  y i -
3

J ]  (sin 0 b  — s„)r„
V = 1

where the amplitudes <f>lv are given by
(1 +  k)s.

(7.37)

sin 0 b  = 1 + f e 2’ 2 < < 2’ ^  1>2>3̂
(7.38)

It may not be difficult to solve the cubic equation 
7.21 over the entire range of the value of a2; but it 
is easier to use one of the roots, Si, as the independ
ent variable instead of a2. We write the cubic 
equation in the form
ks3 — (1 +  2 k?n +  2a2)s2 (2m +  km2)s +

(2a2 -  ra2) =  0 (7.39)

The relation between the roots and the coefficients 
of the equation gives the equations

V  s> =  k~\ 1 +  2km +  2a2) — si
v

J J  Sv — — (2a2 — m2)/ksi
V =4?

If we eliminate a2 in these equations by the cubic 
equation 7.21, we obtain
^  (fc-1 +  1)(1 +  my
h i  S" 2(*1 +  1)

(.k- 1 -  1)(1 -  my
2(sì -  1)

J J  s =  (fe -1 +  i ) ( i  +  my +

v̂ i

(7.40)

: 2B,

2(ii +  1)
(ft-1 -  P(1 -  my _

2(«, -  1) ~  Gi

(7.41)

In actual computations, we can choose s, in such a 
way that the amplitude fa (<t>0 for z =  3) or <f>ri is a 
round number for rapid use of a table of the elliptic 
integrals. Since the functions A (a) and Bj(a) are 
monotonic decreasing functions of a2 which do not 
have any inflection points, it is most convenient to 
plot the functions against a2 in the interpolations.

8. The Conductance
To begin with, we shall compute the velocity of 

an ion in a simple electrolytic solution. In the 
limit of very low concentrations, only the friction of 
the solvent need be considered, so that the velocity 
Vj of a j -ion is given by

Vj — ajĵ jX (8.1)
In the case of finite concentrations, however, two 
further effects must be considered, namely, the addi
tional field AArj due to the asymmetric atmosphere 
and the electrophoretic velocity Avj due to the hy
drodynamic motion of the medium surrounding a j -  
ion. Therefore, we have

Vj =  oijejX +  cojejAXj +  Av- (8.2)
For a simple electrolyte we have shown in Sec. 4 
that AXi =  AAr2 =  AX. Accordingly, the electric 
current density i is given by

2 , . ,r 2
i =  ? ,  n -fi P i

j = i
ArX° 1 + - i  + i  ( 0 )

1 = 1 1
(8.3)

where A0 is the limiting specific conductance and «  
is a mean absolute mobility

X° =  niei2wi +  n2e22w2, u =  m T  M2W2 (8.4)
Substituting eq. 4.1 and 5.8 into eq. 8.3, we have 
the following equation for the specific conductance 
A
x° -  x

k\°
# 1! lea! 

DkT A(k, m, a) +

■~i2_ [Bi(k, m, a) +  B2(k, m, a)] (8.5)4xi;oai

where A(k, m, a) and B,(k, m, a) may be computed 
from eq. 7.26-7.28, but more convenient forms for 
computation of these functions will be given in the 
following section.

The equivalent conductance A; for j-ions equals 
FIWjj/c2 X 10~9|X| (abs. ohm.-1 cm.2 mole-1) 
where F is the Faraday constant (e.s.u.) and c is 
the velocity of light in cm./sec. Therefore, from eq. 
8.2 we have for Aj

1 A O A o  K Q 'IC l^ s! a / 7Aj =  A j -  A j DkT' A(k, m, a) -  

_______  FkICiCs]_____
4irc2 X 10_9ijo(|e,l +  lea!) ™’ a) (8'6) 

where A°j is the limiting equivalent conductance 
A°j = c~2 X 109 Flej|wj(ohm.-1. cm.-2 mole-1)

Substituting the definition of k {  =  \ / 4 T r (n 1e 12 -j-
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n2e22)/DkT) into eq. 8.6, we obtain

Ai = A A°i +F3 1* * 1?
ôRNaV W tvR {DTfh

A{k, m, a)r ‘A

__________ F3_______________ ¡**1
2c2 X  10 - W a V IO ÏÆ  (¡2il +  N )vo{DT) ' / 1

Bj(k, m, o)r‘A (8.7)
where Na is the Avogadro number, R the molar gas 
constant (c.g.s.), D the dielectric constant, T the 
absolute temperature, y0 the viscosity coefficient, 2; 
the ionic valence of f-th ions, and T is the ionic 
strength of the solution defined in terms of the mo
lar concentration, mi (moles/1000 cm.3), as

r  =  n h zS  +  m 2Z22 ( 8 . 8 )

The Final Results in Practical Units
The parameters 7c, m and q are dimension-less 

ratios which do not depend upon the units used. 
For convenience we restate their definitions, eq. 
7.17, 7.19 and 3.15, in terms of the valences and the 
limiting equivalent conductances

. =  1*1 -  1 * 1 > 0  MAa° -  l^'A0!
¡22] +  |*| ’ |*|A°2 +  I*! A h

<? = 2 l1 +  km ) =
*■* A °2 -{- A ° i

(1*1 +  1*1) (|Zi |A°2 +  l*|A°i)
(8.9)

Substituting the recent values12 for the universal 
constants the field parameter a becomes (see eq. 3.15 
and 2.15)

PH*a =  ?(!*[ +  |*|) =  3.2633 X 10-«

X (1*1 +  1*1) q \  hrId  v  
\ T  V Ï

( 8.10)

where V is the applied field strength expressed in 
volt/cm., and the final expression (8.7) for the con
ductance takes the form

Aj =  A°j -  5.9420 X 10« A(-k’ m’ a)A°irI/l

43.744 lzi*|
(1*1 +  \Z2\MDT)'/* Bi(k, rn, a)T'h (8.11)

The analytical expressions for the functions A (7c, 
m, a) and Bj{k, m, a) (=  //¡(/c, m, a) — Dj(fc, to, a)) 
are given by equations 7.26-7.28. Alternative 
forms for evaluation by descending power series 
(for high field intensities) or numerical quadrature 
(best for low field intensities) will be given by eq. 
9.32-9.34 and eq. 9.2-9.4, respectively, in the 
following section. The descending power series 
specialized to the ordinary types of simple electro
lytes are given in Table I in the appendix.

When a «  1, we have from eq. 4.3 and 5.9

Aik, m, a) = -------— 7—
3(1 +  Vq)

B-lk, m, a) =

+  0 (a2) 

+  0(a2)

Substituting these into (8.11), we obtained

Aj =  A 0, -  1.9807 X  106 1**1______q
{ D T f h  ( i  +  V ? )

A°jrv. -

29.162 !z,i 
vo(DTyA r ‘A +  O (a )2 ( 8.12)

which is the result first obtained by Onsager.9
(12) F. D. Rossini, F. T. Gucker, Jr., H. L. Johnston, L. Pauling 

and G. W. Vinal, J. Am. Chem. Soc., 74, 2699 (1952).

When a ~  °°, we shall show in the following section 
that

Bi(k, m, a) = ^

A{k, m, a) = 0(a~l)
2a/ mT +  o _I log a +  0 ( a -1 )3(1 -  Mi)

Therefore, we obtain the limiting estimate for strong 
fields

Ai = A°j ~ ^{DT)lh r '/! +  ° (a^  log <*)
(8.13)

9. Convenient Forms for Computations of A { k ,  
m ,  a )  and B j(k ,  m ,  a)

Since the analytical expressions for A (a) and 
-Bj(a) contain elliptic integrals of the first and second 
kind, and the limits of these integrals are deter
mined implicitly by a cubic equation, the numeri
cal quadrature seems simpler for weak fields. We 
put in the integrals (7.1) and (7.2)

X =  V 7  tan 0 (9.1)

where y  is an adjustable constant. Then we easily 
obtain

A(a) =
2 7 3A

/ . = 0 <r2d

X

r  2 — L—  
" J ^ o 1 +  ^ 2
tan2 6 (tan2 0 +  1 )

( 7  tan2 0 +  q)(y tan2 0 +  1 )
d0 (9.2)

B i ( o )  =
2x / m ì

3 ( 1  -  M i)

, 2t V »
•7TO, X = o  i 1 ~  0* )  d ' f e - o  1  +  * ' B '

w  t a n 2 6  ( t a n 2 0 +  1 )

(7  t a n 2 0 +  M j X 7 t a n 2 0 +  1 )

where
p ,  (7  t a n 2 0 +  m iX y  t a n 2 0 +  M2) 

(7  t a n 2 0 +  q Y  (7 t a n 2 0 +  1 )

d0 (9.3)

If we integrate over tr, these double integrals can be 
reduced easily to simple integrals; but the resulting 
integrands involve tan_1(a72) which must be ob
tained from tables— a laborious operation. Ac
cordingly, this short cut is not effective unless the 
results are wanted only for a few isolated values of 
the field intensity (a). For the systematic con
struction of a table we recommend numerical quad
rature over d in (9.2) and (9.3) by the trapezoid 
rule (because the integrands are periodic and ana
lytic) followed by step-by-step quadrature over <r 
with end corrections. In order to evaluate the 
specific conductance, we need Bi(a) +- B2(a)

MiM2(-Bi(°0 +  B2(a)) — g (iti “A +  M2’A) +

^  f 2 ( l -  GMda (9.4) ira J<t = 0 \ a2/
where

/*2 ta n 2 0 (tan 2 e +  1 )(2 7  ta n 2 9 +  1 )
= o (y ta n 2 9 +  mi)(y  ta n 2 6 +  m2) (y ta n 2 0 +  1 )

X
1

1 +  +Æ2d0

The numerical quadrature is not convenient for 
strong fields. For this case, we shall presently 
derive convenient series in descending powers of
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field strengths. It is awkward to compute a suf
ficient number of terms from the final analytical 
formulas for A(a) and Bj(a), because they contain 
many terms which must be expanded separately. 
Fortunately, their integral expressions (7.9) and 
(7.10) are fairly simple. We shall first expand the 
integrands and integrate to obtain the final re
sults. Since the series obtained from the inte
grands do not converge over the entire range of the 
integration, we have to consider the integrals in 
indefinite forms. The integration constants will 
be evaluated by another procedure from the analyt
ical formulas of A{a) and Bj(a). For the time 
being, we shall consider only A(a) and Si (a), be
cause J32(a) can be evaluated easily from the final 
result of Bi{a) by the transformation (7.25).

We shall start from the following indefinite in
tegrals derived from eq. 7.9 and 7.10

A(a) =  « -  Z  f “ a2 d a  (9.5)

Bi(a) =  a - ' Z  C U  1 -  T 2)  ^  ~  d o
“ ' J  \ a ? )  (p* -  mi)Q ( -  Pv)„ = 1 •

(9.G)

where pi, p2, pi are the roots of the cubic equation 
7.5 and satisfy the set of inequality (7.6). In the 
following computation, we need to know the explicit 
form of Qr{ — f)

Q ' ( — p ) =  7----- ~P y ^ 1 [2 (p — Pi )(p — M2 )(p — 1)(P — Ml AP ~  M2)
+  (p — mi)(p — M2) (p — q) — (2p — l)(p — 1 ) ( p  —  2)]

(9-7)

Now we introduce the substitution (7.17), then the 
cubic equation 7.5 takes the form

t =  JL = («* ~ i)
2 <r2 (ks — l)Cs — to)2 (9.8)

where we have introduced a new parameter t, be
cause we are interested in the large values of <r. 
When <7 od ; t -*■ 0, the three roots si, s2 and s3 of 
eq. 9.8 tend to — 1. 1 and c°, respectively. We put

s° = ik  (9'9)
then So is a root, which tends to zero as t 
equation

t =  so(l -  k W )
(1 — s0)(l — kms0)2

0, of the 

(9.10)

In terms of sh s2 and s0, the integrals (9.5) and (9.6) 
take the forms

p(.s) =  2 (s2 — 1)(Ais — 1) +  k(s2 — l)(.s — in) —
2s(ks -  l)(s -  m) (9.15)

and
? aW  = o-V-aC-Ss) = (1 -  kms0)(l -  So2)15

X  (1 -  W ' ( « . )  (9 .1 6 )

Ab (po) =  (2cr) _1^B(s3) =  s0( l  — So )— 1 -/2 (1 ■+■  Pi))1' 2

X (1 -  /cso)( 1 -  A-'s*,)’AP->(*») (9.17)

P(.so) =  ft X s '^ is a )  =  1 +  fcmso —
(2 m +  3ft)fcs02 +  (2 +  k m ) k W  (9.18)

In order to eliminate the branch point of \p(s3) at 
So = 0, we have introduced here p{s0) different 
from \p(s3) by a factor <r or (2tr)_1. Now we shall 
discuss the analytic properties of these functions, in 
order to expand them into power series of t. It is 
clearly seen that the functions \Aa(s„), ¡Ab(sP) {v =  
1,2) and P a ( s 0) ,  iAb (so) are analytic with respect to 
s„ and So in the vicinity of si =  — 1, s2 =  1, and s0 = 
0, because the following derivatives are not zero in 
the same region

òt
òs„

______pM ______
(ksv — 1)2(6V — m)! H = 1,2) (9.19)

àt_ _  _______ — P ( sd)
òso ( 1  — s0)2( l  — kms o) 3

(9.20)

Accordingly, \pA (s„), \ps (s„) and ipa (s0), Vb (s0) are 
analytic with respect to t in the vicinity of t =  0, so 
that they can be expanded into power series of t. 
The radius of convergence of the series is deter
mined simply by the singularities of the functions, 
because p(s„) and P(s0) are included in the numer
ators in (9.19) and (9.20) as well as in the denomi
nators of the functions. More explicitly, the radius 
of convergence is given by the smallest absolute 
value of t(s) when s is a root of the equation

(1 -  fc2s2)( l -  s 2)p(s) =  0 (9.21)

Here we have used the definition of s0 and the rela
tion between p(s3) and P(s0) in eq. 9.18. For the 
case where ks =  — 1, we obtain

_ L  k2_ _  1 -  k
2(1 +  km)2 ~  2(1 +  ft) (9.22)

because —1 (  m (  1. For ks =  1, we have / =  <» 
which is harmless. The uniformizing substitution 
t =  1 / 2v2 takes care of the branch-points at s2 =  1; 
/ =  0, so that the two-valued functions of t become 
one-valued functions of <r. In the appendix we 
show that the roots of the cubic equation, p(s) =  0, 
are located in a domain where the following inequal
ity holds

ri(a) — X/ a 3 f  O'Va (Sn)do- +
>- = 1 J

a i J'  “Va (so)d<T (9.11)
2

B i { a )  =  Z  a ~ l j "  ^1 — Ab (sr ) d<r +

2c_I J"  ^1 — oAb (so)do- (9.12)

where
Aa (s) =  V 2 (s 2 — 1 )V i +  ks p~ l(s) (9.13)

An(s) = "\/2(s — I)(s — m)y/1 +  ks p~ l(s) (9.14)

Al (9.23)

which does not depend upon ft or m. Since eq. 9.22 
coincides with eq. 9.23 when ft =  s/ 5, we obtain the 
final conclusion that the power series of t for the 
functions converges uniformly with respect to m in 
the following domain

\t\ <  I for k <  I8

Id < 1 k
0

for k >2(i +  k;
In terms of a, this condition becomes

I
j  (9.24a)
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<t >  2 for A <  f
5

.... ir+ic , . 3
* > \ l  ; for  ̂ >  g

(9.24b)

Now it is most convenient to use Lagrange’s 
theorem,13 in order to obtain the series. We shall 
first consider ^A/ i )  defined by eq. 9.13. The cubic 
equation 9.8 can be written as

*  =  - 1  +  W O  =  (fcSl ~  D f a  -  (9.25)
Si — 1

Then the Lagrange theorem gives
<Pa(Si) =  ip A ( —  1 )  +

Since ^a(si) has a factor si +  1, we introduce a func
tion /(si) by

Li(si) =  (si +  l) /(s ,)  (9.27)
then eq. 9.2G takes the form 
■Aa ( s i )  =  i / (  — 1 ) 0 ( — 1 )  +

£  T7T [ £  i(/(.S)0(S) ) V ‘(S) ) ] s _ i  (9.28)

It is a simple matter to compute these coefficients in 
the series. In terms of k, k' =  s/ l — k2, and wji 
which satisfies

1 /, \: -----J----  =  ^ ( 1  -  ill), 0)21 :0)1 +  0)2 2
“ 2 1 /1 1  1 

= — X —  =  9 ( !  +0)2 +  0)1 2
The result is given as

i M > i )  =  e f i - n f  +  e 2< - 1^ 2 +  e W b  +  0 ( b )  ( 9 . 2 9 )

where
ei(-«  = -V 2 ( l  -  /v)1Ao>21
ea'-» =  V /2( 1 -  A )~ * A W  {3/X'2 -  (2 -  A +  A.2)o)21}

e3(-«  = ------i = ( l  -  f t ) - 3Ao)2,3 j20A '4 -  10A'2(3 -  3A +
v/2

2A2W  +  (12 -  ISA +  5A2 -  3A4) o)2i2)

If we use the symmetry of the function \p.\ (s) and 
the symmetry of the roots of the cubic eq. 9.8 given 
by eq. 10.13 in Appendix 1, by applying a trans
formation (k, W2i) -*■ ( — k, wi2) to the above result, 
we immediately obtain for / / s i )

M s i ) =  +  e2(1)b  +  e3u ,b  +  0 (b )  (9.30)

where
e,<4> =  -  1/ 2 ( 1  +  A)1 /zC0l2

e2(I) =  y / 2  (1  +  A ) - V W  ¡3 A '2 -  (2 +  A +  A2W j

e3(1) = ------7 = d  +  *0~3/2 “ c 3 120A'4 -  10A'2(3 +  3A +
V 2

2A2)o)l2 +  (12  +  18A +  5A2 -  3A4) a>122!

For the case of / / s c )  defined by eq. 9.16 we have to 
use the cubic equation written in the form (9.10) 
and Lagrange’s original equation like eq. 9.26 be
cause $a(so) does not have a factor s0. The result 
is

/ W o ) =  e0<0) +  +  e2"»b +  e3<°>b +  0 (b )  (9.31)

where 
e„<® =  1 

fT(0) =  —2km

e2(0) =  ~ (12A2m2 +  8Am -  1 +  5A2)

e3(0) =  -  [20A3»t3 +  30A2»?.2 +  3Am(l +  7A2) -  1 +  7A21

In the same way the series of W /i ) ,  1/93/ 2) and 
/ b / o)  can be computed. Since / b ( s )  does not have 
such symmetry as / A / ) ,  each series must be com
puted separately. The results are
M u )  =  +  A f iW  +  b2(-» t2 +  A W O 3 +  0  (b )

(9.29')

y B(s2) =  A,(10  +  6;<Db +  ?.3«>b +  0 (b )  (9.300

■?b (so) =  ¿ ( V 0) +  A,<0)i +  i)2<»>b +  63<»>b +  0 (b ))  (9.310

where the coefficients in the series for 1/93/ 1) are
b0(- i)  =  y / 2  ( 1  _  A)'A(1 -  A) “ 1

&i(_1> =  -  a/ 2 ( 1  -  A ) - I/iM2i(2(l -  A) -  0)2,)

fci' - 11 =  - ^ ( 1  -  A f f i V W  (12A '2(1 -  A) -  8(1 -  A)
V 2

X  (2 -  A +  A2)o)2, +  (6- 1 0 A +  5A2 -  3A3W 2|

AW > = ----- V- (1 -  A ) - 5A o,2,3 (40A'4(1 -  A)
V  2
-  30A'2(1 -  A)(3 -  3A +  2A2)o)2i

+  6(1 -  A)( 12 -  18A +  5A2 -  3A4W 2 

-  (20 -  56A +  53A2 -  22A3 +  9A4)o)2, a|

the coefficients in 1/93/ 2) are
Ai») =  -  i / 2 ( l  +  A)‘Ao)i22

62(i’ =  V 2  (1 +  A )“ iA o),23(4A'2 -  (3 +  A W )

&3(I) = ------- -  (1 +  A )-3Ao>i24 {30A'4 -  12A '2(4 +  3A +
V  2

A2W  +  (20 +  24A -  A2 -  6A3 -  5A4W 21 

and the coefficients in 1/93/ 0) are
A»'») =  1

A3») =  -  A(3m +  1)

A2(« =  ~ {20A2»t2 +  10(1 -  A)A»i -  1 +  2A +  7A2}

b3w  =  -  I  (70A3m3 +  42i 2m2(2 +  A) +

7(1 +  4A +  9A2)Am +  ( - 2  +  A +  18A2 +  9A3)|

Now, we substitute eq. 9.29-9.31 into eq. 9.11 and 
perform the integration using t =  (2 c2) “ 1. If we 
designate the integration constant by fA which will 
be derived in Appendix 3, the result is written as
2fi(A, m , a) =  eo<0)o _I +  (¿1(_1) +  «1 (1))a~ 2 +  2/a»^3

+  e,(0)a " 3 log a — \  (t)2(~1) +  «2(10 a^ 4

-  j  e2(0,a -5 — (e3(-11 +  e3(10 « -6

= J ]  R„a n +  I i3*a 3 log a (9.32)
n = 1

where
Ri = 1
R 2 =  — V /2 ( l -- A)a)21 — 1/ 2 ( 1  -f- A)o),2 

1?3* = — 2Am
f f3 =  g [1 -  77 +  2 E  +  2 ( 2  -  log p )  km  -

( K  -  E )m -\(13) E. T. Whittaker and G. N. Watson, ref. 10. p. 112.
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R, =  -  - A  (1 -  f t ) - / ^ 2 ¡3 ft'2 -  (2 -  ft +  ft2b ,21)
V2

------A  (1 +  ft)-Aa.i22 {3A:'2 -  (2 +  * +  ft2)«121
V2

=  -  5 { 12khn- +  8km -  1 +  5ft2 jO

Ro = -A — (1 -  f t ) - /^ ,3 ¡20ft'4 -  10ft'2(3 -  3k + 
12V2

2ft2)co2l +  (12 -  18ft +  5ft2 -  3 f t W I

H------- ~  (1 +  f t ) -A u I23 ¡20ft'4 -  10ft'2(3 +  3ft +12V2
2ft2)a)i2 +  (12 +  18ft +  5ft2 -  3ft4)wi22) 

/?, =  A  !20ft3m3 +  30ft2?«2 +  3(1 +  7ft2)ftm -  1 +  7ft2|

etc.
In the same way, we obtain from eq. 9.12 and eq. 

9.29'-9.31' for Bi(k, m, a), which contains two 
integration constants in and id

Bi (ft, m, a) =  | 60(_1) +  60<0)a — log a +

\ (2in -  6o(0))a-1 -  (fei<-> +  61<c)a“2 -

^ bi(0)a~3 log a — ^ (47d +  bi(0,)a~3 +

g  ( 6 2< - 1> +  5 2<2> ) o - 4 +  A  6 2 (o)a - 5  +

A  (6 s '-11 +  b3<»)a-e +  A  &3<0)a -  +  . . .

CO
= X  P 11'0 -" +  P*”  a~’ loS a +  P*i30_3loga 

n = 1
(9.33)

where
a/8 ,

3

P*u = l

/J" = \ 1 los t
ft E

1 + ft 1 +  ftr -  1 +

( K ~ FTft ” TTft) wl
Pu = \/2(l -  ft)-/**,, ¡2(1 -  ft) -  a,,,) +

V2 (i +  ft)1/*oI22

Pl3* — 2 ^(1 ~f~ 3?»)

P 13 — i  j - S  +  t ( 3 1 < * i + * ; , ) + « -

(7 -  f t ) *!

+i H 3i°sf’+ft^2) + K~
0-Si)*

+ j ] f t + K - ( i - f t ) E i » ' +

(2 + ft)
i (ft3

12 / ft'2 -  2/f +

Pit = (1 -  ft)"*/.a,212 {12ft'2(l -  ft) -  8(1 -  ft)

X  (2 -  ft +  ft2)co21 +  (6 -  10ft +  5ft2 -  3ft4W )  

+  ^  (1 +  D - V  14ft'2 -  (3 +  ft)Wl2)

P i5 =  A  120ft2/« 2 +  10fc(l +  ft)?» - 1 + 2 ft +  7ft21

P,6 = -  -  -A-1 (1 -  ft)-/**,,3 (40ft'4(l -  ft) -  
60a/ 2

30ft'2(1 -  ft)(3 -  3ft +  2ft2)«2i +  6 (1 -  ft)( 12 -  18ft +  
5ft2 -  3ft4)<*,,2 -  (20 -  56ft +  53ft2 -  22ft3 +  9ft4)a,2l3l

------- A _  (1 +  ft ) - /* * 24 |30ft'4 -  12ft'2 (4 +  3ft +
G0\/2

ft2)Wl2 +  (20 +  24fc -  ft2 -  6ft3 -  5ft4)coi22} 

P„ = -  - A ¡70ft3« 3 +  42ft2(2 +  ft),»2 +  7ft(l +
4 ft +  Oft2),« +  ( - 2  +  ft +  18ft2 +  9ft3) 1 

etc.
Now it is easy to obtain P>i(k, m, a) from Bi{k, 

m, a,) by the eq. 7.25, i.e.
S 2(ft, ?», a) = —m , a)

The result is

B2(k, m , a) = X  P^a~n +  P*?i a~l lo§ a +  Pm*«-3 log a
n — 0

(9.34)

where

P20 = (l +  ft)1/, (l -  ft)- 

P u *  =  l

A ,  = \  j lo g  p  +  ~  1 ^ 1  -  1 +

( * - i 4 *  + r h )
P  22 — V 2 ( 1  -f- k ) ~ l/*wi2 {2 ( 1  -f- &) — 0112} +

V 2 ( l  -  k ) l/*092i*
P 2 3* =  -  2  ft(l -  3m)

P23 ~ -  ,2  ¡3  +  i  ( 3  tog I  +  | s )  “  +

0 - & )

+  j j ‘ ( 3l04 ' + r i - 2)  - *  +

0 - S - M
- )  ! &  -  k + ( *  -  & )  » • +

0 + p . )
1 (ft3 !?[• m312 )ft'2 + 2A

P24 = -A- (1 +  ft)-AWl22 j 12ft'2(l +  ft) -  
6 v  2

8(1 +  k)(2 +  k +  ¿ 2)a„2 +  (0 +  10A) +  5/c2 +  3/c3)a)122) 

+  3 V 1 (1 ~ k)~'/2au* !4fc'2 -  (3 -  i W  

P 25 =  A 120/c2,» 2 +  10ft(l -  k)m - 1 - 2 ft +  7ft2)

-P9.fi — —
1

60 V2
(1 +  f t ) - / W  ¡40ft'4 (1 +  ft) -

30ft'2(1 +  ft)( 3 +  3ft +  2ft2)wi2 +  6(1 +  /c)(12 +  18ft +  
oft2 -  3fc4)w,22 -  (20 +  56ft +  53ft2 +  22ft3 +  9ft4)a,123}

1 (1 -  f t ) -3W  ¡30ft'4 -  12ft'2 (4 -  3ft +
6 0 \ /2

ft2)«21 + (20 -  24ft -  ft2 +  6ft3 -  5ft4)w2,2 j
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P27 = -  3̂ 2 f70 3̂“ 3 +  42*2(2 -  ¿)m2 +
7A(1 - 4 k +  9iV)m -  (2 +  k -  18/fc2 +  9/c3)j 

etc.
According to eq. 9.24, these series converge uni

formly with respect to m in the following domain

a > 2 for k <  §5

a> for/c> I (9.35)

because the series are power series except the first 
few terms which contain the logarithmic terms, and 
integration does not change the radius of conver
gence.

When a -*■ 00, the relaxation function A (7c, m, a) 
clearly vanishes

A{k, m, a) =  ~  +  0(a~2) (9.36)

while the electrophoretic functions to, a) take 
the finite values

o / —
Bj(k, to, a) =  3 ^  lo§  a +  (9.37)

In Table I in the appendix, we shall give the co
efficients 7?i, Pj, specialized for ordinary types of 
simple electrolytes.
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10. Appendix I. Reduction of the Elliptic In

tegrals
In order to reduce the integrals (7.20), (7.23) 

and (7.24) into the elliptic integrals of the first and 
second kinds, we introduce the following elliptic 
substitution

s =  sn u (10.1)
Then the integrals become

2

l(/o, to, a) = -  ¿ 3  Ë  / J n°
n — 1

x
du

(snu — ?re)2dn2u

Hi{k, to, a) == - i  v  r \
2a n = 1 J u'a

X
(1 -f- ksnn)(snu — to)

1 +  snw

Di(k, to, a) =
4 a‘ è

71 = 1 *, “ n

X

Ik

(srm — m)3dn2u 
(1 — snu) cn2u

( 10.2)

The paths of integrations are shown in Fig. 3 where 
snw,, = s„(v =  1, 2, 3) are the roots of the cubic 
equation 7.21. Now it is easy to reduce all the in
tegrals to elliptic integrals of the first and second 
kinds. Routine procedure yields the following re
sults which are verified easily by differentiation
4<i3.4(fc, to, a) =  A*(u2) -  A*(ut) +  A*(u,) -

A *(K  +  iK')
2aH,(k, m, a) = HAM) — HAM ) +

HA ( « ,)  -  HA(K +  iK') 
4a3D,(k, to, a) — DA (u2) — DAM) +

DAM) -  DA(K +  iK')

Fig. 3.— The path of the integration in K-planc for the 
integral (10.2).

where
A*(u) =  — (1 +  m2)u +  (2 +  m2)E(u) —

mk log +  (2to — (1 +  TO2)snu)dcu (10.4)

u  \ 1 +  to . | 1 , ( dcK +  k\H A M  = m u  -  m -  E M  +  2  log ^ - - k )  -

w 4 ~ r " (1 — snu)dcu (10.5)1 -J- K

Di*(u) =  — M%u -j- (1  -{- Ms — Mi)E{u) —

(MS -  AfDsnu -  Mi(k'/ky ------[ dcu. (10.6)

(in Glaisher’s notation: dew = dnw/cnw, etc.) and 
M 1, Mi, M 3 are defined by eq. 7.30.

These results can be expressed directly by the 
roots s„(v =  1, 2,3) of the cubic equation 7.21. We
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first observe that the cubic equation can be written
as

dciiu = a  V 2 ( l  >  Q (i) =  j  2  3) ( 10,7 )
Is* — m\

If we compare this with the definition of r„ given 
by eq. 7.29 we obtain

n  =  — dc«i, )'2 =  dew;, r3 =  dcu 3 ( 1 0 .8 )

on account cf the inequalities (7.22). We shall 
next replace the complex variables us by a real one 
by the transformation

u3 =  Mo +  iK' (10.9)

Then we have10
l = J_

Asmt3 ks3 ( 10.10)

and
E(v.i) — E(K T  iK') = E(uo) — crm3 dsu3 — E

= E(v.„) +  (s3 -  s3_1)r3 -  E (10.11)

Thus, the terms of the elliptic integrals in eq. 10.3 
take the forms
I =  «» — Mi +  u3 — {K T  iK')

= (1 -  « * ) - ' /<  1 -  A:2s2) - ‘Ads -
J SI

f 1 (1 -  s2) " 1 A (1 -  A2«2) “ 1/* ds 
J  (&S3) 1

J =  E(u2) -  E(ui) T  E(u3) -  E(K +  iK') \ (10.12)

=» f S :( l  -  s2) - ‘A (l -  A V )‘Ads -  
J si

f 1 (1 -  s2) - 'A ( l  -  kVYEds T  
J (l’Sî) 1

(«B  -  S :W ‘ ) r 3 J

According to the definitions of the amplitudes given 
by eq. 7.35, these formulas for I  and J coincide with 
those given by eq. 7.32 and 7.33. Substituting eq.
10.8 and 10.12 into eq. 10.3 we have obtained eq.
7.26 and 7.27.

We shall use eq. 7.25 to obtain eq. 7.28 from eq. 
7.27. Since the cubic equation 7.21 is invariant un
der a transformation, (s, A:, m )—► ( —s, — fc, — to), it is 
easy to prove that the three roots satisfy the rela
tions

— Si( — k, —to, a) = s2(k, m, a) =  s2 Ï 
—s2( —i, —to, a) =  s ,(A, to, a) =  si ) (10.13) 
—s3( —k, —m, a) =  s3(k, to, a) =  s3 J

Analogous relations hold for r„ defined by eq. 7.29. 
Thus the functions / ,  J and L defined by eq. 10.12 
and 7.34 are evidently invariant under the trans
formation (fc, to, a) -*■ ( —fc, —to, a). Now it may 
be easy to obtain eq. 7.28 from eq. 7.27.

Appendix 2. Landen’s Transformation
We shall describe briefly the procedure by which 

we have obtained eq. 7.37. By the Landen trans
formation (7.36)

h 2 Vk
1 -j- k

the elliptic functions transform as11
u1 =  (1 T  k)u

(1 + k )s cd 1 — ks2
Sl ~~ 1 +  ks2’ Cl ~  1 +  k.s2’ dl ~  1 +  ks2

(10.14)

(10.15)

where si =  811(1/4, hi), s =  sn(m, fc), etc. The trans-

form of the elliptic integral of the first kind is given 
by 10.14. To obtain the transform of E(k, u), we 
shall use the following equation derived from the 
last equation of (10.15):

J — djks2

Then

E{k, u) — / J  (1 -  k2s2)du = l + k

1 T  di 

1

X / “ ( ‘ - ‘ n 3 ) du1

The result of the integration is

E(k, it) 1 -f- k

1 T  k

E(ki, ul) T

E{ki, u1) +

1 -  k

1 -  k

I T  k cx(l — dt)
2 si

, scd
'  k 1 T  ks2

(10.16)

where in the last term we have used eq. 10.15. In 
order to obtain the transforms of the integrals I  and 
J, it is most convenient to use the definitions given 
by the first parts of eq. 10.12. Substituting 10.14 
and 10.16 into eq. 10.12 we have obtained eq. 7.37. 
We note here that sin <£„' defined by eq. 7.38 is al
ways less than unity so that fa1 is no longer a com
plex angle.
Appendix 3. The Evaluation of the Integration 

Constants in the Descending Power Series
In order to obtain the integration constants ix, hi 

and in given by eq. 9.32 and 9.33, we need to com
pare the descending power series with the analytical 
result (10.3). We shall first transform the complex 
terms in (10.3) by the transformation (10.9), i.e.

u3 =  Mo T  iK'
In this time we shall express the result in terms of 
smz0 instead of smt3 corresponding to equation 9.9 
in the computation of the descending power se
ries. Since10

sn«3 =  A-1 nsM0, dcw3 =  Acdito 
E(us) — E{K T  iK') = E(uo) — E +  nsMocdi/o —

A2snMocdM)
wre obtain
A*(us) -  A*{K  T  iK') =  -  (1 T  m2)(uo -  K) +

(2 T  to2)(A (u„) -  E) -  mk log +

(2mA — (2 T  to2) A2snw0 +  nsM0)cdMo (10.17) 
ffi*(w,) -  Hi*(K +  iK’) =  to(mo -  K) -

r r r  « “ •> -  ®  + 5 ' «  ( r A æ i )  -
k ^  (1 — Asm«0)cdMo (10.18)

A l » , )  -  DK(K T  iK') =  -  Ms(uo -  K) T

(1 T  M3 -  M1)(E(uo) log ( j 4 - c £ )  +

\{M2k — MJc~') — ( I T  Mz — Afd^smto T  nsM0 T  
M1(kVk) ) .
l T A s m / o l  d (1° ' 19)

In view of the indefinite integral (9.5), the integra
tion constant ix is the coefficient of a-8 order term in 
A(a). According to the definition of Hi (a) and
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Di(a) given by eq. 7.14, eq. 9.6 can be written in two 
pieces

2
Hi(a) = ^2 a“ 1 J fo M  do- +  2a '1 J* a^B(s0)da

( 10.20 )

D i ( a ) = ^2 a~3 j "  ¡r2i{/ B (sv )d a r +  2 a “ 3 j "  ct3i7 i)(so)c1o-

( 10.21)

Therefore, the integration constant i\v in the indefi
nite integral (10.20) is the coefficient of a~l order 
term in the analytic expression of Hi(a) and the in
tegration constant ¿d in the integral (10.21) is the 
coefficient of a^3 order term in Di(a). It is easy to 
obtain these terms from the analytical result (10.3) 
with the aid of eq. 10.17-10.19 if we use the follow
ing equations obtained by means of the Lagrange 
theorem

, , (1 +  k)( 1 +  m)2 ,smn = si = -1  +  ---------^ --------  j 1 +

dciii = —ri —

(  1 -
\2(1 +  k)

V 2 ( r -

1 +  in
k) ( a 11 +1 + m

(1 +  ¿)(1 +  m)2

J a 2 +  0(a 4)|

(
— L A
1 -f- mi/  4a2

iii =  — K  +  0 ( a “ ')

E (u ,)  = -  E  +  0 ( a - 0

, (1 -  ¿0(1 - sni(2 = S-2 = 1 —

2(1 -  k)
+ O(a-)

+  ) (10.22)

+ 0{a~i) \4 a2

dew2 = r2 = - , 2(1 +  a +  0(a“ >) ) (10.23)

m2 = A +  0(a~l)
E ( u , i )  = E  -f-Ofo"1) J

snw0 = s0 = 2̂ 2 j 1 “ (I + 2fc?«)2“2 + °(a_4)| j 

edwo = 1 — +  0 (a“6)
K 10.24)

“o = 2̂ 2 + ° 0  4)

A(«o) = ~  +  0 (a“ 4)

The results of computations are 

4(-a = 1 — K +  2E -(- 2^2 — lop; p^

4 1:

/cm — (7v — E)m2 

(10.25)
2 hi = log +1 -f- /c 1 -f- /c

( /c “  T T Ï  “  F T i )  ”  (,a201
12/,, =  3 -  /c ^3  log p  -  3 +  p , )  -  4 A  +

/,- ^3 log p  -  5 +  p , )  +  A'

( ' - ? . )

( - & ) Aç 3 m

If- + * - ( > - f.) *{ «-*
1 ¿0
lkM- 2 A  + (2 + f.) M  m3 (10.27)

11. Appendix 4. The Location of the Roots of 
the Cubic Equation, p ( s ) =  0

In the discussion for the convergence of the series 
in Sec. 9, we postponed ao prove that the roots of 
the cubic equation
p(m, s) =  2(s2 — l)(fo — 1) — (ks2 — 2s + k)(s — m) = 0

( 11.1)

satisfy the inequality (9.23), i.e.

!<(s) > l  (11.2)

where

and

t(s) ___ s 2 -  1

(ks — l)(s — m)2 (11.3)

0 < k  < 1, - 1  < ni <  1 (11.4)

To begin with, when m equals one of its extreme 
values, —1, the roots of eq. 11.1 are

- 1 ,  1 ±  i  \ /2 (l -  k)/k  (11.5)

When m equals the other extreme value, 1, the 
roots are

where
1, -1  ±  a (11.6)

a  =  \ / 2 ( l  +  k ) k ;  2  ^  a  ^  co

Since p(m, s) is linear with respect to m, p(m, s) can 
be expressed as a linear combination of the extreme 
cases, p( —1, s) and p (l, s), i.e.

2p(m, s) = (1 — m) p( — 1, s) + (1 +  m)p(l, s) (117)
Thus, it is very easy to prove that

p(m, s) < 0 when s < — 1 — a 
p(m,s)> 0 when —1 < s < 1 (11.8)
p(m,s) > 0 when —1 +  a < s

Therefore, the allowed ranges for the roots on the 
real axis of the s-plane are

— 1 — a ^  s ^  — 1, — 1 ^  s ^  — 1 4- «  (11.9)

Moreover, in the first interval of these, there exists 
one or three roots, while in the second interval there 
exist none or two roots. From the coefficient of s2 
term of the cubic eq. 11.1, we know that the sum of 
the three roots equals — m which cannot be less 
than — 1. Accordingly, there exists only one root 
in the first interval.

We next write the cubic eq. 11.1 as
_ 2 — 3ks +  ks3 

2 s — k — ks2 ( 11 . 10 )

This clearly shows that m is a one-valued function 
of each root of eq. 11.1. Therefore, each root, if it 
is real, must be a monotonic function of in. Thus, 
when m varies from — 1 to 1, the paths of the three 
roots S], s2 and s3 can be represented in the s-plane as 
shown in Fig. 4. At a point s = b, the cubic equa
tion has a double root, i.e., s2 =  s3 = b. There
fore, s =  b satisfies the two equations

p(m,s) = 0, d™- = 0 (11.11)

For s ^  b, we have the inequalities



212 Lars Onsager and Shoon K yung K im Vol. 61

dm
ds

<  0 when — 1 — a  4  s ^  — 1

dm  ̂n .■y- <  0 when 
ds

>  0 wlien
ds

1 <  s < b 

b < s <  - 1  +

[(11.12)

(11.13)

o < L I  ,  ,, -1 +  a ^ k (11.14)

eq. 11.11-11.13 yield the inequalities

-1 — — 1y  <  0 when ds

dt . ,
T  >  0 when — 1 <  s <  b ds

y  =  0 when s = b ds

di

(11.15)

ds <  0 when b < s <  — 1 +  a

!(.s) = (11-16)4(fa -  l ) 3(s2 -  1)

This is clearly negative when s is located in the first 
or second interval. Therefore, in order to obtain 
the smallest absolute value of t(s), we need to con
sider only the cases where s equals — 1 — a or b or the 
complex roots of eq. 11.1.

Whens =  —1 — awe obtain from equation (11.16)

< ( - l  -  a) = -  1(\ /l + k  +  V2k )-
Since 0 1c ^ 1, we have

In order to treat the case of two complex roots, we
3

consider the product JJ t(s$. Since p(m, s) —
i = 1 

3
— k JJ (s — si), we have from eq. 11.3 

1 =  1

]T  i(s-,) = -  k l  =-A-J- 'c *) m)i= 1
-  (1 -  km)-* (1 -  K!2) “ 1 (11.19) 

Using eq. 11.10 and eq. 11.16, this can be written as

¡ ¡ ¿ s i - - H K - S ) ' <**• + “ » -
2 -  Ac)(AV -  2/rsi + 2 - 1 0  (11.20) 

Since m s1; we obtain
l — km
1 — /¡Si

< l ( 11.21 )

Now we are prepared to obtain the smallest abso
lute value of i(s) when s is the root of the cubic 
equation (11.1). Since (dA/ds)m =  0 from eq. 9.19 
and eq. 11.1 we obtain by differentiating eq. 11.3

di (fa2 — 2s +  AO3 dm
di 4(fa — l ) 4(s2 — l ) 2 ds

where we have eliminated (s — m)2 using eq. 11.1. 
Since the roots of the equation ks2 — 2s -f- k =  0 
satisfy the following inequalities (see Fig. 4);

1 +  k’

The remaining two factors, I (fcsi2 +  2ksi — 2 — 
fc)| and (ksi2 — 2/csi +  2 — 7c) take their largest 
values at si =  — 1 and Si =  — 1 — a, respectively. 
Accordingly, we have
U-s, 2 -  2 fa, -  2 -  7+1 < 2(1  +  k) ]
( fa ,2 -  2 fa , +  2 -  AO <  1 (1 1 .22 )

4 V 'r+T- ( V r + T  +  VSfc) J 
Substituting eq. 11.21 and 11.22 into eq. 11.20, we 
obtain

< 2(1 +  kfh  (x /r + fc  +  V2k) < 10u(S2)i(6'3)l
(11.23)

For the case where s2, s3 equal b or the complex roots 
of eq. 11.1, this yields

l<(s.)l =  |<(sa)| >  - (11.24)

Therefore, t(s) takes a largest value at s =  — 1 — a 
in the first interval defined in eq. 11.9 and a maxi
mum at s =  b in the second interval. Now, from 
eq. 11.1 and 11.3, we have

(fa2 -  2s +  A)2

because s2 and s3 arc mutually complex conjugate. 
From eq. 11.18 and eq. 11.24 we get the required 
result, eq. 11.2.

Table I
The Descending Power Series for A(a) and 7?i(a) Special

ized to the Ordinary Types of Simple Electrolytes

The general forms of the descending power series 
are

co
2/l(Ay m, a) =  J )  R„ci _ "  +  R3*a~3 log a

n = 1
CO

Bj(A-, m, a) =  )T) P,M~n +  / + *  aw1 log a +
n = 0

Pj3* a-* log a

The ordinary types of simple electrolytes are 
NaCl-type; Ac =  0, BaCfi-type; k = ' /3. LaCfi-type; 
k =  'A , Al2(S 0 4)rtype; Ac =  'A , K 4 [FeCN-J-type; Ac =  3A  

W h e n  k =  0

Ri = l ,  R.2 =  -  V2, Rs* =  0, R, = ± +  J,

(11.17) Am =  -  R,

an d  Pja =  P n, Pjn* =

(11.18) Po =  3 V 2 ,  Pi* =  1, Pi

V2  
12 ’

1
1G’
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ft  = V2, ft* = 0, f t  = -  (*  +  |),

P _  V 2  _ft  ~ -Q :  f t  - 1 p V2 p _  1 .
32’ 1 6 00 ’ ^  96’ €tc’

results in terms of m and coj;

TH — Ct)21 — Û112Î W2I l«iiA°2 +  lalAV 
0>12

when ft =  3,
ft, = l

2ft2 = 0)2] ~ --> 0)12
V3 Vo

ft* = -  g m
ft  = 1 .2 1 7 5 2  +  0 .1 8 4 9 4 m -  0 .0 4 5 5 8 6m2

ft . =  p  0)2i2(3  2o)2i ) . 0)i22(12 110,2)
3 V 3  3 V 6

lit = — A  ( — 1 +  6m  +  3 m2) 

f t  =  R ~ t= o)2i2 (80 -  lOOoiji +  33o)2,2) +  "12'
27V3

f t  =  ST5 ( — 3 +  24m +  45m2 +  10m3) 216
etc.

ft 0 = 1
V 3  

ft,* = 1
fti = —0 .4 7 4 7 3 s +  0 . 1 1 1 3 6  m

Pl2 — - p- 0)2l(4 — 3o)ii) -)----z. 0),22
V3 Vo

P*,3 =  i ( l  +  3m)

f ts = - 0 .4 6 1 3 6  +  0 .2 7 5 5 3 m +  0 .0 8 0 9 0 m2 +  0 .0 0 4 1 7 6ms

Pl4 — ----- yr 0)o,2(48 — G4ù)21 4" 21o),,2) +
1 8 V 3

P23 = -  0 . 7 0 9 1 7  +  0 .1 3 4 5 6 m +  0 .0 6 0 0 7 m2 +  0 .0 0 2 7 7 m3

ft24 = 1 . o)122(192 -  352o),2 + 135o),22) +
7 2  Vo

For the cases of general electrolytes, we express the
1 COji

2llA°2
IaV

v a 0,

9V 3 W2i3(4 -  3 .,)

fts  =  ( —2 +  5m +  5m2)

ft  6 —
VA°2 4“ i22!A°i

--------- 7= o.,,3 (2500 -  912ÛCÜ12 +
4320V 0

9000coi22 -  2763wi23)

216 V6
X (64 — 152o)i2 S- /5toi22)

-------------f t -  O),,4 ( 1 2 0  -  1 6 8 m 21 +  6 1 a )2 i2)
135V 3

ft, =  -  ~  ( - 9  +  2 1 m -  1 0 5 m2 +  3 5 m3) 

etc
When ft =  V 2,
Ri = 1
Ï12 = ' W21 — \/ 3w] 2
R 2*  =  —  m

Rz = 1 .1 2 4 6 0  +  0 . 2 3 4 9 3 w  -  0 .1 0 9 1 5 r a 2

R a ~  —  ^  W212 ( 9  —  7o>2i) —  4^/3 Wiz2 ^  IICO12)

fts = — 22 (1 +  1 6 m +  12m2)

fte = 9 9  W2 1 3 (36 — 4 8 0 , 2 1  +  13o)2i2) +

s o)]23 ( 1 8 0  —  6000)12  V  3 5 3 o)122)

1
oVo

288V 3

ft, =  A  (6 +  3 3 m 4 - 60m - +  2 0 m3)l.Zo
etc.
P  -  4 710 ~ 9
P u *  =  1
Pu =  -0 .3 90 7 6s 4 - 0.18707m  

P \2 — 2o)21 (1 — OJ2l ) 4- \  3 0),22

P n *  =  l  ( 1  +  3 m)

fts = ^  (1 +  10m +  5m2) 

-1

^ 0),23( 1 6  -  1 5 o),2) P,3 = -  0 . 2 9 8 1 9  4 - 0 .5 4 2 3 3 m +  0 .2 1 8 5 3 m2 +  0 .0 1 8 2 7 m3

Pu = J. «212 (36 -  56o)21 + 150)2,2) +  Ul,3(6 _  7o,12)

ft,6 = --------o)2, 3( 3 2 0  -  6 0 0 o)2, +  3 9 6 o)2, 2 -  9 9 o)213)

o)I24( 4 8 0  -  1 1 0 4 o,,2 +  5 5 9 o)i22)

270 V3  
1

1080 VO
ft, = -  A  ( 9  +  1 0 5 m +  1 4 7 m2 +  3 5 m3) 

etc.

fto = | V g 

ft.* = 1
P 2 1  =  — 0 .6 7 2 0 6 ô +  0 .0 8 5 9 7 ??i

1 2
P 2 2  ~  ---7= ¿012(8 — 3o>12) ~b - W212

V  6 V3

fts* = î ( - 1  +  3 m)

fts = j 2 g (7 4- 30m +  20m2)

f t6 = -  A  “ =i3 (18° “  360o)2, 4- 195o),,2 -  49o>2,3)

ft, =

1 4 4 0  V 3  

1_ 
1 5 3 6

- O.,,4 (2/0 — 828o)i2 4- 4 9 1 o),22) 

(33 4- 147m 4- 210m2 4- 70m3)

etc.

p -  4
V3

ft,* = 1
P2, = - 0 . 7 0 2 4  4 - 0 .1 2 4 6 m 

2
P22 = — 0)12 (3 — 0)12) 4- 0)212

V3
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*■1 2:j 4  ( - 1  -r 3m)

Pa = -0.7085 +  0.1886m +  0.1352m2 +  0.00951m2

P\24 = Wi2“ (108 — 264CUI2 -f- 101wi22) “1“
72\/3

g Cü213(0 — <.)6J2l )

A s = 128 ( — 1 +  10”! +  20n,2)

A s = --------1----  a,,:3 (540 -  2700a,,, +
2160V3

3177a,,,2 -  1033a,,,3)
1

480
au'1 (270 -  396a>2i +  131a,,,2)

A ? =  — jgijg (1  +  5m +  18m2 +  10m3)

etc.
W hen k  =  Vs.
A  =  1

R î  —  —

V iö V ie

R3* =  — - m 5

A  =  1.26153 +  0.11866»! — 0.01595m 2

Ri — 7 a, , ,2 (36 — 23a,,,) — ------—  a, , ,2 (9 — 7a,,,)
5 V 10 5 V 15

A  =  — ( —5 +  10m +  3m2)

R& — __1
eoovio

1

a>2 3 (2880 -  3720a,,, +  1343a,,,2

~h — —— ( 720 — 1380 05i2 +  617coi22)

A  =  ( —45 +  48m +  75m2 +  10m3)

etc.

Pio = I V 10 

Pu* =  1

Pu =  —0.52788o +  0.06220m

P|2 = V io  “ 2I (s “ 5w!l) +  V U

Pu* =  ~ ( 1  +  3m)

Pu =  -0 .5 5 1 6 8  +  0.13726m. +  0.02625„to2 +  0.00078m 3 

P  -  1* 14
120V10

0,212 (5 /6  736a,,, 4- 261a,2i2) -j-

8
I5V 15

Pu  =  ¿ g o  ( — 2 — 15” ' +  5m 2)

P i 0 = ---------- l— p=  a, , , 3 (23040 -  44640a>2i +I2OOOV1O
32232a,,,2 -  8405a,,,3)

1

A , =

etc.

1125 V 15 
7

a, , ,4 (1080 -  2088a,,, +  965a,,,2)

12000 I,—9 +  27m +  33??/2 +  5m3)

_  V 15 
7 20 “  3

A l *  =  I

Pu =  -  0.64350s +  0.05342m  

P22 =  7 a,,, (12 5a,,,) -f- — , , a, , ,2
V 15 V lO

Poo* = j'j ( - 1  +  3m)

P ,7 = -  0.69374 +  0.08892», +  0.02209»/2 +  0.00061m3

P»i — ------7— a,,,2 (432 — 6/2a,r -j- 25/a,,,>“ ) -f~
90 V 15

-----7- a,,,3 (48 — 35a,,,)
15 V lO

Pu =  2(])(| ( - 7  +  10»/ +  5m")

P-S = ------------- — a, , ,3 (8640 -  24840a,,, +
6750V 15

1
3OOOVTO 

1

22212a, , ,2 -  6545a,,,3) 

a, , ,4 (4320 -  6192a,,, +  2375a,,,2)

A ?  = -  J20QÖ ( — ®7 +  49 m +  189»'2 +  35/»3

etc.
W hen k  =  3/s

R, =  1

A  = - - ■ - ■  (3 -  m)
V  5

A* = 6

A  =  1.04272 +  0.23434»! -  0.16633m2 

Rt — — ——7-  a,,]2 (12 — Ila,',,) — —— 7_ a , ,2 (24 — ’.7a,i,)
3 V5

A  =  -  ^  (5 +  30m +  27m2)

1 0  V s

2 _

75 V 5  
1

7?6 — ----- 77: 0)213 (160 — 2400521 -j- 01 Ct>212
7

!== Wl23(6 — 5o)i2)

+  ---- M— r  WI23 (1280 -  5520«« +  3783«,2*)
2400 V S

A  =  jjy y  (95 +  396)» +  675»i! +  270» ,3)

etc.

p _  V s
6

A , *  =  1

Pn =  -  0.32593;, +  0.24472»!

F „  =  — (7 — IO?» — m2)
4 V S

A , *  =  j3 (1 +  3m)

A s  =  -0.15702 +  0.79120m -f 0.36696m2 +  0.03915,,m3
2

Pia = 7in 6̂ 21 ̂  (24 — 44ai2i ~\~ 96)2]2 ) -f-
15 V  5

612]3 (32 — 45(0] •)
30 V '

As = 2qq (17 +  60»! -f 45»i2)
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P,« = - l
37f>\/5 

1

„* (640 -  144ft* +  0 1 W  -  185*,') P 23 =  - ° - 69(5C7 +  ° -22G03'm +  ° - 19821 m.5 +  0 .01710,,»

■7 = u,24 (1020 -  7392w12 - f  501510,2») 
1 20 0 0V 5

P ,7 =  -  ^ 0 0  ( ‘« O  +  1743», +  2457m* +  945m3) 

etc.

P -  = 3 ^
P2,‘  =  1
P2, =  -  0.71789:, +  0 .14724m

P2? = ——r= (31 — 14», — m~)
8 v 5

P2 3* = j q ( — 1 +  3»,)

Pu =  -------- v « ,.*  (70S -  2368m,-. +  903(o,22) +
480\/5

15 V i
(02,3 (16 — 15(02,)

P 25 =  200 (2 +  15», +  45w,2)

P2 g — — 1
96000 V i  

2

(o,23 (20480 -  132480(o,o +

181584(0,2* -  61405(o,23)

P n -

ctc.

._ wo,4 (240 -  384,02, +  115(02,*)
375 V 5

j2 ^ôô (121 +  483», +  1323»,* +  945m3)
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The separation of the Onsager-Fuoss equations for the modification of interionic forces by conduction, diffusion and vis
cosity in mixed electrolytes is greatly facilitated with the aid of an algebraic device which was invented more recently. The 
numerical work involved in applying the theory to mixtures is substantially reduced. While further refinement of the
ory has not been undertaken, helpful intermediate results have been obtained.

I. Introduction
Since the forces acting between the ions in an 

electrolyte solution are known, it is possible to com
pute the various physical properties of the system 
which depend upon these forces. The mathemati
cal difficulties involved were first overcome by De
bye and Hiickel1 who introduced the concept of the 
“ ionic atmosphere”  and successfully computed the 
limiting laws for the thermodynamic properties of 
electrolytes. In addition, they developed a quali
tatively correct theory for the electrolytic conduc
tion.1 Onsager2'3 perfected their kinetic theory 
and computed the limiting law for conduction in 
simple electrolytes. After Jones and Dole4 had 
discovered that the viscosities of electrolyte solu
tions vary linearly with the square root of the con
centration (in the limit), Falkenhagen and Dole5 
computed the appropriate coefficient for simple 
electrolytes. Onsager and Fuoss6 computed limit
ing laws for conduction and viscosity in mixtures of

* This paper is based on the dissertati on submitted by Shoon K’ 
Kim to the Faculty of the Graduate School of Yale University in par
tial fulfillment of the requirements for the Degree of Doctor of Phil
osophy.

t Institute for Fluid Dynamics and Applied Mathematics, Univer
sity of Maryland, College Park, Maryland.

(1) P. Debye and E. Hiickel, Physik. Z. [I] 24, 185 (1923); [II] 24, 
305 (1923).

(2) L. Onsager, I, Physik. Z., 27, 388 (1926).
(3) L. Onsager, ibid., [II] 28, 277 (1927).
(4) Grinnell Jones and M. Dole, J . Am. Chem. Soc., 51, 2950 (1929).
(5) H. Falkenhagen and M. Dole, Z. physik. Chem., 6, 159 (1929); 

Physik. Z., 30, Gil (1929); H. Falkenhagen, ibid., 32, 365, 745 (1931).
(6) L. Onsager and R. M. Fuoss, T h i s  J o u r n a l , 36, 2689 (1932). 

A review of this work is available in H. S. Harned and B. B. Owen, 
“ Physical Chemistry of Electrolytic Solutions,’ ’ Reinhold Publ. Corp., 
New York, N. Y., 1950, pp. 75-85.

arbitrary compositions, and they obtained the cor
responding formulas for diffusion in simple and 
mixed electrolytes.

The general problem for s species of ions involves 
a system of s linear differential equations in s un
known functions, with a matrix H of constant coef
ficients; some knowledge of the algebraic properties 
of this matrix is essential to the solution of the equa
tions. For the case of s =  3, Onsager and Fuoss6 
obtained explicit results in closed form; for more 
complicated cases they constructed series expan
sions and proved convergence with the aid of the 
general theory of quadratic forms. While the se
ries are convenient for a great variety of cases, they 
converge none too well in the particularly interest
ing cases where the ions present exhibit widely dif
ferent coefficients of diffusion.

Quite some time later, Onsager7 discovered that 
the eigen vectors of the matrix H have a simple spe
cial form. We shall take advantage of this discov
ery to simplify the analysis as well as the methods 
of numerical computation.

As a matter of convenience we shall briefly re
view the derivation of the fundamental equations 
specialized to conduction and diffusion. We shall 
then solve the system of differential equations with 
the aid of appropriate special algebraic methods. 
While the methods do depend on à knowledge of the 
eigen vectors of the matrix of coefficients, and we 
shall clearly exhibit this connection, we shall have 
no need to assume that the readers know the general 
theory of eigenwert problems, because all pertinent

(7) L. Onsager, Annals of the New York Academy of Science, Vol. 
XLVI, pp. 263-264 (1945).
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relations are just as easily derived directly by ele
mentary algebra.

Since nothing has been changed in the “ electro
phoretic effect”  worked out by Onsager and Fuoss,6 
we shall confine our attention to the “ relaxation 
effect”  in the conductance and in the dissipation 
function for conduction and diffusion. We shall 
obtain an integral representation for the forces 
which arise from the asymmetry of the ionic at
mospheres, and prove that the matrix which de
scribes the contribution to the dissipation function 
from this (relaxation) effect has all positive diagonal 
elements and all negative off-diagonal elements. 
We shall devise a method of numerical computation 
which enables us to deal with systems containing an 
arbitrary number of species of ions.

Recently Fuoss and Onsager8 refined the theory 
of conduction in simple electrolytes to the extent 
that they included terms of second order in the elec
tric charges and allowed for the finite sizes of the 
ions. Our methods would facilitate an analogous 
improvement of the theory for mixtures; because 
we have obtained reasonably explicit descriptions 
of the distribution of ions, and we have satisfied 
ourselves that the Green functions for our systems 
of differential equations (the first approximation) 
are readily obtainable.

We have also computed the contribution to the 
viscosity from the relaxation effect for arbitrary 
mixtures; the variation of the algebra is trivial. 
For this problem, any review of the derivation of 
the fundamental equation first given by Onsager 
and Fuoss6 seemed redundant.

II. The Fundamental Equations for the Ionic 
Atmospheres 2.1. Linearized Equation of Con
tinuity Specialized to Conduction and Diffusion.—  
We consider a solution containing nh n2, . . . ns ions 
(per cm.3) of species 1, 2, . . .  s with charges eh e2, . . . ,  
es (e.s.u. per ion). We confine our attention to 
any two particular volume elements dvi =  d^i dyi 
dzi and dv> =  dz2 dy2 dz2 in the solution located 
by vectors ri and r2 drawn from an arbitrary origin. 
Then the relative location may be designated by

r2i =  r2 -  n ; r[2 =  n -  r2 (2.1.1)
If we designate by n-y the time average concentra
tion of ¿-ions at r2I in the ionic atmosphere of a j-  
ion located by r1; we have

Kji =  rcjifri, r21)
Likewise

n,i =  ?iij(r2, ri2) (2.1.2)

The (time average) probability of finding simulta
neously a /-ion in the volume element di>i and an i- 
ion in the volume element dy2 equals to n{nyx dvi dv2 
or equally well n\n\\ dẑ  dy2. Therefore, we define a 
symmetric distribution function

fa (ri, r2J) =  njny,(Ti, r2,) =  jii»ij(r2, ri2) = / ;j(r2, ri2)
(2.1.3)

for ion pairs in the 6-dimensional space (xh yh zt, 
Xi, 2/2, Zi). If we designate by v-y the (time average) 
velocity of an ¿-ion in the ionic atmosphere of a / -  
ion, we have in general
________________  Vji =  Vjifri, r21) (2.1.4)

(8) R. M. Fuoss and L. Onsager, Proc. Nat. Acad. Sci., 41, No. 5, 
274-283 (1955).

Likewise
Vij =  Vij(r2, r12)

Since the number of ions of every species is con
served the average motion of the ion pair (ji) in the
6-dimensional space must satisfy the following equa
tion of continuity

-  =  Vr(/ijVij) +  VrC/j«Vji) = -  (2-1.5)

In a steady state, is independent of time so that 
we obtain the continuity equation specialized for 
the stationary state

Vi-(/ijV„) +  Vr(/jiV.j) =  0 (2.1.6)

In developing the theory of conduction and dif
fusion we shall assume homogeneous fields of force 
acting upon the ions in a solution at rest. Then 
the distribution functions depend only on the rela
tive location r = r2i =  — ri2, so that

/¡i(r ) = / u ( —r) (2 .1 .7 )

We shall denote by ^(r) the (average) electro
static potential at a directed distance r from a / -  
ion. This potential is related to the distribution 
functions/ji by Poisson’s equation

W i  =  -  %  E  / i i a i / n j  ( 2 . 1 . 8 )
1=1

where D  is the dielectric constant of the medium, 
and V =  Vs(= Vi).

If we assume that we may compute the field due 
to two ions and their joint atmosphere by linear 
superposition of the separate fields, we have for the 
force Kji(r) acting on an ¿-ion in the atmosphere of a 
/- ion

K jj(r )  =  k i +  ejAXj — ejV2^ j(r )  (2 .1 .9a )

where k ; is the applied external force, e;AX; is the 
force due to ¿-ion’s own asymmetric atmosphere 
caused by the external forces, and —eiV2'J'i(r) is the 
force exerted by the /-ion and its atmosphere. 
Likewise

Kij( —r) =  kj +  ejAXj — «¡Vi^if — r) (2.1.9b)

The force K ;; gives the ¿-ion a velocity Kjjan where 
co\ is the absolute mobility (the reciprocal of the 
friction constant p;) of an ¿-ion. According to the 
generalized equation of Brownian motion, a “ con
centration gradient”  (Vz/ji) produces an average 
velocity equal to — (onkT/fa) Vs/ji- Combining 
these two contributions to the velocity Vj; of an 
¿-ion in the atmosphere of a/-ion, we obtain

Vji(r) =  wiKjt(r) -  wifcTVi log /j;(r) (2.1.10a)

Likewise
V i j ( -r )  =  wjKij( —r) — ajjfcrvi lo g /i j (—r) (2.1.10b)

Since we are interested in the limiting law, we have 
here neglected the hydrodynamic motion of the 
fluid at dVi caused by the presence of a moving j -  
ion at dVi. By this approximation we lose terms of 
the order c log c (c =  concentration) in the final 
results.8 Substituting eq. (2.1.9) and (2.1.10) into 
the equation of continuity (2.1.6) and using the 
identity/ ¡ ¡ ( r )  =  / i j ( — r ) , we obtain
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(wj +  oii)kTv2fa +  e j c o i V - +  ejo>jV-[/jiV\Ai( —r)]
=  cot (ki +  «¡AXi)-V /ji -  «j(k j +  eiA X i)-V /ji (2.1.11)

where we have assumed that the force kj is a con
stant. In order to linearize eq. 2.1.11, we shall 
assume that the concentration of our system is low. 
Then, we can neglect6 terms of the order er or e,2 
compared with terms of the order e, or e,. Since 
ipi ~  e-„ vh ~  eit fa — n$i\ ~  and AXj ~  e-„ AX, ~  e\ 
we obtain
(coj +  wi)ft77V2/ji(r) +  eiMiTiirajVVifr) +  ejWjiijniVVi ( — r) 

= (wiki -  a>jkj)-v/ji(r) (2.1.12)
This equation and Poisson’s equation give us a com
plete system of linear differential equations. We 
have not yet imposed any restriction on the mag
nitude of the force ki. Equation 2.1.12 is still 
applicable to the theory of deviations from Ohm’s 
law.

2.2. First-order Perturbation of the Ionic 
Atmospheres.— Now we shall assume that the 
applied forces are weak, so that we can treat the 
problem by the first order perturbation method, 
and superimpose their effects. Accordingly, we put

(b(r) =  4'°i(r) +  <A'j(r) 
^ i ( - r )  =  (r) +  ìPi( — ri
fa (r) =  f°  ji(r) + / ' j i ( r )

( 2 .2.1)

Here ip](r) and /¡¡(r) are the potential and the dis
tribution function at equilibrium where k,- =  0. 
These functions were first obtained by Debye and 
Hiickel.1/2 The results are

where

K= V

r-,
_  e\ e KT 

D r (2.2.2)

=  nj«i ( l  -  - M i
V Di-27

g-xr\ 
r /

(2.2.3)

iDrTo 
1¡DkT ; D  = E  »¡ed  

= 1
(2.2.4)

It may be easily verified that eq. 2.2.2 and 2.2.3 
satisfy the differential system, (2.1.8) and (2.1.12) 
when k, = 0. When the applied forces kj are small 
in the sense9

JkiJ
KkT «  1 (2.2.5)

then the first-order perturbation method is valid;
i.e., the additional functions 4>'j and /'jj are linearly 
related to the applied forces. In this case we have 
Ohm’s law for the electrolytic conduction. Thus, 
the general form of xp’i and/'ji must be

(r -k  )R(r)  (2 .2 .6 )

where R(r) is a function of the scalar distance r. 
Accordingly, rpi and fj\ satisfy the following sym
metry conditions
*'|(—r) = = —/ '  i,(r) = —/'u (-r )

(2.2 .7)

Without actual loss of generality, we shall assume 
further that the force kj has a component k-s only in 
the ^-direction. Then we have

k jV / ü
nj»i£j£i , ò_ / e «A  
TD/cF  1 òx V r ) ( 2 .2 .8 )

If we substitute eq. 2.2.1 into the linearized equa
tion of continuity (2.1.12), those terms on the left

(9) L. Onsager, J. Chem. Phys., 2, 599 (1934).

which remain in the unperturbed state must cancel 
each other. The terms cf second order on the right 
can be neglected.Thus, we obtain
(coj +  wi)Æ71v2/'ü(r) +  eico;iv?ijVV'j(r) — ejMjrajniVV'i(r)

_ _  »jTnejei
~DkT (co\k ; - « s i  —  ,C -?) (2.2 .9)

where we have used eq. 2.2.7 and 2.2.8. The 
terms on the right-hand side of the equation con
tain perturbing factors; the terms on the left repre
sent the asymmetric contributions to the potential 
and the distribution thereby produced. Poisson’s 
eq. 2.1.8 takes the form

WjVV'j = —Air V  
D l = 1

/ '  ¡¡«i ( 2 .2 .10)

By means of this equation we can eliminate the dis
tribution functions fj\ in eq. 2.2.9 to obtain
_ 5_n I / v-> nie^uii 2 / /  .
V W  -  m r  E  - + —  VV j += 1 

4 tt

DkT i wì ~h wj
Ÿ, - ' er m  vV'i

Air a;;ki — aj¡kj . d ( e *r\ ,0011,
=  m f y  ,.?1 nie' ei a i  \~ r )  ( 2 -2 -n )

We shall change this into more convenient form. 
From Poisson’s eq. 2.2.10 and the symmetry prop
erty of f a ,  we have
Air A , .  f (Air)2 v-a

M f  ¿ ? 1  nie'e‘V * ' D W  j i t  i

= E  ‘ M /'u  +/'»•) = 0 (2-2.12)
j,l = 1

Subtracting this from eq. 2.2.11, we obtain
. . . .  Air .A  n\e2[Oj Air n\e\eiu>\

~ m f . ^ - T E v V i ~

X  v 2ìA'ì Ë
üikl — COjfcj

(DkT)2 i ^ 1 coi +  u ,
n¡ei2«j Ò /e - «" 

òx (*-r)
(2.2.13)

which is the Onsager-Fuoss equation for the poten
tial v̂ j7.

It is convenient to define the relative ionic 
strength a mean mobility o>, and the limiting 
transference number i,

/a =  n-,ei2y / , S  n ‘ei2 (2.2.14)

w s  ^  /¿iWi (2.2.15)
i = l

¿i =  j  ^2 n-xei2u\ =  Mi^i/w (2.2.16)

Then eq. 2.2.13 can be written as

v!v2(^'j/ej) ~ k2 Yj —qr— v 2(>A'j/ej) -  
i = ! +  "i

«2 E &>i +  Mj V2( '̂i/ei)

K2
DkT

S
V ' " h  JL.

s o>ii

wi
L+  0)j 2_y

i = 1
'''Icoi -h Wj

x | (w )| (2.2.17)
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Now, we define a function

d (r) = E
cot\

=  j  (Ki +  f

and a matrix H with elements
cotihi, — d (û)j)5j-, +

(2.2.18)

(2.2.19)Cdi +  COJ
where Sj, is the Ivronecker symbol

, _  ( l  for j  = i 
il (0 for j 9̂  i

Then eq. 2.2.17 takes the following compact form
5

V 2(V 25ja )\p, <r/ea — D kT hja) h (9 )
(2 .2.20)

(Greek indices always imply summation over1,2,

III. The Solutions of the Differential Equation 
3.1. Introduction.— In order to simplify the 

system of differential eq. 2.2.20 we propose to 
replace the system by s independent linear com
binations of the form

E  0xpjV2(v2V  -  )#',/«,
-  l~ ~ Mr i  i i x P i ( 5 i f f  “  hi°)k° è ( w O  ( 3 - L 1 )j = i v '

with the coefficients ¿¡xvj which satisfy the set of 
homogeneous equations

i
E (hxpj)fy> = ?i.(<ixpi); (p = b 2, . . . ,  s) (3.1 .2)

If we can find a complete set of such linear combina
tions, the system becomes simply

v2(v2 -  k2?p)Tp = Ap ~  ( ^ y ,  (v = 1, 2, 

where

s)

(3.1.3)

bp — taXvo4/ 'o/Va (3.1.4)

dp = — (1 — 9p)L<'XpoW) (3.1.5)

The differential eq. 3.1.3, all of the same type, are 
easily solved to determine Yh F2, . . . Fs; the sys
tem (3.1.4) of ordinary linear equations then deter
mines the potentials \p'h . . . \f/'s. In view of 
the symmetry

¡ ¡ h a  =  h h n  (3.1.6)
the homogeneous eq. 3.1.2 may be written in the 
slightly simpler form

E % x p> =  ?pxpj (3 .1 .7 )
i = 1

According to the general theory of linear equa
tions, (3.1.7) is soluble if and only if the determinant 
of the coefficients vanishes. This determinant, 
considered as a function of gp, is a polynomial of 
order s, and the condition that it vanishes amounts 
to an algebraic equation of order s, which is called 
the secular equation of the matrix \\hji\\

'ii — q 1̂2 hls
'21 th* — q ’ * ^2s

'8l h3 2 * ' has

The task before us: to find the roots of a secular 
equation—and to determine the corresponding 
“ eigen vectors” (xpj); (p =  1.2 . . . .  s' ^  s)—is 
called an eigenwert problem; problems of this type 
are very common in applied mathematics.

Eigenvectors which correspond to separate roots 
of the secular equation form a linearly independent 
system; further investigation is needed to decide 
whether the number of appropriate eigen vectors 
equals the multiplicity of the root. Thanks to the 
symmetry (3.1.6) and the fact that t\ >  0 (i =  1.2 . .  
. s), the theory of quadratic forms guarantees 
a complete system of s independent eigen vectors 
which are real to boot, as are the roots of the secu
lar equation.6 Actually, the matrix (ha) lends it
self to a special method of analysis which yields 
even more detailed information7; the case of coin
cident roots will require separate discussion but no 
difficulties will arise.

3.2. The Eigen Vectors of the Matrix H.—The
s2 elements of the matrix ||̂ji|| are determined by 
the ratios of the 2s constants coi, co2, . . .  cos; U, f2, . . . 
ts. Accordingly, the matrix is of a rather special 
type. We can take advantage of its special prop
erties to simplify the solution of its eigenwert prob
lem.

We first observe the following identity in a

E
œt\

= £  rzr.
œt[

¡ = 1  (“ i +  »¡)("l +  «) i =  l ( —“  +  “ i)(“ i +  “ )
________ ________  ) _  d(a) _  d(wj) ^  2 J
(o>i +  o > j ) ( —  coj +  « )  1 o)j —- a  o)j —  a

in the notation (2.2.18), and in view of (2.2.19)

+

1 + 1 d(a) d( — a)
 ̂ _ j 1J 1 co; -j- a 1 a?, — a j Wj — a 1 w, -{- a

(3.2 .2)

Now, if we take a equal to one of the roots
ori =  0, ±  <*2, . . ., ±  as (3.2 .3)

of the equation

0 =  d(ap) — (i(-«|,) =  —2 a a v E
i = 1

then eq. 3.2.2 becomes simply

h>'i = 1 “ i —  a ,,
= d(ap)

(3.2 .4)

(3.2 .5)

and coj/(wj2 — ap2) satisfies the following orthogon
ality relation

(“p2 -  aq2) E t,(I> i2
A j  (“ i2 — ap2)(«i2 — Ctq2)

*p2 Ê
i =  1 “ i — «O E

i = 1 aie — = 0

(3.2.6)

We next define a function
l<¡>{0) =  ~  9 ' /< d ( +  e'h) -  d{ -  »■/«)) (3.2 .7)

« - *  Ei = 1 
s

= i -  E» = i

t\
W i 2 -  0 

ti<ji ¡2

(3.2.8)

(3.2 .9)
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By construction 0(0) has zeros for e =  ap2 (p =  
1,2, . . . s), poles for 0 =  co;2 (i =  1,2, . . . s) and 
<¡>(6) -*■ 1 as0-*- » .  We may express it accordingly 
as a quotient of two polynomials, thus

n  (ap2 -  (?)

m =  ---------------  (3.2.10)

n  (co,2 - » )
»=  i

Moreover, we may expand the reciprocal in partial 
fractions

1 / W 1 +  t  A h »  ( 3 - 2 . 1 1 )v = 1 1
To determine Ah2, A42, . . . Ns2 we observe that 

1/Ar„2 = Lim = -  * W )  =
s
£ Í ¡ M ¡ 2

U 1 -  ap2)2 (3.2.12)

The whole set of relations is quite symmetrical in 
(oil2, . . . cos2; tiu>i2, • • ■ 4cos2) versus (ay, . . . a»2; 
Ah2, . . . Ns2). Accordingly, we need only replace 
0(0) by l/<f>(6) to obtain

A4 2(o,,2 -  m¡2) £  l — t-------- s v E -------- ¡ñ = 0 (3.2.13)„ _  i (“ i -  ap2)(w¡2 -  a/)v  = 1
as the counterpart of eq. 3.2.6 and

l/q< = £
v = i

(3.2.14)

as the counterpart of eq. 3.2.12 by completely anal
ogous derivations. We get another set of identities 
from eq. 3.2.9 and eq. 3.2.11

S

£
v = 1

= 1

8

£
j> = i

A4 = i

(3.2.15)

(3.2.10)

upon using 0(ap2) =  0 and 1/ 0 (cj;2) =  0.
This preparation enables us to construct the solu

tion of the homogeneous eq. 3.1.7 explicitly for the 
case that mobilities oih u>2, . . . <vs are all different. 
The transference numbers 4, ■ • • 4 are all positive 
and 0(0) increases from — œ to +  00 as 9 increases 
from a);2 to coy+i. Accordingly, the zeros of 0(0) 
interlace with the poles as follows

0 = ai2 <  m,2 < a s 2 <• . . < aa2 <  co,2 (3.2.17)
Now, we take

x
Npw¡

(3.2.18)

then by virtue of eq. 3.2.6 and 3.2.12 the orthogon
ality relations

E  6x piXqi =  (3.2.19)
i = 1

are valid, asare the reciprocal orthogonality relations

E h x b x L  =  *Ji (3-2.20)
v  =  l

by virtue of eq. 3.2.13 and 3.2.14. Finally, ac
cording to eq. 3.2.5 satisfies the homogeneous eq. 
3.1.7

E  /t¡iXp. = (jpXpi
i = I

where

q p = d ( a p) d  =  (  — a p )  =   ̂ | d ( a „ )  +  d( — ap) |- =

E (3.2.21)

If we observe that d(0) = 1 and that d(i~) is a de
creasing function of j  for f  (5 0, we have

1 = qi >  d(wi) > q2 >  . . . >  q, >  d(wa) > 0 (3.2.22)

For later use we express eq. 3.2.4 and eq. 3.2.21 by 
the eigen vectors xp

■S
E  Mix'1, = 0 (p  y  1) (3.2.23)

i = 1
s

E  fixpi = AsVp/ w (3.2.24)
i = i

3.3. The Eigen Vectors in the Case of Con
fluence.— Whenever two or several of the absolute 
mobilities on, on, . . . coincide

CO,- = O.'- --  1 = . . .  =  01 r + m  ( M c ) (3.3.1 )

then the intervals which enclose ar + i, . . . ar + m 
according to the condition (3.2.17) shrink to a 
single point

a r + i =  a r + 2 =  . . . =  a r + m =  oi„ (3.3.2)

Since the eigen values of a matrix are continuous 
functions of its elements, we must obtain an w-fold 
eigen value

q r + 1 = q t + 2 = . . .  = c/r + m = d(oic )  =  (?„ (3.3.3)
For m =  1, this eigen value is still simple. It is 
degenerate for in >  1, that is, when at least three 
absolute mobilities coincide. In view of eq. 3.2.22 
this is the only case in which our eigen value prob
lem can have a degenerate solution.

Our formula (3.2.18) becomes indeterminate in 
the confluence, because the denominators vanish 
for those components which correspond to ions r, 
r +  1, . . . r +  in, and in order to keep these com
ponents finite, the normalization factors Nr + i, 
Nr + o, • ■ • Nr + m must vanish too. Therefore, the 
components xip of these eigen vectors which corre
spond to ions not involved in the confluence vanish

x pi =  0 for a), ^  =  a p (3.3.4)

The remaining components xpr, Xrp +  i , • • •, Xrp +  m 
may be computed by a suitable limiting process, for 
example, taking cor =  and

Lim
M .. +  m  — !► M c

/ L im
\0)r + m_l -

/  Lim
\“ i+ 2

(  L .m  . . .\
/  Lim  __A 4 “ i

M e \ M ,  - ,  I *- M c M i 2 — ;•)) ))
This yields

X Pf  =  X P r +  1 =  • - ■ =  X P „  -  1 =

— .. .  XPr + m 9
(3.3.5)

where
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Tp _ ! =  ?E  U, 1\ =  E  6; (p =  r +  1, . . . r +  m)
i  =  r i =  r

(3.3.6)
These eigen vectors satisfy all the relations which 
we have derived in the case of non-confluence. In 
the following calculation we only need to know the 
sum

r +  m /  t , \
Y  ¿¡XpiXpj =  ( i i i  — f r  ' -  ) Wc)5(wj, MC)

V =  r +  1 V 1 r + m/

where
r + m  l 0, fo r  0>i 5^ Uc

F r -f m ~  )* ) t[, ô(wi, Wp) “
i — 7* f  1 fo r  wi —  wc

If confluences occur for more than one value (<oc, 
coc', . . .) of co, then each confluence can be dealt with 
in the same manner, quite independently of the 
others.

3.4. The Potential ip'y— In order to obtain the 
potential ip'i, at first we have to solve the differential 
eq. 3.1.3

V ’ ( V *  -  K*qv) Y p =  T p *x  ( ^ )

where
S

Jrp = XI (3.4.1)
i = 1

np = BkT  ̂ qy>)(Dxpuka) (3.4.2)
According tc eq. 2.2.6 the potentials \ a n d  their 
linear combination Fp are functions of the type 
àR(r)/àx =  xR'(r)/r. With this restriction the 
most general solution of the differential equation is

Fp A p d 
k ! (1  —  5P) à x

\ e KT _|_ g  e_V5p*r 
) n2r 1 r +  Bt -eV <7pT +r

B,r2 +  D4

where B1; . . . Bi are constants to be determined by 
the boundary conditions that the potential \p'i as 
well as the charge density ( — vV i/D ) approach zero 
for r ^  co and remains finite for all values of 
r. Accordingly, our solution becomes

F„ = M r  {UxV°k°] ox (L
l —  e~V gPKr\

?pkV )
(3.4.3)

If we multiply eq. 3.4.1 by xpj and sum overp = 
(1,2, . . . s), the orthogonality condition of the eigen 
vector (3.2.20) yields

* i ’  =  «J E  xb-Fp 
v  =  1

Substituting eq. 3.4.3 into this, we obtain

^  ' D k T  ^  ')<:PjO<TXpo l l 'i r ) - ^ (
à  / l  - 1 -  e-VgPr 

qPK2r
(3.4.4)

where we have used qi =  d(0) =  1.
For r — 0, i.e., in the vicinity of the central ion 

the potential \f/'j can be described by power series of 
r

= £>/cF E xpi(̂ xp<Av) (1 -  Vq~P)KX +
V — 2 V

g (1 — qp)ii2xr + kxO(k2t2) ç (3.4.5)
so that the ^-component of the field intensity equals

-  VxlFi K « j

D k T (1 '\Zqp)xv>(taXv<rk<r)

(1 + V q P) , (1 +  V gP) ïî! +  G fK2r2)
8 8 r

(3.4.6)
Since k? is proportional to the total concentration 
of the solution, all terms of the order will be 
small compared to 1 in the vicinity of the origin. 
Therefore the asymmetric field is fairly homogene
ous in the vicinity of the central ion. For r =  <», 
the potential Wj tends to a dipolar potential

where K  is a constant proportional to the applied 
force.

An alternative form of is of interest. From 
eq. 3.2.23 together with qi =  1, we have

M<rXp<r
à x (!■1

and accordingly

— e~KT 
ah

1 -  e-Vgp«r\ = Q 
qpK2r /

ej
D k T w XPiki01jM<rXPir à x

1 -  e -V g P,r\ 
?p-cV J 

= 0
Subtracting this from eq. 3.4.4 we obtain

Vi — E xpj ncxp<r(kau„ — km )
V =  l

ô / 1  — e V îp«r  
bxl qpK2r

Therefore, if
klCOl — /C2C02 “  . . . ~ /à3Wfl

(3.4.8)

then vanishes. This is an expected result be
cause the perturbation term in eq. 2.2.9 vanishes 
under the condition.

The force due to the ionic atmosphere upon the 
central ion is determined by the asymmetric field 
— V<A'j at r =  0, which has only an ^-component 
AXj

AX; = -  vf'kO) = -  3̂  E (1 ~ ViP)xpi(Ux^ka)
V =  2 (3.4.9)

Ke- s 8
~ ~ oBkT ^  E (1 V7p)xpjbxpi (3.4.10)i = 1 p = 2

Here we note that this field is proportional to the 
square root of the total concentration c of the sys
tem. In the course of the derivation we have, in 
fact, neglected all effects which would lead to terms 
of higher order. Equation 3.4.9 can be written in 
the following form analogous to eq. 3.4.8

Ke- 8
Q D k T a j  ^  ' \ T q p X p j ^ o X p o (k o O J a  fcjCOj)

“  V =  1
(3.4.11)
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3.5. The Distribution Function f ' y — We shall
now compute the distribution function f a  from 
eq. 2.2.9

V’/'ii = kT(wj -f- coi) ^  W 'l  -  — vV'i -e\ Cj
(coiki — ojj/cj ) à

Dkf àx m
(3.5.1)

The distribution function f'a  is of the same type as 
the potential and satisfies the same boundary condi
tion as Therefore, we immediately obtain

\ 7 i¡C jC { ( Mj , . / r
/ ü — ¡Ttÿ— ~r— \ i ~  * 1 ~  7" Vi +Kl (wj +  Mi) / ej e,-

Miii — ujkj à i\ — «~«A )
-Oftr cte V k2t ) ) (3.5.2)

Substituting the explicit formulas for the potentials 
(3.4.4), we have

f/  = rejinejei
D(kT)\v , +  o,i) 2  (“ iXpi — mxvi)(.XvUaka)

p = 2

X ô /1  — e~Kr 1 — e vTpKr
c)x\ «V +

(coi î — Oij&j) 1 ( ^ ) 1  <**•3)

In the case s =  2, and in the case of complete con
fluence (ojj =  W2 =  . . .  =  o>s), all b/bx (1/r) terms 
in equation 3.5.3 drop out, but in general for r =  <»

f 'a ^ K ix k fy
where i f  is a constant proportional to the external 
force. Thus the ionic atmosphere extends farther 
than it does in the unperturbed case.

3.6. The Ionic Field Acting on Tracer Ions.—
We consider an electrolytic solution which contains 
ions of species, 1, 2, . . .  s and l where one of the 
ionic species, say l, is present in very small concen
tration so that the transference number of the f-th 
ion (¿¡) is almost zero. This special condition 
allows an explicit specification of the eigen vector 
and eigen value corresponding to the ion.

The fundamental eq. 3.2.4 can be written as

(m« » -  (3.6.1)

Therefore, if ti tends to zero, one of the roots, ap, 
tends to an and the other roots, ap, are determined 
by

as before. We shall denote by on the particular 
root of ap which tends to an. Then we have from 
eq. 3.6.1

Lim U 
it —*■ 0 (ai2 — ad CO (3.6.2)

where we have assumed an ^  an and i =  1,2,3 . . .  s. 
From eq. 3.2.12 the normalization constant of the 
Mon is given by

1 ¿¡MI2 . y-> ¿¡Mi2
N ? ~  (m,2 -  at1)1 +  i ^ l (Mi2 -  a,2)2

From this and eq. 3.6.2 we obtain

him N
U-* o '

n Lim A  iHion?
’ ti —*■ 0 (mi2 — ai2)2

Therefore, the eigen vector corresponding to the l- 
ion satisfies the following condition in the limit of 
t i ->  0

tixiW  =  1 x«' =  0 ; i  =  1, 2, . . .  s (3.6.3)

and the eigen value qi equals d(an).
We are now ready to compute the potential \pi. 

Substituting eq. 3.6.3 into eq. 3.4.4 we obtain

W  = ei
D k f

iKl 3T- OX + E Xpi E bXPî ii = 1 dx ( 
(3.6.4)

where

and

$11 (r) 1 — e~*r
K*r

(n = 1, 2, .

1 — e~Vin  «•
qaK2r 

s and l)

qi -  (¿(mi), xpi iVpM i

m i  —

From eq. 3.4.9, the field acting on an Mon is given 
by

A Z i  =
Kei

3 DkT y/d(on)) ki +

Ë  (1 -  V 2 p)xp! E  RifciXpi)J> (3.6.5)
p — 2 i = 1

From eq. 3.5.3 the additional distribution function 
for the ion pair (l,i) is given by

■fn = / '«  = -
nm\eie\

D(kT)2(ai +  Mi) 
04>i

( m i /ci 03 ¡k i) ôx
/ I  —  e_,<A
V *2r /

Mi/Ci +  E  ki E  ( “ ¡XPI — MIXpi)
1 =  1 p  — 1

d<t>„
dx

+

(3.6.6)

Here we note that m is very small compared with 
Tli(i ^  l).

IV. Conduction and Diffusion
4.1. Migration of Ions.—The problem of ions 

migrating in a general homogeneous field has been 
discussed completely by Onsager and Fuoss.6 
We shall review briefly the previous work to the 
extent required for our treatment of the effect due 
to the asymmetric ionic atmosphere. We designate 
the homogeneous external forces by k1; . . .  k3 (per 
ion) acting on ions of species 1,2, . . .  s, respectively, 
and a balancing force

»oko =  — E  Kiki (4.1.1 )
71 — 1

acting on the molecules of the solvent. Then, as 
has been shown by Onsager and Fuoss on the basis 
of thermodynamics, such a system of forces is 
equivalent to a combination of a homogeneous 
electric field E = — vp  and uniform concentration 
gradients V^i, V«2, • • • V«s, subject to the restric
tion of electrical neutrality

E  e.Vni = V E  n‘e! = v (°) = 0 f4-1̂ )
i = 1 1 = 1

Denoting the electro-chemical potential of an ion 
or molecule by ml we can write
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Mj =  M i ' +  <fi

where m\ stands for the purely chemical potential. 
The separation of m into two parts is possible ac
cording to molecular theory; but only the sum en
ters into thermodynamic relations and can be 
measured by corresponding experiments. We can
not expect to obtain information about the actual 
static potentials from diffusion experiments. For 
the purpose of thermodynamics, a non-operational 
convention about the separation is of course admis
sible if self-consistent.

Now, the statement of Onsager and Fuoss is as 
follows: if the forces kj equal the electro-chemical 
forces

kj =  — v*ij =  — v (mj' +  e, ip) (4.1.3)

both forces will cause the same migration of ions. 
With this extended concept of “ the forces”  k we 
shall treat the conduction and diffusion of ions in 
one combined scheme.

We shall hrst compute the velocity of an ion in 
the solution. In the limit of very low concentra
tions, only the friction of the solvent need be con
sidered, so that the velocity Vj of a y-ion is given by

Vj =  kj/p j =  « ¡k j (4.1.4)

In the case cf finite concentrations, however, two 
further effects must be considered, namely, the ad
ditional field (AXj) due to the asymmetric atmos
phere caused by the force kj and the electrophoretic 
flow Ay, of the medium surrounding a j-ion. There
fore, we have

Vj =  uj(kj +  ejAXj) +  AVj (4.1.5)

The electrophoretic effect was first recognized by 
Debye and Hiickel1 and discussed completely by 
Onsager and Fuoss.6 The result of Onsager and 
Fuoss is

2e■
AVi =  ~  V D i T  (4.1.6)

where we have omitted terms of order higher than 
the square root of the total concentration in view of 
other comparable approximations.

In the case of s =  2, the condition for pure dif
fusion is

0 = i = i +  n2e2v 2 
and the electro-neutrality condition is

WiCi +  n2e 2 = 0
Therefore, we have

Vj  =  v 2

That is, all ions move with the same velocity so that 
the asymmetric ionic atmosphere should vanish 
(W i= 0 ). This can also be seen from eq. 3.4.8. In 
this case, the diffusion problem was treated more 
elaborately by Onsager and Fuoss6 using the more 
precise expression for AVj.

4.2. Electrical Conductance in a Mixed Elec
trolyte.— The pure electrical conduction is charac
terized by the condition that there are no concen
tration gradients. Therefore, Vm; ' vanishes and the 
force kj equals ejX where X is the applied electric 
field. Thus we have from eq. 4.1.5 and 4.1.6

Accordingly, the electric current density i is given 
by

s

¡=  Y  » ¡w
3 = 1

xx°

where X° is the limiting specific conductance
S

= Y  wiei2"i
3 = 1

Substituting eq. 3.4.9 for AXj we have for the con
tribution (A\) to the specific conductivity from the 
asymmetric atmosphere

a x / x ° =  Y  i-AX-JX =
3 =  1

-  é k f  t ,  <■ "  V »  ( ¿ 1  '* * * ’

The mobility ü-, =  |tij|/|X| is given by

+ AXj>
X ) (4.2 .3)

where uj ° is the limiting mobility for infinite dilution 
equal to |cj|c«jj in electrostatic units or |(?j|a>j/300 
in practical units (cm.2/sec. volt). Since the equiv
alent conductance Aj equals 96500 m, in practical 
units (ohm-1 cm.2 mole“ 1), we have

A; =  A j° 965k |e,| , . o 4W
1 8 x77 ‘ 'X (4.2 .4)

where Aj° is the limiting equivalent conductance of 
j -ions

0 _  965
1 ~  3 l*j l“ j

Substituting the explicit formula of AVj, eq. (3.4.9), 
and the definition of k into eq. 4.2.4, we obtain

965 V ac2 ___ |g; \
18 V25ÏWR v{DT)'/*

V 250Ä
IVa*«8 2j

3Ä  (D fW '« Y  ( l - V /<3WXPi(2<7/<rX!V) 
v = 2

r'/i

(4.2 .5)

where N a is the Avogadro number, R the molar gas 
constant (c.g.s.), t the absolute electronic charge 
(e.s.u.), zj the positive or negative valence of f-th 
ions, and T is the ionic strength of the solution de
fined in terms of the molar concentration m; (moles/ 
1000 cm.3) as

S

r = Y  m>Zi2
» = i

Using Birge’s10 values of the physical constants we 
have the following final result

Aj =  A j° \ 29-16 h i 
1 v(D T)' A

1.981 X  106 
(D T )A E

v =  2
(1 ~  's /? p )x pj(2<7iirxp<7) j r ' / i

(4.2.6)

4.3. The Dissipation Function for a Mixed Elec
trolyte.—The phenomenological law for conduc
tion and diffusion in an electrolytic solution may 
be expressed as

GO) II. T. Birgo, Km. Mod. l ’lm .. 13, 233 Ü94J).
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S

Ji =  -  E  fijiVMi (4 .3 .1 )
i ~ 1

where Jj is the flow (ions/cm.2) of ¿-ions and — Vm 
= k; is the electrochemical force acting on an i-ion. 
The matrix of coefficients ]|%|| satisfies Onsager’s 
reciprocal relation6-11

fiji =  Oij (4 .3 .2 )

This relation was derived from the assumption of 
microscopic reversibility. To obtain a simple for
mulation of laws for combined conduction and dif
fusion, it is convenient to express the “ forces”  in 
terms of the flow as

kj =  — V mj =  E  ÆjiJi (4 .3 .3 )
= l

where the matrix of coefficients [|72ji|| is the recipro
cal matrix of ||i2j;||. On account of the symmetry of 
the latter, ||Æü|j also satisfies the symmetry relation

Rn =  Ru (4 .3 .4 )

Thanks to this symmetry, we need only know the 
dissipation-function

2 f ( J - J )  =  E  B ii(J j-J i) (4 .3 .5 )
j,i — 1

and eq. 4.3.3 can be written in the form
àF

kj =  — VMj =  (4 .3 .6 )

We shall obtain the explicit formula for Ry. Since 
the flow J j equals 7ijVj, in the limit of very low con
centration we have from eq. 4.1.4

-  V«  -  k* -  4  J‘ -  n, I
In this case the matrix | ¡TiffiH is diagonal. At fi
nite concentration, we have from eq. 4.1.5

V^j =  kj =  (p jA ij)J j Pi AVj «¡A X j (4 .3 .8 )

where the terms on the right represent, in the order 
given, the friction of the ion against the solvent, and 
the electrophoretic velocity and the ionic field at 
the center of the atmosphere. Since we have ne- 
lected the terms of order higher than c1/! in AVj 
and AXj, it is sufficient to substitute the zeroth or
der approximation (4.3.7) for the forces kj in AVj 
and AXj. Therefore, we obtain from eq. 4.1.6

- P j A V j  = SVKDkT .¿r-, E  ciGPjpj, =  E  R'iJi= i i =  1
(4.3.!))

and from eq. 3.4.10
— CjAXj =

Z P M r  è  (  è  ü -  vEdxhV’i jcjWJi, l 2h
1 \p = 2

E  Jt'yJ; (4.3.10)
!. = 1

Thus, we obtain for R]t
Ra =  (pj/wjlSji +  R'a +  R"  ¡I (4.3.11)

and for the “ force”

—Vpj = kj = E  Ji — E  ((pi/'ffî Ji +  R'n +
i — 1 i — 1

_____  iji (4.3.12)
(11) L. Onsager, Phys. Rev., 37, 405 (103 ).

Here we point out that the matrix ||Sji|| is symmet
ric as required by equation 4.3.4, since the first 
term in eq. 4.3.11 is diagonal and R'a and R "a  are 
both symmetric. Now, the dissipation function 
takes the form

2F(J-J) = E  E  fiiJiJi =
j  = 1 i = 1

2
(pff/wo-)JV +  (e‘rPtrJ )̂2 +

S  0  -  VfEKx’VeM,)2 (4.3.13)
V = 2

We note that the three terms on the right are all 
positive (1 if qp). Therefore, all three effects con
sume the free energy of the system because the 
dissipation function is equal to TS where T is the 
temperature of the system and S is the rate of crea
tion of entropy per unit volume so that the dissipa
tion function equals the rate of dissipation of free 
energy at constant temperature.

We shall next prove that the ionic contribution to 
the dissipation function 2F" =  2ft"jjJrJi vanishes
when the velocities of all ions are equal

Ji/»i = h /n i =  . . .  =  Js/ns = V, = vz = . . = v6
(4.3.14)

This is what we should expect, because a simultane
ous displacement of all ions will not disturb the ionic 
atmosphere (eq. 3.4.8). We shall express 2F" in 
terms of the velocities of the ions. Substituting J; 
=  n;Vi into 2F" we obtain

S

2 F" = E  -ffiii"».j»iVj'V; =
3 =  1

~  E  (4 -  V q P) (  E  XpiMivA (4.3.15)
12 ™  p = 2 \i = 1 /

From eq. 3.2.23 and qx =  1, we have
S S

E  (i -  V</p)xp, E  = 0
p = 1 i =  1

and accordingly

E  R 'an; =  E  n‘R"p =  0 (4.3.16)
i =  1 i = 1

By means of this equation 2F" can be written as
S

2F" = -  E  ^Vvn(vj -  Vj)2 =
j> i

, y  - E  E  V ,?pXpjXpiMjMi(Vj -  Vi)2 (4.3.17)U ttco tz~. ij> l v =  1

This clearly vanishes when the velocities of all ions 
are equal. We shall show in V that non-diagonal 
elements of the matrix R"y are all negative, (whereas 
the diagonal elements are all positive.)

We point out here that in the dissipation function 
F(J-J) the friction of the solvent yields the term of 
order c, and the electrophoretic effect and relaxa
tion effect yield the term of order c3/! where c is the 
total concentration of the system.

V. Integral Representation of the Matrix R " 
5.1. Introduction.— If we know the matrix 

[XE — A ]-1 where X is an arbitrary constant, E is 
the unit matrix, and A is the matrix which has eigen
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values « i2, a22, . . . as2 corresponding to the eigen 
vectors x1» X2 • • • Xs, respectively, then the matrix 
[VH — E], where H is the matrix with eigen values 
qp corresponding to the eigen vectors xp, can be ex
pressed by the integral

[ a / H  -  E] = ®  (VdCzVT) _  1 )[z E -  A ]“ *dz
2t1 J c

where C is a contour to be specified presently.
We shall se3 in the following that

* ’ » -  -  s r l i T  ,Jr  w a  -  E1»
where is the matrix elements defined by eq. 
4.3.10. Therefore, if we can evaluate the contour 
integral we can obtain the dissipation function 
completely.

5.2. Functions of the Matrix H.-—A function of 
the matrix H is defined by

/( H )x p =  / ( ? P)xp, (p =  1, 2, . . .  s) (5.2.1)

where f(t) is a single-valued but otherwise a gen
eral function of t. It is easy to prove that the 
matrix/(H) commutes with H and conversely that 
all of the matrices which commute with H must be 
functions of H if H has a non-degenerate set of eigen 
values.

According to the orthogonality relation, (3.2.20), 
for the eigen vectors x!\ the matrix /(H ) satisfies 
the following expansion formula

/(H ),. = E  /(H),,s,, =  E  E  /(H),,xp,iixpi =
v = 1 p = 1 *» *= 1

sE /('ZnWiX’ i (5-2.2)
P  = 1

From this, we have the symmetry relation
h/(H)ji =  ii/(H)i, (5.2.3)

which is anabgous to eq. 3.1.6.
If we substitute the expression for the eigen vec

tors xp
N vb)j

(5.2.4)

into eq. 5.2.2 and expand into partial fractions, 
we immediately see that the off-diagonal elements of 
/(H ) take the following simple forms

/  (H),i -  — w,anti 0  ^  i) (5.2.5)

where

Pi = E /(?pW S / W  -  «p2)
P  =  1

The diagonal elements of the matrix /(H ) can be 
expressed in terms of off-diagonal elements. From 
eq. 3.2.23, we have

E E vTip) —/(l) lxpi«xpi =p -  1 * -  1 V 1

E  -  1/(H) -  /(E)Jn = 0 
i = 1

and accordingly

[/(H) -  /(E)],, =  -  E  ~  /(H),. (5.2.6)
*3

We are particularly interested in the matrix, 
j|i2",,||, whose elements are given by eq. 4.3.10,
i.e.

R"it = S  (l -  V?p)xpjXpiCi2ei2
v = i

If we compare this with eq. 5.2.2, we immediately 
obtain

R"n = 3\°DkT U
[ V H  -  E ]„  (5.2 .7)

In order to determine the explicit formula of the 
matrix [\/H — E] we need to know the matrix 
elements of A and [XE — A]-1 defined in (5.1).

(1) A Matrix A.—According to the expansion 
formula (5.2.2), the elements of the matrix A which 
has the set of eigen values ap2 (p =  1, 2, . . . s) cor
responding to the eigen vectors xp are given by

“ ii = E “ p2Xpifixpi (5.2 .8)
v = 1

We substitute the expressions for xpj, then with the 
aid of the orthogonality relations for the eigen vec
tors and the identity (3.2.16) we may obtain

a,i — w,25,i — wjWiii (5 .2 .9 )

This admits a “ /3-representation”  according to eq.
5.2.5, with

Pi — Pi ~ “ j2 — “ ¡2
(2) The Matrix [XE — A]-1.— We shall next 

compute the elements of the matrix [XE — A]-1 
where X is an arbitrary constant and E is a unit 
matrix. From the expansion formula (5.2.2), we 
obtain

||[XE— A]-MI,I -  E OT
p = 1 v

Using the relation
*p2) (5.2.10)

1
(X — Qfp2) Xpi = ______X/pOlj_______

(X — ap2)(w,2 — <*p2)

+ AT
(X — o!p2)(ajj2 — X) (X — £Oj2)(w,2 — cep2)

(5.2.11)

the orthogonality relation for xp and eq. 3.2.8, 
3.2.16, we obtain

l|[XE — A] —1 |l,i hi
(X — Mj2)

COjWiii______
(X — u,2)(X — wi2)</>(X) 

(5.2.12)
The only singularities of this expression are poles at 
the zeros, X =  a,2, a22, . • - as2, of According
to the explicit description for 0(X) given by eq. 
3.2.10, the apparent poles at X =  cj,2, X =  oj,2 are 
cancelled by poles of 0(X) whenever j  ^  i, and even 
when j  =  i, a detailed calculation reveals that the 
apparent pole of order two is no singularity at all.

5.3. Integral Representation of the Matrix 
R".—We consider the function d(f) (equation 
2.2.18) of the complex variable f, which is analytic 
at all points except the points f  =  — . . . 
— ios. Since qp =  d(ap), we have by means of 
Cauchy’s theorem

a/9 p 1 —
2 7 r i

y d (Z'A ) - j . ,
(2 -  «P2)

(5.3.1)

(p = 1, 2, . . .  s)
where C is a contour entirely to the right of the
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imaginary axis surrounding the points a22, a/. . . . 
a82, which are all greater than V  (cf. Fig. 1), and 
we take the principal values of Vd(z'/>). Since 
d(0) =  qi =  1, it does not matter that the point z =  
«i =  0 is outside of the contour C, eq. (5.3.1) is 
valid for p =  1 as well. According to eq. 5.2.2, we 
have for the elements of the matrix [V h  ~  E]

[ V H  -  E]ji =  E  ( V i P -  l)x pjhxpi (5.3.2)
V =  1

Substituting eq. 5.3.1 into this, we obtain
[V H  -  E]» =

¿i£  - » ( E V x w ) d* *
(5.3.3)

where we have used eq. 5.2.10 and 5.2.12.
We first consider the off-diagonal elements. 

Substituting z =  Vhitoeq. (5.3.3) we have for j  ^  i

(V h )ji 2 f ( V d ( f ) - l )  dr
(r2 -  V )  (R -  cô ) w )

where the contour C can be taken as before. We 
note that as |f | -*■ co

0(R) -  1, d(f) -  0
and as f  —*■ 0

0(r2) = o(p), Vd(r) -  i = o(t)
Therefore, we can deform the contour to obtain the 
following integral

(V h )» a>jOik  2t(V</q-) -  1)  
2T* J - i c  ( f 2 -  V X R  -  Ur ) V J  ‘

(5.3.4)
From eq. 3.2.7, we have

^(f2) = X  (d(f) -  rf(-D)

We substitute this into eq. 5.3.4 and put f  =  iy. 
Then, observing that
2iy ( V d (iy )  -  1) +  ( - 2 i y ) ( V d ( - i y ) -  1) =

2iy(y/d(iy) -  V < i( - iy ))
we easily obtain
(V h )» =

/•co________ ___ ffi/____________
(2 u u ^ / i r )  J  0 (j/2 +  Uj, )(j,„ +  0i!)( y/ d (M f) +  V d ( - i y )

= (iujarfi/T) J o (j/2 +  Mjv)(w, _1_'/ „ ! « ) « ( » )  cos e
(5.3.5)

where
, H ■/«

(5.3.6)«»> - K V fV +VV+V']
<X-J) -  \  tan ' ( i { . V r 7 ' ) / f : . " i ' : : 0 ] ; 0 <  6

(5.3.7)

< -  4

Since cos 0 >  0 in the range 0 ^  0 <  ir/4, the off- 
diagonal elements of the matrix V H  are clearly 
positive. Accordingly, from eq. 5.2.7, the off-diag
onal elements of ||f?fi|| are negative. Their values 
can be obtained by numerical quadrature of eq.

Fig. 1.—The contour C of the integral (5.3.1).

5.3.5 (caution: the branch point at <» should be 
mapped out by a suitable substitution, for example, 
y =  oitan4w)- The symmetry relation

¡ ¡ [ V h  -  E ]» =  / ¡ [ V H  -  e r

required by eq. 5.2.3 is evidently satisfied by the in
tegral (5.3.5). If we expand the integrand into 
partial fractions, we obtain

( V H ) »  =  -  oiiWih ~  gi* (5.3.8)~ Wi
where

ft* = * Jo (y2 +  V )  VR(y) cos e (5'3’9)
In view of eq. 5.3.6 and 5.3.7, this integral clearly 
converges. Equation 5.3.8 is nothing else but the 
“ ¡8-representation,”  eq. 5.2.5.

According to the general eq. 5.2.6, the diagonal 
elements of the matrix [V H  — E] are given in 
terms of the off-diagonal elements

[ V h  -  e ] »  =  -  E  -  ( V h ) »  ( 5. 3. 10)
i  f *  3  0)1

Since [ V H ]»  are positive for j  ^  i, these are clearly 
negative.

Thus, the matrix [V H  — E] has negative diago
nal elements and positive off-diagonal elements. In 
view of eq. 5.2.7, the dissipation matrix |[Aji,,]| due 
to the relaxation effect has positive diagonal ele
ments and negative off-diagonal elements. This is 
the result which we have promised to prove in 4.3.

VI. The Method of Computation 
6.1. Introduction.— In obtaining numerical

values from the results which we have derived, 
computational difficulties arise only in the evaluation 
of the “ characteristic mobilities”  for the system 
under consideration, i.e., the roots of the algebraic 
eq. (3.2.4). One of the roots is always zero, i.e., 
«i =  0, while the other roots (<x22, V ,  • . V )  are 
determined by

S

E
Z,___

(a»2 — 0) = 0 (0.1.1)

This formula is equivalent to an ordinary algebraic 
equation of degree s — 1
0,_ 1 — Ci0s_ 2 +  c203- 3 +  . . +  ( —)' CiSs_ 1_ 1 +  . . .  +

( —l)s_1 cs_i = 0 (6.1.2)
where (in view of 2h = 1) the coefficients Ci, . . . 
c8 -  x have the following values

ci = E  m2 = E  a  -  6W
i  <  1 t  =  1

(6.1.3)
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Cl =  E  «k !at,! = E  (1 "  Fi — FiNkiW.2
1 < ki < h  1 M i<  fc

...............................................................................  (6.1,1)

Ci = E  “ki2“k22 ■ • • «kd =
1 < kl < kl < . . . < ki 

S

E  11 — ikl — ¿k= — - — Zk; )wki2Mk22 • • •
I < kl < Ici < ... < ki
.................................................................... X «lu* (6.1.5)

S

ca~ î = n  «i2 =
i 4: 1

 ̂j ,1 i-ki t\ii • • • ¿ks — 1 - • • •
1 An < JC2 < . . . < i

.S' s

X w2kS-i = II “ ¡2 E  Zj/ojj2 (6.1.6)
» = 1 j  = 1

For s =  2, Fe., when the system contains only two 
species of ions, eq. 6.1.3 or 6.1.6 yields

“ 22 =  Z2W12 +  Zi«22 (6.1.7)
In particular, for a binary electrolytes a2 becomes 
the geometric mean of the absolute mobilities of two 
constituent ions. For s =  3, we have from eq.
6.1.3 and 6.1.6

«22 = B -  y/'Br -  c 
■ = /» : \/B- — (! (6.1.8)

where
2B =  (1 -  h W  +  (1 -  hhi- + (1 -  kW-

C =  u i20)22a)32 ( — + «3V
Now, for 8 =  4 or 5, we can still get the explicit 
formulas for a ,2 from eq. 6.1.2 by well-known alge
braic methods, but the expressions become much 
more complicated. We prefer a procedure which 
quite clearly exhibits the general dependence of ap2 
on the composition, and can be applied to a system 
which contains any number of species of ions.

6.2. The Location of the Roots of the Funda
mental Equation.— More often than not, questions 
pertaining to mixtures need to be answered for a 
series of compositions obtained by linear inter
polation between two given extreme compositions. 
In such cases it is convenient to invert the problem; 
for eq. 6.1.1 determines the mixing ratio as a simple 
explicit function of 6. Reasonably accurate values 
of a22, . . . as2 which belong to any specified mixing 
ratio can be obtained by graphical interpolation, 
and these are easily improved to any required de
gree by Newton’s method.

We describe the extreme compositions I and II 
by the transference numbers in, tm (i =  1,2, . .  . s); 
some of these may vanish but tn +  fin >  0. The 
mixing ratio may be described by the Roman- 
numbered transference numbers fi, in =  1 — ¿1, so 
that the transference number of species i equals

U = titu  +  tn im

Then eq. 6.1.1 takes the form 
Ziii

ti/ tu  = — E E= 1

( 6.2. 1)

( 6 .2 .2 )

Now we designate the characteristic mobilities cor
responding to two extreme compositions I and If by

mp2 and anp2 (p =  1,2, . . . s) which satisfy the fol
lowing relation according to eq. 3.2.17

0 =  a n 2 =  a m 2 <  w 2i <  ■ ■ ■ <  w 2p _ i  <  a ^ ’ “ p ”

<  . . . <co82 (6.2.3)

Here the equality sign must obviously be taken in 
all cases of confluence. Moreover, whenever a spe
cies of ions, e.g., j, is absent in one of the limiting 
compositions either a, and a, + 1 will equal oq in the 
limit, as we have shown in our discussion of tracer 
ions (3.6). At the intermediate composition the 
p-th root (ap2) of the eq. 6.2.2 must be located be
tween two extreme values aiP2 and anp2

“ iit I) “ p2 ^  “ Up2 (6.2.4)

because ¿1/(11 is a single-valued function of 9 =  ap2, 
so that conversely, ap2 is a monotonic function of ti/ 
in in every range of continuity.

If but two or three kinds of ions are present at 
either end (I,II) of the mixing range, the corre
sponding extreme values of ap2 are easily deter
mined from the formulas given for those simple 
cases together with the rule for tracer ions. In 
other cases it may be more convenient to rely en
tirely on graphs and successive approximations, 
supplemented by the rule for tracer ions where ap
plicable. If we plot ¿i or ¿11 by giving to 6 in eq.
6.2.2 a suitable series of values belonging to each 
allowed range of ap2, we obtain curves as shown in 
Fig. 2.

The extreme characteristic mobilities, aiP2, mip2 
may be determined in the process, possibly with the 
aid of a point or two outside the required interval 
0 <  ¿1 =  1 — ¿11 <  1. The values of a22, . . . as2 
belonging to any specified composition within this 
range may be read from the completed graphs. 
We should point out that the ratio (ap2 — wp-  12) /  
(up2 — ap2) must be determined with adequate 
precision. The number of required decimals in ap 
may exceed the number of significant figures in the 
measured <ap! Accordingly, if cop2 — cop- i 2 is 
small, the graph for ap2 should be drawn on a large 
scale.

If the initial values of a2\ . . as2 obtained from 
the graphs are not accurate enough, they can be 
easily improved to any required degree by New
ton’s approximation formula

( w ^ E v h / . ? !  (E2~-)v f _

where /3p2 is the approximate value of aP\ The rela
tions (6.1.3) and (6.1.6) may be used to determine 
the last two roots of the fundamental 6.2.2 once the 
others are known, or they may serve as over-all 
checks on the computation of a set.

6.3. The Numerical Values of « ,/ and the 
Relaxation Term in Equivalent Conductance for a 
Mixed Electrolyte.— We consider a mixed electro
lytic solution of ions of group-I (NaN03) and 
group-II (xLici LiCl +  ikkci KC1), where xuci and 
.VKC1 are the mole fractions of LiCl and KC1. We 
shall choose the composition of group-II ions in such 
a way that one of ap2 for pure group-II solution 
equals wn»2. This choice is interesting because in 
the limit, of U — 0, two adjoint curves of a,,2 coin-
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cide as it has been shown by the point A in Fig. 2. 
We use Harned and Owen’s12 values for limiting 
equivalent conductances, A°_, which are shown be
low. Then the above choice yields

O sci =  0.7618,, xkci =  1 — ZLici = 0.2381,

Therefore, two extreme compositions i and xm  
expressed in mole fractions are

Li + Na + n o 3- K  + C l"
Xli V. X 0.76185 0 o V» X  0.23816 7=
Xiu 0 V. Vs 0 0
Aj° (at 25°) 38.69 50.11 70.44 73.52 76.34

Since the eigen values, qp and eigen vectors, xjp 
are dimensionless, we can use A ° j/N  in the place of 
<Vj. Then, the resulting numerical values for 
“ ap”  are ap =  (965/3) eapfohm-1, cm.2, mole-" 1), 
which has been given in Table I. Substituting 
these values into the relaxation term AAj

, * __ . o 1-981 X 106 A
AAj A, ( D T y /2 Y* 1̂ v  A

in eq. 4.2.6 we have obtained the numerical values 
given in Table II.

T a b l e  I
T h e  N u m e r ic a l  V a l u e s  o f  a ps(oH M - 1  cm .2 m o l e " 1) for 
ZNatiosNaNOs -T (1 — ZNaNos)(0.7618b LiCl 0 .2381s 

X  KC1) a t  25°
ZNaNO, 0.0000 0.2000 0.4000 0.6000 0.8000 1.0000
51* 0 0 0 0 0 0
522 2511.0 2018.6 1832.6 1697.4 1588.7 (1496.9)
5s2 (2511.0) 3031.2 3236.0 3380.9 3491.9 3579.o
S42 (5103.7) 5196.6 5283.7 5341.0 5386.i (5405.2)
as2 5486.2 5503.1 5536.8 5600.9 5701. 9 (5827.8)

T a b l e  II
T h e  N u m e r ic a l  V a l u e s  o f  AAj/(A°j\/r) for  a So lu tion

ZNsN03NaN03 +  (1  — ZNaNOs.IOAOISs L iC l + 0.2381r,
X K C l)  a t  2 5 °  (D == 7 8 .57 )13

ZNaN03 0 .0 0 0 0  0 .2 0 0 0  0 .4 0 0 0  0 .6000 0 .8 000 1 .000
L i + .148  .146 .144 .142 .140
Na + ................... 170 .168 .166 .10* 0 .1 6 2
NO " 3 ...................157 .158 .159 .16 ! .162
K + .211 .207  .205 .203 • 202
C l" .163 .164  .165 .166 .16 ,

VII. Viscosity
7.1. Introduction.— The viscosity coefhcient of 

an electrolyte is composed of two parts
v =  vo +  v* (7.1.1)

where i?o is the viscosity of the solvent and q* is the 
increment of viscosity due to the electrostatic in
teraction between the ions. In an undisturbed 
electrolyte, an ion is surrounded by a spherically 
symmetric atmosphere. A velocity gradient in the 
liquid will deform every sphere into an ellipsoid, and 
the ionic atmosphere will remain somewhat de
formed because of the finite time of relaxation. The 
increment 17* is the part due to this deformation of 
the ionic atmospheres.

Onsager and Fuoss6 expressed q* by a set of func
tions £j(r)

(12) H. S. Harned and B. B. Owen, “ Physical Chemistry of Electro
lytic Solutions,”  Reinhold Publ. Corp., New York, N. Y., 1950, Table 
6-8-2, p. 172.

(13) I1'. II. Drake, G. W. Pierce and M. R, Dow, Phys. Rev., 35, 
613 (1930).

Fig. 2.— The location of the roots of the fundamental 
eq. 6.1.1 versus the mixing ratio lj( — 1 — p /).

15 Y  A j C j V 2f j ( 0 ) (7.1.2)
j = i

which satisfy a system of differential equations

V 2V 2sj
4:7T TliCi^COi g 4 ? r  ^  7 ï i 6 i 6 j ù ) j

DVT  ̂ i wi -}- wj ^ DVT wi +  o)j

X = 4 ? r  _  V  n'e'?e> tn 1 O)
(D k fy  k . A j C i + c a ,  U 1

and are subject to the boundary conditions that
(r) and v 2£j(r) are finite everywhere and tend to 

zero as r ->  œ.
Their derivation of eq. 7.1.3 corresponds closely 

to the computation which leads to eq. 2.2.13 in the 
case of conduction and diffusion and the approxi
mations are similar. We shall outline briefly the 
assumptions and procedure for a simple case where 
the bulk velocity v in the solution has a constant 
velocity gradient ah

v(r2) = v (n ) +  a\yi (7.1.4)

where r( and r2 are defined in section 2.1 and i is a 
unit vector in the x-direction. In this case the dis
tribution function /¡i and the potential i/q depend 
only upon the relative location r = r2 — ri. The 
orlj- difference from the conduction-diffusion 
problem is the fact that the velocity Vji(r) and 
Vjj( — r) in eq. 2.1.10 contain the bulk velocities 
v(r2) and v(rx), respectively, and instead the applied 
external forces k, are zero. Therefore, if we make 
appropriate approximations for low concentra
tions, the equation of continuity will be linearized 
to yield
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(wj +  ou)*27v2/ji(r) +  eiMiiii»jV2iAj(r) +

ejCDjWjriiVtyi( — r) =  ahy ^ r fn  (7.1.5)

Content to compute the Newtonian viscosity, we 
regard the velocity gradient a\ as a first-order per
turbation, and neglect the second-order perturba
tion terms which arise from the disturbance. Then 
the right member of eq. 7.1.5 becomes

.  ô , o  ,  n-.nfifii d2 
a 2y ùx h ' ~  0  2 M « '  bxbÿ e

(7.1.6)

The perturbations of the distribution function 
/ j i (r) and the potential ^¡(r) are proportional to the 
velocity gradient; thanks to the principle of super
position, they must exhibit a corresponding varia
tion with the direction

M - )  =  f n ° W  +  a h  ¿ ^ w ( r )

'l'i(-) =  h ° M  +  a\ ¿ E  f,(r) (7.1.7)

By means of Poisson’s equation, the “ distribution 
functions” yji(r) are eliminated from eq. 7.1.5; 
then the boundary condition for £,(r) leads to eq.
7.1.3.14 By computing the total transport of elec
trostatic force perpendicular to the y-axis defined in 
eq. (7.1.4), Onsager and Fuoss obtained eq. 7.1.2.

7.2. The Increment rj* of Viscosity.— If we 
introduce the notations defined by (2.2.14) to 
(2.2.16) eq. 7.1.3 can be written as

V2v W « jWJ) -  *2 E  — X -  v W W  -
i = 1 CO i -j- '

K2 > Ojt i V2(ii/ei<uji) =
^  l 0>i +  Mj

$
K y

DkT . ̂  (w i CO j )ûj ¡Cd j
e ~ KT (7.2.1)

In terms of the matrix H, this takes the following 
compact form
V 2(V 2ft<r -  *%;,)£«■ =

.KCO 6i---- ---  > ----------------------- - p KT
D k T   ̂ ( CO | +  COj)cOiCOj

(7.2.2)

where 4>t(r) are defined by
¿ i (0  =  £i/eiWj; O' =  1. 2, . . .  s) (7.2.3) 

From eq. 7.1.2. are related to y* as follows

"*  =  q f  E  f iv V ,(0 )  (7.2.4)
j = 1

Now we shall solve the differential system (7.2.2) 
in the same way as we have solved the system
(2.2.20). Multiplying ¿¡xpi and summing over y =
1,2, . . .  s, we obtain

v 2( v 2 -  / y ) Z p(r) =  6P ^  ( ^ r)  (7.2.5)

where
_______________  ft, =  k \ZqP (7.2.C)

(14) The natural boundary conditions for the potential ^ j(r) do 
not uniquely determine those for £ j (r); in as much as an additional 
term of the form

cir2 +  C2
will not affect the pctentials at all. T o  that extent the choice £j =  0 
for r =  co is arbitrary; it is preferred because it simplifies the sub
sequent analysis.

Z p( r )  =  E  h x pW>j('-)
i = 1

, _KwAT p
0p ' nTt  2-*

t,t\
DkT . ¿rt , ("j2 -  “ P2)(“ i +  “ ¡)“ i

(7.2.7)

(7.2.8)

In the last equation we have substituted the explicit 
form for Xjp- To simplify this rather complicated 
formula we exchange j  and i and take the mean. 
The result is

b p = KcbNp
2 DkT E

j = i

E
ij“ j

v  J 1 ( " j 2 -  “ p2) " f  

When p =  1, ax = 0. Accordingly

(7.2.9)

bi = Æ-'J, E=; P = E  wAa = ElDkl U i = 1 ¡= 1
(7.2.10a)

When p h  2, the first term in eq. 7.2.9 is zero from 
eq. 3.2.4. If we expand the second term into par
tial fractions and use the expression for qp, (3.2.21), 
ive easily obtain

"> -  -  ‘- T M - f b f - ’ (7.2.iob)

Now, the most general solution of eq. 7.2.5 is

V C  -  1  [ p r d f c . )  ( w  +  ^ +
j  1 i a eP*>r .A2 -  +  Ai —  +  A, r r )]

where /3P is kept constant in the differentiation with 
respect to k. The integration constants A i, . . ., d 4 
are determined by the boundary condition that 
Zp(r) and V2Zp(r) are finite everywhere and tend to 
zero as r -*■ <». The result is

Zp(r) = bp [(*2 -  ft,2) (
e ~ K T  _  1 e~PvT — 1

) ]
In order to compute y* we need to know V2Kp(0)

v 2Zp(0) =  bp Lim -
p T-+ 0  OK

/ e~*r — e~/V\ _
\ ( « 2 -  Pp2)r  )  (*

bP
+  ft,)2— /3p2)r

Substituting eq. 7.2.6 and 7.2.10 into this, we ob
tain

V 2Zp(0) = 2DkTKp>

cpy
4 (P = 1)

K  (i -  V i , )2 (p & 2)
(7.2.11)

By means of the orthogonality relations for the ei
gen vectors xp, we can solve eq. 7.2.7 to obtain

4>>(r) E  xqZP(r)
P = 1

and accordingly

vVi(O) = X ) xpjV2̂ P(0)
V  =  1

Substituting this into eq. 7.2.4 we get

-  i f  E  v 2*p(0) t
3 =  1
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With the aid of eq. 7.2.11 and 3.2.24 we finally ob
tainn* =̂kr\p ~ 4  E  Y N p G  ~ ^ p ) 2 « p ' 2 )  ( 7 . 2 . 1 2 )

\ V =  2 /

where we have used Ni =  cu/p- This is clearly 
proportional to the square root of the total concen
tration of the solution.

For the case of complete confluence, i.e., coi =  
«2 =  . . .  =  a), =  a we have proved that 

N, =  N, =  . . .  =  N a =  0
which leads to the result previously obtained by 
Onsager and Fuoss6

~  460™ (7.2.13)
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Appendix 1. Successive Reduction of the Funda

mental Equation
If we know one of the roots of the algebraic eq. 

6.1.1 we can reduce the degree of the equation by 
one. Denoting by «k2 the known root we have from 
eq. 6.1.1

E
i = 1

s

E

‘'i W k2 “  9)i2
( w i 2 — 8) ( a t 2 —  a n 2)

ti W k2 — «k2

(CO*2 - <*k2)  « k 2 ~  0

fi 33

+

i /̂ k (wi£ — 8) («k! “  op)

where we have used
U

( l )

i l
XT = 0

Now, we introduce a set of pseudo-transference 
numbers t*i defined by

t*  =  h - ( 2)

then, t*i may be positive or negative but still are 
normalized to unity as

E «i* -  E <>+ E u (wk2 — <*k2) (3)
i dp K i — 1 %=1
Thus, eq. 6.1.1 becomes

2  = ^ - 0
i k

(4)

n = Va fi (ojk2 — 8)
i ~ ' l  ("i2 -  8) («k2 -  e)

which is the required result. We repeat the pro
cedure until we reach a quadratic equation.
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Stability constants of picolinates of nickel, zinc, cadmium and lead were determined by the pH method and _also that of 
copper picolinate by the photometric method. The values of log K  found were Cu 16.0, Ni 11.9, Zn 9.42, Pb 7.88 and Cd 
7.54. Many metals form precipitates with quinaldic acid; the stability constants of only lead and nickel were determined 
by pH method.

The chelates of picolinic acid and copper or iron 
were first reported by Weidel,1 followed by Ley’s 
studies2 on chelates of chromium and cobalt. Re
cently Shinra3 determined the absorption spectra of 
ferrous chelate and applied the results to colori
metric determination of iron. He also found that 
quinaldic acid forms colored complexes with iron. 
The present study is concerned with the stability 
constants of picolinic acid chelates, formed by bi
valent metals such as Ni, Zn, Cd, Pb which were 
determined by the pH method and also the stabil
ity constants of copper picolinate, determined by 
the spectrophotometric method. While many met
als form precipitates with quinaldic acid, stability 
constants of only lead and nickel can be deter
mined by the pH method.

(3) H. Weidel, Ber., 12, 1989 (1879).
(2) H. Ley and K. Ficken, ibid., 50, 1123 (1917).
(3) K. Shinra, K. Yoshikawa, T. Kato and Y. Nomizo, J. Chem. Soc. 

Japan, Pure Chem. Sect., 75, 44 (1954).

Experimental
(1) Reagents.— Picolinic acid was prepared by oxidation 

of a-picoline.4 Quinaldic acid5 6 was prepared by hydrolysis of 
w-tribromoquinaldine, formed by bromination of quinaldine. 
Metal nitrates of reagent grade were used.

(2) Procedure of the pH Method.— Solutions containing 
the following concentrations of nitrates of the respective 
metals and picolinic or quinaldic acid were prepared and 
were titrated with standard NaOH or HNO3 at 25°: Cd- 
(NO,)j, 0.0013 M ; P b(N 03)2, 0.0010-0.0020 M ; Zn(N 03)2, 
0.0013 M ; N i(N 03)2, 0.0006-0.0011 M ; picolinic acid, 
0.001-0.01 M\ quinaldic acid, 0.0005-0.005 M . The ionic 
strength of the solutions was maintained at 0.1 by adding 
K N 03. A glass electrode combined with an electronic am
plifier was employed for the determination of pH and stand
ardized against standard buffers.

For the first acid dissociation constant of picolinic acid, 
the value of pAi 1.60 reported by Jellinek and Urwin6 was 
used, and for quinaldic acid we adopted the results of Wen-

(4) A. W. Singer and S. M. McElvain, Org. Syntheses, 20, 79 (1940).
(5) D. L. Hammick, J. Chem. Soc., 123, 2882 (1923).
(6) H. H. G. Jellinek and J. R. Urwin, T his J o u r n a l , 58. 548 

(1954).
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T a b l e  I
T it r a tio n  D ata  of th e  N ic k e l  C h e l a t e  of P ico lin ic  

A cid

T em p . =  25°: M = II be > II picolinatei ion .

pH Cm, M Ca, M Cu, M ñ
v-
[A]

2.77 0.0011 0.0010 0 .00237 0.63 6.29
2.69 .0011 . 0010 .00285 . 57 6.30
2.63 .0011 . 0010 .00323 .56 6.36
2.58 .0011 .0010 .00363 52 6.37
2.91 .00056 .0014 .00221 1.27 5.80
2.97 .00056 .0014 .00198 1.31 5.75
3.08 .00056 .0014 .00166 1.36 5.65
3.17 .00056 0014 .00141 1.46 5.60
3.39 .00056 .0014 .00101 1.58 5.43

“ J.. Kielland, J . Am. Cham. Soe.., 59, 1675 (1937).

T a b l e  II
Spec tr o ph o to m e t r ic  D a t a  of th e  C o pp e r  C h e la t e WITI-I

P ico lin ic  A cid

m =  0.1“ , 7h = 0.83
X e c u e c u  a Ei

pH 1.12, -7 ,  =  0.017 M, C a  =  0.0127 M
760 10.3 23.1 0 330
750 9.8 23.5 .330

ki 7 4 0 9 . 1 2 3 . 3 . 3 2 7

7 3 0 8 . 4 2 3 . 4 . 3 2 2

7 2 0 7  6 2 3 . 2 3 1 8

X e c u  A eCUA2 i?2

pH 1 . 9 3 ,  cii =  0 . 0 0 3 7 8  M, C A =  0 . 0 0 8 0 0  M
6 7 0 1 9 . 1 4 0 . 5 0 . 1 3 7

6 6 0 1 7 . 5 4 1 . 1 . 1 3 8

hi 6 5 0  

pH 2 . 7 0 ,  cu

1 6 . 2 4 1 . 4 . 1 3 7

=  0 . 0 0 3 6 7  M, C a  — 0 . 0 0 /  /  /  M
6 7 0 1 9 . 1 4 0 . 5 0 . 1 4 3
6 3 0 1 7 . 5 4 1 . 1 . 1 4 5

6 5 0 1 6 . 2 4 1 . 4 . 1 4 5

“ In the determination o f /it ionic strength was kept at 
about 0.1 by copper nitrate itself, while in the determination 
of kt KNOj was added to maintain ionic strength at 0.1.

ger7 who found taat the first step of the acid dissociation was 
nearly complete.

The second acid dissociation constants of both acids were 
determined by the titration of their solutions with alkali, and 
the pK 2 values found for picolinic and quinaldic acids are 
5.44 and 4.49, respectively.

By the use of both acid dissociation constants and the re
sults of pH  titration of solutions containing metal ion and 
chelating agent, the formation curves were drawn by the 
method of Bjerrum and thus stability constants were cal
culated. The data on nickel chelate are shown in Table I.

(3) Procedure of the Spectrophotometric Method.— The 
stability constant of copper picolinate chelate was deter
mined by the spectrophotometric method because the high 
acidity caused by the strong chelation between copper and 
picolinate ions made the pH method practically impossible.

(a) Determination of Extinction Coefficient.— First we 
determined the extinction coefficients of CuA (A for picolin
ate ion). The solutions used contained an excess of copper 
ion compared to picolinic acid (about 2-fold) and it was as
sumed that the appreciably colored species in these solutions 
were Cu and CuA alone.8 By subtracting the extinction of

(7) P. E. Wenger, D. Monnier and L. Epars, Helv. Chim. Acta, 35, 
396 (1952).

(8) This assumpt.on is based upon the following facts, n values of
the testing solutions which were calculated from the pH measurement
(pH 4.5) were nearly equal to 0.5, tiie ratio of the total picolinic acid
concentration to the total copper ion concentration. This indicates 
that picolinic acid coordinates almost completely to copper and there
fore we supposed that tire free picolinic acid was negligible. On the 
other hand, we supposed that, C11A2 was not appreciably present, since

Cu from the observed value, the molar extinction coefficient 
of CuA (ecuA) can be obtained.

Then the extinction coefficients of CuA2 were determined. 
The solutions which contained an excess of picolinic acid as 
compared to copper ion (about 4-fold), were used. As it 
was assumed that in these solutions the colored species was 
CuA2 alone,9 * the observed data gave the value of ecuAj- 
The values actually found are ccua =  16.2-23 5 for 650-760 
m/xandecuAi =  40.5-41.4 for 670-650 m/».

(b) Calculation of Stability Constant.— In the determina
tion of the extinction coefficients of complexes, the solutions 
of higher pH were used. But for the measurements of the 
stability constants, we used the solutions of lower pH for 
the purpose of controlling the complex formation. Calcu
lation of stability constants are as follows.

The extinction Ei of the solution containing 0.0171- 
0.0189 M  of copper and 0.0127-0.0140 M  picolinic acid was 
first determined at pH 1.12-1.65. If the concentrations of 
total copper and free copper ions are expressed by «i and Xi, 
respectively, the following equation holds, thickness of the 
cells being 1 cm.

E\ =  ECu X\ +  ECuA (<ii —  Xl) ( 1 )

Then the extinction (Ei) of the solution containing copper 
(0.0038 M ) and an excess of picolinic acid (0.008 M ) was 
determined at pH 1.95-2.73. In the same way as for (1), 
equation (2) holds

Ei =  ecuA Xi +  ecuAj (da — Xi) (2)
where a2 and x» mean concentrations of total copper ion, and 
CuA chelate. From these two equations Xi and x2 are cal
culated. Concentrations of free picolinic acid in these solu
tions were calculated by use of acid dissociation constants, 
and by combining these values the stability constants, 7<r and 
hi, for the chelates CuA and CuA2 were calculated. Ex
perimental data used for calculation of stability constants 
are given in Table II.

Results and Discussion
The stability constants of chelates formed be

tween picolinic acid and Cu, Ni, Zn, Pb and Cd are 
given in Table III. The constants of following 
equilibria 3 and 4 arc expressed by k\ and k2, re
spectively

kî
M +  picolinate ion ,, > M (picolinate) (3) 

ki
M(picolinatc) +  picolinate ion  ̂ -* M(picolinate)2 (4)

and K  is the over-all stability constant (i.e., K  =
kiki) ■

T a b l e  III
Metal log ki log fe log K

Copper 8 .6 7.4 16.0
Nickel 0.4 5.5 11.9
Zinc 5.12 4.30 9.42
Lead 4.82“ 3.06 7.88
Cadmium 4.36 3.18 7.54

During the course of this study, a report by Holmes 
and Crimmin11 on the stabilities of picolinates was
the free copper ions were present large excessively—h is small. This 
assumption was strengthened by the fact that these solutions have only 
one absorption maximum in the vicinity of 740 mp in the visible region.

(9) This assumption is based on the following facts, n values of the 
testing solutions which were calculated from the pH measurements 
(pH 4.5), nearly equal to 2. This indicates that copper ions added 
formed almost perfectly CuA2. Therefore it was assumed that the 
free copper ion and CuA were negligible small. This assumption was 
strengthened by the fact that these solutions have only one absorption 
maximum near the 640 m̂ t in the visible region. So we assumed this 
absorption maximum may be due to CuA2.

(10) It is known that lead forms a complex Pb(NOs) + in the nitrate 
medium and the correction of this complex was made for the value of 
h  o f  Pb chelate. Cf. V. L. Hughes and A. E. Martell, T h i s  J o u r n a l , 
57, 694 (1953).

(11) F. Holmes and W. R. Crimmin, J. Chem. Sgc., 1175 (1955).
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Picolinic acid
Proline15
Glycine11

T a b l e  IV
log K

pKi Cu Ni Zn
5.44 16 11.9 0.42

10.G 16.8 11.3 10.2
9.78 15.59 11.14 9.96

Pb Cd
/  log g  \ /  log K_ 
V pKt /  N i \ p K  2 .

7. SS 7.54 2.19 1.73
8.7 1.07 0.96

8.86 8.1 1.14 1.02

published wherein they gave the following values 
for the stability constants of copper and nickel che
lates, determined by the pTI method

log ki log kz log K
Cu .. 6.0
Ni 5.9 5 .4  11.3

Their value for copper picohnate chelate is smaller 
than ours, probably because the methods of deter
mination used are different. We used the spectro- 
photometrie method, since the pH method did not 
give reproducible values in highly acidic solutions.

The constants we determined for nickel chelate 
by the pH method are somewhat larger than their 
values. They carried out their determinations in 
solutions of ionic strength of 0.02, while we carried 
out ours in solutions of 0.1. In general, stability 
constants determined in the solutions of lower ionic 
strength are larger than those determined in higher 
ionic strength. Therefore our values might be 
considered to be smaller than these of Plolmes and 
Crimmin, but the result is opposite. This differ
ence may be due to errors in pH measurements of 
highly acidic medium.

It is clear from Table I that the stability of metal 
picolinates decreases in the order

Cu >  Ni >  Zn >  Pb >  Cd
This order is in agreement with the following order 
reported by various authors12“ 14

(12) K. Sone and K. Yamasaki, Nature, 166, 998 (1950).
(13) C. B. Monk, Trans. Faraday S o c 47, 297 (1951).

Cu >  Ni >  Co >  Zn >  Fe, Mn
for the stability of bivalent metals with various 
chelating agents.

The stability constants and the values of log K/ 
pK2 (K  over-all stability constant; K 2 second acid 
dissociation constant) of chelates of picolinic acid, 
proline and glycine are given in Table IV. These 
compounds have in common the same chelating

The values log K/pK2 for Zn and Ni picolinates 
are larger than those for glycine and proline che
lates. This is true for other metals though not 
given in Table IV. It is reasonable to say that this 
effect is due to the fact that resonance in the pyri
dine ring stabilizes the chelate of picolinate, while 
no such resonance occurs in gl.vcine and proline 
chelates.

For quinaldic acid, since Cu, Zn and Cd form 
precipitates with this chelating agent, only nickel 
and lead chelates were studied by the pH method, 
the same as used for picolinate chelates. Even for 
those two metals, only the first stability constants 
could be found.

h
M +  quinaldate ion < > M (quinaldate)

The values of log fci for nickel chelate was 4.19 and 
for lead chelate was 4.0.

(14) D. P. Mellor find L. Male;/, Nature, 159, 370 (1947).
(15) A. Albert, Biochem. J., 47, 531 (1950).

THE MOLECULAR POLARIZATIONS AND APPARENT DIPOLE MOMENTS 
OF TITANIUM TETRACHLORIDE, TIN TETRACHLORIDE AND TIN 

TETRAIODIDE IN NON-POLAR SOLVENTS
By A. R. T ourky  and  FI. A. R izk

Department of Chemistry, Faculty of Science, University of Cairo, Egypt
Received July 20, 1956

Titanium tetrachloride and tin tetraiodide are found to lie non-polar whereas tin tetrachloride is found to be polar, ir
respective of the solvent used. The former two halides apparently possess tetrahedral structures with the metal atom at 
the center of the grouping, whereas tin tetrachloride has pyramidal structure with tin at the apex. The total polarization 
of each of the three halides at infinite dilution whether obtained from Debye’s or modified equations varies with the solvent. 
The ratio of the polarization at infinite dilution calculated from any modified equation to that calculated from Debye’s 
equation is invariable with the solvent and appears to be higher for a polar than for a non-polar halide. From such calcula
tions it seems likely that substances of near apparent dipole moment values should possess nearly the same ratio.

Introduction
Tetravalent metal halides now are attracting the 

attention of many investigators due to their use 
as starting materials for the production of the 
metals. It is, therefore, of theoretical and practical 
interest to obtain information regarding the struc
ture of these halides. In spit e of its importance as an 
effective tool in elucidating molecular structures,

the method of dipole moment scarcely has been 
applied to these metal halides and the results ob
tained were either varying or fortuitous where 
agreement has been attained. Tin tetrachloride, 
for example, was found by Ulich and co-workers1 
to be polar in benzene and non-polar in carbon

(1) H. Ulich, E. Hertel and N. Nespital, Z. physik. Chem., BIT, 
3G9 (1932).
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tetrachloride whereas Bergmann, et at,,2 found 
it to be polar in carbon tetrachloride. Although 
the experimental procedure of the latter authors 
was criticized by the former ones, they both 
arrived at the same structure for titanium te
trachloride when using the solvent carbon tetra
chloride. These authors applied Debye’s equation, 
which was then modified by others* to account 
for the mutual interaction between molecular di
poles.

The object of the present investigation was to 
determine the dipole moments of the tetravalent 
halides: titanium and tin tetrachloride and tin te- 
traiodide by carrying out dielectric constant meas
urements in non-polar solvents such as benzene and 
carbon tetrachloride, and to examine the feasibility 
of the assumption of the non-solvent effect by us
ing modified equations.

Experimental
_ Materials.— Chemically pure titanium and tin tetrachlo

rides were subjected four times to vacuum distillation follow
ing a method similar to that given in Archibald.4 Tin tetra- 
iodide was crystallized three times from carbon tetrachloride, 
well-dried and then subjected to the same treatment as the 
chlorides. Benzene, carbon tetrachloride and nitrobenzene 
of grade “ AnalaB,”  were rigorously dried and purified ac
cording to recommended procedures.6

Measurements.— The dielectric constant e was meas
ured using a resonance circuit in which a frequency of 10® 
cycles per second was fixed by a quartz crystal. The silvered 
Sayce-Briscoe measuring cell6 could not be applied because 
of chemical interaction with the halides and therefore a 
specially designed cylindrical platinum cell was used. It 
was rigidly fixed in a jacket that could be connected to an 
ultra-thermostat. The air capacity of the cell was 30 ¡xfiF, 
the range over which e could be measured was 1.9-3.1 and 
the volume required to fill the annulus was 8 cc. In the 
calibration of the apparatus only liquids of reliable dielec
tric constants were used, thus

Carbon 
Ben- tetra-

zene7»8 chloride7 Nitrobenzene in benzene9' 10
e at

25° 2.2725 2.2270 2.2925 2.3000 2.3325
fi  =  0.0008707 0.001197 0.002G12

The uncertainty in e was ±0.0005.
The density was measured by a pycnometer of the 

Sprengel-Ostwalc type that was filled by the method of 
Smyth and Morgan11 and Miller.12 The refractive index 
for the sodium-D line was directly measured by means of a 
Hilger-Abbe refractometer. The concentration was deter
mined using Dcrfman and Hildebrand’s method.13 All 
measurements were made at 25.0 ±  0.002°.

Results
The total molecular polarization of the halide P 2

(2) E. Bergmann and L. Engel, Z. physik. Chem., B13, 232 (1931).
(3) (a) P. C. Henriquez, Rec. trav. chim., 54, 574 (1935); (b) It. 

Newton, cf. J. Franklin Inst., 224, 583 (1937); Trans. Faraday Soc., 
47, 1304 (1951); (c) J. G. Kirkwood, J. Chem. Phys., 7, 911 (1939).

(4) E. H. Archibald, “ The Preparation of Pure Inorganic Sub
stances,“  John Wiley & Sons, Inc., New York, N. Y., 1932, pp. 184,212.

(5) A. Weissberger and E. Proskauer, “ Organic Solvents, Physical 
Constants and Methods of Purification,”  1935, pp. 105, 107, 163.

(6) L. A. Sayce and H. Briscoe, see R. J. W. Le Fdvre,7 “ Dipole 
moments,”  Methuen, London, 1948, p. 32.

(7) R. J. W. Le Fdvre, Trans. Faraday Soc., 34, 1129 (1938).
(8) L. Hartshorn and D. A. Oliver, Proc. Roy. Soc. {London), 123A, 

664 (1929).
(9) H. G. Jenkins, J. Chem. Soc., 382 (1934).
(10) C. G. Le Fdvre and R. J. W. Le F£vre, ibid., 49, 1136 (1936).
(11) C. P. Smyth and S. O. Morgan, J. Am. Chem. Soc., 50, 1547 

(1928).
(12) G. Miller, ibid., 56, 2360 (1934).
(13) M. E. Dorfman and J. H. Hildebrand, ibid., 49, 729 (1927).

at different concentrations was calculated using the 
modified Clausius-Mosotti-Debye equation14-16 ap
plicable to solutions. The polarization at infinite 
dilution P 2ro was graphically and mathematically 
determined. In the latter case, the Hedestrand 
method16 and the Palit-Banerjee method17 were 
used. The mean of the values of P2® as deduced 
by the three methods was then taken. The part of 
the molecular polarization arising from induced di
poles P 2 was calculated from measurements of n-o 
using the modified form of Lorenz-Lorentz equa
tion18 applicable to solutions and then corrected by 
means of the dispersion formula (1 — X20/X 2)P 2, 
where Xo =  1013 A .12 and X =  5896 A .19 so as to get 
the molecular refraction for infinite wave length 
R2 a, which is identical with the electronic polariza
tion E*2. The deformation polarization DF* was 
taken as 1.10 P 2a,20 and the dipole moment ¡x was 
obtained by the refractivity method.21

The modified formulas of Henriquez, Kirkwood 
and Newton22 were also used in evaluating the po
larization at infinite dilution for studying the sol
vent effect.

The results obtained are summarized together 
with these of previous workers in Table I.

Discussion
Titanium Tetrachloride.—-The electronic polar

ization value is in better agreement with Ulich’s 
value1 than with that of Bergmann.2 The orienta
tion polarization is zero in carbon tetrachloride and 
3.29 cc. in benzene. Thus, titanium tetrachloride 
is a dipole-free halide and may be considered as a 
tetrahedral grouping around Ti in agreement with 
previous results arrived at by different methods.24-26

Tin Tetrachloride.— The electronic polarization 
value is very near to Ulich’s value but appreciably 
lower than that of Bergmann. The atomic polar
ization of this halide was determined by the former 
author as the difference between its total polariza
tion in the solid state and its electronic polarization. 
The value obtained was 8-10 cc. in agreement with 
the value 10.8 cc. obtained by Smyth25 by the same 
method. Jenkins,27 considering that atomic polari
zations higher than 7 cc. do not exist, ascribed 
those in the neighborhood of 10 cc. to the hygro
scopic nature of the halide. The dipole moment of 
this halide when determined in carbon tetrachloride 
is 0.86 D, thus agreeing with Bergmann’s value of
0.80 D  and deviating from that of Ulich which is 
zero. Although the total polarization as deter-

(14) R. Clausius and O. F. Mosotti, R. J. W. Le Fdvre, ref. 6, p. 7.
(15) F. Debye, Handbuch Radiol., 6, 600 (1925).
(16) G. Hedestrand, Z. physik. Chem., B2, 428 (1929).
(17) S. R. Palit and B. C. Banerjee, Trans. Faraday Soc., 47, 1299 

(1951).
(18) L. Lorenz and H. A. Lorentz, See R. J. W. Le Fdvre7; ref. 6, 

p. 11, 17.
(19) C. B. Allsopp and H. F. Willis, Proc. Roy. Soc. {London), 153, 

379 (1936).
(20) C. I. Zahn and J. B. Miles, Phys. Rev., 32, 497 (1928).
(21) R. J. W. Le F^vre, “ Dipole Moments,”  Methuen, 1928, p. 12.
(22) J. W. Smith and L. B. Witten, Trans. Faraday Soc., 47, 1315 

(1951).
(23) J. W. Williams and R. J. AUgeier, J. Am. Chem. Soc., 49, 2416 

(1927).
(24) P. Wierl, Ann. Physik, [5] 8 ,  521 (1931).
(25) B. Trumpy, Z. Physik, 66, 790 (1930).
(26) O. P. Smyth, Phil. Mag., 50, 361 (1925).
(27) H. O. Jenkins, Trans. Faraday Soc., 30, 739 (1934).
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T a b l e  I

Graph
Pico Debye, cc. Pzœ modified formulas, cc. (TP,

Solvent
H ode- Palit- Mean A v2, mR X Henri- Kirk New this

t,° C. ical strand Banerjee value ßb Ü/P2, cc. cc. 10« quez wood ton paper)
Titanium tetrachloride

Benzene 14.7-20.0 44-45 37.8 2.7 0 125.0 43.93 44.'27 44 .'Ó9 44.10 0.5611 0.9400 neo 37.10 3.71 0 48.32 53.95 68. Ò3 TP
Carbon 15.0-18.0 40-41 37.8 2.7 0 1

tetrachloride 19.8 43.2 43.23 0 225.0 40.31 40.33 40.34 40.33 0.5591 0.1992 neo 36.86 3.69 0 44'.Ò2 49.18 62.07 TP
Tin tetrachloride

Benzene 14.7-20.0 58 neo 35.2 8-10 0.80 125.0 56.65 56.79 56'. 50 56*64 1 .'3502 1.7015 noo 34.26 3.43 0.96 63.35 72.24 92.88 TP
Carbon 15.0-18.0 43-45 n<x> 35.2 8-10 0 1

tetrachloride 17.7 52.5 38.91 0.80 2
25.0 53.45 53.50 53‘.32 53.42 i l i 453 0.7248 neo 34.42 3.44 0.86 59 '.31 67'. 26 861 i 4 TP

Tin tetraiodide
Benzene 25.0 26.70 30 0 23

25.0 26.50 26.62 26.84 26.65 0.5967 6 .*4226 neo 24.74 2.47 0 29.60 33.67 43.20
* a — dtn/dfi, where il2 is the dielectric constant of the solution and / 2 is the mole fraction of the solute (e!2 =  e, +  

ah)- 6 P =  du/df2, where d12 is the density of the solution (d,2 =  dj +  f}f2). a and £ are determined by the method of least 
squares.

mined in carbon tetrachloride is quite comparable 
with that of Bergmann and higher than that of Ul- 
ich, yet it could not be ascribed to the probable 
presence of water as was inferred by Ulich when 
discussing Bergmann’s data, firstly because the 
total polarization of this halide when determined 
in benzene was found to be very near to that of 
Ulich and secondly, because there is no reason to 
assume that the presence of wrater should have a 
detrimental effect greater in carbon tetrachloride 
than in benzene since the solubility of HC1 in the 
former solvent is less than that in the latter.28 
This compound may accordingly be conceived to 
possess a pyramidal structure with Sn located at the 
apex so as to account for the presence of an electric 
doublet in the molecule detectable in the different 
non-polar solvents.

The higher polarization values at infinite dilution 
in benzene than in carbon tetrachloride for the two 
halides may be attributed to the higher dissociating 
power of the former solvent.29

Tin Tetraiodide.— Measurements on tin tetra- 
iodide show that this compound is non-polar. This 
agrees with previous work carried out by Williams 
and Allgeier23 and with the conclusion drawn by 
Hildebrand13’30 from solubility determinations in 
different organic solvents. This halide may, there
fore, be considered in analogy to titanium tetra
chloride to possess a tetrahedral structure with tin 
at the center of the grouping.

Application of Modified Formulas.—'The modi
fied formulas of Henriquez, Kirkwood and Newton 
applicable to solutions22 were applied for calculat
ing P2« and the values obtained are shown in

(28) F. Fairbrother, J. Chem. Soc., 43 (1032).
(29) A. E. Van Arkel and S. L. Snoek, Rec. trav. chim., 52, 719 

(1933).
(30) J. H. Hildebrand, “ Solubility,”  Reinhold Publishing Corpora

tion, New York, N. Y., 1924, Chap. 14.

T a b l e  II 
t =  25°

Pzœ, CC.
Halide Solvent Kirkwood Henriquez Newton Debye
TiCfi CcH6 53.95 48.32 68.03 44.10

CC14 49.18 44.02 62.07 40.33
SnCfi c 6h 6 72.24 63.35 92.88 56.64

CC14 67.26 59.31 86.14 53.42
SnI, c 6h 6 33.67 29.60 43.20 26.65

T a b l e  III
t = 25°

PicoK P2œ H Pk»N
Halide Solvent PzcoD PtœD p ^ d m  X 10«
TiCfi c 6h 6 1 .2 2 1.09 1.54 0

CCI, 1 .2 2 1.09 1.54 0
S nC l4 c 6h 6 1.27 1 .11 1.64 0.95c e f i 1.26 1 .1 1 1.61 0.86
Snl4 c 6h 6 1.27 1 .1 1 1.62 0

Table II. From this table it can be seen that P2 ® 
for one halide varies with the solvent thus indicat
ing that even equations which are based on a modi
fied field theory do not satisfactorily account for 
the solvent effect. The effect of the solvent on the 
ratio between P 2« obtained from each modified 
formula and that obtained from Debye’s formula, 
and the dependence of this ratio on the polarity of 
the substance has been traced. The data shown in 
Table III reveal that the ratio for one halide is 
nearly the same in the W o different solvents and 
that the increase in polarity is accompanied by a 
slight increase in the ratio. This result can be fur
ther supported when similar calculations are made 
on the Smith and Witten data.22 One can, there
fore, predict that substances of near dipole moment 
values should be of the same ratio. However, fur
ther work is necessary to substantiate this predic
tion.
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VOLUME-TEMPERATURE RELATIONSHIPS IN MAGNESIUM-CADMIUM 
ALLOYS. T. THERMAL EXPANSIVITIES IN THE ORDER DISORDER

RANGE1 ’
B y R . A . F l in n ,3 W . R  W a l l a c e  a n d  R . S. C r aig  

Department of ('hernisiru, University of Piltstmrgh, Pittsburgh 18, Pa.
Received Axigust 7, 19-56

The cadmium-rich magnesium-cadmium alloys are known to contain an exceptionally large number of vacant lattice 
sites. Thcrma. expansivities of MgCds were measured to try to ascertain the factors responsible for the abundance of 
vacancies. T in  measurements were then extended to the compositions MgCd and Mg3Cd. Expansivities in each case 
show the expected maximum near the order-disorder Curie point. There is in the main good agreement between the present 
results and expansivities obtained by the X-ray method and volume expansivities computed from measured linear expansivi
ties of bulk samples. This indicates that the fraction of vacant lattice sites is virtually independent of temperature. The 
implications of this finding as regards the mechanism of vacancy formation, particularly the energy requirements, are 
presented.

Introduction
Magnesium-cadmium alloys have been studied 

extensively4 in this Laboratory in recent years. In 
alloys containing 75 to 90 atomic %  cadmium 
Schottkv defects (vacant lattice sites) were found4 -6 
to be exceptionally numerous, ranging up to a maxi
mum of about 2%. The present measurements 
involving MgCd3 were undertaken in hopes that 
the factors responsible for the large number of 
vacancies in this substance might be revealed and 
clarified. Or.ce facilities were available it was 
decided to extend the measurements to include Mg;>- 
Cd and MgCd, which, in addition to MgCd3, 
are known to exist as a single phase at room tem
perature.

Experimental Details
Apparatus ar.d Materials.— All the measurements were 

made using a dilatometer consisting of a cylindrical chamber 
filled with a fluid in which the sample in rod form was im
mersed. A glass capillary was sealed into the chamber and 
the increase in volume of the sample caused a displacement 
of the meniscus in the capillary of several centimeters. The 
displacement was read with a cathetometer.

The dilatometer was of simple design. The sample was a 
rod about 2 cm. in diameter and 3 cm. long. The dilatome
ter chamber was made of stainless steel rod, drilled out to an 
internal diameter about 2 mm. greater than the sample 
diameter. A 1 mm. diameter capillary tube about GO cm. 
long was attached to the top by a glass-Kovar seal, the Kovar 
end being hard soldered to the dilatometer chamber. The 
chamber was leaded from the bottom and was closed by a 
machined and polished plate which fit onto a polished seal. 
This arrangement was backed up by a lead gasket to eliminate 
leakage. The dilatometer fluid was a chlorinated biphenyl 
compound sold under the trade name of “ Aroclor.”  Pre
liminary tests showed the alloys to be chemically inert to 
this fluid.

The cross-sectional area of the capillary was established 
by determining the length of a mercury thread of known 
weight at various places along the tube. A measuring mi
croscope was used to measure these lengths. The cross- 
sectional area, was constant to ±0.0001 cm.2 * and averaged 
0.00641 ±  0.00006 cm.2. Thus, by reading the position of 
the meniscus to 0.01 cm. a volume change of the sample

(1) This work was supported by the U. R. Atomic Energy Com
mission.

(2) From a thesis submitted by R. A. Flinn to the Graduate School, 
University of Pittsburgh, June, 1054.

(3) Dow Chemical Company Fellow during the academic year 
1953-54.

( t) I,. W. CntTer, R. R. Craig, C. A. Tvrior and W. E. Wallace, ./. Am. 
Chem. Sac., 76, 2-11 (1054). This paper gives references to the earlier 
studies of this sys 'em.

(5) .1. M. Singe" and W. E. Wallace, Tins J o u r n a l , 52, 000 (1048).
(0) D. A. Edvards, W. E. Wallace and R. R. Craig, J. Am. Chem.

,So r ., 74, 5250 1!052).

corresponding to 0.001% could be observed. A fiducial 
mark was inscribed on the capillary and its position periodi
cally observed to guarantee that the relative positions of the 
cathc tometer and dilatometer had not changed.

Samples for study were prepared and analyzed by tech
niques which have been described.7'8 They were homogenized 
at 300° for at least two weeks prior to use. Compositions 
studied were 74.58 ±  0.09, 50.09 ±  0.04 and 24.93 ±  0.03 
atomic %  cadmium which are referred to as MgCcfi, MgCd 
and MgsCd, respectively.

Procedure in the Expansivity Measurements.— The usual
experimental procedure was to raise the temperature of the 
apparatus to the uppermost value desired and allow the 
system to equilibrate at this point for about 15 hours. The 
temperature was then reduced by 10-degree intervals, allow
ing the meniscus to come to a steady level before proceeding 
with the next reduction. Generally, the waiting period 
between reductions was about y 2 hour, although the sj'stcm 
had usually adjusted to the next temperature within 15 
min. In the case of MgCifi, where the ordering and dis
ordering proceeded rather slowly, much longer waiting pe
riods were necessary, sometimes extending to several days. 
This will be discussed in more detail in the following paper 
dealing with the kinetics of this reaction. When the meas
urements had been completed down to room temperature, 
they wore repeated, using rising temperatures with similar 
increments and waiting periods.

The above procedure was reversed in the case of the MgCd 
sample,. The order-disorder transition temperature in this 
alloy is at about 250°, requiring measurements up to 270°. A 
cottonseed oil-bath was used for temperatures above 100° 
and this proved to lie rather unsatisfactory above 200°. 
Measurements in the range above this had to be made as 
rapidly as possible. Since allowing the sample to equilibrate 
for any extended period of time at an elevated temperature 
was not feasible, measurements were made starting at about 
30° and increasing the temperature by 10° increments.

When the temperature of the dilatometer was changed, 
several things combined to give the observed displacement of 
the meniscus. Let us consider the effect of increasing the 
temperature from T to T ’ . First, the volume of the dila
tometer chamber increases; this lowers the meniscus. 
Second, the specific volume of the Aroclor increases, raising 
the meniscus. Third, the sample expands, raising the 
meniscus. Fourth, these changes expelled from the bath 
to the capillary a certain volume of liquid whose tempera
ture was lowered. This reduces the height of the meniscus. 
Finally, a very small rise in the meniscus is caused by the 
slight increase in temperature of the fluid contained in the 
capillary.

To evaluate the volume increase of a sample from the 
observed displacement of the meniscus it is necessary to 
know the expansivities of the, dilatometer and the Aroclor. 
These were determined in calibration experiments in which 
the dilatometer was first used without a sample, and second

(7) G. B. Sattorthwaito, R. R. Craig and W. E. Wallace, ibid.. 76, 
232 (1954).

(S) F. A. Trumbore, W. F,. Wallace and R. R. Craig, ibia., 74, 132 
(1952).
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T, Falling Rising
°C. temp. temp.
25.0 1.50 1.50
35.0 1.50 1.50
45.0 1.50 1.50
55.0 1.66 1.57
65.0 2.73 2.00
70.0 4.65 (max.)
75.0 1.62 2.75
77.5 2.77 (max.)
80.0 1.25
85.0 1.22 2.57
95.0 1.20 1.28

105.0 1.20 1.20
115.0 1.20 1.20
125.0 1.20
135.0 1.20
145.0 1.20
146.0
149.0
150.0
155.0 1.20
160.0
165.0 1.20
175.0 1.20
185.0 1.20
195.0 1.20
205.0 1.20
215.0 1.20
225.0
235.0
245.0
249.0
255.0
260.0

with a sample of magnesium, whose expansivity is known.9 
Calculations of the Aroclor and dilatometer expansivities 
from these series of determinations and the alloy expansivi
ties from the other measurements involve some straight
forward but tedious algebra which will not be given here 
since the details can be found elsewhere.10

The volume of the sample was computed from its weight 
and the known densities of these alloys.5 Temperatures 
were measured using a copper-constantan thermocouple 
which had been calibrated at the freezing points of lead and 
tin and at the boiling point of water.

Discussion of Results
Observed Results.—Measured results are given 

in Table I. Hysteresis in the expansivities was 
found near the order-disorder Curie points for 
MgCd3 and Mg3Cd but not for MgCd. With 
both Mg3Cd and MgCd3 the extra expansivity due 
to the transformation extends over a wider tem
perature range for rising than for falling tempera
tures. The hysteresis is most pronounced with 
MgCd3 as would be expected from the low trans
formation temperature for this alloy.

Temperature Dependence of the Number of 
Schottky Defects in MgCd3.— To ascertain the 
effect of temperature on the number of vacancies 
in MgCd3 one intercompares the volume increments

(9) H. Esser and H. Eusterbrook, Arch. Eisenhutten 14, 341 
(1941).

(10) R. A. Flinn, Ph.D. Dissertation, University of Pittsburgh, 
1954.

MgjCcI
Railing Rising

MgCd
Rising

temp. temp. temp.
0.91 0.91 1.21

.92 .92 1.22

.94 .94 1.23

.96 .96 1.23

.98 .98 1.24

1.01 1 .01 1.25

1.06 1.06 1.26
1.12 1.12 1.27
1.21 1.21 1.29
1.33 1.33 1.30
1.55 1.55 1.32
2.14 2.14 1.34

3.45 1.36
4.89 (max.)

3.67 (max.)
2.45
1.40 1.85 1.38

1.24
1.15 1.15 1.40
1.15 1.15 1.42
1.15 1.44
1.15 1.47
] .15 1.50
1 1 5 1.57

1.72
2.00
5.25
9.22 (max.) 
2.75 
1.00

measured macroscopically with those measured 
using the X-ray method. If the macroscopically 
measured expansivity exceeds that measured by 
the X-ray method, one concludes that the fraction 
of vacant lattice sites is increasing with rising tem
perature. Since the expansivity is dependent on 
history at temperatures in the vicinity of the trans
formation, it is not possible to make a meaningful 
comparison of expansivities at these temperatures. 
The volume change for the transformation is, how
ever, almost the same for rising or falling tempera
tures and so one can make an appropriate intercom
parison of the integrated volume changes over an 
extended temperature interval covering the range 
in which the transformation occurs. The volume 
of MgCd3 at 140° relative to that at 25° was found 
by the X-ray method6 to be 1.0178 as compared to
1.0186 obtained from the present results. Corre
sponding quantities for 215° are 1.0262 and 1.0270. 
Hirabayashi has measured11 linear expansivities of 
single crystals of MgCd3 from which one can com
pute the ratio of volumes at 25 and 140° to be
1.0165. This is in reasonably good agreement with 
the results obtained in the present study. These 
data indicate that on increasing the temperature 
from 25 to 140° the percentage of vacant lattice

(11) M. Hirabayashi, J. Jap. Inst. Metals (Sendai), 15, No. 2 
(1951).
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sites increases by 0.08% if the present data are em
ployed, or decreases by 0.13% if one makes use of 
Hirabayashi’s measurements. Thus there is little 
if any variation of the fraction of lattice sites which 
are vacant or_ going from the ordered to the disor
dered state. The further increase in Schottky de
fects on going from 140 to 215° is 0.00%.

Inferences about the Energy of Vacancy Forma
tion in MgCd3.—When a lattice site in a pure solid 
is vacated, both the energy and the entropy of the 
solid increase. For a small number of vacancies 
the entropy effect on the free energy is dominant 
and the solid contains under equilibrium conditions 
a fraction of vacancies sufficient to minimize its 
free energy. Experiment has shown that the per
centage of vacancies in pure metals is small, being 
of the order of 0.1% at temperatures approaching 
their melting points. The existence of 2%  vacan
cies in MgCdi at 25° would suggest that if they ori
ginate in the same way as in pure solids, the energy 
of vacancy formation is unusually small— roughly
2.5 kcal./mole of vacancies. If the energy of va
cancy formation were really so small, one would ex
pect approximately a fourfold increase in vacancy 
concentration on increasing the temperature from 
25 to 200°. The measurements presented in this 
paper exclude this as a possibility. It therefore 
appears that some other mechanism must be re
sponsible for the defects in MgCd3.

Elsewhere it has been pointed out that extensive 
vacancies also occur in certain alkali halide solid 
solutions.12’13 The idea has been advanced13 that

(12) W. T. Barrett and W. E. Wallace, J. Am. Chem. Soc., 76, 366 
(1954).

(13) W. E. Wallace and R. A. Flinn, Nature, 172, 681 (1953).

in solid solutions wherein particles of unequal size 
must be arranged on a common lattice, stresses de
velop and these may be relieved by omitting an oc
casional particle. For example, when a small 
amount of KC1 is dissolved in solid NaCl, the first 
neighbors of the potassium ion are so crowded that 
the energy of the system may actually be lowered by 
creating vacancies. In this way one may account 
for the abundance of vacancies in the KCl-rich 
NaCl-KCl system13 and similarly in the cadmium- 
rich magnesium-cadmium alloys. In each case a 
solvent ion is replaced by a larger ion as the solution 
is formed and considerable stresses must be devel
oped. It is to be noted that these ideas imply that 
in certain solid solutions vacancies are formed exo- 
thermally. For this reason in such systems vacan
cies are not expected to become significantly more 
numerous as the temperature is raised.

There is an alternative possibility to the effect 
that the introduction of the first 1 to 2%  vacancies 
is accomplished with a very small expenditure of 
energy per vacancy (due to the simultaneous relief of 
strains) after which the energy increases very rap
idly. One would expect in this case a large number 
of vacancies but a small temperature coefficient. 
To distinguish between these two possibilities it 
would be necessary to study the effect of tempera
ture on the number of defects at lower tempera
tures. It is possible that this approach might fur
ther clarify the factors responsible for the large 
number of vacancies, although increasing difficul
ties in attaining equilibrium conditions at reduced 
temperatures might obscure the interpretation of 
results obtained in this way.

VOLUME-TEMPERATURE RELATIONSHIPS IN MAGNESIUM-CADMIUM 
ALLOYS. II. KINETICS OF THE ORDER-DISORDER TRANSFORMATION

IN MgCds1’2
B y  R. A. F l in n ,3 W. E. W allace  and  R. S. C raig

Department of Chemistry, University of Pittsburgh, Pittsburgh 18, Pa.
Received August 7, 1956

The rates of ordering and disordering of MgCd3 have been determined by a dilatometrie method. The transformation 
appears to occur in two stages both of which are, within the limit of error, first-order processes. Rate constants at a number 
of temperatures are presented. It has been found that the kinetic behavior of the system is not uniquely determined by 
temperature but depends on thermal history as well.

Introduction
Thermal expansivities of MgCd3 at temperatures 

covering the order-disorder Curie point have been 
measured and reported in the preceding paper4 
(hereinafter referred to as I). While these meas
urements were being made, it became apparent 
that some interesting information pertaining to the

(1) This work was supported by the U. S. Atomic Energy Com
mission.

(2) From a thesis submitted by R. A. Flinn to the Graduate School,
University of Pittsburgh, June, 1954.

(3) Dow Chemical Company Fellow during the academio year 
1953-1954.

(4) R. A. Flinn, W. E. Wallace and R. S. Craig, T h i s  J o u r n a l , 61,
234 (1957).

velocity of the order-disorder transformation in 
MgCd3 was emerging. This paper contains an 
account of studies of the kinetics of ordering and 
disordering in MgCd3 as determined dilatometri- 
cally.

Experimental Details
Measurements were made in the dilatometer described 

in paper I. Three types of measurements were performed. 
In the type A experiments temperature was decreased in in
tervals of about 10° and the rate of ordering observed by 
watching the fall in the meniscus of the dilatometrie liquid. 
This gave information covering the rate of attainment of the 
equilibrium amount of order characteristic of various tem
peratures in the region below the critical temperature. 
In the type B experiments the sample was quenched to
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various temperatures below the critical temperature from a 
single temperature (83 to 84°). This gave information 
concerning the rate of the transition as a function of the de
gree of undercooling. The type C experiments were similar 
to the type A experiments except that in the former case the 
temperature was increased at intervals of about 10° and the 
kinetics of disordering were determined.

The sample of MgCd3 was the same as that used in paper I.
Experimental Results and 

Treatment of Data
The variation of meniscus height relative to the 

final position of the meniscus for the three types of 
rate studies is shown in Figs. 1, 2 and 3, which give 
data for the A, B and C types of experiment. 
Numerical values are given elsewhere.5 Since 
these data all seemed to indicate an exponential 
approach to h{, the final meniscus position, an 
attempt was made to fit the data to an equation of 
the form h — hf =  ce~kt. A plot of log (h — ht) ver
sus time showed in all cases linearity beyond 
a time t' but in most cases there was a posi
tive departure from the straight line at times 
smaller than t'. A typical example of this 
is represented in Fig. 4 which shows the time 
variation of log (h — hi) at 54.6° for a sample 
of MgCd3 quenched from 65.3°. The nature 
of this plot suggests that the transformation in 
MgCd3 occurs in two stages the first of which 
is the more rapid. Thus the MgCd3 transform
ation seems to follow the customary pattern, 
since most investigations of the kinetics of or
dering have led to the conclusion that these 
processes occur in two stages.6-9 We shall 
now examine the data in detail to see if they 
are indeed consistent with the notion of two 
consecutive processes with differing rate con
stants.

Let us denote the transformation from the 
disordered to the ordered state as

Fig. 1.— Dilatometrically measured rate of ordering of 
MgCd3 at successively lower temperatures (Type A experi
ment).

A ■ B — > C  (1) and (2)
It will be assumed that each of these processes is 
first order kinetically with rate constants ki and fc2 
for the first and second stages, respectively. As 
indicated above the first stage is faster and hence ki 
is larger than /c2.

Let us first consider the meniscus displacement 
(m.d.) due to the second process. Ah" will repre
sent the m.d. from the final position due to process 
2 and is of course a function of time. The m.d. in 
the time interval dt due to process 2 is

dC

when quenched from a common temperature, 84° (Type B ex
periments).

dfc - c 2df di (3)

where c2 is a positive constant and dC/di is the rate 
of formation of C from B. Since the rate of forma
tion of C is first order with respect to the concentra
tion of B, equation 3 may be rewritten as

f  -  -«* • » <4»
In such a reaction sequence as shown in (2) when 
both steps are first order, the concentration of the

(5) R. A. Flinn, Ph.D. Thesis, University of Pittsburgh (1954).
(6) C. Sykes and II. Evans, Proc. Roy. Soc. {London), A157, 213 

(1930).
(7) C. Sykes and F. W. Jones, J. Inst. Metals, 58, 225 (1936).
(8) G. Borelius, L. E. Larsen and H. Selberg, Arkiv. Fysik, 2, 161 

(1950).
(9) N. W. Lord, J. Chem. Phys., 21, 692 (1953).

Fig. 3.— Dilatometrically measured rate of disordering 
of MgCd3 at successively higher temperatures (type C 
experiments).

intermediate substance is given by the expression 

B = (5)tC 1 — A'2A0 is the initial concentration of A. Substituting
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Fig. 4.— D ilute m etrically measured rate of ordering in 
M g C d s a t 54.0°.

cq. 5 into 4 and integrating from infinite time to 
time t one obtains

where ¡3 = cJiuW ih  — h ). Since h  >  fe, the 
second term in the parentheses becomes negligil >le at 
large values cf t and Ah" =  (3e~klt. The constants 
b and fe are readily evaluated by plotting log (/i — 
In) against time. For times near the completion of 
the reaction h — hi =  Ah", the first stage being so 
nearly complete as to make a negligible effect on the 
displacement of the meniscus. After ¡3 and 
have been obtained, it is then possible to obtain ki, 
the rate constant for the more rapid first stage.

Let us denote by Ah0" the total m.d. due to the 
second process. A ho" can, of course, be evaluated 
by setting t = 0 in eq. 6. Call W  the final posi
tion which the meniscus would have reached if only 
process 1 had occurred.

h i '  =  h i  +  A/io" (7)
To obtain the m.d. from hi' due solely to process 1 for 
t <  t' it is necessary to correct the observed menis
cus position h for the displacement due to process 2 
during the interval from 0 time up to time t. Let us 
call this corrected meniscus position h'.

V  =  h  +  A to" -  A h "  (8)
Now the m.d. associated with the conversion of the 
alloy in state A to state B is h' — W  =  h — hi — 
Ah". Since she rate of the conversion of A into B 
is assumed to obey first-order kinetics

h '  — h i '  =  C 'e ~ k l ‘  (!))
C' is a constant, the initial value of the m.d. due to 
process 1. We thus see that

h  -  h i  -  A h "  =  C'V-'w ( 1 0 )

which with eq. 6 gives the relationship
h  — h i  — f3e~k- ‘ =  a c ~ k it ( 1 1 )

Where a =  C’ — f3h2/ k We thus have the com
plete expression for the variation of h — hi, the po
sition of the meniscus relative to its final position 

h — hf =  ae~klt +  (12)
a and kt may be evaluated by plotting log (Ah') 
against time for times less than t', where Ah' —
h — /if — ¡3e~kil.

Treatment of the disordering process leads to an 
equation of the same form as eq. 12 and the evalua
tion of constants is accomplished in tire same way.

Examination of the data for the early stages of 
the transformation shows that in the main log Ah' 
is linear with time within the limit of experimental 
error. Two representative cases are shown in Fig.
5. In those cases where there is departure from 
linearity simple explanations can be provided. For 
the type A experiment at 34.8° and the type C ex
periment at 88.5° there is clear evidence for a faster 
process in the earlier stages but the Ah' values are 
too small and too few in number to confirm the ex
ponential dependence on time. In the type B ex
periments at 61.8 and 48.8° the data suggest the 
possibility of a two stage process, the first being the 
rapid one. However, at these temperatures the 
entire reaction occurs so rapidly that if there is a 
first stage, it occurs for the most part in the first 
half hour during which thermal contraction is very 
important and is mainly responsible for the m.d. 
The rapid variation of meniscus position seemed to 
persist for a longer time than one would expect for 
the attainment of thermal equilibrium but one 
cannot regard the existence of a fast first process as 
established in these cases. The existence of a rapid 
first stage and the exponential variation of Ah' 
with time were found for the type A experiments at 
54.6 and 44.6°, the type C experiments at 64.4 and 
77.0° and after 5 hours for the type A experiment 
at 65.3. The rates during the first 5 hours in this 
latter experiment were abnormally slow. It seems 
likely that during this period nucleation was either 
rate controlling or at least reducing the rate of 
reaction, since this temperature is only slightly 
below the transformation temperature. The ex
istence of an induction period during which nuclei 
are being formed and the rate is extremely slow 
is very noticeable in the type B experiment at 
70.4°. Here the plot of log (h — hf) versus time 
shows at first glance no evidence of a rapid proc
ess for small values of t. The plot is linear for 
large values of t but for times less than 50 hr. the 
log (h — hi) points fall well below the extension of 
the straight line. Again it seems reasonable to 
ascribe the small rate of the reaction in the early 
stages to the slow formation of nuclei. It is possi
ble that here too there is a rapid first stage but that 
its presence is masked by the growing number of 
nuclei and the resulting opportunity for accelera
tion of the transformation as time elapses. This 
tendency combined with the dying away of the 
rapid first stage process may be responsible for the 
rather odd linear variation of h — hi with time from 
t — 5 hr. to t =  45 hr. (see Fig. 2).

The opposing effects of nucleation and a rapid 
first process are also apparent in the type B experi
ment at 65.2°. In that case they so nearly cancel 
that the log (li — hi) is almost linear over the en
tire duration of the experiment.

The values of the constants a, f3, ki and fe are 
shown in Table I together with the time beyond 
which eq. 12 is applicable.

Discussion of Results
The data are consistent with the notion that the 

ordering or disordering of MgCd; occurs in two
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T able I
C onstants for E q . 12 in T ext

Api.li-
Temp.,

°C.
a,cm. ß, k\, 

cm. hr.-1
h,

hr. 1
cable

beyond
iir.

T ype A experiments
65.3 6.64 1.660 0.271 0.0370 5
54.6 0.570 0.621 .401 .0675 1
44.6 .319 .470 .360 . 0368 1
34.8 .16 .328 .80 .0400 1

T ype 15 experiments
70 .4 22 .4 0.0703 0.55
G5.2 6 .84 1.142 2 .5
61 .8 2 .580 1.508 1.25
48 .8 0 .728 0.835 1

T ype C experiments
64.4 - 0 .5 8 3 - 0 .5 6 2  0.744 0.113 0 .0
77.0 - 1 .0 2 2 -  .382 .753 .0801 0 .8
88 .5 -  .977 .724 1.25

stages, a fast first stage followed by a slower second
stage, although in some cases the first stage is
masked by other effects—attainment of thermal 
equilibrium or nucleation. Like most studies of the 
kinetics of order-disorder transformations the pres
ent study provides no information as to the nature 
of the two stages. It has been suggested6'7'9 that 
the first stage may be the growth of domains from 
existing nuclei until impingement occurs and the 
second stage consists in the coalescence of anti
phase domains. Another notion10 is that the order
ing of the first stage leaves the alloy in a strained 
condition and the order parameter which is adopted 
is characteristic of the strained alloy. The second 
stage is then ascribed to the disappearance of 
strains and subsequent relaxation of the order pa
rameter to the value characteristic of the alloy in its 
equilibrium state. Neither of these suggested ex
planations is of such a nature as to be amenable to 
illumination by dilatometric work.

The general features of the data suggest that the 
transformation in MgCds occurs by a nucleation 
and growth mechanism. The two stage process 
under discussion above, of course, applies only to 
the growth stage. The existence of something in 
the nature of an induction period in the ordering 
process which was at temperatures just below the 
transformation point is of course characteristic of 
processes initiated by nucleation. In this connec
tion the difference between the kinetic behavior in 
the type A experiment at 65.3° and the type B ex-

(10) G. Borelius, C. H. Johansson and T. 0. Linde, Ann. Physik, 86» 
291 (1928).

Time in hours for 54.6°.
0 2 4 G 8

Fig. 5.—Dilatometrically measured rates o f ordering in 
MgCd.u o, at 5 4 . 6 ®, at 65.3°. Dotted lines show effect 
of ±0.01 cm. in meniscus position.

periment at 65.2° are significant. The over-all rate 
of the former was very much less than that of the 
latter. The thermal histories of the sample differed 
markedly in the two cases. In the type A experi
ment the sample was held at 207° for 15 hr. and 
subsequently reduced to temperature over a period 
of several days while expansivities between 207 and 
65.3° were being measured. In the other experi
ment the sample was held at 120° for 10 hr., cooled 
to 84°, held there an hour and quenched to 65.2°. 
Avrami11 has advanced the notion that there are 
precursors to the actual nuclei. He has called 
these precursors “ germ nuclei.”  He has further 
maintained that the number of “ germ nuclei”  are 
reduced progressively with the amount and length 
of superheating above the transition point. Thus, 
he expects the number of nuclei formed on subse
quent cooling, and hence die transformation rate, 
to be sensitive to the thermal history of the sample. 
Perhaps Avrami’s germ nuclei are lattice defects of 
some sort which are conducive to nucleation and 
which are annealed out at elevated temperature. 
Whatever the cause, the effect of thermal history is 
clearly apparent in the two experiments under dis
cussion. This sensitivity to thermal history does 
not, of course, establish that the ordering in Mg- 
Cd:; requires nucleation but it can be most easily 
rationalized in terms of a nucleation and growth 
mechanism.

(11) M. Avrami, ./. Chcm. Phils., 7, 1103 (1939).
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Vapor pressures of nine aliphatic dinitroxy and trinitroxy compounds were determined at 20, 30 and 40° by use of the 
transportation method. Heats of vaporization were calculated by means of the Clausius-Clapeyron equation. Freezing 
curves on 0.2 to 0.5 g. samples were used to determine purity, heats of fusion and freezing points for zero impurity for six 
compounds which froze at an appreciable rate. Refractive indices of the liquids are given.

Introduction
As a part of a series of studies of physical proper

ties of compounds containing explosive groups, va
por pressures were determined at 20, 30 and 40° for 
six aliphatic dinitroxy and three aliphatic trini
troxy compounds by means of a transpiration 
method. Heats of vaporization were calculated 
by means of the Clausius-Clapeyron equation.

Freezing curve techniques, modified for use with 
small amounts of explosive material, were used to 
determine purity, heats of fusion and freezing 
points corrected to zero impurity. This technique 
was applicable to six compounds which froze at an 
appreciable rate.

Experimental
Materials Used.— 1,3-Dinitroxypropane, nitroglycerin I, 

nitroglycerin II, 1,3-dinitroxybutane, 1,4-dinitroxybutane, 
1,2,4-trinitroxybutane, 1,5-dinitroxypentane, 2,4-dinitroxy- 
pentane, 1,2,5-trinitroxypentane and 2,5-dinitroxyhexane 
were prepared and purified by Louis Silbcrman.2 Nitro
glycerin 1 was prepared by nitrating glycerol with sulfuric 
acid and nitric acid; nitroglycerin II was prepared by use 
of nitric acid alone in the nitration. The remaining com
pounds were prepared by mixed acid nitration of the alco
hols. After purification by repeated washings, distillations 
and crystallizations the compounds were dried in an Abder
halden drier (boiling methylene chloride and phosphoric 
anhydride) and aerated for 24 to 48 hours with dry metered 
air to a constant rate of loss in weight.

Methods Used for Freezing Points, Purity and Heats of 
Fusion.— The freezing curve apparatus is arranged in a 
manner similar to that of Glasgow, Streiff and Rossini.3 
The sample tube and cryostat were reduced to a size more 
suitable for use with samples of from 0.2 to 0.5 g. Tem
perature measurements were made with a No. 36 gage eop- 
per-constantan thermocouple in conjunction wuth a Leeds 
and Northrup K-2 potentiometer and a high sensitivity 
mirror type galvanometer. The thermocouple was cali
brated from a deviation curve for the region below 0° by 
the determination of the e.m .f.’s at the freezing point of 
mercury ( —38.87°) and the normal sublimation point of 
carbon dioxide ( —78.51°), and drawing a line through the 
points and the origin (0°). An accuracy better than + 2  
nv. may be obtained in this manner. Using an equation 
of the Antoine type, logI0 p =  B -  A/t +  c (c =  273.16), 
the temperature of the carbon dioxide was computed from 
the equation

)oSl. P -  9.8U37

where the constants were obtained from the data of Myers 
and Van Dusen.4

For the region above 0°, the thermocouple was calibrated 
at the boiling point of water the melting point of methyl-

(1) Published with permission of the Bureau of Ordnance, Navy- 
Department. The opinions and conclusions are those of the authors.

(2) Picatinny Arsenal, Dover, New Jersey.
(3) A. R. Glasgow, Jr., A. J. Streiff and F. D. Rossini, J. Research 

Natl. Bur. Standards, 25, 355 (1945).
(4) C. II. Myers and M. S. Van Dusen, J. Research Natl. Bur. of 

Standards, 10, 381 (1933). R.P. 538 (See also reference No. 6, p. 212).

naphthalene (33.62°) and naphthalene (79.81°) previously 
compared with a platinum resistance thermometer at these 
points.

The freezing points were determined and the heats of 
fusion and purity were calculated from the time-tempera
ture freezing curves according to the method first described 
by White5 as modified by Schwab and Wichers.6

The purity was calculated from the relationship
x _  x +  a 

ATX A f,+ „
in wnich x  is the mole fraction of minor component, a is the 
mole fraction of added impurity, and A Tx and A Tx + „ repre
sent the decrease in temperature between two timed corre
sponding stages of freezing for the sample and the sample 
plus added impurity, respectively. In the determination 
of purity by this method, it is essential that the conditions 
of freezing including the rate of freezing be substantially 
reproduced between the sample and the sample plus the 
added impurity. The nitroxyesters were added to each 
other as impurities.

The heats of fusion and freezing point for zero impurity 
were calculated in the manner

—ln (l — x ) AH,„(To -  T,) 
R T \

, / 1 \ AH(0(7„-ln (l -  x -  a) = -----RT1

= A H foTo _  A H jjT j 
RT2i„ RT?!0

r*) _

aH i0T0 AHu,T* 
~Wr\ Rf\

Subtracting eq. 2 from cq. 1 
. (1 — x  — a) AH;0T*

_ ( U ^ 4 )  R T V  ~
AHhT, AHh(T* -  Ti)
RT\ RT\

then
AHf0 R . (1 — x — a)
7 V  ~~ {T* — Ti) ln (1 -  x) 

but from eq. 1
A H f0 - 7 f l n ( l — z)
T\ ( A  -  Ti)

( 1)

( 2 )

(3)

(4)

(5)

To, Ti and T* are the freezing points of the pure substance, 
the substance with x mole fraction of impurity and with 
x +  a mole fraction of impurity, respectively.

The quantity AHt0/T2o was calculated from experimental 
data by eq . 5.

For systems which approach ideal solutions such as ben
zene-toluene and naphthalene-methylnaphthalene, this 
procedure was found to give values of x within about 2%  of 
the known values.

Nitrogen determinations by means of a nitrometer were 
made, and the relation between experimental nitrogen and 
theoretical nitrogen is included for comparison of the purity 
determinations.

Method Used in Vapor Pressure Measurements.— The
vapor pressures were determined by the transpiration

(5) W. P. White, T his Journal, 24, 292 11920).
(6) “ Temperature, Its Measurement and Control in Science and in 

Industry,”  Reinhold Publishing Corp., New York, N. Y., 1941, p. 
256.
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T a b l e  I

F r e e z in g  P o in t s , P u r it y  E stim a t e s  an d  H e ats  of F usion  of Se le c te d  N it r a t e  E sters

Compound
Cor. f.p. 

(°C.)

% Nitrogen based on 
Nitrom-

Theory eter
% theor. 
nitrogen

Mole % 
purity by 
freezing 
curves

Heats of fusion 
Kcal./

Cal./g. mole
1,3-Dinitroxypropane -2 9 .4 9 16.87 16.82 99.70 >97 (est.)
Nitroglycerin (mixed acid nitration) 12.83 18.51 18.47 99.78 99.71 25.0 5.68
Nitroglycerin (straight acid nitration) 12.86 18.51 18.48 99.84 100.00 28.1 6.36
1,3-Dinitroxybutane -1 9 .7 8 15.55 15.55 100.00 99.81 22.2 4.00
1,4-Dinitroxybutane 12.3 15.55 15.55 100.00 99.98 35.4 6.38
1,2,4-Tri nitroxybutane -1 1 .3 4 17.43 17.42 99.94 >97 (est.)
1,5-Dinitroxypentane -1 6 .5 9 14.43 14.41 99.86 99.69 19.1 3.70
2,4-Dinitroxypentane -1 8 .4 8 14.43 14.38 99.65 99.81 29.8 5.79
1,2,5-Trinitroxypentane 16.47 10.46 99.94
2,5-Dinitroxyhexane 50.37 13.46 13.38 99.41 99.68 63.4 13.2

rod as used b y  Crater7 and modified by Brandner.8 E
The measured amount of dry air passed through liquid 
samples contained in two absorption bulbs by siphoning 
water from a calibrated 50-liter container and the loss in 
weight of the sample was determined on a semi-micro bal
ance. The solid was contained in long narrow tubes with 
sintered-glass discs to prevent mechanical loss of the sample. 
A mercury manometer near the Geissler bulbs was used to 
measure the pressure developed due to resistance to flow of 
the air passing through the system. Constant temperature 
was maintained to ± 0 .1 ° . If the change in the weight of 
the second bulb exceeded 1%  of that in the first bulb, the 
determination was discarded. From 6 to 8 valid deter
minations in total were made for each compound except 
for the solid, 2,5-dinitroxyhexane, in which case 20 deter
minations were made.

Assuming that the ideal gas laws hold and that Dalton’s 
law of partial pressure is applicable, the following expression 
is used to calculate the vapor pressures

? i - 2

P x  =
VÂh\ -  P„)

Vo +  F*
where

P z =  vapor pressure of sample (mm.)
Vz =  vol. of vapor found (ml. S.T.P.)
IIo =  barometer pressure (cor., mm.)
Vo =  vol. of air drawn through (S.T.P.)
P0 =  corrn. for head of liquid in Geissler bulb and re

sistance to air flow in drying train for the inflow- 
ing air

Experimentally, it is assumed that 1 mole of vapor oc
cupies 22,400 ml. and Vx =  22,400 (wt. of material vola- 
tilized/mol. wt.) and

Fo =  y  (Ho -  p -  b) x  273
760 t +  273

where
=  corrn. to barometric pressure due to head of liquid 

in bulbs and the resistance to air flow' of drying 
trains

=  vapor pressure of water at l°C.
= final temp, of aspirator °C.
=  vol. of water run out of aspirator in ml.

(7) W. C. Crater, Ind. Eng. Chew.., 21, 674 (1929).
(8) J. D. Brandner, Ind. Eng. Chew., 30, 681 (1938).
(9) C. A. Bennett and N. L. Franklin, “ Statistical Analysis in Chem

istry and Chemical Industry,”  John Wiley and Sons, Ine., New York, 
N. Y., 1954, p. 38.

< ! ) ’
(Z1 /T)2

The heats of vaporization were computed by a least 
squares treatment of the vapoi pressures at the three tem
peratures using the Clausius-Clapcyron equation. The 
procedure was as follows9

E  -  « I n  „ ) .  -  M  -  V  ( r ( t ) ’ - (̂ 2 )

where E  is the sum of the squares of the deviations of In p 
from the least squares equation of slope b, and n is the num
ber of measurements. The variance of the slope was com
puted from 7 8 9

and the appropriate coefficie.it for a 95% confidence interval 
was then applied.

Results and Discussions
Freezing Curve Results.—Table I presents the 

freezing points corrected to zero impurity, the 
purity as determined from freezing curves, the 
per cent, theoretical nitrogen measured and the 
heats of fusion. 1,3-Dinitroxypropane and 1,2,4- 
trinitroxybutane could be made to freeze but at a 
very slow rate. For 1,2,4-trinitroxybutane a 
freezing point could also be obtained between 9 
and 10°. This is analogous to the two forms of 
nitroglycerin wbhch freeze at 12.86 and 1.9-2.2°.10

The 1,2,5-trinitroxypentane could not be made to 
freeze but the nitrogen analysis is included because 
the vapor pressure was determined for that sample.

Because the purity determinations by freezing 
curves are more reliable than those by the nitrome
ter for small quantities of impurity, a comparison 
with the nitrometer determinations is of interest. 
A comparison with the results of the two methods 
for 1,4-dinitroxybutane and nitroglycerin II, 99.98 
and 100.00 mole %  pure, respectively, would elimi
nate ambiguity due to possible nitrate impurities. 
In these cases the nitrometer is 0.02% high and
0.16% low, respectively. These results are within 
the precision (about 2 parts in 1500) obtained with 
the potassium nitrate used in calibration. The 
heats of fusion for the two nitroglycerin samples, 
are 5.68 and 6.38 kcal./mole, respectively. It is 
not believed that this difference is due to difference 
in mole %  purity as determined by freezing curve 
methods but indicates uncertainty that might be 
expected in applying these semi-micro methods to 
the determination of purity. Small errors in the 
freezing point depression could cause large errors in 
the heat of fusion.

Vapor Pressure Results.— The vapor pressure re
sults are given in Table II. The vapor pressures 
of nitroglycerin agree reasonably well with those 
obtained by Marshall and Peace11 and with those 
obtained by Ernsberger, et a l.12

(10) T. L. Davis, “ Chemistry of Powder and Explosives,”  John 
Wiley and Sons, Inc., New Yorx, N. Y., 1943, p. 207.

(11) A. Marshall and G. Pease, J. Chem. Soc., 109, 298 (1916).
(12) U. S. Naval Ordnance Test. Station; NAYORD Report No. 

1184 Part I, by F. M. Ernsberger, J. G. Wyllie and A. L. Olsen, Sept. 
28, 1949.
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T a b l e  II
V a p o r  P r e ssu r e s  an d  H e a t s  o f  V a p o r iza t io n  o f  Se le c te d  N it r a t e  E sters

Compound 20°
Vapor pressure (A) 

30° 40°
Heat of vaporization 

(kcal./mole)

1,3-Dinitroxypropane 17, 1G 41, 42 118, 114, 116 17.9 ± 1 . 1
Nitroglycerin I 0 .21 ,0 .23 ,0 .18 0 .82 ,0 .82 ,0 .80 3.4, 3.3, 3 .0 25.1 ±  1.4
Nitroglycerin II 0.20,0 .20 1 .0 ,1 .1 , 1.2 3 .8 ,3 .5 ,3 .4 26.0 ±  2.7
1,3-Dinitroxybuiane 23,21 50, 52 142,137,151 17.2 ±  1.7
1,4-Dinitroxybutanc 9.1 20, 20, 20 41,41 13.7 ±  0.2
1,2,4-Trinitroxybutane 1 .2 ,1 .0 2 .8 ,2 .2 5 .2 ,5 .4 14.4 ±  2.7
1,5-Dinitroxypentanc 4 .3 ,5 14 .1,13.3 36.8 ,36.2 IS .8 ±  1.4
2,4-Dinitroxypentane 30,27, 30 73,71 143,137 14.5 ±  1.4
1,2,5-Trinitroxy pentane 0.16 0 .27 ,0 .30 ,0 .29 0.46,0 .50 10.0 ±  0.5
2,5-Dinitroxy hexane 0.98, 1.23,1.33 6.1, 7.2, 7.6 24, 27, 26 26.2 ±  3 .8“

1.28 9 .4 ,7 .4 ,7 .0 28, 28, 37 (13.0)"
8. 7,7.4 25,31, 19

Heat of sublimation. 6 Heat of vaporization computed by subtracting heat of fusion.

Marshall and Peace obtained the vapor pressure 
of nitroglycerin by air saturation techniques. The 
air was passed through ground cordite. (Composi
tion: guncotton 37, mineral jelly 5, nitroglycerin 
58.) The ground surface of the cordite served as 
saturators. Ernsberger, et al., obtained their values 
with a modification of Knudsen’s effusion cell.

The heat of vaporization of nitroglycerin is con
siderably higher than those of the other compounds.

The viscosity of nitroglycerin and also the rate of 
change of viscosity with temperature have been re
ported to be considerably higher than for 1,3-dini- 
troxypropane, 1,3-dinitroxybutane and 1,4-dini- 
troxybutane.13-15

This would be consistent with a higher heat of 
vaporization for nitroglycerin.

(13) J. M. Peterson, J. Am. Chcm. Soc., 52, 3609 (1930).
(14) L. J. De Kreuk, Rec. trav. chim., 61, 819 (1942).
(15) B. Jacques and M. Thomas, Mem. Poudres, 33, 155 (1951).

X-RAY STUDIES ON THE FORMATION OF COPPER-NICKEL ALLOYS FROM 
THE PRECIPITATED BASIC CARBONATES

By W. K e i t h  H a l l  a n d  L e r o y  A l e x a n d e r 1

Contribution from the Multiple Fellowship of Qulf Research & Development Company,
Mellon Institute, Pittsburgh, Pa.

Received August 31, 1956

The formation cf copper-nickel alloys by the low temperature reduction of the mixed oxides with hydrogen has been 
studied. It has been shown that even when two oxidic phases arc present,, on reduction a single metallic phase is formed 
in which compositional variations, if present at all, cannot exceed 3% . The oxidic phases formed by the method used in 
this study appear to be pure CuO and an NiO phase in which up to 35%  of the Ni atoms have been substituted by Cu.

A number of years ago, Long, Fraser and Ott2 
demonstrated that the copper-nickel (and a number 
of other) alloy systems could be formed beginning 
with the coprecipitation of the metals as the hy
droxide from solutions of the mixed ions; those 
were then reduced to metal with hydrogen. The 
measured lattice parameters were found to be iden
tical with those determined for the corresponding 
alloys prepared by melting the metals together. 
The correctness of this work was confirmed by sev
eral other workers3-4 and has been verified again in 
the present study.

The reason for the effectiveness of the alloying 
process just described is not immediately apparent. 
Although a random distribution of metal atoms is 
to be expected in the freshly precipitated basic car
bonates, subsequent conversion to the oxides by 
means of thermal treatment should result in segre-

(1) Department cf Chemical Physics, Mellon Institute.
(2) J. H. Long, J. C. W. Fraser and E. Ott, J. Am. Chem. Soc., 56, 

1101 (1934).
(3) P. H. Emmett and Nis Skau, ibid., 65, 1029 (1943).
(A) It. J. Best and W. W. Russell, ibid., 76, 838 (1954).

gation of the CuO and NiO crystallites because of 
their different crystal systems, viz., monoclinic and 
cubic, respectively. Furthermore, segregation 
should persist when the oxides are then reduced 
at relatively low temperatures (200 to 450°) be
cause the inter-diffusion of copper and nickel among 
adjacent pure crystallites would be expected to be 
too slow at such low temperatures to produce a sig
nificant amount of solid solution. Thus homogene
ous alloy systems would not be anticipated on the 
basis of the foregoing arguments. With these 
considerations in mind, it was decided to repeat once 
again this alloying procedure over a wide range of 
composition, examining both the oxide and alloy 
phases by X-ray diffraction.

Preparation of the samples of the basic carbon
ates followed quite closely the modification of the 
method of Long, Fraser and Ott2 used by Best and 
Russell.4 Analytical reagent grade reagents in
cluding Fisher’s nickelous nitrate labeled “ Low in 
cobalt”  were used, and the precipitation was car
ried out using ammonium bicarbonate. Tests on
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the samples for iron using SCN~ were all negative.
These samples were first heated to 400° for four 

hours in air to convert them to the oxides. At this 
stage, they were analyzed for copper and for nickel 
by standard analytical techniques, and it is from 
these data that the compositions of the reduced 
materials are calculated. At this stage also, their 
X-ray patterns were obtained; they were next 
heated for an additional two hours to 750° and the 
X-ray patterns were again determined; finally, 
samples which had first been heated to 400° were 
reduced in hydrogen and a third series of patterns 
were prepared. One-hour exposures were made 
with copper I(a  radiation in a Debye-Seherrcr 
camera of 57.3 mm. radius.

The identity and composition of the various 
oxidic samples and the nature of their diffraction 
patterns are listed in the accompanying table. The 
samples that had been heated to only 400° are 
listed in columns 3 and 4. In general, two phases 
were found, a face-centered cubic phase and a mono
clinic phase. All lines of both phases were more or 
less broadened, indicating a small crystallite size. 
With up to 27.5 mole %  copper substituted for 
nickel, no evidence of a copper oxide phase ap
peared, although the pattern of catalyst VI showed 
a small expansion of the lattice parameter of about
0.4%.

For catalysts VII, IX  andX, the observed intensi
ties of the copper oxide lines were markedly less 
than would correspond to the actual proportions of 
copper and nickel, assuming no mutual solubility of 
the two oxide phases. Semi-quantitative esti
mates of these deficiencies in the copper oxide in
tensities indicated that about 35% of the nickel 
atoms in the cubic phase had been replaced by cop
per. These particular samples also yield patterns 
that indicate the NiO lattice to be highly defective; 
as copper replaces nickel in the NiO lattice, a pro
gressive broadening and doubling of the diffraction 
lines occurs. The nature of the effects is such as to 
denote a tetragonal distortion of the NiO lattice, 
one cubic cell edge expanding and the other two 
contracting. The modification of the diffraction 
pattern is most pronounced for these same catalysts 
(VII, IX  and X ) with the axial ratio, c/a, approach
ing a maximum value of about 1.1.

When the same samples were further sintered at 
750°, the patterns (columns 5 and 6) of the two 
phases became much sharper and the line abnormal
ities largely disappeared. This showed that the 
higher temperature treatment had caused further 
growth in the crystallites and an “ ironing out”  of 
lattice imperfections. Intensity measurements now 
showed by difference that she copper oxide defi
ciencies were consistent with a composition of the 
face-centered cubic phase of approximately 13% 
copper and 87% nickel oxide.

These data suggested the possibility that too 
stringent sintering conditions may be undesirable. 
Our observations indicate that the amount of 
copper substituted in the cubic NiO phase decreases 
as the sintering temperature increases. Hence, 
it may be supposed that the distribution of the 
copper and nickel ions is more uniform in the co
precipitated basic carbonates than in the oxides

formed from them. Whether or not this factor is 
important in the formation of homogeneous alloys 
on reduction with hydrogen is not well defined as a 
result of the present investigation. The authors 
were, however, able to show that fairly homogene
ous alloys were obtained from samples heated to 
400°. Although the desirability of further work 
along these lines is evident, the authors have not 
had occasion to extend the data as presented here
with.

T a b l e  I
D a t a  O b ta in e d  in  X - R a y  E x a m in a t io n  o f  the  

C a ta ly sts  in  O x id e  F orm
( 2)

Mole

(1)
% Ni in (3) (4) (5) (0)
catalyst Intensity of patterns after

Catalyst (reduced 400<21 sintering 750° sintering
no. basis) CuO NiO CuO NiO

VIII 100.0 S s
V 84.8 s s

VI 72.4 ms w + s
VII 53.8 vw ma mw ms
IX 45.5 w ma in ms
X 34.3 mw mw° m m

IV 20 .G in mw ms m
XI 14.7 ms w s mw
III 7.8 s vw s w
II 0.0 s s
I 0.0 s s

“ Lines distorted; certain of the NiO lines are abnormal 
in shape and intensity, indicating lattice imperfections; 
viv, very weak; w, weak; mw, medium weak; m, medium; 
ms, medium strong; s, strong.

Samples similar to these used in studies of the 
400° treatment were reduced to the metals at 350° 
for periods of from 16 to 48 hours, and tests were 
made of their activities toward the hydrogenation 
of benzene and the hydrogenation of ethylene at 
temperatures not exceeding 220°. These results 
will be reported ̂ elsewhere6'6 the above-mentioned 
information serving to indicate that these treat
ments were mild and that little annealing would be 
expected. After this work, surface area measure
ments were made by the standard BET method, 
and then the catalysts were evacuated for several 
more hours at 350° and sealed off under vacuum in 
the reaction vessels. These tubes were then broken 
under benzene and Debj e-Scherrer powder speci
mens were prepared.

The positions of the lines of the patterns were de
termined with a precision film-measuring instru
ment and these were converted into a0 values. The 
edge length of the face-centered cubic unit cell was 
in each instance determined by extrapolation of the 
calculated values of an against the Taylor-Sinclair7 
angular correction function to d =  90° where ab
sorption and geometrical errors theoretically van
ish. These data are plotted against composition as 
points (in kX. units) in Fig. 1 for the purpose of 
comparing them (catalysts that had not been heated 
above 350°) with the more accurate values of Owen 
and Pickup8 given as the solid line (alloys that had 
been prepared by melting). The accuracy of the

(5) W. K. Hall and P. H. Emmett, to be published.
(0) W. K. Hall and P. IT. Emmett, to be published.
(7) A. Taylor and II. Sinclair, Proc. Phys. Soc., 57, 108 (1045).
(8) E. A. Owen and L. Pickup, Z. K r is t88, 110 (1035).
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Fig. 1.— Experimental lattice parameters of copper-nickel al
loys. Solid line represents data of Owen and Pickup.8

lattice constants determined in the present work is 
estimated to be ±0.002 kX.

The excellent agreement obtained between the 
two sets of data indicate that alloys prepared by the 
method of Long, Fraser and Ott must be fairly 
homogeneous. It was observed that the X-ray

diffraction lines obtained from all samples were no
ticeably broadened. This phenomenon may be at
tributed either to small crystallite size or to inhomo
geneity in composition of the individual crystal
lites. On the basis of the first hypothesis, the crys
tallite dimensions fall in the range of 100 to 400 A. 
On the other hand, if the line broadening were en
tirely the result of inhomogeneity, the experimental 
uncertainty in the lattice constant determinations 
limits the variation in composition to 3%. The fact 
that the extent of line broadening is approximately 
the same for the pure nickel and the pure copper 
samples, however, may be taken as evidence that 
much of the effect is due to small crystallite size. 
On the other hand, the fact that the specific surface 
areas calculated from the line broadening measure
ments were from 10 to 50 times the BET nitrogen 
areas (1G.2 A . 2/ r n o l e c Ule )  might be taken to imply 
larger crystallite dimensions and hence that small 
fluctuations in composition occurred in the alloys. 
That compositional variations, if present at all, 
could not have exceeded 3%, seems somewhat sur
prising to the authors in view of the fact that in 
most instances the oxides studied here existed in at 
least two (and probably more) phases. This may 
be taken as an indication of the probability that 
many additional alloy systems could be prepared by 
this method. The proposition deserves more at
tention than it has heretofore received.

The authors wish to acknowledge the efforts of 
Mr. G. G. Sumner in measuring the diffraction pat
terns and computing the lattice constants.

EXCHANGE DIFFUSION OF IONS OF SIMILAR MOBILITY
By L. G. L o n g s w o r t h

Contribution from the Laboratories of the Rockefeller Institute for Medical Research, New York, N. Y.
Received September 7, 1956

At 25° the limiting mobilities, and hence the ion diffusion coefficients at zero concentration, of chloride and iodide ions 
in aqueous solution differ by only 0.7%. The exchange diffusion of these ions at a boundary between dilute equimolar 
solutions of K I and KC1, for example, thus approaches closely the so-called self-diffusion of these species. With the aid of 
Rayleigh interference optics this diffusion process has been studied and the results for the concentration range from 0.01 to 
1 mole per liter are presented with both potassium and sodium as the common ion. With increasing dilution the coefficients 
approach the Onsager limiting slope for ion diffusion from above as do the electric mobilities in the same concentration range. 
Also in agreement with the theory is the observation that in the presence of potassium the C l-I exchange diffusion is slightly 
more rapid than in the presence of sodium. Improvements in experimental procedure and sources of boundary “ skewing”  
also are presented.

In a recent paper Adamson1 has assembled the 
available data on the self diffusion of ions in aque
ous solutions of electrolytes, as measured with the 
aid of isotopes by the porous diaphragm and capil
lary tube methods, and has concluded that they are 
not sufficiently accurate to establish the concentra
tion dependence of this property in dilute solutions. 
It appears desirable, therefore, to investigate the 
possibility of adapting the refractometric methods 
to this problem.

Although actual practice usually deviates some
what, the ideal process in self diffusion is the ex
change in position of a tagged ion with its untagged 
isotope, the solution being otherwise homogeneous. 
Except for the isotopes of hydrogen the small dif-

(1) A. W. Adamson, T h i s  J o u r n a l , 58, 514 (1954).

ferences in the refractive increments of those of the 
other elements preclude their use in a method de
pending on this property. Insofar, however, as the 
hydrodynamic properties of an ion are adequately 
described by its limiting mobility the exchange dif
fusion of two species having the same mobility 
should approximate, in sufficiently dilute solution, 
the self diffusion of either species. At 25° the 
limiting mobilities, and hence the ion diffusion coef
ficients at infinite dilution, of chloride and iodide 
ions differ by less than 0.7%. The equivalent re
fractions of these two species are quite different, 
however, and the spreading, with time, of a bound
ary with KI below at a concentration, c, of 0.1 mole 
per liter of solution and 0.1 c KC1 above, for exam
ple, can be measured accurately. It is the purpose



Feb., 1957 Exchange D iffusion of Ions of Similar M obility 245

of this paper to report the results of such measure
ments over the concentration range from 0.01 to 1 c  

with both sodium and potassium as the common 
ion and to describe improvements in experimental 
procedure and interpretation that have been incor
porated in this work.

Experimental
The method employed is that of free diffusion from an 

initially sharp boundary between the two solutions, the 
spreading of the boundary with time being followed with the 
aid of Rayleigh interference fringes.2 Over the interval 
from 0.01 to 1 c the difference in refractive index, A n , be
tween equimolar solutions of iodide and chloride varies 
from 0.000117 to 0.0119. This variation is approximately 
linear with concentration and nearly independent of the co
ion if this is sodium or potassium. In a channel of 1 cm. 
depth, a, and with mercury green light for which X =  5461 
A. this corresponds to a path difference, J =  aAn / \ ,  of 2 
fringes at 0.01 c and 218 fringes at 1 c. Electrophoresis cells 
having channel depths of 1 and 2.5 cm., respectively, and 
modified to facilitate the formation of Rayleigh fringes, have 
served as diffusion cells. In work with concentrated solu
tions in deep channels, e.g., Table II, blurring of the fringes 
due to excessive path differences has been avoided by en
closing the comparison channel so that it can be filled with 
liquid other than the thermostat fluid. This has been ac
complished with the aid of a new center section with a twin 
channel, access to both portions of which is provided by ad
jacent 3 X  25 mm. slots in the horizontal plates.

Since the precision decreases with the number, / ,  of di
agonal fringes the dilute solutions have been studied in the 
cell for which a =  2.5 cm. with reflection of the light back 
through the channel, thus obtaining 10 fringes at the lowest 
concentration. To this end the optical system has been 
provided wfith a second light source in the focal plane of the 
second schlieren lens and a removable, first surface mirror. 
In some instances a boundary has been studied in the con
ventional manner after which the cell has been shifted to
ward the camera so that the mirror could be inserted in its 
object plane, the second light source turned on, the boundary 
resharpened with the capillary siphoning used throughout 
this work for that purpose and a second set of patterns ob
tained, this time with twice the number of diagonal fringes 
as in the first experiment. In the case of Rayleigh fringes, 
where a vertically extended source is used, the light incident 
on the mirror and that reflected therefrom can be kept more 
nearly “ on axis”  if this light is brought in from the side 
instead of from above as suggested in another application.3

The recording of the diffusion process has been made auto
matic with the aid of two devices, a timer and a switching 
cam, each of w'hich is driven by a synchronous motor. The 
timer may be set to close a switch momentarily ten times in 
a period not exceeding 105 seconds, i.e., 28 hours, with a 
deviation of less than 1 second from the predetermined time 
for each closure, provided that the local a.c. frequency con
trol is correspondingly close. This is checked at intervals 
against signals from the National Bureau of Standards sta
tion WWV. Except that they must be multiples of 100 
seconds, no restriction is placed on the intervals between 
closures. This flexibility is an advantage in free diffusion 
where the boundary spread is proportional to the square 
root of the time and increasing intervals between exposures 
are essential for representative sampling of the fringe sepa
rations. Each closure activates the switch cam to make the 
exposure, advance the photographic plate and then reset 
itself preparatory for the next impulse.

The solutions have been prepared from weighed quanti
ties of salt and water, the concentrations being expressed as 
moles per liter of solution at 253 wfith the aid of the density 
data in the International Critical Tables. Reagent grade 
salts have been used without further purification except for 
drying to constant wreight at 120°.

Since the average deviation of the values of the diffusion 
coefficient, D, for individual exposures from the mean value 
for all patterns is not necessarily a measure of accuracy some 
additional precautions that can be taken for the elimination 
of systematic errors may be mentioned. (1) The zero-time

(2) L. G. Longsworth, J . Am. Chem. Soc., 74, 4155 (1952).
(3) L. G. Longsworth, AncU. Chem., 25, 1074 (1953).

correction obtained on minimizing the average deviations 
should agree with that computed from the photographs of 
the boundary during sharpening.2 Failure to obtain such 
agreement frequently can be traced to disturbances resulting 
from movement of the boundary on isolation of the bottom 
section of the Tiselius cell and withdrawal of the capillary. 
(2) As wfill be described later in the paragraph on non- 
Gaussian boundaries, symmetrical pairing of the fringes is 
useful in detecting errors in the comparator readings and 
misalignment of the pattern in that instrument. (3) A de
viation plot of the number, J, of diagonal fringes, e.g., 
J/ac vs. c, is useful in detecting errors in J, especially if 
small values of J  are involved since D  then becomes quite 
sensitive to the value assigned to J. If the fractional part 
of J  is obtained from the patterns recorded during sharpen
ing, as is usually the case, the capillary should be hidden 
completely by the double slit mask. (4) Although not a 
serious problem with aqueous solutions, evaporation of solute 
or solvent and solubility of the grease used in assembling the 
cell can be troublesome wfith other liquids. Any shift, dur
ing the diffusion period, of the vertical fringes conjugate to 
the homogeneous columns of fluid on either side of the bound
ary wfith respect to the reference fringes is a serious source 
of error. (5) If the variation of concentration through the 
boundary is not Gaussian and the deviations are due to the 
concentration dependence of the diffusion coefficient, the 
ratio, Di/Di, of its values at the edges of the boundary, as 
estimated from the skewness, should agree with that from a 
plot of D vs. c as obtained in a series of experiments at differ
ent mean concentrations.

Non-Gaussian Boundaries
Although the variation of the refractive index 

through a boundary has been approximately Gaus
sian at the lower concentrations appreciable skew
ness has been observed above 0.2 c. Since skew
ness can arise from sources other than a variation 
in the diffusion coefficient with the mixing ratio 
cci/(cci +  Pi) it is essential to consider these de
partures from the Gauss distribution. One such 
source, the so-called Wiener skewness, has been 
studied in detail by Svensson4 and may be described 
with the aid of Fig. 1. Here a light ray enters the 
channel normally at a level near the center of the 
boundary where the refractive index is changing 
rapidly with the height. For the case most fre
quently encountered, namely, the denser solution 
having the higher refractive index, the ray is de
flected downward following an approximately para
bolic path into solution of higher refractive index 
than at the entrance level. The tangent to the path 
at exit intersects the center of the channel at the 
entrance level and it is from this level that the ray 
appears to come if the camera is focussed on the 
plane at a/2. Owing both to the curvature of the 
ray and to the fact that it moves progressively into 
regions of higher refractive index the retardation 
along the actual path is greater than if the ray 
traversed the channel without deflection and corre
sponds to the retardation along a path parallel to 
the axis but at a level slightly below the entrance 
level. Svensson has shown that this is the level at 
which the exit tangent intersects a plane a/ 3 dis
tant from the front wall. Consequently if the cam
era is focussed on the plane at a/ 3 a plot of the 
fringe number versus fringe position gives the re
fractive index accurately as a function of the height 
in the channel. If, on the other hand, the camera is 
focussed on the center of the channel at a/2 the 
maximum gradient in a sharp Gaussian boundary 
will appear to be displaced to the solvent side, an

(4) Harry Svensson, Optica Acta, 1, 25 (1954); 2, 90 (1954).
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effect that may be described as the Wiener skew
ness. It should be noted, however, that this skew
ness disappears as the boundary spreads whereas 
that due to a variation of the diffusion coefficient 
with the mixing ratio is invariant with time.

With the vertically extended light source that is 
essential for short exposures, the Rayleigh fringes 
are most sharply defined when the plane at a/ 2 is in 
focus and it is in this plane that the scale must 
be placed in determining the camera magnification. 
The choice, then, is to focus at a/2 and obtain sharp 
fringes with Wiener skewing in the early patterns or 
to focus at a/3 and get less sharply defined fringes 
without this skewing. With the method of compu
tation used the Wiener skewing is not a source of 
error in the evaluation of a mean diffusion coef
ficient for the experiment. Consequently the au
thor has focussed on the center of the channel but 
has refrained from using the early photographs in 
the determination of the variation in that coefficient 
from the boundary skewness.

The procedure for sharpening the boundary ini
tially also introduces its own distortion, the dissipa
tion of which requires time. Guggenheim5 has es
timated this time to be a small multiple of letter P /  
D, where l is half the breadth of the initial bound
ary. In typical cases encountered in this research 
l is of the order of 0.04 cm. and P/D =  80 seconds. 
Thus patterns obtained after diffusion for 300 
seconds, say_, should not be seriously affected by 
the initial distortion. In work with serum albu
min, on the other hand, Hoch6 found it necessary to 
focus at a/8, Fig. 1, in order to obtain normalized 
distributions that were invariant with time, a result 
that may be due to the slowness with which the 
initial distortion of the protein boundary was dissi
pated.

It is more difficult to distinguish skewness due to 
concentration dependence of D from that arising 
from a variation in the specific refraction n' =  dn/ 
dc, since both are time independent.7'8 In evalu
ating D from the spacing of the fringes in a pattern 
these are paired to avoid locating the center of the 
boundary. In order to include the central ones 
and also to assign approximately equal weight to all

(5) E. A. Guggenheim, J. Am. Chem. Soc., 52, 1315 (1930).
(6) Hans Hoch, Arch. Biochem. Biophys., 53, 387 (1954).
(7) L. G. Longsworth, J. Am. Chem. Soc., 75, 5705 (1953).
(8) L. G. Longsworth, “ Electrochemistry in Biology and Medicine,”  

Chap. 12, T. Shedlovsky, editor, John Wiley and Sons, New York, 
N. Y., 1955.

comparator readings, x, the fringes are paired un- 
symmetrically, e.g., in a 50-fringe pattern fringe 
number jk =  2 is paired with j\ =  26,4 with 28, 
and 24 with 48. Owing to the uncertainty in their 
location, fringes 1 and J — 1 are seldom used. If 
D and n' are constant over the concentration inter
val, Ac, across the boundary the value of (Ax/Az)ki 
=  (.Ti — Zk)/(«i — 0k) for each pair is constant. 
Here 0k is the argument9 of the error integral H  for 
Hk =  (2,/k — J)/J, etc. If, however, either or both 
of these coefficients is concentration dependent the 
values of (Ax/ As)ki shift with the fringe pair and the 
nature of the dependence frequently can be inferred 
from this variation. Several possibilities may be 
mentioned.

(a) If n' is constant but D varies linearly with c, 
and neither this variation nor Ac is too large, the 
ratio Di/Dz of the diffusion coefficient at the edges 
of the boundary can be computed from the slope, 
m, of the straight line that is obtained on plotting 
(Ax/Az)k\/(Ax/Az) versus (AR/Az)m- Here Ax/ 
Ac is the average of all values of (Ax/Az)k\ for a 
given pattern, R is the function obtained by 
Creeth,10 i.e., R =  (1 -  H 2 -  zHHl -  \UH/)/ 
2H\ where H x =  dll/dz and I)i/D2 =  (1 — m)/( 1 +
m).

(b) If D is constant and n' a linear function of c 
the values of (Ax/Az)k\/(Ax/Az) should be plotted 
against (AU/ Az)k\ where U is the function obtained 
by Creeth10 for this case. A plot versus (AR/ Az)k\ 
is also linear, however, and unless D is known to be 
constant the skewness could be misinterpreted as 
due to a variation in this coefficient. If n' is 
known as a function of c this information can be 
used to convert the reduced “ concentration” on the 
n-scale, i.e., (2j  — J)/J, to the concentration or c- 
scale before interpolation for z. On the c-scale 
(A.T/A.j)ki is then constant.

(c) If both D and n' are linear in c a plot of (Ax/ 
Az)k\/(Ax/Az) versus (AR/Az)u is also linear but its 
slope gives the wrong value for Di/D2 unless the 
skewness due to the concentration dependence of n' 
has been eliminated by conversion of the reduced 
concentrations to the c-scale. Without this con
version the value of Dt/D> would not agree with 
that from a graph of D versus c. This affords a use
ful clue as to the origin of the skewness.

Since the deviations from the Gauss distribution 
due to a linear dependence of D and n' one are even 
functions of 0 the resultant skewing may be de
scribed as “ symmetrical”  and does not become evi
dent if the fringes are paired symmetrically,10 i.e.,
2-48, 4-46, . . . .,24-26 for J =  50. In the cases 
considered thus far symmetrical pairing of the 
fringes gives a constant (Ax/Az)ki on either the n- 
or c-scale and is useful in checking the alignment of 
the pattern in the comparator and the readings on 
that instrument. The constant value thus ob
tained is identical with Ax/Az from the unsymmetri- 
cal pairing but it is only the mean value on the e- 
scale that may be substituted in the relation D =
(Ax/Az)2/4:MH if the differential diffusion coef-

(9) Federal Works Agency— Works Project Administration, Supt. of 
Documents, Washington, D. C. (1941).

(10) J. M. Creeth, J . Am. Chem.. Soc., 77, 6428 (1955).
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ficient at the mean concentration c is desired. Here 
M  is the camera magnification and t the time after 
correction for the initial breadth of the boundary. 
If the comparator is provided with a graduated 
cross-axis movement Crccth10 has shown how this 
may be used quite simply to obtain accurately sym
metrical pairing when ,7 is not an integer.

(d) If additional terms, i.e., quadratic, are needed 
to represent the concentration dependence of either 
D or n', or if Ac is too large, a plot of (Ax/Az)ui/
(Ax/Az) versus (AR/ Az)\a is no longer linear and 
symmetrical pairing of the fringes does not give a 
constant (Ax/Az)^. This situation, which may 
be designated as “ unsymmetrical skewing,”  has 
been encountered by the author in dilute aqueous 
methanol but not in the present research.

Results
A by-product of this research has been the deter

mination of the concentration dependence of the 
refractive index differences between the solutions 
forming a boundary. Figure 2 is a deviation plot of 
these differences for all pairs of solutions that have 
been studied. Here J/ac is plotted as ordinate 
versus the concentration c. as abscissa. The data of 
this figure may be represented by the empirical re
lations

J/ac =  214.20 +  2.12c for the potassium salts
and

J/ac =  214.20 +  3.00c for the sodium salts
with an average deviation of the computed values of 
.7 from those observed of 0.94. Although the scat
ter of the points in Fig. 2 is greatest in the dilute 
solutions where ,7 is small the largest deviations 
actually occur in the concentrated solutions where 
channel depths of 1 cm. are used. Readjustment 
of the a values by as little as 4  ̂materially reduces 
the average deviation noted above. This adjust
ment corresponds to one division on the scale of 
the microscope vernier that is used in the deter
mination of a and suggests the need for a refinement 
in this procedure. It may also be noted that the 
identity of the intercepts in the two empirical rela
tions given above affords confirmation, with a dif
ferential interferometric method, of the additivity 
of ionic refractions at infinite dilution.

The results of the diffusion measurements are 
presented in Table I and plotted as ordinates in Fig. 
3 with the square root of the concentration as ab
scissa. Where more than one experiment was done 
at a given concentration the entries in columns 2 
and 4 of Table I are mean values whereas those in 
the adjoining columns 3 and 5 are the average de
viations from these means. In Fig. 3 the straight 
lines are the limiting slopes computed with the aid 
of Gosting and Harned’s adaptation11 of the Onsa- 
ger theory. The intercept at zero concentration is 
(Z>ci° +  7>i°)/2, where DCi0 (2.0324 X 10~5) and Dj° 
(2.0457 X i0 —5) have been computed from the 
conductance and transference data of Harned and 
Owen12 with the aid of the relation Dn =  RT Xn/F2.

(11) L. J. Gosting and H. S. Harned, J. Am. Chem. Soc., 73, 159 
(1951).

(12) II. S. Harned and B. B. Owen, “ The Physical Chemistry of 
Electrolytic Solutions,”  2nd cd., R'-inhold Publ. Corp., New York, 
N. Y.. 1950. p. 590.

Fig. 2.— The variation, with concentration, of the refrac
tive index difference between equimolar chloride and iodide 
solutions.

Fig. 3.— The variation, with concentration, of the C l-I ex
change diffusion coefficient with different common ions.

T a b l e  I
F xctianoe  D if fu sio n  C o e f f ic ie n t s , D , o f  C h lo r id e  an d  

I o d id e  I ons  in  A q u eo u s  So l u t io n s  a t  25°

Concn.,
nioles/1. KI-KC1

D X 10s, 
craA/sec. 

A f. dev., % Nal-NaCl
Av. dev. 

%
0.01 2.010!) 0.24 2.0050 0.09

.02 2.0041 .05 1 9960 .29

.05 1.9971 .11 1.9808

.1 1.9888 .01 1 .9656

.2 1.9825 .04 1 .9426 .04

.5 1.9815 .05 1.9027 .02
1 .0 1.9800 .00 1.8440 .02

The 0.7% difference in D a0 and TV might be ex
pected to introduce a small variation of the diffu
sion coefficient with the ratio cci/(cci +  ci) in a 
boundary and hence a slight departure from the 
ideal, i.e., Gaussian, distribution. In dilute solu
tions, where this variation would not be compli
cated by other factors, the values of J were so 
small, however, that skewness of this magnitude 
was lost in the uncertainty with which the fringes 
could lie located. At 0.05 and 0.1 c the boundaries 
were essentially Gaussian. Above 0.2 c, on the 
other hand, the boundaries were definitely skew and 
the results of Table II were obtained as an aid in in
terpreting this non-ideal behavior. The data of 
this table refer to a total concentration of 1 c 
but the mixing ratio varied across the boundary
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from 0.0 to 0.1 in one pair of experiments and from 
0.9 to 1.0 in the second pair, whereas the 1 molar 
data of Table I refer to a variation in this ratio 
from 0 to 1.

T a b l e  I I
D a t a  fo r  th e  I n t e r p r e t a t io n  o i Sk e w  B o u n d a r ie s

d  x 105
Upper soin, 

ci cel
Lower soin, 

ci ccl KI-KCl
N al-
NaCl

0.0 1.0 0.1 0.9 1.9463 1.81)0
0.9 0.1 1.0 0.0 2.0244 1.8903

A = 0.0781 0.0787

Discussion
As is shown in Fig. 3 the D values in the dilute

solutions approach the limiting slopes from above, 
as do the electric mobilities in the same concentra
tion range. Moreover, the values in the presence of 
sodium are less than for potassium, differences that 
persist at concentrations sufficiently low for a vis
cosity effect to be negligible. This, again, is in 
qualitative accord with the Onsager theory. Al
though the diffusion coefficients of the ions of KC1 
and KI differ only slightly, in dilute solutions, from 
the salt coefficients, this is not true of Dei0 or Di° and 
TW ci0 or Z>Nai°. Thus, the results with the sodium 
salts indicate clearly that the process is not one of 
salt diffusion. This emphasizes the approximate 
nature of the computation made by Machines and 
Longsworth13 when they adopted the suggestion of 
Guggenheim6 that the electrolytes in a boundary 
between 0.1 c HC1 and 0.1 c KC1 be assumed to 
diffuse independently.

Although the results presented here cannot be 
interpreted as establishing the validity of the 
limiting law for ion diffusion they suggest that if 
the measurements could be extended to more dilute 
solutions that law would be obeyed. Although Mills 
and Kennedy14 did not interpret their data as sup
porting this law their values for the self diffusion of 
I in KI agree with those of Table I for the KI-KC1 
solutions up to 0.2 c with an average deviation of 
0.3%.

It is not possible at present to interpret quantita
tively the results in concentrated solutions. In 
Table II it will be noted that the differences A are

(13) D. A. Maclnnes and L. G. Longsworth, Cold Spring Harbor 
Symposia on Quantitative Biology, 4, 18 (1036).

(14) R. Mills and J. W. Kennedy, J. Am. Chem. Soc., 75, 5896 
(1953).

essentially independent of the common ion, sug
gesting that an additive property of these solutions, 
e.g., the viscosity, contributes to the variation of D 
with the mixing ratio. If the data of Table II, 
together with those of Table I for 1 c solutions, 
are plotted against the mean mixing ratio in the 
boundary, short extrapolations then give Dei (1 c 
KI) =  2.030, £>i (1 c KC1) =  1.943, Dc i (1 c Nal) = 
1.896 and A  (1 c NaCl) =  1.809 X 105. Here the 
subscript is the ion species whose concentration ap
proaches zero on extrapolation. It is uncertain 
whether or not these values can be identified as the 
corresponding ion diffusion coefficient in the solu
tion in parentheses, and the only tracer datum 
available for comparison is 1.991 X 10~5 for iodide 
ion in 1 c KC1.15 A simple viscosity factor overcor
rects somewhat, giving Z>ci(l c KI) =  1.900, D ci(l 
c Nal) =  1.953 and A (1  c ICC1) =  1.937, A (1  c 
NaCl) =  1.982 X 10~6. Two additional factors 
have, however, been neglected. One is the differ
ence in the diffusion mobility of chloride and iodide 
ions, about which little is known at 1 c. The 
other is the variation in the activity coefficient y 
with the mixing ratio, which for 1 mold, solutions is 
y(Nal) -  y(NaCl) =  0.081 and y(KI) -  T(KC1) 
=  0.041.12

It is of interest, however, that if D is assumed to 
vary linearly with the mixing ratio in the 0.5 and 
1 c boundaries of Table I this variation, expressed 
as the ratio, A /A , of the coefficient in the two 
solutions forming the boundary, may then be com
puted from the skewness. For K I-KC1 at 1 c the 
value of A /A  thus obtained is 0.962 whereas the 
extrapolations mentioned above give 0.957. For 
Nal-NaCl at 1 c the values are 0.960 and 0.954, 
respectively. At 0.5 c the skewness is about one- 
half of that at 1 c, i.e., A /A  =  0.980, suggesting a 
proportionality between this property and the 
concentration.
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NOTES
S O M E  IS O T O P IC  E X C H A N G E  R E A C T IO N S  

O F  I O D I N E  C Y A N I D E  

B t F. E. Jenkins and G. M. H arris

Contribution from the Department of Chemistry of the University of 
Buffalo, Buffalo, New York
Received September 7, 1956

Iod in e  cyan id e  is a w ell-defined  m olecu lar com 
pou nd , bu t recen t studies h ave  p o in ted  u p  its 
chem ical pecu liarities, b o th  as regards som e o f its 
reactions in  so lu tion 1-8 and its ab ility  to  form  m o
lecu lar com p lex es .4'5 I t  w as considered  o f  in terest 
t o  exam ine th e  nature o f  th e  various iso top ic  ex
change reaction s p ossib le  w ith  th is com p ou n d  in an 
a ttem pt to  th row  ad d ition a l ligh t on  its chem istry . 
T h e  reaction s stud ied  were

ICN +  I 131- ^ ± ;  I I31CN +  I -  (l)
ICN +  C I4N -  IC 14N +  C N - (2)

ICN +  I 131I I 13ICN +  I2 (3)

Experimental
A. Preparation of Materials.— Iodine cyanide was syn

thesized from iodine and sodium cyanide by the usual pro
cedure.6 It was purified by recrystallization from chloro- 
form/heptane solvent followed by vacuum sublimation. 
Dioxane was purified by the method of Hess and Frahm,7 
omitting the freezing step. Acetone was purified by treat
ment with KMnOi and ignited K 2C03, followed by frac
tional distillation. Commercial 7t-heptane was purified by 
passage through a 30-inch silica-gel column. Other reagents 
were of analytical grade and were used without further 
treatment. Radiocyanide and radioiodide were obtained 
from commercial suppliers. Racioiodine was prepared by 
the exchange reaction between aqueous radioiodide and solid 
iodine.8

B. Procedure.— For reactions 1 and 2, accurately 
weighed portions of iodine cyanide (ca. 0.5 g.) were dissolved 
in 20 ml. of solvent and thermostated at the desired tem
perature (to within ± 0 .1 ° ) ;  5 ml. of solution of radioactive 
potassium iodide or cyanide of accurately known concentra
tion (ca. 0.159 g. of K I or 0.100 g. of KCN per 5-ml. aliquot) 
were added rapidly with constant stirring. In most cases, 
satisfactory separations were achieved by direct precipita
tion of the iodide or cyanide in 1-ml. portions of the mixture 
with silver nitrate. In the pure organic solvents, however, 
silver iodide precipitation is incomplete, and in these in
stances the separations were made on Amberlite MB-1 
resin. On shaking a 1-ml. aliquot of reaction mixture with 
200 mg. of resin, all iodide ion was adsorbed within 30 sec. 
together with a small constant fraction of the iodine cyanide. 
The adsorbed iodide was eluted from the resin with concen
trated aqueous K N 0 3 and precipitated as before. The pre
cipitates were centrifuged down, washed and transferred to 
weighed steel planchets in the form of alcohol slurry. 
After drying under an infrared lamp, the weighed samples 
were counted by conventional end-window G /M  tube tech
nique.

Reaction 3 was studied in »-heptane solution only. 
Weighed amounts of iodine cyar.ide (ca. 0.03 g.) were dis
solved in 25 ml. of heptane, brought to temperature and

(1) L. E. Bodnar and A. B. VanCleave, Can. J. Chem., 31, 923 
(1953).

(2) F. Fairbrother, J. Chem. Soc., 180 (1950).
(3) A. A. Woolf, ibid., 4121 (1953); 252 (1954'; G. Lord and A. A. 

Woolf, ibid., 2546 (1954).
(4) R. N. Haszeldine, ibid., 4145 (1954).
(5) D. L. Glusker and H. W. Thompson, ibid., 471 (1955).
(6) Org. Syntheses, 32, 29(1952).
(7) K. Hess and H. Frahm, Ber., 71B, 2627(1938).
(8) L. R. Darbee and G. M. Harris, T h i s  J o u r n a l , 61, 111 (1957).

0.2-ml. portions of a heptane solution of radioiodine added 
with vigorous stirring. Two-ml. portions were withdrawn 
and shaken with an equal volume of water for 10 sec.; a 1-ml. 
aliquot from each layer was then assayed for radioactivity 
in a small erlenmeyer flask placed reproducibly over an in
verted end-window G /M  tube. From a knowledge of the 
distribution coefficients of iodine cyanide and iodine between 
heptane and water,9 the relative acitivity of the two reactants 
was readily obtainable.

Chemical concentrations of the reactants were determined 
in all needed cases by titration with dilute thiosulfate. 
Spectra were obtained as desired on a Beckmann DK-2 
spectrophotometer.

Results and Discussion
Even in non-aqueous media and at very low tem

peratures, all three reactions were found to have 
gone to completion within the few minutes required 
for separation. Table I summarizes the experi
mental conditions. There is the possibility that all

T a b l e  I
I o d in e  C t a n id e  E x c h a n g e  R ea c t io n s

Separation
Reaction Medium Temp., °C. method

( i ) Water 0, 30.2 Agl pptn.
Water-dioxane 0, 30.2 Agl pptn.
(20, 40, 60 and 80% dioxane)
Acetone -7 8 ,  30.2 Resin adsorption
Ethanol -7 8 ,  30.2 Resin adsorption

(2) Water 30.2 AgCN pptn.
Water-dioxane 30.2 AgCN pptn.
(20, 40, 60 and 80% dioxane)

(3) Heptane 0, 30.2 Extraction with
water

the exchanges are separation-induced; this possi
bility is greatest for the resin-adsorption separation. 
Since exchange was complete in every experiment, 
there is no way of investigating the roles of the 
various separation procedures. However, it seems 
reasonable to assume that a rapid homogeneous re
action is responsible for at least some of the ex
change. Yost and Stone10 have confirmed the 
existence of relatively stable complex ions of the 
types I2CN-  and ICN2~. Logical mechanisms for 
reactions 1 and 2 are therefore offered by the equilib
ria

ICN +  P -  ZJZt I*2C N - P C N  +  I -  
ICN +  C*N~ I(C*N)j- ; £ ±  IC*N +  C N -

Extremely rapid reaction is possible, since exchange 
may occur at almost every encounter of iodine cy
anide molecule with iodide or cyanide ion. Evi
dence for this is offered for the first case by the al
most instantaneous development of the well-known 
I3-  spectrum when solutions of ICN and I -  are 
mixed; this must result from the rapid occurrence 
of the series of equilibria ICN +  I~ <=t I2CN~
I2 +  CN-  and I2 +  I -

(8) Values for K „  -  at 25° are 53 and 0.075 for I,
and ICN, respectively.

(10) Don M. Yost and W. E. Stone, J. Am. Chem. Soc., 55, 1889 
(1933).



250 Notes Vol. 61

Mixtures o: ICN and CN~ solutions show a very 
rapid development of faint yellowish color; the 
spectrum of such a solution is very similar to that 
of a dilute cyanogen solution in which partial poly
merization has occurred. Apparently the reac
tions CNI +  CN~ I(CN),~ 1 - +  (CN)2 are
also very fast. The mechanism for reaction 3 is 
similarly most likely one of molecular association, 
though the spectroscopic evidence is inconclusive; 
the spectrum of an I2/IC N  mixture in heptane is al
most exactly the sum of the spectra of the separate 
constituents, showing only a very slight increase in 
absorption in the near ultraviolet.

Support of this research by the U. S. Atomic En
ergy Commission under Contract No. AT(30-1)- 
1578 is gratefully acknowledged.

THERMODYNAMICS OF THE FORMATION 
OF THE SILVER DITHIOSULFATE COM
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B y  H e n r i  C h a t e a u , B e r n a d e t t e  I I e r v ie r  an d  J acq u es
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The equilibrium Ag+ +  2S20 3—  Ag(S203)23(“ )
was studied by potentiometry between 25 and 70°.1 
To obtain these measurements, it was necessary to 
determine first the normal potential of the silver 
electrode2 and the potential of the reference calomel 
electrodes3'4 in that interval of temperature.

As a function of the temperature, the dissociation 
constant of the silver dithiosulfate complex varies 
according to the equation

, — 4166log K  = ------ y -  +  0.510

T being the absolute temperature.
From this result we obtained, at 25°, for the heat 

of formation of the complex from the ions, the free 
energy and the molal entropy, the values 

AH ° =  —19.05 ±  0.5 kcal./mole 
AG° =  -18 .35  ±  0.5 kcal./mole 

AS° =  —2.3 ±  2 cal./mole degree
Heat of Formation.— Only a few investigations 

of the heat of formation of the complex Ag(S203)23(_) 
have been reported. Fogh6 made the first meas
urements in 1890. He used the calorimetric 
method and found that the heat of formation of 
sodium silver thiosulfate from solutions of sodium 
thiosulfate and silver nitrate is 20 keal. This com
paratively old value is slightly higher than the one 
we obtained. Fogh’s experiments cannot give an 
exact result, far the sodium thiosulfate concentra
tions he studied were too high, so that, apart from 
the complex Ag(S20 3)2 3(_), a substantial amount of 
the complex Ag(S20 8)35C~) was formed.6 It is un

til H. Chateau, B. IIervier and J. Pouradier, J. chim. phys., to be 
published.

(2) J. Pouradier A. M. Venot and H. Chateau, ibid., S I,  375 
(1954).

(3) J. Pouradier and H. Chateau, Compt. rend., 237, 711 (1953).
(4) H. Chateau, J. chim. phys., 51, 590 (1954).
(5) J. Fogh, Ann. chim. phys., 21, 43 (1890).
(6) II. Chateau and J. Pouradier, Sci. el inds. phot., [2] 24, 129 

(1953).

likely that the heat of formation of the latter is iden
tical with that of the complex Ag(S20 3)23(~J. 
Generally, the heat of formation is greater for the 
higher complexes having a large number of com- 
plexing groups per complexed atom. The silver 
bromide complexes provide an example.2 This 
point might explain the slight difference between 
the value we found and that obtained by Fogh.

In their studies on silver bromochloride mixed 
crystals, Eastman and Milner7 have determined the 
heat of solution of silver bromide and silver chloride 
in a solution of 0.73 M  sodium thiosulfate contain
ing little silver. Under these conditions, according 
to our study,6 there is as much Ag(S20 3)35(H com
plex as Ag(S20 3)23(_) complex. Therefore, .the 
value of the heat of formation of the complex de
duced from the Eastman and Milner measurements 
must be slightly high. Actually, 20 keal. was ob
tained, which confirms our estimate.

The heat of formation in solution of the complex 
Ag(S20 3)23(̂ ) calculated from the values published 
by the National Bureau of Standards8 is —19.3 
keal. This value, which was also cited by Wil
liams,9 is in good agreement with the —19.05 ±
0.5 keal. value obtained from our own results.

Entropy.— To explain the stability of the com
plex ions, Williams9 considered the entropy. Ac
cording to him, the change in entropy in the course 
of the reaction Ag+ +  2S20 3 —► Ag(S20 3)23(_)
would be —26 cal./deg. This high negative value 
disagrees with our own results.

Moreover, the value of —26 cal./deg. for the 
change of molal entropy of the reaction of formation 
of the complex leads to an abnormally high value of 
the dissociation constant of the complex

AG° AH° -  TAS° 
l0gl° A  4.572 T  4.5727’

The calculations made with AS° =  — 26 cal./deg. 
and AH° =  —19.3 keal. give logio K  =  —8.51, or 
K  =  3.1 X 10 ~9. Such a value does not agree 
with the results published by the various authors 
who have studied this complex10 (see results and 
bibliography, ref. 6).

Nevertheless, in a recent study, Bent11 used the 
value published by Williams to calculate the “ uni
tary entropy” of the complex. This has been defined 
as being the difference between the molal entropy 
and the configurational entropy. The latter en
tropy is equal to 8 times the change in the number 
of ions in the course of the reaction. The unitary 
entropy of the complex Ag(S20  3)23<_) would be —26 
+  (8 X 2) =  —10 cal./deg. Bent tried to explain 
this extremely rare example of negative “ unitary 
entropy”  by a spatial configuration quite peculiar 
to that complex ion.

The value of the molal entropy used by Bent be
ing too small, it is interesting to calculate the “ uni
tary entropy”  of the complex from the exact value.

(7) E. D. Eastman and R. T. Milner, J. chim. phys., 1, 444 (1933),
(8) “ Selected Values of Chemical Thermodynamic Properties,”  

Natl. Bur. of Standards, Circular 500, Washington, D. C., 1952.
( 9 )  R. J .  P. Williams, T h i s  J o u r n a l , 5 8 ,  1 2 1  ( 1 9 5 4 ) .
(10) The value K  = 3.1 X 10 _9 is comparatively close to the value 

K  =  1.5 X 10-9 corresponding to the dissociation constant of the 
complex AgS20 3-.6D2 One might think that the constant of this 
last complex has been wrongly attributed to the complex Ag(S2C>3)23(-).

(11) H. A. Bent, T his J o u r n a l , 60, 123 (195G).
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According to our measurements, the molal entropy 
is AS° — —2.3 cal./deg., and the configurational 
entropy of the complex is equal to —10 cal./deg. 
With these two values, the “ unitary entropy” must 
he +13.7 cal./deg.

It is thus shown that the silver dithiosulfatc com
plex has a positive “ unitary entropy”  and conse
quently behaves like all the mineral complexes 
mentioned by Bent. Therefore, the hypothesis of 
an exceptional spatial configuration for the silver 
dithiosulfatc is not required.12

(12) H. Chateau and J. Pouradier, Compl. rend., 240, 1882 (1955).

THERMODYNAMIC FUNCTIONS FOR 
NITROGEN DIOXIDE AND NITROUS ACID

B y  A . P . A ltsiitt .i.e r

Robert A. Taft Sanitary Engineerinc Center, U. S. Public Health 
Service, Cincinnati, Ohio 
Received August 28, 1956

The nitrogen oxides and oxy-acids are of both 
practical and theoretical interest. In recent years 
these compounds have been of great interest in 
such diverse fields as air pollution and rocket fuel 
applications. It is of importance that accurate 
thermodynamic data on these compounds are 
available for use. Recent structural and spectro
scopic measurements on nitrogen dioxide and ni
trous acid permit the statistical calculation of the 
thermodynamic functions for N 02 and IIN 02.

The dimensions of the nitrogen dioxide have been 
determined by electron diffraction,1 infrared spec
troscopy2 and microwave spectroscopy.3 These 
measurements fix the r(N-O) distance at 1.19 A. 
and the valence angle at 134° ±  15'. The infrared 
spectrum has been studied recently by several inves
tigators2'4'5 with values for die vibrational frequen
cies in good agreement with an earlier measurement 
of the ultraviolet spectrum.6 The vibrational fre
quencies are vi =  1322 cm.-1, v2 =  750 cm.-1 and 
vz =  1616 cm.-1. The nitrogen dioxide molecule 
exists in a 22 ground state so the electronic degen
eracy pe is 2. The symmetry number is two. The 
moments of inertia are I a =  3.486 X 10-40 g. cm.2, 
7b =  63.76 X 10-40 g. cm.2, Ic =  67.25 X 10-40 g. 
cm.2a n d /a/blc =  1-495 X 13-116g.3 cm.6.

The thermodynamic functions for N 02 as an ideal 
gas at one atmosphere calculated to the rigid ro
tator harmonic oscillator approximation are given 
in Table I.

Giauque and Kemp7 determined the entropy of 
NO2-N 2O4 equilibrium mixtures calorimetrically 
and combined thermochemical data with an ap
proximate statistical thermodynamic calculation to 
arrive at an entropy at 298 1°K. for nitrogen diox
ide of 57.47 e.u. This value is 0.15 e.u. higher than

(1) S. Clacsson, J. Donohue and V. Sohomaker, J. Chem. Phys., 16, 
207 (1948).

(2) G. E. Moore, J. Opt. Soc. Amer., 43, 1045 (1953).
(3) G. R. Bird, J. Chem. Phys., 25 1040 (1956).
(4) M. K. Kent and R. M. Badger, Phys. Rev., 76, 473 (1949).
(5) F. L. Keller and A. H. Nielsen J. Chem. Phys., 24, 630 (195(5).
(6) L. Harris, G. W. King, W. S. Benedict and R. W. B. Pearsc, 

ibid., 8, 765 (1940).
(7) W. F. Giauque and J. D. Kemp, ibid., 6, 40 (1938).

T a b l e  I

THERMODYNAMIC FUNCTIONS POR NITROGEN DlOXIDE IN 
C at../ D e : j . /M o le

T, ” K. Cp»
n» -  //? 

r
-F « -  //»

S»
100 7.95 7.95 40.40 48.35
200 8.23 8.00 45.92 53.92
250 8.53 8.07 47.71 55.78
275 8.70 8.12 48.48 50.00
208.10 S . 87 8.18 49.14 57.32
300 8.89 8.18 49.19 57.37
325 9.07 8.24 49.85 58.09
350 9.27 8.31 50.40 58.77
400 9.60 8.45 51.58 60.03
500 10.40 S.77 53.50 02.27
600 11.04 9.09 55.13 64.22
700 11.55 9.41 56.50 05.97
800 11.95 9.71 57.83 67.54
900 12.27 9.97 58.99 68.96

1000 12.53 10.22 00.05 70.27
1100 12.73 10.43 61.04 71.47
1200 12.89 10.03 61.90 72.59
1300 13.03 10.81 02.81 73.62
1400 13.14 10.98 03.62 74.60
1500 13.23 11.12 64.38 75.50

the entropy value calculated in this work. The 
— (F° — Ho)/T functions for nitrogen dioxide cal
culated formerly7 were obtained by combining 
thermochemical data with early spectroscopic data. 
The values of — (F° — Hq)/T reported herein are
0.06 e.u. lower at 298.1°K. and 0.16 e.u. lower at 
900°K. than the values reported formerly.7'7a

The thermodynamic properties for the reaction 
NO(g) +  V, 0 2(g) N 02(g) are given in Table II.
The thermodynamic functions for NO(g) and 0 2(g) 
are taken from the literature.8-11 The major un
certainty lies in the //¡| value for the reaction.

The thermodynamic properties for the reaction 
NO(g) +  0 3(g) <=± NO..(g) +  0 2(g) are given in 
Table III. This reaction is of particular interest 
because of its kinetic aspects especially in air pollu
tion problems. The thermodynamic functions for 
ozone used in computing the values in Table III 
were recalculated using the microwave values for 
the moments of inertia.12-14 The values for S° and 
and — (F° — Hq)/T are 0.25 e.u. higher than those 
formerly calculated.15

The infrared spectra of nitrous acid indicates 
that the acid exists in a cis and trims form.16'17

(7a) The thermodynamic functions for NOs between 298.16 and 
1000°K. have been given recently by V. P. Morozov, Ukrain. Khim. 
Zhur., 21, 554 (1955). His values for S° and — F° — IIo/T are about 
0.1 e.u. higher because of the use of somewhat different molecular di
mensions.

(8) F. D. Rossini, et al.. Selected Values of Properties of Hydrocar
bons, NBS Circular C461, Nov., 1947.

(9) II. L. Johnston and A. T. Chapman, J. A m. Chem. Soc., 55 , 153 
(1933).

(10) II. L. Johnston and M. K. Walker, ibid., 55 , 172 (1933).
(11) II. W. Woolley, J. Research Hath Bur. Standards, 40, 163 

(1948).
(12) R. Trambarulo, et al., J. Chem. Phys., 21, 851 (1953).
(13) L. Pierce, Phys. Rev., 99, 666 (1955).
(14) R. H. Hughes, J. Chem. Phys., 24, 131 (1956).
(15) M. J. Klein, E. F. Cleveland and A. G. M cis ter, ibid., 19, 1068 

(1951).
(16) Jj. II. Jones, R. M. Badger and G. E. Moore, ibid., 19, 1599 

(1951).
(17) L. D ’or and P. Tarte, Bull. Soc. Roy. Sci., Lg, 178 (1951).
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T a b l e  II
T h e r m o d y n a m ic  P r o p e r t ie s  f o r  t h e  R e a ctio n  NO +  V2O2 <=* N 0 2

A H% =  —12.715 keal./mole
-  K \

T,
°K. cal./deg./mole

V T ) '
cal./deg./mole

A Ho,
kcal, /mole

A F°,
kcal./mole log Keq Kçq

200 2.927 13.754 -1 3 .3 0 -9 .9 6 4 10.89 7.76 X 1010
250 2.804 14.388 -1 3 .4 2 -9 .1 1 8 7.971 9.35 X 107
298.16 2.663 14.869 -1 3 .5 1 -8 .2 8 2 6.070 1.17 X 10°
300 2.656 14.889 -1 3 .5 1 -8 .2 4 8 6.017 1.04 X  108
350 2.509 15.286 -1 3 .5 9 -7 .3 6 5 4.598 3.96 X  104
400 2.346 15.613 -1 3 .6 5 -6 .4 7 0 3.534 3.42 X  103
500 2.046 16.104 -1 3 .7 4 -4 .6 6 3 2.038 1.09 X 102
600 1.776 16.454 -1 3 .7 8 -2 .8 4 3 1.036 1.09 X  10l
700 1.543 16.709 -1 3 .8 0 -1 .0 1 9 0.318 2.08
800 1.344 10.905 -1 3 .7 9 +  0.809 -0 .2 2 1 0.601
900 1.180 17.056 -1 3 .7 8 2.635 -  .640 .229

1000 1.041 17.173 -1 3 .7 6 4.458 -  .974 .106
1100 0.922 17.268 -1 3 .7 3 6.280 -1 .2 4 8 5.65 X  10-2
1200 .823 17.344 -1 3 .7 0 8.098 -1 .4 7 4 3.36 X  10-2
1300 .736 17.407 -1 3 .6 7 9.914 -1 .6 6 7 2.15 X  10-2
1400 .603 17.454 -1 3 .0 4 11.721 -1 .8 3 0 1.48 X  10-2
1500 .601 17.502 -1 3 .6 2 13.538 -1 .9 7 2 1.07 X  10-2

T a b l e  III
T h e r m o d y n a m ic  P r o p e r t ie s  fo r  t h e  R e a c t io n  NO +  0 3 NO2 O2

A H t = —47.35 kcal./mole
_ / f f >  -  ffS\ {F* -  Hn„\

T,
°K.

V T ) '
cal./deg./mole

\ T ) '
cal./deg./mole

A 7/0,
kcal./mole

AF°,
kcal./mole log Keq Ke q

200 0.536 0.362 -4 7 .4 6 -4 7 .2 7 51.65 4.47 X  1051
250 .521 .409 -4 7 .4 8 -4 7 .2 2 41.29 1.95 X  1041
298.16 .525 .570 -4 7 .5 1 -4 7 .1 7 34.57 3.72 X  IO34
300 .524 .575 -4 7 .5 1 -4 7 .1 7 34.36 2.29 X  1034
350 .551 .659 -4 7 .5 4 -4 7 .1 1 29.42 2.63 X IO29
400 .567 .730 -4 7 .5 8 -4 7 .0 5 25.70 5.01 X  IO25
500 .604 .862 -4 7 .6 5 -4 6 .9 1 20.50 3.16 X  10“
600 .615 .977 -4 7 .7 2 -4 6 .7 6 17.03 1.07 X  1017
700 .611 1.067 -4 7 .7 8 -4 6 .6 0 14.55 3.55 X  1014
800 .593 1.152 -4 7 .8 3 -4 6 .4 2 12.68 4.79 X  1012
900 .571 1.222 -4 7 .8 7 -4 6 .2 4 11.23 1.70 X 10u

1000 .546 1.282 -4 7 .9 0 -4 6 .0 6 10.07 1.17 X  10“
1100 .522 1.335 -4 7 .9 3 -4 5 .8 8 9.115 1.30 X  IO9
1200 .498 1.380 -4 7 .9 5 -4 5 .6 9 8.320 2.09 X  108
1300 .473 1.418 -4 7 .9 7 -4 5 .5 0 7.648 4.45 X  107
1400 .451 1.452 -4 7 .9 8 -4 5 .3 1 7.074 1.19 X  107
1500 .430 1.483 -4 8 .0 0 -4 5 .1 2 6.573 3.74 X  106

The approximate molecular dimensions for the cis 
and trans isomers also have been given.16 The cis 
and trans isomers both take the following inter
atomic distances: ron =  0.98 A., ton =  1.46 A., 
fno =  1-20 A. The cis isomer has an HON angle of 
103° and an ONO angle of 114°. The trans isomer 
has an HON angle of 105° and an ONO angle of 
118°. The vibrational frequencies of the cis and 
trans isomers which have been determined are 
given in Table IV.

T a b l e  IV
V ib r a t io n a l  F req u e n c ie s  fo r  N it r o u s  A cid  ( c m .-1 )

No. Discription
D ’or and Tarte 
cis trans

Jones, et al. 
cis trans

v\ O-H  stretching ~3425 ~3590 3462 3590
Vi N = 0  stretching 1639 1700 <1696 1696
VI O-H bending ~1370 1267 ~1292 1260
Vi O-N stretching 855 793 856 794
Vi O -N -O  bending 525 598 598 (?) 598
V6 H out of plane 638 545 (?) 637 543

The moments of inertia of the cis form are 7a =
10.13 X 10-40g. cm.2, Ib =  68.4 X 10-40g. cm.2, 7C 
=  78.5 X  10-40 g. cm.2 and of the trans form are 7a 
=  7.83 X 10-40 g. cm.2,7b =  75.2 X  10-40g. cm.2, 
7C =  83.0 X 10-40 g. cm.2. Both pe and a for 
HNO2 are equal to one.

The agreement in the vibrational frequencies of 
the trans form in the two investigations16'17 is very- 
good. D ’or and Tarte17 appear to have been able 
to fix i>2 and r5 for the cis form. In the thermody
namic calculations, v3 for the cis form is taken as the 
average of the values given, v3 =  1330 cm.-1.

The thermodynamic functions for irans-HNCb 
and m-HNCh as ideal gases at one atmosphere 
pressure calculated to the rigid rotator-harmonic 
oscillator approximation are given in Tables V and 
VI.

The energy difference between the trans and cis 
isomers is about 500 cal./mole.16 From AE and AS
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Table V
Thermodynamic Functions for irans-NiTKOUS Acid in  

C a l . / D e g . / M ole
-  Hj -F *  -  fljj

T, °K. cy> T T s°
100 8.03 7.96 41.65 49.61
200 9.33 8.27 47.23 55.50
250 10.21 8.57 49.10 57.67
275 10.63 8.74 49.93 58.67
298.16 11.00 8.9C 50.64 59.54
300 11.03 8.91 50.70 59.61
325 11.42 9.09 51.42 60.51
350 11.78 9.27 52.10 61.37
400 12.44 9.62 53.36 62.98
500 13.55 10.3C 55.58 65.88
600 14.42 10.92 57.51 68.43
700 15.11 11.47 59.24 70.71
800 15.68 11.96 60.80 72.76
900 16.15 12.4C 62.24 74.64

1000 16.55 12.8C 63.56 76.36

Table VI
T HERMOD YN AMIC Functions for cis-Nitrous Acid in

Cal./D eg./M ole
w  -  m 1 1 Si

T, °K. Up" T T S”
100 8.03 7.96 41.75 49.71
200 9.24 8.25 47.33 55.58
250 10.07 8.5J 49.19 57.72
275 10.48 8.66 50.02 58.71
298.16 10.84 8.84 50.73 59.57

• 300 10.87 8.85 50.79 59.64
325 11.25 9.02 51.50 60.52
350 11.61 9.2C 52.17 61.37
400 12.28 0.54 53.42 62.96
500 13.42 10.2C 55.63 65.83
600 14.32 10.82 57.54 68.36
700 15.05 11.37 59.25 70.62
800 15.64 11.87 60.80 72.67
900 16.14 12.32 62.22 74.54

1000 16.56 12.72 63.55 76.27

for the equilibrium irans-HNCb <=̂  cfs-HN02, the 
ratio of the concentrations of trans to cis isomers 
has been computed approximately. The values of 
the equilibrium ratios are as follows: 100°K., 13;

Table VII
Thermodynamic Functions for Equilibrium Mixtures

of trans- and cis-Nitrous Acid in Cal./D eg./M ole
r p  -  Hi - F «  -  H°

T, °K. C„" T T S«
100 8.03 7.90 43.04 51.00
200 9.31 8.27 48.03 56.90
250 10.17 8.56 50.50 59.06
275 10.59 8.72 51.34 60.06
298.16 10.95 8.88 52.05 60.93
300 10.98 8.80 52.11 61.00
325 11.37 9.07 52.82 61.89
350 11.73 9.25 53.50 62.75
400 12.38 9.59 54.76 64.35
500 13.50 10.26 56.98 67.24
600 14.38 10.88 58.90 69.78
700 15.08 11.43 00.62 72.05
800 15.66 11.92 62.18 74.10
900 16.15 12.37 62.61 74.98

1000 16.55 12.76 64.94 77.70

200°K., 3.6; 250°K.,2.8; 275°K., 2.5; 298.16°K., 
2.3; 300°K., 2.3; 325°K , 2.2; 350°K , 2.1; 
400°K., 1.9; 500°K., 1.7; 600°K, 1.5; 700°K.,
1.4; 800°K , 1.4; 900°K. 1.3; 1000°K, 1.3. The 
entropy of mixing of the cis and trans forms con
tributes if In 2 to the entropy and free energy func
tion. The thermodynamic functions for the equilib
rium mixtures of trans- and cis-HNCb are given in 
Table VII.

The only previous values for the thermodynamic 
functions of nitrous acid given are for the entropy 
of the trans, cis and equilibrium mixture at 298°K.16 
These values differ from those calculated in the 
present work, but a recalculation by the authors18 
gave values in agreement with those given in this 
paper.19

(18) Private communication from Dr. G. E. Moore.
(19) After this paper was submitted for publication, Dr. Ann Palm 

graciously sent a copy of her manuscript entitled “ Potential Constants 
of Nitrous Acid”  to be published in the J. Chem. Phys. Her calcu
lations favor a value of 1370 cm. _1 for vz of the m~form of HNO2. 
If this frequency is used instead of 1330 cm .“ 1, then at 1000°K. S° is 
decreased by 0 05 e.u. and the other functions are decreased by 0.02 to 
0.03 e.u. for the ¿us-HNCh.

THE ANALYSIS OF THE NEAR 
ULTRAVIOLET ABSORPTION SPECTRUM 

OF CSz1
By Jerome W . Sidman2

Department of Chernislry, University of Rochester, Rochester 20, N. Y.
Received Ju-xe 7, 1956

It is the purpose of this note to call attention to 
some earlier and largely neglected data on the ul
traviolet absorption spectrum of CS2. R.odloff has 
studied the absorption spectrum of crystalline CS2 
at 20°K.3 The theoretical interpretations of 
Mulliken4'6 and of Walsh6 have concentrated almost 
exclusively on the vapor absorption spectrum of 
CS2.7

The weak, long wave length absorption transition 
(A 3500 A. system) has been interpreted as xB2 — 
1Sg+. The jB2 state is one of the components of the 
4AU state which arises from the (irg) 3 (iru) configura
tion.6 The orbital degeneracy is removed by the 
change in the equilibrium nuclear point group, since 
the molecule is linear in the ground state but is 
strongly bent in the upper state.4-7 The absorp
tion spectrum of solid CS2 shows weak, sharp bands 
in this region, and the 0-0 band is probably in the 
vicinity of 28170 cm.-1.3 It does not yet appear 
possible to give a complete vibrational analysis of 
these bands, although long progressions of the bend
ing frequency (¡A) have been identified in the vapor 
spectrum.7

An examination of the absorption spectrum of 
solid CS2 at low temperature reveals that a dis-

(1) Supported by the Office of Ordnance Research of the United 
States Army, under Contract DA-30-115 ORD-728 with the University 
of Rochester.

(2) Post-doctoral fellow, Shell Chemical Co., 1955-1956. De
partment of Theoretical Chemistry, Cambridge University, England.

(3) G. Rodloff, Z. Physik, 91, 511 (1934).
(4) R. S. Mulliken, Phys. Rev., 60, 506 (1941).
(5) R. S. Mulliken, Rev. Mod. Phys., 14, 204 (1942).
(6) A. D. Walsh, J. Chem. Soc., 2266 (1953).
(7) L. N. Liebermann, Phys. Rev., 59, 106 (1941); 60, 496 (1941).
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tiiictly different electronic transition overlaps the 
^2 — transition at its short wave length end. 
This is most clearly seen in Figs. 6 to 9 of ref. 3. 
The bands of this transition are more intense than 
those of the X 3500 A. transition and are also 
broader. A progression of a vibrational frequency 
of 600 cm.-1 is prominent, starting from the band 
D at 30300 cm v 1.3 This is clearly a progression in 
v\ (657 cm.-1 in the ground state). The upper state 
must be linear, or very nearly so, since progressions 
of v-i (401 cm.-1 in the ground state) are absent.

A possible assignment for this transition is Tig — 
12c+, with the upper state arising from the tyg)3̂ )  
configuration.5 The assignment as a forbidden 
transition is consistent with the low intensity of 
these bands (X 3300 A. system), although the transi
tion from which the intensity might be stolen has 
not yet been identified. Another possible assign
ment is 1n u — ‘2B+, with the upper state arising 
from the (•7rs) dÇâu) configuration.6 This transition 
is allowed by symmetry. An unequivocal as
signment is not possible on the basis of the existing 
data.

The intense band system at X 1970 A. has been 
assigned as 1Z„+ — 12K+ (TV — ,26+ if the upper 
state is bent4'6). The upper state of this transition 
arises from the same (7rg) 8(xu) configuration which 
gives rise to tie  X 3500 À. band system.

On the basis of the anatysis of the vapor absorp
tion spectrum, Ramasastry8 has also found evidence 
for two transitions in the X 3600-2800 A . region of 
the CS2 spectrum.

I am much indebted to Professor R. S. Mulliken 
for several helpful criticisms.

(8) Ramasastry, Proc. Nall. Inst. Sci. India, 18, 177, G21 (1952).

LEAST-SQUARES REFINEMENT OF THE 
STRUCTURE OF 

TETRAM ETHYLPYRAZINE1
B y  D on  T . C r o m e r

University of California, Los Alamos Scientific Laboratory, Los Alamos Netv Mexico
Received, August 15, 1056

A number of years ago the crystal structure of 
tctramcthylpyrazine (TA1P) was determined by 
Cromer, Ihdo and Ritter.2 Because of the limited 
computing facilities at that time, this structure was 
not refined as far as it might have been. In partic
ular, no series termination correction was made. 
The present author now has access to the Maniac, a 
high-speed electronic computer at the Los Alamos 
Scientific Laboratory, and has carried out several 
least-squares refinements of crystal structures. 
Relatively small modifications of an existing pro
gram permitted a least-squares refinement of TMP 
to be computed with a minimum of effort. This 
program simultaneously refines the atomic co
ordinates, an isotropic temperature factor for each 
crystallographically different atom and the scale

(1) Work clone under the auspices of the Atomic Energy Com
mission.

(2) I). T. Crom :*r, A. J. Tlule and TT. L. Ritter, ./. Am. Cl,cm. Slor., 
73. 5587 (1951).

factor. The off-diagonal terms arc omitted from 
the normal equations.

The results of the previous determination were 
used as a starting point for the calculations. Those 
reflections with Fobs =  0 were omitted as ŵ ell as 
the reflections 002, 102, 111, 200 and 202 which 
were evidently strongly influenced by extinction. 
The other reflections were weighted equally. 
The McWeeney3 form factors were used for carbon 
and nitrogen and the contribution of the hydrogen 
atoms wras neglected. The results are listed in 
Table I along with the previous ones for comparison. 
The final value for R is 16.1%. It is interesting to 
note that the temperature factors for the ring 
atoms are all about the same while while the methyl 
groups have a significantly larger thermal motion.

The standard deviations have been determined 
by the usual method of least-squares except that 
the reciprocals of the diagonal terms of the normal 
equations were used as an approximation to the 
diagonal terms of the inverse matrix. Experience 
in this Laboratory has shown that for an orthogonal 
cell this approximation is accurate to within 1% in 
the estimation of the standard deviations of atomic 
coordinates, but underestimates by about 25% the 
standard deviations of the temperature factors. 
The terms 2(óF /óB ¡)2 in the normal equations 
are comparable in size to many of the off-diagonal 
terms. Because the diagonal terms for the tempera
ture factors arc not large, it is necessary to scale

down the computed ABi in the first few cycles or 
the problem may not converge. The standard 
deviations given must be considered as lower limits 
because the least-squares method does not account 
for systematic errors.

The molecular parameters are given in Fig. 1. 
Within experimental error the molecule is planar. 
If the least-squares plane is passed through the ori
gin and the five atoms of the asymmetric unit, the 
average deviation of the atoms from this plane is
0.008 A. and the maximum deviation is 0.017 A. 
The closest intramolecular distances between 
methyl groups are 3.74 ±  0.013 and 3.85 ±  0.013
A.

Tables of observed and calculated structure fac
tors are available from the author.

(3) It. MeWl'cnry, Achí Crust., 4, 113 (UI3J1.
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T a b l e  I
R e su l ts  of t h e  L e a st -S q u a r e s  A n a l y sis  o f  T M P  a n d  C o m pa r iso n  w it h  P r e v io u s  F o u r ie r  A n a ly sis

Atom
Fourier analysis 

X  Y Z X
Least-squares analysis 

Y z
Standard dev.
of position, A. BX  1016cm .
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The thermodynamics of the liquid Cu-Ag system 
have been reported by Edwards and Downing,2 
based on vapor pressure measurements by the ef
fusion method. Previously we had conducted an 
investigation by the galvanic cell method in view 
of the potentially greater precision often realized 
by this method. After considerable exploration 
our confidence in the method was lessened with re
gard to its applicability for the study of the Cu-Ag 
system; however, the results were generally sup
porting to those of Edwards and Downing2 and are 
here reported in that connection.

The limiting factors involved in obtaining reliable 
galvanic cell measurements are sometimes to a de
gree inverted as one proceeds to the high tempera
tures required for the present study. Firstly, the 
attainment of true equilibrium between the elec
trode interior and surface is certainly more favor
able for the case of liquid metal electrodes as com
pared to solid metal electrodes. However, the 
problem of selecting a suitable electrolyte and con
ducting species becomes often formidable. The 
electrolyte must (a) be sufficiently non-corrosive 
toward the container and of sufficiently low vola
tility to permit observation of the cell behavior over 
a period of time, (b) provide a medium toward 
which one of the electrode components is appreci
ably more noble in behavior than is the other com
ponent, and (c) must not display electronic con
duction in addition to the ionic conduction required 
in the cell reaction.

The two types of electrolytes chosen for use were
(1) CuCl dissolved in liquid KC1 and (2) Cu20  dis
solved in a liquid oxide solution. The desired elec
trode reactions are

Anode Cathode
Cll( liquid, pure) — Cll 1 A  O Cl- ! A  O — CU(OtlAg. liquid)

The chloride electrolyte suffers from the proba
bility of permitting a simultaneous opposing reac
tion involving the transfer of Ag from the Cu-Ag 
electrode to the electrolyte solution and to the Cu

(1) (a) This work was supported by the U. S- Office of Naval Re
search, U. S. Navy, through Contract N7-onr-329, Task Order II. and 
Contract NONR 1406, Task Order II. (b) Based on part of a thesis by
J. H. Downing, submitted to the Illinois Institute of Technology in par
tial fulfillment of the requirements for the Ph.D. degree, May, 1964.

(2) R. K. Edwards and J. II. Downing, J. Phys. Chem., 60, 108 
(1956).

electrode. Thus, one may calculate from the data 
listed by Brewer, et a l.3 that the equilibrium Cu +  
AgCl =  Ag -j- CuCl lies to the right as is required, 
but that the equilibrium constant is only about 3 at 
1428°K. The chloride electrolyte might become 
reasonably satisfactory for the cells involving Cu- 
Ag electrodes more dilute in Ag, where the activity 
of Ag would be reduced. In this general regard, 
the oxide electrolyte is much to be preferred for one 
can estimate from the oxide thermodynamic prop
erties given by Brewer4 that the comparable equi
librium is overwhelmingly toward the Cu20. How
ever, Cu20  at low temperatures is known to be an 
excess oxygen semiconductor.4'5 Presumably this 
effect might well be minimized by working with a 
dilute solution of Cu20  in a liquid oxide solvent at 
high temperatures and subjected to the reducing 
action of the liquid Cu electrode.

Experimental
Tungsten wires were used to connect the electrodes to a 

Brown Electronik recording potentiometer or a Rubicon 
Portable Precision potentiometer. The tungsten lead 
wires were isolated from the electrolyte by porcelain pro
tection tubes. The electrolytes were dried and fused under 
vacuum, but the runs were made in an argon atmosphere to 
minimize electrolyte volatilization loss from the hot zone. 
The several different types of cells are noted below for identi
fication later with the figure presenting the results obtained.

Cell Type A .— The anode and cathode were simply con
tained in small porcelain crucibles separated from each other 
and within the main porcelain container. The crucibles 
were spaced from each other by a graphite holder.

Cell Type B .— The anode was concentric with the cathode 
and separated only by the alumina or zirconia crucible 
which contained the central anode.

Cell type C .— A  Vycor cell of conventional “ H ”  cell de
sign was used.

Cell Type D .— The cell consisted of a porcelain tube which 
had been fabricated to simulate an “ H ”  cell in that it had 
legs to separate the anode and cathode compartments.

The KC1 electrolyte with about 5 %  CuCl was used with 
cells A, B, and C. Several different oxide mixtures were 
used for the electrolyte in cell D . M ost of them were too 
corrosive toward the porcelain container so that the activ
ity results in these cases do not warrant reporting. One 
mixture with which activity results were obtained consisted 
of 00 g. of borax with 55 g. of soft glass, and the liquid mix
ture was saturated with porcelain at the intended operating 
temperature of the cell. Then 15 g. of Cu20  was dissolved in 
the oxide mixture to constitute the electrolyte. This electro
lyte, having been presaturated with porcelain, was much 
less corrosive to the porcelain container and permitted cell 
observations for several hours.

A  P t-P t(1 0 %  Rh) thermocouple was used to obtain the 
cell temperatures. The voltage of the galvanic cell was 
followed as a function of time until it arrived at a steady 
state value or failed due to excessive volatilization of the 
electrolyte or corrosion by the. electrolyte. Runs of five to

(3) L. Brewer, L. A. Bromley, P. W. Gilíes and N. L. Lofgren, Paper 
6, National Nuclear Energy Series, Yol. 19B, edited by L. L. Quill, 
McGraw-Hill Book Company, Inc., New York, N. Y., 1950.

(4) L. Brewer, Chem. Revs., 52, 10, 36 (1953).
(5) N. F. Mott and R. W. Gurney, “ Electronic Processes in Ionic 

Crystals,’ ' 2nd Ed., University Press, Oxford, 1948.
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F ig. 1 .— A c tiv ity  of C u  in liquid solutions a t  7.0 X  10 -4 
1 / ° K . (14 28 °K .).

eight hours were obtained in several cases. One of the dis
turbing features of the voltage behavior w as th a t it  generally 
continuously oscillated about a mean valu e w ith an am pli
tude of about one to  tw o m illivolts and a frequency of up to 
30 oscillations per minute, even when the so-called steady 
state  was reached. I t  appeared th a t periodic polarization 
w'as taking place. Purposeful polarization aw ay  from  the 
steady state  values w as generally follow ed b y  a rapid return 
of th e cell to its steady state  reading, although still accom 
panied b y  the usual oscillating behavior. C ells which had 
larger electrode-electrolyte interface areas u su ally  showed 
decreased oscillation am plitudes and frequencies. Cells em
ploying the oxide electrolyte were m uch less subject to this 
ty p e  of disturbance.

Exam ination  of the copper anodes after extended runs 
using the chloride electrolyte showed th a t some silver had 
been transferred from  the alloy electrode in line w ith  the 
factors discussed in the introductory paragraphs.

Results and Discussion
The results are shown in Fig. 1 where observed 

activities are plotted for the temperature 1428°K. 
and are compared with the experimental curve of 
Edwards and Downing2 for the same temperature. 
The present results were in general obtained at 
slightly different temperatures but have been re
calculated to the temperature 1428°K. by use of 
the temperature coefficient data of Edwards and 
Downing.2 In several cases the thermocouple 
protection tube, and consequently the thermo
couple, failed during the course of the run and it was 
necessary to estimate the temperature thereafter. 
The uncertainties shown in Fig. 1 are ample to 
cover such temperature errors, and also the oscilla
tion error for the particular cells involved. The 
dashed line in the figure is the “ ideal solution”  ref
erence.

For one rather well behaved cell (54 atom %  Ag 
alloy), it was possible to make observations at sev
eral temperatures. From these data a relative par
tial molar enthalpy for Cu of 1,610 calories was ob
tained.

The galvanic cell activity data are seen to lend 
general support to the vapor pressure activity data 
in that they, too, indicate that the liquid Cu-Ag 
solutions show positive deviation from ideal solu
tion behavior. If a correction could be made for 
the contribution of the competitive silver reaction, 
the effect would be such as to bring these activities 
into closer agreement with the vapor pressure re
sults. It is also to be noted that the effect of the 
competitive silver reaction should likely decrease at 
higher silver dilutions in the alloys, and such seems 
to be observable in Fig. 1.

In spite of the limitations as to the quality of the 
cell, the relative partial molar enthalpy for Cu ob
tained in the one case is in good agreement with the 
work of Edwards and Downing.2

COMMUNICATIONS TO THE EDITOR
CRYSTALLOGRAPHIC EVIDENCE FOR THE 
TRIHYDRATE OF ALUMINUM FLUORIDE

Sir:
Dr. Benjamin Post has pointed out that, in the 

absence of single crystal evidence to the contrary, 
the sin2 6 values which I recently reported1 for 
A1F3-3H20  may be equally well fitted to a tetrag
onal unit cell with c half the value which I assigned.

( 1 )  R .  D .  F r e e m a n ,  T h i s  J o u r n a l , 6 0 ,  1 1 5 2  ( 1 9 5 6 ) .

His comments are quite valid. Therefore, until 
single crystal data for A1F3-3H20  are presented, 
the unit cell dimensions should be taken as a =  
7.734 A. and c =  3.665 A., the l values of the planar 
indices2 should be halved, and the space group 
assignment is not yet definite.
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