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M>D���������� 
;;D����� 
 
 
 
 
 
<�B��Ljmobg��DHGKI?DL�E?DPBC�IH�=?HF:=G?LBAFM. 
F���Nbabq_kdbc�nZdmevl_l�F=M�����������k� 

<� mq_[ghf� ihkh[bb� ^Zgh� djZldh_� baeh`_gb_� hkgh\guo� agZgbc� h�

]_hfZ]gblghf�ihe_�b�fZ]g_lbaf_�]hjguo�ihjh^��Ihkh[b_�gZibkZgh�gZ�hkgh\_�

fZl_jbZeh\�e_dpbc�ih�a_fghfm�fZ]g_lbafm�b�fZ]g_lbafm�]hjguo�ihjh^��

dhlhju_� Z\lhj� qblZ_l� klm^_glZf� dZn_^ju� nbabdb� A_feb� \� l_q_gb_�

g_kdhevdbo�̂ _kylbe_lbc� 
=_hfZ]gblgh_�ihe_�b]jZ_l�\Z`gmx�jhev�\�`bagb�gZr_c�ieZg_lu��hgh�

g_jZaju\gh�k\yaZgh�k�__�w\hexpb_c�b�k�`bagvx�gZ�A_fe_��;eZ]h^Zjy�_fm�

ijhbkoh^beb� ]_h]jZnbq_kdb_� hldjulby� b� ^h� gZklhys_]h� \j_f_gb�

hkms_kl\ey_lky�hjb_glZpby�^\b`msboky�l_ogbq_kdbo�h[t_dlh\�gZ�A_fe_�b�\�

hdheha_fghf�ijhkljZgkl\_� 
<�ihkh[bb�aZljhgmlu��ij_`^_�\k_]h��l_�\hijhku��agZgb_�dhlhjuo�

g_h[oh^bfh� klm^_glZf� ^ey� k^Zqb� khhl\_lkl\mxsbo� wdaZf_gh\�� G_� \k_�

ijh[e_fu� hk\_s_gu� k� h^bgZdh\hc� iheghlhc�� :\lhj� ij_^iheZ]Z_l�� qlh�

klm^_glu��ihfbfh�wlh]h�ihkh[by��[m^ml�qblZlv�b�^jm]mx�ebl_jZlmjm�ih�

ijh[e_fZf� ]_hfZ]g_lbafZ� b�� ij_`^_� \k_]h�� ijb\_^_ggmx� \� kibkd_�

j_dhf_g^m_fhc�ebl_jZlmju� 
 
 
 
 
 

�����Ljmobg�<�B��������]� 
�����Nbabq_kdbc�nZdmevl_l�F=M�bf��F�<��Ehfhghkh\Z�������]� 
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E _ d p b y � �  

JHEV�=?HF:=GBLGH=H�IHEY�<�@BAGB�A?FEB 
 
 
 
F�<�Ehfhghkh\�h�fZ]g_lbaf_��©Ba�\k_o�fZl_jbc�fZ]gblgZy�fZl_jby�

kZfZy�lhgqZcrZyª� 
=_hfZ]gblgh_�ihe_� �=FI��ijhgbau\Z_l� \k_� ]_hkn_ju�� \ky�`b\Zy�b�

g_`b\Zy� ijbjh^Z� gZoh^blky� ih^� \ha^_ckl\b_f� =FI�� dhlhjh_� hdZau\Z_l�

kms_kl\_ggh_�\ebygb_�gZ�w\hexpbx�b�`bagv�\k_c�ieZg_lu� 
<� kj_^gb_� \_dZ� b� ihke_^mxsb_� klhe_lby� ^h� gZklhys_]h� \j_f_gb��

[eZ]h^Zjy�=FI�hkms_kl\eyeZkv�hjb_glZpby�\h�\k_o�fhjkdbo�b�kmohimlguo�

iml_r_kl\byo� 
=FI�aZsbsZ_l�A_fex��hl�dhkfbq_kdbo�qZklbp�\ukhdbo�wg_j]bc� 
GZ�hkgh\_�bkke_^h\Zgbc�ZghfZevgh]h�=FI�\_^_lky�ihbkd�ijbjh^guo�

j_kmjkh\� 
 
We_f_glu��khklZ\eyxsb_��]_hfZ]gblgh]h�ihey 
 

 
Jbk����=eZ\gu_�we_f_glu�]_hfZ]gblgh]h�ihey 

 

=FG
→

 —�gZijy`_gghklv� ]_hfZ]gblgh]h�ihey�\� l�H�k�dhhj^bgZlZfb�

,λ ϕ , 
D∠  —�fZ]gblgh_�kdehg_gb_� 
J∠  —�fZ]gblgh_�gZdehg_gb_� 

G
→

 —�]hjbahglZevgZy�khklZ\eyxsZy� 
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O —� k_\_jgZy��Y —� \hklhqgZy� b�Z —� \_jlbdZevgZy� khklZ\eyxsb_�

\_dlhjZ� =FG
→

, 

zHG
→

 —�iehkdhklv�fZ]gblgh]h�f_jb^bZgZ��� 
zHo —�iehkdhklv�]_h]jZnbq_kdh]h�f_jb^bZgZ� 
X, Y, Z, Y, D, J —�we_f_glu��khklZ\eyxsb_��]_hfZ]gblgh]h�ihey� 
X, Y, Z —�ijyfhm]hevgZy�kbkl_fZ�dhhj^bgZl� 

D, J, =FG
→

 —�kn_jbq_kdZy�kbkl_fZ�dhhj^bgZl� 

Z, Y, D —�pbebg^jbq_kdZy�kbkl_fZ�dhhj^bgZl 
 
Hkgh\gu_�khhlghr_gby 

=FG
→

= (X2 + Y2 +Z2)1|2,    H = (X2 + Y2)1|2,   Z = H Ü tgJ,  X = H Ü cosD, 

Y = HÜsinD, tgD = Y/X,  tgJ = Z/H = Z/ 2 2X Y+  
 
We_f_glu�=FI�baf_gyxlky�\�ijhkljZgkl\_�b�\h�\j_f_gb� 
<j_f_ggu_�baf_g_gby� we_f_glh\�=FI�—� \ZjbZpbb� ]_hfZ]gblgh]h�

ihey�[u\Zxl�^\mo�lbih\� 
1. [ukljhl_qgu_�k�i_jbh^Zfb�hl�^he_c�k_dmg^�^h���]h^Z� 
2. f_^e_ggu_��\_dh\u_��k�i_jbh^Zfb�\�khlgb�b�lukyqb�e_l� 

Bklhqgbdb� [ukljhl_qguo� \ZjbZpbc� gZoh^ylky� \� bhghkn_j_� b�

fZ]gblhkn_j_��\_dh\uo�—�\h�\g_rg_f�y^j_�A_feb� 
=_hfZ]g_lbaf��dZd�gZmdZ��bf__l���jZa^_eZ�� 

1. =eZ\gh_� ]_hfZ]gblgh_� ihe_� b� _]h� \_dh\u_� \ZjbZpbb� �bklhqgbdb�
\gmljb�A_feb���ZghfZevgh_�=FI��bklhqgbdb�\�a_fghc�dhj_�� 

2. We_dljhfZ]gblgh_�ihe_��bklhqgbdb�\g_�l\_j^hc�A_feb��\�bhghkn_j_�
b�fZ]gblhkn_j_�� 

Bkke_^h\Zgb_� wlbo� jZa^_eh\� ijhba\h^blky� \� agZqbl_evghc�

kl_i_gb� g_aZ\bkbfh� ^jm]� hl� ^jm]Z�� K� lhqdb� aj_gby� \gmlj_gg_]h�

kljh_gby�b�w\hexpbb�A_feb�gZb[he__�p_ggmx�bgnhjfZpbx�^Z_l�i_j\uc�

jZa^_e�� 
 
 
DjZldh�h[�bklhjbb�]_hfZ]g_lbafZ��=F� 
<�^j_\ghklb� �hdheh� ����e_l�^h�g�w���\�DblZ_�bkihevah\Zeky�dhfiZk�

^ey�hij_^_e_gby�gZijZ\e_gby�\h�\j_fy�iml_r_kl\bc� 
OIII \_d�—�bah[j_l_gb_�dhfiZkZ�\�?\jhi_�:�<_ebdb_�]_h]jZnbq_kdb_�

hldjulby� 
Dhg_p�OV�\_dZ�—�hldjulb_�O�Dhemf[hf�fZ]gblgh]h�kdehg_gby�— 

gZqZeh�gZmdb�h�=F� 
GZqZeh�OVI �\_dZ�—�hldjulb_�gZdehg_gby�J. 
C_j_^bgZ�OVI �\��—�baf_j_gby�kdehg_gby�D�gZ�k_\_j_�Jhkkbb� 
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Ijbjh^Z� ]_hfZ]g_lbafZ�� >h� hldjulby� Dhemf[Z� kqblZehkv�� qlh�

fZ]gblgZy�klj_edZ�ijbly]b\Z_lky�Iheyjghc�a\_a^hc� 
�����]��M�=bev[_jl�©H�fZ]gbl_��fZ]gblguo�l_eZo�b�[hevrhf�fZ]gbl_�

–A_fe_ª� 
<�wlhc�dgb]_�\i_j\u_�[ueh�ihdZaZgh��qlh�fZ]gblgh_�ihe_�\hagbdZ_l�

dZd�ke_^kl\b_�h^ghjh^gh�gZfZ]gbq_ggh]h�A_fgh]h�rZjZ��ihe_�^bihey�� 
17��� ]�� R�Dmehg� —� hlghkbl_evgu_� baf_j_gby� gZijy`_gghklb�

fZ]gblgh]h�ihey� 
�����]��ijhn��DZaZgkdh]h�mg-lZ�B�F�Kbfhgh\�©Hiul�fZl_fZlbq_kdhc�

l_hjbb�a_fgh]h�fZ]g_lbafZª��<�wlhf�ljm^_�[ueZ�ihemq_gZ�ZgZeblbq_kdZy�

aZ\bkbfhklv� we_f_glh\� =FI� hl� ]_h]jZnbq_kdbo� dhhj^bgZl� \�

ij_^iheh`_gbb��qlh�=FI�—�ihe_�^bihey��gZoh^ys_]hky�\�p_glj_�A_feb�

ih^�m]ehf�d�hkb�\jZs_gby� 
�����]��D�=Zmkk�©H[sZy�l_hjby�a_fgh]h�fZ]g_lbafZª� 
�����]��F�<�Ehfhghkh\�©JZkkm`^_gby�h�[hevr_c�lhqghklb�fhjkdh]h�

imlbª� 
1871-�����]]��—�i_j\Zy�fZ]gblgZy�kt_fdZ�_\jhi_ckdhc�qZklb�Jhkkbb���� 
Ijhn_kkhjZ-nbabdb� F=M� G�:�Mfh\� b� W�?�E_ckl�� L_hj_lbq_kdb_�

bkke_^h\Zgby� =FI� b� bkke_^h\Zgb_� Dmjkdhc� fZ]gblghc� ZghfZebb��

Bgklblml�a_fgh]h�fZ]g_lbafZ�b�jZkijhkljZg_gby�jZ^bh\heg��]�Ljhbpd��� 
 
FZ]gblgu_�dZjlu 
 
F_lh^�bahebgbc��bah]hgu��D���bahdebgu��J���bah^bgZfu��X, Y, Z, H, 

H=F). 
KhklZ\eyxlky�q_j_a�dZ`^u_���e_l� 
I_j\u_�fbjh\u_�dZjlu�—������]���:g]eby�� 
I_j\u_�jhkkbckdb_�dZjlu�—�������Lbeeh�� 
I_j\u_�dZjlu�KKKJ�—������]���Bg-l�a_fgh]h�fZ]g_lbafZ� 
K_\_jguc�fZ]gblguc�ihexk�—� ����� ]�� �dZiblZg�>`_fk�Jhkk���?]h�

dhhj^bgZlu� \� ����� ]�� 81 18 ; 110 48 ,Aϕ λ′ ′= ° = ° jZkklhygb_� hl� K_\_jgh]h�

ihexkZ�����df� 
X`guc�fZ]gblguc�ihexk�—� �����]�� �NjZgpby���?]h�dhhj^bgZlu�\�

�����]�� ;'07138,'4064 °=°= Bλϕ jZkklhygb_�hl�X`gh]h�ihexkZ������df� 
Iheh`_gb_� fZ]gblguo� ihexkh\� b� bahebgbc� gZ� dZjlZo� k� l_q_gb_f�

\j_f_gb�g_�hklZ_lky�ihklhygguf��<� ����� ]��K_\_jguc�fZ]gblguc�ihexk�

gZoh^beky�gZ�jZkklhygbb������df�hl�K_\_jgh]h�]_h]jZnbq_kdh]h�ihexkZ��Z�

X`guc� fZ]gblguc� —� \� ����� ]�� gZ� jZkklhygbb� hl� X`gh]h�

]_h]jZnbq_kdh]h������df� 
L_hj_lbq_kdb�]eZ\gh_�ihe_�b�_]h�\_dh\u_�\ZjbZpbb�fh`gh�hibkZlv�k�

ihfhsvx�mjZ\g_gbc�fZ]gblhklZlbdb� 
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FZ]gblhklZlbdZ 
 
MjZ\g_gby�FZdk\_eeZ�\�K=KF 

rot 0

div 0

4

H

B

B H π

→

→

→ → →


= 

= 

= + Ι


.      (1) 

;m^_f�bkdZlv�G�\�\b^_� 

H
→

= – grad U      (2) 

GLY�JUDG8���Giv Ι
→

=0 
 

2 4U πρ∇ =        (3) 
 

MjZ\g_gb_�����–�mjZ\g_gb_�ImZkkhgZ��j_r_gb_�dhlhjh]h�bf__l�\b^� 
d dm

U
r rτ τ

ρ τ= =∫∫∫ ∫∫∫      (4) 

MjZ\g_gby�FZdk\_eeZ�\�KB 

0

0 0

( )

B B

B Hµ

→ → → →

→ → →

 
∇ = ∇ =     


= + Ι 

     (5) 

IheZ]Zy�B U
→ →

= −∇ ��Ihemqbf�mjZ\g_gb_�EZieZkZ� 
2 0U∇ =       (6) 

U �gZau\Z_lky�fZ]gblguf�ihl_gpbZehf� 
<_dlhjgu_�ihey��dhlhju_�fh`gh�hij_^_eblv�k�ihfhsvx�kdZeyjghc�

nmgdpbb��gZau\Zxlky�ihl_gpbZevgufb� 

KmffZ�
N

i
i

M M
→ →

=∑ � _klv� fZ]gblguc� fhf_gl� l_eZ�� Hlghr_gb_� 

/ (M τ Ι τ
→ →

=  —� h[t_f�� _klv� gZfZ]gbq_gghklv�� <� h[s_f� kemqZ_�

/ .d M dΙ τ
→ →

=  
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FZ]gblguc�^bihev�b�_]h�ihl_gpbZe  
 
                                                                       +m                    
 
                                                            ϕ     γ                                   
                                          r                                                     
 
 
Q 

                                                                              l
&

                                
                                            r’ 

                                                                                –m 
 
Jbk�����Ko_fZ�fZ]gblgh]h�^bihey� ,m m+ −  —�nbdlb\gu_�fZ]gblgu_ 

�������������������aZjy^u�� l
&

 —�jZkklhygb_�f_`^m�gbfb 
 
 
AZdhg�DmehgZ�^ey�nbdlb\guo�fZ]gblguo�aZjy^h\� 

1 2 12
12 2

m m r
F k

rr

→
→

=      (7) 

 
FZ]gblguc�ihl_gpbZe 

( )
m

U Q
r

= .     (8) 

>ey�^bihey��jbk����� 

2 2 2 2

1

1 1
( ) ;U Q m r x y z

r r

 
= − = + + 

 
   (9) 

Jy^�L_cehjZ��l << r): 

'
1 1 1 1 1

x y zl l l
r x r y r z rr

∂ ∂ ∂     = + + + +     ∂ ∂ ∂     
�  

Ih^klZ\bf�\����� 

2 2 2

2 2

( ) cos( , ) cos( , ) cos( , ),

; ; ,

cos( , ) cos .

yx z

x x y y z z

mlml ml
U Q r x r y r z

r r r
ml M ml M ml M

M M
U l r

r r
ϕ

→ →

= − − −

= = =

= − = −

 

HdhgqZl_evgh� ihemqZ_f� ke_^mxs__� \ujZ`_gb_� ^ey� fZ]gblgh]h�

ihl_gpbZeZ�^bihey� 

2
cos .

M
U

r
γ=      (10) 
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E _ d p b y � �  

:G:EBLBQ?KDH?�IJ?>KL:<E?GB?� =FH
→

 
D:D�NMGDPBB�DHHJ>BG:L�LHQ?D�A?FGHC�

IH<?JOGHKLB��L?HJBY�B�F�KBFHGH<:� 
 
 
 
B�F�Kbfhgh\� jZkkfZljb\Ze�=FI� dZd�ihe_�^bihey��ihf_s_ggh]h� \�

p_glj_� A_feb� ih^� g_dhlhjuf� m]ehf� d� hkb� \jZs_gby��Wlh� khhl\_lkl\m_l�

h^ghjh^ghc�gZfZ]gbq_gghklb�a_fgh]h�rZjZ� 

                                          






2
π

N  

 
   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Jbk�����Ko_fZ�a_fgh]h��gZdehg_ggh]h�d�a_fghc�hkb�^bihey� 
( )0 0,P ϕ λ  —�]_hfZ]gblguc�ihexk,  ( ),Q ϕ λ  —�lhqdZ�gZ[ex^_gby 

 
 
FZ]gblguc�ihl_gpbZe�\�wlhf�kemqZ_�\ujZ`Z_lky�mjZ\g_gb_f������ 

2
( ) cos

M
U Q

r
γ=  

Ih�l_hj_f_�dhkbgmkh\� 
 

0 0 0

0 0 0 0 0

cos sin sin cos cos cos( ),

cos sin sin cos cos cos cos cos cos sin sin .

γ ϕ ϕ ϕ ϕ λ λ
γ ϕ ϕ ϕ ϕ λ λ ϕ ϕ λ λ

= + −
= + +

 

0λλλλ −
0

2
ϕϕππ −

ϕϕππ
−

2

( )00,λλϕϕP

( )λλϕϕ,Q

γγ
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FZ]gblguc�fhf_gl�A_feb�jZ\_g� 

34
,

3
M R ÿπ
→ →

= ⋅  

]^_�I —�h^ghjh^gZy�gZfZ]gbq_gghklv�A_feb� 
Ih^klZ\b\�\�U(Q��\ujZ`_gb_�^ey�cosγ ��ihemqbf� 

3

0 0 02

4
3( ) (sin sin cos cos cos cos

R
U Q

r

π
ϕ ϕ ϕ λ ϕ λ

⋅ Ι
= + +  

0 0cos sin cos sin )ϕ λ ϕ λ+ .     (11) 
H[hagZqbf� 

0
1 0 1 0 0

1 0 0

4 4
sin ; cos cos ;

3 3
4

cos sin .
3

g g

h

π ϕ π ϕ λ

π ϕ λ

′= Ι = Ι 

′ = Ι 

  (12) 

Lh]^Z��ih^klZ\b\�\�������ihemqbf� 
3

0
1 1 12

( ) sin ( cos sin )cos
R

U Q g g h
r

ϕ λ λ ϕ ′ ′= + +    (13) 

<�kn_jbq_kdhc�kbkl_f_�dhhj^bgZl 
 

; sin ; ,dx rd dy r d dz drθ θ λ= = =  

]^_� ϕπθ −=
2

 

Mqblu\Zy�wlh��ihemqbf�ba������ 
3

0
1 1 12

( ) cos ( cos sin )sin
R

U Q g g h
r

θ λ λ θ ′ ′= + +  ����������������Z� 

GZoh^bf� khklZ\eyxsb_�H= –gradU(Q�� ijb� r = R�� ]^_�R —� jZ^bmk�

A_feb� 

0
1 1 1

1
1 1

0
1 1 1

sin ( cos sin )cos

sin cos
sin

2 cos ( cos sin )sin

U
X g g h

r
U

Y g h
r
U

Z g g h
r

∂ ′ ′= − = − + ∂
∂ ′= − = − ∂

∂  ′ ′= − = + +  ∂

θ λ λ θ
θ

λ λ
θ λ

θ λ λ θ

 (14) 

 
Wlb�mjZ\g_gby�—�kmlv�l_hjbb�B�F�Kbfhgh\Z��J_rZy�wlb�mjZ\g_gby�

ijb� ba\_klguo� ba� gZ[ex^_gbc� X, Y, Z�� ihemqbf� \ujZ`_gby� ^ey�

g_ba\_klguo�ihklhygguo�dhwnnbpb_glh\� 0
1 1 1, ,g g h′ ′  . 
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Nbabq_kdbc�kfuke�dhwnnbpb_glh\ 0 1 1
1 1 1, ,g g h . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Jbk��. =_hf_ljbq_kdbc�kfuke�dhwnnbpb_glh\�=ZmkkZ�—�ijh_dpbb�

ijb\_^_ggh]h�fZ]gblgh]h�fhf_glZ�a_fgh]h�^bihey�gZ�hkb�dhhj^bgZl 
 
AgZy�dhwnnbpb_glu� 0 1 1

1 1 1, ,g g h �fh`gh�hij_^_eblv��jbk����� 
1) dhhj^bgZlu�]_hfZ]gblgh]h�ihexkZ 

( )

1
1

0 1
1

0
1

0 1/ 2
1 2 1 2
1 1

,

( ) ( )

h
tg

g

g
tg

g h


= 




= 
+ 

λ

ϕ
    (15) 

Z�lZd`_� 
2) fZ]gblguc�fhf_gl�A_feb 
 

3 0 2 1 2 1 2
1 1 1( ) ( ) ( )F 5 J J K= + +     (16) 

 
;he__� ]jm[h_� ijb[eb`_gb_� ^ey� ]_hfZ]gblgh]h� ihey� ^Z_l� ihe_�

^bihey�� gZijZ\e_ggh]h� ih� hkb� \jZs_gby� A_feb� �p_gljZevguc�

hk_kbff_ljbqguc�^bihev���<�wlhf�kemqZ_�]_hfZ]gblguc�ihexk�kh\iZ^Z_l�

k�]_h]jZnbq_kdbf� 
 
Hk_kbff_ljbqguc�^bihev 

Ih^klZ\b\�\�mjZ\g_gb_����� 

0 , 0,
2

πϕ θ= =  

z

x

y

3R

M
&0

1g

1
1g1

1h

0θθ

0λλ
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ihemqbf�^ey�we_f_glh\�=FI�\�khhl\_lkl\bb�k�mj������ 

0
1 3

0
1 3

X g cos cos ,

0,

2
Z 2g sin sin .

M

R
Y

M

R

ϕ ϕ

ϕ ϕ

= = 


= 

= =


     (17) 

Ba� wlbo� mjZ\g_gbc� fh`gh� ihemqblv� ijhklmx� k\yav� f_`^m�

]_h]jZnbq_kdhc�rbjhlhc�ϕ �b�gZdehg_gb_f�- 

tg 2tg
Z

J
H

ϕ= = .     (18) 

IhegZy�gZijy`_gghklv�=FI� 
 

2 2 2 2
3

1 3sin 1 3sin=F W

M
H X Z H

R
ϕ ϕ= + = + = + ,   (19) 

]^_�GW F�R
3
��gZijy`_gghklv�=FI�gZ�wd\Zlhj_� 
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E _ d p b b � � – 4  

H;S:Y�L?HJBY�=?HF:=GBLGH=H�IHEY 
 
 
 
Kh]eZkgh� mjZ\g_gbx� ���� \� h[s_f� kemqZ_� g_h^ghjh^ghc�

gZfZ]gbq_gghklb�fZ]gblguc�ihl_gpbZe�jZ\_g 
d dm

U
r rτ

ρ τ= =∫∫∫ ∫∫∫ .     (4) 

JZkkfhljbf� kemqZc�� dh]^Z� bklhqgbdb� fZ]gblgh]h� ihey� gZoh^ylky�

\gmljb�a_fgh]h�rZjZ� 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Jbk����Ko_fZ�ijhba\hevgh]h�jZkiheh`_gby�bklhqgbdh\�]_hfZ]gblgh]h�ihey�

\gmljb�A_feb��Bs_f�ihl_gpbZe�\�lhqd_� ( )zyxQ ,, . 
 
 
Ih^ugl_]jZevgZy�nmgdpby���r��]^_ 

2 2 2 2 cosr R r Rr γ′ ′= + −  

?keb�bklhqgbdb�ihey�gZoh^ylky�\gmljb�l\_j^hc�A_feb��lh� r ′ < R , 

2 2 2

1 1

2 cosr R r Rr γ
=

′ ′+ −
, 

2 2 2

1 1 1 1

2 cos
1 2 cos

r RR r Rr r r
R R

γ
γ

= = ⋅
′ ′+ − ′ ′ + −  

, 

•

•

•
•

•















2

ππ
N

1P

( )zyxQ ,,

1Q
•P

0

θθ ′ θθ
λλλλ ′−

γγ

r

r ′  

R 
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]^_�

γcos
`

2
`

1

1
2

R

r

R

r −




+

�lZd�gZau\Z_fZy�ijhba\h^ysZy�nmgdpby�E_`Zg^jZ� 

JZaeh`bf� ijhba\h^ysmx� nmgdpbx�

γcos
`

2
`

1

1
2

R

r

R

r −




+

� \� jy^� ih�

kl_i_gyf� r ′ /R��Lh]^Z���r [m^_l�bf_lv�\b^� 

1
0 0

1 1 ` `
(cos ) (cos )

n n

n n n
n n

r r
P P

r R R R
γ γ

∞ ∞

+
= =

 = =  
∑ ∑   (20) 

 
]^_�Pn )(cosγ -�ihebghfu�E_`Zg^jZ 

2

0

1
(cos ) (cos 1) , cos ,

2 !
(1) 1; 1.

n
n

n n n

n

d
P x

n dx
P P

γ γ γ= ⋅ − =

= =
 

 
Ih^klZ\bf�\ujZ`_gb_������^ey���r�\�bgl_]jZe����� 

1
0

`
(cos )

n

nn
n

r
U P dm

R
γ

∞

+
=

= ∑∫∫∫ .    (21) 

H[hagZqbf 

` (cos )n
n nA r P dmγ= ∫∫∫ ,     (22) 

k�mq_lhf������ihemqbf 

1
0

n

n
n

A
U

R

∞

+
=

= ∑ .     (23) 

 
>hdZ`_f�koh^bfhklv�jy^Z�������JZkkfhljbf�:n. (cos )nP γ ����ijb�ex[hf�n, 

ihwlhfm� (cos )n
nr P γ′ �� nr ` �b 

 

 :n �� ,

1 1 1( ` ) ( )n n n n
kj kj

dM

r dm r r r r dm r M− − −′ ′ ′ ′ ′= = ≈ ⋅∫∫∫ ∫∫∫ ∫ . 

 
MjZ\g_gb_������fh`gh�aZibkZlv� 

1

0

( ` )n
kj

n
n

rM
U

R R

−∞

=
≤ ∑ . 

LZd�dZd� r ′  ��R� ��jy^� kijZ\Z�y\ey_lky�koh^ysbfky��lh�ke_^h\Zl_evgh��jy^�

�����koh^blky� 
Dhwnnbpb_glu� :n� y\eyxlky� ihklhyggufb� ^ey� ^Zggh]h�

gZfZ]gbq_ggh]h�l_eZ� 
JZkkfhljbf�jy^������ijb� r ′ << R��h]jZgbqb\rbkv�^\mfy�qe_gZfb� 
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0 1
2

0

1

0

`cos cos

A A
U

R R

A dm

A r dm Mλ ϕ

= + +

= =

= =
∫
∫

�

 

0 0A dm= =∫ �� lZd� dZd� dhebq_kl\h� iheh`bl_evguo� b� hljbpZl_evguo�

fZ]gblguo�fZkk�h^bgZdh\h� 

IhemqZ_f�� �
2

cosM
U

R

ϕ=  —� wlh� \ujZ`_gb_� ZgZeh]bqgh� \ujZ`_gbx�

^ey�ihl_gpbZeZ�^bihey��mj������<�k\yab�k�l_f��qlh�:0 ���h[s__�\ujZ`_gb_�

^ey�U�aZibr_f�\�\b^_� 

1

1

/ n
n

n

U A R
∞

+

=
= ∑      (24) 

 
<ujZ`_gb_�^ey�U�\�nhjfme_������ihemq_gh�\�ijyfhm]hevghc�kbkl_f_�

dhhj^bgZl� 
L_i_jv� jZkkfhljbf� kemqZc� jZkiheh`_gby� bklhqgbdh\� =FI� \g_�

a_fgh]h�rZjZ� 
 
Bklhqgbdb�=FI�\g_�A_feb 
 

 
 

 

 
 

Jbk����Ko_fZ�jZkiheh`_gby�bklhqgbdh\�]_hfZ]gblgh]h�ihey�\g_�A_feb� 
 
 
<�wlhf�kemqZ_� r ′ >R: 
 

2 2 2

2

1 1 1
, 2 cos ,

1 2 cos

dm
U r r R r R

r r r R R
r r

γ

γ

′ ′= = + − = ⋅
′  + − ′ ′ 

∫∫∫  

1
0 0

1
(cos ) (cos )

n n

n n n
n n

R R
U P P

r r r
γ γ

∞ ∞

+
= =

 = = ′ ′ ′ 
∑ ∑ .  (25) 

•

•

• r

r ′
Rγγ

0
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AZibr_f������ih^�bgl_]jZehf�^ey�U:  

1

1
(cos ) n

n n
U P R dm

r
γ +=

′∫∫∫ .    (26) 

H[hagZqbf 

1

1
(cos )n nn

B P dm
r

γ+=
′∫∫∫  

IhemqZ_f�^ey�U: 

0

n
n

n

U B R
∞

=
= ∑       (27) 

\�kemqZ_��dh]^Z�bklhqgbd�ihey�\g_�A_feb� 

0 0
dm

B
r

= =
′∫ �� lZd� dZd� \� p_glj_� dhhj^bgZl� ^he`_g� [ulv� h^bg�

fZ]gblguc�aZjy^��q_]h�g_�fh`_l�[ulv�ih�hij_^_e_gbx� 
HdhgqZl_evgh�^ey�U��dh]^Z�©�ª�\g_��ihemqZ_f� 

1

n
n

n

U B R
∞

=
= ∑       (28) 

MjZ\g_gb_������—�\�ijyfhm]hevghc�kbkl_f_�dhhj^bgZl� 
?kl_kl\_ggh�� qlh� gZf� g_h[oh^bfh� ihemqblv� ZgZeblbq_kdb_�

\ujZ`_gby�^ey�we_f_glh\�=FI�\�kn_jbq_kdhc�kbkl_f_�dhhj^bgZl� 
 
I_j_oh^�\�kn_jbq_kdmx�kbkl_fm�dhhj^bgZl 
 

GZ^h� \ujZablv�Pn(FRV���q_j_a� m]eh\u_�dhhj^bgZlu� lhq_d�P(θ , �)�b�
Q( , )θ λ′ ′ : 

1(cos ) cos cos cos sin sin cos( )P γ γ θ θ θ θ λ λ′ ′ ′= = + − . 
 

H[sZy� nhjfmeZ� ^ey� ex[h]h� qe_gZ� ihebghfZ� E_`Zg^jZ� \�

kn_jbq_kdhc�kbkl_f_�dhhj^bgZl� 

0

( )!
(cos ) (cos ) (cos )cos ,

( )!

n
m m

n n n n
m

n m
P k 3 3 P

n m
γ θ θ λ

=

− ′ ′=
+∑  (29) 

 
]^_� )(cosθm

nP  -�ijbkh_^bg��nmgdpbb�E_`Zg^jZ 

2 2 (cos )
(cos ) (sin )

(cos )

m m m
m n

n m

d P
P

d

θθ θ
θ

= .    (30) 

 
L_hjby�]_hfZ]g_lbafZ�=ZmkkZ 
 

=Zmkk� ij_^iheh`be�� qlh� =FI� \uau\Z_lky� bklhqgbdZfb��

gZoh^ysbfbky� \gmljb� A_feb� b� bf_xsbfb� ijhba\hevgh_� gZijZ\e_gb_�
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gZfZ]gbq_gghklb� I�� Ihe_�� kha^Z\Z_fh_� bklhqgbdZfb�� y\ey_lky�

ihl_gpbZevguf� 
Ijh\h^y� ij_h[jZah\Zgby� nhjfme� ijb� i_j_oh^_� \� kn_jbq_kdmx�

kbkl_fm�dhhj^bgZl�ih�l_hj_f_�keh`_gby��eb[h�k�ihfhsvx�bgl_]jZevgh]h�

ij_^klZ\e_gby�Pn(FRV����ihemqbf�^ey�kemqZy��dhlhjuc�jZkkfZljb\Ze�=Zmkk�
�bklhqgbdb�=FI�\gmljb�A_feb�� 

 

1
1 0

1
( cos sin ) (cos )

n
m m m
n n nn

n m

U a m b m P
R

λ λ θ
∞

+
= =

= + ⋅∑ ∑   (31) 

( )!
(cos )cos

( )!

( )!
(cos )sin

( )!

1 0; 2 ijb �

m n m
n n n

m n m
n n n

n n

n m
a k U 3 P GP

n m

n m
b k U 3 P GP

n m

k ijb P k P

θ λ

θ λ

− ′ ′= + 
− ′ ′= + 

= = = >



∫∫∫

∫∫∫    (32) 

>ey�m^h[kl\Z�\� �����aZf_gbf�R�gZ� r��Z�q_j_a�R�[m^_f�h[hagZqZlv�
jZ^bmk�A_feb� 

1
1 0

1
( cos sin ) (cos )

n
m m m
n n nn

n m

U a m b m P
r

λ λ θ
∞

+
= =

= + ⋅∑ ∑ .  (33) 

 
<\_^_f�h[hagZq_gby� 
 

2 2;m m n m m n
n n n na g R b h R+ += = , 

Lh]^Z� 
2

1
1 0

( cos sin ) (cos )
nn

m m m
n n nn

n m

R
U g m h m P

r
λ λ θ

+∞

+
= =

= + ⋅∑ ∑ .  (34) 

 
LZdh\�� kh]eZkgh� l_hjbb�=ZmkkZ��fZ]gblguc�ihl_gpbZe�g_h^ghjh^gh�

gZfZ]gbq_gguo�bklhqgbdh\��gZoh^ysboky�\gmljb�A_feb� 
LZd�dZd� 

grad ,H U
→

= −  
lh� ^ey�gZoh`^_gby� khklZ\eyxsbo�=FI�gm`gh�ijh^bnn_j_gpbjh\Zlv�U, 
�mj������ih�khhl\_lkl\mxsbf�gZijZ\e_gbyf� 
 

1 1
; ;

sin

U U U
X Y Z

r r rθ θ λ
∂ ∂ ∂= − ⋅ = − ⋅ = −
∂ ∂ ∂

. 

 
BlZd��gZ�ih\_joghklb�A_feb��r = R): 
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1 0

1 0

1 0

X ( cos sin ) (cos ) /

Y ( sin cos ) (cos ) /sin

Z ( 1)( cos sin ) (cos )

n
m m m
n n n

n m

n
m m m
n n n

n m

n
m m m
n n n

n m

g m h m dP d

m g m h m P

n g m h m P

∞

= =
∞

= =
∞

= =


= − + 


= − 


= + +


∑ ∑

∑ ∑

∑ ∑

λ λ θ θ

λ λ θ θ

λ λ θ

. (35)  

 
Wlbfb�mjZ\g_gbyfb�bkq_jiu\Z_lky�l_hjby�=ZmkkZ� 
 Qbkeh� ihklhygguo� dhwnnbpb_glh\� g� b� h� \� aZ\bkbfhklb� hl� qbkeZ�
qe_gh\�jy^Z�n 

N = n(n+2). 
 

=Zmkk�ijh\_e�\uqbke_gby�^ey�n�  � ���ihwlhfm�N = n(n���� � ����>ey�
gZoh`^_gby� ��-o� dhwnnbpb_glh\� gm`gh�� dZd� fbgbfmf�� ��� mjZ\g_gby��
=Zmkk� j_rZe� kihkh[hf� gZbf_gvrbo� d\Z^jZlh\� ��� mjZ\g_gbc� ^ey�

mf_gvr_gby�ih]j_rghkl_c�baf_j_gbc�b�\ebygby�ZghfZevgh]h�ihey� 
 
JZa^_e_gb_�]_hfZ]gblgh]h�ihey�gZ�©\gmlj_gg__ª�b�©\g_rg__ª�

�Rfb^l�������]�� 
 
>ey� ihey�� kha^Z\Z_fh]h� \g_rgbfb� bklhqgbdZfb�� kijZ\_^eb\h�

mjZ\g_gb_����� 

1

n
n

n

U B R
∞

=
= ∑       (28) 

 
<�kn_jbq_kdhc�kbkl_f_�dhhj^bgZl�[m^_l� 
 

n 1 0

( cos sin ) (cos )
n

n m m m
n n n

m

U r k P G P 3λ λ θ
∞

= =
= +∑ ∑ ,   (36) 

1

1

( )! 1
(cos )cos

( )! `
( )! 1

(cos )sin
( )! `

1 0; 2 ijb �

m m
n n nn

m m
n n nn

n n

n m
k k 3 P GP

n m r

n m
d k 3 P GP

n m r

k ijb P k P

θ λ

θ λ

+

+

− ′ ′= + 
− ′ ′= + 

= = = >



∫∫∫

∫∫∫   (37) 

<\_^_f�\�mjZ\g_gb_������h[hagZq_gby� 
 

( 1) ( 1);m m n m m n
n n n nk M 5 G N 5− − − −= = , 

R —�jZ^bmk�A_feb� 
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Ihemqbf�mjZ\g_gb_� 

1
1 0

( cos sin ) (cos )
nn

m m m
e n n nn

n m

r
U j m k m P

R
λ λ θ

∞

−
= =

= + ⋅∑ ∑   (38) 

Ijb�r = R�gZoh^bf�khklZ\eyxsb_�=F�ihey�ba� grad ,H U
→

= −  
 

1 0

1 0

1 0

1
- ( cos sin ) /
r

1
( sin cos ) /sin

sin

( cos sin )

n
m m m

e n n n
n m

n
m m m

e n n n
n m

n
m m m

t n n n
n m

U
X j m k m dP d

U
Y m j m k m P

r

U
Z n j m k m P

r

λ λ θ
θ

λ λ θ
θ λ

λ λ

∞

= =
∞

= =
∞

= =

∂= ⋅ = − + ∂ 
∂ = − ⋅ = − ∂ 
∂ = − = − +
∂ 

∑ ∑

∑ ∑

∑ ∑

 (39) 

 
JZkkfZljb\Z_f� =FI� dZd� kmffm� ©\gmlj_ggboª� b� ©\g_rgboª�

ihe_c� 
 

( ) ( ){ }

; ;

( )cos ( )sin

( )sin ( )cos sin

1 cos 1 sin

i e i e i e

m m m m m
n n n n n

m m m m m
n n n n n

m m m m m
n n n n n

X X X Y Y Y Z Z Z

X g j m h k m dP d

Y m g j m h k m P

Z n g nj m n h nk m P

= + = + = +

  = − + + + 
  = + − +  
    = + − + + −   

∑∑
∑∑
∑

λ λ θ

λ λ θ

λ λ

 

 
<\_^_f�h[hagZq_gby� 
 

; ;

( 1) ; ( 1) .

m m m m m m
n n n n n n

m m m m m m
n n n n n n

g j p h k q

n g nj p n h nk q

+ = + =

′ ′+ − = + − =
 

 
Ihemqbf�  

( cos sin )

( sin cos ) sin

( cos sin )

m m m
n n n

m m m
n n n

m m m
n n n

X p m q m dJ G

Y m p m q m J

Z p m q m J

= − +




= − 


′ ′= + 

∑∑

∑∑

∑∑

λ λ θ

λ λ θ

λ λ

   (40) 
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J_rZy�mj�������b�gZoh^y�dhwnnbpb_glu�g, h�b�j, k�fh`gh�\�ijbgpbi_�
jZa^_eblv� gZ[ex^Z_fh_� ihe_� gZ� ihey�� h[mkeh\e_ggu_� \gmlj_ggbfb� b�

\g_rgbfb�bklhqgbdZfb� 
 
JZa^_e_gb_�=FI�gZ�ihl_gpbZevgh_�b�\boj_\h_ 
<[ebab�a_fghc�ih\_joghklb�fh]ml�[ulv�lhevdh�lhdb��ghjfZevgu_�d�

ih\_joghklb��lZd�dZd�ih\_joghklv�A_feb��bahihl_gpbZevgZ� 
Lh]^Z� \boj_\u_� ihey�� kh]eZkgh� mj�� FZdk\_eeZ� ihemqZxlky� ba�

mjZ\g_gby� 
4

rot ,r rH j
c

π→ →
=  

hgh�y\ey_lky�ijh_dpb_c�khhl\_lkl\mxs_]h�mjZ\g_gby�FZdk\_eeZ�gZ�hkv�r. 

KhklZ\eyxsb_ rotH
→
\� kn_jbq_kdhc� kbkl_f_�dhhj^bgZl�gZc^mlky�ba�

hij_^_ebl_ey 

1 1 2 2 3 3

1 2 1 2 33

1 1 2 2 3 3

1
rot

i i i

H
x x x

H H H

→ ∂ ∂ ∂=
∂ ∂ ∂

& & &
α α α

α α α
α α α

. 

Iheh`bf 

1 2 3

1 2 3

; sin ; 1;

; ;

r r

x x x r

α α θ α
θ λ

= = =
= = =

 

ihemqZ_f� 

2

1 sin 4
rot

sin
r r

r Y rX
H j

cr

θ π
θ λ

→ ∂ ∂ = − = ∂ ∂Θ  
. 

 
K�mq_lhf�mj������� 
 

( )1
( sin cos ) /

sin
m m m
n n nm p m q m dP d

r
 − − ∑∑ λ λ θ

θ
 

( ) ] 4
( sin cos ) /m m m

n n n rm p m q m dP d j
c

πλ λ θ− − =∑∑ .  

 
Wlh� mjZ\g_gb_� g_� [m^_l� jZ\gh� gmex� lhevdh� \� lhf� kemqZ_�� _keb�

dhwnnbpb_glu� m
np � b� m

nq � [m^ml� jZaebqgufb� ^ey� X� b� Y�� <\_^_f�

khhl\_lkl\mxsb_�h[hagZq_gby� 
 

( )4 1
( sin cos ) /

sin
m m m

r ny ny nj m p m q m dP d
c r

π λ λ θ
θ

= − − ∑∑  

( )( sin cos ) /m m m
nx nx nm p m q m dP dλ λ θ − − ∑∑ . 
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<\_^_f�h[hagZq_gby� 

;m m m m m m
nx ny n nx ny np p r q q S− = − =  

Lh]^Z 

1 0

4 1
( sin cos ) /

sin
m m m

r n n n
l v

j m r m s m dP d
c r

π λ λ θ
θ

∞ ∞

= =
= −∑ ∑ .  (41) 

?keb� ijhbgl_]jbjh\Zlv� nhjfmem�
4

r rrot H j
k

π→ →
= ih� ih\_joghklb�� lh�

ihemqbf� 
4

ri i
i

HL j S
c

π= ∆∑ .     (42) 

lZdbf� h[jZahf�� ijh\h^y� iehsZ^gmx� fZ]gblgmx� kt_fdm� b� hij_^_eyy� ih�

(41) jr   gZ�dZ`^hf�mqZkld_�kt_fdb��fh`gh�ih������hij_^_eblv�\boj_\h_�ihe_�
G� 

Lhqghklv� baf_jy_fh]h� \� gZklhys__� \j_fy� =FI� g_� iha\hey_l�

\ur_ijb\_^_ggufb�f_lh^Zfb�jZa^_eblv�_]h�gZ�©\gmlj_gg__ª��©\g_rg__ª�

b�©\boj_\h_ª� 
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E _ d p b y � �  

NBABQ?KDBC�KFUKE�QE?GH<�JY>:�=:MKK: 
 
 
 

<�ijZdlbd_�bkihevamxlky�lhevdh�mj��������ihemq_ggu_�=Zmkkhf� 
<_jg_fky�d�wlbf�mjZ\g_gbyf� 

n 1 0

X - ( cos sin ) (cos ) /

Y ( sin cos ) (cos ) /sin

Z ( 1)( cos sin ) (cos )

n
m m m
n n n

m

m m m
n n n

m m m
n n n

g m h m dP d

m g m h m P

n g m h m P

∞

= =


= + 


= − 


= + +


∑ ∑

∑∑

∑∑

λ λ θ θ

λ λ θ θ

λ λ θ

  (35) 

]^_ 
21 (cos 1)

(cos )
2 ! (cos )

n n

n n n

d
P

n d

θθ
θ

−= , 2 2(cos ) (sin )
(cos )

m m
m n

n m

d P
P

d
θ θ

θ
= . 

 
JZkkfhljbf�qe_g�k�n = 1 

0 0 1 1 1
1 1 1 1 1

1 1 1
1 1 1

0 0 1 1 1
1 1 1 1 1

/ ( cos sin ) /

( sin cos ) /sin

2 ( cos sin )

X g dP d g h dP d

Y g h P

Z g P g h P

θ λ λ θ

λ λ θ

λ λ

= − − +

= −

 = ⋅ + + 

 

 
Mql_f��qlh 

0 1
0 1 1 1

1 1cos ; sin ; sin ; cos
dP dP

P P
d d

θ θ θ θ
θ θ

= = = − = . 

B�ihemqZ_f� 
0 1 1
1 1 1

1 1
1 1

0 1 1
1 1 1

sin ( cos sin )cos

sin cos

2 cos ( cos sin )sin

X g g h

Y g h

Z g g h

θ λ λ θ

λ λ

θ λ λ θ

= − + 



= − 


 = + + 

  (43) 

JZkkfhljbf�\ujZ`_gby�^ey� 0 1 1
1 1 1, ,g g h  



 22 

2 2

0
0 01
1 3 3 3 3

1
1 0 01
1 3 3

1
1 0 01
1 3 3

/ ; /

cos( )!
(cos `)

sin( )!

cos1 1
cos cos

sin cos1
sin cos

3

sin sin

m m n m m n
n n n n

m
nn m

nm
n

g a R h b R

a mn m
k U 3 GP

mn mb

Ma
g r dm dM

R R R R

Ma
g r dm

RR R

Mb
h

R R

λ
θ

λ

θθ θ

θ λθ λ

θ λ

+ += =

 ′− ′=  ′+ 

′ ′= = = =

′ ′ ′= = =

= =

∫

∫ ∫

∫

 

 
LZdbf� h[jZahf�� mjZ\g_gby� ����� iheghklvx� khhl\_lkl\mxl� mj-gbyf�

�����^ey�fZ]gblgh]h�^bihey�A_feb��l_hjby�B�F�Kbfhgh\Z�� 
Hlebqb_� \� lhf�� qlh� F� g_� fhf_gl� ^bihey�� Z� kmffZjguc� fhf_gl�

©d\Zab^biheyª�� khklZ\e_gguc�ba�g_h^ghjh^gh�gZfZ]gbq_gguo� we_f_glh\�

( 34

3 kjM R Jπ= ). 

Nbabq_kdbc�kfuke��-]h�qe_gZ�jZaeh`_gby�\�jy^�=ZmkkZ�\�lhf��qlh�hg�
hij_^_ey_l�^bihevgmx�qZklv�]_hfZ]gblgh]h�ihey� 

Kfuke� �-]h� b� �-]h� qe_gh\� [ue� ihdZaZg� G�:�Mfh\uf�� �-c� qe_g�
y\ey_lky� d\Z^jmihe_f�� ke_^mxsb_� –� fmevlbiheb� khhl\_lkl\mxsbo�

ihjy^dh\� 
Ihe_� a_fgh]h� ^bihey� ^Z_l� hkgh\ghc� \deZ^� \� gZ[ex^Z_fh_� =FI��

;he__� lhqgh�� q_f� ^bihev�� ihf_s_gguc� \� p_glj� A_feb�� hibku\Z_l� =FI�

^bihev��kf_s_gguc�hl�p_gljZ�A_feb�\�klhjhgm�Lboh]h�hd_ZgZ�gZ�§����-500 
df��LZdhc�^bihev�gZau\Z_lky�wdkp_gljbqguf���Hg�jZkiheh`_g�iZjZee_evgh�

p_gljZevghfm�^bihex��_]h�FW�>�� �FP�>� 
LhqdZ� gZoh`^_gby� wdkp_gljbqgh]h� ^bihey� gZau\Z_lky� fZ]gblguf�

p_gljhf�A_feb�  
Ijb[ebabl_evgh� ihe_� wdkp_gljbqgh]h� ^bihey� khhl\_lkl\m_l� ihex�

i_j\uo�^\mo�]Zjfhgbd��n� ���b�n� ����jy^Z�=ZmkkZ� 
<�p_ehf�jy^�=ZmkkZ�–�wlh�gZ[hj�^bihey�b�fmevlbihe_c� 
Koh^bfhklv� jy^Z� =ZmkkZ�� <uqbke_gby� qe_gh\� jy^Z� =ZmkkZ��

ijhba\_^_ggu_� \� jZagu_� ]h^u� jZagufb� Z\lhjZfb�� ihdZau\Zxl�� qlh�

dhe_[Zgby� \� agZq_gbyo� qe_gh\� ijb� n� !� ��� gZoh^ylky� \� ij_^_eZo�

ih]j_rghkl_c� baf_j_gbc� =FI�� Ihwlhfm� jy^� =ZmkkZ�� ih-\b^bfhfm��
koh^blky� 
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J_amevlZlu�\uqbke_gbc�dhwnnbpb_glh\� bm m
n ng h  

AZ� ihke_^gb_� ]h^u� \hajhkeh� agZq_gb_� kn_jbq_kdbo�

]Zjfhgbq_kdbo� ZgZebah\� =FI� ^ey� jZaebqguo� ]_hnbabq_kdbo� b�

dhkfbq_kdbo� bkke_^h\Zgbc�� LZd�� ^ey� wihob� ����� ]�� ba\_klgh� [he__� ���

ZgZebah\��>ey�bo�ijh\_^_gby�bkihevamxlky�h]jhfgu_�fZkkb\u�^Zgguo� 
:gZeba�<�Dhe_kh\hc�b�W�DjhiZq_\Z�������]���\uiheg_g�gZ�hkgh\_�

��� luk�� agZq_gbc� dhfihg_gl� X, Y, Z, ZgZeba� >`�D_cgZ� ih� ���� luk��
kimlgbdh\uo�b�gZa_fguo�baf_j_gbc��JZaeh`_gb_�\�jy^�ijhba\h^behkv�^h�n 
= 23. 

Kms_kl\m_l� aZibkv� kn_jbq_kdh]h� ]Zjfhgbq_kdh]h� jy^Z� ^ey�

webikhb^Zevghc�A_feb��l�_��k�mq_lhf�__�k`Zlby� 
 

sin 2 , , sin 2X X Z Y Y Z Z Xθ θ′ ′ ′= + = = −∑ ∑ . 

 
<k_� ijh\_^_ggu_� d� k_]h^gyrg_fm� ^gx� ZgZebau� ihdZau\Zxl�� qlh�

gZb[hevr__�agZq_gb_�bf_xl�dhwnnbpb_glu� �
0 1 1
1 1 1, ,g g h  c n� ����H�ihjy^d_�

\_ebqbg� dhwnnbpb_glh\� g� b� h c n�  �� b� �� fh`gh� km^blv� ih� h^ghfm� ba�
jZaeh`_gbc�fZ]gblgh]h�ihl_gpbZeZ�\�jy^�=ZmkkZ� 

n = 1 
0 1 1
1 1 130356, 2148, 5749g g h= − = − =      

        
n = 2 

0 1 2 1 2
2 2 2 2 21642, , 2988, 1590, 1973, 154g g g h h= − = = = − =  

 
K� l_q_gb_f� \j_f_gb� ijhbkoh^yl� f_^e_ggu_� baf_g_gby� \_ebqbg�

dhwnnbpb_glh\�� ke_^h\Zl_evgh�� =FI� g_ij_ju\gh� baf_gy_lky�� lZdb_�

baf_g_gby�ghkyl�gZa\Zgb_�\_dh\uo�\ZjbZpbc� 

>bihevguc� fZ]gblguc� fhf_gl� A_feb�
3 02 12 12 1/ 2

1 1 1( )M R g g h= + +  
lZd`_�g_ij_ju\gh�baf_gy_lky� 

Dhwnnbpb_glu� ; ; ; ;m m m m m
n n n n ng h j k r � k� m\_ebq_gb_f� \_ebqbg�n�b�m 

mf_gvrZxlky� fhghlhggh� ^h� n �� ���� ^Ze__� gZ[ex^Zxlky� g_dhlhju_�
dhe_[Zgby�\�ij_^_eZo�ih]j_rghkl_c�baf_j_gby� 

  
>bihevguc� fZ]gblguc� fhf_gl� A_feb�� gZfZ]gbq_gghklv��

]jZ^b_glu�=FI� 
Lhevdh� ^ey� ^bihey� \hafh`gu� lhqgu_� \uqbke_gby�� DZd� [ueh�

ihdZaZgh�_s_�B�F�Kbfhgh\uf� 
 

3 0 2 1 2 1 2
1 1 1( ) ( ) ( )M R g g h= + + , 
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lZd� dZd�M = (4/3)�R3Ikj�� lh� \ujZ`_gb_� ^ey� kj_^g_c� gZfZ]gbq_gghklb� Ikj 
[m^_l�lZdbf 

0 2 1 2 1 2
1 1 1

3
( ) ( ) ( )

4kjI g g h= + +
π

.    (44) 

 
GZijZ\e_gb_� fZ]gblghc� hkb� ^bihey� �dhhj^bgZlu� k_\_jgh]h�

]_hfZ]gblgh]h�ihexkZ��hij_^_ey_lky��dZd�[ueh�ihdZaZgh��lZd� 
 

1 1 0 1 2 1 2
0 1 1 0 1 1 1/ ; / ( ) ( )tg h g tg g g h= = +λ ϕ . 

 
Lhqdb� i_j_k_q_gby� fZ]gblghc� hkb� ^bihey� k� ih\_joghklvx� A_feb�

gZau\Zxlky�]_hfZ]gblgufb�ihexkZfb� 
Dhhj^bgZlu��fZ]gblguo�ihexkh\� 
 
K_\_jguc� ������ ]��� � ϕ =81h���� � ���h��� a�^��� x`guc� ������ ]��� ϕ  

=64h����� ���h�\�^� 
 
Dhhj^bgZlu�k_\_jgh]h�]_hfZ]gblgh]h�ihexkZ��b�fZ]gblguc�fhf_gl�

^bihey�������]��� 
 

 ϕ  =79h���k�r����� ��h����\�^���F �����Â ���
25
�_^��K=KF 

 
��_^��KB�>Le�Â �f

3]= 1010
�_^��K=KF�>=k�Â �kf

3] . 
 
Nbabq_kdZy�ijbjh^Z�=FI 
 
JZkq_l� ih� nhjfme_� ����� ^Z_l� agZq_gb_� � kjI  � ������ =k�� JZkq_l� ^ey�

ih\_joghklghc�h[hehqdb�A_feb�^h� �h�  � ���df�^Z_l�\_ebqbgm� kjI ≈ � ��=k��

GZfZ]gbq_gghklv� ]hjguo� ihjh^� � kjI ~ 2 310 10− −− =k�� <u\h^� ba� l_hjbb�

=ZmkkZ��=FI�hij_^_ey_lky�we_dljbq_kdbfb�lhdZfb��l_dmsbfb�gZ�[hevrbo�

]em[bgZo�A_feb��lZd�dZd�]hjguo�ihjh^�k� ≥I ��=k�gZ�A_fe_�g_�kms_kl\m_l� 
 
=_hfZ]gblgu_�dhhj^bgZlu 
 
G_dhlhju_� ]_hnbabq_kdb_� y\e_gby� ijhl_dZxl� \� aZ\bkbfhklb� hl�

jZkiheh`_gby�hkb�fZ]gblgh]h�^bihey��Z�g_�hkb�\jZs_gby�A_feb� 

>ey� bo� jZkkfhlj_gby�� Z� lZd`_� ^ey� mijhs_gby� j_r_gby� jy^Z�

]_hnbabq_kdbo�aZ^Zq�\\h^blky�]_hfZ]gblgZy�kbkl_fZ�dhhj^bgZl. 
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Jbk������Ko_fZ�i_j_\h^Z�]_h]jZnbq_kdbo�dhhj^bgZl� ,ϕ λ �\�

]_hfZ]gblgu_ ,Φ Λ  
 
Bkihevamy� l_hj_fu� dhkbgmkh\� b� kbgmkh\� kn_jbq_kdhc�

ljb]hghf_ljbb��fh`gh�ihemqblv� �nhjfmeu�^ey�i_j_\h^Z�]_h]jZnbq_cdbo�
dhhj^bgZl�� λϕ , ��\�]_hfZ]gblgu_�� ΛΦ, ): 

 

0 0 0sin sin sin cos cos cos( )ϕ ϕ ϕ ϕ λ λΦ = + − ,  (45) 
 

0

0

sin( )sin
,

cos cos

sin sin( ) cos /cos .

λ λ
ϕ

λ λ ϕ

−Λ =
Φ

Λ = − ⋅ Φ
    (46) 

 
=jZ^b_glu�=FI 
<_jg_fky� d� mjZ\g_gbyf�=ZmkkZ�^ey� we_f_glh\� ]_hfZ]gblgh]h�ihey��

GZ�ex[hf�jZkklhygbb�hl�p_gljZ�A_feb�hgb�[m^ml�bf_lv�\b^� 
 

2

1 0

2

2

( cos sin ) / ,

( sin cos ) /sin ,

( 2)( cos sin ) .

nn
m m m
n n n

n m

n
m m m
n n n

n
m m m
n n n

R
X g m h m dP d

r

R
Y m g m h m P

r

R
Z n g m h m P

r

λ λ θ

λ λ θ

λ λ

+∞

= =
+

+

 = − +  

 = −  

 = + +  

∑ ∑

∑∑

∑∑

 

•

•















2

ππ
N








0,0 λλϕϕP

( )λλϕϕ ,Q

Λ

0λλλλ −

Φ−
2

ππ

02
ϕϕππ −

ϕϕππ −
2
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KhklZ\eyxsb_�]jZ^b_glZ�=FI�ih�gZijZ\e_gbyf�gZ�k_\_j��\hklhd�b�

\_jlbdZevgh�\gba�gZoh^ylky�ke_^mxsbf�h[jZahf� 

; ;
sin

X Y Z

r rθ θ λ
∂ ∂ ∂
∂ ∂ ∂

     (47) 

JZkkfhljbf�agZq_gby�X, Y, Z�^ey�n = 1 
 

0 1 1
1 1 1

1 1
1 1

0 1 1
1 1 1

sin ( cos sin )

sin cos

2 cos ( cos sin )sin

X g g h chV

Y g h

Z g g h

θ λ λ θ

λ λ

θ λ λ θ

= − +

= −

 = + + 

 

dhwnnbpb_glu� 1
1

0
1 , gg �b� 1

1h �\�kn_jbq_kdbo�dhhj^bgZlZo�\ujZ`Zxlky�lZd� 
 

0 1 1
1 0 1 0 0 1 0 03 3 3

cos ; sin cos ; sin sin
M M M

g g h
r r r

θ θ λ θ λ= = =  

\�]_hfZ]gblguo�dhhj^bgZlZo� 0 0; 0;
2
π θΦ = = �ihwlhfm 

0 3 1 1
1 1 1/ ; 0,g M r g h= = =  

ihemqZ_f�\�]_hfZ]gblguo�dhhj^bgZlZo� 
 

3 3

2
cos ; 0; sin

M M
X Y Z

r r
= Φ = = Φ . 

=jZ^b_glu�^bihevgh]h�ihey��n� ����[m^_f�gZoh^blv�\�]_hfZ]gblguo�
dhhj^bgZlZo� 

4

4

4

4

sin

3
cos

2
cos

6
sin

X H M

r r r

X H M

r r r

Z M

r r

Z M

r r

∂ ∂ = = − Φ∂Φ ∂Φ 

∂ ∂= = − Φ 

∂ ∂ 

∂ = Φ

∂Φ 



∂ = − Φ ∂ 

   (48) 

GZ�ih\_joghklb�A_feb��r = R) 
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25 3 25
10

4 4 32 4 35

8 10 =k×kf � �� =k
5 10

kf(6,37) 10 kf ��� ��

M

r
−⋅ ⋅= = = ⋅

⋅ ⋅  , 

beb 
5

4

gL gL
5 10 5

kf df

M

r
−= ⋅ =  

GZijbf_j��^ey� h30=Λ b� :60h=Φ  
 

gL gL gL gL
4,3 ; 7,5 ; 5 ; 30

df df df df

X G = =

r r r r

∂ ∂ ∂ ∂= − = = = −
∂Φ ∂ ∂Φ ∂

. 

 
LZdbf� h[jZahf�� ^bihevgh_� ihe_� bf__l� hq_gv� fZeu_� ]jZ^b_glu��

ihwlhfm�\�agZqbl_evguo�h[t_fZo�lZdh_�ihe_�y\ey_lky�h^ghjh^guf� 
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E _ d p b y � �  

KLJMDLMJ:�F:=GBLGH=H�IHEY�A?FEB 
 
 
 

<�khhl\_lkl\bb�k�jZkiheh`_gb_f��bklhqgbdh\�]_hfZ]gblgh]h�ihey���-c�
jZa^_e�]_hfZ]g_lbafZ��hgh�jZa^_ey_lky�gZ���hkgh\guo�we_f_glZ� 

���Bklhqgbdb�\�y^j_�A_feb�:�=eZ\gh_�=FI�b�_]h�\_dh\u_�\ZjbZpbb�

( )=E <<G Gδ
→ →

+ . 
=eZ\gh_� �G=E)�ihe_�–�wlh�ihe_��ihemq_ggh_�mkj_^g_gb_f�baf_j_gguo�

\_ebqbg�ih�\j_f_ggófm�bgl_j\Zem� �c\ur_�]h^Z� �b� �ih� �iehsZ^b� �[hevr_�

106
�d\�df� 
��� Bklhqgbdb� ihey� \� a_fghc� dhj_�:�:ghfZevgh_� �ehdZevgh_�� ihe_�

( )ZG
→

. 
 
;he__�lhgdZy�kljmdlmjZ�=FI 
 

0 ,=E PG G G
→ → →

= +  ]^_� � 0G
→

  —� � ihe_� ^bihey�� mG
→

 —� g_^bihevgZy�

qZklv��ihe_�fZl_jbdh\uo��ZghfZebc��hklZlhqgh_�ihe_�� 

Z Z DG G G
→ → →

′ ′′= +  ]^_�� ZG
→

′  ,  aG
→

′′  —�ihe_�j_]bhgZevguo�b�ehdZevguo�

ZghfZebc� 
Ijb� \u^_e_gbb� ehdZevguo� beb� j_]bhgZevguo� ZghfZebc� ba�

gZ[ex^Z_fh]h� ihey� \uqblZ_lky� lZd� gZau\Z_fh_� ghjfZevgh_� ihe_ nG
→

. 

GhjfZevguf�ihe_f�^ey�j_]bhgZevguo�ZghfZebc�y\ey_lky��� =EG
→

   , 
^ey�ehdZevguo�kmffZ�]eZ\gh]h�b�j_]bhgZevgh]h�ZghfZevgh]h�ihe_c���� 

^ey�j_]bhgZevguo�ZghfZebc� n =EH H
→ →

≡  

^ey�ehdZevguo�ZghfZebc���������� n Z=EH H G
→ → →

′= +   
 
Hkgh\gZy�kljmdlmjZ�=FI 
 

  0=F P D HG G G + + +δ
→ → → → → →

= + + + +                               (49) 
 
   ^bi�ihe_��g_^bi����Zghf���\g_rg���ihe_�\ZjbZpbc 
     

�we_dljhfZ]gblgh_�ihe_ << DI<G G Gδ δ δ
→ → →

= +  
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F_lh^u�jZa^_e_gby�ihey�gZ�khklZ\eyxsb_ 
 

;hevrZy�m^Ze_gghklv�^jm]�hl�^jm]Z�bklhqgbdh\� �y^jh–dhjZ��jbk�� ���
khklZ\eyxsbo�ihey�^Z_l�\hafh`ghklv�bkihevah\Zlv�^ey�jZa^_e_gby�ihe_c�

l_hj_fm�=ZmkkZ� 
 

( ) 0
S S

U
dS H d S

n

→ →∂ = =
∂∫∫ ∫∫� � .    (50) 

 
Bgl_]jbjh\Zgb_� ih� \k_c� S� fh`gh� aZf_gblv� bgl_]jbjh\Zgb_f� ih�

g_dhlhjhc�__�qZklb��Wlhl�f_lh^�ijbf_gbf�^ey�\u^_e_gby� ZG
→

′′  
 

 
          
 
 
 
 

 
 
 
 
 
 
 
 
 

 
 
 

Jbk����Bklhqgbdb�]eZ\gh]h�=FI�\h�\g_rg_f�y^j_�A_feb���bklhqgbdb�

ZghfZevgh]h�]_hfZ]gblgh]h��ihey�\�dhj_ 
 
 

JZkkfhljbf� ijbf_j� \u^_e_gby� ZghfZevgh]h� ihey� ehdZevghc�

ZghfZebb��kha^Z\Z_fhc�rZjhf��gZoh^ysbfky�gZ�g_dhlhjhc�]em[bg_�z. 
 

 
GZ�]em[bg_�z —�ZghfZehh[jZamxs__�l_eh�\�nhjf_�rZjZ��Hgh�kha^Z_l�

ZghfZevgh_�ihe_�^bihey��JZkkfhljbf�Z�khklZ\eyxsmx�=FI�baf_jy_fh]h�

gZ�ih\_joghklb��HgZ�khklhbl�ba��-o�dhfihg_gl� 
 

Z = Zn + Za 

L\_j^h_ 
y^jh 

<g_rg__ 
`b^dh_�
y^jh 

FZglby 

A_fgZy�dhjZ 

A
R
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G_h[oh^bfh�\u^_eblv�ZZ . 
?keb� ijbf_gblv� l_hj_fm� =ZmkkZ� ^ey� mkj_^g_gby� Z� ih� g_dhlhjhc�

iehsZ^b�� ]^_� gZ[ex^Z_lky� ZghfZeby�� lh� ijb� hij_^_e_gguo� mkeh\byo� \�

ij_^_eZo� ih]j_rghklb� baf_j_gbc� ihey� fh`gh� ihemqblv� agZq_gb_� Zn. 

Ihke_� wlh]h� Za� \u^_ey_lky� imlzf� \uqblZgby� \� lhqdZo� baf_j_gbc�

ghjfZevgh]h�ihey�ba�gZ[ex^_ggh]h�ihey� 
Za = Z – Zn. 

 
 
 
 
                  x  
 
 
 
 
 
 
 
 

 
 
 

Jbk����GZ�ih\_joghklb�A_feb�ZghfZeby��kha^Z\Z_fZy�gZfZ]gbq_gguf�

rZjhf��jZkiheh`_gguf�gZ���]em[bg_� z. 
 
 
GZc^_f�fZ]gblguc�ihl_gpbZe�gZfZ]gbq_ggh]h�rZjZ��jbk���� 

2 2 3
cos

M M z Mz
U

rr r r
α= = ⋅ = ,    (51) 

2 2 1/ 2 3 2 2 3/ 2( ) ; ( )r x z r x z= + = + , 

2 2 3/ 2( )

Mz
U

x z
=

+
.     (52) 

 
Ijh\h^y�^bnn_j_gpbjh\Zgb_�mj�������ih�z��gZoh^bf�Za: 

 
2 2 3/ 2 2 2 1/ 2

2 2 6

3
( ) ( ) 2

2
( )

a

x z z x z zU
Z M

z x z

+ − + ⋅∂= − = − =
∂ +

 

2 2 2 2 2

2 2 5/ 2 2 2 5/ 2
3 2

;
( ) ( )

x z z z x
M M

x z x z

− − + −= =
+ +

 

z

R ( )zxQ ,

M

αα

β  
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2 2

2 2 5/ 2
2

( )
a

z x
Z M

x z

−=
+

.    (53) 

Mkj_^gy_f�Za�ih�iehsZ^b�S��\�p_glj_�dhlhjhc�ZghfZeby�fZdkbfZevgZ� 
2 2 2

2 2 5/ 2
0 0

2

( )

R

a
M z x

Z xdxd
S x z

π
β−=

+∫ ∫ , 

2S R= π ,   
2

0

2d
π

β = π∫ , 

2 2 2
2 2 2 2 2

2
2 2 2 5/ 2 2 2 2 5/ 2 2 2 2 3/ 2

0 0 0

2 2

( ) ( ) ( )

R R R

a
M z x M z dx M dx

Z dx
R x z R x z R x z

−= = −
+ + +∫ ∫ ∫ . 

Bgl_]jbjmy��ihemqZ_f� 

max2 2 3/ 2 3 2 3/ 2 2 3/ 2

2 2 1 1
.

( ) (1 ) (1 )
a a

M M
Z Z

R z z
= = =

+ + +ρ ρ
 

 
LZdbf�h[jZahf��hlghr_gb_�kj_^gbo�agZq_gbc� maxa aZ Z �aZ\bkbl�hl�!�

–�hlghr_gby�jZ^bmkZ�iehsZ^b�bgl_]jbjh\Zgby�d�]em[bg_�aZe_]Zgby�rZjZ�� 
>ey�lh]h��qlh[u� aZ �khklh\eyeZ�f_g__�����\�ij_^_eZo�ih]j_rghkl_c��

^he`gh�[ulv� 3 100; 4,6; 4,6R zρ = ρ ≈ ≥ . 
 
G_^bihevgh_�ihe_ 

G_^bihevgh_� ihe_� ihemqZ_lky� iml_f� \uqblZgby� ba� ]eZ\gh]h� ihey�

ihey�p_gljZevgh]h�^bihey��?klv�eb�hkgh\Zgby�^ey�lZdh]h�^_e_gby" 
 

 
 

Jbk�����G_^bihevgZy�qZklv� z-dhfihg_glu�]eZ\gh]h�]_hfZ]gblgh]h�ihey� 
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GZ� fbjh\hc� dZjl_� g_^bihevgh]h� ihey� �jbk�� ���� _]h� bahebgbb�

h[jZamxl�\�g_dhlhjuo�qZklyo�ih\_joghklb�A_feb�h]jhfgu_�ZghfZebb��GZ^�

Zd\Zlhjb_c�Lboh]h�hd_ZgZ�ihe_� mH
→

�bf__l�ihgb`_ggh_�agZq_gb_� 
 
AZiZ^guc�^j_cn� 
Kbeh\u_� ebgbb� g_^bihevgh]h� ihey� bf_xl� hkgh\gmx� l_g^_gpbx�

kf_s_gby�gZ�aZiZ^�kh�kj_^g_c�kdhjhklvx����
h
�]h^��Ij_^iheZ]Z_lky��qlh�wlh�

k\yaZgh� k� f_gvr_c� kdhjhklvx� \jZs_gby� y^jZ� A_feb� ih� kjZ\g_gbx� kh�

kdhjhklvx�fZglbb�� 
GZebqb_� aZiZ^gh]h� ^j_cnZ� mdZau\Z_l� gZ� lh�� qlh� bklhqgbdb�

g_^bihevgh]h� ihey� gZoh^ylky� \� `b^dhf� y^j_� A_feb�� ?keb� [u� hgb�

gZoh^bebkv�\�l\_j^uo�]_hkn_jZo��y^jh��fZglby���lh�gbdZdh]h�i_j_f_s_gby�

kbeh\uo� ebgbc� hlghkbl_evgh� ih\_joghklb� A_feb� g_� fh]eh� [u�

ijhbkoh^blv�� H^gZdh� hij_^_e_ggh� ijbjh^Z� g_^bihevgh]h� ihey� ihdZ� g_�

mklZgh\e_gZ� 
:gZeba� ihdZau\Z_l�� qlh� aZiZ^guc� ^j_cn� g_^bihevgh]h� ihey�� \�

hkgh\ghf�� gZ[ex^Z_lky� gZ� :leZglbq_kdhf� ihemrZjbb�� GZ� Zd\Zlhjbb�

Lboh]h� hd_ZgZ� hg� kh\k_f� fZe�� Kms_kl\m_l� ^\Z� lbiZ� g_^bihevguo�

ZghfZebc�� GZ� h^gbo� hlq_leb\h� \b^_g� aZiZ^guc� ^j_cn� �gZijbf_j��

P_gljZevgZy� :njbdZgkdZy� ZghfZeby��� GZ� ^jm]bo� gZ[ex^Z_lky� lhevdh�

baf_g_gb_� gZijy`_gghklb� g_^bihevgh]h� ihey� �gZijbf_j�� Fhg]hevkdZy�

ZghfZeby�� hklZ\Zykv� gZ� f_kl_� \� l_q_gb_� ��� e_l�� mf_gvrbeZkv� \^\h_���

Bgh]^Z� \� g_^bihevghf� ihe_� gZ[ex^Zxlky� aZiZ^gZy� b� \hklhqgZy�

^j_cnmxsb_� dhfihg_glu�� Yihgkdbc� mq_guc� Yukutake (1979) 
ij_^iheh`be�� qlh� [hevrZy� qZklv� ^j_cnmxs_]h� ihey� h[mkeh\e_gZ�

wd\ZlhjbZevguf� ^bihevguf� ihe_f�� dhlhjh_� hg� \u^_ebe� \� ^\mo�

dhfihg_glZo��^j_cnmxsbo�\�h[hbo�gZijZ\e_gbyo� 
LZdbf� h[jZahf�� g_^bihevgh_� ihe_� –� wlh� keh`gh_�� ihdZ� ^h� dhgpZ�

g_ykgh_��]_hfZ]gblgh_�y\e_gb_� 
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E _ d p b y � �  

<?DH<U?�<:JB:PBB 
 
 
<_dh\u_� \ZjbZpbb� [ueb� hldjulu� _s_� \� OVII � \_d_�� <� ����� ]��

=�=_eeb[jZg^� ijb� baf_j_gbb� fZ]gblgh]h� kdehg_gby� \�Ehg^hg_� ihemqbe�

agZq_gb_�D=4o6���h^gZdh�_s_�\������]��baf_j_gby�^Zeb�^jm]hc�j_amevlZl�D 
= 11o15��� LZdbf� h[jZahf�� i_j\ufb� [ueb� h[gZjm`_gu� \_dh\u_� \ZjbZpbb�
kdehg_gby�� <� ^Zevg_cr_f� [ueb� hij_^_e_gu� \_dh\u_� baf_g_gby� \k_o�

we_f_glh\�=FI� 
Baf_g_gb_�\_ebqbgu�lh]h�beb�bgh]h�we_f_glZ�=FI�\�l_q_gb_�]h^Z�

gZau\Z_lky� \_dh\uf� oh^hf�� >Zggu_� h� \_dh\hf� oh^_� fh`gh� ihemqblv�

lhevdh�\�fZ]gblguo�h[k_j\Zlhjbyo��<_dh\hc�oh^�–�wlh�kdhjhklv�baf_g_gby�
\_ebqbg� we_f_glh\� =FI� –� lZd`_� dZd� b� kZfb� we_f_glu�� g_� hklZ_lky�
ihklhygguf�b�\h�\j_f_gb�b�\�ijhkljZgcl\_� 

Hkgh\ghc� \deZ^� \� \_dh\u_� \ZjbZpbb� \ghkyl� ^bihevgh_� b�

g_^bihevgh_� ihey�� >bihevgh_� ihe_� k� l_q_gb_f� \j_f_gb� baf_gy_l� k\hc�

fZ]gblguc� fhf_gl� �jbk�� ����� Z� g_^bihevgh_� ihe_� ^j_cnm_l� gZ� aZiZ^� b�

baf_gy_l�gZijy`_gghklv� 

 
 

Jbk�����<ZjbZpbb�^bihevghc�khklZ\eyxs_c�=FI��gZqbgZy�k������]� 
\�khhl\_lkl\bb�k�jZaeh`_gb_f�ih�kn_jbq_kdbf�dhfihg_glZf��Z��� 
baf_g_gb_�iheh`_gby�hkb�^bihey��khhl\_lkl\mxs_c�k_\_jghfm�

]_hfZ]gblghfm�ihexkm��b) 
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GZ� \_dh\hc� oh^� hdZau\Z_l� \ebygb_� lZd`_� kheg_qgZy� b� fZ]gblgZy�

Zdlb\ghklv�� qlh� hagZqZ_l� gZebqb_� \� \_dh\uo� \ZjbZpbyo� qZklb��

h[mkeh\e_gghc� ©\g_rgbfbª� ijbqbgZfb�� G_dhlhjuc� \deZ^� \� \_dh\u_�

\ZjbZpbb� \ghkbl� b� ZghfZevgh_� ]_hfZ]gblgh_� ihe_�� baf_g_gby� dhlhjh]h�

k\yaZgu� k� ihy\e_gb_f� gZ� ih\_joghklb� A_feb� \� j_amevlZl_�

fZ]fhba\_j`_gby�gh\uo�gZfZ]gbq_gguo� ]hjguo�ihjh^�b� k�jZajmr_gb_f�

gZfZ]gbq_gghklb�^j_\gbo�ihjh^� 

LZdbf� h[jZahf�� \_dlhj� \_dh\uo� \ZjbZpbc� � SVH
→

δ � y\ey_lky�

]_hf_ljbq_kdhc�kmffhc�g_kdhevdbo�khklZ\eyxsbo� 
 

SV o m a e wH H H H H Hδ δ δ δ δ δ
→ → → → → →

= + + + +  .  (54) 
 

]^_� h[hagZq_gu� \_dh\u_� \ZjbZpbb��
→
Hδ h —� ^bihevgh]h� ihey��

→
Hδ m — 

g_^bihevgh]h�� H
→

δ a —� ZghfZevgh]h��
→
Hδ e —� ©\g_rg_]hª�� Q_j_a�

→
Hδ w 

h[hagZq_gZ� khklZ\eyxsZy� <<�� h[mkeh\e_ggZy� aZiZ^guf� ^j_cnhf�

g_^bihevgh]h� ihey�� KhklZ\eyxsZy�
→
Hδ w� hij_^_ey_l� [he__� ���� \k_o�

\_dh\uo�baf_g_gbc� 
GZb[he__� kbevguf�baf_g_gbyf� k� l_q_gb_f�\j_f_gb�ih^\_j`_gZ�

\_jlbdZevgZy�khklZ\eyxsZy�ihey��kdhjhklv�baf_g_gbc�dhlhjhc�^hoh^bl�^h�

���� gLe�]h^� b� [he__�� Ki_dlj� \_dh\uo� \ZjbZpbc� bf__l� ^bkdj_lguc�

oZjZdl_j��hkgh\gu_�]Zjfhgbdb�ki_dljZ�ij_^klZ\e_gu�\�lZ[ebp_ 
 

LZ[ebpZ��Ki_dlj�\_dh\uo�\ZjbZpbc 
 
I_jbh^ 
E_l 

:fieblm^Z 
gLe 

OZjZdl_j 

 
8000 
1800 
1200 
900 
600 
360 
60 

 
25 ·  103 
4÷6 ·  103 

4 ·  103 
4 ·  103 
4 ·  103 
2 ·  103 
5 ·  102 

 

 
=eh[Zevguc 
=eh[Zevguc 

=eh[Zevguc���j_]bhgZevguc 
=eh[Zevguc���j_]bhgZevguc 
J_]bhgZevguc���]eh[Zevguc 
J_]bhgZevguc���]eh[Zevguc 

J_]bhgZevguc 

 
FZ]gblguc�©\kie_kdª�b�wdjZgbjh\Zgb_�\�fZglbb 
 
<j_f_ggu_� \ZjbZpbb� ]_g_jbjm_fh]h� \� y^j_� fZ]gblgh]h� ihey�

ijhoh^yl� q_j_a� we_dljhijh\h^ysmx� fZglbx� b� gZ[ex^Zxlky� gZ�

ih\_joghklb�A_feb�\�hlnbevljh\Zgghc�\_jkbb��>ey�hp_gdb�wlh]h�nbevljZ�
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g_h[oh^bfh� agZlv� jZkij_^_e_gb_� we_dljhijh\h^ghklb� σ � ih� ]em[bg_�

fZglbb�� FZ]gblgu_� ihey� \g_rg_]h� ijhbkoh`^_gby� \ha[m`^Zxl�

we_dljhfZ]gblgu_� ihey� \� a_fghc� dhj_�� Hgb� bkihevamxlky� ^ey� hp_gdb�

ijh\h^bfhklb� dhju� b� \_jog_c� fZglbb�� Z� fZ]gblgu_� ihey� \gmlj_gg_]h�

ijhbkoh`^_gby�–�^ey�hp_gdb�σ �gb`g_c�fZglbb� 
<g_rgb_�\ZjbZpbb�=FI��h[mkeh\e_ggu_��gZijbf_j��baf_g_gbyfb�\�

bhghkn_jguo� lhdZo�� fh]ml� bg^mpbjh\Zlv� fZeu_� lhdb� \gmljb� A_feb� \�

khhl\_lkl\bb� k� aZdhghf� E_gpZ�� GZ� ih\_joghklb� A_feb� baf_jy_lky�

dhf[bgZpby� \g_rg_]h� ihey� \ZjbZpbc� b� bg^mpbjh\Zgguo� ihe_c�� >ey�

hp_gdb� � σ � dhju� b� \_jog_c� fZglbb� fh]ml� [ulv� bkihevah\Zgu� h[Z� lbiZ�

\ZjbZpbc��b�wlb�\ZjbZpbb�fh]ml�[ulv�jZa^_e_gu�k�ihfhsvx�kn_jbq_kdh]h�

]Zjfhgbq_kdh]h� ZgZebaZ� beb� cross – correlation techniqes�� Bgh]^Z�

bkihevamxlky� lhevdh� we_dljbq_kdb_� beb� fZ]gblgu_� \ZjbZpbb�� <�

fZ]gblhl_eemjbq_kdhf�f_lh^_��dhlhjuc�rbjhdh�bkihevam_lky�^ey�hp_gdb�

σ � dhju� b� \_jog_c� fZglbb�� bkihevamxlky� b� we_dljbq_kdh_� b� fZ]gblgh_�

ihey� 
MjZ\g_gb_� ^bnnmabb� �kdbg-wnn_dl�� fZ]gblgh]h� ihey� G�

aZibku\Z_lky�\�\b^_� 

1H
H

t σµ

→
→∂ = ∆

∂
,     (55) 

]^_� σ  —� we_dljhijh\h^ghklv�� � �� —� fZ]gblgZy� ijhgbpZ_fhklv�� Hgh�

ihdZau\Z_l��qlh�fZ]gblgh_�ihe_�fh`_l�^bnnmg^bjh\Zlv�\�ijh\h^gbd_��\�

^Zgghf� kemqZ_� –� \� dhj_� b� fZglbb�� Ih^h[gh_� wlhfm� mjZ\g_gb_� ^ey�
we_dljbq_kdh]h� ihey� fh`_l� [ulv� ihemq_gh� ba� mjZ\g_gbc� FZdk\_eeZ��

JZkkfhljbf�fZ]gblgh_� ihe_�� baf_gyxs__ky� k� _^bgkl\_gghc� qZklhlhc�&, 
^bnnmg^bjmxs__�\�ihemijhkljZgkl\_�k�ihklhygghc�σ . 

J_r_gb_�mjZ\g_gby������[m^_f�bkdZlv�\�\b^_ 
 

( )1
zz zi t ii t

o oH H e e H e e
ω

ωδδ δ
 −→ → →− − +  = =  

 
]^_��z–�]em[bgZ��Lh]^Z 

( )22

2 2

11
; ;

iH H i H
i H H H

t z z
ω

δ δ

→ → →
→ → →+∂ ∂ + ∂= = − =

∂ ∂ ∂
 

Ih^klZ\b\�\�������ihemqbf 
1 2i

iω
σµ δ

= ⋅ .      (56) 

Hlkx^Z�ihemqZ_f�\ujZ`_gb_�^ey�lhesbgu�kdbg-kehy�δ ��\�dhlhjhf�G�
mf_gvrZ_lky�\�_�jZa� 

1/ 2
2δ

σµω
 =  
 

         (57) 
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AZf_lbf�� qlh� δ � y\ey_lky� nmgdpb_c� ijh\h^bfhklb� b� qZklhlu��

\hajZklZ_l� k� ihgb`_gb_f� qZklhlu� kb]gZeZ� b� kgb`_gb_f�

we_dljhijh\h^ghklb�� GZ� ijZdlbd_� gZ� hkgh\_� ����� fh`gh� ihemqblv�

aZ\bkbfhklv�we_dljhijh\h^ghklb�hl�]em[bgu� 
JZkq_lu�� ijh\_^_ggu_� ih� jZaebqguf� fh^_eyf�� ^Zxl� \_ebqbgm�

we_dljhijh\h^ghklb� fZglbb� hdheh� �� Sm–1
� �� Wlhl� j_amevlZl� hq_gv�

ijb[ebabl_evguc� 
Runcorn� �������ihemqbe�\�fh^_eb�iehkdhc�A_feb��\�dhlhjhc�fZglby�

bf__l� ihklhyggmx� we_dljhijh\h^ghklv� 0σ � b� lhesbgm� L�� ke_^mxsmx�

Zfieblm^m�ki_dljZ�\ZjbZpbc� 

expo
o o

L
H H

µ σ ω

→ →  
= −   

   (58) 

KqblZy��qlh�\_dh\u_�\ZjbZpbb�bf_xl�[_euc�ki_dlj��Runcorn�hp_gbe�
kj_^gxx�we_dljhijh\h^ghklv�fZglbb�b�ihemqbe�agZq_gb_�kdbg-kehy�\�df� 

1/ 2
1

2
c

o

Tδ
σ

 
=  

 
    (59) 

]^_�Tc —�i_jbh^�<<� 

?keb�iheh`blv�
11o Smσ −= �b� � δ  � ����� df��ihemqbf�Tc §� ��� Â� ��

6
k��

ijb[ebabl_evgh�ihe]h^Z� 
Wlh� khhl\_lkl\m_l� ^Zgguf� ih� baf_j_gbyf� <<�� I_jbh^u�� fgh]h�

f_gvrb_��q_f����Â���
6
k��fh]ml�ijhbkoh^blv�ba�bklhqgbdh\��jZkiheh`_gguo�

\ur_� y^jZ��;he__�dhjhldb_�i_jbh^u�<<��\hagbdZxsb_�\�y^j_��ihemqbeb�

gZa\Zgb_�bfimevkh\�<<�beb�fZ]gblguo�^`_jdh\� 
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E _ d p b y � �  

:GHF:EVGH?��=?HF:=GBLGH?��IHE? 
 
 
 
=hjgu_� ihjh^u�� jZkiheh`_ggu_� \� \_jogbo� qZklyo� eblhkn_ju�b�gZ�

a_fghc�ih\_joghklb��gZfZ]gbqb\Zxlky�\�]eZ\ghf�]_hfZ]gblghf�ihe_��Wlh�

gZfZ]gbqb\Zgb_� ^hklZlhqgh� kbevgh� ba-aZ� ijbkmlkl\by� \� ihjh^Zo� lZd�
gZau\Z_fuo� n_jjbfZ]gblguo� fbg_jZeh\�� gZb[he__� kbevghfZ]gblguf� ba�

dhlhjuo� y\ey_lky� fZ]g_lbl� �)_3H4���<ke_^kl\b_� gZfZ]gbqb\Zgby� ihjh^u�

kha^Zxl�kh[kl\_ggh_�ZghfZevgh_�ihe_�GZ,  beb�ihe_�fZ]gblguo�ZghfZebc��
JZkkfhljbf�\�dZq_kl\_�ijbf_jZ�ZghfZevgh_�ihe_��kha^Z\Z_fh_�g_]em[hdh�

aZe_]Zxsbf� gZfZ]gbq_gguf� rZjhf�� fZ]gblguc� fhf_gl� F� dhlhjh]h�

gZijZ\e_g�ih^�m]ehf���,��d�]hjbahglZevghc�iehkdhklb��jbk������ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Jbk�����JZkq_l�ZghfZevgh]h�ihey��kha^Z\Z_fh]h�rZjhf��gZfZ]gbq_gguf�

ih^�m]ehf�θ �d�]hjbahglZevghc�iehkdhklb 
 

M
θθ

γγ

ββ

z

z
( )zxQ ,

x
x



 38 

FZ]gblguc�ihl_gpbZe�\�g_dhlhjhc�lhqd_�Q(x. ]��gZ^�ih\_joghklvx�
A_feb�jZ\_g��jbk����� 

2
cos .

M
U

r
γ=  

Mql_f��qlh 2 2 2cos cos sin , ,
x z

r x z
r r

γ = Θ − Θ = + � b� ihemqbf� ihl_gpbZe�

ZghfZevgh]h�ihey 
( )
( )3/ 22 2

cos sin
.a

M x z
U

x z

Θ − Θ
=

+
     (60) 

GZc^_f�dhfihg_glu�ZghfZevgh]h�ihey�XZ, Za:  
 

( )
( )

2 2

5/ 22 2

2 cos 3 sin
,a

x z xzU
X M

x x z

− Θ + Θ∂= − =
∂ +

   (61) 

 
( )

( ) ,
cos3sin2

2/522

22

zx

zxzx
M

z

U
Za

+

Θ+Θ+−=
∂
∂−=     (62) 

JZamf__lky�� ^ey� l_e� g_ijZ\bevghc� nhjfu� \ujZ`_gby� ^ey�

ZghfZevgh]h� ihey� bf_xl� [he__� keh`guc� \b^� b� bo� g_� \k_]^Z� fh`gh�

ihemqblv�ZgZeblbq_kdb� 
:ghfZevgh_�ihe_��dZd�ijZ\beh��khklZ\ey_l���

-2÷10-3
�hl�]eZ\gh]h�ihey��

dhlhjh_�ijbgylh�lZd`_�gZau\Zlv�ghjfZevguf��Dh]^Z�\u^_ey_lky�ehdZevgZy�

fZ]gblgZy� ZghfZeby�� lh� \� dZq_kl\_� ghjfZevgh]h� jZkkfZljb\Z_lky� kmffZ�

ihe_c��]eZ\gh_�ihe_���ihe_�j_]bhgZevguo�ZghfZebc� 
G_kfhljy� gZ� fZemx� gZijy`_gghklv� ZghfZevgh]h� ihey�� ZghfZeby�

e_]dh�hij_^_ey_lky�ih�[hevrhc�\_ebqbg_�]jZ^b_glh\�GZ. Ba������ijb�o�= 0 
ihemqZ_f�fZdkbfZevgh_�agZq_gb_�Za: 

 

    max 3

2
sin ,a

M
Z

z
= Θ  

_]h�]jZ^b_gl�ih�\_jlbdZeb�jZ\_g 

 max max
4

36
sin ,a aZ ZM

z zz

∂
= − Θ = −

∂
    (63) 

]^_�z —�]em[bgZ�aZe_]Zgby�gZfZ]gbq_gghc�ihjh^u��Iheh`bf��qlh�z� ����f��
Za PZo= 10-3 Zn (Zn —�ghjfZevgh_��beb�]eZ\gh_��ihe_�gZijy`_gghklvx���Â ���

4 
gLe���Lh]^Z� � � ��Za max /�z = -�����gLe�df��l�_��gZ�^\Z�ihjy^dZ�[hevr_��q_f�

]jZ^b_glu� ghjfZevgh]h� ihey�� <klj_qZxlky� ehdZevgu_� b� j_]bhgZevgu_�

ZghfZebb� hq_gv� \ukhdhc� bgl_gkb\ghklb�� MgbdZevghc� y\ey_lky� DmjkdZy�

fZ]gblgZy� ZghfZeby�� ]^_�ZghfZevgh_�ihe_�\�g_dhlhjuo�lhqdZo�ihqlb�\� ��

jZaZ� ij_\hkoh^bl� ghjfZevgh_�� A^_kv� h[gZjm`_gh� f_klh�� ]^_� fZ]gblgh_�

gZdehg_gb_� J = 90h�� l�_�� lZdh_�`_�� dZd�gZ�fZ]gblghf�ihexk_�� wlh�dZd�[u�
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lj_lbc� fZ]gblguc� ihexk�� LZdZy� kbevgZy� ZghfZeby� \ua\ZgZ� fhsgufb�

aZe_`Zfb� `_e_aguo� jm^� �`_e_abklu_� d\Zjpblu�� gZ� kjZ\gbl_evgh�

g_[hevrhc�]em[bg_��a���-����f���aZiZku�dhlhjuo�ij_\urZxl�aZiZku�\k_o�

hklZevguo�`_e_ahjm^guo�f_klhjh`^_gbc�a_fgh]h�rZjZ��\f_kl_�\ayluo� 
>ey�\u^_e_gby� ZghfZevgh]h�ihey�ba�gZ[ex^Z_fh]h�G=F�  �Gi� ��GZ 

bkihevamxlky� f_lh^u�� hkgh\Zggu_� gZ� lhf�� qlh� bklhqgbdb� GZ b� Gi 
gZoh^ylky�gZ� kms_kl\_ggh�jZaguo� ]em[bgZo��H^gbf�ba�f_lh^h\� y\ey_lky�

f_lh^� \uqblZgby� ba� gZ[ex^Z_fh]h� ihey� G=F ghjfZevgh]h� �]eZ\gh]h���
hij_^_ey_fh]h�kmffhc�^bihevgh]h�b�fmevlbihevgh]h�qe_gh\�jy^Z�=ZmkkZ�

�F_`^mgZjh^gh_�wlZehggh_�]_hfZ]gblgh_�ihe_�IGRF).  
:ghfZevgh_�fZ]gblgh_�ihe_�dhglbg_glh\�bf__l�keh`guc�oZjZdl_j��

ij_^klZ\eyy� \h� fgh]b[� kemqZyo� kmffm� g_kdhevdbo� khklZ\eyxsbo��

bf_xsbo� jZaebqgh_� ]_heh]bq_kdh_� ijhbkoh`^_gb_�� Ih� ehdZevguf�

ZghfZebyf� f_lh^Zfb� bgl_jij_lZpbb� hij_^_eyxlky� ]em[bgu� aZe_]Zgby�

\_jogbo�djhfhd�l_e��gZb[he__�[ebadh�jZkiheh`_gguo�d�ih\_joghklb��Ijb�

jZkkfhlj_gbb� ZghfZevgh]h� ihey� ieZlnhjf_gguo� h[eZkl_c�� ]^_�

djbklZeebq_kdbc�nmg^Zf_gl�ih]jm`_g�gZ�]em[bgm�\�g_kdhevdh�dbehf_ljh\�

ih^�ijZdlbq_kdb�g_fZ]gblgufb�hkZ^hqgufb�hleh`_gbyfb��fh`gh�hp_gblv�

]em[bgm�aZe_]Zgby�ih\_joghklb�nmg^Zf_glZ��kh^_j`Zs_]h�fZ]fZlbq_kdb_�

b�f_lZfhjnbq_kdb_�h[jZah\Zgby��h[eZ^Zxsb_�\ukhdhc�gZfZ]gbq_gghklvx�� 
IjbgpbibZevguf� hldjulb_f� [ueh� h[gZjm`_gb_� hljbpZl_evguo�

fZ]gblguo� ZghfZebc�� qbkeh� dhlhjuo�� dZd� hdZaZehkv�� kjZ\gbfh� k�

iheh`bl_evgufb�� HljbpZl_evghc� gZau\Z_lky� lZdZy� ZghfZeby�� ihe_�

dhlhjhc� \� K_\_jghf� ihemrZjbb� gZijZ\e_gh� \� \_jogxx� qZklv�

ijhkljZgkl\Z�� gZ^� ]hjbahglZevghc� iehkdhklvx�� lZd� qlh� GZ� ihqlb�

ZglbiZjZee_evgh�GQ� 
?keb� [u� ihjh^u� gZfZ]gbqb\Zebkv� lhevdh� ih� gZijZ\e_gbx�

kh\j_f_ggh]h� ]_hfZ]gblgh]h� ihey�� lh� kms_kl\h\Zeb� [u� lhevdh�

iheh`bl_evgu_� ZghfZebb�� GZfZ]gbq_gghklv� I ihjh^u�� dZd� ihdZaZeb�

bkke_^h\Zgby��khklhbl�ba�^\mo�dhfihg_gl� 
 

I = æH= + In.      (64) 
 

]^_� � æH= —� bg^mdlb\gZy� gZfZ]gbq_gghklv�� \k_]^Z� gZijZ\e_ggZy� ih�

kh\j_f_gghfm�ihex�H=,  In —� _kl_kl\_ggZy�hklZlhqgZy�gZfZ]gbq_gghklv�

(NRM��� ;ueh� h[gZjm`_gh�� qlh� \h� fgh]bo� ihjh^Zo� In� g_� kh\iZ^Z_l� ih�

gZijZ\e_gbx�k�kh\j_f_gguf�ihe_f�b�fh`_l�hl�g_]h�hlebqZlvky�gZ�ex[hc�

m]he�hl���^h����
h
��?kl_kl\_ggZy�hklZlhqgZy�gZfZ]gbq_gghklv��dZd�ijZ\beh��

\hagbdZ_l� \h� \j_fy� h[jZah\Zgby� ihjh^u�� b� \hajZkl� In  ijZdlbq_kdb�
h^bgZdh\� k� \hajZklhf� ihjh^u�� Hlkx^Z� [ue� k^_eZg� \u\h^� h� lhf�� qlh�

gZijZ\e_gb_�In�]hjghc�ihjh^u�hljZ`Z_l�gZijZ\e_gb_�^SH\gH]h�fZ]gblgh]h�

ihey��dhlhjh_�kms_kl\h\Zeh�\�lh�]_heh]bq_kdh_�\j_fy��dh]^Z�h[jZah\ZeZkv�

^ZggZy�ihjh^Z� 
<� [hevrbgkl\_� ba\_j`_gguo� ]hjguo� ihjh^� In� ih� \_ebqbg_�

ij_\urZ_l�æH=�� b� ihwlhfm� gZijZ\e_gb_� ZghfZevgh]h� ihey� hij_^_ey_lky�
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gZijZ\e_gb_f� In�� l�_�� gZijZ\e_gb_f� ^j_\g_]h� fZ]gblgh]h� ihey��

Ke_^h\Zl_evgh��gZebqb_�hljbpZl_evguo�ZghfZebc�mdZau\Z_l�gZ�lh��qlh�hgb�

h[jZah\Zebkv� \� ^j_\g_f� ihe_�� gZijZ\e_gb_� dhlhjh]h� [ueh� h[jZlguf� ih�

hlghr_gbx�d�kh\j_f_gghfm�]_hfZ]gblghfm�ihex� 
GZebqb_� \� ihjh^Zo� _kl_kl\_gghc� hklZlhqghc� gZfZ]gbq_gghklb� In, 

\_ebqbgZ� b� gZijZ\e_gb_� dhlhjhc� hljZ`Z_l� \_ebqbgm� b� gZijZ\e_gb_�

^j_\g_]h� ihey�� dhlhjh_� [ueh� \h� \j_fy� h[jZah\Zgby� ihjh^u�� ^Z_l�

\hafh`ghklv� bamqZlv� bklhjbx� ]_hfZ]gblgh]h� ihey� \� ijhreu_�

]_heh]bq_kdb_� wihob�� LZdhc� dhk\_gguc� f_lh^� bamq_gby� ^j_\g_]h�

fZ]gblgh]h�ihey�gZau\Z_lky�iZe_hfZ]gblguf� 
<hijhk�h�nbabd_�fZ]g_lbafZ�]hjguo�ihjh^�[m^_l�baeh`_g�\�e_dpbyo�

12–16. 
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E _ d p b y � �  

I:E?HF:=G?LBAF 
 
 
 
IZe_hfZ]gblguc�f_lh^�hkgh\Zg�gZ�^\mo�hkgh\guo�ij_^iheh`_gbyo��

=_hnbabq_kdh_� ij_^iheh`_gb_� khklhbl� \� lhf�� qlh� ]_hfZ]gblgh_� ihe_� \�
ijhreu_� ]_heh]bq_kdb_� wihob� [ueh� ihe_f� p_gljZevgh]h�
hk_kbff_ljbqgh]h� ^bihey�� dZdh\uf� y\ey_lky� b� hkgh\gZy� qZklv�
kh\j_f_ggh]h� ihey�� K� nbabq_kdhc� lhqdb� aj_gby� ij_^iheZ]Z_lky�� qlh�
_kl_kl\_ggZy� hklZlhqgZy� gZfZ]gbq_gghklv� In kh\iZ^Z_l� \� kj_^g_f� k�
gZijZ\e_gb_f� ^j_\g_]h� ihey� G^j�� \_ebqbgZ In� ijhihjpbhgZevgZ� G^j� b� \�
hkgh\ghf�khojZgy_lky�\�l_q_gb_�fgh]bo�lukyq�b�fbeebhgh\�e_l�^h�gZrbo�
^g_c�� Wlb� ij_^iheh`_gby� g_� hq_\b^gu�� b� ijb� dZ`^hf� iZe_hfZ]gblghf�
bkke_^h\Zgbb�bo�gm`gh�ijh\_jylv� 

<� ijbgylhc� fh^_eb� ihey� e_]dh� hij_^_eblv� kh\j_f_ggu_�
]_h]jZnbq_kdb_� dhhj^bgZlu� ^j_\g_]h� ]_hfZ]gblgh]h� ihey�� <� fh^_eb�
p_gljZevgh]h� hk_kbff_ljbqgh]h� ^bihey� ]_hfZ]gblgu_� f_jb^bZgu�
kh\iZ^Zxl� k� ]_h]jZnbq_kdbfb�� Z� fZ]gblgu_� ihexku� kh\iZ^Zxl� k�
]_h]jZnbq_kdbfb�ihexkZfb��Imklv�\�^j_\g_c�ihjh^_��aZe_]Zxs_c�\�lhqd_�
Q(ϕ ������\_dlhj�In�jZkiheh`_g�lZd��dZd�ihdZaZgh�gZ�jbk������ 
 

 
 

Jbk�����Dhfihg_glu�_kl_kl\_gghc�hklZlhqghc�gZfZ]gbq_gghklb�]hjghc�
ihjh^u�\�g_dhlhjhc�lhqd_� ( )λϕ ,Q . 
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Ijh_dpby� In � gZ� ]hjbahglZevgmx� iehkdhklv� Inh ihdZau\Z_l�
gZijZ\e_gb_�^j_\g_]h�fZ]gblgh]h�f_jb^bZgZ�� �m]he�D^j _klv�m]he�f_`^m�
kh\j_f_gguf� b� ^j_\gbf� f_jb^bZgZfb�� GZijZ\e_gb_� In ihdZau\Z_l�
gZijZ\e_gb_� \_dlhjZ� gZijy`_gghklb� G^j�� Ihwlhfm� m]he� f_`^m� In� b�
]hjbahglZevghc� iehkdhklvx� y\ey_lky� m]ehf� fZ]gblgh]h� gZdehg_gby� J^j  
^j_\g_]h� ihey�� AgZy� -^j�� fh`gh� ih� nhjfme_� ����� hij_^_eblv� ^j_\gxx�
]_h]jZnbq_kdmx�rbjhlm� ϕ ^j�� � gZ� dhlhjhc� [ueZ� ^ZggZy� ihjh^Z� \�fhf_gl�
k\h_]h�h[jZah\Zgby� 

tgϕ ^j = 0,5 tgJ^j                                         (65) 
 

LZdbf�h[jZahf��ba�baf_j_gbc�dhfihg_gl�gZfZ]gbq_gghklb�In h[jZapZ�
�wlb�baf_j_gby�ijhba\h^ylky��dZd�ijZ\beh��\�eZ[hjZlhjbb��fu�hij_^_ey_f�
^\Z�\Z`guo�iZjZf_ljZ��m]he�D^j�b�rbjhlm�ϕ ^j��jbk������ 

 

 
 

Jbk�����Fh^_ev�p_gljZevgh]h�hk_kbff_ljbqgh]h�]_hfZ]gblgh]h�^bihey��
bkihevam_fZy�\�iZe_hfZ]gblghf�f_lh^_ 

 
<hkihevah\Z\rbkv� l_hj_fZfb� dhkbgmkh\� b� kbgmkh\� kn_jbq_kdhc�

ljb]hghf_ljbb��ihemqbf�ke_^mxsb_�nhjfmeu�^ey�kh\j_f_gguo�dhhj^bgZl�
ϕ 0, �0�^j_\g_]h�fZ]gblgh]h�ihexkZ� 

 
sin ϕ 0= sin ϕ  sin ϕ ^j + cos ϕ  cos ϕ ^j cosD^j,   (66) 
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sin (� - �0) =
0

sin
cos

cos
^j

^j

D
ϕ

ϕ
.     (67) 

Baf_jyy� In�ihjh^�jZagh]h�]_heh]bq_kdhUR�\hajZklZ��fh`gh�ihemqblv�
aZdhghf_jghklb� baf_g_gby� ^bihevghUR� ihey�� gZqbgZy� hl� hq_gv� ^j_\gbo�
]_heh]bq_kdbo�wiho�^h�gZr_UR�\j_f_gb��IZe_hfZ]g_lbaf�-�wlh�mgbdZevguc�
f_lh^� \� ]_hnbabd_�� hkgh\Zgguc� gZ� m^b\bl_evghf� k\hckl\_� �fZ]gblghc�
iZfylb�� n_jjbfZ]gblguo� fbg_jZeh\�� \oh^ysbo�� ohly� b� \� g_[hevrbo���
dhebq_kl\Zo�� \� khklZ\� ijZdlbq_kdb� \k_o� ]RSgu[� ihjh^�� FZ]g_lbaf�
n_jjbfZ]gblguo� fbg_jZeh\� ^Z_l� hkgh\ghc� \deZ^� \� fZ]gblgmx�
\hkijbbfqb\hklv� ]hjguo�ihjh^��<deZ^�^bZ-�b�iZjZfZ]gblguo�fbg_jZeh\�
hq_gv�fZe� 

GZijZ\e_gb_�In�^ey�hij_^_e_ggh]R�]_heh]bq_kdh]R�\hajZklZ�\�^Zgghc�
lhqd_�a_fghc�ih\_joghklb�jZkkqblu\Z_lky�k�ijbf_g_gb_f�klZlbklbq_kdbo�
f_lh^h\�ih�^hklZlhqgh�[hevrhfm�qbkem�h[jZaph\��Ih�ihemq_gguf�^Zgguf�
k� ihfhsvx� nhjfme� ����� b� ����� hij_^_ey_lky� kh\j_f_ggh_� iheh`_gb_�
khhl\_lkl\mxs_]R� \hajZklm� ihjh^u� fZ]gblgh]R� ihexkZ�� LZdhc� ihexk�
gZau\Z_lky� \bjlmZevguf� fZ]gblguf� ihexkhf�� Kj_^g__� iheh`_gb_� jy^Z�
\bjlmZevguo� ihexkh\� ^ey� ihjh^� ^Zggh]R� \hajZklZ�� jZkiheh`_gguo� \�
jZaguo�lhqdZo�a_fghc�ih\_joghklb��gZau\Z_lky�iZe_hfZ]gblguf�ihexkhf�� 

Ijb� ijh\_^_gbb� iZe_hfZ]gblguo� bkke_^h\Zgbc� [hevrh_� agZq_gb_�
bf__l� \uykg_gb_� nbabq_kdbo� f_oZgbafh\� gZfZ]gbqb\Zgby� jZaebqguo�
]RSguo� ihjh^�� mklZgh\e_gb_� kl_i_gb� khojZgghklb� In,  __� khhl\_lkl\by�
\j_f_gb� h[jZah\Zgby� ihjh^u�� MklZgh\e_gh�� qlh� ba\_j`_ggu_� ]RSguH�
ihjh^u�ijbh[j_lZxl� In \� � UHhfD]gblghf�ihe_�\h�\j_fy�hklu\Zgby�ihke_�
baebygby�fZ]fu�gZ�ih\_joghklv��<hagbdrZy�lZdbf�h[jZahf�In gZau\Z_lky�
l_jfhhklZlhqghc� �TRM��� hgZ� bf__l� \ukhdmx� bgl_gkb\ghklv� b� [hevrmx�
klZ[bevghklv�� HkZ^hqgu_� ]RSguH� ihjh^u�� y\eyxsb_ky� ijh^mdlhf�
i_j_jZ[hldb� b� i_j_hleh`_gby� ba\_j`_gguo� ihjh^�� ijbh[j_lZxl� 1n \�
]_hfZ]gblghf�ihe_�\h�\j_fy�hkZ`^_gby�f_edbo�qZklbp�\�\h^ghf�[Zkk_cg_�
�fhj_�� ha_jh��� F_edb_� gZfZ]gbq_ggu_� qZklbpu� \� ijhp_kk_� hkZ`^_gby�
hjb_glbjmxlky�ih�gZijZ\e_gbx�ihey��b�\�j_amevlZl_�\hagbdZ_l�^_ljblh\Zy��
beb� hjb_glZpbhggZy�� gZfZ]gbq_gghklv� hkZ^hqguo� ]RSguo� ihjh^�� Ihke_�
h[jZah\Zgby� 1n b� ba\_j`_ggu_� b� hkZ^hqgu_� ihjh^u� gZoh^ylky� m`_� \�
^jm]bo�mkeh\byo� �h[uqgu_�l_fi_jZlmju�b�hlkmlkl\b_�\h^ghc�kj_^u���ijb�
dhlhjuo��dZd�ij_^iheZ]Z_lky��^Zevg_cr_UR�gZfZ]gbqb\Zgby�]RSguo�ihjh^�
\�baf_gyxs_fky�]_hfZ]gblghf�ihe_�ijZdlbq_kdb�g_�ijhbkoh^bl��Bf_ggh�
ihwlhfm� In ihjh^�� dZd� ijZ\beh�� ^j_\g_]h� ijhbkoh`^_gby� b� kbgojhggZ� k�
h[jZah\Zgb_f�ihjh^� 

Ijh\_^_ggu_� \h� \lhjhc� iheh\bg_� ;;� \�� fgh]hqbke_ggu_�
iZe_hfZ]gblgu_�bkke_^h\Zgby�ijb\_eb�d�hldjulbyf��dhlhju_�kms_kl\_ggh�
baf_gbeb�]_hnbabq_kdb_�b�]_heh]bq_kdb_�dhgp_ipbb�kljh_gby�b�w\hexpbb�
eblhkn_ju�� GZb[he__� ijbgpbibZevgufb� j_amevlZlZfb� y\eyxlky�
ke_^mxsb_� 
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���IZe_hfZ]gblgu_�ihexku�g_�kh\iZ^Zxl�k�kh\j_f_gguf�ihexkhf��ijb�
wlhf�q_f�^j_\g__�iZe_hfZ]gblguc�ihexk��l_f�gZ�[hevr_f�jZkklhygbb�hl�
kh\j_f_ggh]h� hg� gZoh^beky�� D_f[jbckdbc� k_\_jguc� iZe_hfZ]gblguc�
ihexk��\hajZkl�hdheh�����feg�e_l��gZoh^beky�x`g__�wd\ZlhjZ� 
���Djb\u_�fb]jZpbb�k_\_jguo�iZe_hfZ]gblguo�ihexkh\��hij_^_e_ggu_�

ih� gZijZ\e_gbx� _kl_kl\_gghc� hklZlhqghc� gZfZ]gbq_gghklb� In� ihjh^�
jZaguo�dhglbg_glh\��kms_kl\_ggh�jZaebqgu��jbk������ 

 

 
 

Jbk�����Djb\u_�fb]jZpbb�iZe_hfZ]gblguo�ihexkh\��ihemq_ggu_�gZ�hkgh\_�
baf_j_gbc�� nI �]hjguo�ihjh^�jZaguo�dhglbg_glh\� 

 
��� =_hfZ]gblgh_� ihe_� \� ijhreu_� ]_heh]bq_kdb_� wihob� g_h^ghdjZlgh�

baf_gyeh�k\hx�iheyjghklv��ijhbkoh^beb�bg\_jkbb�ihey��dhlhjuo��gZqbgZy�
k� d_f[jby�� gZkqblu\Z_lky� [he__� lukyqb��RdZeZ� bg\_jkbc�� ^Zlbjh\ZggZy�
Z[khexlgufb� f_lh^Zfb�� gZau\Z_lky� fZ]gblhojhgheh]bq_kdhc� rdZehc�
�jbk����� 
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Jbk�������FZ]gblhojhgheh]bq_kdZy�rdZeZ��bkihevam_fZy�^ey��hij_^_e_gby 

\hajZklZ�ebg_cguo�hd_Zgkdbo�ZghfZebc��Ke_\Z�hl�rdZeu�—�ghf_jZ�
ZghfZebc���kijZ\Z�—�\hajZkl�\�feg��e_l 

                          
IjhZgZebabjm_f� djZldh� wlb� j_amevlZlu�� Ih� fh^_eb� p_gljZevgh]h�

hk_kbff_ljbqgh]h�^bihey�fZ]gblguc�ihexk�kh\iZ^Z_l�k�]_h]jZnbq_kdbf� 
Ke_^h\Zl_evgh�� h[gZjm`_ggZy� fb]jZpby� fZ]gblgh]h� ihexkZ� ^he`gZ�
h^gh\j_f_ggh�jZkkfZljb\Zlvky�b�dZd�fb]jZpby� ]_h]jZnbq_kdh]h�� l�_��hkb�
\jZs_gby� A_feb�� <ke_^kl\b_� aZdhgZ� khojZg_gby� fhf_glZ� dhebq_kl\Z�
^\b`_gby� baf_g_gb_� iheh`_gby� hkb� \jZs_gby� lj_[m_l� gZebqby� lZdbo�
h]jhfguo� kbe�� dhlhjuo� fu� g_� \b^bf� gb� gZ� A_fe_�� gb� \� dhkfbq_kdhf�
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ijhkljZgkl\_�� Ihwlhfm� i_j\uc� j_amevlZl� fh`gh� jZkkfZljb\Zlv� g_� dZd�
i_j_f_s_gb_� ihexkZ�� Z� dZd� ^\b`_gb_� �\� ijhlb\hiheh`gmx� klhjhgm��
\_jog_c� eblhkn_jghc� h[hehqdb� A_feb�� LZdZy� bgl_jij_lZpby�
ih^l\_j`^Z_lky�\lhjuf�j_amevlZlhf��<_^v�K_\_jguc�ihexk�^he`_g�[ulv�
h^bg�� Z� g_� g_kdhevdh�� dZd� wlh� ke_^m_l� ba� \lhjh]h� j_amevlZlZ�� Ihwlhfm�
jZkoh`^_gb_� djb\uo� fb]jZpbb� ihexkh\� jZaguo� dhglbg_glh\�
k\b^_l_evkl\m_l� h� lhf�� qlh� eblhkn_jgZy� h[hehqdZ� g_� i_j_f_sZeZkv� dZd 
_^bgh_�p_eh_��Z��ih-\b^bfhfm���^\b]Zebkv�hl^_evgu_�eblhkn_jgu_�ieblu��
ijbq_f�dZ`^Zy�ih�k\h_c�ljZ_dlhjbb� 

GZdhg_p�� lj_lbc� j_amevlZl� mdZau\Z_l� gZ� lh�� qlh� ]_hfZ]gblghfm� ihex�
ijbkmsb�g_� lhevdh� \_dh\u_�\ZjbZpbb��gh�b�[he__� ]em[hdb_�baf_g_gby�– 
bg\_jkbb�� Wlhl� j_amevlZl� ^hihegy_l� dZjlbgm� hkgh\guo� k\hckl\� ihey� b�
bf__l� h]jhfgh_� l_hj_lbq_kdh_� agZq_gb_� ijb� j_r_gbb� ijh[e_fu�
ijhbkoh`^_gby� ]_hfZ]gblgh]h� ihey�� Djhf_� lh]h�� \j_f_ggZy� rdZeZ�
bg\_jkbc� fh`_l� kem`blv� g_aZ\bkbfuf� bgkljmf_glhf� ^ey� hij_^_e_gby�
\hajZklZ�]hjguo�ihjh^��qlh�y\ey_lky�nmg^Zf_glZevghc�aZ^Zq_c�]_heh]bb� 

Bamq_gb_� ZghfZevgh]h� fZ]gblgh]h� ihey� hd_ZgZ�� ij_^ijbgylh_� \�
ihke_^gb_� ^_kylbe_lby� k� ihfhsvx� ijhlhgguo� b� d\Zglh\uo� fZ]gb-
lhf_ljh\�� ijb\_eh� d� j_amevlZlZf�� dhlhju_� hdZaZebkv� \� ijyfhc� k\yab� k�
j_amevlZlZfb�iZe_hfZ]gblguo�bkke_^h\Zgbc� 

Ijhlhggu_� b� d\Zglh\u_� fZ]gblhf_lju� ^Zxl� \hafh`ghklv� ijh\h^blv�
g_ij_ju\gmx� aZibkv� fZ]gblguo� ijhnbe_c�� qlh� iha\hebeh� hkms_kl\blv�
lhqgh_�b�^_lZevgh_�fZ]gblgh_�dZjlbjh\Zgb_�hd_Zgkdh]h�^gZ��<�j_amevlZl_�
[ueb�ihemq_gu�kh\_jr_ggh�g_h`b^Zggu_�dZjlbgu�hd_Zgkdbo�ZghfZebc��<�
hlebqb_�hl�keh`ghc�nhjfu�ZghfZebc�gZ�kmr_��dhlhjZy�kbevgh�f_gy_lky�hl�
jZchgZ�d�jZchgm��hd_Zgkdb_�fZ]gblgu_�ZghfZebb�bf_xl�kbkl_fZlbq_kdbc�
oZjZdl_j� ihqlb� gZ� \k_o� hd_ZgZo�� IZjZee_evgu_� ihehku� q_j_^mxsboky�
agZdhi_j_f_gguo�ZghfZebc�lygmlky�gZ�lukyqb�dbehf_ljh\� 

 GZ�jbk�����bah[jZ`_gZ�h[sZy�dZjlbgZ�fbjh\uo�hd_Zgkdbo�ZghfZebc��
Bgl_gkb\ghklv�ZghfZebc�\ukhdZ��Ohly�hgb�baf_j_gu�gZ�mjh\g_�fhjy��l�_��
gZ�\ukhl_�hl� ��^h� ��df�gZ^�fhjkdbf�^ghf��bo�Zfieblm^u�baf_gyxlky�hl�
g_kdhevdbo� khl_g� ^h� lukyqb� gLe�� Ijb[hju� baf_jyeb� fh^mev T 
gZijy`_gghklb� ]_hfZ]gblgh]h� ihey�� :ghfZevgZy� qZklv� ∆Ta� ihey�
hij_^_eyeZkv�dZd�jZaghklv�fh^me_c�ihegh]h�T b�ghjfZevgh]h�Tn�ihe_c�� 

          ∆Ta =  T – Tn     (68) 

=_heh]by�hd_Zgkdh]h�^gZ�lZd`_�kms_kl\_ggh�hlebqZ_lky�hl�]_heh]bb�
dhglbg_glh\�� Baf_j_gby� ]em[bg� hd_Zgh\� ihdZaZeb�� qlh� gZ� ^g_� dZ`^h]h�
hd_ZgZ� kms_kl\mxl� [hevrb_� ]hjgu_� oj_[lu�� gZa\Zggu_� kj_^bggh-
hd_Zgkdbfb�oj_[lZfb��K:O���GZb[he__�ijhly`_gguf�y\ey_lky�Kj_^bggh-
:leZglbq_kdbc�oj_[_l��ijhlygm\rbcky�hl�BkeZg^bb�gZ�x]�ih�\k_c�^ebg_�
:leZglbq_kdh]h� hd_ZgZ� iZjZee_evgh� [_j_]h\uf� ebgbyf� :njbdb� b�
:f_jbdb�b�^Ze__�gZ�\hklhd�x`g__�:njbdb�\�Bg^bckdbc�hd_Zg� �1�gZ�jbk��
18). 
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Jbk������JZkij_^_e_gb_�ebg_cguo�fZ]gblguo�ZghfZebc�\�Lbohf�hd_Zg_ 

 
   

 
 

Jbk�����Ko_fZ�kj_^bggh-hd_Zgbq_kdbo�ih^\h^guo�oj_[lh\ 
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:gZeh]bqgu_��gh�f_gvrb_�ih�jZaf_jZf�oj_[lu�_klv�\�Bg^bckdhf�b�
Lbohf�hd_ZgZo� �2–4 gZ�jbk�������<^hev�oj_[lh\�jZkiheZ]Zxlky�wibp_glju�
a_fe_ljyk_gbc� 

>ey� h[tykg_gby� lZdhc� kljmdlmju� hd_Zgkdh]h� ^gZ� [ueZ� \u^\bgmlZ�
]bihl_aZ�h� lhf��qlh�^gh�h[jZam_lky�\�j_amevlZl_�\g_^j_gby�ba\_j`_gguo�
ihjh^� \� p_gljZevghc� qZklb� �jbnlh\u_� ^hebgu�� hd_Zgkdbo� oj_[lh\�� Wlb�
ihjh^u� hll_kgyxlky� \� klhjhgu�� dh]^Z� gh\Zy�fZ]fZ� baeb\Z_lky� \� lhf�`_�
kZfhf�f_kl_� 

AZ����–����feg�e_l�\k_�jZa^\b]Zxs__ky�hd_Zgkdh_�^gh�h[gh\ey_lky� 
Z� ij_`gb_� ihjh^u� ih]jm`Zxlky� \� fZglbx� \� lZd� gZau\Z_fuo� ahgZo�
km[^mdpbb� 

GZ� hkgh\_� wlhc�fh^_eb�<Zcg�b�F_lvxa� h[tykgbeb�ijhbkoh`^_gb_�
agZdhi_j_f_gguo� � ebg_cguo� fZ]gblguo� ZghfZebc�� Ihke_� lh]h� dZd�
jZkieZ\u�� ih^gbfZxsb_ky� ba� fZglbb�� aZl\_j^_\Zxl�� hgb� ijbh[j_lZxl�
l_jfhhklZlhqgmx� gZfZ]gbq_gghklv In�� khhl\_lkl\mxsmx� gZijZ\e_gbx�
ihey�\�wlh�\j_fy��Gh\u_�ihjpbb�fZ]fu��ihy\eyxsb_ky�\�lhf�`_�f_kl_��ijb�
hoeZ`^_gbb�fh]ml�gZfZ]gblblvky� m`_� \�ihe_�ijhlb\hiheh`gh]h� agZdZ� \�
j_amevlZl_� ijhbkoh^ysbo� k� l_q_gb_f� \j_f_gb� bg\_jkbc�� Ihwlhfm�
q_j_^h\Zgb_� iheh`bl_evguo� b� hljbpZl_evguo� ZghfZebc� –� wlh� j_amevlZl�
q_j_^h\Zgby� ijyfh-� b� h[jZlghgZfZ]gbq_gguo� mqZkldh\� hd_Zgkdhc� dhju��
LZdbf� h[jZahf�� dZjlbgZ� ebg_cguo� fZ]gblguo� ZghfZebc� y\ey_lky�
_kl_kl\_gguf� ke_^kl\b_f� jZkrbj_gby� �kij_^bg]Z�� hd_Zgkdh]h� ^gZ� b�
bg\_jkbc� ]_hfZ]gblgh]h� ihey�� Ebg_cgu_� fZ]gblgu_� ZghfZebb� hd_ZgZ�
y\eyxlky�� ih� kms_kl\m�� iZe_hfZ]gblgufb� ZghfZebyfb�� g_ihkj_^kl\_ggh�
k\yaZggufb� k� fZ]gblhojhgheh]b_c� bg\_jkbc� ]_hfZ]gblgh]h� ihey�� LZdZy�
k\yav� iha\hey_l� hp_gblv� \j_fy�� ijhl_dr__� f_`^m� h[jZah\Zgb_f� ex[uo�
^\mo�ZghfZebc��:�agZy�bo�iheh`_gb_�gZ�hd_Zgkdhf�^g_��fh`gh�jZkkqblZlv�
kdhjhklv�kij_^bg]Z�^gZ�\�^Zgghf�j_]bhg_�hd_ZgZ� 

 

 
 

E _ d p b y � � �  

IJHBKOH@>?GB?�=E:<GH=H�IHEY 
 

 
 
>ey� lh]h�� qlh[u� \u^\bgmlv� jZamfgu_� ]bihl_au� h� ijhbkoh`^_gbb�

]eZ\gh]h� ]_hfZ]gblgh]h�ihey��g_h[oh^bfh�^hklZlhqgh� ohjhrh� agZlv�� \h-
i_j\uo��hkgh\gu_�k\hckl\Z�ihey�b��\h-\lhjuo��\gmlj_gg__�kljh_gb_�A_feb��
Ex[Zy� kh\j_f_ggZy� l_hjby� ]_g_jZpbb� ]eZ\gh]h� ihey� g_� ^he`gZ�
ijhlb\hj_qblv� ^Zgguf� h� _]h� k\hckl\Zo�� hkgh\gu_�ba� dhlhjuo�� dZd� [ueh�
ihdZaZgh�\ur_��ke_^mxsb_� 
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1. <� i_j\hf� ijb[eb`_gbb� ]eZ\gh_� ihe_� y\ey_lky� ihe_f�
p_gljZevgh]h�gZdehg_ggh]h�d��hkb�\jZs_gby�A_feb�fZ]gblgh]h�^bihey� 

1. GZijy`_gghklv�ihey�baf_gy_lky�\�kj_^g_f�hl� ��� ⋅103
�gLe�gZ�

wd\Zlhj_�^h����⋅  103
�gLe�gZ�ihexkZo� 

2. FZ]gblguc� fhf_gl� a_fgh]h� ^bihey� ijb[ebabl_evgh� jZ\_g��
8⋅1022

��:�⋅ �f2. 
3. =eZ\ghfm� ihex� ijbkmsb� \_dh\uH� \ZjbZpbb�� bf_xsb_�

^bkdj_lguc�ki_dlj�k�hij_^_e_gguf�gZ[hjhf�i_jbh^h\�dhe_[Zgbc� 
4. Bf__l� f_klh� aZiZ^guc� ^j_cn� g_^bihevghc� qZklb� ]eZ\gh]h�

ihey� 
5. =eZ\gh_� ihe_� \j_fy� hl� \j_f_gb� baf_gy_l� k\hx� iheyjghklv� - 

ijhbkoh^yl�bg\_jkbb�]_hfZ]gblgh]h�ihey�q_j_a�oZjZdl_jgu_�i_jbh^u���5 ÷ 
106

� e_l�� Wlh� dhk\_gguc� j_amevlZl�� ihemq_gguc� ih� iZe_hfZ]gblguf�
^Zgguf� 

JZamf__lky�� mq_gu_-]_hfZ]gblheh]b� g_� hldeZ^u\Zeb� \hijhk� h�
ijhbkoh`^_gbb� ihey� gZ� lh� \j_fy�� dh]^Z� \uykgylky� \k_� _]h� k\hckl\Z��
Fh`gh� k� m\_j_gghklvx� kdZaZlv�� qlh� b� k_cqZk� ^Ze_dh� g_� \k_� k\hckl\Z�
]_hfZ]gblgh]h�ihey�gZf�ba\_klgu��Ihwlhfm��gZqbgZy�k�=bev[_jlZ�������]����
\u^\b]Zebkv� kZfu_� jZaghh[jZagu_�� \� lhf� qbke_� b� kh\_jr_ggh�
nZglZklbq_kdb_�� ]bihl_au� h� ijhbkoh`^_gbb� ]_hfZ]gblgh]R� ihey�� h�
dhlhjuo�fh`gh�ijhqblZlv�\�khhl\_lkl\mxsbo�dgb]Zo�ih�]_hfZ]g_lbafm� 

?keb� ]h\hjblv� h� kh\j_f_gguo� l_hjbyo� ]_hfZ]gblgh]h� ihey�� lh�
ke_^m_l� gZqZlv� k� l_hjbb� ^bgZfhwnn_dlZ� Nj_gd_ey� �������� dhlhjuc�
\i_j\u_� \u^\bgme� jZamfgmx� b^_x� j_]_g_jZpbb� ihey� aZ� kq_l� \boj_\uo�
^\b`_gbc� \� `b^dhf� we_dljhijh\h^ys_f� y^j_�� <� ^Zevg_cr_f�
hkgh\hiheZ]Zxsb_� jZ[hlu� ih� l_hjbb� a_fgh]h� ^bgZfh� \uihegbeb�
WevaZkk_j� b�;meeZj^��Hkgh\hc� kh\j_f_gguo� l_hjbc� y\eyxlky� mjZ\g_gby�
FZdk\_eeZ�� ]b^jh^bgZfbq_kdb_� mjZ\g_gby� ^\b`_gby� `b^dhklb� GZ\v_-
KlhdkZ�b�mjZ\g_gb_�g_jZaju\ghklb��JZkkfhljbf�mjZ\g_gby�FZdk\_eeZ� 

 
rot ,

rot / ,

div 0,

( [ ]),

t

µ

σ

= ⋅ 
= −∂ ∂ 
= 
= + 

B j

E B

B

j E vB

    (69) 

 
]^_� � � � —� fZ]gblgZy� ijhgbpZ_fhklv� �hgZ� fh`_l� [ulv� jZ\ghc� �0), 1�— 
we_dljhijh\h^ghklv�� j  —� iehlghklv� lhdZ�� ? — we_dljbq_kdZy�
gZijy`_gghklv��v — kdhjhklv�^\b`_gby�ijh\h^ys_c�`b^dhklb� 

Ijbf_gbf�hi_jZpbx� URW�d�i_j\hfm�mjZ\g_gbx� kbkl_fu� ������ijb�wlhf�
mql_f��qlh�j   �1 (? + [vB@��b�URW�? = - ̂ <�^W� 
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rot rot <=�1 (–�B/�W��]ht[vB]). 

 

Ba�wlh]h�mjZ\g_gby�k�mq_lhf�lh]h��qlh�rot rot B = grad div B – 2∇ B =  2 ,−∇ B  
ihemqbf�mjZ\g_gb_�^ey�fZ]gblgh]h�ihey 
 

[ ] 1 2/ rot ( ) ,t µσ −∂ ∂ = + ∇B vB B     (70) 

 

]^_�  1( ) mvµσ − =  —�fZ]gblgZy� \yadhklv�� dhlhjZy�fh`_l� jZkkfZljb\Zlvky�
dZd�ZgZeh]�dbg_fZlbq_kdhc�\yadhklb�v . 

<� �����ihfbfh�<�_klv�_s_�g_ba\_klgh_�#��^ey�hij_^_e_gby�dhlhjh]h�
ke_^m_l�bkihevah\Zlv�]b^jh^bgZfbq_kdb_�mjZ\g_gby��MjZ\g_gb_�^\b`_gby 
aZibr_f�\�nhjf_�GZ\v_–KlhdkZ� 

 

[ ] [ ]21 1
grad 2

d
p v

dt
= − + ∇ + − +

ρ ρ
v

v g &Y M% .    (71) 

 
<�]b^jh^bgZfbd_�hi_jZlhj�d/dt = ^�^W����#�JUDG���<ujZ`Zy�\������j kh]eZkgh�
i_j\hfm�mjZ\g_gbx�������ihemqbf 
 

[ ] [ ]21 1
grad grad 2 rotp v

t

∂ + = − + ∇ + − + ×
∂ ρ µρ
v

v g &Y % %\ \    (72) 

MjZ\g_gb_� �����—�mjZ\g_gb_�^\b`_gby�_^bgbpu�h[t_fZ�`b^dhklb��
! —� __� iehlghklv�� j —� ^Z\e_gb_� aZ� \uq_lhf� ]b^jhklZlbq_kdh]h�� v — 
dbg_fZlbq_kdZy� \yadhklv�� �� >&v] —� kbeZ� DhjbhebkZ�� ]^_� & —� m]eh\Zy�
kdhjhklv� \jZs_gby� A_feb�� Ihke_^gbc� qe_g� ijZ\hc� qZklb� ij_^klZ\ey_l�
kbem� Ehj_gpZ�� >ey� ihegh]h� aZfudZgby� kbkl_fu� mjZ\g_gbc� fZ]gblghc�
]b^jh^bgZfbdb� d� ����� b� ����� ke_^m_l� _s_� ^h[Z\blv� mjZ\g_gb_�
g_jZaju\ghklb 

^!��^W�+ div (!#) = H��    (73) 

 

dhlhjh_�^ey�g_k`bfZ_fhc�`b^dhklb��!  FRQVW��[m^_l�bf_lv�\b^ 

GLY�#�= 0.                               (74) 

<�ijbgpbi_��mjZ\g_gby�fZ]gblghc�]b^jh^bgZfbdb�^Zxl�\hafh`ghklv�\�
kemqZ_� bo� kljh]h]h� j_r_gby� hij_^_eblv�� kms_kl\m_l� eb�
kZfh\ha[m`^Zxs__ky� ^bgZfh� \� y^j_� A_feb��H^gZdh��^Z`_� _keb�[ueb�[u�
lhqgh� ba\_klgu� \k_� qe_gu� mjZ\g_gbc�� j_r_gb_� bo� [ueh� [u� djZcg_�
aZljm^gbl_evgh��:�_keb�mq_klv��qlh�\�ijbf_g_gbb�d�y^jm��_feb�agZq_gby�
fgh]bo� iZjZf_ljh\� mjZ\g_gbc� eb[h� ba\_klgu� ijb[ebabl_evgh�� eb[h�
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\hh[s_� g_ba\_klgu�� lh� aZ^ZqZ� ]b^jhfZ]gblgh]h� ^bgZfh� A_feb� \� lZdhc�
h[s_c�ihklZgh\d_�\�gZklhys__�\j_fy�g_jZaj_rbfZ� 

Ijhkl_crbc�gZqZevguc�ih^oh^�d�ijh[e_f_�]_g_jZpbb�]eZ\gh]h�ihey�
aZdexqZ_lky�\�ihkljh_gbb�dbg_fZlbq_kdbo�fh^_e_c�a_fgh]h�^bgZfh��Ijb�
wlhf� kdhjhklv� `b^dhklb� kqblZ_lky� aZ^Zgghc�� Z� hij_^_ey_lky� lhevdh�
fZ]gblgh_� ihe_� kh]eZkgh� ������ <u[hj� kdhjhklb� qZklbqgh� hij_^_ey_lky�
^Zggufb� gZ[ex^_gbc�� qZklbqgh� —� khh[jZ`_gbyfb� kbff_ljbb� b� kZfhc�
nhjfhc� mjZ\g_gbc� ]_g_jZpbb�� GZijbf_j�� gZebqb_� aZiZ^gh]h� ^j_cnZ�
mdZau\Z_l� gZ� kms_kl\h\Zgb_� ZabfmlZevghc� kdhjhklb� b� ^Z_l� ihjy^hd� __�
\_ebqbgu�� M`_� i_j\u_� dbg_fZlbq_kdb_� fh^_eb� ihdZaZeb�� qlh� djhf_�
f_jb^bhgZevgh]h� �ihehb^Zevgh]h�� ihey�� dhlhjh_� ijhgbdZ_l� gZjm`m� b�
gZ[ex^Z_lky�gZ�ih\_joghklb�A_feb��\�a_fghf�y^j_�bf__lky�lZd`_�]RjZa^h�
[hevr__� ZabfmlZevgh_� �lhjhb^Zevgh_�� ihe_� k� aZfdgmlufb� kbeh\ufb�
ebgbyfb�� dhlhjh_� g_� \uoh^bl� ba� y^jZ� gZjm`m�� Hlghkbl_evgZy� kdhjhklv�
y^jZ� b� fZglbb� \hagbdZ_l� aZ� kq_l� agZqbl_evgh]R� fZ]gblgh]R�
\aZbfh^_ckl\by�fZglbb�k�y^jhf� 

K�B�� ;jZ]bgkdbc� jZkkfhlj_e� dbg_fZlbq_kdb_� fh^_eb� k� ihfhsvx�
mjZ\g_gbc� ]_g_jZpbb� b� ihdZaZe�� qlh� fh`gh� ih^h[jZlv� ijZ\^hih^h[gu_�
kdhjhklb�\�y^j_��dhlhju_�ijb\h^yl�d�]_g_jZpbb�fZ]gblgh]R�ihey��[ebadh]R�
d� j_Zevgh� gZ[ex^Zxs_fmky�� Ba� l_hjbb� \ul_dZ_l�� qlh� gZebqb_�
g_kbff_ljbqguo�kdhjhkl_c��g_h[oh^bfuo��^ey�]_g_jZpbb�ihey���\uau\Z_l�
ihy\e_gb_� � khhl\_lkl\mxsbo� � g_kbff_ljbqguo� dhfihg_gl� fZ]gblgh]R�
ihey�<� 

Hlkx^Z� ke_^m_l�� qlh� gZ[ex^Zxsb_ky� ihi_j_qgu_� khklZ\eyxsb_�
fZ]gblghUR� ^bihey� —� gZdehg� fZ]gblghc� hkb�� Z� lZd`_� [he__� \ukhdb_�
]Zjfhgbdb��gZijbf_j�d\Z^jmihevgu_��^Zxsb_�wdkp_gljbkbl_l�^bQhey��— 
g_�y\eyxlky�kemqZcgufb��Z�g_ihkj_^kl\_ggh�k\yaZgu�k�kZfbf�f_oZgbafhf�
]_g_jZpbb�� GZebqb_� wlbo� khklZ\eyxsbo�� kh]eZkgh� K�B�� ;jZ]bgkdhfm��
k\yaZgh� k� g_kbff_ljbqgufb� ^\b`_gbyfb� \� y^j_�� ijb\h^ysbfb� d�
g_\uiheg_gbx�mkeh\bc�aZij_sZxs_c�]_g_jZpbx�l_hj_fu�DZmebg]Z��qlh�b�
g_h[oh^bfh�^ey�jZ[hlu�^bgZfh� 

Kh]eZkgh� l_hjbb� K�B�� ;jZ]bgkdh]R�� \hagbdZxsZy� \� j_amevlZl_�
^_ckl\by� ]b^jhfZ]gblghUR� ^bgZfh� ]_g_jZpby� ]eZ\gh]R� ihey� g_� y\ey_lky�
klZpbhgZjghc��Z�bkiulu\Z_l�jy^�dhe_[Zgbc��dhlhju_�fh`gh�khihklZ\blv�k�
\_dh\ufb�\ZjbZpbyfb�]_hfZ]gblghUR�ihey� 

Hkgh\gh_�dhe_[Zgb_�ihey�k�L�§ �����e_l��ij_^klZ\eyxs__�baf_g_gb_�
^bihevghc�qZklb�ihey�\����-����jZaZ��k\yaZgh��kh]eZkgh�l_hjbb��kh�\j_f_g_f�
\aZbfh^_ckl\by�f_`^m�lhjhb^Zevgufb�b�ihehb^Zevgufb�iheyfb�\�h[t_f_�
y^jZ� A_feb� \� ijhp_kk_� djmighfZkrlZ[ghc� dhg\_dpbb� \_s_kl\Z� y^jZ��
Dhe_[Zgby� k� L� § 600—����� e_l�� h�mkeh\eb\Zxsb_� ^\b`_gb_� b� jZkiZ^�
djmiguo� g_h^ghjh^ghkl_c� ]_hfZ]gblgh]h� ihey�� h[tykgyxlky�
g_mklhcqb\hklvx� hk_kbff_ljbqgh]h� jZ^bZevgh]h� ihlhdZ� \_s_kl\Z� \�
gbadbo�rbjhlZo��ijb�dhlhjhc�\aZbfh^_ckl\b_�fZ]gblguo��Zjobf_^h\uo�b�
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dhjbhebkh\uo�kbe�ijb\h^bl�d�\hagbdgh\_gbx�lZd�gZau\Z_fuo�F:D-\heg��
^\b`msboky�\�rbjhlghf�gZijZ\e_gbb� 

60-e_lgb_� \ZjbZpbb�� ih� K�B�� ;jZ]bgkdhfm�� h[tykgyxlky�
djmlbevgufb� dhe_[Zgbyfb� \� kbkl_f_� y^jh� -�fZglby�� \hagbdZxsbfb�ijb�
^\b`_gbb�Zev\_gh\kdhc�\hegu�\�`b^dhf�y^j_�A_feb��<ZjbZpbb�k�L�§�4 - 40 
e_l� \gmljba_fgh]h� ijhbkoh`^_gby� k\yaZgu� k� f_edhfZkrlZ[gufb�
lmj[me_glghklyfb� \� \_jogbo� qZklyo� y^jZ�� hkms_kl\eyxsbfb� [he__�
wnn_dlb\gh_��i_j_f_rb\Zgb_���q_f�f_oZgbaf�fhe_dmeyjgh]h�i_j_ghkZ� 

Kms_kl\mxl� b� ^jm]b_� ih^oh^u� d� l_hjbb� ijhbkoh`^_gby�
]_hfZ]gblgh]h�ihey��L_hjby�]b^jhfZ]gblgh]h�^bgZfh�y\ey_lky� �gZb[he__�
jZkijhkljZg_gghc�kj_^b�]_hnbabdh\��H^gZdh�b�\�wlhc�l_hjbb�jZajZ[hlZgu�
ebrv�dbg_fZlbq_kdb_�Zki_dlu��ijZdlbq_kdb�g_�jZajZ[hlZggufb�hklZxlky�
ijh[e_fu�^bgZfbdb�b�wg_j]_lbdb�a_fgh]h�^bgZfh� 
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E _ d p b y � � �  

EBLHKN?J:�A?FEB�B�??�W<HEXPBY� 
EBLHKN?J:�B�:KL?GHKN?J: 

 
 
 
>hklZlhqgh� ^_lZevgh� k_ckfbq_kdbfb� b� ^jm]bfb� ]_hnbabq_kdbfb�

f_lh^Zfb� bamq_gZ� \_jogyy� fZglby� A_feb�� WlZ� qZklv� A_feb� gZb[he__�
^hklmigZ� ^ey� ]_hnbabq_kdh]h� bamq_gby� b� gZb[he__� \Z`gZ� ^ey� `bagb�
q_eh\_q_kl\Z��<_jogyy�fZglby�ijhklbjZ_lky�hl�]jZgbpu�Fhoh�^h�]em[bgu�
���� df�� <� khklZ\� \_jog_c� fZglbb� \oh^bl� gb`gyy� qZklv� eblhkn_ju� b�
\_jogyy� qZklv� Zkl_ghkn_ju�� Eblhkn_jZ� ij_^klZ\ey_l� kh[hc� dZf_ggmx�
�l\_j^mx�b�ijhqgmx��\_jogxx�h[hehqdm�A_feb��?_�lhesbgZ�baf_gy_lky�hl�
���^h�����df�\�jZaguo�j_]bhgZo�A_feb��ke_^h\Zl_evgh��eblhkn_jZ�\dexqZ_l�
a_fgmx� dhjm� b� qZklv� \_jog_c� fZglbb�� \� dhlhjhc� fZglbcgh_� \_s_kl\h�
gZklhevdh�hklueh��qlh�ij_\jZlbehkv�\�]hjgmx�ihjh^m� 

=em[`_� eblhkn_ju� gZoh^blky� ahgZ� ihgb`_gguo� kdhjhkl_c� �� ih�
kjZ\g_gbx�k�lZdh\ufb�\�eblhkn_j_��k_ckfbq_kdbo�\heg��WlZ�ahgZ�g_�\_a^_�
q_ldh�hij_^_ey_fZy�b�ijhklbjZxsZyky�hl�ih^hr\u�eblhkn_ju�^h� a���–
���� df�� gZau\Z_lky� Zkl_ghkn_jhc�� Kehb� Zkl_ghkn_ju� e_]dh�
^_nhjfbjmxlky� ih^� ^_ckl\b_f� k^\b]h\uo� gZijy`_gbc� aZ� kq_l�
ieZklbqghklb� �iheamq_klb�� Zkl_ghkn_jgh]h� \_s_kl\Z�� LZdh_� ih\_^_gb_�
\_s_kl\Z�k\yaZgh�k�_]h�qZklbqguf�ieZ\e_gb_f��Ijhoh`^_gb_�ihi_j_qguo�
k_ckfbq_kdbo�\heg�q_j_a�Zkl_ghkn_jm�mdZau\Z_l�gZ�lh��qlh�ieZ\e_gb_�g_�
fh`_l�[ulv�iheguf�b�\_s_kl\h�^he`gh�gZoh^blvky�\�khklhygbb��[ebadhf�d�
l\_j^hfm�� Ijhp_gl� jZkieZ\Z� \_s_kl\Z� ih� jZaguf� dhk\_gguf� ^Zgguf�
baf_gy_lky� hl� g_kdhevdbo� _^bgbp� ^h� ���� LZdh_� khklhygb_� Zkl_ghkn_ju�
ijb\h^bl� d� ^hklZlhqgh� kbevghfm� aZlmoZgbx� ihi_j_qguo� k_ckfbq_kdbo�
\heg�� Kms_kl\mxl� mqZkldb� ih^� eblhkn_jhc�� ]^_� Zkl_ghkn_jZ� g_�
nbdkbjm_lky�� 

Eblhkn_jZ�\� aZ\bkbfhklb�hl� ]_h]jZnbq_kdbo�dhhj^bgZl�baf_gy_lky�
g_� lhevdh�ih� lhesbg_�� hgZ� \hh[s_�g_� y\ey_lky� h^ghjh^ghc�fhgheblghc�
h[hehqdhc��Hkgh\gmx�kljmdlmjm�eblhkn_ju�fh`gh�ihgylv��jZkkfZljb\Zy�
kljh_gb_� ih\_joghklb� A_feb�� <� i_j\hf� ijb[eb`_gbb� ih\_joghklv�
jZa^_ey_lky�gZ�ijbih^gyluc�gZ^�kj_^gbf�mjh\g_f�fhjy�dhglbg_glZevguc�
j_]bhg� b� hims_gguc� hd_Zgkdbc� j_]bhg�� D� dhglbg_glZf� ijbfudZ_l�
fZl_jbdh\Zy� hlf_ev� �r_evn��� aZl_f� b^_l� k� j_adbf� m]em[e_gb_f�
dhglbg_glZevguc� kdehg�� i_j_oh^ysbc� \� lbibqgh_� hd_Zgkdh_� ^gh��
JZkkuiZggu_� \� hd_ZgZo� hkljh\Z�� p_ihqdb� hkljh\h\�� hkljh\gu_� ^m]b, 
hl^_eyxsb_� hl� hd_Zgh\� djZ_\u_� fhjy�� y\eyxlky� kZfhklhyl_evgufb�
kljmdlmjZfb�� bf_xsbfb� k\h_� hkh[h_� kljh_gb_� b� bklhjbx�� Kj_^gbc�
mjh\_gv�hd_Zgkdh]h�^gZ�jZkiheh`_g�gZ�����df�gb`_�kj_^g_]h�mjh\gy�kmrb� 

?keb� fuke_ggh� jZkkfZljb\Zlv� k\_jom� a_fghc�rZj� [_a� _]h� \h^ghc�
h[hehqdb�� lh� fh`gh� m\b^_lv� ]hjgu_� kbkl_fu� b� h[rbjgu_�
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dhglbg_glZevgu_� jZ\gbgu� gZ� hd_Zgkdhf� ^g_� –� ebg_cgu_� kbkl_fu�
kj_^bggh-hd_Zgkdbo� oj_[lh\� b� ]em[hdh\h^guo� `_eh[h\�� dhlhju_� \h�
fgh]bo� f_klZo� jZahj\Zgu� ljZgknhjfgufb� jZaehfZfb�� Wlb� ebg_cgu_�
kbkl_fu�^_eyl�eblhkn_jm�gZ�qZklb��gZau\Z_fu_�eblhkn_jgufb�ieblZfb� 

 

 
 

Jbk�����JZkij_^_e_gb_�hqZ]h\�a_fe_ljyk_gbc�gZ�ih\_joghklb�A_feb 
 

Ebg_cgu_� kbkl_fu� oZjZdl_jbamxlky� \ukhdbf� mjh\g_f�
k_ckfbqghklb��ihwlhfm�gZ�dZjl_�bo�fh`gh�\u^_eblv�ih�hdhglmjb\Zxsbf�
bo� madbf� ihykZf� k_ckfbqghklb� �kf�� jbk�� ����� DZd� ke_^m_l� ba� jbk�� ����
jZa^_e_gb_�eblhkn_ju�gZ�ieblu�g_�k\yaZgh�k�jZa^_e_gb_f�gZ�fZl_jbdb�b�
hd_Zgu�� ;hevrbgkl\h� iebl� \dexqZ_l� dZd� fZl_jbdh\u_�� lZd� b� hd_Zgkdb_�
mqZkldb�� Lhevdh� h^gZ� djmigZy� ieblZ� �Lbohhd_ZgkdZy�� bf__l�
bkdexqbl_evgh�hd_Zgkdmx�ih\_joghklv��=jZgbpu�iebl�[u\Zxl�lj_o�lbih\��
��� dhgkljmdlb\gu_� ]jZgbpu�� ]^_� ijhbkoh^bl� gZjZsb\Zgb_� iebl�� ���
^_kljmdlb\gu_� ]jZgbpu� –� ]jZgbpu� ih]ehs_gby� iebl� b� ��� ]jZgbpu�
kdhev`_gby��k\yaZggu_�k�ljZgknhjfgufb�jZaehfZfb��DZ`^uc�lbi�]jZgbp�
bf__l� k\h_� \ujZ`_gb_� \� j_ev_n_�� qlh� iha\hey_l� ijh\h^blv� jZa[b_gb_�
eblhkn_ju�gZ�ieblu�gZ�hkgh\_�^Zgguo�h�]_heh]bq_kdhf�kljh_gbb�A_feb� 

Kj_^bggh-hd_Zgkdb_�oj_[lu�b�\gmljbdhglbg_glZevgu_�jbnlh\u_� ahgu�
h[jZamxl� _^bgmx� ]eh[Zevgmx� kbkl_fm� jbnlh\� �jZaehfh\��� H[Z� lbiZ�
kljmdlmj� y\eyxlky� ahgZfb�� ]^_� ^_ckl\mxl� gZijy`_gby� jZkly`_gby��
Kj_^bggh-hd_Zgkdb_�oj_[lu�bf_xl�rbjbgm�h^gm-^\_�lukyqb�dbehf_ljh\�b�
\ha\urZxlky� gZ^� ^ghf� hd_Zgkdbo� dhleh\bg� gZ� �–�� df�� IhegZy�
ijhly`_gghklv�oj_[lh\�khklZ\ey_l�hdheh�������df��GZ�hkyo�[hevrbgkl\Z�
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oj_[lh\�jZkiheh`_gu�jbnlh\u_�^hebgu�rbjbghc���–���df�b�]em[bghc��hl�
]j_[g_c�]hj��–���df� 

 

L_dlhgbdZ�eblhkn_jguo�iebl 
 
DZd�m`_�hlf_qZehkv��\�j_amevlZl_�ihklmie_gby�gZ�ih\_joghklv�A_feb�

\� hk_\uo� ahgZo� kj_^bggh-hd_Zgkdbo� oj_[lh\� fZglbcgh]h� \_s_kl\Z�
ijhbkoh^bl�jZa^\b]Zgb_��kij_^bg]��hd_Zgkdh]h�^gZ�\�klhjhgu�hl�oj_[lh\��
hihyku\Zxsbo� \_kv� a_fghc�rZj�� =bihl_aZ� kij_^bg]Z� [ueZ� \u^\bgmlZ� \�
����� ]��b�ijbreZ�gZ� kf_gm� ]bihl_a_�^j_cnZ�dhglbg_glh\��ij_^eh`_gghc�
:�<_]_g_jhf�_s_�\������]� 

Ih� ]bihl_a_� kij_^bg]Z� jZkrbj_gb_� hd_Zgkdh]h� ^gZ� h[mkeh\e_gh�
dhg\_dlb\gufb� ihlhdZfb� \_s_kl\Z� \� ih^klbeZxs_c� eblhkn_jm� fZglbb��
]hjyq__� \_s_kl\h� dhlhjhc� \ughkblky� gZjm`m� \� hk_\hc� ahg_� hd_Zgkdbo�
oj_[lh\� –� f_klZo� jZkiheh`_gby� jbnlh\�� Ihkdhevdm� iehsZ^v� a_fghc�
ih\_joghklb� hklZ_lky� ihklhygghc�� ihy\e_gb_� ^hihegbl_evgh]h� \_s_kl\Z�
eblhkn_ju��b�khhl\_lkl\_ggh�dhju��^he`gh�khijh\h`^Zlvky�mf_gvr_gb_f�
wlh]h� \_s_kl\Z� \� dZdbo-lh� ^jm]bo� ahgZo�� LZdbfb� ahgZfb� �ahgZfb�
km[^mdpbb�� y\eyxlky� hd_Zgkdb_� � `_eh[Z�� jZkiheh`_ggu_� \[ebab�
hkljh\guo� ^m]� beb� lZd� gZau\Z_fuo� Zdlb\guo� dhglbg_glZevguo� hdjZbg�
�gZijbf_j�� aZiZ^gh_� ih[_j_`v_� X`ghc� :f_jbdb��� <� h[eZklb� `_eh[h\�
ijhbkoh^bl�ih]jm`_gb_�hd_Zgkdhc�eblhkn_ju��dhlhjZy�\gZqZe_�moh^bl�ih^�
hkljh\gmx�^m]m��Z�aZl_f�^Zevr_�ih^�dhglbg_gl�gZ�]em[bgm��^hklb]Zxsmx�
§� ���� df�� Ih-\b^bfhfm�� bf_ggh� wlhl� ijhp_kk� \uau\Z_l� ^j_cn�
dhglbg_glh\�� GZijbf_j�� K_\_jgZy� :f_jbdZ� b� ?\jhiZ� ihkl_i_ggh�
m^Zeyxlky�^jm]�hl�^jm]Z�ih�f_j_�lh]h��dZd�f_`^m�gbfb�h[jZam_lky�gh\Zy�
hd_ZgkdZy�dhjZ�b�jZa^\b]Z_lky�:leZglbq_kdbc�hd_Zg� 

?kl_kl\_ggh�� qlh� ihklmie_gb_� fZglbcgh]h� \_s_kl\Z� \� ]eh[Zevghc�
kbkl_f_� jbnlh\uo� ahg� ijb\h^bl� d� keh`ghc� dZjlbg_� \aZbfhk\yaZgguo�
i_j_f_s_gbc� eblhkn_jguo� iebl�� L_hj_lbq_kdZy� dhgp_ipby�� dhlhjZy�
jZkkfZljb\Z_l� b� h[tykgy_l� wlb� i_j_f_s_gby�� ihemqbeZ� gZa\Zgb_�
dhgp_ipbb� l_dlhgbdb� eblhkn_jguo� iebl�� Kms_kl\_gguf� rZ]hf� \�
jZajZ[hld_� l_dlhgbdb� iebl�beb� gh\hc� ]eh[Zevghc� l_dlhgbdb�� [ueZ�
]bihl_aZ� <ZcgZ� b� F_lvxaZ� �������� h[tykgyxsZy� ijbjh^m� ebg_cguo�
hd_Zgkdbo�fZglbcguo�ZghfZebc� 

<�i_j\u_� ]h^u�ihke_� kha^Zgby�hkgh\guo�ij_^klZ\e_gbc� l_dlhgbdb�
iebl� mq_gu_� ij_^iheZ]Zeb�� qlh� ^\b`_gb_� iebl� ijhbkoh^bl� iml_f�
m\e_q_gby� `_kldbo� eblhkn_jguo� iebl� fZglbcgufb� l_q_gbyfb�� <�
gZklhys__� \j_fy� [hevrbgkl\h� ]_hnbabdh\� kqblZ_l�� qlh� kZfh� ^\b`_gb_�
eblhkn_ju� y\ey_lky� qZklvx� djmighfZkrlZ[ghc� dhg\_dpbb� \� \_jog_c�
fZglbb��ijb�wlhf�eblhkn_jgu_�ieblu�aZ�kq_l�kbe�\yadh]h�lj_gby�m\e_dZxl�
ih^klbeZxsmx�bo�Zkl_ghkn_jm��LZdbf�h[jZahf��g_�Zkl_ghkn_jguc�ihlhd�
lyg_l�eblhkn_jgu_�ieblu��Z��gZh[hjhl��ieblu�ijb\h^yl�\�^\b`_gb_�\yadmx�
Zkl_ghkn_jm��dhlhjZy�wlh�^\b`_gb_�lhjfhabl��=eZ\ghc�^\b`ms_c�kbehc�\�
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l_dlhgbd_�iebl�y\ey_lky�kbeZ�ly]b�oheh^gh]h��ly`_eh]h��ih]jm`Zxs_]hky�
\� fZglbx� eblhkn_jgh]h� [ehdZ�� l�_�� \� dhg_qghf� kq_l_� kbeZ� ]jZ\blZpbb��
H^gZdh��ihegZy�dZjlbgZ� l_q_gbc�\�fZglbb�A_feb� aZ\bkbl�hl�\_ebqbgu�b�
jZkij_^_e_gby�bklhqgbdh\�wg_j]bb�\�a_fguo�g_^jZo� 

>he]h_�\j_fy�hklZ\Zeky��aZ]Z^hqguf�f_oZgbaf�i_j_^Zqb�\gmlj_gg_c�
wg_j]bb�A_feb�gZ�__�ih\_joghklv��\�j_amevlZl_�^_ckl\by�dhlhjh]h�a_fgZy�
ih\_joghklv�ijbh[j_eZ�lhl�g_ih\lhjbfuc�h[ebd��dhlhjuc�hlebqZ_l�gZrm�
ieZg_lm� hl� Emgu� b� ^jm]bo� ieZg_l� a_fghc� ]jmiiu�� Lhevdh� k� hldjulb_f�
jZajZklZgby� hd_Zgkdh]h� ^gZ� ihy\beZkv� \hafh`ghklv� h[tykgblv� wlhl�
f_oZgbaf�� Ijb� jZajZklZgbb� ^gZ� ba� g_^j� A_feb� \ughkblky� h]jhfgh_�
dhebq_kl\h� l_ieh\hc� wg_j]bb�� Ih� kh\j_f_gguf� ij_^klZ\e_gbyf� lZdb_�
ijhp_kku��dZd�jh`^_gb_�eblhkn_jguo�iebl�\�jbnlh\uo� ahgZo� kj_^bggh-
hd_Zgkdbo� oj_[lh\�� bo� ihke_^mxs__� jZa^\b]Zgb_� \� klhjhgu� b�� gZdhg_p��
ih]jm`_gb_� \� fZglbx� m� ]em[hdh\h^guo� `_eh[h\�� y\eyxlky� qZklvx�
dhg\_dpbb� \� \_jog_c� fZglbb�� Dhg\_dpby� \� gb`g_c� fZglbb� ijhbkoh^bl�
hl^_evgh�hl�dhg\_dpbb�\�\_jog_c��Ba�gb`g_c�fZglbb�\�\_jogxx�ihklmiZ_l�
ihlhd� l_ieZ�� dhlhjuc� aZf_lgh� [hevr_�� q_f� ^Z_l� l_ieh\u^_e_gb_� \�
h[_^g_gghc�jZ^bhZdlb\gufb�we_f_glZfb�\_jog_c�fZglbb��LZdbf�h[jZahf��
dhg\_dpby�\�\_jog_c�fZglbb�h[mkeh\e_gZ�ih^\h^hf�l_ieZ�kgbam��<hijhk�h�
\gmlj_ggbo�bklhqgbdZo�l_ieZ�\�\_jog_c�fZglbb�^h�dhgpZ�g_�\uykg_g� 

;hevrZy� qZklv� \u\h^h\� l_dlhgbdb� iebl� ke_^m_l� ba� qbklh�
]_hf_ljbq_kdbo� khh[jZ`_gbc� g_aZ\bkbfh� hl� oZjZdl_jZ� ijhp_kkh\��
\uau\Zxsbo� ^\b`_gb_� iebl�� Ex[h_� \hafh`gh_� gZ� kn_jbq_kdhc�
ih\_joghklb� i_j_f_s_gb_� ieblu� ihemqZ_lky� \jZs_gb_f� __� hdheh�
g_dhlhjhc� hkb��ijhoh^ys_c� q_j_a�p_glj� kn_ju��Lhqdb�i_j_k_q_gby� wlhc�
hkb� k� ih\_joghklyfb� iebl� gZau\Zxlky� ihexkZfb�� Hlghkbl_evgh_�
^\b`_gb_�^\mo�iebl�hij_^_ey_lky�ihexkhf�\jZs_gby�b�m]eh\hc�kdhjhklvx�
baf_g_gby� khhl\_lkl\mxsbo� hk_c�� Bkihevamy� ]_hf_ljbq_kdb_�
ij_^klZ\e_gby�� fh`gh� ijhba\_klb� j_dhgkljmdpbb� jZkiheh`_gby� iebl� \�
^j_\g__� ]_heh]bq_kdh_� \j_fy�� fh`gh� lZd`_� j_dhgkljmbjh\Zlv� b� bo�
[m^ms__� jZkiheh`_gb_�� NjZgpmakdbc� mq_guc� E_� Ibrhg� _s_� \� ����� ]��
ijhba\_e�hkgh\gu_�j_dhgkljmdpbb��jZa^_eb\�ih\_joghklv�A_feb�gZ�r_klv�
]eZ\guo�iebl��K�ihfhsvx�jZkkqblZgguo�bf�^Zgguo�\�ihexkZo�\jZs_gby�b�
m]eh\uo� kdhjhklyo� dZ`^hc� iZju� jZa^\b]Zxsboky� iebl� ijb�
ij_^iheh`_gbb� ihklhygkl\Z� iehsZ^b� ih\_joghklb� A_feb� � hg� ihemqbe�
ke_^mxsb_� hkgh\gu_� j_amevlZlu�� ?\jZaby� b� :f_jbdZ� k[eb`Zxlky� kh�
kdhjhklvx��-��kf�]h^��Ijb�lZdhc�kdhjhklb�Lbobc�hd_Zg�^he`_g�bkq_agmlv�
ijb[ebabl_evgh� q_j_a� ���� feg� e_l�� ohly� ihegh]h� bkq_agh\_gby� hd_ZgZ�
fh`_l�g_�ijhbahclb�ba-aZ�klhedgh\_gby�dhglbg_glh\�?\jZabb�b�:f_jbdb��
Ba� jZkq_lh\� ke_^m_l�� qlh� :f_jbdZgkdZy�� ?\jZabZlkdZy� b� :njbdZgkdZy�
ieblu�\�gZklhys__�\j_fy�m\_ebqb\Zxlky�\�jZaf_jZo��jZaf_ju�Bg^bckdhc�b�
:glZjdlbq_kdhc� iebl� aZf_lgh� g_� baf_gyxlky�� Z� Bg^bckdbc� hd_Zg� b�
Kj_^bggh-:leZglbq_kdbc� ih^\h^guc� oj_[_l� ^he`gu� m^Zeylvky� ^jm]� hl�
^jm]Z��Ijb�^_lZevghf�bamq_gbb�gZijZ\e_gbc�jZajZklZgby�\�:leZglbq_kdhf�
hd_Zg_� ihemqbehkv�� qlh�K_\_jguc� b�X`guc�:f_jbdZgkdb_� dhglbg_glu�
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^\b`mlky� gZ\klj_qm� ^jm]� ^jm]m�� Wlh� \klj_qgh_� ^\b`_gb_� ijhlb\hj_qbl�
ihklhygkl\m� iehsZ^b� ih\_joghklb� A_feb�� ihwlhfm� Z\lhj� jZkq_lh\�
ij_^iheh`be�� qlh� baebrdb� ih\_joghklb� jZajmrZxlky� \� keh`ghf� ih�
kljmdlmj_�jZchg_�hkljh\guo�^m]��]em[hdh\h^guo�`_eh[h\�b�ljZgknhjfguo�
jZaehfh\�DZjb[kdh]h�fhjy� 

Ih� ^Zgguf� ]_hnbabq_kdbo� bkke_^h\Zgbc� ^gZ� DjZkgh]h� fhjy��
gZ[ex^Z_lky�jZajZklZgb_� wlh]h�f_jb^bZgZevgh�\ulygmlh]h�fhjy� lZd��qlh�
:jZ\bckdbc�ihemhkljh\�m^Zey_lky�hl�:njbdb��Bkke_^h\Zgby��ijh\_^_ggu_�
gZ� ;ZcdZe_�� mdZau\Zxl� gZ� lh�� qlh� � jbnl�� \� dhlhjhf� jZkiheh`_gh� ha_jh��
jZkrbjy_lky�� q_j_a�fgh]b_�fbeebhgu� e_l�ijhbahc^_l� _]h� jZkdjulb_�b� \�
wlhf�j_]bhg_�\hagbdg_l�gh\uc�hd_Zg� 

GZb[he__�p_ggh�\�ij_^klZ\e_gbyo�l_dlhgbdb�eblhkn_jguo�iebl�lh��
qlh�hgb�iha\heyxl�k�_^bguo�ihabpbc�h[tykgblv�ijhbkoh`^_gb_�hkgh\guo�
ih\_joghklguo�kljmdlmj�A_feb� 

Hlf_lbf�� h^gZdh�� qlh� dhgp_ipby� eblhkn_jguo� iebl� g_� y\ey_lky�
h[s_ijbgylhc��ohly�__�ih^^_j`b\Z_l�[hevrbgkl\h�]_heh]h\�b�]_hnbabdh\��
Ihwlhfm� __� ihdZ� fh`gh� jZkkfZljb\Zlv� dZd� \_kvfZ� m^Zqgmx� ]bihl_am��
dhlhjZy� \� hkgh\ghf� g_ijhlb\hj_qb\h� hibku\Z_l� h[s_ieZg_lZjgu_�
]_heh]h-]_hnbabq_kdb_�ijhp_kku��>Zevg_crZy� �jZajZ[hldZ�wlhc�]bihl_au�
^he`gZ�ijb\_klb�d�hq_gv�\Z`guf�j_amevlZlZf�g_aZ\bkbfh�hl�lh]h��[m^_l�
eb�hgZ�\�dhgp_�dhgph\�ijbgylZ�beb�hl\_j]gmlZ� 

BlZd�� kh]eZkgh� dhgp_ipbb� l_dlhgbdb� iebl�� hd_Zgkdb_� oj_[lu�
\hagbdeb�\�j_amevlZl_�Zdlb\gh]h�gh\hh[jZah\Zgby�dhju��bo�jhkl�\�\ukhlm�
ijhbkoh^bl�aZ�kq_l�hllhdZ�fZkk�\_s_kl\Z�ba�ih^klbeZxs_]h�kehy�fZglbb. 
Kbkl_fu�jbnlh\uo�^hebg�ij_^klZ\eyxl�kh[hc�aZjh`^Zxsb_ky�ih^\h^gu_�
oj_[lu�b� ebgbb� jZkdZeu\Zgby� dhglbg_glh\��<� l_o�f_klZo�� ]^_�hd_ZgkdZy�
dhjZ� ih]jm`Z_lky� \]em[v�� \� fZglbx� �ahgu� km[^mdpbb��� h[jZamxlky�
]em[hdh\h^gu_�hd_Zgkdb_�`_eh[Z��GZ�dhglbg_glZevghc�klhjhg_�g_dhlhjuo�
]em[hdh\h^guo� `_eh[h\� ijb� k`Zlbb� ih^\b]Zxsboky� iebl� h[jZamxlky�
hkljh\gu_�^m]b��^m]hh[jZagZy�nhjfZ�dhlhjuo�kha^Z_lky�ijh]b[hf�dhju�m�
ijbe_]Zxsbo�`_eh[h\� 

<� j_amevlZl_� k`Zlby� dhglbg_glZevghc� dhju� koh^ysbfbky� ieblZfb�
\hagbdZxl�fheh^u_� kdeZ^qZlu_� ]hju�� ]hjhh[jZah\Zgb_� h[tykgy_lky� l_f��
qlh� dhglbg_glZevgZy� dhjZ� bf__l� fZemx� iehlghklv� b� ihwlhfm� ijb�
klhedgh\_gbb� iebl� g_� fh`_l� himklblvky� \� fZglbx�� Ijb� [hdh\uo�
i_j_f_s_gbyo� khk_^gbo� iebl� \hagbdZxl� djmigu_� ihi_j_qgu_� k^\b]b�
�ljZgknhjfgu_� jZaehfu��� LZf�� ]^_� koh^ysb_ky� [ehdb� hd_Zgkdhc� b�
dhglbg_glZevghc�dhju�\ha^_ckl\mxl�^jm]�gZ�^jm]Z��\hagbdZxl�k_cfbq_kdb�
Zdlb\gu_� dhglbg_glZevgu_� hdjZbgu�� :k_ckfbqgu_� dhglbg_glZevgu_�
hdjZbgu�kha^Zxlky�lZf��]^_�kj_^gb_�h[eZklb�hd_Zgkdhc�b�dhglbg_glZevghc�
dhju�h[jZamxl�qZklv�h^ghc�b�lhc�`_�ieblu� 

Ijhbkoh`^_gb_� \lhjbqguo� l_dlhgbq_kdbo� kljmdlmj�� gZijbf_j�
[Zkk_cgh\�b�]_hkbgdebgZe_c��ih-\b^bfhfm��k\yaZgh�k�lZdbfb�i_j\bqgufb�
kljmdlmjZfb��dZd�]hjgu_�p_ib�b�dhglbg_glZevgu_�hdjZbgu� 
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E _ d p b y � � �  

HKGH<U�F:=G?LBAF:�L<?J>UO�L?E 
 
 
 
>ey� jZajZ[hldb� ijh[e_f� iZe_hfZ]g_lbafZ�� Z� lZd`_� ^ey� mki_rgh]h�

ijbf_g_gby�f_lh^h\�fZ]g_lbafZ�]hjguo�ihjh^�\�bamq_gbb�w\hexpbb�=FI�
b� \� ijbdeZ^guo� ]_heh]h-]_hnbabq_kdbo� aZ^ZqZo� g_h[oh^bfu� ]em[hdb_�
agZgby� h� khklZ\_� b� kljh_gbb� fZ]gblguo� fbg_jZeh\� b� h� ijhp_kkZo� bo�
gZfZ]gbqb\Zgby��Ex[Zy�ihjh^Z��djhf_�`_e_aguo�jm^��[he__�q_f�gZ������Z�
bgh]^Z� b� [he__� q_f� gZ� ����� khklhbl� ba� iZjZfZ]gblguo� fbg_jZeh\�� b�
lhevdh�g_agZqbl_evgmx�__�qZklv�khklZ\eyxl�n_jjb-�b�Zglbn_jjhfZ]gblgu_�
fbg_jZeu�� <� kbem� k\hbo� \ukhdbo� fZ]gblguo� k\hckl\� n_jjbfZ]gblgu_�
fbg_jZeu�� gZoh^ysb_ky� \� ihjh^_� \� hq_gv� fZeuo� dhebq_kl\Zo��
h[mkeh\eb\Zxl�\�hkgh\ghf�fZ]g_lbaf�\k_c�]hjghc�ihjh^u� 

G_h[oh^bfh�bamqZlv�j_Zevguc�fbg_jZeh]bq_kdbc�khklZ\�b�k\hckl\Z�
n_jjb-�b�Zglbn_jjbfZ]gblguo�\dexq_gbc��K�lh]h�fhf_glZ��dh]^Z�fbg_jZe�
djbklZeebam_lky��hg�ih^\_j]Z_lky�\ha^_ckl\bx�kj_^u��baf_gyxs_cky�dZd�\�
nbabq_kdhf�� lZd� b� \� obfbq_kdhf� hlghr_gbb�� H^gbf� ba� aZf_qZl_evguo�
k\hckl\� fbg_jZeh\� y\ey_lky� bo� kihkh[ghklv� j_Z]bjh\Zlv� gZ� lZdb_�
baf_g_gby�� ijbkihkZ[eb\Zy� d� wlhc� gh\hc� h[klZgh\d_� � k\hb� kljmdlmju� b�
khklZ\u�� LZdb_� ijbkihkh[e_gby� fh]ml� \ujZ`Zlvky� � \� g_agZqbl_evghf�
baf_g_gbb�^ebgu�k\ya_c�beb�\�jZ^bdZevguo�i_j_kljhcdZo�kljmdlmju��hgb�
fh]ml�\dexqZlv�obfbq_kdb_�baf_g_gby�gZ�Zlhfghf�mjh\g_�beb�j_Zdpbb�k�
h[jZah\Zgb_f� gh\uo� fbg_jZevguo� \b^h\�� Wlh� ijbgpbibZevgh_�� gh� b�
hq_\b^gh_�khh[jZ`_gb_��dhlhjh_�fh`gh�gZclb�\h�fgh]bo�k_jv_aguo�dgb]Zo�
ih� fbg_jZeh]bb�� BamqZy� fZ]g_lbaf� ihjh^u� dZd� g_qlh� aZklu\r__� b�
g_baf_ggh_��fu�ihemqZ_f�bgnhjfZpbx�h�fZ]gblguo�k\hckl\Zo�ihjh^u�\�
^Zgguc� fhf_gl�� l�_�� \� dZdhc-lh� fb]� __� ]_heh]bq_kdhc� bklhjbb�� WlZ�
bgnhjfZpby�� [_amkeh\gh�� bf__l� gZmqgh_� agZq_gb_�� H^gZdh�� aZ^Zq_c�
fZ]gblguo� bkke_^h\Zgbc� y\ey_lky� \hkklZgh\e_gb_� ]_heh]bq_kdhc�
ij_^uklhjbb� ihjh^u� k� p_evx� mklZgh\e_gby� __� i_j\bqguo� fZ]gblguo�
k\hckl\�� bf_\rbo� f_klh� \h� \j_fy� h[jZah\Zgby� ihjh^u�� Bf_ggh� lZdbf�
h[jZahf�fu�fh`_f�ihemqblv�bgnhjfZpbx�h�^j_\g_f�fZ]gblghf�ihe_�b�h�
l_jfh^bgZfbq_kdbo�mkeh\byo�h[jZah\Zgby�n_jjbfZ]gblguo�fbg_jZeh\�b��
khhl\_lkl\_ggh��ihjh^u� 

Ihfbfh� m`_� ^_lZevgh� bamq_ggh]h� n_jjh-�� n_jjb-� b�
Zglbn_jjhfZ]gblgh]h�mihjy^hq_gby�\�ihke_^gb_�]h^u�nbabdb�h[gZjm`beb�
ki_pbnbq_kdb_� \b^u� fZ]gblgh]h� mihjy^hq_gby�� gZ[ex^Zxsb_ky� m�
]_ebhfZ]g_lbdh\�� fbdlhfZ]g_lbdh\�� kibgh\uo� kl_dhe� b� Zfhjnguo�
n_jjhfZ]g_lbdh\�� <iheg_� \hafh`gh�� qlh� b� \� ijbjh^_� kms_kl\mxl�
fbg_jZeu� k� lZdbfb� �beb� ^jm]bfb�� k\h_h[jZagufb� fZ]gblgufb�
k\hckl\Zfb�� gh� fu� bo� kfh`_f� h[gZjm`blv� lhevdh� \� lhf� � kemqZ_�� _keb�
[m^_f� ijh\h^blv� ^_lZevgu_� fZ]gblhfbg_jZeh]bq_kdb_� bkke_^h\Zgby�
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jZkk_ygguo�\�ihjh^_�fbg_jZeh\�k�\ukhdbfb�fZ]gblgufb�k\hckl\Zfb��Z�g_�
h]jZgbqb\Zlvky� dhgklZlZpb_c� hkgh\guo� fZ]gblguo� k\hckl\� ihjh^u� \�
p_ehf�� LZdbf� h[jZahf�� fZ]g_lbaf� ]hjguo� ihjh^� ^he`_g� bamqZlvky� \�
l_kghf�\aZbfh^_ckl\bb�k�fZ]g_lbafhf�fZ]gblhmihjy^hq_gguo�fbg_jZeh\� 

<� ihke_^gb_� ]h^u� \� ebl_jZlmj_� ih� ]_hnbabd_� ihy\bebkv�
l_hj_lbq_kdb_� jZ[hlu�� gZijZ\e_ggu_� gZ� [he__� ^_lZevgh_� bkke_^h\Zgb_�
fZ]g_lbafZ� dhgdj_lguo� fbg_jZeh\�� bo� fZ]gblgh]h� \aZbfh^_ckl\by��
f_oZgbafh\� h[jZah\Zgby� \� gbo� hklZlhqghc� gZfZ]gbq_gghklb�� <� wlbo�
jZ[hlZo�nbabq_kdhc �hkgh\hc� y\eyxlky� l_hj_lbq_kdb_� jZajZ[hldb��
ihemq_ggu_�nbabdZfb-fZ]gblheh]Zfb��NbabdZ� y\ey_lky� _^bghc�gZmdhc�h�
ijbjh^_�� � Ihwlhfm� jZa\blb_� l_hj_lbq_kdbo� bkke_^h\Zgbc� \� h[eZklb�
fZ]g_lbafZ�]hjguo�ihjh^�b�fbg_jZeh\�lhevdh�lh]^Z�[m^_l�ieh^hl\hjguf��
dh]^Z� [m^ml� Zdlb\gh� bkihevah\Zlvky� ^hklb`_gby� nbabdb� fZ]gblguo�
y\e_gbc�k�mq_lhf�keh`ghc�ki_pbnbdb�ijbjh^guo�]_heh]bq_kdbo�h[t_dlh\��
Djhf_� lh]h�� ^he`gh� ijh\h^blvky� lZd`_� ^_lZevgh_� bamq_gb_� fZ]gblguo�
fbg_jZeh\��bo�baf_g_gbc�b�ij_\jZs_gbc��ijb\h^ysbo�d�khhl\_lkl\mxsbf�
baf_g_gbyf�fZ]gblguo�k\hckl\�]hjguo�ihjh^� 

 
Ijbjh^Z�fZ]g_lbafZ 
 
Ghkbl_eyfb� fZ]gblguo� k\hckl\� y\eyxlky� we_f_glZjgu_� qZklbpu��

we_dljhgu�� ijhlhgu�� g_cljhgu� b� ^j�� FZdjhkdhibq_kdbc� fZ]g_lbaf�
\_s_kl\Z� hij_^_eyxl� \� hkgh\ghf� we_dljhgu�� We_dljhg�� gZoh^ysbcky�
\gmljb�ZlhfZ��mqZkl\m_l�\�^\mo�^\b`_gbyo��b�khhl\_lkl\_ggh�hg�h[eZ^Z_l�
^\mfy�fhf_glZfb� dhebq_kl\Z� ^\b`_gby� –� hj[blZevguf� l� b� kibgh\uf� s. 
We_f_glZjguo� fZ]gblguo� aZjy^h\� g_� kms_kl\m_l�� kms_kl\mxl�
we_f_glZjgu_� fZ]gblgu_�fhf_glu�� \hagbdZxsb_� ijb� ^\b`_gbb� qZklbp��
Wlb� fZ]gblgu_� fhf_glu� kljh]h� ijhihjpbhgZevgu� khhl\_lkl\mxsbf�
f_oZgbq_kdbf� fhf_glZf� b� gZijZ\e_gu� \k_]^Z� ZglbiZjZee_evgh�
f_oZgbq_kdbf� fhf_glZf�� >ey� we_dljhgZ� \� Zlhf_� hj[blZevguc� lµ b�
kibgh\uc� sµ fZ]gblgu_�fhf_glu�khhl\_lkl\_ggh�jZ\gu��\�kbkl_f_�K=KF� 

,
2

,

l

s

e
l

mc
e

s
mc

µ = −

µ = −
     (75) 

]^_�e b�m —�aZjy^�b�fZkkZ�we_dljhgZ� 
D\Zglh\hf_oZgbq_kdh_�agZq_gb_� l = h/2�( h —�ihklhyggZy�IeZgdZ���

fZ]gblguc�fhf_gl��< = eh/4�PF��gZau\Z_lky�fZ]g_lhghf�;hjZ� 
<� ex[hf� Zlhf_� bf__lky� g_kdhevdh� we_dljhgh\�� b� _]h�

j_amevlbjmxsbc� fhf_gl� dhebq_kl\Z� ^\b`_gby� J� b� khhl\_lkl\mxsbc�
fZ]gblguc�fhf_gl�MJ� � ij_^klZ\eyxl� g_dhlhjmx� dhf[bgZpbx� kibgh\uo�
MS� b� hj[blZevguo� Ml� � fhf_glh\�� <� dZ`^hc� h[hehqd_� ZlhfZ� \� kbem�
dmehgh\kdh]h� \aZbfh^_clk\by� we_dljhgh\� fZ]gblgu_� fhf_glu�
jZkiheZ]Zxlky� mihjy^hq_ggh� �ZglbiZjZee_evgh���Ihwlhfm� \� we_f_glZo� k�
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ghjfZevguf� aZiheg_gb_f� h[hehq_d� we_dljhgZfb� j_amevlbjmxsbc�
fZ]gblguc� fhf_gl� jZ\_g� gmex�� <� ZlhfZo� i_j_oh^guo� we_f_glh\�
g_dhlhju_�h[hehqdb�aZihegyxlky�we_dljhgZfb�g_�iheghklvx��\�j_amevlZl_�
q_]h�\�wlbo�h[hehqdZo�g_�ijhbkoh^bl�dhfi_gkZpbb�fZ]gblguo�fhf_glh\��<�
qZklghklb��\�bgl_j_kmxsbo�gZk�we_f_glZo�]jmiiu�`_e_aZ�g_�aZiheg_gZ��d - 
h[hehqdZ��\�dhlhjhc�\f_klh����we_dljhgh\�bf__lky�lhevdh����qlh�^Z_l��s = 
4�\� ��D�we_f_glZf�]jmiiu�`_e_aZ�hlghkylky��6F��7L��V, Cr, Mn, Fe, Co, Ni. 
F_`^m� kibgh\uf� FS� b� hj[blZevguf� ML� � fhf_glZfb� \gmljb� ZlhfZ�
gZ[ex^Z_lky� fZ]gblgh_� \aZbfh^_ckl\b_�� dhlhjh_� gZau\Z_lky� kibg-
hj[blZevguf� 

LZdbf� h[jZahf�� _kl_kl\_gguc� fZ]g_lbaf� bf_xl� lhevdh� Zlhfu�
i_j_oh^guo� we_f_glh\�� h^gZdh�� Zlhfu� b� bhgu� g_dhlhjuo� ghjfZevguo�
�g_i_j_oh^guo�� we_f_glh\� lZd`_� fh]ml� bf_lv� hlebqguc� hl� gmey�
fZ]gblguc�fhf_gl�ijb� mkeh\bb�� qlh� \�bo� \Ze_glguo� h[hehqdZo�bf__lky�
g_q_lgh_�qbkeh�we_dljhgh\� 

 
FZ]g_lbaf�djbklZeeh\ 
 
Ijb�h[t_^bg_gbb�hl^_evguo�Zlhfh\�\�fhe_dmeu��dhlhju_�\�l\_j^hf�

l_e_� h[jZamxl�djbklZeeu��fZ]gblgu_�fhf_glu�g_i_j_oh^guo� we_f_glh\��
dZd� ijZ\beh�� dhfi_gkbjmxl� ^jm]� ^jm]Z� ijb� h[jZah\Zgbb� obfbq_kdbo�
k\ya_c��G_kdhfi_gkbjh\Zggufb�fZ]gblgufb�fhf_glZfb�h[eZ^Zxl�lhevdh�
djbklZeeu��ihkljh_ggu_�ba�Zlhfh\�b�bhgh\�i_j_oh^guo�we_f_glh\� 

<� ijbkmlkl\bb� \g_rg_]h� fZ]gblgh]h� ihey� G� \k_� \_s_kl\Z��
ihkljh_ggu_� dZd� ba� i_j_oh^guo� lZd� b� g_i_j_oh^guo� we_f_glh\��
ijbh[j_lZxl� hlebqguc� hl� gmey� bg^mpbjh\Zgguc� fZ]gblguc� fhf_gl��
gZijZ\e_gguc�ZglbiZjZee_evgh�\g_rg_fm�fZ]gblghfm�ihex��<�\_s_kl\Zo��
ihkljh_gguo�ba�i_j_oh^guo�we_f_glh\��gZjy^m�k�bg^mpbjh\Zgguf�\�ihe_�
G� \hagbdZ_l� kh[kl\_gguc� fZ]gblguc� fhf_gl�� dhlhjuc� gZ� g_kdhevdh�
ihjy^dh\� [hevr_� bg^mpbjh\Zggh]h�� ihwlhfm� kms_kl\h\Zgb_�
bg^mpbjh\Zggh]h� fhf_glZ� gZ� lZdh]h� jh^Z� \_s_kl\Zo� \h� \gbfZgb_� g_�
ijbgbfZ_lky�� <_s_kl\Z�� ihkljh_ggu_� ba� g_i_j_oh^guo� we_f_glh\� b�
h[eZ^Zxsb_� lhevdh� bg^mpbjh\Zgguf� \g_rgbf� ihe_f� fZ]gblguf�
fhf_glhf��gZau\Zxlky�^bZfZ]gblgufb�beb�^bZfZ]g_lbdZfb�� 

FZ]g_lbaf�djbklZeeh\��bf_xsbo�\�k\h_f�khklZ\_�Zlhfu�i_j_oh^guo�
we_f_glh\��hij_^_ey_lky�g_kdhfi_gkbjh\Zggufb�fZ]gblgufb�fhf_glZfb�
wlbo�Zlhfh\�dZd�kibgh\ufb��lZd�b�hj[blZevgufb� 

We_dljbq_kdh_� ihe_� \� djbklZee_�� kha^Z\Z_fh_� khk_^gbfb� ZlhfZfb�
\hdjm]�fZ]gblgh]h� ZlhfZ��gZau\Z_lky�djbklZeebq_kdbf��DjbklZeebq_kdh_�
ihe_� hdZau\Z_l� kbevgh_� \ha^_ckl\b_�gZ� hj[blZevguc�fZ]gblguc�fhf_gl�
ZlhfZ�� FZ]gblgh_� �^bihev-^bihevgh_�� \aZbfh^_ckl\b_� f_`^m� ZlhfZfb�
gZfgh]h� keZ[__� we_dljhklZlbq_kdh]h� \aZbfh^_ckl\by� f_`^m�
©fZ]gblgufbª� we_dljhgZfb� b� djbklZeebq_kdbf� ihe_f�� Kibgh\uc�
fZ]gblguc� fhf_gl� ZlhfZ� bkiulu\Z_l� lhevdh� dhk\_ggh_� \ebygb_�
djbklZeebq_kdh]h�ihey�–�q_j_a�kibg-hj[blZevgh_�\aZbfh^_ckl\b_� 
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<�djbklZee_�fZ]gblgu_�fhf_glu�Zlhfh\�gZoh^ylky��dZd�ijZ\beh��gZ�
[ebadhf� jZkklhygbb� ^jm]� hl� ^jm]Z�� ihwlhfm� f_`^m� gbfb� \hagbdZxl�
jZaebqgu_� \aZbfh^_ckl\by� gZjy^m� k� bo� \aZbfh^_ckl\b_f� k�
djbklZeebq_kdbf� ihe_f�� Wlb� \aZbfh^_ckl\by� ijb\h^yl� d� mihjy^hq_gbx�
fZ]gblguo�fhf_glh\�\�djbklZee_��?keb�\aZbfh^_ckl\by�\�\_s_kl\_�hq_gv�
fZeu� �\� ij_^_e_� jZ\gu� gmex��� lh� gZfZ]gbqb\Zgb_� lZdh]h� djbklZeeZ�
hij_^_ey_lky� lhevdh� wg_j]b_c� \g_rg_]h� fZ]gblgh]h� ihey� b� wg_j]b_c�
l_ieh\h]h�^\b`_gby��LZdb_�\_s_kl\Z�gZau\Zxlky�iZjZfZ]gblgufb� 

 
IZjZfZ]g_lbaf 
 
IZjZfZ]gblgu_�\_s_kl\Z�oZjZdl_jbamxlky�l_f��qlh�ih^�^_ckl\b_f�G 

hgb�ijbh[j_lZxl�g_[hevrmx�gZfZ]gbq_gghklv��lZd�dZd�wg_j]by�l_ieh\h]h�
^\b`_gby� kL� ijb� dhfgZlguo� l_fi_jZlmjZo� gZfgh]h� [hevr_� wg_j]bb�
fZ]gblgh]h�ihey�� BHµ ��ijb�G�~ 104

�=k� 
Ijbf_gyy� d\Zglh\mx� klZlbklbdm�� fh`gh� ihemqblv� aZ\bkbfhklv�

iZjZfa]gblghc� gZfZ]gbq_ggghklb� I� hl� gZfZ]gbqb\Zxs_]h� ihey� b�
l_fi_jZlmju�L : 

 
2 1 2 1 1 1

cth cth
2 2 2 2

I J J

I J J J J∞

+ += α − α ,  (76) 

 
]^_� I∞   –�gZfZ]gbq_gghklv�gZkus_gby�� jZ\gZy� kmff_� \k_o�n fZ]gblguo�
fhf_glh\�\���kf3

�\_s_kl\Z�� ∞I = Q����fh`_l�[ulv�^hklb]gmlZ�ijb�G:∞  ; J - 
\gmlj_gg__� d\Zglh\h_� qbkeh�� hij_^_eyxs__� kmffZjguc� f_oZgbq_kdbc�
fhf_gl� ZlhfZ�� BJg H /( kT )α = µ  —� hlghr_gb_� fZdkbfZevghc� wg_j]bb�
ZlhfZ� \� ihe_� G� d� l_ieh\hc�� � g -� nZdlhj� EZg^_�� mqblu\Zxsbc� \deZ^�
kibgh\uo� b� hj[blZevguo�fZ]gblguo�fhf_glh\� \� kmffZjguc�fZ]gblguc�
fhf_gl��k -�ihklhyggZy�;hevpfZgZ� 

 <ujZ`_gb_������gZau\Z_lky�nmgdpb_c�;jbeexwgZ� JB ( )α ��Ijb�
∞→J bf__l� f_klh� deZkkbq_kdbc� \ZjbZgl� l_hjbb� iZjZfZ]g_lbafZ�

EZg`_\_gZ� 
1

cth
I

L( )
I∞

= α − = α
α

,     (77) 

 
]^_� wnH / kTα = µ  ( wnµ  —�wnn_dlb\guc�fhf_gl�ZlhfZ���L(.) —�nmgdpby�

EZg`_\_gZ� 
<� kemqZ_�� dh]^Z� iZjZfZ]g_lbaf� h[mkeh\e_g� lhevdh� kibgh\ufb�

fZ]gblgufb�fhf_glZfb�J = S� ������ihemqZ_f�ba������ 
 

1 2 th
I

B ( )
I∞

= α = α .    (78) 
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Ijb� .����� qlh� ijZdlbq_kdb� \k_]^Z� bf__l�f_klh�� k� bkihevah\Zgb_f�

L(.)��b�jZaeh`_gby��
1

cth
3

αα ≈ +
α

��ihemqbf 

3
wnN

I H
kT

µ
= .     (79) 

>ey�iZjZfZ]gblghc�\hkijbbfqb\hklb�]jZff-ZlhfZ�\_s_kl\Z�ba� �����
bf__f 

3
wn

IF

NI c

H kT T

µ
χ = = = .    (80) 

<ujZ`_gb_������—�aZdhg�Dxjb�^ey� IFχ . 
Qlh[u�ihemqblv�\_ebqbgm�fZ]gblgh]h�fhf_glZ� wnµ ��ijboh^ys_]hky�

gZ� h^bg� Zlhf�� g_h[oh^bfh� gZfZ]gbq_gghklv� gZkus_gby� ]jZff-ZlhfZ�
ih^_eblv�gZ�qbkeh�:\h]Z^jh�N. 

Ihfbfh� jZkkfhlj_ggh]h� iZjZfZ]g_lbafZ� \� f_lZeeZo� gZ[ex^Z_lky�
iZjZfZ]g_lbaf�IZmeb��\hkijbbfqb\hklv�dhlhjh]h�g_�aZ\bkbl�hl�L��Djhf_�
lh]h�� ihqlb� g_� aZ\bkbl� hl� L� b� \hkijbbfqb\hklv� hj[blZevgh]h�
iZjZfZ]g_lbafZ��k\yaZggh]h�k�hj[blZevguf�fZ]gblguf�fhf_glhf� 

 



 63 

E _ d p b y � � �  

N?JJHF:=G?LBAF 
 
 
 
N_jjhfZ]g_lbaf�� Zglbn_jjhfZ]g_lbaf� b� n_jjbfZ]g_lbaf�

oZjZdl_jbamxlky� gZebqb_f� kihglZggh]h� �kZfhijhba\hevgh]h��
mihjy^hq_gby�Zlhfguo�fZ]gblguo�fhf_glh\��Ijb�wlhf�m�n_jjhfZ]g_lbdh\�
\� hlkmlkl\b_� \g_rg_]h� fZ]gblgh]h� ihey� \hagbdZ_l� kihglZggZy�
gZfZ]gbq_gghklv�Is�aZ�kq_l�iZjZee_evghc�hjb_glZpbb�fZ]gblguo�fhf_glh\�
Zlhfh\� ih^� ^_ckl\b_f� \gmljbdjbklZeebq_kdbo� kbe�� LZdZy� iZjZee_evgZy�
hjb_glZpby� fhf_glh\� gZ[ex^Z_lky� g_� ih� \k_fm� h[t_fm� fZkkb\gh]h�
h[jZapZ��Z�\�hl^_evguo�h[eZklyo��^hf_gZo���ebg_cgu_�jZaf_ju�dhlhjuo���3 
– 10-5

�kf��JZa[b_gb_�n_jjhfZ]gblgh]h�h[jZapZ�gZ�^hf_gu�ijhbkoh^bl�ba-aZ�
dhgdmj_gpbb� \gmlj_ggbo� kbe�� ijb\h^ysbo� d� iZjZee_evghc� hjb_glZpbb�
fhf_glh\� b� fZ]gblguo� ihe_c� jZkk_ygby�� \hagbdZxsbo� ijb� hjb_glZpbb�
Zlhfguo�fhf_glh\� 

Kbeu�� \uau\Zxsb_� mihjy^hq_gb_�fZ]gblguo�fhf_glh\� �h[f_ggu_�
kbeu�� bf_xl� d\Zglh\hf_oZgbq_kdmx� ijbjh^m�� H^gZdh�� hkgh\gu_�
aZdhghf_jghklb� n_jjhfZ]g_lbdh\�� lZdb_� dZd� \hagbdgh\_gb_� Is�� __�
l_fi_jZlmjgZy� aZ\bkbfhklv� b� l�i��� fh`gh� ihgylv� k� ihabpbb�
n_ghf_gheh]bq_kdhc�l_hjbb�I�<_ckZ���������Ijb[eb`_gb_�l_hjbb�khklhbl�
\� lhf�� qlh� jZkkfZljb\Z_lky� lhevdh� h^bg� fZ]gblguc� Zlhf�� Z� \k_�
\aZbfh^_ckl\by� wlh]h� ZlhfZ� k� hklZevguf� djbklZeehf� aZf_gyxlky�
^_ckl\b_f�g_dh_]h�\gmlj_gg_]h��fhe_dmeyjgh]h��ihey�G&��WlZ�l_hjby��dZd�
b� ^jm]b_� l_hjbb� Is�� ijbf_gbfZ� d� h^ghfm� hl^_evgh� \aylhfm� ^hf_gm� beb�
h^gh^hf_gghc�qZklbp_� 

<�ijbkmlkl\bb�\g_rg_]h�fZ]gblgh]h�ihey�G�gZ�fZ]gblguc�fhf_gl�
ZlhfZ� ^_ckl\m_l� wnn_dlb\gh_� ihe_� Gwn =� G� �� G&�� Ih� ij_^iheh`_gbx�
<_ckZ�G& =�&1�� ]^_�&� ihklhyggZy�fhe_dmeyjgh]h� ihey�� g_� aZ\bkysZy� hl�
l_fi_jZlmju� 

Ijb� wlbo� ij_^iheh`_gbyo�<_ck� ihemqbe� j_r_gb_� ^ey� kihglZgghc�
gZfZ]gbq_gghklb� Is�� L_fi_jZlmjgZy� aZ\bkbfhklv� Is� k� mq_lhf� d\Zglh\uo�
wnn_dlh\�bf__l�\b^ 

3
1

s s
J

I I / IJ
B

I J T /
∞

∞

 =  + θ 
,    (81) 

 
]^_�θ  —�lhqdZ�Dxjb��\ur_�dhlhjhc�Is� ����^ey�]jZff-ZlhfZ�hgZ�jZ\gZ 

2

3
wnN

k

µ ω
θ =  .     (82) 

>ey� ihemq_gby� ����� b� \k_o� hklZevguo� nhjfme� wlh]h� jZa^_eZ�
bkihevah\ZgZ�nmgdpby�EZg`_\_gZ�L�.��� lZd�dZd�hgZ�h[_ki_qb\Z_l�\iheg_�
^hklZlhqgmx�^ey�khihklZ\e_gby�k�wdki_jbf_glhf�lhqghklv� 
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<hkijbbfqb\hklv� n_jjhfZ]g_lbdZ� $� nf fh`_l� [ulv� gZc^_gZ�
ke_^mxsbf�h[jZahf� 

nf wn

dI L( ) d
N

dH dH

∂ α αχ = = µ
∂α

.    (83) 

 
Ijh\h^y�\udeZ^db��ihemqZ_f 

[ ]
2

3
wn

nf

N L'( )

k T L'( )

µ α
χ =

− θ α
.    (84)  

 
H[uqgh�ijb�L������\_ebqbgZ� � )(' αL �hq_gv�fZeZ��qlh�k\yaZgh�k�l_f��

qlh� \g_rg__� ihe_�G�g_\_ebdh�ih� kjZ\g_gbx� k�G&��Ijb�L θ→ � \_ebqbgZ��
1 3L'( ) /α = ���Z��agZf_gZl_ev������:���b���ke_^h\Zl_evgh���$nf:�����<��kemqZ_�

L > θ   

$nf =
2

3
wnN

k(T )

µ
− θ

,     (85) 

wlZ�nhjfmeZ�\ujZ`Z_l�aZdhg�Dxjb–<_ckZ� 
<� lhf� ^bZiZahg_� l_fi_jZlmj�� ]^_� Is << I∞ �� kihglZggmx�

gZfZ]gbq_gghklv�fh`gh�\ujZablv�lZd�� 
 

3
1 2

3 3s
wn

k
I T( T )

B
= θ −

µ ω
,   (86) 

]^_�<�= N 45wn /µ ��Hlkx^Z�fh`gh�hij_^_eblv�l_fi_jZlmjm�Dxjb�dZd�lhqdm�

i_j_k_q_gby� hkb� l_fi_jZlmj� b� djb\hc� 2
sI (L��� H^gZdh�� dZd� ijZ\beh��

wdki_jbf_glZevgZy�hp_gdZ�θ �y\ey_lky�^h\hevgh�keh`guf�ijhp_kkhf� 
;eho� ihdZaZe�� qlh� � sI � lj_of_jghc� djbklZeebq_kdhc� j_r_ldb�

hij_^_ey_lky�\ujZ`_gb_f� 
3 2

1
/

s
kT

I I c
A∞

  = −     
,    (87) 

]^_�:�—�h[f_gguc�bgl_]jZe��k�—�dhgklZglZ��agZq_gb_�dhlhjhc�^ey�ijhklhc�
dm[bq_kdhc��h[t_fghp_gljbjh\Zgghc�b� ]jZg_p_gljbjh\Zgghc�dm[bq_kdbo�
j_r_lhd�jZ\gh��khhl\_lkl\_ggh�����������������b�������� 

 
:glbn_jjhfZ]g_lbaf�  KeZ[uc�n_jjhfZ]g_lbaf 
 
:glbn_jjhfZ]gblguf� gZau\Z_lky� ZglbiZjZee_evgh_� mihjy^hq_gb_�

fZ]gblguo� fhf_glh\�� <� Zglbn_jjhfZ]g_lbdZo� kihglZggu_�
gZfZ]gbq_gghklb� ^\mo� fZ]gblguo� ih^j_r_lhd� �ih^j_r_ldhc� gZau\Z_lky�
qZklv� djbklZeebq_kdhc� j_r_ldb�� fZ]gblgu_� fhf_glu� dhlhjhc�
hjb_glbjh\Zgu� iZjZee_evgh� ^jm]� ^jm]m�� gZijZ\e_gu� ZglbiZjZee_evgh�
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^jm]� ^jm]m�� b� ihwlhfm� kmffZjgZy� kihglZggZy� gZfZ]gbq_gghklv� g_�
\hagbdZ_l� � sI = ����:glbn_jjhfZ]g_lbdb�hlghkylky�d�keZ[uf�fZ]g_lbdZf��
lZdbf� `_� dZd� iZjZfZ]g_lbdb�� <� hlebqb_� hl� iZjZfZ]g_lbdh\� ijb�
ih\ur_gbb� l_fi_jZlmju� bo� \hkijbbfqb\hklv� kgZqZeZ� m\_ebqb\Z_lky��
^hklb]Zy� fZdkbfmfZ� ijb� L = Nθ �� aZl_f� ebg_cgh� mf_gvrZ_lky�� Jhkl� $�
k\yaZg� k� mf_gvr_gb_f� k� jhklhf� L� h[f_gguo� kbe�� m^_j`b\Zxsbo�
fZ]gblgu_� fhf_glu� \� hij_^_e_gghf� gZijZ\e_gbb�� Ijb� L = Nθ , 
gZau\Z_fhc� l_fi_jZlmjhc� G__ey�� ZglbiZjZee_evgh_� mihjy^hq_gb_�
fhf_glh\� jZajmrZ_lky�� b� ijb� L > Nθ � h[jZlgZy� \hkijbbfqb\hklv�
mf_gvrZ_lky� ebg_cgh� –� Zglbn_jjhfZ]g_lbd� \_^_l� k_[y� dZd� h[uqguc�
iZjZfZ]g_lbd� 

K� lhqdb� aj_gby� fZ]g_lbafZ� ]hjguo� ihjh^� [hevrhc� bgl_j_k�
ij_^klZ\eyxl�Zglbn_jjhfZ]g_lbdb�kh�keZ[uf�n_jjhfZ]g_lbafhf��d�qbkem�
dhlhjuo�hlghkblky�rbjhdh�jZkijhkljZg_gguc�\�ijbjh^_�hdbk_e�`_e_aZ�.-
Fe2O3� �]_fZlbl��� Kh]eZkgh� G__ex�� keZ[uc� n_jjhfZ]g_lbaf� ]_fZlblZ�
h[mkeh\e_g� \ebygb_f� ^_n_dlh\� � djbklZeebq_kdhc� kljmdlmju�b�gZebqb_f�
ijbf_k_c� fZ]g_lblZ� Fe3O4�� Iha^g__� [ueh� ihdZaZgh�� qlh� keZ[uc�
n_jjhfZ]g_lbaf�y\ey_lky�ki_pbnbq_kdbf�k\hckl\hf�kZfh]h�\_s_kl\Z�b�g_�
k\yaZg� k� aZ]jyag_gbyfb� � beb� g_kh\_jr_gkl\hf� kljmdlmju�� fZ]gblgu_�
fhf_glu� ih^j_r_lhd� lZdh]h� Zglbn_jjhfZ]g_lbdZ� g_� kljh]h�
ZglbiZjZee_evgu� ^jm]� ^jm]m�� ihwlhfm� \� j_amevlZl_� bo� \_dlhjgh]h�
keh`_gby�b�\hagbdZ_l�hq_gv�fZeZy��gh�hlebqgZy�hl�gmey�Is��Wlh�khklhygb_�
j_Zebam_lky�m�]_fZlblZ�ijb�L!������D��lhqdZ�FhjbgZ���gb`_�����D�]_fZlbl�
\_^_l�k_[y�dZd�h[uqguc�Zglbn_jjhfZ]g_lbd��L_fi_jZlmjZ�G__ey�]_fZlblZ�

Nθ �  � ���� D�� 4108,18 −⋅=χ K=KF�Fhev�� fhe_dmeyjgh_� ihe_�

)102,9(/105,732 66 WfAH ⋅⋅=ω �� KihglZgguc� fZ]gblguc� fhf_gl� ]_fZlblZ�
fh`_l� [ulv� k\yaZg� lZd`_� k� y\e_gbyfb� gZ� ih\_joghklb� djbklZeeZ�
�ih\_joghklguc� fZ]g_lbaf��� <hijhk� h� f_oZgbaf_� \hagbdgh\_gby�
kihglZggh]h� fZ]gblgh]h� fhf_glZ� m� ijbjh^gh]h� ]_fZlblZ� hklZ_lky� \�
agZqbl_evghc�kl_i_gb�hldjuluf� 

 
N_jjbfZ]g_lbaf 
 
>ey� n_jjbfZ]g_lbdh\� oZjZdl_jgh� kms_kl\h\Zgb_� ^\mo� fZ]gblguo�

ih^j_r_lhd� :� b� <�� ZgZeh]bqguo� ih^j_r_ldZf� Zglbn_jjhfZ]gblguo�
\_s_kl\��H^gZdh� ih^j_r_ldb� \�n_jjbfZ]gblghf� \_s_kl\_�� dZd� ijZ\beh��
hlebqZxlky�^jm]�hl�^jm]Z��dZd�\�djbklZeeh]jZnbq_kdhf�hlghr_gbb��lZd�b�\�
hlghr_gbb�\_ebqbgu�b�mihjy^hq_gby�fZ]gblguo�fhf_glh\��Wlh�ijb\h^bl�
d� gZebqbx� kihglZgghc� gZfZ]gbq_gghklb�� dhlhjZy� jZ\gZ� jZaghklb�
gZfZ]gbq_gghkl_c� ih^j_r_lhd� Is = ISB – ISA�� d� jZaebqghc� l_fi_jZlmjghc�
aZ\bkbfhklb� gZfZ]gbq_gghkl_c� ih^j_r_lhd�� <� n_jjbfZ]g_lbdZo� fh`_l�
gZ[ex^Zlvky�kf_gZ�gZijZ\e_gby�Is�ijb�baf_g_gbb�L�dZd�aZ�kq_l�jZaebqghc�
aZ\bkbfhklb� hl� L� gZfZ]gbq_gghkl_c� IsA� b� IsB� ih^j_r_lhd�� lZd� b� aZ� kq_l�
^bnnmabb�fZ]gblguo�Zlhfh\�ba�h^ghc�ih^j_r_ldb�\�^jm]mx� 
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D� qbkem� lbibqguo� n_jjbfZ]g_lbdh\� hlghkylky� n_jjblu� – 
kbgl_lbq_kdb_�fZl_jbZeu��y\eyxsb_ky�^\hcgufb�hdbkeZfb��Z�lZd`_�[he__�
keh`gufb� hdkb^gufb� kh_^bg_gbyfb�� \� khklZ\� dhlhjuo� \oh^bl� hdbkv�
`_e_aZ� Fe2O3�� M� hdkb^guo� n_jjbfZ]g_lbdh\� gZ[ex^Z_lky� kjZ\gbl_evgh�
g_[hevrh_� qbkeh� hkgh\guo� lbih\� djbklZeebq_kdbo� kljmdlmj�� ribg_ev��
fZ]g_lhiexf[bl�� ]jZgZl� b� g_dhlhju_� ^jm]b_�� Ijbkmlkl\b_� \�
djbklZeebq_kdhc�j_r_ld_�n_jjblZ�bhgh\�i_j_oh^guo�we_f_glh\��dhlhju_�
oZjZdl_jbamxlky�gZebqb_f�ehdZebah\Zgguo�\g_rgbo�we_dljhgh\��b�lh��qlh�
\�^Zgghc�ihabpbb�\�j_r_ld_�bhg�fh`_l�gZoh^blvky�\�khklhygbyo�k�jZaghc�
\Ze_glghklvx�� b]jZ_l� j_rZxsmx� jhev� \� nbabq_kdbo�� \� lhf� qbke_�
fZ]gblguo�k\hckl\Zo�n_jjblh\� 

JZagh\Ze_glgu_� khklhygby� bhgh\� �gZijbf_j�Fe2+, Fe3+, Mn2+, Mn3+, 
Mn4+

�� h[mkeh\eb\Zxl� h[jZah\Zgb_� jZaguo� hdbkeh\� h^gbf� b� l_f� `_�
we_f_glhf��FeO, Fe2O3�b�l�i����<b^�hdbkeZ�aZ\bkbl�hl�dhgdj_lguo�nbabdh-
obfbq_kdbo� mkeh\bc� ^bnnmabhgghc� kj_^u� �hl� dhgp_gljZpbb� Zlhfh\� \�
j_Zdpbb��hl�l_fi_jZlmju��hl�iZjpbZevgh]h�^Z\e_gby�dbkehjh^Z�b�l�^��� 

GZb[hevr__� agZq_gb_� ^ey� fZ]g_lbafZ� ]hjguo� ihjh^� bf_xl�
ijbjh^gu_� n_jjblu� lbiZ� ribg_eb� �fZ]g_lbl�� fZ]g_abhn_jjbl��
lblZghfZ]g_lbl� b� ^j���� g_kdhevdh� f_gvr_� –� hdbkeu� lbiZ� dhjmg^Z� – 
bevf_gblZ� �l\_j^u_� jZkl\hju� k_jbb� ]_fZlbl� –� bevf_gbl� —� ]_cdbebl���
>jm]b_� n_jjbfZ]gblgu_� hdbkeu� agZqbl_evgh� f_gvr_� jZkijhkljZg_gu� \�
ijbjh^_� 

We_f_glZjgZy� yq_cdZ� fbg_jZeZ� ribg_eb� MgO Al2O3� kh^_j`bl� ���
dbkehjh^guo� ZgbhgZ�� h[jZamxsbo� iehlg_crmx� miZdh\dm�� F_`^m�
ZgbhgZfb� dbkehjh^Z� jZciheZ]Zxlky� ��� lj_o\Ze_glguo� bhgh\� Al 3+

� b� ��
^\mo\Ze_glguo� bhgh\�Mg2+. <�n_jjblZo� dZlbhggu_� ihabpbb� aZgbfZxlky�
lj_o\Ze_glguf� `_e_ahf� Fe3+

� b� dZdbf-eb[h� ^\mo\Ze_glguf� f_lZeehf��
Mg2+, Mn2+, Fe2+, Co2+, Ni2+, Cu2+, Zn2+, Cd2+

��DZlbhggu_�ihabpbb�k�lhqdb�
aj_gby�bo�dbkehjh^gh]h�hdjm`_gby�\�ribg_evghf�n_jjbl_�g_jZ\ghp_ggu��
��ihabpbc�hdjm`_gu�q_lujvfy��2-

� � �dZ`^Zy��l_ljZw^jbq_kdb_�ihabpbb�:���
��� ihabpbc� hdjm`_gu� r_klvx� ZgbhgZfb� �2-

� dZ`^Zy� �hdlZw^jbq_kdb_�
ihabpbb� <��� We_f_glZjgZy� yq_cdZ� n_jjblZ-ribg_ey� kh^_j`bl� ��� bhgh\�
beb� �� fhe_dme�� h[sZy� nhjfmeZ� dhlhjuo� � MeO· Fe2O3� �F_� h[hagZqZ_l�
^\mo\Ze_glguc�f_lZeebq_kdbc�bhg�� 

?keb� ���bhgh\�Fe3+
�gZoh^ylky�\� ���f_klZo�<��Z� ��bhgh\�F_2+ –�\� ��

f_klZo�:��n_jjbl� gZau\Z_lky� ghjfZevguf��<� lhf� kemqZ_�� dh]^Z� �� bhgh\�
Fe2+

�b� ��bhgh\�F_2+
� � aZgbfZxl�f_klZ�<�b� ��bhgh\�Fe3+

�f_klZ�:��n_jjbl�
gZau\Z_lky�h[jZs_gguf��Wlh�^\Z�djZcgbo�kemqZy�jZkiheh`_gby�dZlbhgh\�
\� n_jjblZo�� <hafh`gu� b� ijhf_`mlhqgu_� kemqZb� k� ex[uf� gZ[hjhf�
jZkij_^_e_gbc�dZlbhgh\�ih�f_klZf�:�b�<��Ihwlhfm�kljh_gb_�n_jjblZ�b�_]h�
fZ]gblgu_�k\hckl\Z�fh]ml�[ulv�hq_gv�keh`gufb� 

Ihabpbb� :� b� <� \� n_jjblZo� h[jZamxl� fZ]gblgu_� ih^j_r_ldb��
Kh]eZkgh� G__ex�� f_`^m� dZlbhgZfb� \� maeZo� :� b� <� kms_kl\m_l� kbevgh_�
hljbpZl_evgh_�h[f_ggh_�\aZbfh^_ckl\b_��<gmljb�ih^j_r_lod�:�–�:�b�<�– 
<� \aZbfh^_ckl\by�f_`^m� dZlbhgZfb� lZd`_� hljbpZl_evgu_�� gh�fZeu_� ih�
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kjZ\g_gbx� k� \aZbfh^_ckl\b_f� :� –� <�� qlh� \� kh\hdmighklb� ijb\h^bl� d�
iZjZee_evghc�hjb_glZpbb�fZ]gblguo�fhf_glh\�\�ih^j_r_ldZo� 

GhjfZevgu_� n_jjblu�� dZd� ijZ\beh�� Zglbn_jjhfZ]gblgu��
h[jZs_ggu_� –� n_jjbfZ]gblgu�� J_amevlbjmxsbc� fZ]gblguc� fhf_gl�
n_jjblZ� ij_^klZ\ey_l� jZaghklv� f_`^m� fZ]gblgufb� fhf_glZfb 
ih^j_r_lhd��<� kemqZ_�gZb[he__� jZkijhkljZg_ggh]h� \�ijbjh^_�n_jjblZ�– 
fZ]g_lblZ� bhgu� Fe3+

� jZkij_^_e_gu� ihjh\gm� \� ih^j_r_ldZo� lZd�� qlh� bo�
fZ]gblgu_� fhf_glu� dhfi_gkbjmxl� ^jm]� ^jm]Z�� Ihwlhfm� fZ]gblguc�
fhf_gl�fhe_dmeu�fZ]g_lblZ�hij_^_ey_lky���bhgZfb��Fe2+

���gZoh^ysbfbky�\�
<-ih^j_r_ld_� 

3+ 3+ 2+
4

B B B B

Fe Fe Fe O

-5� ��� ���  ��

← → → 
 
       (88) 

 
Ih� l_hjbb� G__ey� kihglZggu_� gZfZ]gbq_gghklb� ISA , ISB� bf_xl�

ke_^mxsb_�l_fi_jZlmjgu_�aZ\bkbfhklb��G� ���� 

ISA =
( )

2 wn 6$ 6%

wn

I I
N L

kT

µ ω α − 
µ  

 
, 

( )
2 wn 6% 6$

SB wn

I I
I N L

kT

µ ω β − 
= µ  

 
,    (89) 

]^_� 2N —� qbkeh� h^bgZdh\uo� fZ]gblguo� Zlhfh\�� mqZkl\mxsbo� \�
h[jZah\Zgbb�fZ]gblgh]h�ihjy^dZ�� wnµ  —�wnn_dlb\guc�fZ]gblguc�fhf_gl�

h^gh]h�ZlhfZ��L —�nmgdpby�EZg`_\_gZ�� ω  —�ihklhyggZy�fhe_dmeyjgh]h�
ihey�� ^_ckl\mxs_]h�f_`^m� ih^j_r_ldZfb� :� b�<�� � .� b� ��—� ihklhyggu_�
fhe_dmeyjgh]h�ihey�\gmljb�ih^j_r_lhd��Djhf_�lh]h��ke_^m_l�mq_klv��qlh 
 

ISA=2N��wn      (90) 
 

ISB=2N��wn       (91) 
 

IS = ISB + ISA =2N�wn���–��������   (92) 
 

]^_���b���—�^heb�Zlhfh\�\�:�b�<�����=1 ). 
<�k\yab�k�l_f��qlh�\�h[s_f�kemqZ_����b�.��l_fi_jZlmjguc�oh^ ISA  �b�

ISB��jZaebq_g� 
Ijb� hij_^_e_gguo� agZq_gbyo� .�� �, �, �� � ihemqZxlky� ZghfZevgu_�

aZ\bkbfhklb� IS� �L��� dZd� wlh� ihdZaZgh� gZ� jbk�� ���� L_fi_jZlmjZ� L�� ijb�
dhlhjhc�IS�h[jZsZ_lky�\�gmev�ba-aZ�jZ\_gkl\Z�ISA   = ISB��gZau\Z_lky�lhqdhc�
dhfi_gkZpbb� 

 
 



 68 

 
 

Jbk�����Hkgh\gu_�lbiu�aZ\bkbfhkl_c�kihglZgghc�gZfZ]gbq_gghklb� SM �hl�
l_fi_jZlmju�ijb�ZglbiZjZee_evghc�hjb_glZpbb�� ASM b� BSM . 

 
 
AZ\bkbfhklv� h[jZlghc� \hkijbbfqb\hklb� ��$� hl� L� ^ey�

n_jjbfZ]g_lbdZ� ijb� L > θ � ij_^klZ\e_gZ� gZ� jbk�� ��� �rljboimgdlbjgZy�
djb\Zy��� 

 

 
Jbk������AZ\bkbfhklv�h[jZlghc�\hkijbbfqb\hklb�n_jjbfZ]g_lbdZ 

�hl�l_fi_jZlmju� 
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IjyfZy� gZ� wlhf� jbkmgd_� y\ey_lky� Zkbfilhlhc� d� djb\hc� � ��$� �L). 
I_j_k_q_gb_� ijyfhc� k� hkvx� L ^Z_l� lhqdm� Zθ ��� dhlhjZy� gZau\Z_lky�
Zkbfilhlbq_kdhc�lhqdhc�Dxjb� 

N_jjh-�� Zglbn_jjh-� b� n_jjbfZ]g_lbdb� \� h[s_f� kemqZ_� fh`gh�
gZau\Zlv�n_jjbfZ]g_lbdZfb��jZkkfZljb\Zy�ijb�wlhf�Zglbn_jjhfZ]g_lbdb�
dZd� qZklguc� kemqZc� n_jjbfZ]g_lbdh\� k� jZ\gufb� kihglZggufb�
gZfZ]gbq_gghklyfb� \� ih^j_r_ldZo� IsA   = IsB�� Z� n_jjhfZ]g_lbdb� dZd�
qZklguc�kemqZc�n_jjbfZ]g_lbdh\�k�h^ghc�ih^j_r_ldhc�� 

 
FbdlhfZ]g_lbaf���Kibgh\u_�kl_deZ� 
:fhjngu_�n_jjhfZ]g_lbdb� 
 
FbdlhfZ]g_lbdb� oZjZdl_jbamxlky� gZ[hjhf� jZaebqguo� \b^h\�

h[f_gguo� \aZbfh^_ckl\bc�� Ijb� ihgb`_gbb� l_fi_jZlmju� \�
fbdlhfZ]g_lbdZo� \f_klh� ^Zevg_]h� kibgh\h]h� n_jjbfZ]gblgh]h� ihjy^dZ�
ihy\ey_lky� keh`gZy� kljmdlmjZ� k� aZfhjh`_ggufb� gZijZ\e_gbyfb�
fZ]gblguo� fhf_glh\�� Ijb� hoeZ`^_gbb� fbdlhfZ]g_lbdh\� gZ[ex^Z_lky�
[ukljh_�mf_gvr_gb_�gZfZ]gbq_gghklb�\�G� � ���\�h[eZklb�L������D��Ijb�
hoeZ`^_gbb� h[jZapZ� \� fZ]gblghf� ihe_� mf_gvr_gby� I� � g_� ijhbkoh^bl��
h^gZdh�\�h[eZklb�L������D�gZ[ex^Z_lky�k^\b]�i_l_ev�]bkl_j_abkZ�ih�hkb�G��
l�_��\hagbdZ_l�h^ghgZijZ\e_ggZy�fZ]gblgZy�Zgbahljhiby��Ij_^iheZ]Z_lky��
qlh� \� fbdlhfZ]g_lbdZo� khk_^gb_� n_jjbfZ]gblgu_� deZkl_ju�
\aZbfh^_ckl\mxl�f_`^m�kh[hc�Zglbn_jjhfZ]gblguf�h[jZahf�� 

Kibgh\h_� kl_deh� —� hkh[h_� fZ]gblgh_� khklhygb_� \_s_kl\Z��
h[gZjm`_ggh_� \� kbevgh� jZa[Z\e_gguo� fZ]gblguo� kieZ\Zo�� FZ]gblgu_�
Zlhfu� \� j_r_ld_� lZdh]h� kieZ\Z� hl^_e_gu� ^jm]� hl� ^jm]Z� g_fZ]gblgufb�
ZlhfZfb�� h^gZdh� f_`^m� fZ]gblgufb� ZlhfZfb� \hagbdZ_l� h[f_ggh_�
\aZbfh^_ckl\b_�� qlh� ijb\h^bl� d� ihy\e_gbx� bahebjh\Zgguo� h[eZkl_c� k�
n_jjh-� b� Zglbn_jjhfZ]gblguf� mihjy^hq_gb_f�� OZjZdl_jghc�
hkh[_gghklvx�lZdbo�\_s_kl\�y\ey_lky�kms_kl\h\Zgb_�\�gbo�l_fi_jZlmju�
aZfhjZ`b\Zgby� Lf�� gb`_� dhlhjhc� fZ]gblgu_� fhf_glu� Zlhfh\� dZd� [u�
`_kldh� aZdj_ieyxlky� \� FemqZcguo� gZijZ\e_gbyo�� Fbdjhkdhibq_kdbc�
fZ]gblguc� fhf_gl� \k_]h� h[jZapZ� ijb� wlhf� jZ\_g� gmex�� GZebqb_�
wg_j]_lbq_kdbo� [Zjv_jh\� f_`^m� fZ]gblgufb� fhf_glZfb� ijb\h^bl� d�
ihy\e_gbx� fZ]gblhj_eZdkZpbhgguo� b� ]bkl_j_abkguo� y\e_gbc� ijb�
hoeZ`^_gbb� \_s_kl\Z� gb`_� Lf�� Ijb� L = Lf� � gZ[ex^Z_lky� fZdkbfmf�
fZ]gblghc�\hkijbbfqb\hklb� 

H[f_ggh_� \aZbfh^_ckl\b_� \� kibgh\uo� kl_deZo–kieZ\Zo��
hkms_kl\ey_lky� q_j_a� we_dljhgu� ijh\h^bfhklb�� h^gZdh� l_hj_lbq_kdb�
\hafh`gh� h[jZah\Zgb_� kibgh\h]h� kl_deZ� b� \� jZa[Z\e_gguo� fZ]gblguo�
^bwe_dljbdZo� 

Y\e_gb_� fZ]gblgh]h� mihjy^hq_gby� j_Zebam_lky� g_� lhevdh� \�
djbklZeebq_kdbo�\_s_kl\Zo��gh�b�\�g_djbklZeebq_kdbo��Zfhjnguo��LZdh_�
mihjy^hq_ggh_� khklhygb_� h[gZjm`_gh� \� Zfhjnguo� kh_^bg_gbyo��
ihemq_gguo�[ukljhc�aZdZedhc�kieZ\h\��b�\�lhgdbo�ie_gdZo��Ihkdhevdm�\�
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Zfhjnguo�fZl_jbZeZo�hlkmlkl\m_l�djbklZeebq_kdZy�j_r_ldZ��lh�fZ]gblgZy�
Zgbahljhiby� ^he`gZ� [ulv� hq_gv� fZehc� b� lZdhc� fZl_jbZe� ^he`_g� [ulv�
fZ]gblhfy]dbf��>_ckl\bl_evgh��[ueh�ihemq_gh�fgh]h�Zfhjnguo�kieZ\h\�
gZ�hkgh\_�`_e_aZ�b�dh[ZevlZ��h[eZ^Zxsbo�hq_gv�fZehc�Gc��b�\ukhdbf���. 

GZ[ex^Zxlky� eb� jZkkfhlj_ggu_� \� wlhf� imgdl_� � fZ]gblh-
mihjy^hq_ggu_� khklhygby� \� ]hjguo� ihjh^Zo�� \� gZklhys__� \j_fy� kdZaZlv�
ljm^gh�� lZd� dZd� wlhl� \hijhk� ^_lZevgh� g_� bamqZeky�� H^gZdh� bf_xlky�
khh[s_gby� h� lhf�� qlh� \� ijbjh^guo� hdbkeZo� gZ[ex^Zebkv� khklhygby�
fbdlhfZ]g_lbafZ�b�kibgh\h]h�kl_deZ� 
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E _ d p b y � � �  

L?OGBQ?KDH?�G:F:=GBQB<:GB?�
N?JJBF:=G?LBDH< 

 
 
 
Bklbgguf� gZfZ]gbqb\Zgb_f� gZau\Z_lky� ijhp_kc�� ijb\h^ysbc� d�

\hagbdgh\_gbx� fZ]gblgh]h� fhf_glZ� djbklZeeZ� aZ� kq_l� hjb_glZpbb�
fZ]gblguo� fhf_glh\� hl^_evguo� Zlhfh\�� LZdh_� gZfZ]gbqb\Zgb_� ih^�
^_ckl\b_f� \g_rg_]h� fZ]gblgh]h� ihey� bf__l� f_klh� \� iZjZfZ]g_lbdZo��<�
n_jjbfZ]g_lbdZo� hjb_glZpby� �gZfZ]gbqb\Zgb_�� Zlhfguo� fZ]gblguo�
fhf_glh\� ijhbkoh^bl� aZ� kq_l� \gmlj_ggbo� \aZbfh^_ckl\bc��<� j_amevlZl_�
fZkkb\guc�n_jjbfZ]gblguc�h[jZa_p�ijb�L < θ �hdZau\Z_lky�khklhysbf�ba�
[hevrh]h� dhebq_kl\Z� fZdjhkdhibq_kdbo� mqZkldh\� �^hf_gh\��� dZ`^uc� ba�
dhlhjuo�gZfZ]gbq_g�ijZdlbq_kdb�^h�gZkus_gby��<�hlkmlkl\b_�\g_rg_]h�
fZ]gblgh]h� ihey� G�  � �� fZ]gblgu_� fhf_glu� ^hf_gh\� jZkij_^_eyxlky�
lZdbf� h[jZahf�� qlh[u� kmffZjgZy� gZfZ]gbq_gghklv� h[jZapZ� [ueZ� jZ\gZ�
gmex�� lZd� dZd� wlh� khhl\_lkl\m_l� fbgbfmfm� iheghc� k\h[h^ghc� wg_j]bb�
djbklZeeZ�� >hf_gu�� bf_xsb_� kh[kl\_ggu_� fZ]gblgu_� ihey��
jZkiheZ]Zxlky� lZd�� qlh[u� bo� ihey� aZfdgmebkv� \gmljb� h[jZapZ�� H^gZdh��
_keb� jZaf_ju� n_jjbfZ]g_lbdZ� jZ\gu� jZaf_jm� h^gh]h� ^hf_gZ�� lh� lZdZy�
h^gh^hf_ggZy�qZklbpZ�[m^_l�©gZfZ]gbq_gZª�ijZdlbq_kdb�^h�gZkus_gby�b�
ijb�G = 0. 

GZfZ]gbqb\Zgb_�fZkkb\gh]h�h[jZapZ�ih^�^_ckl\b_f�G�ij_^klZ\ey_l�
kh[hc�ijhp_kk�hjb_glZpbb�ih�gZijZ\e_gbx�G�hq_gv�[hevrbo�ih�\_ebqbg_�
fZ]gblguo� fhf_glh\� ^hf_gh\�� LZdh_� gZfZ]gbqb\Zgb_� gZau\Z_lky�
l_ogbq_kdbf� gZfZ]gbqb\Zgb_f� n_jjbfZ]g_lbdZ�� <hkijbbfqb\hklv�
l_ogbq_kdh]h�gZfZ]gbqb\Zgby�\ke_^kl\b_�[hevrbo�^hf_gh\�hq_gv�\_ebdZ��
hgZ�gZ�fgh]h�ihjy^dh\�ij_\hkoh^bl�$��iZjZfZ]g_lbdh\� 

H^gh\j_f_ggh� k� ihy\e_gb_f� kj_^g_]h� fZ]gblgh]h� fhf_glZ� � \h�
\g_rg_f� ihe_�G� m� h[jZapZ� \hagbdZ_l� kh[kl\_ggh_�fZ]gblgh_� � ihe_�Gi , 
gZijZ\e_ggh_� \� hkgh\ghf� ijhlb\hiheh`gh� G�� Ihwlhfm� gZ�
n_jjbfZ]gblguc�h[jZa_p�^_ckl\m_l�g_dh_�wnn_dlb\gh_�ihe_�Gwn : 

 
Gwn� G�–�Gi = H – NI     (93) 

 
]^_� I —� gZfZ]gbq_gghklv� h[jZapZ�� � N —� jZafZ]gbqb\Zxsbc� nZdlhj���
aZ\bkysbc�hl�nhjfu�h[jZapZ��Bklbggmx�l_ogbq_kdmx�\hkijbbfqb\hklv�$��
fh`gh�jZkkqblZlv�dZd�hlghr_gb_ 
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$ = 
wn

I I

H H NI
=

−
,    (94) 

hlkx^Z�ihemqZ_f 
'

I N '

χχ =
− χ

     (95) 

 
]^_�$’ = I �G –�lZd�gZau\Z_fZy�dZ`msZyky�fZ]gblgZy�\hkijbbfqb\hklv� 
 

GZ� hl^_evguc� ^hf_g� \gmljb� h[jZapZ� gZjy^m� k� \g_rgbf� ihe_f� G 
^_ckl\mxl�lZd`_�ihey�jZkk_ygby�hl�^jm]bo�b�jZkkfZljb\Z_fh]h�^hf_gh\��
Wlh�fh`_l� ijb\h^blv� d� g_h^ghjh^ghfm� jZkij_^_e_gbx�Hi� b�Gwn� \gmljb�
h[jZapZ�b�khhl\_lkl\_ggh�d�g_h^ghjh^ghfm�gZfZ]gbqb\Zgbx�h[jZapZ� 

Ihfbfh� fZ]gblhklZlbq_kdh]h� \aZbfh^_ckl\by� ^jm]� k� ^jm]hf�
fZ]gblgu_�fhf_glu�^hf_gh\�\aZbfh^_ckl\mxl�k�djbklZeebq_kdbf�ihe_f�
j_r_ldb��<_ebqbgu�wlbo�\aZbfh^_ckl\bc�aZ\bkyl�hl�mijm]bo�^_nhjfZpbc�
\�j_r_ld_��hl�nhjfu�h[jZapZ��hl�^bnnmabhgguo�ijhp_kkh\�\�djbklZee_�b�
l�^�� Wlb� \aZbfh^_ckl\by� \� hlebqb_� hl� h[f_ggh]h� bf_xl� Zgbahljhiguc�
oZjZdl_j�� qlh� ijb\h^bl� d� ihy\e_gbx� \� djbklZee_� wg_j]_lbq_kdb�
\u^_e_gguo� hk_c�� \^hev� dhlhjuo� hjb_glbjmxlky� fZ]gblgu_� fhf_glu�
^hf_gh\��lZd�dZd�wlh�kgb`Z_l�ihegmx�k\h[h^gmx�wg_j]bx�djbklZeeZ��>ey�
lh]h�� qlh[u� jZa\_jgmlv� fZ]gblguc� fhf_gl� ^hf_gZ� ba� wg_j]_lbq_kdb�
\u]h^gh]h� gZijZ\e_gby� �gZijZ\e_gb_� � e_]qZcr_]h� gZfZ]gbqb\Zgby�� \�
g_dhlhjh_� ^jm]h_� gZijZ\e_gb_�� g_h[oh^bfh� aZljZlblv� wg_j]bx� gZ�
ij_h^he_gb_� jZa^_eyxs_]h� wlb� gZijZ\e_gby� wg_j]_lbq_kdh]h� [Zjv_jZ��
>hf_ggu_� ]jZgbpu� lZd`_� jZkiheZ]Zxlky� \� ehdZevguo� wg_j]_lbq_kdbo�
fbgbfmfZo�� jZa^_e_gguo� wg_j]_lbq_kdbfb� [Zjv_jZfb�� dhlhju_�
ij_h^he_\Zxlky�^hf_ggufb�]jZgbpZfb� �ijb�bo�^\b`_gbb�ih^�^_ckl\b_f�
gZfZ]gbqb\Zxs_]h� ihey� G�� Bg^b\b^mZevguc� wg_j]_lbq_kdbc� [Zjv_j�
oZjZdl_jbam_lky� djblbq_kdbf� ihe_f� G0�� ijhihjpbhgZevguf� ]jZ^b_glm�
wg_j]bb� ?� [Zjv_jZ�� Ijb� \jZs_gbb� fZ]gblgh]h� fhf_glZ� \� gZijZ\e_gbb�

0: Gθ ~ ? � �∂ ∂θ ��ijb�kf_s_gbb�^hf_gghc�]jZgbpu�\�gZijZ\e_gbb�o: G0 ~  

;/ o? ∂∂ Kbkl_fZ� wg_j]_lbq_kdbo� [Zjv_jh\�� h[mkeh\e_ggZy� Zgbahljhigufb 
fZ]gblgufb� \aZbfh^_ckl\byfb�� ij_iylkl\m_l� gZfZ]gbqb\Zgbx�
fgh]h^hf_ggh]h�djbklZeeZ�\h�\g_rg_f�ihe_�G��Ijb�m\_ebq_gbb�ihey�G�^h�
g_h[oh^bfuo� ij_^_eh\� [Zjv_ju� ij_h^he_\Zxlky� b� h[jZa_p�
gZfZ]gbqb\Z_lky� 

Djb\Zy�gZfZ]gbqb\Zgby�H:�n_jjbfZ]gblgh]h�h[jZapZ�ij_^klZ\e_gZ�
gZ�jbk����� 
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Jbk������Ko_fZ�ihegh]h�pbdeZ�l_ogbq_kdh]h�gZfZ]gbqb\Zgby�
n_jjhfZ]g_lbdZ 

 
 
<� keZ[uo� iheyo� ijhbkoh^yl� lhevdh� h[jZlbfu_� kf_s_gby�

f_`^hf_gguo� kl_ghd� �]jZgbp��� \� [he__� kbevguo� bgl_gkb\gh� b^ml�
g_h[jZlbfu_�kf_s_gby�]jZgbp��b��gZdhg_p�� �\�^hklZlhqgh�kbevguo�iheyo�
hkms_kl\eyxlky� ijhp_kku� \jZs_gby� fZ]gblguo� fhf_glh\� ^hf_gh\�� <�
iheyo�� ij_\urZxsbo� ihe_� gZkus_gby� �Gs� � h[jZa_p� ij_^klZ\ey_l� kh[hc�
_^bguc� � ^hf_g� � k� � gZfZ]gbq_gghklvx�� � jZ\ghc� kihglZgghc� gZfZ]gb-
q_gghklb�Is. 

 
 
=bkl_j_abk 
 
Kbkl_fZ�ihl_gpbZevguo� wg_j]_lbq_kdbo�[Zjv_jh\��ij_iylkl\mxsZy�

gZfZ]gbqb\Zgbx� n_jjbfZ]gblgh]h� h[jZapZ�� ihke_� gZfZ]gbqb\Zgby�
ij_iylkl\m_l�_]h�jZafZ]gbqb\Zgbx��<�j_amevlZl_�ijb�mf_gvr_gbb�ihey�k�
Gs� ^h� �� qZklv� gZfZ]gbq_gghklb� h[jZapZ� �IR < Is�� aZ^_j`b\Z_lky�
wg_j]_lbq_kdbfb� [Zjv_jZfb� ijb� G�  � ��� Bf_ggh� gZ� hkgh\_� wlh]h�
aZf_qZl_evgh]h�k\hckl\Z�n_jjbfZ]gblguo�fZl_jbZeh\�–�fZ]gblghc�iZfylb�
–�kha^Zxlky�ihklhyggu_�fZ]gblu��aZibku\Z_lky�gZ�fZ]gblhnhgghc�e_gl_�
a\md��Z�]hjgu_�ihjh^u�khojZgyxl�bklhjbx�]_hfZ]gblgh]h�ihey� 

<� n_jjbfZ]gblghf� h[jZap_� kms_kl\m_l� [hevrh_� dhebq_kl\h�
wg_j]_lbq_kdb� \u]h^guo� gZijZ\e_gbc� hjb_glZpbb� fZ]gblguo� fhf_glh\�
^hf_gh\� b� ehdZevguo� fbgbfmfh\� ^ey� jZkiheh`_gby� ^hf_gguo� ]jZgbp��
Ihke_�hldexq_gby�ihey�fZ]gblgu_�fhf_glu�^hf_gh\�b�^hf_ggu_�]jZgbpu�
jZkiheZ]Zxlky� \� [eb`Zcrbo� wg_j]_lbq_kdb� \u]h^guo� ihabpbyo�� <�
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bkoh^gh_� khklhygb_� hgb� \_jgmlvky� g_�fh]ml�� lZd� dZd� wlhfm�ij_iylklmxl�
wg_j]_lbq_kdb_� [Zjv_ju�� dhlhju_� [ueb� bfb� ij_h^he_gu� ih^� ^_ckl\b_f�
ihey� G�� L_i_jv� ^ey� \ha\jZs_gby� \� bkoh^gh_� iheh`_gb_� g_h[oh^bfh�
ijbeh`blv�ihe_�ijhlb\hiheh`gh]h�G�gZijZ\e_gby��Y\e_gb_�g_kh\iZ^_gby�
djb\uo� gZfZ]gbqb\Zgby� b� i_j_fZ]gbqb\Zgby� n_jjbfZ]gblgh]h� h[jZapZ�
gZau\Z_lky�fZ]gblguf�]bkl_j_abkhf� 

GZ�jbk�����ij_^klZ\e_g�\_kv�dhfie_dk�l_ogbq_kdh]h�gZfZ]gbqb\Zgby� 
I_ley� ]bkl_j_abkZ� �<�� –Gc� �� :�� Gc� �� <�� b� i_j\hgZqZevgZy� djb\Zy�

gZfZ]gbqb\Zgby� �H:�� bf_xl� k\h_h[jZagmx� nhjfm� ^ey� dZ`^h]h�
n_jjbfZ]gblgh]h�\_s_kl\Z��<�keZ[uo�fZ]gblguo�iheyo��G�����Gc���J_e__f�
ihemq_gZ�wfibjbq_kdZy�aZ\bkbfhklv�gZfZ]gbq_gghklb�hl�ihey�G 

 
,� �$o+����+

2        (96) 
 

b�hklZlhqghc�gZfZ]gbq_gghklb 
21

2rI H= ± β ,     (97) 

 
]^_� �$o —�gZqZevgZy�fZ]gblgZy�\hkijbbfqb\hklv�� �� —�ihklhyggZy�J_e_y��
<_ebqbgZ� kihglZgghc� gZfZ]gbq_gghklb� IS�� Z� lZd`_� \_ebqbgZ�gZkus_gby�
HS, IrS�� dhwjpblb\gZy� kbeZ� GcS �� Z� lZd`_� \_ebqbgu� $o� b� �� y\eyxlky�
oZjZdl_jgufb�iZjZf_ljZfb�^ey�dZ`^h]h�dhgdj_lgh]h�n_jjbfZ]g_lbdZ� 

 
Dhwjpblb\gZy�kbeZ� 
HklZlhqgh-dhwjpblb\gZy�kbeZ 
 
Dhwjpblb\gZy� kbeZ� Gc —� \Z`g_crZy� oZjZdl_jbklbdZ�

n_jjbfZ]g_lbdZ�� HgZ� oZjZdl_jbam_l� mklhcqb\hklv� �klZ[bevghklv��
hklZlhqghc� gZfZ]gbq_gghklb� —� lZd� gZau\Z_fmx� fZ]gblgmx� `_kldhklv�
h[jZapZ��Dhwjpblb\gZy�kbeZ�jZ\gZ�fZdkbfZevguf�agZq_gbyf�djblbq_kdh]h�
ihey��mkj_^g_gguf�ih�\k_fm�h[t_fm��n_jjbfZ]gblgh]h�h[jZapZ� 

 
2
0c maxH H= .     (98) 

 
Q_f�[hevr_�Gc,��l_f�[hevrb_�ihey�lj_[mxlky�^ey�i_j_fZ]gbqb\Zgby��

<� k\yab� k� l_f�� qlh� kihkh[ghklv� d� gZfZ]gbqb\Zgbx� oZjZdl_jbam_l�
fZ]gblgZy� \hkijbbfqb\hklv�� kms_kl\m_l� mgb\_jkZevgh_� khhlghr_gb_�
f_`^m�Gc���b�gZqZevghc�fZ]gblghc�\hkijbbfqb\hklvx��$o : 

 

0

s
c

I
H a=

χ
.      (99) 

]^_�Z  —�g_dhlhjZy�dhgklZglZ��^ey�fgh]bo�\_s_kl\�[ebadZy�d�_^bgbp_� 
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<�fZ]g_lbaf_�]hjguo�ihjh^�ijbgylh�oZjZdl_jbah\Zlv�mklhcqb\hklv�Ir  
hklZlhqgh-dhwjpblb\ghc�kbehc�Gcr ��dhlhjZy�baf_jy_lky��gZijy`_gghklvx�
ihey��k\h^ys_]h�d�gmex�hklZlhqgmx�gZfZ]gbq_gghklv��Ihke_�\udexq_gby�
ihey�G� �Gcr��gZfZ]gbq_gghklv�h[jZapZ��baf_j_ggZy�ijb�G� ����jZ\gZ�gmex��
HklZlhqgh-dhwjpblb\gmx� kbem� gZkus_gby� �Gcr�� fh`gh� hij_^_eblv� ih�
djb\hc�aZ\bkbfhklb��Ir (G). 

 
JZafZ]gbqb\Zgb_�n_jjbfZ]gblgh]h�h[jZapZ� 
B^_ZevgZy�gZfZ]gbq_gghklv 
 
?keb�h[jZa_p�gZfZ]gbq_g�\�g_dhlhjhf�ihe_�G1���lh�ijhlb\hiheh`gh�

gZijZ\e_ggh_� ihe_� G2  = –G1� � i_j_fZ]gbqb\Z_l�� Z� g_� jZafZ]gbqb\Z_l�
h[jZa_p�� >ey� lh]h�� qlh[u� jZafZ]gblblv� h[jZa_p�� ke_^m_l� gZ]j_lv� _]h� ^h�
L � θ � b� aZl_f� hoeZ^blv� ^h� dhfgZlghc� l_fi_jZlmju� L0� � � \� hlkmlkl\b_�
\g_rg_]h� fZ]gblgh]h� ihey� �G�  � ���� Ihemq_ggh_� lZdbf� h[jZahf�
jZafZ]gbq_ggh_� khklhygb_� y\ey_lky� b^_Zevguf� jZafZ]gbq_gguf�
khklhygb_f�� ijb� dhlhjhf� ^hf_gu� b� ^hf_ggu_� ]jZgbpu� aZgbfZxl�
wg_j]_lbq_kdb� gZb[he__� \u]h^gu_� ihabpbb��LZdh_� khklhygb_� gZau\Z_lky�
Z[khexlgh�gme_\uf�khklhygb_f��:GK�� 

Ihemq_gb_�:GK�y\ey_lky�^ebl_evguf�ijhp_kkhf��Z�ih�hlghr_gbx�d�
]hjguf�ihjh^Zf�\h�fgh]bo�kemqZyo�g_ijb_febfuf�ijhp_kkhf��lZd�dZd�ijb�
gZ]j_\Zgbb� ijhbkoh^yl� obfbq_kdb_� ij_\jZs_gby� n_jjbfZ]gblguo�
fbg_jZeh\�� Ihwlhfm� ^ey� ^hklb`_gby� jZafZ]gbq_ggh]h� khklhygby�
bkihevam_lky� lZd`_� jZafZ]gbqb\Zgb_� \� i_j_f_gghf� fZ]gblghf� ihe_� h  
ijhfure_gghc� qZklhlu� ���� =p��� >ey� gZb[he__� wnn_dlb\gh]h�
jZafZ]gbqb\Zgby� \� h� fZdkbfZevgZy� Zfieblm^Z� hmax� � ^he`gZ� [ulv� g_�
f_gvr_� ihey� gZkus_gby� GS  (hmax�� HS�� ^ey� ^Zggh]h� h[jZapZ��
JZafZ]gbq_ggh_� khklhygb_�� ihemq_ggh_� \� h�� gZau\Z_lky� gme_\uf�
khklhygb_f��GK�� 

GK� g_� y\ey_lky� b^_Zevgh� jZafZ]gbq_gguf� khklhygb_f�� lZd� dZd� h 
^_ckl\m_l� lhevdh� \^hev� hij_^_e_gghc� hkb�� qlh� ijb\h^bl� d� kha^Zgbx�
g_dhlhjhc� h^ghhkghc� l_dklmju� \� h[jZap_�� >ey� ihemq_gby� [he__�
kh\_jr_ggh]h�� q_f� GK�� jZafZ]gbq_ggh]h� khklhygby� h[jZa_p� \jZsZxl� \�
lj_o� \aZbfgh� i_ji_g^bdmeyjguo� gZijZ\e_gbyo� \h� \j_fy� \ha^_ckl\by� gZ�
g_]h��h. 

Ijb� hij_^_e_gguo� mkeh\byo� hkms_kl\ey_lky� lZd� gZau\Z_fh_�
b^_Zevgh_��[_a]bkl_j_abkgh_��gZfZ]gbqb\Zgb_��=bkl_j_abk��h[mkeh\e_gguc�
g_h[jZlbfufb� ijhp_kkZfb� gZfZ]gbqb\Zgby�� ijhbkoh^ysbfb� ba-aZ�
gZebqby� kbkl_fu� wg_j]_lbq_kdbo� [Zjv_jh\�� fh`gh� bkdexqblv�� _keb� \�
ijhp_kk_� gZfZ]gbqb\Zgby� b� i_j_fZ]gbqb\Zgby� h[jZapZ� ijb� dZ`^hf�
agZq_gbb�ihklhyggh]h�ihey�G�\\h^blv�^h�fZdkbfZevghc�Zfieblm^u��h ��Gs 
�� b� mf_gvrZlv� ^h� gmey� i_j_f_ggh_� ihe_� h�� <� wlhf� kemqZ_� ijb� dZ`^hf�
agZq_gbb�ihey��G�^hklb]Z_lky�jZ\gh\_kgh_�khklhygb_��ihwlhfm�]bkl_j_abkZ�
g_� [m^_l� b� gZ� djb\hc� gZfZ]gbqb\Zgby� h[jZapZ� g_� [m^_l� hljZ`Zlvky� _]h�
fZ]gblgZy�ij_^uklhjby��jbk����� 
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Jbk������Ko_fZ�b^_Zevgh]h�
�[_a]bkl_j_abkgh]h��
gZfZ]gbqb\Zgby 

 
 

LZg]_gk�m]eZ�gZdehgZ� � tgϕ �b^_Zevgh]h�h^ghjh^gh]h�n_jjbfZ]g_lbdZ�\�
ij_^_e_� [_kdhg_q_g�� Dhg_qghklv� � � tgϕ � aZ\bkbl� hl� jZafZ]gbqb\Zxs_]h�
nZdlhjZ�h[jZapZ��N��<�kemqZ_�]hjguo�ihjh^�nZdlhj��N §���b�m]he�gZdehgZ�
ϕ � hij_^_ey_lky� \gmlj_ggbfb� jZafZ]gbqb\Zxsbfb� iheyfb� a_j_g�
n_jjbfZ]gblguo� fbg_jZeh\�� Q_f� f_gvr_� ϕ �� l_f� [hevr_�
fZ]gblhklZlbq_kdh_�\aZbfh^_ckl\b_�f_`^m�a_jgZfb� 
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E _ d p b y � � �  

H>GH>HF?GGU?�Q:KLBPU. 
KMI?JI:J:F:=G?LBAF��F:=GBLG:Y�<YADHKLV 
 
 
 
<� hq_gv� fZeuo� qZklbpZo� h[jZah\Zgb_� ^hf_gghc� kljmdlmju�

wg_j]_lbq_kdb� g_\u]h^gh�� lZd� dZd� gZ� h[jZah\Zgb_� ^hf_gghc� ]jZgbpu�
lj_[m_lky�aZljZlblv�jZ[hlm��k\yaZggmx�k�ij_h^he_gb_f�wg_j]bb�h[f_ggh]h�
\aZbfh^_ckl\by�� djbklZeeh]jZnbq_kdhc� Zgbahljhibb� b� ^j�� Djblbq_kdbc�
jZ^bmk�h^gh^hf_gghc�kn_jbq_kdhc�qZklbpu�ijb[eb`_ggh�fh`gh�hp_gblv�
lZd 

R0 = 9e]j/4�,
2
s , 

 
]^_� � e]j —� ih\_joghklgZy� iehlghklv� wg_j]bb� ]jZgbpu�� >ey� fZ]g_lblZ��
R0 § 3 Â��-8

�f��^ey�]_fZlblZ���R0 §��Â ⋅  10-3
��f� 

GZfZ]gbqb\Zgb_�h^gh^hf_gghc�qZklb�hkms_kl\ey_lky�\�hkgh\ghf�k�
ihfhsvx�ijhp_kkh\�\jZs_gby��Is��>ey�h^ghhkghc�qZklbpu�k�wnn_dlb\ghc�
dhgklZglhc�Zgbahljhibb�D�\hafh`gh�^\Z�ijhp_kkZ�\jZs_gby�–�h[jZlbfuc�
b�g_h[jZlbfuc���<�i_j\hf�kemqZ_�gZ[ex^Z_lky�ih\hjhl�Is��ih^�^_ckl\b_f�G�
hl�hkb�Zgbahljhibb�gZ�θ  max� ������\h�\lojhf�kemqZ_�–�i_j_[jhk�Is��gZ��θ � ����
\^hev� hkb� Zgbahljhibb�� H[uqgh� bamqZ_lky� gZfZ]gbqb\Zgb_� g_� h^ghc�
qZklbpu�� Z� ZgkZf[ey� h^gh^hf_gguo� dZd� g_\aZbfh^_ckl\mxsbo�� lZd� b�
fZ]gblh\aZbfh^_ckl\mxsbo� qZklbp�� :gkZf[ev� h^gh^hf_gguo�
n_jjbfZ]gblguo� qZklbp�� aZp_f_glbjh\Zgguo� \� g_fZ]gblghc�fZljbp_�— 
ohjhrZy�fh^_ev�h[jZapZ�]hjghc�ihjh^u��Wlh��ih-kms_kl\m��gZghqZklbpu� 

GZ� gZfZ]gbqb\Zgb_� h^gh^hf_gghc� qZklbpu� hdZau\Z_l� \ebygb_�
wg_j]by�l_ieh\h]h�^\b`_gby��kL��lZd�dZd�k�\_jhylghklvx��a�e-N#/kT

�\hafh`gh�
kZfhijhba\hevgh_� i_j_fZ]gbqb\Zgb_� qZklbpu� �#� —� h[t_f� qZklbpu���
QZklbpu�\� aZ\bkbfhklb�hl�h[t_fZ� �#�\�fZ]gblghf�hlghr_gbb�\_^ml�k_[y�
ih-jZaghfm�� hgb� fh]ml� [ulv� klZ[bevgufb� �\j_fy� kZfhijhba\hevgh]h�
i_j_fZ]gbqb\Zgby� � 2� �� ��� �C��� kmi_jiZjZfZ]gblgufb� �2� �� �� c��� g_�
m^_j`b\Zxsbfb� hklZlhqgmx� gZfZ]gbq_gghklv�� b� ijhf_`mlhqgufb� �beb�
fZ]gblh\yadbfb�� 

(1 c ��2 ��109c). 
 

FZ]gblh\yadbfb� k\hckl\Zfb� h[eZ^Zxl� g_� lhevdh� h^gh^hf_ggu_�
qZklbpu��gh�b�ijZdlbq_kdb�\k_�n_jjbfZ]gblgu_�fZl_jbZeu��\� lhf�qbke_�
]hjgu_� ihjh^u�� Kmlv� y\e_gby� fZ]gblghc� \yadhklb� �fZ]gblgh]h�
ihke_^_ckl\by�� aZdexqZ_lky� \� hlklZ\Zgbb� \h� \j_f_gb� mklZgh\e_gby 
l_jfh^bgZfbq_kdh]h�jZ\gh\_kby�\�^hf_gghc� kljmdlmj_�n_jjbfZ]gblgh]h�
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h[jZapZ� hl� baf_g_gby� \g_rgbo� mkeh\bc�� ij_`^_� \k_]h� \g_rg_]h�
fZ]gblgh]h� ihey� G�� <� j_amevlZl_� gZ[ex^Zxlky� baf_g_gby� k� l_q_gb_f�
\j_f_gb� gZfZ]gbq_gghklb�� fZ]gblghc� \hkijbbfqb\hklb�� dhwjpblb\ghc�
kbeu� b� ^jm]bo� fZ]gblguo� iZjZf_ljh\�� OZjZdl_jgu_� \j_f_gZ� wlbo�
baf_g_gbc�bf_xl� hq_gv�rbjhdb_�ij_^_eu��Hgb�fh]ml� khklZ\eylv�fZeu_�
^heb� k_dmg^� ^ey� g_dhlhjuo� n_jjbfZ]g_lbdh\� b� ^_kyldb� lukyq� e_l� ^ey��
ijbjh^guo�n_jjbfZ]g_lbdh\��FZ]gblh\yadb_��y\e_gby�\�n_jjbfZ]g_lbdZo�
h[mkeh\e_gu� ij_`^_� \k_]h� bo� kljmdlmjgufb� hkh[_gghklyfb�� jZaf_jZfb�
a_jgZ�� ^_n_dlZfb� djbklZeebq_kdhc� j_r_ldb�� bo� ^bnnmab_c� b� ^jm]bfb�
keh`gufb�ijhp_kkZfb� \�n_jjbfZ]gblghf� a_jg_��gZ� ]jZgbp_� a_j_g�b� l�i��
Khhl\_lkl\_ggh��iZjZf_lju��oZjZdl_jbamxsb_�fZ]gblgmx�\yadhklv��g_kml�
bgl_j_kgmx�nbabq_kdmx�bgnhjfZpbx��h^gZdh�ijZ\bevgZy�bgl_jij_lZpby�
fZ]gblh\yadbo�^Zgguo�ij_^klZ\ey_l�\_kvfZ�keh`gmx�aZ^Zqm� 

 
HklZlhqgZy�gZfZ]gbq_gghklv�ba\_j`_gguo�]hjguo�ihjh^ 
 
=hjgu_� ihjh^u� \h� \j_fy� k\h_]h� h[jZah\Zgby� gZfZ]gbqb\Zxlky� \ 

]_hfZ]gblghf�ihe_�G=F §�� �����W��GZoh^ykv� � � in situ�\�G=F� �hgb�h[eZ^Zxl�
gZfZ]gbq_gghklvx��I, jZ\ghc 

 
I  �$oH=F+In,    (100) 

 
]^_� � $o —� gZqZevgZy� fZ]gblgZy� \hkijbbfqb\hklv�� � In —� _kl_kl\_ggZy�
hklZlhqgZy�gZfZ]gbq_gghklv��Baf_j_gby�ihdZau\Zxl��qlh�gZijZ\e_gb_� In 
g_�kh\iZ^Z_l�k�G=F� � ��m]he�f_`^m� � In� �b�G=F� �fh`_l�^hklb]Zlv� ���

o
� ��Wlh�

h[tykgy_lky�l_f��qlh�In��ihjh^u�h[jZah\ZeZkv�\�^j_\g_f�]_hfZ]gblghf�ihe_�
G]^j� �� dhlhjh_� bf_eh� khhl\_lkl\mxs__� gZijZ\e_gb_�� g_� kh\iZ^Zxs__� k�
gZijZ\e_gb_f�kh\j_f_ggh]h�G=F��GZ�baf_j_gbb�gZijZ\e_gby� In�hkgh\Zgu�
iZe_hfZ]gblgu_�bkke_^h\Zgby� 

Hkgh\ghc� ijh[e_fhc� fZ]g_lbafZ� ^j_\gbo� ]hjguo� ihjh^� y\ey_lky�
ijh[e_fZ�\hagbdgh\_gby�In�b�__�^Zevg_cr_]h�baf_g_gby�aZ�]_heh]bq_kdh_�
\j_fy� k� fhf_glZ� h[jZah\Zgby� ^h� gZrbo� ^g_c�� <� ba\_j`_gguo� ]hjguo�
ihjh^Zo�i_j\bqgZy�gZfZ]gbq_gghklv�In0�\hagbdZ_l�ijb�hoeZ`^_gbb�ihjh^�\�
]_hfZ]gblghf�ihe_�^h�l_fi_jZlmju�L0��^g_\ghc�ih\_joghklb�A_feb��LZdZy�
gZfZ]gbq_gghklv� gZau\Z_lky� l_jfhhklZlhqghc� gZfZ]gbq_gghklvx� IrT� �� \�
bghkljZgghc�ebl_jZlmj_�TRM). 

L_jfhhklZlhqgZy� gZfZ]gbq_gghklv� \hagbdZ_l� aZ� kq_l� hjb_glZpbb� \�
G=F� � ^hf_gh\� �beb� h^gh^hf_gguo� qZklbp�� ijb� lZd� gZau\Z_fhc�
[ehdbjmxs_c�l_fi_jZlmj_�LB���dhlhjZy�gZ�g_kdhevdh�]jZ^mkh\�gb`_�lhqdb�
Dxjb�n_jjbfZ]gblguo�fbg_jZeh\��kh^_j`Zsboky�\�ihjh^_� 
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Ijb� L = LB� � � wg_j]_lbq_kdb_� [Zjv_ju� \� fbg_jZeZo� hq_gv� fZeu��
ihwlhfm�\�G=F���hjb_glbjm_lky�gZfgh]h�[hevr__�qbkeh�^hf_gh\�ijb�wlhc�
l_fi_jZlmj_�� q_f� ijb� L = L0� � �� L_jfhhklZlhqgZy� gZfZ]gbq_gghklv� g_��
lhevdh� gZ� �–�� ihjy^dZ� [hevr_�� q_f� hklZlhqgZy� gZfZ]gbq_gghklv��
\hagbdZxsZy� \� lhf� `_� ihe_� ijb� L = L0� � �ghjfZevgZy� hklZlhqgZy�
gZfZ]gbq_gghklv� Ir� ��� gh� b� h[eZ^Z_l� kms_kl\_ggh� [hevr_c�� q_f� Ir  
klZ[bevghklvx��M`_�\�ijhp_kk_�hoeZ`^_gby�ihjh^u�\hafh`gu�obfbq_kdb_�
ij_\jZs_gby� n_jjbfZ]gblguo� fbg_jZeh\�� gZijbf_j��
\ukhdhl_fi_jZlmjgh_� hdbke_gb_�� Obfbq_kdb_� ijhp_kku� \� fbg_jZeZo�
fh]ml� ijhbkoh^blv� lZd`_� gZ� jZaebqguo� wlZiZo� ]_heh]bq_kdhc� bklhjbb�
ihjh^u� 

Ijb� jhkl_� gh\hh[jZah\Zgguo� ijb� obfbq_kdbo� ij_\jZs_gbyo�
fbg_jZeh\� \hagbdZ_l� lZd� gZau\Z_fZy� obfbq_kdZy� hklZlhqgZy�
gZfZ]gbq_gghklv� Irk� �\�bghkljZgghc�ebl_jZlmj_�CRM). ?keb� � Ir \hagbdZ_l�
ijb� \ukhdbo� l_fi_jZlmjZo�� [ebadbo� d� θ � h[jZamxsboky�fbg_jZeh\�� lh� \�
ijhp_kk_� hoeZ`^_gby� ihjh^u� \� wlbo� fbg_jZeZo� h[jZam_lky� b�
l_jfhhklZlhqgZy� gZfZ]gbq_gghklv�� Ijb� l_fi_jZlmjZo� [ebadbo� d� L0  
obfbq_kdZy�gZfZ]gbq_gghklv�\hagbdZ_l� aZ� kq_l�hjb_glZpbb�hq_gv�fZeuo��
h^gh^hf_gguo�qZklbp��^hklb]rbo�g_dhlhjh]h�h[t_fZ�#\���[ehdbjmxs_]hky�
h[t_fZ���H[t_f� � #\� y\ey_lky� i_j_oh^guf� f_`^m� kmi_jiZjZfZ]gblguf� b�
klZ[bevguf� h^gh^hf_gguf� h[t_fhf� ^ey� n_jjbfZ]gblghc� qZklbpu��
ihwlhfm� qZklbpu� k� lZdbfb� h[t_fZfb� h[eZ^Zxl� hq_gv� fZe_gvdbfb�
wg_j]_lbq_kdbfb�[Zjv_jZfb��<� j_amevlZl_� \�G=F� �h[jZam_lky�[hevrZy�ih�
\_ebqbg_�b�klZ[bevghklb��kjZ\gbfZy�k�Irl��obfbq_kdZy�gZfZ]gbq_gghklv��<�
hlebqb_� hl� Irl� obfbq_kdZy� gZfZ]gbq_gghklv� kms_kl\m_l� lhevdh� \�
h^gh^hf_gguo�qZklbpZo�� lZd� dZd�ijb� jhkl_�qZklbp�ijb�L0� � �^h�jZaf_jh\�
fgh]h^hf_gguo�\hagbdZxl�aZfudZxsb_�^hf_gu�aZ�kq_l�\gmlj_ggbo�ihe_c�
jZkk_ygby��dhlhju_�wdjZgbjmxl���Irc. 

Ihke_� hoeZ`^_gby� ihjh^u� ^h� L = L0� � � __� fZ]gblgh_� khklhygb_�
y\ey_lky�g_jZ\gh\_kguf��lZd�dZd��In0��\hagbdeZ�ijb�\ukhdbo�l_fi_jZlmjZo�
b�m^_j`b\Z_lky�aZ�kq_l�wg_j]_lbq_kdbo�[Zjv_jh\��dhlhju_�kbevgh�\hajhkeb�
\�ijhp_kk_�hoeZ`^_gby��K�l_q_gb_f�\j_f_gb�\�fZ]gblguo�fbg_jZeZo�b^ml�
j_eZdkZpbhggu_�ijhp_kku��\�j_amevlZl_�dhlhjuo�In0����fh`_l�mf_gvrZlvky���
clZ[bevghklv� In0� � fh`_l� \hajZklZlv�� Z� lZd`_� fh`_l� \hagbdZlv� lZd�
gZau\Z_fZy�\yadZy�gZfZ]gbq_gghklv��HklZlhqgZy�\yadZy�gZfZ]gbq_gghklv�
h[hagZqZ_lky��IU# �\�bghkljZgghc�ebl_jZlmj_�VRM).   

GZfZ]gbq_gghklv� IU#�� dZd� ijZ\beh�� h[jZam_lky� aZ� kq_l�
fZ]gblh^bnnmabhgguo� ijhp_kkh\�� ijhoh^ysbo� \� fZ]gblguo� fbg_jZeZo��
Jhkl� IU# k� l_q_gb_f� \j_f_gb� t� � ijhihjpbhgZe_g� � lnt� ��H^gZdh� ijb� hq_gv�
^ebl_evghf�jhkl_�gZ[ex^Z_lky�l_g^_gpby�d�gZkus_gbx��IU#��KlZ[bevghklv��
IU#� \� ba\_j`_gguo� ihjh^Zo�� dZd� ijZ\beh�� kms_kl\_ggh� f_gvr_�
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klZ[bevghklb� � Irl�b� � Irk� ��ihwlhfm�ihy\ey_lky�\hafh`ghklv�jZajmr_gby� �IU#  
ijb� gZ]j_\_� b� ijb� jZafZ]gbqb\Zgbb� h[jZapZ� \� i_j_f_gghf� ihe_� h� � ijb�
ijZdlbq_kdb�iheghc�beb�qZklbqghc�khojZgghklb� �Irl �beb�IU#���Wlhl�ijb_f�
jZajmr_gby�\lhjbqguo�dhfihg_gl��In��gZau\Z_lky�fZ]gblghc�qbkldhc� 

Lhevdh� \� hl^_evguo� kemqZyo� _kl_kl\_ggZy� hklZlhqgZy�
gZfZ]gbq_gghklv� In ba\_j`_gghc� ]hjghc� ihjh^u� y\ey_lky� ©qbklhcª� � Irl . 
IjZdlbq_kdb�\�khklZ\_� In� �bf__lky� � IU#� ��Z�\�jy^_�kemqZ_\� -  Irc��<�l_q_gb_�
]_heh]bq_kdhc�`bagb�ba\_j`_gghc�]hjghc�ihjh^u�baf_gy_lky�gZijZ\e_gb_�
]_hfZ]gblgh]h�ihey��qlh�ijb\h^bl�d�baf_g_gbx�gZijZ\e_gby� �IU# ��ihjh^Z�
fh`_l�ih^\_j]Zlvky�qZklbqguf�gZ]j_\Zf�� l_dlhgbq_kdbf�gZijy`_gbyf�b�
l�i��<k_�wlb�\ha^_ckl\by�gZ�ihjh^m�baf_gyxl�\�lhc�beb�bghc�kl_i_gb��In . 
LZdbf�h[jZahf��_kl_kl\_ggZy�hklZlhqgZy�gZfZ]gbq_gghklv�]hjghc�ihjh^u�
aZ\bkbl�hl�khklZ\Z�n_jjbfZ]gblghc�njZdpbb��l_jfh^bgZfbq_kdbo�mkeh\bc�
h[jZah\Zgby�ihjh^u�b� mkeh\bc�b� kh[ulbc� __�^Zevg_cr_c� ]_heh]bq_kdhc�
bklhjbb� 

BamqZy�dhfihg_glguc�khklZ\� � In� ��khklZ\�b�hkh[_gghklb�fZ]gblguo�
fbg_jZeh\��bo�obfbq_kdb_�ij_\jZs_gby��\�ijbgpbi_�\hafh`gh�mklZgh\blv�
mkeh\by� h[jZah\Zgby� In� b� __� ihke_^mxs_]h� kms_kl\h\Zgby�� AZ^ZqZ� wlZ�
hq_gv�keh`gZ��hgZ�hlghkblky�d�lZd�gZau\Z_fuf�h[jZlguf�]_hnbabq_kdbf�
aZ^ZqZf�� lj_[mxsbf� ^ey� k\h_]h� j_r_gby� g_dhlhjhc� ^hihegbl_evghc�
Zijbhjghc� bgnhjfZpbb�� L_f� g_� f_g__�� \� jy^_� kemqZ_\� wlm� aZ^Zqm�� ih�
djZcg_c�f_j_��qZklbqgh��m^Z_lky�j_rblv� 
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E _ d p b y � � �  

IJH;E?FU�I:E?HF:=G?LBAF:�B�BG<?JKBC�

=?HF:=GBLGH=H�IHEY 
 
 
 
Hkh[_gghklb�iZe_hfZ]gblguo�baf_j_gbc 
 
Ijb�iZe_hfZ]gblguo�bkke_^h\Zgbyo�baf_jy_lky�g_�fZ]gblgh_�ihe_��Z�

_kl_kl\_ggZy� hklZlhqgZy�gZfZ]gbq_gghklv� ]hjguo�ihjh^� � In��b�gZ�hkgh\_�
wlbo� baf_j_gbc� ^_eZxlky� \u\h^u� h� iZjZf_ljZo� ^j_\g_]h� ]_hfZ]gblgh]h�
ihey�� Ihwlhfm� \k_� ^Zggu_� h� k\hckl\Zo� ^j_\g_]h� ]_hfZ]gblgh]h� ihey�
y\eyxlky� ^Zggufb� g_� ijyfuo�� Z� dhk\_gguo� baf_j_gbc�� Ih]j_rghklb�
lZdbo� baf_j_gbc� agZqbl_evgh� \ur_� g_ihkj_^kl\_gguo� baf_j_gbc�
bgl_j_kmxsbo�gZk�iZjZf_ljh\� 

JZkq_lu� ^j_\g_]h� fZ]gblgh]h� ihexkZ� \_^mlky� ih� kZfhc� ]jm[hc�
fh^_eb�]_hfZ]gblgh]h�ihey�—�fh^_eb�p_gljZevgh]h�ZdkbZevgh]h�^bihey� 

 

3 3

2 1
cos 0 sin tg tg

2^j ^j ^j ^j ^j ^j ^j

M F
X ; Y ; Z ; J

R R
= ϕ = = ϕ ϕ = . (101) 

 
<�wlhc�fh^_eb�fZ]gblguc�ihexk�kh\iZ^Z_l�k�]_h]jZnbq_kdbf�\k_]^Z��

lZdbf� h[jZahf�� \� fh^_eb� g_l� kZfhklhyl_evgh]h� fZ]gblgh]h� ihexkZ��
dhlhjuc�[u�i_j_f_sZeky�g_aZ\bkbfh�hl�]_h]jZnbq_kdh]h��:�gZ�ijZdlbd_�
fu� dZd� jZa� gZ[ex^Z_f� ihklhyggu_� [em`^Zgby� fZ]gblgh]h� ihexkZ� gZ�
ijbebqghf� jZkklhygbb� hl� ]_h]jZnbq_kdh]h�� <� ����–����� ]]�� k_\_jguc�
fZ]gblguc� ihexk� ijb[ebabeky� d� k_\_jghfm� ]_h]jZnbq_kdhfm� gZ�
jZkklhygb_� hdheh� ����� df�� Z� \� ����� ]h^m� wlh� jZkklhygb_� [ueh� ����� df��
X`guc�fZ]gblguc�ihexk��gZijhlb\��klj_fbl_evgh�m^Zey_lky�hl�x`gh]h�
]_h]jZnbq_kdh]h�� <� ����� ]h^m� hg� gZoh^beky� \� ]em[bg_� :glZjdlb^u� gZ�
jZkklhygbb� �����df�hl� ]_h]jZnbq_kdh]h��<� �����]��baf_j_gby�iheh`_gby�
x`gh]h� fZ]gblgh]h� ihexkZ� ijh\h^bebkv� gZ� ki_pbZevgh� h[hjm^h\Zgghf�
km^g_��ihkdhevdm�x`guc�fZ]gblguc�ihexk�m`_�^Z\gh�khr_e�k�fZl_jbdZ�b�
gZoh^blky�\�Bg^bckdhf�hd_Zg_��Baf_j_gby�ihdZaZeb��qlh�\�^_dZ[j_������]��
x`guc� fZ]gblguc� ihexk� gZoh^beky� gZijhlb\� ih[_j_`vy� a_feb� :^_eb�
�dhhj^bgZlu� ��º 40' x�r��� ���º 07'  \�^��� Hlkx^Z� ^h� ]_h]jZnbq_kdh]h�
ihexkZ� hdheh� ����� df�� b� wlh� jZkklhygb_� kh� \j_f_g_f� ijh^he`Z_l�
m\_ebqb\Zlvky� 

Ihgylgh� ihwlhfm�� qlh� `_kldZy� ijb\yadZ� fZ]gblgh]h� ihexkZ� d�
]_h]jZnbq_kdhfm�\�iZe_hfZ]gblghc�fh^_eb�^Ze_dZ�hl�lh]h��qlh�ijhbkoh^bl�
\�^_ckl\bl_evghklb� 

?klv� b� ^jm]b_� _kl_kl\_ggu_� ijbqbgu� kms_kl\_gguo� ih]j_rghkl_c�
iZe_hfZ]gblguo� baf_j_gbc�� Wlh� b� ^ebl_evgh_� gZoh`^_gb_� bagZqZevgh�
gZfZ]gbq_gguo� ]hjguo� ihjh^� \� l_q_gb_�fgh]bo� lukyq�b�fbeebhgh\� e_l�
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ih^� ^_ckl\b_f� baf_gyxs_]hky� =FI�� b� g_ij_ju\gh_� ijhl_dZgb_�
obfbq_kdbo� ijhp_kkh\� \� n_jjbfZ]gblguo� fbg_jZeZo�� ijb\h^ysbo� d�
hdbke_gbx��h[jZah\Zgbx�gh\uo�fbg_jZeh\��jZkiZ^m�l\_j^uo�jZkl\hjh\� 

Baf_g_gby� \� n_jjbfZ]gblguo� fbg_jZeZo� fh]ml� ijhbkoh^blv� ijb�
\ha^_ckl\bb�gZ�gbo�ih\ur_gguo�^Z\e_gbc�b�l_fi_jZlmj��qlh�gZ[ex^Z_lky�
ijb�]_hl_dlhgbq_kdbo�ijhp_kkZo� 

LZdbf�h[jZahf��^ey�ihemq_gby�[he__�beb�f_g__�^hklh\_jguo�^Zgguo�
h[� w\hexpbb� ]_hfZ]gblgh]h� ihey� iZe_hfZ]gblgufb�f_lh^Zfb� lj_[m_lky�
lsZl_evgh_�bamq_gb_�\hafh`guo�baf_g_gbc�\�n_jjbfZ]gblguo�fbg_jZeZo�
b� h[t_dlb\gZy� hp_gdZ� ih]j_rghkl_c� ihemqZ_fuo� dhk\_gguo� ^Zgguo� h 
iZjZf_ljZo�^j_\g_]h�]_hfZ]gblgh]h�ihey� 

 
H[jZlgZy�gZfZ]gbq_gghklv�]hjguo�ihjh^ 
 
<�gZqZe_�OO�\_dZ�[ueh�h[gZjm`_gh��qlh�]hjgu_�ihjh^u�fh]ml�[ulv�

gZfZ]gbq_gu� ih^� m]ehf� hdheh� ���º ih� hlghr_gbx� d� gZijZ\e_gbx�
kh\j_f_ggh]h� =FI�� GZ� \hafh`ghklv� kms_kl\h\Zgby� h[jZlgh�
gZfZ]gbq_gguo� ]hjguo� ihjh^� mdZau\Z_l� b� gZebqb_� hljbpZl_evguo�
]_hfZ]gblguo� ZghfZebc�� AZ� ihke_^gb_� g_kdhevdh� ^_kyldh\� e_l�
iZe_hfZ]gblgufb� bkke_^h\Zgbyfb� [ueh� mklZgh\e_gh�� qlh� h[jZlgh�
gZfZ]gbq_ggu_� ihjh^u� \klj_qZxlky� ihqlb� lZd`_� qZklh� dZd� b�
ijyfhgZfZ]gbq_ggu_� 

<� k_j_^bg_� OO� \_dZ� mq_gu_� ijbreb� d� \u\h^m�� qlh� hkgh\ghc�
ijbqbghc�gZfZ]gbqb\Zgby�]hjguo�ihjh^�ZglbiZjZee_evgh�=FI�y\eyxlky�
kf_gu� iheyjghklb� �bg\_jkbb�� =FI�� IZe_hfZ]gblgufb� bkke_^h\Zgbyfb�
[ueh� mklZgh\e_gh�� qlh� q_j_^h\Zgb_�ijyfhc�b� h[jZlghc� In� ]hjguo�ihjh^�
ijhbkoh^bl� aZdhghf_jgh� \� dZ`^hf� i_jbh^_� ]_heh]bq_kdh]h� \hajZklZ��
gZqbgZy� k� d_f[jby� �hdheh� ���� feg� e_l���Kms_kl\m_l� q_ldZy� dhjj_eypby�
ihke_^h\Zl_evghkl_c� ijyfh-� b� h[jZlghgZfZ]gbq_gguo� ihjh^�
hij_^_e_ggh]h�]_heh]bq_kdh]h�i_jbh^Z��hlh[jZgguo�^ey�iZe_hfZ]gblgh]h�
bamq_gby� gZ� jZaguo� dhglbg_glZo� b� gZ� jZaguo� mqZkldZo� ^gZ� Fbjh\h]h�
hd_ZgZ� 

 
KZfh[jZs_gb_�gZfZ]gbq_gghklb 
 
Kms_kl\m_l� Zevl_jgZlb\guc� ih� hlghr_gbx� d� bg\_jkbyf� =FI�

f_oZgbaf�h[jZah\Zgby�h[jZlghc�gZfZ]gbq_gghklb�]hjguo�ihjh^��Wlh�lZd�
gZau\Z_fh_� kZfhh[jZs_gb_� gZfZ]gbq_ggklb�� dh]^Z� ZglbiZjZee_evgZy�
gZijZ\e_gbx� fZ]gblgh]h� ihey� gZfZ]gbq_gghklv� \hagbdZ_l� aZ� kq_l�
\gmlj_ggbo� ijhp_kkh\� \� n_jjbfZ]gblghf� fbg_jZe_�� GZb[he__�
jZkijhkljZg_ggufb� \� ijbjh^_� y\eyxlky� wnn_dlu� kZfhh[jZs_gby� \�
n_jjbfZ]gblguo�fbg_jZeZo�ijb�bo�l_jfhgZfZ]gbqb\Zgbb�b�\�ijhp_kk_�bo�
obfbq_kdbo� ij_\jZs_gbc�� I_j\u_� wnn_dlu� e_]dh� \hkijhba\h^ylky� \�
eZ[hjZlhjbb��\lhju_��dZd�ijZ\beh��g_�\hkijhba\h^bfu� 
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Y\e_gb_� kZfhh[jZs_gby� l_jfhhklZlhqghc� gZfZ]gbq_gghklb� �TRM 
beb� IrT�� \i_j\u_� gZ[ex^Zehkv� gZ� ihjh^Zo� ]hju� OZjmgZ� �Yihgby���
kh^_j`Zsbo�]_fhbevf_gbl��K�l_hj_lbq_kdhc�lhqdb�aj_gby�kZfhh[jZs_gb_�
gZfZ]gbq_gghklb�gZ�]hjguo�ihjh^Zo�g_�y\ey_lky�g_h`b^Zgguf�wnn_dlhf��
Wlh� k\yaZgh� k� l_f�� qlh� hkgh\gufb� ghkbl_eyfb� _kl_kl\_gghc� hklZlhqghc�
gZfZ]gbq_gghklb� In� � \� gbo� y\eyxlky� n_jjbfZ]gblgu_� fbg_jZeu��
djbklZeebq_kdZy� j_r_ldZ� dhlhjuo� khklhbl� ba� ^\mo� beb� [he__�
g_jZ\ghp_gguo� fZ]gblguo� ih^j_r_lhd�� <� wlbo� fbg_jZeZo� \� ijhp_kk_�
hoeZ`^_gby�hl�\ukhdbo�l_fi_jZlmj�\�]_hfZ]gblghf�ihe_�\hafh`gh�lZdh_�
baf_g_gb_�fZ]gblguo�fhf_glh\�ih^j_r_lhd��dhlhjh_�ijb�L� �� �Lk (Lk — 
lhqdZ� Dxjb��� ijb\_^_l� d� kf_g_� agZdZ� kmffZjgh]h� fhf_glZ� b� d�
kZfhh[jZs_gbx�TRM. 

KZfhh[jZs_gb_�obfbq_kdhc�gZfZ]gbq_gghklb�KRM�hkms_kl\ey_lky�
\�l_q_gb_�^ebl_evgh]h�\j_f_gb�aZ�kq_l�^bnnmabb�dZlbhgh\��ijb\h^ys_c�d�
baf_g_gbx� khhlghr_gbc� fZ]gblguo� fhf_glh\� ih^j_r_lhd� :� b� <�
n_jjbfZ]g_lbdZ�� Wnn_dlu� kZfhh[jZs_gby�� dZd� ijZ\beh�� gZ[ex^Zxlky�
lhevdh�\�keZ[uo�fZ]gblguo�iheyo��^h�����fZdkbfmf��-�^h�����W���\�kbevguo�
fZ]gblguo�iheyo�hgb�g_�gZ[ex^Zxlky� 

Kms_kl\mxl�b�^jm]b_�f_oZgbafu�kZfhh[jZs_gby�gZfZ]gbq_gghklb��
\�j_amevlZl_�fZ]gblhklZlbq_kdh]h�beb�h[f_ggh]h�\aZbfh^_ckl\by�\�^\mo- 
beb� fgh]hnZaguo� fbg_jZeh]bq_kdbo� kbkl_fZo�� aZ� kq_l� ijhp_kkh\�
dZlbhggh]h�mihjy^hq_gby�\�l\_j^hf�jZkl\hj_�b�^j� 

G_kfhljy�gZ�bf_xsb_ky�l_hj_lbq_kdb_�ij_^klZ\e_gby�h�\hafh`guo�
f_oZgbafZo� kZfhh[jZs_gby�� hdZaZehkv�� qlh� mklZgh\e_gb_� dhgdj_lgh]h�
f_oZgbafZ�^ey�wdki_jbf_glZevgh�gZ[ex^Z\rboky�kemqZ_\�kZfhh[jZs_gby�
gZfZ]gbq_gghklb�gZ�]hjguo�ihjh^Zo�b�fbg_jZeZo�y\ey_lky�hq_gv�keh`ghc�
aZ^Zq_c�� >Z`_� h� f_oZgbaf_� bklhjbq_kdb� \i_j\u_� h[gZjm`_ggh]h�
kZfhh[jZs_gby� TRM� gZ� ijbjh^guo� ]_fhbevf_gblZo� ^h� kbo� ihj� g_�
kms_kl\m_l�h[s_ijbgylh]h�fg_gby� 

Ijh[e_fZ�kZfhh[jZs_gby�b�_]h�f_oZgbafZ�bf__l�nmg^Zf_glZevgh_�
agZq_gb_�^ey�]_hfZ]g_lbafZ�b�kh\j_f_gghc�]eh[Zevghc�]_hnbabdb��lZd�dZd�
\�j_amevlZl_�kZfhh[jZs_gby�\hagbdZ_l�h[jZlgZy�In�]hjguo�ihjh^��dhlhjZy�
ih� kh\j_f_gguf� ij_^klZ\e_gbyf� h[jZam_lky�� dZd� ijZ\beh�� ijb� kf_g_�
iheyjghklb� �bg\_jkbyo��]_hfZ]gblgh]h�ihey��Lhevdh�\�kemqZ_��_keb�[m^_l�
ba\_kl_g�f_oZgbaf� kZfhh[jZs_gby�� ihy\blky� \hafh`ghklv� eZ[hjZlhjghc�
^bZ]ghklbdb�h[jZlghc�gZfZ]gbq_gghklb�b�hij_^_e_gby�__�ijhbkoh`^_gby��
<�gZklhys__�\j_fy�ijhbkoh`^_gb_�h[jZlghc�In��hp_gb\Z_lky�ih�dhk\_gguf�
ijbagZdZf��Djhf_�lh]h��\�k\yab�k�g_[hevrbf�dhebq_kl\hf�h[gZjm`_gguo�
kemqZ_\� kZfhh[jZs_gby� gZ� ]hjguo� ihjh^Zo� kqblZ_lky�� qlh� \_jhylghklv�
ijhp_kkZ�kZfhh[jZs_gby�qj_a\uqZcgh�fZeZ� 

<� k\yab� k� l_f�� qlh� fbg_jZeu� ihke_� bo� h[jZah\Zgby� ba� fZ]fu� gZ�
ih\_joghklb� A_feb� \h� \j_fy�bo� hoeZ`^_gby�b� \� l_q_gb_�bo�^Zevg_cr_c�
]_heh]bq_kdhc� bklhjbb� ij_l_ji_\Zxl� kms_kl\_ggu_� obfbq_kdb_�
baf_g_gby�� kZfhh[jZs_gb_� In� � \hafh`gh� gZ� dZdhf-lh� wlZi_� w\hexpbb�
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fbg_jZeh\��<�^Zevg_cr_f�k\hckl\h�kZfhh[jZs_gby�fh`_l�[ulv�mljZq_gh��
Z�h[jZlgZy�In�khojZgblky� 

<� ]_hfZ]gblghc� eZ[hjZlhjbb� dZn_^ju� nbabdb� A_feb� nbabq_kdh]h�
nZdmevl_lZ� F=M� bf�� F�<�Ehfhghkh\Z� wnn_dlu� kZfhh[jZs_gby� [ueb�
h[gZjm`_gu� ijb� bkke_^h\Zgbb� h[jZaph\� dbf[_jeblh\� ba� ZefZahghkguo�
ljm[hd�b�ljZiih\�Ydmlbb��N_jjbfZ]gblgufb�fbg_jZeZfb��hl\_lkl\_ggufb�
aZ� kZfhh[jZs_gb_� \� dbf[_jeblZo�� [ueb� ibdjhbevf_gblu� �ZgZeh]b�
]_fhbevf_gblh\���\�ljZiiZo�—�lblZghfZ]g_lblu� 

  

 
 

Jbk�����KZfhh[jZs_gb_�iheghc�b�hklZlhqghc�l_jfhgZfZ]gbq_gghklb 
ijb�hoeZ`^_gbb�hl������K� 

 
GZ� jbk�� ��� ijb\_^_gu� j_amevlZlu� wdki_jbf_glZ� ih� gZ[ex^_gbx�

kZfhh[jZs_gby�l_jfhhklZlhqghc�gZfZ]gbq_gghklb��TRM��\�G� �����=k�gZ�
h[jZap_� dbf[_jeblZ� ba� ljm[db� Fbj�� Djb\Zy� 1 –� baf_g_gb_� gZqZevghc�
fZ]gblghc�\hkijbbfqb\hklb� �æ0� �ijb�gZ]j_\_�^h������K��djb\Zy�2 —�oh^�
l_jfhgZfZ]gbq_gghklb� �LF�� \� G�  � ���� W� ijb� hoeZ`^_gbb� h[jZapZ� hl�
350 �K� ^h� dhfgZlghc� l_fi_jZlmju�L0��Ijb�L0�ihe_�G�[ueh� hldexq_gh�b�
[ueZ� baf_j_gZ� l_jfhhklZlhqgZy� gZfZ]gbq_gghklv� �djZcgyy� e_\Zy� lhqdZ�
djb\hc� 3��� Djb\Zy� 3 —� baf_g_gb_� ihemq_gghc� TRM� ijb� gZ]j_\_�
�l_jfhjZafZ]gbqb\Zgb_��� Rljboh\Zy� djb\Zy� —� h[jZah\Zgb_� TRM� ijb�
hoeZ`^_gbb�� <� ihke_^g_f� kemqZ_� ijb� dZ`^hf� baf_j_gbb� TRM� ihe_� G 
hldexqZehkv� 

DZd�\b^gh�ba�jbk�����j_amevlbjmxsZy�l_jfhgZfZ]gbq_gghklv��e_\Zy�
djZcgyy� lhqdZ� djb\hc� ��� b� l_jfhhklZlhqgZy� gZfZ]gbq_gghklv� ijb�
dhfgZlghc�l_fi_jZlmj_�ZglbiZjZee_evgu�gZfZ]gbqb\Zxs_fm� �ihex� �G = 
��� �� W�� Kf_gZ� agZdZ� l_jfhgZfZ]gbq_gghklb� � ijhbkoh^bl� ijb� L = 70ºK��
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kf_gZ�agZdZ�TRM�ijb�L = 170º. Wnn_dl�kZfhh[jZs_gby�gZ�h^gbo�b�l_o�`_�
h[jZapZo�\�eZ[hjZlhjghf�wdki_jbf_gl_�ih\lhjyeky�fgh]hdjZlgh� 

Wlh� h^bg� ba� ijbf_jh\� kZfhh[jZs_gby� LF� b� LRM�� dhlhjuc�
gZ[ex^Zeky� \� eZ[hjZlhjbb�gZ� ]_fhbevf_gblkh^_j`Zsbo� dbf[_jeblZo��<�
ihke_^gb_� ^_kylbe_lby� ihy\behkv� fgh]h� khh[s_gbc� h� gZ[ex^_gbb�
wnn_dlh\� kZfhh[jZs_gby� gZ� ihjh^Zo�� kh^_j`Zsbo� jZaebqgu_�
n_jjbfZ]gblgu_�fbg_jZeu��H^gZdh� \hijhk� h�f_oZgbaf_� kZfhh[jZs_gby�
ih-ij_`g_fm�hklZ_lky�hldjuluf��Z�wlh�g_�iha\hey_l�hp_gblv�\�]eh[Zevghf�
fZkrlZ[_� \_jhylghklv� h[jZah\Zgby� h[jZlghc� gZfZ]gbq_gghklb� ]hjguo�
ihjh^�\�j_amevlZl_�ijhp_kkh\�kZfhh[jZs_gby� 

Qlh� dZkZ_lky� f_oZgbafZ� kZfhh[jZs_gby� h[jZapZ� dbf[_jeblZ��
kh^_j`Zs_]h�]_fhbevf_gbl��jbk�������b�^jm]bo�bamq_gguo�\�]_hfZ]gblghc�
eZ[hjZlhjbb� kemqZ_\� kZfhh[jZs_gby� �gZ� kbgl_abjh\Zgguo�
]_fhbevf_gblZo�� gZ� h[jZapZo� ih^\h^guo� hd_Zgkdbo� [ZaZevlh\��
kh^_j`Zsbo� hdbke_ggu_� lblZghfZ]g_lblu� b� ^j���� lh� Z\lhju� wlbo�
bkke_^h\Zgbc� ijbreb� d� \u\h^m�� qlh� gZb[he__� \_jhylguf� nbabq_kdbf�
f_oZgbafhf� kZfhh[jZs_gby� \h� \k_o� jZkkfhlj_gguo� kemqZyo� y\ey_lky�
kf_gZ� agZdZ� kihglZgghc� gZfZ]gbq_gghklb� Is� \� ^hf_gZo�
^\moih^j_r_lhqguo� n_jjbfZ]g_lbdh\� ijb� g_dhlhjhc� l_fi_jZlmj_� Ld, 
gZau\Z_fhc�lhqdhc�dhfi_gkZpbb� 

<� k\yab� k� l_f�� qlh�� ih� fg_gbx� Z\lhjZ� gZklhysbo� e_dpbc��
mihfygmluc� f_oZgbaf� kZfhh[jZs_gby� y\ey_lky� gZb[he__�
jZkijhkljZg_gguf� \� ijbjh^_�� hklZgh\bfky� gZ� _]h� baeh`_gbb� [he__�
ih^jh[gh� 

JZkkfhljbf� \� khhl\_lkl\bb� k� LbdZ^amfb� K�� ������� ijb� dZdbo�
mkeh\byo� \� ^\moih^j_r_lhqghf� n_jjbfZ]g_lbd_� ijhbkoh^bl� baf_g_gb_�
agZdZ� Is� ijb� baf_g_gbb� L�� DZd� ba\_klgh�� \i_j\u_� kemqZb� jZaebqghc�
aZ\bkbfhklb� Is(L�� ^\moih^j_r_lhqguo� n_jjbfZ]g_lbdh\� [ueb�
jZkkfhlj_gu� G__e_f� �������� wlb� kemqZb� ij_^klZ\e_gu� gZ� jbk�� ����
Kms_kl\_ggZy�hkh[_gghklv�n_jjbfZ]g_lbdh\��hljZ`_ggZy�gZ�djb\uo�jbk��
�����aZdexqZ_lky�\�lhf��qlh�ijb�baf_g_gbb�l_fi_jZlmju�fh`_l�ijhbahclb�
baf_g_gb_� agZdZ� Is� n_jjbfZ]g_lbdZ�� Wlh� ijhbkoh^bl� ba-aZ� lh]h�� qlh�
gZijbf_j��m�n_jjbfZ]g_lbdZ��m�dhlhjh]h� �ijb� �L� ���D� �gZfZ]gbq_gghklv�
IsB > IsA���ijb�gZ]j_\_�mihjy^hq_gghklv�fZ]gblguo�fhf_glh\�ih^j_r_ldb�<�
[m^_l� jZajmrZlvky� kbevg__�� q_f� \� ih^j_r_ld_� :�� Lh]^Z� ijb� g_dhlhjhc�
l_fi_jZlmj_�L > Ld�\_ebqbgZ�gZfZ]gbq_gghklb�ih^j_r_ldb�IsA�ij_\ahc^_l�
IsB�� lZd� qlh� [m^_l� IsA > IsB�� qlh� b� ijb\_^_l� d� kf_g_� agZdZ� iheghc�
gZfZ]gbq_gghklb�Is�n_jjbfZ]g_lbdZ� 

JZkkfhljbf��ke_^my�K�LbdZ^amfb�wlhl�ijhp_kk��[he__�ih^jh[gh� 
KihglZggu_� gZfZ]gbq_gghklb� IAS b� IBS� Ih^j_r_lhd� :� b� <� fh`gh�

\ujZablv�ke_^mxsbf�h[jZahf� 
( )B AS BS

AS J
Jg n I I

I I B
kT

µ αλ ∞
− =   
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( )B BS AS
BS J

Jg n I I
I I B

kT

µ βµ ∞
− =   

.   (102) 

KmffZjgZy� gZfZ]gbq_gghklv� Is� _klv� jZaghklv� gZfZ]gbq_gghkl_c�
ih^j_r_lhd 

 
IS = IBS - IAS . 

 
<���������b���^heb�fZ]gblguo�bhgh\�\�ih^j_r_ldZo�:�b�<�������� ����

<J��.��–�nmgdpby�;jbeexwgZ��J –�\gmlj_gg__�d\Zglh\h_�qbkeh��g —�nZdlhj�
EZg^_���< –�fZ]g_lhg�;hjZ��k –�ihklhyggZy�;hevpfZgZ� 

<�h[s_f�kemqZ_�agZq_gby�\_ebqbg� I∞ , J�b�g�fh]ml�[ulv�jZaebqgufb�
^ey�jZaguo�ih^j_r_lhd��H^gZdh�\�gZr_f�kemqZ_�wlh�fh`gh�g_�mqblu\Zlv� 

<ujZ`_gby�\�Zj]mf_glZo�nmgdpbc�<J��.�� 
 

n(.IAS – IBS) = HMA, 
 

n��IBS – IAS) = HMB 

 
hij_^_eyxl� \_ebqbgu� fhe_dmeyjguo� ihe_c�� ^_ckl\mxsbo� \gmljb�
ih^j_r_lhd� :� b� <�� khhl\_lkl\_ggh�� <_ebqbgu� n, n., n� —� dhgklZglu�
fhe_dmeyjgh]h�ihey��hij_^_eyxsb_�\aZbfh^_ckl\b_�fZ]gblguo�fhf_glh\�
\gmljb�ih^j_r_lhd�b�f_`^m�ih^j_r_ldZfb� 

:ghfZevgZy�aZ\bkbfhklv� Is(T��oZjZdl_jbam_lky�kf_ghc�agZdZ� � Is ijb�
baf_g_gbb�L��LhqdZ��\�dhlhjhc� Is(L�� ����gZau\Z_lky�lhqdhc�dhfi_gkZpbb�
Ld.�Iheh`bf��qlh���!����<�kbem�lh]h��qlh�ijb�L :���D�Zj]mf_gl�nmgdpbb�
;jbeexwgZ�.!!��b�<J��.��§����kh]eZkgh��������bf__l�f_klh�khhlghr_gb_��� 

 
G,BSG!G,ASG���b   IS = IBS – IAS > 0. 

 
<�kemqZ_�kf_gu�agZdZ�Is�ijb�ih\ur_gbb�L�ijb�l_fi_jZlmjZo��[ebadbo�

d�lhqd_�Dxjb�Lk��^he`gu�\uihegylvky�khhlghr_gby��ijb�g_baf_gguo���b��
��� 

G,ASG!G,BSG�b  IS = IBS – IAS < 0 . 
 
JZkkfhljbf��ijb�dZdbo�mkeh\byo�wlh�\hafh`gh��Ijb�L:Lk�Zj]mf_gl�

.������b�nmgdpby�;jbeexwgZ�aZibku\Z_lky�lZd� 
 

1
( )

3J
J

B
J

α α+=      (103) 

 
Bkihevamy� ����� ���fh`gh�ba� ����� ��ihemqblv�ke_^mxsb_�\ujZ`_gby�

^ey�IAs�b�IBs�ijb� 
.������ 
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( ),

( ),

AS AS BS

BS BS AS

Cn
I I I

T

Cn
I I I

T

= −

= −

λ α

µ β

    (104) 

 
]^_�K� �NJ(J+1)g2

��
2
B/3k,�Z�N —�qbkeh�:\h]Z^jh� 

Ijb�L = Ld,�]^_�ijhbkoh^bl�kf_gZ�agZdZ�m�Is ��bf__l�f_klh�jZ\_gkl\h�
IBS – IAS = 0, dhlhjh_�k�mq_lhf�������aZibr_lky�lZd� 

 

[ ( ) ( )] 0S <6 :6 :6 <6

Cn
I I I I I

T
= − − − =µ β λ α . 

 
K�mq_lhf�lh]h��qlh�ijb��L = Ld �\_ebqbgu�GIAsGbGIBsGjZ\gu��ihemqZ_f�

\ujZ`_gb_� ^ey� ]jZgbpu�� jZa^_eyxs_c� n_jjbfZ]gblgu_� nZau� k�
ijhlb\hiheh`guf�gZijZ\e_gb_f�Is: 

 
( 1) ( 1) 0λ α µ β+ − + =     (105) 

 
E_\Zy�qZklv�������[m^_l�iheh`bl_evghc�^ey�Is>0�b�hljbpZl_evghc�^ey�

Is< 0��>ey�ihke_^g_]h�kemqZy�ihemqZ_f�ke_^mxs__�mkeh\b_� 
 

1
1

β λ
α µ

+ >
+

     (106) 

 
<uiheg_gb_�������y\ey_lky�mkeh\b_f�kf_gu�agZdZ�\�bgl_j\Ze_�hl���D�

^h�Lk �\�j_amevlZl_�q_]h�ihemqZxlky�N-lbiZ�djb\u_�Is(T). 
Ba�jZkkfhlj_gghc�l_hjbb�ke_^m_l��qlh�gZ�djb\uo�Is(T��lbiZ�N�^he`gZ�

[ulv�lhqdZ�dhfi_gkZpbb��H^gZdh�wdki_jbf_glZevgh�Ld�[m^_l�gZ[ex^Zlvky�
lhevdh�\�kemqZ_�h^ghjh^gh]h�]hfh]_ggh]h�n_jjbfZ]g_lbdZ��h[eZ^Zxs_]h�
h^ghc� lhqdhc� Dxjb� nZah\h]h� i_j_oh^Z�� <� ^_ckl\bl_evghklb� j_Zevguc�
n_jjbfZ]g_lbd� h[eZ^Z_l� jZafuluf� nZah\uf� i_j_oh^hf� Lk�ûLk�� qlh�
ijb\_^_l� b� d� khhl\_lkl\mxs_c� jZafulhklb� Ld�� Ihwlhfm� \� ^hklZlhqgh�
kbevguo� iheyo� G� djb\Zy� Is(T�� g_� [m^_l� ^hklb]Zlv� gmey�� Z� [m^_l� lhevdh�
g_dhlhjh_�mf_gvr_gb_�Is�\�h[eZklb�Ld�ûLd. 

<� dbf[_jeblh\uo� h[jZapZo� ]_fhbevf_gblu� khklhyl� ba� hl^_evguo�
a_j_g��dhlhju_�fh]ml�bf_lv�g_kdhevdh�hlebqZxsb_ky�Lk�b�Ld��<�j_amevlZl_�
wlh�fh`_l�ijb\_klb�d�lhfm��qlh�djb\u_�Is(T��b�I rs(T��ZgkZf[ey�a_j_g�[m^ml�
bf_lv�eb[h�\h]gmlmx�nhjfm��eb[h�©o\hkluª��jbk������� 
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Jbk�����Ko_fZ�l_fi_jZlmjguo�aZ\bkbfhkl_c� ( )SI T �\�kemqZ_�\h]gmlhc�

nhjfu��djb\Zy����b�ijb�gZebqbb�©o\hklh\ª��djb\Zy���� 

0T  —�dhfgZlgZy���l_fi_�jZlmjZ�� cT  —�l_fi_jZlmjZ�lhqdb�Dxjb 
 
 
LZdbf�h[jZahf��fu�ij_^iheZ]Z_f��qlh�\h]gmlZy�nhjfZ�djb\uo�Irs(T), 

gZ[ex^Z\rZyky� gZ� kZfhh[jZsZxsboky� ]_fhbevf_gblZo�� k\yaZgZ� k�
gZebqb_f� g_dhlhjh]h� ki_dljZ� lhq_d� dhfi_gkZpbb� b� [ehdbjmxsbo�
l_fi_jZlmj�Lb�b��khhl\_lkl\_ggh��lhq_d�Dxjb�Lk. 

Ba\_klgh��qlh�\�ihe_�G = Gs�gZ�wdki_jbf_glZevguo�djb\uo�Is(T��ijb�
hoeZ`^_gbb� h^ghjh^guo�n_jjbfZ]g_lbdh\� \�G� ��Gs� gZ[ex^Z_lky� Ld�� gh�
kZfhh[jZs_gby�Is�g_�ijhbkoh^bl��lZd�dZd�kbevgh_�\g_rg__�ihe_�ijb�L ��Ld 
jZa\hjZqb\Z_l� baf_gb\rb_� agZd� fZ]gblgu_� fhf_glu� \gh\v� ih�
gZijZ\e_gbx� ihey�� >ey� lh]h� qlh[u� hkms_kl\eyehkv� kZfhh[jZs_gb_�
gZfZ]gbq_gghklb��g_h[oh^bfh�\uiheg_gb_�khhlghr_gby�� 

 
G < Gk�ijb��L ��Ld .    (107) 

 
Ihwlhfm�� dZd� ijZ\beh�� kZfh[jZs_gb_� 750� gZ[ex^Z_lky� \� kjZ\gbl_evgh�
keZ[uo�iheyo��� 

BlZd��fu�ij_^iheZ]Z_f��qlh�hkms_kl\ey_lky�ke_^mxsZy�nbabq_kdZy�
fh^_ev� kZfhh[jZs_gby� bamq_gguo� f_edbo� a_j_g� ]_fhbevf_gblh\��
aZp_f_glbjh\Zgguo�\�dbf[_jeblZo��<�dZ`^hf�i-f�a_jg_�ijb�l_fi_jZlmjZo�
Tki < T < Tc� �\�ihe_�G�l_jfhgZfZ]gbqb\Zgb_�ijhbkoh^bl�ih�gZijZ\e_gbx��

 

1

2

( )TSI  

0T cT

T 
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IBs > IAs��Ijb�L ��Ldi�gZfZ]gbq_gghklv�IAs�ih^j_r_ldb�<�gZqbgZ_l�ij_\urZlv�
IBs��?keb� \g_rg__�ihe_�G < Gci(L) ijb�L ��Ldi�� lh�ih�f_j_�mf_gvr_gby�L 
ijhbkoh^bl� jhkl� hljbpZl_evghc� Il�� Ihke_� hldexq_gby� G� kgbfZ_lky�
h[jZlbfZy� qZklv� Il�� gZijZ\e_ggZy� ih� ihex�� \� j_amevlZl_� q_]h�
l_jfhhklZlhqgZy�gZfZ]gbq_gghklv 

Irl(T0��[hevr_�ih�fh^mex���q_f�Il(T0���Kmi_jihabpby�djb\uo�Ili(T���b�
Irli(T��\k_]h�ZgkZf[ey�]_fhbevf_gblh\uo�a_j_g�ijb\h^bl�d�gZ[ex^Z_fuf�\�
wdki_jbf_gl_�aZdhghf_jghklyf�kZfhh[jZs_gby�TRM. 

=eZ\gu_� q_jlu� wlh]h� f_oZgbafZ� kZfhh[jZs_gby� ijhy\eyxlky� b� \�
ijhp_kk_� obfbq_kdh]h� gZfZ]gbqb\Zgby� n_jjbfZ]gblguo� fbg_jZeh\��
Lhevdh�ijb�obfbq_kdbo�ij_\jZs_gbyo�baf_g_gby�\_ebqbg�   Is = IBs – IAs 
n_jjbfZ]g_lbdh\�� \� lhf� qbke_�b� kf_gu� agZdZ�  Is ��[m^ml�ijhbkoh^blv� aZ�
kq_l�^bnnmabb�dZlbhgh\��fZ]gblguo�fhf_glh\��f_`^m�ih^j_r_ldZfb�beb�
\�ijhp_kkZo�obfbq_kdbo�baf_g_gbc�khklZ\Z�b�kljmdlmju�n_jjbfZ]gblguo�
a_j_g��Jhev l_fi_jZlmju� ijb� obfbq_kdbo� ijhp_kkZo�� ijb\h^ysbo� d�
baf_g_gbx�\_ebqbgu�b�agZdZ�Is��[m^_l�bkihegylv�\j_fy� 

<hafh`gh�� qlh� \� ijbjh^_� kms_kl\mxl� b� ^jm]b_� f_oZgbafu�
kZfhh[jZs_gby�� gZijbf_j�� fZ]gblhklZlbq_kdh_� beb� h[f_ggh_�
\aZbfh^_ckl\b_� \� ^\monZaguo� n_jjbfZ]gblguo� kbkl_fZo�� H^gZdh�� _keb�
jmdh\h^kl\h\Zlvky� _kl_kl\_gguf� ijbgpbihf� gZbf_gvr_]h� ^_ckl\by�� lh�
hibkZgguc� gZfb� \ur_� f_oZgbaf� kf_gu� agZdZ� Is� �djb\u_� IS(T�� lbiZ� N), 
gZb[he__�e_]dh�hkms_kl\bf�b�ihwlhfm�hg�gZb[he__�\_jhyl_g� 

Ijbjh^Z�ex[bl�ij_ih^ghkblv�q_eh\_dm�aZ]Z^db��ljm^ghjZaj_rbfu_�
ijh[e_fu��D�lZdhc�ijh[e_f_�hlghkblky�b�f_oZgbaf�h[jZah\Zgby�h[jZlghc�
gZfZ]gbq_gghklb�]hjguo�ihjh^��AZ�kq_l�q_]h�\hagbdZ_l�h[jZlgZy�In ]hjguo�
ihjh^"� AZ� kq_l� bg\_jkbb� ]_hfZ]gblgh]h� ihey� beb� ijhp_kkh\�
kZfhh[jZs_gby"�Beb� aZ� kq_l� lh]h� b� ^jm]h]h"� ;m^ms__� ihdZ`_l��Imlv� d�
mklZgh\e_gbx�bklbgu�ijhoh^bl�ij_`^_�\k_]h�q_j_a�jZajZ[hldm�djbl_jb_\�
hij_^_e_gby�\�eZ[hjZlhjguo�mkeh\byo�f_oZgbafh\�h[jZah\Zgby�h[jZlghc�
In�\�dhgdj_lguo�]hjguo�ihjh^Zo� 
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