Classical Theory Expectations

+ Equipartition: 1/2k;T per degree of freedom
* In 3-D electron gas this means 3/2kgT per electron
+ In 3-D atomic lattice this means 3kgT per atom (why?)

» So one would expect: C,, = du/dT = 3/2n.kg + 3nkKg

* Dulong & Petit (1819!) had found the molar heat capacity
of most solids approaches 3N kg at high T

Molar heat capacity @ high T > 25 J/mol/K
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Heat Capacity: Real Metals

3 Copper
3 [ | specific =aT?
C, =bT +aT | | heat il
matches
f ,\ 102l Debye
due to due to - A/ Departs from Debye

electron gas atomic lattice ok T model at low temp
c. =pT Where electron specific
=Y heat contributes.

.........

» So far we'’ve learned about heat capacity of electron gas

» But evidence of linear ~T dependence only at very low T

« Otherwise C,, = constant (very high T), or ~T?2 (intermediate)
* Why?
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Heat Capacity: Dielectrics vs. Metals

matches
Debye

Departs from Debye
model at low temp
c. =pT1 Where electron specific
v
- heat contributes.

10 : 10° -
Law of Dulong and Petit
: “““““““““““““ - : """""""""
ili -
s L Silicon . Approaches i L Copper
- specific Dulong-Petit specific
@ at .
E I | heat at high temp L | heat
2| |
10 10°F
£ .
g I Low temperature i
w0k T2 behavior matches 10k
Debye model
] I T S S T T R S T -6 .
10 1075
10" 10 10° 10° 10 10" 10
TS(KS)
* Very high T:

* Intermediate T:

T3 K3)

C, ~ aT?3 both dielectrics & metals

Cy = 3nkg (constant) both dielectrics & metals

* Very low T: Cy ~ bT metals only (electron contribution)
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Phonons: Atomic Lattice Vibrations
Graphene Phonons [100]
1600 po r 200 meV
‘ . ’ C_O2 m_olecule |
'w'an' vibrations T 160 mev
__ 1200 &\
e ® 09 =
®oe00® ° e :r"::'s'v:rse g 8oo} _L100 mev
] @ ] @ ® ® transverse g 8 :
e e © e e © o maxk=2r/a * 400 =
. R - _ 26meV =
u(r,t) = Aepli(k-r—iat)] : 300K
° M
* Phonons = quantized atomic lattice vibrations
* Transverse (u L k) vs. longitudinal modes (u || k), acoustic vs. optical
* “Hot phonons” = highly occupied modes above room temperature
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A Few Lattice Types

» Point lattice (Bravais)

- 1D 1D: Only one Bravais Lattice
0 —o—
-2a -a (1] a 2a 3a

- 2D hexagonal oblique
6ooeo 6 © © 0 © 0000
ﬂoﬂoooﬂno e 6 © 0 © D0 00O
00000 ©o 0 0 0 o ©0o 00
0 0 00 e 06 © 0 © square

- 3D
cusic HEXAGONAL
a=h=c¢ P —p=%e P
a=f=y=020° ?: 1200
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Primitive Cell and Lattice Vectors
Ry = njaj+noas+naas * OE * Ox”' Gm.
¢ a, " O)'-‘I ,’4 a'
. . . . . a® . L]
 Lattice = regular array of points {R}} in space repeatable
by translation through primitive lattice vectors
» The vectors a; are all primitive lattice vectors
* Primitive cell: Wigner-Seitz
I A I T
D T Wigner-Seitz Celll
® ® ®
37
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Silicon (Diamond) Lattice

» Tetrahedral bond arrangement
+ 2-atom basis

« Each atom has 4 nearest neighbors and 12 next-nearest
neighbors

* What about in (Fourier-transformed) k-space?
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Position = Momentum (k-) Space

5,00 Sa(k)

» The Fourier transform in k-space is also a lattice

» This reciprocal lattice has a lattice constant 21r/a

Wigner-Seitz Coll: T,
® ® ® by
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Atomic Potentials and Vibrations

06

By r
Vcﬂ’(") =Vo+ ;(" - Ho)2 (f{z )
?" 04 u Ry
=~ . — A
% “spring constant™
% 02
g - i
oMz # ¢ 8 Bp% = Vo+ uwo(n + )
Rigy
1o
02+

» Within small perturbations from their equilibrium
positions, atomic potentials are nearly quadratic

« Can think of them (simplistically) as masses connected

by springs!
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Vibrations in a Discrete 1D Lattice
equilibrium ) .
n-3 n-2 n-1 n n+1 n+2 n+3 Jﬁ — '}i
\A WO A WO T T
. l
ONOVWO NGV PO 02w, _ 10%u, _ [By
Una Uz U Uy Uns i Uz Unea az? - ':T2 at? €= V 7
Strained
o
s o
+ Can write down wave equation  § ?}@‘"
. . . % 5 K4
» Velocity of sound (vibration £ w© o
propagation) is proportional to &
stiffness and inversely to mass <@
(inertia) 0 Wave vector, K wla
ug(x,t) = Ay exp(ikz) exp (iwt) w=ck
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Two Atoms per Unit Cell

Lattice Constant, a

Vibrational

5. BOh Yo Modes
’ /
) LO
, g TO
d X, [}
— _ -
ml dtz _k(yn +yn71 2Xn) g
L LA
d’y TA
m2—2n: k(Xn+1+xn _2yn)
dt
0 Wave vector, K m/a
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Energy Stored in These Vibrations

» Heat capacity of an atomic lattice
C=du/dT =

Classically, recall C = 3Nk, but only at high temperature

At low temperature, experimentally C - 0

» Einstein model (1907)
— All oscillators at same, identical frequency (w = wg)

* Debye model (1912)
— Oscillators have linear frequency distribution (w = v k)
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The Einstein Model o=0,

« All N oscillators same frequency

Frequency, o

» Density of states in w
(energy/freq) is a delta function

9(o) =IT3N5(a)—a)E)

0 Wave vector, k  27/a

» Einstein specific heat

C =d—u:Ithg (w)dow=

E
dT dT
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Einstein Low-T and High-T Behavior
» High-T (correct, recover Dulong-Petit):
h
o \2 (1+ TQ)E) Einstein model
Cc(T) = 3Nk, (TE) — 5= 3Nk, OK for optical phonon
(1+ hag _1) heat capacity
* Low-T (incorrect, drops too fast)
6 T T T T
ha)E/kBT | N ° /_‘,_____9-
2 e 5 — e =5
o hao, - |-
Ce (T) ~ 3Nk, (kB—TE) 7 |
(=Y ]
s3 T 7 —t—]
2 &2 yJ S [
o haog —haog IkgT o7
~3NkB(kBT) e =" ! B% B
% o1 oz 03 04 05 06 07 08 08 10
7/0g
Fig. 6.2. al values of the heat capacity of diamond and
values calculated , using © = 1320°K. [After A. Einstein,
22, 180 (1907).)
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The Debye Model

* Linear (no) dispersion

with frequency cutoff

Frequency, o

» Density of states in 3D:
2

w
9(@)= 227

(for one polarization, e.g. LA) 0
(also assumed isotropic solid, same v in 3D)

* N acoustic phonon modes up to wp

* Or, in terms of Debye temperature

Wave vector, k  27/a

— th
kB

0, == (627N

kp roughly corresponds to
max lattice wave vector (2m/a)

wp roughly corresponds to
max acoustic phonon frequency
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Zur Theovie der spezifischen Wirmen. 197
oder mit der Definitionsgleich @
r 49”'5.”
® U=9Nk1'(§)fﬁ_l .
o

Bekanntlich (wie fibrigens natiirlich auch aus (9) folgt) wirde
dem Dulong-Petitschen Gesetz der Wert
U=3NiLT
P Die in (9) ausgesproch
also folgendermaBen in Worte fassen:
Die Bnergic eines Kirpers bekommt man, indem man den
Dulong- Petitschen Wert multipliziert mit cinem Faktor, welcher

cine universelle Punktion ist von dem Verhiilinis T/, d. k, Tem-
peratur T dividiort durch Mmmmmm

Setzen wir abkiirzend

kénnen wir

6
T
80 hat jéner Faktor nach (9) den Wert:

Annalen der Physik 39(4)
p. 789 (1912)

8 d
Ff oo’
0
Verstechen wir unter N die Anzahl Atome pro Atomgewicht,
so stellt (9) die entsprechende Energie dar und wir bekommen
dann durch Differentiation nach 7' die Atomwirme bei kon-
stantem Volumen C,, wofiir wir, solange keine Verwechslung

zu beflrchten ist, einfach € ohne Index schreiben wollen. So
ergibt sich aus (9)

(10)

reaE

8z ]
LS
61

3 12

c-sNk[ 2=
6

wenn wir wieder mit = das Verhiltnis /7 bezeichnen.

Die GroBe 3 A% hat bekanntlich den Wert 5,955 cal.; be-
zeichnen wir denselben mit C., weil er in der Grenze fur
T = oo erreicht wird, so kdnnen wir statt (10) auch schreiben
O _12ppdE _ 8

(10)

Peter Debye (1884-1966)
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The Debye Integral

» Total energy

u(T)

Frequency, o

Tha)f (@)9(w)dw

* Multiply by 3 if assuming all 0
polarizations identical (one LA,
and 2 TA)

» Or treat each one separately
with its own (v4,wp) and add
them all up

« C=du/dT

Wave vector, k  27/a

people like to write:
(note, includes 3x)

3 g 4%
T ° x*e*dx
cum=sni( 5| | 5
D 0
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Debye Model at Low- and High-T

* Atlow-T (< 6,/10): o /*’”“”
122 (T Y 1L
Co(M~ Nkg | — 1. / G T2
5 00 &2 / K
* At high-T: (> 0.8 6,) o .
Co(T) = 3Nk, - Deloe emertuets; Nvte 5 igh Dty Wmpeedtare for-clamond
Debye Temperatures
+ “Universal” behavior for all solids =~ Femert  fok  Compound 0 K
. g Li 335 NaCl 280
* In practice: 8, ~ fitting parameter % Ka 20
to heat capacity data e 3 L -
H “ H ) . Au 162
* Bpis related to “stiffness” of solid ~ « a8
as expected £ 102
Si ;ns;
( 1860
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Experimental Specific Heat

107 T
— _ 6
C=3nkg =4.7x10° Y 5 > [ 3NkgT 2
= Ty= 225K
10°F . 1 = A9 Tp
< Diamond £
™ 2 Al Ty= 428 K
£ . Each atom has © _
< 10°F E Diamond
o) a thermal T =2230K
4[—6 . ene rg y ° Tfmprmturr‘lg?)
O 107 |
o of 3KsT
& PR T T T —
% 108 Cox T3 i 1 gl
9 Classical =
()] Regime ‘::, [ Scaled to their
102 I i U; Debye temperatures
0 =1860 K
101 L L i o /T, 1
10* 102 10° 10* °
Temperature (K)
d+1 d
In general, when T << 8, u ocT™, CocT
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Phonon Dispersion in Graphene

1600 [ o z, 7 L0 J.p
— 20T o : ]
= T Py M- TO ]
Maultzsch et al., S 1400 3 k4o J 75
Phys. Rev. Lett. by ]
92, 075501 (2004) g Optical ]
g 1200 Phonons 10
= ]
2 innn M (010) 1 125
(r 1
T T T A .
] = |
2 1sof S~ J1s0 M K r
F e Phonon Wave Vector
& 100} . g 100
H °
] > Stte)
> rd
sor T. 1% Yanagisawa et al.,
5 Surf. Interf. Analysis
o s . L TNy 37, 133 (2005)
) 10 (M) 20(K) 10 (T}

Wave Vectors (A1)

Figure 4. Phonon energy dispersion curves of the graphene
sheets determined experimentally (solid circles) and
theoretically (solid curves). Phonons in the bulk graphite
surfaces are also shown for comparison (open circles).
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Heat Capacity and Phonon Dispersion

» Debye model is just a simple, elastic, isotropic approximation; be
careful when you apply it

* To be “right” one has to integrate over phonon dispersion w(k),
along all crystal directions

* See, e.g. http://www.physics.cornell.edu/sss/debye/debye.html

40— ™ fg‘p o
o,/% Loy
) 7 & S
E 30 — 0, ..5:' g i
o & ; =
r s ¥ z
= o g
> 20 —| e ?‘ ,cb E w—
£ s F A £
] 7 e ]
= LR >
E 10 o F & = g
& o8 B
& 5
Bl ]
o oa’ o L
T T T T T T T 7
0 1 2 10 20 30
wave vector (1/A) frequency (1012 radis)
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10°
_________ a-Alumina
104 =Ti" ((v)-r""____-— """" Diamond
;‘:luminum
1000 g =
&
=t 2 TN S TTSaal
B A A . SO .
L i ’;’
o 100 o -
é o Graphite .~ ~ _~-—"""7"7"= el - e
B' (Jtolayers) 4 mmmm === >
% 10E = e 5
. ST S Pyroceram Glass—— == _
i ~_Polyerystalline e
1 7 Black ~ __Sulfur
< e e S Y (S
0.1 Amorphous Silicon ___.-==77 i
P e T /"\;l;l;ljphous Selenium
0.01 = - .
| 10 = 100 1000
T,K
how do we explain this mess?
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http://www.physics.cornell.edu/sss/debye/debye.html

Kinetic Theory of Energy Transport

u(z+4,) L , Net Eneray Flux / # of Molecules

zZ+ 4,
1
qu qz=§vz[u(2—€2)—u(2+€2)]
z
\ through Taylor expansion of u
u(z-1,) o z-1,

du ) du
''=—Vv /{ —=—(Ccos" @|VA—
qZ Z ZdZ ( ) dZ

Integration over all the solid angles - total energy flux

1
Thermal conductivity: K = 3 CvA<—
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Simple Kinetic Theory Assumptions

+ Valid for particles (“beans” or “mosquitoes”)
— Cannot handle wave effects (interference, diffraction, tunneling)
+ Based on BTE and RTA
* Assumes local thermodynamic equilibrium: u = u(T)
» Breaks down when L ~ andt~

» Assumes single particle velocity and mean free path

— But we can write it a bit more carefully:
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Phonon MFP and Scattering Time

» Group velocity only depends on dispersion w(k)

» Phonon scattering mechanisms
— Boundary scattering 1 1,
— Defect and dislocation scattering k~=-Cvi==Cvr
— Phonon-phonon scattering 3 3

Decreasing Boundary Separation

A K,
Increasig Defect
Concentrgtion
Increasing
Defect d
Concentration Phonon kl oc T
Scattering
Defect Phonor?
Boundary \ | Boundary Defect  Scattering
0.01 0.1 L0 0.01 0.1 1.0
Temperature, T/6p Temperature, T/0p
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Temperature Dependence of Phonon K.,

lowT
T lowT 1 heolkT -
. Apnpn € —=¢€""" -1 ho .
3Nk, highT Ny, T highT
C A —+— K

Ny — 0, S0
low T oc T X — oo, but then oc T

A — D (size)
high T 3Nkg oc UT oc UT
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Ex: Silicon Film Thermal Conductivity

McConnell, Srinivasan,and Goodson, JMEMS 10, 360-369 (2001)

~
S 4 ) -
Y 10 T T Bulk single-crystal silicon:
o bulk Touloukian etal. (1970)
‘. o o ° _

S o . d=0.44cm

. b single
\;_/1000 3 . . crystal 4 Undoped single-crystal film:
= . films . Asheghiet al. (1998)
= i o Nt d=3pum
S size ’:y & u
= 100 effect T ot | Doped single-crystal film:
S Ad Asheghi et al. (1999
S ;, " sheghiet al. ( )
S undoped” - d=3um
g dopeds’ AA‘W n = 1-10%° cm- boron
O 10_ AA -.!..!F. -
— at L} Doped polysilicon film:
© doped4  undoped poly- McConnell et al. (2001)
E crystal d=1pm
g 1 L L dg =350 nm
[ 10 100 n=1.6-10' cm-= boron

Temperature (K) Undoped polysilicon film:

1 A -1 Srinivasan et al. (2001)
k(dg,n)==Cv| =+ n. d=1pum
(@em =3 [dGJrAZ '] dg = 200 nm

© 2008 Eric Pop, UIUC ECE 598EP: Hot Chips 58

Ex: Silicon Nanowire Thermal Conductivity

< 60 T e < 100 : T T

: ———— T

E 50 Nanowire diameter (a) = + 115nm (bl
B 115 nm T = o 56nm

= ISATTLTTYE o =S v 37nm .3

£ 1w o Sreee,, - Z 10F v 22m kT3 " o E
| 56 nm i S A T

8 o :"ec I8, RN 1 S 1k ¢ vav'v (S50 i

= J ",'vv vy B g v ——"F,?
L o -

Eoop s E

[ L AAAAAAAAAS @

= A pra— E o1 L L L
0 50 100 150 200 250 300 350 10 20 40 60 80

Temperature (K) Temperature (K)

FIG. 3. (a) Measured thermal conductivity of different diameter Si nanow-
ires. The number beside each curve denotes the comesponding wire diam-
eter. (b) Low temperature 1 1 data on a I h scale. Also
shown are T, TZ, and T! curves for comparison.

* Recall, undoped bulk
crystalline silicon k ~ 150
W/m/K (previous slide)

Li, Appl. Phys. Lett. 83, 2934 (2003)
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Ex: Isotope Scattering

isotope s00 e
10% v:._:‘valmpurlty
'y Diamond
\A Tn 100
*\ & z
= " & i
L 2, X E
E AN g
E 10% £9; ) E
‘; f 4 H Synthetic 0.07% 13C .
é i " E N : };2? i;m‘:k ints 1
3 { - E Debye integral fit
[N % ataral type i -
E 4 ~T3 . « Ref 16
F by o b LT i intenral fit ,
a2 ur’f / ‘i . s E
~1T % . T mperetare
r o FIG. 5. Thermal conductivity of natural type-Ila diamond
and synthetic diamond with 0.07% "C isotope concentration,
\ S The dashed line is the fit calculated from the Debye model as
9 described in the text. The solid line is the fit for the nearly iso-
> - A topically pure diamond, where the point defect scattering (Ray-
2 5 10 100 leigh term) was the only parameter changed.
T(K)
Figure 5.27 (a) The principal form for the variation of thermal conductivity. (b) Experimental data
for LiF crystals containing different amounts of the isotope °Li: &, 0.02% °Li; A, 0.01 X, 4.6
@ 94% 254%; +, 50.1 After Berman and Brock 1965
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Why the Variation in K"
* A: Phonon A(w) and dimensionality (D.O.S.)
* Do C and v change in nanostructures? (1D or 2D)
« Several mechanisms contribute to scattering
— Impurity mass-difference scattering
2
1 nVi(AMY |,
~ 2 (4]
Toni 4rv;
— Boundary & grain boundary scattering
1 v
Tonb D
— Phonon-phonon scattering
1 ho
~ Ao°T/ exp| -B—
Ton_ph KT
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What About Electron Thermal Conductivity?

* Recall electron heat capacity

du 7_df 72 (kT
C.=r :IE—dTg(E)dE Co="| 2 Inks| T
0 F
 Electron thermal conductivity
k = Mean scattering time:
e Te =
/18
Bulk Solids Electron Scattering Mechanisms
\ ) + Defect or impurity scattering
ncreasing .
Defect Concentratjon » Phonon scattering
» Boundary scattering (film
Defect thickness, grain boundary)
Scattering
Temperature, T Grain Gra\ln Boundary
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Ex: Thermal Conductivity of Cu and Al

* Electrons dominate k in metals

Matthiessen Rule:
11 1 1
T

10°

= + +
rdefect Tboundary

T phonon

Copper

e
1 1 1 1

—_— + +

ﬂ’e ﬂ’defect ﬂ‘noundary ﬂ’phonon

Aluminum

Thermal Conductivity, k [W/cm-K]

Defect Scattering Phonon Scattering

10° 10t 102 10°
Temperature, T [K}
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Wiedemann-Franz Law

2
K, = %[% kénELJVéT where EF =
F

recall electrical
conductivity

2
m

taking the ratio

£
o

* Wiedemann & Franz (1853) empirically saw k./o = const(T)

* Lorenz (1872) noted k./o proportional to T
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Lorenz Number

Experimentally

L=«/cT 108 WQ/K?
inzﬂzké Metal | 0°C 100 °C
oT  39°

Cu 2.23 2.33
Ag 231 2.37
L =2.45x10" WQ/K? AU 535 240
Zn 231 2.33
This is remarkable! Cd 2.42 243
It is independent of n, Mo 2.61 2.79
m, and even t ! Pb 2.47 2.56

Agreement with experiment is
quite good, although L ~ 10x
lower when T ~ 10 K... why?!
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Amorphous Material Thermal Conductivity

T
Ge Te Films
crysialline 9600 4"
Amorphous 30004

'S}
kS
T

Crysiahne() 149

&

®
=]
Electrical Resistivity (102 1 cm)

Cryshailipeik) 7

Thermal Conductnoly (107 3calfcm k sec)

ér Amorphoustx)'
— e
o ma— === " " “iedemann Franz
_______ law (k)
-
L .
186 200 300 F 500

Temperalue (k)

FIG. 3. Thermal conductivity vs temperature for
amorphous and crystalline GeTe films. Also shown is
the variation of the electrical resistivity with temperature
and the variation of the electronic part of the thermal
conductivity with temperature for a crystalline GeTe
film (9000 A), deposited at 420 °K.

Amorphous (semi)metals: both
electrons & phonons contribute

-

a-Sio,

Thermal comductivity (F m™ K™}

50 100 200 500
Temperature ()

FIG. 4. Data (open cireles) for a 0.98-pm-thick a-8i03
layer thermally grown on Si(001). Data for bulk a-8i0z are
shown as the solid line, sec Ref. 24. Two data points at Toom
temperature marked “MO” and “KG" are also for thermally
grown oxide films, sce Refs. 33 and 23,

a-Si

w®

Thermal conductivity (W m™ K)

50 100 200 500
Temperature ()

FIG. 5. Thermal conductivity of a-SiH. The key to each
symbal gives the hydrogen content in atomic percent. Sub-
strate temperature and flm thickness are listed in Table [

Amorphous dielectrics:
K saturates at high T (why?)
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Summary
* Phonons dominate heat conduction in dielectrics
* Electrons dominate heat conduction in metals
(but not always! when not?!)
* Generally, C=C,+ C,and k =k, +k,
* For C: remember T dependence in “d” dimensions
» For k: remember system size, carrier N's (Matthiessen)
* |n metals, use WFL as rule of thumb
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