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1. Introduction

In this editorial, we present the Special Issue of the scientific journal Axioms entitled
“Mathematical Models and Simulations”. Mathematical models constitute a fundamental
tool for understanding physical phenomena, biological systems, and finance and engineer-
ing. In addition to theoretical aspects, simulations play a primary role in applications,
because they allow for the prediction of the behavior of quantities of interest. We collected
papers in the field of mathematical physics, where different categories of mathematical
models are presented, both deterministic, i.e., based on ordinary or partial differential equa-
tions, and stochastic, i.e., defined by stochastic processes or based on stochastic differential
equations. The study of mathematical aspects of the presented models has been tackled.
To provide realistic applications, numerical simulations play an important role. Several
numerical methods suited to the specific problem have been adopted. Moreover, in some
cases, simulations have been performed by adopting real data for the parameters, and
optimization procedures have been carried out.

2. Overview of the Published Papers

This Special Issue contains 13 papers that were accepted for publication after a rigorous
review process.

In contribution 1, the authors E. El-Zahar and A. Ebaid study the pantograph delay
differential equation. They determine the analytic solution of such an equation in a closed
series form regarding exponential functions. The convergence of such a series is analyzed.

In contribution 2, B. Telli, M. Souid, and I Stamova present a paper devoted to
boundary-value problems for Riemann-Liouville-type fractional differential equations
of variable order involving finite delays. The existence of solutions is first studied using
Darbo’s fixed-point theorem and the Kuratowski measure of noncompactness. Second, the
Ulam-Hyers stability criteria are examined.

In contribution 3, S. Bagchi proposes a generalized finite-dimensional algebraic analy-
sis of the solution spaces of second-order ODEs equipped with periodic Dirac delta forcing.
The proposed algebraic analysis establishes the conditions for the convergence of responses
within the solution spaces without requiring the relative smoothness of the forcing func-
tions. The analysis shows that smooth and locally finite responses can be admitted in an
exponentially stable solution space.

In contribution 4, A. Elaiw, R. Alsulami, and A. Hobiny present a COVID-19 and
Influenza Co-Infection Model with Time Delays and Humoral Immunity. The model
considers the interactions among uninfected epithelial cells (ECs), SARS-CoV-2-infected
ECs, IAV-infected ECs, SARS-CoV-2 particles, IAV particles, SARS-CoV-2 antibodies, and
IAV antibodies. The model is constructed using a system of delayed ordinary differential
equations (DODEs), which includes four time delays. They establish the non-negativity
and boundedness of the solutions, examine the existence and stability of all equilibria, and
perform numerical simulations to support the theoretical results.

In contribution 5, O. Muscato focuses on electron transport and heat generation in
a Resonant Tunneling Diode semiconductor device. A new electrothermal Monte Carlo
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method is introduced. The method couples a Monte Carlo solver of the Boltzmann-Wigner
transport equation with a steady-state solution of the heat diffusion equation. This method-
ology provides an accurate microscopic description of the spatial distribution of self-heating
and its effect on the detailed nonequilibrium carrier dynamics.

In contribution 6, B. K. Singh, H. M. Baskonus, N. Singh, M. Gupta, and D. G. Prakasha
analyze the dynamical behavior of two space-dimensional nonlinear time-fractional models
governing the unsteady flow of polytropic gas that occurs in cosmology and astronomy.
They adopt two efficient hybrid methods, the so-called optimal homotopy analysis J-
transform method and the J-variational iteration transform method. The convergence of
these methods is proven, and the numerical results demonstrate that both of the developed
techniques perform better for the considered time-fractional model governing the unsteady
flow of polytropic gas.

In contribution 7, F. M. Al-Askar, C. Cesarano, and W. W. Mohammed consider the
stochastic Kadomtsev—Petviashvili equation with fractional beta-derivative. They find
exact solutions employing the Riccati equation method and the Jacobi elliptic function
method. The obtained solutions can also be used in practical applications, such as designing
improved tsunami warning systems or optimizing wave energy converters. They inves-
tigate the effect of beta-derivatives and noise on the analytical solutions of the equation
using graphs.

In contribution 8, A. Shehata, G. S. Khammash, and C. Cattani derive some classical
and fractional properties of the rRs matrix function using the Hilfer fractional operator. The
theory of special matrix functions is the theory of those matrices that correspond to special
matrix functions such as the gamma, beta, and Gauss hypergeometric matrix functions.
They also show the relationship with other generalized special matrix functions in the
context of the Konhauser and Laguerre matrix polynomials.

In contribution 9, V. Sobchuk, O. Barabash, A. Musienko, I. Tsyganivska, and O.
Kurylko propose a mathematical model of the process of cyber risk management in an
enterprise, which is based on the distribution of piecewise continuous analytical approx-
imating functions of cyberattacks in the Fourier series. This model makes it possible to
move the system of the regulatory control of cyber threats of the enterprise from a discrete
to a continuous automated process of regulatory control.

In contribution 10, L. Sanchez, G. Ibacache-Pulgar, C. Marchant, and M. Riquelme de-
velop varying-coefficients quantile regression models based on the family of log-symmetric
distributions. Moreover, they estimate the parameters of the model using the maximum
penalized likelihood technique and a back-fitting algorithm. They incorporate the non-
parametric structure through natural cubic smoothing splines and calculate local influence
techniques for model diagnostics by assessing the normal curvatures under different pertur-
bation scenarios. Further, they implement the obtained outcomes computationally within
the R programming environment and apply these results to real data related to atmospheric
pollutants in Padre Las Casas (Chile), recognized as one of the most contaminated cities in
Latin America and the Caribbean.

In contribution 11, Y. Chong, A. J. Kashyap, S. Chen, and F. Chen study a class of
discrete-time commensalism systems with additive Allee effects on the host species. First,
the single species with additive Allee effects is analyzed for existence and stability; then,
the existence of fixed points of discrete systems is given, and the local stability of fixed
points is given by characteristic root analysis. Second, the bifurcation of a codimension
of one of the systems at non-hyperbolic fixed points is examined. Furthermore, this work
uses the hybrid chaos method to control the chaos that occurs in the flip bifurcation of the
system. Finally, the analysis conclusions were verified by numerical simulations.

In contribution 12, J. F. Sanchez-Pérez, J. Solano-Ramirez, E. Castro, M. Conesa, F.
Marin-Garcia, and G. Garcia-Ros apply the non-dimensionalization methodology to the
Burgers-Huxley equation to obtain a universal solution to the problem posed. In this case,
the symmetry condition is applied to one of the boundary conditions, and a constant value
of the variable is applied to the other boundary condition (Dirichlet condition). Another
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objective is to study the weight of the variables in the problem. For the construction of the
universal curves, the Network Simulation Method was used, which has demonstrated its
effectiveness in solving this problem, as well as other engineering problems.

In contribution 13, C. Feng considers the oscillatory behavior of the solutions for a
Parkinson’s disease model with discrete and distributed delays. The distributed delay
terms can be changed to new functions such that the original model is equivalent to a
system in which it only has discrete delays. The stability analysis is performed employing
the linearization technique. By analyzing the linearized system at the smallest delay,
some sufficient conditions to guarantee the existence of oscillatory solutions for a delayed
Parkinson’s disease system can be obtained. It is found that under suitable conditions of
the parameters, a time delay affects the stability of the system. Some numerical simulations
are provided to illustrate the theoretical result.
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Abstract: In this paper, the oscillatory behavior of the solutions for a Parkinson’s disease model
with discrete and distributed delays is discussed. The distributed delay terms can be changed to
new functions such that the original model is equivalent to a system in which it only has discrete
delays. Using Taylor’s expansion, the system can be linearized at the equilibrium to obtain both the
linearized part and the nonlinearized part. One can see that the nonlinearized part is a disturbed
term of the system. Therefore, the instability of the linearized system implies the instability of the
whole system. If a system is unstable for a small delay, then the instability of this system will be
maintained as the delay increased. By analyzing the linearized system at the smallest delay, some
sufficient conditions to guarantee the existence of oscillatory solutions for a delayed Parkinson’s
disease system can be obtained. It is found that under suitable conditions on the parameters, time
delay affects the stability of the system. The present method does not need to consider a bifurcating
equation. Some numerical simulations are provided to illustrate the theoretical result.

Keywords: Parkinson’s disease model; delay; instability; oscillatory solution

MSC: 34K13

1. Introduction

It is known that Parkinson’s disease (PD) is a common progressive neurodegenerative
disease. Parkinson’s disease is characterized by tremors and stiffness. Mathematical
modeling can help understand such complex multifactorial neurological diseases and help
diagnose and treat them. Many mathematical models have been established to discuss
Parkinson’s disease mathematically and biologically using the experimental method or
analysis method. For example, Tuwairqi and Badrah provided the following model [1]:

N'(t) = 0 — BN(t)aS(t) —a;N(t) — aaN(t) — u1N(t),
F(t) = BN(DaS () — di1(t) — i T(t) — ar1(1),
wS'(t) = edi I(t) — a1aS(t) — aaS(t) — e1aS(t, 7), )
M'(£) = ayI() + agaS(t) — eaM(t, T) — uaM(),
T'(t) = aT(t) + (a1 + a2)aS(t) — eaT(t, T) — psT(t),

where N(t), I(t), and aS(t) represent the density of healthy neurons in the brain, the
density of infected neurons in the brain, and the density of extracellular a-syn in the
brain, respectively, M(t) represents the density of activated microglia, and T(t) presents
the density of the activated T cell; a1, ay, €1, €2, €3, }i1, Y2, 43, 0, and B are parameters
which belong to [0, 1]. The local stability of the free and endemic equilibrium points
was established depending on the basic reproduction number. The authors pointed out
that the administering time of immunotherapies plays a significant role in hindering the
advancement of Parkinson’s disease. Different from traditional viewpoints, Wang et al.
provided a delayed model which contains a cortex inhibitory nucleus (INN), a direct

Axioms 2024, 13, 75. https:/ /doi.org/10.3390/axioms13020075

https:/ /www.mdpi.com/journal /axioms



Axioms 2024, 13,75

inhibitory projection from the subthalamic nucleus (STN), a cortex excitatory nucleus
(EXN), and globus pallidus external (GPe). A simplified INN-EXN-STN-GPe resonance
mathematical model is the following [2]:

1S/ (t) = Fs(=Wgs G(t — Tgs) + Wes E(t — Tcs)) — S(t),
176G/ (t) = F6(Wsg S(t — Tsg) — Str) — G(t),
TeE'(t) = Fe(=Wecc I(t — Tec) — Wse S(t— Tsc) + C) — E(t),
7 I'(t) = Fi(=Wecce E(t — Tee)) — (1),

@

where S(t) and G(t) represent the subthalamic nucleus (STN) and the external segment
of the globus pallidus (GPe), E(t) represents the firing rate of cortical excitatory pyra-
midal neurons (EXN) and I(t) represents the firing rate of inhibitory nuclei (INN). T ()
and W(t) represent the delay and connection weight in different projections. CIN is a
constant excitatory input to the cortex, and Str represents the projection from the striatum.

M . .
Fy(x) = 1+(MYB;BY) eip<74x/My> (Y =S5, G, E, I) are activation functions.

It can be assumed that 75 = 76 = 7 = 11, Tsg = Tgs = Tcc = Tsc = T, the Hopf
bifurcation of system (2) is considered. A modified model of the system (2) is as follows:

755/ (t) = Fs(—Wgs G(t — Tgs) + Wes E(t — Tcs)) — S(t),
76G'(t) = Fg(Wsc S(t — Tsg) — Str) — G(t), 3)
TEE,(t) = Fe(—Wec I(t — Tee) + Weg E(t — Tgg) + C) — E(t),
T]Il(t) = FI(WCC E(t — ch) — WH E(t — TH)) — (f)

Assume that
s =1 =1 =17 =10, Tsg = Tgs = T1, Tcc = Tij = Tes = Th. 4

The Hopf bifurcation critical condition of the system (3) was provided in [3]. However,
in models (1) to (3), the delays are discrete, and distributed delays are rarely introduced into
neuron models with biological backgrounds. Recently, Kaslik et al. applied the bifurcation
and stability theory of distributed delays to the interaction of the Wilson-Cowan model
of excitatory and inhibitory mean-field interactions in neuronal populations [4]. Indeed,
distributed delays can more truly describe the delay effects of signal transmissions between
different neurons. Wang et al. also considered a Parkinson’s model with distributed
delays [5]:

758'(t) = Fs (fwcs Gt —Tes) +Wes [' . Kyt — s)E(s)ds) —S(1),
6G/(t) = Fg (Wsc S(t = Tsg) = Wog [ o Ka(t — s)E(s)ds — 5”) -G(t),
TeE'(t) = Fr (fwsc It Ka(t—s)S(s)ds — INN + c) — E(t),

where Kj, K5, and K3 represent the weak or strong gamma functions. The authors studied
the stable, conditional stable, conditional oscillation, and absolute oscillation for model (5),
which can explain different mechanisms of oscillation origin. Agiza et al. used the Taylor
series transform to discuss two-delay differential equations for the Parkinson’s disease
models in [6]. The dynamic behavior of innate immune response to Parkinson’s disease
with a therapeutic approach was modeled in [7]. Some authors investigate Parkinson’s
disease models via electrical activity rhythms [8], activity patterns [9], the emergence of beta
oscillations [10], the intra-operative characterization of subthalamic oscillations [11], the
Bayesian adaptive dual control of deep brain stimulation [12]. Hu et al. investigated a
bidirectional Hopf bifurcation of Parkinson’s oscillation in a simplified basal ganglia model
in [13]. Darcy et al. considered the spectral and spatial distribution of subthalamic beta peak
activity [14]. Lang and Espay summarized the current approaches, challenges, and future
considerations in Parkinson’s disease in [15]. For other research results on Parkinson’s
disease, one can see [16-30].
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In this paper, we extend the model (3) to the following system which includes not only
discrete delays but also distributed delays:

TsS'(t) = Fs (*Wcs G(t—Tes) + Wes [! o Ku(t— S)E(S)ds) —S(t),
6G/(t) = Fg (wSG S(t— Tsg) — Wee [, Ka(t — 5)G(s)ds — sn) —G(b)
TeE'(t) = Fr (fwsc I(t — Tgs) + Wee [*, Ks(t —5)S(s)ds — INN + c) — E(b).
Tl'(t) = F (ch E(t—Tec) — Wy [ Ka(t — s)I(s)ds) — ().

(6)

According to the simulation result in [3], the parameters are ¢ = 12.80 ms, 7 =20 ms,
T = 1020 ms, and 177 = 10-20 ms. Therefore, the results in [3] are only for special
parameters. Note that model (6) has four discrete delays. If the four delays are different
real numbers, then the bifurcation method is hard to deal with in model (6) due to the
complexity of the bifurcating equation. In this paper, using the method of mathematical
analysis, the oscillatory behavior of the solutions for model (6) could be obtained. Our
result indicated that the four discrete delays can be different real numbers, and condition (4)
has been extended.

For convenience, we considered K; (i = 1, 2, 3, 4) as the weak gamma functions, setting
Ki(t —s) = ajexp(ai(t —s)) (0; >0,i=1, 2, 3, 4), and let

Yi(t) = /jw Kq(t —s)E(s)ds =/jootx1 exp(aq(t —s))E(s)ds,

Ya(t) = /too Ka(t — 5)G(s)ds =/joozx2exp(ocz(tfs))G(s)ds,

Y3(t) = /joo Ks(t —s)S(s)ds :/; azexp(as(t —s))S(s)ds,

and Yy (t) = /t Ky(t —s)I(s)ds = /j agexp(ag(t —s))I(s)ds.

Then, using the fundamental theorem of calculus, we obtained

Yi(t) = —m /jw ayexp(ay(t —5))E(s)ds + e E(t) = —ar Y1 (t) + ap E(t),
Yj(t) = —ay [w apexp(az(t —s))G(s)ds + axG(t) = —apYo(t) + aaG(t),
Yi(t) = —a3 /jm azexp(az(t —s))S(s)ds + a3S(t) = —azY3(t) +azS(t),

t
Yi(t) = —M/ wyexp(ag(t —$))1(s)ds + aal(t) = —agYa(t) + agl ().
Thus, we can rewrite model (6) as the following equivalent system:

§'(t) = —r1S(t) + r1Fs(—Wgs G(t — Tgs) + Wes Ya(t)),
G'(t) = —r2G(t) + r2F (Wsc S(t — Tsg) — W Ya(t) — Str),
El(i’) = —1’3E(t) + TSFE(—WSC I(t — Tgs) + Wge Y3(t) — INN + C),
I'(t) = —rgI(t) + raFy(Wee E(t — Tec) — Wi Ya(t)),
Yl/(t) = *DqY](t) + a]E(t),
Yé(t) = —DézYZ(t) + DézG(i’),
Yé(t) = —a3Y3(t) + a3S(t),
Yi(f) = —DC4Y4(t) + 0(41(1’),

@)
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1 1 1 1 M
wherer| = =,7p = —,r3 = =,r4 = —. From Fy(x) = — Y Y=S,G, E I
1 75712 '3 4 T Y( ) 1 (MgYBY)eXp( 4/ My) ( )

we know that Fg < Mg, Fg < Mg, Fg < Mg, and F; < M, so we can obtain

§'(t) < —r1S(t) + 1 Ms,

G'(t) < =nG(t) + Mg,
E'(t) < —r3E(t) +r3ME,
Il(i’) 7741(” +V4M[, (8)
Yll(t) = —Etlyl(t) + (XlE(t),
Yé(l‘) = - Yo (t) + axG(t),
Yé(t) *N3Y3(t) +D(3S(t),
Yi(t) = —aaYa(t) + asl(t).

System (8) implies that S(t) < [ Ms = Ms, G(t) < 2 Mg = Mg, E(t) < 2 Mg = Mg,
I(t) < :4 M; = M, Yi(t) < ME, Yo(t) < Mg, Y3(t) < Mg, and Y4(t) < Mj. In
other words, all of the solutions of system (7) are boundedness. According to the param-
eter values in [3]: Mg = 300 spk/s, Bs = 17 spk/s, Mg = 400 spk/s, B = 75 spk/s,
Mg =71.77 spk/s, B = 3.62 spk/s, M| = 276 spk/s, Bj = 7.18 spk/s, we know that Fy (x)
are monotone increasing functions for Y = S, G, E, and I. Therefore, system (6) has a unique
equilibrium point (5%, G*, E*, I *) . Equivalently, system (7) has a unique equilibrium point
(S*, G*, E*, I*, Yl*, Y3, Y* *) , where Y* =E*Y; =G, Yg‘ = §*, and YZ = I*. Ifwe
make the changeinvarlables S(t) = S(t) — S*,G(t) — G(t) — G*, E(t) — E(t) — E*, I(t)
— I(t) — I, Yi(t) = Y;(t) = Y7 (i = 1, 2, 3, 4), the Taylor expansion of system (7) at the
equilibrium point is the following:

§'(t) = —r1S(t) + a1aG(t — Tgs) + ar5Y1(t)
[G(t=Tgs)]' ()] | o™k

+i+]222 il Jl aGiaylf (G*/ Yl*),
G'(t) = —rG(t )Jrﬂz15(?E —Tsc) + a2 Ya(t)
[S(t= Tsc)] V20 | 87Fg ‘
+ L il 1‘ 3 SigY,/ 5%, v5)

i+j>2
E'(t) = —r3E(t) + asal(t — Tgs) + a7 Y3(t)
I(t=Tco)]' s . o™Eg

+i+]€2 il It aravs (g, ;)
I'(t) = —ral(t) + asE(t — Tee) + asgYa(t)
[E(t=Tcd)]” Ma®)) | 9E

©)

+ : . i
f+]Zzz ! It ERYY (e, vy
Y{(i‘) = *(lel(t) +l¥1E(t),
Yzl(f) = —062Y2(t) +0(2G(t),
Yé(f) = —a3Y3(t) +a3S(t),
Yzi(i’) = —0(4Y4(t) —|—1X4I(t),
- 49 - 49 - 9% - 4,9
where a1y = 1 aG‘(c*,yl*)’als = N (g T T2 ‘(s*,yg)’a% = rZaYZ‘(S*,YZ*)/
— R — 19 — 4,9 — 90 in-
azqg = 13 o1 ‘(1*,1/;){,137 = ”331/3 (1*,1/;)“43 = I3 BE‘(E*,YI),‘MS = r4ay4 (E*,YI). The lin

earized system of (9) is the following:

—1r1S(t) +a12G(t — Tgs) + a1sYa (1),
—12G(t) +anS(t — Tsg) + aze Ya(t),
—13E(t) + asgI(t — Tgs) +as7Y3(t),
7}'41(1’) +tl43E(ff ch) +a48Y4(t), (10)
Yl( ) = —qul(t) + (X]E(i’),
( ) —azYZ(t) + och(t),
Ya’(f) —a3Y3(t) +asS(t),
Yi(t) = —agYy(t) +agl(t).

S'(1)
G'(1)
E'(t)
() =
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Let s = min{Tgs, Tsi, Tes, Tcc}. We consider a special case of the system (10):

( ) = —rls(t) -I—EllzG(f — S) +ﬂ15Y1(f),
G'(t) = —1r2G(t) + a2 S(t —s) +azYa(t),
E,(t) = *7‘3E(t) + ﬂ34[(t — S) + 1137Y3(t),
I'(t) = —rql(t) + ag3E(t — s) + asgYa(t), a1

Yl/(t) *Délyl(t) + DL]E(t),

Y5(t) = —axYa(t) + a2G(t),

Yi(t) = —a3Ys(t) + asS(t),
Yi(f) = —0(4Y4(t) —+ 0(4I(t).
The matrix form of the system (11) is as follows:

u'(t) = Cu(t) + Au(t —s) (12)
where u(t) = [S(t), G(t), E(t), I(£), Y1(t), Ya(t), Ya(t), Ya(t)] ", u(t — s) = [S(t —s),G(t —
s),E(t—s),1(t—s),0,0,0,0]T

0 ap, 0 0 0 0 0O
m 0 0 0 0000
0 0 0 ay 0 0 0 O
0 0 a3 0 0 0 0 O
A=()ss=10 0o 0 0 000 0|
0 0 0 0O 0 0 0 O
0 0 0 0 0 0 0 O
0O 0 O 0O O0O0O0O
and
- 0 0 0 als 0 0 0
0 —TI 0 0 0 a6 0 0
0 0 —r3 0 0 0 asy 0
_ B _ 0 0 0 V1 0 0 0 asg
C=()ss=| o o 4 0 —a 0O 0 0
0 & 0 0 0 —a 0 0
a3 0 0 0 0 0 —a3 O
0 0 0 oy 0 0 0 —0y

2. The Existence of Oscillatory Solutions

To discuss the existence of oscillatory solutions for system (7) including four-time
delays, we first provide the following lemma.

Lemma 1. Consider the following delayed differential equations:

() = f(x(t— 1)), (13)

X(t) = f(x(t=717)), (14)

where T > T, >0, x € R", f = (f1, fa, -+, fu)", F(0) = 0. Assume that the trivial solution
of system (13) is unstable, then the trivial solution of system (14) is also unstable.

Proof of Lemma 1. Since the trivial solution of system (13) is unstable, this means that for
arbitrary € > 0, there exists an infinite sequence {t;}, where T, < t; < t, < t3 < ---,such
that the trivial solution x(t) of system (13) satisfies |x(t; — ;)| > . Noting that {#;};7; is
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an infinite sequence, one can select a subsequence {t,} C {t}, such that t;, = t + (T" — 7).
Thus, for the trivial solution of system (14), we obtained the following:

[x(te, = T°) | =[x(t + (T = 7) = T)| = [x(tx — )| > & (15)
Inequivalent (15) indicates that the trivial solution of system (14) is also unstable. [J

Since the system (10) is a linearized system of (9), we can see that system (9) is a
disturbed system of (10). If the trivial solution of system (11) is unstable, then the trivial
solution of system (10) is also unstable according to the Lemma 1. In what follows, we first
consider the instability of the zero equilibrium point of the system (11) (or (12)). Therefore,
we considered the following theorems.

Theorem 1. Assume that the system (11) has a unique trivial solution and <1, vy2,--- ,7yg are
characteristic values of matrix C. p1, 02, 03,04, 0, 0, 0, 0, are characteristic values of matrix A.
If there is a characteristic value, say vy, satisfying the following:
(1) Re(yx) =0, Im(y) # 0, and v = wi; or
(ii)  Re () >0, and Re () >max {1p1 |, 1pa1, |p3|, pal) or
(i) Im (y) =0, v > 0.
Then, the trivial solution of system (11) (thus system (9)) is unstable, implying that there
exists a limit cycle in the system (7); namely, system (7) has a periodic solution.

Proof of Theorem 1. We show that the trivial solution of the system (11) is unstable.
Since 71, Y2, - -, s are characteristic values of matrix C and p1, p2, 03,04, 0, 0, 0, 0 are
characteristic values of matrix A, then the characteristic equation of (11) is the following:

?:1 A—yi— pie*/\s =0. (16)

When there is a characteristic value 7 such that Re (y,) =0, Im (%) # 0, and 7y = wi,
then
= cos wt +isin wt. (17)
We know that cos wt is a periodic function; therefore, the trivial solution of system
(11) is unstable. Noting that all characteristic values of matrix A are p; or 0, there is a
characteristic equation from the system (16) as follows:

A—q—pre =0 (18)

or
A— 7 =0. (19)

If Re (7x) > 0 and Re (y¢) > max{lp1 |, 1p21, |p3], |04|}, this means that Equation (18)
has a positive real part characteristic value. If Im (7) = 0, % > 0, it suggests that there is a
positive characteristic value from (19). Thus, the trivial solution of system (11) is unstable.
Based on Lemma 1, the trivial solution of system (10) is unstable. This implies that the
equilibrium point (S*, G*, E*, I*, Y{, Y3, Y3, YI)T of system (9) is unstable.

Equivalently, the unique equilibrium point of the system (7) is unstable. This instability
of the unique equilibrium point, together with the boundedness of the solutions, forces
system (7) to generate a limit cycle, namely, a periodic solution according to the extended
Chafee’s criterion [31,32]. The proof is complete. [

Let o= max{ag —ry, 0o — 1o, &1 — 13, &4 — 14, |a15] — &1, |age| — &y, |az7| — as, |asg| — s},
then we have Theorem 2.
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Theorem 2. Assume that system (11) has a unique trivial solution. If the following condition holds
r+0>0, (20)

wherer =max {layp 1, layn |, Vass||, lasg| ). Then, the trivial solution of system (11) is unstable,
implying that there exists a limit cycle of system (9); namely, system (7) has a periodic solution.

Proof of Theorem 2. To prove the instability of the trivial solution of the system (11), let
z(t) = S(t) + G(t) + E(t) + I(t) + L+, Y;(t), then we have the following:

z(t) <oz(t) +rz(t—s). (21)
Specifically, consider the following scalar equation:
v(t) =co(t)+ro(t—s). (22)

According to the comparison theory of the differential equation, we have z(t) < v(t).

We claim that the trivial solution of Equation (22) is unstable. Indeed, the characteristic
Equation (22) is as follows:

A= +re s, (23)

Consider a function ¢(A) = A — o — re~*%. Then, ¢(A) is a continuous function of
A. Noting that ¢(0) = —c —r = —(0 + 1) < 0. Clearly, there exists a real number L > 0
such that ¢(L) = L — ¢ — re~ 15 > 0. Using the Intermediate Value Theorem, there exists
Mg € (0, L) such that ¢( Ag) = 0. In other words, there exists a positive characteristic
root of Equation (22), which means that the trivial solution of Equation (22) is unstable,
implying that the trivial solution of Equation (11) is unstable and that the trivial solution of
system (11), thus (9), is unstable. Similar to Theorem 1, system (7) has a periodic solution.
The proof is complete. [J

3. Computer Simulation Result

This simulation is based on model (7). In model (7), according to the parameters
in [3], we set Mg =300, Bs =17, Mg =400, B¢ =75, Mg =71.77, By =3.62, M; =276,
By =718, Wags = 3,Wsc = 25, Wsc = 6,Wee = 3, Wee = Wee = 1L, W = 0.1,
C = 277,Str = 40. When we select a1 = 0.8, ay = 0.85, a3 = 0.5, ag = 0.55, time delay
TGS = 155, TSG = 18, TES = 165, TCC = 17, Ts = 12.5, G = 20, T = 10, T = 15, SO
rp =0.08,r, = 0.05,r3 = 0.1,r4 = 0.067, then the unique positive equilibrium point
(5%, G*, E*, I, Y7, Y5, Y5, Y;)© = (98.4164,163.4268,44.8525, 60.5816, 44.8525, 163.4268,
98.4164,60.5816)". Thus,

aipp =n aﬁ = *0.2372, ajs =1 aﬁ = 0.4744,
aG (C*, Y]*) 8Y1 (C*, Y]‘)
F, dF.
Aoy = 12 i = 0.2256,006 = 17 =2 = —0.0923,
as (s*, YZ*) BYZ (s*, Yé«)
F F
A3y = 13 i3 = —0.0092, a37 = 3 Fg = 0.0031,
E)I (Ixs’ Y§) aY3 (l*, YS*)
as3 = T4 ﬁ = 0.1496, asg — T4 @ = —0.0053.
O |(e+, vy Nal (e, vp)

The characteristic values of the matrix C are 0.0257, —0.0863, —0.5437, —0.5734,
—0.2661 +0.1496 i, and —0.2750 4 0.0994 i. Since there exists a positive characteristic value
of 0.0257, the conditions of Theorem 1 are satisfied. There exists a periodic oscillatory solu-

10
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tion (see Figure 1). Figure 2 indicates a case for all parameters are the same as in Figure 1, but
time delays are changed. When we selecta; = 0.8,y = 0.85,a3 = 0.75,a4 = 0.78, time
delay is TGS =125, TSG =14, TES =135, TCC =13, Tg = 10, G = 20, g =16, 11 =12,
sor; = 0.1, rp, = 0.05 r3 = 0.063, ry = 0.083, then the unique positive equilib-
rium point (S*, G*, E*, I*, Y, Y3, Y3, YI)T = (75.4916, 127.1502, 55.3846, 64.9912,
55.3846, 127.1502, 75.4916, 64.9912)T. Thus,

oF oF
ajp =1 s = —0.0349, als =1 ) = 00698,
JG (G*/ Y*) aY1 (G*, Yl*)
F F.
Ay =19 =2 = 0.1042, ayg = 17 ks = —0.0417,
85 (S*, YZ*) BYZ (S*, Y;)
F F
A3y =13 o = —0.0051, as; =13 o =0.0017,
aI (I*, Y*) aY3 (1*, Y;)
oF oF
ag3 = T4 L = 02025, asg = T4 o1 = —0.0067.
JoE (E*, Yz) 8Y4 (E*, yz)
300
20
100 -
1]
(1} 108 20 300 AWk 5 600
300
200 F
100
ok |
0 mo 200 500 600

(b} Solid line: ‘:’lil}. dashed line: Y (1), dmml line: ‘r 1[1]. dashdotied line: ‘:_luj.

Figure 1. Oscillation of the solutions, s = 12.5,7¢ = 10,7 = 10,77 = 15, and time delay
TGS = 15.5, TSG = 18, TES = 16.5, TCC = 17, n = 0.4, ap = 0.45, a3 = 0.5, ny = 0.55.

Thus, 0 = l’naX{Dég — 711, ) — T, X1 — T3, &g — Ty, |a15\ — K1, |ﬂ26| — K, |a37\ — A3,
lasg| — g} = 0.8, ¥ = max{lapp |, lap |, las, las!} =0.1042, and ¢ + r = 0.9042 > 0.
The condition of Theorem 2 is satisfied. The system (7) has an oscillatory solution (see
Figure 3). In Figure 4, we changed the time delays and kept all parameters the same as
in Figure 3. When we selected a1 = 1.5, ap = 1.6, a3 = 1.8, a4 = 1.75, time delay is
TGS = 18.5, TSG =175, TES =18, TCC =17, Ts = 12.8, G = 16, Tg = 20, T = 14,
sor; = 0.078, r; = 0.063, r3 = 0.05, 74 = 0.07, then the unique positive equilibrium
point (S*, G*, E*, I, Y}, Y5, Y3, YI)T = (98.5443, 151.1364, 52.1243, 63.4582, 52.1243

151.1364, 98.5443, 63.4582)T,

11
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100 204}
{a) Solid line: 8(t), dashed line: G(t), dotted line: E(t), dashdotted line: I(t).

o} 100 200 300 400 500 600
() Solid line: Y I{l}. dashed line: Y (1), dotted line: ‘r"m. dashdotted line: \r'_I{lJ.

Figure 2. Oscillation of the solutions, s = 12.5, 7¢ = 10, 7 = 10, 77 = 10, and time delay
TGS = 12.5, TSG = 14, TES = 13.5, TCC = 13, N = 0.4, ny = 0.45, a3 = 0.5, Ny = 0.55.

E11 1]

300

200

100

0 100 200 300 400 500 600
(k) Solid line: ‘r’l{l}.daxhed line: Y (1), dotted line: Y.*{U. dashdotied line: Y_I{lj.

Figure 3. Oscillation of the solutions, 7s = 10, 7¢ = 20, 7 = 16, 17 = 12, and time delay
TGS = 125, TSG =14, TES =135, TCC =13, n = 0.8, Ny = 0.85, N3 = 0.75, g = 0.78.

Therefore, we can obtain the following:

ajp =1 aﬁ = —00108, a5 =1 aﬁ = 00216,
aG <G*/ Yl*) aY1 (G*, le)

axy =12 aﬁ = 0.1471, axe = 12 aﬁ = —0.0588,
95 (s, ) N2 |(s+, vz)

az4 =13 aﬁ = —0.0062, azy =13 aﬁ = 0.0021,
o Jire, vs) s, vy)

12
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— % =0.1904, a5 = 14 gi’ = —0.0063.
(B, Yy) 41(E*, )
It is easy to see that the condition of Theorem 2 holds. Therefore, system (7) has an
oscillatory solution (see Figure 5). In Figure 6, we reduced the time delays. It can be seen
that both the oscillatory frequency and amplitude were changed.

200

150

100

50

0 L . . . .
0 100 200 300 400 500 600
(a) Solid line: S(1). dashed line: Git). dotted line: E(t). dashdotied line: I{t).

] 100 200 300 400 500 600
(b) Solid line: '&'I{l}. dashed line: Y _(t), dotted line: &'1[1}. dashdotted line: \"_I{[J.

Figure 4. Oscillation of the solutions, 7s = 12.8, 7¢ = 16, 7z = 20, 17 = 14, and time delay
TGS = 9.5, TSC = 10, TES = 8.5, TCC = 9, o] = 0.8, Ny = 0.85, a3 = 0.75, Ny = 0.78.

300 T T T T T

200

100

0 100 200 300 400 500 600
(a} Solid line: S(1). dashed line: Git), dotted line: E(t), dashdotted line: 1(1).

300 ; ; : : :
\
200 _.ff \
100 |
pE ] =
0 ma 2{:0 300 400 500 600

(b} Solid line: ‘:’Ill}. dashed line: Y (1), dotted line: ‘r"{l}. dashdotted line: Y.I{[J.

Figure 5. Oscillation of the solutions, 7s = 12.8, 1 = 16,7z = 20, 77 = 14, and time delay
Tes = 185, Tsg = 175, Tps =18, Tec =17, a1 = 1.5, ap = 1.6, a3 = 1.8, ay = 1.75.
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200 F : : T v
Iy
150 F By
L S > N BT
100 Sy 5 Stk
N 2 5 Tl W \ = % E =
P W Py Y L
A N\ e R O = S
501 f\”; 5 e T \fi N
p £ | '-_II.." .-"r':. "._IH_-' '-.r__.'-
0 100 200 300 400 500 600

(b} Solid line: Ylll}. dashed line: Y (1), dotied line: ‘:’,‘[1]. dashdotted line: Y_I{lj.

Figure 6. Oscillation of the solutions, s = 12.8,7¢ = 16,7 = 20,77 = 14, and time delay
TCS = 135, TSC = 12.5, TES = 14, TCC = 13,0(1 = 1‘5,0(2 = 1.6,063 = 1.8,1){4 =1.75.

4. Discussion

Our result provides a criterion to determine whether or not there exists an oscillatory
solution for model (6), which includes discrete and distributed delays. The oscillatory
solution of the model (6) corresponds to the tremor of Parkinson’s disease. Therefore, our
main result is very significant. We also point out that the bifurcation method is hard to deal
with in the present model. Because the bifurcation equation about model (10) is as follows:

p1(A) exp(—ATgs) + p2(A) exp(—ATsg)
+p3(A) exp(—=ATEs) + pa(A) exp(=ATcc) + ps(A) = 0.

It can be noted that if Tg, Tsg, Tes, Tcc are different positive numbers, Equation (24)
is a transcendental equation with four variables. Solving Equation (24) and finding the
bifurcating points are hard work.

(24)

5. Conclusions

In this paper, we discussed the oscillatory behavior of the solutions for a Parkinson’s
disease model with discrete and distributed delays. Two theorems were provided to determine
the existence of oscillatory solutions, which were easy to inspect to compare the method of
bifurcation. We made the change in distributed delay terms as new functions such that the
original system became only a discrete system. This method can be used to deal with all
distributed systems. We point out that the present criteria are only sufficient conditions.
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Abstract: The Burgers-Huxley equation is important because it involves the phenomena of accumula-
tion, drag, diffusion, and the generation or decay of species, which are common in various problems
in science and engineering, such as heat transmission, the diffusion of atmospheric contaminants,
etc. On the other hand, the mathematical technique of nondimensionalisation has proven to be very
useful in the appropriate grouping of the variables involved in a physical-chemical phenomenon
and in obtaining universal solutions to different complex engineering problems. Therefore, a deep
analysis using this technique of the Burgers-Huxley equation and its possible boundary conditions
can facilitate a common understanding of these problems through the appropriate grouping of
variables and propose common universal solutions. Thus, in this case, the technique is applied to
obtain a universal solution for Dirichlet and symmetric boundary conditions. The validation of
the methodology is carried out by comparing different cases, where the coefficients or the value
of the boundary condition are varied, with the results obtained through a numerical simulation.
Furthermore, one of the cases presented presents a boundary condition that changes at a certain time.
Finally, after applying the technique, it is studied which phenomenon is predominant, concluding
that from a certain value diffusion predominates, with the rest being practically negligible.

Keywords: nondimensionalisation; universal solution; mathematical modelling; numerical simulation;

engineering science; ordinary differential equations

MSC: 00A73; 00A69; 00A79

1. Introduction

Many engineering problems, such as heat transmission, fluid mechanics, contaminant
emission, chloride diffusion in concrete, etc., involve the phenomena of diffusion, accu-
mulation, generation, or the decay of species, and drag. In this sense, the Burgers-Huxley
equation is a general equation that encompasses all these phenomena [1-28].

Thus, it is necessary, on the one hand, to obtain a universal solution that allows this
equation to be easily solved, and on the other, to study the influence of the variables in-
volved. In this way, the nondimensionalisation technique allows us to both obtain universal
solutions and study the variables that have been grouped to form monomials [29-31].

The application of the nondimensionalisation technique to engineering problems
formulated in ordinary differential equations is well known because it allows one to obtain
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dimensionless groups by grouping the variables, allowing us to know both the universal
solution of the problem and the influence of each variable [31]. This procedure has recently
been applied to different engineering problems, such as the diffusion of chlorides in concrete
or soil consolidation, and the basis of the methodology has been explained in detail [29,31].

The objective of this study is to apply the nondimensionalisation methodology to
the Burgers-Huxley equation to obtain, on the one hand, a universal solution to the
problem posed. In this case, the symmetry condition will be applied to one of the boundary
conditions, and to the other boundary condition, a constant value of the variable will be
applied (Dirichlet condition). On the other hand, another objective is to study the weight
of the variables in the problem. For the construction of the universal curves, the Network
Simulation Method was used, which has demonstrated its effectiveness in solving this
problem, as well as other engineering problems [32-35].

Thus, the Burgers-Huxley equation is an ordinary differential equation that is widely
used in physics, biology, economics, etc., and includes terms such as drag, accumulation,
generation or decay, and diffusion. This equation has the following form [2,3,32]:

du sdu d?u

R [ TR R
where u is the variable, such as concentration, temperature, etc.; x is the distance;  is the
time; and, finally, &, B, v, 6, €, and { are coefficients. Thus, the first addend of the equation
is associated with accumulation, the second with drag (coefficients & and ), the third with
diffusion phenomena (coefficient (), and, finally, the fourth with the generation or decay of
species (coefficients 8, v, 6, and ¢).

This article is structured as follows: the introduction and the Burgers-Huxley equation
are presented in Section 1. In the next section, the procedure for the nondimensionalisation
technique is detailed so that it can be applied to the Burgers—-Huxley equation in the same
section. The results used to validate the proposed methodology after the application of the
nondimensionalisation technique are presented in Section 3. Finally, Section 4 presents the
conclusions of this study.

2. Nondimensionalisation Technique and Its Application to the Burgers-Huxley Equation

The correct steps for applying the nondimensionalisation technique have been de-
scribed in the literature, which have recently included those necessary to obtain universal
solutions. Furthermore, several articles have focused on defining the behaviour of monomi-
als based on the values obtained, establishing criteria in which some monomials can have
little influence on the problem compared with others that govern it. Thus, as a summary,
the following steps must be applied [30,31]:

(i)  Choice of references

For the correct choice of references, a deep understanding of the problem is necessary
because they may appear explicitly in the problem or may be hidden. Furthermore, the
values selected for the references are related to each other through a physical interval
(temporal or spatial) of the independent variable, limiting the dimensionless variables to
the interval of values [0-1]. When the solution to the problem is asymptotic, references close
to the limit are taken as the dependent variable, for example, 99% or 90% of the maximum
value of the variable. Thus, there was no significant modification in the range [0-1] of the
dimensionless variables.

(i)  Dimensionless variables and dimensionless governing equations

The divisions between the dimensional variables and their references are the dimen-
sionless variables, e.g., x' = ¥, where x is the dimensionless variable of the distance, x is
the distance variable, and L is the reference, which in this case is the total length of the
medium. Thus, these dimensionless variables are introduced into the governing equations
of the problem and transform them into dimensionless equations. Each addend of these
equations is formed by two factors: one that involves the grouping of boundary conditions,
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Uext

problem parameters, and/or references, and another with dimensionless variables and their
changes, which can be assumed to be of the order of unity. Thus, based on this hypothesis,
the first factor, known as the coefficient, must also be of the same order of magnitude.

(iii) Dimensionless groups

The dimensionless groups, or monomials, are the relation between the coefficients
mentioned in the previous step, which will be at most as many addends as the dimension-
less equation has minus one. Because some groups may be expressed as a combination
of other groups with multiplications or divisions, or the same group may appear in more
than one equation when the problem is a system of coupled equations, the final number
of groups may be reduced. Additionally, the groups can be manipulated such that each
unknown appears in a single group.

(iv) The existence of m groups with a different unknown each one (7r,) and n groups
without unknowns (7ty)

The solution for each unknown is explicitly expressed as a function of groups that do
not contain unknowns. That is, in the form
i = Y (M1, w2, - oo Twu ) wherel <i < m ()

where ¥; is an arbitrary function of the n 77y, groups. When the groups are of unit order of
magnitude, the arbitrary function will also be of this order of magnitude.

(v)  Functionals

The ¥; functionals presented in the previous step were obtained by adjusting two
monomials or dimensionless groups, keeping the rest at a constant value, as will be shown
in the resolution of the problem posed in this article.

(vi)  Universal solutions

The universal solution is obtained by representing the dimensionless variables defined
above, which, as indicated by their own definition, are in the range of values [0-1].

The information provided above is very important because it allows us to both obtain
universal solutions to the problem posed and know the influence of the variables on it.
Thus, if we apply this methodology to the Burgers—-Huxley equation, we can obtain its
universal solution and study the influence of its variables.

The study problem must be defined before applying the nondimensionalisation
methodology. In this case, we have a variable u that is found in a medium of length
L and is subject to the accumulation, drag, generation or decay, and diffusion phenomena.
Regarding the boundary conditions, on the left side, a Dirichlet condition is applied with a
constant value of 1, 1.y, and on the right side, there is a Neumann condition to apply with
a symmetry condition [32]. Finally, the variable u can present initial values in the medium,
Ui, as shown in Figure 1.

i AT
Medium: ou _ 0 Symmely
' ax

1} condition
Uini

x=0 x=L

Figure 1. Description of the study problem. Geometry, boundary, and initial conditions.
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To apply the steps specified above for correct nondimensionalisation to Equation (1),
the references must first be defined, and the dimensionless variables must be established
(steps i and ii). Thus, dimensionless variables are the division of the variable with its reference.

U — U
/7 mi xl— t/:

©)

t
T

=R

Uext — Uijpj

The reference chosen for the dimensionless variable u” is the difference between the
final value it can reach, that is, the value in the boundary condition, iy, and its initial
value, u;,;. For the dimensionless variable x’, the total length of the medium, L, was chosen.
Finally, because the problem has an asymptotic tendency, for the dimensionless time
variable t’, the time at which 99% of the maximum value of u is reached, that is, 99% of .y,
was chosen. The dimensionless variables were then introduced into the governing equation
and the following dimensionless form was obtained:

. ’ it Ayl . 2.1
[umTum,] % + a((ttoxt — uim‘)“l + ”z‘ni)é ufoLu,m % _ [Cuathlllm] d2u’ Be((ttext — ”im‘)“/ + ”ini)§+l+

2641
BY ((text — tini )1’ + ini) + Be((hext — tini )1 + i) — By ((ext — thini )1 + i)

dx? 4)
o+l 0.

The dimensionless equation gives us seven coefficients:

J
Uext — Ujni “uext(uext - uini) Uext — Uijpj S+1 26+1 6+1
- ’ L g 12 s By, Brytiext, Petiyy, ity -

As some coefficients of species generation or decay phenomena are contained in the
others, there are finally five coefficients:

5
Uext — Uini XUgye (Uext — Uini) Cuext — Uini Beu2dtl pyudtl
T ’ L ’ L2 ’ ext 7 ext *
These give rise to four dimensionless monomials:
43 4 ByLuext €6
T = T2 Ty = 5 7 T3 = ; T4 = —Upyt-
L D‘Luext ‘X(uext - ”ini) Y

The first monomial, 771, is typical of problems involving diffusion phenomena, relating
time to the distance squared and the diffusion coefficient, in this case, coefficient {. This
monomial is found in the literature on heat transmission problems, known as the Fourier
number [9], chloride diffusion [29], etc. The second monomial, 775, indicates the relationship
between diffusion and drag phenomena. The third, 773, relates to the drag phenomena and
the generation or decay of species. Finally, 714 relates the coefficients of generation and
decay of the species. It should be noted that when f is zero, the monomial 773 is zero, and
the fourth monomial 774 has no influence, since there would be no generation or decay of
the species.

Applying the 7t theorem, 711 = ¥(71p, 713, 714 ), the same characteristic time can be
expressed from each of the equations in the form

12 Litey
T:CLF< 4 ByLitext )’i”g’”) 5)

7
thufxt “(uext — Uijnj

where ¥ is an unknown function of the arguments.

If we apply step (v) of the nondimensionalisation technique, the value of the functional
can be obtained. In this case, because we depend on three monomials, we adjust the
monomials 711 and 7, keeping the rest, 713 and 74, with constant values. To perform
the adjustment, the problem was simulated using the Network Simulation Method to
determine the time necessary for the concentration at the right-hand end, x = L, to be
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99% of the u.y value, as defined above. Thus, Equations (6)-(10) show the fits for different
values of 713 and 71y4.

—1.105
2
3 =0V my mp = 1.974 + 0.81867, M1 R? = 0.9987 T = % (1.974 + 0.8186< ¢ 5 > ) (6)
ext
L2 g —1.13
ms=1m=1m =1974+ 0.67817m, " R = 0.9978 T = — [ 1.974 4 0.6781 5 )
4 alud,
L2 g —13.33
3 =17 =2 m = 2284+ 97087, 333 R? = 1.0000 T = — | 2.284 + 9708 g (8)
4 aLul,

—1.102
L2
My =2m=1m =1.978+ 05627, 12 R? = 0.9990 T = — | 1.978 + 0.562 6 5 9)
g ‘XLuext
L2 g —12.32
T3 =271y =2 11y = 2.290 + 467471, 1232 R? = 1.0000 T = — [ 2.290 + 4674 < (10)
g “L”ext

As can be seen, in Equations (6)-(10), the R? fits are very close to unity. It should be
noted that for Equation (6) § takes zero and, therefore, the monomial 774 has no influence.
Finally, Figure 2 shows the fit of Equations (6)—-(10).
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Figure 2. Representation of 711 versus 77, (a) with 713 = 0 and independent of 74, (b) with 713 = 1 and
1ty =1, (c) with 13 = 1 and 714 = 2, (d) with 713 = 2 and 77y = 1, and (e) with 713 = 2 and 774 = 2.

If the expressions obtained and Figure 2 are analysed, it can be seen that for very low
values of 715, very high values of 711 are required, showing a tendency towards infinity.
This indicates that the diffusion phenomenon is practically negligible, and with the drag
phenomenon, it would be very difficult to reach a value of 99% of 1. This trend increased
with increasing 714, as shown in Figure 2. Owing to this tendency, the values provided by
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u'=

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

the fits for 71, values lower than unity may have a higher error. On the other hand, for all
the cases studied, from when 71, takes a value between two and five, 711 tends to be a value
close to two, becoming practically independent of 75, 713, and 714; therefore, the diffusion
phenomenon governs the problem, as shown in Figure 2.

Finally, if step (vi) is applied by simulating the problem using the Network Simulation
Method [32], and presenting u” versus x” for different values of ¢’, the universal solution to
the problem is obtained, as shown in Figure 3.

n
L

t'=0.5 -

t'=0.05

| | | ‘ '=0.01

0.1

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
x'=x+L

Figure 3. Universal curve for Burgers-Huxley equation with Dirichlet and symmetry (Neumann)
boundary conditions.

The methodology for using the universal solution to obtain the value of u at a given
position and time is as follows.

1.  The values of position x and time f at which the u value is to be determined are
known. In addition, the value of u at the boundary condition, .y, the initial value
of u at position x, u;,;, and the length of the medium, L, are known. In addition, the
coefficients a, B, v, 6, ¢, and { are known.

2. The monomials 715, 713, and 714 are calculated.

3. The value of 7 is determined using Equations (6)—(10). If the values of 713 and 774 are
not those given in Equations (6)-(10), one can interpolate.

4. Calculate t’ and x” with t/ = % and x/ = §

5. The value of the curve t’ is taken for position x” in Figure 3, and the value of u is
obtained from the expression given for u’, u = /' (text — ;) + Ujn;. If the value of +/
lies between two curves, it is necessary to interpolate.

Similarly, the methodology can be used to obtain the time at which a given value
of u is reached at a given position, the position at which a value of u is reached for a
given time, etc.

3. Result and Validation

In the following, two types of studies are carried out to validate the methodology.
In the first study, cases 1 to 3 (Table 1), we analyse different cases where the parameters
of the problem change, and therefore the values of the monomials change. The results
obtained using the universal solution were compared with those obtained by simulation
using the Network Simulation Method [32]. In case 1, it is a problem where the variable
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u is raised to one, since ¢ takes unit value. Moreover, the variable does not have initial
values. In this case, all phenomena are present, that is, accumulation, drag, diffusion, and
the generation and decay of species. If we compare the results obtained, following the
methodology specified in the previous section, for the value of u at the 0.8 m position
at a time of 0.458 s with those obtained by the simulation (Figure 4), we can see that the
values obtained with both the universal solution and simulation are very similar. In the
second case, where all the phenomena described above are involved again, the variable u is
squared (8 = 2), affecting the phenomena of drag, generation, and the decay of species, and
it also has initial values. Because these initial values influence the monomial 773, it has a
value of 0.667. Therefore, to obtain the value of 7, it is necessary to interpolate between
Equations (5) and (6). Once again, the results obtained by the simulation (Figure 5) and
those obtained with the universal solution have practically the same value; the difference
is due to the carryover of errors in the application of the methodology. Finally, in case 3,
where the phenomena of species generation and decay are not present, the variable u is
raised to 0.5 (§ = 0.5) for the drag phenomena. Furthermore, the variable does not have
initial values. In this case, it is necessary to interpolate between the curves of the universal
solution, Figure 3, because t' takes a value of 0.45. If we compare the results with those
obtained through the simulation (Figure 6), again, they are practically the same.

Table 1. Comparison between simulated values and those calculated with the universal curve.

Case [ B 5 € 4 L (m) Uext Uini x (m) t(s)
1 0.5 0.5 0.5 1 0.5 6 2 2 0 0.8 0.458
2 2 1 1 2 0.25 16 1 2 0.5 0.3 0.0865
3 1 0 1 0.5 0 4 0.25 4 0 0.1 0.0145

Universal Solution Simulation

Case T3 Ty T T T t x u u
1 1 2 3 2.288 1.525 0.3 0.4 1.688 1.698
2 0.667 1 2 2.307 0.144 0.6 0.3 1.927 1.943
3 0 0 8 2.056 0.0321 0.45 0.4 3.673 3.667

2
1.8 N
1.6 N
141 N
1.2
> 1
0.8
0.6
0.4
0.2
0 I I I I
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Distance, m

Figure 4. Simulation of case 1 for a time of 0.458 s.
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Figure 5. Simulation of case 2 for a time of 0.0865 s.

0.05 0.1 0.15 0.2 0.25
Distance, m

Figure 6. Simulation of case 3 for a time of 0.0145 s.

In the second study, the proposed methodology was applied to a case where the
boundary condition changed value (case 4). Thus, for a time between 0 and 0.0269 s, the
value of .y is unity, and then doubles for a time between 0.0269 and 0.3212 s, as shown in
Table 2. To solve this case, it must be divided into two parts, cases 4a and 4b, by applying
the indicated procedure twice. For case 4a, a time of 0.0269 s was used, and there were no
initial values for the study variable. Once case 4a was solved, the procedure was applied,
taking as initial values for case 4b the results obtained in case 4a. On the other hand,
the time used for case 4b was 0.2943 s, the difference between 0.3212 s and 0.0269 s. For
both cases 4a and 4b, three positions were taken, and their results were compared with
those obtained by the simulation (Figure 7). As can be seen, for case 4a there are greater
differences than in case 4b with respect to the values obtained by the simulation because
the methodology is more sensitive to small times due to the possible accumulated errors
when applying the procedure. However, for case 4b, the results were practically the same.
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On the other hand, if we were in a case where the boundary condition will change more
over time, we would have to apply the methodology explained in case 4 as many times as
these changes occur.

Table 2. Comparison between simulated values and those calculated with the universal curve for a
case with changing boundary conditions.

Case w B 0% 5 e 4 L (m) Upxt t(s) Time Range (s)
4a 1 0 1 1 0 4 1 1 0.0269 0<t<0.0269
4b 1 0 1 1 0 4 1 2 0.2943 0.0269 <t <0.3212

Unive.rs al Simulation
Solution
Case x Uini T3 Ty T T T t X u u
0.3 0 0.3 0.54 0.52
4a 0.6 0 0 0 4 2151 0.5378 0.05 0.6 0.24 0.20
0.9 0 0.9 0.11 0.07
gﬁizﬁ;;:l Simulation

Case x Uini T3 Ty T T T t x u u

0.3 0.54 0.3 1.92 1.91

4b 0.6 0.24 0 0 2 2.355 0.5888 0.5 0.6 1.85 1.85

0.9 0.11 0.9 1.82 1.82
1
0.9
0.8
0.7
0.6
505
0.4
0.3
0.2
0.1
0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Distance, m
(a)
2
1.8
1.6
14
1.2
S 1
0.8
0.6
0.4
0.2
0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Distance, m
(b)

Figure 7. Simulation of case 4. (a) Case 4a: t = 0.0269 s and 1,y = 1, and (b) case 4b: t = 0.3212 s and
Ueyt = 2.
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Finally, the proposed methodology allows us to obtain, by means of a relatively fast
procedure, the same results as those obtained by means of a numerical simulation, which
means a considerable saving of time, since, in some cases, depending on the discretisation
of the problem used for the simulation and the time at which the solution is to be obtained,
the calculation time can be large. On the other hand, the nondimensionalisation technique
can be compared with other techniques used to obtain analytical solutions of linear and
nonlinear differential equations such as the differential transformation method (DTM) [36].
This method is based on obtaining the analytical solution through the Taylor series ex-
pansion. One of the main differences between both methods is that when applying the
DTM, the information provided by the nondimensionalisation technique is lost, since by
grouping the variables into monomials with physical meaning, it is possible to determine
the importance of each of the variables or to know which phenomenon predominates over
the rest.

4. Conclusions

In this paper, the nondimensionalisation technique was applied to the problem of the
Burgers—-Huxley equation with Dirichlet and Neumann boundary conditions to obtain a
universal solution and study the behaviour of the variables of the problem.

First, after applying the nondimensionalisation technique, it can be observed that for
low values of the monomial 775, the relationship between the diffusion and drag phenomena,
very high values of 711 are needed, the relationship between the time to reach a certain value
in the medium and the diffusion phenomena. Thus, in this case, as the drag phenomenon
predominates over the diffusion phenomenon, it becomes difficult to reach the required
value in the medium because very large time values are required. This behaviour occurs
for all the studied cases of 713 and 714, the relationship between the drag phenomenon
and the generation or decay of species, and the relationship between the generation and
decay coefficients of species, respectively. On the other hand, also for all cases of 713 and 774,
from when 71, takes a value between two and five, 71 tends to take a value close to two;
thus, from then on, the diffusion phenomenon predominates over the rest, which are
practically negligible.

Regarding the validation of the proposed procedure for a universal solution to the pro-
posed problem, several cases have been studied by comparing the results of this procedure
with those obtained through simulation, observing that they are practically the same, and
the difference may be due to errors in the application of the procedure. On the other hand,
the methodology has been applied to a problem where the value of the boundary changes
at a certain time, observing that the results are very similar.

Finally, as a strength of the work presented, it is worth highlighting that a simple
methodology is presented that allows for universal solutions to various problems in science
and engineering to be obtained. As a weakness, it is highlighted that for low values of
the monomial 71, the error in the proposed equations increases, because in these cases, the
monomial 771 tends to reach infinity.
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Abstract:
Allee effects on the host species. First, the single species with additive Allee effects is analyzed

We propose and study a class of discrete-time commensalism systems with additive

for existence and stability, then the existence of fixed points of discrete systems is given, and the
local stability of fixed points is given by characteristic root analysis. Second, we used the center
manifold theorem and bifurcation theory to study the bifurcation of a codimension of one of the
system at non-hyperbolic fixed points, including flip, transcritical, pitchfork, and fold bifurcations.
Furthermore, this paper used the hybrid chaos method to control the chaos that occurs in the flip
bifurcation of the system. Finally, the analysis conclusions were verified by numerical simulations.
Compared with the continuous system, the similarities are that both species’ densities decrease with
increasing Allee values under the weak Allee effect and that the host species hastens extinction under
the strong Allee effect. Further, when the birth rate of the benefited species is low and the time is
large enough, the benefited species will be locally asymptotically stabilized. Thus, our new finding
is that both strong and weak Allee effects contribute to the stability of the benefited species under
certain conditions.

Keywords: commensalism model; additive Allee; flip bifurcation; transcritical bifurcation; pitchfork
bifurcation; fold bifurcation; chaos control

MSC: 92D25; 34D20

1. Introduction

Interactions between different species play a crucial role in shaping and maintaining
balance within ecosystems. Interspecies interactions hold the potential to deliver mutual
advantages, inflict harm, or yield no discernible impact on each of the participating species.
These interactions are categorized by paired outcomes, symbolized as a positive, negative,
or neutral result [1]. Commensal relationships, where one species gains a benefit while the
other is unaffected, are often cited in the ecological literature, yet they receive surprisingly
limited attention in research. In ecosystems, both commensalism and mutualism models
involve positive interactions between populations. There is no harm in commensalism, in
which one side is beneficial, while the other side is not beneficial and harmless.

A Belgian zoologist named Pierre-Joseph van Beneden was the pioneer in situating
commensalism within a biological context. He contrasted commensalism with two other
types of interactions: parasitism and mutualism [1]. In mutualism, species are interdepen-
dent and both benefit, while in commensalism, one species gains advantages without strong
dependency or notable harm to the other. Despite its milder impact, commensalism adds
complexity to ecological relationships and community organization. According to [2,3],
depending on the population density, in some cases, the mutualism relationship shifts
to a resemblance closer to commensalism, e.g., the relation among the carnivorous plant
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Roridula dentata and hemipteran Pameridae marlothii. The larvae of midges and mosquitoes
that live on pitcher plants exhibit a commensalism relationship. Midges, as upstream
resource consumers, produce large quantities of bacteria and particles that contribute to
the growth of mosquitoes. However, the experiments in [4] showed that mosquitoes do not
affect midges. There is a symbiotic relationship between the two. Hari Prasad [5] pointed
out that small green epiphytes that grow on other plants prepare themselves for survival by
occupying the space of other plants to absorb the water and minerals that the roots obtain
from the air. In turn, plants are unaffected. Squirrels burrow intooak trees for living space
and food storage. Yet, the oak is neither beneficial nor harmful. To avoid it enemies, the
clownfish will choose to hide in the tentacles of the sea anemone, and the tentacles are not
affected by the clownfish, and so on.

From the standpoint of mathematical modeling, the investigation of the commensalism
system was pioneered by Sun and Wei [6] in 2003. They were the first to explore this area
using a two-species model. Over the past few years, an increasing number of researchers
have directed their focus towards utilizing mathematical modeling methods to explore
the commensalism model among populations (see [7-17] and the references therein). Af-
terwards, Han et al. [18] proposed a continuous time Lotka—Volterra-type commensalism
system as follows:

dx

= X1 —aux) +apxy,
4 M
diz =y(b2 — any),
where x(0) > 0, y(0) > Oand t € [0,00). x(¢) and y(¢) denote the population densities
of the commensal and host, respectively, at time t; b; and b, denote the intrinsic growth
rates of the two species, respectively; a;; and a3 denote the intraspecific competition
coefficient of the commensal and host; a1, > 0 denotes the coefficient of influence that
the host produces in the commensal. We should notice that by, 411, 412, ba, ax; are positive
constants. The authors” study showed that Model (1) has a globally stable coexistence
fixed point. Next, feedback control is considered by adding control variables. The results
showed that the position of the coexistence fixed point is altered without affecting its global
steady-state properties.

After that, many scholars began to consider the effects of various factors based on the
system (1) and analyze the dynamic behaviors of the corresponding systems, for example
periodic solutions [19,20], harvesting [21-25], the Allee effect [26-28], and delay [29,30].
In [19], the authors investigated a modified commensal symbiosis model with Michaelis—
Menten-type harvesting and observed positive periodic solutions. In [20], Chen et al.
presented another discrete commensal symbiosis model with a Hassell-Varley-type func-
tional response. Their study revealed a positive periodic solution of the system, which is
both locally and globally stable. Considering a Lotka—Volterra-type commensal model sub-
ject to the Allee effect on the unaffected species, which occurs at a low population density,
Xinyu Guan [27] observed that the Allee effect has no influence on the final densities of the
unaffected species and the benefited species. The study involved numerical simulations
that demonstrated a considerable elongation in the time required for the system subjected to
an Allee effect to attain its stable steady-state solution, implying that the Allee effect has an
unstable effect on the system. In [28], the authors explored a discrete-time commensal sym-
biosis model and observed period-doubling bifurcation phenomenon around the interior
equilibrium state.

According to previous studies by W.C. Allee, population density has a positive impact
on reproduction in a wide range of terrestrial and aquatic species. It could potentially
contribute to the prolonged survival of the species in unfavorable environments and
provide increased protection against harmful substances [31,32]. When the population
density drops below a specific threshold or when the population is too diminutive, the
task of finding a mate can become more challenging. Similarly, in species where group
activities such as fending off predators or searching for sustenance are impeded due to
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low population densities, these activities become less proficient. This positive correlation
between population size and individual fitness is termed the Allee effect. In the past few
years, populations from various ecosystems have become low or even at risk of becoming
endangered due to escalating human predation, heightened occurrences of natural disasters,
and rising global temperatures. In such situations, the populations may have trouble
mating, foraging, and fending off natural enemies. Previous mathematical studies have
shown that Allees add more complexity to the system’s dynamic behavior [33,34]. In 2022,
He et al. [11] proposed the following continuous-time commensalism system incorporating
an additive Allee to the host:

dx
T x(r —bx) +cxy,

fvfoon ),
dt y+a

where all of the parameters are positive constants and initial values are x(0) > 0,(0) > 0,
and t € [0, 00), the same as the previous definition in [11]. He et al. [11] gave the existence
and local stability of equilibrium points, then proved that, under suitable conditions,
E/(},0) and Ej(x},y1) are globally asymptotically stable, respectively. There are saddle-
node bifurcation at E5(x3,y3), E3(0,y3) and transcritical bifurcation at Eq(0,0), E,(,0),
respectively.

In recent years, discrete-time systems have also been one of the hotspots of scholars’
research. The reason is that populations with non-overlapping generations are better de-
scribed by difference equations, which are also easier to simulate numerically. Discrete-time
systems also have more topological classifications and bifurcations at fixed points than
corresponding continuous-time systems, with a codimension of one, such as flip, transcriti-
cal, pitchfork, fold, and Neimark-Sacker bifurcations, and a codimension of two, such as
1:1 and 1:2, and fold—flip bifurcations, e.g., [35—41]. To the best of the authors” knowledge,
limited research has been conducted on discrete models incorporating additive Allee ef-
fects, highlighting an ongoing need for such investigations. In this work, we explored the
qualitative behavior of the continuous-time commensal model (2) by converting it into a
discrete-time model.

Transformation is the first step in reducing the parameters, and it uses x = %X, y= %y‘,
t= 5. Then, the bars are removed, and System (2) can be transformed as

@

dx
& = xla—x+py),
®3)
Yy _
&)

wherea = 5,8 = (M = %, and A = %. The initial value is x(0) > 0, y(0) > 0
and 7 € [0,00). By using the piecewise constant parameter method [42] to discretize the
system (3), we have

ma = x([7]) + By ([z]),

| 4)
1.dy . B M
T A (C3 EY

where 0 < n < 7 < n+ 1and [7] is the round-down function. First, the simple rounding
function operation can be used to determine that the right-hand side of the ordinary
differential Equation (4) is a constant value, when other parameters are fixed. Secondly, the
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integral of the interval n to T is performed on both sides of the equation at the same time,
and when 7 tends to 1 + 1, the following is acquired:

ln% =a—x(n)+ By(n),
RIS S Vi

y(n) (n) +A’

forn ={0,1,2,...}, so we obtain the following a discrete-time commensalism mode with
the additive Allee effect for the host species:

Xpi1 = xpexp(a — xu + Byn),

Yn+1 = VYn eXp(l —Yn — m),

where x(n): = x, and y(n): =y, n = {0,1,2,..}.
The discrete-time commensalism system is now defined by mapping

FZ(x)ﬁ(xexp(txfx+ﬁy)>. )

y yexp(1—y— 3y)

Then, the discrete-time single-species mode with the additive Allee is expressed as

M
f-yﬁyeXP<1fyf—y+A>, 6)
where WAA represents the additive Allee. The Allee effect in the map (5) and the map (6) is

weak when 0 < M < A. The Allee effect in the map (5) and the map (6) is strong when
M > A.

In this paper, Section 2 provides the existence and local stability of the map (6) at fixed
points. Then, Section 3 provides the existence and local stability of the map (5) at fixed
points. Section 3.3 gives the bifurcation of different types of a codimension of one under
certain conditionals including flip, fold, transcritical, and pitchfork bifurcations. Moreover,
Section 3.4 provides a chaos-control system for the occurrence of chaos due to bifurcation.
Finally, the correctness of the numerical simulations verifies the conclusions.

2. Dynamics Analysis of Map (6)
2.1. The Existence of Fixed Point
The fixed points of the map (6) satisfy the equations as follows:

= yex <17 77M>
Yy =yexp Y yt+A)

Obviously, 0 is a trivial fixed point of the map (6). Further, the positive fixed point of
the map (6) needs to solve 1 — y — WLA = 0, and we can obtain the following equation with
the same solution through simplification:

Gy) =+ (A-1y+M—-A=0. @)

Let A (M) be the discriminant function of G(y), then, according to the discriminant formula
of the quadratic function, we have

AM)=(A-12—4(M—A) = (A+1)%—4M.
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Let M* be the zero point of A(M), then

2
M* = M > A.
4
Thus, if 0 < M < M*, A (M) > 0, then (7) has two roots of y; = =4-V2 and
Yo = %; if M = M*, A (M) = 0, then (7) has a double-root denoted by y3 = %;
when M > M*, A (M) < 0, then (7) has no root. Then, we obtain the following result.

Theorem 1. The map always has a fixed point 0, regardless of how the parameters are altered in the
map (6). The parameter requirements for the existence of positive fixed points are then stated:

(1) (Casel: 0 <M < A, ie., weak Allee) Existence of a positive fixed point y, in the map (6).
(2) (Case2: M= A).

(i) Map (6) has a positive fixed point y, if 0 < A < 1.
(ii)  Map (6) has no other fixed point if A > 1.

(3) (Case3: M > A, i.e., strong Allee).

(i) Map (6) has two positive fixed points y1 and y, if and only if 0 < A < 1land M < M*.
(i) Map (6) has a positive fixed point y3 if and only if 0 < A < 1and M = M*.
(iii) Map (6) has no other fixed point if either (0 < A < 1and M > M*) or A > 1.

2.2. The Stability of Fixed Points 0,y1,Yy2, and y3
Firstly, it is easy to see that the map (6) at a fixed point y satisfies

daf _ M M
d—y = <1+y<1+(y+A)2>>exp<l 73/"‘714)

Then, by a simple computation, we have

d

So, when 0 < M < A,%

j—i (0) € (0,1), the trivial fixed point 0 is a sink that is locally asymptotically stable; when

(0) > 1, the trivial fixed point 0 is a source; when M > A,

M=A, %‘ (0) = 1, the trivial fixed point 0 is non-hyperbolic.
Secondly, according to Theorem 1, if the positive fixed point y;,i = 1,2,3 exists, we

can obtain

df M

Ly =14y 1+ ——

dy(yl) yt< (]/,'JrA)z)

M M_l/i
=1—(1-—
( yi+A)+(yi+A)2
(yi+ A2’

and then,

i ﬂ N — 2My;
dy; <dy(y1)> (yi+A)3 <0
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Thus, it follows that y; is a rigorously decreasing function of % (y;). From Theorem 1, when
M = M*and A € (0,1), there is a positive fixed point y3. By a direct computation, we have

df M*(A+2y3)_
W) = Tt ae -

Furthermore, it is possible to verify y1 < y3 < y2. Namely, 3 d4f (yl) >1> df (12)-
Hence, the positive fixed point y; is always the source; the positive ﬁxed point y3 is always
non-hyperbolic.

Now, in order to compare %(yz) to —1, we have

df B M

dy (y2) — (1) = 2+y2<—1 + Gt AR +A)2)
_ M(A+2y;)
= W +1>0.

So, by the above analysis, the positive fixed point y; is a sink. Thus, we have the
following result.

Theorem 2. When M < A, i.e., a weak Allee, or (M = Aand 0 < A < 1), the map (6) has a
unique positive fixed point yy that is globally asymptotically stable.

Proof. From Theorem 1(1) and (2)(i), the map (6) has a unique positive fixed point y>.
Firstly, let f(y) = yexp (1 —y— %) Then, let us construct a Lyapunov function as

1
V(y) = 5 (¥ =13) — I y%

Then, find the first derivative of V(y). We can obtain

d(V(y)) _ - v

dy y
_ Wty —v)
; ,

then,if 0 <y <y, # < 0, then V(y) is strictly monotonically decreasing with respect

toy; ify > yo, dviv) ( D > 0, then V/(y) is an increasing function with respect to y. Thus,
V(y) hasa mlmmum value V(y2) = 0. Obviously, V(y) is positive definite for any y > 0

and for y # y».
V(y) derives the solution of the map (6), and we have:

AV(y) = V(f(y) = V()
=%(f2(y) ) - yzlnf(y) B(yzfyﬁ)*yﬁlnl}

2
_1 MNP o] 21 yeXp<1_y_y+LA)
51 [Y&xP Yt A Y2 ¥ in v
_ 1 2 2\ 2. Y
[Z(y yz) yaln o
_1 2 _ ,L _ _ 21— ,L
“p{ewl(iov- )| af (e 5T
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To prove that the map (6) is globally stable is to prove that AV(y) is negative definite
forall y > 0 and for y # y,. To test this condition, we require that AV(y) has a unique
global maximum at y = y», which is difficult to prove using pure analysis. For the specific
parameter, this can often be performed computationally; first, we consider whether y = y»
is the local maximum of AV(y), and we calculate:

V) _ yfenplo(1-y- )] 1} (1 )

enfr )]t

=0, if y=y,

POV _ a1y )] -1 2 a1y )]
2
enfe(iov )] (1 i)
(v )] (e i)+ 2

e

—2<df )( (v2) +1> if y=y2

<0 if y=yo.

Hence, if M < Aor M = Aand 0 < A < 1, there is a unique positive fixed point y»,
and AV(y) has global maximum at y = y. Then, Theorem 2 is proven. [

Moreover, when M =1, A = 4and y € (0,2.5), then V and AV(y) are drawn by
calculation in Figure 1. Obviously, AV (y) is negative definite.

Figure 1. V and AV(y) function withM =1, A=4andy € [0,2.5].

Theorem 3. (The case of a strong Allee, i.e., M > A) Let y be a solution of the map (6) and the
initial value y(0) > 0. Then, we have:

(1) When M < M* and 0 < A < 1, the map (6) has two positive fixed points y; and y:
(i) If0 < y(0) < yy, then nlgro\oy(n) =0.
(i) Ifyr <y(0), then lim y(n) = ys.
(2)  Moreover, when M = M*and 0 < A < 1:
(i) If0 < y(0) < ya, then nlgro\oy(n) =0.
(i) Ifys < y(0), then Tim y(n) = ys.
(3) When M* < Mand0 < A<lorA > 1,then}i£rgoy(n) =0.
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Proof. Map (6) can be simplified as follows:

— yex (17 ,L)

y—=yexp YA
1 2

Hyexp{y_i_ﬁ(fy 7(A71)y+A7M)}
Q(y)

Hyexp(y+A>,

where Q(y) := —y> — (A — 1)y + A — M. Further, when A < M < M* and 0 < A < 1,
if y» > y(0) > y;, we have Q(y) > 0, then y, > f(y) > y (in Figure 2b,d); if y(0) > y»,
ie, Q(y) <0, theny > f(y) > y, (in Figure 2a,b,d). Thus, if y(0) > y;, the fixed point
Y2 is globally asymptotically stable. In other cases, if A < M < M*, 0 < A < 1, and
0 < y(0) <yi1,ie, Qy) <0, then0 < f(y) < y (in Figure 2c). When M = M* and
0<A<1ie,Q(y) <0, then, if 0 < y(0) < ys3,0 < f(y) <y (in Figure 2f); if y3 < y(0),
then y3 < f(y) < y (in Figure 2e). When M > M*and0 < A <lorM > Aand A > 1,
ie,Q(y) <0, then0 < f(y) <y (in Figure 2g,h). Then, the result follows. [
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Figure 2. Positive fixed point existence diagram for map (6). (a) If M = 0.54, A = 0.5, the map (6) has
two positive fixed points y; = 0.1, y» = 0.4. (b—d) Local diagrams with y € [0,0.5], y € [0,0.1] and
y € [0.1,0.5] corresponding to (a), respectively. (e) If M = 0.5625, A = 0.5, the map (6) has a unique
positive fixed point y3 = 0.25. (f) Local diagrams with y € [0, 0.25] corresponding to (e), respectively.
(g) If M =1, A = 0.5, the map (6) has no positive fixed point. (h) If M = 3, A = 2, the map (6) also
has no positive fixed point.
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Table 1 gives the above analysis.

Table 1. Fixed point of the map (6).

Parameter Conditions Existence Stability
O<M<A 0, 2 0 source, y; sink
0<A<1 0, y2 0 non-hyperbolic, y, sink
M=A A>1 0 0 non-hyperbolic
0<A<1 0,v1, 2 0 sink, y1 source, y sink
A< M<M A>1 0 0 sink
0<A<1 Y3 0sink, y3 non-hyperbolic
M=M A>1 0 0 sink
M > M* 0 0 sink

3. Dynamics Analysis of Map (5)
3.1. Existence and Local Stability of Fixed Points

The fixed points of the map (5) satisfy the equations as follows:
x =xexp(a —x+ By),
y=yexp(l—y— k).

Obviously, Eg(0,0) and E; («,0) are two boundary fixed points of the map (5). Further,
the other fixed points of the map (5) are summed up in Table 2. Let E»;(0,y;), i = 1,2,3 be
the boundary fixed point of the extinction of the commensal species and E;(x},y;),i=1,2,
3 be the fixed points of the coexistence of the two populations, where x; = a + By;.

Table 2. Boundary and positive fixed point of the map (5)’s existence.

Parameter Conditions Existence
0<M<A Ezz, E;Z
0<A<l1 Ex, E;Z
M=A . -
A>1 no other fixed points
0<A<1 E»>1, Epp, Egl’ E;Z
A<M< M*
<M< A>1 no other fixed points
0<A<l1 Eys, E§3
M = M* . -
A>1 no other fixed points
M > M* no other fixed points

Remark 1. To prepare for the prospect of bifurcations, we offer the following observations:

(1) IfM=M"and0< A<1,then y1 =0,y =1—-A>0;
(2) IfA=1and0 <M < M* = A, then y1 <0,y =vV1-M>0;
3) IfA=1land M =M*" = A, theny; =y, =y3 =0.

At any fixed point E(x, y), the Jacobian matrix of the map (5) is given as

oy (O A
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where I'1 = exp(a —x—By), I = <1 +y(—1+ ﬁ)) exp(l -y - WLA) Let the
eigenvalues of the matrix J(E) be A1 and A,.
We classify fixed points topologically and examine their local stability by [43].

Definition 1. A fixed point E(x,y) of the map (5) is called:

(1)  Asinkif |A| < 1and |Az| < 1, and it is locally asymptotically stable;
(2)  Asourceif |A1] > 1and |Ay| > 1, and it is unstable;

(3)  Asaddleif |A| > 1and |Ay| < 1(or M| < 1and |Ay| > 1);

(4)  Non-hyperbolic if either |A1| = 1 or [Ay] = 1.

Now, using Definition 1, we topologically categorize fixed points and discuss their

local stability.
Note that, when M = 0,

e = (5 o) =1t ),

and for the case M > 0,

](EO)Z(G(: 619% ) ](El)=<18“ ela_ﬁ )

Thus, the following conclusion can be drawn.

BN

Theorem 4. Assume that M = 0, and we have the following description:

(1) Ep(0,0) is always a source since two eigenvalues are e* > 1 and e > 1.
(2)  Two eigenvalues of Ey(«,0) are1 —a < 1and e > 1. Then, E1(a,0) is:

(i) A saddle when 0 < a < 2;
(ii) A source when x > 2;
(iii) Non-hyperbolic when « = 2.

By Theorem 4(iii), the two eigenvalues of J(E;) are Ay = —1,A, = ¢; hence, E; is
non-hyperbolic. The conditions that satisfy Theorem 4(iii) for the set Qg  are written
as follows:

QEf

Choose the bifurcation parameter «, and set it to « = 2+ p. A suitably tiny perturbation
term is p. According to a quick calculation, the center manifold of the map (5) in Qg is

={(a,B) € RZ: =2, g > 0}.

y = 0. In this instance, the map (5) may be expressed as x — —x — px + %x"’ + %px2 +
O((|x| + |p|)®). As aresult, at Ey, a flip bifurcation is formed.

Figure 3 depicts the bifurcation diagram of the numerical simulation for g = 0,
a € [0,4], and x € [0,20]. Figure 3 shows that, when 0 < « < 2, the shape of the map (5) is
stable; when a > 2, the map (5) turns over due to instability and provides stable biperiodic
solutions. A chaotic set is produced as « rises.

Theorem 5. Assume that M > 0; in this case, the two eigenvalues of the map (5) at fixed point
Eo(0,0) are e* and 617%, then E(0,0) is:
(1) Asourceif0 < M < A;

(2)  Asaddleif M > A;
(3)  Non-hyperbolic if M = A.

Theorem 6. The two eigenvalues of the map (5) at the fixed point Eq(«,0) are 1 — a and el -,
consequently, E1(a,0) is:
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(1) Asinkifand only if 0 < & < 2and M > A;

(2)  Asourceifand onlyif a > 2and 0 < M < A;

(3)  Asaddleifand only if0 < a <2and 0 < M < Aora >2and M > A;
(4) Non-hyperbolic if M = A or a = 2.

0 1

»
IS

Figure 3. Flip bifurcation diagrams of commensal species at initial value (xo,yo) = (0.5,0.3) with
M =0and«a € [0,4].

Proof. Attheboundary fixed point E1 (a, 0), whose eigenvaluesare 1 —a < 1and !~ > 0,
it is simple to see that

>-—1 if0<a<?2,
l—aq=-1 ifa=2,
< -1 ifa>2.
and
>1 foO<M<A,
i =1 M= A,
€(0,1) ifM> A.
Then, the result follows. [

Figure 4 displays the topological classification of the map (5) at boundary fixed point
Ei(x,0) whenp=1,A =15,a € [0,4],and M € [0,3].

Figure 4. Topological classification at E; (¢, 0) with p =1, A = 1.5,a € [0,4],and M € [0,3].

Now, we give the Jacobian matrix of the map (5) at the boundary fixed points E; (0, y;)
(i=1,2,3) as follows:
e"“"ﬁyi 0
e = (5 )

where J; =1+ y; (—1 + ﬁ) Clearly, the two eigenvalues of J(E,;) are e**F¥% > 1 and

Ji. Note that J; was analyzed in Section 2.2. Then, wehave J; > 1, , € (—1,1) and J3 = 1.
Thus, we obtain the following conclusions:
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Theorem 7. (1) When A < M < M* and 0 < A < 1, the boundary fixed point Ey; exists in
the map (5), and the eigenvalues of J(Ep1) are e¥*P¥1 > 1and J; > 1. So, the fixed point Eyy
is always a source.

(2)  When the boundary fixed point Ex; exists, the eigenvalues of J(Ep) are e¥™PV2 > 1 and
|J2| < 1. So, the fixed point Epy is always a saddle.

(3) When M = M* and 0 < A < 1, the boundary fixed point Ep3 exists in the map (5), and the
eigenvalues of J (Ep3) are e*+tPYs > 1 and J3 = 1. Consequently, Eps is always non-hyperbolic.

Next, the Jacobian matrix at positive points E3; (x}, ;) (i = 1,2,3) is obtained as

e = (),

1

where x7 = « + By;, whose eigenvalues are 1 — x; < 1, and J; was analyzed above. Then,
we obtain
>-1 if0<xf <2,
1-xq=-1 ifxf=2,
< -1 ifxf>2
This is equivalent to the following two situations.
(1) If0<wa <2 wehave
<2 if0<B<Bi,
=2 ifp=g
>2 if B> Bi.

where g = 22, (i = 1,2,3).
(2) Ifa>2,wehavel—x; < —1,which is equivalent to x} > 2.

As a consequence of the above analysis, we have:

Theorem 8. (1) When E}; (x5, y1) exists, it is:

(i) Asaddleifand only if 0 < a < 2and 0 < B < B},
(i) Asourceifand only if 0 < a < 2and p > B ora > 2;

(iii) Non-hyperbolic if and only if 0 < « < 2and B = Bj, where p] = zy;l”‘
(2)  When E3,(x3,,Yy2) exists, it is:
(i) Asinkifand only if0 < a <2and 0 < < B3;
(ii) A saddle ifand only if 0 < &« < 2and B > B3 ora > 2;
(iii) Non-hyperbolic if and only if 0 < & < 2 and p = B, where p5 = 22
(3)  When E35(x33,y3) exists and 0 < a < 2, it is always non-hyperbolic, where B} = Zy;;"

When M = 0.52, A = 0.45, a € [0,4] and B} € [0,10], Figure 5 shows the topological
classification of the map (5) at positive fixed points E;(x}, y;)(i = 1,2).

3.2. Global Stability of Positive Fixed Point E3,

Firstly, we give two lemmas in [37].
Lemma 1. Suppose that the sequences x(n) satisfy x(n) > 0 and
x(n+1) < x(n)exp (a—bx(n)),n €N,
where a and b are positive constants. Then,

limsup x(n) < exple—1) = M.

n—-+o00 b
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@@ Ej (b) E;,

Figure 5. Topological classification of the a — ; plane at Eg;(x},y;) with M = 0.52, A = 0.45,
« € [0,4], and 7 € [0,10], (i = 1,2).

Lemma 2. Suppose that the sequences x(n) satisfy x(n) > 0 and
x(n+1) > x(n)exp (a —bx(n)),n €N,
where a and b are positive constants. Then,
o a
lnlr_r)lirgx(n) > S exp (a—bM),
where M was given by Lemma 2.

Secondly, from Theorem 2, we obtain that,if 0 < M < Aor M = A,0 < A < 1 holds,
y(n) is any positive solution of the map (6), then

Jlim y(n) = ya. ®)
Now, we consider a system as follows:
x(n+1) = x1(n) exp(a + fyz — x1(n)), O
where x1(n) = a + By, is any positive solution of System (9). We obtain the following result.
Theorem 9. If
O<M<A orM=A0<A<1)and0<a+ By <In2+1 (10)
holds, the positive fixed point E%, (x3,12) of the map (5) is globally attractive. In other words,

lim [x(n) —x1(n)] =0,

n—-+oo

where xq(n) is any positive solution of System (9).

Proof. From (8), for any sufficiently small ¢ > 0, there is an integer N; such that, if
n > Nj, then
Yo—e<yn<y2te. 11)

In order to prove limy—s yoo[x(11) — x1 ()] = 0, let

x(n) = x1(n) explk(n)].
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Then, by using the differential mean value theorem, the first equation of (5) can be
expressed as

k(n+1) = Inx(n)4+a—x(n)+By(n) —Inx(n+1)

k() (1 — 21 (n) expl6(m)k(m)]) +B(yn — v2), 12)

where 6(n) € [0,1], and x; (1) exp [61(n)k(n)] lies in the range of x1 (1) to x(1). Now, our
primary purpose is to prove
lim kl(l’l) =0.

n—+oo

because of x(n) exp [ + B(y2 —¢) — x(n)] < x(n+1) < x(n)exp [x + B(y2 +€) — x(n)],
then with the help of Lemmas 1 and 2, we obtain

limsup x(n) < exp (a + B(y2 +¢) — 1) := U,
n——+oo

l&rgigofx(n) > (a+B(y2+e))exp [a+ B(y2 +¢) — U]
> (a+By2 —¢)) exp [a+ B(y2 —€) — Up] := V5.
In addition, from (9), Lemmas 1 and 2, we obtain

limsup xq(n) < exp [a+ By, — 1] := Uy < Uy,

n—-+o00

liminfx; (1) > (& + By2) exp [a + yz — U]

n—-+oo
(a4 Bya) exp [a + By2 — Uy |
(a+Bly2 —e)exp [a+ By —€) — U] := V1.

IV IV

Thus, for any sufficiently small ¢ > 0, there is an integer N, > Nj such that,
if n > N, then
Vi—e<x(n), xy(n) <U;+¢ n>Np. (13)

Suppose that
A=max{[1—- W] |1-1]}.

Then, for any sufficiently small € > 0, we suppose
Ae =max {|1— (V1 —¢)|,|1— (U1 +¢)|}. (14)
From (11)-(14), we obtain

k(n+1)| < max {[1— (V1 —¢)|,|1— (U + )| }[k(n)[ + Be
= Ae+ Be, 1> N.

Then, we obtain the following inequality:

N 1— An—Nz
[k(n)| < AL 2 k(No)| + ﬁﬁe, n> Np. (15)
- €
Since A¢ < 1 and ¢ is sufficiently small, we can have lim, . k(1) = 0, ie,

limy— o0 [x(11) — x1(n)] = 0 holds when A; < 1. Notice that
1—U1<1—V1 <1,

then A; < 1is equivalent to
1-U; > -1,
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ie.,
0<a+B(y2+e) <1+In2. (16)

Since ¢ is sufficiently small when (10) holds, we obtain (16), 50 limy— oo [x(1) — x1(1)] = 0.
Thus, this completes the proof of Theorem 9. [

3.3. Bifurcation Analysis of a Codimension of One

According to the prior analysis of the map (5) at fixed points, in this section, the
center manifold theorem is used to reduce dimensionality, and then, bifurcation theory is
employed to investigate the bifurcations of a codimension of one at non-hyperbolic fixed
points by [44,45].

3.3.1. Bifurcation at the Fixed Point E( (0, 0)

Theorem 10. When parameters («, p, M, A) € Qpg = {(a, B, M, A) € R*:a > 0,>0,

M = A,A > 0}, Eg is a non-hyperbolic fixed point. Furthermore, we find that the map (5)

will undergo:

(1) A transcritical bifurcation when parameters («, B, M, A) € Qpop, = {(a, B, M, A) € R*:
a>0,>0M=A, A1} hold;

(2) A pitchfork bifurcation when (a, B, M, A) € Qpg,, = {(2, 5, M,A) € R*: 2 >0, >0,
M = A =1} holds.

Proof. By Theorem 5, the two eigenvalues of J(Ep) are Ay = ¢* > 1,A; = 1, and the
fixed point Ey is called non-hyperbolic if («, 8, M, A) € Qpp. We choose M as the bi-
furcation parameter, and p is the perturbation parameter near A, satisfying M = A + p.
Then, through an iterative operation, we can easily calculate that the center manifold
of the map (5) is given as x = 0 and that the constrained map (5) can be represented as

A— AZ_2A—
y—y— Ay Ly P20 4 125 4 Lye? - O((Jyl + [pl)?)- 1f (a, B, M, A) €

Qrop = {(a, B, M, A) € R*:a > 0, >0,M = A, A # 1} holds, thus the map (5) un-
dergoes a transcritical bifurcation at Eg(0,0); if («, 8, M, A) € Qg,, = {(a, 5, M, A) €
R*:a >0,8>0,M= A = 1}, then the map (5) undergoes a pitchfork bifurcation at
Ep(0,0). O

3.3.2. Bifurcation around Boundary Fixed Point Eq (&, 0)
Theorem 11. The map (5) at Eq(«,0) has:

(i) A transcritical bifurcation or a pitchfork bifurcation, whose boundary fixed point E1(w,0) is
non-hyperbolic, if parameter (x, B, M, A) € Qp1, = {(a, B, M,A) € R* : a0 # 2, >0,
M=AA#1}orQp,, = {(a,8,M,A) ER 1w #£2,8 > 0,M = A = 1}, respectively;

(ii) A flip bifurcation if (a, B, M, A) € Qpq,, = {(0, B, M, A) € R*:a=28>0M#A,
A >0}

Proof. (i) According to Theorem 6(4), when the parameters satisfy the conditions
(a, B, M, A) € Qg1 = {(0, B, M, A) € R*:a#2,>0,M=A,A+#1},one eigenvalue
of the Jacobian matrix J(E;) is 1 — a and the other is 1. First, we choose M as the bifurcation
parameter. Set t = M — A, where |j| < 1, and it is a new variable. Next, we translate
System (5) to the originwith u = x —«,v = y — 0 and perform the Taylor expansion,

leading to
u 1-a ap u filwo,m) .
()= D(0) By o
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here,
fi(u,v,u) = zuv + ZooU? + zgp0? + 2011420 + z1pu0? + z301°
+ 2030 + O((Ju| + [v] + |u])?),
fau,0, 1) = bygv? + bryop + b3gv® + by 0*p + brpop?
+O((ful + o] + [u)?),
and
a—2 aB?
z11 = — (e —1)B, 200 = ( 5 ), Z02=%,
a—2 x—1)p? a—3
221=¥, 212:*%/ 230=*( 6 ),
ap® (A-1) 1
=P boy — — b =
203 6’ 20 A 11 A’
(A2 —2A 1) 1 1
b30 = T/ b21 = Z/ 12 = m

The matrix of the linear part of the map (17) can be expressed as:

e = (1),

Choose invertible matrix T:

=(31)

Apply the following matrix transformation to the map (17):

()

Therefore, the map (17) becomes
u 1—a 0 u G (U, V,u)
— 0 1 + ,
1% |4 G (U, V,u)

G1(U, V, 1) = z2o0U? + (2Bz20 + z11)UV + (Zzoﬁz —bop +z118+ Zoz) V2

where

— ,anVy + (3‘3230 =+ z21)U2V =+ (3,32Z3() + 2/3221 + zlz)UVZ
+ 230U + <230ﬁ3 + 2918 — b3of + z12B + Z03) V3 — by pVi?
— bV +O((Ul+ VI + [ul)?),

Ga(U, V, ) = bagV? + b Ve + bsgV® + b V2 + bia Vi + O (U] + V] + [u])?)-
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Then, to study the stability of (U, V) = (0,0) near u = 0, we can indirectly study
a system of one-parameter equations limited to a center manifold. It can be defined
as follows:
W(0,0,0) = {(U, V, 1) € B> U = g(V, 1), (0,0) = 0,Dg(0,0) = 0}
with V and y small. Take
gV, 1) = g1 + &2V +gsV2 + O((IVI+ [u])?). (20)

Then, we have

N(g(V, 1)) = 8(V+Ga(&(V, ), V, ), 1) = (1 = a)g(V, 1) = Ga(g(V, ), V, ) = 0. (21
Substituting (20) into (21) and comparing the coefficients of 2, Vu and V? of (21),
we obtain 5 B(A 1)
8120/82=a7/g3=Tv

Thus, the map restricted to the center manifold W¢(0,0,0) is written as
Fi:V = V4 byV? + by Vi + b3 V2 + by V2 + bia Vi + O((|V] + [u])?).

We can see that

_ oF, B oF, _
Fl (Or 0) - 01 P (Or 0) - lr 311 (Or O) - Or
9L 1 9L, 2(A—1)
avop 00 =bn=—2 70 555(0,0)=2b0 = —=——=.

Hence, the map (5) undergoes a transcritical bifurcation at E; because of ‘32% (0,0) #0
if (¢, B, M, A) € Q1. Moreover, when (x, B, M, A) € Qpq,, = {(v, B, M, A) € R*:a #£2,
B >0,M = A = 1}, a direct calculation leads to '32%(0, 0) =0and %(0,0) = —6; from
[45] the map (5) will pass through a pitchfork bifurcation at E;.

(ii) From Theorem 6(4), when («, B, M, A) € Qg1 = {(a, B, M, A) € R*:a =2
B >0,M # A, A > 0} holds, it is evident that, for the non-hyperbolic E;(«,0), A1 = —1
and A, = exp(1 — M) # 1. Taking « as a bifurcation parameter and assuming ¢ that
is a sufficiently small perturbation parameter, namely ||¢|| < 1, then, the perturbations

corresponding to System (5) are mapped as follows:

X xe2te—x+py
— . (22)
Y yel ~Y=gia
Then, we shift E; in the map (12) to (0,0) using a transformation u = x — (2 + ¢),
v =y — 0, which leads to

( u ) ( -1 2B ) ( u ) (f3(u,v,£) )
— + ; (23)
v 0 /\2 v f4(u,v,s)

here,
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1 1 1
f3(u,v,€) = B2v? — Buv + Bve — ue + guS + Euzs — Buve — E/Szuvz

1 3.3 122 3
+ 3870 + 5%+ O((Jul + o] + [¢])?),

A2 — M)A, A* —2M A? —2MA + M?)A,
f4(1/l,v/€) _ _( e ) Z;2_|_ ( Al ) 03

+O((Jul+ el +e))?).

Taking the map (23) at origin (0, 0), the Jacobian matrix is

-1 28
J(E1) = .
0 Ao
Invertible matrices T are constructed as follows:
2p
T = 1 1+A; .
0 1
u X
=T , (24)
v Y
the map (23) becomes
X 10 X Gs(X,Y,¢)
— A + , (25)
Y 0 A Y Ga(X,Y,¢)
where

G3(X,Y,e):—ﬁXY—Xe+</32— 2 +2’5A2(A2*M)>Y2+(5— 2 )Ye

With the transformation

1+)L2 A2(1+)\2) l+/\2
1 B 22 B? 28
-x8 XY+ | —F— —E ) xv?+ (- — )XY
et T +<(1+A2)2 2 T ‘
(W BB Pha(At2A°M - 2AM 4 M)\
3(1+A203 144 3 A1+ Ap)
+1X2€+ L_Lﬁz_i_ﬁiz Y2€+O((‘X‘+‘Y|+|e|)3)
2 (1+A2)2 144 2 ,
(A2 —=M)Ay 5 (A*—2A2M —2AM + M)Ay 4
Ga(X, Y ) = V2 4 Al 1%

+O((IX] + Y]+ [¢))?).

According to the center manifold theory, (X,Y) = (0,0) is stable for ¢ = 0 and can be
determined as follows:

W<(0,0,0) = {(x, Y,e) € R3:Y = g(X,¢),4(0,0) = 0, Dg(0,0) = o}
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with small € and X. Assuming that
8(X,€) = g18” + g2 Xe + g3 X2 + O((|X] + |e])°), (26)
g(X, €) must satisfy the following relation:
N(g(X,¢)) = 8(=X+Gs(X,8(X, ¢),¢),¢) — g (X, €) — Ga(X, g(X,€),) = 0. (27)

Substituting (26) into (27) and comparing the coefficients of €2, Xe and X? in (27),
we obtain

81 =8 =83=0.

Consequently, the map restricted to the center manifold W¢(0, 0, 0) is expressed as

1., 1
BiX— —X—Xet X+ EXz.s+o<(|x| +[e)?).

From [44], it can be seen that the conditions for flip bifurcation to occur are:

_ [oR 9%F, B
M= {ﬁ Haan (0,0) =-2#0,

1/PB\° L1 PF,
2\ 0x2 3\ 0x3

Thus, by [44], the system (5) undergoes a flip bifurcation if (¢, §, M, A) € Qy,, holds
at Ey(a,0). O

1

(0,0) = = #0.

Ny = 3

3.3.3. Bifurcation Analysis of Positive Fixed Point Egj(xj*, yi)(j=23)
Theorem 12. Ingj(x]’f,yj)(j = 2,3) exists, the map (5) has:

(a) A flip bifurcation for parameter (x, B, M, A) € Qs = {(a, B, M,A) e R*: 0 < < 2,
B=p5M#M",0<A<1}at E3(x5,12).

(b) A fold bifurcation for parameter (a, B, M, A) € Qgzs,05 = {(2, B, M, A) e R*: 0 <a <2,
M=M*"0<A<1,B>0andp # B3} at E5(x3,y3). In addition, with the increase
of M, the number of positive fixed points of the map (5) has a 2-1-0 change. That is, when
M < M*, there are E3; (x7,y1) and E3,(x5,1); when M = M?*, there is a unique positive
fixed point E3;(x3,y3), and when M > M?* the positive fixed point disappears.

Proof. (a) From Theorem 8 (2)(iii), we can easily obtain that, when («, B, M, A) € Qg3),, =
{(a,BM,A) e R* : 0 < a <2,8=050< A< IM#MY} AN =1 =
1+ y2(—1+ WLA)Z” < 1. Then, to obtain the flip bifurcation, we regard f as the bifur-
cation parameter and shift the fixed point E3,(x3,12) to (0,0) through a transformation
u=x-—x30=y—yand 6 = B — B5; here, ||| < 1 and is a sufficiently small new
variable. We then have

u a a u f5(u,0,6) \.
) (v () (s e

here,
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and

f5(1,0,8) = ay101*v + ap011%5 + a120uv? + a10pu8* + A0210%0 + A91200° + ayyouv

+ a300u3 + ayp11d + ap11v6 + aozovz + a11uvd + azoouz + a003(53

+ 20020 + ag30v” + O((|u] + [0 +19])*)

fo(11,9,8) = booov? + bosov® + O((|u| + o] + [4])%),

a0 = 1—x3, ag01 = X342,

* *
ao10 = X33,

% (2 % %2 ( ok
P B5(x5 —2) _yZ(xz_z) _ (x5 —1)
20 = 75 az01 = T a120 = B S
B _ %B5(B3ya +2) _ 5y2(Bry2 +2)
M2 = ———5— 4021 = ;4012 = ’
2 2 2
ajo = —B5(x3 — 1), asp = *ZZ =+ 5 ajor = —Yy2(x3 — 1),
X *2
aon = 3 (Bay2 +1), apo = 222 ’ a1 = (1=x3)(1+ B3y2),
* 3 w2 3
_ X _ XY _ %) _ X
a200 = 5 , ap03 = 6 ' ap02 = 5 a3 = 6’

bo1o = —W(Azyz + 245 +y5 — A2 —2Ay2 — My, — 3),
1
boo = 2A+ )t (Atyr +4A%5 + 6A%3 + 4Ay; + 13 — 2A
—8A%, — 2A2My, — 12A%y3 — 4AMy3 — 8Ay3 — 2My3
—2y3 + 2A%M + 2AMy, + M?y,),
1
bozo = AT (A%yy + 6A%y3 + 15A%3 + 20A3y5 4+ 15A%5 + 6 AYS

—18A%y, — 3A*My, — 45A%y3 — 12A3My3 — 60A%y5 — 18AZMy5
—12AMy4 — 18Ay5 + y — 3A® — 3My3 — 35 + 6A*M + 18 A3 My,
+3A2M2y, + 18AZMy3 + 6 AM?y3 + 6 AMy3 + 3M%y3 + 6A3M

— 45A%y4 — 3AZM? + 12A2My, + 6AMy3 — M3y, 4+ 3M%y3).

The linearization matrix for the map (28) is

e = ().

bo1o

Find an invertible matrix T, for instance

T — < a010 010 )
—1—ap A2 —apo
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and make the transformation:

u X
(2)=1(3)
the map (18) yields
X X
_>< 1 0> +(G(X,Y,(5))’
v 0o n )|y Gs(X, Y, 5)
where

Gs5(X,Y,8) = Ksp0X> + Kp10X2Y 4 Kog1 X268 + KagoX? + KipoXY? + K111 XY 6

+ K110XY + K102 X682 + K101 X6 + KogoY? + Koo Y? + Kop1 Y26

+ Ko12Y 8% + Ko11 Y3 + Koosd® + Koad? + O ((1X| + |Y] +15])3),
Go(X,Y,8) = C300X> + C10X?Y + CagoX? + C120XY* + Cr10XY + C3Y? 4 G2

+O((IX] + Y]+ 16])),

where

3 2 2 3
Kz00 = 0301 + a120a0100 + a210a5101 + 43004010,
2 2 2 3
Ka10 = 3agz00T" + a120a0101 + 2412040101 © + 321045101 + 34300010,
K1 = agpi T2 + T+ z
201 = 4021 1114010 2014010,
Kago = agpol? r 2
200 = Ao201 ™ + a110a0101 + 22004510,
2 2 2 2 3
KlZO = 3a030F® + 2&120&010F® + ﬂzloaowr + a120a010® + 2ﬂ210ﬂ010® + 3a300a010,
2
K111 = 2ag21 0T + a111a0101 + 411140100 + 24201451,
2
Ki10 = 2a0200T + aq10a0101 + 411040100 + 242004519,
K102 = ag12l + a1024010, K101 = a1 + a0104101,
K _ @3 @2 2 e 3
030 = 20300 + 12020100 + 2210405100 + a3004010,
2 2
Koo1 = 402197 + 411140100 + a201451,
2
Kozo = 0200 + 411080109 + 2004010,
Ko12 = Oap12 + 40104102,
Ko11 = a011© + ap104101, Kooz = a0o3,
3
Kooz = a002, Caoo = bosol”,
2 2 2
Co10 = 3b30®T=, Caoo = bool™*, Ciao = 3bp30®@°T,
3 2
C110 = 2b020®T, Coos = bo30®”, Coo2 = bp20®~,

['=(-1-a100),® = Az — a100-
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According to the center manifold theory, a one-parameter simplified system of equa-
tions restricted to the manifold determines the stability of (X,Y) = (0,0) in the neighbor-
hood of § = 0, given by

W<(0,0,0) = {(X, Y,8) € R®: Y = ¢(X,6),¢(0,0) = 0,Dg(0,0) = 0}
with X and ¢ sufficiently small. Moreover, let
9(X,8) = g16 + §2X> + g3 X0 + ga8* + O((|1X| +19)%); (31)
thus,

N(g(X,0)) = (=X + G5(X,8(X,9),0),0) — A28(X,6) — Go(X, g(X,8),) = 0. (32)
From (31) and (32), we obtain

_ _ Cono _ Crosn _ Copg?
§1=0, =T 8T 1A, BT 1o,

Hence, the map restricted to the center manifold becomes
F3: X — —X 4506 4+ 51 X2 + 52 X6 + 536% 4 5, X26 + 55X6°
+56X% +576% + O((|X| + [6])%).

where
CaooKo11
so =0, s1 = Koo, s2 =Kjo1, s3 = Kooz, $12 =Ko — o1’

K110Ca00
s5 = Kinz,  s6 = Kaoo — o1 T Koos-

We give the following two transversal conditions in [44]:

0X05 2 95 9X2
1(@R) (18 2
6\ 0X5 2 0X2

Therefore, a flip bifurcation occurs when (a, 8, M, A) € Qg3 at the fixed point
E5 (x5, 12)-

(b) From Theorem 8(3), it is easy to obtain that, when (&, 8, M, A) € Qgs3,,, =

{(a,M,A) e R* : 0 < w < 2,M = M*,0 < A < 1,8 > 0and B # B3}, M| =
|1—x3| # 1,A2 = 1. Now, we select M as the bifurcation parameter. Take { = M — M*,

< 1, and it is a new variable. We transform the fixed point EZ, (x%, 154) of the map (5) to
p 33(X3, 73 P
(0,0) withu = x — X3,0 =Y — —15A, and then, the map (5) becomes

0°F;  10F; 9*F,
ay = { ’ +7—3—3}(O,0):52+5051 #0,

ay = (0,0) = s + 5% # 0.

u

(1-;«; 0 5x;) ! (fy(u,v,g))
|- 0 1 0 7|+ 0 , (33)

. 0o 43 1 fs(u,0,0)

where
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(¥ N2 B, 1 23\ 5 B,
f7(u,v,§)7<2 1>u + B(x; —Luv + S R

LB -2) ﬁz("ﬁz*”uvuo(uw+|v|+|a>3),

A—-1 4A A—-1
fs(u’vlg) 2 -

B - , 44
S1FAY T arArt T avart T avap’

3

2AA2—4A—-1) , 2BA-1) 204 -1)
T Ar U A i ayt

+O((Jul + [o] + 121)°).

The coefficient matrix is given by
1—-x3 0 PBxj
JER=( 0o 1 0 |
0o A1 1

Convertthe matrix J(E};) in (33) into the normal form with matrix translation

as follows:
u X
v Y

where s
B % 1
T=10 31 0
1 0 0
is an invertible matrix. From (33) and (34), we have
X X
11 0 G7(X,Y,n)
7 =01 o n |+ 0 , (35)
00 1—uxi Gg(X,Y,
y 3 y s( 1)
where
G7(X,Y, 1) = p1o1 Xy + paooX? + pro2Xn” + p3ooX> + p201 X1 + poozry®
+ poosrt® + O((I1X] + 1Y + [11)%),
Gs(X, Y, 1) = m3o0X> + mog X217 + mogo X + mygp Xny* + myor Xnf
+ oo Y? + Mmoo Y211 + monn Y + moinYn* + moon?
+ m1 XY + migXY? + moosn® + O ((|X| + Y| + |n)?),
and
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- 44 CA-1
PoL= T A A1) P00 = T 47
P1o2 = —M/ P3o0 = —Lz,

(I+A)(A-1) A+ A)
_ AP -4A-) _ 1
Paon 1+ A2ZA-1) Poo2 = ——
2 4B8A
Poos = m/ m3p0 = (1fiA)2'
T — 2p(A%—4A-1) o — _PA—T)
201 I+A2A-T) 200 174"

_(P (2-64)p _ (P 4pA
m102<2x§2+(1+A)(A—1)2>' ml()l*(x*;‘i‘m),
mop20 = (w + % — 1>, Mmyp1 = ﬁ((é;i)f)/;fpzz 6),

s — _(A—1)p—20+4)p . _P(A-1)p—2a+6)
ont (A-1p—20 ' 012 (A=1)p—20)2

_ 2((A-1)(a+2)p-202)p _ P B
o == g (B )
C8((a+3)(A—1)2p —3a2(A—1)B+24%)
oo = 3(A-1DH(A-1)p - 20)]

By implementing the center manifold theorem, the stability of the map (35) at
(X,Y) = (0,0) in a neighborhood of 7 = 0 can be approximated as follows:

W*(0,0,0) = {(X, Y,5) € R¥:Y = ¢(X,7),2(0,0) = 0,Dg(0,0) = o}
with X and 7 small. Then, assume
8(X, 1) = 1% + g2Xn1 + ga” + O((IX] + [])°), (36)

and ¢(X, 1) have the following equation

N(g(X, 1)) = 8(X 41+ G7(X,8(X, 1), 1),1) — (1 — x3)8(X, ) — Gs(X, g(X,),1m) = 0. (37)
Substituting (36) into (37) and comparing the coefficients of X2, X7, and 72 in (37),
we obtain
(1-4)p

5= T
(A-1B—-4A0)B 28
(A2 —1)x32 ¥
Blla+2)(1-A)B+a?) &1+g
2(A—1)x3° xy

82 =

83 =
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Thus, the restricted map to the center manifold W¢(0,0,0) is given as

B X=X+ f;sz_ (1+A4)?A—1)X’7_ Al—1’72
Ta iAA)sz - (21(144—2147);4(1;1}7—11)) X2+ 3(A27—1)2’73
o X2 + O((1X] + ).
We can simply calculate
E4(0,0) = 0, %(0,0) _1, aa%(o, 0 =1,
=240 aa;f;jy 0.0 =~ AT *

which leads to a fold bifurcation when (&, 8, M, A) € Qg33,,, at the E3;(x3, %) O

3.4. Chaos Control

From Theorem 12(a), it can be seen that a flip bifurcation of the map (5) is shown at
the coexistence fixed point E3, = (x3,2). This will cause chaos in the system, so we use
a hybrid chaos-control method in [46], which is a combination of parameter perturbation
and feedback control, to delay or get rid of chaos. First, the control system corresponding
to the map (5) is given by

N pxexp(a —x+py) + (1 - p)x)
( ) — (38)

pyexp(l—y — l) +(1-p)y)

Y y+A

where 0 < p < 1and p is an external control parameter. Moreover, the calculation shows
that System (38) and the map (5) have the same fixed points. The linearized Jacobian matrix
of the map (38) at fixed point E5, = (x3,12) is

1-px; pxsp
J(Exp) = < M :
0 een(1 )
Obviously, the two eigenvalues of the Jacobian matrix J(E},) are A = 1 — pxj < 1
and Ap = 1+ py2<71 + WLA)Z) According to the previous analysis, [, < 1, then

M _ M :
—1+ Gtz < 0. Wehave A, =1 +py2(—1 + W) < 1. Therefore, with the help of

A)
Definition 1(1), the controlled system (38) has the following statement.

Theorem 13. If and only if

M
;<2 and - ) <2
- (1= aw)
holds, the coexistence fixed point E3,(x3,y2) of the map (38) is locally asymptotically stable.

4. Numerical Simulations

In this section, the analysis results obtained above are further studied through numeri-
cal simulations.
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Case (1): Select different parameters of the map (6), in Table 3, to observe the solution

curve in Figure 6.

12
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Figure 6. (a) With M = 2, A = 4, and the initial value as y(0) = 0.1,0.5,1, the map (6) has
positive fixed points y, = 0.5616; (b) with M = A = 0.5 and the initial value as y(0) = 0.1,0.5,1,
the map (6) has positive fixed points y, = 0.5; (c) with M = 0.54, A = 0.5, and the initial value as
y(0) = 0.09,0.05,0.02,0.2,0.3.0.5, the map (6) has two positive fixed points y; = 0.1, y» = 0.4; (d) with
M = 05625, A = 0.5, and the initial value as y(0) = 0.09,0.05,0.02,0.2,0.3.0.5, the map (6) has
positive fixed points y3 = 0.25; (e) with M = 1, A = 0.5, and the initial value as y(0) = 0.15,0.3, 1, the
map (6) has no positive fixed point; (f) with M =1, A =1, and the initial value as y(0) = 0.15,0.3,1,
the map (6) has no positive fixed point.
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Table 3. Parameter table.

Parameter Positive Fixed Point Initial Value
M=2 A=4 y2 = 0.5616 y(0) =0.1,05,1
M=A=05 y2=05 y(0) =0.1,05,1
M =054 A=05 y1 =01,y =04 y(0) = 0.09,0.05,0.02,0.2,0.3.0.5
M =0.5625, A=05 y3 =0.25 y(0) = 0.09,0.2,0.24,0.26,0.3.0.45
M=1 A=05 no y(0) =0.15,0.3,1
M=2 A=1 no y(0) =0.15,0.3,1

Case (2): Set parameters « = = 1,M = 2,A = 4 and initial values as (x(0),
y(0)) = ((1.5,0.3),(1.2,0.6),(0.8,0.2)) in the map (5). There is a positive fixed point
E3,(1.5616,0.5616) and global asymptotic stability by Theorem 9. Figure 7 shows the result.

o o
-

species density

o
@
\

ke
.

0

0 é 1‘0 1‘5 20
Time

Figure 7. Stability of the fixed point E3, of the map (5) witha = 8 =1, M = 2, A = 4, and the initial

values as (x(0),y(0)) = ((1.5,0.3), (1.2,0.6), (0.8,0.2)).

Case (3): Set parameters « = 3,8 = 1, A = 0.15 in the map (5). We find that the two
eigenvalues of the Jacobian matrix J(E;) at the boundary fixed point E;(3,0) are Ay = —2,
Ay = 1. Therefore, by Theorem 6, the fixed point E;(3,0) is non-hyperbolic. According to
Theorem 11(i) of the bifurcation analysis, the map (5) has transcritical bifurcation at E;.

Figure 8 is a diagram of the transcritical bifurcation on the M — y plane in the local
range of the fixed point E;(3,0) when M € [0,0.331], and the other parameters are given
in Case (3). From Figure 8, it can be found that, when M < 0.15, E;(3,0) is unstable,
but when M > 0.15, there is a stable fixed point E;(3,0) and an unstable fixed point
E3, (3425 — YAI325-4M  4p5  VI325-4M)

0 0.05 0.1 0.15 0.2 0.25 0.3
M

Figure 8. Transcritical bifurcation diagrams in the M — y plane witha =3, =1, A = 0.15.
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Case (4): Further, based on Case (3), we change the parameter A and let A = 1. At this
time, by Theorem 11(ii), the map (5) generates a pitchfork bifurcation at E;(3,0). Namely, it
is a pitchfork bifurcation point.

Figure 9 is a diagram of the pitchfork bifurcation on the M — y plane in the local area
of the fixed point E;. Select the initial value of xg = 0.5,y9 = 0.3, M € [0,1.5], « = 3, and
B = 1. It can be seen from Figure 9 that the fixed point E; is unstable, when M < 1; the
stable fixed point E;(3,0) appears when M > 1. Additionally, there are two stable fixed
points E}; = B-vV1-M,—vV1-M)and E}; = 3+ +v1—M,v/1— M) when M < 1;
E;; = (83-V1-M,—v/1—-M)and E}, = (3+ v1—M,+/1— M) coincide to form the
double-root E};(3,0) when M = 1; Ej, disappears when M > 1.

1 T

(1,0

L L
n ns 1 15
M

Figure 9. Pitchfork bifurcation diagrams in the M — y plane witha =3, =1,A = 1.

Case (5): Set the parameters & = 1, M = 0.4, A = 0.3 in the map (5). When § = 2,
the corresponding eigenvalues of the matrix J(E3,) are A; = —1, Ay = 0.8125, respectively.
From Theorem 8(2)(iii), E3,(2,0.5) is non-hyperbolic. Further, from Theorem 12(a), the map
(5) has a flip bifurcation at E3,.

Figure 10a describes the diagram of the flip bifurcation on the  — x plane at the initial
value xg = 0.5, yp = 0.3, B € [0, 6], and the other parameters are shown in Case (5). From
Figure 10a, the coexistence equilibria E3, are stable when < 2, and when = 2, the map
(5) is unstable, resulting in a stable two-period solution; when g > 3.065, it will further
generate four-dimensional solutions and constantly flip to generate chaotic sets.

Figure 10b shows the maximum Lyapunov exponents of Figure 10a, and f ranges in
[0,6]. When the exponent value is less than 0, this indicates that the map (5) is stable in the
small field of E3,(2,0.5). In other words, when the exponent value is greater than 0, the
map (5) is chaotic in the small field of E3,(2,0.5). From Figure 10b, when  varies in [0,2], the
index is negative, except for B = 2, which is 0. When f belongs to (2,3.345], the index is only
Oat B = 3.065 and B = 3.345, and in other cases, the index is negative. When f is greater than
3.345, most of the indices are positive and very few are negative numbers, which indicates
that the map (5) produces chaotic behavior near the fixed point E3,(2,0.5). We also give local
bifurcation diagrams in Figure 11. Further, when we choose f = 1,2.5,3.2,3.345,4.5, 5, the
phase diagrams are depicted in Figure 12. As f increases, it can be seen from Figure 12 that
there will be one point, two points, four points, eight points, etc., gradually becoming chaotic.

Case (6): To study the impact of the Allee effect on the dynamic behavior of the
map (5), we used the matlab 2017a drawing software to give the bifurcation diagram on
the M — x plane and M — y. We selected four sets of parameters. (a) Set the parameter
« =15 =15A =05 M € [0,1]; (b) set the parameter « = 1.5, = 1.5,A = 2,
M € [0,2]; (c) set the parameter « = 2.5, =1,A = 0.5, M € [0,1]; (d) set the parameter
a=25p=15A=4,M € 0,6], taking the initial value xg = 0.5, yp = 0.3.
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Figure 10. (a) Flip bifurcation diagrams on the g — x plane with « = 1, M = 04,A = 0.3;
(b) maximum Lyapunov exponents corresponding to (a).
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Figure 12. Phase diagrams corresponding to Figure 10a.

From Figure 13a,c, it is shown that, with the increase of M, it helps the stability of
the commensal populations. Further, we also found that a strong Allee effect reduces the
species density of the commensal. Figure 13b,d are graphs showing the impact of the Allee
effect M on the population density of the host species. It can be seen from Figure 13b,d
that, if M increases, the host population is accelerated to extinction. It can be seen from
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Figure 13e,f that, as M increases, the map (5) moves from chaos to a two-period solution,
but the map (5) is unstable.

6

Figure 13. (a) Bifurcation diagrams in the M — x plane with « = 1.5, = 1.5, A = 0.5; (b) bifurcation
diagrams in the M — y plane with « = 1.5, 8 = 1.5, A = 0.5; (c) bifurcation diagrams in the M — x
plane with w = 1.5, = 1.5, A = 2; (d) bifurcation diagrams in the M — y plane witha = 1.5, = 1.5,
A = 2; (e) bifurcation diagrams in the M — x plane with « = 2.5, = 1.5, A = 0.5; (f) bifurcation
diagrams in the M — x plane withaw = 2.5, =15, A = 4.

Case (7): Set parameters « = 1, = 1,A = 0.5 in the map (5). We can simply
calculate B5 = 4. Then, the eigenvalues of the Jacobian matrix J(E},) of the map (5)
are Ay = —0.25, A5 = 1, respectively. By Theorem 8(3), E3;(1.25,0.25) is non-hyperbolic.
Through the bifurcation study of Theorem 12(b), a fold bifurcation occurs at coexistence
equilibrium E3; (1.25,0.25), which is also called a fold point.
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Figure 14 is a diagram of fold bifurcation on the M — y plane within the local range
of the fixed point E};(1.25,0.25). Select the initial value xo = 0.5, yo = 0.3, M € (0,1),
and other parameters are given in Case (7). As M increases from 0 to 0.5625, the map (5)
has an unstable fixed point Ef; = (1.25 — v/1 — M, 0.25 — /1 — M) (shown in red) and a
stable fixed point E}, = (1.25+ v/1 — M, 0.25 + v/1 — M) (shown in blue). At M = 0.5625,
System (5) undergoes a fold (also called saddle-node) bifurcation at E;(1.25,0.25). Then,
the fixed point E};(1.25,0.25) vanishes for M > 0.5625.

P
osf —
o6 i
0.4t

=l (0.5625,0.3)

0.2 e i

o 0.2 0.4 0.6 0.8 1
M

Figure 14. Fold bifurcation diagrams in the M — y plane witha =1, =1, A = 0.5.

Case (8): Set the parameters « = 2.5, = 1, M = 0.1, A = 4, and the initial value
xp = 0.5,y9 = 0.3. We can simply g/a[llculate Y2 =~ 0.96, x5 = 3.48, and px; < 2 is equivalent

to p < 0.57. Moreover, py>(1 — W) < 2 implies that p < 2.04. So, let us take a smaller

p. From Theorem 13, when 0 < p < 0.57, it is locally asymptotically stable. Figure 15 shows
that when the external control parameters change in the range [0,0.57], the map (5) can be
stabilized again. In addition, we set the parameter « = 2.5, = 1, A = 4, then the stability
region diagram is given of the control system (28) in Figure 16.

45 5
4t 1 451 1
> >
3F 1 350
25F R 3
P . . . . 25 . . . . . y
4970 4975 4985 4990 4995 5000 4970 4975 4980 4985 4990 4995 5000
Time Time
(a) p=10.57 (b) p=0.58

Figure 15. Time series of the commensal species for (28) with « = 0.5, = 0.5,M = 0.2, A = 4.
(a) p = 0.57; (b) p = 0.58.
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unstable region

stable region

Figure 16. Stability region diagram in the M — p plane witha = 2.5, =1, A = 4.

5. Summary

This paper investigated a discrete-time commensalism mode with an additive Allee
effect for the host species. First, we gave the existence and local stability of fixed points
in the map (6), and we found that, under the weak Allee effect, the system has a unique
positive fixed point of global attraction. Under the strong Allee effect, the stability of the
system is related to the attraction domain, which has similar properties to the corresponding
continuous system. Secondly, we studied the existence and stability of the solutions of the
map (5), then gave the possible bifurcation of the map (5) by the center manifold theorem
and bifurcation theory. We found that the map (5) has new bifurcation phenomena, such as
flip and pitchfork bifurcations, which could not be found in the corresponding continuous-
time system. Wei et al. [47] presented a commensal model with additive Allees in the
first species and discussed the occurrence of saddle-node bifurcation and transcritical
bifurcation. Examining a Lotka—Volterra commensal model featuring an Allee effect within
the first species, Lin [48] revealed that heightened Allee effects lead to an escalation in the
final population density of the species. In [13], Chen examined a comparable two-species
commensal symbiosis model and noted that the Allee effect introduces instability to the
system; nevertheless, this effect can be managed and controlled. From our investigation, it
was revealed that the Allee increases the system complexity through multiple bifurcations.
Recently, the studies by He et al. [11] revealed that, in the case of the weak Allee effect,
the additive Allee effect negatively correlated with the final population density of both
species. For a strong Allee effect, the additive Allee effect played a significant role in the
extinction of the second species. Our study in this domain showed more-complex dynamics
in comparison to the continuous-time model (2), which were presented through bifurcation
analysis. Through numerical simulations of our proposed model, in the case where the
first population had a lower birth rate, we observed that the Allee effect enhanced the
stability of the commensal species, while hastening the extinction of the host species (see
Figure 13a—d). These intricate and multifaceted dynamic behaviors mark our model as a
truly novel contribution. Moreover, the map (5) may also have a fold—flip bifurcation of
a codimension of two at fixed point Ej;(x3, y3), which is something we need to study in
the future. When M = 0, the map (5) has at most four positive fixed points, and only flip
bifurcation can occur. When M # 0, the system may have six positive fixed points, and
they may undergo flip, fold, transcritical, pitchfork, and fold—flip bifurcations, which are
left for future investigation.
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Abstract: Many phenomena can be described by random variables that follow asymmetrical distri-
butions. In the context of regression, when the response variable Y follows such a distribution, it
is preferable to estimate the response variable for predictor values using the conditional median.
Quantile regression models can be employed for this purpose. However, traditional models do not
incorporate a distributional assumption for the response variable. To introduce a distributional as-
sumption while preserving model flexibility, we propose new varying-coefficients quantile regression
models based on the family of log-symmetric distributions. We achieve this by reparametrizing the
distribution of the response variable using quantiles. Parameter estimation is performed using a
maximum likelihood penalized method, and a back-fitting algorithm is developed. Additionally,
we propose diagnostic techniques to identify potentially influential local observations and leverage
points. Finally, we apply and illustrate the methodology using real pollution data from Padre Las
Casas city, one of the most polluted cities in Latin America and the Caribbean according to the World
Air Quality Index Ranking.

Keywords: local influence techniques; log-symmetric distributions family; PM2.5 levels; quantile
regression; semiparametric models

MSC: 62]20

1. Introduction

In the process of data modeling, it is common to utilize regression models that assume
that the response variable follows a normal distribution, as this is well-established in theory.
However, there are situations where using such models may not be appropriate, particularly
when the response variable exhibits an asymmetric distribution and is restricted to the
positive real line. Failing to account for this behavior can introduce bias in parameter
estimates and the estimation of associated measures of variability; see [1]. To address the
limitations associated with the assumption of normality, several authors have proposed
alternative approaches that employ more flexible distributional assumptions. This allows
for a better representation of the underlying data. Some examples of such approaches
include the works of [2-7].

Vanegas and Paula [8] proposed a family of log-symmetric distributions, which are
obtained by transforming symmetric distributed random variables whose probability
density functions involve the exponential function. Some examples of log-symmetric dis-
tributions are the log-normal, log-power-exponential, log-Laplace, log-logistic, log-slash,
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log-hyperbolic, Birnbaum-Saunders (BS), and log-Student-t cases. This family of distribu-
tions includes special cases that exhibit bimodal behavior, as well as distributions with tails
that are either lighter or heavier than the log-normal distribution. Regression models based
on log-symmetric distributions have been studied by Vanegas and Paula [1,9,10].

In many real-life phenomena, the focus of interest is often on modeling a specific
quantile of the response variable rather than the mean, as commonly done in classical
regression models. This is particularly relevant when the distribution of the response
variable exhibits asymmetry, where the median becomes a more appropriate measure of
central tendency for estimating the response. Another reason is that our interest can be
to model the relation between another non-central position measure and the covariates.
This happens, for example, when we want to analyze the relationship between the greater
(or lower) values of the response variable and the covariates; see [11]. Therefore, quantile
regression models are useful for modeling the relationship between a set of predictor
variables and specific quantiles of a response variable. Unlike traditional regression models,
quantile regression does not assume a specific distribution for the response variable [11,12].
However, if we introduce a distributional assumption, it is possible to formulate quantile
regression models based on the reparameterization of the distribution using a quantile.
This approach has been successfully applied by [5,6,13]. Quantile regression models based
on reparametrized log-symmetric distributions by quantiles (QLS) have been recently
developed by Saulo et al. [7], albeit from a purely parametric perspective.

Considering the inclusion of nonparametric functions in the modeling, it becomes
possible to incorporate the nonlinear effects of covariates. Semiparametric models have
been developed to address this, where linear structures are described by parametric com-
ponents and nonlinear structures are described by nonparametric components. Therefore,
these models offer better flexibility for modeling data than those using only a parametric
approach. Semiparametric structures have been effectively utilized to represent nonlin-
ear components, as demonstrated in previous studies such as [1,14-21]. Based on our
literature review, it appears that no semiparametric quantile regression models based on
log-symmetric distributions have been developed thus far.

For over 30 years, Chile has been grappling with a significant public health issue
related to the contamination of respirable particulate matter, particularly during winter
periods. In the context of Latin America and the Caribbean, Chile currently ranks second,
following Peru, in terms of cities with the highest levels of fine particulate matter (PM2.5),
as reported by the World Air Quality Index Ranking (https:/ /bit.ly /3MXVP38; accessed
on 20 August 2023). It is concerning to note that these levels often exceed both national and
international regulations, highlighting the severity of the problem in terms of public health.
Statistical models provide a valuable approach to understanding and describing air quality,
enabling us to study the relative impact of atmospheric contaminants on human health and
the urban environment. Periodic episodes of extreme air pollution concentrations can occur
with certain atmospheric contaminants, varying with geographical and meteorological
factors and dependent on changes in emission sources and types; see [22]. Considering this
variability, air pollutant concentrations are treated as non-negative random variables. In
general, the distribution of these variables is asymmetrical and exhibits positive skewness,
aligning with the characteristics of log-symmetric distributions.

The primary aim of this article is to develop varying-coefficients quantile regression
models based on the family of log-symmetric distributions. Our secondary objectives
encompass the following: (i) to estimate the parameters of the model using the maximum
penalized likelihood (MPL) technique and a back-fitting algorithm; (ii) to incorporate the
nonparametric structure through natural cubic smoothing splines (iii) to calculate local
influence techniques for model diagnostics by assess the normal curvatures under different
perturbation scenarios; (iv) to implement the obtained outcomes computationally within
the R programming environment; and (v) to apply these results to real data related to
atmospheric pollutants in Padre Las Casas, a city in Chile recognized as one of the most

66



Axioms 2023, 12,976

contaminated cities in Latin America and the Caribbean, as per the World Air Quality Index
Ranking (https://www.iqair.com/; accessed on 20 August 2023).

The remainder of this work is organized as follows. Section 2 presents the proposed
model for varying-coefficients quantile regression based on log-symmetric distributions.
In Section 3, we explain the parameter estimation procedure utilizing the MPL method
and a back-fitting algorithm. Section 4 extends the local influence method to assess the
potential impact of specific observations on the proposed model, including the derivation
of the generalized leverage matrix. In Section 5, we apply the proposed model to analyze
a real dataset, demonstrating its potential applications. Finally, in Section 6, we provide
concluding remarks and suggestions for future research.

2. Log-Symmetric Varying-Coefficient Quantile Regression Models

In this section, we introduce the varying-coefficients quantile regression models based
on the log-symmetric distribution family.

2.1. Formulation

Let g € (0,1) be a fixed number. We will denote by Y ~ QLS(Q, ¢,g) to the log-
symmetric distribution reparametrized by the g-quantile of Y (Q), where ¢ > 0is a
power parameter and ¢(-) is the probability density function generator kernel; see [7].
Let Y1,Y2,...,Y, be independent random variables such that Y; ~ QLS(Q;, ¢,g), for
i€{1,2,...,n}. We assume the semiparametric additive structure for Q; given by

h(Qi) = w[T‘x + X1 ,Bl(tli) +o X ‘Bs(tsi)r i€ {1f2r' e r”}l 1)
T

where w; = (1,wy,...,wpy;), @ is a (p+ 1) x 1 unknown regression coefficients vector,
with p+1 < n, By,..., Bs are unspecified smooth real functions of the explanatory variable
Ty that do not depend on & or some other parameter. Also, xj;, w;; and t;; are the values of
covariates X;, W; and T; for the ith observation, respectively. The function h has positive
support and is at least twice differentiable, called the link function. The structure of the right
side in Equation (1) defines the so-called partially varying-coefficients regression models;
see [23]. Therefore, we have defined a partially varying-coefficient quantile regression
model based on the family of log-symmetric distributions. Equation (1) can be written as

Q) =w/ e+l ,p+- - +iips, i€{1,2...,n},
where ﬁ,;: denote the ith row of the matrix Ny = X® N, x®) = diag{xx1,, ..., Xk},
Ny is the incidence matrix n X 7, whose (i,1)-th element equals to the indicator function
I(t; = t%), B = Tkt -+ Tir, )T isar; x 1 vector called a vector of spline coefficients such

that g = ﬁk(t%), with t% forl € {1,...,r;} representing the distinct and ordered values
of the explanatory variable Tj usually called knots. For a similar formulation, see [16].

2.2. Penalized Log-Likelihood Function
The log-likelihood function for the proposed model in Equation (1) is given by

£(0) = Yo ) +1ogls () - 3 loalo),

where 8 = («',B],...,8],¢)" and v; = (log(y;) — log(Q;) + v/$z;)/+/$. To address
the identifiability issues of the regression coefficient & and mitigate overfitting in the
semiparametric modeling process, penalties are commonly incorporated into the smooth
functions. The MPL method, initially introduced by Good and Gaskins [24] for estimating
probability density curves, has been extended to the nonparametric regression context by
researchers such as [25,26]. These extensions have provided effective solutions to handle the
challenges of identifiability and overfitting in semiparametric models. This same approach
is used to fit our model, optimizing the penalized log-likelihood function expressed as

(p(6,1) = £(6) — kz AT (B, @
=1
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where J(By) corresponds to a penalty function on the function By that regulates the lack
of smoothness of the estimated curve. Assuming that the design points tg belong to the
compact set [ax, b] and that the functions B’s belongs to the Sobolev function space [27]

' . be 4
Wi ] = {ﬁk : Brand B, are absolutely continuous on [ay, by], and /ak (B (b2 dty < oo},

Then one way to measure the roughness of the function B over the interval [ay, by
is by their squared norm given by J(8x) = [|B«||> = f [ﬁk (t)]? dtr. Green and Silver-

man [15] showed that J(Bx) = ﬁk K Bx, where Ky is a r; X 1 non-negative definite ma-
trix. Please note that both ; and Kj are evaluated at the values belonging to the set of
knots {tgl, tgz, . ,tgrk}, for k€ {1,2,...,s}, and therefore have finite dimensions. Tak-
ing A,t = Ax/2, we can obtain the maximum penalized likelihood estimator (MPLE) of 6,
denoted by 6, maximizing

(p(6,A) = ((6) — Z LB KBy ®)

where A = (Ay,.. .,AS)T denotes an s x 1 vector of smoothing parameters. Each A, > 0
measures the “rate of exchange” between goodness-of-fit and variability of the function fBy.
In this scenario, the estimators of f;’s result in a cubic spline that is completely determined
by the finite-dimensional set of knots {t);,1%,,..., tgrk }.

3. Parameter Estimation and Inference

In this section, we focus on estimating the parameters of the model described in
Equation (1) and discuss aspects of statistical inference. We also provide a brief discussion
on calculating the effective degrees of freedom and selecting smoothing parameters. To
facilitate the parameter estimation process and associated inference, we have developed a
routine in the R-project (https:/ /www.r-project.org/; accessed on 15 May 2023).

3.1. Penalized Score Vector

First, we make the assumption that the function £,(6,A) given in Equation (2) is
regular, meaning that it has first and second partial derivatives with respect to the elements
of the parameter vector 0. By performing partial derivative operations, we can express the
score function for 6 in matrix form as follows:

3y ()

T T T T
uy (6) =~ =(ug'0) ufie ... ufe ule),

p

where Ug(0) = W'D,z, Ug"(ﬂ) = N/ Doz — MKy By, for k € {1,...,s}, and Ug(ﬂ) =
tr(Dy), with D, = diag{ay,...,a,}, D, = diag{by,...,bu}, z = (z1,..zn) ", 2z =

vir(©:)/Qiv/g, bi = r(v 1) ¢~/ 2vi[log(y;) —1og(Q;)]/2 — 1/2¢ and a; = 1/K'(Qy), being
r(v;) = —2¢'(v 2) /g(v?). Please note that g’ represents the derivative of the function g.

3.2. Penalized Hessian Matrix

To obtain the penalized Hessian matrix, we need to compute the second derivate of
(p(6, 1) with respect to each element of 6, i.e., 9*(,(6, 1) /96;-06;- for j*,I* € {1,...,p*}
and p* =2+ p + Y 1. After performing some algebraic manipulations, we obtain the
penalized Hessian matrix in the following form:
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. o s g
LI";"‘ Ly ! Ly Ly
'L'glh ﬁglﬁl Lg’ﬁ ig"P
. 020,(6,M) ) . . .
Ly(6) = 00007 : : : . )
tgﬁj tglﬁ: tgﬁﬂ. 'Lgsll’
ing jaa ng ig?

with L& = WDW, Iff = WID.N, iy’ = W'Dym, L5 = N/Dym, for
ke{1,...,s}, tg‘p = tr(Dy), and

L.Bkﬁ;r _ NI;FI?CN]( _~/\kKk' k=K
P N/ DNy, k#£K

where the matrices D, = diag{cy,...,cn}, Do = diag{ay, ..., a,} and vector m = (my, ...,
my) ", with ¢;, a; and m; defined in Appendix A. The Hessian matrix presented in this
section will be used in the construction of the normal curvature for the local influence
method developed in Section 4.

3.3. Penalized Fisher Information Matrix

By taking the expectation of the matrix —Lp(6) given in Equation (4), we derive the
p* x p* penalized expected information matrix given by

gaT Igﬁl o Igﬁs Igtl’
]gﬂl ]glﬁl o ]glﬁs Igl(P
Jp(0) = | R K ®)
T T T
I}")‘ﬂ; Iglf: L. Igﬂi 15'547
]I‘;“V ]514" .. ]5'547 Ig"f’

whose elements can be expressed as ]f;“" = W'D,W, ]ffﬂk = WTD,N;, ]g‘b = W' Dygs,
]g"‘P = NkTDus, forke{1,...,s}, Ig(P = tr(D,), and

IﬁkﬁkTr _ N DoNg + AiKy, k=K
P N/ D,Ny, k#K,

where D, = diag{ey,...,es}, Dy = diag{uy,...,uy} and s = (51,.-,81) 7, being
e; = El—c¢], s; = E[—m;] and u; = E[—d;], with E[-] denoting the expected value op-
erator. This matrix will be utilized to approximate the variance-covariance matrix of 0, as
discussed in Section 3.5.

3.4. Iterative Process

The MPLE of 6 is obtained by maximizing the penalized log-likelihood function
presented in Equation (3). Since the resulting estimation equation U, (8) = 0 is nonlinear,
an iterative process is necessary to solve it. In this regard, we propose to employ the Fisher
scoring algorithm, which updates 6 using the matrix equation

Jo(0)[0 ) — M) =u, ()™,  m=0,1,.... (6)

3.4.1. ¢ Unknown

After some algebraic operations, we obtain the following expressions for the iterative
solutions for the case where ¢ unknown:
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S

‘X(m-%—l) — (WTDZ(,"’)W) 1WTD m [llﬂa er) m+l ) Z m+1m]
'Bgmﬂ) _ (NTDT(Jm)NJF/\kK)—lNTD(m {'I’;;m DZ()',Z) ¢,(m+l m) Wq)(mﬂ )

S

) qu)g:ﬂ,m)]/ te{l,...,s} and

k=1kA¢
(m+1) ~1(plm) (m) (m) _ m) (m+1,m)

¢ = tr (D, [tr(D )+tr( )4> Wo,

TDSIM) E qu)g:Jrl,m)} ,
k=1

where ¢§m> = ( ) (m) + Wa(m) and t/J z(,fZ>z<m) +Ngﬁ2m),with Dz(,rm,,) = Dém)71D£m>.

3.4.2. ¢ Known
When ¢ is known, it is possible to obtain simplified expressions for the iterative
solutions of a("*1) and ﬂ(eMH). In this case, we have that

) (W'D m)w) W'D (m)[ ZNﬁ(mH] and
S
B = (NTDUVN + AK) N T D [rz(]a S W) Y R m+1]
k=TkL

for ¢ € {1,...,s}, where rz(,,ma) = Dg;rfz)zw’) + 5, with 5" = Walm) 455 Nkﬁ;(m). Itis
possible to prove that these expressions correspond to the weighted back-fitting (Gauss-

Seidel) iterations considering rl(,';') as dependent modified variable and D, as a matrix of

weights that changes with each iteration of the process; see, for instance [28]. A general
expression for these iterations is as follows:

S
g = sy RV, re 1,8}, @)
k=0kA0

where ré’? = D%)z(’“) + 4, with g") = y35_ Nkﬁ](("”, No =W, By = a, Sém) =
(NJDZ(,’")NO)’INJDZ(,"’) and S,Em = (N;Dz(,m)Nk + /\kKk)’lﬂl,jDz(,m). A discussion about
the consistency of the system of Equations (6) and the convergence of the back-fitting
algorithm in (7) is given, for example, in [29].

3.5. Approximate Standard Errors

In this work, we propose to approximate the variance-covariance matrix of 8 using
the inverse of the penalized Fisher information matrix defined in Equation (5). In effect, an
estimation of the variance-covariance matrix of 6 is given by

Cov(d) ~ Jp(®) " ®

Following [14], we can consider an approximate pointwise standard error band (SEB)
for nonparametric functions B;s to evaluate the accuracy of the estimators f;s for different
locations within the range of interest. In our case, these approximate pointwise SEBs are

provided by
SEBpprox (B1(#)) = Be(#7) +2y/Var (B (1)),
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where Var ( B w(t )) is the I-th principal diagonal element of the matrix provided in Equation (8)

forl € {1,2,...,rr}. Please note that t? corresponds to the knots associated with each
variable with a nonparametric contribution to the model.

3.6. Effective Degrees of Freedom and Ay’s

The calculation of the degrees of freedom associated with the parametric and non-pa-
rametric contributions is based on the iterative process used in the parameters estimation
of the proposed model. Assuming ¢ fixed, we have from the convergence of the iterative
process that

Br= (N"D,N+NK)“IN"D7,, L€{l,...,5},

where ;‘\Z,H = Tpa — Zi:o,k#( Nkﬁk/ Poa = ﬁwmf—&- 7,7 = Wa+ 22:1 Nkﬁk and
z = (21,...,2,,)T, with z; (i € {1,2,...,n}) defined in Section 3.1. Note that 7y, can
be interpreted as a modified variable and D, a weight matrix that is updated at each
stage of the iterative process. From this, we define the effective degrees of freedom (edf)
associated with the smooth functions as (see, for instance [14])

edf(A) = u{N(NTD,N + \(K)'NTD,}, £e€{l,...,s}.

Following Ibacache-Pulgar and Reyes [23], we choose the optimal smoothing parame-
ter for each smooth function by specifying an appropriate edf(Ay) value. Another way to
select the A;’s is to consider the Akaike Information Criterion (AIC). The idea is to minimize
a function with respect to A formulated as follows:

AIC(A) = —20,(8,A) +2(2 + p +edf(A)), )

where £, (8, 1) denotes the penalized log-likelihood function evaluated at 8 for a fixed A
and edf(A) = Y;_; edf(Ay) denoting the number of effective parameters involved in the
modeling of the smooth functions. A grid for different values of A and its corresponding
AIC(A) are helpful to choose the suitable smoothing parameters. The criteria defined in
Equation (9) can also be used to select the best model within the class of varying coefficients
quantile regression models based on the log-symmetric family.

4. Diagnostic Analysis

In this section, we extend the local influence method for the model given in Equation (1)
and derive the generalized leverage matrix, which allows us to assess the influence of each
observed value of the response variable y; on its corresponding predicted value ;.

4.1. Local Influence Analysis

Let w = (wy,...,wy) " bean n x 1 vector of perturbations restricted to some open
subset () € R" and /,,(6, A | w) be the logarithm of the perturbed penalized likelihood
function. It is assumed that exists wy € ), a vector of non-perturbation, such that
£p(0,Alwg) = £p(6,A). To assess the influence of small perturbations on the MPL es-
timate 6, we can consider the displacement of the penalized likelihood, which is given by
LD(w) = Z(Zp(a,/\) — ép(éw,)t)), where 8, is the MPL estimate under l5(6,A | w). The
measure LD(w) is helpful for assessing the distance between 8 and 8,,. Cook [30] suggested
studying the local behavior of LD(w) around wy. The procedure involves selecting a unit
direction d € Q with |d| = 1 and plotting LD(wy + ad) against a € R. This plot, known as
a lifted line, can be characterized by considering the normal curvature C4(0) around a = 0.
To determine the direction d = dmax that corresponds to the largest curvature Cdmax(6),
one can examine the index plot of dmax. This plot helps identify cases that, under small
perturbations, may have a significant potential influence on LD(w). According to Cook [30],
the normal curvature at the unit direction d can be expressed as

Ca(0) = —2(d" A, L, 'Apd),
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with Lp(8) = 920,(6,4)/9000" and Ap = 9%(,(0,A |w) /000w " evaluated at 6 = 8 and
w = wy. Ay is called a penalized perturbation matrix. Observe that C;(8) denotes the local
influence on the estimate  after perturbing the model or data. Escobar and Meeker [31]
proposed to study the normal curvature at the direction d = e;, where ¢; is an n x 1
vector with a one at the ith position and zeros at the remaining positions. Thus, the normal
curvature, called the total local influence of the ith case, assumes the form Ce, (8) = 2|c;;|, for
i€ {1,...,n}, where c; is the ith principal diagonal element of the matrix C = ATL 1A

Next we present the perturbed penalized log-likelihood function for four perturba-
tion schemes, namely case weight, response variable, power parameter, and explanatory
variable perturbation. The matrix A, for each case is presented in Appendix B.

1.  The case-weight perturbation scheme considers the perturbed penalized log-likelihood
function as

s
ZP(G,A | W Zwl er 47,% 2 Tk TKkﬁk/

where w = (wy,...,wy,) " is the vector of weights, with0 < w; < 1fori e {1,...,n}.

2. Regarding the response variable perturbation scheme, we consider an additive type
of perturbation weighted by a scaling factor on the ith response variable, i.e., y;(w;) =
Yi + w;isy,, where sy, is a scale factor that can be the sample standard deviation of Y;
and w; € R, fori € {1,...,n}. Then, the perturbed penalized log-likelihood function
is written as

pOALw) = Qg ~ 1 5 BB

k=1

3. Initially, the model given in Equation (1) assumes that the power parameter is constant
across observations. However, we can introduce a perturbation in the power param-
eter such that it is not constant between the observations, i.e., Y; ~ QLS(Q,-, ¢i, g),
where ¢; = ¢/w;, with w; > 0 fori € {1,...,n}. Under this perturbation scheme,
the perturbed penalized log-likelihood function is constructed from the expression
defined in Equation (3) with ¢ being replaced by ¢;.

4. The last perturbation scheme considered in this work consists of incorporating an
additive type perturbation on one of the covariates Xj,..., X;, say X;, given by
xi(wj) = x5; + w;sy,, where sy, is a scale factor that can be the sample standard
deviation of X; and w; € R, fori € {1,...,n}. In this case, the perturbed penalized
log-likelihood function can be expressed as

n S )L
p(0,A |w) = ;Zi(Qi(wi)/‘P?yi) - 71( By Ky,

k=1
where Q;(wj;) is as given in Equation (1) replacing wy; for wy;(w;).

4.2. Generalized Leverage Matrix

The generalized leverage (GL) measures the influence of the observed value of the
response variable y; on its corresponding predicted value #J; based on the model given
in Equation (1). Following the approach proposed by Wei et al. [32], the GL for  can be
computed using the lemma they provided. The expression for the GL is given by 93 /dy | =

Ho(—1(0)) gy ]H, where Hy = /907, L,(0) = 92(,(0) /20007, g, = 32(,(6)/
000y, y = (y1,...,yn) " and p = (p1,...,1n) ", with y; being the mean of the Y;. Using
the chain rule, we have

G w90 oy
ayl  0QT agT( Ly(0))" Loy )9:5’
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Because of i = log(A) and Q = A exp(+/¢ z), where z, is the g-quantile of the distribu-
tion S(0,1,8) [7], we have i = log(Q) — v/§z,. Therefore, o /9Q " = diag{1/Q1,...,1/Qn}.

Also, we can obtain the n x p* matrix

9Q _ (9Q 0Q  9Q 9Q) _ % - D.N
0T <aaT’aﬁI""’aﬂZ’a¢ = (DaW Dala -+ Dals 0n)

where 0, is the n x 1 null vector and Zgy = (D,PD,;W Dl/,DaNl cee Dq)DaNs T) isan x p*
matrix. Please note that the computation of the matrix — L, (8) relies on the availability of
the penalized Hessian matrix given in Equation (4). By utilizing this penalized Hessian
matrix, we have all the necessary elements to calculate the GL matrix 93j/9y ' .

5. Real Data Analysis

In this section, we apply the model proposed in Section 2 to real pollution data from
the Padre Las Casas Air Quality Monitoring Station (AQMS). The AQMS is situated in the
commune of Padre Las Casas in the Araucania region of southern Chile, approximately
695 km away from Santiago, the capital city of Chile. Padre Las Casas has gained notoriety
for its elevated levels of pollution, particularly concerning PM2.5. It is recognized as one of
the most heavily polluted cities in Latin America and the Caribbean, as indicated by the
World Air Quality Index Ranking (https:/ /bit.ly/3MXVP38; accessed on 20 August 2023).
The average concentration of PM2.5 in Padre Las Casas exceeds the limits set by national
and international regulations [22], highlighting the significance of analyzing this type of
data and developing models that accurately capture its behavior.

By studying the pollution data from the Padre Las Casas AQMS, we aim to gain
insights into the underlying patterns and factors contributing to pollution levels. The
proposed model will help us to describe and understand the behavior of pollution in this
area, providing valuable information for monitoring and management purposes.

5.1. Exploratory Data Analysis

The dataset used in this analysis consists of hourly (h) average values for the months
of June and July 2020, acquired from the Chilean Ministry of Environment (MMA) website
(http:/ /sinca.mma.gob.cl; accessed on 11 January 2022). The dataset includes measure-
ments of various variables related to air pollution and meteorological conditions in Padre
Las Casas. The considered random variables in this dataset are: (i) Median of PM2.5
concentrations: this variable represents the median concentration of fine particulate matter
with a diameter less than 2.5 micrometers in micrograms per normal cubic meter (j1g/Nm?3).
PM2.5 is a commonly monitored pollutant and is known to have detrimental effects on
human health; (ii) Median of PM10 concentrations: this variable represents the median
concentration of particulate matter with a diameter smaller than 10 micrometers (PM10) in
pg/Nm3. PM10 includes both fine and coarse particles and is also considered a significant
air pollutant; (iii) Ambient temperature (TEMP): this variable represents the temperature
at the monitoring station in degrees Celsius. Temperature is an important meteorological
parameter that can influence air quality and pollutant levels; (iv) Wind speed (WIND): this
variable represents the speed of wind at the monitoring station in meters per second. Wind
speed plays a crucial role in the dispersion and transport of pollutants in the atmosphere;
(v) Relative air humidity (HR): this variable represents the percentage of moisture in the air at
the AQMS. Humidity can affect atmospheric stability and the formation of certain pollutants.
By analyzing these variables, we can gain insights into the relationship between air pollution
levels and meteorological conditions in Padre Las Casas during the specified period.

In the exploratory data analysis (EDA) of the median PM2.5 concentrations recorded
by the Padre Las Casas AQMS during June—July 2020, Figure 1a shows a histogram with
density kernel estimation. This plot provides an overview of the distribution of the data,
and permits us to visualize the shape of the empirical distribution. From the histogram, it
appears that the distribution of the PM2.5 concentrations has a positive skewness, indicating
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that most of the observations have lower values with a few extremely high values. Figure 1b
presents a boxplot for the median PM2.5 concentrations. From the boxplot, we can see
that there are some observations labeled as atypical data (#1, #3, #4, #14, #36, #45) that
lie outside the whiskers. These observations deviate from the overall pattern of the data
and may represent extreme or unusual values. This suggests that there may be some
extreme pollution events or unusual conditions during the observed period. Based on
the positive skewness of the empirical distribution and the presence of atypical data
points, it is reasonable to consider using log-symmetrical distributions to model the PM2.5
concentrations. Log-symmetrical distributions can better capture the positive skewness
and accommodate the potential presence of extreme values in the data.
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Figure 1. Histogram with density kernel estimation (solid black line) (a) and boxplot (b) for median
PM2.5 concentrations recorded by Padre Las Casas AQMS during June—July 2020.

Table 1 provides descriptive statistics for the median PM2.5 concentrations recorded
by the Padre Las Casas AQMS during June-July 2020. These statistics include measures of
central tendency (mean, median), dispersion (range, standard deviation -SD-), as well as
coefficients of skewness (CS) and kurtosis (CK). The descriptive statistics reveal that the
median PM2.5 concentrations have a mean of 43.4 pg/Nm? and a median of 36.0 pug/Nm?.
The SD is relatively high, with a value of 26.0 1g/Nm?3, indicating substantial variability in
the data. The CSis 1.3, indicating a positive skewness and confirming the observation from
the histogram in Figure 1a. The positive skewness suggests that most of the observations
have lower values, while a few extremely high values contribute to the right tail of the
distribution. The CK is 0.8, which indicates a moderately peaked distribution compared
to a normal distribution. Furthermore, as mentioned in the text, a significant quantity of
levels that surpass the recommended Chilean thresholds for PM2.5, set at 50 pug/ Nm?3. This
suggests that the air pollution level in Padre Las Casas is dangerous from a toxicological
perspective, posing potential health risks for the inhabitants of this commune in southern
Chile. Overall, the descriptive statistics and Figure 1a,b provide evidence of the high
pollution levels and the need for modeling approaches that can adequately capture the
characteristics of the PM2.5 concentrations in this region.

Table 1. Descriptive statistics for median PM2.5 concentrations recorded by Padre Las Casas AQMS
during June-July 2020.

Variable n Min Max  Range Mean Median SD cs CK
PM2.5 61 15 121.5 106.5 434 36.0 26.0 1.3 0.8

Figure 2 shows a correlation matrix for PM2.5, PM10, TEMP, WIND, and HR. From
this figure, we detect: (i) a high positive association between PM2.5 and PM10 (Pearson
coefficient of correlation equal to 0.99); (ii) medium negative association between PM2.5
and TEMP and WIND (Pearson coefficient of correlation equal to —0.70); (iii) low positive
association between PM2.5 and HR (Pearson coefficient of correlation equal to 0.38). In
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Figure 3, scatter plots depicting the explanatory variables, response variable, and potential
interactions among the explanatory variables are presented. In Figure 3a, note that the
relationship between PM2.5 and PM10 is linear, while in Figure 3b, the relationship between
PM2.5 and WIND is not linear. Furthermore, Figure 3c,d imply that the explanatory
variables TEMP and HR may be engaging with the WIND variable in a nonlinear manner.

WIND

PM2.5

0.99

PM10

-0.70 =0.71

-0.70 -0.68 0.65 TEMP

HR

Figure 2. Correlation matrix displaying the respective Pearson correlation coefficient for the specified
explanatory and response variables.
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Figure 3. Scatter plots for median PM2.5 vs. PM10 concentrations (a); median PM2.5 vs. WIND (b);

median PM2.5 vs. HR*WIND (c); and, median PM2.5 vs. TEMP*WIND (d) recorded by Padre Las
Casas AQMS during June—July 2020.
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5.2. Parameter Estimation

Based on the EDA and the observed relationships between the median PM2.5 con-
centration and the variables as PM10, WIND, TEMP, and HR, we suggest the following
varying-coefficients quantile regression models to capture the trends:

VQi = w/w+x1Bi(t) + x2ifa(ti), i€ {1,2,...,61} (10)

where y; ~ QLS(Q;, ¢, g) with Student-t and normal PDF generator g, B represents the
vector of regression coefficients, while wlT = (1,wy;) " with wy; denoting the values of the
parametric covariate for the ith observation (PM10). The coefficients By (for k € {1,2})
correspond to unknown, smooth, and arbitrary functions of the explanatory variable ¢;
(WIND), which are linked to the explanatory variables x1; (TEMP) and x,; (HR) from the
ith case. These varying-coefficients quantile regression models allow for a more flexi-
ble and comprehensive characterization of the relationships between the median PM2.5
concentration and the other variables, considering potential variations across quantiles.

Table 2 presents the MPL estimates for the model parameters, their approximate stan-
dard errors (SEs), p-values obtained from a z-test, the AIC, selected smoothing parameters,
and the degrees of freedom df(-) for the models defined by Equation (10). The best values
of A1 and A, were selected by considering a grid of values and choosing those that yielded
a range of df(Aq) and df(A;) within the range of (4,12), while minimizing the AIC value.

When comparing the results reported in Table 2, we observe that the estimates for ag
and a1 show similarity between both models, but the log-t model has smaller estimated
standard errors (SEs) for these parameters compared to the log-normal model. Additionally,
the estimated value of ¢ in the log-t model is smaller than that in the log-normal model. It
is worth noting that based on the (AIC), the log-t model is preferred as it yields a lower
AIC value.

Table 2. MPL estimates, SEs, p-values, AIC and selected smoothing parameters and df(-) of the
indicated model.

Model Parameter Estimate SE p-Value AIC
Log-normal x 3.072 22 x107° <0.001 374.1
a 0.068 1.1 x 1073 <0.001
¢ 0.013 41x107°
M 4034.3
A 22 % 10°
df(Ay) 4.001
df(Ap) 4.466
Log-t(v = 4) i 3.052 1.7 x 1073 <0.001 361.3
a 0.070 8.3 x 107* <0.001
¢ 0.007 49 x10°°
M 4034.3
A 5.9 x 10°
df(Ay) 4.556
df(Ap) 4.198

To assess the distributional assumption made in the model, we examine the goodness-
of-fit plots based on generalized Cox-Snell (GCS) residuals, as shown in Figure 4. Ad-
ditionally, we provide the p-values associated with the Kolmogorov-Smirnov (KS) test,
which are 0.73 for the log-normal model and 0.89 for the log-t(v = 4) model. Based on the
goodness-of-fit plots, the KS test, and the AIC, we can conclude that the log-t(v = 4) model
provides a better fit to the dataset. The log-t model captures the underlying distribution of
the data more accurately compared to the log-normal model, as indicated by the higher
p-value and better fit observed in the goodness-of-fit plots.

76



Axioms 2023, 12,976

empirical quantile
4
1

empirical quantile
4
1

o - o -
T T T T T T T T T T
0 1 2 3 4 0 1 2 3 4
theoretical quantile theoretical quantile
(a) Log-normal model (b) Log-t (v = 4) model

Figure 4. Goodness-of-fit plots with simulated envelope for GCS residual under the indicated model
with the analyzed data set.

Figure 5 displays the plots of the partial residuals relative to the WIND covariate, with
the superimposed estimated smooth functions 1 (on the left) and B, (on the right). The
behavior of the partial residuals (dots) in these plots appears reasonable, indicating that the
fit of the log-t(v = 4) varying-coefficients quantile regression model to the pollution dataset
is adequate. The dots are closely aligned with the estimated curves, as expected, suggesting
that the model captures the relationship between the WIND covariate and the partial
residuals effectively. This agreement between the partial residuals and the estimated curves
supports the appropriateness of the log-t(v = 4) varying-coefficients quantile regression
model for analyzing the pollution data.
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Figure 5. Plots of partial residuals in relation to the WIND covariate, with the estimated smooth
functions B; (on the left) and B, (on the right) superimposed.

5.3. Diagnostic Analysis

In this section, we investigate the potential influence of individual observations using
the local influence method for the selected varying-coefficients quantile regression model.
We consider four perturbation schemes: case-weight perturbation, response variable pertur-
bation, power parameter perturbation, and explanatory variable perturbation. Additionally,
we examine the GL to assess the influence of each observed value on its own predicted
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value. These analyses allow us to identify potentially influential cases and understand their
impact on the selected model. Details on the local influence method and the perturbation
schemes can be found in Section 4.2.

In Figure 6, we present index plots illustrating C;(6) as defined in Section 4.2 for «, 1,
B2 and ¢ under the case-weight perturbation (a,b,c,d), under response perturbation (e,f,gh)
and perturbation on the power parameter (i j k1) schemes. Also, Figure 7 showcases the
index plots of C;(0) when introducing perturbations in covariates X; (a, b, ¢, d) and X (e, f,
g, h). Despite different observations being detected as potentially influential, it is worth
noting that there are four cases (#13, #18, #31, and #45) that consistently appear as potentially
influential across multiple perturbation schemes. These cases exhibit characteristics that
make them stand out and have a notable impact on the model results.

Figure 8 displays the GL plot, which assesses the influence of each observation on
its own predicted value. From this plot, we observe that cases #45, #36, #14, #1, #3, #4 are
potentially leverage points. These observations have response variable values that can
exert a significant influence on their own predicted values. It is worth noting that these
cases correspond to the outliers identified by the boxplot in Figure 1b. Their extreme values
contribute to their influential nature within the model.
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Figure 6. Case weight (a-d), response (e-h) and on the power parameter (i-1) perturbation for &, 81,
B2 and ¢.
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It is interesting to observe that the cases identified as potentially influential in the
parametric component may not necessarily be detected in the nonparametric component,
and vice versa. This indicates that different aspects of the data and model may be driving
their influence in different ways. Additionally, the local influence analysis technique has
successfully detected some atypical cases that were previously identified as outliers in
Figure 1b. This reinforces the effectiveness of the local influence method in identifying
observations that have a considerable impact on the model.

In the sense of evaluating the impact of these observations in the selected model, the
subsets of cases {#13}, {#18}, {#31]}, (#45}, (#13, #18}, {#13, #31}, (#13, #45}, (#18, #31}, {#18,
#45), (#31, #45), and {#13, #18, #31}, {#13, #18, #45), (#18, #31, #45} and {#13, #18, #31, #45}
are removed and the model parameters are re-estimated. To determine the variation in
the estimates of model parameters, we use the value of the relative changes (RCs) for
each parameter. The RCs for each estimated parameter are calculated using the formula:
RCy = [(6; — 6;;))/;| x 100%, where 6; represents the MPLE of 6;, and 6, represents
the MPLE of 9/- after removing the subset i of observations. Here, j = 1,2,3 with 6; = a,
0, = w1, and 03 = ¢.
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Table 3 reports the values of RCs for the varying-coefficients quantile regression model
after removing the indicated sets of cases. In this table, the individual elimination of cases
#13 and #45 produces a RC in ag and a1 of 5.1%, 4.7% and 5.3%, 5.6%, respectively, while
the elimination of case #18 produces an RC in ¢ of 5.5%. In addition, note that set of cases
{#13, #18} and {#13, #18, #31} produces the largest RCs in «g, a1 and ¢.

During the analyzed period, it was observed that observation #45 had particularly high
concentrations of PM2.5 and PM10 compared to other observations. On the other hand,
observation purple #31 had a very low wind speed, close to the minimum recorded during
the entire period. These observations exhibit extreme values in their respective covariates.
When the sets of potentially influential cases {#13, #18, #31, #45} are excluded from the analysis,
it is observed that their removal results in notable alterations solely in the estimation of ¢,
displaying a percentage change of 21.4%. This suggests that these observations have a notable
influence on the estimation of the dispersion parameter ¢ in the model.

Table 3. RC (in %) on the MPL estimate of «; and ¢ and respective p-values (in parenthesis) for
varying-coefficients quantile regression model after removing the indicated sets of cases.

Parameters Relative Changes

Removed Case g %] ¢ RC,, RC,, RCyp

none 3.052 0.069 0.007
(<0.001)  (<0.001)

{#13} 3.213 0.066 0.007 5.1% 4.7% 4.0%
(<0.001)  (<0.001)

{#18} 2.961 0.072 0.006 3.0% 3.4% 5.5%
(<0.001)  (<0.001)

{#31} 3.095 0.069 0.007 1.4% 1.1% 3.9%
(<0.001)  (<0.001)

{#45) 2.891 0.073 0.006 5.3% 5.6% 4.0%
(<0.001)  (<0.001)

{#13, #18} 3.415 0.065 0.006 11.9%  6.7% 18.0%
(<0.001)  (<0.001)

(#13, #31} 3.223 0.066 0.006 5.6% 4.7% 9.4%
(<0.001)  (<0.001)

{#13, #45} 3.093 0.069 0.006 1.4% 0.4% 13.0%
(<0.001)  (<0.001)

{#18, #31} 3.011 0.071 0.006 1.3% 2.2% 9.5%
(<0.001)  (<0.001)

{#18, #45} 2.901 0.073 0.006 4.9% 5.4% 10.9%
(<0.001)  (<0.001)

{#13, #18, #31} 3.488 0.064 0.005 14.3%  7.8% 20.5%
(<0.001)  (<0.001)

{#13, #18, #45} 3.005 0.071 0.006 1.5% 2.8% 17.4%
(<0.001)  (<0.001)

{#18, #31, #45} 2.960 0.072 0.006 3.0% 4.0% 14.5%
(<0.001)  (<0.001)

(#13, #18, #31, #45} 3.046 0.071 0.005 0.2% 1.9% 21.4%

(<0.001)  (<0.001)

Finally, in Table 3, while certain RCs exhibit considerable values, there are no sub-
stantial alterations in inference, as evidenced by the diminutive p-values (less than 0.001)
associated with the parameter estimates. It is important to note that when observations de-
tected as influential in the diagnostic plots are eliminated, it can lead to significant changes
in the parameter estimates. This indicates that the well-known robustness properties of
maximum likelihood estimates from Student-t models may not necessarily apply to other
perturbation schemes. Therefore, it is crucial to conduct diagnostic examinations specific to
each case to properly assess the influence of observations and ensure the reliability of the
model estimates.
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6. Discussion, Conclusions and Future Research

In this work, we propose new varying-coefficients semiparametric quantile regression
models based on the family of log-symmetric distributions, following the approach of [5-7].
By reparametrizing the family of log-symmetric distributions using a quantile, we introduce
new quantile models that offer greater flexibility in modeling data compared to the model
proposed by Saulo et al. [7], as a nonparametric component has been added (Section 2). We
develop parameter estimation based on the penalized likelihood function and propose a
back-fitting iterative algorithm implemented in the R language (Section 3). Additionally,
we discuss diagnostic techniques for detecting potentially influential local observations
and identifying leverage points (Section 4). Please note that the local influence analysis re-
inforces the need for diagnostic evaluation. It has been observed that parameter estimators
in this class of models tend to be sensitive to the presence of atypical or influential data
points. To the best of our knowledge, techniques for detecting leverage points have not
been developed for semiparametric quantile regression models.

We illustrate the methodology developed in this work using data associated with
PM2.5 pollution in Padre Las Casas city for predicting the daily median of 1-h average
values. We propose and fit two models (log-normal and log-t(v = 4)) and evaluate them
using CGS residuals and their AIC values. The plots of CGS residuals and partial residuals
show a good fit of the selected model (log-t(v = 4)) to the data. We also apply our diagnostic
techniques to detect potentially influential cases and leverage points (Section 4.2); however,
no inferential changes are observed in the parameter estimates.

Thus, among the accomplishments of this work, we can highlight: (i) The development
of novel quantile regression models suitable for modeling data following asymmetric
distributions, which can be added into the existing toolkit for quantile modeling; (ii) The
expansion of our model beyond the one presented in [7], incorporating nonlinear structures
arising from interaction effects. (iii) The derivation of analytical tools for identifying
potentially influential observations and leverage points.

One limitation of our study is that the proposed models may not be suitable for
describing other types of data, such as temporally or spatially correlated data, as well as
censored data. In such cases, the utilization of multivariate distributions for the response
variable, reparametrized by quantiles of marginal distributions, may be necessary. Another
area for future investigation is conducting a simulation study to evaluate the distributional
behavior of the residuals used in this study and exploring alternative types of residuals
appropriate for this type of regression. This aspect has received limited attention in the
existing literature. Furthermore, we aim to establish inferences about the model parameters
through asymptotic analysis of specific estimators. Lastly, we intend to compare our model
with others, including models proposed by [7,12]. These are additional areas that remain
unexplored, and we plan to address these open questions in our future research.
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Appendix A

Here, we present the quantities ¢;, 11, and d;, involved in the definition of the Penalized
Hessian matrix presented in Section 3.2. In fact, we have

1 r(v)) | v dr(v)  vir(vi)| o h'(Qi)
T Q)7

“- ﬁ{_Q?\/& Q oQ Q@ |2

m = o[ % tog(@) —toglu)) (o) + T2~ Lur(e g2, and
4 = ylogu) ~1og(Qlg /2 n U5 ~ St~ (o) log()
~log(Q))¢ "2 + g
In addition, the expression d r(v;) /9Q; and 9 r(v;) /d¢ are, respectively,
8;8;) _ 4{g”(v?)g((;ii%))(zg’(v?))2}Q:}\i/a and
) _ g {g”<v?>gg2%))§g'(”"z)’2} 0 2[log(y;) ~ log(Q)].
Appendix B

Here we present the matrix Ap for four perturbation schemes, namely case weight,
response variable, power parameter, and explanatory variable perturbation. In general,
this matrix is defined as

.
_ T T T T
Ay = (Aa AL B A¢)

Appendix B.1. Case-Weight Perturbation

Here, the elements of the matrix Ay are given by

Ay = WTﬁaﬁz,
Ag, = N/D,D., for k €{1,...s},
A‘P = g,

with D,, D; and b correspond to D,, D; and b = (by,..., b,) T evaluated at 8 = 0 and
wo = (1,...,1)T, respectively.

Appendix B.2. Response Variable Perturbation

Under this perturbation schemes, the elements of the matrix Ap are given by
Ay = WTﬁaﬁlpﬁﬂ, Aﬁk = N}:ﬁaﬁlpﬁg, fork € {1, .. .,S}, A¢. = /T\TDg, with
Dg = diag{®y,..., 04}, Dy = diag{1,..., Pu},and T = (Ty,..., %), with

;’\i SY;s
Bo= sy ) +arE)
i = T [l o) BB OS] ey

vi\/$

and r'(0;) = dr(0;)/d0;. In this case, 7}, 0;and ¢ are evaluated at 8 = fandw = 0,...,0)7.
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Appendix B.3. Power Parameter Perturbation

Considering the power parameter perturbation, the elements of the matrix A, are
givenby Ag = N}jﬁaﬁw, forke {1,...,5},Ap = @', where Do = diag{@,..., @y} and
@ = (@1,A..,$H)T, with @; = —@rﬁ,‘ andA@ = —q/EdAi, fori € {1,...,n}. Here, i;; and dAZ
correspond to n1; and d; evaluated at @ = 6 and wp = (1,...,1) T, respectively.

Appendix B.4. Explanatory Variable Perturbation
In this case, the elements of the matrix Ap can be expressed as follows:

(i) forl =k,
A, = WT (ﬁa’ﬁz + ﬁﬂﬁc)ﬁa 5% ﬁﬁlﬁ,
A/SI = ~1ﬁaf)zSX, + N[Tﬁaf)ﬁffls)(l (f)n/ﬁz + ﬁc) - AIKZEI’ fork e {], e ,S},
Ay = i’ ﬁ“ﬁszzsx’;

M. = W (DyD.+ D.DJ)Dysx Dy, 1.
Ap, = N;ﬁaﬁNIﬁISXI (ﬁa/ﬁz + ﬁc) — /\1K1B\1, for ke{1,...,s},
A¢ = nAiT ﬁ“ﬁNIﬁlsxl'

where D, = diag{a},...,a,}, with a} = da;/dQ;, and Dyp, is the diagonalization of the
vector N B,. Here, wy = (0, .. .,O)T corresponds to the vector of no perturbation.
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Abstract: The comprehensive system of information security of an enterprise includes both tactical
aspects of information and strategic priorities, reflecting the information policy and information
strategy of the enterprise. Ensuring a given level of cybersecurity requires the identification of threat
actors, their purpose, intentions of attacks on the IT infrastructure, and weak points of the enterprise’s
information security. To achieve these goals, enterprises need new information security solutions. In
this work, a mathematical model of the process of cyber risk management in the enterprise, which
is based on the distribution of piecewise continuous analytical approximating functions of cyber
attacks in the Fourier series, is obtained. A constant continuous monitoring and conduction of cyber
regulatory control of the enterprise on time makes it possible to effectively ensure the cybersecurity
of the enterprise in real time—predicting the emergence of cyber threats to some extent—which, in
turn, determines the management of cyber risks arising in the field of information security of the
enterprise. Such a Fourier series expansion of the piecewise continuous analytical approximating
function of the intensity of cyber attacks on damage to standard software, obtained by approximating
empirical-statistical slices of the intensity of cyber attacks on damage to standard software for each
time period by analytical functions, opens up new mathematical possibilities of transition to systems
of regulatory control of cyber threats of the enterprise from discrete to continuous automated process
for such types of control.

Keywords: Fourier series; cyber threat; piecewise continuous function; mathematical model;
information security of an enterprise
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1. Introduction

With the appearance of new IT technologies, the intensity of new cyber attacks on
enterprise IT systems is increasing. It is also worth noting that traditional cybersecurity
activities cannot fully prevent or contain these attacks due to the increasing speed and
frequency of cyber attacks. The enterprise’s comprehensive information security system
includes both tactical aspects of information protection (express audit of the enterprise’s
information threats) and strategic priorities reflected in the enterprise’s information policy
and information strategy. Ensuring a given level of cybersecurity requires the identification
of threat actors, their purpose, intentions of attacks on the IT infrastructure, and weak
points of the enterprise’s information security. To achieve these goals, enterprises need new
information security solutions that not only meet the realities of today but also have signifi-
cant development potential, taking into account current trends in the field of information
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security in general. At the same time, the issues of researching the intensity of cyber attacks,
and their prediction and forecasting, are insulfficiently researched in the scientific literature,
which is related to the complexity of predicting cyber attacks as well as the availability of
modern relevant methods for their forecasting.

The fight against the growing intensity of cyber threats requires the creation of a
multifaceted information security strategy of the enterprise, which, in particular, includes
the prediction of cyber attacks. In their scientific works, scientists Palash Goyal, Ashok Deb,
and Nazgol Tavabi described computer programming methods based on neural networks
and autoregressive time series models (AR, ARMA, ARIMA, ARIMAX) that use external
signals from publicly available web sources to forecast cyber attacks. However, such models
usually require a significant amount of data to implement computer programming in order
to establish an accurate estimate of the model parameters. Most research efforts have
focused on using network traffic to build predictive models. These studies are presented
in the works of scientists such as E. Pontes, A. E. Guelfi, S. T. Kofuji, and A. A. Silva.
Other researchers such as E. Gandotra, D. Bansal, and S. Sofat built cyber predictions using
statistical modeling and algorithmic modeling. R. Douc, E. Moulines, and D. Stoffer were
engaged in the use of ARCH and GARCH models, which are extensions of the classical
autoregression model.

However, developing an accurate model of the dynamic behavior of time series is a
difficult and important task. Therefore, there is a need for further research and development
of a scientific and methodological apparatus for determining the relationship between the
level of cyber risk and the frequency of audits, which makes it possible to ensure effective
automation of enterprise cybersecurity processes. The general task of ensuring information
security conditions the study of vulnerabilities of the IT infrastructure of the enterprise and
relevant models of cyber attack prevention. In this regard, it is necessary to conduct a study
of the relevant vulnerabilities and problems of all groups of cyber attacks on the enterprise.

As a result of the spread of freelance relations, as a modern type of business relation
of an enterprise, there is a need to process and analyze statistical data of cyber attacks in
the field of activity of an IT enterprise that involves a freelance resource. These studies
should be designed to use temporal correlations between the number of cyber attacks over
a period of time in order to predict the future intensity of cyber incidents, which will allow
the creation of an effective forecasting system. Therefore, predicting the number of cyber
attacks for a set rational time period is necessary to determine the effective frequency of
the audit.

2. Literature Analysis

Fourier series are widely used in research in various fields of activity. Thus, particularly
in [1-3], the speed of approximation of differentiable functions by generalized methods of
summation of Fourier series was investigated. In [4,5], the conditions of convergence of
Fourier transformations were investigated. Applied aspects of approximate properties of
Fourier series were considered in [6-8], while the properties and application of isometric
classes of functions based on their Fourier series were studied in [9,10].

In modern technical literature, the scientific problems of enterprise information se-
curity related, in particular, to the improvement of attack graphs for monitoring cyber-
security, handling of inaccuracies, cycle processing, display of incidents, and automatic
selection of protective measures were investigated in the works of O.A. Lapteva [11-14],
E.M. Galakhova [15], O.V. Kapustyan [16], S.P. Yevseiev, [17], and A.P. Musienko [18],
respectively. The stability of the information system, in terms of functioning with the
conditions of external and internal destabilizing factors, was studied in [19]. External and
internal destabilizing factors include mean failures, failures of system modules, mechanical
damage, thermal effects, and errors of service personnel. Ref. [20] investigated how, on
the basis of the functional dependence of the probability of missing failures on a certain
probability value, at different values of the probability of second-order control error, it is
possible to determine the recommended interval of issuing the result, which will ensure,
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at a given intensity of readiness control, an acceptable probability of missing a failure. It
was illustrated how, with a given intensity of issuing the result, it is possible to determine
such an intensity of readiness control at which the probability of failure will not exceed
the maximum permissible value. It was shown that it is possible to talk about a weak
dependence of the probability of omission on the control error of the second kind, which
means that the achievement of the specified reliability of the control is ensured on the basis
of the intensity of the readiness control and depends less on the reliability of individual
elementary checks. For the case when, in the intervals between the moments when the
result is issued, the system checks the readiness of the modules randomly, the methodology
for calculating the probability of failure was described. In [21], based on the use of a
hierarchical concept of the organization of means of ensuring the functional stability of
the company’s information system, two algorithms were developed that form a two-level
system for diagnosing hidden failures. Diagnosis begins with the execution of the first
algorithm, the advantages of which compared with known algorithms are that it requires
less system redundancy, only two rounds of message exchange between nodes of the
information system, and provides diagnosis of the information system of the subtribe when
almost half of its nodes fail. In the case of an ambiguous solution to the diagnosis problem,
the algorithm generates a signal about its failure and the diagnosis of the information
system continues according to the second algorithm, which uses the duration of the phases
as a criterion.

In [22-24], for evolutionary nonlinear problems with control parameters, the prob-
lems of approximate minimax estimation and making optimal decisions were considered.
The authors investigated the problems of the behavior of evolutionary systems, when
the system is under the influence of impulse forces of an instantaneous nature. This is
important, because even in the case of linear systems, the presence of impulse action makes
the behavior of the system significantly nonlinear, and the control of solutions of such
systems is extremely difficult. At the same time, cyber attacks have a similar nature when
they try to destabilize the system through the influence of external forces. Prediction of the
number of possible cyber attacks, statistical and analytical assessments of cyber attacks,
timely identification, development of an action plan and preventive measures to eliminate
identical cyber attacks, implementation of a control system, and the introduction of mod-
ernized approaches to regulatory control of cyber attacks in the enterprise were carried out
in [25,26].

The purpose of this work is to develop a mathematical model of cyber risks manage-
ment of the enterprise, which makes it possible to move the system of regulatory control
of cyber threats of the enterprise from a discrete to a continuous automated process of
regulatory control.

3. Main Part

Let us consider a mathematical model of the process of managing cyber risks of the
enterprise, which makes it possible to move the system of regulatory control of cyber
threats of the enterprise from a discrete to a continuous automated process of regulatory
control. This model differs from the existing ones, based mainly on the statistical analysis
of time series, in that piecewise continuous analytical approximating functions of cyber
attacks are decomposed into a Fourier series.

The research interest of this model is to determine the recommended frequency for the
cyber risk management process in the enterprise. The model focuses on the following key
stages of research:

1. Retrospective statistical analysis of cyber risk identification time series.

1.1.  Determination of time intervals of regulatory control and approximation of
statistical sections by analytical functions (Figures 1 and 2).

1.2.  Graphical visualization of the implemented statistical analysis of time series of
cyber risk identification (Figure 1).
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2. Analysis of the enterprise’s existing cyber risks strategy based on the retrospective sta-
tistical analysis of cyber risk identification time series, conducted above, highlighting
weaknesses of the existing strategy, possible cyber threats, identification of potential
strengths, and opportunities for further modernization.

3. Development of a predictive and analytical model of regulatory control.

4. Introduction of modernized approaches into the existing system of regulatory control
of the enterprise.

. Y (Number of cyber threats)

X (Time)

>

0 1% period

The effect of the implementation of regulatory control ‘

Figure 1. Dependence of the number of cyber threats on the frequency of regulatory control over
4 time intervals.

p Y (Number of cyber threats)
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The effect of the implementation of regulatory control ‘

Figure 2. Approximation of statistical slices of cyber attacks on damage to network infrastructure by
analytical functions.

Figure 1 shows 4 time periods of regulatory control within the framework of the
proposed model. The implementation of consistent activities of regulatory control ensures
the minimization of cyber threats in each time period, which is illustrated in Figure 1.
Figure 1 illustrates similar effects from the implementation of regulatory control and almost
the same behavior in the number of cyber threats between the conducted audits.

According to part 1.1 of the abovementioned key bases of model research, an approx-
imation of the statistical slices of cyber attacks on damage to the network infrastructure
was carried out by analytical functions in the period between 4 time periods of regulatory
control within the framework of the proposed model (Table 1).

Table 1. Approximation of time series of cyber attacks on damage to network infrastructure by
analytical functions.

Nonlinear Equation of the
Approximating Function on  Coefficient of Determination
the Interval (0; 1)

Time Period

1st period y = 1.0643 x 0-064% 0.9032
2nd period y = 1.0534 x 0053 0.9040
3rd period y = 1.0626 x 0065 0.9012
4th period y = 1.0596 x 005 0.8933
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Figure 2 presents a graphical interpretation of the approximation of the time series
of cyber attacks on damage to the network infrastructure by analytical functions with
averaged values for each time period in view of the almost identical equations of the
approximating functions for different periods, which are presented in Table 1.

From Figure 2, we establish that the function is periodic with a period T =1 (2] =1,
I = 1/2); then, we expand the given function into a Fourier series on the closed interval
[0,2]] = [0,1]. Let us write down the equation of the given function presented in Figure 2
with unknown coefficients: y = A x eP*. Let us determine the estimated coordinates of the
points from the bundle of nonlinear curves approximating the statistical series, which are
in the confidence interval with the smallest variances in the form y = 1.0595 x ¢%-060205x,
Note that 0.52975 is the statistical average value of the cyber threat function at its points of
jump discontinuity. Thus, we have

B {1.0595 x 0000205 <y < k41 O

0.52975 x=kkeZ
For function (1), we find the coefficients of the Fourier series:

1.0595
a = / 1.0595 x ¢0-060205x 7y — 5.060008 < (00602053 y T — 17 598D (0060205 _ 1) — 1,09351. )

Denoting the desired integral by I and applying the method of integration by parts
twice, we obtain

w=1/ / 1.0595¢0-060205x Cos<71-[;l;>dx — 2% 1.0595 x [ =2.119 x I

£0:060205x — 11 0. 06020580 060205x 7y — du‘

- cos(2rtnx)dx = dV V= m sin(27tnx)
1 .0602 "
=2.119| ( &0000205% o~ sin(27tnx) | |3 — 0.060205 / 0:000205% iy (2711 Y dx
27n 2rn Jo
B £0:060205x — 11 0.060205¢% 060205de —du ®)
"~ lsin(2mnx)dx =dV V= — 5L cos(27tnx)

0.060205x
=—-2.119 x 0060205 | _ ¢ cos(2mnx) | |4 + %/ 0:060205% oy (2 7rma)dx
m 2nn 27tn 0
_ 0127574 (0060205 1 0.060205
- 2mn 2mn 2mn

To find the integral I, we solve the following equation:

127574 0060205 _ 1 (,0602
2119 x | = MA27574 (e 4 Q000205
27tn 27tn 27tn @)
0.127574  0.060205 0.127574 0060205 _ 9
= 1(2119 — X = — X
27mtn 27tn 27mn 27tn

Thus, we have
~0.127574(e0060205 — 1)

©0.00678 — 2.119(27tn)?

Then, the coefficients a,, are obtained in the form

1—x
a, = 1/2/106 Xcos<1/2>dx—2119><l

2119 x 0.127574(e%060205 — 1) 027033 (£0060205 — 1) ©)

0.00678 — 2.119(27tn)? 0.00678 — 2.119(27tn)?’

®)
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Similarly, we find the coefficients by,:

1
by = / 1.0595¢0-060205x sin<@> dx =2 % 1.0595 x [ = 2.119 x I
0

~1/2 1/2
B £0:060205x — 11 0.060205¢0-060205x 7y — 411
"~ |sin(2mnx)dx =dV V= — 5L cos(27nx)
1 .0602 1
=2.119] ( —e0000205% 5 ——_sin(27tnx) | |3 + 0.060205 / 0:060205% oo (2 7t ) dx
27tn 2n Jo
| 008005% — 17 0,060205¢0060205% 1 — L] 7)
~ |cos(2mtnx)dx = dV V = 51 sin(2mnx)
1 0.060205 [0-060205¢ 0.060205 1 .
=2.119 [— (30‘060205 - 1> Xt o {W sin(27nx) |§ — W/{J £0:060205x sm(27mx)dx”

~2119(1 — P0%0203) - 0,0076806
27tn (27m)2

To find the integral I, we solve the following equation:

_2.119(1 — eP060205) - 0,0076806

2119 x [ = L=
27n (27tn) ©
X 2.119(1 — 0.060205
= 1|2119 4 20076806 ) (1 2%FP)
(27tn) 27tn
Thus, we obtain
2.119(1 — 80'060205
= ( L ©)
0.0076806
27mtn (2.119 + (2 )
Then, the coefficients b, will have the following form:
4.49020(1 — 0060205
by = ( ) (10)
0.0076806
271n (2.119 + (2m)? )
Hence, let us write down the expansion of Function (1) in the Fourier series:
0 0.27033 60A060205 -1 4.49020(1 — 60‘060205
fx) = 109851+ } ( ) X cos(2mnx) + ( ) X sin(27nx) (11)

n—1| 0.00678 — 2.119(27’(71)2 21 <2 119 + & 076806)
’ (27n)?

Thus, Function (11) is a continuous function that models a piecewise continuous
function with points of jump irremovable discontinuities. Such a mathematical model
is based on the expansion of a piecewise continuous analytical approximating function
into the Fourier series, which makes it possible to move the system of regulatory control
of cyber threats of the enterprise from a discrete to a continuous automated process of
regulatory control.

Therefore, the approximation of statistical slices of cyber attacks on damage to the
network infrastructure by analytical functions in the period between 4 time periods of
regulatory control within the framework of the proposed model provides an automated
approach to minimizing cyber threats in each time period.

Let us consider the mathematical possibilities of transition from a discrete to continu-
ous automated process of cyber regulatory control of the enterprise. The modern approach
to the information security of an enterprise in the sphere of action of cyber attacks is deter-
mined by the following stages: forecasting the number of possible cyber attacks; carrying
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out empirical-statistical and analytical evaluation of cyber attacks; identification of cyber
attacks on time; development of an action plan and preventive activities to eliminate similar
cyber attacks; and, most importantly, the implementation of the control system and the
introduction of innovative approaches to the timely regulatory control of cyber attacks in
the enterprise.

Therefore, with the growth of cyber threats, the need for express audits and their
implementation on time increases the effectiveness of the enterprise’s comprehensive
information security strategy.

Figure 3 schematically reflects the behavior of the intensity of cyber attacks on damage
to standard software for 4 time periods between conducting the scheduled regulatory
control. After the scheduled regulatory control before the first time period, activities were
taken that ensured the minimization of cyber threats in the first 2 time periods after the
scheduled regulatory control.

A [(f) (Intensity of cyber threats)

T (Time)

>
>

0 1% period 2% period '| 3" period | 4™ period T

The effect of the implementation of the audit |

Figure 3. Dependence of the number of cyber attacks on the damage standard software from
frequency of carrying out regulatory control for 4 time intervals.

Approximation of the statistical slices of cyber attacks on damage to standard software
for each period by analytical functions was carried out (Table 2).

Table 2. Approximation of time series of cyber attacks on damage to standard software by analytical

functions.
An Equation of the
Time Period Approximating Function on  Coefficient of Determination
the Interval (0; 1)
1st period I(t) = 1.0364 0.8731
2nd period I(t) = 1.0453 0.8540
3rd period I(t) = 1.00076¢ 0.8912
4th period I(t) = 1.0237t 0.8721

Based on Table 2, given the almost identical equations of approximating functions for
the 1st, 2nd and 3rd, and 4th periods, respectively, it is possible to represent analytically
the function of the intensity of cyber attacks on damage to standard software, combining
the 1st, 2nd and 3rd, and 4th periods. Then, analytically, the function of the intensity of
cyber attacks can be represented as

I(t):{l, 0<t<2 12)
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Let us expand Function (12) into a Fourier series, which will make it possible to move
the regulatory control system of cyber attacks on damage of the enterprise’s standard
software from a discrete to a continuous automated process of regulatory control.

Let us find the following coefficients:

1 /4 ntnt 1/ 2 ntnt 4 ntnt
=z t) cos ——dt = = ot tcos ——dt
ay 2/0 f(t) cos 5 2(/0 cos — +/2 cos — )

| t=u dt = dul
T jcos Bt =4V V= Zsin Tt (13)
1/ 2 in nt 2t si ntnt 4 nnt
:E(E 7|0+< Sin—= + —5 5 €08 o )\2>
==X i(cosZrm —cos 1tn) = L(l —cosmn) = L(l —(=D");
27 m2n? 2n2 2n2 !

! 2+t2 I3 —l(2+6)—4~ (14)
2 22) 72 o

L L (P

a0 =2 [ fyar=1 t+/ bt

o= [ s =5 ( [Car [rar)
4 2 4

bn:%/of(t)sin%ntdt:%</0 sinﬂTntdt—F/2 tsin%ﬂtdt>

t=u dU
sinQt =4V V= —2 cos Tt
1 2 nint 2t int 4 . mnt\,
- 5( o sy ot (‘EC"ST+ el s‘“*>' ) )
1 2 nnt nt 4 1
— _Zx = it — = —— —1+4cos2mn —2
5 X — (cos > |g + tcos |2) p— (cos tn — 1+ 4 cos2mn — 2 cos 7tn)

- _%(3 —costn) = %((_1)11 -3).

The desired expansion looks like

—— (1= (=1)" )cos7+—(( 1)" 3)smT . (16)

> [ 2 nt Tnt

For all t € (0;2), we have in the open interval (0;2) the sum of the series s(t) = 1,
while in the open interval (2;4), we have the sum of the series s(t) = t. At the point of
jump discontinuity t = 2,
fe=)+f2+) 1+2 3

s(t) = . - ===z (17)

At points t = 0 and t = 4, the sum s(¢) is equal to

S(t):f(O)erf(‘l) :1;4:; (18)
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Consider the first nine terms of the series (16)

- i[nznz —1)") cos %nt+i((fl)”f3)sin%nt}

:2+<%(2)cos%t+%( 4)51117;)4‘ <2i Z)SII‘m)
+(92?(2) cos% + 3%(*4) sin %) + (% sm27tt> (19)

+<2527(2) COS? + %(—4) sin ?) + (6 51n37'ct>

5
2 77t 1 . 77t 1 .
@ T+ r-sn ) + (G- sndm).

Figure 4 presents the graphs of the expansion of I(t) into the Fourier series, taking
into account from 3 to 8 terms in (16), respectively.

™

Figure 4. Visualization when increasing the terms of the Fourier series (from three members of the
series to eight) as a function of the intensity of cyber attacks on damage to standard software.
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Therefore, constant continuous monitoring and timely conduction of cyber regulatory
control of the enterprise makes it possible to effectively ensure the cybersecurity of the
enterprise in real time—predicting the emergence of cyber threats, to some extent—which,
in turn, determines the management of cyber risks arising in the field of information
security of the enterprise.

Such a Fourier series expansion of the piecewise continuous analytical approximating
function of the intensity of cyber attacks on damage to standard software, obtained by
approximating empirical-statistical slices of the intensity of cyber attacks on damage to
standard software for each time period by analytical functions, opens up new mathematical
possibilities of transition to systems of regulatory control of cyber threats of the enterprise
from a discrete to a continuous automated process of regulatory control.

Figure 5 presents a graphical interpretation of the approximation of the time series
of the intensity of cyber attacks on e-mail damage by analytical functions with averaged
values for each time period.

o Y (Intensity of cyber attacks)

X (Time)

0 - - - - >
1t period 27 period 3% period 4t period

The effect of the implementation of the audit ‘

Figure 5. Dependence of the intensity of cyber attacks on e-mail damage on the frequency of
regulatory control over 4 time intervals.

In view of the homogeneity of the behavior of the intensity of cyber attacks in each
time period, the approximation of the statistical slices of the intensity of cyber attacks on
e-mail damage for each period was carried out using analytical functions (Table 3).

Table 3. Approximation of time series of the intensity of cyber attacks on e-mail damage by analytical

functions.
An Equation of the
Time Period Approximating Function on  Coefficient of Determination
the Interval (0; 1)
1st period I(t) = —1.0754¢> + 4.9954t 0.7942
2nd period I(t) = —0.99164t2 + 5.0127t 0.8184
3rd period I(t) = —1.0032t? + 5.0073t 0.8532
4th period I(t) = —1.0116t + 5.0096¢ 0.8258

Based on the data given in Table 3, it is possible to present analytically the function
of the intensity of cyber attacks on e-mail damage, combining all periods in view of the
standard cyclicality in each period. Then, analytically, the function of the intensity of cyber
attacks can be represented as

—t2 4 5¢, 0<t<1,
—(t—=1)2+5(t-1), 1<t<2,
—(t—=2)245(t—2), 2<t<3,
—(t=3)2+5(t—-3), 3<t<4.

I(t) = (20)

Let us write the Fourier series for Function (20) only on the first interval, the graph
of which is shown in Figure 6, since periodicity is performed on the other intervals. This
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will make it possible to move the system of regulatory control of cyber attacks on damage
to standard enterprise software from a discrete to a continuous automated process of
regulatory control.

ASQ)

f
>

0 0.2 0.4 0.6 0.8 1

Figure 6. Analytical function of the intensity of cyber attacks on e-mail damage in the first time
period.

Let wus find the coefficients of the Fourier series for the function
f(t) = =2 +5t,t € [0;1].
The Fourier series expansion on the interval (—T; T) has the form

_ M, v mont . mnt
f(t) = 2 +,§l<ancos—,r +bnsm—T >, (21)
1 T

=7 [ fot, 22)

1 /T mtnt
=z L (1) x cos Tt 23)

1 /T . mnt
b= /4 £(t) x sin . 4)

Inourcase, T = 1; so,
1 3 5¢2 13 13
= [ (—P+5)dt= -4+ ))}=—=—-0="2 2

ag /O( +5t)d <3+2>|0 e 0=+ (25)

1
ay = / (—£2 +5t) x (cos rTnt)dt
0

_ [ ,psin(mnt) sin(mtnt) | cos(mtnt) | _cos(7mnt) sin(rtnt) | 4
N { i ot mn 2t m2n? 2n? 2 n3 o (0)
. . v
_ [4sm(7'm) +3cos§n2n) +2sm(7‘m) B 25 2} _ 3 12) ; 5’
mn m2n mn 2n °n
1
by = / (=% +5t) x sin(7nt)dt
0
5 cos(rtnt) cos(rtnt) sin(7tnt) sin(7tnt) cos(rmtnt) 4
= |-t — 5t -2 - 3
mn n 2n2 202 3n3 @)
_ [ ,cos(mn) +?)sin(rm) 72cos(7'm) (2
Tl 2n2 n3 n3
—2(=1)"?n? — (=1)" +1
=2 33 .
n
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Hence, for even numbers n (n = 2k), we have b, = 0, and for odd n (n = 2k — 1),

4722k —1)2 + 4 28)

b= S

Thus, we have
TRTE|T e €08 Bk—17  ° '

Figures 7-9 present graphs of the expansion of Function (20) on the interval (0;1) into
the Fourier series, taking into account 3, 5, or 7 terms of the series, respectively.

A
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—
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o
o

t

0 02 0.4 0.6 0.8 1

Figure 7. Expansion of the function of the intensity of e-mail cyber attacks in the Fourier series (29)

fork =1.
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Figure 8. Expansion of the function of the intensity of e-mail cyber attacks in the Fourier series (29)
fork =2.
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Figure 9. Expansion of the function of the intensity of e-mail cyber attacks in the Fourier series (29)
for k = 3.
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Figure 7 shows the graph of the function

13 8cos(mt)

£t = 2 a sin(7tt)

+(4+4712>>< =il (30)

which is obtained from (29) for k = 1 on the interval (0,1).
Figure 8 shows the graph of the function

13 8cos(mt) 5 sin(rtt)  cos(2rtt) 5 sin(37tt)
) = 3 = T+ (4 am?) x I - S o (44367 ) x T, (31)
which is obtained from (29) for k = 2 on the interval (0,1).
Figure 9 shows the graph of the function

13 8cos(rtt) sin(rtt)  cos(2rtt)
fh =15 - 7ng + (4+47‘[2) x =3 ) _ 72;2 o)

2\  sin(37t)  8cos(3mt) 5\ _ sin(57t)

+(4r0m7) < =55 gt (4+10077) x S,

which is obtained from (29) for k = 3 on the interval (0,1).

Therefore, with an increase in the number of terms of the Fourier series, the function
will be continuous periodic in approximation to the piecewise continuous function, which
enables constant continuous automated monitoring and timely conduction of cyber reg-
ulatory control of the enterprise in relation to e-mail attacks, which effectively ensures
real-time cybersecurity of the enterprise.

This is due to the fact that information systems are widely implemented and used for
processing, storing, and transmitting information, which, in turn, has led to the need to
protect information systems, since information attacks can cause large financial and material
losses. Auditing and monitoring serve to develop effective measures to ensure information
security in enterprises, organizations, and institutions. With the help of an information
security audit, the collection and analysis of information is carried out with regard to the
information system being checked. It is conducted for the purpose of quantitative as well as
qualitative assessment of the level of protection of the information system against possible
attacks by intruders. The audit itself can provide an objective assessment of the security of
any type of enterprise or institution, as well as prevent the realization of potential threats.
The release of the company’s products at the international level is not possible without
the implementation of international and industry standards, such as ISO/IEC 27001:2013
“Information security management systems. Requirements”, ITU-T X-1051 “Information
security management systems. Requirements for telecommunications”, as well as ISO/IEC
27035:2011 “Information technology. Security techniques. Information security incident
management”.

One of the most common types of audit is an active audit. It consists in studying
the state of security of the information system from the point of view of an attacker (or
an attacker with high IT skills). Active audits can be conditionally divided into two
types—external and internal. Also, during an active audit, a study of system performance
and stability, or stress test, is carried out. It is aimed at determining the critical load
points at which the system, due to a denial-of-service attack or increased load, ceases to
respond adequately to legitimate (defined by the security policy) user requests. The stress
test will allow to identify “bottlenecks” in the process of formation and transmission of
information and to determine the conditions under which normal operation of the system
is impossible. Such testing involves simulating denial-of-service attacks as user requests to
the system and conducting a general analysis of its performance. The result of an active
audit is information about all vulnerabilities, degrees of their criticality and elimination
methods, and information about publicly available information (information available to
any potential violator) of the customer’s network. Based on the results of an active audit,
recommendations are provided for the modernization of the network protection system,
which make it possible to eliminate dangerous vulnerabilities and, thus, increase the level
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of protection of the company’s information system against the actions of an intruder with
minimal costs for information security. It should be noted that the information security
management system (ISMS) is a part of the overall management system, which is based on
the assessment of business risks in order to create, implement, operate, constantly monitor,
analyze, maintain, and improve the protection of information.

4. Conclusions

Constant continuous monitoring and regulatory control of enterprise’s cyber threats
provides management with key real-time information about the enterprise’s cybersecurity
efficiency, allowing not only to better understand problems when they occur but also to
predict their occurrence, which improves the ability to manage risks and opportunities.

Note that the enterprise’s comprehensive information security system should include
both tactical aspects of information protection and strategic priorities, which are reflected
in the information policy and information strategy of the enterprise.
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1. Introduction

Matrix functions are an important mathematical tool, not only in mathematics, but
also in several fundamental disciplines like physics, engineering, and applied sciences.
Special matrix functions are used in a variety of fields including statistics [1,2], but also
in probability theory, physics, engineering [3,4], and Lie theory [2]. In particular, Jédar
and Cortés [5,6], at the beginning of this century, initiated the investigation into the ma-
trix analogs of the gamma, beta, and Gauss hypergeometric functions, thus giving the
foundation of the theory of special matrix functions. Indeed, in [7], it is shown that the
Gauss hypergeometric matrix function is the analytic solution of the hypergeometric matrix
differential equation. Dwivedi and Sahai expanded their studies on one of the variable
special matrix functions to include n variables [8,9]. In [10], this topic is discussed, in detail,
in an extended work on the Appell matrix functions. The matrix analogs of the Appell
functions and Lauricella functions of several variables were studied in [10,11].

Polynomials of one or more variables are introduced and investigated from a matrix
perspective in [12-14]. Cetinkaya [15] introduced and studied the incomplete second
Appell hypergeometric functions together with their properties.

Jodar and Cortés [6] defined the region of convergence and the integral representation
of the Gauss hypergeometric matrix function by using the matrix parameters represented
by 2F;(A; B; C; z). The generalized hypergeometric matrix function, abbreviated to ,F;, is a
natural generalization of the Gauss hypergeometric matrix function [16].

In particular, the hypergeometric matrix function plays a fundamental role in the
solution of numerous problems in mathematical physics, engineering, and mathematical
sciences [17,18].

The multidisciplinary applications of fractional order calculus have dominated recent
advances in the subject. Without a doubt, fractional calculus has emerged as an exciting
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new mathematical approach to solving problems in engineering, mathematics, physics
models, and many other fields of science (see, for example, [19-21]).

Because of their utility and applications in a variety of research fields, the fractional
integrals associated with special matrix functions and orthogonal matrix polynomials have
been recently receiving attention (see, for example, [22-28]).

The main goal of this paper is to investigate the analytical and fractional integral
properties of the ,Rs matrix function. This function is a combination of the generalized
Mittag-Leffler function [29-31] and the generalized hypergeometric function; it is useful in
many topics of mathematical analysis, fractional calculus, and statistics (see e.g., [32-36],
as well as in the field of free-electron laser equations [19,37] and fractional kinetic equa-
tions [38].

In this paper, we will discuss the convergence of the matrix function ,R;, as well
as its analytic properties (type and order) that have certain integral representations and
applications. The organization of this paper is as follows. Section 1 introduces the theory of
matrix functions and includes some preliminary notes and definitions. In Section 2, we use
the ratio test with perturbation lemma [39] to prove the convergence of the matrix function
+Rs. Section 3 presents a new Theorem 2 for obtaining the properties of the ,Rs matrix
function via Stirling’s formula for the logarithm of the gamma function, including analytic
properties (type and order). Section 4 discusses some contiguous relations, differential
properties, matrix recurrence relations, and the matrix differential equation of the ;R
function that shows new theorems. Section 5 discusses some integral representations of
the ,Rs matrix function, as well as the generalized integral representation (see, Theorem 8),
which involves some special cases that are related to integral representations, such as the
Euler-type, Laplace transform, and the Riemann-Liouville fractional derivative operator
of the ,Rs; matrix function. In the final section, we discuss the fundamental properties
of the Ry matrix function, as well as certain special cases, such as Laguerre and Kon-
hauser matrix polynomials, the Mittag-Leffler matrix function, and the generalized Wright
matrix function.

Preliminary Remarks

Throughout this paper, for a matrix A in CN*N  its spectrum ¢(A) denotes the set of
all eigenvalues of A. The two-norm will be denoted by || A||2, and it is defined by (see [5,6])

A
1411 = sup 1421,
> Tl

where for a vector x in CV, ||x||, = (xTx)% is the Euclidean norm of x. Let us denote the
real numbers M(A) and m(A) as in the following

M(A) = max{Re(z) :z € 0(A)}; m(A) =min{Re(z):z € c(A)}. (1)
If f(z) and g(z) are holomorphic functions of the complex variable z, as defined in
an open set () of the complex plane, and A and B are matrices in CN*N with 0(A) C Q

and ¢(B) C Q, such that AB = BA, then it follows from the matrix functional calculus
properties in [5,6] that

£(A)g(B) = g(B)f(A).

Throughout this study, a matrix polynomial of degree ¢ in x means an expression of
the form

Py(x) = Agx( + Ag_lx(71 + ...+ Ax + Ay,
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where x is a real variable or complex variable A; for 0 < j < ¢, and Ay # 0 are complex
matrices in CN*N  where 0 is the null matrix in CN*N,
We recall that the reciprocal gamma function, denoted by T~1(z) = ﬁ, is an entire

function of the complex variable z, and thus T~!(A) is a well defined matrix for any matrix
Ain CN*N_1In addition, if A is a matrix, then

A +/I is aninvertible matrix for all integers ¢/ > 0, 2)
where I is the identity matrix in CN*N. Then, from [5], it follows that
(Ay=AA+D...(A+({ =D =T(A+L(DI Y (A); £>1; (Ay=1 3

If ¢ is large enough so that for ¢ > || B||, then we will mention the following relation,
which exists in Jédar and Cortés [6,7], in the form

I(B+ 1)~ < €> ||BJ|. )

l .
=Bl "

If A(¢,n) and B(¢, n) are matrices in CN*N for n > 0 and ¢ > 0, then it follows, in a
manner analogous to the proof of Lemma 11 [5], that

[in

Y Y A(ln) =Y. Y A(Ln—20),

n=0/(=0 n=0 (=0 (5)
[es] o] e} n
Y Y B(Ln)=Y Y B(t,n—1).
n=0/(=0 n=0(=0

According to (5), we can write

o [%”] co oo

Y Y A(n) =Y Y AL n+20)

n=0 (=0 n=0 (=0 (6)
(o) n (o) [e®)
Y Y B(n) =Y. Y B(l,n+0).
n=0 (=0 n=0/(=0

1
z, 7)

for A, B, and C matrices in CN*Nm such that C + ¢I is an invertible matrix for all integers
¢ > 0 and for |z| < 1. Jodar and Cortés [6,7] observed that this series is absolutely
convergent for |z| = 1 when

m(C) > M(A) + M(B),

where m(Q) and M(Q) in (1) are for any matrix Q in CN*N,
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Definition 1. As p and q are finite positive integers, the generalized hypergeometric matrix
function is defined as (see [16])

(Al,Az,...,Ap,‘Bl,Bz,.‘.,Bq;Z)

F,
:ﬁ 2 (A Az (A (B (B ) (B
0

®)
0 p 9 -1
- ¥ ST 116
(=0 i=1 j=1
where Aj; 1 <i < pand Bj;1< j < q are matrices in CN*N sych that
Bj+ {1 are invertible matrices for all integers £ > 0. )
1. Ifp < gq, then the power series (8) converges for all finite z.
2. Ifp > q+ 1, then the power series (8) diverges for all z, z # 0.
3. Ifp=q+1, then the power series (8) is convergent for |z| < 1 and diverges for |z| > 1.
4. Ifp = q-+1, then the power series (8) is absolutely convergent for |z| = 1 when
q
) m EM (10)
j=1
5. Ifp=q-+1, then the power series (8) is conditionally convergent for |z| = 1 when
p 9 p
Y M(A) —1<) m(Bj) <) M(A). an
i=0 j=0 i=0
6. Ifp=q+1, then the power series (8) diverges from |z| = 1 when
9 P
Y om(Bj) <) M(A;) -1 (12)
= i=0

where M(A;) and m(B;) are as defined in (1).

2. Definition and Convergence Conditions for the ,R; (P, Q, z) Matrix Function

This section discusses the convergence properties of the ,Rs matrix function.

Definition 2. Let us suppose that P, Q, Re(P) > 0, Re(Q) > 0, A;; Re(A;) > 0,1 <i <rand
Bj; Re(Bj) > 0,1 < j < s are matrices in CN*N such that

Bj+ (1 are invertible matrices for all integers £ >0, (13)

where r and s are finite positive integers. The matrix function ,Rs(P, Q, z) is then defined as
YRS(All Ay,...,Ar; By, By, ..., Bs; P, Q;Z)

7( De(A2) e (Ar)el(Br)d) H(B2)el ... [(Bs)e] 'T(¢P + Q)

\

(14)

-1

(Bj)e} P+ Q) = Z Wy,
, -1

where Wy = 3 TTi_; (Ai)e {Hizl(Bj)Z} r-1(¢P + Q).

We will now investigate the convergence properties of the ,Rs(P, Q,z), where one
obtains
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1 . ‘
= = limsup(|[tg )’

{—oc0

= limsup
{—c0

_ 1\ T
me (KP+Q)(KP+Q)(P+Q 51

= limsup

{—00 i=1

=1

e(P+Q) (gp Q)74P7Q+%1

27

~ lim sup
l—o0

i=1j=

((P 4+ Q)~P—Q+z

~ lim sup
l—o0

i=1j=

~ ||ep+IHhmsup
—00

H(Ai LD (By 4 01) B2 (0P 4 Q) QH3 s

H B+ (B, +€I)*Bf*“+%l< e

T S
HH62P+Q+/I(Ai + U)A,-le%l(Bj + H)fom%l(gPJr Q)ffP—Q+%I€—£—%

1
7

(H 1 (AT (Bj) )" T (¢P + Q) H)
0

= lim sup
l—c0

r ‘ s ) -1
‘Hme—(Ai+l1)(Ai + EI)A,v+ZI—%I (H\/Zimz*(B/*“)(B]- + KI)B/'+1;I—%I>
i=1 j=1

1
7

(A TT_, T(B)
\/ﬁe—hlgh%

r -1
[ V2re At (a; + er) -4 (mefA[(Ai)Aﬁ%)

(Bf)(B].)*B#%I)

1
7

27

1
V2me—t-1¢t+3

T S
HHij+éI+€P+Q—Ai—€I+ZI—Bj+Ai(Ai + U)A,-le%z(Bj +£I)’Bf’“+%l

1

7
Ié*[*% )

1
(Aj +€I)(B; + £1)~1(tP+ Q)7
‘

i=1j=

The last limit shows that:

1. Ifr <s+1, then the power series in (14) converges for all finite z.

2. Ifr = s+ 2, then the power series in (14) converges for all |z| < 1 and diverges for all
|z| > 1.

3. Ifr > s+ 2, then the power series in (14) diverges for z # 0.

The above definition of the ,Rs(P, Q, z) matrix function can be referred to in reference
to [40], whereby the different method is taken into consideration by being used in proving
it is based on the perturbation lemma [39] and ratio test detailed in this paper.

As an analog to Theorem 3 in [6], we can state the following:

Theorem 1. 1.  Ifr = s+ 2, then the power series in (14) is absolutely convergent on the circle

|z| = 1 when
S

Z{ m(Bj) — gM(Ai) > 0. (15)

2. Ifr = s+ 2, then the power series (14) is conditionally convergent for |z| = 1 when
r s P
Y M(A) -1< Y m(B) <Y M(A)). (16)
i=0 j=0 i=0

3. Ifr = s+ 2, then the power series (14) diverges from |z| = 1 when
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o( /Rs) = limsup

= lim sup

l—o0

S r
Y m(B)) <Y M(A;) -1 17)
=0 i=0
where M(A;); 1 <i<rand m(B]-); 1 < j <saredefined in (1).

Thus, /R, is an entire function of z when ||P + I|| > 0.

Remark 1. Let A;; 1 <i < rand Bj; 1 < j <'s be matrices in CN*N that satisfy (13), and where
all matrices are commutative. As such, P = Q = A1 = I in (14) reduces to

Rs(I, Ay, ..., Ap;B1,Ba,...,Bs;1,1;2)

[eS)

:g%l—! [ﬁ ér (kP+ Q) = Z (18)

j=1 =0

= r—lFs(A2r cee ,Ap; By, Bo, .. '/BS;Z)
where ,_1 s is the generalized hypergeometric matrix function detailed in (8).

3. Order and Type of the ,R;(P, Q, z) Matrix Function

In this section, we obtain the properties of the ;Rs matrix function, including its
analytic properties (type and order).

Theorem 2. Let A; 1 < i<, Bj; 1 <j <s, Pand Q be matrices in CN*N gt satisfy (13),
and where all matrices are commutative. Then, the ,Rs matrix function is an entire function of
variable z of the order p = ||(P + I)~1|| and type T = ||(P + I)P~P(P+D7"|.

Proof. In applying Stirling’s formula of the gamma matrix function, we obtain

T(A) ~ Va2me A A4 1], (19)
which recovers Stirling’s formula:
l

0~ 2n€<7> , (20)

and which uses the asymptotic expansion
INT(A) ~ In V27l — A+ (A — 21)In(A)
. 2 1)
& E11'1(271)1 —A+(A- EI) In(A)

To evaluate the order, we apply Stirling’s asymptotic formula for a large ¢, and the logarithm
of the gamma function I'(£ + 1) is set at infinity as follows:

In(0) ‘:hmsup In(0) ‘
(e I1In(q) oo I I(CE Ty (B}) T (P + Q) [Ty (Ai)e] 1)
¢n(f) H -
tonet (0T T, T(B; + ¢DI—1(B)I (P + Q)T I (A; + ()T (A})
= limsup %H = H(P+I)*l
where
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r S InT(C+ 1)1+ 1InT(A;) —InT(A; + £I) +InT(B; + £I) — InT(B;) — InT({P + Q)

= (In()

1

1j=1

S

~ |

11ln (27T£)I {In(0) L1In(e)

L5 7n(e) ' (@)’ ~ 7In(0)

(2r(B;+€I))  (Bj+(I)In(B;+£I)  (B;+ {I)In(e)
) T ZIn(0)

i=1

l

(
+§ @ TIn(¢

7(

{In

1In(27(B;)) B;In(B;) Bjln(e)

T2 W@ fin(f) ' in(d)

1In(272(¢P +Q)) n ((P+Q)In((P+Q) (¢P+Q)In(e)
)

2 {In(0) (In(¢ £In(¢)

1In(27(4;)) . A;In(4;)  Ajln(e)

2 {In(f) (In(f)  {In(f)

1InQ2r(A; +0I)) (A + LD In(A; +£1)  (A;+¢D)In(e)
T2 In(0) - {In(0) (In(0)

Thus, we obtain the order p = H (P4+1D1

We obtain the asymptotic estimate for I'(¢P 4+ Q) and I'(¢ 4 1) by repeatedly applying
the asymptotic formula for the logarithm of the gamma function:

H ( (A S-l(ij!)d—lr-lwmcg))?

o
7
4 <UZ> H — lim sup

{—o0

T=7(,Rs) = %lim sup

{—00

= — hm sup /
{—00

(mef(zmg)(gp " Q)eme%z)

-1
HH V2me~ At (A, 4 o1)A =31 <\/ﬂe—(3j+k‘[)(3j _’_“)Bjﬂ/l—%I)

i=1j=1

[

AT |
V2re—tet+s

r S
HHEB/+(I+£P+Q—Ai—/I+ZI(Ai + H)A,HZF%I(B], + U)fijzH%I
i=1j=1

~— hm sup ¢
€0 o0

P
P+ Q)P dp -}

e(P+Dp

~
~

limsup ¢
l—o00

1 .
v H (Aj + D)4 31 (A + 1) (Bj + 1) B+ 2B+ £1)
=1

(P + Q)4 (ep + Q)-Pe—t-3 |

e(P+I)pP—P(P+I)’1

~
~

= H(p + 1)p—P(P+1)*1 )

L
ep

Finally, we arrive at the type of function T = H (P+1)P~PP +1)7

4. Contiguous Function Relations

The contiguous function relations and differential property of the ,R; matrix function
are established in this section.

Assume that A;(i =1,2,...,r) and Bj(j =1,2,...,s) have no integer eigenvalues for
those matrices that commute with one another. The relation A;(A; + 1), = (A; + kI)(A;)e,
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when combined with the definitions of the matrix contiguous function relations, yields the
following formulas:

0 _/

Ri(Ar1+) =) % AL+ 1)(Az)g - (A)e[(B1)) (B2t [(Bs)) "' (4P + Q)
=0
N o (23)
E A1+ 0I) <A1> Wy (z).
Similarly, we obtain
-1
Ra) = (4)) L (A wice)
(=0
0 -1
Rs(A;i—) = (4; 71)2 (A + (¢ —1)1) W (z),
. (24)
B+ /1 W, ,
s(Bj+) = /;0( + ) 1(2)
1 o
R (B <B 71> Y (Bj+ (k—1)I)W(z).
=0
For all integers n > 1, we deduce that:
n -1 o n
PRs(Aj+nl) =T] <Ai+(k—1)l> Y TTCA+ (E+k—=1)D)W,(z),
k=1 (=0k=1
n © n -1
PRs(A;j—nl) = [](A—kI) ) <A,+ (L—k) > W(z),
k=1 (=0k=1 ) (25)
Rs(Bj+nlI) = [[(Bj+ (k—1)I) ) <B,»+(f+k—1)1> Wi(z),
k=1 (=0k=1
n _1 [oe] n
WRs(Bj—nl) =[] (ijkl> Y T1Bj+ (£ =KW (2).
k=1 (=0k=1

Remark 2. If we apply the above results for (25), we obtain the contiguous relations for the
generalized hypergeometric matrix function [16].

Theorem 3. Let A, B, P, and Q be commutative matrices in CN*N that satisfy the condition (13).
Then, the following recursion formulas hold true for R

Rs = <9P + Q) PRe(Q+1), (26)

— ,d
where 0 = z 1.

107



Axioms 2023,12, 817

Proof. Starting with the right hand side, we have

Q rRs(Q+ I) +Zpdiz +Re(Q + I)

00 gzéfl r

s -1
= QR(Q D+ 2P| £ S T T 1w+
= j

o { r s -1
= 0R@ )+ £ S T T16) ] rieproep+ o)t
= ]

a i=1

Remark 3. For further specific values of the parameters in (26), we obtain the contiguous relations
for the generalized hypergeometric matrix function [16].

Theorem 4. The ,Rs matrix function has the following differential property:

d K
<£> |:ZQ*I rRS(Al, Az, .. -,Ay; BerZr . ,BS;P, Q;CZP)

= zQ-04+DI R(Ay, Ay, ..., A By, By, ..., BsP,Q —«I;cz).

27)

Proof. By differentiating term by term under the sign of summation in (14), we obtain the
result (27). O

Theorem 5. Let A; 1 < i < rand B]-; 1 <j <s, P, and Q be matrices in CN*N gt satisfy
(13), and where all matrices are commutative, then the following recurrence matrix relation for R
matrix function holds true:

S T
0 [TO1+Bj—1),Re—z][(0 I+ A;) ,Rs(Q+P) =0, (28)
=1 i=1

where 0 is the null matrix in CN*N,

Proof. Consider the differential operator 6 = zf—z, D, = %, 9z! = ¢z'. Por the matrices that
commute with one another, we thus have

r S

-1
<B]-)£} TP+ Q)
i=1

s ) ézé s
9H(91+Bj71)rRs=ZZ‘{7111(H+B]'*I) (Ai)é{
= = j=

j=1

s l r s 1
N /21 (¢ = 1)! [T {H(B]’)Zfl} 1P+ Q).

i=1 j=1

When / is replaced by ¢ 4 1, we have

S

-1
H(B]‘)g:| r'(¢P+Q+Pp)

j=1

L1
0!

gk

(Ai) ey
-1

5
0 H(91+B]‘—I) Rs =
=1

j= l

Il
~ ©

z| [(6 I+ A;) rRs(Q+ P).
i=1
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O

Theorem 6. Let A;; 1 < i <rand Bj; 1 <j <s, P, and Q be commutative matrices in CNxN
that satisfy the condition (13), and where all matrices are commutative. Then, the ,Rs matrix
function satisfies the matrix differential equation

2
Re(P,Q+ (p+1)1,z) — ,Rs(P,Q+ (n+2)L,z) = zzPZd—z Rs(P,Q+ (1 +3)Lz)

dz
4 2P(P+21+2(Q + ;41))% Ro(P,Q+ (11 +3)1,2) 29)

+(Q+vD)(Q+ (u+2)I) yRs(P,Q+ (1 +3)1,2).

Proof. In using the fundamental relation of the gamma matrix function I'(A + I) = AT'(A)
in (2), we have

rRs(A1, Ay, ..., Ap;B1,By, ..., B;P,Q+ (u+1)Lz)

AP s -1 L (30)
=) 1A {H(Bj)é} ((P+ Q-+ pul)'T~H(¢P + Q + ul).
=0 % i=1 j=1
Similarly, we find
rRs(A1, Ay, ..., Ap;B1,By, ..., Bs;P,Q+ (u+2);z)
00 AP s -1
=y <(£P +Q+ul) N —(P+Q+ (u+1)I)" ) 7 H(AI-)({ (B]»)/} TP+ Q+ul)
=0 =1 =1
(31
= VRS(Al/AZI--~1Ap;B1/B2/~~-/BS;PrQ+ (H+1)I,Z)
) B ZZ 14 s -1 B
=Y (P+Q+ (u+1)I) 1@ 1104, {H(Bj)/} 1P +Q+ ul).
=0 " i=1 =1
Next, we denote the last term of (31) by L, which can be written as follows:
o -1
L:E)(ZP—&—Q—&- (u+1)I)~ é,]_[ {1—{3)4 I ' (tP+Q+ul)
N - (32)

= rRs(Al/A2/~~ ~/AprB1rB2/~-~/Bs/P/Q+ (V + 1)1}2)
— rRs(Al,Az,.. .,Ap;Bl,Bz,...,Bs,‘P,Q-f— (“I/l +2)I;Z).

The sum L can be expressed as
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~

0 14 s -1

L= % ST TT6)| (0P Qe unr Hep+Q+ (w3
=0t im1 j=1
© P s -1

+ZﬁH(Ai)l{ i)
(=0 "' i= j

~

g
agk

\§
>

(B])f} UP+Q+ul)(lP+Q+ (u+1))T " ({P+Q+ (u+3)I)
i=1
s —1
‘i{ (B/)e} I (P+Q+ (u+3)I)
(=0 © =1 j=1

[:oi'ﬁ {H(B } 1 -

I '(tP+Q+ (u+3)I)

YeP+Q+ (u+3)I)

£ e |

0 s -1
20+ @u+np & T 160 Tter e grean
HQR+uDQ+ (u+1I i é.lﬂ[

(=0 i=1

1

s -1
{]‘[ B)/} TP +Q+ (u+3)I).
j=1

On evaluating each term on the R.H.S. of Equation (33), we have

d2
dz 2<Z VRS(Al/AZ/ . /Ap;BerZI-”rBS;PIQ+(,qus)I Z))
i (+1) €+2 z“ﬁ

s —1
{H } TP+ Q+ (u+3)I)
i= j=1
or
2 d?
zZ P YRS(AllAZ/‘“/Ap;Bl/BZ ~~~~~ Bs; P,Q+ (}4+3)I;Z)
d
+4ZE rRs(A1, Az, ..., Ap; By, By, ..., B;;P,Q+ (u+3)Lz)
o 2,0 P s -1 B (34)
= fH(Ai)e{H(Bj)f} I (P +Q+ (u+3)I)
=0 v i=1 =1
o gl P s -1 .
+32*,I_I(f“z‘)e{l_I(B/)z} TP+ Q+ (u+3)I).
=0 i=1 j=1

Similarly, we have

.....

s -1
; { (B]-)f} TP +Q+ (u+3)I)
=l j=1
or

. rAp; Bl/ BZ/~ .

d
e Oy

-1 (35)
(Bj)g} TP +Q+ (u+3)I).
j=1

(33)
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Therefore, from (34) and (35), we obtain

o 2.0 P s -1 X
Y 114, [H(Bj)/} I (tP+Q+ (p+3)I)
=0 =1 =1
d? (36)
:zzg rRs(A1, Az, ..., Ap;B1,Ba, ..., B; P,Q+ (1 +3)[;z)
d
+25- Ro(A1, Ay, Ay; By, By, B P, Q+ ( +3) L 2).
By taking into account (33), (34) and (36), we have
d2
L =P?2 5 Ry(A1, Ag,..., Ap; B1, By, ., B P, Q+ (1 +3)1;2)
(37)

d
+2z(P2 4P+ (2Q + (2u + DI)P) -~ Rs(A1, Ag, ., Ap; B1, By, ., B P, Q + (1 +3)1;2)

+(Q+ul +(Q+ul)(Q+ (u+1)I)) }Rs(A1, Az, ..., Ap; By, By,..., B; P,Q+ (u+3);z).

By substituting the equation in (37) and taking into account (37) and (32), we yield the
desired proof. O

5. Integrals Involving the .Rs; Matrix Function

Here, we establish the integral representations and differential property of the ,Rs
matrix function, whereby its integrals that involve relationships with other well-known
fractional calculus and special functions are accounted for.

The integral representations of the ,Rs matrix function in [6] can be extended to yield
the following result:

Theorem 7. Let A;; 1 < i < rand Bj;1 < j < s be matrices in CN*N sych that B; + (1 are
invertible matrices for all integers £ > 0. Suppose that A;, Bj, and B; — A; are positive stable
matrices. If r < s+ 2 for |z| < 1, then we have

R, (AL Ag,..., Ar;B1, By, ..., Bs; P, Q,Z)
1
= r*l(Ai)r71 (B] — AZ)F(B]) / tA,'fl(l _ t)ijAi*[
0

Ao Al A - A
x '*1RH( Bi,...,BiyBjy... By Q)

(38)

Proof. By definition of the pochammar matrix symbol (3) for Re(B;) > Re(A1) > 0, as
well as by using the integral definition of the beta matrix function, we obtain

(Ai)([(Bj)Ail _ 1"*1 (Ai)r71 (Bj _ A;‘)F(Bj) /(;1 tA,'+(€71)I(1 _ t)B]—A,‘*Idt
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where A;B; = BjA;. Also, we have

A1, Az Ay
rRS( B1,Bs,...,Bs; Z)

o 6
= E k*(Al) (Aim1) (A1) (A [(B) A7 1(Bja) ) (Bia) 7

=P A (B~ A)T(B) [ TP

) 14
x Y (zkt!) (A1) (A1) (A1) (Ar),
L L(B1) I (B) ) (B e
=T 1(A)I ' (B;— A;)T(B)) /0] pAT(1 = B A

Al/‘“/AZ‘—llAH—l/“'/Ar;
. 7*1R5*1< B1/~~'/ijerj+ll~~-lBS; 2t )dt.

O

Remark 4. If Ay = P = Q = I in (38), we obtain the results for the generalized hypergeometric
matrix functions [16].

Theorem 8. The following integral representation holds true:

1
/0 QT Ry(Aq, Ag,..., Ap;B1, By, ..., B P,Q +vI;tP)dt

= \Ry(A1, Ay, Ay;By, By, BGP,Q+ (n+ DI1) — Ro(Ay, Ay, Ay O
B1,By,...,B; P, Q+ (n+2)[;1).
Proof. By putting z = 1 in (31), we obtain
rRs(A1, Ag, ..., Ap;B1, By, Bs;P,Q + (p+2)[;1)
:rRs(AerZr . Ap;BlfBZr-~~rBs;PrQ+(V+1)I;1)
s -1 (40)
Z {H(B]-)[} (tP+Q+ (u+1)D)'TH(¢P+Q+ul).
1 =1
One can observe that
z20HM Ry(Aq, Ag,..., Ap;B1, By, B P,Q + ul;2")
o AP+Q+ul P s -1 )
=Y —— 1A {H(Bj)z} T ((P+Q+ ).
=0 | =1
On integrating both sides with respect to z, this yields
/(; {971 Ry(Ay, Ag,..., ApiBy,By,..., B P,Q+vE;t")dt
=14 e P4 Qipl
=Y 511 )/{H( ])4 r (eP+Q+;u)/ Qi gy "
=0 i=1 j=1 0 (41)
(=) 1 14 S -1
=3 7 LT TIB)| TP+ Qb p (P Qo (e 1)1y 127 HQ 0,
(=0 """ i=1 j=1
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By putting z = 1in (41), we obtain

-1
/ {9411 R(Ay, Aa,..., Ap; By, Ba,..., By P,Q+ vI;¥)dt
0
S} 1 p S -1 (42)
=) 7 [ 14, {H(Bj)z} TP+ Q+ul)(lP+Q+ (p+1)1)~1
=0 =1 i=1

Taking into account the work of (40) and (42), one can obtain the equation detailed
in(39). O

Theorem 9. The ,Rs matrix function has the following integral representation

VRS(All A2r~ . ~1Ar} Bll BZI .. 'IBS; P/ le) = ril(Al)

/Om t#41-1¢=t _Ry(Ay, ..., Ay; By, B, ..., Bs; P, Q, zt)dt “3)
Proof. When using the definition of the gamma matrix function
T(Aq + 1) = /0.oo e tAt=l gy
we obtain (43). O
Theorem 10. The Ry matrix function satisfies the following representations
I(®) ,41Rs(®, A1, Ay, ..., Ar; B1,Ba, ..., B;2)
= V27F e exp(—e") \Rs(A1, As, ..., Ar; B1, By, ..., Bs;ze"); T (44)
where ® = ¢ + i1, ¢ > 0,1 < s+ 1, the §(P, T) is the Fourier transform of ® ([41])
3(®,7) W / TP (u)du, T € R > 0. 5)

Proof. By substituting the t = ¢ in (43), we can easily acquire the Fourier transform
representation of the ,Rs matrix function. [

Theorem 11. The Euler-type integral representation of the ,Rs matrix function is determined as

V+KRS+K(A1/A2! . rAr/A(P/K)/ Bl/ BZ/~ . -/BSr A(P + Qr K);Pr Qr CZK)

Z
— ,I-P-Qp-1 (P)T(P+Q)r Q) /0 tP*I(Z 3 t)Q*T .
A, Ay A §
X Rs< Bi,Bs,...,Bs ;P,Q,ct" )dt.

where « is a positive integer and A(P, r) is the array of parameters

AP, ) = %P,%(P—l—I),%(P-&-ZI),...,%(P-&- (x—1)I).

Proof. By putting t = zu and t = zdu into the equation, we obtain

/th+(xzf1)1(z — 1)1 = ZPHQHRE-T /1 uPHEEDI] Q- gy
0 (47)

ZPFQHEEDIT(PYT(Q)TH(P + Q) (P) o [(P + Q) %
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O

Theorem 12. The Euler-type integral representation of the ,Rs matrix function is determined as

oK1
Y+K+1RS+K+I <A1/ AZ! LRRY] AY’ A(Pr K),A(Q,Z), Blr BZ/ RN BS/ A(P + Qr K+ l), Pl Qr m)

=T PP Qr@ [ a0 )

A11A2r-~~/Ar}, K(1 _ 4\l
X rRs< By, B,,..., B ;P,Q, et (1—t)' )dt.

Proof. When using the beta matrix function, we obtain

/.1tP+(K£71)1(1 _ RNy,
0 (49)

=T(P)T(QT (P + Q) (P)xe(Q)ut[(P + Q)rae] -
When using the above equation (49), we obtain (48) [
Theorem 13. The Laplace transform of the ,Rs matrix function is determined by
S{tQ’I +Rs(Aq, Ay, ..., Ar; By, By, ..., Bs; P,Q,zt");s
=/ tQ-Te=5t R.(A1,As,..., Ay By, By, ..., Bs; P, Q, 2t")dt (50)
0
= 57Q TFS(Alr AZI R ATr Blr BZ! ceey BS;Zsip)r

where L[f(t);s] is the Laplace transform

Slf(1);s] = /:’ eSF(t)dE = F(s),s € C.

Proof. When using Euler’s integral, we have

S[HPQ-1q) — /‘°° oStPHQ-T g _ I(¢P+ Q)

J e oy

where min Re({P + Q), Re(s) > 0, Re(s) = 0,0r 0 < Re({P+ Q) < 1.
When using the above Equation (51), this yields the right-hand side of (50). [

Theorem 14. As such, the following integral formula holds:

X
| =09 Ri(Ar, Aay ..., AriBy, Bay . B P, Q,2(x = 1))
Q-1 Ry(A}, Ab,...,ALB), B, ..., B,;P,Q, zt")dt 2)
= xQ -1 R(A; + A}, Ay+ Ab,..., A+ Al; By + B, By +Bj,...,Bs + BL;P,Q + Q;zx).

Proof. On employing the convolution theorem of the Laplace transform, we obtain

S[/Ox‘}f(x —1)Q(1)dT; 8] = £[¥(x);s]£[Q(T);5]. 53)
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When using (53), we obtain

X
2[/ (x — )21 ,Ry(A1, Ag, ..., Ay By, Ba, ..., B P, Q,z(x — 1)P)
0
Q-1 R(A}, Ab,...,AL;B,B,, ..., BL;P,Q, zt")dt ]
= S[inI VRS(AerZI . ~/Ar? Bl/ BZ/ .. ~/BS;P1 lexp);s]

QT Ry(A}, A, ..., AL;B,, B, ..., B P, Q' zx);s]
1 s

w o 1 ) L 4
ZZ@ H(Ai)é{g(Bj)(} Z—H(A;)]{H(B})]] s (t+7)P—0—Q'

1=07=0 " i= ]' i=1 j=1 (54)

- L BT T T [1Tep] s coree

=1

"L ])wn [] T § (VD) (O

1 i=1 j=1

—1
L (A + Al [/[[(B +B)g] stP-Q-Q,

When using (51), we find that
£1(s7P=Q-Q) — yPHQ+Q-Ir-1(yp 4 Q + Q). (55)

When we use the inverse Laplace transform, we obtain the right hand side of (54), and
when we use (55), we obtain

xQtQ =1 Ro(Ay + A}, Ay + Ab, ..., Ay + AL;By+ B}, By + B}, ..., Bs+ B,; P,Q + Q';zx").
O

Theorem 15. For x > a, the following relations hold true:

Hz+ |:(Z - ﬂ)Q_I rRs(All Ay, ..., A;;By, By, ..., Bs; P, Q;C(Z - a)P)

(56)
= (x—a)9" DI R (A1, Ay,..., Ay By, By, B P,Q+aLic(x —a)F),
where 17, is the right-sided Riemann-Liouville (R-L) fractional integral operator ([42,43])
(55) 00 = 7 [ =0 0t > 0,
and
Dy [(z —a)%" /Ry(A1, Aa, ..., Ar; By, By, ..., By P, Qic(z — a)”) &7

= (x—a)Q @D R(Ay, Ay, ..., Ar;B1,Bo, ..., Bs; P,Q — al;c(x — a)P),

where DY, is the right-hand-sided Riemann—Liouville (R-L) fractional derivative operator of order a

(z2er) = () (5 ) @
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and
D5/ {(z —a)9 ' \Ry(Ay, As,..., Ar; By, By, ..., Bs; P, Q;c(z — a)”) 58)
=(x— u)Q’("‘“)I WRe(A1,As, ..., Ar;B1, By, ..., B; P,Q —al;c(x —a)b),
where sz is the right-hand-sided Riemann—Liouville (R-L) fractional derivative operator of order
&,

< f) (x) = (115 (e ddx (u“ ‘”“‘“)f)) (x),a € (0,1], 8 € [0,1].
Proof. When using the relation, we obtain
%, {(z - a)“”Q*I} =T(P+ Q)T '(lP + Q+al)(x —a) POtV x5 5 (59)
this yields the right hand side of (56). Thus, we obtain

Hng (Z - a)Q71 VRS(Alr AZI Y AT! Blr BZ! ceey BS/ P/ Q;C(Z - a)P)

—

o P s -1
= ¥ ST )| rer+ Qi (-7t
=0 2 i=1 j=1
o P s -1
=y 7H {H ] T (£P + Q + al)(x — a)PHQ+-1I
(=0 """ i= j=1
= (x—a)9 DI R (A1, Ay, ..., Ay By, By, By P,Q+aLic(x —a)P).
When using the relation
e {(z - a)f”Q-l} =T((P+ Q)T (P +Q+ (n—a)l)(x —a)PH—=DI  ~ (60)
and
D" [(z - a)“’+Q+<"*“*1>'] =T(P+Q+ (n—a))T ' (lP+ Q — al)(x —a)PHQ- (DI x5 g (61)

to prove assertion (57), we use (60) and (61), which gives

DS, {(z —a)2 1 Ry(A1, Ay, ..., Ay By, By, ..., B; P, Qic(z — a)P)]

a\"_ _
= (a) HZJ‘[(z—a)Q ’rRs(Al,Az,...,Ay;Bl,Bz,...,BS;P,Q;c(z—a)f’)}

dx
= (x—a)? @D R(Ay, Ay, ..., Ar;B1,By,...,Bs; P,Q — al;c(x — a)P).

n
= (i) {(x —a)@+ (=D R (A, Ay, ..., Ar; By, By,..., B P, Q+ (n — w)Le(x — a)P)}

By applying the ]D)Zl5 right-hand-sided Riemann-Liouville (R-L) fractional derivative oper-

ator of order a, we obtain

[1-B)(1-a) {(Z _ )P0l

at

TP+ QT (P +Q+ ((1—B)(1 —a)I)(x — a)PHHO=AI-0)=DI = (52)

]D|:(X _ a)é’P+Q+((l—ﬁ)(l—vz)—1)I:| _ (€P+ 0+ ((1 _ ‘3)(1 _ tX) _ 1)[)(3( _ a)€P+Q+((1—ﬁ)(l—tX)—2)I/ (63)
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07|z a) PP D TP Q4 (1= p)(1—8) 1))

TP+ Qo+ (1= B)(1— ) — DI+ B(1 = a)[)(x ) PFRHIP-0 -2,

and

<]D>jf {(z — )P — T (P + Q)T (4P + Q — al) (x — a)PHQ-(a+D)]

Thus, we obtain
DF {(z — )97 \Ry(A1, Aa,..., Ar; By, By, B; P, Qic(z —a)P)

- Hff*”%uif‘%)“*“) [(z — )1 ,Ry(A1, As, ..., A; By, Ba,...,Bs; P, Qic(z — a)P)}
dx

= (x—a)9 @V R(A1,As,...,A;By,By,...,Bs; P,Q —a;c(x —a)b).
O

= ]Iaﬁf*"‘)i {(z —a)Qt(=P=01 R (A, As,...,Ar; By, Bo,..., B P, Q+ (k—a)L;c(z — a)P)}

6. Some Special Cases and Applications

(64)

(65)

In this section, we develop an integral of the ,Rs matrix function that involves a
relation with some of the special cases related to the integral representations of the ;R

matrix function, which is also explained below.

Theorem 16. As |z| < 1, Re(B) > Re(A) > 0of the ,+1 R, matrix function satisfies the following

Euler-type integral representation, we obtain the following:
1
++1RA(E,A(A,7); A(B,r); P,Q;z) = T(B)YT "L (A)T 1B — A) / A1 — 1) B AT  p (2t")dt
0
where Ep o £(2) is a three-parametric Mittag—Leffler matrix function [40].

Proof. For convenience, let , 1R, be the left hand side of (66), then

oo _/

iR (B (4,0 8B 1P, 07) = 1 SENC AN A+ D) (At (1= 1))
—0 v

< [GB) G B+ D)™ (B + (= DD T (P + Q).

When using the relation [16], we obtain

r ;o
(A =7"T] <M> L=0,1,2,...,
14

i=1 r

where 7 is a positive integer.
Thus, (67) becomes
=, z¢ 1
1Ry (B, (A1) M(B,1); P, Q;2) =} 57 (E)e(A)re[(B)y] T (P + Q),
—0 v

o~

and we find

(A)el(B)ye] ™ = T(BYT " (A)T~" (B~ A)B(A +(, B — A).
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When using (69) and (70), we arrive at
,+1R,(E A(A,1); A(B,7);P,Q;z)

=Z )rel(B)y) T (P + Q)

:F(B)l"—l(A)l" (B A) 27/( )gr 1(FP+Q)/ i’A+ (re—=1)I1 (1—i’)B_A_Idt

—T(B)T"Y(A)T (B — A) '/01 AT — B AR, o (2t
|
Theorem 17. For any matrix E in CN*N, the following assertion integral holds true:
ri1Rr(E, A(A,7); A(B,7); 1,Q;2)

LB A (B-ArQ | A R

Proof. For P = I in (66), the three-parameter Mittag-Leffler matrix function E , , Q(xtz)
coincides with the confluent hypergeometric matrix function. Thus, we obtain (71) O

Theorem 18. For the ,.1R, matrix function, we find that it satisfies the following Euler-type
integral representation:

ri1Re (=1, A(A,1); A(B,7); kI, Q;z) = T(B)T "1 (AT~ 1B — A)

72
xT(n+1)r~ (nkI+Q)/ 411 = )B=— 1727 (247, k) dt &

where n,k € N and ngl(z; k) are the Konhauser matrix polynomials [16,44-48] of degree n in 2F.
Proof. By performing E = —nl and P = kI, we find that (66) reduces to

r1Re (=l A(A,7); A(B,1); kI, Q; z)

—T(B)I Y(A)T (B - A) /01 I = BASTE, o (2 )dt

When using the result defined in [16,45], this leads to the right-hand side of (72). [

Yet another such integral representation is obtained in a straight forward manner as
follows.

Theorem 19. For n € N, the following integral representation reduces to

r+1Re (=1L A(A,1); A(B,1);11,Q;2) = T(B)I ' (A)I (B — A)

1 (73)
x T(n+1)T~1(Q + nl) / A1 — H)B-AILQ (24 dt
0
where LY (z) is a Laguerre matrix polynomial [14].
Theorem 20. The 1R, matrix function satisfies the following result:
0 f
r1RA(E,A(A,7); A(B,r); P,Q;z) = T(B)I!(A) Z T (B=A— DA+ o1

X 1R (B, A(A+ L r); A(A+ (E+1)Lr); P, Q; )
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Proof. From the equation in (66) and when letting , 1R, be the left-hand side of (74),
we obtain

r+1R(E, A(A,1); A(B,7); P, Q; 2)

:r(B)rfl(A)rfl(BfA)/O1 tA7 (1 — ) B ATEp o p (2t7)dt

=T(B)I"Y(A) (j)ér (B—A—10I) i kl(E)kzkr 1(kP 4 Q) / AT (k=11 gy
(=0 . k=l

— T(B)I1(A) _gl)gl"‘l(B —A-mY kl(E)kzkr L(kP + Q)(A+ (£ + rk)D)
(=0 : k=0

- B - A1) Y L(EN(A+ )
f: k=0""

X [(A+ (+1)), } (kP+Q)

= A) 1) 'T Y (B— A~ (1)

x 1R, (E, A(A-l—/l r) AA+ (L+1),7);P,Q;z).

O
Corollary 1. For |z| < 1, the ;Ry matrix function is given by

2Ri(A,I;B; P, I;z) = T(B)I "' (A) ,¥2(A, I; B, P; ). (75)

Proof. From (38), we obtain

2R (A, I;B;P,1,z) =T H(A)r (B / A1 — B AT Ry ([ —; P, I zt)dt

:F’l(A)F’l(B—A)l"(B)/O A1 (1 = f)B—A- Izr (6P + I)(zt)dt

=T (A (B— A)T(B) ‘/0'1 HA=1(1 — 1)B-A~TEL (21)dt,

where Ep(zt) is a Mittag-Leffler matrix function.
By using the relation between the Mittag—Leffler matrix function Ep(zt) and the
generalized Wright matrix function ,'¥; [45], we find

/ #A=1(1 — 1)B=A~IEp(zt)dt = T(B — A) 2¥2(A, I; B, P; z) (76)

where ¥ is a special case of the generalized Wright matrix function ¥ in [22]. This
completes the proof O

7. Conclusions or Concluding Remarks

We were motivated in this paper to obtain a recurrence relation and to then use this
result to obtain an integral representation of the Ry matrix function. The results presented
in this paper appear to be novel in the literature. The convergence properties of the ;R
matrix function with some of its properties—including its analytic properties (type and or-
der), as well as the contiguous function relations and differential property of the ,Rs matrix
function—were established. The contiguous relations for the generalized hypergeometric
matrix function; the extended integral representations and the differential property of the
+Rs matrix function with its integrals involving relationships with some other well-known
fractional calculus equations with special functions; the transform method with an appli-
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cation to the Mittag-Leffler matrix function; Euler-type integral representation; and some
special cases related to the integral representations of the ,Rs matrix functions, are also
explained in this paper. Since several of the results that involve the generalizations and
extensions of the hypergeometric matrix functions have the potential to play important
roles in the theory of the special matrix functions of mathematical physics, applied math-
ematics, engineering, probability theory, and statistical sciences, it would be interesting,
and possible, to develop its study in the future. As a result, in this context, some particular
cases, as well as our main results, can be applied theoretically, practically, and in some
numerical, algorithmical points of view. With the assistance of this article, a variety of fields
and their applications can be accessed, such as the representation of the matrix R-function
via Fourier transformation, the distributional representation of the ,Rs matrix function, and
the Euler-type integral matrix representations of the generalized , Rs matrix function (which
were developed in some special cases from the perspectives of the Konhauser and Laguerre
matrix polynomials). We can also now study some applications in the areas of probability
theory and groundwater pumping modeling via the pathway integral representation of the
+Rs matrix function and the pathway transformation of the »Rs matrix function in terms of,
as well as, the solution of the fractional matrix differential equations that involve the Hilfer
derivative operator (which involves the composition of the Riemann-Liouville fractional
integral and derivative). The conclusions of this work are thus diverse and important;
therefore, it will be intriguing, and possible, to expand the study of these conclusions in
the future.
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Abstract: We take into account the (2 + 1)-dimensional stochastic Kadomtsev-Petviashvili equation
with beta-derivative (SKPE-BD) in this paper. To develop new hyperbolic, trigonometric, elliptic, and
rational solutions, the Riccati equation and Jacobi elliptic function methods are employed. Because
the KP equation is required for explaining the development of quasi-one-dimensional shallow-water
waves, the solutions obtained can be used to interpret various attractive physical phenomena. To
display how the multiplicative white noise and beta-derivative impact the exact solutions of the
SKPE-BD, we plot a few graphs in MATLAB and display different 3D and 2D figures. We deduce
how multiplicative noise stabilizes the solutions of SKPE-BD at zero.
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1. Introduction

Fractional differential equations (FDEs) are often used in relation to optical fibers, chem-
ical kinematics, solid-state physics, electrical circuits, nuclear-physics, fluid mechanics, elastic
media, quantum field theory, plasma physics, neural physics, mathematical biology, and
other domains [1-7]. Also, many physical phenomena, such as fluid dynamics, elasticity, heat,
electrodynamics, gravity, sound electrostatics, quantum mechanics, and diffusion, are de-
scribed by fractional-order derivatives. Consequently, it is essential in mathematical physics
to seek exact solutions for FDEs. In recent years, multiple approaches for dealing with FDEs
have been devised, such as the (G'/ G)-expansion method [8,9], Kudryashov method [10],
first-integral method [11], sine—cosine method [12,13], exp(—¢(g))-expansion [14], direct
algebraic method [15], perturbation method [16,17], tanh-sech [18,19], sine-Gordon expan-
sion [20], Jacobi elliptic function [21], etc.

Recently, beta-derivative (BD), a new conformable fractional derivative, was proposed
by Atangana et al. in [22]. From here, the BD for ) : (0, c0) — R of order € (0,1] is defined
as follows:

DEY(x) — tim 2O rig) ")~ Y0,
e—0 €
The beta-derivative satisfies the next features for any constant a2 and b:
(1 Difa] =0,
@ DLaR(x) +bY(x)] = a DER(x) + b DEV(x),

G) DEY(O) = (x+ i) PR, @ 1£60 = 4 (x + )P, then DEY(0) = aY.
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On the contrary, it is now well known that randomness or fluctuations play an essential
role in a wide range of phenomena. Consequently, random impacts have assumed a greater
role in demonstrating numerous physical processes that take place in disciplines such as
telecommunications, cryptography, computer science, ecology, biology, information theory,
signal processing, neuroscience, chemistry, image processing, physics, and finance, among
others [23-25]. Partial differential equations are appropriate mathematical equations for
modeling complex systems in the presence of noise or random effects.

It is essential to consider FDEs with a stochastic term. Therefore, we look at the follow-
ing (2 + 1)-dimensional stochastic Kadomtsev—Petviashvili equation with beta-derivative
(SKPE-BD):

DE[R; + 6RDER + DY R + YRW] + pDf, R = 0, )
where R denotes the rescaled velocities and the rescaled wave amplitude in surface shallow-
water waves, p = %1, 1y is the noise strength and it is a real number, W, (t) = BW( ) is the

derivative of the Wiener process W(t), and RW is an It6 multiplicative noise.

When v = 0 and = 1, we attain the Kadomtsev-Petviashvili (KP) equation [26,27]
that can be used to characterize the development of quasi-one-dimensional shallow-water
waves whenever the impacts of viscosity and surface tension are negligible:

2
a[%+67€%+ﬂ]+ IR 0. )
o

The KP equation (2) has numerous applications in fluid dynamics and plasma physics.
The equation is widely used to study various physical phenomena, such as the propagation
of waves and solitons in different media. As such, the KP equation has been crucial in
advancing our understanding of complex nonlinear systems. Its importance lies in its
ability to accurately model and predict the behavior of waves and solitons, which has
applications in a wide range of fields including oceanography, optics, and plasma physics.
As aresult, several approaches to acquiring the exact solutions of KP Equation (2) have been
suggested, such as sine—cosine [28], Hirota’s bilinear method [29], Hirota’s method [30],
trial equation method [31], novel generalized (G’/G)-expansion [32], extended mapping
method [33], F-expansion method [34], etc.

Our contribution here is to find the exact solutions for SKPE-BD (1). To obtain these
solutions, we utilize the Riccati equation method (RE-Method) and Jacobi elliptic function
method (JEF-Method). Because Equation (1) is used in describing the propagation of
waves on the surface of shallow water, the acquired solutions of the SKPE-BD (1) will help
researchers to gain a deeper understanding of these phenomena and make predictions
about their behavior. Additionally, the obtained solutions can also be used in practical
applications, such as designing improved tsunami warning systems or optimizing wave
energy converters. Furthermore, we investigate the effect of BD and noise on the analytical
solutions of the SKPE-BD (1) by providing some graphs via the MATLAB program 2022b .

Following is the structure of the paper: In Section 2, the wave equation of SKPE-BD (1)
is derived. In Section 3, the RE-Method and JEF-Method are utilized to obtain the exact
solution of the SKPE-BD (1). In Section 4, we can examine the effect of the Wiener process
and the beta-derivative on the achieved solutions of the SKPE-BD. In Section 5, we discuss
the physical meaning of the obtained results. Finally, the conclusions of the paper are
offered in Section 6.

2. Traveling Wave Equation for SKPE-BD
The wave equation for SKPE-BD (1) is found by using

Ry t) = Y@L ™OA, g = [t o)+ 50+

g P —At], ()

1
I'(g)
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where ) is a deterministic and real function. It is worth noting that

IR _ 1y — 4V w122
3 [-AY 'y;)}?]e I, 4)
and
DER = YelmWH=37% P R — yrel-mV(-377] Dgﬂe = Pll=V-32% (5
Inserting Equation (3) into Equation (1) and using (4) and (5), we obtain

Yy (o — A)y// n 6[yy” + (y/)z]e[fny(t)f%fyzt] -0
Taking into account the expectations of both sides, we achieve
Yy (P _ A)y// + 6[yy” + (y/)z]ef%«ﬁtEe[ny(t)] —=0. (6)

Since W(t) is normal process, hence E(e~ W) = e27’t for any real number -y. There-
fore, Equation (6) becomes

yll// + (p _ )L)y” +6(yyl)/ — 0/ (7)

where we replaced YY" + ()')? by (V)')'. Integrating Equation (7) twice and ignoring
the integration constant, we have

V'—(A=p)Y+3Y*=0. ®)

3. Exact Solutions of SKPE-BD

To obtain exact solutions for SKPE-BD (1), we employ two alternative methods:
the RE-Method [35] and JEF-Method [36].

3.1. RE-Method

Let us assume the solution ) of Equation (8) is
K .
() =) a7, ©)
j=0

where R solves the Riccati equation
7' =7%+b, (10)

with b is a unknown constant. Equation (10) has the following solutions:

-1
7= N 11)
ifb=0,or
Z = Vbtan(VbZ) or Z = —Vb cot(VbE), (12)
if b >0, or
Z = —\/Tbtanh(\/TbQ orZ = —Jjbcoth(mg), (13)
if b < 0.

In order to compute the parameter K in Equation (9), we balance 2 with )" in
Equation (8) to obtain
2K =K+2,

then
K=2. (14)
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Rewriting Equation (9), with K = 2, as
y(@,‘) =ag+mZ+ ﬂzzz.
Substituting Equation (15) into Equation (8) we obtain

(6ay +3a3)Z* + (2a1 + 3a1a2) Z°
+(8bay — (A — p)ay + 3a3 + 6agay) Z>
+(2a1b — (A —p)ag + 6apar)Z
+(2b%ay — (A — p)ag +3a3) = 0.

We derive by setting each coefficient of Z/ to zero
6ay +3a3 =0,

2a1 +3a1ap =0,
8bay — (A —p)ag + 341% + 6aga; =0,
2mb — (A —p)ay + 6apa; =0,

and
2b%ay — (A — p)ag + 3a3 = 0.

The next two families are obtained by solving these equations:
First family:

ag = %Zb, a1 =0, a,=—-2, A =p+4b.
Second family:

ap=—2b, a1 =0, ap =—-2, A = p—4b.
First family: There are three cases relying on b.
Case 1: If b = 0, then the solution of (8), by using (11) and (15), is

GRS

Consequently, the solution of SKPE-BD (1) is

1 1
r'(p) I'(p)
Case 2: If b > 0, then the solutions of (8), using (12) and (15), are

R(x,y,t) = —2[%(9(—0— V4 %(y-&-

V(@) = b - 2btan(VEg),

or
-2
V(@) =—5b-2 cot? (VbE).
As a result, the solutions of SKPE-BD (1) are
R(x,y,t) = [%Zb — 2btan?(VBE) eV 1%,
or

R(x,y,t) = [%zb —2b cotz(\/l;C)]e[*"YW(t)*%”Zt].
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or

or

or

or

or

or

Case 3: If b < 0, then the solutions of (8), by using (13) and (15), are

V(E) = %211 + 2btanh? (V=)

V(@) = %zb + 2b coth?(v/=bg).
Thence, the solutions of SKPE-BD (1) are

R(x,y,t) = [%Zb + 2b tanh? (v/—bE)Jel V(O 271 1)

R(x,y,t) = [%217 + 2b coth? (v/—bE)Jel -V =271 (22)
_1 1 1 1 \B
where { = E(x + Tﬁ))ﬁ + B(y-l— Tﬁ))l — (o +4b)t.
Second family: There are three cases also relying on b.
Case 1: If b = 0, then we have the same solution as announced before in the first set.

Case 2: If b > 0, then the solutions of (8), using (12) and (15), are

V(&) = —2b — 2btan?(Vb7),

V(E) = —2b — 2b cot?(VbE).
Thence, the solutions of SKPE-BD (1) are

R(x,y,t) =[-2b—2b tanz(\/gé)]e[*VW(t)’%Vzt], (23)

R(x,y,t) =[-2b—-2b cotz(\/l;é)]e[’“yw(t)*%zt]. (24)
Case 3: If b < 0, then the solution of (8), using (13) and (15), are

V(E) = —2b+2btanh?(v/—b¢) = —2bsech?(v/—b¢),

V(&) = —2b + 2b coth?(v/—bE) = 2besch? (v —bE).
As a result, the solutions of SKPE-BD (1) are

R(x,y,t) = —2bsech?(v/—b¢&)el WD =171, (25)

R(x,y,t) = 2besch?(vV/—bg)el- (03771, 26)

where ¢ = %(x+ %ﬂ))ﬁ + %(er ﬁ)ﬁ — (p —4b)t.

Remark 1. Ifwe put B = 1 and -y = 0 in Equation (25), then we obtain the solution (2), reported
in [37].

3.2. JEF-Method

In this subsection, we use the JEF-method [36]. Assuming the solutions to Equation (8)

has the form (with K = 2):

V(&) = ho +mZ(Z) + mZ*(Z), (27)
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where i, 1y, and fi; are undefined constants and Z(¢) = sn (¢, x) is the Jacobi elliptic sine
function for 0 < x < 1. Differentiating Equation (27) twice,

V(&) =2hy — hy (1% +1)Z — 4y (k2 + 1) 22 4 2l k2 Z° + 6hpr2 24, (28)
Plugging Equations (27) and (28) into Equation (8), we have
(26%My + 313) Z* + (2671 + 6hyTp) Z°
+[6hhy — 4Tty (1% + 1) — hip(A — p) + 313] 22
—[(2 4+ 1)y + 1y (A — p) — 6lighy]Z 4 (2 — g (A — p) + 313) = 0.
Equating coefficient of Z" to zero forn = 4,3,2,1,0:
2%y + 303 = 0,
221y + 6Ty = 0,
6lighy — 4hy (kK2 +1) — hp(A — p) 4+ 302 =0,
(kK2 4+ 1)hy + ki (A — o) — 6hghy = 0,

and
2hy — g(A — p) + 35 = 0.

When these equations are solved, we derive

2(k2 41 2Vt — 241
g = (K +1) + 2Vt —? + , =0, h2=72K2,/\=p+4\/K47K2+1,

3
or
ho = 2(k2 + 1) 723\/,(4,;(‘2+1, b =0, b 2 A= o avet K211,
Thus, Equation (8), by using (27), has the solution
y(g) = LELNLEDE AT a0 ),
or

w@=“ﬂ+”_?@iﬁii—%%ﬂaw

Hence, the solutions of SKPE-BD (1) is
2(k% +1) + 2Vt — k2 +1
3

R(x,y,t) = [ — 2;(25;12((;‘,K)}e[*'YW(f)*%’YZt] , (29)
where ¢ = %(x+ Ly %(er ﬁ)ﬁ —(p+4VKE k2 1)t or

T(p)
2(k% +1) — 2Vt — k2 +1

R(x' Y, t) = [ 3 — 2K257’lz((§, K)}e[f'yw(t)*%'th] , (30)
where & = £ (x+ 5 + 5 (y + ;)P — (0 — 4v/x* — k2 +-1)t.1f x — 1, then Equation (29)
changes to
R(x,y,t) = 2sech?(&)el~WH-37], 31)
or ,
R(x,% t) = [§ - 2tanhz(é)]e[*WW(t)*%sz]_ (32)
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In a similar way, we can replace sn in (27) by cn to obtain the solutions of Equation (8)

as follows:
2Vt — k2 +1-2(262 - 1)
3

+2k2en® (&, x)].

Vi) =
Therefore, the solutions of the SKPE-BD (1) is

T 277 (2
W 2(2x% — 1) " szcnz(g,K)}e[f"rW(t)*%wzt] . (33)

Rty 1) = 2

where ¢ = %(x—i— %ﬁ))ﬁ + %(y—&— ﬁ)ﬁ — (p+4vx* — k2 +1)t. If « — 1, then the solutions
(33) takes the form
R(x,y,t) = [2sech?(&)]el V=271, (34)

4. The Effect of the Wiener Process and Beta Derivative

Here, the impact of SWP and BD on the analytical solutions of the SKPE-BD (1) is
discussed. We illustrate the behavior of these solutions through a number of graphs. For
different y (noise strength), we generate certain figures for some found solutions including
Equations (29) and (31). First, let us define the parameters p = 1 and ¥ = 0.5. Also,
lett € [0,2] and x € [0,4].

First the beta derivative effects: In Figures 1 and 2, if ¥ = 0, we notice that the profile
of the graphs is pressed as the value of B decreases:

Space X" 0 o Time "t" Space "x" Time "t"
@@7y=0,=05 (b)y=0, p=1,07505
15
prm—
i :Z:ZZ\
1.3
212
3
11
1
0.9
0 0.5 1 15 2 25 3
Time "t"
(p=05 (d)g=1,07 05

Figure 1. (a—c) Display of 3D-graph of Equation (29) with v = 0 and several values of p = 1,0.75,0.5,
and (d) shows 2D-graph of Equation (29) with several values of § = 1,0.75,0.5.

o

Solution

Space "x’ 0 Time "t Space "x Time "t"

(@y=0p=1 (b)y=0,8=075

Figure 2. Cont.

129



Axioms 2023, 12, 748

15
g 4
3
0.5
0
0 0.5 1 15 2 25 3
Space "X Fog Time "t" Times
(©7=0,B=05 (d)y=0,B=025

Figure 2. (a—c) Display of 3D-graph of Equation (31) with o = 0 and several values of = 1,0.75,0.5,
and (d) shows 2D-graph of Equation (31) for several values of p = 1,0.75,0.5.

We deduced from Figures 1 and 2 that no overlap exists between the contours
of the solutions. Additionally, the surface moves to the right as the order of the beta
derivative decreases.

Second the noise effects:
In Figure 3, the surface is not flat and contains various imperfections when v = 0 (i.e.,

there is no noise).

Solution

Space X" (U Time "t* Space "x"

7= 1=0
Figure 3. Diplay of 3D-profile of solution R(x,y, t) in Equations (29) and (31).

Meanwhile, we can see in Figures 4 and 5, after small movement patterns, the surface

becomes more flat:

Solution
Solution

4 \\ o=
g \1\\\>//< g/% 2
Space "x" o0 Time "t
(@r=1 b)y=2

Figure 4. Display of 3D-profile of solution R(x,y,t) in Equation (29) for various y = 1,2.

w
~

~
Solution
-

Solution
o
b

so

so

sy LT~
Space "x" 0 o Time "t Space "x" L Time "t"
(@)y=1 b)yy=2

Figure 5. Diplay of 3D-profile of solution R(x,y, t) in Equation (31) for various y = 1,2.
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References

In the end, we can deduce from Figures 3-5 that several solutions exist when noise is
disregarded (i.e., at v = 0), such as periodic solutions, kink solutions, and others. After
minor transit patterns, the surface becomes significantly flattened when noise occurs and
its intensity is increased by 7y = 1,2. This demonstrates that the multiplicative white noise
has an impact on the SKPE-BD solutions and stabilizes them at zero.

5. Discussion and Physical Meaning

In this paper, we take into consideration stochastic Kadomtsev-Petviashvili equation
with beta-derivative (SKPE-BD). Finding an exact stochastic solution to the KP equation is a
challenging task due to its nonlinearity and complexity. Here, we applied two methods, the
RE-Method and JEF-Method, to attain the exact solutions for this equation. The first method
provided solutions in the form of trigonometric, hyperbolic, and rational functions, while
the second method gave elliptic solutions. Additionally, the specific characteristics of the
stochastic term play a crucial role in the effect it has on the solution. Overall, understanding
the stochastic effects is essential for accurately modeling and analyzing systems in the
presence of uncertainty. The obtained solutions provide insights into the behavior of waves
in different physical systems and can aid in the development of innovative technologies.
They serve as foundational tools for advancing our understanding of nonlinear wave
phenomena and can lead to significant advancements in fields such as plasma physics,
fluid dynamics, and engineering.

6. Conclusions

In the current study, the stochastic (2 + 1)-dimensional Kadomtsev—Petviashvili equa-
tion with beta derivative (SKPE-BD) was derived. By employing two distinct methods
such as the Riccati equation and Jacobi elliptic function, we obtained the exact solutions
of SKPE-BD (1). Due to the importance of KP in the field of fluid dynamics and plasma
physics, the acquired solutions are important for illustrating a wide range of intriguing
and complex physical phenomena. Finally, the MATLAB tool was applied to illustrate the
effect of SWP and BD on the obtained solutions of the SKPE-BD (1). We deduced that the
beta-derivative shifted the surface to the left when the fractional-order derivative increased
and the Wiener process stabilized the solutions at zero.
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Abstract: The present study is concerned with studying the dynamical behavior of two space-
dimensional nonlinear time-fractional models governing the unsteady-flow of polytropic-gas (in
brief, pGas) that occurred in cosmology and astronomy. For this purpose, two efficient hybrid
methods so-called optimal homotopy analysis J-transform method (oHAJTM) and J-variational
iteration transform method (J-VITM) have been adopted. The oHAJTM is the hybrid method,
where optimal-homotopy analysis method (0HAM) is utilized after implementing the properties
of J-transform (JT), and in J-VITM is the J-transform-based variational iteration method. Banach’s
fixed point approach is adopted to analyze the convergence of these methods. It is demonstrated
that J-VITM is T-stable, and the evaluated dynamics of pGas are described in terms of Mittag—Leffler
functions. The proposed evaluation confirms that the implemented methods perform better for
the referred model equation of pGas. In addition, for a given iteration, the proposed behavior via
oHAJTM performs better in producing more accurate behavior in comparison to J-VITM and the
methods introduced recently.

Keywords: caputo derivative; polytropic gas; J-transform; variational calculus; optimal homotopy
analysis method

MSC: 35R11; 65F10; 26 A33

1. Introduction

Fractional calculus (FC) is one of the growing/youthful branches of applied mathemat-
ics that is a generalized concept of differential equations from an integer order to positive
fractional order. It is a preferred selection in modeling complicated physical realistic situ-
ations marked by hereditary /memory behaviors. It is because of the nonlocal nature of
these operators [1,2]. FC is a useful tool for showcasing the transition of highly complicated
nonlinear dynamics with long-term memory effects. In contrast to ordinary derivatives,
identifying fractional order derivatives of a function requires its entire history [3]. This
nonlocal property, referred as the memory consequence, allows it even more convenient
to characterize real-world physical systems using differential equations with fractional
derivatives. In recent decades, investigating the evolution of fractional order systems,
such as chaos, complexity, stability, bifurcation, and synchronization has emerged as an
exciting area of research in areas of research and development [4-7], and the fractional
partial differential equations (FPDEs) are more appropriate for modeling numerous realistic
situations such as in optics, earthquake propagation, population growth, volcanic eruption,
signal processing, the process of reaction/diffusion, in electrical networking, control theory,
hydrology, astrophysics, and in biological systems [8-13].
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To know about the behavior of a model, one must know about its solution behaviors,
and many physical phenomena can be represented by a suitable model in terms of the
nonlinear fractional partial differential equations (NFPDEs), and the evaluation of the
solution behaviors of such type of model is quite difficult, and so the study of these NF-
PDE:s is of vital importance. In the last three decades, various rigorous new techniques
are investigated to elucidate a system of NFPDEs. In consequence, Liao [14] developed
a rigorous technique so-called homotopy analysis method for studying many types of
nonlinear partial differential equations (NPDEs) like differential-integral /algebraic equa-
tions/partial differential equations/ordinary differential equations and associated coupled
systems or the fractional models of the above-mentioned types equations. Differ from all
the perturbation/nonperturbation approaches for nonlinear differential equations (NDEs),
HAM generates an effective/easy technique to assure the convergent solutions by suitable
selection of different base functions (see [9,13,15] and inside articles for more details).

In this article, the fractional order model of gas-dynamic equations administering the
development of the two-space dimensional unsteady flow of an ideal gas has been studied.
Write P = Ko'*(1/%), where p = U/V — energy density, U — total energy of the gas, V —
container volume, ¥ — polytropic index, and K — a constant. In the sequel, degenerate
electron gas and adiabatic gas are two instances of such types of gases. The investigation
of polytropic gases identified an essential job in cosmology and astronomy [16], and
its behavior is found dark energy-like [11], and the special case of the pGas model has
been utilized in astrophysics in stellar wind and accretion problems. In recent years, the
researchers generalized the model of gas-dynamic equations governing the advancement
of unsteady progression of an ideal-gas of fraction order [17,18]. We need both evolution
equations for p and P due to the energy density and p and polytropic index. The value of
P = Kp'* (/%) in the below system (1) is due to the dynamics of a strongly nonlocal reaction—
diffusion population model [19]. The fractional model of equations of a pGas [15,20] given
below in (1) via two hybrid techniques, namely - cHAJTM and J-VITM

9P dp;  10P

% —_— — =
Dep1 + o1 27, T 0m 0
ag o) apz 10P -
TDCK)2+Pla +pzazz 5372270
9p dp . dp1 | 9 @
& e — =
TDCP e azl tory aZZ = 821 te aZZ 0
oP oP 901 92
TDCP""ma + 2 g-&-QPal-FQPaZZ 0

with initial condition
91(212,0) = fi(z12),  02(212,0) = fo(z12),  p(212,0) = f3(z12),  P(212,0) = fa(z12), 212 = (21,22),

where ©1(z12,T) and pp(z12,T) —velocity components, p(z17,7) is the density,
P(z12,T) — pressure and () —ratio of specific heat and refers adiabatic index. ;D¢(-) is
the Caputo-fractional differential operator (C-FDO) as defined below:

Definition 1 ([1,2]). The C-FDO D¢ ¢(z15,T) of order k —1 < a < K of a function ¢ € Cy,
p > —1is defined by < DEg(z10,T) 1= % and

(k1)

DEp(zi2,T) =D Ve DER(z12,T) = 1y Jo (T w0 ) L2029 ge - whenevers —1 < & < x

In addition, let t D" (212, T) is the ath order Riemann—Liouville fractional integral operator
(RLFIO) on . Then

DLo(z1,7) = @(z12,7)

and
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D p(z10,T) = ﬁ Jo (T =€) lo(z12,€)de, a>0, T>0.

The readers are referred to [1,2,21,22] for more details on fractional calculus. The
researchers have beendeveloped/ implemented various rigorous methods for studying
behaviors of various models occurred in terms of NFPDEs (see [22-37]). The behavior of the
integer order system of the referred model equations was analyzed using distinct techniques
like Adomian decomposition method (ADM) [38], variational iteration technique (VIT) [17],
and HAM [18]. Recently, numerical simulation and behavior of fractional order system have
been investigated by fractional natural decomposition method (NDM) [20] and g-homotopy
analysis transform method (g-HATM) [15]. In the present work, the novel integral transform
called J-transform is implemented in combination with two efficient techniques, namely
oHAM and VIM to investigate the nonlinear time-fractional model governing unsteady
flow of polytropic. The main strategy of our work in considering the J-transform is that it
is the generalized form of the Laplace transform and the Elzaki transform. Also, in case of
the J-transform, we will get the two-dimensional frequency domain, which will give us
more degree of freedom to analyze the respective solutions. The proposed fractional model
interprets the most realistic behavior for considered fractional orders and which states the
originality of the paper. The relative error solutions are presented in terms of logarithmic
plots for different fractional orders. We have achieved the faster rate of convergence of
the obtained series solution to the exact solution with the help of optimal value of the
convergence control parameter.

The rest part of the work is structured as follows: Section 2 reports some basic literature
to complete understanding of the work. In Section 3, we report the basic procedure for J-
VITM and its stability /convergence analysis. In Section 4, we report the basic procedure for
oHAJTM and its convergence analysis. Validity/effectiveness/efficiency of the aforesaid
methods is tested in Section 5 by considering test examples of the fractional model equation
of pGas. At last, concluding remark is reported in Section 6.

2. Basic Concepts

Banach’s fixed point approach and JT-based basics are revisited to understand the rest
part of the study. Let us denote IT = (I1,d) as a metric space.

Definition 2 ([39]). Let T be a contraction on metric space I1; this is a map that satisfies the
following condition
d(Ty, Tyr) <vdly,y)  yoy €11, )

for some positive real iy € R less than unity, i.e., 0 < 7y < 1, where R™ be set of positive reals.

Theorem 1 (Banach'’s Fixed-Point Theorem [39]). A contraction T over complete space I1 always
has a unique fixed point.

In the sequel, if {y) }¥_, is a iterative sequence formulated via the iterative procedure
Ya+1 = Ty, with yo € IT (arbitrary) such that y, approaches the unique fixed point y as
A — oo, the error estimates are evaluated as follows

d(ya,y) < %d(yo,yl), (prior-etimate), and
and
d(yny) < 1554(ya-1,y2).  (posterior-estimate).

Theorem 2 ([40,41]). A self-map T defined over I1 (Banach space) is termed as Picard T-stable if
the condition d(Ty, Ty1) < xd(y, Ty) + vd(y,y1), Yy, y1 € 11 holds true for some non-negative
real x, and v with 0 < ¢ < 1.
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J-Transform and Its Properties

The transformation
Tp(e))(s,8) = ¥(s,0) =8 [~ e(Fy(oyar, ©)

is referred to as J-transform of ¢ € F (provided it exists), s, ¢ are transformed variables,
and F is the set functions of exponential order satisfying the following conditions

F= {lpzﬂml,mz > 0,0 < T < ocosuch that [p(1)] < Fexp(m) if e (-1)/ x [0,00)},

The properties of JT are listed is the following

Lemma 1 (Properties of JT, [42]). Let G(z,s,09) and ¥(z,s,9) are JT of g(z,T), (2, T) € F,
respectively. Then

mH»A Ka+A+2
(a) [ T(1+A+xa }(S 19) LZmMH , Ar=0,12,.
®

) I[ 2552 5,0) = 5:0(z,5,8) - Ty 3 D555, k21
(c) J[A18(z, T) + Aryp(z, )]( 0) = A1G(z,5,9) + Ay¥(z,5,0);
(d) J[(g*¢)(z,7)](s5,8) = $G(z,5,0)¥(z,5,9), where g x  is the convolution of g and 1.

The properties of JT for fractional calculus [31] that we use to study the behavior of
referred model equation is mentioned below

Lemma 2. If &(z1,5,0) is the J—tmnsform of (212, T) € F, then

(i) I[DP(z12,7)](s,9) = &¥(z1,2,5,8),

. sl (2,0t

(i) I« D“lp(zlz,‘r)}(s 9) = (3) ¥(z12,50) — L4 ) %,Kf l<a<xeN.

where :DEY(z1,2,T), tDe" (21,2, T) denote C-FDO and Riemann—Liouville FIO of i of
order «.

Proof. The proof is reported in [31]. [

3. Procedure of Variational Iteration Technique (VIT)

The variational theory-based technique so-called VIT is an efficient technique in-
troduced by He [43] for the study of various models that occurred in terms of classical
differential equations. After He’s seminal work, VIT and its modified forms has been
introduced for studying various types of nonlinear problems of integer orders [44-47] and
fractional order [47-51].

Consider time-fractional nonlinear partial differential equation (TF-NPDE).

TDDéllJ(ZLz,T) + Tl/)(Z]rz, T) =0, k—1<a<k, (4)

where z; , = (z1, 22) be space-variable of 2-dimensions, D¢ (-) is Caputo FDO [23-25], 7 (+)
nonlinear differential operator involving linear operators and nonhomogeneous/source
term as well, and k¥ € N.

The basic procedure of VIT for TE-NPDE, the correction functional of (4) in mVIT [47],
is given via

Pr1(z12,T) = Palz12,7) + ‘/O.T 0(t,€)[«DEp(z1,2,€) + Tha(z12,€)]de, (5)

where 0(7, €) refers to Lagrange multiplier to be determine, i, is Ath-iteration solution,
and ¢, is the restricted variation [52]. The evaluation of the Lagrange multiplier is a tedious
task in studying the behavior of TF-NPDE. On imposing optimality criteria to the functional
as in (5), we have

Spry1(z12,T) = 6Pa(z12,T) + Jfot 0(7,€) «DEY) (210, €)de =0,

137



Axioms 2023, 12, 285

The evaluation of the Lagrange multiplier (7, €) in the above equation is tough for
fraction case (« # «) [51]. The implementation of the properties of an integral transform
with variational theory [53,54] makes the evaluation procedure for finding the optimal
value of the Lagrange multiplier easily.

3.1. Procedure of J-VITM For NFPDEs

The J-VITM is a hybrid method that is based on properties of JT and variational
theory (see [31]) that we implemented for studying nonlinear fractional partial differential
equations (NFPDEs).

Impose JT to NFPDEs (4) and adopt the property Dg(z12,7) of JT from
Theorem 2(ii), we have

s\ K svcfé 36711,0
(5) ¥=1250) = L g ot

=1

+I[Ta(z12,€)]6(s, 8) = 0. ©)
0

=

Szxff 84711[))\

521 9a—(+1) grl-1

K

In sequel to modified variational iteration technique, correction functional for (6) con-
—0(s,0)I[Tr(z12,7)] (5, 9).

structed as
S\
Pav1(z12,5,8) = Pa(z1,2,5,8) +0(s, ) (*) ¥a(z12,5,0) —
¢ =0 (7)
where $, and T restricted variations, i.e., ¢, = 0 and 67 = 0.
The variational operator ¢ to (7) with the above-mentioned property leads to

S9ri(212,5,8) = 9a(212,5,0) (1+660)(5)"), ®)

The optimality condition: 5y 11(z1,2,5,8) = 0 for (7) in (8) leads to the optimal value
of the Lagrange multiplier 6(s, &) = — (Q) " Thus, (7) reduces to

S

Ptz ) - 1 (‘9[21) s () wreeoen o
The inverse JT operator with (9) leads to
Par1(z12,7) = Tya(z12,7), A =0,1,2,... (10)
where
Tya(ar27) = ¥ (12,7) 371 (2) 1T (z12,7))(5,9)] and

-1\ " Ty

(212, 7) = Z’Z:l(}ﬁ)) a1

it is the desired (A + 1)th iterative solution of NFPDEs (4), and when x = 1, the solution at
(A + 1)th iteration read from (10) as

Pas1(z12,T) = Ta(212,T) = Pa(212,0) = I K§> JTya(z12,D](s,9) . (A1)

=0

3.2. Convergence and Stability Analysis of J-VITM

The analysis of convergence and stability for the aforesaid J-VITM is provided in the
following theorem. For sake of convenience, we read ¢, in place of ¢, (z1 2, T) throughout
this section

Theorem 3 (Stability analysis). Let a self-map T : B — B, where (B, || - ||) is the Banach space;

then, the iterative results via iteration formula (10) are: Y, 1(X, ) = Ty, (X, T) is Picard T
stable if I179 > 0 for which the following axioms hold true for every T.
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@ T (p) =T @)l < |7 (¥p — ) | < m0lltpp — 9ul

®) 0= ”OHWH <1

Proof. Let p,n € N.Then,

9

19, ~ Ty =g -9+ 37 [ (&) sl 0] -5 [(£) wiTwae o) "

= ¥p— Vi +J‘1[<§)“J[T¢p —TM(S”)}

as tpg = ¢ at each iteration holds from the initial condition. Imposing norm to both sides
of (12) with condition (a) leads to

9, = Toull <37 (2) 510700 - Twnll 9]

L [92ta
<wollgp = wall (1| 5| ) <ollen -l

and this can be expressed in the following form

Ty — Tpu|| < Bl — Tpll +0llpp — ¢ull, for p>0 (13)

which confirms that the proposed J-VITM is Picard T stable whever 6 < 1 (see Theorem2). [

Theorem 4 (Convergence analysis). In a Banach space B = (C[Q x (0,T)], | - ||), let {$u}7
be a sequence from the iteration procedure (10): 51 = Tip,, where T be associated self-map on B.
Then

(a) {1/],,}‘1"’ with Yo € B (initial value) is convergent.

(b) A unique fixed point exist for T in B.

(b) In xth order iterative results, the error bounds as derived as

Y — el < Zgllyn — ol (Prior-estimate of error),
and

[l — ]| < 1%9||l/11 —oll, 0<6<1 (posterior-error estimate)
Proof. For the complete proof please visit [31]. [

4. Basic Procedure of poHAJTM

The basic solution procedure of cHAJTM for NFPDEs (4) is derived in [31], is reported
in the following. On operating JT to NFPDEs (4) with the help of the property of JT to get
(6) that can be expressed as

ko9l a[—llp 9\ 5
a0 -1 2 S+ (2) Imh@anle e —o
=1 7=0
Set nonlinear operator as
K 19Z+1 a[—l 9 o
o1z ] =gtz mlis o) - L O S+ () AT omammls o),
(=1 =0

where ¢(z1, T;X) is the real-valued map of X,z 5, 7; X € [0,1] — standard embedded-
parameter.
The following zeroth-order deformation equation as in [12,14] is

(1 —=N)J[@(z12, T;X) — Po(z1,2, T)](5,8) = RhH (212, T)3[@ (212, T; X)], (14)
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where 1 # 0, H(z1,7T) — is the auxiliary function/parameter, and yp(z1 2, T) — is the
initial guess of 1(z1 2, T). Remark that ) HAJTM have a merit in selecting auxiliary things
in procedure.

For X =01,

(212, 7;0) = P(z12,0) and  @(z1p,T;1) = P(212,7),

and it signifies that when X moving from 0 to 1, the solution ¢(z1 2, T; X) moves simultane-
ously from initial approximation: ¢(z1, T) to the exact solution behavior: §(z1, T).
Expand ¢(z1, T; R) via Taylor’s formula in the powers of X as:

¢(z12, T;R) = Po(z1,2,T) + Z Pa(z10, T)RY, (15)
A
where (212, 7) = /\1, gw vy 0 selecting suitable value of 71 improves convergence

region to the solution as in (15). Convergence of result (15) at X = 1 can be secured via
selecting appropriate values of i, H(z1 2, T) # 0 and the initial guess, and so

P(z12,7) = Yo(z12,7) + E Palz12, T (16)

Set
_)
P (212,7) = (Yo(z12,T), P1(212,T), $2(212,7), -+, Pa(212,7))-
In the squel, Ath order deformation equation is evaluated as
H
Jpr(z12,T) — xaPa—1(z12,T)](s,0) = BRH (212, T)Pr( ¢ )4 (21,2, 7)), (17)

where x) = 0if A < 1and 1 otherwise.
On imposing inverse operator of JT to (17) with R =1, H(z1 5, T) = 1, we have

Pa(z12,T) = XaPa-1(z12,T) + 1 [P)\(?)\fl(zl,b T))] (18)

where

- M1 ;TR
P ( l)b A-1 (21,2/ T)) = (/\31)[ ;ﬁf\z—llz )

N=0

On evaluation ¢ (212, T), A > 1. We can calculate Mth-order series behavior of (4) is
evaluated as:

Mm(z12, T Z Pa(z12,7), (19)

which converges to (212, T), the exact behavior of the Equation (4) accurately for suffi-
ciently large M (see the following).

Theorem 5 (Convergence & Error Estimates in cHAJTM). If 36 with 0 < 6 < 1, for which
the condition |11 (212, T)|| < 0||$e(z12,T)|l, € > 1 holds true, then

(a) The approximate Mth order cHAJTM result Syi(z12, T) in (19) for NFPDEs (4) evaluated
from converges (16) as M — oo.

(b) the maximum absolute error in Spp(z10, T) is

9M+
lp(z12,T) = Sm(z12, D) £ —5 WO(Zl 2, 7). (20)

(c) In addition, as for as the result in (16) convergent, where P, (z12,T)’s are evaluated by (18).
Then, the result recorded from (16) is the exact solution behavior of NFPDEs (4).

140



Axioms 2023, 12, 285

Proof. The assumption leads to

91 (212, )| < Bllpo(zi2, D), ¢2(z12, DI < 0ll91 (212, D) < Pllgolz1 D, - ez, DI < 6 [[9o(z12,7)]-
In consequence, and so, for M, N € N with N > M, we get
(1 _ 9N7M)9M+1

N .
<ozl Y 0= lpo(z12 D —F—F
j=M+1

N
Z ll"] (Zl,Zr T)

j=M+1

1Sm(z1,2,T) — Sn(z12, T)|| =

Moreover, 1 — AN"M < 1as0 < A < 1, and so, the above inequality reduces to
6M+1
ISu(z12,7) = Sn(12 DIl < [Po(z12 D 7—5 20 as M- @D

implying that {Sp(z1,2, T)}};_; is Cauchy sequence, and so, it is convergent.
Part (b) is obtained direct by taking N — oo in (21) as follows

9M+1
[Sm(z12,7) = (212, D < [[$o(z12, D)= (22)
(c) In special case, when N — 1 = M = «. Then, from Equation (21), we get

(%) limg—e0 Pic (212, T) = 0.

Since

(+%) ¥e(z12,7) = Lo [¥a (212, T) — a¥a-1(z12, 7))

Use condition () and () in (18) with property R # 0 to get

. — o —

limy—seo 231 Pa( Y 51 (212,T)) = =1 Pal ¢ 41 (z12,7)) = 0.

and so

£ P (Faa@2m) = 52 D1 (212, 010 0) = (1= Ty 5 38|+ () 0T 1 Gra ) (5,9)]

= (&) IDEW(z12,0) + Tp(z10,0)]) = 0 =0 DE (212, 7)) + Tlp(21,7)] = 0,

which confirms that the behavior §(z12,7) in (16) is the exact exact behavior to NF-
PDEs (4). O

Evaluation of Optimal Value of the Convergence Control Parameter (1)

The efficiency /validity of pHAJTM is confirmed by measuring the L, or residual-
errors. The square residual error [12,14] in the Mth-order solution behavior Sps(z12, T) as
in (19)

by by by >
Am(h) = / / / (R?[Swi(z1,22,7)]) *dz1dzpdT, 23)
ay Jay Jag

where R?[Sy(z12, T)] is refer to residual error in the solution behavior of order M as
Sm(z1,2, T), and controlling parameter /1 appeared in solution (19) have a significant role
and that receive faster convergence rate on suitable adjustment of 7. Precisely, the optimal
value for 71 is values of 71 within the fi-region correspond to that Ay () is minimized, and so
T correspond for which ‘m%m = 0. To CPU time under consideration, following formula
in place of (23) is preferred.

1 €1 €2 C3

_ 2i6. (i 2
Bulh) = o ];k:zol;)(R@[SM(]&zl,kdzz,l(St)] ) (24)

where 6z; = blc_l'” , 02y = bzc;zaz and 0T = 1”35;3“3 We set c; = ¢p = c3 = 10.
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5. Validation of Technique

To validate the efficiency and accuracy of the proposed techniques, we consider the
fractional order system of equations of governing unsteady flow of a polytropic gas.

Take the fractional order system as described in Equation (1) subject to the initial
conditions:

$1(212,0) = €172, hy(212,0) = =1 =172, p(212,0) = €172, P(212,0) = 11 (25)
where 7 is a real constant.

5.1. Validation of J-VITM

By implementing the iteration formula Equation (10) of J-VITM on the system of
Equation (1) with ICs (25), we obtain the following recurrence relation

_ 9\~ op d 1 oP.
P1a+1 = P1(212,0) = J 1K5> J{@u oz A 1 oo PLr = A}( 19)}

0z o) 0z
_ AN am,)l apzl)\ 1 0P
241 = 92,1(21,2,0) —J 1{<§> J{m/\ oz, T2, +P)\ a;}(s 19)}

(26)
_ 9\* do, do, d J
Pa+1 = Pa(z12,0) =7 1KS> J{PMTP + o2 ag +pa épzl)\'*‘mim’)\}(s/ﬁ)}

8\ “ 9P, ap 3 J
pAH:PA(sz,o)—J‘lKS) J{Kima + oo a—/\—i—QP g’”+QP gzﬂ(s 19)]

On solving the recurrence (26), we get
At first iteration:

z1+2 ™ 21+z ™
o1q = eit22( 1 PRSI b ] [ R —
pL1=¢ (*r(zm)) P21 ¢ <+r<a+1>>

o
— z1+2p 1 T . P =
N

At second iteration:

21tz ™ TZvc Z1+2z ™ Tza
— it (1 . — _1—e¢atn(1q
Pr2=¢ ( Tt Tar 1))’ 22 ¢ < ECED N r(zlx+1)>

21 +2Z; ™ TZ‘X
— Atz . —
p2=¢ <1+F(o¢+1)+r(20¢+1)>' Pr=mn

At third iteration:

21+2Z; 2 Tja Z1+2 2 szx
— A1tz - — 1 a2 -
e e ; T(ja+1) V23 toe E{) T(ja+1)’

'vc

*Ezl‘*'zzz ]“+1 P3:;7

In similar fashion, xth order iterative results for x = 6,10 are given computed as

6 joc
_ 21+ — _1—¢atn T
—¢ Zr ]a+1) P26 ¢ 1;1 T(ja+1)

_ ezq-%-lz Z ]DC T 1 P6 =1,
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and 10 j 10 T
" T
PrLi0 =12y s, = -1-e1TRY) s
]; F(ja+1) Jg I'(ja+1)
10 ja
T
pro =12y s, P=1.
]E) F(ja+1)
This concludes that general «th order iterative solutions is of the form
Z1+Z . Tja Z1+2 jzx
- ) = — 1 etz =
P1x = € ;rja-i—l), P2,k = 4 Zr]a+1)
_ ,Z21t22 P. = 1.
fr=c Z I(ja+1) k=
In consequence, «th order iterative solutions converges to the exact solutions as x — co:
21122 - Tja 21+22E o
P1=¢ ;m—e 1 (T)
— zl+zz - _1— 21+22E o
2 Z ]0( I 1 e a1 (T )
_ ,21t22 — 21+22E N
=e Zr(]ﬂ-‘rl) e ﬂ(,l(T)
P=y.
In special case, when & = 1 the above results converges to the exact solutions:
P1(212,7) = 1T2TT, 0 0y(210,T) = —1 = TRIT, 0 p(215,7) = STRIT, 0 P(z1,7) =41 27)

5.2. Validation of pHAJTM
Imposing J-transform on system of Equation (1) with ICs (25), we get
192 21+2) 9 * apl apl 1 0P _
Jp1(z12,1)](s,8) — e + (§> J{ 190, 929, T pazl} (s,0) = 0.
¥ z AN Ie)) dpy 10P
(=1 =t bl a3 el _
Ton(erz ) = S (-1 2) 1 (2) 1[0 52 4 032+ 2 s ) =0, )
Toerz Dl(s,0) — et 4 () 5[y 24 24 o200 052] . =0 =
Pz s 1 0z1 mazz paz

82 A% oP oP ) 9
J[P(z12,7)](s,0) — S (E) J {pl o2 + ng +QprP apl + QP%} (s,8)=0.

Formulate nonlinear operator as follows:
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2

i [g1(z12, TR), 92(z12, TR), 93(z12, TX), 9a(z12, T R)] = J[g1 (212, T V)] (5, 8) — —e1 122

S S
3(z12,T;

2

¥
Dle1(z12, TR), 92(z12, TR), 93(212, T R), @a(z12, TR)] = J[@2(z12, T N)](s,9) — = (=1— 722 & <
1 )
e ——— 4 ,T,‘N 5119
et AP
p1(212, TR), 92(212, TR), 93(212, TR), @a(212, TR)] = I@a(212, T R)| (5, 9)

# ()" 3 3
— =12 4 — ) T 91(z12, TR) 5= ¢3(212, T;R) + ¢2(212, T; N) 5—¢3(212, T; R)
s s 071 02y

AN d d
+ =) T i1(z12, TR)=—@1(z12, TR) + ¢2(212, T R) s— @1 (212, T;R) +
s dz1 02y

J d
J {(/’1 (z1,0, T;N)E¢2(Zl,z, T;R) 4+ @2(2z12, T;N)a?z(Pz(Zl,z, T;R) +

d d
a2, g 112 TN + a2, TN (a1 ) (5,9)
Z1 Z2
192
lp1(z12, TR), 2(z12, TR), 93(212, TR), @a(z12, TR)] = J[@1(z12, TTN)](s,9) — <
+ 9 aJ (z TN)i (212, TN) + ¢2(z T‘N)i (z12,T;N)
S P1(212, T 9z, P4(212, T $2(212,T; 822474 12, T
d d
+Q04(212, T N) 5= @1(212, TR) + Qoyu(z12, TR) =—@2(212, T R) | (5, 9).
821 aZZ

Utilizing (31) in (18) to obtain the recursive formula

o1 (z12,T) = Xag1a-1(z12,T) + 17 [73)1\ [?1 A Paa Pt Paa

_ —
PZ,A(Zl,zl T) = xap21-1(212,T) + 1] [P/\[Hl)\ 1rﬁu 1/ P -1 P 4“

pa(z12,T) = Xapa—1(z12,T) + 17 [7),% [?m—l/ Gor 1 Pacrs ?A—l]
Py(z12,7) = xAPr_1(z12,T) + HI ! [Pﬁ [Wmfh Bor1 P ars ?)\—1]

where
1— xa)0?
Pi [?m—l, For1 P aorr ?A—l] = Jlp1a-1(z12, )] (s, 8) — %621“2

LA K= 991j «3501] 1 0
+<§> J[}Z&){Pm i o2, Lt a1 P +p azlpA 1| (s9)

_ 92
PP 11 Poat Oacr ?A,l) = Jpoa-1(212,7)](s,9) — %(*1 — 172
9 « A—1 a 2 BPZ,]' 1 9
+<§> J|:Z|:@1A i 52, L 4+ pppa- iz, +p P =—Pr 1| |(s9)

_ 92
PYUT a1 Fopr Par )= Jlor-1(z12,7)](s,8) — %em =
o\ [A=1 90 90; 091 90y
+ (*) Iy {@m—l—jgi + @Z,A—l—jﬁ + P/\—l—j?lj + P/\—l—j?;} (s,9)

s =
1— x,)0?
PH B 1A Por1 O ot ?/\71) = J[Pr_1(z1,2,T)](s,8) — %’7

o\e [Azt op; op, 0 200,
+<§)J Z{Pl/\]laz P21, +QA]1T‘|’QA]18 } (s,0).

Lj=0
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P1(z12,T) = —

with the aid of Mathematica software, solve recurrence relation (30).
At first iteration:

hT%e%1 +z hT%e% +z hT®e® +2z

Tagzn’ 9 (z12,7) = Taz) O (210, 7T) = “Tar1) Pyi(z1,7) = 0.

At second iteration:

R (i )T m (h )T
etz _ . —eatn| _
912(212/ ) (r(2a+l) F(a+1) ’ 92,2(21,2/1') 4 F(20¢+1) + r(0¢+1)

P (h+ )T

_ ntm _ . -
02(z12,7) =€ (F(2a+l) Tt 1) > Py(z1,7) = 0.

At third iteration:

(210, 7) = e1F2| — R 2+ 1) (4 4 )T
©13(21,2,T) = TGat1) TEaiD )
(1) = gt [ T 2R LR (4B )
2,3(21,2/ I'(3a+1) I'(2a+1) T(a+1)
pa(eip7) = e [ T 2 B)T (het i 1)
3(21,2, TBa+1) TI'(2a+1) T(a+1)

P3(z12,7) = 0.

In sequel, the terms corresponding to A > 4 for the system of equation can be com-
puted from (30). The 6th order approximate results for the system is

6 6
Sepn(z12,7) = Y 1a(z12,1);  Sepa(z12,7) = Y p2a(z12,7),

A=0 ] A=0 (32)

Sep(z1,2, T Z palz12, T SeP(z1,2, T Z (z12,T

This series solution (32) with # = —1 reduced to

Arx /\04

_ z+zm z1 +z
Se1(212,T) = e Z T(Aa + 1) Sep2(212,7) = Z T(Aw+1)
N )ux
— pZ Z —
Sep(z12,T) = €112 2 toagy SPE2T =1

which is the adjacent form of the exact solution (27) obtained via J-VITM. In addition for
« = 1, it is an adjacent form of the exact solution (27).

5.3. Result and Discussion

Throughout computation fixed z; = 1. The comparison in absolute errors xth order
results (k = 6,10) for p1/p and p; via J-VITM and pHAJTM in 0 < T,2; < 1 are reported
in Table 1 and Table 2, respectively. In consequence, Table 3 reports the comparison of exact
results with 10th order results for g and g, computed via oHAJTM with optimal value of
Iifor0 < z; <1,z = 1 at different time levels 0 < T < 1. The computation is carried out
by taking i = —1 and i1 = —1.0692 (optimal value). One can see that, we can achieve faster
convergence rate with the help of optimal value of the convergence control parameter (7).
The obtained error solutions witness the efficacy of the projected schemes.
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Table 1. Comparison of absolute errors xth order results (x = 6,10) for g1 / p via J-VITM and

oHAJTM for 0 < z1 < 1,z = 1 at different time levels 0 < 7 < 1.

©16(p6) #110(p10)
(21,22, 7) h=—-1  h= —1.0692 h=-1 h = —1.0349
J-VITM HA JTM oHAJTM J-VITM HAJTM oHAJTM
(0.25,1,025) 43627 x 1078 43627 x 1078 2.0887 x 10~ 21316 x 1071* 39968 x 10714 25757 x 10~ 4
(0.25,1,05) 57683 x107° 57683 x107¢  1.6874 x 10~7 44546 x 10711 44606 x 10°11 1.1191 x 1013
(0.25,1,0.75)  1.0189 x10~*  1.0189 x 10~*  3.4828 x 107 3.9379 x 10~ 3.9380 x 1077 3.3333 x 10~ 12
(0.25,1,1)  7.8977 x107°  7.8977 x10~* 15869 x 10~° 9.5331 x 1078 95331 x 1078 1.7106 x 10~1°
(051,025) 56018 x1078 56018 x 10~8  2.6820 x 10~ 27534 x 107 6.0396 x 10714 1.7764 x 10715
(051,05) 74066 x107°  7.4066 x 107®  2.1667 x 10~ 57198 x 10711 57214 x 10~ 4.0856 x 10~14
(0.5,1,075)  1.3083 x10~%  1.3083 x 10~%  4.4720 x 107 5.0564 x 10~ 5.0564 x 107 4.6523 x 10712
051,1) 10141 x1073  1.0141 x10~3  2.0376 x 107> 1.2241 x 1077 12241 x 1077 21923 x 10~10
(0.75,1,025) 71929 x10~%  7.1929 x 10~8  3.4437 x 10~? 34639 x 10714 41744 x 107 6.3949 x 1074
(0.75,1,05) 95103 x 107 95103 x 107  2.7821 x 107 73443 x 10711 73399 x 10711 65725 x 10714
(0.751,075) 16799 x10~*  1.6799 x10~*  5.7422 x 1077 6.4926 x 10~ 6.4929 x10~?  5.4818 x 1012
(0.75,1,1)  1.3021 x 1073 1.3021 x 103 2.6164 x 10> 1.5717 x 107 15717 x 1077 2.8172 x 1010
(1,1,025) 92359 x 1078 92359 x 1078  4.4219 x 1077 44409 x 10714 2.6645 x 1071% 47962 x 10714
(1,1,05) 12211 x107% 12211 x107% 35723 x 1077 94301 x 10711 94241 x 10711 3.8547 x 10713
(1,1,0.75) 21570 x10~* 21570 x10~*  7.3731 x 107 8.3366 x 10~? 8.3368 x 107 6.9846 x 10712
(1,1,1) 16719 x1073 16719 x 1073 3.3595 x 107 2.0181 x 1077 20181 x 1077 3.6275 x 10710

CPU Time 1.8290 4.0150 3.2340 12.0300

For p;: Figure 1a,b depict 2D and 3D behavior of 10th-order computed results for
different «. There is a significant variation in the obtained solutions for different fractional
order a. For the accuracy of the projected schemes, we can consider plots for « = 1 where
the secured solutions are in best match with the exact solutions of the problem under
consideration. Figure 1c,d depicts logarithmic plots of relative errors in «th iterative results
(x = 6,8,10) via pHAJTM for a« = 0.85, 1, respectively, while Figure 1e f depicts logarithmic
plots of relative errors in «xth iterative results (x = 6,8,10) via J-VITM for « = 0.85,1,
respectively. The value of the relative error for the obtained solution is decreases as we
increase the iterations. In the 10th-order iteration, we have achieved the better solutions as
compare to the previous iterations.

For (,: Figure 2a,b, depict 2D and 3D behavior of 10th-order computed results for
different «. The velocity g, decreases with increase in time variable 7. « = 1 curve matches
exactly with the exact solution of the considered problem. The velocity ¢, drops faster for
the decreasing fractional order a. The 3D view of variation of the solution g, for different
fractional order is presented to analyze the influence of fractional parameter «. Figure 2c,d
depicts logarithmic plots of relative errors in xth iterative results (x = 6,8,10) via o HAJTM
for & = 0.85,1, respectively while Figure 2e,f depicts logarithmic plots of relative errors in
xth iterative results (x = 6,8,10) via J-VITM for a = 0.85, 1 respectively. As we increase
the number of iterations, we are getting the better approximate solution for both projected
algorithms. These plots gives an explaination about how large the absolute error is in
comparision with the exact numerical value of the solution.
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Table 2. Comparison of absolute errors xth order results (x = 6,10) for g, via J-VITM and o HAJTM
for 0 < z; < 1,2z, = 1 at different time levels 0 < T < 1.

26 210
(21,22, T) h=—1 h = —1.0692 h=—1 h = —1.0349
J-VITM HA JTM oHAJTM J-VITM HAJTM oHAJTM
(0.25,1,025)  4.3627 x 1078 43627 x 10~%  9.3490 x 10~12 20428 x10~* 25757 x 10~ 25757 x 1074
(0.25,1,05) 57683 x107° 57683 x 10~° 1.7979 x 107 44546 x 10711 44578 x 10~ 1.1191 x 10713
0.25,1,0.75)  1.0189 x 10~*  1.0189 x 10~* 5.4706 x 10~7 3.9379 x 10~? 39380 x 1077 3.3342 x 10712
0.251,1)  7.8977 x10~*  7.8977 x 10~* 1.5031 x 1073 9.5331 x 108 95331 x 1078 1.7106 x 10710
(051,025 56018 x10~8 56018 x10~8  1.2006 x 10~ 11 28422 x 107 6.0396 x 10°1*  1.7764 x 1015
(0.5,1,05)  7.4066 x107°  7.4066 x 10~° 2.3086 x 10~7 57197 x 10711 57213 x 10~ 4.0856 x 10~ 1
(0.51,075)  1.3083 x 10~*  1.3083 x 10~* 7.0244 x 1077 5.0564 x 10~ 50564 x 1077 4.6523 x 10712
(0.51,1)  1.0141 x10~3  1.0141 x 1073 1.9301 x 1073 1.2241 x 107 1.2241 x 1077 2.1923 x 10~10
0.75,1,025) 71929 x 1078 7.1929 x 1078  1.5415 x 10~ 1! 35527 x 10714 42633 x107*  6.3949 x 1014
(0.75,1,05)  9.5103 x107®  9.5103 x 10~° 2.9643 x 10~7 7.3443 x 1071 73399 x 10711 65725 x 10714
0.75,1,075) 16799 x107*  1.6799 x 1074 9.0195 x 107 6.4926 x 10~ 6.4929 x107°  5.3682 x 10712
0.75,1,1) 13021 x1073  1.3021 x 1073 24783 x 1075 1.5717 x 107 15717 x10=7  2.8173 x 10~10
(1,1,025) 92359 x1078 92359 x 1078 1.9796 x 10~ 44409 x107% 51514 x107¥ 95923 x 10~
(1,1,05) 12211 x10~°  1.2211 x 10> 3.8062 x 1077 94301 x 10711 94298 x 10~ 3.6415 x 1013
(1,1,075) 21570 x 1074 2.1570 x 10~* 1.1581 x 10~ 8.3366 x 10~ 83369 x 1077  7.0415 x 10~ 12
(1,1,1) 16719 x1073  1.6719 x 1073 3.1822 x 1075 2.0181 x 1077 20181 x10~7  3.6265 x 10710
Table 3. Comparison of 10th order results for p; and @, via pHAJTM with optimal value of 7 for
0 < z1 < 1,zp = 1at different time levels 0 < T < 1 with exact results.
1 2
(21,22, T) « = 0.85 a=1 Exact x = 0.85 a=1 Exact
(0.25,1,0.25) 4.8728202329 4.4816890703 4.4816890703 5.8728202329 5.4816890703 5.4816890703
(0.25,1,0.5) 6.4418579146 5.7546026760 5.7546026760 7.4418579146 6.7546026760 6.7546026760
(0.25,1,0.75) 8.4088209398 7.3890560989 7.3890560989 9.4088209398 8.3890560989 8.3890560989
(0251,1)  10.9090468543 9.4877358365 9.4877358364 11.9090468543  10.4877358365  10.4877358364
(0.5,1,0.25) 6.2568250301 5.7546026760 5.7546026760 7.2568250301 6.7546026760 6.7546026760
(0.5,1,0.5) 8.2715092930 7.3890560989 7.3890560989 9.2715092930 8.3890560989 8.3890560989
(0.5,1,075)  10.7971398111 9.4877358364 9.4877358364 11.7971398111  10.4877358364  10.4877358364
(0.5,1,1)  14.0074934328  12.1824939609  12.1824939607 15.0074934328  13.1824939609  13.1824939607
(0.75,1,0.25) 8.0339223664 7.3890560989 7.3890560989 9.0339223664 8.3890560989 8.3890560989
0.75,1,05)  10.6208281666 9.4877358364 9.4877358364 11.6208281666  10.4877358364  10.4877358364
(0.75,1,0.75)  13.8638019450  12.1824939607  12.1824939607 14.8638019450  13.1824939607  13.1824939607
(0.75,1,1)  17.9859775918  15.6426318845  15.6426318842 18.9859775918  16.6426318845  16.6426318842
(1,1,025)  10.3157605141 9.4877358364 9.4877358364 11.3157605141  10.4877358364  10.4877358364
(1,1,05)  13.6374133121  12.1824939607  12.1824939607 14.6374133121  13.1824939607  13.1824939607
(1,1,0.75)  17.8014740693  15.6426318842  15.6426318842 18.8014740693  16.6426318842  16.6426318842
(1,1,1)  23.0944523718  20.0855369235  20.0855369232 24.0944523718  21.0855369236  21.0855369232
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Figure 1. Solutions for 1 (212, T). (a) Behavior of computed results from ocHAJTM at 10th iteration
with exact results; (b) logarithmic plots of relative errors in xth iterative results (x = 6,8,10) for (c,e)
« =0.85,(df) « = 1;atz; = 0.5,z0 = 1 and optimal value of 7, for p; obtained from oHAJTM (c,d),
J-VITM (e f) respectively.
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Figure 2. Solutions for p; (212, T). (a) Behavior of computed results from oHAJTM at 10th iteration
with exact results; (b) logarithmic plots of relative errors in kth iterative results (x = 6,8,10) for

(ce)a =0.85, (df) « = 1;atz; = 0.5,z = 1 and optimal value of 7, for p, obtained from o HAJTM
(c,d), J-VITM (e f) respectively.

For p: Figure 3a,b depict 2D and 3D behavior of 10th-order computed results for
different . We can see that the density p increases with increase in time 7. The density
distribution over the space with coordinates (z1, z, T) is presented in Figure 3b. Figure 3c,d
depicts logarithmic plots of relative errors in xth iterative results (x = 6,8,10) via o HAJTM
for &« = 0.85, 1, respectively, while Figure 3e,f depicts logarithmic plots of relative errors
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in xth iterative results (x = 6,8,10) via J-VITM for a = 0.85,1, respectively. Table 3 cites
that we have achieved the solution which is in best match with the exact solution of the
considered problem. We can observe the same in Figure 3.

25

=—a=0.5

0 0.2 04 t 06 0.8 1

2 04 08 08 1o ez 04 0f

(a) Comparision of 10th order solution with exact (b) 3-D plot of 10th order solution in T € (0,1) for
resultsin T € (0,1) distinct values of a
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(e) J-VITM logarithmic plots of relative errors for (f) J-VITM logarithmic plots of relative error fora = 1

a =0.85

Figure 3. Solutions for p(z1 5, 7). (a) Behavior of computed results from cHAJTM at 10th iteration
with exact results; (b) logarithmic plots of relative errors in «th iterative results (x = 6,8,10) for

(ce)x =085, (df) « = 1;at z; = 0.5,z = 1 and optimal value of 7, for p obtained from oHAJTM
(c,d), J-VITM (e f), respectively.
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It is easy to demonstrate numerically from Figures 1c—f-3c—f and Tables 1 and 2 that
for a given order of approximation, o HAJTM with optimal 7 are of high accuracy but
requires larger CPU time as compared to J-VITM. In addition both of the proposed hybrid
methods converges, that is, ) HAJTM with optimal /s converges faster than J-VITM. For
I = —1, the rate of convergence of poHAJTM is the same as that of J-VITM while J-VITM
requires less computational timethan o HAJTM.

6. Conclusions

In that present work studied, two space-dimensional time-fractional models governing
the unsteady flow of pGas via two new efficient techniques so-called poHAJTM and J-VITM.
Both techniques are shown convergent with help of the Banach’s fixed point approach, and
J-VITM is shown T-stable.

For an arbitrary fractional order «, the evaluated solution behavior of the referred
model equation is expressed in the form of well known Mittag—Leffler function. The effec-
tiveness/validity of the evaluated new approximations is demonstrated via a numerical
test example of a two space-dimensional time-fractional model governing the unsteady
flow of a pGas by computing the absolute-errors/relative-error.

The numerical evaluation demonstrates that both of the developed techniques are
convergent and perform better for the considered time-fractional model governing the
unsteady flow of pGas. In addition, for given iteration new results by o HAJTM with
optimal convergence control parameter () are of high accuracy but require larger CPU time
as compared to J-VITM, that is, ) HAJTM with optimal 2 converges faster than J-VITM. It is
remarkably mentioned that for # = —1, both methods converge to the exact results with the
same rate of convergence while J-VITM requires less computational time than oHAJTM.
The motivation of this work is to explore the fractional behaviour of the considered model.
We have observed the significant variations in the solutions for different fractional orders,
which may lead to various physical consequences for the future work.
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1. Introduction

Due to the continued miniaturization of integrated circuits and the current trend
toward nanoscale electronics, power densities, heat generation, and chip temperatures will
reach levels that will prevent the reliable operation of such circuits. In order to minimize
self-heating effects, the development of accurate electrothermal simulators is required,
which takes into account the coupling between electronic and lattice dynamics. In the active
regions of such small devices, heat generation is a direct consequence of the nonequilibrium
carrier transport. In high electric field regions, the electrons are accelerated and collide with
the lattice in such a way that the emission of a large number of phonons contributes to heat
transport in the device. In the framework of semiclassical charge transport, electrothermal
simulators are based on drift-diffusion or hydrodynamic models [1,2], which are able
to capture nonequilibrium transport effects. Alternatively, the direct simulation Monte
Carlo (MC) can provide an accurate nonequilibrium charge transport simulation, which
is free from the approximations made in the drift-diffusion or hydrodynamic model.
Electrothermal Monte Carlo simulators have been developed during these years [3-5]
but not in quantum regimes where the Boltzmann Transport Equation must be replaced
by the Wigner Transport Equation (WTE). Since electron devices are quantum systems
outside of thermodynamic equilibrium, scattering by phonons should be included in the
WTE for a realistic simulation. Many proposals for the collision operator can be found
in the literature [6,7], which provide an accurate description of the phenomena at the
price of a high requirement of computational resources. Because of that, the use of such
operators is restricted to very simple (idealized) systems. In this paper, the effects of
scattering with phonons are taken into account via a semiclassical Boltzmann collision
operator, which employs transition rates calculated using Fermi’s golden rule, obtaining
the so called Boltzmann-Wigner transport equation (BWTE). Numerical solvers of the
WTE can be based on finite-difference schemes [8-13], where scattering was restricted
to the relaxation time approximation and the momentum space to one dimension. The
Monte Carlo method allows for scattering processes to be included on a more detailed
level, assuming a three-dimensional momentum-—space. In this paper, we shall use the
so-called Signed Particle Monte Carlo method (SPMC) [14,15] in which the effect of the
Wigner potential is interpreted as a probabilistic generation of couples of positive and
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negative particles, where the quantum information is carried by their sign. The huge
number of generated particles can be controlled by an annihilation process: two particles
with an opposite sign entering a given phase space cell are canceled. Recently, this method
has also been understood in terms of the Markov jump process theory [16], producing
a class of new stochastic algorithms. Algorithms that belong to this class are a standard
time-splitting algorithm and a new no-splitting algorithm that avoids errors due to time-
discretization [17,18].

Taking advantage of previous Electrothermal Monte Carlo semiclassical models, in this
paper, we shall study the heating effect in a Resonant Tunneling Diode (RTD), coupling
the SPMC solver of the BWTE with a steady-state solution of the heat diffusion equation.
To the author’s knowledge, this model is the first of its kind in terms of model accuracy.
The paper is organized as follows. Details of the Boltzmann-Wigner transport equation
are provided in Section 2, and in Section 3 we deal with the Signed Particle Monte Carlo
method. In Section 3, we introduce the Resonant Tunneling diode structure and in Section 5
the Electrothermal Signed Particle Monte Carlo Method. Simulation results are shown in
Section 6, and conclusions are drawn in Section 7.

2. The Boltzmann-Wigner Transport Equation
The BWTE writes [19]

%fw(t,x,k) + %k Vi fw(t, x, k) + %VW Vifw(t,x, k) = O(fw) + C(fw)- )

x € R% and 7k € R? are the electron position and momentum, respectively, m* is the
electron effective mass, and ¢ the slowly-varying potential satisfying the Poisson equation

V - [eoerV(x)] = —e(Np — Ny — n), ()

where e is the elementary charge, ¢ the absolute dielectric constant, ¢, the relative dielectric
constant, Np, N4 are the donors and acceptors’ doping profiles, and n the particle density

n(t,x) = ./‘fw(x,k,t)dk . 3)

C(fw) is the Boltzmann scattering operator which, in the not-degenerate case, is as fol-
lows [20]:

Cfu) = [ [ws (k' b fu (k) = s (O, K o (), @)

where ws (k, k) is the scattering rate at which electrons suffer with phonons and impurities,
given by the Fermi’s golden rule. The quantum evolution is taken into account by the term

Qfw) = /R,, Vi (3, k — K') fuo (£, 3, K'Y dR, 5)

where V,, is the Wigner potential

_ 1 1 —ik-x! X x
Vw(x,k)—m/Rddxe |:V<x+5>*V<X*E):|, (6)

and V is the rapidly-varying term of the potential energy.

3. The Signed Particle Monte Carlo Method

The quantum evolution term (5) can be interpreted like the Gain term of the collisional
operator of the Boltzmann transport equation, in which the Loss term is missing. However,
the Wigner potential (6) is not always positive and, for this reason, cannot be considered a
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scattering term. The main idea of the Signed Particle Monte Carlo method [14] consists of
separating V;, into a positive and negative part V;, V,, such that

Vo =Vy =V, Vi, Vy 20 @)
Consequently, we can define an integrated scattering probability per unit time as
y(x) = /dk’ Vi (o k— k) = /dk’ Vi (x,k— k) ®)

and rewrite the quantum evolution term as the difference between Gain and Loss terms, i.e.,

Qfa) = [ KW, k) fult, k) = 1(x) fult,x,K) ©)
w(k, k) = Vi(ok—kK)—Vy(x,k—kK)+v(x)d(k—k) . (10)

The interpretation of the scattering term w(k’, k) is that a particle produces, in the same
position, a couple of new particles with weight 1 and —u according to a generation rate
given by the function (x). The momentum of the new particles is generated with probabil-
ity Vi (x,k)/(x). Since usually v is rapidly oscillating, an exponential growth of particle
numbers is expected and, in order to control the particle number, a cancellation procedure
is mandatory.

This procedure has been understood using the theory of the piecewise deterministic
Markov processes [16], where the state space is

zj(t) = (u;(t), x;(t),k;(t)), t>0 , j=1,...,N(t), (11)

and u; € {—1,+1} is the weight. The time evolution of the particle system (11) is assigned
by a deterministic motion according to the flow

F(t,z) = (u,x+o(k)t,k) , v= %k (12)

and a jump kernel Q(z;(t)). The random waiting time 7 until the next jump satisfies

t
P(t>1t) = exp<f / Q(F(s,z)) ds> . (13)
Jo
For numerical purposes, we introduce a majorant V,, such that
[V (x,K)| < Vi, k) Vx, ke RS . (14)
If the j-th particle generates two new particles with
Z/l = (ujsi@Vw(xj,k),xj,k]-—&—k) , Z/z = (M]'Sigan(Xj,k),X]',kj —k) (15)

the jump kernel takes the form [17]

Qz) = % [ 0ty ax (16)
and Equation (13) writes
P(t>t) = exp(— /Ot'?(xj-‘,-v(kj)s)ds) 17)
where
§(x) = % JAZCRLE (18)
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represents the generation probability. It is possible to prove that functionals of the so-
lution of the Wigner equation are expressed in terms of the particle system using the
representation [16]

//cp(x,k)f(t,x,k)dkdx - Ntm' E (

where ¢ is an appropriate test function, and Nj,; = N(0) is the initial particle number. In
order to to separate the transport and the jump processes, usually a splitting time step Af is
used at the expense of a discretization error. This can be avoided by using a no-splitting
algorithm recently introduced in [17,18]. By introducing a majorant for the generation
process (8) and one for the total phonon scattering rate

gl

”f(t)‘/’(xj(t)/kj(t))) (19)

j=1

T, > maxA(k) , A(K) =Y / wa (k, K') dK’ 20)

The total majorant is
r=rs+% (21)

and Equation (17), for all particles, now is as follows:
N ot
P(t>t) =exp| — 2/0 [Ts +9(xj +ov(kj)s)| ds | . (22)
j=1
In the case in which 4 does not depend on the position, we have

1
> = — [ —
P(t >t) =exp(—INt) - T N logr (23)

where r € U[0,1], and 7 is completely determined. With respect to the splitting case, now
the transport and the generation process can not be separated, and the results shall not be
affected by any discretization error.

4. The Resonant Tunneling Diode

A standard Resonant Tunneling Diode structure [21] has been implemented, as shown
in Figure 1. The barriers have depth b = 3 nm, height 2 = 0.3, and the quantum well dimen-
sion is by, = 5 nm, symmetric with respect to the mid-point L/2 (total length L = 150 nm).
The barrier structure is embedded in a 30 nm lightly doped region (Np = 10'® cm~3) which
is connected to 60 nm highly doped regions on either side (N, 5 =10'% cm3).

In this case, the Wigner potential (6) can be easily evaluated in addition to the ma-
jorant (18) (see [18] for the details). The device considered is made by Gallium Arsenide
(GaAs) (with m* = 0.067), and polar optical phonons (POP) within a single I band [20] in
the parabolic band approximation used are taken into account. The total scattering rate is
written as follows [20]:

Mk, TL) = A (k, Tp) + AT (k, Tp) (24)

where the first term represents POP absorption and the second one emission

ey (eL - el)
— o ) T -1 S(k)
A (k, Tp) = T np sinh oy

m*

2L 1
ATk, Tr) = M(no +1)sinh! e(k) _ 1 (26)
) 2¢(k) hwp
reeoh/ =7

The term n¢(Ty) is the phonon equilibrium distribution, i.e.,

(25)
27egh
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no(Tp) = W (27)

fiwy is the polar optical phonon energy (0.03536 eV) and T}, the lattice temperature. The
initial lattice temperature is 300 K, and ohmic boundary conditions are used.

0.4 ‘ ‘
ND =10"%cm
035 f | | | 1
[ \ [
03| nEE 1
b [ b
025t \ [ | 1
[ \ [
= \ \ \
= 02r | ! | 1
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\ \ \
o ‘ L ! L. ‘
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Figure 1. The quantum well region.

5. The Electrothermal Signed Particle Monte Carlo Method

An important issue that arises from the coupling of an MC electronic transport algo-
rithm to any thermal model is the significant difference in the characteristic time scales of
electronic and thermal transport. Electronic transients in GaAs systems are of the order of
picoseconds, whereas thermal transients may be of the order of nanoseconds, microseconds,
or even longer. Performing MC computations for the duration of thermal transients across
the whole semiconductor die would not be feasible. Consequently, the method used in this
paper extracts steady-state electrothermal device characteristics only. The electrothermal
SPMC method of simulation is an iterative approach:

. The initial SPMC iteration is run at a room temperature of 300 K for a few ps, in order
to reach a steady-state;
o As the steady state is reached, electronic parameters are sampled for typically 15 ps,
in order to evaluate the heat generation rate H(x);
e The lattice temperature Ty (x) is obtained by solving the steady-state heat diffusion
equation
Vi (kVxTp(x)) +H(x) =0 (28)

x being the thermal conductivity in GaAs;
e The SPMC solver is rerun, in the next iteration, with the new lattice temperature T (x).
We observe that the scattering rates (25) and (26) depend on the lattice temperature;
e We repeat this procedure until convergence is reached.

This model does not account for temperature changes beyond the semiconductor die.
Radiation losses are neglected, as their contribution at the small die surface areas is insignificant.

The mechanism through which Joule heating occurs is that of electron scattering with
phonons, and consequently only a simulation approach which deliberately incorporates
all such scattering events will capture the complete microscopic, detailed picture of lattice
heating. The phonon emission and absorption events during a simulation run are tallied
and full heat generation statistics can be collected. We wait until the steady state has been
reached at time (. Then, we count our events in the observation points t;, i =0, ..., Nyps.
We evaluate the heat generation rate in two ways:

158



Axioms 2023,12, 216

1.  Counting the phonon number.
We introduce the quantity [22]

n(t;, x) hwy[CH—C]

Clt. . —
H (tl—lltllx) Np(ti,x) dt

(29)

where C* (¢;_1,t;,x), C™(t;i_1, tl,x) are the numbers of the phonon emitted and ab-
sorbed in the time interval (t;_1, t;) in the x-th grid point, n(t, x) the charge density,
and N, (t, x) the particle number at time f in the x-th cell. Then, the heat generation
rate is

1 Nops

Nops 1:21

(H (%)) = H(ti_q,t;,x) (30)
2. using the integrated probability scattering function.
From the integrated probability scattering (25) and (26) we can define

n(ti/x) N

HF(ti/x) = N :
ini

)
vl”jG(f(kf)) . Gle) =hwy[AT (k) = A (k)] (3D
=

Then, the heat generation rate is

<HF > ibSHF (t,x) . (32)

Nops i=

The heat generation is reduced to the usual calculation of functionals according to
Equation (19). This estimator enjoys better approximation properties due to reduced
statistical fluctuations [5].

6. Numerical Results

In order to have a significant lattice temperature increase with respect to the equi-
librium temperature of 300 K, the applied bias voltage V;, must be greater than 0.8 V. In
Figure 2, we plot the heat generation rate versus the position, evaluated by means of the
counting estimator (30) and the integrated probability estimator (32), for V;, = 0.8 V. From
this figure, we can see that the maximum heat is produced inside the quantum well region,
representing a so-called hot spot region.

0.6 T

————counting
int. prob.
barrier

o
~
T

o
o
T

)

o
o

-0.4 1

Heat generation (10'° W/em®)

-0.6 1

08 . .
0 50 100 150
X (nm)

Figure 2. The heat generation rate versus the position for V;, = 0.8 V evaluated by means of the
counting estimator (30) and the integrated probability estimator (32).
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In Figure 3, we plot the corresponding standard deviation, proving the variance
reduction of the integrated probability estimator (32). In Figure 4, we plot a zoom of
Figure 2 with the error bar, proving that the integrated probability estimator is always
inside the tolerance band of the counting estimator. Figure 5 shows the density for the first
two iterations, showing no appreciable variation.
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Figure 3. The standard deviation of the counting estimator (30) and the integrated probability
estimator (32) versus position, for V;, = 0.8 V.
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Figure 4. The heat generation rate vs. position for V;, = 0.8 V evaluated by means of the counting
estimator (30) and the integrated probability estimator (32), with error bar.

Figure 6 shows the lattice temperature evaluated by means of the heat diffusion
Equation (28) for the first two iterations, which are enough to reach the convergence. We
observe that the lattice temperature is decreasing with the iteration number. To explain this
behavior, one must consider the function G(¢) in Equation (31). This function represents the
difference between the emitted and absorbed phonon probability; if this quantity is positive,
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more phonons are released into the lattice and in turn the temperature increases. We plot
this quantity in Figure 7 showing that, for this particular kind of scattering mechanism,
it decreases with the lattice temperature. In Figure 8, we plot the current versus the
iteration number, proving that this quantity is constant. If we double the applied voltage to
Vp = 1.6 V, the increase of temperature is of a factor 5 as shown in Figure 9.

0 50 100 150
X (nm)

Figure 5. The density versus position for some iterations, for v, = 0.8 V.
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Figure 6. The lattice temperature T}, versus position for some iterations, for v, = 0.8 V.
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Figure 7. The function G(¢) (31) versus energy for some lattice temperature.
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Figure 8. The current versus iteration number, for V;, = 0.8 V.
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Figure 9. The lattice temperature T}, versus position for some iterations, for V;, = 1.6 V.

7. Conclusions

The Electrothermal Signed Particle Monte Carlo algorithm provides an accurate tool
for studying heat generation and quantum effects in nanometric semiconductor devices,
at the expense of huge computational effort. The coupling between the MC charge transport
and the heat diffusion equation is given by a term called heat generation rate obtained,
usually, by counting the number of phonons emitted /absorbed during the steady-state.
Alternatively, a new estimator of the heat generation rate, based on the integrated scatter-
ing probability function (32), can be used, which enjoys reduced statistical fluctuations.
Simulation results for a Resonant Tunneling Diode are shown, proving that the heat is
produced almost entirely inside the quantum well and estimating the lattice temperature,
which depends on the applied voltage. The localization of hot spot regions can be useful in
the design of such devices, in order to optimize the heat removal.
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Abstract: Co-infections with respiratory viruses were reported in hospitalized patients in several
cases. Severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2) and influenza A virus (IAV) are
two respiratory viruses and are similar in terms of their seasonal occurrence, clinical manifestations,
transmission routes, and related immune responses. SARS-CoV-2 is the cause of coronavirus disease
2019 (COVID-19). In this paper, we study the dynamic behaviors of an influenza and COVID-19
co-infection model in vivo. The role of humoral (antibody) immunity in controlling the co-infection
is modeled. The model considers the interactions among uninfected epithelial cells (ECs), SARS-
CoV-2-infected ECs, IAV-infected ECs, SARS-CoV-2 particles, IAV particles, SARS-CoV-2 antibodies,
and IAV antibodies. The model is given by a system of delayed ordinary differential equations
(DODEs), which include four time delays: (i) a delay in the SARS-CoV-2 infection of ECs, (ii) a delay
in the AV infection of ECs, (iii) a maturation delay of newly released SARS-CoV-2 virions, and (iv) a
maturation delay of newly released IAV virions. We establish the non-negativity and boundedness of
the solutions. We examine the existence and stability of all equilibria. The Lyapunov method is used
to prove the global stability of all equilibria. The theoretical results are supported by performing
numerical simulations. We discuss the effects of antiviral drugs and time delays on the dynamics
of influenza and COVID-19 co-infection. It is noted that increasing the delay length has a similar
influence to that of antiviral therapies in eradicating co-infection from the body.

Keywords: influenza; COVID-19; co-infection; time delay; global stability; Lyapunov function

MSC: 34D20; 34D23; 37N25; 92B05

1. Introduction

Global health and economies have been severely affected since the emergence of the
severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2) in December 2019. This
virus causes coronavirus disease 2019 (COVID-19), which swept the whole world with
its rapid spread. Based on an update given by the World Health Organization (WHO)
on 18 December 2022 [1], about 649 million confirmed cases and over 6.6 million deaths
were reported globally. Influenza is another infectious respiratory disease that can cause
serious morbidity and death. Influenza viruses of types A, B, C, and D infect about 20% of
the world’s population in annual epidemics, resulting in 3-5 million severe illnesses and
290,000-650,000 deaths each year [2]. Influenza A virus (IAV) usually occurs in winter and
is able to infect many species.

Epithelial cells (ECs) are the targets of both IAV and SARS-CoV-2 [3,4]. Both viruses
have similar transmission paths. In addition, they have quite similar clinical manifestations,
such as cough, myalgia, dyspnea, sore throat, headache, fever, and rhinitis [5]. Viral
shedding often occurs within five to ten days in influenza, while it takes two to five weeks
in COVID-19 [5]. Acute respiratory distress occurs more frequently in patients with COVID-
19 than in those with influenza [5]. Less than 1% of influenza cases may die, while the death
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rate among COVID-19 patients is 3-4% [5]. The precautionary measures implemented
by governments to limit the transmission of COVID-19 can play a role in reducing the
transmission of influenza [6]. Currently, there are eleven vaccines for COVID-19 [7] and
three types of influenza vaccines used worldwide [8].

One study by Zhu et al. [9] reported that 94.2% of COVID-19-infected individuals
were also co-infected with many other types of microorganisms, such as viruses, fungi,
and bacteria. Many co-infections of COVID-19 and influenza were reported in several
studies [5,9-12] (see also the review articles [13-16]). Infection with multiple competitive
respiratory viruses can cause the phenomenon of viral interference. It may happen that a
certain type of virus has the ability to suppress the development and growth of another
virus [17,18]. In [18,19], it was found that SARS-CoV-2 had a slower growth rate than that
of IAV if the two infections started at the same time. If the influenza infection started after
COVID-19, then influenza and COVID-19 co-infection could be detected. The progression
and outcome of COVID-19 are highly dependent on a patient’s immunity. The risk of
co-infection may be increased for persons who are immunocompromised [17]. In addition,
Hashemi et al. [20] conducted a study that reported that, in patients with co-infection of
influenza and COVID-19, the presence of underlying diseases, such as chronic neurological
pathologies, diabetes, asthma, and heart disease, may lead to an increase in mortality.

Mathematical models of mono-infection or co-infection of viruses are important for
understanding in-host viral infections and for developing antiviral drugs and vaccines.
Models of in-host influenza mono-infection were formulated in many works (see the re-
view papers [21-24]). Baccam et al. [25] presented a basic target-cell-limited influenza
infection model. Several extensions were made for this model by incorporating the im-
pacts of innate immunity [25,26], adaptive immunity [27,28], both innate and adaptive
immunities [3,29-32], drug therapies [33], and time delays [34].

The model presented in [25] was used to describe the in-host COVID-19 dynamics
in [35]. Li et al. [36] considered the regeneration and death of susceptible ECs. A model
that was limited to target cells and a model with the regeneration and death of susceptible
ECs were presented, respectively, in [35,36], where they were modified and extended by
taking into account the influences of immune response [37-44], drug therapies [45-47],
time delays [48], and reaction diffusion [49]. In [50], a two-state mathematical model of
within-host SARS-CoV-2-neutralizing antibody dynamics in response to vaccination was
considered. The stability of in-host COVID-19 mono-infection models was investigated
in [41-43,48,51,52].

Pinky and Dobrovolny [18] constructed a SARS-CoV-2/IAV co-infection model that
was limited to target cells. The authors mentioned that some types of respiratory viruses
may be able to inhibit the progression of SARS-CoV-2. In [18], the effect of the immune
response was not included. Moreover, the production and death of susceptible ECs were
not considered. Elaiw et al. [53,54] examined the global properties of a SARS-CoV-2/IAV
co-infection model with antibody immune response. However, a time delay was not
considered in these papers. Time delay is one of the key factors for studying innovative
insights into viral dynamics. In the process of SARS-CoV-2 and IAV infections, it takes
time for the viruses to infect susceptible ECs and then release new mature viral particles.
Therefore, it is important to include a time delay in COVID-19 and influenza co-infection
models. The aim of this article is to construct a system of delayed differential equations
(DDEs) that describe the in-host co-dynamics of influenza and COVID-19. The model
extends the model presented in [53] by incorporating four time delays: (i) a delay in the
SARS-CoV-2 infection of ECs, (ii) a delay in the IAV infection of ECs, (iii) a maturation delay
of newly released SARS-CoV-2 virions, and (iv) a maturation delay of newly released IAV
virions. We first investigate the basic properties of the DDEs; then, we find all equilibria
and examine their global stability. We illustrate the theoretical results via numerical
simulations. The effects of time delays on the dynamics of COVID-19 and influenza
co-infection are discussed.
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2. Model Formulation

This section develops a system of DDEs that describe influenza and COVID-19 co-
infection with four time delays. Let ¢ represent the time and let X(t), Y(¢), I(t), V(t), P(t),
Z(t), and M(t) represent the concentrations of susceptible ECs, SARS-CoV-2-infected ECs,
IAV-infected ECs, SARS-CoV-2 particles, IAV particles, SARS-CoV-2 antibodies, and IAV
antibodies. The following system of DDE:s is to be studied:

ECs production  natural death ~ SARS-CoV-2 infectious transmission ~ IAV infectious transmission

=~ —~S ——— ———
s = eX(h) - SvX()V(t) - GeX(Hp) ©)

SARS-CoV-2 infectious transmission  natural death

——
= eialTlgvx(thl)V(t*Tl) — ﬁyY(t) , ()
TAV infectious transmission natural death
—~
B ewmeX(t—n)P(t—w) — Bl 3)
SARS-CoV-2 production  patyral death ~ SARS-CoV-2 neutralization
—N— —— —_———
= e 2R20yY(t—1) — AyV() —  pyV(HZ() )
IAV production natural death  TAV neutralization
—— N —_———
= EiMT‘*GpI(f—‘Q) — /\pp(t) — ppP(t)M(t) ; (5)

proliferation SARS-CoV-2 antibodies  natural death

—_——— ——
nzV(t)Z(t) - 72Z(t) (6)

proliferation IAV antibodies  natural death

—_—— —_——
IMP(OM(E) = ymM() . )

Here, 71 and 713 are the delays between the entries of SARS-CoV-2 and IAV into ECs
and the start of production of immature SARS-CoV-2 and IAV virions, respectively. 7, and
74 are the maturation delays of newly released SARS-CoV-2 and TAV virions, respectively.
The probabilities of SARS-CoV-2-infected ECs and IAV-infected ECs surviving to the ages
of 71 and 73 are represented by e”*1™ and e~ 3™, respectively. The probabilities of released
SARS-CoV-2 and IAV virions surviving to the ages 17, and 14 are denoted by e~*2™ and
e~ "%, respectively.

The initial states (conditions) for system (1)—(7) are given as:

X(u) = pr(u), Y(u) = pa(u), I(u) =ys(u), V(u) = a(u),

P(u) = s(u), Z(u) = ge(u), M(u) = 7 (u),

$i(u) 20, ue[-1"0],

i(u) € C([=",0], R>o) soen 7, ®)

where T* = max{7, 5, 13, 4 }, and C is the Banach space of continuous functions mapping
the interval [—7*,0] into R>o with ||| = sup_ ., o|i(u)| for ¢; € C. We note that
system (1)—(7), with initial conditions (8), has a unique solution [55].

3. Well-Posedness of the Solutions

Here, we investigate the non-negativity and ultimate boundedness of system (1)—-(7).

Lemma 1. The solutions of system (1)—(7) with initial states (8) are non-negative and ulti-
mately bounded.
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Proof. We have that

aX az aM
i |x—0=10 >0, ar |z—0=0, i |m=0= 0.

Hence, X(t), Z(t), M(t) > 0 for all t > 0. Moreover, for all t € [0, T*], we have:

t
Y(0) = 42(0)e P Gy [P OX 1)V (u = m)du > 0,

0
t

1(t) = g5(0)e Pt gpe 5™ e P00 X (1 — 1) P(u — T3)du > 0,
0

t
V() = ga(0)e b hvev 20N 4 gy ooty o= v v 2Oy (i — zy)du > 0,
0
t
P(t) = lps(o)g_.f[;<AP+PPM(7))dT + gpe—a474/e—.ﬁf(AP+PPM( ))dfl( 7,)du > 0.
0
Hence, Y(¢), I(t), V(t),P(t) > 0 for all t € [0, T*]. Through recursive argumentation, we

get Y (t),1(t), V(t),P(t) for all t > 0. Therefore, X, Y, I, V, P, Z, and M are non-negative.
The non-negativity of the system'’s solution implies that:

% <0—0X = hmsupX() g

Let us define
Yi(t) = e MTX(E—Ty) + Y(b).

Then,

d¥(t)
dt

= MO§ 74T QX(t — Tl) — e*"‘lflg',‘pX(t — T])P(t — Tl) — ﬁyY(f)
SOo—e MTeX(t—m) — ByY(t)
<S—@leMMX(t—1) +Y(H)] =6 — e1¥1(1),

where ¢; = min{o, By }. This implies that

}L%sup‘Fl(t) < Al = tl;n(}osqu(t) < A

KA
P1
Let
Yo(t) =e WBX(t—13) + I(t)
d¥a(t)
dt

=e MBS —e MBeX(t—13) —e BB X(t— 1) V(t—13) — B1I(t)
<5—eMBX(t—13) — Brl(t)

<Jo— ) [67“3T3X(t — T3) + I(t)] =0 — (Pz‘frz(t),

where ¢, = min{o, B;}. It follows that

)

. <2 _ : <
}Lrglc sup ¥ (t) < = Ay = tl;rilo sup I(t) < Aj.
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Let us define

¥a(t) = V() + P(t) + L z(6) + L2 My,
Nz M

dT;t(t) = e 2R, Y(F— 1) — AyV(E) + e T0pI(t — 14) — ApP(t) — P;lz(t)
yA
— PEIM ().
M

Since Y(t) < Ay, I(t) < Ay, then

T gy a1+ 0940 — AyV (1) — ApP() — X2 7(5) — 2y
dt Nz M

<Oy A1 +0pAr — 3| V(E) + P(t) + Y (1) + L2 Mm(r)
1Nz M
=0yA; +0pAy — (p31Y3(i‘)
where @3 = min{Ay, Ap, vz, vm}. Then, we get

lim sup ¥3(t) < vAr +OpA2 As.
t—co @3

Since V(t) > 0,P(t) > 0, Z(t) > 0 and M(t) > 0, then
i < i <
}LIEO sup V() < As, }erlo sup P(t) < Aj,

: Nz : n
< < =
thm sup Z(t) P Az = A4 and thm sup M(t) op Az = As.

O

Based on Lemma 1, we can show that the domain

®={(X,Y,LV,P,Z,M) € CLo: |IX|| [ Y]| < Ay, 1]l < Az, [VI.IIPI] < A3, IZ]] < As,
M| < As}
is positively invariant for model (1)—(7).

4. Equilibria
Here, we calculate the system’s equilibria and deduce the condition of their existence.
Any equilibrium point A = (X, Y, I, V, P, Z, M) satisfies:

0=20—0X — &yXV — EpXP, ©)
0=e “TEXV — ByY, (10)
0=e BEXP — Bil, 1)
0=e220,Y — A\yV — pyVZ, (12)
0= e ™T9p] — ApP — ppPM, (13)
0=19zVZ—2Z, (14)
0 = MPM — ypM. (15)

Solving Equations (9)—(15), we get eight equilibria.
(i) Infection-free equilibrium, Ay = (Xo,0,0,0,0,0,0), where Xy = 6/ 0.
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(ii) COVID-19 mono-infection equilibrium with inactive antibody response A; =
(X1,Y1,0,V4,0,0,0), where

_ ByAv _ oMy
X1 = 67”‘1717”‘21'29\/6‘/, Y= e~220yCy
0 [eTm—muXobyiy 1}

&y ByAv

Therefore, Y7 > 0 and V; > 0 when

e*[){l'[j —Q2T XOQV@'V
ByAv

1f,

V=

e”MmTR X0y gy
ByAv

We define the basic COVID-19 mono-infection reproduction number as:

> 1.

67“1-[1 —0 Ty Xoevév

R =
! ByAv
Thus, we can write:
_ X0 _ o\ _ 0
X = R Y1 = e,azfzgvgv(%l 1), 1= CV(%l 1).

Consequently, Ay exists if #; > 1.
(iii) Influenza mono-infection equilibrium with inactive antibody response, A, =
(Xz, O, 12, O, Pz, 0, 0), where

X, = Birp I = QAp  [eT™BTMEXofplp 4
e BMTGpEp’ e %TfpCp Birp ’
—3T 04Ty Y
R OGPCP—l}.
ép Birp

Therefore, I > 0 and P, > 0 when

e WBTMUXo0psp
BiAp

We define the basic influenza mono-infection reproduction number as:

> 1.

e BBTMUX00pCp
Np= ———— 7",

BiAp
In terms of Ry, we write
XO Q/\p Q
Xo=-n h=—— —1), P = —~ —1).
2T Ry BT gy T2 g (el

Therefore, A, exists if R, > 1.
(iv) COVID-19 mono-infection equilibrium with activated SARS-CoV-2-specific anti-
body response, Az = (X3,Y3,0,V3,0,Z3,0), where

_ 0z Mgy yy

YT avizranz T By(@vrz +onz)’
Yz Ay [emfm=0nsgynz0y

V3 = — Z3 = |- & -
1z ev LByAv(Gvyz +onz)
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We note that A3 exists when

e~ N8y 170y
ByAv(Evyz +onz)

Let us define the SARS-CoV-2-specific antibody response activation number for
COVID-19 mono-infection as:

e*lxlTl *0(2'[256‘/7729‘/

Ry — & T oevizby.
> 7 ByAv(Evrz + onz)

Thus, Z3 = %(%3 —1).
(v) Influenza mono-infection equilibrium with activation of of IAV-specific antibody
response, Ay = (X4,0,14,0, Py, 0, My), where

= Sim I = e B8P rm
Epym + o’ B1(&pym + onm)’
by T gy A [ty
M pp [ BrAp(Epym + 0im)

We note that A4 exists when

e*IX3T37064T45§P17M9P
Birp(Cpym +onm)
The IAV-specific antibody response activation number for influenza mono-infection is

defined as:
§R _ 6*0(3'(370(4'(45§P77M9P
4T BiAp(Errm + onm)

Thus, My = %;(é& —1).

(vi) Influenza and COVID-19 co-infection equilibrium with only the activated SARS-
CoV-2-specific antibody response, As = (X5, Ys, I, Vs, P5, Z5,0), where

Xs = BrAp ve— e Mgy BiApyz )
e~ "B MTUfplp e~ B0 p By
. AeCvrz + 0nz) {57“3“7”‘”“5@13913172 B } Ve 1z
* T e mmuplpynz | PrAr(Gvaz +anz) CT Ty
By — vz + o117 |:e*lx3737ﬁ64745§P9P1/]Z - }
Zpliz BiAp(Gvyz + onz) ’
T v L_“3f3‘“4749pépl3vftv -

Hence, A5 exists when

Zs 1} :/\—V(éﬁl/%z—l).
pv

—a3T3 Ny Ty

R >1land & O6POPIZ 0CpOpriz

Ry BiAp(Svyz + onz)
The influenza infection reproduction number in the presence of COVID-19 infection is

stated as:
. — 6_“3.[3_“474(5@'17917172
* T BiAr(Cvrz +anz)

Hence,

_ MCGvrztonz) g _Svrzt oz g
Is= e=MThplpry Rs—1), P5= Zoz (Rs—1),
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and then As exists if % > 1and R5 > 1.
(vii) Influenza and COVID-19 co-infection equilibrium with only the activated IAV-
specific antibody response, Ag = (X6, Y¢, I6, Vi, P, 0, M), where

-~ ByAv ~ Av(@prym Fonm) [ e 2268y 0y g
X6 = T -0 x Y6 - — -1 7
e~ Mnmngyly e~20yynm | ByAv(Spym + onm)
Jo = S 2tpymByAv oy CPYM T QM [37“1717“2T2(55V9V’7M _ }
emMT R0y Ey By’ Sviim LBYAv(Epym + 0nim) ’
T™ Ap [e™B™MEIpCpBy Ay Ap
=M =22 —1| =2 —1).
Fo M’ Me op e~ 220y y BAp P (/% =1)
We note that Ag exists when
- T — 0T
%o >1 and ¢ OCvby1m
Ry ByAv(Epym + oim)
The COVID-19 infection reproduction number in the presence of influenza infection is
stated as:
B — e N TR Oy im
0T ByAv(@rvm + o)’
Thus,

_ AvCrrm M) gy )y SPTME QM g gy

Y,
¥ e~2R0yCyim Sviim

(viii) Influenza and COVID-19 co-infection equilibrium with activation of both SARS-
CoV-2 and IAV antibody responses Ay = (X7, Y7, I, V7, P7, Z7, M7), where

dnznm e NSy yziM

X oz e e By @tz T vz + enzn)’
I — e BCpymlz vz p M
Br(&pymiz +Cvyznm + enzim) 1z m
7y = )‘l[ e MR EEy By vz B }
ov LBYAv(Epymnz + Evyznm + onzim)
My — @ { e BB MUSEL b7 _ 1}
ep L BiAp(Epymnz + Svrzim + @lizim)

It is obvious that Ay exists when

e~ MnTRREEy Oy vz <1 and e~ BBTMTUGEpOpn vz
ByAv(Epymnz + Gvyzim + anziim) BiAp(Epymiz + Svyzim + Qiziim)

Now, we define

e*ﬂ(]Tl*ﬂ(zTZ‘sévevnMﬂz
ByAv(Epymnz + Evrziim + enzim)’
87 BiAp(Cpymiz + Svrziiv + 0nziim)

Ry =

R

Here, Ry is the SARS-CoV-2-specific antibody response activation number for influenza
and COVID-19 co-infection, and g is the IAV-specific antibody response activation number
for influenza and COVID-19 co-infection. Hence, Z; = :\}—“;(%7 —1)and My = z—l’: (Rg —1).
If R; > 1 and Rg > 1, then Ay exists.
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From what was stated above, we obtain eight threshold parameters that establish the

existence of eight equilibria:

e M2 X0 e "33 %474 X, 0pCp

Ry = ISYAVU vé‘v/ Ry = r 00pCr

Roa = 112208y 120v R, — £3B HCpMOp

BT TByAv@urztenz) 47 B @rmtanm)

Rs = e 373U SE pbpr Re = e M 2R258, 0y nm
BiAr(Cvrztanz) ’ ByAv(Cpymtanm)

Ry — e~ T2 5E L 0y a2 Ry — e "33 pOpi MYz

= ByAv(@pymuz+Evyzimtanzim)’

5. Global Stability

BiAp(Epymnz+Cvrznmtanzim)

This section is devoted to the study of the global asymptotic stability of all equilibria.
We configure the Lyapunov functions by following the way that was outlined in [56,57].
Let A(X,Y,I,V,P,Z, M) be a Lyapunov function and let Oy be the largest invariant

subset of
AN

dt

®k:{(X,Y,LV,P,Z,M) — 0} k=0,1,2,...,7.

We define a function f : (0,00) — [0,00) as F (u) =
(X,Y,L,V,P,Z,M) = (X(t),Y(t),I(t), V(t),P(t), Z(t), M(t)).

Theorem 1. If Ry < 1and Ry < 1, then Ay is globally asymptotically stable (GAS).

Proof. We define

Ay = XoF i 4 MTY 4 BT 4 lgleﬂt171+az‘rzv + &easfwunp
Xo % Op

t

4 vy PVﬁY a111+1x2'rzz+ PPﬁI a3T3+a4‘(4M+§V/ ( )V(u)du

170y nmOp -
t 3
+¢p /X u)du + Bye1™ /Y(u)du+ﬁle”‘3T3
t—13 t—.'rz :

Clearly, Ag > 0 for all X,Y,I,V,P,Z,M > 0, and A(Xo,0,0,0,0,0,0) = 0. We

calculate dd% along the solutions of model (1)-(7) as:

+e +e

dt dt dt it oy

dAo _ <1 _ 7) ax le'rldl A3T3 + ﬁyealrl+azrz CZV 4+ er .BI a3T;+a4T4d£

B N ) S (R ()

1729V dt 17M9P

+Ep[XP — X(t—13)P(t—13)] + ﬁyem [y —Y(t— )] + Bre T — I(t — 1)).

Substituting from Equations (1)—(7), we obtain

Ao
ar

+ ¢ [67“3—[3613)((1' — Tg)P(t — T3) — IB]I}

+ 's—ye“m Han [y Y(t— 1) — AyV — py VZ]
v

P

51’59’ AT [y PM — M) + 8y [XV — X(t— 1)V (¢t — 7))
MYP

173

(l* 7)[5 QX g\/XV {:pXP] +€a1Tl[ ﬂxlTlg\/X(t*Tl)V(t*Tl) *‘ByY}

+ ?easrﬁmu [e"“™OpI(t — 1) — ApP — ppPM] + ‘;Vﬂeaﬂﬁmm 1zVZ —v22)
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+ {fp[XP — X(t — T3)P(t — T3)] + IByEalTl [Y — Y(t — Tz)] + IB[E%E[I — I(t — T4)]. (17)

Simplifying Equation (17), we get:

@ = (1 — &> (6 —oX)+ <§VXO — M3d171+0<21'2>v
dt X Oy
(l:px _ ISI/\P uczra+044r4> pP_ PVﬁY’YZ “111”‘2TZZ orBrYm “373+ﬂ4T4M.
Op 1128y 1m0p

Using the equilibrium condition § = 0X, we obtain:

ANy (X —Xp)? ByAv BiAp
W - X e—MTI— 0Tl (%1 - 1)V + e—BTBA4TY) (%2 - 1)P
PVﬁY’YZ Qe L, orBIYm PIBT
1nz0v mbp

Since 1 < 1 and R, < 1, then dto <Oforall X,V,P,Z,M > 0. Further, i = 0 when
X=XpandV =0,P =0,Z =0,and M = 0. The solutions of system (1)-(7) converge to
@ [55], which contains elements with V = 0 and P = 0. Hence, %’ =0and “;—1: =0, and
from Equations (4) and (5), we obtain

0= ‘%/ =e¢ 0y (t— 1) = Y(t) =0, forall £,
dp *0(4'(4
=g=¢ OpI(t — 1) = I(t) =0, forall £.

Consequently, ®y = {Ag}, and by applying the Lyapunov-LaSalle asymptotic stability
theorem (L-LAST) [58-60], we find that Ay is GAS. [

Theorem 2. If ity > 1, R /Ny <1, and N3 < 1, then Ay is GAS.
Proof. We formulate a Lyapunov function A; as:

_ X a1 Ty Y 4373 ISY 01T+ T v
A = Xqf <Xl>+€ Yq/ Y, +é I+ e \%Y%; Vi

:Bl pBtunp | FVPY PVﬁY Mttty  FPPL PP,BJ BTHTa
0p 120y 77M9P

+‘§VX1V1/tF<X(}u<)V()>d +§p/Xu u)du

t—1

+ ByeM Y / ( )dqu/% et j I(u)du

t—1 t—1y

We calculate d’% as:

&: <1_7>dX+ *171<1_ﬁ>g+ a3'r3ﬂ

dt X ) dt Y ) dt dt
:371/ 0T+ Ty av ﬁ[ 043T3+0¢4T4d£
T, =y )t it
pV;BY a1T1+a212d + PP,BI PPPL a3ty 277 dM
ﬂzev dt TjMGp dt
XV X(t—'ﬁ)V(t—T]) X(t—’ﬁ)V(t—'ﬁ)
X — 1
+ov M{lel X,V i XV
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+ EP[XP — X(E— ) P(t —T5)] + Bye" Y Yll - Y(tgl o) | ln(Y(t - ) )}

+ ﬁ1€a3r3[1 - I(t — T4)}.

From Equations (1)—(7), we get

an, X4
- <1* Y)[(S*QX*EVXV*CPXP]

Y
+eBB [ NBEpX(t — 1) P(t — T3) — Bil]

+ BY gt <1 - %) [e7220yY (t — &) — AyV — pyVZ]

+eMT (1 - ﬁ) [E_lelg\/X(t - T1)V(t — ’l’l) - ‘ByY}

Oy
+ ?ea3r3+a4r4 [67“41'491?1(15 — T4) — )\pP — ppPM}
P
i pVﬁYealTl+uc272 [UZVZ o ’)’ZZ} + PP,BI PTHTy [WMPM _ 'YMM}
1nz0v nmOp
XV X(t-m)V(t—m) X(t—m)V(t—1)
+vXaVh {lel XV, +In <

+€p[XP _ X(f _ T3)P(t _ TS)] + ,BYeallel |:Y11 _ Y(t}jl TZ) +]I1<Y(t;T2)):|

+ Bre®B[I—I(t — 14)]. (18)
Simplifying Equation (18), we get

Y;

Ay (1 - ﬁ) (6= 0X) +EvXaV + EpXuP — Gy X(t — 1)V (t — 1) 3

dt X
+ Ealrlﬁyyl _ eMTtan .BY/\V V— ele'rlﬁyy(t _ Tz)h + eMTIHRT .BY)‘V 12

oy % 0y
4Tt ngPV WZ — BT HasTy BI/\P P — Tt :BYPV’YZ 7 T ﬁIpP’)/MM

0y 6p Ovnz Opiim

Y(fffz))

w> + et By Yy 1“( Y

X1Vl
+§v11n< XV

Using the equilibrium conditions for Ag,
)= QX1 + §VX1V1, §VX1V1 = EulTlﬁyyl,

Y, = €“ZTZAlV1,
By

we obtain
dA X X X(t—7m)V(t—1)Y;
Ttl = <1 - y1> (0X1 —0X) +38y X1 V1 — Cvxlvlyl —CvXiWhy ( leiy L
Y(t*Tz)Vl X(t*Tl)V(t*Tl) Y(t*Tz)
é‘vxl Vl Yliv + gVX1V1 In # + é‘le Vl In f
+ eﬂ<3T3+fX4T4M {ME*%@*MH — 1} P+ e“ﬂﬁ“ﬂzM [@Vl — 1:| 7
0p | BiAp vz |z
_ Tt Brorym M. 19)
Op1m

Then, collecting the terms of (19), we get
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dA X —X;)? X X(t—1)V(t—1)Y
W GEX kv - v - g X leiy 1
_ CVXMM + eﬂ3T3+w4T4M(%2/§Rl -1)P
Y,V 0p

sSSP0 (3) 25500

Byov(@nz +86vrz) qn  qyy _ aamstasm PIOPYM
e~ MT 02Ty, 0y (s —1)z Opm M.

:7Q(X—XX1)2 ax {, (%) o (Y( ;;/z)%) iy (X(t—r;{)l\‘/é;—n)h)}

ﬁYPV(QWZ + gV’YZ) (§R3 _ 1)Z _ Tty IBIPP’YM M.

_ Pidr -
(Ro/R1 —1)P + e~MT—Ry,E 0y Opim

e~ BT,

Since /Ry < 1and N3 < 1, then ¥4 < 0forall X,Y,V,P,Z, M > 0. Moreover,
dAl =0whenX =X;, Y=Y, V=V,P=0,Z=0,and M = 0. The trajectories of

system (1)~(7) converge to ©1, where P = 0. Thus, = 0, and Equation (5) yields
dp — 04T
OZEZE 449p[(t—'l’4):>1(t):0, fot all t.

Then, ®; = {A1} and A1 is GAS by utilizing the L-LAST. [
Theorem 3. Let Ry > 1, Ry /Ry < 1and Ry < 1; then, A, is GAS.

Proof. Consider

Ay = XoF (i) +eMTY 4 BB <i> + ﬁletxl‘fﬁszzv
X5 By

.BI D(3T’;+DC4T4PI <P> 4 Pvby PVﬁY al'r1+v¢2'rzz+ pP,BI BT\
op P 1z0v mbp

e s | (S350

t—7 t—13
t

+€"‘1T‘[3y/Y(u)du—&-e”‘”?’ﬁllz/tF<I(IZ)>du

t—1 t—1y
We calculate dﬂ% as:
ANy _ (1 o 7) ax 4T ily 4 oWT <1 ) ; + .BY et av
t

dr dt dt

ﬁl A3 T304 Ty D\ dpP PVﬁY P TIH0T: az PP,BI BT, am
[t 1—22 )22 1Tt 22 3T3tagTy 20
*e,° ar g6, ° TR it

+ Iy XV -X(t—1)V(t—7)]
XP  X(t—w)P(t—13) X(t—13)P(t—13)
XoP )3(2132 : H“( i )}

+,ByealT1[Y*Y(t*T2)]+‘B[E“3T312|:I—IZ7 I(t;sz}) +ln<l(t;T4)>:|

+EpXoPp {
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From Equations (1)—(7), we have

n,
dt
4+ oM (1 — 172> [e*"‘mng(t — T3)P(t — T3) — ‘BII}

+ §l€a171+a2T2 [Ciazrzgvy(t —T)—AyV — vaZ]
v

+ %GQ3T3+a4T4 (1 _ %) [E—M‘M@PI(t — T4) — ApP — pPPM}

+ pV;BY a1T1+062T2[17ZVZ _ ’)’ZZ} + @6“3'@+“4T4 [WMPM o 'YMM}
’7Z9V UMGP
+ gv[XV - X(t - T])V(t — Tl)}
XP  X(t—mw)P(t— 1) n ln<X(t —13)P(t —13) )}
X, P XoP XP

+¢pXaP {

+ By Y — Y(t — 1)) + BT L {é e Ij“) + ln( It ; ) )] .

Then, simplifying Equation (20), we get

A X I
i (17—2>(5 0X) + EpXoP — EpX(t — T3)P(t — 13) 12 +e%BBI,

dr
_ M3ty Bl/\P a3'r3‘B I(t _ T4) + 3T FagT PI7P :BI)‘P P,
0p 0p
X — I(t—
+§pX2P211‘1< (t ;P(t T3)) +e”‘3T3ﬁ1121n< (t - T4)>
ByAv Sy Xpblye M 2m Bippym M
AT AT 1)V + 3Tz Ay Ty —Ph-1
e Oy ByAv e Oprm \ Tm
_ Tt PVﬁY'YZ 7
120y

Using the equilibrium conditions for Ay,
)= QXZ + észPz, észPz = 6“373‘3112,

L =M™ 3 P,

we obtain
dA X Xo X(t—13)P(t—13)I
= (1732 X - o)+ 38nxaPy — G XaP 3 — GoXam T N
2P
I(t — 1y P; X(t— t—T It —
- é‘szPzi( 121,4) 2+ EpXoPy 1n<—( 3)21,( 3)> +3pXoPo 1n<7( i 4)>
ByAv Do Bror(enm + vmp) it PVPYYZ
emnmngy \ R, )V emn-amgpyye, (4T UM TR g 72
Then, simplifying Equation (21), we get:
dA X — X,)? X I(t— 1) P
th = *Q% +3¢pXoPr — Cpxzpzyz - CszPz%
X(t*T3)P(t*T3)12 ﬁy/\v
—¢pXoPy P, mn-mng, (R/ R =)V

177

(17&)5 0X — Gy XV = EpXP] + e [Ty X (= 1)V (t—71) — By Y]

(20)

Jm

1)
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‘BEPP(QﬁM + ,YMé(P) (§R4 . 1)M . eleT1+a’2T2 pV‘BY’YZZ
e~ BT p M Op 1z0v

oo 5] (t53) g
= *@% ~ EpXaPy [F(’)(;) +r(¥) +F<X(t—r;{)21;(2t; TS)IZH

BrAv /31PP(Q’7M +vmép)
emm—mng, /R =V ety (4~ M

T H T PVﬁY'YZ 7z
1nz0v

If R1/RNy < 1and Ny < 1, then dd# < Oforall X,I,V,P,Z,M > 0. In addition,
dAz =0whenX = X5, =L, P =P,V =0, M = 0,and Z = 0. The trajectories of
system (1)—~(7) converge to ©,, which includes solutions with V = 0, and thus, %’ =0.
Equation (4) implies that

0= l%/ =e R0y Y(t— ) = Y(t) =0, forall t.

Hence, ©, = {A;}, and the global stability of A, follows from applying the L-LAST. O
Theorem 4. Let R3 > 1and Rs < 1; then, Az is GAS.
Proof. We define

‘Bl 1X3T3+0¢4T4P+ pV.BY TR 7 F( >+ PP/BI PBTHTY A
1z20v Z 1mOp

Y EvXsVs /1 (%)dw@; / X (1) P(u)du

t—7

+e"‘171‘ByY3/tF<l(/)>d SR /I(u

t—1p

We calculate d‘% as:

dhs _ (l, f> 4X | um (17 L)‘L%

dt X ) dt dt
ﬁY T 00T av :Bl BT, dp
2 1— 3T3HagTy 2
to,° dt dt
pVﬁY Tt (23 dz pP.BI P 20 dM
+ 7]29\/8 dt Ty I’]Mep dt

XV X(t—’l’l)V(t—Tl) X(t—Tl)V(t—Tl)
+5VX3V3{X3V3 - X3V5 Hn( XV H

+¢p[XP — X(t — 13)P(t — 13)]
+€lx1Tl‘ByY3 |:YX3 _ Y(t - 72) +ln(y(t; T2)>:| +eA3T3ﬁI[I _ I(t _ T4)].

Y3
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From Equations (1)-(7), we get

dAs _

2 (l - %) [6— X — EyXV — EpXP)

e (1228 g (- m)Vr - ) ]

+e0T e BEpX(t — 13)P(t — T3) — Pil]

i %ea1T1+asz (1 _ %) [e72R0yY (t — 1) — AyV — pyVZ]
n %ea3r3+a4‘t4 [e™“™0pI(t — 14) — ApP — ppPM]

Z
+ BB amsen (1= Y vz - pz] 4 EEBL st gy Pt - ]

XV X(t-1m)V(t—1) X(t—m)V(t—m1)
JréVX3V3{X3V3 ; ?I<3V3 +ln< XV l ﬂ
+¢p[XP = X(t — ) P(t — 13)]
+3MT1ﬁYY3 {YXS _ Y(fy—a Tz) +]I1<Y(t;'f2)>} +ea3‘r3‘81[1 —I(t— T4)}. (22)

Then, simplifying Equation (22), we get:

— = (1 - %) (0 —0X) +¢vXsV =gy X(t —T)V(t — Tl)%

+ ealTlﬁng, _ MTtan ﬁY/\V V— ealTlﬁyY(t _ TZ)E + P T ﬁY/\V V3
Oy |4 0y

4 eMTtaT /SYPV VaZ — PMTIHRT ,BYPV'YZ 7 _ pMTtT ﬁYPV 75V

By Oviz Oy
4 efTntan /SYIOV'YZ Zs — 3T tTy ﬁIpP'YMM

Oviz Op1m

wyrytag BIAP [6PX30P _airy oy 4] p Xavaln( Xt =TV~ 7)

+e e {7‘81)\1: e + ¢y X3V3ln —v

T Y, ln<@) .

Using the equilibrium conditions for A3,
0=10X3+3vXsVs, CvX3Va=e"TpByYs,
Y; = 22 /\lV:; + E“szplZ3V3,
Oy Oy
Tz

Va=-—=,
Nz

we obtain

dA; X5
- X

X
T 1- Y)(QXS_QX)+3§VX3V3_§VX3V373

—Tl)V(t—Tl)Y3 Y(t—Tz)Vg,
C FuXaVa— 275
X3V3Y vXaVa Y5V

ey XsVs ln(—X(t - Tl)zg(t - Tl)) +EXsVs ln<7y(t; TZ))

X(t
—CvX3V3 (

4 Tt 'Bé—gp (Rs —1)P — BT Lé‘il’;LM M. (23)
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Equation (23) can be written as:

% = —Q(X*X7X3)2 + 38y XaV3 — gVX3V3% _ gvX3V3%
—CvX3Vs X(t— T;{)\‘//i;f 7)Ys n ea’3‘r3+064'(418é7;\[)(%5 1P 0(3‘1'3*#0(4'(4%1\4
A )
NESE S

—CvX3V3 [F <%> +F <X(t — T;();‘//gi/_ Tl)Y3> s <Y(t;3;f/2)v3>}

+ ea373+a4r4w(§]%5 —1)P— BTy IglpP'YMM
GP 9p17M

Obv1ously, i <0forall X,Y,V,P,M > 0when 5 < 1. Further, = dﬂ = 0when X = X3,
Y=Y; V= V3, =0, and M = 0. Similarly to the proofs of the prev1ous theorems, one
can complete the proof. [

Theorem 5. If Ry > 1and Rg < 1, then Ay is GAS.

Proof. We define a function A4 as:

Ay = X4F< ) +eﬁl‘ﬁy+elx3‘f314p< ) + ﬁleﬂl‘ﬁﬁ-fxﬂzv
Oy

:Bluc7+ucf < ) PV,BY T, pP:BIucTJraT <M>
4 Plosntanp o 2 ) 4 1Mty | SBHUTI N
Op APy 7729\/ mOp M,y
¢ t
+§V/X(u)V(u)du+(§pX4P4 / F<w>du
l‘;Tg X4P4

t—1
A ()
te ﬁyt_/Tz () du + € ﬁlt_/m < )

We calculate dA4 as:

dAy — <1 _ 7> 4x 4T ily 4T <1 7) y + ﬁy Tt 2 av
t t

dt dt dt
B wsrstagmy (1 & dP | ovBY amrarn 42
*e,° ! ar T g6, C it
+ %e%fﬁ“m <1 > dé\t/{ +ey[ XV —-X(t—1)V(t—1)]
XP X(t*T3)P(t*T3) X(t*T3)P(t*T3)
+opXaly {X4P4 XD, +in XP

I I(t— I(t—
+eMTBY[Y — Y(t — )] + e¥BB Iy | — — () | (=) |
Iy Iy I
Substituting from Equations (1)—(7), we obtain

d;:4 = (1 — &> [(5 QX (;‘va épXP} + EalTl [ _D(]ﬁ(’fvx(t — 'l’l)V(t — Tl) — ‘ByY}
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e (1 _ IT4> [e7@BEpX(t— 13)P(t — 13) — By]]

" %ea171+k272 [e7 220y Y (t — 1) — AyV — py VZ]

I %ea3r3+a474 (1 _ %) [37“4749131(1? — 1) — ApP — PPPM}

" Zzé‘}; Tty V7 g, 7]+ %eamwm <1 M4> MMPM — v M]

—+ év[XV — X(f — Tl)V(t — Tl)}

XP  X(t—1w)P(t—13) X(t—13)P(t—13)
+§PX4P4{X4P4 - §4P4 3 4n ( XP > )}
+€a171/3Y[Y—Y(t—T2)]+€a373/5114 {é_ I(f;}"ﬁl) +ln(l(t;T4)>}. (24)

Collecting the terms of Equation (24), we get:

dt X
Q3 T340y Ty BiAp P _ o7 o & 03 T30y Ty BiAp
o e ,B]I(t T4) P +e 0 Py

dA X I
o4 (1 - J) (6 — 0X) + EpXyP — EpX(t — 13)P(t — T3)74 +e"BB

—e
4 T Brop PuM — gtz Brevyz , _ Tty BippYm M
0 Ovnz Opnm

_ pMaTtasTy .Bépp M,yP + 3Tt aTy ABIPP’)/MM
P PIM

+ e T PYZV ‘BY/\V {gVX46V e T _ 1:| V+ ng4P4 ln<X(t — T3)P(t — T3)>
XP

Oy | BrAv
T
+ea3‘[3‘BII4]_n< ( ; 4))

Using the equilibrium conditions for Ay,

0= 0Xy+CpXyPy, CpXyPy=eBBB1ly,

L= el Ap P 4o ftl PP P4M4, Py = PYM
op '
we obtain
dA4 X4 X X(t—T3)P(t—T3)I4
=(1- 22 ) (oX4 — - 24
TS < )(Q 41— 0X) +38pXyPy — EpXyPy e CpXyPy XaP,I
I( T4) 4 X(t*Tg,) (t*T3) I(t*”&;)
— CpXyPy———— X4 P, — 9w/ 2 ST
CpXyPy TP +&pXyPyIn XP + pXyPyIn i
+ TR T ,BYAV (%6 o 1)V _ eMTitan .BYPV’)/Z 7. (5)
Oy Ovnz
Then, simplifying Equation (25), we get:
dAy (X — Xy)? X, I(t — 14)P,
e S X, Py — 24
T3 e +3CpX4Py — CpXyPy e CpXaPy TP

X(t_TS)P(t_T3)I4 T +HA T, .BY/\V ,BYPV'YZ
4 Tt R —1)V — Tt 7
XyP41 oy 6~ 1) Oviz

a3 (M) ()

—pXyPy
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i () () (253

n ea1T1+zszgM(§R6 —1V - a171+a212M7V')/Zz.
Oy vz

Since Ry < 1, then dA4 <Oforall X,I,V,P,Z > 0.In addltlon, i = 0Owhen X = Xy,
I=1,P="P,V =0, and Z = 0. The proof can be completed similarly to the previous

theorems. [

Theorem 6. If 5 > 1, RNg < 1, and N1 /RNy > 1, then As is GAS.

Proof. We define

_ X ok Y Q373 ;BY eMTIHRT v
As = X5/ <X5)+€ Y5/ Ys + e85/ Vsf V5

ﬁl 3BT P, F( >+PVﬁY ettt 7 F(£> PP,BI B THALTL [
Ps Z

0p 1nz0v 77M9P
t
X(u)V(u) X(u)P(u)
+CVX5V5t/ F< XsVs du—i—(',‘ng,P X5P5
—T
+ Ty Ys / < >alu+e”‘3T3ﬁ i / <@>d
115 i u.
=1 -y >

We calculate d% as:

dhs (1 Xs\dX a0 W\ o dI
ar <1 )dt+e 1= Y a7 @

+ &eﬂfﬂlﬂtﬂz (1 7> av +4 'BI BTBHUTy <1 _ j) i
dt

Oy dt
4 Pvey PVIgY PMT a2 (] dz + pPlBI BTty dM
1729\/ df 71M9p dt
Xv X(tfrl)V(t ) X(t—n)V(i— 1)
+ovXsVs {X5V5 X5Vs +in XV
XP  X(t—w)P(t— 1) X(t - 13)P(t — 13)
+épXshs {X Ps X5Ps +in XP

Fe e[ LTy (YO T)Y]

v L1 (1))

It follows from Equations (1)—(7) that

d;f (1_&>[5 X — EyXV — EpXP]

+etn (1 - %) [e™MOEyX(t—T)V(t—71) — ByY]
+ %™ (1 — I—i) [e7"BEpX(t — 13)P(t — 13) — Bil]

+ g—gewﬁm <1 - %) [e7220y Y (t — 1) — AyV — py VZ]
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dAs
ar

P
+ g—;e‘*ﬂﬁm (1 - f) [e7“™0pI(t — 1) — ApP — ppPM]

+ OVBY iy (1 5) MzVZ —y2Z] + —1;’ P ’Z’ BT ) PM — yM]
MvUpP

Uzov

+EyXsVs Lé“% _X@ *T;(i‘;s(f* ) —Hn(x(t - n}g(t frl)ﬂ
+§PX5P5{;§1;5 _Xe —21;:5— ) Hn(x(t— Tiﬁi(t - 73)”
ol M)

+ ey Is {é - I(tl_;“ +ln<1(t - T“))}.

Equation (26) can be simplified as:

dA5 1_&
dt

Y5

)(5 0X) + v X5V + EpXsP — CVX(t—Tl)V(t—Tl)Y

! I A
+eMTBy Y5 — EpX(t— 13)P(t — r3)75 + BB I5 — e“lTﬁMTzBEJV
14
Vs ﬁy/\v ,BYPV

—MTBLY(E— 1) — T+ T V T tan EXEY 7y

MUPyY(t )5 e 5, 57T¢ 8, 2V
_ antan PIAP b 0B enrarn BIAP

e o P —eMBBI(t T4)P +e 5 Ps
0T 0Ty ‘BYPV'YZ ST+ T .BYPVZ V 4 Tt ﬁYpV')/Z 7

Oviz Oy Oviiz

+CvX5Vs 1n<w> + EpX5Ps h(%)

+ ealTlﬁyY5 ln(Y(t - TZ)) + etxsTaﬁIIS ln(I(t ; T4))

+ B THT .BIPP'YM |:77M P — 1:| M.
Opiim LM

—e

Using the equilibrium conditions for As,
0 =0X5+CvXsVs +CpXsPs, CyXsVs =e"ByYs,
A
$pXsPs = "B Brls, Y5 = E“ZTZG*VVS + Cazrzglezsl
v v

1z

Is = “mg b5, Vs=-=,
Nz

we obtain

X X5 X5
(1 - j) (0X5 — 0X) +3GvX5V5 + 3¢ pX5P5 — §VX5V5* —pXsPs—

X
X(t-—m)V(t—7)Ys X(t—m)P(t—13)I5

eVt X5V5Y ~EpXshs X5Ps1

B ':VX5V5% - Cpxsps% +2vXsVs ln<w>
+§PX5P51n<W>  Ev el m(@)

+ EpXsDs 1n<@> 4 T ﬁIPP(é‘PWMUEP;f’;/AE;]M + 01217m) (Re— )M,
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Then, simplifying Equation (27), we get:

dA X — Xs5)? X Y(t— 1) Ve
Tts = —Q% +38vX5V5 +38pXs5P5 — gVXSVSYS - §VX5VS%
X(t*Tl)V(f*T])Y5 X(t*T3)P(t*T3) ( T4)P5
CvX5Vs XaVeY GpXsPs XaPsl —&pXs PSW
X5 Y(t—1)Vs X(t—m)V(t—1)Ys
+(:;'VX5V5 [ln( X) -|—]I1( Y5V +In X5V5Y
X X (t—T3)P(t—T3)15 I(t—T4)P5
ng5P5 + ¢pXs5Ps5 |:1n< X > +In ( XaDs1 +1In P
4 T 51PP(€P7M772 + Svrziim + enzim) (R — )M
¢pOpMnz
(X — X5)?

sl () o (LS (1)

—~ 2pXsPs {F(ff) +F< (t_T;)SI;(StI_ T3)15> +F<I(t;5;4)P5>}

wytstagr BIOP(EPYMIZ + Svyziim + 0z1m) (Rs — 1)M
¢pOpMnz

+e

If Rg < 1, then $5 < Oforall X,Y,I,V,P,M > 0. Moreover, we have dA“ = 0 when

X=X5Y=Y5V=V;,1=1I5P= Ps;,and M = 0. One can show that @5 = {As}, and
then As is GAS. O

Theorem 7. Let g > 1, Ry < 1and RNy /Ny > 1; then, Ag is GAS.

Proof. Consider

Ag = X6F<£> +€MT1Y6F(1> +ezx3'(3[ F( ) /SY a1T1+a212VF<V)
X Yo Ve

/31 B BHUTD F( >+ PVﬁY oc1‘r1+a2‘rzz+ PPﬁI 3T HT A F< M)
Ps 1z0v nmOp M,

+€VX6V6/tF<X(u)V(M)>d”+CPX6P6/F(X(H)p(u)>du

XeVe XePe

+eMTBL Y / F(Yf,z))du—l—e“@ﬁﬂé / F(%)du.

t—1p t—14

We calculate % as:

dNg X Y6 &y o d
ar (1 )dt+€ ! a T )@

+ &elxlﬁﬂ‘ﬂz (1 7) av + g 51 PBTBTTY <1 _ j) 4P
6 P

1% dt dt
4 PvPy PV/gY Tt 22 dz 4 £PPL pP/gI BTN (1 % d7M
1729\/ dt 17M6p dt
XV X(t—w)V(t—1) (tfrl)V(tfrl)
+EvXeVe {Xév(, XeVe +in XV
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A [ X Xuzmb=n) (X(t, L 43>)]

g L Y0y (Y m))

+ea3-r315116|:é7 I(tl—674) Hn(l(ﬁm))}

It follows from Equation (1)-(7) that

dﬁ“(l—&)w 0X — EyXV — EpXP]

+ EMTl <1 - %) [e*"‘m@vx(t - Tl)V(t — Tl) — ‘ByY}
+ 6“31—3 <1 — IT6> [67“3.[3517)((1’ — T3)P(t — T3) — :BII}
& Q1T+ T2 _ E —a2T _ _ _
+ 0 e 1 v [6 OvY(t— 1) —AyV vaZ}
\4
+ %e“ﬂﬁm <1 - %) [e”"T0pI(t — 14) — ApP — ppPM]
P

4+ BvPY PV,BY vt11’1+042‘r2[17 VZ— ’YZZ] + PP/SI P TUT <1 M6>[77MPM*')/MM}

1nz8v
+ EvXeVe [;6‘;6 CX(t— T;(Z‘é(t - n) +ln<X(t _ Tl)x(t _ 71)”
+&pXePs Lél;é _X(- ?{ilz;(t — ) Hn(X(t - réglzz(tf @))}
+ea3f3‘3116{é7 1(t1—674) +1n<l(t;r4))} o

We collect the terms of Equation (28) as follows:

dA X Ye
dt6 = (1 - i) (0 — 0X) + &vXeV + EpXeP — EyX(t — 1)V (t — 1) 2 %

+ e By Ve — pX(t — 1) P(t — r3)176 + BB B g — M ﬁgm’v
v

+ PMTIHRT ,BY)‘V Ve — 3Tty PIZP ﬁIAP

Ve
_ eMT _ 2
e ‘ByY(t Tz) V oy op

_ E“3T3‘311(t _ T4) + 3T HTy :BI PP + P BHuY :BIPPP M

_ elX3T3+lX4T4 ;BIPP’YMM e&(3T3+0(4T4 ﬁIpPM P+ etX3T3+tX4T4 /SIPP')/M M6

Opiim Op Oprm
t—nm)V(t—m)
4 grm+arn PYOVYZ [”Zv 71]Z+ X6V, ln< (
Ovnz vz CvXeVe XV
X(t—1)P(t—T Y(t—1
+§PX6P6 ln(—( 3}213( 3)> +€a1TlﬁyY6 11’1(7( Y 2))

+eMTBB I, ln(l(t;lu))
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Using the equilibrium conditions for Ag,

6 =0Xe+ v XeVe + §PX6P6, CyXeVe = e ByYs, CpXePs = e pls,

A
Yy = EaZTZTVV6, Ig = vz4-r4 o P + 6“4-[4 Pr P6M6, Py = m,
4 M

we obtain

dA X Xe
— (1 - *6> (0X6 — 0X) + 38y X6V +3CpXePs — Cv Xe Vo~

dt X
X X( *Tl)V(t*Tl)Y6
ErXePo~ —CvXeVe XVeY
B X( —5)P(t— 1)l B Y(t— 1)V
¢pXePs XePol éVX6V67Y6V
I(t —1q) P X(t—7)V(t—1
*Cpxspéi( 16;) 8 +CVX6V61H<—( 1}3‘/( 1))
X(t—13)P(t— Y(t—
+§pX6P61n<—( :;213( 3)> +§VX6V6]_H<7( % 2)>
+ EpXePs 11‘1(1(t - T4)> 4 Mt 5YPV(€P'YM772 +Cvrzim + QWZWM) (§R7 o 1)Z. (29)
I Svovimiz
Then, simplifying Equation (29), we get:
dAs (X=X’
a X

— v XeVe {F(f;) +F< (t _T;()X/i;_ T1)Y6> +F<Y(t;;)v"’”

[ (%) o (OO k) (1]

4+ eMT +arm ngPV(éP'YMUZ + éV’yZﬂM + QUZWM) (%7 _ 1)Z
SvOvimiz

If R < 1, then %e < Oforall X,Y,I,V,P,Z > 0. In addition, %46 = 0 occurs at X = X,
Y =Y,1=15V =V, P = Ps,and Z = 0. The proof can be completed similarly to the
previous theorems. [

Theorem 8. If Ry > 1and Rg > 1, then Ay is GAS.

Proof. We define a function Ay as:

st () e (2] (1) oo ()

ABI 3T HTL P, F( ) PV,BY Mt 7 F( ) PP,BI 3 THTy [ F( M >
Py 1z0v 77M9P My

+§VX7V7/tF<X(u)V()>d U+ EpXoPy /

X7V X7P7 )

t—1

L eMTBLY, / F<Y(u)>du+e“3T‘,B I /F(%”)du.

=1 =14

We calculate % as:
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an; 7X7 dX a1 Y7\ dY 23T 717 dl
7‘(1 Y)E* Uy)ate T a

+ ﬁlea171+azrz (1 7) 4 4 PL ﬁl 3Tt aTy (1 ) dap
0

v ar " op dt
+ Zzgé ST H2Ts <1 _ 1) % n 5;!;; ST <1 ) d;:l
. e )

empyy | - TR (V2]

+€‘X3T3‘B[I7 i_l(tfnl)_’_]_n I(t7T4) .
I7 I7 I
It follows from Equations (1)—(7) that

s - (17&){5 0X — EyXV — EpXP]

, Y
L WO Yy [
ven(1-7

7

' I7
3B (1 - L
+e < I>

+ %eﬂélTl‘lesz (1 — %) [e”"ZTZGVY(t — Tz) —AyV — vaZ]

+ %EQ3T3+D(4T4 <1 - %) [€_W4T49p1(i’ - 'L’4) - /\pP — ppPM]

e MTEX(t—T)V(E— 1) — ,BYY]

[ (
[efﬂs'fs’g'PX(t —13)P(t—13) — 511}

i (1 vz

+ :]7]\[:[@; lX3T2+£L4T4 <1 M7> [WMPM - r)/MM}

+CVX7V7{;7‘;7 _ X(t—r;(i;(t—ﬁ +ln(X t—rl t_Tl)ﬂ
+§pX7P7|:)§iIIZ7 B X(tf”;g(i;(tf’% +ln<X t— 1 P(t—g))}
e {Yé B Y(t;7 ©) ( (t— Tz)ﬂ
+6“3T3ﬁ117{%— I(t;m) +1n< (t;'r4)>} 0
We collect the terms of Equation (30) as follows:
% = (l — %) (6 —0X)+EvXyV 4+ EpXyP — EyX(t— 1)V (t — Tl)*
+ MM By Yy — EpX(t — 13)P(t — 13) F TR L, — e THRT ﬁgév v
”‘171/5yY(t _ Tz) 4 eTitmn PYAV .BY \4 Vo + T ﬁyPVZV
Ov by
_ B"‘3T3+“4T4%P — 6“373‘81[0 _ 74)% + PBTBTaT %P7
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+ 60(373+064T4 ﬁlpp P7M _ eleT1+062T2 ,BYPV,)/Z 7 — eﬂclT1+0(zT2 ‘BYPV VZ7
Oyiz Oy
4 eMTtRD .BYPV'YZ 7, — 3T aTy .BIPP’)/MM _ Tty .BIPP M, P
Oviiz Opiim fp

s oy PIOPYM X(t-n)V(t—n)
+e 9pi7M My + Cvx7V7 ln< XV

+¢pX7Py IH<W> +eMTBYY, ln<w)

+3a373ﬁ1171n<1(t;1—4))~

Using the equilibrium conditions for A7,

0 =0X7+CvX7V7 +CpX7P7,
Cy X7 V7 = MM ByYy, EpXyPr = BB,

Y7 22 3 V + 6“21—2 pv V7Z7, 17 et g P + 8a474 pp P7M7,

v =12, p—IM
Nz '’
we obtain
dA X X7 X7
Tt7 = <1 7> (0X7 — 0X) +3¢v X7 V7 +3¢pX7P7 — EVX7V77 —¢pXyPr— X
X(t—Tl)V(t—Tl)Y7 X( —T3)P(i’—T3)I7
SvX7V7 VoY GpX7P; X1
Y(t— )V, I(t — )Py X(t—1)V(t—1)
§VX7V7Y77V §PX7P7T+§VX7V7IH v
X(t—13)P(t—T Y(t—
+¢pX7P; 1n<%> + v X7 V7 111((T2)>
1 Ep XDy 1n<LIT4)>. 31)

Then, simplifying Equation (31), we get:

dn; (X —Xp)?

a4 x

X X(t—m)V(t—m)Y, Y(t—1)V,
ol () () )
X X(t—13)P(t—13)I I(t —14)P;
oo r (%) 4 (RO (10 mr)]
Clearly, = dA7 <Oforall X,Y,I,V,P > 0, where d[/l\; =0when X = X7, Y=Y, V=1V,

I=1 and P = P;. One can show that ®; = {A7}, and by using the L-LAST, we find that
Ayis GAS. O

The existence and global stability conditions of the equilibria are summarized in
Table 1.
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Table 1. Existence and stability conditions of the equilibria.

Equilibrium Point Existence Conditions Global Stability Conditions
Ay = (X,0,0,0,0,0,0) None Ry <Tand Ry <1

A = (X4,Y1,0,V4,0,0,0) Ry >1 Ry >1,R/Ry <land N3 <1
Ay = (X2,0,12,0,P,,0,0) Ry >1 Ry >1, RN/ My <land Ry <1
Az = (X3,Y3,0,V3,0,73,0) RNz >1 RNz >1land N5 <1

Ay = (X4,0,14,0, Py, 0, My) RNy >1 Ry >Tand g <1

As = (Xs,Ys,15, Vs, Ps, Z5,0) RNs > land Ry /Ry > 1 N5 >1,Ng <Tand Ny /Ny > 1
Ao = (X6, Yo, 16, Vo, Ps, 0, M) RNe > land Ry /Ry > 1 Re > 1, N7 <Tand Ro/Ny > 1
A7 = (X7,Y7,17, Vs, Py, Z7, M7) N7 >1land Rg > 1 N7 >Tand RNg > 1

6. Numerical Simulations

We illustrate the global stability of the model’s equilibria via numerical simulations.
We use the values of the parameters presented in Table 2. In addition, we discuss the effects
of antiviral treatments and time delays on the co-infection dynamics.

Table 2. Model parameters.

Parameter  Description Value
6 Production rate of susceptible ECs 0.5
0 Death rate constant of susceptible ECs 0.05

By Death rate constant of SARS-CoV-2-infected ECs 0.11

Br Death rate constant of IAV-infected ECs 0.2

oy Virus—cell incider}ce rate constant between 02
SARS-CoV-2 particles and susceptible ECs

Ay Death rate constant of SARS-CoV-2 particles 0.2
Neutralization rate constant of SARS-CoV-2 by

v SARS-CoV-2-specific antibodies 0.05

o5 Virus—ce}l incidence rate c'onstant between 04
TAV particles and susceptible ECs

Ap Death rate constant of IAV particles 0.1
Neutralization rate constant of IAV by

op IAV-specific antibodies 0.04

vz Death rate constant of SARS-CoV-2-specific antibodies 0.05

YMm Death rate constant of IAV-specific antibodies 0.04

oy Constant 1

a Constant 1

a3 Constant 0.1

ay Constant 0.1

6.1. Stability of the Equilibria

Here, we fix the delay parameters as 7y = 0.1, , = 0.1, 73 = 0.2, and 7y = 0.2. In
addition, we solve system (1)—(7) with the following initial states:

1) = (X(u), Y (), I(u), V(u),P(u), Z(u), M(u)) = (5,1,0.5,0.03,0.5,1,4),
IS : (X(u), Y (1), [(u), V(u), P(u), Z(u), M(1)) = (4,1.5,0.7,0.06,0.8,2,6),
ISQD) : (X(u), Y (u), I(u), V(u), P(1), Z(u), M(u)) = (3,2,1,0.3,1.4,3,8),
where 1 € [-0.2,0].

We use the values given in Table 2 and select eight sets of values of ({y,Cp, 1z, M) for
the following strategies.
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First strategy (Stability of Ag): (&v,&p,nz, 1m) = (0.001,0.001,0.01,0.02). These values
gives 1 = 0.0744 < 1 and RN, = 0.1922 < 1. It is shown in Figure 1 that the trajectories
starting with initials IS(I)-IS(IIT) tend to the equilibrium, Ag = (10,0,0,0,0,0,0). This
supports the global stability results given in Theorem 1. In this strategy, both influenza
and COVID-19 will be cleared. In fact, making #; < 1 and R, < 1 can be achieved in one
or more of the following ways: (i) applying two antiviral drugs for blocking SARS-CoV-2
and TAV infections with drug efficacies of ey and €p, respectively, where 0 < ey < 1 and
0 < ep < 1; then, the parameters ¢y and &p will be reduced to (1 — ey )&y and (1 —ep)&p,
respectively; (ii) applying two antiviral drugs for blocking the replication of SARS-CoV-2
and AV with drug efficacies of ey and ¢p, respectively, where 0 < ey <land 0 <ep < 1.
Then, the parameters 6y and 6p will be reduced to (1 — ey )8y and (1 — ¢p)0p, respectively.

Second strategy (Stability of Aq): (Ev,ép,nz,1m) = (0.05,0.001,0.002,0.02). This se-
lection provides #; = 3.7215 > 1, 3 = 0.1431 < 1, and Rp/R; = 0.0516 < 1. The
equilibrium A exists with Ay = (2.69,3.008,0,2.72,0,0,0). Figure 2 shows that the trajecto-
ries initiated with IS(I)-IS(III) converge to A1, and this result agrees with Theorem 2. This
strategy suggests that a COVID-19 mono-infection with an inactive antibody response will
be established.

Third strategy (Stability of Ay): (&v,&p,iz, 1m) = (0.005,0.03,0.01,0.001). This gives
Ry, = 57647 > 1, Ry = 0.2306 < 1, and R /Ry, = 0.0646 < 1. The numerical solution
confirms that Ay = (1.73,0,2.03,0,7.94,0, 0) exists. It can be observed from Figure 3 that the
solutions initiated with IS(I)-IS(IIT) converge to Ay, and this result agrees with Theorem 3.
This strategy suggests that an influenza mono-infection with an inactive antibody response
will be established.

Fourth strategy (Stability of A3): (&v,&pz, 7m) = (0.09,0.002,0.05,0.05). This yields
R3 = 2.3924 > 1 and N5 = 0.1373 < 1. Figure 4 illustrates that the solutions tend to
Az = (3.57,2.64,0,1,0,5.57,0) regardless of the initial states. This result supports the global
stability result given in Theorem 4. This strategy shows that a COVID-19 mono-infection
with an activated SARS-CoV-2-specific antibody response will be attained.

Fifth strategy (Stability of A4): (Ev,&p, 4z, 1m) = (0.01,0.1,0.01,0.02). The values of
R4 and Ry are computed as R, = 3.8432 > 1 and Ry = 0.1489 < 1. Thus, A4 exists
with Ay = (2,0,1.96,0,2,0,7.11). The numerical solutions with initials IS(I)-IS(III) tend
to A4 (see Figure 5). This shows the global stability of A4 given in Theorem 5. In this
strategy, an influenza mono-infection with a stimulated IAV-specific antibody response will
be achieved.

Sixth strategy (Stability of As): (&v,¢p,nz,1m) = (0.09,0.01,0.9,0.001). Then, we
calculate 5 = 1.7469 > 1, Rg = 0.2112 < 1, and /R, = 3.486 > 1. The numerical
results displayed in Figure 6 establish that A5 = (5.2,0.21,1.05,0.06,4.11,9.94,0) exists
and that it is GAS; this agrees with the result of Theorem 6. This result suggests that a co-
infection with influenza and COVID-19 with only an active SARS-CoV-2-specific antibody
response will be attained.

Seventh strategy (Stability of Ag): (&v,Ep,1z, 1m) = (0.04,0.05,0.01,0.05). We compute
Re =1.654 > 1, Ry = 0.5133 < 1, and Ry /R = 3.2272 > 1. We find that the equilibrium
Ag = (3.36,1.63,0.66,1.47,0.8,0,5.57) exists. Figure 7 draws the numerical solutions of the
DDEs with initials ISI)-IS(III). It is shown that Ag is GAS, and this supports the result of
Theorem 7. This strategy leads to a co-infection with influenza and COVID-19 with only an
active IAV-specific antibody response.

Eighth strategy 8 (Stability of Ay): (Ev.,ép,iz,7m) = (0.09,0.09,0.5,0.5). This se-
lection gives R; = 5.0594 > 1 and g = 13.0621 > 1. Figure 8 shows that A; =
(7.55,0.56,0.27,0.1,0.08,16.24, 30.16) exists and that it is GAS according to Theorem 8.
This strategy leads to the case of co-infection with influenza and COVID-19 in which both
types of antibody responses are active.
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Figure 1. Solutions of system (1)-(7) when $; < 1and R, < 1 (first strategy).
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Figure 4. Solutions of system (1)—~(7) when R3 > 1 and R5 < 1 (fourth strategy).
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Figure 5. Solutions of system (1)—~(7) when R4 > 1 and R¢ < 1 (fifth strategy).
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Figure 6. Solutions of system (1)~(7) when R5 > 1, R /R > 1, and Rg < 1 (sixth strategy).
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Figure 7. Solutions of system (1)—~(7) when ¢ > 1, R, /R > 1, and Ry < 1 (seventh strategy).
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Figure 8. Solutions of system (1)—~(7) when 7 > 1 and Rg > 1 (eighth strategy).
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6.2. Effect of Antiviral Treatment on the Dynamics of Influenza and COVID-19 Co-Infection

We consider two antiviral drugs for SARS-CoV-2 and IAV with drug efficacies of ey
and ep, respectively, where 0 < ey < 1and 0 < ep < 1. Then, the parameters {y and ¢p
will be changed to (1 — ey)¢y and (1 — ep)&p, respectively. Moreover, 1 and #, become
functions of ey and ep, respectively, when all other parameters are fixed:

(1 — ev)eialTliazTZXOQng Ry (1 — €p)€7“3737a4T4X09p§p

Ry (ev) = (ep) =

AvBy ApBi
To make #; < 1and R, < 1, the effectiveness of ey and ep has to satisfy
. . eMT +1X2T2)Lvﬁy
eMn <ey <1, ep" = max{O,l — 7}
v v XoOyy
. . eﬂsT3+%4T4APﬁI
e <ep <1, = max{O,l -
P P Xo0pCp

It follows that, if er‘}‘m <ey <land e‘I’,“in < ep <1, then Ag is GAS, and both influenza and
COVID-19 are cleared. Therefore, if real data from patients co-infected with influenza and
COVID-19 are used, the model’s parameters can be estimated and the model can be used
to determine the minimum drug efficacies required to eliminate both SARS-CoV-2 and IAV
from the body.

6.3. Effects of Time Delays on the Dynamics of Influenza and COVID-19 Co-Infection

In this subsection, we analyze the impacts of time delays with various delay parame-
ters 7;, i = 1,2,3,4. We fix the parameters ¢y = 0.13, {p = 0.1, yz = 0.3, and 1751 = 0.5. Let
us consider the following scenarios:

S1: 1 =01, w =0.3, 7 = 0.5, 7 = 0.8,
S2: T = 1, T = 0.9, T3 = 13, T = 14:,
S3: T =1.2348, 1 =1.2348, 713 =149787, 714 =14.9787,
S4: T = 3, T = 4, T3 = 20, T = 25.

From the above values, we solve the system (1)-(7) under the following initial condition:

ISaAV) = (X(u),Y(u),I(u), V(u),P(u),Z(u), M(u)) = (7,0.6,0.5,0.05,0.05,7,8),
u e [-17,0].

The numerical results are displayed in Figure 9. We note that time delays can sig-
nificantly increase the concentration of susceptible ECs and reduce the concentrations of
other factors. Since R; and R, are given in (16), they depend on 7;, i = 1,2,3,4 when all
other parameters are fixed. We observe from Table 3 that #; and }, decrease if 7; increases;
hence, the stability of Ag will be changed.

Now, we need to calculate the critical value of the time delays that makes the system
stable around the equilibrium point Ag. Let 71 = 71 = 12 and 134 = 73 = T4, and we write
1 (T12) and Ry (734) as:

e~ (mta)T2 X9, 7,
ByAv

e~ (e X 0,0,

Ri(t2) = Biip

, Ro(t34) =
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Clearly, when all other parameters are fixed, R; and 3, are decreasing functions
of T2 and T34, respectively. Let us calculate 7j5™ and 733" such that ¥ (Tlr‘z““) = 1and

Ry (T;T“) =1as:
. 1 X
H" = max< 0, In 0fvéy ,
a1+ ap ByAv

i 1 Xobpgp
min
™ = max{O, Tt In (7517\17 .

Ri(t12) <1, forall 7y, > T,

Ro(134) < 1, for all T34 > TH".

Consequently,

Therefore, Ay is GAS when T, > Tlrrz‘i“ and T34 > Tﬂin. Using the values of the
parameters, we get Tjp = 1.2348 and 134 = 14.9787. It follows that:

(i) If 7o > 1.2348 and 134 > 14.9787, then R1(112) < 1, Ra(134) < 1, and A is GAS.

(i) If 71 < 1.2348 or 134 < 14.9787, then Ry (112) > 1 or Ry (134) > 1, and Ap will lose
its stability.

We note that time delays can play a similar role to that of antiviral drugs. This can
guide researchers to create new treatments for influenza and COVID-19 co-infection that
work to prolong time delays.

Table 3. The variation in i1 and #, with respect to the delay parameters.

Delay Parameters R R,
7 =01, 7 =03, 13 =05and 1y = 0.8 7.92 17.56
7 =05 7 =06 15 =10and 7y = 11 3.93 245
71=117=0915=13and 7y = 14, 1.77 1.34
7 =7 =12348and 13 = 7, = 14.9787, 1.0 1.0
n=2"7=3m1=15and 7 =16 0.08 0.9
7 =317 =41 =20and 7y = 25. 0.011 0.22
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Figure 9. Cont.
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400

7. Conclusions

Influenza and COVID-19 co-infection cases were reported in recent works (see, e.g., [59-11]).
Mathematical models can be helpful for understanding the dynamics of influenza and COVID-
19 co-infection within a host. In this paper, we developed and examined a system of DDEs
to describe the in-host dynamics of influenza and COVID-19 co-infection under the effects of
humoral immunity. The model considered the interactions among susceptible ECs, SARS-CoV-2-
infected ECs, IAV-infected ECs, SARS-CoV-2 particles, IAV particles, SARS-CoV-2 antibodies, and
IAV antibodies. The model included four time delays: 77 and 73 for the delays between the entries
of SARS-CoV-2 and AV into ECs and the start of production of immature SARS-CoV-2 and IAV
virions, respectively, and 1, and 74 for the maturation delays of newly released SARS-CoV-2
and AV virions, respectively. We showed the non-negativity and ultimate boundedness of the
solutions. We deduced that the system had eight equilibria, and their existence and stability were
governed by eight threshold parameters (R, i = 1,2,...,8). We used the Lyapunov method
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to prove the global stability of the equilibria. We carried out some numerical simulations and
showed that they agreed with the theoretical results. We addressed the effects of antiviral drugs
and time delays on the co-infection dynamics. We showed that both antiviral drugs and time
delays had the same effect in eradicating co-infection from the body. This can guide scientists and
pharmaceutical companies in synthesizing new drugs that prolong time delays. Our proposed
model can be useful for determining the minimum drug doses that are required to eliminate both
SARS-CoV-2 and TAV infections from the body. Moreover, the model can be used to describe the
in-host dynamics of co-infection with two or more viral strains or co-infections with SARS-CoV-2
(or IAV) and other respiratory viruses.

The model presented in this article can be extended to include several biological
aspects, such as viral mutation [61], stochastic interactions [62], and reaction diffusion [63].
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Abstract: Second-order Ordinary Differential Equations (ODEs) with discontinuous forcing have
numerous applications in engineering and computational sciences. The analysis of the solution spaces
of non-homogeneous ODEs is difficult due to the complexities in multidimensional systems, with
multiple discontinuous variables present in forcing functions. Numerical solutions are often prone to
failures in the presence of discontinuities. Algebraic decompositions are employed for analysis in such
cases, assuming that regularities exist, operators are present in Banach (solution) spaces, and there
is finite measurability. This paper proposes a generalized, finite-dimensional algebraic analysis of
the solution spaces of second-order ODEs equipped with periodic Dirac delta forcing. The proposed
algebraic analysis establishes the conditions for the convergence of responses within the solution
spaces without requiring relative smoothness of the forcing functions. The Lipschitz regularizations
and Lebesgue measurability are not considered as preconditions maintaining generality. The analysis
shows that smooth and locally finite responses can be admitted in an exponentially stable solution
space. The numerical analysis of the solution spaces is computed based on combinatorial changes
in coefficients. It exhibits a set of locally uniform responses in the solution spaces. In contrast, the
global response profiles show localized as well as oriented instabilities at specific neighborhoods in
the solution spaces. Furthermore, the bands of the expansions—contractions of the stable response
profiles are observable within the solution spaces depending upon the values of the coefficients and
time intervals. The application aspects and distinguishing properties of the proposed approaches are
outlined in brief.

Keywords: ODE; convergence; sequence; algebraic decomposition; numerical solution

MSC: 34B37; 34D20; 34D23; 34G10

1. Introduction

Ordinary differential equations (ODEs) have a wide array of applications with respect
to modeling engineering systems and performing numerical (computational) analyses of
data. The systems of differential equations often contain discontinuous forcing functions
(or forcing factors) with applications in physics, engineering, data science, biology, and ge-
ology [1-3]. The comprehensive treatments concerning the solving of differential equations
with discontinuous and periodic forcing functions stem from Filippov [4]. The generalized
form of such equations (termed feedback equations) with single-variable discontinuity can

be represented as X = Ax— BF (x), where F(x) is a discontinuous forcing function and
A, B are the constant matrices of finite dimensions [5]. However, if a differential equation
contains multi-variable discontinuous forcing, then the corresponding two-variable forcing
can be represented as F,(x, t), which has numerous applications in physical systems mod-
eling [1]. It has been noted that the determination of classical solutions to such an equation
is both difficult and insufficient [5,6]. Furthermore, the numerical solution techniques
using software solvers are often prone to failures due to the presence of discontinuous
forcing functions [7]. In order to simplify the equation for the determination of an analytical
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solution, it is often assumed that the single-variable discontinuous function F(x) is finitely
Lebesgue-measurable and linear. Similar problems arise regarding differential equations
in the four-dimensional numerical analysis of meteorological data, which are equipped
with the discontinuous forcing function given in the form G(u(x,t), x, t), where (x,t) is a
pair of space-time variables and the first variable is a function represented as u = f(x, )|,
at a critical state c representing the state of discontinuity [8]. In this particular case, the
analytic evaluation of the term dG/du is not straightforward; as a consequence, a differ-
ent functional form is formulated, which is given as F(x, ) = G(u(x, t), x, t). However,
such a function does not greatly reduce analytical complexity. Thus, the discontinuous
forcing function F>(x, t) is further algebraically decomposed as F,(x, f) = S(x)D(t), where
S(x) € C* and the function D(#) constitutes a discontinuous function [8].

1.1. Motivations

The presence of (discontinuous) Dirac delta functions in the forcing factor is often
considered as multiplicative variety. These types of differential equations with Dirac delta
discontinuity have numerous applications in non-smooth mechanics [9-12]. In general,
the multiplicative variety of a differential equation with Dirac delta forcing is given as
dy/dt = u(t,y) + v(y)é(t), where 6(t) is the Dirac function. In general, the solution is
formulated by incorporating regularizations, wherein the continuous function u(.,.) should
be locally Lipschitz with respect to y and it should be compact in terms of its time interval
within the solution space [12]. Moreover, the additionally required condition is that the
function v(.) should have the following property: v € C! (R), where R is the set of real
numbers. It is known that if u(.,.) and v(.) are globally Lipschitz, then the solution is a
convergent (limiting) function [12]. In this case, the restriction is that regularization is
mandatory to find a solution if the singularity is superimposed at the initial condition. This
motivated us to ask a general question: How do we algebraically analyze a second-order
differential equation with periodic Dirac delta forcing given in general form? Moreover, our
corollary question is as follows: what are the behaviors of such equations under additive
as well as discontinuous and impulsive forcing factors? We address these questions
comprehensively in this paper.

1.2. Contributions

The contributions made in this paper can be summarized as follows: We present the
generalized algebraic analysis and numerical simulations of the behavior of solution spaces
of non-homogeneous ODEs endowed with Dirac delta periodic forcing (refer to Equation
(1)). Our algebraic analysis considers the combinatorial changes in the set of coefficients
of the ODE. The algebraic analysis of the convergence of solution within an exponentially
stable solution space is presented by employing the polynomial expansions of functions.
The proposed algebraic analysis of the solution space does not employ any external function
decomposition or Lipschitz regularizations as preconditions. It is shown that discontinuous
periodic forcing can be regularized within a smooth, exponential solution space admitting
locally finite responses. This results in the formation of sharp boundaries of stable responses
and occasional appearances of instabilities at specific neighborhoods within the solution
spaces, mostly at sharp boundaries. We present the numerical analysis of local and global
response profiles in-detail under varying coefficients and time intervals within the solution
spaces, while considering different algebraic relations between the constant factors of the
governing equation. The results of the numerical analysis are presented as a set of surface
maps exposing the interrelationships between the ranges of constant factors, the algebraic
relations between them, and the degree of non-linearity covering negative and positive
domains. In this paper, DD stands for Dirac Delta, which generates a periodic forcing factor
of the non-homogeneous ODE. The sets of real numbers and integers are denoted by R, Z
respectively, where R = (—oo, +00).
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The rest of the paper is organized as follows. The algebraic analysis is presented in
Section 2. Section 3 presents the numerical simulations in detail. Section 4 presents the
application aspects of the proposed analysis. Finally, Section 5 concludes the paper.

2. Analysis of ODE with Periodic DD Forcing

The general form of a second-order non-homogeneous ODE with a periodic DD forcing
factor can be represented as given in the following equation (note that D is a differentiation
operator and the product f(#)d(t) constitutes forcing):

D24kt = 3o F(1)8(F)
Trt= E 000, 1)

k € R\{0}.

Note that the forcing factor is of the discrete (discontinuous) variety, controlling the
dynamic behavior of the equation in the solution space. Moreover, it is considered that the
sequence generated by the periodic DD forcing factor must be convergent for the solution
to exist. Note that in almost all practical application cases, the finite subsequences are
considered due to computational limitations (i.e., practical cases consider the presence of
convergence within bounded solution spaces). The corresponding finite form of the general
equation for the terms N € Z" can be formulated as:

=N
D?x +kx" = Y f(£)6(t),
=0
1< N < +oo.

@

Let us consider the corresponding homogeneous equation with an exponentially
smooth variety of solutions in the solution spaces for the ODE under investigation. Let
x = ae, {a,b} C R be a solution of a homogenized form of Equation (2). This leads to the
following algebraic conditions to be satisfied:

ab? + kate(n=1bt —
and, ®)
x=— (ka”/bz)e"bt.

It is important to note that the solution of x given in Equation (3) is applicable only for
the homogenized form of Equation (2). However, as Equation (2) is not in a homogeneous
form, we need to resolve the degree of discrete forcing by using the corresponding series
within the solution spaces. Let us consider that there is a sequence in time {sﬁiar “ata
finite interval such that s; € [—aq, +ay], where a; € R,i € {1,2} are the boundaries. As
a subsequence of a bounded sequence is convergent following the Cauchy criteria, the
periodic DD forcing factor can be represented as:

@)1= < (i,
5 5N @
L f(03) = T o

This leads to the following result in view of the algebraic expansion of Equation (3),
while considering the preservation of the conditions given in Equation (4):

t=N

ab? + ka" + (n — 1)ka"bt + ((n — 1)*/20ka" (bt)* + ... =Y o 5)
t=0
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In order to resolve the finite series at multiple time instants, we need a set of varying
sums of sequences satisfying Equation (5). Let us consider a discrete and convergent
sequence space; then, we construct a set of series at different time instants, as given below:

[t=0] = [e; = 0],
t=1=Jer = (n—1Db+ ((n—1)2/2)b> + ((n —1)3/3)b3 +...... ],
[t=2] = [esr=2(n—1)b+2(n —1)20*+ (4/3)(n — 1)°6> +...... 1 (6)

[t=N]=[er=bN((n—1)+ (1/2)(n —1)2bN + (1/3!)(n — 1)3(bN)> +...... ).

Note that Equation (5) is of a discrete variety, and it needs to satisfy the following
algebraic conditions by considering Equation (6):

or = ab® + ka" (1 + &),
e < €441

@)

This immediately leads to the following set of results, which are presented as a set of
theorems that consider the degree of non-linearity (1) as a constant, while the other set of
constants {a, b, k} is considered to constitute finite-valued elements. We present the first
result in the following theorem considering Equation (7).

Theorem 1. If (&;),'% is a Cauchy sequence with b > 0, then L, = lim;_ 4+ <Z th> is not
t
convergent if ka # 0.

Proof. Let us consider a Cauchy sequence (g;),-% such that b > 0. Note that in this case the

condition of Vt € (0,4o0], & > 0is preserved, and the sequence {etﬁ;‘ﬁ7 is not considered

to be bounded as a precondition. Thus, if the corresponding sum of the series is computed as

I =Y (1+¢), then we can conclude that | — +co as t — +co. As a consequence, the sum
t

of the limiting value, computed as L, = lim;_, (): vt> ,is not convergent if ka # 0. OJ
t

This leads to the following lemma representing the strict boundedness condition of

Ly = limn (Zt; v[> within the local space of responses.

Lemmal. If b € [0,1) and N < +oco, then Ly is strictly convergent.

Proof. If we consider that b € [0,1), we obtain the condition given as b" > pmtl As
a result, we can conclude that ¢; € (0, M), where M < +oco and t € (0,N]. Hence,
if we consider an exponentially stable and finite solution space with N < 400, then
—c0 < Kj < Lyny) < Kj < +00, depending on the values of the set of constants {a,n},
and as a result Lv< N) is strictly convergent. Note that the finite boundaries Kj, K, are real
numbers. []

On the other hand, if we impose an additional condition on Equation (7) such that
b < 0,&; < 0, we obtain the corresponding convergence criteria presented in the following

theorem as a result.

Theorem 2. If the sequence (st)f:";’ maintains the conditions that b < 0, & < &4 < 0and
e — —1, then lim;_, o v is convergent.

Proof. The proof is relatively straightforward. In this case, the sequence <et>t+:°1> is a
monotone sequence if we consider that e; < €;41; moreover, it is possible that e; — —1 if we
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impose the following restriction: e; € (—co, —1]. As a result, the limit (lim;—+cv¢) — ab?
is convergent, wherein the set of constants {a, b} is finite-valued. OJ

Remark 1. It is important to note in Theorem 2 that lim;_, .« vt is finite even if k # 0. In other
words, in this case, the convergence of vy is independent of the vanishing k . Moreover, we can
generalize the observation by the condition as V't € [0, 00|, €; € R indicating that g, is finite at
every time instant if the sequence (e;);" is a finitely bounded Cauchy sequence.

Note that we have mentioned earlier that the complete solution of a non-homogeneous
ODE with periodic DD forcing needs to be convergent within the solution spaces. The
representation of Equation (7) and the aforesaid theorems illustrate that convergence
analysis is necessary within the solution space to maintain the finiteness of the responses
of the ODE under periodic DD forcing at different time instants. The detailed algebraic
analyses of the sequential convergence of the terms within the solution space are presented
in the following subsection.

Convergence Analysis

These algebraic convergence analyses consider the complete solution of a generalized
non-homogeneous ODE along with the incorporated periodic DD forcing factor. The
following identity must be satisfied by the complete solution space of the non-homogeneous
ODE with discontinuities:

t=N

ab? + ka"e" "V — ab? N + ka" E (1+¢). )]
=0

This leads to the following conclusion considering the condition that ka" € R\{0},
where an exponential function is strictly convergent (because the solution space is finite):

t=N
—c0 < Y (1+4¢) < +oo,
t=0

=N
Eo (1+4¢) = elr=1b1 4 <%>ab2.

©)

The above algebraic condition controlling the proposed exponential type of response is
of a smooth variety and is convergent, thereby resolving the non-homogeneities generated
by the periodic DD forcing factor. The solution space is termed a locally stable space if we
consider a finite time interval [0, N|, where the responses are also finite. We can derive an
interesting observation, as presented in the following theorem, before proceeding to the
numerical simulations.

Theorem 3. If the solution space is locally stable in the finite time interval [0, N|, then it preserves
the condition —oo < & < +oc0 and ka # 0.

t=N

Proof. Let us consider Equation (9) such that Y (1 +¢;) — e~V = g(1-m=1p2(1 — N).
=0

Note that the right side of the expression is a constant and finite if ka # 0. Hence, the

t=N
expression Y. (1+¢)— p(n=1)bt
t=0

—o00 < g < 400 at the local responses within the locally stable solution space. [J

is convergent at the time interval [0, N], indicating that

It can be observed from Theorem 3 that the finiteness of ¢; can be admitted under the
convergence conditions. The local and global behaviors of the response profiles of the ODE
within the solution space are numerically analyzed in-detail in the following section.
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3. Numerical Analysis

The simulations are performed through numerical computation, where time (t) is
varied in the two different half-open intervals. In one set of simulations, the time interval
is kept very short within the solution space to evaluate the local response profiles. In
another set of simulations, the time interval is comparatively larger (the supremum is
more than 10 times larger) to evaluate the global response profiles of the ODE under
consideration. As a result, if the time, f, is fixed in the interval (0,11), then the generated
responses are called local responses of the ODE. On the other hand, if time f is varied in the
interval (0,400), then the generated responses of the ODE are called global responses. The
simulations are performed in three categories based on the values of the constant factor
ke {1,h,w}, where h € R\[0,+o0) and w € (1, +c0). The other constants, such as a, b, are
varied as a relationally ordered pair (aAb) considering various ordering relations, such as
A € {#,<,>,=}. Inall the cases, the degree of non-linearity (1) of variable x is varied
in the interval [—100,100], covering a wide range in both positive and negative domains.
The response profiles of x(t) are presented for various numerical values of the constants
and the mutual algebraic relations between them considering the homogeneous form,
where the response of ODE at t = 0 is trivially computable and is not emphasized in the
corresponding response profiles. The response profiles are presented as 3D surface maps,
where the X-axis represents time, the Y-axis represents the degree of non-linearity, and the
variations in the responses of x(t) are given by the Z-axis. The computable regions are
presented as surface maps, where the instabilities or singularities in responses are visible at
specific neighborhoods within the solution spaces at boundary regions.

3.1. Response Profiles fork = 1and a # b

In the first set of simulations, we consider that k = 1, while the other constant factors
are kept finite but unequal within the solution space. The generated 3D response profile is
presented in Figure 1 as a surface map for the varying degrees of non-linearity.

Surface of response for short time interval (0 <t <11)

o

B W Unstable boundary

—

T B )
Degree of non-linearity (n) T S— P Time interval (t)

Figure 1. Surface map of local response fork =1, a =1, b = 10.

The surface map illustrates that the local response is uniformly flat in the interior of the
solution space, thus signifying extreme smoothness for the negative values of non-linearity.
However, there are several neighborhoods wherein the local responses attain instabilities in
the solution space when the degree of non-linearity is increased more towards the positive
domain. The corresponding global response profile is presented in Figure 2.
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Surface of response for long time interval (0 <t < 400)

- Unstable
M neighborhoods
0 Time interval (t)

Figure 2. Surface map of global response fork =1, a =1, b = 10.

=% s
Degree of non-inearity (n) B @/(rﬁ

U

It is observable that the global response profile preserves the local response due to
the fixed values of the constants and their mutual algebraic relation (an inequality relation
in this case). Note that the simulations in these cases consider a = k, and the algebraic
ordering is b > a. If we relax the restriction on one of the constants such that a > 1 while
enhancing the values of another constant 10 times compared to the earlier case, then the
generated local response profile retains smoothness, as presented in Figure 3. Interestingly,
in this case, the local response profile is comparable to the global response with constrained
values of the constants, as given in Figure 2.

Surface of response for short time interval (0 <t<11)fora>1andb>a

TR

Unstable
neighborhood

Degree of non-linearity (n)

Figure 3. Surface map of local response fork =1, a =7, b = 100.

The surface map of the global response profile with @ > 1 and b > a is illustrated in
Figure 4. The global response profile retains local smoothness, and the boundary of the
solution space is sharp near the origin, which contrasts with the earlier 3D surface maps.

Surface of response for long time interval (0 <t <400)fora>1andb > a

W Time interval (t)

- R
Degree of non-linearity (n) o

Figure 4. Surface map of global response fork =1, a =7, b = 100.
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Interestingly, if we reverse the combinatorial selection of the constants such that
k=1, a =10, b = 1, then the 3D surface map of local response profile is extended
into the positive domain of non-linearity, as presented in Figure 5. Note that in this case,
the smoothness is preserved for an extended interval within the solution space and the
neighborhood of instability is confined within a narrow zone at a comparatively higher
time interval.

Surface of response for short time interval (0 <t<11)fora>1anda>b

) V220

Time interval (t) Unstable
neighborhoods

Figure 5. Surface map of local response fork =1, 2 =10, b = 1.

The corresponding global response profile is illustrated as the surface map given
in Figure 6. The pronounced effect of non-linearity is observable in the global response
profile as compared to the local response profile, wherein the values of the constants remain
unaltered. The location of the neighborhood of instability is also shifted closer to the origin,
where the boundary of the solution space is sharp.

Surface of response for long time interval (0 <t <400)fora>1anda>b

Unstable
neighborhood

Time interval (t)

Figure 6. Surface map of global response fork =1, a =10, b = 1.

However, the local response profile of the ODE is moderately altered if we increase
one of the constants as b > 1 while keeping k = 1. The corresponding 3D surface map is
shown in Figure 7. It is relatively clear to see that smoothness is retained mostly in the
negative index of non-linearity and that there are instabilities at the boundary region for
the increased degree of non-linearity in the positive domain.

On the contrary, the global response profile exhibits a retraction mode if we increase
the time interval while keeping all other parameters unaltered. This observation is depicted
in Figure 8. The neighborhood of instability is present in the surface map very close
to origin.
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Surface of response for short time interval (0 <t<11)fora>1,a>bandb>1
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Figure 7. Surface map of local response fork =1, a =100, b =7.

Surface of response for long time interval (0 <t <400)fora>1,a>bandb>1
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Figure 8. Surface map of global response fork =1, a =100, b = 7.

The comparisons of the surface maps illustrate that the response profiles of the ODE in
Figure 3, Figure 6, and Figure 8 are nearly comparable. This indicates that the effects of the
combinatorial choices of the constants a, b determine the dynamics of the local and global
responses for the fixed value of k = 1 (i.e., in the positive domain closer to the origin).

3.2. Response Profiles for k > 1and a # b

The simulation results presented in this section illustrate the effects of increasing
the value of k in the positive domain away from origin. The 3D surface map of the local
response profile for k = 40, a = 1, b = 10 is given in Figure 9. The comparisons of the
response profiles given in Figures 1 and 9 show that the increasing value of k reduces the
neighborhoods of instabilities within the solution space.

Surface of response for short time interval (0 <t<11)fora=1,b>a

Unstable
neighborhoods

S

Degree of non-linearity (n) o

Figure 9. Surface map of local response for k = 40, a =1, b = 10.
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Interestingly, the comparisons of the global response profiles given in Figures 2 and 10
show that the surface maps are nearly similar in both cases. This indicates that at longer
time intervals, the effect of the moderately increased value of k is negligible.

Surface of response for long time interval (0 <t <400)fora=1,b>a

Unstable

. o ' Time interval (t) neighborhood
Degree of non-linearity (n) W ==

Figure 10. Surface map of global response for k = 40, a =1, b = 10.

Likewise, if the values of constants a, b are increased while maintaining the algebraic
ordering relation b > a, then the surface map of the local response profile, represented in
Figure 11, remains nearly identical to that of Figure 10. This indicates that the values of
the respective constants do not heavily influence the response when the corresponding
algebraic ordering relation is maintained.

Surface of response for short time interval (0 <t<11)fora>1,b>a

=10
/ Unstable

Time interval (t) neighborhood

——

e

Degree of non-linearity (n)
Figure 11. Surface map of local response for k = 40, a =7, b = 100.

The global response profile of the ODE under consideration is largely similar to those
of Figures 10 and 11, except for the elimination of instabilities at the boundary regions, as
shown in Figure 12.

Surface of response for long time interval (0 <t <400)fora>1,b>a

Time interval (t)

Figure 12. Surface map of global response for k = 40, 2 = 7, b = 100.
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The similarity between Figures 4 and 12 suggests that the global response of the ODE
is stable under the corresponding choices of the constants a, b and the algebraic ordering
b > a and that it is not sensitive to the values of k.

The noticeable shift in the local response profile of the ODE is observable if the
algebraic ordering relation between constants is changed to a > b. The corresponding 3D
surface map of the response profile is shown in Figure 13. Note that the response surface
largely covers both positive and negative domains of varying degrees of non-linearity
(i.e., an expansion of a uniformly stable solution space emerges). The neighborhood of
instability is locally restricted at the sharp boundary region.

Surface of response for short time interval (0 <t<11)fora>1andb =1

)
)

o

e

A_‘ /
_— Unstable
Time interval (t) neighborhood

Figure 13. Surface map of local response for k = 40, a = 10, b = 1.

The global response profile of the ODE with an algebraic ordering of constants of
a > band a value of k = 40 is given in Figure 14. Interestingly, it is nearly identical to the
responses shown in Figure 3, Figure 6, Figure 8, and Figure 11. This observation illustrates
that both the local and global dynamics of the ODE under consideration are highly stable
irrespective of the combinatorial effects exerted by the set of constants {a, b, k}.

Surface of response for long time interval (0 <t <400)fora>1,a>b

—
S \ 72
350
m/m/zﬁﬂ Unstable
e /%/M Time interval () neighborhood
Degree of non-linearity (n) SO — o0

Figure 14. Surface map of global response for k = 40, 2 = 100, b = 7.

3.3. Response Profiles fork > 1anda = b

The results of the numerical simulation presented in this section compute the global
and local response profiles of the ODE under periodic DD forcing, while the parameters are
setasa, b,k € (1,+00) and the algebraic restriction is enforced as a = b. The corresponding
local response profile is presented in Figure 15.
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Surface of response for short time interval (0 <t<11)forab>1anda=b
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Figure 15. Surface map of local response for k = 40, a = b = 100.

The surface map of the local response of the ODE appears to be fairly smooth and
uniform with a varying degree of non-linearity. However, the neighborhood of instability
is observable within the solution space. Interestingly, if we compute the global response of
the ODE in a relatively longer time interval, then the uniformity and smoothness of the
surfaces are retained within the sharp boundary, as presented in Figure 16.

Surface of response for long time interval (0 <t <400)fora,b>1anda=b

I e

Time interval (t)

Degree of non-linearity (n) B S

Figure 16. Surface map of global response for k = 40, a = b = 100.

Notably, the response surfaces are not computable when covering the entire region of
the varying degree of non-linearity. In other words, the global and local response profiles
appear to be incompletely identical across the large solution space under the parameters
applied in this case.

However, if we reverse the sign of k into the negative domain, then the influence of
the degree of varying non-linearity is reduced and the response surfaces are extended, as
presented in the following section.

3.4. Local Response Profiles for k < 0

In this section, we present the local response profiles of the ODE, while reversing the
sign of k into the negative domain away from the origin and fixing the constant b = 1.
However, the other constant is changed to a € (1, +00). The corresponding local response
profile is presented in Figure 17, where a = 10. It is easily observable that the uniform
solution space free of instability is expanded. The oriented instabilities appear in multiple
local neighborhoods at sharp boundary regions.
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Surface of response for short time interval (0 <t<11)fork<0,a>1andb=1
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Figure 17. Surface map of local response for k = —40, a = 10.

Next, we increase the value of constant b such that b = 30 (i.e., three times greater
than the earlier value of constant a), and we reduce the value of constant 2 such that an
algebraic relation wherein a < b is enforced. As a result, the effect of the varying degree of
non-linearity is observable in the local response profile, as presented in Figure 18. Note
that the space of uniformity and smoothness of the surface has contracted. This indicates
that the choices of the values of the constants and the algebraic ordering have effects on the
local response of the ODE under periodic DD forcing.

Surface of response for short time interval (0 <t<11)fork<0,a<b

Unstable
neighborhood

Figure 18. Surface map of local response for k = —40, a = 4, b = 30.

Finally, we reverse the algebraic ordering relation of constants {a, b} again and we
keep the value of constant k unaltered in the negative domain. The corresponding local
response profile is presented in Figure 19.

Surface of response for short time interval (0 <t<11)fork<0,a>b
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/ Time interval (t) neighborhoods
100
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Degree of non-linearity (n) o

Figure 19. Surface map of local response for k = —40, a =10, b = 2.

Observe that the space with a stable response is expanded, covering widely varying
degrees of non-linearity unlike the earlier case. However, the neighborhoods of instabilities
at the boundary within the solution space are observable in the response profile.
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3.5. Evaluations of Variations of Sum of Series

In this section, we present the variations of the sum of series ) ; (14 ¢;) as given
in Equation (9) with respect to the variations of t, N and the degree of non-linearity (n).
The variations of the sum of series are presented on the Z-axis. First, we show that the
sum of series is bounded for the second degree of non-linearity, the short range of series
N = [0,100], and the positive values of the elements of the set {a = 10, b =1, k = 100}.
The resulting response profile is given in Figure 20.

Surface of variations of series for short time interval (0 < t < 11) for b=1, a=10, k=100

] \{_\f\[\ﬁ\ -

Figure 20. Surface map of local variations of }_; (1 + &) (on Z-axis) for n = 2.

Next, we increase the range of series to a relatively large value such that N = [0, 1000]
while keeping the other parameters unchanged. The resulting response profile is presented
in Figure 21. It is interesting to note that the enhancement of the range of series does not

have any large influence on the response profile.

Surface of varations of series for short time interval (0 <t < 11) for b=1, a=10, k=100

Figure 21. Surface map of local variations of Y ; (1 + ;) (on Z-axis) for N = [0,1000].

In the next experiment, we reduced the range of the series and computed the global
response profile, and the results are given in Figure 22. The rapid increase in the values of
the sum of the series is observable at the sharp boundary.
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Surface of vanations of series for long time interval (0 <t <400) for b=1, a=10, k=100
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Figure 22. Surface map of global variations of Y, (1 +¢;) for N = [0,100], n = 2.

A similar effect is sustained in the global response profile if we enhance the range of
the series by ten-fold, as presented in Figure 23.

Surface of variations of series for long time interval (0 <t < 400) for b=1, a=10, k=100

Figure 23. Surface map of global variations of Y, (1 + ¢;) for N = [0,1000], n = 2.

However, the increase in the values of the sum of the series becomes relatively gradual
if we rearrange the combinatorial values of constants such that {a = 1, b = 10, k = 100}.
The resulting response profile is given in Figure 24.

Surface of variations of series for short time interval (0 <t < 11) for b=10, a=1, k=100
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Figure 24. Surface map of local variations of Y ; (1 +¢;) for N = [0,100] and n = 2.
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An observable shift in the variations in the sum of the series appears if the global
response profile is computed for a relatively short range of the series, i.e., N = [0,100]. The
resulting response profile is presented in Figure 25.

Surface of variations of series for long time interval (0 <t < 400) for b=10, a=1, k=100

Figure 25. Surface map of global variations of Y, (1 + ¢;) for N = [0,100] and n = 2.

Interestingly, the aforesaid shift in the response is retained, as presented in Figure 26.,
even if we increase the range of the series to ten times that of the earlier experiment. Note
that the degree of non-linearity remains unchanged.

Surface of variations of series for long time interval (0 < t < 400) for b=10, a=1, k=100

Figure 26. Surface map of global variations of }; (1 + &) for N = [0,1000] and n = 2.

In the next experiment, we make combinatorial changes to the set of constants such
that {a = —10,b = —1,k = —100}. This reverses the domain of the set of constants from
positive to negative. The resulting response profile is presented in Figure 27. Interestingly,
the influence of the domain of the set of constants is visible in the response profile, where
the sum of series shows a gradual decline to a stable surface.

Surface of variations of series for short time interval (0 <t < 11) for b=-1, a=-10, k=-100
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Figure 27. Surface map of local variations of }; (1 + ¢;) (on Z-axis) for N = [0,100], n = 2.
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The slope of the reduction in the values of the sum of series becomes steeper than that
of the previous response if we increase the degree of non-linearity five times in the positive
domain. The resulting response profile is shown in Figure 28.

Surface of variations of series for short time interval (0 <t < 11) for b=-1, a=-10, k=-100

Figure 28. Surface map of local variations of }_; (1 + ¢) for N = [0,100] and n = 10.

The effect of the degree of non-linearity on the series is observable (Figure 29) when
we change the degree of non-linearity from the positive domain to the negative domain.

Surface of variations of series for short time interval (0 < t < 11) for b=-1, a=-10, k=-100

Figure 29. Surface map of local variations of } ; (1 + ¢¢) for N = [0,100] and n = —10.

On the other hand, the response profile of the sum of series shows sensitivity with
respect to the range of the series. This effect is visible in Figure 30.

Surface of variations of series for long time interval (0 <t < 400) for b=-1, a=-10, k=-100
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Figure 30. Surface map of global variations of }; (1 + ¢;) for N = [0,1000] and n = —10.
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Evidently, the overall effects of the domain of non-linearity and the domains of the
constants on the variations of the sum of series are significantly different. However, in
all cases, the variations are finite. Moreover, the mutual variations of the domain of
non-linearity and the range of the series have greater effects on the response profiles.

4. Applicational Prospects

In this section, the applicational prospects of the differential equations with discontin-
uous forcing are presented, and the distinguishing properties of the proposed approach
are outlined comprehensively. In general, the ODEs involving sporadic disturbances have
applications in fluid-flow modeling, wherein the uncertainties are considered to be the
governing factors of the respective dynamics [13]. ODEs and PDEs (Partial Differential
Equations) with Dirac delta forcing have a wide array of applications in physical sciences
and engineering [14]. For example, the one-dimensional and two-dimensional differential
equations equipped with Dirac-type discrete forcing are given as —iyx = 6(x —a), a € R
and —Vzuxy = 4(x,y), respectively, with applications in geology and hydrology [14,15].
On the other hand, the non-homogeneous ODE in the form given in Equation (1) has
potential applications in the jitter modeling of networked systems [16-18]. Specifically, in
computer network modeling involving sporadic jitters, the constant factor is considered
to be positive (i.e., k > 0). The main focus of the analysis of such differential equations
with discontinuous forcing is to ascertain the convergence in the solution spaces and the
rapidity of such convergence [19]. In general, the ODEs of perturbed systems consider
uniform convergence of solutions within [a, b], where the solution intervals are finite in the
set of reals R. Let us consider that the forcing factor f(.) is restricted to relative smoothness
(ie., the forcing f € C3([a, b]) for a singularly perturbed system [19]. This indicates that the
governing equations of such systems do not consider discontinuities in the forcing factors.
As a distinction, the analyses presented in this paper consider periodic discontinuities in
the forcing function f(.). Furthermore, the positions of the roots of characteristic equations
do not play any significant role with respect to maintaining generality, as proposed in this
paper. The modeling of systems with input disturbances considers cascaded PDE-ODE
formulation given by DX = AX(t) + Bu(0, t) with the condition uy(1,t) = U(t) + w(t),
where U (t) is the control input, w(t) is the disturbance within input, A is an 1 X n constant
matrix, and B is an n x 1 constant matrix [20]. It is important to note that the elements of
constant matrices A, B are real numbers such that the ordered pair (A, B) is stabilizable. The
formulation depends on the precondition that w(t) can be resolved as w(t) = Y fi(t), where

1

every f;(t) is periodicand i € [1,m], m < +oo. Furthermore, it is required that | f;(¢)|< +oo
in the system under consideration. The distinctive property of the algebraic analyses pro-
posed in this paper is that the forcing factor is periodic as well as discontinuous and does
not specially distinguish any control input U(t) separately. Moreover, the resolution of
periodic forcing does not require the convergent finite sum of other periodic functions
within a finite interval (i.e., we are not decomposing Dirac forcing into external function
forms). In other words, our proposed algebraic analyses consider a generalized analytical
formulation. Note that numerical solution approaches are frequently employed rather than
complete analytical methods in order to avoid complexities. It has been observed that
numerical solution approaches are prone to the effects of varying dimensionalities [14,19].
In such cases, the convergence analyses deal with the limiting value property 6, — J,€ > 0
through the regularization of the discrete delta function é. towards the Dirac delta forcing.
However, the algebraic and numerical analyses presented in this paper are in a general
form that does not require any specific regularization.

5. Conclusions

Second-order, non-homogeneous ODEs with both discontinuous and periodic forcing
have numerous applications in engineering sciences as well as computational sciences.
Second-order ODEs equipped with Dirac delta forcing comprise a variety of this class of
equations. Analyses of such equations are difficult in multi-dimensional cases and the
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complexities are increased if the number of variables with discontinuities is increased. In
order to analyze such equations, Lipschitz regularizations and Lebesgue measurability
conditions are often employed. The generalized analytical approach presented in this
paper was conducted with two directions: conducting algebraic analyses of convergence
in lower-dimensional cases in simple forms under Dirac delta forcing and determining
the corresponding numerical simulations of the behaviors of the solution spaces. The
algebraic analyses proposed in this paper do not assume any specific preconditions or pre-
regularizations. It has been shown that locally finite and smooth responses are admissible
within exponential solution spaces and that discontinuous forcing can be resolved. Numer-
ical simulations exhibit a set of consistent local uniformities in solution spaces. However,
the global response profiles show occasional appearances of oriented discontinuities at
specific local neighborhoods in the solution spaces with sharp boundaries. The expansion—
contraction of smooth and uniformly stable response profiles is observable depending on
the chosen sets of parameters and time intervals influencing the governing equation. The
analyses proposed in this paper consider the sequential convergence property within the
solution spaces, without requiring any relative smoothness of the forcing function.
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Abstract: This paper is devoted to boundary-value problems for Riemann-Liouville-type fractional
differential equations of variable order involving finite delays. The existence of solutions is first
studied using a Darbo’s fixed-point theorem and the Kuratowski measure of noncompactness. Sec-
ondly, the Ulam-Hyers stability criteria are examined. All of the results in this study are established
with the help of generalized intervals and piecewise constant functions. We convert the Riemann-—
Liouville fractional variable-order problem to equivalent standard Riemann-Liouville problems of
fractional-constant orders. Finally, two examples are constructed to illustrate the validity of the
observed results.
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fixed-point theorem; green function; Ulam-Hyers stability
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1. Introduction and Motivations

The concept of fractional calculus, whose origin goes back to 1695, is considered
as one of the most important branches in mathematics. It has been shown that models
with fractional derivatives may more accurately represent complex phenomena than
integer-order models. Fractional integrals and derivatives have attracted the attention of
the researchers due to their essential features such as long-term dependence properties
and more degrees of freedom. As a result, in the last few decades we have witnessed the
application of fractional calculus methods in modeling processes studied in computer
sciences, physics, neuroscience, biology, medicine, engineering, etc. [1-7]. In view
of their advantages, the Riemann-Liouville and Caputo types are the most applied
fractional derivatives [3,5].

Additionally, various techniques have been introduced and applied to establish ex-
istence criteria for analytical, semi-analytical, and numerical solutions of fractional-order
boundary-value problems. Different researchers applied fixed-point theorems [3], nondif-
ferentiable traveling-wave techniques [8], the homotopy perturbation transform method
and the Yang transform decomposition method [9], iteration transformation techniques [10],
the natural transform method [11], measures of noncompactmess [12], almost sectorial
operators [13], and some others.

On the other hand, the extended class of variable-order fractional derivatives have also
been recently developed [14-17]. In fact, the generalizations performed by the fractional
derivatives of a variable order offered great opportunities for applications and mathematical
modeling approaches [18-20].
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The main idea of variable-order fractional calculus is to substitute the constant fractional
order y with a function (). Although this difference seems simple, a variable-order operator
can explain and model several physical and natural phenomena [21,22]. The recent publica-
tions in the field confirm our understanding of the importance of this consideration [23-27].

Despite the proven potential in applications to describe the complicated behavior of
real-world problems, the theory of variable-order delayed fractional differential equations
is not well developed. Some numerical approaches to solve such differential equations
have been developed in several articles. For example, in [28] a collocation numerical
approach is applied with the aid of shifted Chebyshev polynomials to solve a multiterm
variable-order fractional delay differential equation. The existence, uniqueness criteria, and
stability results have been presented in [29] for linear systems with distributed delays and
distributed-order fractional derivatives based on Caputo type single fractional derivatives
with respect to a nonnegative density function. In [30], a numerical method based on the
Lagrangian piece-wise interpolation is proposed to solve variable-order fractal-fractional
time delay equations with power law, exponential decay, and Mittag—Leffler memories.
The paper [31] applied a method based on the fundamental theorem of fractional calculus
and the Lagrange polynomial interpolation to numerically solve a type of variable-order
fractional delay differential equation.

However, as stated in [28], analytical solutions for variable-order delayed fractional
differential equations are difficult to obtain since the kernel of the variable-order opera-
tors has a variable exponent. This explains the limited number of results related to the
fundamental and qualitative results for the solutions of such equations. To the best of the
authors’ knowledge, the existence results are established only for a damped fractional
subdiffusion equation with time delay with a variable-order fractional Caputo operator
in a very resent publication [32] where the authors applied shifted Chebyshev polynomi-
als to solve the presented problem by a matrix discretization technique. Similar results
for delayed variable-order fractional differential equations involving Riemann-Liouville
derivatives have not yet been reported in the existing literature. This is the main aim of
our research.

In [33], the authors studied the existence of solutions for the following nonlinear
fractional differential equations of constant order:

{ D é(s) = ¢(s,&), s € N :=[0,N], u€]0,1],
&(s) = x(s), s € (—00,0],

where D(P;+ is the standard Riemann-Liouville fractional derivative, 0 < N < +oco, ¢ and x

are well defined functions, and ¢; is an element of C((—oo, 0], R) defined by
Cs(T):=C(s+ 1), T € (—00,0]

for any function ¢ defined on (—co, N] and any s € A/, C((—o0,0],R) is the class of all
continuous functions from (—oo, 0] to R.

Since the paper [33] considers an infinite delay, the obtained existence results can be
examined as a generalization of several existence results for delayed fractional differen-
tial equations with fractional constant-order derivatives. In fact, there have been some
important existence results for such equations where different techniques have been ap-
plied [34-38]. However, as stated above, the corresponding results for delayed fractional
variable-order boundary-value problems are very few.

Motivated by [15,23-27,33], in this paper we study the existence of solutions for the
boundary-value problem of the nonlinear fractional differential equation of variable order
with finite delay in the format

{ Dgf) (s) = ¢(s,&), se N:=[0,N], )
&) =x(s),  sel[=710,7>0,
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where 1 < p(s) <2, Dgis) is the Riemann-Liouville fractional derivative of the variable-
order p(.), ¢ : N x C([—7,0],R) — R. The initial function x € C([—7,0],R) and x(0) =0,
¢s in C([—7,0],R) is given by

&s(t):=¢(s+1), Te[-7,0]

for any function ¢ defined on [—, N] and any s € \.

Such problems have a great potential to model numerous real-world phenomena
studied in science and engineering.

The main novelty of the paper is in the following five points: (1) a fractional boundary-
value problem for delay differential equations in the variable-order Riemann-Liouville
settings is introduced, which generalizes the fractional constant-order concepts; (2) new ex-
istence specifications of solutions are established; (3) we consider generalized subintervals
by combining the existing notions in relation to the Kuratowski measure of noncompactness
in the context of Darbo’s fixed-point theorem; (4) we apply piecewise constant functions to
convert the Riemann-Liouville fractional boundary-value problem of variable order (1) to
standard Riemann-Liouville fractional constant-order boundary-value problems, which
allows for the more accurate estimation of the solution operator and leads to a better
exploration of the effect of the variable fractional order; and (5) the Ulam—-Hyers stability
behavior of the fractional variable-order problem is analyzed, and new stability criteria
are proved.

The organization of the paper is as follows. Some definitions and preliminary results
are presented in Section 2. In Section 3, the main existence criteria for solutions of the
boundary-value problem of variable order (1) are established using Darbo’s fixed-point
theorem. Section 4 presents our main Ulam-Hyers stability results. Two illustrative
examples are presented in Section 5 to complete the consistency of our findings. Finally,
some conclusion notes and the future scope of this paper are given in Section 6.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts, which are
used throughout this paper.

We denote by C(N, R) the space of real-valued continuous functions on A equipped
with the supremum norm

Il = sup{|¢(s)

iseNY,
forany ¢ € C(N,R).

Definition 1 ([39,40]). The left Riemann—Liouville fractional integral of variable-order y(.), p :
[c,d] = (0,+00), —co < ¢ < d < oo, for a function {(.), is defined by

s _ i(1)—1
1149 (s) = / %é(r)dn s> @)

where the standard Gamma function is denoted by T'(.).

Definition 2 ([39,40]). For —co < ¢ < d < +oo, we consider the mapping u : [c,d] —
(m —1,m), m € N. Then, the left Riemann—Liouville fractional derivative of variable-order y(.)
for a function ¢ is defined by

D) = ()12 e0) = (4)" [ e s> e @

Obviously, if the order y(.) is a constant function, then the Riemann-Liouville frac-
tional variable order derivative (3) and Riemann-Liouville fractional integral of variable-
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order (2) are reduced to the classical Riemann-Liouville fractional derivative and Riemann—
Liouville fractional integral, respectively; see [3,5,14,39].

The following properties are some of the main ones of the fractional derivatives and
integrals that we will use in our analysis.

Lemma 1 ([3]). Let¢ >0,c¢>0,¢ € Ll(c,d), D§+§ e Ll(c,d). Then, the differential equation
DLE=0
has a solution
£(5) = (s = T a(s = )T 2+ (s = I 4 s — )T,
wherem =[o]+ 1,y € R, €=1,2,...,m.

Lemma 2 ([3]). Let ¢ > 0,¢ > 0,& € L(c,d), DY, € LY(c,d). Then,

I8 DE(s) = E(s) +mls — o) (s — ) 24 (s — ) o (s — )0, )

wherem = [o] + 1,7, € R, =1,2,...,m.
Lemma 3 ([3]). Let ¢ >0,c>0,& € L'(c,d), Dfﬂj € LY(c,d). Then,
DY 128 (s) = 2(s).
Lemma 4 ([3]). Leto, p>0,c>0,¢ € Ll(c,d). Then,
IL1.6(s) = I I2.8(s) = I77(s).

Remark 1 ([41,42]). Generally, for two functions yq(s) and py(s), the semigroup property does
not hold, i.e.,

() # 1200 ).

Definition 3 ([43]). Let E be a Banach space and Py,(E) the family of bounded subsets of E. Then,
{ : Py(E) — [0, +o00[ defined by

CU) =inf{A>0: U C Uy_Byand diam(By) < A}.
for every U € Py(E) is called the Kuratowski measure of noncompactness.
The Kuratowski measure of noncompactness satisfies the following properties:

Proposition 1 ([44,45]). Let E be a Banach space. Then, for all bounded subsets U, V of E, the
following assertions hold:

Z(U) = 0 <= U is compact;
ge)=0;

o) = ¢(U) = (conoll);
(Ucv)y=gu<gv),
CU+V) <gU)+4(v);
f(AU) = [A|g(U), A € R
UUV) =max{g(U),c(V)};
cuNVv) <min{g(U),5(V)};

(U + xp) = ¢(U) for any xo € E.

© %0 Nk =

S~

Lemma 5 ([45]). If the bounded set U C C(N, E) is equicontinuous, then
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(i) the function (U(s)) is continuous for s € N, and

In(U) = sup(U(s)).
seN

i) ¢(fes)ds:geu) < [V o(us)ds,
where

U(s) ={&(s): ¢e U}, seN.
Remark 2. For the definition and properties of equicontinuous sets, we refer to [45].

Remark 3. In the following, we shall use { and C s to denote the Kuratowski measures of noncom-
pactness of sets in space R and space C(N, R) respectively.

The following theorem will be needed.

Theorem 1 (Darbo’s fixed-point theorem [43]). Let M be a nonempty, bounded, convex, and
closed subset of a Banach space E and T : M — M is a continuous operator satisfying {(TA) <
LZ(A) for any nonempty subset A of M and for some constant L € [0,1). Then, T has at least one
fixed point in M.

Definition 4 ([46,47]). Equation (1) is Ulam—Hyers is stable if there exists a real number c, > 0
such that for each € > 0 and any solution y € C([—7, N],R) of the inequality

{ ID5y(s) = pls,ys) <€, s € N = [O,N], ©
y(s) = x(s), s € [-70],

there exists a solution ¢ € C([—7, N],R) of Equation (1) with
‘y(S) 7C(S)| S C(per ERS [7’)/!1\”

Remark 4. A function y € C([—7, N|,R) is a solution of the inequality (5) if and only if a
function h € C([—, N],R) (which depends on solution y) exists such that

@) |h(s)| <e, foralls € [—7,N].
(i) Dgis)y(s) = ¢(s,ys) + h(s) foralls € N.

Definition 5 ([15,48]). Let I C R.

(a)  The interval I is called a generalized interval if it is either an interval or {p1} or @.

(b) A partition of I is a finite set P such that each x in I lies in exactly one of the generalized
intervals E in P.

(c) A function g : I — R is called piecewise constant with respect to the partition P of I if for
any E € P, g is constant on E.

3. Existence Criteria
We will begin with the introduction of some main hypotheses:

(Hyp1) For an integer n € N, let the finite sequence of points {Nj}}_, be given such that
0=Ny < Ny.1 <Ny <N, =N,k =2,...,n—1. Denote Nk = (Nk—erk}r
k=1,2,...,nand consider the partition P = {N} : 1 =1,2,...,n} of the interval \V.
Let u : N = (1,2] be a piecewise constant function with respect to P, represented
as follows:
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"1, ifs € Nl,
Mo, ifs € Ny,

1) = 3 peils) =
k=1

Hn, ifs € Ny,

where 1 < pj < 2 are constants and I is an indicator of the interval N}, k = 1,2,...,n
defined by

I(s) = { 1, fors € N,

0, elsewhere.

(Hyp2) Let s%¢ : N x C([—7,0],R) — R be continuous (0 < ¢ < 1). K > 0 exists, such
that s7|@(s,ys) — @(s,2z5)| < Kllys — zs|l|—,,0), for any y, z € C([~7,N]|,R) and
seEN.

The next definition of a solution of the problem (1) will be essential in this paper.

Definition 6. Problem (1) has a solution, if there are functions i,k = 1,2,...,n, so that
¢k € C([—7, N¢), R) satisfying Equation (7) for s € [0, Ni|, ¢k(s) = x(s) fors € [—v,0]
and §x(0) = & (Nx) = 0.

In order to apply Darbo’s fixed-point theorem and the Kuratowski measure of non-
compactness, we will perform an essential analysis to the problem (1).
Using (3), we represent the equation of the problem (1) in the following form:

d2 s (S _ T)l—p.(‘r) -
@/0 mg(r)dﬂf =¢(s,&), seN. (6)
According to (Hyp1), we can represent Equation (6) on the interval N}, k = 1,2,...,
nas
d2 N (s — T)l’l‘l s (s— T)lfﬂk _
@(/0 71_,(2_141) g(T)dT‘i"‘r Ne s m@("{)d"{) = Q(S,gs) (7)
for s € N,.

For 0 < s < Ny_1, by taking &(s) = 0, Equation (7) is reduced to

DK]};Jrl (s) = ¢(s,8s), s€ Ni.

Let us consider the following problem:

DFN,;t]g(S) =¢(s,8s), s€ N,
g(Nkfl) =0, g(Nk) =0, (8)
&(s) = xk(s), s € [Ng-1 =7, Ng-l,

where 7/ = Nj_; + v and

[0, ifs€0,Neq]
() = { x(s), if s [y,

The following auxiliary lemma will offer existence criteria for solutions for the problem (8).

Lemma 6. The function & € C([—7, Ni],R) is a solution of problem (8) if and only if ¢ satisfies
the integral equation

— SN, Gels D) e(T,60)d, if s € Ny,

. { xk(s), if s € [y, N1, ©
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where Gy(s, T) is a Green'’s function defined by

e [(Nk — Ng_q) (s = N )M Y (N — o)t — (s — T)”"fl]/

T(px)
N1 <1 <s <N,
Gk(s, T) =
by (N = N 1) 4 = N (N = o,
Ni 1 <s<T1<N,
k=1,2,...,n

Proof. Let{ € C([—7, NiJ,R) be a solution of the problem (8). From (4), we have
&(s) = (s = Ne-)™" ' 4 s — Noa )2 Iﬁ,itl(l’(sr &), s€ Ny kef{l,2,...,n}. (10)
Using ¢(Nix_1) = {(Ng) = 0, we find that 77, = 0 and
m = —(Ng — Nj_q )7 Iﬁ,kktl(P(NK,CNk)
By substituting the values of #7; and 7, in (10), we obtain
£(5) = (N = Ne-1) 7405 = N0 1 (NG + I 05,80, 5 €

Then, the solution of the problem (8) is given by

i) = —(Nk—Nkfl)“”k(s_Nk,mk*lr(;k) /i I::(Nk—r)f*rlrp(r,@)dr
1 s —
b fy 6 e

T L [ = Ny (s = Ny ) (N = ) (s ) g, o)

Ni
o [N N (s = N (N = ) (1 )]

- ['/;kil Gi(s, T) (T, 8r)dT + /SNk Gi(s, T)o(1, éT)dT]

and the continuity of the Green function gives

.[\]k

i(s) = “Jy Gi(s, T) (T, E2)dT, s € Ny

Conversely, let ¢ € C([—, NiJ, R) be a solution of integral Equation (9); then, by the
continuity of function S”¢ and Lemma 3, we can easily obtain that ¢ is the solution of the
problem (8). O

Proposition 2 ([16]). Let 0 < ¢ < 1 and assume that s”¢ : Ny x C([—7,0],R) — R is
continuous, and p : Ny — (1,2] satisfies (Hyp1). Then, the Green’s function of problem (8)
satisfies the following properties:

(1) Gi(s,t) > 0forall N1 <s,T< N,
(2) maxGy(s,7) = Gi(T,7), T € Ny,
seNg
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(3) Gi(s,s) has a unique maximum given by

max Gi(7,7) =
2 O = T

wherek =1,2,...,n.

We will now establish the existence results for the Riemann-Liouville constant-order
fractional problem (8). Our first result is based on Darbo’s fixed-point theorem.

Theorem 2. Suppose that both (Hyp1) and (Hyp2) hold, and

K(NEe = N ) (e - N,Hyrl
PN = o))

<1 (11)

Then, the Riemann—Liouville constant-order fractional problem (8) possesses at least one solution on
C([=7 Nl R).

Proof. Consider the operator
L: C([ff)’r NkLR) - C([fl)/r Nk]rR)r

defined by
Xk(s), s € [=7, Neal,
(LE)(s) = { ,fl\l}i’il Gi(s, T)@(t,&r)dT, s € Ni.

Leto(.) : [—7, Nx] = Rbe a function defined by

[0, ifseEMN,
o) = { Xk(s), if s € [=7, Neal.

For each z € C([Ny_1, N¢J,R), with z(N;_1) = 0, we denote by Z the function de-

fined by
o z(s), ifsEN,
CR i R A

If &(.) satisfies the integral equation

Ni
)=~ [ Gels Do g,

then we can decompose &(.) as &(s) = z(s) + v(s), Ny_1 < s < Ni, which implies §; =
Zs + vs for every Ny_1 < s < N, and the function z(.) satisfies

N,
z(s) = 7/ ‘ Gi(s, T) (T, 21 + vr)dT.
J N1

Set
Cn, = {2 € C([Nk—1, Ni|, R) = 2(Ng_q) = 0}

and let ||.|| n, be the norm in Cy, , defined by

12lIn, = sup |2(s)], z € Cn_;-
SEN
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Thus, Cy;, , is a Banach space with the norm |[|. ||, . Let the operator P : Cy, , — Cn, ,
be defined by

(Pz)(s) = — /NNf Gi(s, T)@(T,Z¢ + v7)dT, s € N (12)

It follows from the properties of fractional integrals and from the continuity of function
s7 ¢ that the operator P : Cy, , — Cy,_, in (12) is well defined.

Then, it is enough to show that the operator P has a fixed point z that will guarantee
that the operator £ has a fixed point { = z + v, and in consequence, this fixed point will
correspond to a solution of the problem (8). Indeed,

&(s) = z(s)+o(s)
{ z(s), ifs € My,
Xx(s), if s € [, N1
{ ka L Gi(s, T)@(T,Zc +vo)dT, if s € Ny,
xx(s), if s € [=7, Ni]
{ fka L Gi(s,T)o(T, Co)dT, if s €N,
xx(s), if s € [=7, Ni]
= (£Z)(s).
Let

(Klxll—y,0+9* )(Nk—NHV‘rl(Nkl*"fNé:f )
41T () (1-0)

Hg—1
K (Né’”—N,}:i’) (Nk—Nk,l)

T (100 ()

Ry >

with ¢* = sup,_ s 57|¢(s,0)|, and consider the following set:
Br, = {z € Cn,_,/ lIzlln, < Ry}

Clearly, Bg, is nonempty, convex, bounded, and closed.
For z € Bg, and s € N, we have

IZsll—y0p = sup  [Zs(0)]
— Ny —7<0<0
= sup [Z(s+ 6)]
~ Ny~ <0<0
< sup  [Z(7)]
—7<T<Nj
= sup |z(7)| = ||zl
TeN;
and
losll—y0 = sup  [os(0)]
~ Ny —7<0<0
= sup [o(s+0)|
—Njq—7<6<0
< sup [o(r)]
—r<T<Ng
= sup [v(7)| = sup_ \X(T)Iflle (7.0
—r<t<0 —y<t<

We shall show that P satisfies Theorem 1 in five steps.
Step 1: P(BRk) C (BRk)'

233



Axioms 2023, 12, 80

For z € Bg,, by Proposition 2 and (Hyp2), we obtain

Pz(s)|

IN

IN

IN

IN

IN

IN

IN

+

IN

@(T, 2 + ’UT)dT‘

1 Nk—Nk 1\ Mk~ 1/Nk
(t,Zc + dt
(T ) leteE o)
1 Nk Nk 1\ Mk~ 1 /Nk oo B
,Zr + — ,0)|d
1"(Vk)( ) Nt ¢(T,Zx +vr) — f(T,0)|dT
1 Nk_Nk 1\ Mk~ 1/Nk oo
7,0)|dt
() T el
1 Nk—Nk 1\ Hk— 1/Nk
(K + d
o Ca ) [ T KIE et
PN [y,
T () 4ri1 Ne s
K (N = Nga P’kfl/Nk B
4 10+ %t
r(Vk)( ) o (IEelyo + el

(98" (5 )
4nIT () (1 - 0)

-

K (NN
(pk 4
(=) (3 N)
4T (i) (1 — o)

we—1
)" Uzl + I

—

Ny oy
|[7'Y'0])-/I\Ik,1T T

— Ng— -1 Ni-o _ N1:‘7
() ()
F(I;k) (%)HHIIM\ (%ﬁ)

(o) ()

4mIT () (1 - 0)
ue—1
K(N,}—rr B Nkljg) (Nk _ Nk—l)
T =T (w)

He=1 B B
(Nk - Nk—l) (N,} 7 —N}~
41T () (1= 0)

Q<

Ry,
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which means that P(Bg,) C Bg,.
Step 2: P is continuous.
We presume that the sequence (z,,) converges to zin Cy,_, and s € Nj. Then,

Nie
‘P(Zn)(s) - (PZ) (5)| < N Gk(S, T)‘(P(T/ZT + U-() — (P(Tzz-[ + UT) dt
k—1
1 N — Np_qg\ 1 Ne o )
< 4 f—

1 Nk — Nk—l u—1 /Nk i B
= T4 K - ! d
B F(P’k)( 4 ) Nis T 1z ZTH[—’y 0dt

1 Nk — Nk71 =1 /'Nk -
< -1 Kllz, —z 4t
< ()" W e [

u—1
K(lew - Tl}:lg) (Nk - Nk_1) ‘
: o 2l
4 (1 = o) ()

Hence, we obtain
[[(Pzn) — (Pz)||n, — Oasn — oo.

Then, the operator P is a continuous on Cy;,_, .
Step 3: P(Bg,) is bounded set in Cy;, .
As in Step 1, we have P(Bg, ) C Bg,. This implies that 7P(Bg, ) is bounded set in Cr, ,.
Step 4: P(Bg, ) is equicontinous set in Cy;_,.
For arbitrary s1,sp € N, withs; < sy, letz € Bg,- Estimate

Ny ~Ni
PE) — Pa)m) =] [ GlszDo(vztoddr— [ Gilonmp(nze +or)de

Ni-1
.Nk
<
Ni—1
f
Ni—1
N
<
Ni-1

dt

(Grls2,1) = Gils1, 7)) (7, Zc +01)

IN

Gi(s2,T) — Gi(s1,T) ‘ |@(T,Z +ve)|dT

Gi(s2,T) — Gi(s1,T) ‘T"’ <T"‘(p(r,2T +vr) — (p(T,O)‘ + T"|(p(T,0)\)dT

N
N

— Gy sl,r)H 7(K|Zr + vzl )+T"7(p*]ds

IN

7) = Gi(s1, T)| [T K(Zell ) + 0l ) + 779" dT
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Ge(52,7) = Gilor, )| [T K1zl + Il 00) + 97T

Ni
<
Ni—1

Ni
< KNSR+ Xl o) [ [Gelo2 ) = Gels )] e
k=1

A

N
LN /NH )Gk(sz,r)—Gk(sl,T)‘dt

Hence, |P(z)(s2) — (Pz)(s1)| — 0as[s» —s1| — 0. This implies that P(Bg, ) is equicon-
tinuous.
Note that [49] the inequality

C(S%(S/Bl)) < K{_y,0(B1)
is equivalent to (Hyp2) for each B; C C([—7,0],R) and s € A/, where B; is bounded.

Step 5: P is L-set contraction.
For U C Bg,, s € Ny, we obtain

Z(PU)(s))

({(P2)(s)z e u})
g({ - f{,iil Gi(s, T) (1,2 +v7)dT,z € u})
/&Nk Gk(SrT)C({qO(T,ZT +v7),z € U})

Y INE-1

/NI:: Gy (s, T)Tfug({’r"q,(r,fr +07),z € u})

IN

Remark 3 indicates that

(PWE) < [ Gulo T Koyl + o,z € UDJdT

IA
—
7z

Gi(s, )T 7 [K[—r 0)({Zc, 2 € U} + 0r)]dT

IA
—
7z

Gi(s, )T 7K[G [y, ({Zr, z € U})]dT

- Ny G g -, "
< /Nk—l (s, T)T 752§§o€({ZT( ),z € Uydt

Ni
< / Gi(s,T)T K sup {({z(t+0),z € U})dt

Ni-1 —9/<6<0

Gi(s,T)T 7K sup (({z(t),z € U})dr

—r<t<Ng

IA
F oz

— /Nk Ge(s, )T K sup C({z(t),z € U} U{0})dT

I Ni—1 N 1<t<N
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IN

/Nk Gi(s, )T K sup ({Z(t),z € U})dr

N1 N1 <t<Ng

< /Nk Gr(s,T)T K sup {({z(t),z € U})dt

Ne-1 N 1<t<Np

IN

Ny
/ ' Gi(s, T)T K sup ¢(U(t))dt
Ni1 teN

T(;k) (%yﬂ [Kéka(u) //:: T*"dS],

KNG = NE9) (Ne - Nk,lyr1
: T - )

Therefore,

K(Nkl*” ~NL? ) (Nk - NH)
41711 = o)L ()

i (PU) < oa ().

Consequently by (11), we deduce that P is a L-set contraction, where

K(NF =N ) (Ne— NH)”H

b (1 - o))

Therefore, since all conditions of Theorem 1 are fulfilled we deduce that P has a fixed
point zx € Bg,.

Then, £ has a fixed point; thus, the Riemann-Liouville constant-order fractional
boundary-value problem (8) has at least one solution ¢ = zx + v € C([—7, N¢J,R). O

Now, we will prove the existence result for the Riemann-Liouville fractional problem
of variable order (1).

Theorem 3. Let the hypotheses (Hypl), (Hyp2) and inequality (11) be satisfied for all
ke {1,2,...,n}. Then, the Riemann—Liouville fractional problem of variable order (1) possesses at
least one solution in C([—, N],R).

Proof. Forallk € {1,2,...,n} according to Theorem 2, the Riemann-Liouville constant-
order fractional boundary-value problem (8) possesses at least one solution
&k € C([—7, N¢),R). Forany k € {1,2,...,n}, we have

and forany k € {2,...,n}

x(s), s€[-70]
Gk(s) = z¢(s) +o(s) = ¢ 0, s€[0,Ni_q],
zk(s), ERS Nk.

Thus, the function &, € C([—7, Ni], R) satisfies the integral Equation (7) for s € Ny
with £ (0) = 0, ¢k(Nk) = z(Ni) = 0and gi(s) = x(s) for s € [—7,0].
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Then, the function

s), s€|—,0],
&) :{ ;(1((5)), L
{ x(s), s €[-7,0]
0, se€N,
25(8), s €Ny,
&(s) =

{ x(s), s €[=,0],
én(s) = 0, se [Or Nn—l]/

z4(s), s € Ny,

gives the solution for the Riemann-Liouville fractional problem of variable order (1). O

Remark 5. The existence results for fractional delay differential equations of constant order are
well established [33-38], but very little research has been done on delay fractional variable-order
systems because of the complex features of fractional variable-order derivatives [32]. Theorems 2
and 3 extend the existent results to boundary-value problems for variable-order fractional delay
differential equations. The offered results are established by converting the Riemann—Liouville
fractional boundary-value problem of variable order (1) to a standard Riemann—Liouville fractional
boundary-value problem with constant-order fractional derivatives (8), and using piecewise constant
functions, the Kuratowski measure of noncompactness in the context of Darbo’s fixed-point theorem.

Remark 6. Our results also extend and generalize some recently published existence results on
boundary-value problems for fractional wvariable-order differential equations without
delays [15,23,24,26,27,50] to the delay case, considering that the delay terms in the models are
more general and more relevant to the real-world applied problems.

Remark 7. Unlike the existing results in [32] for the delay fractional variable-order problem,
in this study we consider the Riemann—Liouville variable-order fractional derivatives of order
i N — (1,2] and apply Darbo’s fixed-point theorem together with the Kuratowski measure of
noncompactness. In fact, due to the superiority of this strategy, it is intensively applied to fractional
variable-order problems [23,27].  In the further investigations of the proposed boundary-value
problem, different approaches may be applied, and the corresponding comparisons can be made.

We expect that the proposed results will motivate the researchers regarding further
development of the topic.

4. Ulam-Hyers Stability

Existence criteria are necessary when we study the qualitative behavior of the solutions.
In order to demonstrate the applicability of the proposed in Section 2 criteria, we will
provide Ulam-Hyers stability results.

Theorem 4. Assume that conditions (Hyp1), (Hyp2) and (11) hold. Then, the Equation (1) is
Ulam—Hyers stable.

Proof. Let ¢ > 0 be arbitrary, and the function y € C([—7, N], R) satisfies the following

inequality:
{ ID)y(s) — 9l ) < e s €N = [0,N], 13
y(s) = x(s), s € =70
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We define the functions

(s), se[0,Ny],

_J) Y
ne={ 30 Te (9
and fork =2,3,...,n:
x(s), s €[-,0],
ye(s) =1 0, s €[0,Ng 1], (15)
y(s), s € M.

Forany k € {1,2,...,n} according to equality (7) for s € N, we obtain

w(s) _ 1 i 2 s o \1l-nu
DY) = gy () L, (0 (e

Taking IK,% : on both sides of (13), we obtain

~Ni € S
s +/ Gr(s, T)o(T,yr)dt| < —/—— s— )14t
o)+ [, G Doyt < s [ -0
P
(Nk_Nk—1>
€E—— .
- T(ue+1)

According to Theorem 3, the Riemann-Liouville fractional problem (1) of variable
order has a solution ¢ € C([—, N|,R) defined by {(s) = {x(s)fors € [0, N, k=1,2,...,
n, where

gl(s) _ { i(l((ss))/’ SSGE[X/"]‘//,O] (16)

and forany k € {2,...,n}

X(S), s € [7’)//0}1
ék(s) = 0, se [0/ Nk,]], (17)
z1(s), s € Ny

and ¢ € C([—, Ni|,R) is a solution of the Riemann-Liouville constant-order fractional
problem (8). According to Lemma 6, we have
.Nk
Sk(s) =~ | Gils,1)e(T, (Ge)r)dr. (18)
v Nk-1

Lets € My, k€ {1,2,...,n}.Then, by (15), (16), (17), and (18), we obtain

() = 8@ = Iyle) — &lo)] = Iyi(s) ~ &(s)
N
= )+ [ Gl D9l @]
Ny Ny
< i)+ [ Gels Dot it + [ 6o, 0ol wie) — ol @) |dr
(Ne—Ner)”
© st )
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e
(Nk - Nk—l)
S T Ty
1 N — Ni_1 He—1 /Nk o
* -4 T su 0) — (&) (0)]dt
T (uy) ( 1 ) Ny 7Nk717§§9§0|(yk)r( ) = (k)< (8)]
Mk
(Nk - Nk—l)
< e~ 7
T+ 1)
1 Nk_Nk—] =1 /Nk .
+ Kees(——F0— T su T40) — & (T+0)|dt
T (1) ( 1 ) N 7Nk7]71;’§9§0|yk( ) = k(T +06)|
123
(Nk - Nk—l)
< e~ 7
(e +1)
1 Nk_Nkfl m—1 /Nk .
+ K E— T su t) — xi(t)|dT
o () T e -
123
(Nk - Nk—l)
<
(e +1)
1 N — N1 He—1 /Nk . _
* T(pe) ( 4 ) N T 7 |yk §k||[7%Nk]dT
Mk
(Nk - Nk—l)
<
T+ 1)
1 N — Ni_1 pe=1 /Nk 7[7
+ - —&ll- d
o () e Gl [ T
Pk r—1
(Nk - Nk—l) K(N]}7U — N,}:lg) (Nk — Nk—l)
= 1 Iy = Ciell =0
T(ue+1) 411 — o) T ()
123
(Nk - Nk—l)
S ergern VI Gl
where )
_ _ Hk—
K(le - N,}fi’) (Nk - Nk71>
V= max
k=1,2,...,n 411 — o) T (py)
Then,
103
(Nk - Nk—l)
Hy - gH[f'y,Nk](l - V) < ew,
153
<Nk*Nk—1>
and so for ¢, := S
Iy = Cll—yn < o
ie.,

Then, by Definition 4, the Riemann-Liouville fractional problem (1) of variable order

y(s) = S(s)] <cge, s € [—7, Ne-

is Ulam-Hyers stable. [

Remark 8. With the established result in this section, we contribute to the development of the Ulam—
Hyers stability theory for fractional variable-order models. In fact, due to the great opportunities for
applications, this stability notion has been studied by numerous authors [24,46,47,50]. In addition,
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the qualitative results offered by Theorem 4 demonstrate the opportunities for applications of the
existence criteria proved in Theorems 2 and 3.

5. Ilustrative Examples
Example 1. Lety >0,

Z, se N :=1[0,1]
— 7 7 7 1
HGs) { %, s e N, :=]1,2] (19)
and consider the following Riemann—Liouville fractional variable-order boundary-value problem:
) agy = s —
{ Dy 7g(s) = TG0 s e N :=]0,2], (20)
¢(s) = x(s), s € [=7,0]

The choice of j1(s) guarantee that (Hyp1) holds. Let

[SE

P(s,9) = o , (5,5) € 0.2] x C(|=7, 0, R).

s
T+ lysll(=,0)

Fory,z € C([—7,2],R) and s € N, we have

1
s2]g(s,ys) — (5, 25)|

1 1 B 1
4e5 (1 Flysllj=yop 1+ ||Zs[7,o]) ‘
Ysll—,0 = [1zsll —y,0]
468 (1 + [lysll[—,0) (1 + lysll—y,01)

IN

1

< @(”ys—ZsH[—y,o])
1

< ZHys_ZSH[—"y,W

Hence, (Hyp2) holds for o = % and K = %.
By (19), according to (8) we consider the following two auxiliary problems for Riemann—
Liouville fractional differential equations of constant orders:

7 _1
5 — s 2
D326 = g ¢ €M

£(0)=0,¢(1) =0,
‘:(S) = Xl(s)r s € [7'%0]

eay)

and , )
5+86) = TRy SEM
&(1)=0,¢(2) =0, @2)

¢(s) = xa(s), s € [-71],

I

where x1 = x and
[ 0,,ifse]01],
R VAR ]

We will show also that condition (11) is satisfied for k = 1. Indeed,

~(.323663 < 1.

K(N}*” . NOH) <N1 - NO)”H %(117% . 017%) (1 _ 0>g71
411 — o)L (juy) G
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By Theorem 2, the problem (21) has a solution &1 € C([—7,1],R), where

— ( )/ € [7 ,0],
ae = {20 T

We also have that

K(NFo =N} (N - Nl)W1 i) (2-1) -

4271 (1= 0)T () 101 -Hr@d)

~(.11684748 < 1.

Thus, (11) is fulfilled for k = 2. According to Theorem 2, the problem (22) possesses a solution
& € C([=7,2],R), where

éa(s)=4¢ 0, s€0,1],

{ x(s), s€[-,0]
z3(8), t €N,

Then, by Theorem 3, the problem (20) has a solution

_ [ x(s), se€[=70]
Gils) = { z1(s), s € Ny,
G(s) = { x(s), s€[-,0]
Ga(s) =4 0, sEN,
25(8), s €Ny,

In addition, according to Theorem 4, problem (20) is Ulam—Hyers-stable.

Example 2. Let y >0,
, SE Nl = [0,1],

u(s) = { , s€Ny=]1,3], (23)
37 s € N3 :]%,2]

and consider the following Riemann—Liouville fractional variable-order boundary-value problem:

JSVS) [o)S 1 RN

1

DhYe(s) = —5— 1, seN:=]0,2],
(€T 16) (1|l ) (24)
(s)

x(s), s € [=7,0],
The choice of 1(s) guarantees that (Hyp1) holds. Let

(s, s) = ——— , (s,y5) €[0,2] x C([—7,0], R).

(@™ +6)(1+ [lysll_0)

Fory,z € C([—7,2],R) and s € N, we have

[

1
s3lo(s,ys) — @(s,25)| =

1 1 B 1
(% 4 6) \LFWslligor - Ll

ysll -0 — 125l -0

— 3

(€™ +6) (14 [lysllf—y0) (1 + llysll . 0)
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S — TR TR
(egl+5 +6)

< ezl

- e+6 [=7.0)

Hence, (Hyp?2) holds for o = % and K = 6%6.
By (23), according to (8) we consider three auxiliary problems for Riemann—Liouville fractional

differential equations of constant order

, 21
0+ G(s) = %’ e
(e +6) (1+]|xs | y07) =
0,¢(1) =0,
&(s) = x(s), el

™

=
o

=
I

6 1
Djid(s) = —5—————, sENy,
(e 77 +6) (1+ x5l —,0)) (26)

¢
g(s) = xals), s€[-71],

and

3 1
D2 = %, s €Nz,
(1 46) (1+ x5l ) (27)
¢(3)=0,x(2) =0,

S

I =X,
where x1 = x [ 0,,ifse]01],
xa(s) = { x(s), if s €[—7,0]

and 0. if [0 3}
, , 1] S c L, 5,
xa(s) = { X(s), if s € [~7,0].

We will also show that condition (11) is satisfied for k = 1. Indeed,

S TR U L) WU
411 — o) (p) 4511 - bhr)

By Theorem 2, the problem (25) has a solution & € C([—1,1],R), where

_ (s), s€[-,0]
Gis) = {Z(Ss), s5:6./\/'?.

We also have that
B _ 21 1-1 1 §-1
(o) )™ e (o
411 = )T (p2) 45711 PI(8)

~0.03837 < 1.
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Thus, (11) is fulfilled for k = 2. According to Theorem 2, the BVP (26) possesses a solution
& e C([f’y,%},]R), where

é(s)=< 0, s€]0,1],

{ X(S)/ s € [7'%0]/
z2(s), s € Na.

We also have that

K(N%*v _ N%—zr) <N3 _ N2>14371 ) 6%6<21,% _ %1_%) (2 B %)%71
1

#5711~ o) (1a) FEEY

~0.01901 < 1.

Thus, (11) is fulfilled for k = 3. According to Theorem 2, the BVP (27) possesses a solution

63 S C([i’yf ZLR)r
where

0, s€0,3],
23(5), s € N3.

x(s), s €[=,0],
G(s) =

Then, by Theorem 3, problem (24) has a solution

_ X(S), EAS [77r0]r
Gi(s) = { z1(s), s €Ny,
X(S), s € [_'Y/O]/
&(s) =14 0, s€]0,N],
z3(s), s € N>,
x(s), s€[-,0]
Ga(s) = 0, s€]0,Ny],

Z3(S), s € N;.

In addition, according to Theorem 4, problem (24) is Ulam—Hyers stable.

Remark 9. The constructed examples show the capability of the elaborated existence and stability
results.

6. Conclusions

This research introduces a boundary-value problem for a Riemann-Liouville non-
linear fractional differential equation of variable order with finite delay. The analytical
solutions have been successfully investigated via three strategies: the Kuratowski mea-
sure of noncompactness, Darbo’s fixed-point theorem, and the Ulam-Hyers stability
concept. We established existence and stability criteria for the solutions of the problem
under consideration. The presented new results generalize some existing results for the
Riemann-Liouville delayed fractional differential equation of constant order considering
the variable order of fractional derivatives. Two examples are given at the end to support
and validate the potentiality of the obtained results. We expect that the proposed results
will motivate the researchers in the further development of the topic. The established
existence results are essential in the qualitative investigation of the introduced problem.
Additionally, since the Riemann-Liouville delayed fractional differential equations of
variable order are intensively applied in the mathematical modeling, our research is
practically important. Hence, the application of our results to some Riemann-Liouville
fractional-neural-network models of variable order with finite delay is an interesting
topic for a future research. The obtained results can also be applied in the investigation of
numerous qualitative properties of the solutions. In addition, it is possible to extend the
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proposed results to the impulsive case and study the effect of some impulsive controllers
on the fundamental and qualitative behavior of the solutions.
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Abstract: In this paper, the pantograph delay differential equation y'(t) = ay(t) + by(ct) subject to
the condition y(0) = A is reanalyzed for the real constants 4, b, and c. In the literature, it has been
shown that the pantograph delay differential equation, for A = 1, is well-posed if ¢ < 1, but not if
¢ > 1. In addition, the solution is available in the form of a standard power series when A = 1. In the
present research, we are able to determine the solution of the pantograph delay differential equation
in a closed series form in terms of exponential functions. The convergence of such a series is analysed.
It is found that the solution converges for ¢ € (—1,1) such that

%‘ < 1and italso converges for ¢ > 1

when a < 0. For ¢ = —1, the exact solution is obtained in terms of trigonometric functions, i.e., a
periodic solution with periodicity \/% when b > a. The current results are introduced for the first

time and have not been reported in the relevant literature.

Keywords: delay differential equation; ordinary differential equation; pantograph; analytic solution;
exact solution
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1. Introduction

The dynamics of an overhead current collection system for an electric locomotive has
been discussed earlier by Fox et al. [1]. Such analysis gives rise to linear first-order ordinary
differential equations (1st-ODEs) in which the argument of one of the dependent variables
is multiplied by a factor, e.g., c. This kind of 1st-ODEs is well-known as the pantograph
delay differential equations (PDDEs) in the form:

Y (1) = ay(t) + by(ct), y(0) = A, 1)

where a, b, ¢, and A are real constants. The PDDE in (1) was extensively studied by numerous
researchers in the literature [2-5] because of its wide applications including the modelling
of tumour cells growth [6]. Moreover, the function y represents a probability density
function (pdf) as described in other applications such as the cell growth model of Hall and
Wake [7,8] and the absorption probability problem originating in the waiting line theory [9]
and light absorption in the Milky Way [10].

Two direct solutions for the PDDE in (1) are obvious at specific values of ¢, mainly
¢ =1andc = 0. For c = 1, it converts to the ODE y/(t) = (a + b)y(t) and the corresponding
solution is clearly given as y(t) = Ael@t0)t Moreover, at ¢ = 0, the PDDE in (1) converts
to y/(t) — ay(t) = bA which is a first-order linear ODE and its solution is y(t) = —Ab/a +
A1+ b/a)e. For other values of c € R — {0,1}, the solution of Equation (1) is still a
challenge. Thus, we focus in this paper on obtaining analytic solutions for the PDDE in (1)
at the real values of ¢ such that ¢ & {0,1}.
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https:/ /www.mdpi.com/journal /axioms
248



Axioms 2022, 11, 741

As a special case,ifa = —land b = c = % (g > 1), then the PDDE in (1) transforms to
the Ambartsumian delay differential equation (ADDE) [11]:

Vo) =0+ (), 0= @)
9" \9q

The solutions of the standard ADDE have been obtained by numerous approaches
in the literature [11-13]. Moreover, possible generalizations of the ADDE have been
introduced and discussed by the authors in Refs. [14,15]. Searching for a simple analytical
solution for the PDDE in (1) is still of manifest practical interest. In order to contribute to an
improved solution of this problem, two different cases are to be analysed separately, mainly,
ceR—{£1}and ¢ = —1. For ¢ € R — {£1}, the solution is determined in a closed series
form and the convergence issue is addressed in detail. In addition, the solution in the case
¢ = —1is provided in exact form in terms of trigonometric functions, which is a periodic
solution. Moreover, it is shown in this paper that the solution obtained by Aharbi and
Ebaid [12] for the ADDE in (2) can be recovered as a special case of the current solution of
the PDDE in (1).

2. Analytic Solution atc € R, ¢ # +1

In this section, we search for a solution of Equation (1) in the following form
]/(t) — Z dne"‘”’t, (3)
n=0
where « is a constant to be determined. Substituting Equation (3) into Equation (1), we obtain
(2= a)doe + Y (" = a)dyyr — bdy )" =0, )
n=0

which gives &« = a where dy # 0, and

b/a)d
d”+1 = ;H%q, n>0. (5)
Accordingly,
(b/a)"1
dp =do| =——F—~ |, > 1. 6
! 0(“?1(“’(_1) "= ©
Hence,
> 0 = (b/a)ter"t
y(t) = doe™ + ¥ dye™'t = dy (e”t +Yy ——— . (7)
5 T (1)
Applying the initial condition y(0) = A, dy is obtained as dy = %

4L —
I (C ’1)
Therefore, the closed-form solution is obtained by inserting dy into Equation (7) as

at o (b/a)rent
e Y ﬁ’k’:q (F-1) @®
(b/a)" ’

y(t)=A e

Using the property [T}_, (ck - 1) =(-1)"ITi,, (1 - ck> , then
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at b/a) euc”t
e+ U, (1)

y(t)=A n , a#0, c#+l )
1+ 1%

The Solution in Simplest Form

In this section, we aim to derive a simpler form for the solution given by Equation (9). This
is achieved by implementing some well-known properties in g-calculus (quantum calculus) [16]

such as the product (p : q)» = T2, (1 - pg~ ), where (p : q), denotes the Pochhammer
symbol. For p = q = ¢, wehave (c: ¢), = [T{_3 <1 — ck“) =1L, (1 - ck>4 Thus,

et 4 Yo —b/a)" erc"t ¥ b/ﬂ) oac"t
y(t) =2 =k “n o] = =-COTE— (10)
1+, CC>> Yone 0< a)

where (c: ¢), = 1for n = 0, hence

NE

Lo Bue™! (=b/a)"
=AM T "= 2 ,
y(t) ( T B > B o © #0, c#=£1 (11
or
/\ g n ad
y(t) = 3 Z Bne™ L S= E Bn- (12)
n=0 n=0

3. Convergence Analysis

Theorem 1. The series

DR B Y 13)

is convergent for |c| < 1 provided |%| < 1, and the sum S in (12) becomes

2 (=b/a) 1
= . 14
; (c:c)n (=b/a:¢)e (14

If [c| > 1, the series in (13) is convergentVa € R — {0} and V b € R.
Proof. Applying the ratio test, we have
k .
Bui1| _|b ITi- 1(1 —c ) RTINS bl fel <1, a5
i B nthoo [t —ck) | [afnoe1—crtl 0 i [e| > 1.

It is obvious that ) B, is convergent for the two cases (i) % (le| < 1), (ii)a € R —{0},

b € R (|c| > 1). However, for |2

and |c| < 1, we have

o (=b/a)" 1
n;o (cio)n  (=b/a:c)e’ (16)
where the identity [16]:
- 1
Z x| <1, | <1, 17)

=(c:on - (x:0)e”
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is applied for x = —b/a. Moreover, it follows from Equation (15), for |c| > 1, that the series
in (13) is convergent Va € R — {0} and ¥ b € R, which completes the proof. O

Theorem 2. Forall t > 0, the series

- " E(=b/a)"
¢ t_ ( ¢ t, (18)
N P R
converges for |c| < 1 provided that % < 1. Ifc > 1, the series in (18) is convergent ¥V a < 0 and
vbeR
Proof. Assuming that
ou(t) = Pue™’!, t>0, (19)

and applying the ratio test yields

.Bn+1

n

1 o
ﬁﬂ+ ¢ (c—1)

B

The two limits in the last equation are

. lim e%"(c1), (20)

n—00 n—c0 1’14)00 n—o0

Oy 1(t) T
0 ‘* !

a if ‘C| < 1, lim eﬂcl'(cil) _ 1 if |C‘ < 1, (21)
0 if [¢f>1. m7e L if fe] >1,

ﬁn+1

lim
ﬁ' n

n—oo

where L is either zero, co, or undetermined according to the signs of 2 and c” in the domains
c>1landc < —1 (ie, [c| > 1), as detailed below.

0 if c>1,a<0,
L=< oo if c>1,a>0, (22)
undetermined  if ¢ < -1, a € R—{0}.

However, by combining Equations (20)—(22), we get

bl o) <1
lim Un+1 t)‘ a 1 |C‘ ’ (23)
e 0 if ¢>1,a<0,
which completes the proof. O

Lemma 1. For t > 0, the solution given by Equation (12) converges for |c| < 1 provided that
‘g‘ < 1and this yields

b/u)n ac’t

‘Vl

y(t) =A(=b/a: ) Z (24)
Moreover, the solution in (12) converges forc > 1V a < 0,V b € R such that the sum S # 0.

Proof. The proof follows immediately from Theorems 1 and 2. Moreover, for |c| < 1 and
‘%‘ < 1, we have from Theorem 1 that

- & (—b/a)" 1

5= = : 25

n;() ; (c:0)n (=b/a:¢)e (25)

Substituting (25) into (12) gives (24), which completes the proof. 0
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Remark 1. The above analysis gives the solution and convergence of the PDDE in (1) for the cases
lc| < 1and |c| > 1. However, such an analysis does not include the solution at ¢ = +1. This is

because the coefficients B, = % are not defined at such values, where (1 : 1), = 0 for all

n>1and (=1 : —1), = 0forall n > 1; hence, these cases lead to B, = +oo. As mentioned
in the introduction, the exact solution is available when ¢ = 1 and given by y(t) = Ae(®+P)t,
but the solution at the special case c = —1 is to be determined through a separate analysis in the
next section.

4. Exact Solution at c = —1
In this section, we aim to derive the exact solution of the PDDE in (1) when ¢ = —1. In
this case, Equation (1) becomes
y'(t) = ay(t) + by(—t), y(0) = A. (26)

In view of the assumption in (3), the solution takes the form:

yt)=Y hae? V" = (hg+hy + hy+ .. )e" + (i +hs +hs +...)e " = pe’ +ve ", 27)
n=0

where 1, v, and 7y are constants to be determined. Applying the initial condition y(0) = A
leads to y 4+ v = A. Substituting (27) into (26) yields

pye" —vye™ " = (pa+vb)e" + (va+ pb)ye . (28)
Comparing both sides, we obtain the algebraic system:
(r—a)u=vb,  (y+a)y=—pub, (29)

which gives -y as
v =+Va?2 - b2 (30)

Ab

Note that v is real if 2 > b. Hence, we obtain y and v in terms of -y as j = = and
Aly—
v= 7(ja+”lz' thus
A
— " (pet —a)e 1t
y(t) 77“;}(}"3 +(y—a)e™™), @31
or equivalently
y(t) = A|cosh(yt) — y-a-b sinh(7t)|. (32)
y—a+b

Although the form (32) is simple, it can be further simplified as follows. The magnitude

(77“4’) can be calculated explicitly in terms of 2 and b as

y—a+b

y—a—b y—(a+b) 'y+(afb)_7 Yo a+b

77a+b_'yf(afb)><'y+(afb)_ ib Va-b (33
Therefore, Equation (32) becomes
a+b .
y(t) = A|cosh(£v/a2 — b2t) + p— sinh(+Va2 — b2t) |, (34)
which finally gives
a+b .

y(t) = A|cosh(v/ a2 — b2t) + - sinh(va? —b%t)|, a>b. (35)
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This solution transforms to the following trigonometric functions if b > a:

b+a . R
biasm( b —at)]. (36)

yt) =A {cos( b2 —a2t) +

It is clear from (36) that the solution is periodic with a period \/%, which is in full
agreement with the obtained results in Ref. [17].

5. Results

In this section, numerical results are obtained about the behaviours/properties and
convergence of the obtained solutions in previous sections. In addition, the convergence
introduced by previous theorems and lemma is numerically confirmed here. Three different
cases are analysed which depend on the values/intervals of ¢, 4, and b.

b

a

51.c€(-1,1), <1a€eR-—{0}

In this case, it was indicated and proved by Lemma 1 that the solution of Equation (1)
takes the form:

© (_p/a)t eac” t
y(t) = A-b/a: e o I @)
= (c:c)n
This closed-form solution can be approximated by taking m-terms, m > 1 from the
right-hand side. Consequently, the approximate solution ¢y, (t) is

m-l 1 Hac"
Pm(t) = A(=b/a: ) Z (—b/ai)et

Y g, m>1. (38)

In Figures 1-4, the approximations ¢3(t), ¢5(t), ¢7(t), and ¢o(t) are plotted versus
t at A = 1 and different four sets of values of ¢, 4, and b. In these figures, the values of
the inputs ¢, a, and b were chosen so that the convergence conditions are satisfied, i.e.,
ce(-1,1), g < 1. It is observed from these figures that the approximate solutions ¢3(t),
¢5(t), p7(t), and P9 (t) converge rapidly to a certain function which validates Lemma 1 for
the convergence of solution (38).

Figure 1. Plots of the approximate solutions ¢y, (t), m = 3,5,7,9 in Equation (38) vs. tatA =1, ¢ = %,
b=1,anda = —2.
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Figure 2. Plots of the approximate solutions ¢y, (t), m = 3,5,7,9 in Equation (38) vs. tatA =1, ¢ = %,
b=1,anda = 2.
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Figure 3. Plots of the approximate solutions ¢y, (t), m = 3,5,7,9 in Equation (38) vs. tat A =1,

#7(0)

c= 7%,h:1,anda: —2.
y(t)
| | |
I I I
66— - T~~~ -~ --- - - - - -~ 1T T T T T T T [
—_5(0) } } } }
50— e - - — — — — — — — d_ — L
r I I I I
REl I I Y 2 ]
L I
L I
N I
I
I
I
I

Figure 4. Plots of the approximate solutions ¢y, (t), m = 3,5,7,9 in Equation (38) vs. tat A = 1,
c= 7%,b:1,anda:2.

52.¢>1,a<0beR

The solution provided by Equation (12) is valid for ¢ > 1 and a < 0, which can be
approximated by the following m-term approximate solution ¢y, (f):
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A m—1 R m—1 m—1 —b/a)" act
¢m(t) — Si E lgneuc f, S = E lgn _ Z ( ﬂ) e
m n=0

m > 1. (39)
n=0 n=0 (C : C)”

The second part of Lemma 1 teaches us that the sequence of approximate solutions
{¢m(t)} converges for all ¢ > 1 such thata < 0 and S,, # 0. For a validation, different sets
of approximations are depicted in Figures 5-8 at various values of the inputs a < 0, b, and
¢ > 1. Rapid convergence is detected from these figures, especially when c is increased as
can be shown in Figure 8 (¢ = 5). In this case, a few terms of the series solution in (39) is
sufficient to achieve the convergence, where the ¢1(t), ¢2(t), ¢3(t) and ¢4 () in Figure 8 are
nearly identical.

53.¢=—-1,abeR

Really, this is an interesting case because it allows us to obtain the exact solutions
given by Equation (35) and Equation (36) for a > b and b > a, respectively. Two types of
solutions are obtained for this case, the first is given in terms of hyperbolic functions when
a > b, while the second is expressed is terms of trigonometric functions if b > a. The first
solution is plotted in Figure 9 and the hyperbolic curves of the solution in (35) are observed
when a > b. Moreover, the second solution is plotted in Figure 10 and the periodic curves
of the solution in (36) can be seen when b > a.

Figure 5. Plots of the approximate solutions ¢y, (t), m = 3,4,5,6 in Equation (39) vs. tatA = 1,¢c = %,
b=1anda= -2.

y(©)

S e g B g

Figure 6. Plots of the approximate solutions ¢y, (t), m = 5,6,7,8 in Equation (39) vs. tatA =1, ¢ = %,
b=3,anda = —3.
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Figure 7. Plots of the approximate solutions ¢, (£), m

b=3,anda

—2.

y(®)

41in Equation (39) vs. tatA =1,c =5,
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Figure 8. Plots of the approximate solutions ¢y, (), m =1,2,3

b
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y(©)

vs. t at different values of A when a = 1 and

Figure 9. Plots of the exact solution in Equation (35)

b=0.
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Figure 10. Plots of the exact solution in Equation (36) vs. t at different values of A when a = 0 and
b=1.

5.4.a:—1,b:c:%,q>1
Leta=—-landb=c= % (g > 1), then Equation (1) becomes
1

Feey 1/t _
vt = —y(t) + qy(q), y(0) = A, (40)

which is well-known as the Ambartsumian equation [12]. The following closed-form
solution for Equation (40) was obtained by Alharbi and Ebaid [12]:

87t + Z;;o_l alte—a't
=T (1—ak 1
Y =AM e *;5 I - (41)
L= L () 7

In fact, this solution can be directly determined by substitutings = —land b = ¢ = %
into Equation (8). Hence, the solution obtained in Ref. [12] is a special case of the present results.

6. Conclusions

The analytic solution for the PDDE model y/(t) = ay(t) + by(ct), y(0) = A was
obtained in this paper. In the literature [1], the solution was obtained in the form of a
standard power series when A = 1. However, the present research determined the solution
in a closed series form in terms of exponential functions. The convergence of the obtained
series was theoretically proved and then confirmed through numerical calculations and

% < land
also converged for ¢ > 1 when a < 0. Furthermore, the exact solution was obtained when
¢ = —1. This solution was expressed in terms of trigonometric functions and was periodic
if b > a. It was also shown that this solution was periodic with periodicity \/%, which

plots. It was demonstrated that the solution converged for ¢ € (—1,1) such that

was in full agreement with the corresponding results in Ref. [17]. Moreover, the solution
was determined in terms of hyperbolic functions when b < a. Finally, numerical results
were conducted to describe the behaviours/properties and convergence of the obtained
solutions. The present analysis can be further extended to include other mathematical
models [18-20].
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