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Chapter 4: Turbulence at Small Scales 

Part 2: Consequence of Isotropy 

Preliminaries 

Statistically stationary: all statistics are invariant under a shift in time.  

Statistically homogeneous: all statistics are invariant under a shift in position.  

 

𝑈 = 〈𝑈𝑖〉 = constant/uniform and under a shift of reference frame 𝑈 = 0. 

 

Homogeneous turbulence: 𝑢(𝑥, 𝑡) is statistically homogeneous, i.e.,  

𝜕

𝜕𝑥𝑗
𝑓𝑙𝑢𝑐𝑡𝑢𝑎𝑡𝑖𝑛𝑔 𝑡𝑒𝑟𝑚𝑠 = 0 →

𝜕𝑢𝑖
𝜕𝑥𝑗

== 

Which can be approximated by wind-tunnel experiments. 

 

 

 

Constant/uniform 
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https://farside.ph.utexas.edu/teaching/336L/Fluid/node252.html 

Isotropic turbulence: in additions to being homogeneous, also statistically 

invariant under rotation and reflection of the coordinate system = statistically 

isotropic.  

 

ℛ11(𝑟𝑒1̂) = ℛ22(𝑟𝑒2̂) 

(𝑣(0,0))(𝑣(0, 𝑟))⏟          = (𝑢(0,0))(𝑢(𝑟, 0))⏟           

 

ℛ11(𝑟𝑒1̂) = ℛ11(−𝑟𝑒1̂) 

(−𝑢(0,0))(−𝑢(−𝑟, 0))⏟              = (𝑢(0,0))(𝑢(𝑟, 0))⏟           

 

 

ℛ11(𝑟𝑒1̂) = ℛ11(−𝑟𝑒1̂) ⇒ 𝑓(𝑟) = 𝑓(−𝑟),    𝑔(𝑟) = 𝑔(−𝑟) 

(a) (c)=(a) rotated 180° 

(a) (b)=(a) rotated 90° 

https://farside.ph.utexas.edu/teaching/336L/Fluid/node252.html
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Also: 

 

 

(𝑢(0,0))(𝑣(0, 𝑟))⏟          = (−𝑢(0,0))(𝑣(0, 𝑟))⏟             

 

Since (b) represents (a) reflected by 180° with respect to the z axis and (a) and (b) 

must be equal in isotropic turbulence, then 

(𝑎) = (𝑏) = −(𝑎) 

Which can only be true if (a) and (b) are equal to zero.  

Therefore, 

ℛ12(𝑟𝑒2̂) = −ℛ12(𝑟𝑒2̂) = 0 

 

Also, in isotropic turbulence 

ℛ𝑖𝑗 = 0   𝑖 ≠ 𝑗 

 

 

 

 

 

(b) (a) 
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Rules used for the derivation of the equations in Chapters 4 and 5 in Turbulent 

Fluid Flow (P. Bernard, 2019) 

Tensors and vectors 

𝑅𝑖𝑗(𝐫),  𝑆𝑖𝑗,𝑘(𝐫) 

𝑢𝑖(𝐱), 𝑢𝑖(𝐲) 

𝐫 = 𝐲 − 𝐱, 𝐫𝐣 = 𝐲𝐣 − 𝐱𝐣 

Scalers 

𝑓(𝑟),  𝑔(𝑟), ℎ(𝑟),  𝑘(r),  q(r) 

r2 = r1
2 + r3

2 + r3
2, 𝑟 = |𝑟|, 𝐫𝟐 = 𝐫𝐣

𝟐, 𝑘𝟐 = 𝐤𝐥
𝟐, 𝑘 = |𝐤| 

Rules 

∂f(𝑟)

∂𝑟𝑙
=
∂𝑓(𝑟)

∂𝑟

∂𝑟

∂𝑟𝑙
         

∂Rij(𝐫)

∂x𝑗
=
∂Rij(𝐫)

∂r𝑙

∂𝑟𝑙

∂𝑥𝑗
     

∂𝑟𝑖

∂𝑟𝑗
= 𝛿𝑖𝑗       

∂𝑟

∂𝑟𝑙
=
𝑟𝑙

𝑟
        

∂𝑟𝑙
2

∂𝑟𝑙
= 𝑟𝑙       

∂𝑟𝑙𝑘𝑙

∂𝑟𝑙
= 𝑘𝑙    

∂𝑟𝑗

∂𝑟𝑗
= 3       

∂𝑟𝑗

∂𝑥𝑗
= −1    

∂𝑟𝑗

∂𝑦𝑗
= 1     

∂𝛿𝑖𝑗

∂𝑟𝑗
= 0        

 

 

 

Also, 

𝑢𝑖𝑢𝑗 = 0 for 𝑖 ≠ 𝑗 
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Consequence of Isotropy  

 

ℛ𝑖𝑗(𝑟, 𝑡) = 𝑢𝑖(𝑥, 𝑡)𝑢𝑗(𝑥 + 𝑟, 𝑡)     

𝑆𝑖𝑗𝑘(𝑟, 𝑡) = 𝑢𝑖(𝑥, 𝑡)𝑢𝑗(𝑥, 𝑡)𝑢𝑘(𝑥 + 𝑟, 𝑡)     

 

Two-point correlation tensors take on special forms for isotropic turbulence, 

which facilitates simplified analysis of turbulent physics.  

 

ℛ𝑖𝑗 ≠ 𝑓(𝑥) i.e., turbulence has no preferred direction 

 

ℛ𝑖𝑗(0, 𝑡) = 𝑢𝑖𝑢𝑗 = 𝑢
2𝛿𝑖𝑗  ⇒  𝑢𝑖𝑢𝑗 = 0   𝑖 ≠ 𝑗 

 

Recall that 

 

𝑢2𝑓(𝑟) = ℛ11(𝑟𝑒1̂)    𝑓(0) = 1 

𝑣2𝑔(𝑟) = ℛ22(𝑟𝑒1̂)    𝑔(0) = 1 

𝑢1
2 = 𝑢2

2 = 𝑢3
2 = 𝑢2 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

 

And note that 

ℛ33 = ℛ22 

 

and 

ℛ𝑖𝑗 = 0 for 𝑖 ≠ 𝑗 

𝑟 = 𝑦 − 𝑥 

Proof in Appendix A.1 
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As already referenced, formal mathematical theory isotropic tensor provides the 

general form that ℛ𝑖𝑗  (Pope, 2000) and 𝑆𝑖𝑗𝑙 (Robertson, 1940) must take. 

Pope: To within scalar multiples, the only second-order tensors that can be 

formed from the vector 𝑟 are 𝛿𝑖𝑗 and 𝑟𝑖𝑟𝑗. Consequently, ℛ𝑖𝑗  can be written as 

 

ℛ𝑖𝑗 = 𝑢
2[𝑅1(𝑟)𝑟𝑖𝑟𝑗 + 𝑅2(𝑟)𝛿𝑖𝑗]     (1) 

 

Robertson, H. (1940). The invariant theory of isotropic turbulence. Mathematical 

Proceedings of the Cambridge Philosophical Society, 36(2), 209-223:  

 

𝑆𝑖𝑗𝑙 = 𝑆1(𝑟)𝑟𝑖𝑟𝑗𝑟𝑙 + 𝑆2(𝑟)𝑟𝑙𝛿𝑖𝑗 + 𝑆3(𝑟)(𝑟𝑗𝛿𝑖𝑙 + 𝑟𝑖𝛿𝑗𝑙)     (2) 

 

Where 𝑅1, 𝑅2, 𝑆1, 𝑆2, 𝑆3 are scalar functions of r. 

 

𝑓(𝑟) and 𝑔(𝑟) can be expressed in terms of 𝑅1 and 𝑅2 using their definitions, as 

follows. 

 

𝑓(𝑟) =
𝑢(𝑥)𝑢(𝑥 + 𝑟)

𝑢2(𝑥)
,     𝑔(𝑟) =

𝑣(𝑥)𝑣(𝑥 + 𝑟)

𝑣2(𝑥)
 

 

With Eq. (1), it is possible to show that the two functions assume the following 

form  

 

𝑓(𝑟) = 𝑅1𝑟
2 + 𝑅2 

𝑔(𝑟) = 𝑅2 

 

Proof in Appendix A.2 
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i.e., 

𝑅1 =
𝑓(𝑟) − 𝑔(𝑟)

𝑟2
 

𝑅2 = 𝑔(𝑟) 

 

Substituting these expressions in Eq. (1) gives 

 

ℛ𝑖𝑗(𝑟) = 𝑢
2 [(𝑓 − 𝑔)

𝑟𝑖𝑟𝑗
𝑟
+ 𝑔𝛿𝑖𝑗]     (3) 

 

For 𝑆𝑖𝑗𝑙 define scalar correlation functions 𝑘(𝑟), ℎ(𝑟), 𝑞(𝑟), which can be expressed 

in terms of 𝑆1, 𝑆2, 𝑆3 

 

𝑆111(𝑟𝑒1̂) = 𝑢𝑟𝑚𝑠
3 𝑘(𝑟)     (4) 

𝑆221(𝑟𝑒1̂) = 𝑢𝑟𝑚𝑠
3 ℎ(𝑟)     (5) 

𝑆212(𝑟𝑒1̂) = 𝑢𝑟𝑚𝑠
3 𝑞(𝑟)     (6) 

 

Where 𝑢𝑟𝑚𝑠 = √〈𝑢
2〉 .  

 

Combining Eq. (2) with Eq. (4), (5), (6), the system of equations is obtained  

 

{

𝑢𝑟𝑚𝑠
3 𝑘 = 𝑆1𝑟

3 + 𝑆2𝑟 + 2𝑟𝑆3
𝑢𝑟𝑚𝑠
3 ℎ = 𝑆2𝑟

𝑢𝑟𝑚𝑠
3 𝑞 = 𝑆3𝑟

 

 

Solving this system for 𝑆1, 𝑆2, 𝑆3 and substituting the results into Eq. (2) yields 

 

𝑆𝑖𝑗𝑙(𝑟) = 𝑢𝑟𝑚𝑠
3 [(𝑘 − ℎ − 2𝑞)

𝑟𝑖𝑟𝑗𝑟𝑙
𝑟3

+ 𝛿𝑖𝑗ℎ
𝑟𝑙
𝑟
+ 𝑞 (𝛿𝑖𝑙

𝑟𝑗
𝑟
+ 𝛿𝑗𝑙

𝑟𝑖
𝑟
)]     (7) 

Proof in Appendix A.3 

Proof in Appendix A.4 



8 
 

Note ℛ𝑖𝑗(0) = 𝑢
2𝛿𝑖𝑗 provides scaling factor for ℛ𝑖𝑗, whereas 𝑆𝑖𝑗𝑙(0) = 0 such that 

need select scaling factor for 𝑆𝑖𝑗𝑙(𝑟) for which 𝑢𝑟𝑚𝑠 = √〈𝑢
2〉 is used. 

 

Note that 𝑘(𝑟) = −𝑘(−𝑟), i.e., anti-symmetric 

 

𝑢(0,0)2𝑢(𝑟, 0) = (−𝑢(0,0))2(−𝑢(−𝑟, 0)) = −(𝑢(0,0))2(𝑢(−𝑟, 0)) 

 

whereas 𝑓(𝑟) = 𝑓(−𝑟) is symmetric as is 𝑔(𝑟) (see Page 3). Since k(r) is 

antisymmetric, 𝑘(0) = 0 as are all its even derivatives at 𝑟 = 0 

 

Note that 

𝑆𝑖𝑗𝑙(𝑟, 𝑡) = 𝑢𝑖(𝑥, 𝑡)𝑢𝑗(𝑥, 𝑡)𝑢𝑙(𝑥 + 𝑟, 𝑡) 

 

Dropping the time dependence 

  

𝑆𝑖𝑗𝑙(𝑟) = 𝑢𝑖(𝑥)𝑢𝑗(𝑥)𝑢𝑙(𝑥 + 𝑟) 

Therefore 

𝑆111(𝑟) = 𝑢1(𝑥)𝑢1(𝑥)𝑢1(𝑥 + 𝑟) 
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And if 𝑟 = {𝑟, 0,0},  

 

𝑆111(𝑟𝑒̂1) = 𝑢1(𝑥)𝑢1(𝑥)𝑢1(𝑥 + 𝑟) 

 

Combining this result with Eq. (4), yields  

 

𝑢𝑟𝑚𝑠
3 𝑘(𝑟) = 𝑢1

2(𝑥)𝑢1(𝑥 + 𝑟) 

 

then 

𝑢𝑟𝑚𝑠
3

𝑑𝑘

𝑑𝑟
(0) = 𝑢1

2(𝑥)
𝜕𝑢1
𝜕𝑥

=
1

3

𝜕𝑢1
3

𝜕𝑥
= 0 

 

Thus,  
𝑑𝑘

𝑑𝑟
(0) = 0 and 𝑘(𝑟) Taylor series leading term ~𝑟3

𝑑3𝑘

𝑑𝑟3
(0) for small r. 

 

ℛ𝑖𝑗  and 𝑆𝑖𝑗𝑙 can be simplified for incompressible flow using ∇ ∙ 𝑢 = 0. 

 

𝜕ℛ𝑖𝑗
𝜕𝑟𝑗

= 𝑢𝑖(𝑥)
𝜕𝑢𝑗
𝜕𝑦𝑗

(𝑦) = 0 

 

Evaluating ℛ𝑖𝑗,𝑗  and using the relations 
𝜕

𝜕𝑟𝑗
(𝑟) =

𝑟𝑗

𝑟
 and 

𝜕

𝜕𝑟𝑗
(𝑟𝑖) = 𝛿𝑖𝑗  shows that 

 

𝑔 = 𝑓 +
𝑟

2

𝑑𝑓

𝑑𝑟
     (8) 

 

Proof in Appendix A.6 

Proof in Appendix A.5 
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Combining Eq. (8) and Eq. (3) yields 

 

ℛ𝑖𝑗(𝑟) = 𝑢
2 [(𝑓 − 𝑓 −

𝑟

2

𝑑𝑓

𝑑𝑟
)
𝑟𝑖𝑟𝑗
𝑟
+ (𝑓 +

𝑟

2

𝑑𝑓

𝑑𝑟
) 𝛿𝑖𝑗] 

 

ℛ𝑖𝑗(𝑟) = 𝑢
2 [(𝑓 +

𝑟

2

𝑑𝑓

𝑑𝑟
) 𝛿𝑖𝑗 −

𝑟𝑖𝑟𝑗
𝑟2
𝑟

2
 
𝑑𝑓

𝑑𝑟
] 

 

Which shows that ℛ𝑖𝑗  only depends on the scalar function 𝑓(𝑟). 

 

Similarly, using the continuity equation on 𝑆𝑖𝑗𝑙 

 

𝜕𝑆𝑖𝑗𝑙
𝜕𝑟𝑗

(𝑟) = 0     (9) 

 

And combining Eq. (9) and Eq. (7), after a long number of calculations, yields 

 

𝑞 =
1

4𝑟

𝑑(𝑘𝑟2)

𝑑𝑟
 

ℎ = −
𝑘

2
 

 

Such that Eq. (7) becomes 

 

𝑆𝑖𝑗𝑙(𝑟) = 𝑢𝑟𝑚𝑠
3 [(𝑘 − 𝑟

𝑑𝑘

𝑑𝑟
)
𝑟𝑖𝑟𝑗𝑟𝑙
2𝑟3

−
𝑘

2
𝛿𝑖𝑗
𝑟𝑙
𝑟
+
1

4𝑟

𝑑(𝑘𝑟2)

𝑑𝑟
(𝛿𝑖𝑙

𝑟𝑗
𝑟
+ 𝛿𝑗𝑙

𝑟𝑖
𝑟
)] 

 

And 𝑆𝑖𝑗𝑙 depends only on the scalar function 𝑘(𝑟). 

Proof in Appendix A.8 

Proof in Appendix A.7 
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Confirmation 

𝑔 = 𝑓 +
𝑟

2

𝑑𝑓

𝑑𝑟
     (8) 

 

 

 

B5.3.2:  Similarity solution final period isotropic decay: 𝑓(𝑟, 𝑡) =   𝑒
−

𝑟2

2𝜆𝑔
2
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Appendix A 

A.1  

Definition of longitudinal and transverse coefficients 

𝑓(𝑟) =
𝑢(𝑥)𝑢(𝑥 + 𝑟)

𝑢2(𝑥)
,     𝑔(𝑟) =

𝑣(𝑥)𝑣(𝑥 + 𝑟)

𝑣2(𝑥)
 

Definition of two-point correlation tensor according to isotropic tensor theory 

ℛ𝑖𝑗(𝑟) = 𝑢2[𝑅1(𝑟)𝑟𝑖𝑟𝑗 + 𝑅2(𝑟)𝛿𝑖𝑗]     (1𝐴) 

Therefore 

𝑢2𝑓(𝑟) = ℛ11(𝑟𝑒1̂) 

𝑣2𝑔(𝑟) = ℛ22(𝑟𝑒1̂) 

We can show that ℛ22(𝑟𝑒1̂) = ℛ33(𝑟𝑒1̂) using Eq. (1A) for 𝑖, 𝑗 = 2 and 𝑖, 𝑗 = 3 

ℛ22(𝑟𝑒1̂) = 𝑢2[𝑅1(𝑟)𝑟2𝑟2 + 𝑅2(𝑟)𝛿22] 

ℛ33(𝑟𝑒1̂) = 𝑢2[𝑅1(𝑟)𝑟3𝑟3 + 𝑅2(𝑟)𝛿33] 

But 𝑟 = {𝑟, 0,0}, therefore 

ℛ22(𝑟𝑒1̂) = 𝑢2[𝑅1(𝑟) ∙ 0 ∙ 0 + 𝑅2(𝑟)] = 𝑢2𝑅2(𝑟) 

ℛ33(𝑟𝑒1̂) = 𝑢2[𝑅1(𝑟) ∙ 0 ∙ 0 + 𝑅2(𝑟)] = 𝑢2𝑅2(𝑟) 

Which proves that ℛ22(𝑟𝑒1̂) = ℛ33(𝑟𝑒1̂). 

 

 

 

 

 

 

 

 

 



13 
 

A.2 (Kundu et al. Ex. 12.18)  

Combining the definitions of longitudinal and transverse coefficients with Eq. (1A)  

𝑢2𝑓(𝑟) = 𝑢2[𝑅1(𝑟)𝑟1𝑟1 + 𝑅2(𝑟)𝛿11] 

𝑣2𝑔(𝑟) = 𝑢2[𝑅1(𝑟)𝑟2𝑟2 + 𝑅2(𝑟)𝛿22] 

Where 𝑟1 = 𝑟 and 𝑟2 = 0 

𝑢2𝑓(𝑟) = 𝑢2[𝑅1(𝑟)𝑟
2 + 𝑅2(𝑟)] 

𝑣2𝑔(𝑟) = 𝑢2[𝑅2(𝑟)] 

In isotropic turbulence 𝑢2 = 𝑣2 = 𝑤2 

𝑓(𝑟) = 𝑅1(𝑟)𝑟
2 + 𝑅2(𝑟) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝑔(𝑟) = 𝑅2(𝑟) 
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A.3 

𝑆𝑖𝑗𝑙 = 𝑆1(𝑟)𝑟𝑖𝑟𝑗𝑟𝑙 + 𝑆2(𝑟)𝑟𝑙𝛿𝑖𝑗 + 𝑆3(𝑟)(𝑟𝑗𝛿𝑖𝑙 + 𝑟𝑖𝛿𝑗𝑙)     (2𝐴) 

For 𝑆𝑖𝑗𝑙 define scalar correlation functions 𝑘(𝑟), ℎ(𝑟), 𝑞(𝑟)  

𝑆111(𝑟𝑒1̂) = 𝑢𝑟𝑚𝑠
3 𝑘(𝑟)      

𝑆221(𝑟𝑒1̂) = 𝑢𝑟𝑚𝑠
3 ℎ(𝑟)      

𝑆212(𝑟𝑒1̂) = 𝑢𝑟𝑚𝑠
3 𝑞(𝑟)      

Substitute into Eq. (2A) 

𝑆111 = 𝑆1𝑟1𝑟1𝑟1 + 𝑆2𝑟1𝛿11 + 𝑆3(𝑟1𝛿11 + 𝑟1𝛿11) 

𝑆221 = 𝑆1𝑟2𝑟2𝑟1 + 𝑆2𝑟1𝛿22 + 𝑆3(𝑟2𝛿21 + 𝑟2𝛿21) 

𝑆212 = 𝑆1𝑟2𝑟1𝑟2 + 𝑆2𝑟2𝛿21 + 𝑆3(𝑟1𝛿22 + 𝑟2𝛿12) 

Where 𝑟 = {𝑟, 0,0}, therefore 

𝑆111 = 𝑢𝑟𝑚𝑠
3 𝑘(𝑟) = 𝑆1𝑟

3 + 𝑆2𝑟 + 2𝑆3𝑟 

𝑆221 = 𝑢𝑟𝑚𝑠
3 ℎ(𝑟) = 𝑆2𝑟 

𝑆212 = 𝑢𝑟𝑚𝑠
3 𝑞(𝑟) = 𝑆3𝑟 
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A.4 

𝑆𝑖𝑗𝑙 = 𝑆1(𝑟)𝑟𝑖𝑟𝑗𝑟𝑙 + 𝑆2(𝑟)𝑟𝑙𝛿𝑖𝑗 + 𝑆3(𝑟)(𝑟𝑗𝛿𝑖𝑙 + 𝑟𝑖𝛿𝑗𝑙)     (3𝐴) 

 

{

𝑢𝑟𝑚𝑠
3 𝑘 = 𝑆1𝑟

3 + 𝑆2𝑟 + 2𝑟𝑆3
𝑢𝑟𝑚𝑠
3 ℎ = 𝑆2𝑟

𝑢𝑟𝑚𝑠
3 𝑞 = 𝑆3𝑟

 

 

Solve for 𝑆1, 𝑆2, 𝑆3: 

{
  
 

  
 𝑆2 =

𝑢𝑟𝑚𝑠
3 ℎ

𝑟
   

𝑆3 =
𝑢𝑟𝑚𝑠
3 𝑞

𝑟

𝑆1 =
𝑢𝑟𝑚𝑠
3 𝑘 − 𝑆2𝑟 − 2𝑟𝑆3

𝑟3

 

{
  
 

  
 𝑆2 =

𝑢𝑟𝑚𝑠
3 ℎ

𝑟
   

𝑆3 =
𝑢𝑟𝑚𝑠
3 𝑞

𝑟

𝑆1 =
𝑢𝑟𝑚𝑠
3 𝑘 − 𝑢𝑟𝑚𝑠

3 ℎ − 2𝑢𝑟𝑚𝑠
3 𝑞

𝑟3
=
𝑢𝑟𝑚𝑠
3

𝑟3
(𝑘 − ℎ − 2𝑞)

 

Substitute 𝑆1, 𝑆2, 𝑆3 in Eq. (3A) 

𝑆𝑖𝑗𝑙 =
𝑢𝑟𝑚𝑠
3

𝑟3
(𝑘 − ℎ − 2𝑞)𝑟𝑖𝑟𝑗𝑟𝑙 +

𝑢𝑟𝑚𝑠
3 ℎ

𝑟
𝑟𝑙𝛿𝑖𝑗 +

𝑢𝑟𝑚𝑠
3 𝑞

𝑟
(𝑟𝑗𝛿𝑖𝑙 + 𝑟𝑖𝛿𝑗𝑙) 

𝑆𝑖𝑗𝑙(𝑟) = 𝑢𝑟𝑚𝑠
3 [(𝑘 − ℎ − 2𝑞)

𝑟𝑖𝑟𝑗𝑟𝑙

𝑟3
+ 𝛿𝑖𝑗ℎ

𝑟𝑙
𝑟
+ 𝑞 (𝛿𝑖𝑙

𝑟𝑗

𝑟
+ 𝛿𝑗𝑙

𝑟𝑖
𝑟
)] 
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A.5 (Pope Ex. 3.35)  

 

𝜕ℛ𝑖𝑗

𝜕𝑟𝑗
=
𝜕

𝜕𝑟𝑗
𝑢𝑖(𝑥)𝑢𝑗(𝑥 + 𝑟) 

𝜕ℛ𝑖𝑗

𝜕𝑟𝑗
= 𝑢𝑖(𝑥)

𝜕𝑢𝑗(𝑥 + 𝑟)

𝜕𝑟𝑗
     (4𝐴) 

Define  

𝑥𝑗
′ = 𝑥𝑗 + 𝑟𝑗 

Therefore 

𝜕𝑥𝑗
′

𝜕𝑟𝑗
=
𝜕𝑥𝑗

𝜕𝑟𝑗
+
𝜕𝑟𝑗

𝜕𝑟𝑗
= 1 

Substitute into Eq. (4A) 

𝜕ℛ𝑖𝑗

𝜕𝑟𝑗
= 𝑢𝑖(𝑥)

𝜕𝑢𝑗(𝑥𝑗′)

𝜕𝑥𝑗′⏟    

𝜕𝑥𝑗′

𝜕𝑟𝑗⏟
= 0 
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A.6 (Kundu et al. Ex. 12.19, Pope Ex. 6.4, Bernard Prob. 4.3)  

𝜕ℛ𝑖𝑗

𝜕𝑟𝑗
= 𝑢2

𝜕

𝜕𝑟𝑗
[(𝑓 − 𝑔)

𝑟𝑖𝑟𝑗

𝑟2
+ 𝑔𝛿𝑖𝑗] = 0 

= 𝑢2 [(𝑓 − 𝑔)
𝜕

𝜕𝑟𝑗
(
𝑟𝑖𝑟𝑗

𝑟2
) + (

𝑟𝑖𝑟𝑗

𝑟2
)
𝜕

𝜕𝑟𝑗
(𝑓 − 𝑔) + 𝑔

𝜕𝛿𝑖𝑗

𝜕𝑟𝑗
+
𝜕𝑔

𝜕𝑟𝑗
𝛿𝑖𝑗] = 0 

Using the identities 

𝜕

𝜕𝑟𝑗
(𝑟) =

𝑟𝑗

𝑟
 

And  

𝜕

𝜕𝑟𝑗
(𝑟𝑖) = 𝛿𝑖𝑗 

We obtain 

(𝑓 − 𝑔) [𝑟𝑖𝑟𝑗
𝜕

𝜕𝑟𝑗
(
1

𝑟2
) +

𝑟𝑖
𝑟2
𝜕𝑟𝑗

𝜕𝑟𝑗
+
𝑟𝑗

𝑟2
𝜕𝑟𝑖
𝜕𝑟𝑗
] + (

𝑟𝑖𝑟𝑗

𝑟2
)
𝜕

𝜕𝑟
(𝑓 − 𝑔)

𝜕𝑟

𝜕𝑟𝑗
+
𝜕𝑔

𝜕𝑟

𝜕𝑟

𝜕𝑟𝑗
𝛿𝑖𝑗 = 0 

(𝑓 − 𝑔) [−2𝑟𝑖𝑟𝑗
1

𝑟3
𝜕

𝜕𝑟𝑗
(𝑟) +

𝑟𝑖
𝑟2
𝛿𝑗𝑗 +

𝑟𝑗

𝑟2
𝛿𝑖𝑗] + + (

𝑟𝑖𝑟𝑗

𝑟2
)
𝑟𝑗

𝑟
(𝑓′ − 𝑔′) + 𝑔′𝛿𝑖𝑗

𝑟𝑗

𝑟
= 0 

(𝑓 − 𝑔) [−2
𝑟𝑖𝑟𝑗𝑟𝑗

𝑟4
+ 3

𝑟𝑖
𝑟2
+
𝑟𝑖
𝑟2
] +

𝑟𝑖
𝑟
(𝑓′ − 𝑔′) +

𝑟𝑖
𝑟
𝑔′ = 0 

(𝑓 − 𝑔) [−2
𝑟𝑖
𝑟2
+ 4

𝑟𝑖
𝑟2
] +

𝑟𝑖
𝑟
(𝑓′) = 0 

2(𝑓 − 𝑔)
𝑟𝑖
𝑟2
+
𝑟𝑖
𝑟
𝑓′ = 0 

𝑓 − 𝑔 +
𝑟

2
𝑓′ = 0 

𝑔 = 𝑓 +
𝑟

2
𝑓′ 
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A.7 

𝑆𝑖𝑗𝑙(𝑟, 𝑡) = 𝑢𝑖(𝑥, 𝑡)𝑢𝑗(𝑥, 𝑡)𝑢𝑙(𝑥 + 𝑟, 𝑡) 

 

𝜕𝑆𝑖𝑗𝑙

𝜕𝑟𝑙
=
𝜕

𝜕𝑟𝑙
𝑢𝑖(𝑥)𝑢𝑗(𝑥)𝑢𝑙(𝑥+ 𝑟)     (5𝐴) 

Define  

𝑥𝑙
′ = 𝑥𝑙 + 𝑟𝑙 

Therefore 

𝜕𝑥𝑙
′

𝜕𝑟𝑙
=
𝜕𝑥𝑙
𝜕𝑟𝑙

+
𝜕𝑟𝑙
𝜕𝑟𝑙

= 1 

Substitute into Eq. (5A)  

𝜕𝑆𝑖𝑗𝑙

𝜕𝑟𝑙
= 𝑢𝑖(𝑥𝑗)𝑢𝑗(𝑥𝑗)

𝜕𝑢𝑙(𝑥𝑗′)

𝜕𝑥𝑙
′

𝜕𝑥𝑙′

𝜕𝑟𝑙
= 0 
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A.8 
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