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Abstract— This paper presents a novel method for evaluating
the danger within the environment of a robot manipulator. It is
based on the introduced concept of kinetostatic danger field, a
quantity that captures the complete state of the robot - its
configuration and velocity. The field itself is invariant with
respect to objects around the robot and can be computed
in any given point of the workspace using measurements
from the proprioceptive sensors. Moreover, all the computation
can be performed in closed form, yielding compact algebraic
expressions that allow for real time applications. The danger
field is not only a meaningful indicator about the risk in the

vicinity of the robot, but can also be fed back within control
skills that implement some well known safety strategies like
collision avoidance and virtual impedance control, provided that
some environment perception is available in order to determine
the points where the field should be computed. Kinematic
redundancy for simultaneous task performance and danger
minimization can be exploited. The methodology described in
the paper is supported with simulation results.

I. INTRODUCTION

The question of safety in the human-robot coexis-

tence/cooperation has become essentially important recently,

because of the growing requests for people and robots to

share the same workspace and/or task. A large attention is

therefore given to this matter in the literature. Previous works

treat the issue of safety from various aspects.

In the work of Ikuta et al. [1], the safety strategies

were classified as pre-contact or post-contact strategies.

Moreover, they discussed the minimization of the risk in

interaction by means of mechanical design and by means

of control. Although the main issue was safety in human-

care robot control and design, they introduced the first

systematic quantitative methods (danger index, safety index,

etc.) in safety evaluation, concerning human robot interaction

in general. Hirzinger et al. [2], used a lightweight robot,

capable of operating a payload equal to its own weight.

Reduction of the weights of the moving parts intuitively

limits the injuries due to collisions and is one of the main

factors in intrinsic safety. Zinn et al. [3], used empirical

formulas developed by the automotive industry to correlate

head acceleration to injury severity (head injury criteria)

in order to evaluate the potential for serious injury due to

impact. The work was mainly oriented towards new actuation

concepts in the human-friendly robot design. They stressed

out the importance of joint torque control approach and series

elastic actuation. Heinzmann and Zelinsky [4] proposed a

control scheme for robotic manipulators that restricts the
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torque commands of a position control algorithm to values

that comply to predefined quantitative safety restrictions. For

that purpose, they defined a quantity called impact potential

as a maximum impact force that a moving mechanical

system can create in a collision with a static obstacle. Bicchi

et al. [5] presented the variable impedance approach as

a mechanical/control co-design that allows the mechanical

impedance parameters (stiffness, damping and inertia) to

vary rapidly and continuously during the task execution. This

approach guarantees low levels of injury risk while mini-

mizing negative effects on control performance. By solving

the so-called safe brachistochrone problem, the authors have

shown that low stiffness is required at high speed and vice

versa. In the successive publications of Kulic and Croft [6],

[7], [8], several specific safety strategies were presented, as

a components of an extensive methodology for safe planning

and control in human-robot interaction. They addressed the

important issue of estimating the human intent and affective

state during the interaction. The information about the intent

or the state of the human is used within a planning and

control strategy to improve safety and intuitiveness of the

interaction. Further, several danger indices have been formu-

lated and used as an input to a real-time trajectory generation.

A motion strategy consists in minimizing the danger index

during the stable robot operation. The information about the

human state, intent and the environment is acquired using

the computer vision based system and the measurement of

some physiological signals. Henrich and Kuhn [10] divide all

safety aspects of the robot behavior into four groups (states)

that easily fit into the formalism of state transition diagram. A

similar mechanism is used by Guiochet et al. [11] to develop

quite rigorous framework to facilitate the specification of

safety rules used by an independent safety monitor. Kuhn

et al. [12] use readings from the camera and a force/torque

sensor to obtain the maximum allowable velocity of the robot

based on the relative posture of the robot and the human.

Finally, in [13] and [14] comprehensive overviews of safe

human-robot interaction are presented.

This work describes a novel safety/danger evaluation for

the objects in the robot environment. The main contribution

is the introduction of a quantity, the kinetostatic danger field,

that captures the complete state of the manipulator in terms

of position and velocity. Besides providing merely a safety

estimation, the danger field appears to be an immediately

applicable instrument for the control that ensures safety. In

addition, the danger field we propose can be expressed in

closed form via algebraic expressions and thus it does not

represent a bottleneck for real time computability.
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The remainder of the paper is organized as follows. In Sec-

tion II we define the concepts of elementary and cumulative

danger field, while Section III describes the computation of

cumulative kinetostatic danger field of the robot manipulator.

In Section IV, we discuss the possibilities for exploiting the

danger field for control. A control strategy for redundant

robots is presented in Section V. In Section VI we present

simulation results, while concluding remarks and future work

directions are given in Section VII.

II. DANGER FIELD DEFINITION

Let T be a point mass whose position and velocity are

given by rt = (xt yt zt)
T and vt = (vtx vty vtz)

T respectively.

For convenience, we set ρt = ‖r− rt‖ and vt = ‖vt‖, where

r = (x y z)T is a generic point in the world frame. Further,

we define ϕ = ∠(r− rt ,vt) ∈ [−π ,π) as the angle between

vectors r− rt and vt .

Definition 2.1: A differentiable scalar function DFR =
DFR(r,rt) is called a static danger field if it satisfies the

conditions:

i) ∃ fR : R+ → R
+, such that DFR(r,rt)≡ fR(ρt),

ii)
d fR(ρt )

dρt
< 0, ∀ρt > 0.

The static danger field (SDF) is obviously a radial scalar

field, evaluated around the point rt that represents the “source

of danger”. Consequently, isosurfaces of the field are con-

centrated spheres with the center in rt . The further away the

point r gets from rt , the smaller the danger field DFR(r,rt)
becomes.

Definition 2.2: A differentiable scalar function DF =
DF(r,rt ,vt) is called a kinetostatic danger field if it satisfies

the conditions:

i) ∃ f : R3 →R
+, such that DF(r,rt ,vt)≡ f (ρt ,vt ,ϕ),

ii) DF(r,rt ,0) is a SDF,

iii)
∂ f (ρt ,vt ,ϕ)

∂ρt
≡−η < 0, ∀ρt > 0, ∀vt ≥ 0, ∀ϕ ∈ [−π ,π),

iv)
∂ f (ρt ,vt ,ϕ)

∂vt
> 0, ∀ρt > 0, ∀vt ≥ 0, ∀ϕ ∈

(

− π
2
, π

2

)

,

v) ϕ ∂ f (ρt ,vt ,ϕ)
∂ϕ < 0, ∀ρt > 0, ∀vt ≥ 0, ∀ϕ ∈ [−π ,π).

Beside the influence of the distance (condition iii)), the

kinetostatic danger field (KSDF) captures two important

aspects from the motion of the danger source. The first is the

norm of the velocity vector (condition iv)), and the second is

the declination angle ϕ between the velocity vector vt and the

vector r−rt that joins the danger source with the point where

the danger field is computed. Since the motion direction of

the source is taken into consideration, isosurfaces are no

longer spheres (see Fig.1). This implies that the gradient of

the KSDF is not necessarily collinear with the gradient of the

corresponding SDF, i.e. the radial ray r− rt . The following

theorem provides an upper bound on the angle between these

gradients. The proof is omitted for brevity.

 

 

rt

vt

r − rt

O

r

Fig. 1. Contours of the 2D KSDF example. O is the origin of the world
frame.

Theorem 2.1: The angle δ between the gradients

∇DF(r,rt ,vt) and ∇DF(r,rt ,0) is such that:

cosδ =

[

1+η−2ρ−2
t

(

∂ f

∂ϕ

)2
]− 1

2

(1)

where ∇ =
(

∂
∂x

∂
∂y

∂
∂ z

)T

is the nabla operator.

Theorem 2.1 implies that nonzero
∂ f
∂ϕ explicitly renders δ

nonzero. On the other hand, the increase of ρt (moving away

from the source) mitigates the contribution of motion within

KSDF.

We now extend the principle of KSDF in the sense that

the danger source is no longer a point, but a part of a curve

moving in R
3. Let rt : [0,S]→ R

3 be the mapping that rep-

resents the piecewise smooth curve rt(s) = (x(s) y(s) z(s))T
,

where s is the natural parameter and S is the length of the

curve. Further, let vt : [0,S] → R
3 represent the mapping

vt(s) = (vx(rt(s)) vy(rt(s)) vz(rt(s)))
T

that assigns a certain

velocity vector vt(s) to each point of the curve rt(s).

Definition 2.3: If DF(r,rt ,vt) is KSDF, then the cumu-

lative kinetostatic danger field (CKSDF) is defined as the

following line integral:

CDF(r) =

∫ S

0
DF(r,rt ,vt)ds (2)

CKSDF captures the contribution of both position and

motion of the curve in R
3. Clearly, the concept of CKSDF

can easily be extended to moving surfaces or bodies.

III. CKSDF OF THE ROBOTIC ARM

A. Definitions

It is possible to define the CKSDF of the rigid robot

manipulator using (2), where the curve over which the

integration is performed is the line approximation of the

kinematic chain. Knowing the position and the velocity of the

link endpoints (obtainable from the proprioceptive sensors
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measurements), one could evaluate both the position and

velocity of any point on the chain just by using direct

kinematics. Further, it is natural to compute the contribution

of each link separately and then obtain the CKSDF as the

superposition of these contributions. Let ri and ri+1 be the

positions of the endpoints of link i and let vi and vi+1 be

the corresponding linear velocities. Any point rs on the link

i could be represented as:

rs = ri + s(ri+1 − ri) , s ∈ [0,1] (3)

Performing time derivation of (3), a similar property is

obtained for the linear velocity of any point on the link i:

vs = vi + s(vi+1 − vi) , s ∈ [0,1] (4)

Now, we can express some characteristic quantities that play

role in the expressions for KSDF and CKSDF. First of all:

r−rs =





x
y
z



−





rix + s(ri+1 x − rix)
riy + s(ri+1 y − riy)
riz + s(ri+1 z − riz)



≡





α1 +α2s
β1 +β2s
γ1 + γ2s



. (5)

The module of the above vector is ρ2
s = ‖r− rs‖2 = as2 +

bs+ c, where a = α2
2 +β 2

2 + γ2
2 , b = 2(α1α2 +β1β2 + γ1γ2)

and c = α2
1 +β 2

1 + γ2
1 . The velocity vector is given with:

vs =





vix + s(vi+1 x −vix)
viy + s(vi+1 y −viy)
viz + s(vi+1 z −viz)



≡





a1 +a2s
b1 +b2s
c1 +c2s



, (6)

while its module is v2
s = ‖vs‖2 = As2 +Bs+C, where A =

a2
2+b2

2+c22, B= 2(a1a2+b1b2+c1c2) and C = a2
1+b2

1+c2
1.

Further we need to determine the angle ϕ = ∠(r− rs,vs).
Convenient approach would be to use the scalar product:

cosϕ =
〈r− rs,vs〉
‖r− rs‖‖vs‖

=
Ms2 +Ns+P√

as2 + bs+ c
√

As2 +Bs+C
, (7)

where M = α2a2 +β2b2 + γ2c2, N = α1a2 +α2a1 + β1b2 +
β2b1 + γ1c2 + γ2c1 and P = α1a1 +β1b1 + γ1c1. The CKSDF

of the link i is then given with:

CDFi(r) =
∫ 1

0
DF(r,rs,vs)ds =

∫ 1

0
f (ρs,vs,ϕ)ds, (8)

where all the quantities can be easily computed. Conse-

quently, the CKSDF of the n-DOF robot is:

CDF(r) =
n

∑
i=1

CDFi(r). (9)

The field CDF(r) is by definition a scalar field. Nevertheless,

a vector field can easily be constructed upon it. The most

natural way to do so is by using its gradient:

~CDF(r) =CDF(r)
∇CDF(r)

‖∇CDF(r)‖ . (10)

Thus, ~CDF(r) is a vector, anchored in r, with the intensity

CDF(r), pointing in the direction defined by ∇CDF(r).

Fig. 2. Elements that play role in the computation of elementary danger
field

B. An instance of the danger field

We propose the elementary KSDF, induced by the motion

of infinitesimal portion of the link, as:

DF(r,rt ,vt) =
k1

‖r− rt‖
+

k2‖vt‖ [γ + cos∠(r− rt ,vt)]

‖r− rt‖2

(11)

where k1, k2 and γ ≥ 1 are positive constants, r is a point

in space at which the field is being computed, and rt and vt

are position and velocity of the moving element (see Fig. 2).

The CDF induced by the motion of the complete link is:

CDF(r,ri,vi,ri+1,vi+1) = k1

∫ 1
0

dt√
at2+bt+c

+k2γ
∫ 1

0

√
At2+Bt+C

at2+bt+c
dt + k2

∫ 1
0

Mt2+Nt+P

(at2+bt+c)3/2 dt,
(12)

All integrals in (12) are solvable analytically and hence,

the value of the danger field at any point of the space

can be evaluated via an algebraic expression. Inputs to the

expression are ri,vi,ri+1,vi+1 (all of them obtainable from

direct kinematics) and a generic position r. As previously

stated, by simple superposition of the influences of arbitrarily

many articulated links, one could obtain the danger field

induced by the complete kinematic chain. Thus, the danger

field of the complete robot is closed-form computable in

an arbitrary position r using only the measurements from

the proprioceptive sensors. However, in order to use the

danger field for control purposes, we have to determine the

positions r of relevant subjects/obstacles where the danger

field needs to be computed. Clearly, this requires some

kind of environment perception via exteroceptive sensors

(e.g. cameras, lasers, etc.). For the primary representation of

the concept we will assume that the problem of detecting

the obstacles is solved and that the reasonably accurate

estimation of the obstacles’ locations is available. This is a

common sense assumption since the solutions to the problem

above are omnipresent in the robotic literature and practice

(see e.g. [7], [12], [15]).

Fig. 3 shows the contour plot of the field induced by the

motion of a 2DOF planar manipulator.

IV. DANGER FIELD BASED CONTROL

Beside the pure danger measure of the subject(s) in the

vicinity of the robot, the danger field represents usable

information that could purposely shape the strategy of the
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Fig. 3. Snapshots of the danger field’s contour plot - a 2DOF example:
both links accelerate in the counterclockwise direction (the robot base is
marked)

robot control. Its role within the control system should ensure

the decrease of the danger itself.

There is an obvious connection between the danger field

and the ubiquitous potential field method used for the ob-

stacle avoidance [15]. However, two big differences emerge.

The first is that the source of the danger field is the robot

itself, rather than the subject/obstacle. The second is that the

classical potential field does not capture the velocity of the

robot (nor the obstacle). On the other hand, the velocity cer-

tainly plays a significant part in danger assessment that could

be observed as the estimation of the effects of the possible

collision between the robot and the obstacle. For previous

attempts to account for velocity in control and planning based

on potential field (mostly for mobile platforms), the reader

is referred to [16], [17], [18], [19].

As for the safety-oriented reactive control, our approach

is considerably motivated by the extensive work of Kulic

and Croft [7], where the control is shaped by a devotedly

designed danger index. However, the real time algorithm

therein relies on danger assessment that is based on a

discrete number of points on the manipulator (critical points)

and does not consider the kinematic chain as a whole. In

addition, the issue of task consistency has not been tackled.

Finally, their strategy is prevailingly descriptive and not

easily reproducible since it depends on the other components

of a broader framework (see e.g., [6]).

The method proposed in this paper also resembles the

so called virtual (or visual) impedance approach [20], [21].

In this method, a virtual force is generated based on the

penetration of the finite number of robot locations (usually

just the end-effector) beyond a virtual surface surrounding

an obstacle. The virtual force combines (in linear manner)

the depth of the penetration, the corresponding velocity

and the acceleration, thus emulating the classical impedance

approach that considers a real physical contact between a

robot and the environment. This force is then mapped to the

joint torques via transposed Jacobian. The concept of virtual

force will be extensively utilized within the danger field

based control. The connection is quite intuitive: the vector of

the danger field at the location of interest can be interpreted

as the virtual force, or be the input argument to the virtual

force - in a similar manner as the electrostatic force depends

on the electrostatic field and the charge immersed in it.

However, the difference between the two approaches are

obvious. The danger field captures the kinematic behavior of

the complete robot manipulator, while the virtual impedance

control operates on a finite number of points on the robot.

In addition, no virtual surfaces around the obstacles are

considered in the danger field approach. We may refer to

the family of isosurfaces of the danger field (see Fig. 3)

as those virtual surfaces, with the distinction that they are

“constructed” around the robot, not the obstacle. Finally, the

danger field comprises the information about the posture and

the velocity in a nonlinear way and hence can be treated

as the generalized non-linear virtual impedance. Its intuitive

definition, that is an attempt to establish a comprehensive, yet

simple danger/safety assessment makes it a good ingredient

for the design of the control system that ensures safe human-

robot interaction.

V. CONTROL OF MULTI DOF ROBOTS

The danger field proposed in this paper can be used in the

control of a multi DOF robot. The dynamic equations of the

robot in the joint space are:

M(q)q̈+b(q, q̇)+ g(q) = T, (13)

where q ∈ R
n is the vector of n joint coordinates, M(q) ∈

R
n×n is the symmetric non-singular inertia matrix, b(q, q̇) ∈

R
n is the vector of torques due to centripetal, Coriolis and

friction forces, g(q) ∈ R
n is the vector of torques due to

gravity and T ∈ R
n is the vector of joint torques.

Assume that the task space has m dimensions. The corre-

sponding task space model is given by [22]:

A(q)ẍ+h(q, q̇)+p(q) = F, (14)

where A(q) =
(

J(q)M−1(q)JT (q)
)−1 ∈ R

m×m, with J(q) ∈
R

m×n being a Jacobian. F ∈ R
m represents the force in the

operational space. Vectors h(q, q̇) ∈ R
m and p(q) ∈ R

m are

given by:

h(q, q̇) = J̄T (q)b(q, q̇)−A(q)J̇(q)q̇, (15)

p(q) = J̄T (q)g(q), (16)

where J̄(q) = M−1(q)JT (q)A(q) is the dynamically consis-

tent generalized inverse [22].

Assume there are N ∈ N relevant obstacles in the robot

environment and let r j be the position of the obstacle j, j ∈
{1,2, . . . ,N}. We may refer to r j as to position of the point

on the obstacle that is the nearest to the robot. Define m as:

m =

{

1 if ‖ ~CDF(r j)‖ ≤ ∆ j, ∀ j ∈ {1,2, . . . ,N}
0 otherwise,

(17)

meaning that m = 1 if and only if the value of the danger

field at each of the relevant locations r j does not exceed a

certain threshold ∆ j. Inspired by the frameworks described

in [9] and [21] we propose the control law:

T = mTtask +[(1−m)I+mNT(q)]Tsubtask. (18)
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The torque Ttask is responsible for the task behavior. If m= 1,

then the subtask torque Tsubtask affects only the robot posture,

without altering the end effector dynamic behavior. This is

guaranteed by the matrix N(q) = I− J̄(q)J(q) that projects

an arbitrary torque vector into the null-space of J̄T (q). If

m = 0, Tsubtask affects the dynamics of the complete robot.

We construct the torque Tsubtask as:

Tsubtask =
N

∑
j=1

n

∑
k=1

JT (q, j,k)Fk

(

~CDF(r j), ṙ j

)

, (19)

where J(q, j,k) is a Jacobian matrix associated with the point

on the link k that is the closest to the subject/obstacle j.

Vector functions Fk : R6 →R
3, k ∈ {1,2, . . . ,n}, represent

the virtual forces that are (in general) dependent on the

danger field vector ~CDF(r j) at the position r j and the

subject/obstacle velocity v j. Intuitively, the force Fk should

increase with the decrease of the angle between v j and
~CDF(r j). The obvious drawback of this approach is the

necessity to estimate the obstacle’s velocity. Thus, from now

on, we assume that the force Fk = kF
~CDF(r j), where kF is

a positive parameter.

The above choice of the subtask behavior leads to decrease

of the overall danger while performing the specified task

(m= 1). If the danger exceeds certain limit, the task behavior

becomes relaxed (m = 0) and control leads to the decrease

of the danger without the task consistency. If necessary, the

signal m may be processed by a low-pass filter before apply-

ing it within (18) in order to obtain a smooth transition. The

above control strategy is designed prevailingly for redundant

manipulators. For non-redundant case, the matrix J̄(q) is

equal to J−1 and N becomes a zero matrix. Consequently,

Tsubtask can affect the motion of the robot only if m = 0.

Although primarily intended to ensure a collision-free be-

havior, the danger field based control can easily be modified

to scenarios that require the physical contact between the

robot and a human operator. Assume that the end-effector

trajectory that assures the intended contact cooperation (e.g.

placing an object in a human’s hand whose location is rp)

is enabled via control input Ttask. By setting the threshold

∆p large enough, the proximity between the hand and the

end effector will not cause the task suspension and the

assignment can successfully be completed.

Note that the control approach described in this section

is not designed a priori to achieve a fail-safe performance.

Nevertheless the proposed control scheme can be embedded

into a larger scope framework, whose architecture would

contain an independent fail-safe monitoring system.

VI. SIMULATION RESULTS

For the simulation purposes, we use a dynamic model of a

6 DOF robot with revolute joints. The robot is modeled using

the Robotics Toolbox for Matlab [23]. The first simulation

scenario considers the subject/obstacle avoidance while the

task is to keep the end-effector where it is. The spherical

obstacle moves along a straight line (see Fig.4) in the way

that the minimum distance between the robot and the obstacle

slightly decreases. The danger field at the obstacle’s location

Fig. 4. Null-space motion with subject/obstacle avoidance

0 1 2 3 4 5
0

10

20

30

Time [sec]

C
D

F
(r

h
)

∆1

Fig. 5. Profile of the cumulative danger field

(the point on the obstacle that is the closest to the robot)

does not exceed the threshold (the value ∆1 = 20 is assumed)

(Fig.5), which implies the consistency of the task, i.e. the

robot performs the null-space motion while its kinematic

redundancy is exploited for reaching less dangerous postures.

The initial and the final posture of the robot (q(0) and q(t f )
respectively) as well as the initial and the final position of

the obstacle (rh(0) and rh(t f ) respectively) are indicated. We

set the simulation time t f = 5sec.

In the second scenario, the obstacle moves along a circum-

ference and gets very close to the end-effector at one point.

This induces the necessity for the suspension of the task

(keeping the end-effector still), because the danger field at the

obstacle’s location exceeds the threshold ∆1. Consequently,

the end effector leaves the target position while the danger

field at the subject location remains nearly constant. The task

resumption will follow shortly after the value of the danger

field drops below the given threshold (see Figs 6 and 7).

VII. CONCLUSIONS AND FUTURE WORKS

This paper presented a novel method for estimating the

danger level in the vicinity of a robot manipulator. The

method stands upon the introduced concept of kinetostatic

danger field that is the generalization of well known potential

field approach. Two main differences are that the danger field

captures both the posture and the velocity of the robot and

that the source of the field is the robot itself, rather than

the subject/obstacle. Besides the comprehensive information

about the danger level, the danger field appears to be the

useful control tool that increases the degree of safety in

the interaction. Another benefit of the method described

2173



Fig. 6. Exceeding the danger field threshold induces task suspension
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Fig. 7. The profile of the cumulative danger field and the profiles of the
end-effector’s coordinates

is the closed form computability that allows for the real

time applications. The method presented was subjected to

simulations for multi DOF robot.

Further research will include the experimental validation

of the described concept using a multi DOF robot. Moreover,

the motion planning with the embedded safety heuristic will

be investigated in order to make further steps towards a

unified safety oriented framework.
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