HOMOLOGICAL DIMENSION OF ISOGENY CATEGORIES
OF COMMUTATIVE ALGEBRAIC GROUPS

MICHEL BRION

ABSTRACT. We determine the homological dimension of various isogeny
categories of commutative algebraic groups over a field k, in terms of the
cohomological dimension of k at certain primes. This generalizes results of
Serre, Oort and Milne, by an alternative approach.

1. INTRODUCTION

The commutative group schemes of finite type over a field £ form an abelian
category C. When £k is algebraically closed, the homological properties of C
have been investigated by Serre and Oort (see [Se60, O066]); in particular, the
homological dimension turns out to be 1 in characteristic 0, and 2 otherwise.
Building on these results, Milne determined the homological dimension of C
when k is perfect: then

hd(C) = cd(k) +1 if char(k) = 0,
| max(2,cd(k) + 1) otherwise

(see [Mi70]). Here cd(k) denotes the cohomological dimension of k, i.e., the
supremum of the ¢th cohomological dimensions cd,(k) over all primes /.

The aim of this paper is to generalize these results to various isogeny cate-
gories, obtained from C by formally inverting isogenies of a certain type; these
may also be viewed as quotient categories C/B, where B is a Serre subcate-
gory of C all of whose objects are finite group schemes. The first result in this
direction is again due to Serre in [Se60]: if & is algebraically closed of positive
characteristic, then hd(C/Z) = 2, where Z denotes the full subcategory of C
with objects the infinitesimal group schemes. Note that C/Z is equivalent to
the category of “quasi-algebraic groups” considered in [Se60]; it is obtained
from C by inverting the radicial (or purely inseparable) isogenies.

More recently, it was shown in [Br17] that hd(C/F) = 1 for an arbitrary field
k, where F denotes the Serre subcategory of C with objects the finite group
schemes. For this, we adapted the original approach of Serre and Oort, in the
somewhat simpler setting of the full isogeny category C/F. A more conceptual
proof is presented in [Brl8al, which also contains a representation-theoretic

description of C/.F.
1
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In this paper, we consider the radicial isogeny category C/Z over an arbitrary
field, as well as the S-isogeny category C/Fg and the étale S-isogeny category
C/Es, where S denotes a set of prime numbers, and Fg (resp. £g) is the full
subcategory of F with objects the S-primary torsion groups (resp. the étale
S-primary torsion groups). Our main result can be formulated as follows:

Theorem. Let k be a field of characteristic p > 0, and S a subset of the set
P of prime numbers. Set cdgs/(k) := supygg(cde(k)) if S # P, and cdg (k) =0
if S=P.

(i) Ifp=0orpe S, then hd(C/Fs) = cdg (k) + 1.
(i) If k is perfect and p > 0, then hd(C/Es) = max(2,cdg/(k) + 1).
(iii) If p > 0, then hd(C/Z) = max(2,cd(k) + 1).

This yields the values of hd(C/Fs) and hd(C/Es) for an arbitrary set .S when
k is perfect, since £ = Fg if p ¢ S. Also, this gives back Milne’s formula:
just take S = (). But the determination of hd(C) when k is imperfect seems
to be an open question, see Remark 3.11 for more details.

Our approach is independent from the results of [Se60, O066] (which de-
scribe all higher extension groups for “elementary” algebraic groups) and
[Mi70] (which constructs a spectral sequence relating the higher extension
groups over the field k£ with those over its algebraic closure, via the cohomol-
ogy of the absolute Galois group). We follow a suggestion of Oort (see [0066,
[1.15.2]), albeit in a slightly different setting which yields a more uniform
result. Specifically, we show that

(1.0.1) hd(A) = max(hd(Asors ), hd(A/ Agors))

for any artinian abelian category A, where A, denotes the full subcategory
of A consisting of those objects X such that the multiplication map ny is zero
for some positive integer n = n(X). When A is one of the isogeny categories
considered above (which are indeed artinian), it turns out that A/ A, has
homological dimension at most 1, and A, can be explicitly determined in
each case.

This approach also applies to the full subcategory £ of C with objects the
linear (or equivalently, affine) group schemes. Note that £ contains F; thus,
we may consider the isogeny category L£/B, where B equals Fg, s or Z. It
turns out that hd(£/B) = hd(C/B) in all cases, see Remarks 3.11, 3.16 and
3.18 for details.

The layout of this paper is as follows. In Section 2, we gather preliminary
results on artinian abelian categories and the corresponding pro-artinian cat-
egories. These results are closely related to classical work of Gabriel in [Ga62,
Chap. ITI]. Some of them may be well known (for example, the fact that the
quotient of any artinian abelian category by a Serre subcategory is artinian),
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but we could not locate appropriate references. The main result of this section
is Theorem 2.22, which yields a more general version of (1.0.1).

In Section 3, we first describe the three subcategories Fg, £ and Z of C, and
the corresponding isogeny categories. Then we prove the main theorem under
the assumption that k is perfect, for each of these three cases (Theorems 3.7,
3.14 and 3.15). Finally, we show that the categories C/Z and C/Fs, where
p € S, are invariant under purely inseparable extension of the base field k,
thereby completing the proof of the main theorem.

Further developments and applications to the fundamental group are pre-
sented in [Br18b].

2. PRELIMINARIES ON ARTINIAN ABELIAN CATEGORIES

2.1. Quotients of artinian categories. Throughout this subsection, A de-
notes an abelian category. We assume that A is artinian, i.e., for any X € A,
every descending chain of subobjects of X is stationary.

Let B be a full subcategory of A. We assume that B is a Serre subcategory,
i.e., is stable under taking subobjects, quotients and extensions in A; then B
is an abelian subcategory of A. We denote by +B the full subcategory of A
consisting of those objects X for which Hom 4(X,Y) = 0 for all Y € B; thus,
B and +B are disjoint.

Lemma 2.1. (i) The subcategory 1B is stable under taking quotients and
extensions in A.
(ii) For any X € A, there exists an exact sequence

(2.1.1) 0— XP — X — Xz —0,

where X8 € 1B and Xg € B, and such a sequence is unique up to
1somorphism.

Proof. (i) This follows readily from the fact that every exact sequence in A
00— X1 — X —Xo—0

yields an exact sequence
0 — Hom4(X5,Y) — Homy(X,Y) — Homu(X1,Y).

(ii) Since A is artinian, there exists a subobject Z of X such that X/Z € B
and Z is minimal for this property. Assume that Z ¢ +B; then we may
choose a non-zero morphism f : Z7 — W, where W € B. Since B is a Serre
subcategory of A, we have that Z/Ker(f) € B and then X/Ker(f) € B. But
Ker(f) C Z, a contradiction. This shows the existence of the exact sequence
(2.1.1).

For the uniqueness, consider another exact sequence

0—272 — X —Y —0,



4 MICHEL BRION

where Z' € *B and Y’ € B. View Z and Z' as subobjects of X. By the
definition of +B, the composition Z/ — X — Y is zero; thus, Z’ is a subobject
of Z. Then Z/Z'is in +B (as a quotient of Z € +B) and in B (as a subobject
of X/Z' =Y"), and hence is zero. Thus, Z' = Z, and Y' =Y. O

Remark 2.2. By Lemma 2.1 (ii), the pair (*B, B) of subcategories of A is a
torsion pair, as defined e.g. in [BRO7, Sec. 1.1]. As a consequence, the assign-
ment X — Xz extends to an additive functor A — B which is left adjoint
to the inclusion B — A, and hence right exact. Likewise, the assignment
X + X5 extends to an additive functor A — B which is right adjoint to the
inclusion *B — A, and hence left exact (see [loc. cit.] for these results).

Next, consider the quotient category A/B: its objects are those of A4 and
we have
Hom 4/5(X,Y) = lim (Hom4 (X', Y/Y"))
*>

for all X,Y € A, where the direct limit is taken over all subobjects X’ € X
such that X/X’ € B, and all subobjects Y' C Y such that Y’ € B. We denote
by

Q:A— A/B
the quotient functor (which is exact). In particular, we have a canonical
morphism of abelian groups

Q=Q(X,Y):Homu(X,Y) — Homy,(X,Y)

for any X,Y € A.
We now obtain a simpler description of the quotient category A/B, which
generalizes [Brl7, Lem. 3.1]:

Lemma 2.3. Let C be the full subcategory of A/B with objects those of +B.

(i) The inclusion of C in A/B is an equivalence of categories.
(ii) For any X,Y € C, we have

Home(X,Y) = lim (Hom4(X,Y/Y")),

where the direct limit is taken over all Y' CY such that Y’ € B.

(iii) With the assumptions of (ii), let ¢ € Home(X,Y') with representative
f € Homyu(X,Y/Y"). Then ¢ = 0 (resp. ¢ is a monomorphism, an
epimorphism) if and only if f =0 (resp. Ker(f) € B, f is an epimor-
phism).

Proof. (i) Let X € A, then the morphism X® — X is an isomorphism in
A/B with the notation of Lemma 2.1 (ii). Thus, the inclusion C — A/B is
essentially surjective.

(ii) Let X € *B and X’ C X such that X/X’ € B. Then the quotient
morphism X — X /X' is zero by the definition of *B. Thus, X' = X.
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(iii) By [Ga62, III.1.Lem. 2], ¢ is zero (resp. a monomorphism, an epimor-
phism) if and only if Im(f) (resp. Ker(f), Coker(f)) is in B. As X € 1B,
we have Im(f) € B if and only if f = 0. Likewise, as Y € 1B, we have
Coker(f) € B if and only if f is an epimorphism. O

Lemma 2.4. Let X,Y € A and let ¢ € Hom4s(X,Y) be a monomorphism.
Then there ezists a commutative triangle in A/B

Py

X 2oy,
where Y is an isomorphism and f € HomA(X', Y') is a monomorphism.

Proof. By Lemma 2.3, we may assume that X € +B; then ¢ is represented
by a morphism ¢ : X — Y/Y’ in A, where Y’ C Y and Y’ € B. Moreover,
Ker(g) € B as ¢ is a monomorphism in \A/B. We may thus replace X by
X/Ker(g), and assume that ¢ is a monomorphism in A. Form the fibered
square in A

X1 .y

él lq

X—2-v)v,
where ¢ denotes the quotient morphism. Then f is a monomorphism in A;
also, ¢ and ¢ yield isomorphisms in .4/B. O

Proposition 2.5. The quotient category A/B is artinian.

Proof. Let X € A and consider a descending chain (X,,),>1 of subobjects of X
in A/B, i.e., X; = X and there exist monomorphisms ¢, € Hom 4,5(X, 11, X»)
for all n > 1. In view of Lemma 2.4, there is a monomorphism f; : Xo — X,
in A such that X, 2 X, in A/B and this isomorphism identifies Q(f) with
1. Thus, we may replace ¢; with Q(f;) and assume that ¢; is the image
of a monomorphism in A. Iterating this construction, we may assume that
(Xpn)n>1 is a descending chain of subobjects of X in 4. Hence this sequence
is stationary. ]

2.2. The lifting property. We continue to consider an abelian category A
and a Serre subcategory B.

Definition 2.6. The pair (A, B) satisfies the lifting property if for any epi-
morphism X — Y in A, where Y € B, there exists a subobject X’ C X such
that X’ € B and the composition X’ — X — Y is an epimorphism in B.
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Equivalently, given an exact sequence
0—272—X—Y —0
in A, where Y € B, there exists a commutative diagram of exact sequences
0 w V Y 0

Lo

0 Z X Y 0,

where V. W € B.

The lifting property is often used to show that the bounded derived category
of B is naturally equivalent to the full subcategory of the bounded derived
category of A with objects having cohomology in B (see [KS05, Thm. 13.2.8]
and its applications). We now obtain a handy description of morphisms in the
quotient category A/B:

Lemma 2.7. Assume that (A, B) satisfies the lifting property. Then the nat-
ural map

lim (Hom(X,Y/Y")) — Hom/5(X,Y)
_)

is an isomorphism for all X,Y € A (where the direct limit is taken over all
Y' CY such that Y' € B).

Proof. Let ¢ € Hom4/5(X,Y’) be represented by f € Hom4(X',Y/Y"), where
X' Cc X, Y CY and X/X")Y" € B. By the lifting property, there exists
Z C X such that Z € B and X = X'+ Z. We then have a commutative
diagram in A

X~—"' X Y)Y’

I

X/Z <1 X')X'nZ—L=V/Y",

where ¢ denotes the inclusion, j the canonical isomorphism, X' N Z € B,
Y":=Y'+ f(X'NZ) € B, and the vertical arrows are quotients. It follows
that ¢ is represented by a morphism h : X — Y/Y” in A. This shows the
surjectivity of the considered map.

For the injectivity, let f € Hom(X,Y/Y”") such that Q(f) = 0. Then
Im(f) € B by [Ga62, III.1.Lem. 2]. Denote by Y” the preimage of Im(f) in
Y; then Y” € B and the composition X — Y/Y' - Y/Y" is zeroin A. O

The following lemma yields a dual statement to that of Lemma 2.1, in the
presence of the lifting property:
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Lemma 2.8. Assume that A is artinian and (A, B) satisfies the lifting prop-

erty. Then every object X € A lies in an exact sequence
0—2—X—Y —0

in A, where Z € B and Y € *B.

Proof. Consider the exact sequence (2.1.1) and use the lifting property to
choose a Z C X such that Z € B and the composition Z — X — Xz is an
epimorphism in A. Then X = Z+X? and hence X/Z = X5 /XPnZ € *1B. O

Next, we show that every exact sequence in A/B can be lifted to an exact
sequence in A, thereby generalizing [Br17, Prop. 3.5] with a simpler proof:

Lemma 2.9. Assume that A is artinian and (A, B) satisfies the lifting prop-
erty. Consider a complex

(2.2.1) 0— X, "2 X, 2% ... 2 X, —0
in A/B.

(i) There exists a complex
(2.2.2) 0—Y, My, I Sy o

in A, together with epimorphisms g; - X; = Y; in A fori=1,...,n,
such that Y; € *B and Ker(g;) € B fori=1,...,n, and the diagram

Pn—1 1

lQ(gn) LQ(gn—ﬂ LQ(gz) LQ(gl)
Q(fn-1) Q(f1)

commutes in A/B.
(i) If the complex (2.2.1) is exact in A/B, then (2.2.2) may be chosen to
be exact in A.

Proof. (i) If n = 1, then we just have an object X € A and the assertion
follows from Lemma 2.8.

For an arbitrary n, this lemma yields subobjects X! C X; such that X| € B
and X;/X! € tB for i = 1,...,n. Replacing each X; with X;/X/, we may
thus assume that X; € *B. In view of Lemma 2.3, ¢,_; is represented by an
fa—1 € Homy (X, X,,—1/X] ;) for some X/ | C X, such that X! ;| € B.
Then X, 1/X/_; € *B and the quotient morphism X, ; — X, ;/X] | is
an isomorphism in A/B. Therefore, we may replace X, _; with X, /X, _,
and hence assume that ¢, 1 = Q(f,_1) for some f, 1 € Homa(X,, X,_1).
Arguing similarly with ¢, _o,...,¢1, we reduce to the case where there exist
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fi € Hom4(X;, X;_1) such that ¢; = Q(f;) fori =1,...,n—1. As p;op;11 =0
fori=1,...,n— 2, we obtain f; o f;;; = 0 by Lemma 2.3 again.

(i) By (i), we may assume that X; € *B and ¢; = Q(f;) fori =1,...,n—1,
where
(2.2.4) 0— X, 24 X, S X —o0
is a complex in A with homology objects in B. Then f; is an epimorphism in
A by Lemma 2.3 again. Also, since Ker(f;)/Im(f2) € B, we may choose an
X} C Ker(f1) C Xy such that X/, € B and Ker(f;) = X+ Im(f5). This yields
a commutative diagram in A

X, f2 X, fi X, 0

where h denotes the quotient. Since

Ker(g1) = h(Ker(f1)) = h(Im(f,)) = Im(gs),

the bottom sequence is exact in A. Thus, we may replace (2.2.4) with the
complex

0— X, — - — X3 5 Xy/X) 25 X — 0,

and hence assume that (2.2.4) is exact at X, and X;. We now argue as above
at Xj; this yields a new complex which is exact at X3, and where the tail
Im(fy) — X — X; — 0 is unchanged. Iterating this construction completes
the proof. O

2.3. Pro-artinian categories. We continue to consider an artinian abelian
category A. Recall the definition of the pro category Pro(A): its objects are
the filtered projective systems of objects of A, and we have

(2.3.1) Homp,o(a)({X;}, {Y;}) = limlim (Hom4(X;,Y})).
—j —i

The category A is equivalent to a Serre subcategory of Pro(.A); the latter
is abelian, has enough projectives, and every artinian object of Pro(A) is
isomorphic to an object of A. Moreover, Pro(A) has exact projective limits
(in particular, it has arbitrary products), and every object of Pro(A) is the
filtered inverse limit of its artinian quotients (see [O064, §1] for these results).

Thus, Pro(.A) is a pro-artinian category as defined in [DG70, V.2.2]; this is
the dual notion to that of a locally noetherian category introduced in [Ga62,
I1.4]. Conversely, every pro-artinian category C is equivalent to Pro(.A4), where
A denotes the full subcategory of C consisting of the artinian objects (see
[DG70, V.2.3.1] or [Ga62, I1.4.Thm. 1]).
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Also, recall the natural isomorphisms
(2.3.2) Exty(X,Y) — Exth,q4(X,Y)

for all XY € A and all i« > 0 (see [Oo64, Thm. 3.5]). Here the higher
extension groups Extf4 are defined via equivalence classes of Yoneda extensions
in the abelian category A.

For later use, we record a characterization of projective objects of Pro(.A):

Lemma 2.10. The following are equivalent for an object P € Pro(A):
(i) P is projective in Pro(A).
(ii) Extlle(A)(P, Z) =0 for any Z € A.
(iii) For any epimorphism X — Y in A, the induced map

Homp,o(a) (P, X ) — Hompyo(a)(P,Y)
18 surjective.

Proof. (i) = (ii) This is well known.

(ii) = (iii) This follows from the long exact sequence for higher extension
groups.

(iii) = (i) This is a consequence of [DGT70, V.2.3.5]. O

Next, let B be a Serre subcategory of the artinian abelian category A. By
(2.3.1), we may identify Pro(B) with the full subcategory of Pro(.A) consisting
of the filtered projective systems of objects of B.

Lemma 2.11. With the above notation and assumptions, the following con-
ditions are equivalent for X € Pro(A):
(i) X € Pro(B).
(ii) Fwvery artinian quotient of X is an object of B.
Moreover, Pro(B) is a Serre subcategory of Pro(A), stable under inverse
limats.

Proof. We find it easier to check the dual statement, where A is a noetherian
abelian category, B a Serre subcategory, and Pro(.A) is replaced with the ind
category Ind(.A) (a locally noetherian category).

Let X € Ind(B). Then X is a direct limit of objects of B, and hence a sum
of subobjects in B as the latter is a Serre subcategory. Thus, every noetherian
subobject Y of X is a finite sum of subobjects in B, and hence Y € B.
Conversely, if every noetherian subobject of X is in B, then X € Ind(B) as X
is the sum of its noetherian subobjects. This shows the equivalence (i)<(ii).

By this equivalence, Ind(B) is stable under taking subobjects. We show that
it is stable under taking quotients as well: let f : X — Y be an epimorphism
in Ind(.A), where X € Ind(B). Consider a noetherian subobject Y’ of Y; then
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the pull-back f~(Y”) is an object of Ind(B). Thus, Y” is a sum of subobjects
in B (since so is f~}(Y”)). So Y’ is a finite such sum, and Y’ € B.

Next, consider an exact sequence 0 — X; — X — X5 — 0in Ind(.A), where
X1, X5 € Ind(B). Let X’ be a noetherian subobject of X, then we have an
exact sequence 0 = X] — X' — X — 0, where X/ is a noetherian subobject
of X; for i = 1,2. Thus, X] € B, and X’ € B as well. So Ind(B) is stable
under extensions.

Finally, to show that Ind(B) is stable under direct limits, it suffices to check
the stability under direct sums. Let (X;);c; be a family of objects in Ind(B),
and Y a noetherian subobject of @;c; X;. Note that Y is the union of its
subobjects Y; 1= Y N @jc; X;, where J runs over the finite subsets of I.
Choosing J such that Y is maximal, we easily obtain that Y = Y;; then Y
is a subobject of @;c; X;. Hence Y € B, since Ind(B) is stable under finite
direct sums. 0

Given an artinian abelian category A and a Serre subcategory B, the quo-
tient functor @ : A — A/B extends uniquely to an exact functor

Pro(Q) : Pro(A) — Pro(A/B)

which commutes with filtered inverse limits, in view of the dual statements to
[KS05, Prop. 6.1.9, Cor. 8.6.8]. Since Pro(Q) sends every object of Pro(B) to
zero, it factors uniquely through an exact functor

R : Pro(A)/Pro(B) — Pro(A/B).

Proposition 2.12. With the above notation and assumptions, R is an equiv-
alence of categories.

Proof. By the dual statement of [Ga62, I11.4.Prop. 8], the subcategory Pro(B)
of Pro(A) is colocalizing, i.e., Pro(Q) has a left adjoint. In view of the
dual statement of [Ga62, II1.4.Cor. 1], it follows that the quotient category
Pro(A)/Pro(B) is pro-artinian. By the structure theorem for these categories
(the dual statement of [Ga62, 11.4.Thm. 1]), it suffices to show that R re-
stricts to an equivalence of the full subcategories consisting of artinian objects.
Also, the isomorphism classes of artinian objects of Pro(.A/B) are exactly
those of objects of A/B. The latter may be viewed as a full subcategory of
Pro(A)/Pro(B) by Lemma 2.11; moreover, R restricts to the identity functor
on A/B. Thus, it suffices in turn to show that the isomorphism classes of
artinian objects of Pro(A)/Pro(B) are exactly those of A/B.

Let X be an object of A/B, or equivalently of A. We show that X is
artinian in Pro(A)/Pro(B) by adapting arguments from Subsection 2.1. Con-
sider a monomorphism ¢ : Y — X in Pro(A)/Pro(B). Then ¢ is represented
by a morphism f : Y’ — X/X’ in Pro(A), where Y’ C Y, Y/Y’ € Pro(B),
X' € X and X' € Pro(B); moreover, Ker(f) € Pro(B). Replacing Y with



HOMOLOGICAL DIMENSION OF ISOGENY CATEGORIES 11

an isomorphic object in Pro(A)/Pro(B), we may thus assume that ¢ is rep-
resented by f :Y — X/X’ for some X’ € Pro(B). Then X’ is an object of
A, and hence of B. So ¢ is represented by a monomorphism in .4/B. Since
the latter category is artinian (Proposition 2.5), it follows that X is indeed
artinian in Pro(A)/Pro(B).

Conversely, let X be an object of Pro(A) such that Pro(X) is artinian
in Pro(A)/Pro(B). Consider the family (X;);cs of subobjects of X in Pro(.A)
such that X/X; € A. Then N;c; X; = 0in Pro(A), hence N;e; Pro(Q)(X;) =0
in Pro(A)/Pro(B), since Pro(Q) is exact and commutes with inverse limits
(by the dual statement to [Ga62, III1.4.Prop. 9]). But (Pro(Q)(X;))ics has a
minimal element in Pro(A)/Pro(B), say Pro(Q)(X;,). Hence Pro(Q)(X;,,) is
zero in that quotient category, i.e., X;, € Pro(B). Thus, X/X;, is an object
of A, isomorphic to X in Pro(A)/Pro(B). O

Remark 2.13. In view of the dual statement to [Ga62, II1.4.Prop. 10], every
colocalizing subcategory C of Pro(A) is pro-artinian; moreover, assigning to
C its full subcategory of artinian objects defines a bijective correspondence
between colocalizing subcategories of Pro(.A) and Serre subcategories of A.
One may check that the inverse bijection is B +— Pro(B), by using Lemma
2.11 and [Ga62, I11.3.Cor. 1].

Lemma 2.14. Let A be an artinian abelian category, and B a Serre subcat-
egory. Then the pair (A, B) satisfies the lifting property if and only if every
projective object of Pro(B) is projective in Pro(A). Under this assumption,
every projective object of Pro(A) is sent by Pro(Q) to a projective object of
Pro(A/B).

Proof. Assume that the pair (A, B) satisfies the lifting property. Let P be a
projective object of Pro(B). By Lemma 2.10, to show that P is projective
in Pro(A), it suffices to check that for any epimorphism f : X — Y in A
and any morphism h : P — Y in Pro(A), there exists g : P — X in Pro(A)
such that g o f = h. Write P as a projective system (P}, f;;), where P, € B
and f;; € Homg(FP;, P;) for i < j; then h € lim_, ;(Homy(F;,Y)). Choose a
representative h; : P; — Y and let Y’ := Im(h;). Then Y” is a subobject of Y’
and Y’ € B; hence there exists a subobject X’ of f~1(Y”) such that X’ € B
and f pulls back to an epimorphism f’: X’ — Y in B. Since P is projective
in Pro(B), there exist j > ¢ and g; : P; — X' such that g; o f' = h; o f;;. This
yields the desired lift g : P — X.

Conversely, assume that every projective object in Pro(B) is projective in
Pro(A). Let f : X — Y be an epimorphism in A, where Y € B. Since
Pro(B) has enough projectives, there exists an epimorphism g : P — Y in
that category, where P is projective. By assumption, g lifts to a morphism
h : P — X. Denote by X’ the image of h; then X’ is an artinian object of
Pro(B), and hence an object of B by Lemma 2.11. Moreover, the composition
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X" — X — Y is an epimorphism. Thus, the pair (A, B) satisfies the lifting
property.

The remaining assertion is a consequence of the dual statement to [Ga62,
[11.3.Cor. 3]. Alternatively, it can be proved by adapting the above argument:
let P = (P, f;j) be a projective object of Pro(A). Consider an epimorphism
¢ : X — Y in A/B and a morphism v¢; : P, — Y in A/B. Replacing X
(resp. Y) with X% (resp. Y?), we may assume that ¢ is represented by an
epimorphism f : X — Y/Y’" in A, for some Y’ C Y such that Y/ € B
(Lemma 2.3). Also, in view of Lemma 2.7, v; is represented by a morphism
hi : P, = Y/Y"” in A, for some Y” C Y such that Y” € B. By considering
Y/(Y'+Y"), we may assume that Y” = Y’. Since P is projective in Pro(A),
there exist j > ¢ and a morphism h; : P; = X in A that lifts b, : P, = Y/Y".
Thus, Q(h;) € Hom4,z(P;, X) lifts ¢); € Hom4/5(P;,Y). O

2.4. Homological dimension. Recall that the homological dimension of an
abelian category A is the smallest non-negative integer n (if it exists) such
that Ext’,(X,Y) =0 for all X,Y € A and i > n. We then set n =: hd(A). If
no such integer n exists, then we set hd(A) := oo.

When A has enough projectives, its homological dimension is the supremum
of the lengths of minimal projective resolutions of all objects (see e.g. [We94,
Lem. 4.1.6]). This holds in particular when A is the pro category of an artinian
abelian category (see [0066, p. 229].

Given a family of abelian categories (A4;);cs, we clearly have

(2.4.1) hd(6D,c; Ai) = sup;c; (hd(A))).
We will also need the following observation:

Lemma 2.15. Let A be an artinian abelian category. Then
hd(A) = hd(Pro(A)).

Proof. In view of the isomorphism (2.3.2), we have hd(.A) < hd(Pro(.A)).

To show the opposite inequality, we may assume that hd(.A4) is finite, say
n. Let X € Pro(A), then we may write X as a filtered projective system
(X, ¢ij), where X; € A. By [DG70, V.2.3.9], the natural map

11_I)1’l (EXtPrO(A) ()(z7 Y)) — EXtPrO(A) (X, Y)

is an isomorphism for any m > 0 and any Y € A. As a consequence, we get
that Extp,o4)(X,Y) =0for any m >n and Y € A.
If n = 0, then it follows that X is projective, in view of Lemma 2.10. Thus,

hd(Pro(A)) = 0 as desired.
If n > 1, then we consider an exact sequence in Pro(.A)

0 — X1 —F —X —0,
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where P, is projective. Then the natural map
EthLro(_A) (Xl, Y) — Extgbr—g(lA) (X, Y)

is an isomorphism for any m > 0 and Y € Pro(A). Thus Extp,,4)(X1,Y) =0
for any m > max(n —1,0) and Y € A. By induction on n, it follows that X
admits a projective resolution in Pro(.A)

0 —PF, — - —F—X—0
Thus, hd(Pro(A)) < n. O

Our next statement provides a partial answer to a long-standing question
of Oort (see [0066, 11.15.2]):

Proposition 2.16. Let A be an artinian abelian category, and B a Serre
subcategory. If (A, B) satisfies the lifting property, then

(2.4.2) hd(A) > max(hd(B),hd(A/B)).

Proof. By Lemma 2.14 and the isomorphism (2.3.2), the natural map
Exti(X,Y) — Ext)(X,Y)

is an isomorphism for all X, Y € B and ¢ > 0. Thus, hd(B) < hd(A).

The inequality hd(A/B) < hd(A) is obtained by combining Lemmas 2.14
and 2.15, and using the characterization of the homological dimension by
lengths of projective resolutions in the pro category. That inequality can also
be deduced from Lemma 2.9 as follows: we may again assume that hd(A) =: n
is finite. Let X,Y € A and £ € Extff/rllg(X ,Y). Then ¢ is represented by an
exact sequence in A/B

(2.4.3) 0—Y —> X,y —— X3 — X —0.

In view of Lemma 2.9 (ii), we may assume (possibly by replacing X, Y with
isomorphic objects in .A/B) that (2.4.3) is represented by an exact sequence in
A. Since Ext7™'(X,Y) = 0 and the quotient functor @ : A — A/B is exact,
it follows that £ = 0. 0J

We will show in Theorem 2.22 that the equality holds in (2.4.2) when B is
the S-primary torsion subcategory of A for some set S of prime numbers. But
the inequality (2.4.2) is generally strict, as shown by the following:

Example 2.17. We freely use some notions and results from the representa-
tion theory of quivers, which can be found e.g. in [Be91, 4.1]. Consider the
quiver (: 1——2 and let A be the category of finite-dimensional repre-
sentations of ) over a field k. Then A is an artinian and noetherian abelian
category, and hd(A) = 1. The simple objects of A are isomorphic to Si:
k——=0 or Sy;: 0——k ; moreover, Sy is projective and S; is not. Let B
be the full subcategory of A with objects the sums of copies of S;. Then B
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is a Serre subcategory, equivalent to the category k-mod of finite-dimensional
k-vector spaces; thus, hd(B) = 0. Since B consists of projective objects of A,
it satisfies the lifting property. Moreover, the quotient category A/B is again
equivalent to k-mod, and hence hd(A/B) = 0.

2.5. S-primary torsion subcategories. Let PP be the set of all prime num-
bers, and S a subset of P. We denote by (S) the set of positive integers n such
that all prime factors of n are in S. We say that an object X of an abelian
category is S-torsion (resp. S-divisible) if the multiplication

nx: X —X, r+—nx

is zero for some n € (S) (resp. is an epimorphism for all n € (S)). When S is
the whole P, we just say that X is torsion, resp. divisible.

Next, let A be an artinian abelian category. Denote by Ag (resp. A°)
the full subcategory of A formed by the S-primary torsion (resp. S-divisible)
objects. One may readily check that Ag is a Serre subcategory of A; moreover,
A% = + Ag with the notation of Subsection 2.1. In view of Lemma 2.1, it
follows that every X € A lies in a unique exact sequence

(2.5.1) 0— X% — X — Xg—0,

where X?® is S-divisible and Xg is S-primary torsion. With this convention,
the torsion subcategory Ao considered in the introduction is denoted by Ap.
Also, note the equivalence of categories

(2.5.2) Dpes Ap — As,

which yields equivalences of categories Ag, X Ag, = Ag,us, for any two disjoint
subsets S, S5 of P.
For later use, we record the following observation:

Lemma 2.18. (i) Let B be a Serre subcategory of Ag. Then Ag/B is
equivalent to (A/B)s.
(ii) Let T be a subset of S. Then Ag/Ar = Ag\r.

Proof. (i) We may view Ag/B and (A/B)g as full subcategories of A/B; thus,
it suffices to show that they have the same objects. Let X € (A/B)g, then
there exists n € (S) such that nx = 0 in A/B. By [Ga62, II1.1.Lem. 2|, this
is equivalent to the condition that Im4(nx) € B. Then Im 4(ny) is S-primary
torsion, and hence X is S-torsion as well, i.e., X € Ag/B. The converse
implication is obvious.

(i) This follows readily from the decomposition (2.5.2). O

Lemma 2.19. With the above notation, the pair (A, As) satisfies the lifting
property.
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Proof. Consider an exact sequence in A
00— 2 —X—Y —0,

where Y € Ag. Then Y is a quotient of Xg, and hence it suffices to check the
lifting property for the exact sequence (2.5.1).

We may choose n € (S) such that nx, = 0; then nys is an epimorphism as
X* is n-divisible. Applying the snake lemma to the commutative diagram

0 X% X Xg 0

e e [

0 X X Xs 0,

we obtain an epimorphism Ker(ny) — Xg. Since Ker(ny) € Ag, this com-
pletes the proof. O

The following result extends [Br17, Prop. 3.6 (ii)] to our categorical setting:
Lemma 2.20. Let X,Y € A. Then the natural map
@ : Hom4(X,Y) — Homg/44(X,Y)
iduces an isomorphism
S~ Hom (X, Y) — Hom /4, (X, Y).

Proof. For any n € (S), the multiplication map ny yields an isomorphism
in A/Ag, since Kery(nx) and Coker(nx) are S-primary torsion. Thus,
End;4,(X) is an algebra over the localization S™'Z, and Hom 4, 44(X,Y)
is a module over S™!Z. This yields a natural map

v : ST'Homu(X,Y) — Hom44(X,Y).

To show that v is an isomorphism, we may replace X with X°. Indeed, the
map Hom 4,4, (X,Y) — Hom 4/ 4,(X®,Y) is an isomorphism, since the inclu-
sion X — X is an isomorphism in A/ Ag; also, the map S~ Hom(X,Y) —
S~ Hom 4(X¥,Y) is an isomorphism as well, since Ext’y(Xg,Y) is S-primary
torsion for all i > 0. Likewise, we may replace Y with Y.

Since now X is S-divisible, we have an isomorphism

X/Kera(ny) — X
in A for any n € (S). Denote its inverse by
ny : X =5 X/Ker(ny).

Then v(n~'f) = Q(ny' o f) for any such n and f € Hom4(X,Y).
We now show that « is injective. Given n and f as above such that
v(n~'f) = 0, we have Q(ny o f) = 0 in Hom4,44(X,Y), and hence ny o f =0
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in Hom4(X,Y) in view of Lemma 2.3. As ny is an epimorphism, it follows
that f = 0.

Finally, we show that 7 is surjective. Let f € Hom/44(X,Y’). By Lemma
2.3 again, f is represented by ¢ € Hom4(X,Y/Y”) for some S-primary torsion
subobject Y’ C Y. Choose n € (S) such that nys = 0; then Y’ C Ker4(ny)
and hence f is also represented by some 1 € Homu(X,Y/Kera(ny)). It
follows that f = y(n~1¢). O

Lemma 2.21. We have natural isomorphisms
STUExt(X,Y) — Extly, 4 (X,Y)
foralli >0 and all X,Y € A.
Proof. We may choose a projective resolution of X in Pro(.A)
o — P — P — X —0.

Then Ext’y(X,Y) is the ith homology group of the complex

0— Hompro(A) (P(), Y) — Hompro(A)(Pl, Y) —
in view of the isomorphism (2.3.2). Since Pro(Q)(Fp), Pro(Q)(P,), ... are pro-
jective in Pro(A/As) (Lemmas 2.14 and 2.19) and Pro(Q) is exact, we see
that Ext, 4, (X,Y) is the ith homology group of the complex

0— HomprO(A/AS) (PI‘O(Q)(P@), Y) — HOIIlprO(A/AS)(PI"O(Q)(Pl), Y) —

(we identify Pro(Q)(Y) = Q(Y) with Y'). As localizing by S is exact, it suffices
to construct a natural isomorphism

S_lHomPro(.A) (Z’ Y) i HomPro(A/.As) (PIO<Q) (Z)u Y)

for any Z € Pro(A) and Y € A. Write Z as the projective system (Z;, ¢;;),
then
Homp,o(4)(Z,Y) = lim (HomA(Zi, Y))
%

and hence
S~ Homp,o)(Z,Y) = S lim (Homa(Z;,Y)) = lim (S™'Hom(Z;,Y)).
—

—

By Lemma 2.20, this is naturally isomorphic to
lim (Hom /45 (Zi, Y)) = Hompro(asas)(Pro(Q)(£),Y).

We now come to the main result of this section:

Theorem 2.22. Let A be an artinian abelian category, S a set of prime
numbers, and Ag the S-primary torsion subcategory of A. Then

hd(A) = max(hd(Ag), hd(A/Asg)).
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Proof. Combining Proposition 2.16 and Lemma 2.19 yields the inequality
hd(A) > max(hd(Ag),hd(A/Ag)).

To show the opposite inequality, we may of course assume that hd(Ag) = d
and hd(A/Ag) = e are both finite. Let X,Y € A. In view of the exact
sequence (2.5.1) for X and Y, it suffices to show that Ext’y(X’,Y’) = 0 for all
i > max(d,e) and all X’ € {Xg, X°}, Y' € {Ys,Y®}. This vanishing holds
when X’ = Xg and Y’ = Y, since we then have Ext’ (X', Y") = Ext’y (X', Y”)
by Lemmas 2.14 and 2.19.

When X’ = X9 and Y’ = Yg, we choose n € {S) such that ny, = 0; then
Ext’y(Z,Ys) is killed by n for all i > 0 and Z € A. Thus, the exact sequence

0 — Kerg(nys) — X* 5 X% — 0
yields an exact sequence
0 — Ext’y(X?®,Ys) — Ext’y(Kera(nys), Ys).

Since Ker 4(nxs) € Ag, it follows that Ext’(X*,Ys) = 0 for all i > d.
When X’ = Xg and Y’ = Y®, we obtain similarly an exact sequence

EXti‘(Xs, KerA(nys)) — EX'CZA(XS, YS) — 0

for all i > 0 and n € (S) such that ny, = 0. Thus, Ext}(Xs,Y*) = 0 for all
1> d.

Finally, we consider the case where X' = X and Y’ = Y®. For all i > e,
we have ‘ ‘

0 = BExt’y, 4, (X7, Y®) = ST Ext’ (X®,Y7)

in view of Lemma 2.21. Thus, for any ¢ € Ext’(X®,Y?), we may find some
n € (S) (depending on &) such that n{ = 0. Then ¢ lies in the image of
Ext’ (X, Ker 4(nys)), and the latter group vanishes if i > d. O

3. ISOGENY CATEGORIES OF ALGEBRAIC GROUPS

3.1. S-isogeny categories. We return to the setting of the introduction, and
consider a field k of characteristic p > 0. We choose an algebraic closure k of
k, and denote by k, the separable closure of k in k. The Galois group of k/k
is denoted by I'; this is a profinite group.

By an algebraic k-group, we mean a commutative group scheme of finite
type over k. The algebraic k-groups are the objects of an abelian category
C = C;, with morphisms being the homomorphisms of k-group schemes. Since
every descending chain of closed subschemes of a k-scheme of finite type is
stationary, the category C is artinian. The finite (resp. finite étale) k-group
schemes form a full subcategory F = Fj, (resp. € = &) of C; one may easily
check that F and £ are Serre subcategories. By Cartier duality, £ is anti-
equivalent to the category I'-mod of finite abelian groups equipped with a
discrete action of T" (see [DG70, I11.5.1.7]).
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As in Subsection 2.5, we consider a set S of prime numbers, and the S-
primary torsion subcategory Cg (resp. Fg, Es) of C (resp. F, £). We say that
the quotient category C/Fg is the S-isogeny category, and C/Eg is the étale
S-isogeny category. Both are artinian abelian categories in view of Proposition
2.5; the quotient category C/Fp is the (full) isogeny category studied in [Br17]
and [Br18al.

By Lemma 2.19, the pair (C,Cg) has the lifting property. Also, (C, Fp) has
the lifting property as well, in view of the main result of [Br15] (see also [LA15,
Thm. 3.2]). As an easy consequence, we obtain:

Lemma 3.1. The pair (C,Fs) has the lifting property. If k is perfect, then
(C,Es) has the lifting property as well.

Proof. Consider an epimorphism G — H — 0 in C, where H € Fg. As
just recalled, there exists a finite subgroup scheme G’ C G such that the
composition G' - G — H is an epimorphism. Since G' = G’y x G, and the
composition G, — G — H is zero, it follows that the composition G’y —
G — H is an epimorphism as well.

When £ is perfect, the reduced subscheme G 4 C G is an étale subgroup
scheme (as follows from [DG70, I1.5.2.3]), and the composition G .4 — G' —
G — H is surjective on k-rational points. Thus, this composition is an epi-
morphism whenever H € Eg. O

(If k£ is imperfect, then the lifting property fails for the pair (C,&p), see
[Br15, Rem. 3.3]).

We now describe the subcategories Cg, Fs and Es of C. Note first that Eg is
anti-equivalent to the S-primary torsion subcategory I'-modg of I'-mod. Also,
(2.5.2) yields equivalences of categories

(3.1.1) P Ce =Cs, Dpes Fr = Fs, Preg & =&

As a consequence, we have equivalences
Cp=Cs xCq, Fp=EFsXFs, Ep=EsxEs,

where §" ;=P\ S.

Given G € C and n € Z, recall that the multiplication map ng is étale if
n is prime to p (see [SGA3, VIIA.8.4]); then Ker(ng) € €. Also, recall that
ng = 0 when G is finite of order n, where the order of G is the dimension
of the k-vector space O(G) (see [SGA3, VIIA.8.5]). In particular, every finite
group scheme of order prime to p is étale. Together with (3.1.1), this yields

]:SZES ifpgéS,

3.1.2 Cs = .
( ) 5 {Cp X fg\{p} = Cp X 55\{p} ifpeS.
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To describe the p-primary torsion category C,, we need some structure re-
sults for affine algebraic groups. Recall from [DG70, IV.3.1] that every such
group G lies in a unique exact sequence

(3.1.3) 00— M —G—U—0,

where M is of multiplicative type and U is unipotent; moreover, we have
Home(M,U) = 0 = Home(U, M). We denote by L (resp. M, U) the full
subcategory of C with objects the affine algebraic groups (resp. the groups
of multiplicative type, the unipotent groups); then £, M and U are Serre
subcategories of C. If k is perfect, then the exact sequence (3.1.3) has a unique
splitting by [DG70, IV.3.1] again; this yields an equivalence of categories

(3.1.4) MxU =5 L.

Lemma 3.2. Assume that p > 0.

(i) The objects of C, are exactly the algebraic groups obtained as extensions
(3.1.3), where M € M,, and U € U.
(ii) If k is perfect, then C, = M, x U.
(iii) For an arbitrary field k, we have C,/F, =U/(F, NU).

Proof. Let G' € C,. Since abelian varieties are divisible, every such variety
obtained as a subquotient of G is zero. It follows that G is affine (e.g., by
using [Brl7, Prop. 2.8]), and hence an extension of a unipotent group by a p-
primary torsion group of multiplicative type. Conversely, every such extension
is p-primary torsion, since so is every unipotent group. This proves (i).

The assertions (ii) and (iii) are direct consequences of (i) in view of the
above structure results for affine algebraic groups. O

Next, we describe the subcategories C° = +Cg (the S-divisible algebraic
groups), L Fg and 1&g, with the notation of Subsections 2.1 and 2.5; here
Fs and &g are viewed as Serre subcategories of C. For this, recall that every
algebraic group G lies in a unique exact sequence

(3.1.5) 0— G° — G — 7m(G) — 0,
where G is connected and my(G) € £ (see e.g. [DGT0, 11.5.1.8]). We may

now treat the easy case where p ¢ S:

Lemma 3.3. Ifp ¢ S, then C° = L Fg = +&5 consists of the algebraic groups
G such that mo(G) € Eg.

Proof. Note that C* consists of the algebraic groups G such that every quotient
S-primary torsion group of G is trivial. Since such a quotient group is étale,
it is a quotient of 7(G), and thus of 74(G)s. So G € C¥ if and only if 7(G)
is S’-primary torsion. O

By contrast, the case where p € S is much more involved:



20 MICHEL BRION

Lemma 3.4. Assume that p € S.

(i) The objects of Cs (resp. C°) are exactly the algebraic groups G obtained
as extensions

0— G — G — Gy —0,

where G is an S-primary torsion group of multiplicative type and Go is
unipotent (resp. Gy is a semi-abelian variety and Gy € Es/). Moreover,
LEs consists of the algebraic groups G such that my(G) € Esr.

(i) When k is perfect, - Fg consists of the smooth algebraic groups G such
that mo(G) € Egr.

(iii) Returning to an arbitrary field k, the exact sequence
0—G° —G—Gg—0

(where G® is S-divisible and Gg is S-primary torsion) has a unique
splitting in C/Fs, for any G € C.

Proof. (i) Let G € C. By [Brl7, Thm. 2.11], there exist two exact sequences
in C
O—H—G—U—0, 0—M—H—A—0,

where U is unipotent, A an abelian variety, and M of multiplicative type. In
particular, U € Cg. Thus, G € Cg if and only if A = 0 and M € Cg. The
latter condition is equivalent to M € Fg, in view of the structure of groups of
multiplicative type (see [DG70, IV.1.3]). This shows the assertion on Cg.

Also, if G € C%, then U = 0 as C® is stable under taking quotients. Let 7'
be the largest subtorus of M, then we obtain an exact sequence in C

0— M/T — G/T — A—0,

where M/T is finite and of multiplicative type. In particular, M/T is n-
primary torsion for some positive integer n, and hence the class of the above
extension in Extj(A, M/T) is n-primary torsion as well. Thus, the pull-back
of this extension under n4 is trivial. Since n4 is an epimorphism with finite
kernel, we obtain a map

fiMJT x A— GJT,

which is an epimorphism with finite kernel as well. As a consequence, there
exists an exact sequence in C

00— B—G/T — Gy — 0,

where B is an abelian variety (the image of A under f) and Gj is finite. This
yields in turn an exact sequence in C

0— G — G — Gy —0,
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where (7 is a semi-abelian variety (extension of B by 7). Using again the
stability of C¥ under taking quotients, it follows that Gy € Fg = Eg. Con-
versely, if Gy € Eg, then Gy € C%; also, G € C® since it is divisible. As C? is
stable under extensions, we get that G € C°. This shows the assertion on C°.
That on +&g is obtained by similar arguments.

(ii) Let G € +Fs. Since k is perfect, the reduced subscheme G\oq is a smooth
subgroup of G (see [DG70, 11.5.2.3]). Moreover, G/G\eq is infinitesimal, hence
finite and p-primary torsion. As p € S, it follows that G = G.eq is smooth.
Moreover, mo(G) € Es. Conversely, every smooth connected algebraic group
has no non-zero finite quotient, and hence is an object of *Fg. Also, every
finite S’-primary torsion group is in *Fg. This yields the assertion by using
again the stability of +Fg under extensions.

(iii) Choose n € (S) such that ng, = 0. Then ngs is an epimorphism,
and its kernel is finite for dimension reasons. So ngs yields an isomorphism
in C/Fs. Thus, Home, 7, (Gs,G*) = 0 = Exté/fS(GS,GS). This yields our
statement. 0]

Remark 3.5. If k is imperfect, then +F contains non-smooth algebraic groups.
Indeed, by [Tol3, Lem. 6.3], there exists an exact sequence in C

(3.1.6) 0—a —G—G,—0

such that every smooth connected subgroup scheme of G is zero. In particular,
the extension (3.1.6) is nontrivial; also, G is unipotent and non-smooth. If
f G — H is an epimorphism with H € F, then f induces an epimorphism
G, — H/f(a,). Since every finite quotient of G, is zero, we see that H is a
quotient of «;,, and hence must be zero by the nontriviality of the extension

(3.1.6). Thus, G € - F.

We now obtain a description of the S-isogeny category, which generalizes
[Br17, Prop. 3.6, Prop. 5.10]:

Proposition 3.6. (i) Ifp ¢ S, then C/Cs = C/Fs = C/Eg is equivalent
to the category C° with objects the algebraic groups G such that mo(G) €
Egr, and with morphisms given by

Hom,s(G, H) = S~'Home (G, H).
(ii) If p € S and k is perfect, then
C/Fs=U/(F,NU) xC/Cs.

Moreover, C/Cs is equivalent to the category with objects the extensions
of finite étale S'-primary torsion groups by semiabelian varieties, and
with morphisms as in ().
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Proof. (i) This follows from Lemmas 2.20 and 3.3.

(i) Let G € C. We have a unique decomposition G = G x Gg in C/Fg, as
a consequence of Lemma 3.4 (iii). Moreover, we have a unique decomposition
Gg = Gp X GS\{p} in C by (3.1.2). As Gs\{p} € Fg, it follows that G = G x Gp
in C/Fgs. This yields the assertion in view of Lemmas 3.2 (iii) and 3.4 (ii). O

3.2. Homological dimension of S-isogeny categories. We keep the nota-
tion of Subsection 3.1. For any prime number ¢, we denote by cdy(k) = cd,(I")
the ¢th cohomological dimension, i.e., the smallest integer n (if it exists) such
that H'(I', M) = 0 for all i > n and all ¢-primary torsion, discrete I'-modules
M; if no such n exists, then cdy(k) := oo (see [GS06, 6.1] for further devel-
opments on this notion). We may restrict to objects M of I'-mod, in the
above definition, since every (-primary torsion, discrete I'-module is the fil-
tered direct limit of its finite submodules, and cohomology commutes with
such limits. We set cdg(k) := sup,cg(cde(k)) for any nonempty subset S C P;
also, cdg(k) := 0 and cd(k) := cdp(k).

Theorem 3.7. Let k be a perfect field of characteristic p > 0. Let S be a
subset of the set P of prime numbers, and S :==P\ S. Then

cdg (k) + 1 ifp=0orpes,
max (2, cdg/ (k) + 1) otherwise.

hd(C/Fs) = {

To prove this result, we will apply Theorem 2.22 to the artinian abelian
category A := C/Fg and to the set P of all primes. By Lemma 2.18, we have
equivalences of categories Ap = Cp/Fs and A/ Ap = C/Cp; this yields

(3.2.1) hd(C/Fs) = max(hd(Cp/Fs), hd(C/Cp)).

We will describe the categories Cp/Fgs and C/Cp (Lemma 3.8), and determine
their homological dimensions (Lemmas 3.9 and 3.10). The assumption that
k is perfect will be used in the description of Cp/Fg when p > 0 and p ¢ S
(Lemma 3.8 (iii), based on Lemma 3.2 (ii)).

In what follows, we set C := C/F (the full isogeny category of algebraic
groups) and Y :=U/(FNU) = U(/F,NU) (the isogeny category of unipotent
algebraic groups). Also, we denote by S the isogeny category of semi-abelian
varieties, i.e., the full subcategory of C consisting of semi-abelian varieties.

Lemma 3.8. (i) If p=0 then Ap = Es and A/ Ap = C.

(11) If p € S then Ap 22U X Eg and .A/.A[P =S.

(iii) Ifp >0 and p ¢ S then Ap = M, x U X Egnpy and A/ Ap = S.
Proof. (i) Since p = 0, we have Cp = Fp = Ep, hence Ap = Eg (in view of
Lemma 2.18) and A/ Ap = C/Fp.

(ii) Using the isomorphism (3.1.2), we obtain

Ap = Cp/Fs = Cp/ Fy % Co\p}/ Fs\(p)-
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Also, Cp\py = Ep\(p}, hence Cp\(py/Fo\ipy = Esr. Moreover, C,/F, = U by
Lemma 3.2. This yields an equivalence Ap = U x Eg. Furthermore, A/ Ap ~
C/Cp is equivalent to & by Proposition 3.6.

(ili) Using (3.1.2) again, we obtain Ap = C, x Esnypy. By Lemma 3.2, it
follows that Ap = M, x U x Esn(p}. Finally, the equivalence A/Ap = S is
obtained as in (ii). O
Lemma 3.9. (i) hd(4) = hd(C) = 1.

(i) hd(S) = 0 ifkis gn algebraic extension of a finite field,

1 otherwise.

(iii) hd(M,) = hd(&) = hd(I'-mod,) for any prime number £.
(iv) hd(U) = 2.

Proof. (i) The assertion on U is a consequence of results in [DG70, V.3.6], as
explained in [Br18a, 3.1.5]. The assertion on C is the main result of [Br17].

(ii) Since S is a Serre subcategory of C, we have hd(S) < 1 (see e.g. [0064,
§3]). Moreover, hd(S) = 0 if and only if k is an algebraic extension of a finite
field, as follows from [Br17, Prop. 5.8].

(iii) Just observe that M, is anti-equivalent to & by Cartier duality (see
[DG70, IV.3.5]).

(iv) This follows from [DG70, V.1.5.3, V.1.5.5]. O

Next, recall that

hd(Es) = sup (hd(&)) = sup (hd(I-mody)),

where the first equality follows from (2.4.1) and (3.1.1). We now show:
Lemma 3.10. hd(I'-mod,) = c¢dy(I") + 1 for any prime number £.

Proof. This follows from the results of [Mi70, Sec. 1], but we have been un-
able to understand some of the arguments given there. Thus, we provide an
independent proof.

We begin with some observations on the category I'-mod, of finite ¢-groups
equipped with a discrete action of I'. This is an artinian and noetherian
category equipped with a forgetful functor

'-mod; — mod,, X — X

and with a duality

X r— HomModg (X> Qﬂ/Zf)a
where I' acts on the right-hand side via its given action on X and the trivial
action on Q;/Z,. We denote by Ind(I'-mod,) the associated ind category; this
is a locally noetherian category and its noetherian objects are exactly those
of I'-mod,. By [Ga62, I1.4.Thm. 1], it follows that Ind(I'-mod,) is equivalent
to the category I'-Mod, of discrete ¢-primary torsion I'-modules (indeed, the
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latter category is locally noetherian, and its full subcategory consisting of noe-
therian objects is I-mod, as well). Also, Ind(I-mod;) has enough injectives,
and the natural map

EXti“-modg (X7 Y) — EXtind(F-modg) (X7 Y)

is an isomorphism for all X,Y € I'mod, (as follows from the dual statement
of (2.3.2)).

We now adapt the argument of [Mi70, Prop. p. 437]. We claim that there
exists a spectral sequence

H(T, Extidodg (X,Y)) = Extﬁ&ode (X,Y)

for all X € I'mod; and Y € I'-Mod,. This can be proved by adapting the
argument of [Mi86, Thm. 1.0.3], which yields a similar spectral sequence in
the setting of discrete ['-modules; alternatively, the claim can be derived from
[We94, 10.8.7] and the subsequent discussion. We provide a direct argument:
first note that

HO(P, HOHlMOdZ (X, }7)) = HomF—ModZ (X, Y)

Also, the functor HY(T,?) is left exact and the forgetful functor is exact. So
the claim will follow from the spectral sequence of a composite functor (see
[We94, 5.8.3]), once we show that the endofunctor Y + Homyeq,(X,Y) of
[-Mod, takes injectives to I'-acyclics.

Let I be an injective object of I'-Mod,. Then the map

t: I — Hom(I',I), xw— (g g-2)

is injective and ['-equivariant, where I' acts on the right-hand side via right
multiplication on itself. Moreover, the image of ¢ is contained in the subgroup

Homeon (T, 1) := lim (Hom(T'/U, IV)),
—

where the direct limit is over all open normal subgroups U of I'. This subgroup
is an object of I'-Mody, and is injective in that category: indeed,

Homr yted, (Z, Homeon (T, I)) = Hom}, ,(Z x I', I) = Homyeq,(Z, 1)

cont

for any Z € I'-Mody, and I is injective in Mod, by (i). Thus, ¢ identifies I
with a summand of Hom(T', I'). The latter is I'-acyclic in view of [We94, 6.3.3,
6.11.13]. This completes the proof of the claim.

As Ext{/lode(?, ?) =0 for all j > 2, this claim yields the inequality

hd(T-mod,) < cd,(T") + 1.

To show the opposite inequality, consider first the case where cdy(I") =: n is
finite. We may then find an X € I'mod, such that H™"(I', X') # 0 and X is
killed by ¢. We have X = Homyoq, (Y, Qs/Z¢) for a unique Y € I'-mody; then
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Y is killed by ¢ as well. By the claim and the fact that Q,/Z, is injective in
Modpy, there is an injection

H"(T', X) — EXt?-Molefv Q¢/Zy).
Also, the exact sequence
0 —> ZJ0Z — Qu/Ze — Qu/Zy — 0
yields an injection
Exti yioq, (Vs Qe/Ze) — Extid g, (Y, Z/Z).

This completes the proof in this case. In the case where cd,(T") is infinite, we

apply the above arguments to an infinite sequence of positive integers n such
that H™(I",7) # 0. 0

We may now complete the proof of Theorem 3.7 by freely using the above
three lemmas.

pr = 0, then hd(.A]p) = hd(ggl) = Cdsl(k) +1 and hd(A/.A]P) = hd(Q) =1.

Ifp € S, then hd(Ap) = max(hd(i4),hd(Es)) = cdg/(k)+1 and hd(A/ Ap) =
hd(S) < 1.

Finally, if p > 0 and p ¢ S, then

hd(Ap) = max(hd(), hd(M,), hd(Egn (py)) = max(2, cds (k) 4+ 1)

(where the second equality follows from the fact that hd(M,) = cd, (k) < 1,
see [GS06, Prop. 6.1.9]) and hd(A/Ap) = hd(S) < 1.
In either case, we conclude by using (3.2.1).

Remark 3.11. (i) Still assuming & perfect, the homological dimension of the
subcategory £ of C may be determined along similar lines. Indeed, £ contains
the torsion subcategory Cp, as follows from Lemma 3.2. Thus, for any Serre
subcategory B of Cp, we have (L/B)iors = Cp/B in view of Lemma 2.18. Using
Theorem 2.22, it follows that

(3.2.2) hd(£/B) = max(hd(Cp/B), hd(L/Cp))

Also, hd(L/Cp) < 1 as L/Cp is a Serre subcategory of C/Cp. Taking B = Fg
and using the fact that hd(Cp/Fs) > 1 (Lemmas 3.8 and 3.9), we obtain

hd(£/Fs) = hd(C/Fs)

under the assumptions of Theorem 3.7.
Alternatively, one may determine directly hd(L£/Fgs) by using the equiva-
lence of categories (3.1.4).

(ii) When k is imperfect, the homological dimension of C seems to be unknown,
already in the case where k is separably closed. Under that assumption, it
is asserted in [Kr75, p. 75] that the category Acy of (commutative) affine k-
group schemes has homological dimension 3. Since Acy, is equivalent to Pro(£)
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(see [DGT70, V.2.2.2) V.2.3.1]), this yields hd(£) = 3 in view of Lemma 2.15.
Using the methods developed above, one can deduce from this that hd(C) = 3
as well. But the proof of the equality hd(Acg) = 3, left to the reader as an
exercise (“Aufgabe”), could not be reconstituted so far.

3.3. The radicial isogeny category. We keep the notation of Subsections
3.1 and 3.2, and assume that p > 0. Let Z be the full subcategory of C with
objects the infinitesimal group schemes; then Z is a Serre subcategory of C,,
as follows from [DG70, 1V.3.5.3]. We say that C/Z is the radicial isogeny
category.

By [Brl7, Lem. 2.2], the pair (C,Z) satisfies the lifting property. Also, recall
that an algebraic group is infinitesimal if and only if it is finite and connected.
In view of the exact sequence (3.1.5), it follows that every finite group scheme
G lies in a unique exact sequence

(3.3.1) 0—1—G—FE—0,

where I := GY is infinitesimal, and E := 7(G) is finite étale; moreover,
Homz(I,F) =0 = Homz(F,I). When k is perfect, the extension (3.3.1) has
a unique splitting (as follows from [DG70, 11.5.2.4]). Thus, for perfect k, the
product map Z x £ — F is an equivalence of categories (see [DG70, IV.3.5]
for further developments).

Lemma 3.12. If G € C is smooth, then G € *Z. The converse holds when k
is perfect.

Proof. If GG is smooth, then so is every quotient of G. In particular, every
infinitesimal quotient is trivial, that is, G € +Z.

Conversely, assume that k is perfect and let G € +Z. Recall that the reduced
subscheme Gieq is a smooth subgroup of G and G/Gyeq is infinitesimal. It
follows that G is smooth. O

(If k is imperfect, then +Z contains non-smooth algebraic groups, as follows
from Remark 3.5.)

We now obtain a more explicit description of the category C/Z, over an
arbitrary field k of characteristic p > 0. To state it, we recall some standard
results on Frobenius kernels. For any algebraic group G and any positive in-
teger n, we denote by Fj E G — G the nth iterated relative Frobenius
morphism. Then the nth Frobenius kernel G,, := Ker(F /k) is an infinitesimal
subgroup scheme of G; moreover, G/G,, is smooth for n > 0, and every infin-
itesimal subgroup scheme of G is contained in some G,, (see [SGA3, VIIA.g]).
This implies readily:
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Proposition 3.13. With the above notation, C/T is equivalent to its full sub-
category with objects the smooth algebraic groups. Moreover, we have

Home/7(G, H) = lim (Home (G, H/H,,))

for all smooth algebraic groups G, H, where the direct limit is taken over all
positive integers.

Next, we determine the homological dimension of the radicial isogeny cate-
gory over a perfect field:

Theorem 3.14. Let k be a perfect field of characteristic p > 0. Then
hd(C/Z) = max(2,cd(k) + 1).

Proof. We argue as in the proof of Theorem 3.7. Let A := C/Z and con-
sider the set P of all primes. Then A is an artinian abelian category and
A/Ap = C/Cp = S by Lemmas 2.18 and 3.8. Thus, hd(A/Ap) < 1 (Lemma
3.9). Also, Ap = Cp/T = (C, x &y)/Z by Lemma 2.18 again combined with
(3.1.2). Moreover, the decomposition C, = M, x U (Lemma 3.2) induces a
decomposition Z = M, x J, where J denotes the (Serre) subcategory of U
with objects the infinitesimal unipotent groups. Thus, Ap = U /T x &, and
hence
hd(Ap) = max(hd(U/T), cdy (k) + 1)

by (2.4.1) and Lemma 3.10. Also, recall that c¢d, (k) < 1 by [GS06, Prop. 6.1.9].
Thus, it suffices to show that

hd(U/T) = 2

in view of Theorem 2.22.

We have hd(U/T) < hd(U) by Proposition 2.16, since the pair (U, J)
satisfies the lifting property. This yields hd(U/J) < 2 in view of Lemma 3.9.
So it suffices in turn to check that

(3.3.2) Exty; 7(Ga, vp) = k,

where G, denotes the additive group, and v, denotes the constant group
scheme associated with Z/pZ (as in [0066, 1.2.15]).
The short exact sequence

0—>yp—>GaF;i(>1Ga—>0
yields a long exact sequence
Ext}y) (G, Ga) "5 Extly) 7(Ga, Gu) — Ext?) (o, vy) — Ext? 7 (Gq, Go),

where F, denotes the push-out. As G,/I = G, for any infinitesimal subgroup
I ¢ G,, Lemma 2.9 implies that the canonical map

Q" : Exty(Gq, Go) — Extyy) 7(Ga, Gy)
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is surjective for any i > 0.

We now claim that Ext}(G,,G,) = 0. This is a direct consequence of
results of [DG70]. More specifically, the pro category Pro(C) is equivalent
with that of commutative affine group schemes (see [DG70, V.2.2.c]) and this
induces an equivalence of Pro(i) with the category of commutative unipotent
group schemes (as follows from Lemma 2.11 and [DG70, IV.2.2.5]). The latter
category is anti-equivalent to that of V-primary torsion modules over the
Dieudonné ring D, where V' denotes the Verschiebung; this anti-equivalence
takes a commutative unipotent group scheme G to its Dieudonné module
M(G), and G, to D/DV (see [DGT70, V.1.4.2, V.1.4.3]). By combining Lemma
2.15 and [DG70, V.1.5.1], this leads to isomorphisms

Ext}, (G, H) — Exth yyoq(M(H), M(G))

for all G, H € U and all = > 0, where D-Mod denotes the category of all left
D-modules. In view of the projective resolution

0—D-5D—D/DV — 0

in D-Mod, we thus obtain that Ext;,(G,G,) = 0 for all G € U and i > 2. This
proves the claim.

By this claim and the surjectivity of %, we have Extfl/j(((}a, G,) = 0 and
hence

(3.3.3) Exty) 7(Ga, vp) = Coker(F, — id).

We now claim that Q' is injective. Let ¢ € Ext;,(G,, G,) be represented by
an exact sequence in U

0-—G, 66, —0,

which splits in ¢//J. Then we may choose v € Homy,s(G,G,) such that
voa =id in Endy7(G,). In view of Lemma 2.7, v is represented by 0 €
Homy, (G, G,/I) for some infinitesimal subgroup I C G,. Then I C Ker(F")
for some n > 1; thus, we may assume that I = Ker(F™), and identify the
quotient map G, — G,/I with F" : G, — G,. Then d o  — F" € Endy(G,)
represents zero in Endy, 7(G,). As G, is smooth, it follows from Lemma 2.3
that oo — F™ = 0 in Endy(G,). This yields a commutative diagram of exact
sequences in U

0 G,—*~G—"-G, 0
]
Fm id
0—>Gy—— G/ —> Gy ——0.

Thus, the bottom exact sequence splits, i.e. F*(¢) = 0 in Ext;,(G,,G,). But
Ext;, (G4, G,) is a free module over Endy(G,) (acting either on the left or
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on the right) in view of [DG70, V.1.5.2]. Also, recall that End;(G,) is the
noncommutative polynomial ring k[F] (see [DG70, 11.3.4.4]). It follows that
¢ = 0, proving the claim.

By that claim, Q' is an isomorphism. In view of (3.3.3), it follows that
Ext;, / 7(Gq, ) is the cokernel of the map

F, —id : Ext},(G,, G,) — Ext;,(G,,G,).

This yields the isomorphism (3.3.2) by using the structure of Ext;,(G,,G,)
recalled above. OJ

By Theorems 3.7 and 3.14, we have hd(C/Z) = hd(C) if k is perfect. Under
that assumption, we now determine the homological dimension of the étale
isogeny category C/Es. If p ¢ S, then £ = Fg and Theorem 3.7 applies
again. Thus, we may assume that p € S:

Theorem 3.15. Let k be a perfect field of characteristic p > 0, and S a set
of prime numbers containing p. Then

hd(C/Es) = max(2,cdg (k) + 1).
Proof. We argue again as in the proof of Theorem 3.7; we omit the details.
Let A:=C/Eg, then A/ Ap = C/Cp = S has homological dimension 1, and
Ap =2 C,/E x Es =U/E, x M), X Egr
has homological dimension
max(hd(U/E,), cdy(k), cds (k) +1).

Since cd,(k) < 1, it suffices to show that hd(U/E,) = 2. By Lemma 3.1, the
pair (U, &,) satisfies the lifting property. Using Proposition 2.16 and Lemma
3.9, it follows that hd(U/E,) < hd(U) = 2. Also, by adapting the proof of
Theorem 3.14, one may check that

Exta/gp(Ga, a,) =k,

where «,, lies in the exact sequence

O—>ozp—>Gai>Ga—>0.
More specifically, this exact sequence yields an exact sequence

Coker(F,) — Extf; ¢ (Gq, ) — Extf ¢ (Gq, Gy),

where F, is viewed as an endomorphism of Ext;, /gp(Ga, Ga). Moreover, the
canonical map Q° : Ext},(G,, G,) — Ext;, /e, (Ga, Gg) is still surjective for any
i > 0. As Ext},(G,,G,) = 0, it follows that Eth,/SP(Ga,ozp) = Coker(F}).
Also, Q! is injective as seen by the argument of Theorem 3.14, where the
infinitesimal subgroup I C G, is replaced by a finite étale subgroup E, and
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F™ by an endomorphism of G, with kernel E. It follows that Ext;, 16,(Gas ap) is

isomorphic to the cokernel of F, viewed as an endomorphism of Ext},(G,, G,).
We conclude by using again the structure of that extension group as a module
over Endy(G,) = k[F]. O

Remark 3.16. By combining Remark 3.11 (i) with Theorems 3.14 and 3.15,
one can show that

hd(L/B) = hd(F/B)
when B equals Z or &s.

3.4. Invariance under purely inseparable field extensions. Consider a
field extension k’'/k. For any algebraic k-group G, we obtain an algebraic
k'-group G = G ®, k' by base change. This yields a functor

®kl€, :C=0Cy —>Ck’7
which is exact and faithful.

Theorem 3.17. Let k' /k be a purely inseparable field extension, and S a set of
prime numbers containing p := char(k). Then the above base change functor
induces equivalences of categories

Ck/fs,k i Ck//f&k/ and Ck/Ik i) Ck//Ik/.
Proof. We adapt the argument of [Br17, Thm. 3.11]. Denote by
Q/ : Ck/ — Ck’/FS,k’

the quotient functor. Then the composite functor

® k_/ /
Ci 25 co % C  Fsw

is exact and takes every object of Fg; to zero. Thus, this functor factors
uniquely through an exact functor

Cr/Fsk — Cr/Fsp

that we still denote by ®j, k. We will check that ®; k' is essentially surjective,
faithful, and full.

Let G’ € Cy. By [Brl7, Lem. 3.10], there exist a G € Cj and an epimorphism
f: G" — G}y with kernel in 7, and hence in Fgy, since p € S. Thus, @k’ is
essentially surjective.

Next, let G, H € C; and ¢ € Homg, /7, (G, H) such that o is zero. By
Lemmas 2.7 and 3.1, we have ¢ = Q(f) for some f € Home, (G, H/H'), where
H' C H and H' € Fgj. Then Im(fy) € Fgy in view of [Ga62, III.1.Lem. 2].
It follows that Im(f) € Fsx and hence that ¢ = 0. So ®y k' is faithful.

To show that this functor is full, it suffices to check that every ¢’ €
Homck,/fs,k,(Gk/, Hy/) can be written as ¢y for some ¢ as above. By Lemmas

2.7 and 3.1 again, we have ¢’ = Q'(f’) for some f' € Home,, (Gy, Hp/H'),
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where H' C Hy and Hy/H' € Fgys. Applying [Brl7, Lem. 3.10] once more,
we obtain a k-subgroup K C H such that H' C Ky and Ky /H' € I;y. Then
Ky € Fgy and hence K € Fgy. Thus, we may replace H' with K}/, and as-
sume that f' € Home,, (G, Hy / Ky). Replacing H with H/K yields a further
reduction to the case where f' € Home,, (G, Hy).

Consider the graph I'(f’), a k’-subgroup of Gy x Hy. By [Brl7, Lem. 3.10]
again, there exists a k-subgroup A C G x H such that I'(f') C A and
A /T(f') € Iy Since the projection I'(f") — Gy is an isomorphism in Cy,
we see that the projection Ay — Gy is an epimorphism in that category, with
kernel Ags N Hys € Iy Thus, the projection A — G is an epimorphism in Cy,
with kernel AN H € Z;,. Now let I" be the image of A under

idxqg:GxH— GxH/(HNA),

where ¢ denotes the quotient. Then the projection I' — G is an isomorphism,
i.e., I' is the graph of some f € Home, (G, H/(ANH)). As I'(f') C Ay, we
obtain fir = qw o f'. So ¢' = Q'(fir) = Q(f)w as desired.

This completes the proof for the S-isogeny category C/Fg. The argument
for the radicial isogeny category C/Z is entirely similar. U

Our main theorem now follows readily by combining Theorems 3.7, 3.14,
3.15 and 3.17.

Remark 3.18. With the assumptions of Theorem 3.17, the base change func-
tor also induces equivalences of categories

ﬁk/fgk i) L:k’/-FS,k’ and ﬁk/Ik i) Ek//l-k/.

as follows by the same argument.

Taking for k" the perfect closure of k£ and using the equivalence of categories
Ly = Uy x My (3.1.4), this yields further equivalences (with our original
notation £ =Ly, Z =714, ...)

L)Fs 2U/(FynU) x M/Ms, LJ/T=U/(TNU)x M/M,.

The former equivalence also follows from Proposition 3.6.
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