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Summary

Fields are rings that allow division by nonzero elements. Algebraic equations in one
variable over fields turn out to be controlled by finite groups called Galois groups. This
beautiful interplay between fields and groups, known as Galois Theory, gives rise to
interesting applications to the solvability of algebraic equations in terms of radicals as
well as the ruler and compass constructions on the plane.

Fields will play important roles in number theory and algebraic geometry as well.
Results on matrices and linear algebra in Matrices, Vectors, Determinants, and Linear
Algebra, on groups in Groups and Applications and on rings and modules in Rings and
Modules will be freely used.

1. Basic Properties and Examples of Fields

The convention in Rings and Modules will be followed. Namely, a field is a
commutative and associative ring with the unity 1 0 such that any nonzero element is
invertible. Consequently, nonzero elements of a field form a group under multiplication.

Here are some of the fields that appeared so far:

» Q,R,C.
= The field of fractions of an integral domain. For instance, K(t), K((t)),
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K(t,t,,...t,), K((t,t,,....t,)) overafield K, and @p.

= The residue ring R/m of aring R with respect to a maximal ideal m c R. For
instance, Z/pZ for a prime number p, and K[x]/z(x)K[x] for an irreducible

polynomial z(x) in the polynomial ring K[x] in one variable x over a field K.

Here is the most basic property that divides fields into two entirely different families:
For afield K, a ring homomorphism

1+1+---+1 (m times) if0<meZ
y:Z—>K, with y(m):= 0 ifm=0
(-1)+(-1)+---+(-1) (-mtimes) if0>meZ

is well-defined. Since the image y(Z) c K is an integral domain, ker(y) is a prime
ideal of Z . Two possibilities arise:

(characteristic 0) ker(y)={0}. In this case, K is said to be of characteristic zero.
The injective homomorphism y:7Z — K can be extended uniquely to an injective
homomorphism y:Q — K. One identifies Q with its image by y sothat Q<K . In
this way, Q is called the prime field of characteristic O .

(characteristic p) ker(y)= pZ for a prime number p. In this case, K is said to be
of characteristic p. The homomorphism theorem gives rise to an isomorphism
Z7/pZ = y(Z) . The finite field Z/pZ with p elements is often denoted by

F.:=ZnZ={0,1...,j,... p—1}

F, is identified with its isomorphic image y(Z) so that Fp cK and p=0in K. This

is called the prime field of characteristic p .

This equality p=0in afield K of characteristic p leads to a striking consequence on
the binomial coefficients

(pj: p(p-1(pP-2)--(p—r+1) _,

, for O<r<np.
r r!

Consequently, the binomial expansion in K becomes
(x+y)P =xP+yP.

Since (xy)P =xPyP as well, the p -th power map
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F:K—>K, with F(x):=xP for xeK
is a ring homomorphism. This F is called the Frobenius homomorphism.
One has Fermat’s little theorem

xP=x, forany xeF,.

Indeed, since IFp {0} is a group under multiplication with order equal to p-1,
Cauchy’s theorem implies &P =1 for any 0# & eF,. The multiplication by & on

both sides gives &P =¢, which is valid for £=0 as well. Consequently,
0,L...,p-1e IFp are the roots of the equation xP —x=0, and hence one has a
factorization

XP —x=x(x=1)(x=2)---(x=j)---(x— p+1)
as polynomials in IFp[x]. This factorization continues to hold for any field K of
characteristic p, since K contains IFp.

In connection with algebraic equations, one is mainly concerned with the relationship
between fields K and L with K c L. In this situation, K is called a subfield of L,
while L is called an extension of K. In such a situation, L can be regarded as a K -
vector space. The degree of the extension L of K is then defined to be

[L:K]:=dimy L,

the dimension of L as a K-vector space. It is n if L has a finite K -basis
{e;.e,,...e,}, but could be o otherwise. L is said to be a finite extension if [L:K] is

finite.
If a “tower” of extensions E o L o K is given, then the equality
[E:K]=[E:L][L:K]

holds. Indeed, without loss of generality these extensions may be assumed to be finite.
Let {v;,v,,...,v,} be a basis of the L -vector space E, and {u;,u,,...,u,} a basis of the

K -vector space L. Then

E=Lv+Lvy+---+Lv,
=(Ku +Kuy+ - +Ku v +(Ku +Kuy+ -+ Ku v, + -
-+ (Kup + Kuy +---+ Ku v,

n m

=z Z Kuyv;.

i=1 j=1
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The u;v; s can be shown to form a basis of E asa K -vector space.

One may wonder why or how field extensions have anything to do with algebraic
equations. The relevance of field extensions to algebraic equations is now explained.
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