Es, THE MOST EXCEPTIONAL GROUP

SKIP GARIBALDI

ABSTRACT. The five exceptional simple Lie algebras over the complex number
are included one within the other as g2 C fa C ¢g C e7 C eg. The biggest one,
¢g, is in many ways the most mysterious. This article surveys what is known
about it including many recent results, focusing on the point of view of Lie
algebras and algebraic groups over fields.
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1. INTRODUCTION

The Lie algebra eg or Lie group Eg was first sighted by a human being sometime
in summer or early fall of 1887, by Wilhelm Killing as part of his program to
classify the semisimple finite-dimensional Lie algebras over the complex numbers
[94, pp. 162-163]. Since then, it has been a source of fascination for mathematicians
and others in its role as the largest of the exceptional Lie algebras. (It appears,
for example, as part of the fictional Beard-Einstein Conflation in the prize-winning
novel Solar [120].) Killing’s classification is now considered the core of a typical
graduate course on Lie algebras, and the paper containing the key ideas, [104], has
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even been called “the greatest mathematical paper of all time”', see [35] and [J6].
Killing showed that the simple Lie algebras make up four infinite families together
with just five’ others, called ezceptional. They are ordered by inclusion and eg
is the largest of them. When someone says “Fg” today, they might be referring
to the simple Lie algebra eg, an algebraic group or Lie group, a specific rank 8
lattice, or a collection of 240 points in R® (the root system Eg). This article gives
an introduction to these objects as well as a survey of some of the many results on
Es that have been discovered since the millennium and indications of the current
frontiers.

There are many reasons to be interested in Fg. Here is a pragmatic one. The fa-
mous Hasse-Minkowski Principle for quadratic forms and the Albert-Brauer-Hasse-
Noether Theorem for division algebras over number fields can be viewed as special
cases of the more general Hasse Principle for semisimple algebraic groups described
and proved in [128, Ch. 6]. This is a powerful theorem, which subsumes not just
those famous results but also local-global statements for objects that don’t have
ready descriptions in elementary language. Its proof involves case-by-case consider-
ations, with the case of Eg being the most difficult, eventually proved by Chernousov
in [27], building on work by Harder in [91] and [92]. That Eg was the most difficult
is typical. In the words of [160]: “Exceptional groups, and in particular Eg, ap-
pear to have a more dense and complicated structure than classical ones, making
computational problems more challenging for them.... Thus Eg serves as a ‘gold
standard’: to judge the effectiveness of the implementation of a general algorithm,
one looks to how it performs for Eg.”

I have heard this sentiment expressed more strongly as: We understand semisim-
ple algebraic groups only as far as we understand Fg. If we know some statement
for all groups except Eg, then we do not really know it.

Here is a more whimsical reason to be interested in Fg: readers who in their
youth found quaternions and octonions interesting will naturally gravitate to the
exceptional Lie algebras and among them the largest one, ¢g. Indeed, one might call
Es the Monster of Lie theory, because it is the largest of the exceptional groups,
just as the Monster is the largest of the sporadic finite simple groups. Another take
on this is that “Ejg is the most non-commutative of all simple Lie groups” [110].

Remarks on exceptional Lie algebras. The exceptional® Lie algebras men-
tioned above form a chain go C f4 C ¢g C e7 C eg. There are various surveys and

1Any such delcaration is obviously made with an intent to provoke. One objection I have
heard to this particular nomination is that Killing made a serious mathematical error — made
famous by Cartan’s quote “Malheureusement les recherches de M. Killing manquent de rigueur,
et notamment, en ce qui concerne les groupes qui ne sont pas simples, il fait constamment usage
d’un théoréme qu’il ne démontre pas dans sa généralité” [23, p. 9] — but this error is from a
different paper and is irrelevant to the current discussion. See [94] for details.

2Since Killing’s paper contains so many new and important ideas, produced by someone work-
ing in near-isolation, it feels churlish to mention that it actually claims that there are siz excep-
tional ones. Killing failed to notice that two of the ones in his list were isomorphic.

3We are following the usual definition of “exceptional”, but there are alternatives that are
appealing. For example, [412] considers a longer chain of inclusions

slp Cslz3 C go Csog Cfa Ceg Cer Ceg

such that, at the level of simply connected Lie groups, all of the inclusions are unique up to
conjugacy. One could alternatively define all the Lie algebras appearing in that chain to be
exceptional.
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references focusing on some or all of these, such as [3], [56], [1], [99], [106], [63], and
[147]. Certainly, the greatest amount of material is available for go, corresponding
to the octonions, where one can find discussions as accessible as [19]. Moving up

the chain, less is available and what exists is somewhat less accessible. This note
takes the approach of jumping all the way to eg at the end, because it is the case
with the least existing exposition, or, to say the same thing differently, the most
opportunity.

Another feature of exceptional groups is that, by necessity, various ad hoc con-
structions are often employed in order to study one group or another. These can
appear inexplicable at first blush. As much as we can, we will explain how these
peculiar construction arise naturally from the general theory of semisimple Lie al-
gebras and groups. See §4 for an illustration of this.

2. WHAT IS Eg?

To explain what Killing was doing, suppose you want to classify Lie groups,
meaning for the purpose of this section, a smooth complex manifold G that is also
a group and that the two structures are compatible in the sense that multiplication
G X G — @G and inversion G — G are smooth maps. The tangent space to G at
the identity, g, is a vector space on which G acts by conjugation, and this action
gives a bilinear map g x g — ¢ denoted (z,y) — [z,y] such that [z,z] = 0 and
[z, [y, 2]] + [y, [z, 2]] + 2, [x,y]] = 0 for all z,y,z € g. The vector space g endowed
with this “bracket” operation is called the Lie algebra of G. Certainly, if two Lie
groups are isomorphic, then so are their Lie algebras; the converse, or something
like it, also holds and is known as “Lie’s third theorem”.

Consequently, for understanding Lie groups, it is natural to classify the finite-
dimensional Lie algebras over the complex numbers, which was Killing’s goal.
Suppose L is such a thing. Then, among the ideals I such that the sequence
ID (1,11 2[I,1I],[I,I]] O --- eventually reaches zero, there is a unique maximal
one, called the radical of L and denoted rad L. The possible such ideals rad L are
unclassifiable if dim(rad L) is large enough, see [11], so we ignore it; replacing L
by L/rad L we may assume that rad L = 0. Then L is a direct sum of simple Lie
algebras, which we now describe how to analyze.

The root system. To classify the simple Lie algebras, Killing observed that we
can extract from a simple L a piece of finite combinatorial data called a root system,
and he classified the possible root systems. The simple root system called Eg is a
240-element subset R of R®, whose elements are called roots. It consists of the short
vectors in the lattice @ generated by the simple roots

1
041:5(61_62_33_64_65_66_e7+€8); az =e1+e, a3z3=—e+ ey,
o4 = —€z +e3, Q5= —e3+eq, Q= —€4+es
a7 = —e€5 + eg, Qg = —€g+ €7

where e; denotes the i-th element of an orthonormal basis of R8. This information
is encoded in the graph

(2.1) a3 u oas g Qr Qg
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FIGURE 1. Dynkin diagram of FEg obtained by deleting 5 edges
from a cube in R3

where vertices correspond to simple roots, a single bond joining «; to «; indicates
that o; - @; = —1, and no bond indicates that a; - o; = 0. Such a graph is called
a Dynkin diagram, and the root system is commonly described in this language
today, but they were not invented for more than 50 years after Killing’s paper. The
graph determines the root system up to isomorphism. FEvidently the particular
embedding of R in R® and the labeling of the simple roots is not at all unique; here
we have followed [19]. One could equally well draw it as suggested in [116], with
the edges lying on along the edges of a cube as in Figure 1.

F1GURE 2. Ejg’s publicity photo, courtesy of J. Stembridge

We can draw a picture of the full set R by projecting R® onto a well-chosen
plane®, see Figure 2. In the picture, the 240 roots are the black dots, which lie,
30 each, on 8 concentric circles — this much follows from general theory as in [19,
VIL.1.11, Prob. 33(iv)]. The edges in the picture join the images of roots that are
nearest neighbors. The colors don’t have any mathematical significance.

The Ejy lattice. The lattice Q together with the quadratic form v %||v||2 is the
unique positive-definite, even, unimodular lattice of rank 8. It has been known for
a long time that it is the lattice with the densest sphere packing in R®, and the

4Precisely: take a Coxeter element w in the Weyl group of R. It is unique up to conjugacy and
its minimal polynomial has a simple factor #2 — 2cos(27/h) + 1, for h = 30 the Coxeter number
for the root system Eg. That is, there is a unique plane in R® on which the projection of w has
that minimal polynomial, so that w acts on the plane by rotations by 27 /h.
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sphere packing with the highest kissing number [38]. Recently, Viazovska showed
that it gives the densest sphere packing in R®, among all possible packings both
lattice and non-lattice [162]. At the time of her work, the densest packing was
unknown in R"™ for all n > 4!

The roots R — the short vectors in () — are a 7-design on the unit sphere in
R8, i.e., every polynomial on R® of total degree at most 7 has the same average
on R as on the entire sphere, with the minimal number of elements [9]; such a
thing is very rare. The theta-series for this lattice, 6(q) = ZUEQ q“””2/27 is the 4-th
Eisenstein series, which provides a connection with the j-invariant via the formula
j(q) = 0(¢)®/n(q)**, where n denotes Dedekind’s eta-function.” For more on this
lattice and how it fits into the rest of mathematics, see [38] or [52].

Another view on the lattice is that it is a maximal order in the (real) octonions,
as described in [39]. In particular, this turns @ into a non-associative ring with 240
units, namely the roots R.

From the root system to the Lie algebra. Starting from R C R3, one can
write down a basis and multiplication table for the Lie algebra eg over C as in [117]
or [77]. (This is a recent development. The old way to do this is via the Chevalley
relations as in, for example, [20, §VII1.4.3]. Some signs have to be chosen — see
[155], [25], or [60, §2.3] — but the isomorphism class of the resulting algebra does
not depend on the choices made. Explicit multiplication tables are written in [24,
p. 328] and [161].) In this way, one can make the Lie algebra from the root system.

3. Eg AS AN AUTOMORPHISM GROUP

To study eg, then, we can view it as a specific example of a simple Lie algebra
described by generators and relations given by the root system. We will exploit
this view below. However, that is not what is commonly done for other simple Lie
algebras and groups! It is typical to describe the “classical” (meaning not excep-
tional) Lie algebras and groups not in terms of their root systems, but rather as,
for example, SL,,, the n-by-n determinant 1 matrices; SO,,, the n-by-n orthogonal
matrices of determinant 1; and Sp,,,, the 2n-by-2n symplectic matrices. Killing
explicitly asked, in his 1889 paper, for similar descriptions of the exceptional Lie
algebras and groups.

Looking back at the descriptions of the classical groups in the previous para-
graph, each of them arises from a faithful irreducible representation G — GL(V)
where dim V' is smaller than dim G. Using now the classification of irreducible rep-
resentations of simple Lie algebras, the Weyl dimension formula, and other general-
purpose tools described entirely in terms of root systems (and which post-date
Killing and can be found in standard textbooks such as [98]), we find that the
smallest faithful irreducible representations of g, f4, ¢s, and e; (alternatively, the
simply connected Lie groups Gs, Fy, Eg, and E;) have dimensions 7, 26, 27, and
56, which are much smaller than the dimensions 14, 52, 78, and 133 of the corre-
sponding algebra. In the years since Killing posed his problem, all of these algebras
have found descriptions using the corresponding representation, as we now relate.

The smallest nontrivial representation of G, call it V', has dimension 7. Calcu-
lating with weights, one finds that V' has Ga-invariant linear maps b: V@V — C

5For connections of the coefficients of §(q)/3 with dimensions of irreducible representations of
Eg.c, see [95, esp. §4.1].



6 SKIP GARIBALDI

(a bilinear form, which is symmetric) and x : V® V. — V (product, which is
skew-symmetric®), which are unique up to multiplication by an element of C*. To
see this, one decomposes the Ga-modules V* @ V* and V* @ V* ® V into direct
sums of irreducible representations and notes that in each case there is a unique
1-dimensional summand. The subgroup of GL(V) preserving these two structures
is Gio. Alternatively, we can define a G5 invariant bilinear form ¢ and product on
C @V by setting

t((x,c), (2, ) == x2’ + b(e, ') and
(z,c) o (2/,c) = (za’ + b(c,d),xc +2'c+cx ).

With these definitions and scaling x so that b(ux v, uxv) = b(u, u)b(v,v) —b(u, v)?,
C @V is isomorphic to the complex octonions, a nonassociative algebra — see [19,
§10.3] for details — and G5 is the automorphism group of that algebra, compare
[147, §2.3]. Equivalently, go is the Lie algebra of C-linear derivations of C @ V.

In a similar way, the smallest nontrivial representation of Fj, call it V, has
unique Fy-invariant linear maps b: V ® V' — C (a symmetric bilinear form) and
x:V ®V — V (product, which is symmetric). Extending in a similar manner, we
find that C @V has the structure of an Albert algebra — a type of Jordan algebra
— and Fj is the automorphism group of that algebra, see [32] or [147, §7.2].

The smallest nontrivial representation of Eg, call it V', has an Eg-invariant cubic
polynomial f: V — C that is unique up to multiplication by an element of C*.
The isometry group of f, i.e., the subgroup of g € GL(V) such that fog = f, is
Eg. This was pointed out in [23], but see [147, §7.3] for a proof.

For F;, the smallest nontrivial representation has an Er-invariant quartic poly-
nomial whose isometry group is generated by E7 and the group <e”/ 2> of fourth
roots of unity [61]. That is, it has two connected components, and the connected
component of the identity is F7.

Answers for Eg. The same approach, applied to Ej, is problematic. The smallest
nontrivial representation of Fg has dimension 248; it is the action on its Lie algebra
¢s. In this context Eg is the automorphism group of the Lie algebra’ eg. This is
not specific to Es — it is a typical property of semisimple Lie algebras, see [1418]
for a precise statement —and only serves to re-cast problems about the algebras as
problems about the group and vice versa.

However, there is a general result that, in the case of Eyg, says that for each faith-
ful irreducible representation V', there is a homogeneous, Fg-invariant polynomial
f such that Ejg is the identity component of the stabilizer of f in GL(V).

In the case of the smallest faithful irreducible representation, there is a degree
8 homogeneous polynomial on the Lie algebra eg whose automorphism group is
generated by Eg and the eighth roots of unity <e”/ 4>. (For experts: one takes a
degree 8 generator for the Weyl-group-invariant polynomials on a Cartan subalgebra
and pulls it back to obtain an Eg-invariant polynomial on all of eg. The paper [20]
gives a formula for it in terms of invariants of the Dg subgroup of Eg.)

6The product can be viewed as a 7-dimensional analogue of the usual cross-product in R3,
compare for example [19, §10.3].

7Or, what is the same, the group of linear transformations preserving both the Killing form
k: eg X eg — C and the alternating trilinear form A3eg — C given by the formula z A y A z —
k(z, [y, 2])-
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The second smallest faithful irreducible representation V' has dimension 3875.
Combinatorial calculations with “weights” of the representation show that it has a
nonzero, Fg-invariant symmetric bilinear form b and trilinear form ¢, both of which
are unique up to scaling by an element of C*. These give a commutative and
Eg-invariant “product”, i.e., a bilinear map, : V x V — V defined by t(x,y,z) =
b(x,yez). (Close readers of Chevalley will recognize this construction of a product
from [31, §4.2].) The automorphism group of (V,e) is Eg, see [70].

These results are recent and have not yet been seriously exploited.

As the automorphism group of a variety. As with other semisimple groups,
one can view Fg as the group of automorphisms of a projective variety on which
it acts transitively — a flag variety — see [13] for the general statement. In the
case of Eg, the smallest such variety has dimension 57 (and can be obtained by
quotienting out by the maximal parabolic subgroup determined by the highest root
[23, p. 152]); see [39] for an alternative treatment.

4. CONSTRUCTING THE LIE ALGEBRA VIA GRADINGS

Earlier, we described constructing the Lie algebra eg by generators and relations
using a Chevalley basis. There are various refinements on this that we now discuss.
This situation is quite general and is often applied to study other exceptional groups,
so we write in a slightly more general context. Consider an irreducible root system
R with set A of simple roots, and let g be the Lie algebra generated from this using
a Chevalley basis.

Suppose that g has a grading by an abelian group I', meaning that as a vector
space g is a direct sum of subspaces g, for v € T and that [g5, g, € gy4, for
7,7 € I'. Then g is a Lie subalgebra of g and each g, is a go-module. Roughly
speaking, one can typically write down a formula for the bracket on g in terms
of the action of gy on the g., see [1, Ch. 6] or [64, §22.4] for discussion. The
literature contains a profusion of such constructions, which are sometimes called
a “go construction of g”. (I will give some references below, but it is hopeless to
attempt to be comprehensive.)

To produce such a construction of g, then, we should look for gradings of g. These
are controlled by subgroups of Aut(g) in the following sense. If F = C and g has a
Z/n grading, then the map Z'y Yy = D 62“7/”:1/7 exhibits the n-th roots of unity

un(C) = <e2”/ "> as a subgroup of Aut(g) and conversely every homomorphism
tn — Aut(g) gives a Z/n grading on g by the same formula. We generalize this
example somewhat to the language of diagonalizable group schemes as in [141] or
[167]. Write T'P for the Cartier dual of ', the (concrete) group of homomorphisms
from I to Gy, the algebraic group with K-points K* for every field K. In that
notation, we have the following folklore classification of gradings:

Proposition 4.1. Let S be a commutative ring and g a finitely generated Lie
algebra over S. Then for each finitely generated abelian group T, there is a natural
bijection between the set of T-gradings on g and the set of morphisms I'P — Aut(g)
of group schemes over S.

Sketch of proof. The group I is naturally identified with the dual Hom(I'?,G,,),
so given a I'-grading on g, setting ¢t -y = v(t)y for y € g, and t € I'P defines a
homomorphism I'” — Aut(g). Conversely, a homomorphism I'° — Aut(g) gives g
the structure of a comodule under the coordinate ring of I'?, i.e., the group ring
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S[T], which amounts to an S-linear map p: A — A ® S[I'] that is compatible with
the Hopf algebra structure on S[I']. One checks that g, :={y € g | py) =y @~}
gives a I'-grading on g. O

As is clear from the proof, the hypothesis that g is a Lie algebra is not necessary,
and the result applies equally well to other sorts of algebraic structures over R.
One could also replace R by a base scheme.

Examples: gradings by free abelian groups. By the proposition, a grading
of g by a free abelian group Z" corresponds to a homomorphism of a rank r torus
G, — Aut(g). The image is connected, so it lies in the identity component of
Aut(g), which is the adjoint group, call it G2, with Lie algebra g. Up to conjugacy,
all homomorphisms G”, — G have image in a given maximal torus 7', and we
conclude that all gradings of g by Z" are obtained from a rank r sublattices of
Hom(Gy,, T), i.e., the weight lattice for the root system dual to R. (Eg is self-dual
and so in that case it is the same as Q.)

A natural grading of this sort is obtained by choosing some r-element subset A’
of A and defining the degree of a root vector 3 to be the coefficients c; of elements
of A" in the expression 3 = ;. A cs0. Basic facts concerning this kind of grading
can be found in [6] or [133]; most importantly, the g, are irreducible representations
of go with an open orbit. This sort of grading on es (and e7 and ¢g) with r = 2 was
used in [15] to reconstruct the quadrangular algebras studied in [168] for studying
the corresponding Moufang polygons.

The simplest example of a grading as in the previous paragraph is to take A’ to be
a singleton {¢’}, in which case one finds a Z-grading of g with support {—n,...,n}
where n is the coefficient of ¢’ in the highest root. Famously, in the case n = 1, one
finds a 3-term grading in which the +1 components make up a Jordan pair, and
one can use the Jordan pair to recover the bracket on g, see for example [125]. But
that case does not occur for Eg, because its highest root is

(4.2) wg = e7 + eg = 2ay + 3as + 4dag + 6ay + Has + dag + 3ar + 2as,

where the smallest coefficient is 2 for 6’ = «y or ag. Those §’ give a 5-term grading,
where the -1 components are structurable algebras as in [1] or [3, Th. 4] or a Kantor
pair as in [2], depending on your point of view. Starting with a structurable algebra,
one can also recover the bracket on g, as was done for eg in [3, §8].

Examples: Z/n gradings. By the proposition, a Z/n grading on g is given by a
homomorphism p,, — Aut(g). The ones with image in G*® (as is necessarily true
for Eg, because Aut(g) = G®! in that case) are classified by their Kac coordinates,
see [102] or [145], or see [111] for an expository treatment. Therefore in principle
one has a list of all of the corresponding gradings.

A popular choice for such a grading is to start by picking a simple root &’ € A,
thus obtaining as in the preceding subsection an inclusion ¢: G, — G®4 such that,
for 0 € A, the composition ¢ : Gy, — Gy, is the identity for 6 = ¢’ and trivial
otherwise. The desired Z/n grading is obtained by composing ¢ with the natural
inclusion p,, — Gy, for n the coefficient of ¢’ in the highest root. One finds again in
this case that each g, is an irreducible representation of go, see [163]. The identity
component of the centralizer of Cgaa(uy,) is semisimple and its Dynkin diagram
is obtained by taking the so-called extended Dynkin diagram of R — obtained by
adding the negative of the highest root as a new vertex — and deleting the vertex
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0" and all edges connected to it. (This is the first step in the iterative procedure
described in [16] for calculating the maximal-rank semisimple subgroups of G4,
See [19, Ch. VI, §4, Exercise 4] or [111] for treatments in the language of root
systems or group schemes, respectively.)

For example, doing this for R the root system of type Gg and ¢’ the simple
root that is orthogonal to the highest root, one finds n = 3, Cgaa(3) has identity
component SL3, and the +1-components of g, are the tautological representation
and its dual. The action of G2 on the octonions, restricted to this ug subgroup, gives
the direct sum decomposition of the octonions known as the Zorn vector matrix
construction as in [134].

Example 4.3 (Dg C Eg). Doing this with Fg and §' = «;, we find n = 2 by
(4.2), Cgy(p2) has identity component Spin,s /2, and the 1-component of eg is
the half-spin representation. This grading was surely known to Cartan, and is the
method used to construct eg in [1] and [58].

Example 4.4 (Ag C Eg). Doing this with Eg and §' = as, we find n = 3, Cg, (113)
has identity component SLg /u3, and we have

es = slg @ (A3CY) @ (A3CY)*

as modules under slg. One can use this operation to define the Lie bracket on all
of eg, see for example [62], [64, Exercise 22.21], and [55].

Example 4.5 (A4 x Ay C Eg). Taking ¢’ = a5, we find n = 5, and Cg,(u5) is
isomorphic to (SLs x SLs)/us. See [65, §14] or [32, §6] for concrete descriptions of
the embedding, or [143, 1.4.2] for how it provides a non-toral elementary abelian
subgroup of order 53.

Dynkin [48, Table 11] lists 75 different subsystems of Eg constructed in this way,
and each of these gives a way to construct the Lie algebra Eg from a smaller one.
Here is such an example:

Example 4.6 (Dy x Dy C Eg). There is a subgroup ps x p2 of Eg such that
each of the three involutions has centralizer Spin; /u2 as in Example 4.3, and the
centralizer of s X po is the quotient of Sping x Sping by a diagonally embedded
copy of ug X pe. This gives a grading of eg by the Klein four-group, with (eg)o =
s0g X s0g and the other three homogeneous components being tensor products of
an 8-dimensional representation of each of the copies of sog. The corresponding
construction of Eg is the one described in [166, Ch. IV], [113], or [110].

We have described some large families of gradings, but there are of course others,
see for example [51]. One can also construct eg without using a grading. The famous
Tits construction of Eg is of this type, and we will describe it in detail in §7 below.

5. Es OVER THE REAL NUMBERS

A Lie algebra L over the real numbers, i.e., a vector space over R with a bracket
that satisfies the axioms of a Lie algebra, is said to be of type Eg if L ®g C is
isomorphic to the Lie C-algebra eg studied by Killing. (The notation L ®g C is easy
to understand concretely. Fix a basis ¢1,..., ¢, for the real vector space L. Then
L ®g C is a complex vector space with basis ¢1,..., ¢, and the bracket on L ®g C
is defined by [, zil, >, 23451 = 32, 32, zi#j[li, 4] for 2,25 € C.)
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Cartan proved in [24] that there are exactly three Lie R-algebras of type FEs.
One can reduce the problem of determining the isomorphism class of such alge-
bras to determining the orbits under the Weyl group of elements of order 2 in a
maximal torus in the compact real form of Eg, see [144, §111.4.5]. Given such an
involution and the description of Eg in terms of the Chevalley relations, one can
do calculations, so this is an effective construction. Two of the three Fg’s over R
have names: split and compact, where the automorphism group of the compact Lie
algebra is a real Lie group that is compact. The third one does not have a standard
name; we call it intermediate following [142], but others say quaternionic. This is
summarized in Table A.

Tits index signature of
or Satake diagram name Killing form

»—0—1—0—0—0—0 compact —248
@—O—I—O—@—@—@ intermediate —24

split 8
TABLE A. Real forms of Eg

Remarks on the Tits index. The first column of Table A indicates the Tits
index of the group as defined in [154, 2.3], which is the Dynkin diagram as in (2.1)
— the same for all groups of type Fg — with the possible addition of circles around
some vertices.® At this point in the survey we are only concerned with the field
R, in which special case the Tits index is sometimes called a Satake diagram and
one can close the discussion by saying that the circles are drawn around the non-
compact simple roots. But the theory surrounding the Tits index of a semisimple
algebraic group G over an arbitrary field F' is much richer and we will use the more
general notion later, so let’s take a moment to talk about it now. A split torus is a
product of copies of Gy, the algebraic group with K-points K* for every field K.
All maximal split tori in G are conjugate over F', and the circles in the Tits index
amount to precise formulas for the embedding of such a torus in G via the theory
in [17, §6]. One coarse fact is that the dimension of a maximal split torus equals
the number of circles in the Tits index.

A basic fact connect with the Tits index is Tits’ Witt-type theorem from [154, 2.7]
or [146, 16.4.2], which gives a concrete description of the structure of G in terms
of the Tits index and a subgroup corresponding to the uncircled vertices in the
diagram. This theorem includes as special cases Wedderburn’s theorem that each
central simple k-algebra can be written uniquely as M,.(D) for D a central division
k-algebra and r > 1, and Witt’s theorem that a nondegenerate quadratic form is
an orthogonal sum of a uniquely determined anisotropic nondegenerate quadratic

8More precisely, the Tits index of a group also includes the action of the absolute Galois group
on the Dynkin diagram, but the diagram for Eg has only the identity automorphism, so this action
is trivial.
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form and a sum of hyperbolic planes. That is, the Witt-type theorem generalizes
and unifies both of those classical results in the same way that the Hasse Principle
mentioned in the introduction generalized and unified the Albert-Brauer-Hasse-
Noether Theorem and the Hasse-Minkowski Principle.

Physics. Returning now to the discussion of real groups of type Eg, various such
groups play a role in physics. For example, the compact real Eg appears in string
theory — see [37], [45], and [416] — and the split real form appears in supergravity
[119].

On the other hand, Eg does not play any role in the Grand Unified Theories of
the kind described in [7] because every finite dimensional representation of every
real form of Fjg is real orthogonal and not unitary. And at least one well-publicized
approach to unification based on Es does not work, as explained in [417].

A magnet detects Eg symmetry? A few years ago, experimental physicsts
reported finding “evidence for Fg symmetry” in a laboratory experiment [34]. (You
may have seen descriptions aimed at mathematicians in [107] or [18].) This is yet
a different role for Fg than those mentioned before. The context is as follows. A
one-dimensional magnet subjected to an external magnetic field can be described
with a quantum one-dimensional Ising model — this is standard — and, in the
previous millennium and not using Eg, [170] and [41] made numerical predictions
regarding what would happen if the magnet were subjected to a second, orthogonal
magnetic field. Some difficulties had to be overcome in order to experimentally
test these predictions, namely, producing a large enough crystal with the correct
properties (such as containing relatively isolated one-dimensional chains of ions)
and producing a magnetic field that was large enough (5 tesla) and tunable. In the
intervening years, these obstacles have been overcome, and the paper [34] reports
on the resulting experiment.

The measurements were as predicted, and therefore the experiment can be viewed
as providing evidence for the theory underlying the predictions.” Which raises the
question: how does Eg appear in these predictions? Indeed, looking at the original
papers, one finds no use of Fg in making the predictions (although Zamolodchikov
did remark already in [170] that numerological coincidences strongly suggest that
Eg should play a role). Those papers, however, in addition to a handful of unobjec-
tionable non-triviality assumptions, rest on a serious assumption that the perturbed
conformal field theory would be an integrable theory. It was later discovered that
if one views the original conformal field theory as arising from a compact real Lie
algebra via the “coset construction”, then the perturbed theory is given by the
corresponding affine Toda field theory, see [54], [97], and [50]. In this way, invoking
the compact real form of Fg simplifies the theory by removing an assumption, and
therefore any evidence for the theory as a whole — such as that provided by the
experiment in [31] — may be viewed as “evidence for Eg symmetry”.

For those wanting further checks on the theory, another experiment to try would
be to test the predictions for a thermal perturbation of the tricritical Ising model,

9S0me skeptics aver that the evidence is weak, in that the confirmed predictions amount to
somewhat noisy measurements of two numbers, namely the ratio of the masses of the two heaviest
quasi-particles and the ratio of the corresponding intensities. In Bayesian language, the skeptics’
estimate of the (probability of) correctness of the underlying theory was only somewhat increased
by learning of the experimental results.
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for which the role of Eg is played instead by E;. The unperturbed version has
already been realized [151].

6. Eg OVER AN ARBITRARY FIELD

It makes sense to speak of Lie algebras or groups “of type Eg” over any field.
Starting with the Fg root system and the Chevalley relations as in the previous
section, one can put a Lie algebra structure on Z2%®. The isomorphism class of the
resulting Lie algebra eg 7 does not depend on the choice of signs, and in this way
one obtains, for every field F', a Lie F-algebra e¢g p := ¢gz ® F' called the split eg
over F. Tts automorphism group Eg g is an algebraic group over F'Y known as the
split group of type Eg over F.

Finite fields. For example, if F'is a finite field with g elements, then the F-points
Eg p(F) are a finite simple group, normally denoted Eg(g). These are enormous
groups, whose order is a polynomial in ¢ with leading term ¢%4®. The smallest such
group is Eg(2), which has more than 3 x 107 elements, about 10%° times the size
of the Monster [37, p. 242]. A special case of the Inverse Galois Problem is to ask:
Does Fs(q) occur as a Galois group over Q7 It is known when ¢ is a prime larger
than 5 by [90] and [169].

Groups of type FEg. More generally, a Lie algebra L over a field F' is said to
have type Eg or be an F'-form of Eg if there is a field K O F such that L @ p K is
isomorphic to Ly ®z K. A similar definition applies for algebraic groups.

An algebraic group G of type Eg over F'is split if it is isomorphic to Eg . It
is isotropic if it contains a copy of Gy, (equivalently, if Lie(G) has a nontrivial
Z-grading), and anisotropic otherwise. For F' = R, there is a unique anisotropic
form of Eg, the compact form, but for other fields F' there may be many, see the
examples in §8.

Fields over which the split Eg is the only Eg. Over some fields F', the split
group Eg r is the only group of type Eg. This is true for algebraically closed fields
(trivially by [44]). It is also true for finite fields, fields of transcendence degree 1
over an algebraically closed field, and more generally for fields of cohomological
dimension at most 1 [149]. Classically it is also known for p-adic fields and it is
also true for every field that is complete with respect to a discrete valuation with
residue field of cohomological dimension < 1 [21]. It is also true for global fields of
prime characteristic, i.e., finite extensions of F,(t) for some p [93].

It is also true if every finite separable extension of F' has degree a power of some
prime'! p > 7. This is argued in an elementary way in [156], but can alternatively
be viewed as a special case of older and more general arguments underlying the
proof of the Hasse Principle, specifically Propositions 6.19, 6.21 on pages 339, 375
of [128]. (Either way, only the case p = 7 is nontrivial, because 7 is the largest
prime dividing the order of the Weyl group of Eg.) The analogous statements for
p=2,3, and 5 are false, see Example 8.1 and Theorem 9.1.

1OMeaning it is a smooth variety such that the functor {field extensions of F'} — Sets given
by sending K + FEg g (K) factors through the category of groups.

HThis sort of field arises naturally when trying to disentangle phenomena related to distinct
primes. See for example the discussion in [129, §5].
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Serre’s “Conjecture IT”. A bold conjecture of Serre’s from 1962 [137] says that,
for every field F of cohomological dimension'? < 2, and G a simply connected
semisimple algebraic group over F, HY(F,G) = 0. As Esp = Aut(Es r), by
descent H'(F, Es r) is identified with the pointed set of groups of type Eg over
F (with distinguished element Eg g itself). In this case, Serre’s conjecture says:
the split group Fg r is the only form of Eg over F'. What made this conjecture
bold is that it includes totally imaginary number fields and finite extensions of
F,(t) as special cases and the conjecture was not proved in these special cases
until the 1980s [27] and 1970s [93] respectively. Furthermore, the hypothesis on
cohomological dimension is very difficult to make use of; a key breakthrough in its
application was the Merkurjev—Suslin Theorem [150, Th. 24.8] connecting it with
surjectivity of the reduced norm of a central simple associative algebra.

Despite lots of progress during the past 20 years as in [10], and [78], the conjecture
remains open; see [31] for a recent survey. It is known to hold for Fyg if:

e every finite extension of k has degree a power of p for some fixed p by [78,
§IIL.2] for p = 2,3 (or see [29] or [74, 10.22] for p = 3) and by [28] for p =5
(or see [65, 15.5]). The p = 2 case can also be deduced from properties of
Semenov’s invariant (see Theorem 9.2) if char F' = 0.

e [ is the function field of a surface over an algebraically closed field, see [40]
and [31].

Forms of Es over Z. One can equally well consider Z-forms of Eg as in [35] or
[36]. We don’t go into this here, but note that Eg is unusual in this context in that
the number of Z-forms of the “compact” real Eg is at least 10, in stark contrast
to at most 4 for other simple groups of rank < 8, see [85, Prop. 5.3].

7. T1TS’ CONSTRUCTION

Tits gave an explicit construction of Lie algebras which produces eg as a possible
output [153]. Viewing the Lie algebra eg as constructed from the root system Eg
as in §2, one can see that it contains go X f4 as a subalgebra. It corresponds to an
inclusion of groups Ga x Fy — Eg. Applying Galois cohomology H!(F,*), we find
a map of pointed sets

(7.1) HY(F,Gy) x H(F, F,) — H'(F, Eg)

that is functorial in F'; we call this Tits’ construction. To interpret this, we note
that Fg is its own automorphism group and similarly for Fy and G5. Again, descent
tells us that H'(F, Eg) is naturally identified with the set of isomorphism classes
of algebraic groups (or Lie algebras) of type Eg over F, with distinguished element
the split group Es. The same holds for Fy and G3. Thus the function (7.1) can be
viewed as a construction that takes as inputs a group of type G2 and a group of
type Fy and gives output a group (or Lie algebra) of type Es.

Alternatively, viewing G and Fj as automorphism groups of an octonion and
an Albert algebra respectively, Galois descent identifies H!(F,G3) and H'(F, Fy)
with the sets of isomorphism classes of octonion F-algebras and Albert F-algebras

12Here cohomological dimension means the supremeum of the cohomological p-dimension as
p varies over all primes. Cohomological p-dimension is defined via Galois cohomology as in [144]
for p # char F' and via Milne-Kato cohomology if p = char F'. Furthermore, the conjecture only
demands this for a finite list of primes depending on the Killing-Cartan type of G, see [140] or
[31] for precise statements. In the case of Eg, the hypothesis only concerns the primes 2, 3, and 5.
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respectively, cf. [106]. From this perspective, the construction takes as input two
algebras.

Tits expressed his construction as an explicit description of a Lie algebra L made
from an octonion F-algebra and an Albert F-algebra, see [153] or [99] for formulas.

Example 7.2. Let G be a group of type Eg obtained from an octonion algebra C'
and Albert algebra A via Tits’ construction; we give the formula for the isomor-
phism class of its Killing form. The algebra C' is specified by a 3-Pfister quadratic
form 73 and A has i-Pfister quadratic forms ¢, for i = 3,5, see [72]. Formulas for
the Killing forms on the subgroups Aut(C) and Aut(A) are given in [72, 27.20],
and plugging these into the calculation in [99, p. 117, (144)] gives that the Killing
form on G is

(60)[8 — (4v3 + 4¢3 + (2)73(¢P5 — ¢3))]
in the Witt ring of k, exploiting the notation for elements of the Witt ring from

[53]-

In case FF = R, we know that there are two groups of type G2 or octonion
algebras, the compact form (corresponding to the octonion division algebra) and
the split form (the split algebra). There are three real groups of type Fy or Albert
R-algebras, the compact form (the Albert algebra with no nilpotents), the split
form (the split algebra), and a third form we will call “intermediate” (the Albert
algebra with nilpotents but not split). The book [99] contains a careful calculation
of the Killing form on the Lie algebra of type Eg produced by this construction for
each choice of inputs, and we list the outputs in Table B.

Rost Semenov inputs to Tits’ construction
Form of Eg | invariant invariant Gs Fy
compact 0 1 compact compact
intermediate 1 NA split intermediate or compact
compact split
split 0 0 split split
compact intermediate

TABLE B. Real forms of Eg: cohomological invariants and Tits’ construction

One could ask for a description of the Tits index of the Eg produced by (7.1) in
terms of the the inputs, e.g., to know whether and how the output group is isotropic.
In one direction, the answer is easy: the groups of type G2 and Fj used as inputs
to the construction are subgroups of the output, and therefore isotropic inputs give
isotropic outputs. However, in the analogous question for Tits’ construction of
groups of type Fy or Fg, anisotropic inputs can produce isotropic outputs, see for
example [73].

Example 7.3 (Number fields). If G is a group of type Eg over a number field F,
then the natural map

HY(F,G) — 11 HY(R,G)
real closures R of F

is bijective. (This is true more generally for every semisimple simply connected
group G [128, p. 286]. It is the Hasse Principle mentioned in the introduction.)
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In particular, if F' has r real embeddings, then there are 3" isomorphism classes
of groups of type Fg over F', all of which are obtained from Tits’ construction.
Two groups of type Eg over F' are isomorphic if and only if their Killing forms are
isomorphic, because this is so when F' = R.

8. COHOMOLOGICAL INVARIANTS; THE ROST INVARIANT

At this point in the survey, we have assembled only a few tools for determining
whether or not two groups or Lie algebras of type Fg over a field F' are isomorphic,
or whether they can be obtained as outputs from Tits’ construction. Indeed, the
only tools we have so far for this are the Tits index and the Killing form. In [156],
Tits showed that a “generic’'® group G of type Eg has no reductive subgroups
other than rank 8 tori (which necessarily exist); such a group cannot arise from
Tit’s construction because those groups all have a subgroup of type G x Fy. This
brings us to the state of knowledge in 1990, as captured in [138].

To address this gap, we will use various invariants in the sense of [72]. Let G
be an algebraic group over a field F. Let A be a functor from the category of
fields containing F' to abelian groups. An A-invariant f of G is a morphism of
functors f: H'(*,G) — A(x), i.e., for each field K containing F, there is a function
fx: HY(K,G) — A(K) and for each morphism a: K — K’ the diagram

HY(K,G) —I% A(K)

H1<a>l lA<a>

HY(K',G) —I<s A(K)
commutes. One goal of the the theory of cohomological invariants is to describe
all the A-invariants of G, for various choices of G and A. Some classical exam-
ples of invariants in this sense are the Brauer class of central simple algebras (an
H? (%, Gy, )-invariant of PGL,,) and the Stiefel-Whitney classes or Hasse-Witt invari-
ant of a quadratic form when char F' # 2 (H*®(*,Z/2)-invariants of an orthogonal
group O,,).

The addition in A(K) for each K gives the structure of an abelian group to
the collection of A-invariants of G. Every element a € A(F) gives a “constant”
invariant f, that sends every element of H'(K,G) to the image of a in A(K), for
every K. An invariant is normalized if the distinguished element of the pointed set
HY(F,G) is sent to the zero element of A(F). Evidently every A-invariant can be
written uniquely as (constant) + (normalized).

The Rost invariant. Considering the case where A is Galois cohomology with
torsion coefficients and G is a simple and simply connected group, one finds that
the group of normalized invariants H'(x, G) — H%(*,Q/Z(d — 1)) is zero for d = 1
(because G is connected [106, 31.15]) and for d = 2 (because G is simply connected,
see [12, Th. 2.4]). For d = 3, Markus Rost proved that the group is cyclic with a
canonical generator rg, now known as the Rost invariant, whose basic properties
are developed in [72]. (Rost’s theorem has recently been extending to include the
case where G is split reductive, see [122] and [108].) For G = Ga, Fy, Eg, rg has
order 2, 6, 60 respectively.

I3Meaning a versal form as defined in [72]. By definition, one can obtain from a given versal
form of Eg every group of type Eg over every extension of F' by specialization.
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Example 8.1. Let G be a versal form of Eg, defined over some field K. Then
75, (G) has order 60 by [72, p. 150]. For a prime p, let L be the separable algebraic
extension of K fixed by a p-Sylow subgroup of the absolute Galois group of K,
so every finite separable extension of L has degree a power of p. If p > 7, then
as in §6, the base change G, of G to L is split. But if p < 7, then p divides 60,
and g, (G L) is not zero, so Gy, is not split. (To see that rg,(Gr) # 0, note that
H3(L,Q/Z(2)) is the colimit ligHg’(Lo, Q/7Z(2)) as Lo runs over finite extensions
of K contained in L. But if any such Lg killed rg, (G), a restriction/corestriction
argument as in [144, §1.2.4, Prop. 9] would show that rg,(G) has order dividing
[Lo : K], a contradiction.)

Example 8.2. The composition

(8.3) HY(F,Gs) x H'(F, Fy) =% HY(F, Bs) -5 H*(F,Q/Z(2))
is rq, + rF,, by an argument analogous to that in the proof of [75, Lemma 5.8].

This reduces the computation of the Rost invariant for FEg’s arising from Tits’
construction to the (known, calculable) Rost invariants rg, and r5,, and therefore
gives a formula for all forms of Eg over R or over a number field. We have included
these values in Table B. For arbitrary F, the image of the composition (8.3) belongs
to the 6-torsion subgroup, H3(F,Z/6(2)).

Example 8.4. Considering the Z/5-grading on ¢g from Example 4.5, we find a
subgroup (SLs X SLs)/us of Eg, which in turn contains a subgroup ps X pus X Z/5.
Applying cohomology gives a map

(85) H'(F,p5) x H'(F,us) x H'(F,Z/5) — H'(F, Eg).
Composing this with rg,, we obtain a map
H'(F,ps) x H'(F, us) x H'(F,Z/5) — H*(F,Z/5(2))

that is, up to sign, the cup product map into H3(F,Z/5(2)) [82]. Therefore, if
H3(F,Z/5(2)) is not zero, it contains a nonzero symbol s, and from this one can
construct a group G of type Eg with rg, (G) = s. This group G cannot arise from
Tits’ construction.

We remark that (8.5) is surjective in the special case where every finite separable
extension of F' has degree a power of 5.

Example 8.6. We can focus our attention on the 3-torsion part of the image of
rE, by considering 20rg,, which has image in H3(x,Z/3(2)). What is its image?
Given a nonzero symbol s in H3(F,Z/3(2)), there is an Albert division algebra A
constructed by the first Tits construction such that rg,(A) = s. The inclusions
Fy C Eg C Eg induce a map H'(F, Fy) — H'(F, Eg) such that the image G of A
has Tits index

(8.7) »—o—I—o—o—@—@

and 7g,(G) = rp, (A) = s. (Indeed, the uncircled vertices in the Tits index indicate
a subgroup of type Eg that is the group of isometries of the norm on A.) Conversely,
given an F-form G of Eg over any field F such that 20rg,(G) is a symbol in
H3(F,Z/3(2)), [74] shows that there is a finite extension K of F of degree not
divisible by 3 such that G x K has Tits index (8.7).
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Example 8.8. There exists a field F' and an F-form G of Eg such that 207 g, (G)
is not a symbol in H3(F,Z/3(2)), nor does it become a symbol over any finite
extension of F' of degree not divisible by 3. (In particular, such a group does not
arise from Tits’ construction.) To see this, one appeals to the theory of the J-
invariant from [127] that there exists such a G with J3(G) = (1,1); [74, Lemma
10.23] shows that such a group has the desired property.

In contrast to the case of 3 and 5 torsion as in the preceding two examples,
the 2-primary part of rg, (G) may have a longer symbol length and a more subtle
relationship with the isotropy of G. As in Table B, the compact real form has Rost
invariant 0, yet is anisotropic. In the other direction, Appendix A.6 of [(5] gives an
example of an isotropic group G of type Eg over a field F such that rg, (G) belongs
to H3(F,Z/2(2)), and 7, (G) is not a sum of fewer than three symbols.

Underlying the results used in Examples 8.6 and 8.8 are analyses of the possible
decompositions of the Chow motives with Fj,-coefficients of the flag varieties for a
group of type Eg. This is a way to study the geometry of these varieties despite
their lack of rational points in cases of interest, and it has been widely exploited
over the last decade for analyzing semisimple groups over general fields, see for
example the book [53] for applications to quadratic form theory.

Example 8.9. Suppose G is a group of type Eg such that rg, (G) has order divisible
by 15. (For example, if G is versal as in Example 8.1.) Then G has no proper
reductive subgroups other than rank 8 tori, by the argument for [68, Th. 9.6].
Essentially, employing the Rost invariant simplifies Tits’ proof of the fact about
versal groups mentioned at the beginning of this section.

9. THE KERNEL OF THE ROST INVARIANT; SEMENOV’S INVARIANT

The examples in the previous section show that the Rost invariant can be used
to distinguish groups of type Eg from each other and for stating some results about
such groups. But it remains a coarse tool. For example: Given a field F, what are
the groups of type Eg that are in the kernel of the Rost invariant?

One way to approach this question is to simplify the problem by making an
assumption about the arithmetic of F. For example, in §6 we listed several kinds
of fields F' over which every Ey is split; in these cases the answer to the question is
trivial. To that list we add the following.

Theorem 9.1 (Chernousov). Suppose that every finite extension of F has degree a
power of p for p =3 or 5. Then the kernel of the Rost invariant rg, : H'(F, Eg) —
H3(F,Q/Z(2)) is zero.

Proof. This combines the main results of [28] and [29]. (Those papers make some
hypothesis on char F', but such an assumption is harmless in view of [74, Prop. 9.3].)
For alternative proofs, see [65, Prop. 15.5] for p = 5 and [74, Prop. 10.22] for
p=3. (]

As the case p > 7 was treated in §6, only p = 2 remains. The conclusion of
Theorem 9.1 is false in that case, as can be seen already for FF = R, where the
compact Fg has Rost invariant zero. Recently, Semenov produced a newer, finer
invariant in [136]. Put H'(F, Eg)15 for the kernel of 157, a subset of H!(F, Eg).
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Theorem 9.2 (Semenov). If char F = 0, there exists a nonzero invariant
SEg - Hl(*,E8)15 — HS(*,Z/Q)
such that sg,(G) = 0 if and only if G is split by an odd-degree extension of F.

For the case F' = R, sg, is defined only for the split and compact real forms,
and it is nonzero on the compact form.

This style of invariant, which is defined only on a kernel of another invari-
ant, is what one finds for example in quadratic form theory. The Rost invariant
H'(%,Spin,,) — H3(F,Z/2) amounts to the so-called Arason invariant e3 of qua-
dratic forms. There is an invariant e4 defined on the kernel of es with values in
H*(F,Z/2), an invariant es defined on the kernel of e4 with values in H®(F,Z/2),
and so on, see [53, §16].

Example 9.3. Let G be a group of type FEg arising from Tits’ construction as in
Example 7.2. Then 15rg,(G) = 0 if and only if ¢3 = 73 in the notation of that
example. In that case, sp,(G) is the class e5(¢5) € H?(F,Z/2), see [76, Th. 3.10].

It is natural to wonder what other cohomological invariants of Fg may exist.

Question 9.4. [131, p. 1047] Do there exist nonzero invariants mapping H'(*, Fg)
into H®(%,Z,/3) and H®(x,Z/2)?

The parameters in the question were suggested by the existence of certain non-
toral elementary abelian subgroups in Eg(C). (Such subgroups are described in

[#3])

10. WITT INVARIANTS

We introduced the notion of A-invariant as a tool for distinguishing groups of
type Eg. In the previous two sections we discussed the case where A was a Galois
cohomology group, but one could equally well take A to be the functor W that sends
a field F to its Witt group of non-degenerate quadratic forms W (F') as defined in,
for example, [53] or [109]. In this section, for ease of exposition, we assume that
char F' # 2. In particular, W(F) is naturally a ring via the tensor product.

Killing form. For G an algebraic group, put x(G) for the Killing form on the Lie
algebra of G. (If char k divides 60, then the Killing form is identically zero, and
in that case one should define x(G) to be the reduced Killing quadratic form as
defined in [67]. We elide the details here.) The function G — £(G) is a morphism
of functors H'(*, Eg) — W (*), and we define

f:HY (%, Eg) — W(x) via G k(G) — k(Eg)

to obtain a W-invariant that sends the distinguished class to 0.

The Witt ring has a natural filtration by powers of the “fundamental” ideal I
generated by even-dimensional quadratic forms. It is natural to ask: What is the
largest n such that f(G) belongs to I"™?

Example 10.1. In case G arises by Tits’ construction, the formula in Example 7.2
shows that f(G) € I°. Concretely we can see this over the real numbers, where the
signature defines an isomorphism W (R) 2 Z that identifies I° with 32Z, and Table
A shows that f(G) € {0,—32,—248}.
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The action of the split group Eg on its Lie algebra eg is by Lie algebra au-
tomorphisms, so it preserves the Killing form x(Es), giving a homomorphism
Es — O(k(Eg)). As Eg is simply connected, this lifts to a homomorphism Eg —
Spin(k(Fs)). By Galois descent, it is clear that the image of a group G under the
map HY(F, Eg) — H*(F,O(k(Es)) is x(G), whence f(G) necessarily belongs to I®
because the map factors through H!(F,Spin(k(Eg))) [106, p. 437].

In fact, we cannot do better than the exponent in the previous paragraph, be-
cause: f(G) belongs to I* iff 30rg,(G) = 0. To see this, we observe on the one
hand that f(G) belongs to I* if and only if f(G) is in the kernel of the Arason in-
variant eg: I (%) — H3(%,Z/2) by [123] or [132], i.e., the Rost invariant rspin(s(y))
vanishes on the image of G. On the other hand, the map Es — Spin(x(FEs)) has
Dynkin index 30, so composing it with 7gpin(x(E,)) gives 307 g, by [72, p. 122]. This
completes the proof of the claim. A versal group G of type Eg has 30rg, (G) # 0,
so f(G) e I3\ I*.

Inspired by [139], we may still ask: If rg,(G) has odd order, is it necessarily
true that f(G) € I8% If the answer is yes and char F' = 0, one can ask for more:
Does Semenov’s invariant s(G) € H5(F,7Z/2) divide es(f(G)) € H3(F,Z/2)? The
answer to both of these questions is “yes” for groups arising from Tits’ construction,
by Example 7.2. See [66] for more discussion.

Witt invariants in general. For every field K containing F, the ring W(K) is
a W (F)-algebra with identity element ¢, and W (x) is a functor to the category of
W (F)-algebras. Therefore, the collection of invariants H(x, Eg) — W (x) is itself
a W(F)-algebra.

Question 10.2. What are the invariants H' (x, Eg) — W () ?

Here is a natural way to construct such invariants. For each dominant weight A
of Eg, there is a Weyl module V() with highest weight A defined for eg 7 as in [101],
that has an indivisible, Eg z-invariant quadratic form gz on it, uniquely determined
up to sign. Base change to a field P gives a quadratic form gz ® P on V(\)® P that
has a radical, namely the unique maximal proper submodule of V(\) ® P, hence we
find a quadratic form on the irreducible quotient of V' (X) ® P, call the form gy p.
Applying H', we obtain a function H'(P, Es) — H'(P,O(qx,p)), and therefore for
every group G of type Fg over P, we obtain a corresponding quadratic form we
denote by ¢»(G). For example, the “constant” invariant that sends every G to the
1-dimensional quadratic form 2 — 22 can be viewed as gy, and the invariant  can
be viewed as gy for A the highest root. Do the gy, as A varies over the dominant
weights, generate the W (F)-algebra of invariants H'(x, Eg) — W (%) ?

11. CONNECTION WITH DIVISION ALGEBRAS

Groups of type Eg are closely related to the smallest open cases of two of the
main outstanding problems in the study of (associative) division algebras. To recall
the terminology, the center of a division ring D is a field, call it F. We say that
D is a division algebra if dimg D is finite, in which case dimg D is a square, and
its square root is called the degree of D. Hamilton’s quaternions are an example of
such a D with F' =R and deg D = 2.

One knows that, among all fields K such that F C K C D, the maximal ones
always have dimp K = deg D. In case there exists a maximal K that is Galois
over F' (resp., Galois over F' with cyclic Galois group), one says that D is a crossed
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product (resp., is cyclic). For a crossed product, one can write down a basis and
multiplication rules in a relatively compact way, and the description is even simpler
if D is cyclic.

Every division algebra D with deg D = 2 or 3 is known to be cyclic, and the
principal open problem in the theory of division algebras is: If deg D = p for a
prime p > 5, must D be cyclic? (See [5] for context and discussion.) Philippe Gille
showed that this question, for the case p = 5, can be rephrased as a statement
about groups of type Eg, see [79].

Along with the dimension, another property of a division algebra D is its period,
which is the smallest number p such that a tensor product of p copies of D is
isomorphic to a matrix algebra over F. (It is a basic fact that p divides deg D and
that the two numbers have the same prime factors.) Another open problem about
division algebras is: Determine whether every division algebra F of period p and
degree p? is a crossed product. For period 2 and degree 22, the answer is “yes”
and is due to Adrian Albert. (It is also “yes” for period 2 and degree 23 by Louis
Rowen [100].) The smallest open case, then, is where p = 3, and this is where Eg
may play a role. As in [164], using the Z/3-grading on esg from Example 4.4, we
find that SLg /u3 acts transitively on certain 4-dimensional subspaces of A3(F?).
This gives a surjection in Galois cohomology H*(F,N) — H'(F,SLg /u3) for some
subgroup N of SLg /u13 and one can hope that analyzing this surjection would give
insight into whether algebras of degree 9 and period 3 are crossed products. See
[114] for more discussion of this general setup and [65] for examples where similar
surjections are exploited.

12. OTHER RECENT RESULTS ON Ejg

Torsion index. Grothendieck [88] defined an invariant of a compact Lie group G
called the torsion indez, which has interpretations for the Chow groups and motivic
cohomology of the classifying space of BG as well as for the étale cohomology of
torsors under analogues of G over arbitrary fields, see [159] for precise statements.
Jacques Tits’ brief paper [156] contained a proof that the torsion index for the
compact FEg is divisible by 60 = 2 -3 -5 and divides 2° - 32 - 5, and wrote that one
could hope (“hypothése optimiste !”) that the correct answer is 60. In [157] and
[158], Burt Totaro proved that it is 26 - 32 - 5.

Kazhdan-Lusztig-Vogan polynomials. Some readers will remember a flurry of
news coverage in 2007 about a “calculation the size of Manhattan”. This referred to
the calculation of the Kazhdan-Lusztig-Vogan polynomials for the split real forms
of simple Lie algebras, where the final step was for eg g. For more on this see [165]
and [160]. We have also omitted the related topic of infinite-dimensional unitary
representations of Eg, for constructions of which see example [103], [36], and [22].

Finite simple subgroups. We now know which finite simple groups embed in the
(infinite) simple group Es(C), or more generally Es(k) for k algebraically closed, see
[143], [84], and [33] for surveys. One would like to know also how many conjugacy
classes there are for each of these finite subgroups, for which the interesting case of
the alternating group on 5 symbols was resolved in [115]. These questions can be
viewed as a case of a natural generalization of the classification of the finite simple
subgroups of SO(3), which amounts to a classification of the Platonic solids as in
[105, Chap. I]. Specifically, the Platonic solids correspond to the embeddings of the



Eg, THE MOST EXCEPTIONAL GROUP 21

alternating group on 4 or 5 letters, PSL(2,3) and PSL(2,5), and the symmetric
group on 5 letters, PGL(2,3), in SO(3), and these embeddings are part of a series
of embeddings of such subgroups in simple Lie groups including the case of Eg(k),
see [141] and [143].

Vanishing of trace forms. For a representation p: es p — gl(V') for some V, the
map b,: (z,y) — Tr(p(x)p(y)) defines an eg p-invariant symmetric bilinear form on
es, 7. (When p is the adjoint representation, b, is the Killing form.) In the 1960s,
motivated by then-current approaches to studying Lie algebras over fields of prime
characteristic, it was an open problem to determine whether b, is identically zero
for all p when char F' = 5, see [135, p. 48], [13, p. 554], or [14, p. 544]. It is indeed
always zero, and for char F' = 2,3 as well, see [67].

Essential dimension. The essential dimension ed(G) of an algebraic group G is
a non-negative integer that declares, roughly speaking, the number of parameters
needed to specify a G-torsor, see [130], [129], or [121] for a formal definition and
survey of what is known. In the case of Eg, this equals the number of parameters
needed to specify a group of type Fg. So far, we only know bounds on ed(FEg) and
the bounds we know are quite weak. Specifically, over C we have

9 < ed(Eg) < 231,

where the lower bound is from [131] or [30] and the upper bound is from [112] or
[69]. The distance between the upper and lower bounds is remarkable. In contrast,
for the other simply connected exceptional groups over C, one knows by [118] and
[114] that

ed(G2) =3, 5<ed(Fy) <7, 4<ed(Es) <8, and 7<ed(Er) <11,

which are all much closer. Determining ed(Fg) will require new techniques.

Yet more topics. We have furthermore omitted any discussion of:

e Relations with vertex operator algebras as in [57] and [59].

e The adjoint representation of Eg is in some sense unique among irreducible
representations of simple algebraic groups, in that it is the only non-minuscule
standard module that is irreducible in all characteristics, see [71].

e The Kneser-Tits Problem as described in [30]. One of the remaining open
cases for Eg was recently settled in [120], and another was settled in some
special cases in [152].

e Affine buildings with residues of type Eg as in [124].

ABOUT THE AUTHOR
Skip Garibaldi is a research staff member at the Center for Communications
Research. He currently serves on the Air Force Scientific Advisory Board.

ACKNOWLEDGMENTS

This note benefited from conversations with or comments from many people, in-
cluding Vladimir Chernousov, Noam Elkies, Philippe Gille, Benedict Gross, Robert
Guralnick, Nikita Semenov, Jean-Pierre Serre, David Vogan, and anonymous refer-
ees.



22

10.

11.

12.

13.
14.

15.

16.

17.
18.

19.

20.
21.

22.

23.
24.
25.
26.
27.

28.

SKIP GARIBALDI

REFERENCES

. J.F. Adams, Lectures on exceptional Lie groups, Chicago Lectures in Mathematics, Univer-

sity of Chicago Press, Chicago, IL, 1996, With a foreword by J. Peter May, Edited by Zafer
Mahmud and Mamoru Mimura. MR 1428422 (98b:22001)

. B. Allison, J. Faulkner, and O. Smirnov, Weyl images of Kantor pairs, arxiv:1404.3339,

2014.

. B.N. Allison, Models of isotropic simple Lie algebras, Comm. Algebra 7 (1979), no. 17,

1835-1875. MR 81d:17005

, Structurable algebras and the construction of simple Lie algebras, Jordan algebras
(Berlin) (W. Kaup, K. McCrimmon, and H.P. Petersson, eds.), de Gruyter, 1994, (Proceed-
ings of a conference at Oberwolfach, 1992).

. A. Auel, E. Brussel, S. Garibaldi, and U. Vishne, Open problems on central simple algebras,

Transformation Groups 16 (2011), no. 1, 219-264.

. H. Azad, M. Barry, and G. Seitz, On the structure of parabolic subgroups, Comm. Algebra

18 (1990), no. 2, 551-562.

. J. Baez and J. Huerta, The algebra of Grand Unified Theories, Bull. Amer. Math. Soc. (N.S.)

47 (2010), no. 3, 483 552.
J.C. Baez, The octonions, Bull. Amer. Math. Soc. (N.S.) 39 (2002), no. 2, 145-205.

. E. Bannai and N.J.A. Sloane, Uniqueness of certain spherical codes, Can. J. Math. 33 (1981),

no. 2, 437-449.

E. Bayer-Fluckiger and R. Parimala, Galois cohomology of the classical groups over fields of
cohomological dimension < 2, Invent. Math. 122 (1995), 195-229.

G. Belitskii, R. Lipyanski, and V. Sergeichuk, Problems of classifying associative or Lie
algebras and triples of symmetric or skew-symmetric matrices are wild, Linear Algebra Appl.
407 (2005), 249-262.

S. Blinstein and A. Merkurjev, Cohomological invariants of algebraic tori, Algebra & Number
Theory 7 (2013), no. 7, 1643-1684.

R.E. Block, Trace forms on Lie algebras, Canad. J. Math. 14 (1962), 553-564.

R.E. Block and H. Zassenhaus, The Lie algebras with a nondegenerate trace form, Illinois J.
Math. 8 (1964), 543-549.

L. Boelaert and T. De Medts, A new construction of Moufang quadrangles of type Ee¢, E7
and Eg, Trans. Amer. Math. Soc. 367 (2015), no. 5, 3447-3480.

A. Borel and J. De Siebenthal, Les sous-groupes fermés de rang mazximum des groupes de
Lie clos, Comment. Math. Helv. 23 (1949), 200-221.

A. Borel and J. Tits, Groupes réductifs, Publ. Math. IHES 27 (1965), 55-150.

D. Borthwick and S. Garibaldi, Did a 1-dimensional magnet detect a 248-dimensional alge-
bra?, Notices of the AMS 58 (2011), no. 8, 1055-1066.

N. Bourbaki, Lie groups and Lie algebras: Chapters 4—6, Springer-Verlag, Berlin, 2002.

, Lie groups and Lie algebras: Chapters 7-9, Springer-Verlag, Berlin, 2005.

F. Bruhat and J. Tits, Groupes algébriques sur un corps local. Chapitre III. Compléments et
applications d la cohomologie galoisienne, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 34 (1987),
no. 3, 671-698.

R. Brylinski and B. Kostant, Minimal representations of Ee, E7, and Eg and the generalized
Capelli identity, Proc. Nat. Acad. Sci. U.S.A. 91 (1994), no. 7, 2469-2472. MR 1267034
(96a:22026)

E. Cartan, Sur la structure des groupes de transformations finis et continus, thesis, Paris,
1894; 2nd edition, Vuibert, 1933 (= Oe., part 1, vol. 1 (1952), 137-287).

, Les groupes réels simples finis et continus, Ann. Sci. Ecole Norm. Sup. (3) 31 (1914),
265-355.

R.W. Carter, Simple groups of Lie type, Wiley, 1989.

M. Cederwall and J. Palmkvist, The octic Eg invariant, J. Math. Phys. (2007), 073505.

V. Chernousov, The Hasse principle for groups of type Eg, Soviet Math. Dokl. 39 (1989),
592-596, [Russian original: Dokl. Akad. Nauk SSSR 306 (1989), 1059-1063].

, A remark on the (mod 5)-invariant of Serre for groups of type Eg, Math. Notes 56
(1995), no. 1-2, 730-733, [Russian original: Mat. Zametki 56 (1994), no. 1, pp. 116-121].




29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

Eg, THE MOST EXCEPTIONAL GROUP 23

, On the kernel of the Rost invariant for Eg modulo 3, Quadratic forms, linear alge-
braic groups, and cohomology (J.-L. Colliot-Théléne, S. Garibaldi, R. Sujatha, and V. Suresh,
eds.), Developments in Mathematics, vol. 18, Springer, 2010, pp. 199-214.

V. Chernousov and J-P. Serre, Lower bounds for essential dimensions via orthogonal repre-
sentations, J. Algebra 305 (2006), 1055-1070.

C. Chevalley, The algebraic theory of spinors, Springer, Berlin, 1997, reprint of the 1954
edition.

C. Chevalley and R.D. Schafer, The exceptional simple Lie algebras Fy and Eg, Proc. Nat.
Acad. Sci. U. S. A. 36 (1950), 137-141. MR 0034378 (11,577b)

A.M. Cohen and D.B. Wales, Finite simple subgroups of semisimple complex Lie groups—a
survey, Groups of Lie type and their geoemetries, Lecture Notes, vol. 207, London Math.
Soc., 1995, pp. 77-92.

R. Coldea, D.A. Tennant, E.M. Wheeler, E. Wawrzynska, D. Prabhakaran, M. Telling,
K. Habicht, P. Smibidl, and K. Kiefer, Quantum criticality in an Ising chain: experimental
evidence for emergent Eg symmetry, Science 327 (2010), 177-180.

A.J. Coleman, The greatest mathematical paper of all time, Math. Intelligencer 11 (1989),
no. 3, 29-38.

B. Conrad, Non-split reductive groups over Z, Autour des Schémas en Groupes II, Panoramas
et syntheses, vol. 46, Société Mathématique de France, 2014, pp. 193-253.

J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker, and R.A. Wilson, Atlas of finite
groups, Oxford University Press, Eynsham, 1985, Maximal subgroups and ordinary charac-
ters for simple groups, With computational assistance from J. G. Thackray. MR MR&827219
(88¢:20025)

J.H. Conway and N.J.A. Sloane, Sphere packings, lattices, and groups, 2nd ed., Springer,
2013.

J.H. Conway and D.A. Smith, On quaternions and octonions: their geometry, arithmetic,
and symmetry, A K Peters, Ltd., Natick, MA, 2003. MR 1957212 (2004a:17002)

A.J. de Jong, X. He, and J.M. Starr, Families of rationally simply connected varieties over
surfaces and torsors for semisimple groups, Publ. Math. IHES (2011), no. 114, 1-85.

G. Delfino and G. Mussardo, The spin-spin correlation function in the two-dimensional
Ising model in a magnetic field at T = T., Nuclear Phys. B 455 (1995), no. 3, 724-758.
MR 1361337 (96g:82013)

P. Deligne and B.H. Gross, On the exceptional series, and its descendants, C. R. Math.
Acad. Sci. Paris 335 (2002), no. 11, 877-881.

M. Demazure, Automorphismes et déformations des variétés de Borel, Invent. Math. 39
(1977), no. 2, 179-186.

M. Demagzure and A. Grothendieck, SGA3: Schémas en groupes, Lecture Notes in Mathe-
matics, vol. 151-153, Springer, 1970.

D.-E. Diaconescu, G. Moore, and E. Witten, Eg gauge theory, and a derivation of K -theory
from M-theory, Adv. Theor. Math. Phys. 6 (2002), no. 6, 1031-1134 (2003). MR 1982693
(2004i:58062)

E. Diaconescu, G. Moore, and D.S. Freed, The M-theory 3-form and Eg gauge theory, El-
liptic cohomology, London Math. Soc. Lecture Note Ser., vol. 342, Cambridge Univ. Press,
Cambridge, 2007, pp. 44-88. MR 2330507 (2009{:58034)

J. Distler and S. Garibaldi, There is no “Theory of Everything” inside Fg, Comm. Math.
Phys. 298 (2010), 419-436.

E.B. Dynkin, Semisimple subalgebras of semisimple Lie algebras, Amer. Math. Soc. Transl.
(2) 6 (1957), 111-244, [Russian original: Mat. Sbornik N.S. 30(72) (1952), 349-462].

H.-D. Ebbinghaus, H. Hermes, F. Hirzebruch, M. Koecher, K. Mainzer, J. Neukirch, A. Pres-
tel, and R. Remmert, Numbers, Graduate Texts in Mathematics, vol. 123, Springer, 1991.
T. Eguchi and S.-K. Yang, Deformations of conformal field theories and soliton equations,
Phys. Lett. B 224 (1989), no. 4, 373-378.

A. Elduque, Jordan gradings on exceptional simple Lie algebras, Proc. Amer. Math. Soc.
137 (2009), no. 12, 4007-4017. MR, 2538561 (2011¢:17019)

N. Elkies, Lattices, linear codes, and invariants, part I, Notices Amer. Math. Soc. 47 (2000),
1238-1245.

R.S. Elman, N. Karpenko, and A. Merkurjev, The algebraic and geometric theory of quadratic
forms, Colloquium Publications, vol. 56, Amer. Math. Soc., 2008.




24

54

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

7.

78.

79.

80.

SKIP GARIBALDI

. V.A. Fateev and A.B. Zamolodchikov, Conformal field theory and purely elastic S-matrices,
Int. J. Modern Physics A 5 (1990), no. 6, 1025-1048.

J.R. Faulkner, Some forms of exceptional Lie algebras, Comm. Algebra 42 (2014), no. 11,
4854-4873. MR 3210416

J.R. Faulkner and J.C. Ferrar, Exceptional Lie algebras and related algebraic and geometric
structures, Bull. London Math. Soc. 9 (1977), no. 1, 1-35.

A.J. Feingold, I.B. Frenkel, and J.F.X. Ries, Spinor construction of vertex operator algebras,
triality, and Eél), Contemporary Mathematics, vol. 121, American Mathematical Society,
Providence, RI, 1991. MR 1123265 (92k:17041)

J. Figueroa-O’Farrill, A geometric construction of the exceptional Lie algebras Fy and Eg,
Comm. Math. Phys. 283 (2008), no. 3, 663-674. MR 2434742 (2009f:17018)

I. Frenkel, J. Lepowsky, and A. Meurman, Vertex operator algebras and the Monster, Pure
and Applied Mathematics, vol. 134, Academic Press, Inc., Boston, MA, 1988. MR 996026
(90h:17026)

I.B. Frenkel and V.G. Kac, Basic representations of affine Lie algebras and dual resonance
models, Invent. Math. 62 (1980), 23-66.

H. Freudenthal, Sur le groupe exceptionnel E7, Nederl. Akad. Wetensch. Proc. Ser. A.
56=Indagationes Math. 15 (1953), 81-89.

, Sur le groupe exceptionnel Eg, Nederl. Akad. Wetensch. Proc. Ser. A. 56=Indaga-
tiones Math. 15 (1953), 95-98.

, Oktaven, Ausnahmegruppen und Oktavengeometrie, Geom. Dedicata 19 (1985), 7—
63, (Reprint of Utrecht Lecture Notes, 1951).

W. Fulton and J. Harris, Representation theory: a first course, Graduate texts in mathe-
matics, vol. 129, Springer, 1991.

S. Garibaldi, Cohomological invariants: exceptional groups and spin groups, Memoirs Amer.
Math. Soc., no. 937, Amer. Math. Soc., Providence, RI, 2009, with an appendix by Detlev
W. Hoffmann.

, Orthogonal involutions on algebras of degree 16 and the Killing form of Eg, Qua-
dratic forms—algebra, arithmetic, and geometry (R. Baeza, W.K. Chan, D.W. Hoffmann,
and R. Schulze-Pillot, eds.), Contemp. Math., vol. 493, 2009, with an appendix by Kirill
Zainoulline, pp. 131-162.

, Vanishing of trace forms in low characteristic, Algebra & Number Theory 3 (2009),
no. 5, 543-566, with an appendix by A. Premet.

S. Garibaldi and P. Gille, Algebraic groups with few subgroups, J. London Math. Soc. (2) 80
(2009), 405-430.

S. Garibaldi and R.M. Guralnick, Essential dimension of algebraic groups, including bad
characteristic, preprint, 2015, arxiv:1512.09158.

, Simple groups stabilizing polynomials, Forum of Mathematics: Pi 3 (2015), e3 (41

pages).

S. Garibaldi, R.M. Guralnick, and D.K. Nakano, Irreducibility of Weyl modules over fields
of arbitrary characteristic, arxiv:1604.08911, 2016.

S. Garibaldi, A. Merkurjev, and J-P. Serre, Cohomological invariants in Galois cohomology,
University Lecture Series, vol. 28, Amer. Math. Soc., 2003.

S. Garibaldi and H.P. Petersson, Groups of outer type Eg with trivial Tits algebras, Transf.
Groups 12 (2007), no. 3, 443-474.

S. Garibaldi, V. Petrov, and N. Semenov, Shells of twisted flag varieties and the Rost in-
variant, Duke Math. J. 165 (2016), no. 2, 285-339.

S. Garibaldi and A. Quéguiner-Mathieu, Restricting the Rost invariant to the center, St.
Petersburg Math. J. 19 (2008), no. 2, 197-213.

S. Garibaldi and N. Semenov, Degree 5 invariant of Fg, Int. Math. Res. Not. IMRN (2010),
no. 19, 3746-3762.

M. Geck, On the construction of semisimple Lie algebras and Chevalley groups,
arxiv:1602.04583, 2016.

P. Gille, Cohomologie galoisienne des groupes algebriques quasi-déployés sur des corps de
dimension cohomologique < 2, Compositio Math. 125 (2001), 283-325.

, Algébres simples centrales de degré 5 et Eg, Candian Math. Bull. 45 (2002), no. 3,
388-398.

, Le probléme de Kneser-Tits, Astérisque 326 (2009), 39-82.




81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.

94.

95.
96.

97.

98.

99.

100.
101.

102.
103.

104.

105.
106.

107.

108.

109.

Eg, THE MOST EXCEPTIONAL GROUP 25

, Serre’s Conjecture 1I: a survey, Quadratic forms, linear algebraic groups, and coho-
mology (J.-L. Colliot-Thélene, S. Garibaldi, R. Sujatha, and V. Suresh, eds.), Developments
in Mathematics, vol. 18, Springer, 2010, pp. 41-56.

P. Gille and A. Quéguiner-Mathieu, Formules pour linvariant de Rost, Algebra Number
Theory 5 (2011), no. 1, 1-35. MR 2833783 (2012¢:11073)

R. Griess, Elementary abelian p-subgroups of algebraic groups, Geom. Dedicata 39 (1991),
253-305.

R. Griess and A. Ryba, Finite simple groups which projectively embed in an exceptional Lie
group are classified!, Bull. Amer. Math. Soc. 36 (1999), 75-93.

B.H. Gross, Groups over Z, Invent. Math. 124 (1996), no. 1-3, 263-279.

B.H. Gross and N.R. Wallach, A distinguished family of unitary representations for the ex-
ceptional groups of real rank = 4, Lie theory and geometry, Progr. Math., vol. 123, Birkh&duser
Boston, Boston, MA, 1994, pp. 289-304. MR 1327538 (96i:22034)

D.J. Gross, J.A. Harvey, E. Martinec, and R. Rohm, Heterotic string, Phys. Rev. Lett. 54
(1985), no. 6, 502-505. MR 774903 (86f:81158)

A. Grothendieck, Torsion homologique et sections rationnelles, Séminaire Claude Chevalley
3 (1958), no. 5, 1-29. MR 0110704 (22 #1572)

M. Giinaydin, K. Koepsell, and H. Nicolai, Conformal and quasiconformal realizations
of exceptional Lie groups, Comm. Math. Phys. 221 (2001), no. 1, 57-76. MR 1846901
(2002h:22019)

R. Guralnick and G. Malle, Rational rigidity for Eg(p), Compos. Math. 150 (2014), no. 10,
1679-1702. MR 3269463

G. Harder, Uber die Galoiskohomologie halbeinfacher Matrizengruppen. I, Math. Zeit. 90
(1965), 404-428.

s Uber die Galoiskohomologie halbeinfacher Matrizengruppen. II, Math. Z. 92 (1966),
396-415.

, Chevalley groups over function fields and automorphic forms, Ann. Math. (2) 100
(1974), no. 2, 249-306.

T. Hawkins, Emergence of the theory of Lie groups: an essay in the history of mathematics
1869-1926, Springer, 2000.

Y.-H. He and J. McKay, Sporadic and exceptional, arxiv:1505.06742, 2015.

Sigurdur Helgason, A centennial: Wilhelm Killing and the exceptional groups, Math. Intel-
ligencer 12 (1990), no. 3, 54-57. MR 1059228 (91k:01006)

T.J. Hollowood and P. Mansfield, Rational conformal field theories at, and away from,
criticality as Toda field theories, Phys. Lett. B 226 (1989), no. 1-2, 73-79.

J.E. Humphreys, Introduction to Lie algebras and representation theory, Graduate Texts in
Mathematics, vol. 9, Springer-Verlag, 1980, Third printing, revised.

N. Jacobson, Ezceptional Lie algebras, Lecture notes in pure and applied mathematics, vol. 1,
Marcel-Dekker, New York, 1971.

, Finite-dimensional division algebras over fields, Springer, 1996.

J.C. Jantzen, Representations of algebraic groups, second ed., Math. Surveys and Mono-
graphs, vol. 107, Amer. Math. Soc., 2003.

V. Kagc, Infinite dimensional Lie algebras, 3rd ed., Cambridge, 1995.

D. Kazhdan and G. Savin, The smallest representation of simply laced groups, Festschrift
in honor of I. I. Piatetski-Shapiro on the occasion of his sixtieth birthday, Part I (Ramat
Aviv, 1989), Israel Math. Conf. Proc., vol. 2, Weizmann, Jerusalem, 1990, pp. 209-223.
MR 1159103 (93f:22019)

W. Killing, Die Zusammensetzung der stetigen endlichen Transformationsgruppen. Zweiter
Theil, Math. Ann. 33 (1889), 1-48.

F. Klein, Lectures on the ikosahedron, Triibner, London, 1888, translated by G.G. Morrice.
M.-A. Knus, A.S. Merkurjev, M. Rost, and J.-P. Tignol, The book of involutions, Colloquium
Publications, vol. 44, Amer. Math. Soc., 1998.

B. Kostant, Experimental evidence for the occurrence of Eg in nature and the radii of the
Gosset circles, Selecta Math. (NS) 16 (2010), no. 3, 419-438.

D. Laackman and A. Merkurjev, Degree three cohomological invariants of reductive groups,
preprint, 2015.

T.Y. Lam, Introduction to quadratic forms over fields, Graduate Studies in Mathematics,
vol. 67, Amer. Math. Soc., Providence, RI, 2005.




26

110.
111.
112.
113.
114.
115.
116.
117.
118.
119.
120.
121.
122.
123.
124.
125.
126.
127.
128.
129.
130.
131.
132.

133.

134.
135.

136.

137.

138.

139.
140.

141.

142.

SKIP GARIBALDI

J.M. Landsberg and L. Manivel, Triality, exceptional Lie algebras, and Deligne dimension
formulas, Adv. Math. 171 (2002), 59-85.

S.P. Lehalleur, Subgroups of mazimal rank of reductive groups, Autour des Schémas en
Groupes III, vol. 47, Société Mathématique de France, 2016, pp. 147-172.

N. Lemire, Essential dimension of algebraic groups and integral representations of Weyl
groups, Transformation Groups 9 (2004), no. 4, 337-379.

H.Y. Loke, Exceptional Lie groups and Lie algebras, Ph.D. thesis, Harvard University, 1997.
R. Lotscher and M. MacDonald, The slice method for G-torsors, preprint, 2015.

G. Lusztig, Homomorphisms of the alternating group As into reductive groups, J. Algebra
260 (2003), 298-322.

, On conjugacy classes in the Lie group FEg, arxiv:1309.1382, 2013.

, The canonical basis of the quantum adjoint representation, arxiv:1602.07276, 2016.
M.L. MacDonald, Essential dimension of Albert algebras, Bull. Lond. Math. Soc. 46 (2014),
no. 5, 906-914.

N. Marcus and J.H. Schwarz, Three-dimensional supergravity theories, Nuclear Phys. B 228
(1983), no. 1, 145-162. MR 722546 (84k:83056)

I. McEwan, Solar, Random House, 2010.

A. Merkurjev, Essential dimension: a survey, Transform. Groups 18 (2013), no. 2, 415-481.
, Degree three cohomological invariants of semisimple groups, J. Eur. Math. Soc.
(JEMS) 18 (2016), no. 2, 657-680.

A.S. Merkurjev and A.A. Suslin, The group K3 for a field, Izv. Akad. Nauk SSSR Ser. Mat.
54 (1990), no. 3, 522-545.

B. Miihlherr, H.P. Petersson, and R.M. Weiss, Descent in buildings, Annals of Mathematics
Studies, vol. 190, Princeton Univ. Press, 2015.

E. Neher, Lie algebras graded by 3-graded root systems and Jordan pairs covered by grids,
J. Algebra 140 (1991), 284-329.

R. Parimala, J.-P. Tignol, and R. M. Weiss, The Kneser-Tits conjecture for groups with Tits-
index ngﬂ2 over an arbitrary field, Transform. Groups 17 (2012), no. 1, 209-231. MR 2891217
V. Petrov, N. Semenov, and K. Zainoulline, J-invariant of linear algebraic groups, Ann. Ec.
Norm. Sup. (4) 41 (2008), 1023-1053.

V.P. Platonov and A. Rapinchuk, Algebraic groups and number theory, Academic Press,
Boston, 1994.

Z. Reichstein, FEssential dimension, Proceedings of the International Congress of Mathemati-
cians 2010, World Scientific, 2010.

, What is. .. essential dimension?, Notices of the AMS 59 (2012), no. 10, 1432-1434.
Z. Reichstein and B. Youssin, Essential dimensions of algebraic groups and a resolution
theorem for G-varieties, Canad. J. Math. 52 (2000), no. 5, 1018-1056, with an appendix by
J. Kolldr and E. Szabé.

M. Rost, Hilbert 90 for Ks for degree-two extensions, preprint, 1986.

H. Rubenthaler, Algébres de Lie et espaces préhomogénes, Travaux en Cours, vol. 44, Her-
mann Editeurs des Sciences et des Arts, Paris, 1992.

R. Schafer, An introduction to nonassociative algebras, Dover, 1994.

G.B. Seligman, Modular Lie algebras, Ergebnisse der Mathematik und ihrer Grenzgebiete,
vol. 40, Springer, 1967.

N. Semenov, Motivic construction of cohomological invariants, Comm. Math. Helv. 91
(2016), no. 1, 163-202.

J-P. Serre, Cohomologie galoisienne des groupes algébriques linéaires, Colloq. Théorie des
Groupes Algébriques (Bruxelles, 1962), Librairie Universitaire, Louvain, 1962, (= Oe. 53),
pp. 53-68.

, Résumé des cours de 1990-91, Annuaire du Collége de France (1991), 111-121, (=
Oe. 153).

, Letter to Markus Rost dated December 3rd, 1992.

, Cohomologie galoisienne: progrés et problémes, Astérisque (1995), no. 227, 229-257,
Séminaire Bourbaki, vol. 1993/94, Exp. 783, (= Oe. 166).

, Exemples de plongements des groupes PSLa(Fyp) dans des groupes de Lie simples,
Invent. Math. (1996), 525-562.

, Letter to Markus Rost dated June 23rd, 1999.




143.

144.

145.

146.

147.

148.

149.

150.

151.

152.

153.

154.

155.

156.

157.

158.

159.

160.

161.

162.

163.

164.

165.

166.

167.

168.

169.

170.

Eg, THE MOST EXCEPTIONAL GROUP 27

, Sous-groupes finis des groupes de Lie, Séminaire Bourbaki, 51éme année, 1998-99,
no. 864, June 1999.

, Galois cohomology, Springer-Verlag, 2002, originally published as Cohomologie ga-
loisienne (1965).

, Coordonnées de Kac, Oberwolfach Reports 3 (2006), 1787-1790.

T.A. Springer, Linear algebraic groups, second ed., Birkhauser, 1998.

T.A. Springer and F.D. Veldkamp, Octonions, Jordan algebras and exceptional groups,
Springer-Verlag, Berlin, 2000.

R. Steinberg, Automorphisms of classical Lie algebras, Pacific J. Math. 11 (1961), 1119-
1129, [= Collected Papers, pp. 101-111].

, Regular elements of semisimple algebraic groups, Publ. Math. IHES (1965), no. 25,

49-80.

A.A. Suslin, Algebraic K-theory and the norm residue homomorphism, J. Soviet Math. 30
(1985), 2556-2611.

M.J. Tejwani, O. Ferreira, and O.E. Vilches, Possible Ising transition in *He monolayer
adsorbed on Kr-plated graphite, Phys. Rev. Lett. 44 (1980), no. 3, 152-155.

M. Thakur, Automorphisms of Albert algebras and a conjecture of Tits and Weiss, Trans.
Amer. Math. Soc. 365 (2013), 3041-3068.

J. Tits, Algébres alternatives, algébres de Jordan et algébres de Lie exceptionnelles. 1. Con-
struction, Nederl. Akad. Wetensch. Proc. Ser. A 69 = Indag. Math. 28 (1966), 223-237.

, Classification of algebraic semisimple groups, Algebraic Groups and Discontinuous
Subgroups, Proc. Symp. Pure Math., vol. IX, AMS, 1966, pp. 33-62.

, Sur les constantes de structure et le théoréme d’existence des algébres de Lie semi-
simples, Inst. Hautes Etudes Sci. Publ. Math. (1966), no. 31, 21-58. MR 0214638 (35 #5487)
, Sur les degrés des extensions de corps déployant les groupes algébriques simples, C.
R. Acad. Sci. Paris Sér. I Math. 315 (1992), no. 11, 1131-1138.

B. Totaro, Splitting fields for Eg-torsors, Duke Math. J. 121 (2004), 425-455.

, The torsion index of Eg and other groups, Duke Math. J. 129 (2005), 219-248.

, The torsion index of the spin groups, Duke Math. J. 129 (2005), no. 2, 249-290.
MR 2165543 (2006£:57039b)

M. van Leeuwen, Computing Kazhdan-Lusztig- Vogan polynomials for split Eg, Nieuw Arch.
Wiskd. (5) 9 (2008), no. 2, 113-116. MR 2454587 (2009g:17009)

N.A. Vavilov, Do it yourself structure constants for Lie algebras of type Ey, J. Math. Sci.
(N.Y.) 120 (2004), no. 4, 1513-1548.

M.S. Viazovska, The sphere packing problem in dimension 8, arxiv:1603.04246, March 2016.
E.B. Vinberg, The Weyl group of a graded Lie algebra, Math. USSR Izv. 10 (1976), 463-495.
E.B. Vinberg and A.G. Elaévili, A classification of the three-vectors of nine-dimensional
space, Trudy Sem. Vektor. Tenzor. Anal. 18 (1978), 197-233. MR 504529 (80b:15039)

D. Vogan, The character table for Eg, Notices Amer. Math. Soc. 54 (2007), no. 9, 1122-1134.
MR 2349532 (2008g:22020)

R.E. Walde, Composition algebras and exceptional Lie algebras, Ph.D. thesis, University of
California-Berkeley, 1967.

W.C. Waterhouse, Introduction to affine group schemes, Graduate Texts in Mathematics,
vol. 66, Springer, 1979.

R.M. Weiss, Quadrangular algebras, Mathematical Notes, vol. 46, Princeton University Press,
Princeton, NJ, 2006.

Z. Yun, Motives with exceptional Galois groups and the inverse Galois problem, Invent.
Math. 196 (2014), no. 2, 267-337. MR 3193750

A.B. Zamolodchikov, Integrals of motion and S-matriz of the (scaled) T = Te Ising model
with magnetic field, Internat. J. Modern Phys. A 4 (1989), no. 16, 4235-4248. MR 1017357
(90k:82102)

CENTER FOR COMMUNICATIONS RESEARCH, SAN DIEGO, CALIFORNIA 92121
E-mail address: skip at member.ams.org



	1. Introduction
	2. What is E8?
	3. E8 as an automorphism group
	4. Constructing the Lie algebra via gradings
	5. E8 over the real numbers
	6. E8 over an arbitrary field
	7. Tits' construction
	8. Cohomological invariants; the Rost invariant
	9. The kernel of the Rost invariant; Semenov's invariant
	10. Witt invariants
	11. Connection with division algebras
	12. Other recent results on E8
	About the author
	Acknowledgments
	References

