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演示者
演示文稿备注
本文目的：  系统地了解向量范数、矩阵范数，以及在我们推bound时可能用到的一些范数本身的性质。帮大家把已有的范数相关的知识完善并且结构化一下。
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Definition 5.1.1. Let V' be a vector space over the field F (F = R or C). A function
|- ]| : V — Ris anorm (sometimes one says vector norm) if, for all x, y € V and all
c eF,

(1) x| =0 Nonnegativity
(la) ||x|| =0ifandonlyifx =0 Positivity
(2)  Alex |l = [efllx|] Homogeneity
(3)  llx+ Il = llxll + 1yl Iriangle Inequality
A function || - || : V — R that satisfies axioms (1), (2), and (3) of (5.1.1) 1s called a

seminorm. The seminorm of a nonzero vector can be zero.

LAIVIDA

http://lamda.nju.edu.cn/tanzh 2 Learning And Mining from DatA


演示者
演示文稿备注
掺杂英语是因为中文PDF实在太不清晰，没有找到清楚的。
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Definition 5.1.3. Let V' be a vector space over the field F (F = R or C). A function
(«,): V. xV — Fisan inner product if for all x, y,z € V and all ¢ € F,

(1)  {x,x) > Nonnegativity
(la) (x,x) = O if and only if x =0 Positivity
(2) x4y, z)=,z)+(y 2) Additivity
(3)  {cx,y) =c(x,y) Homogeneity
(4)  (x,y) = (y,x) Hermitian Property
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Theorem 5.1.4 (Cauchy—Schwarz inequality). Ler (-,-) be an inner product on a
vector space V over the field F (F = R or C). Then

(. W2 < (x,x)(y.y) forall x,yeV (5.1.5)

with equality if and only if x and y are linearly dependent, that is, if and only if x = ay
or y = ax for some o € F.

0 < (v,v) = {{y, )x = {x, »)y, (¥, y)x — (X, y)y)
= (y, y)7{x, x) = (v, ) 9 y) = (o ) ) p) 4 () y) e y)
= (3, ¥)7(x. x) = (v, ¥ (x, 0)1
(v, y)
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证明：定义一个巧妙的向量，根据可加性展开，再根据齐次性提出来，根据Hermite性做成平方

这是这本书第二版中的证明，比第一版要简洁很多。
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Corollary 5.1.7. If (-, -) is an inner product on a real or complex vector space V , then
the function ||-|| : V — [0, 00) defined by ||x|| = (x, x)"/? isa normon V.
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2 2
+ 1yl

¥ = yIP) = IIx

1
5

X+ yl* 4
WA B F XL — 2T i ARG

X+ y I =l = 1y

v"\;‘

]
(v, 3) = 5(
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1. 如果通过内积定义范数，由Cauchy-Swartz很容易验证三角不等式
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o LuE xl = (x|’ + x|
— Euclid ™ £2 5
T Uxll2 = ||x]»
o [iFEE xlli = |xi|+ -+ x4
o [T |Ix]leo = max{|xi|, ..., |x,}
o LyiEAL Ixl, = (al?” 4+ Y7,

— Minkowski 1~ &= X,
1f+gllp <\ fllp + llgllp

http://lamda.nju.edu.cn/tanzh

2172 I+l = [ 1F + P

f|f+9| F+ g du
< f (F] + laDIF + g** du
- f|f||f+.glp‘1 dn+/lg||f+g|p_1 du

E ((/W dﬁ)% “(fwr “”)%) (f1s s d#)l—,-%

If + gllp

= (Ifllp + lgllp) m

p=1
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1/2
£l = [ [ 1@
1 £l = [ 1 f(®)lar

1/
£y = [ 7 1f@lrar] ™, p =1

| flloo = max{| f(x)| : x € [a, b])
LAVIDA
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5.3.P2 Let m =2

satisty the monot
minf|xy |, [x2|} + [

for a norm on R? b

Theorem 5.3.1. L
field F (F =R or

i
i
e

o5

vectors 'y, z € R”

by f(x) =[xl

fits

R? that does not
X Nloos X117 1 =

mogeneity axiom

space V over the

Iy +zIl for all
: V. — Rdefined
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前两节讲的是基础的范数中常见的一些

两个范数加起来，明显还是范数，正定齐次三角不等式

LP范数全部满足单调性
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Let S € M,, , have full column rank, so m > n. Let ||-|| be a given norm on C” and
define

Xl = [1Sx] (5.2.6)

for x € C". Then ||-||¢ is a norm on C”.

LAIVIDA
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Minkowski 7~ & X, Holder R~ & X,
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Definition 5.4.1. Ler V be a real or complex vector space with a given norm || - ||. We
say that a sequence {x™} of vectors in V converges to a vector x € V with respect to
| - || if and only if limy_ oo ||x*® — x|| = 0. If {x m} converges to x with respectto || - ||,
we write limy_, oo X' = x with respect to ||-||.

© B EHE BT AL XS — AP T BOMSL F X 5 — A TE BB ?
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看完了种类之后，来看一下向量范数的性质


the sequence { f;} of functions in C[O, 1]

TR I

Jr(x) =0, 0<x<

fi(x) = 2(k°x — k'/2),
fi(x) = 2(—k*2x + 2k17?),
fﬁ.("r) — 05

I fxll

fi
fi

Ek_]’fz — Qask - o0

1
»=——=torallk=1,2,...

/3

N
w=k'? > coask — o0
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Com

y=0{0=x<05}
v=2(v8x-v2){05<x<0.75)}

y=2(-v8x+2v/2 ){05<x<1}

v=0{0<x<025}

Go |

‘1.-22[8_\-—2){0.‘25 <x<

}

‘1-':2(—&\-+4){§ <x< %}

y=0{05<x<1}

;-'=0{05‘.,\-g %}

,1.-:9(M1-_¢§){1 e i}

8 — 16

v=2(—/312x+ m/@]{

3 _. .1
ﬁ3~‘34}

«
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也就是说，当我们的w是无限维的时候，比如kernel，不具体写一个范数，而是只写个范数，可能是不合理的。|| w_k – w_0 ||
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Lemma 5.4.3. Let || - || be a norm on a vector space V over the field F (F = R or
C), let m > 1 be a given positive integer, let x'V, x? ... x" €V be given vectors,

and define x(z) = z;xV 4+ z,x? +
function g: F" — R defined by

- (1) (2
2(2) = Ix@)l = l2x" 4+ 200 4 ..

ooz x™ for any z = [z

+ zpx ™|

czmt € ™. The

is a uniformly continuous function on ¥ with respect to the Euclidean norm.

|g(x(u)) — g(x)| = [llx @)l = llx @I = [lx ) — x()]]

m
Z(u,— — U,-)x[”
i=l
m 1/2 m ]/
< (Z jui = v,-F) (Z ||x“"||2)
=l =1

m

Q)

< E i — v |||
i=I

2

L

=Clu—vl,
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任意范数都一致连续，使用欧几里得距离度量点的邻域。
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Theorem 5.4.4. Let fy and f> be real-valued functions on a finite-dimensional vector
space V over the field F (F =R or C), let B = {xV, ..., x"™} be a basis for V, and
let x(z) = z;x'V 4+ .- - + zox" forall z = [z ... 2,11 € F". Assume that f1and 1>

are

T
i
¥
i

(a) Positive: fi(x) = 0forall x € V,and fi(x) =0 if and only if x = 0
(b) Homogeneous: fi(ax) = || fi(x)foralla € Fandall x € V
(c) Continuous: fi(x(z)) is continuous on ¥" with respect to the Euclidean norm

Then there exist finite positive constants C,, and C y; such that

Confilx) < folx) <Cy fHix) forall x € V

Define h(z) = f2(x(2))/ fi(x(2)) (a) (c)

Iz|l, =1 The Weierstrass theorem

S Cp f1(x(2)) < fo(x(2)) < Cp f1(x(2))

http://lamda.nju.edu.cn/tanzh 14
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Corollary 5.4.5. Let || - ||o and || - || g be given norms on a finite-dimensional real or
complex vector space V. Then there exist finite positive constants C,, and Cy such
that C,, < g < Cyllx|lg forallx e V.

o —

A TR Y 52 R E 6 = 2 18 89 7)) % T 4 B e R85 3 B — &

X X X

Corollary 5.4.6. If || - ||, and || - || g are norms on a finite-dimensional real or complex
vector space V , and if {xP} is a given sequence of vectors in V, then limy_, oo x'*¥) = x
with respect to || - || if and only if imy_, oo x*) = x with respect to || - | 8.

AR v = = 8] BT A TS AR 2 69
Definition 5.4.7. Two given norms on a real or complex vector space are equivalent if
whenever a sequence {x®} of vectors converges to a vector x with respect to the one
of the norms, then it converges to x with respect to the other norm.
L.AIVIDA
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无限维的话，必须写统一的范数。而有限维就可以直接用二范数。
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o (RTHE—AR) Ry BBEFN T AT B = FEFOK 8L
Since all norms on R” or C" are equivalent to || - ||, for a given sequence of

- (k) . . . .
vectors x* = [x"']"_, we have lim;_, o x'¥) = x with respect to any norm if and only

if lim;_, o ;¥ = x; foreachi =1, ..., n.

o JCELH) % B LA Cauchy 5

Definition 5.4.9. A sequence {x} in a vector space V is a Cauchy sequence with
respect to a norm || - || if for each € > O there is a positive integer N(€) such that
[x%) — x &) < € whenever ki, ky > N(€).

Theorem 5.4.10. Let || - | be a given norm on a finite-dimensional real or complex
vector space V, and let {x'®} be a given sequence of vectors in V. The sequence {x™)
converges to a vector in 'V if and only if it is a Cauchy sequence with respect to the

norm || - ||. LAMm
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只要序列收敛于向量空间中的某个向量，该序列就是Cauchy序列
只要是Cauchy序列，就一定收敛于某个向量

在他们做数学的看来，更关注一个序列本身是否收敛而提前不知道收敛到哪里的话，这个用来判断序列的收敛性是很有用的。

这个也相当于实数域和复数域完备性的拓展，就是说如果是有限维，那么实向量空间、复向量空间关于范数的收敛也都是完备的。到了无穷维就是腾爷讲的希尔伯特和巴拿赫空间。


8] = 30 200 JUAT P R

* B ILAAY AR

- X%

— YL

— i lax + (1 — a)yll < flax || 4 [I(1 — a)y]|

— YOA R L =afxl+ (I -yl e+ —a) <1

Theorem 5.5.8. A set B in a finite-dimensional real or complex vector space V with
positive dimension is the unit ball of a norm if and only if B (i) is compact, (ii) is
convex, (iii) is equilibrated, and (iv) has O as an interior point.

0 ifx =0

Ixll =1 . 1 .
mln{T:r;»OandrxeB} if x #£0 LAMm

Learning And Mining from DatA
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紧集在实数或者复数向量空间里就是有界闭集
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B, IBHORMFAE . vEF, || < |y |ZEHBI Iyl
iy, BHYEMNFAE e E =1 2| .

|| [Il LN I SRR/ & G B o v'"rJ"u]T H

= ” %(l aa 2] I SICECTINr R DR ST SN L %(1 —a)r+ ar

5.;_%‘(]”“{]} ” [J‘;g'"hn.l-—J‘“.n-u'"-.ru]T !I —I'—é"(l—'a) ".T] +ﬂ“ A ||
= sU—a .l + %(1--a icll +aliall = o, (5.5.11)
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A function ||| - ||| : M,, — R 1s a matrix norm 1if, for all A, B € M,,, 1t satisfies the
following five axioms:

(1)
(1a)
(2)
(3)
(4)

Al =0

All =01fand only1if A =0

cAlll = [cl
A+ Bl = |
AB|| = [IIA

http://lamda.nju.edu.cn/tanzh

Al
A
1l

| forall c € C
I+ Bl

Bl

Nonnegative
Positive
Homogeneous
Triangle Inequality
Submultiplicativity
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矩阵的范数，就是在不同的度量标准下比较矩阵的大小。首先最基础的，首先是向量空间，所以向量范数都可以用。但因为矩阵排成块状多了乘法操作，光靠这样不能刻画出矩阵的特性。

如果直接说矩阵范数，在不同的书里有两种叫法

一种是先广义的对普通矩阵定义一个范数，然后对满足4的方阵叫做次乘范数。

另一种是直接只在方阵上定义范数，对普通矩阵的只满足前三条的叫广义矩阵范数


FEME ) o) = fu 2R LI K
Example. The /|-norm defined for A € M,, by

1
1A = D) laij| (5.6.0.1)

i, j=1
1S a matrix norm because

n

IAB], = )

i, j=I

I H I
S i = (z w) S b,

i, J,k,m=1I i k=1 Jm=1
= [[All1][B]l1

n
< Y laihy]

i, j k=1

n
E C;'”\-b;\-j
k=1

I A

LAVIDA
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首先看矩阵元范数，或者就是单纯的向量范数，就是把矩阵看成向量，直接用向量范数


= '\"’7" ] 2 - .‘.\—-,'— sl
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Example. The />-norm (Frobenius norm, Schur norm, or Hilbert-Schmidt norm)
defined for A € M, by

1/2

IA]l, = |tr AA*|Y? = Z jaij|* (5.6.0.2)

1, j=I
" )\ no [ n ” [All2 = [[A"]l2
IABla=| ) <> (Zwm?) (Zmﬂ?)
b= hI=l A "= Al = [[UAV

n 1/2 1 1/2
= laix|? b |? = ||A]l2]|B ]2 .
(Z ) ( 2 I LR

n

E a; by

k=1

i,k=I m, j=I

IA]l2 = Vo (A2 + - + 0 ,(A)

LAIVIDA
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The [-norm defined for A € M, by

|A]lco = max |f*'rj|
1<i,j<n

1= 1] ms

J? =27, Voo = 1
2| oo = 2

LAVIDA
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Definition 5.6.1. Let || - || be a norm on C". Define ||| - ||| on M,, by

I[A]ll = max [[Ax
lv][=1
~ o lAx
Al = max |Ax]| = max -~
lxli<! v#0 x|
(a) |11 =1 ANl = maxy=1 [Ax| = [Apg = [AyIl/ly]
(b) Ayl = [IAN Iyl for any A € M, and any y € C"
(¢) -l is amatrixnorm on Mu |y x| = || ABx)|l < |AIIIBx|
< AN 1B
L I Mﬂlh%
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有些地方的另一种形式的定义
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A= max ) lai;

n n
| Axll = llxiar + -+ xpanlly < Y lovall =) 1l llag

LAVIDA
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前面已经证明了通过这种方式诱导出来的全是矩阵范数，所以这个一定满足矩阵范数的定义


Lo 3

S Ent

2%

n

l[Allloc = max E |aij|
1<i<n 4 "
J:

|AX|loc = max

http://lamda.nju.edu.cn/tanzh

I<i<n

n
E Cll‘j)Cj
i=1

26

< max
I<i<n

5 509 4B M T AL

Z |aijx ;|
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I|A|ll, = o01(A), the largest singular value of A

max ||Ax|> = max |[VEW*x|, = max ||[ZW*x|
Jxll,=1 Jxll,=1 v ],=1
= max [[Xyl> = max [[Xy]>
[Wyl,=1 Iyll,=1

< max |o1yll =0 max ||y|>» =0}
lyll,=1 | y]l,=1

http://lamda.nju.edu.cn/tanzh 27
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min{m, n} 1/p
Mp(:z;ﬁmg

1=1

* p=1, Nuclear norm: surrogate for minimizing the rank
e P=2, Frobenius norm

LAVIDA
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不会证
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Theorem 5.6.7. Suppose that ||| - ||| is a matrix normon M,, and S € M,, is nonsingular.
Then the function

IAlls = IISASTHI| - forall A € M,

s a matrix norm. Moreover, if ||| - ||| is induced by the norm ||-|| on C", then the matrix
norm ||| - |||s is induced by the norm ||-||¢ on C" defined in (5.2.6).
IABIlls = ISABS~H || = II(SAS™)(SBS™H]|
< [ISAST'IINSBS~" I = lAlls IIBIls

max Ax]s = max [SAv] = max |SAS~ y| = lISAS~!|
x|l s= Sxll= yii=

LAVIDA
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向量范数满足次乘性才是矩阵范数


w12

Definition 1.2.9. Let A € M,,. The spectralradius of Ais p(A) = max{|A| : A € a(A)}.

Theorem 5.6.9. Let ||| - ||| be a matrix norm on M, let A € M,,, and let A be an
eigenvalue of A. Then
(@) 11 < pA) < AL | [ALITXN = AX = ITAX] < [[[A] [[1X I

If A is nonsingular, then

(b) p(A) > || = 1/]|A7"]]

LAVIDA
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矩阵的分析性质，收敛性，推bound，主要都是依靠谱半径的。下面讲一下关于谱半径用来推bound的常用的结论。


5B Mo 2009 T A R
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inf{|[|A]l| : ||| - ||| 18 an induced matrix norm}

Lemma 5.6.10. Let A € M, and € > 0 be given. There is a matrix norm ||| - ||| such

that p(A) = |||A]l| < p(A) + €.

A=UAU" _)L] l‘_ldlz I_2d13 l‘_n_Hd]n_

D, = diag(t, 12,3, ..., t") 0 e t~dys t7"2ds,

| —n+3
D,AD~" = 0 0 A3 t d3,

D,AD™! A
Il T = p(A) e 0 0 0 ld,
II1BIl = 1D, U*BUD I = II(DUHBDUH Il [0 0 0 0 Ao

LAVIDA
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刚刚说的是下界
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Lemma 5.6.11. Let A € M,, be given. If there is a matrix norm ||| - ||| such that ||| A||l
< 1, then limy_, oo AX = 0, that is, each entry of A* tends to zero as k — 0.

A < [IANI* — Oask — oo

Theorem 5.6.12. Let A € M,,. Then lim;_, o A* = 0 if and only if p(A) < 1.

LAIVIDA
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Corollary 5.6.13. Let A € M,, and € > 0 be given. There is a constant C = C(A, €)
such that |(A"),—_J,-| <C(p(A)+e)fforallk=1,2,...andalli,j=1,...,n.

A=[p(A)+€]'A A¥ > 0ask — oo (A% < C
o L F R RIR E S
Corollary 5.6.14 (Gelfand formula). Let ||| - ||| be a matrix norm on M,, and let A &

M, . Then p(A) = limg_ o ||| A¥]||'/*.

p(AN = p(A%) < [[|AF|||l——p(A) < [||A*))|/* N, '
; - I|A*|V* < p(A) + €

A=1[p(A)+e]'A - 1A% < I for all k > N LAMm
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