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1 Introduction

These are notes to accompany lectures at the conference in honor of Bill
Casselman and Dragan Milicic, held at Snowbird, June 4-8, 2006.

Suppose G is a real reductive group, such as SL(2,R), GL(n,R) or SO(p, q).
The irreducible admissible representations have been classified, by work of
Langlands, Knapp, Zuckerman and Vogan. This classification is somewhat
involved, and requires a substantial number of prerequisites. See [6] for a
reasonably accessible treatment. It is fair to say that it is difficult for a
non-expert to understand any non-trivial case, not to mention a group like
Es.

The purpose of these notes is to describe an algorithm to compute the
irreducible admissible representations of a real reductive group. This algo-
rithm has been implemented on a computer by Fokko du Cloux. An early
version of the software, and some other documentation and information, may
be found on the web page of the Atlas of Lie Groups and Representations,
at www.liegroups.org.

The subject is incomprehensible without looking at numerous examples.
Some examples are included at the end of these notes, others are found on
the Atlas web site, and I will do a number of examples in my lectures.

Here is a little more detail on what what the algorithm does.

(1) Allow the user to define



(a) A reductive algebraic group G,
(b) An inner class of real forms of G

(c) A particular real form G(R) of G

Fix G(R) and let K be the corresponding (complexified) maximal com-
pact subgroup

(2) Compute the component group of G(R)

(3) Enumerate the Cartan subgroups of G(R), and describe them as real
tori,

(4) For any Cartan subgroup H compute the “real” Weyl group W (G(R), H(R))
(5) Describe the flag variety K\G/B

(6) Compute a set Z parametrizing the irreducible representations of G(R)
with regular integral infinitesimal character

(7) Compute the cross action and Cayley transforms

(8) Compute Kazhdan-Lusztig polynomials

In fact the proper setting for all of the preceding computations is not a
single real group G(R), but an entire “inner class” of real forms, as described
in Sections 2-4.

The approach used in these notes most closely follows [1]. This reference
has the advantage over [2], which later supplanted it, in that it focusses on
the case of regular integral infinitesimal character, and avoids some technical
complications arising from the general case. There are a few changes in
terminology between these references which are discussed in the Remarks.
We also use many results from [5].

2 Reductive Groups and Root Data

We first describe the parameters for a connected algebraic group G. These
are provided by root data and based root data. A good reference is Springer’s
book [13], or Humphreys [4].



We begin with a pair X, XV of free abelian groups of finite rank, together
with a perfect pairing (, ) : X x XV — Z. Suppose A C X, AY C XV are
finite sets, equipped with a bijection o — a. For a@ € A define the reflection
So € Hom(X, X):

so(r) =2 — (1,0 (7 € X)

and s,v € Hom(X", X) similarly.
A root datum is a quadruple

(2.1) D= (X,A,X",AY)

where X, XV are free abelian groups of finite rank, in duality via a perfect
pairing (, ), and A, AY are finite subsets of X, X, respectively.
We assume there is a bijection A 3 o — o € AY such that for all « € A,

(a, ") =2, 54(A) = A, sov(AY) = AY.

By [3, Lemma VI.1.1] (applied to Z(A) and Z{A")) the conditions determine
the bijection uniquely once A and A are given. In particular (X, A, XV, AY)
is determined by (X, A) if R(A) = X. This condition holds if and only if
the corresponding group is semisimple.

Suppose D; = (X;, Ay, X}/, AY) (i = 1,2) are root systems. They are
isomorphic if there exists ¢ € Hom(X;, Xs) satisfying ¢(A;) = A, and
¢'(AY) = AY. Here ¢' € Hom(X,/, X) is defined by

(2.2) (d(x1),23)2 = (21, ¢'(23))1 (21 € Xy, 25 € X)),

Let G be a connected reductive algebraic group and choose a Cartan
subgroup H of G. Let X*(H), X.(H) be the character and co-character
groups of H respectively. Let A = A(G, H) be the set of roots of H in G,
and AV = AY(G, H) the corrresponding co-roots. Associated to (G, H) is
the root datum

(X*(H),A, X.(H),AY).

If H' is another Cartan subgroup then the corresponding root datum is
isomorphic to the given group, and this isomorphism is canonical up to the
Weyl group W (G, H).

Now suppose AT is a set of positive roots of A, with corresponding set of
simple roots IT. Then ITY = {a" |« € IT} is a set of simple roots of AY, and

Db = (XaH7XV7HV)
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is a based root datum. Given G and H choose a Borel subgroup of G con-
taining H. This defines a set of simple roots II of A, and also a set of simple
coroots TIY. We obtain a based root datum D, = (X,II, XV, IIV). Given
another choice of H' C B’ there is a canonical isomorphism of based root
data.

The root datum or based root datum of GG determine G up to isomorphism
[13].

If D= (X,A, XY AY) is a root datum then the dual root datum is
DY = (XY, AV, X, A). Given G with root data D = (X, A, XV, AY) the dual
group is the group GV defined by DV. We define duality of based root data
similarly.

2.1 Automorphisms

There is an exact sequence
(2.3)(a) 1 — Int(G) — Aut(G) — Out(G) — 1

where Int(G) is the group of inner automorphisms of G, Aut(G) is the auto-
morphism group of G, and Out(G) ~ Aut(G)/Int(G) is the group of outer
automorphisms. All automorphisms here are algebraic, or equivalently auto-
morphisms of G(C) as a complex Lie group.

A splitting datum or pinning for G is a set S = (B, H,{X,}) where B is
a Borel subgroup, H is a Cartan subgroup contained in B and {X,} is a set
of root vectors for the simple roots defined by B.

An automorphism of G is said to be distinguished if it preserves a splitting
datum. The only inner automorphism which is distinguished is the identity,
and the group Int(G) acts simply transitively on the set of splitting data.
Given a splitting datum S = (B, H{X,}) this gives an isomorphism

(2.3)(b) b5 1 Out(G) ~ Stabayuye)(S) C Aut(G)
and this is a splitting of the exact sequence (2.3)(a). We obtain isomorphisms
(2.3)(c) Out(G) ~ Aut(Dy) ~ Aut(D)/W.

If G is semisimple and simply connected or adjoint then Out((G) is isomorphic
to the automorphism group of the Dynkin diagram of G.

If 7 € Aut(D) then —7* € Aut(DV) (cf. 2.2). Now suppose 7 € Aut(Dy).
While —7* is probably not in Aut(D)y), if we let wg be the long element of
the Weyl group we have —wor* € Aut(D}).
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Definition 2.4 Suppose 7 € Aut(Dy). Let 7V = —wor" € Aut(Dy). This
defines a bijection Aut(Dy) <« Aut(DY). By (2.3)(c) we obtain a bijection
Out(G) < Out(G") by composition:

(2.5) Out(G) < Aut(Dy) < Aut(D}) < Out(G").

For v € Out(G) we write vV for the corresponding element of Out(G"). The
map v — 7" is a bijection of sets.

Remark 2.6 This is not necessarily an isomorphism of groups. For example
the identity goes to the image of —wq in Out(G), which is the identity if and
only if -1 € W(G, H).

Example 2.7 Let G = PGL(n) (n > 3). Then G¥ = SL(n) and Out(G) ~
Out(GY) ~ Z/2Z. If v =1 € Out(G) then " is the non-trivial element of
Out(GY). Tt is represented by the automorphism 7V: g — fg~! of G¥. Note
that 7V(g) = g~ ! for ¢ in the diagonal Cartan subgroup of GV.

3 Involutions of Reductive Groups

Suppose o is an anti-holomorphic involution of G(C). We say o or G(R) =
G(C)? is a real form of G(C).

We prefer to work with holomorphic involutions of G(C), or equivalently
involutions in Aut(G). This is the Cartan involution.

Definition 3.1 An involution of G is an element 6 € Aut(G) satisfying
02 = 1. Two involutions are equivalent if they are conjugate by an element

of Int(G).
Thus two involutions 6,60 are equivalent if 8" = int(h) o 6 o int(h™!) for
some h € G, i.e.

(3.2) 0'(g) = hO(h*gh)h™* forall g € G.

This differs from the usual terminology in one subtle but important way:
the usual definition allows conjugacy by all of Aut(G) rather than Int(G).

Suppose o is a real form of G(C) with G(R) = G(C)?. Then there is an
involution # € Aut(G) such that o = 06 and G(R)? is a maximal compact
subgroup of G(R). Conversely given an involution 6 € Aut(G) choose o so
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that 0oy = 0¢f and G(C)?° is compact. Then o = oy is a real form of G(C),
and if G(R) = G(C)? then G(R)? is a maximal compact subgroup of G(R).
This defines a bijection between G(C)-conjugacy classes of anti-holomorphic

involutions o and G(C)-conjugacy classes of holomorphic involutions . See
7, Section VI.2].

Definition 3.3 An involution 6 € Aut(G) (Definition 3.1) is in the inner
class of v € Out(Q) if @ maps to vy in the exact sequence (2.3)(a). If 0,6 are
involutions of G we say 0 is inner to 0" if @ and 0" have the same image in

Out(Q).

This corresponds to the usual notion of inner form [13, 12.3.7].

Remark 3.4 The results of [2] are stated in terms of real forms (i.e. anti-
holomorphic involutions. See Remark 5.11.

4 Basic Data

Based on the preceding considerations, our basic data will be:

(1) A connected reductive algebraic group G,
(2) Cartan and Borel subgroups H C B C G,
(3) An involution v € Out(G).

Alternatively we may choose
(a) A based root datum Dy, = (X, I, XV 1Y),
(b) An involution v of D,

The relationship of (1-3) and (a-b) is given in Section 2.

A key to our algorithm is that H and B are fixed once and for all. This
enables us to do all of our constructions on a fixed Cartan subgroup. We let
W =W(G, H) be the Weyl group.

By duality we obtain the dual based root datum D)/, v¥ (cf. Definition
2.4), and the dual group G. In particular GV comes equipped with fixed
Cartan and Borel subgroups HY C BY. We have X*(H) = X = X, (HY)
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and X,(H) = XV = X*(HY). These are canonical identifications. They
induce identifications h = h¥* and h¥ = h*. We are also given the bijection
A=A(G,H) > a—a" €AY =A(GY,HY). We identify W(G, H) with
W(GY,H") by the map W(G,H) > w — w' € W(GY, HY) (2.2).

The weight lattice is

(4.1) P={Ae X" (H)®@C|(\a")€Zforall « € A}
and dually the co-weight lattice is
(4.2)(a) PY={\ € X,(H)®@C|{a,\) € Z for all o € A}.

These are actually lattices only if G is semisimple. We write P(G, H)
and PY(G, H) to indicate the dependence on G and H. We may identify
2miX,.(H) with the kernel of exp : h — H(C). Under this identification

(4.2)(b) PY={\" ep|exp(\’) € Z(G)}
We also define

(4.2)(c) Peg ={N € P|{N\a") #0 for all « € A}

(4.2)(d) Pl ={\ € PY|[(a,\) #0 for all a € A}

reg

5 Extended Groups and Strong Involutions

Fix basic data (G,~) as in Section 4. Let I' = {1,0} be the Galois group of
C/R.

Definition 5.1 A weak extended group for (G,v) is a semi-direct product
G x I where the automorphism int(o) of G is distinguished (cf. Section 2.1),
and the image of int(c) in Out(G) is .

An extended group for (G,7) is a weak extended group GV, together with
a G-conjugacy class of splittings of the exact sequence

(5.2) l1—-G—=G"' =T —1.

The following Lemma follows immediately from the definitions.



Lemma 5.3 A weak extended group G* for (G,v) contains an element &
satisfying

(1) G' = (G, 4),

(2) 62 =1,

(3) int(5) stabilizes a splitting datum (B, H, {X4}),
(4) the image of int(d) in Out(G) is 7.

We say an element satisfying (1-4) is distinguished. An extended group 1is,
in addition, a choice of G-conjugacy class of distinguished elements d.a

The weak extended group for (G,7) is unique up to isomorphism. If
(G,9),(G, ) are extended groups there is such an isomorphism ¢, uniquely
determined up to conjugation by G by the condition that ¢(¢d) is G-conjugate
to ¢’. Thus we refer to the (weak) extended group G' for (G, 7).

Example 5.4 Suppose v = 1. Then the weak extended group is G*' = GxT.
The extended group is, in addition, a choice of element 6 = (z,0) € G x I’
where 2 € Z(G) and 2% = 1.

The weak extended group G' encapsulates all of the real forms of G in
the inner class defined by . That is if z € GT'\G satisfies 2% € Z(G) then
int(x) is in the inner class of 7. Conversely, if 6 is in the inner class of , then
there is an z € G'\G with 22 € Z(G) and 0 = int(z). For the algorithm it
is important to keep track of x, and not just 6 = int(x).

Definition 5.5 A strong involution for (G,7v) is an element x € G'\G such
that x* € Z(G). Two strong involutions are said to be equivalent if they are
conjugate by an element of G. If x is a strong involution let 0, = int(x). We
say x is distinguished if 0, is distinguished (cf. Section 2.1).

Let Z(G, ) be the strong involutions for (G,~).

If v is understood we will say that x is a strong involution of G, and let
T =7Z(G, 7). The next Lemma is immediate from the definitions.

Lemma 5.6 The map Z(G,7) > x — 0, is a surjection from Z(G,~) to the
set of involutions of G in the inner class of v. It factors to a surjection

(5.7) Z(G,7)/G — {involutions of G in the inner class of v}/G
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If G is adjoint this is a bijection, and the right hand side is in bijection with
the set of real forms of G (cf. Section 3).

We will make frequent use of the following construction. Choose a
set of representatives {x;|i € I} of the set of equivalence classes of strong
involutions. That is

(5.8)(a) {ziliel} =1(G,7)/G.

(Note that G does not act on Z(G,~); the right hand side means Z(G,~)
modulo the equivalence relation: x ~ z’ if 2’ is G-conjguate to x.) If G is
semisimple [ is a finite set. For i € [ let

Then the stabilizer of z; in G is K; and we have
(5.8)(c) Z(G,7) ~ UiesG/ K.

The automorphisms 65 = int(J) for § as in Lemma 5.3 constitute a sin-
gle G-conjugacy class of distinguished automorphisms. This is the Cartan
involution of the “maximally compact” real form in the inner class of ~.

We say an involution of G is quasisplit if it is the Cartan involution of
a quasisplit group. For a characterization of quasisplit involutions see [5,
Proposition 6.24] (where they are called “principal”). By [5, Theorem 6.14]
there is a unique conjugacy class of quasisplit involutions in this inner class.

Lemma 5.9 Suppose GU is a weak extended group for (G,v). (1) There
exists a strong involution v € GU such that 0, is distinguished. The involution
0. is unique up to conjugacy by G.

(2) There exists a strong involution = so that 0, is a quasisplit involution.
The involution 0, is unique up to conjugacy by G.

Remark 5.10 The extended group G' defined in [5, Definition 9.6] is de-
fined in terms of a quasisplit involution, rather than a distinguished one. The
equivalence of the two definitions is the content of [5, (9.7)]. This discussion
also shows that, applied to (GY,~"), the group G'' is isomorphic to the
L-group of G.

Remark 5.11 Since [2] works with real forms instead of involutions (cf. Re-
mark 3.4), the extended groups G' defined in [2, Chapter 3] are in terms
of an anti-holomorphic involution. The resulsts are equivalent, but some
translation is necessary between the two pictures.



6 Representations

Fix basic data (G,~) as in Section 2. A representation of a strong involution
x is a pair (z,m) where z is a strong involution of G and 7 is a (g, K,(C))-
module. We say (z, ) is isomorphic to (z’, 7) if there exists g € G such that
grg ' =2" and 79 ~ 7.

The next example is a key one for understanding the formalism of repre-
sentations of strong involutions.

Example 6.1 Suppose G = SL(2). Then v = 1, § acts trivially on G and
we may drop it from the notation. Let x = diag(i, —¢). Then K,(C) ~ C*
and the corresponding real group is isomorphic to SL(2,R). Let m be a
(g, K(C))-module in the discrete series with the same infinitesimal character
as the trivial representation. Then (x,7) is a representation of the strong
involution x of G.

Now consider the representation (z,7*) where 7* is the contragredientn
representation. Then II = {(z, 7), (z,7*)} may be thought of as an L-packet
of discrete series representations of SL(2,R). The key point is that there
exists ¢ € G conjugating x to —z. By our notion of equivalence of repre-
sentations of strong real forms we say (z,7*) and (—x,7*9) are equivalent.
Now 7% ~ 7 as a (g, K,)-module. So another way to write our L-packet is
II = {(x,7), (—2,7)}. In this way II is parametrized by the set +zx.

More generally we also allow z = +I. Note that these element are not
conjugate, and in each case K, = G, so the corresponding involution is
compact. Let ¢ be the trivial representation of G. Then (I,0) and (—1,0)
are trivial representations of distinct strong involutions of G.

Thus IT = {(z,n),(—x,7),([,0),(=1,0)} is the set of discrete series
representations of strong involutions of G, with trivial infinitesimal character,
up to equivalence. Note that it is parametrized naturally by {z € H |z? €
Z(G)}.

An infinitesimal character for g may be identified, via the Harish-Chandra
homomorphism, with a G-orbit of semisimple elements in g*. Recall we have
a fixed Cartan subgroup H C G. The g*/G is in bijection with b*/W. For
A € b* we write x, for the corresponding infinitesimal character; note that
XA = Xw for all w € W,

Definition 6.2 We say A and x) are integral if X\ € P, and regular if
(N, av) £0 for all a € A.
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Given a strong involution z and A we let M(z, A\) be the category of
(g, K(C))-modules with infinitesimal character A.

Lemma 6.3 Suppose \, X' are reqular and A — X' € X*(H). Then there
is a canonical translation functor U3 : M(z,\) — M(x, ) which is an
equivalence of categories. If (x, ) is an irreducible or standard module then
s0 is (z, U3 (1)).

Let W) be the integral Weyl group defined by A, i.e. the Weyl group
of the root system {a|(\,a¥) € Z}. After acting by W, we may assume
(A, ") € N if and only if (\',a") € N. Then ¥ is a standard translation
functor. See [16].

Definition 6.4 Fix a regular element \g € b*. Let

(6.5)(a) T(No) ={X€ o+ X"(H)|A is reqular}

A translation family based at Ao is a set of representations {w(\) |\ €
T (Xo)} satisfying

(1) 7(A) € M(z,A) (A€ T(\o))
(2) WY (r(A) =7(N) (AN € T(h)).
We let My(x, \g) be the set of all translation familes based at Ag.

7 L-data

Fix basic data (G, ), with corresponding dual data (GY,~") (cf. Section 4).
Let GV! be the weak extended group associated to (GV,~") (Definition 5.1).
We begin by parametrizing admissible maps of the Weil group into G'*.

So let Wg be the Weil group of R. That is Wg = (C*, j) where jzj ' =%

and j2 = —1. An admissible homomorphism ¢ : Wi — G' is a continuous
homomorphism such that ¢(C*) consists of semsimple elements and ¢(j) €
GM"\G.

Suppose ¢ : Wg — GT is an admissible homomorphism. Then ¢(C*) is
contained in a Cartan subgroup H;(C) and ¢(z) = exp(2mi(Az + vZ)) for
some A\, v € hy. We define the infinitesimal character of ¢ to be the G-orbit
of \. We say the infinitesimal character of ¢ is integral if A € P (4.2)(a).
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Definition 7.1 (1) A one-sided L-datum for (GY,~v) is a pair (y, BY)
where y is a strong involution of G (Definition 5.5) and BY is a Borel
subgroup of GV.

(2) A complete one-sided L-datum for (G, ) is a set (y, By, \) with (y, BY)
as in (1) and X € Py, (cf. (4.2)(d)) satisfies exp(2mi)) = y°.
Let

P(GY,~Y) = {one-sided L-data}/G"

P.(GY,~Y) = {complete one-sided L-data}/G"

If S = (y,BY) is a one-sided L-datum we let 2(S) = y* € Z(G"). This
gives a well defined map

(7.3) P(GY,vY) > S — 2(9) € Z(GY).

(7.2)

Fix a complete one-sided L-datum (y, By, \). By [9], also see [2, Lemma
6.18] there is a 6,-stable Cartan subgroup H, of By, unique up to conjugacy
by K,/ N BY. Choose g € GV such that gH"g~" = HY and (Ad(g)\, ") >0
for all &« € A(BY, HY). Let Ay = Ad(g)\ € by.

Define ¢ : Wg — GT by:

B(z) = vt
8(j) = exp(—TiA)y

The first statement is shorthand for ¢(e*) = exp(zA; + Ad(y)zZ ;). It is easy
to see ¢ is an admissible homomorphism, and the G conjugacy class of ¢ is
independent of the choice of H; and g. The next result follows easily.

(7.4)

Proposition 7.5 There is a natural bijection between P.(GY,v") and GY-
conjugacy classes of admissible homomorphisms ¢ : Wg — GY' with integral
infinitesimal character (Definition 6.2).

By [8] GV-conjugacy classes admissible homomorphisms ¢ : W — GY'
parametrize “L-packets” of representations of real forms of G. As in (5.8)
choose a set {x;|i € I} of representatives of equivalence classes of strong
involutions. We define an L-packet to be the union, over i € I of L-packets
for the strong involution z; (which may be empty). We obtain:

Corollary 7.6 There is a natural bijection between P(GY,~vY) and the set
of translation families of L-packets of representations of strong involutions
of G with regular integral infinitesimal character.
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For the purposes of this Proposition we have defined one-sided L-data
P = P(GY,yY) for (GY,7). It is evident that the definition is symmetric,
and applies equally to (G, 7).

Definition 7.7 An L-datum for (G,~) is a set
(7.8) (x, Bi,y, BY)

where x is a strong real form of G, y is a strong real form of GV, By is a
Borel subgroup of G and BY is a Borel subgroup of GV, satisfying

(79) 9;,‘] = —nybv
A complete L-datum is a set
(7.10) (z, B1,y, B, \)

where the same conditions hold, A € Py, and exp(2mi)) = y°.
Let

L = {L-data}/G x G"

7.11
(7.11) L. = {complete L-data}/G x G"
Note that

L C PG, P(GY,~Y
- (G.9) X PG0Y)

L. C PG, 7) x Pe(G'. 7).

If S = (z,B1,y, BY) is an L-datum we let Sg = (z, By) and S¢% = (y, BY).
These are one-sided L-data for (G,~), and (GV,~") respectively.

Suppose S. = (z, By,y, By, ) is a set of complete L-data for (G,~).
By [1, Theorem 2.12] associated to S, is a (g, K;)-module I(S.). This is
standard module, with regular integral infinitesimal character A\, and has a
unique irreducible quotient J(S,).

Theorem 7.13 The map
(7.14) L.>S.— J(S.)

15 a bijection between L. and representations of strong involutions of G with
reqular integral infinitesimal character (Definition 6.2).
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We give several alternative formulations of this result.

Suppose S = (x, By, y, BY) is a set of L-data. Note that S. = (S, \) is a
set of complete L-data provided exp(2mi\) = z(S¢) (cf. (7.3)). Consider the
map

(7.15) L3S —{J(S,\)| exp(2mi)) = z(Sgv), A regular}.
This is a translation family of representations (Definition 6.4).

Corollary 7.16 (1) The map (7.15) induces a bijection between L and
translation families of irreducible representations of strong involutions
of G with regular integral infinitesimal character.

(2) Fiz a set N C Py, of representatives of P/X*(H). The map (7.15)
induces a bijection between L and the union, over X € A, of irreducible
representations of strong real forms of G with infinitesimal character
A

(8) Suppose G is semisimple and simply connected . Then the map (7.15)
induces a bijection between L and the irreducible representations of
strong involutions of G with infinitesimal character the same as that of
the trivial representation.

(4) Suppose G is adjoint, and fix a set A C P,., of representatives of P/R.
Then the map (7.15) induces a bijection between L and the and the irre-
ducible representations of real forms of G, with infinitesimal character

m A.

8 Relation with the flag variety

The one-sided parameter space P = P(G, ) has a natural interpretation in
terms of the flag variety. We see this by conjugating any pair (x, By) to one
with z in a set of representatives of strong involutions. In the next section
we will instead conjugate By to B, and thereby obtain a combinatorial model
of P.

Now let B be the set of Borel subgroups of G. Then the set of one-sided
L-data for (G,~) is Z x B, and

(8.1) P = (I x B)/G.
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Every Borel subgroup is conjugate to B, so B~ G/B.
Asin (5.8) choose a set {x; | i € I} of representatives of equivalence classes
of strong involutions. Then

(8.2) P~ Uiei(G/K; x G/B)/G

with G acting by multiplication on G/K; and G/B. It is now an elementary
exercise to see the map

(8.3) (z,B1) = (gzig ', hBh™ ") — Ki(¢"'h)B (g9,h € G)
is a bijection:

Proposition 8.4 There is a canonical bijection

(8.5) P — Uier K\G/B.

Let us apply this Proposition to (GY,~").

9 The One Sided Parameter Space

Fix basic data (G,7), and let G' be a weak extended group (Definition 5.1)
as usual. We turn now to the question of formulating an effective algorithm
for computing P = P(G,vy). We begin by looking for a normal form for
one-sided L-data.

Recall P = (Z x B)/G. Since every Cartan subgroup is conjugate to B,
every element of Z x B may be conjugated to one of the form (z, B). Thatis
the map

(9-1)(a) I>x— (v,B)€ (I xB))G=P

is surjective. Since B is its own normalizer, we see (x, B) is G-conjugate to
(', B) if and only if x is B-conjugate to B’. So we obtain a bijection

(9.1)(b) I/Bex— (x,B)€P.

Suppose © € Z. By [9] x € Normgr(H;) for some Cartan subgroup
H, C B. There exists b € B such that bH,b~' = H, so bxb~' € N'. If b; is
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another such element then b; = hb with h € H, and byxb;* = h(bxb~')h 1.
Therefore

(9.1)(c) I/B~(INN"/H
and by (a) and (c) we have
(9.1)(d) P~(INN")/H
This gives our primary combinatorial construction:

Definition 9.2 Let

X(G,y)=(ITNnN")/H

(9.3) = {x € Normgr\¢(H) | z? € Z(G)y/H

the set of strong involutions normalizing H, modulo conjugation by H. By
Normgr\g(H) we mean {g € Normgr(H) |g € G'\G}. If (G, ) are under-
stood we write X = X (G, 7).

From the preceding discussion we conclude:

Proposition 9.4 The map
(9.5) X3z — (x,B)eP
15 a biyjection.

Let I < Z/G,6; and K; be as in (5.8). By Proposition 8.4 we obtain a
combinatorial description of the flag variety:

Corollary 9.6 There is a canonical bijection
(9.7) U;K;\G/B <~ X
From Corollary 7.6 we see

Proposition 9.8 There is a canonical bijection between X (G, ~") and the
set of translation families of L-packets for strong involutions of G with reqular
integral infinitesimal character.
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We need to understand the structure of X' (G, ) in some detail. We now
give more information about it. At the same time we reiterate some earlier
definitions and introduce the twisted involutions in the Weyl group.

We fix (G,~) throughout and drop them from the notation.

Let

(9.9)(a) N' = Normgr(H), N = Normg(H)
and
(9.9)(b) WY =NY"/H, W =N/H.

The group N' acts on H by conjugation, and this action factors to WT.
Restricted to W C WT this is the usual Weyl group action. We have a
natural embedding

(9.9)(c) WI\W — Aut(H).
and an exact sequence
(9.9)((1) 1> H— N —wl'—1.

This is equivariant for the action of N; on H and W' this action factors to

w.
Recall (Definition 5.5)

(9.9)(e) Z={reG"\G|2* € Z(G)},
and that G acts on Z by conjugation. Let

X=TnN"
(9.9)(f) - )
={x e N'\N|z* € Z(G)}.
These are the strong involutions in N (see Definition 5.5). This carries an
action of N by conjugation. Let
(9.9)(g) X =X/H

as in (9.3). The action of N on X factors to an action of W on X. Every
strong involution is conjugate to one in X', and we see

(9.9)(h) X/N ~ X /W.
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See Proposition 11.9 for an interpretation of this space.
For 7 € X the restriction of 6; only depends on the image x of Z in X.
Therefore we may define

(9.9)(i) 0..n = 0z restricted to H.

Let Ry denote multiplication on the right by H, and let

(9.9)(j) Iy = X/Ry = X /Ry

Let p: X — Ty and p : X — Ty be the natural maps. Then for z1,2, € X,
(9.9)(k) Opy i1 = 02y = p(x1) = p(22).

So for 7 € Zyy define

0: 4 =0,y wh =
9.9)() H g where p~(:€) T
= 0z|g where p(z) = 7.
We have Zy, = (Z N NY)/H, which shows
(9.9)(m) Tw = {w € WI\W |w? =1},

It carries an action of W, and the maps p, p are equivariant for the action of
N. By (9.9)(n) Zw may be thought of as the set of Cartan involutions of H:

(9.9)(n) Ty < {0p |z € X}

The map & — 2 € Z(@G) is constant on fibers of the map X — X. For
r € X we define 22 € Z(G) accordingly.
Fix z € Z(G). Let

(9.9)(o) X(z)={reXx|z?=2z}

Define § € Aut(Z) to be int(d) for any 6 € G'\G; this is independent of the
choice of 6. Note that X'(z) is empty unless z € Z°.
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We can make these constructions more concrete using the splitting of
(5.2), i.e. an element § as in Lemma 5.3. Let # = int(J). Then

X ={zxeN§|z®e Z2(Q)}
={99|g € N, g0(9) € Z(G)}
—{g€N|gl(g) € Z(G)}
X =X/{g6 — hgd(h™")d|h € H}
{9 € N|gbl9) € Z(G)}/{g — hgb(h™") | h € H}
Iy ={reWs|r* =1}
= {wd |w e W,wh(w) = 1}
—{w e W|wl(w) =1}

(9.10)

10 Fibers of the map ¢ : X — 7

We continue with our basic data (G, ) and &X'. It is important to understand
the fibers of ¢ and ¢. For 7 € Ty, let X, = ¢~ !(7) and X, = ¢~ '(7). Recall
0|y = 7, independent of = € A,.

Proposition 10.1 Fiz 7 € ZIy,. Let

(10.2)(a) Hi(t)={he€ H|ht(h) € Z(G)}
and

(10.2)(b) Hy(r) ={h € H|hr(h) =1} C Hy(7)
Let

(10.2)(c) Hy(7)* = {hr(h" 1) | h € H}.

This is the identity component of Ho(T). Then
(1) Hy(7) acts simply transitively on X,
(2) Hy(1)/Hs(7)° acts simply transitively on X,

(3) Fiz z € Z(G). If X, () is non-empty then Hy(7)/Ha(7)° acts simply
transitively on X.(z). If z ¢ Z(G)7 then X.(z) is empty.
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In particular for each z € Z(G), | X (2)] is a power of 2. If G has no compact
central torus then then X is a finite set.

Proof. Choose & € X,. Then X, = {hz|h € H,(hd)? € Z(G)} =
{hi|hr(h)z? € Z(G)}. The first claim follows.

Because H is connected the image of the map A — h7(h™') is contained
in Hy(w)®. On the other hand if h € Hy(w) then hr(h™') = h?, so the image
of this map is all of Hy(7)".

For h € H we have hth™' = hr(h™')z. This shows that the stabilizer in
Hy(7) of the image of Z in X is {h7(h™!)|h € H} = Ho(7)". This proves (2),
and (3) follows immediately from the fact that (hx)? = hr(h)z? The final
assertions are clear, since Hy(7)/Hy(7)? is an elementary abelian two-group.
qged

Remark 10.3 We introduce some alternative notation, which will play a
role in Section 14. Let

H™ ={he H|r(h) =h}
0 e ke
Ap = (HT)

Note that H =T, A, and A, N7} is an elementary abelian two group. Then
the group in (3) is

(10.5) (H)/H ™ ~T.(2)/A. N T,

If we write the real torus corresponding to 7 as R*® x S1% x C*¢ then this is
isomorphic to Z/27Z°.

Remark 10.6 We give two alternative descriptions of the set in (3). Let I'
act on H with the non-trivial element acting by 7. Let H"Y be the dual torus
of H, and let HY(R) be the involution corresponding to —7. Then

Hy(7)/Hy(7)° ~ HY(T', H)

(10.7) ~ (HY(R)/H"(R)*)"
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10.1 Root Systems and the Weyl group

It is convenient to collect some definitions and terminology.
Fix 7 € Zyy. Let

Ai={aeA|T(x)
A, ={aeA|T(a)
Ao ={a € A|7(a) # £a} (the complex roots)

a} (the imaginary roots)

—a} (the real roots)

10.8

(108) AF=ANAT A=A NAT
Wi = W(A;)
W, = W(A,)

We also let p; = § 3 ca+ @, and p) = 537 cx+ @', Asin [15, Proposition
3.12] let

Ac={aeAl{p,a’) ={a,p)} =0C Ay

(10.9) We = W(Ag)

Now 7 acts on W, and we let W7 be the fixed points. By [15, Proposition
3.12]

(10.10) W™= (We)" x (W; x W,).

Suppose a € A; and choose I € X.. If X, is an a root vector 0z(X,) only
depends on the image x of Z in X. We say gr,(a) = 0 if 0,(X,) = X, and 1
otherwise. This is a Z/2Z-grading of A, in the sense that if o, 5, + § € A,
then gr,(a + 8) = gr (o) + gr,(3).

Let W(K, H) = Normg(H)/HNK. This is isomorphic to W(G(R), H(R))
where G(R) is the real form of G corresponding to 6, and we call it the
real Weyl group (as opposed to the Weyl group of the real roots). Clearly
W(K,H) C W? Let A be the identity component of {h € H|7(h) = h™1}
and M = Centg(A). By [15, Proposition 4.16],

(10.11) W(K,H)= (W) x (WMNK,H) xW,)
Furthermore
(10.12) W(MANK,H) ~W,;.x A(H)
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where W, . is the Weyl group of the compact imaginary roots and A(H)
is a certain two-group [15]. This describes W (K, H) in terms of the Weyl
groups (W¢)?, W, and W, ., which are straightforward to compute, and the
two-group A(H). For more information on A(H) see Proposition 11.12 and
Remark 11.14.

11 Action of W on X

We now study the action of W on X, which plays an important role.
Let

(11.1) H = {(z,H,)|x €Z,H ad, — stable Cartan subgroup}/G.
With I «» Z/G,0; and K; as in (5.8) we have
(11.2) H = U; {0;-stable Cartan subgroups of G}/ K.

On the other hand every Cartan subgroup is conjugate to H, and the nor-
malizer of H is IV, so

(11.3) H « INNY/N.
Recall TN N' = X, so
(11.4) (ZNNY)/N = X/N ~ X /W.
Given i € [ let
(11.5) X; = {x € X|z is G-conjugate to x;},
the strong involutions in X equivalent to z;. We conclude
Proposition 11.6 For each v € I we have
(11.7) X; /W — {0;-stable Cartan subgroups of G}/ K.
Taking the union over i € I gives
(11.8) X /W — U,; {0;-stable Cartan subgroups of G}/K;

Recall that by Proposition (8.4) X; ~ K;\G/B.
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Proposition 11.9 The map p : X;/W — Ly /W is injective. If 0; is qua-
sisplit it is a bijection.

Remark 11.10 The map X;/W — Zy, /W is discussed in [11].

Remark 11.11 The Lemma says that the conjugacy classes of Cartan sub-
groups of a real form of G embed in those of the quasisplit form. See [10].

Proof. For injectivity we have to show that x,2’ € X, p(z) = p(z') and
7 = grg™! (¢ € Q) implies ¢ = nan~! for some n € N. The condition
p(x) = p(z') implies ' = hx for some h € H, and then 2/ = grg™' h =
90.(g71). By [11, Proposition 2.3] there exists n € N satisfying h = nf,(n™1),
implying 2’ = nan=!.

We defer the proof of surjectivity in the quasisplit case until we have the
machinery of Cayley transforms.
qed

It is easy to interpret the real Weyl group (Section 10.1) in our setting.
Fix z € X and let K, = G .

Proposition 11.12 W(K,, H) ~ Staby (x)
Proof. Choose a pre-image = € X of z € X. Then

W(K,H) =Normg(H)/HNK
(11.13) = Staby(z)/Staby (Z)
= StabN(f)H/H

It is easy to see that Staby(z)H = Staby(z), so this equals

Staby(x)/H ~ Staby/u(z) = Staby (z).

qed

Remark 11.14 Recall the computation of W(K, H) comes down to the
computation of a certain elementary abelian two-group A(H) (cf. (10.12)).
We use Proposition 11.12 to compute A(H).

Now fix 7 € Zy,. By Proposition 11.12 and (10.11) we see (W)™ and W,
act trivially on AX;. It is worth noting that we can see this directly.
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Proposition 11.15 Both (W¢g)™ and W, act trivially on X.

Proof. Fix 7 € X.. The group (We)7™ is generated by elements s, ., where
a € O, So suppose a € P and let o, € N be a preimage of s, € W. Let
Or(a) = T, ', Note that a + 7(a) is not a root, since it would have to be
imaginary, and (by (10.9)) orthogonal to p;. Therefore the root subgroups
Go and Go(o) commute. Then £0,0,0) T~ = 07(0)0a = Talr(a)-

If « is a real root with respect to 7 this reduces easily to a computation
in SL(2). We omit the details.
ged

Another useful result obtained from the action of W? is the computation
of strong involutions. Choose a distinguished element 6 € X (cf. Lemma
5.3) and let 7 = p(d) € Zy. By Lemma 5.9 the W-conjugacy class of 7 is
independent of the choice of §.

Every real form of GG in the given inner class contains a unique “funda-
mental” (most compact) Cartan subgroup. In our setting this amounts to
the fact that every x € X is G-conjugate to an element of X.

Proposition 11.16 There is a canonical bijection between X, /W™ and equiv-
alence classes of strong involutions of G.

12 The reduced parameter space

If G is adjoint the parameter space X = X' (G, ) perfectly captures the rep-
resentation of real forms (equivalently involutions) of G. If G is not adjoint
then strong involutions play an essential role, and the difference between in-
volutions and strong involutions is inescapable. Nevertheless in some respects
the space X is larger than necessary, and a satisfactory theory is obtained
with a quotient, the reduced one-sided parameter space. In particular this is
always a finite set.

There is a natural action of Z = Z(G) on X by left multiplication.
This preserves the fibers X, and commutes with the conjugation action
of G. For x € X and z € Z multiplication by z is a bijection between
{z' € X |2 is conjugate to x} and {z"” € X' | 2" is conjugate to zz}. In our
parametrization of representations (cf. Section 15) this will amount to the
same representations of two different strong involutions, corresponding to the
same ordinary involution (or real form). In other words the orbit pictures
for x and zx are identical.
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For example suppose G = SL(2) and take + = I and zx = —I. Then
x and zz both correspond to the compact group SU(2), and we are simply
getting the trivial representation of SU(2), counted twice. See the SL(2)
example in Section 16.

Recall (following (9.9)(0)) 6 € Aut(Z) is defined and X(z) is empty for
z ¢ 7% Note that if z € X(2') and 2 € Z then

(12.1) zw € X(2'20(z).
It is easy to see that
(12.2) 7°1{20(2) |z € Z}

is a finite set. This comes down to the fact that if Z is a torus then
79 /{20(2)} ~ Z/27Z" where n is the number of R* factors in the corre-
sponding real torus (cf. Remark 10.3).

Definition 12.3 Choose a set of representatives Zy for Z°/{z0(z)}. The
reduced parameter space 1s

(12.4) Xo(G,y) ={X(2) |z € Zy}
Remark 12.5 This is not the same thing X modulo the action of Z.

The calculations needed to understand representation theory (see Section
15) take place entirely in a fixed set X'(z). The sets X' (2’) and X (2'20(z2))
are canonically identified, so it is safe to think of X'(z) as being defined for
z € Zy. The Atlas software takes this approach.

13 Cayley Transforms

Fix basic data (G,v). We continue to work on the one-sided parameters
space X. We begin with some formal constructions.

Fix z € X and let 7 = ¢(x) € Zy. Recall (Section 10.1) 7 defines the real,
imaginary and complex roots, and x defines a grading gr, of the imaginary
roots. Suppose « is an imaginary non-compact root, i.e. 7(a) = « and
gry(a) = 1.

Let G, be the derived group of Centg(ker(«)), and H, C G, the one-
parameter subgroup corresponding to «. Then G, is isomorphic to SL(2) or
PSL(2) and H, is a Cartan subgroup of G,. Choose o, € Normg,_(H,)\H,,
s0 0,(a) = —av.
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Definition 13.1 Suppose * € X and « is a non-compact imaginary root
with respect to 0,. Choose a representative & € X of x, and define c*(x) to
be the image of o,T in X.

Lemma 13.2 Fizxx € X.
(1) c¢*(z) is well defined, independent of the choice of o, and .
(2) c*(x) is G-conjugate to x, and c*(x)? = z°.
(3) p(c*(x)) = sap(x) € Iw.

Proof. Fix & € X, and let t = (i) € H,. Suppose h € H,. We have a few
elementary identities, essentially in SL(2):

aaha(;l =h"t, ho,h! = hio,

(133) Thi™' =h
' tgt 7 =397 (g€ G.)
o, 2t =0t
The first two lines follow from o,(a¥) = —a” and 0z(a") = «V. For the

third, int(¢) and int(Z) agree on G, since they agree on H, and the +a root
spaces. The last assertion follows from the third and a calculation in SL(2).
Now 0,2 clearly normalizes H, and

(0a2)? = 04(Toa 7 M3? = 3% € Z(Q),

SO0 0,T € X.
Given a choice of o, any other choice is of the form h?c, = ho,h~! for
some h € H,, and

(13.4) (h?0,)7 = (hooh™)% = hoo(h'Zh)h ™! = h(o,3)h .

Therefore the image of 0,2 in X is independent of the choice of o,.

We need to show that if h € H then 0,7 and o,(hZh™') have the same
image in X. Write H = H,(ker(a)). If h € H, then hih™' = & so this is
obvious. If h € ker(a) o,h = hog, and o,(hih™t) = h(o,2)h L.
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For the second assertion, we actually show ¢*(x) is conjugate to x by an
element of G,,. By a calculation in SL(2) is t is easy to see g(o,t)g~! =t for
some g € G,. Therefore

(13.5)  g(oad)g " = gloatt ' 3)g " = gloat)g gt '2)g ' =t '% = 7.

The final assertion is obvious.
qed

We next define inverse Cayley transforms, which have a somewhat dif-
ferent flavor. Suppose * € X, and let 7 = qg(i) Suppose « is a real root
with respect to 0z, i.e. 7(a) = —a. Define G, and H, as before. Let
me = a’(—1).

Lemma 13.6 There exists 0, € Normg, (H,)\Hy so that o, = gtg™" for
some g € G. The only other element satisfying these conditions is mq0,.

Proof. This is similar to the previous case. The involution 6, restricted to
G, is inner for G,, and acts by h — h~! for h € H,. Therefore we may
choose § € Normg, (H,)\H, so that ggy~' = Zgz~! for all ¢ € G,. By

a calculation in SL(2) we may choose o, so that g(o,7)g~! = 7 for some
g € G,. Then
(13.7)  glod)g™' = glogy~'2)g " = glog)g g5 'T)g " =gy 't =7

We have 0,7 € H,, and a(0,y) = —1. Therefore any two such choices differ
by m.
qged

Definition 13.8 Suppose = € X and o is a real oot with respect to 0z. Let
Ca(Z) ={0aT, Mmoo T}.

If x € X choose T € X mapping to x, and define c,(x) to be the image
of ¢o(Z) in X. This is a set with one or two elements.

The analogue of Lemma 13.2 is immediate.

Lemma 13.9 Suppose x € X and « is a a real root with respect to 0,.
(1) co(z) is well defined, independent of the choice of .

(2) If ¢ € co(x) then c is G-conjugate to x, and ¢* = 2.
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(3) plcalx)) = sap(z) € Tw.
We deduce some simple formal properties of Cayley transforms. Fix 7 €
Zw. If a imaginary with respect to 7 let
X, (o) = {z € X, |« is non-compact with respect to 6,}
(13.10) ={zx e X |gr,(a) =1}
= {z € X, |c*(x) is defined}

Lemma 13.11

(1) If T(a) = —a then for all x € X;, ¢*(cq(2)) = x,

(2) If x € X-(a) then co(c*(x)) = {x,mqz}.

(3) The map c* : X-(a) — X, is surjective, and at most two-to-one

(4) Suppose « is imaginary. The following conditions are equivalent
(a) ¢ : X (a) — X, is a bijection,
(b) co: Xs,r — Xr() is a bijection,
(c) colz) is single valued for all x € X,
(d) me, € Hay(7)? (see (10.2)(b))
(e) so € W(G% H) for z € X (),
(f) ©=mpx € X for all x € X ()

If these conditions fail then ¢ : X (a) — Xs, - is two to one, and co(x)
is double valued for all x € X ;.

(5) Suppose o is imaginary with respect to T. If there exists h € Hy(T) (see
(10.2)(a)) such that a(h) = —1 then X, is the disjoint union of X,(«)
and hX:(a). Otherwise X, (o) = X;.

It is important to understand the effect of Cayley transforms on the grad-

ing of the imaginary roots. This is due to Schmid [12]. Also see [15, Definition
5.2 and Lemma 10.9].

Lemma 13.12 Suppose 7 € Ty and x € X, («). Then the imaginary roots
for s, are the roots orthogonal to o, and

gr.(B) if a+ B is not a root
gr.(8) +1 if a+ [ is a root

(13.13) Ireaz(B) = {
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There is a simple relationship between Cayley transforms and the Weyl
group action. Suppose w € W and z € X («). Then z € X,,,-1(wa), so

Lemma 13.14
(13.15) w X c*(z) = " (w X x)

With Cayley transforms in hand we can complete the proof of Proposition

11.9.
Proof of Proposition 11.9. Fix 7 € Zyy. Assume there is an imaginary
root « for 7. By Lemma 13.11(5) there exists x € X («), so ¢*(x) € X,
is defined. Now suppose 3 is an imaginary root with respect to s,7. By
the same argument we may choose 2’ € X, so that 2" = cg(2’) is defined.
Replacing 2 € X, with c,(z) € X, we now have X, > 2 — c’cx € Xspspr-
By Lemma 13.2(2) ’c*(x) is G-conjugate to z.

Continue in this way until we obtain z € X, 2’ € X, where 2’ is G-
conjugate to x, and there are no imaginary roots with respect to 7/. (This
corresponds to the most split Cartan subgroup of the quasisplit form of G.)
By [5, Proposition 6.24] 6,/ is quasisplit.
ged

14 The Tits group and the algorithmic enu-
meration of parameters

The combinatorial enumeration of X is in terms of the Tits group W intro-
duced by Jacques Tits in [14] under the name extended Cozeter group.ley
We begin by fixing G and a choice of of splitting data (H, B,{X,})
(cf. Section 2). For each simple root « let ¢, : SL(2) — G be defined by
do(diag(l, —1)) = a¥(—1) and do, (8 é) = X,. Let 0, = ¢ (_01 (1)>

(This is consistent with the definition of o, in Section 13.)

Definition 14.1 The Tits group W is the subgroup of N generated by {o4}
for a simple, and the subgroup H(2) of H of elements of order 2.

Remark 14.2 The definition of W in [14] uses the subgroup Hy C H(2) gen-
erated by the elements m, = a¥(—1). The larger group is more convenient
for our purposes, and the difference is unimportant.
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Theorem 14.3 (Tits [14])
(1) The kernel of the natural map W — W is H(2) (2) The elements o
satisfy the braid relations. .

(8) There is a canonical lifting of W to a subgroup of W: take a reduced
eTPTression W = Sy, - - - Sa,,, and let W = 04, ... 04

n "

Now fix (G,7) and an extended group G' for (G,v) as in Section 5. We
fix a distinguished element § € G' (cf. Lemma 5.3) and let 7 = p(d) € Zyy.

We are going to describe an algorithm for computing X' (2) (cf. 9.9)(0).
Assuming X(z) is non-empty then X,(z) is non-empty, and we assume we
are given d, € X,(z). Then X, (z) is naturally in bijection with Hy(7)/Ha(7)"
(cf. Proposition 10.1).

The algorithm goes roughly as follows.

We will maintain a first-in-first-out a list of triples

(14.4) (1,2, B;)

where 7 € Iy, , is an element of /VIV/(SZ mapping to 7, and B, is a subset B,
of T;(2). The set B; is chosen to be a basis of

(14.5) H7/(H )" ~T,(2)/T, N A,

as a Z/27 vector space (cf. Remark 10.3). We initialize this list with
(1,0, B;) where B, is a basis of T,(2)/T, N A,.

Whenever we put a triple (7, z,, B;) on the list, we add the corresponding
elements x € X, obtained by acting on x, with 7,(2)/T. N A,, to a store.

If the list is non-empty, take the first element (7, z,, B;). Try conjugating
T by s, for each simple root . If s,7s, is not on the list, add s, (7, 24, B;)Sa
to the list.

Next, for each simple imaginary root «, see if 7/ = s,7 is not on our list,
and if there are is an element h € H(2) so that hx, € X (a) i.e. so that «
is non-compact imaginary with respect to hz.. If so, choose such an h (this
is either half or all of 7(2)) and let 2., = o hx,. Now T.(2)/T N A is
the quotient of T(2)/T> N A; by {1, m,}. Use this to compute a basis B,/ of
T.(2)/TmNAy. Add (7', 2., B;/) to the list, and the corresponding elements
of X,/ to the store.

Continue until the list is empty, at which point the store will contain a
list of the elements of X'(z).
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15 The Parameter Space Z

We can now describe the parameter space for representations of strong real
forms of G.
Fix basic data (G,7), and let (chG,~") be the dual data (cf. Section 4).

Let
X =X(G,7)

(15.1) V= (G ),

Definition 15.2 Define Z to be a subset of X x Y as follows:
(15.3) Z={(z,y) e X x V0. =—0,}.
Corollary 7.16(1) now becomes:

Theorem 15.4 There is a natural bijection between Z and the set of trans-
lation families of irreducible representations of strong real forms of G* with
reqular integral infinitesimal character.

We give several alternative formulations, restating those of Corollary 7.16.

Corollary 15.5 (1)
Fiz a set A C P,y of representatives of P/X*(H). Then there is a natural
bijection between Z and the union, over A € A, of irreducible representations
of strong real forms of G, with infinitesimal character \.

(2) Suppose G is semisimple and simply connected. Then there is a natural
bijection between Z and the irreducible representations of strong involutions
of G with infinitesimal character p.

(3) Suppose G is adjoint, and fix a set A C P,., of representatives of P/R.
Then there is a natural bijection between Z and the irreducible representa-
tions of real forms of G, with infinitesimal character in A.

16 Examples

16.1 Example: Defining G and an inner class of real
forms

(1) Here is SL(2). There is only one inner class.
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empty: type

Lie type: Al

elements of finite order in the center of the simply connected group:
Z/2

enter kernel generators, one per line

(ad for adjoint, ? to abort):

enter inner class(es): s

(2) Here is SO(3) = PGL(2) = PSL(2), again there is only one inner class.

real: type

Lie type: Al

elements of finite order in the center of the simply connected group:
Z/2

enter kernel generators, one per line

(ad for adjoint, ? to abort):

ad

enter inner class(es): s

main: components

(weak) real forms are:

Let’s check the component group:

main: components

(weak) real forms are:

0: su(2)

1: s1(2,R)

enter your choice: 1
component group is (Z/2)°1

Yes, this is PGL(2) and not SL(2).

(3) Here is GL(2), which is C* x SL(2,C)/{£(1,1)}, there is only one inner
class.

main: type
Lie type: T1.A1l
elements of finite order in the center of the simply connected group:

Q/Z2.Z/2
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enter kernel generators, one per line
(ad for adjoint, 7 to abort):
1/2,1/2

enter inner class(es): ss
main: components

(weak) real forms are:

0: gl(1,R).su(2)

1: g1(1,R).s1(2,R)

enter your choice: 1
component group is (Z/2)°1
real:

(3) There are two inner classes in type A,. First the split one:

real: type

Lie type: A2

elements of finite order in the center of the simply connected group:
Z/3

enter kernel generators, one per line

(ad for adjoint, ? to abort):

enter inner class(es): s

main: realform

there is a unique real form: s1(3,R)
real:

Here is the other (compact) inner class:

real: type

Lie type: A2

elements of finite order in the center of the simply connected group:
Z/3

enter kernel generators, one per line

(ad for adjoint, 7 to abort):

enter inner class(es): c

main: realform
(weak) real forms are:
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0: su(3)
1: su(2,1)
enter your choice:

16.2 Example 4: Real forms of SO(2n) with n even

In the usual terminology there is a single equivalence class real forms of
G = SO(2n) denoted SO*(2n) (with maximal compact subgroup U(n)).
This corresponds to a single Aut(G(C)) conjugacy class of anti-holomorphic
involutions of G(C). However this conjugacy class is the union of two G con-
jugacy classes; what this means is that there are two subgroups SO(2n,C)
which are conjugate via the outer automorphism of SO(2n, C) (and are there-
fore isomorphic real Lie groups) which are not conjugate by SO(2n, C).

In terms of Cartan involutions there is a single Aut(G) conjugacy C class
of involutions in Aut(G) such that GY ~ GL(n) (§ € C); C is the union of
two G conjugacy classes.

What this means in practice is that SO(2n) (with n even) has two weak
real forms labelled SO*(2n)[0, 1] and SO*(2n)[1,0] in the software.

real: type

Lie type: D4 ad c
main: realform

(weak) real forms are:

0: so(8)

1: s0(6,2)

2: sox(8)[0,1]
3: sox(8)[1,0]
4: so(4,4)

If G = Spin(2n),S0O(2n) or PSO(2n) then the two real forms corre-
sponding to the two version of SO*(2n) are isomorphic. However there is
another isogeny in which these two groups become different. This is a very
subtle example:

main: type

Lie type: D4

elements of finite order in the center of the simply connected group:
Z/2.2/2
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enter kernel generators, one per line
(ad for adjoint, ? to abort):
1/2,0/2

enter inner class(es): ¢
main: realform

(weak) real forms are:
so(8)

so(6,2)

so*x(8) [0,1]

so*x(8) [1,0]

so(4,4)

enter your choice: 2
real: components
group 1is connected
real: realform

(weak) real forms are:
so(8)

so(6,2)

sox(8) [0,1]

so*x(8) [1,0]

so(4,4)

enter your choice: 3
real: components
component group is (Z/2)°1

s W NN - O

> W N - O

In the case of SO(8) something more dramatic happens. Consider the
adjoint group PSO(8). There are three real forms: PSO(6,2), PSO(8)[0,1]
and PSO*(8)[1,0]. These are interchanged by outer automorphisms of G,
and are isomorphic as real groups, and are considered one equivalence class in
the usual sense. The same statements are true in Spin(8). However in SO(8),
SO(6,2) is disconnected, and the two versions of SO*(8) are connected, and
isomorphic.

main: type

Lie type: D4

elements of finite order in the center of the simply connected group:
2/2.2/2
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enter kernel generators, one per line
(ad for adjoint, 7 to abort):
1/2,1/2

enter inner class(es): ¢
main: realform

(weak) real forms are:
so(8)

so(6,2)

so*x(8) [0,1]

so*x(8) [1,0]

so(4,4)

enter your choice: 1
real: components
component group is (Z/2)°1
real: realform

(weak) real forms are:
so(8)

so(6,2)

sox(8) [0,1]

so*x(8) [1,0]

so(4,4)

enter your choice: 2
real: components
group 1is connected
real: realform

(weak) real forms are:
so(8)

so0(6,2)

sox(8) [0,1]

so*x(8) [1,0]

so(4,4)

enter your choice: 3
real: components
group 1is connected
real:

> W NN~ O s W NN - O

s W NN~ O

See the information on realform under the help command.
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16.3 Example 3: involutions in the compact inner class

Ordinary (weak) involutions of G are the same as those of the adjoint group,
so suppose G is adjoint. Also assume v = 1, so we are considering involutions
in the inner class of the compact group. Then

(16.1) X,={r € H|z* =1} ~ PY/2P".
involutions of G are parametrized by X /W.

For example take G = PSO(2n). Then PY = Z" U (Z + 1)". For repre-
sentatives of X we can take

1
(162) {(Gl, e ,an,l,()) ’ a; = O, 1} U {§(b17 . ,bnfl, 1) ’ bl = :i:l}

For representatives of X; /W we take

——
(16.3) a=(1,...,1,0,...,0) (0<k<n/2)
1

The first line corresponds to the real forms PSO(2k,2n — 2k). In addition
PSO(2n) has two real forms, which are isomorphic as Lie groups, denote
PSO*(2n). See the next example.

The number of elements in the W-orbit of these elements are

n n—1
: k<
o (k) =2

(16.4) oo % (n72>

zy 1 272
Note that
) n 1/ n 9 n
(16.5) 2 <k:> +§(n/2) +2x2"7 =2
real: type

Lie type: D4 ad c
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main: strongreal

(weak) real forms are:

so(8)

so(6,2)

so*x(8) [0,1]

so*x(8) [1,0]

so(4,4)

enter your choice: 4

cartan class (one of 0,1,2,3,4,5,6): 0

Name an output file (hit return for stdout):

> W NN O

real form #4: [0,1,2] (3)

real form #0: [3] (1)

real form #3: [4,5,6,7] (4)
real form #2: [8,9,10,11] (4)
real form #1: [12,13,14,15] (4)

In this case the fiber A} has order 16 = 3+ 1+ 4 + 4 + 4. See the next
example for an example of X in a non-adjoint group.

16.4 Example: Strong real forms

Here are the strong real forms of SL(2):

real: type

Lie type: Al

elements of finite order in the center of the simply connected group:
Z/2

enter kernel generators, one per line

(ad for adjoint, ? to abort):

enter inner class(es): s
main: strongreal

(weak) real forms are:
0: su(2)

1: s1(2,R)

enter your choice: 1
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cartan class (one of 0,1): O
Name an output file (hit return for stdout):

there are 2 real form classes:

class #0:
real form #1: [0,1] (2)

class #1:
real form #0: [0] (1)
real form #0: [1] (1)

This says there are two strong real forms corresponding to (weak) real

form 0, i.e. SU(2). There is one strong real form corresonding to (weak) real
form 1, i.e. SL(2,R).

Here are the strong real forms of Spin(8)

real: type

Lie type: D4 sc c

main: realform

(weak) real forms are:

so(8)

so0(6,2)

so*x(8) [0,1]

so*x(8) [1,0]

so(4,4)

enter your choice: 4

real: strongreal

cartan class (one of 0,1,2,3,4,5,6):
sorry, value must be one of 0,1,2,3,4,5,6
try again (7 to abort): O

Name an output file (hit return for stdout):

s W N = O

there are 4 real form classes:
class #0:

real form #4: [0,1,2,4,5,6,8,9,10,12,13,14] (12)
real form #0: [3] (1)
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real form
real form
real form

class #1:
real form
real form

class #2:
real form
real form

class #3:
real form
real form

#0:
#0:
#0:

#2:
#2:

#3:
#3:

#1:
#1:

(71 (D
(111 (D
(15] (1)

(0,1,2,7,8,9,10,15] (8)
[3,4,5,6,11,12,13,14] (8)

(0,2,3,4,6,7,9,13] (8)
[1,5,8,10,11,12,14,15] (8)

[0,2,3,5,9,12,14,15] (8)
[1,4,6,7,8,10,11,13] (8)

This says there are 5 real forms. The number of corresponding strong
real forms is:

real form #strong real forms | |O,|
Spin(8) 4 1
Spin(6,2) 2 8
Spin(4,4) 1 12
Spin*(8)[0, 1] 2 8
Spin*(8)[1, 0] 2 8

The last column in the table gives the cardinality of the W-orbit of z, in
the fiber X;. The cardinality of this fiber is |Z]|2? = 4 x 16 = 64, note that
4x1+2x8+1x12+2x8+2x8=064.

If v = 1 then G' = G x Z/2Z, and we may safely drop J from the

notation.
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16.5 Example 1: SL(2)

Let G = SL(2), so then G¥ = PGL(2). In this case Out(G) = 1 so there is
only one inner class of involutions, and we drop ¢ from the notation.

Write H = {diag(z,1)|z € C*} and w = (_01 (1)) Write W = {1, s}

and let t = diag(¢, —i). In this case

I={zeq|z*>==I}

X={heH|h=+I}UHuw
(16.6) = {+],+t} U Hw

X ={£I,+t,w}

X ={=£I,£t}, X ={w}

Of course we mean the elements on the right are representatives of the ele-
ments of X.
Proposition 11.16 says

(16.7) {strong involutions of G} « {I,—1,t}

It is easy to see directly that each element of X is conjugate to precisely one
of these. The group K, is equal to GG if x = £1, or H otherwise. The first two
cases correspond to the (weak) involution SU(2), and the third to SL(2,R) ~
SU(1,1). It is helpful to think of these groups as SU(2,0),SU(1,1) and
SU(0,2).

Then X/W = {I,—1,t,w}. Proposition 11.9 says this corresponds to:
the compact Cartan subgroup of SU(2,0), SU(0,2), SL(2,R), and the split
Cartan subgroup of SL(2,R), respectively.

We now consider Proposition 10.1. We have

Hi(1) = {&I, +t}
Hy(1) = {+I} Hy(1)°=1
Hi(1)/Hy(1)" = {1, 4t} = &)
Hy(1)/Hz(1)° e {1} = Xi(1)

— {£t} = X (1)

(16.8)

On the other hand if s is the non-trivial element of W, Hy(s) = 1, and
X, is a singleton. We have the following picture:

41



—= 7=

|

t

—t W — 7=
W:1 S

We next consider the orbit picture of Section 8. The space G/B is iso-
morphic to the two-sphere. The group K; = G has a single orbit on G/B,
which we denote O, (. Similarly write Qg2 for the single orbit of K_;. The
group K; has three orbits, labelled Oy (which are points) and O, (which is
open and of dimension 1).

The bijection of Proposition 8.4 (using Proposition 9.4) is

X | orbit

I | Oy

1 | Oy
on

t | O_

w | O,

16.6 Example 2: PGL(2)

Recall PGL(2) ~ SO(3), and it is easier to work with the latter realization,
010

with respect to the foorm |1 0 0]. We can take H = {diag(z, %, 1|z €
0 0 1

C*}. The center is trivial, and it is easy to see

(16.9) X ={I,diag(—1,—1,1),w}

where w is the matrix above with —1 in place of 1 in the lower right hand
corner. The latter two elements are conjugate by G, and the corresponding
involutions are SO(3,0) and SO(2,1) ~ PGL(2,R).

For z = I we write O3 for the corresponding orbit (which is a point).
If v = diag(—1,—1,1) there are two orbits, the closed orbit O’ and the
open orbit Q.. a The representation theory of SL(2) and PGL(2) may be
summarized in the following table. We write C for the trivial representation,
DS, for the two discrete series representations of SL(2,R), and PS4 for
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the (irreducible) non-spherical principal series representation of SL(2,R).
All these representations have infinitesimal character p.

On the other hand PGL(2,R) has the trivial, sgn, and discrete series rep-
resentations at infinitesimal character p. It also has two irreducible principal
series representations PS¢ and PSg., at infinitesimal character 2p, distin-
guished by their lowest K-types C and sgn of O(2).
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Table of representations of SL(2) and PGL(2)

Orbit | x | 2?2 | 0, | G, A || rep Orbit |y | v* |6, | G, A | rep

Oso |11 |1 |SUE20) |p|C O  |wl|l |-1]80(2,1) 2| PSec

Qo2 |-I|T |1 | SUW0,2) |p|C O, w |l [-1]S0(2,1)|2p]| PSsn

Oy t |-I |1 |SU,1)|p| DSy | O, w|l |-1]50(2,1)|p |C

O_ -t (-1 |1 | SU(L) | p|DS. | O, w |l [-1]|S50(21)|p |sgn

O, wi|-I |1 |SU,1)|p|C O’ t | T |-1]8S0(2,1)|p | DS

O, |wl|l |1 | SUM)|p| PSoua| O |1 |1 |1 |50B) |p |C

44




16.7 Example 7: Discrete Series

Suppose G is semisimple and v = 1. Then we can take 6 = 1 and 6; = 1,
and this inner class of groups contains a compact Cartan subgroup. Then

(16.10) X,={reH|z*c Z(G)}

and |X;| = 2"|Z(G)| where n = rank(G). In particular &} is a two-group if
G is adjoint.

Let PY be the co-weight lattice, and X, the co-character lattice. Then
the map PY 3 7Y — exp(mivY) € X; induces an isomorphism

(16.11) X, ~ PY/2X,.

Let GV be the dual group, with extended group GY'. Then Zy (GY)
contains an element wy satisfying wo(h) = h~! for all h € HV. Tt is easy to
see that X7 = {yo} is a singleton. If x € X, then (z,yy) € Z, and we see

(16.12) X; < {(z,7)}

where x is a strong involution of G and 7 is a discrete series representation

of this strong involution with infinitesimal character p. In this bijection a

W-orbit on X; corresponds to the discrete series of a fixed strong involution.
The parameters

(16.13) {(z,y0) |7 € H,2* € Z(G)}

correspond to discrete series representation of strong involutions of G, with
infinitesimal character p. These are dual to the principal series representa-
tion of the split involution of GV. There are 2" of these at each of |Z(G)]
infinitesimal characters for GV.

In particular if GG is adjoint there are 2" discrete series representations of
involutions of G, with trivial infinitesimal character p. These are dual to the
2" principal series representation of the split involution of GV, also at trivial
infinitesimal character.

16.8 Example 4: Discrete Series of SO(5)

Let G = SO(5). Then v = 1, and the preceding example applies. We can
choose a quadratic form so that H = {t(z1,22) | z; € C*} where (21, 20) =
{diag(z1, 22, 27 *, 25 1, 1)} Then

(1614) Xl = {t(61, 62) | € = :|:1}
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There are three (strong) involutions:

t(1,1) < SO(5,0)
(16.15) t(—1,—-1) < SO(4,1)
t(1,—1) < SO(3,2)

The dual group is Sp(4). The long element of the Weyl group of Sp(4) is
wo = —1, and

(16.16) Xy = {0}

Then
(16.17)
( (1, 1),y0) <> trivial representation of SO(5)

Y
Yo) < unique discrete seres representation of SO(4, 1)
Y
Y

) %)

—1),%0)
(t ( —1),yo) < holomorphic discrete series representation of SO(3,2)
(t(—=1,1),y0) < anti-holomorphic discrete series representation of SO(3,2)
These four representations are dual to the four principal series representations
of Sp(4,R) at infinitesimal character p.

16.9 Example: Representations of Eg

main: type

Lie type: E8 sc s

main: blocksizes
0 0 1
0 3150 73410
1 73410 453060

These are the blocks for real forms of Eg. The split group has a self-dual
block of size 453,060. It also has an irreducible principal series representa-
tion; this is a block of size 1, dual to the trivial representation of the compact
form. The split group also has a block of size 73,410 dual to the quaternionic
real form of Fg, with K of type Al x E;.

These blocks on the split form of E7, together with their duals, give every
block, except for a self-dual block of size 3, 150 on the quaternionic real form.

The total number of representations (for example at infinitesimal charac-
ter p) is 603, 320.
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The number of unitary representations with infinitesimal character p is

1 compact form
1575 the quaternionic form
2157 split form
3,733 total

(16.18)

(this has also been computed by Scott Crofts). This is approximately .62%
of the representations.
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