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e Suppose the prior dlstrlbutlon of K is Binomial(21, Then ;probability of
= = Z:___Igenera:bué a defective

E(K)=21p, Var(K)= 21p(1 —p), E(K?) =21p(1—p)+ (21p) gm

e The Bayes risks of d; and dy are

e Figure 15.2: Bayes risks versus p, do has a smaller Bayes risk
p < 0.5. (If the product is fairly reliable, may prefer ds.)

|->B (di) = —20+38x E(K) - (2/21)E(K?)
= —20+3x2lp (2/21)[21p(1 —p) + (21p)?]
Qisgom|  _  _20 1 61p— 409 < quadratic polynomial
IB(@) = 20+ (40/21) x 21p S/
= 40p — 20 <« Jinear polynomial ds better < o oy betber

known,

as long as

& Reading: textbook (21 ed.), 15.1, 15.2, 15.2.1 6/2

* Posterior Analysis --- A simple method for finding Bayes rule

Definition 10.3 (Posterior Distribution and Posterior Risk, 2" Ed., TBp.578-5

79)

e In Bayesian procedures, we have

OL 2| — ©: a random variable with a pdf/pmf ge(6)
ed . . o et . Sl
xed ge(0): prior distribution of © -~ ; _E_'LjJ\ it

=0 fx|o(z|0): pdf/pmf of X, conditional on the value 6 of ©

)

In estimation (CHE) and testing (CHD),
the Joint pdf/pmf o

Con&{noned on ©=0|

X (dad:a)

mndom variable @
> a Sixedvalue 6

<:I 2nd Edition, Ch15, p.1_1
° Jl(z}rllia(iistrﬁugio—n of X and _(;) is = '5::; G;((’:‘e‘ <« the conditional
multiplicati w BA
( LN“%H,,,:;;;) fxe(®,0) = fxie(19) go(6) dlsl:nbuhon under Bayesian
e Marginal distribution of X is I / roach (®: random ), iS.
P ) the Joint
law of +total | fxje(zl8)ge(8) dd, if © is continuous 57
ety | 202 z) & B , paf/pmf of
(LN, CHI~b. p-23) 29, J(@]0:)g(0:),  if O is discrete X clc‘scusseqd
e O given X — distribction] | M CH8&T |
e Conditional distribution of © given X = x is cf o'fszﬁewfon (6: Fined )k

o~
°
w
|

[__(.7X|@iw ﬂg@(@)

[ fxje(x|0)ge(0) dO

. 'rijl fX@fl?9

'(LN CHI6, p23)‘__ue 9 to f@lx \

if © is continuous

ot J'elx U § = () e £ i dicrere [
Bayes ule ._I ZefX\o(fEiG)g@(e)’ if © is discrete |in Baesi

inferenc
which is also called the posterior dlstrlbutlon of ©. = %—1&%@311
¢
@) Given observed X = z, define posterior risk of an action a (= d(_x_)) as
d(z) [(6,a) h(8|z)dB, if © is continuous B“yesuaga
of G & E@liﬂﬁql(_@,;)} = { f (_l 9) (_]‘l_)Q_ if © is d :a%oeu%%n.sne
X only | tumngelus wrt @ o | 0[O0 ®) MOE), 1O b discicte o i
wrt X« v
before dota X= & data 2
Information ?’*""‘-“’—:% is observed | observe dz’;a X | s observed |costins prior
¢ on
aboct . || 2 | "G (0) T (oo g o) |
porameter | (Z brings in Some information ——g— | Information
about the &r ) Srom 2 2
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...................... »| posterior
h(Fx) update  :
v

distribution

f(z|0)

Theorem 10.1 (2" Ed., TBp.579)

Suppose that there is a decision function dy(x) that minimizes the posterior risk
for each x. Then dy(x) is a Bayes rule. o Lp/e(y&)

Proof. (for continuous case) The Bayes risk of a decision function d is

, o . 1,0) = Sxi@(%]0
b) ~ @)~ g { Bxo 10,000 | 0] } Sxelyixethge
posherior “Lorior e — T S0m10) law O

Iy (/[!/LM__@Q‘“}JOW’” ------- | [16.) sxo(w.6) dzas

| r———»a-—anad:toa
> / [/Z(G,d(:;:)) heix (0lx )d()] fx(z)de = /LQB(:_ [l(., (u)ﬂ fx(z)de

1\® . :

E{(gxm) x:. Ro]x2) t posterior dist. L posterior risk (LNp.I1)
Since fx(x) is nonnegative, B(d) is minimized by choosing d(z) = dy(z). N

<:I 2" Edition, Ch15, p.13

Algorithm for finding the Bayes rule (2™ Ed., TBp.579-580)

Step 1 : Calculate posterior distribution h(f|x) for each x.

Step 2 : For each z, fix L( = x. For each action a, calculate the posterior risk:
[1(0,a) h(8|z)df, in the continuous case
>0, 1(0i;a) h(0i]x), in the discrete case

Bojx—: |I(©,0)] =
—F

Step 3 : The action a*(x) that minimizes the posterior risk is the Bayes rule.

Example 10.6 (steel section (cont.), 2" Ed., TBp. 580, LNp.6~8)

e prior distribution: g(#;) = 0.8, g(62) = 0.2 updote
e Suppose that we observe X = x9 = 45, the posterior distribution is
0 0.3 x 0.8
h(6y|z2) f(w2l0)9(0) . — .86
fx(lz_zzlf(a72‘0>( i) - 0.3x0.8+0.2x0.2 R

h(Ozlz2) = 1—h(b1]zz)=0.14

e The posterior risk (PR) for a; and ag are
PR(ai|z2) = (61, a1)h(b1]x2) + (62, a1)h(f2]2x2) = 0+ 400 x 0.14 = @jcf
PR(aglze) = (01, a2)h(01|z2) + (02, a2)h(62|z2) = 100 x 0.86 + 0 = 8647

e a3 has the smallest posterior risk, and is the Bayes rule for :1;2

230
e Apply the procedure to any other possible observed data (xl and {E3)¢-(gxgrc|se,

& Reading: textbook (2 ed.), 15.2.2 Check the d3 in LNp L e
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* Application of Decision Theory: Estimation @——— Recall Ex10.3 (LNp.4)

Estimation theory can be cast in a decision theoretic framework. Alternative :
e action space A = parameter space Q./}4 LB-norm

e a decision function d(X) (= §: S — Q) is an estimator of ¢ = |9 -8l
e square error loss: [(0,d(X)) = [0 —d(X)]2 = (0 — 0)% & LZ-norm A——‘-:i1
(other loss functions, e.g., ] are allowable)t- check Thmi10.3 (LNp.16)

e Then the risk is R(0,d) [ } = [(9—9) } =MSE

§—dentical} minimax estcmmn ’Qng;(). ﬁ-)

> dif;}:ﬁio“ parameters ™ - ¢ o 1;-:;)1» - - - -
3 i Q: what if a prior is available?
| ; :

- UMVOE «<£

Theorem 10.2 (Bayes rule for Estimation under Squared Error Loss, 2nd Ed., TBp.584)

e The Bayes rule minimizes the posterior risk, which is
MSE = variance + (bias)" (LN,CHI~b, P42, item §)
Eoix[(@ - 021X =a] * Vargix(0|X =2)+[Eex(Q|X =) - 02—
_ \__________.._— , \_______———_. Lj sl.o
pesterior K M(agwm) ~ - — Sunctio
djstribution when conditioned irrelevant to 6 & - minimized by cﬁo_n i-l
onX=2 best predictor in Ga <> ) = Eg (6| X = 2)# mean
(LN ,CHI~b. p.54%)
<:I 24 Edition, Ch15, p.15
o Thus, Bayes rule is . [0 Rh(@]|z)df, in the continuous case
is the best |—» reasonable?» ) — . :
pzc;cM;of arv. = > 9, 0i h(0i|z), in the discrete case
[/ -

e In the case of squared error loss, the Bayes estimator (i.e., Bayes rule) is the

e Suppose that we have no idea how biased the coin is 11 prior
= for #, can use uniform prior: g(6) =1,0 <6 < 1.

o Lot O Yague prior—* {

1, if a head appears

Dota —» X —
S 0, if a tail appears

Then the distribution of X given 6 is Bernoulli(6):
_] 0 =1

T P X s =4 b, =5

in sgg gg
e The posterior distribution is 76)
conditional a‘ain‘l‘ (9"0']_, 9) x 1 9 =
16 do
margnal X--f'O (@ Jo 1_~9d9 —r N
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