144 Progress of Theoretical Physics Supplement No. 92, 1987

Path Integral Approach to Relativistic Quantum Mechanics

—— Two-Dimentional Dirac Equation ——

Takashi ICHINOSE and Hiroshi TAMURA

Department of Mathematics, Faculty of Science
Kanazawa University, Kanazawa 920

(Received March 11, 1987)

Countably additive path space measures are constructed, in two space-time dimensions,
to give rigorous path integral formulas representing the fundamental solution of the Cauchy
problem for the Dirac equation as well as the retarded and advanced propagators for the
Dirac particle. The theory also applies to a free particle, a particle in a central electric field
and a particle in parallel electric and uniform magnetic fields in four-dimensional space-time.
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§1. Introduction

The fundamental physical and mathematical concepts which underlie path inte-
gral were first developed by Feynman""? in nonrelativistic quantum mechanics, with
a suggestion of Dirac’s remarks.® In pure-imaginary-time quantum mechanics Kac*
has given a mathematical realization of it in terms of the Wiener measure.” Namely
he established a rigorous path integral formula representing the solution of the heat
equation for the quantum Hamiltonian of a nonrelativistic spinless particle in a scalar
potential, which is called the Feynman-Kac formula.” Its further extension to the
Hamiltonian with both scalar and vector potentials is the Feynman-Kac-Itd formula,”
which involves the Itd integral.® The Laplace transform of this formula for the
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Path Integral Approach to Relativistic Quantum Mechanics 145

Schrodinger operator in four-dimensional space with respect to a fifth variable as the
fictitious time gives rise to a path integral representation of the Euclidean propagator
for a Klein-Gordon particle in an external electromagnetic field.

In Refs. 11)~13), we have made a path integral approach to relativistic quantum
mechanics and established rigorous path integral formulas for the two-space-time-
dimensional Dirac equation. We have constructed countably additive measures, on
the space of the continuous paths, which differs from the Wiener measure. In our
treatment the time variable is real. It makes a contrast with Kac’s approach regard-
ing the heat equation as the Schriédinger equation in pure-imaginary-time quantum
mechanics. The aim of this article is to present the full story in a coherent way,
recapitulating the basic physical and mathematical ideas. We also include some
recent result®*® which improves on the support property of the path space measures
constructed in the previous work.

Our construction of these countably additive path space measures follows
Nelson’s method'® of construction of the Wiener measure. The crucial step is to
prove continuity of a certain linear functional defined, on the Banach space of the
continuous functions on the path space, through the fundamental solution for the free
Dirac equation. The problem is connected with the L” well-posedness of the Cauchy
problem for a hyperbolic system of the first order with two independent variables.
Then the Riesz-type representation theorem assures this linear functional to bring
forth a countably additive measure on the path space.

The path space measures constructed turn out to be concentrated on the set of the
Lipschitz continuous paths which have differential coefficients of magnitude equal to
the light velocity in every finite time interval with the possible exception of finite
instants of time. So the trajectory of the particle shuttles back and forth in one-
dimensional space with'slopes of the light velocity; it is a zigzag of a finite number of
straight segments in each finite time interval. At the end points of the segments the
particle changes its direction of motion. This property may remind us of the “Zitter-
bewegung”” of the Dirac particle.

These path space measures are then used to represent by path integral the
fundamental solution of the Cauchy problem for the Dirac equation with vector and
scalar potentials as well as the retarded and advanced propagators, both in two
space-time dimensions. The path integral formulas established show a close analogy
with the Feynman-Kac formula and the Feynman-Kac-Itdo formula for the heat
equation.

The theory can be extended to a certain hyperbolic system of the first order,'” but
does not apply to the Dirac equation in four space-time dimensions except for three
special cases. These are the free Dirac equation, the Dirac equation for a central
electric field and the Dirac equation for parallel electric and uniform magnetic fields,
for they are reduced to equations with two independent variables by use of, re-
spectively, the Radon transform, the spherical coordinates and the Fourier transform
in one variable together with an Hermite function expansion in another variable.
Nor it applies to the pure-imaginary-time or Euclidean Dirac equation.

Finally we add here brief mention of path integral for a relativistic spinless
particle in an electromagnetic field. A path integral formula is obtained®®*” for the
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solution of the pure-imaginary-time Schrodinger equation with its Weyl quantized
Hamiltonian. _

We begin § 2 with a heuristic argument deriving the path integral for the Dirac
equation, in order to get an intuitive understanding of the subject of this article.
Section 3 is devoted to path integral representations for the fundamental solutions of
two Cauchy problems for the Dirac equation and for the retarded and advanced
propagators, in two space-time dimensions. The proof is given in §4. Section 5 is
concerned with the path integral for the Dirac equation in four space-time dimensions.

The natural units are used in which both the light velocity ¢ and the constant 7
= h/27m with Planck’s constant % equal 1.

C? is the vector space of complex d-column-vectors and (C¢)’ that of complex
d-row-vectors. Mu(C) is the vector space of complex d X d matrices. The norm of
a d Xd matrix N=(N;.) is defined by |N|=maxi<j<a 2 4-1|Nje|. <, > is the bilinear
inner product and (-, +) the physicist’s inner product.

§ 2. Heuristic derivation of path integral for the Dirac equation

In this section we shall heuristically see what should be the path integral for the
fundamental solution of the Cauchy problem for the d + 1-dimensional Dirac equation

0ip(t, x)=[—a(d—iA(t, x))— imB—ie®(t, x)]$(¢, x),
tER, xE R (2-1)
for a particle of mass m and charge e in an external electromagnetic field. Here &
=(a, @, -, @), and a1, @, -+, @z and B are the Dirac matrices. @(¢, x) and A(¢, x)
are, respectively, the scalar and vector potentials of the field. Our strategy is to
exploit the method of phase space path integral® or Hamiltonian path integral.”

We begin with presuming that the action for a Dirac particle in an
electromagnetic field is given by

SGs, 7: P, X)= [ TP()X(6)— a(P(t)— eA(t, X (1))

—mpB—e®(t, X(¢))]dt . (2-2)

Here X(¢) and P(¢) are the position and momentum. A reasonable ground for this
is that (2-2) is what results, by application of Dirac’s prescription

+ (P = AL, X)) m=a(P(t)— eA(t, X(1))+mB ,

from the action®®

[ (P(OX(1)— [+ V(P = At X+ n +e®(t, X(1)])dt
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Path Integral Approach to Relativistic Quantum Mechanics 147

for a relativistic spinless, positive-energy(+) [resp., negative-energy(—)] particle of
mass » and charge e in an electromagnetic field.. We assume s> # for definiteness.

The method of phase space path integral or Hamiltonian path integral assumes
that the fundamental solution K(s, x; 7, ¥) of the Cauchy problem for the Dirac
equation (2-1), which is the probability amplitude that a quantized particle at position
y at time » will be at position x at time s, is given by the formal “integral”

/;P | eiS(s,r;P,X)@(P)Q(X). ) . (2.3)

Here D(P)D(X) is a formal “measure” [licr,1(27) ¢dP(¢)dX(¢) on the space
Ps.z;ry of the phase space paths (P(t), X(#)) satisfying X(»)=y and X(s)=x with
P(¢) unrestricted. In this formal phase space path “integral” we make the change of
variables: X' (¢)=X(¢), P (¢)=P(t)—eA(t, X(¢)). Then we have, writing (P(?),
X (1)) again instead of (P'(¢), X'(1)), ‘

K(s, 57, 9)= [, Texo{i [[IP()+eAl, XONX(D)—(@P(t)+mb)

~ed>(t,X(t))]dt} T ©@n)-4dP(1)dX(¢), (2-4)

te(r,s]

where T stands for the time-ordering symbol. We understand (2-4) to be defined
with a time division procedure, i.e.,

n—1 |
K(s, x; 7, y)=limfRd/R2d--~fRZdﬁ

=1

X exp{i[(pJ'»l +eA(t-1, xj~1))%?:ll‘
J J—

—(apj_l + mb’)— e@(tj—l, xj~1):l(tj' tj—l)}
X (27) " dpo(27)"dprdx:) - (21) " (dpn-1dxn-1).  (2:5)

Note that the integrand of the integral on the right-hand side of (2-5) is rewritten as

Jli{exp[ixjpj—llexp[ —i(@pj-1+mB)(t;— t;-1) Jexpl — ix;1p;-1]}

XeXp{Z.kZZI[eA(ZLk—I, a1 )(Xr—Xn-1)—eD(tr-1, Tr-1)(tr— -]} .

Here r =t < t<--<t,=s and o=y, x;=X(¢,), j=1, -+, n—1, x»=x, and the product
IT%, is time-ordered with time increasing from the right to the left. The limit is
taken for z—o0 and max,<,;<.(t;—#-1)—~0. If Ko(¢, x) is the fundamental solution of
the Cauchy problem for the free Dirac equation, i.e., Ko(t, x)=/gexpl —it(ap+mp)
+ixp](27)"“dp, then the p; integrations on the right-hand side of (2+5) yield

20z Iudy 61 U0 3senb Aq Z26%€61/77L 26 SdLd/EY L L 0L/10p/8jo1e/sd)d/woo dno-olwapede//:sdpy wody papeojumod



148 ‘ T. Ichinose and H. Tamura

n—1
—

K(S, X, 7, y)=1im /;gd"'ﬁgd Ko(fn—fn—l, .l‘n—.l'n—l)"'Ko(fl‘“to, ;1'1“-1'0)

X exp{ié[eA(tj_l, x;-1)(x;—25-1)

— e@(tj—l, xj—1>(tj— Z‘j-1)]}d.l'1"'d.l‘n—1.

If a path space measure Vs,x; r,y should be constructed from the product of Ko’s and the
Lebesgue measures dx;, we should get

K(s7 x) 7/) y>:4/:x st,x;r,y(X>

$, X7,y

Xexp[—z’fea)(t, X(t))a’t+z’[seA(t, X(t))dX(z)} , (2-6)

where Xs.z.r.y is the space of the paths X(¢) satisfying X(»)=y and X(s)=ux.

What we carry out in the following sections is to justify with mathematical rigor
the above heuristic argument, in two space-time dimensions or d =1, to establish the
formula (2-6) and related ones.

§3. Path integral representations

In two space-time dimensions, we give path integral formulas for the fundamental
solutions of two Cauchy problems with the Dirac equation.” One of them is further
used to give path integral formulas for the retarded and advanced propagators. By
|7, s| is meant the closed interval » <{<s or » ={=>s according to » <s or » >s. We
use the convention of summation over repeated Greek indices.

3.1. The fundamental solutions of the Cauchy problems

We consider the Dirac equation (2-1) in two-dimensional space-time,
0:p(t, x)=[— a(d:—ieA(t, x))— imB—ie®(t, x)]#(¢, x),
IER x=R. (3-1)

Here @ and B are 2x2 Hermitian matrices with a*=p*=1 and aB+Ba=0. The
vector and scalar potential A(¢, x) and @(¢, x) are real-valued functions in space-time

RXR=R?. We assume for simplicity that they are continuous functions on R>. The

case for somewhat more general A and @ is referred to Ref. 11). One Cauchy
problem we consider is that for (3-1) with data #(7, x)=g(x). Since Eq. (3-1) is a
first-order hyperbolic system with two independent variables, this Cauchy problem
can be solved?” along the characteristics and so has a unique solution.

We write A%t, x)=@(¢, z) and AY(t, x)=A(t, x). Set A.(t, x)=gocA’(¢, x),
0=0, 1, with the metric tensor
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Path Integral Approach to Relativistic Quantum Mechanics 149

1 0
(gpd):(o _1> .

By putting x°=¢ and x'==x, (3-1) is rewritten as
iH"$(x)=[(0+ teAo(x)) + a(d: + ieAi(x)) + imBld(x)=0, (3-2)

where x=(2° z')&R? and 8,=09/dx", p0=0,1. H" is essentially self-adjoint on
Co”(R? C?), and defines' a self-adjoint operator in L*(R? C?).
We introduce the fictitious time 7z to consider the other Cauchy problem for

o4z, x)=—iH" (7, x),  rER, xr< R? (3-3)
with data ¢(», x)=g(x). Let K'(s, x;7,v) and K"(s, x; 7, ) be the fundamental
solutions of the Cauchy problems for (3:1) and (3+2), respectively:

B(s, 2)= [ K'(s, 23 7, )9y, . (3-4)

W5, 2)=(e g} ()= [ K5, 27, )9(¥)dy (3-5)

Then they admit the following path integral representations. We say that a measure
© on a space 2 is concentrated on a subset E of Q if ¢ vanishes on 2\E. M.(C) is
the space of complex 2 X2 matrices.

THEOREM 3.1. There exists a unique S’(RXR; M(C))-valued countably additive
measure Vs; » on the Banach space C (I7, sl; R) of the one-dimensional continuous path
X: |7, sl R such that for every continuous A(#, x) and @(¢, x),

(f, #(s, -))=fﬁm'mlfl(s, z; 7, )9(v)dxdy
= [¢, dug;r<x>g>exp[~i [Fews, x()di+i [ oA, x_'(t))dX(t)]

(3-6)

with (£, ¢) in S(R; (C?)")x S(R; C?). The measure V5, is concentrated on the set of
those Lipschitz continuous paths X: |7, s|» R which satisfy

for some finite partition: » =4(ShS - St,=s of |7, s|, depending on X,
Jj=1 . . .
X(l‘)_X(V)=§(—1)l(ti—ti—1)+(—1)’(t—zfj_l) or

X(t)—x<r>=g<~1>f—l<ti— b)) H (= 1Yt — i)

for tE€|¢t-1, 8, 1<;<k
[1X(¢)— X(»)|=|t— 7| for tE|r, s, in case m=0]. (3-7)

The set function vs.r, r,s defined by
Vh.piro()=<F ®g, v, (- )>=(f, vs;(+)9) (3-8)
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150 T. Ichinose and H. Tamura

is a complex-valued countably additive measure on the Banach space C(|7, s|; R)
which is concentrated on the set of the Lipschitz continuous paths X satisfying (3:7)
and X(»)Esuppg, X(s)Esupp/f.

THEOREM 3.2. There exists a unique S’(R*X R% Mx(C))-valued countably additive
measure V5., on the Banach space C(|7, s|; R?) of the two-dimensional continuous
paths X: |7, s|~ R? X(7r)=(X"(r), X'(7r)), such that for every continuous A(x)
=(Ao(x), Ai(x)),

(f, e Mg)= f / ol (BVK (s, 3 7, ) dxdy

= [, vt (X)gex| i [ “eAu X (e)ax*(o)] - (3+9)

with (7, ¢) in S(R% (C?)) X S(R?* C?). The measure vs., is concentrated on the set of
those Lipschitz continuous paths X: |7, s|= R* which satisfy

X(t)—X(r)=t—vr for tE|r, s|,

and, for some partition : ¥ =4S HS - St=s. of |7, s|, depending on X,

X0~ X =~ Dt )+ (=Dt =4-1) o

XN = X ()= S~ D Nt— b )+ (=1t = 1,00),

for t€|to, 4, 1<j<k

[1X'()—X(»)|=|t—r| for tE|r,s|, in case m=0]. (3-10)
The set function vi.s, r,¢ defined by | |

Vs ro() =< F Qg, Vi, -(:)>=(f, v¥;+(*)g) | (3-11)

is a complex-valued countably additive measure on the Banach space C(|7, s|; R?)
which is concentrated on the set of the Lipschitz continuous paths X satisfying (3-10)
and X(»)Esuppg, X(s)Esupp/.

The proofs of Theorems 3.1 and 3.2 are given in § 4.

These theorems were first shown in Refs. 11) and 13), with a somewhat weaker
statement on the support property of the path space measures, to the effect that v,
is, when m >0, concentrated on the set of the Lipschitz continuous paths X:|7, s|> R
satisfying | X(6)— X (a)|<|b—al for every a, b with »=asSb=s, and similarly for
v5.r. Next it was improved in Ref. 34) as follows: vs,r is, when m >0, concentrated
on the set of the Lipschitz continuous paths X: |7, s|> R which are differentiable,
outside a closed subset Ex of Lebesgue measure zero depending on X, with
differential coefficients (d/dt) X (#) equal to 1 or —1 on each (relatively) open interval
in |7, s|\Ex, and similarly for v¥.,. Finally the support property of the ultimate form,
(3-7) and (3-10), has been shown in our recent note.*”

Remark 1. V5, » and VY., may be regarded as conditional path space measures (cf.
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conditional Wiener measure®). In fact, introduce formal conditional path space
‘measures Vs, ry and Ve, r,y as

Virsrio) = [[ o, T Vhomsrl Do () dzdy

and

sira()= [[ T @ Vi ra(Vo(3)ddy

Then Theorems 3.1 and 3.2 look like

K'(s, 2,7, 9)= [dVhe; (X

Xexp[—i [eott, X(t)ds+i [FeAt, X(t))dx(t)] (3-6)

and

K'(s, x; 7, y)=fduls’,x; r,y(X)exp[—z’/;seAp(X(r))a’X"(r)} . (3-9)y

The formal measure Vs, [v5z,ry] is concentrated on the set of the Lipschitz
continuous paths X satisfying (3:7) [X satisfying (3:10)] and X(»)=y, X(s)=x
[X(r)=y, X(s)=r].

Notice that (3:6) is coincident with the formula (2+6) in two space-time dimen-
sions.

Remark 2. The support property of vs,» and V5, » in Theorems 3.1 and 3.2 tells us the
nature of the “Zitterbewegung”” of the Dirac particle. The motion described by a
path satisfying (3+7) or (3-10) is such that the velocity is, in magnitude, equal to 1, the
light velocity, at every finite time interval except for finite instants of time where the
velocity alters the sign. Here the role the mass m plays is not to render the
magnitude of the velocity smaller than 1, but to change the direction of motion of the
particle time after time.

Remark 3. Feynman and Hibbs® give briefly a cryptic description of the fundamental
solution of the Cauchy problem for the free Dirac equation in two space-time dimen-
sions. For this context we refer also to Riazanov'® and Rosen.'® There are some
recent contributions to this problem based on Poisson process. See Gaveau et al.,*®
Gaveau,® Blanchard et al.,*” Jacobson*” and de Angelis et al.*?

Remark 4. Daletskii'” dealt with related problems but did construct no countably
additive path space measure.

3.2. The retarded and advanced propagators

The propagator'® for a two-space-time-dimensional Dirac particle is a 2X2
matrix-valued function (distribution) which is a solution of Green’s function equation

[7°(—i0p+ eAx(x))+m]S(x, ¥)=0(x— )1, x, yER?. (3-12) |
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Here y°=p4 and y*=pa. 7° is Hermitian and 7' anti-Hermitian with 7%+ y%*

=261, where p, 0=0,1. The convention of summation over repeated Greek indices
is used. The left-hand side of (3:12) is nothing but y*H"S(x, y) with H" in (3-2).

Then the retarded and advanced propagators Sret(x, ¥) and Sas(x, ) have the
following path integral representations.

THEOREM 3.3. For (f, g) in D(R% (C?))X D(R?* C?),

S o @ S, 30003l
=i/(;°°dz‘ﬂf, avy, O(X)Q’Og)exp[_ i’/(,‘reAﬂ(X(S))pr(s):l (3-13)

and

ffzxsz—('r—jsad"(x’ ¥)g(y)dxdy
= Z-[idrf(f, dvy. o(X)?’Og)exp[—z'[feAp(X(s))pr(s)} . (3-14)

Remark 1. With the formal conditional path space measure V% ;.05 introduced in
Remark 1 to Theorems 3.1 and 3.2, (3:13) and (3-14) become

Seei(a, 9)=i [ dr e 05X %exp| i [ A X()ax¥(s)

and
Sua, 9)=—i [ dr [ riap(X)exp| —i [[eAAX(NAX"S)]. (1)

Remark 2. For the Feynman propagator Sr(x, ) we have not such a neat formula.

Proof of Theorem 3.3. We simply write H for H". We prove only (3-13) for the
retarded propagator. The proof for the advanced propagator is similar. Let (f, g)
be in D(R%: (C? )X D(R% C?). Note that H is a self-adjoint operator in LA R? C?)
and ,

* -1 __ “ —€er —iTH
(e+:H) —'/0’ dr e *fe™'™ |
Then by Theorem 3.2 we have
(f, ile+iH) " 7°g)=i [ dr e [(f, do(X)7"9)

Xexp[—z'/OTeAp(X(s))dX”(s)] ) (3-15)

Since f and g have compact support, the r-integral on the right-hand side of (3-15) is
reduced to that over a finite interval in view of the support property of vis.o0s.
Therefore, it converges to the right-hand side of (3:13) as €10, by the Lebesgue
bounded convergence theorem. On the other hand, by definition of the retarded
propagator the left-hand side of (3-15) converges to that of (3-13) as €1 0. This
proves Theorem 3.3.
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§4. Proofs of Theorems 3.1 and 3.2

We shall prove only Theorem 3.1. Theorem 3.2 will be shown similarly. (Proof
of Theorem 3.2 with a somewhat weaker statement on the support property of v, r is
given in Ref. 13).) Without loss of generality we may assume »=0 and s>0 to
construct vs,o. The proof consists of three parts. First we construct the path space
measure V5,0 on the product space (R)**! of the uncountably many copies of R, where
R=RU{0} is the one-point compactification of R. Next its support is determined
and finally the path integral formula (3-6) is established. For the first and last parts
we follow mainly Refs. 13), 11) and for the second, our recent result in Ref. 35).

4.1. Comstruction of the path space measure vs.o

We construct vs,o, using Nelson’s method' ¥ of construction of the Wiener
measure. _
First consider the Cauchy problem for the free equation to (3:1),
0:p(t, x)=[—ad.—impBlé(¢t,x), tER,xER (4-1)

with initial data ¢(0, x)=g(x). Let Ki'(s, x) be the fundamental solution:
B(s, 2)= (e~ g)(z) = [ Ki(s, 2= v)g(z)dy. (4-2)

It is given by
Ko'(s, 2)=2""08s— adx— imBl(Jo(m(s*— 2*)"*) 6(s —|x|)) , (4-3)

where Jo(¢) is the Bessel function of order zero, and 6(¢) the Heaviside function 6(¢)
=1 for >0, =0 for 1<0. C«(R; C? denotes the Banach space of the C?*valued
continuous functions in R which vanish at infinity. Its dual space, denoted by
M(R; (C?)), is the Banach space of the (C?)-valued measures on R with bounded
variation.?”

Lemma 4.1. (1) e @+ g 3 continuous linear operator of C(R; C?) into itself,
and satisfies

| Nttt mbg < o141 Ng (-9

for g in Co(R; C?). Here N is a unitary matrix satisfying

NaN'= 1 0
0 —1/°

(2) e @@=+ ig 3 continuous linear operator of S(R; C?) into itself.

Proof These are derived by straightforward calculation using (4-2) and (4-3).

The content of Lemma 4.1 is that the Cauchy problem for (4-1) is L™ well-posed.
This holds also for the hyperbolic system of the first order with two independent
variables.?V
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Now we are ready to construct the path space measure vs,o. For each fixed s >0
let Xso=1IT10,ssR=(R)™* be the product of the uncountably many copies of R. By
the Tychonoff theorem®® X, is a compact Haussdorff space in the product topology.
It may be regarded as the space of all paths X:[0, s]— R, possibly discontinuous and
possibly passing through the infinity co. Let C(Xs,) be the Banach space of the
complex-valued continuous functions on Xse and Cun(Xs,) the subspace of those ¥
in C(Xs,) for which there exist a finite partition:

0=s0<51< " <8p=$ (4-5)

of the interval [0, s] and a complex-valued bounded continuous function F (20, 1, *
Zn) on (R)™" such that

CU(X)=F(X(s0), X(s1), >+, X(52)) . (4+6)

Define, for each fixed s>0, a functional Lso(®@; ¢, g) which is linear in &
€ Cun(X s0) and sesquilinear in (g, 9)EM(R; (C?)) X Co(R; C?) by

Ls,O( w; X, g);‘/;edx()'"‘/;edxnfl./;cdﬂ(xn)Kol(Sn_Snfl, xn_xn—-l)

X Kol(sn_l —Sn-2, Tn-1 _xn—z)"'KOI(Sl — So, X1 xo)
X F (2o, 21, ***, Xn)9(Xo) . (4-7)

When stressing the sesquilinearity of Lso(¥T; u, g) we shall write it also as
(Lo ¥) 1, 9).

Crucial is the following Lemma.

Lemma 4.2. (1) For each fixed (g, g) in M(R; (C?))X Co(R; C?), Lso(¥; 1, g) is
well-defined on Ciin(Xs,); it is independent of the choice of F corresponding to ¥'.
(2) The following inequality holds

|Loo(&; 11, PI< Ce™ | @] lllg] (4-8)

for every ¥ in Cun(Xso) and every pair (g, g) in M(R;(C?)X C~(R; C?) with C
=|N|IN'|<2.

Proof By C: we denote the operator Ne “**™ N1 on Co(R; C?). The statement

(1) is a consequence of the (semi-)group property of the operator C:;. To prove (2),

let ¥ be in Cun(¥s,) and represented as (4+6) with a continuous function F(xo, 1, -,

xn) on (R)™'. We inductively define a sequence {F$9,...en}71 of C*valued functions
O ..zs on R with n— [ parameters xi+1, -, T2 R as follows:

Fza0n(x) = Ng(x) F(z, 21, T2, ***, Tn) ,
3521 J?n(x) (Csl Se-1 J(Cl.rzl+)1 -Z‘n)(x)y
F(2)=(Csn-snr Fe'" "))

for /=1,2, -+, n. By induction and continuity of the operator C: in Lemma 4.1(1), we
see that for each fixed /=1, -+, n, F{),. ..z, is in Co(R; C?) and continuous as a map of
the parameter space R"* into C«(R; C?. Note that (4:7) is rewritten as
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Lso(T; p, g)='/;ed/4(xn)N‘lF‘"’(xn)>. (4-9)

Making an iterative use of the estimate (4-4), we get

IE®1= sup [(Con-onsFe2),(2)] < supl Conmner Fx )
X,7=1,2 *
< em(Sn—Snal)SupHFéZ‘l)"é e L ™ sSup ”Féox),,xn‘l
In xl’...,xn

<e™|NglllFll . - (4-10)
Then the estimate (4-8) is derived from (4-9) and (4-10).

The consequence of Lemma 4.2 is the following. Since Cun(Xs0) is dense in
C(ZXs,p) by the Stone-Weierstrass theorem,”” the inequality (4:8) holds also for ¥
EC(Xsp). By Lemma 4.2, Lso¥ is a continuous sesquilinear form on M(R; (C?))
X Co(R; C?), and so on S(R;(C? )X S(R; C?), because both linear embeddings of
S(R; (€C?) into M(R; (C?%’) and of S(R; C?) into C-(R; C?) are continuous. Then

the kernel theorem?® enables us to regard Lso¥ as an element in the space

S(RXR; M C)=(S(R; (C*))QS(R; C*)) . (4-11) .

Here note that Mx(C)=C*®(C?)’. Hence Lso is a continuous linear mapping of
C(X;,) into the space (4-11). Further Ls, is weakly compact® because the space is
reflexive, and even compact® because the space (4-11) is a Montel space. Then the
Riesz-type represetation theorem®’ yields the following representation of Ls, in terms

of a countably additive measure on Xs..

THEOREM 4.3. There exists a unique countably additive measure vs,o defined on the

Borel sets in X5, and having values in S’(RX R; M>(C)) such that

(a) vi,0 is of bounded g-variation for each continuous seminorm ¢ on
S(RXR; M), ie.,

g—Var vs,o=sup q(? Vs;o( Ej)cs)<oo,

where the supremum is taken over all finite partition {E;} of X, into disjoint
Borel sets and all collection {c;} of complex numbers with |c;|<1;
(b) for each (f, g) in S(R;(C?))x S(R; C?) the set function vs,s;0,¢ defined by

UL*,f;O,g(E):(fX g,Vi‘;O(E)>=(f; VIS;O(E)Q)

 is a complex-valued countably additive regular measure on the Borel sets E in
xs,o; .

(C) "LS,OHQESUP{Q(LS,O w); " ?[f" <1, e C(xsm)} =q—Var Ug;oﬁ C’e™s!

with a constant C” depending only on the seminorm g;
(d) for each ¥ in C(Xsy),

Loo¥W= fxs_oa'u‘s;o(X) T(X) . (4-12)
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156 . T. Ichinose and H. Tamura

Remark 1. In terms of the formal path space meésure Vsz.0y in Remark 1 to
Theorems 3.1 and 3.2, the expression (4:12) looks like _

(Loa )z, )= [, dvhasos )T (4-12)

Remark 2. There is another way to construct a path space measure. First note that
we can define Lso(®@; 1, g) to establish Lemma 4.2 for the pair M(R; (C?)), C(R; C?)
in place of the pair M(R; (C?)), C-(R; C?). Here C(R; C?) is the Banach space of the
C%valued continuous functions on R. Its dual space M(R; (C?)) is the Banach space
of the (C?)-valued measures on R with bounded variation. Define Ls,u;0 by

(Lsu;0¥Ng)=Ls o ¥; 11, 9)

with a fixed uEM(R: (C?)), for ¥EC(Xs,) and g= C(R; CZ).. By the Riesz repre-
sentation theorem,” Ls,.;0 ¥ is regarded as an element in M(R; (C?)’), so that Ls,..0

is a continuous linear operator of C(Xs,) into M(R; (C?)). Further it is seen® that |

L0 is weakly compact. Then by the Riesz-type representation theorem,?” there
exists a unique countably additive measure v5,.,0 defined on the Borel sets in %’ s,0 and
having values in M(R;(C?)) such that

(a) Vs,u;0 is of bounded variation;

(b) for each g in C(R; C?) the set function Vi .,0,s defined by

Vls,ﬂ;o,g(E):<Vls,#;0(E), >

is a complex-valued countably additive regular measure on the Borel sets £ in Xy;
(0 NLsusoll=Var viu o< Ce™ | with C=|N|IN7'|<2;

(d) for each ¥ in C(Xsy),

LS,#;O w:/f;é' dVIs,#;0<X> W(X) .

Ox 0
Notice we can choose, for x, &15[ 0 ] or 6125[ 5 ] , where 8,;=0(-—x) is

the Dirac measure at x, an element of M(R). Then each component of the solution

(s, x)= [ Pils, )

of (4:1) with data #(0, x)=g(x) is represented as
¢2(S, x) ‘ '

Bils, 2)= [, dvha:o(09(XO),  i=1,2.

4.2.  Support property of the path space measure V.o

We shall now see the measure vs,o has the support property described in Theorem
3.1. In order to simplify the notation, we put

A=—NaN1'9. and B=—imNSN™",

~ where N is the unitary matrix introduced in Lemma 4.1. We may assume » =0 and
s>0. We have
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Né—t(aax+imB)N—1:et(A+B) ) (4.13)

t(A+B)

Let us make a Taylor expansion of e in m by using iteratively the well-

known formula
t
et(A+B)=etA_}_/(; dz.le(t—rl)(A+B)Bet1A ) (4.14)

Set
C=e", COrr=e'P ‘ | (4-15a)

and

(o] oo k
CtkE/ dfl"’f a’z'kb’(t—Zk‘.zz-)exp[('t*,Zn)A]Be”’ABe““A"-Be“A, ‘
0 0 =1 i=1 .

=) oo k
o= [Tdn [ dnb(t— Rrexpl(t— £ r)(A+B)|Be™*Be™*  (4-15b)

for £=1. In the proof of Lemma 4.2, C:*” was denoted by C..
Then we have
Lemma 4.4, (1) C&°=3CA+CI7,  N=0,1,2 .
(2) C# and C#, k=0, 1, --+, are bounded linear operators of C«(R; C?) into itself:
ICAI< kD omty:,  ICH < (k) (me)e™.

Proof By iteration of (4-14), we get (1). The statement (2) is a direct consequence
~of definition (4-15) and the estimates

le*|<1, |Bl=m and |e'“*®|<e™ .

The estimate [e‘“™®||<e™ is nothing but (4-4). Since NAN™! anti-commutes
with NaN™' and NaN™' is diagonal, we have (NAN Y)u=(NBN)2=0, |[(NBN 1)1,

=|(NBN Ya21|=1 and hence ||Bll=m. Notice that e* operates on (zl>e C.(R; C?
2

according to

wl| P1 N oi(x—t) .
(e (¢2)>(x)_(¢z(x+t)>’ (4-16)

so that we get |e*]|=1.

For ¥& Cun(Xs,0) represented as (4+6) with a continuous function F(xo, x1, -+, Zx)
on (R)**', we introduce a sequence {F¥),..k.; zu1,ant =1 0f C?*valued functions on R
with parameters, similarly to the proof of Lemma 4.2. Set

tan( )= Ng(2) F(z, 21, *+*, Zn) (417a)
and with C/# and C#~ in (4-15),
F(Klz,'"Kl;IL+1,'",xn(x)E(Cé(ll—sl—lF(Kll_,'l"),Kt—l;Iy-xu-l,'“,-l'n)(x) (4'17b)
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158 T. Ichinose and H. Tamura

for /=1,2,---, n—1, and
Kt 2) = (CER o T  ken s () ‘ (4-17¢)

Here K, is k: or k,~ with %k, a nonnegative integer. For 1</<n-—1,
F ks ozinan(y) In (4+17b) is in Co(R; C?) as a function of y.

For each £>0, define the functionals L%o(¥; 7, ¢9) and L%i(¥; £, g) which are
linear in & Cun(Xs,) and sesquilinear in (£, g)€ S(R; (C?)) X S(R; C?) by

(83 1,9)= [ J@N Rz,

LS(W; £,9)= [ J@N"FE g (2)dr (4-182)

and

L5 W3 £, 9)= o) DN @)

21 ki=k; kl

n
k- w‘ =
3’0( ,f; g) P;l ) ;Ef':lk;gkk .
1yRp-1=U; Rp

X [ TGN Fishs s (2) (4-18b)

n—p
for £=1. Note that L%(¥; £, g) in (4:18a) is nothing but Lso( ¥ £, g) in (4-7).
Then the following lemma holds.

Lemma 4.5. (1) For each fixed (f, 9)€ S(R;(C?)")x S(R; C? and each k=0,
to(T; f,9) and Li(W; £, g) are well-defined on Cun(Xs); they are independent of

the choice of F' corresponding to ¥'.

(2) The following inequalities hold:

|LEo(T; £, DI CRY) 7 (ms) 1 @ Al gl ,
|LEs(T; 7, I< C(RD)(ms)ee™ || Tl gl

with a constant C<2. The L' and L* norms are denoted by |:|: and ||, re-
spectively.

(3) (T f,9)= ZLéo(?If £+ LT3 1, 9),

(T 1, g)‘—‘gLé,o’( 7, 9).

Proof The statement (1) follows from the identities
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&
1 Nk=l__ Pk
chl 72 _CTH-Tz
=0
and
0 P 5~ k-1 k |
o B Ny - o
1 Lo +§1Cn 72 :C‘n+1’2, 0, >0,

which can be derived from the definition (4:15). To prove (2), we make a multiple use
of Lemma 4.4(2) as in the proof of Lemma 4.2(2). The first equality in (3) in a direct
consequence of Lemma 4.4(1). Note that |L:5'~ (¥ £, ¢)] >0 as £— <o by (2), then the
second equality in (3) holds.

The consequence of Lemma 4.5 is the following theorem.

THEOREM 4.6. For each £>0, there exist unique complex-valued countably additive

regular measures V& 0,0 and v&7.0,4 on the Borel sets in X5 such that for each ¥ in
C(xsyo)’

Lio T3 £, 9)= [, dvrioa X)V(X),

ST £, 9)= [, V5.0, (OWX).
Moreover the following equality holds for every Borel set £ in Xs,:
Vg};o,g(E): VIs,f;O,g(E):kzgoyg,f;o,y(E) ,

where the series in the last member is absolutely convergent. Therefore if, for each
k=0, the measure v% ;.04 is concentrated on a Borel subset E. of X, then the
measure Vs, r,0,¢ is concentrated on the Borel subset U%-oEx.

Proof The first half of the theorem follows from Lemma 4.5(1), (2) and the Riesz
representation theorem. Next this and Lemma 4.5(3) yield

N
Vi‘,f;o,g:kgoUé;f;o,g'i' VISV;;IBZQ .
Further, by Lemma 4.5(2), we get
lveFoe(E)< CAN+1) 1) (ms)" e™| fllillgll ,
which converges to zero as N—oo, This proves the second half of the theorem.

Our next task is to see the support property of vs,o. We shall show in Theorem
4.8 below that, for each £>0, the measure v& .0 is concentrated on the set of the
Lipschitz continuous paths X:[0, s]- R satisfying, for some k-partition: 0=4< £ <--
< tr=s of the interval [0, s], depending on X,

X(£)= X(O)= (Dt tum) + (=1t~ )

or
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X(8)= X(O0)= (=1 (ti— i)+ (~ 1Pt~ 1,11)

for tj—lgtgtj,lgjgk. ‘
For each £=1, let 4% be the open k-simplex

. k
A" ={(r, -, m)ER* | 2in<sand o, >0},
and ¢.* and ¢»* the maps from RX 4* into Xs, defined by
. N Nt
o (x, o, -, Tk)(f)=x+(—1)j[§(—1)lfz+(—1)N‘+l(t“glrz)] (4-19)

for xER, (n, -+, m)E4*, t€[0,'s] and j=1, 2, where N; is the ¢-dependent integer
satisfying '
N+

N¢ 1
;erst Dl

=1

In (4-19), the value ¢/*(x, r, -+, 7») is a function: [0, s]> R and so belongs to Xs..
For £=0, we understand 4° to be the set of one point and identify R X 4° with R.
Let ¢:° and ¢.° be the maps from R=R X 4° to X, defined by

e (x)(t)=x+(—=1)t, j=1,2.
Then the maps ¢,*, £=0, j=1, 2, have the following properties.

Lemma 4.7. (1) For each £=>0 and j=1, 2, ¢/ is continuous and Borel-measurable;
(2) e (RX4*) is an Fe-set.

Proof The statement (1) is obvious. (2) RX4* is expressed as a countable union
Un=1K» of compact sets K». By the continuity of ¢,*, each ¢,*(Kx) is compact in X,
‘and hence closed, so ¢/*(R X 4*) is an Fs-set.

For each £=0 and ;=1, 2, define the complex-valued regular Borel measure
18};0,9 on RXA* by

ﬂg,’};O,g(E)

= [ Fa+(~DIE(-Dint (- D (s~ S o) )N B,

X (Ng(x));dxdri dre , (4-20)
where E is a Borel set in R X 4*.

THEOREM 4.8. For each (f, 9)= S(R; (C?)X S(R; C?), k=0 and s>0,
2 .
V?,f;o,g:jzlﬂlsg,’}; 0,g(¢jk>_l .

Here 1&%,0,6(9/)7" is the image measure on X5, induced® from the measure u&%.0.¢
on RXA* by the map ¢/~

Before showing Theorem 4.8, we see first what is a consequence of the theorem.
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The measure u£7.0,6(@*)™" is concentrated on the set ¢/*(R X 4*) and so the measure
V5 £,0,6 on the set U%-19*(R X 4%). 1t follows by Theorem 4.6 that the measure vk, 7,0,
is concentrated on the set Us=0 U%-19,*(R X 4*), which is a Borel, in fact, Fs-, set by
Lemma 4.7. Then the S'(RX R; M:(C))-valued measure V%, is also concentrated on
the set U%-0 U%1 (R X 4%), for this set is independent of (f, g) in S(R; (C?))
X S(R; C?). ltis obvious that every X in Us-olU%1¢/(R X 4*) satisfies the condition
(3:7) in Theorem 3.1. In case m=0, we have Vi s,00=V%s,00. By Theorem 4.8 it is
concentrated on the set of the straight segments X:[0, s]» R with X(¢)=X(0)+¢ or
X(t)=X(0)—¢t, 0<t<s, and so is V5,0, similarly. Thus we have seen Theorem 4.8
yields the desired support property of v5,o.

Proof of Theorem 4.8. 1t is enough to show that the equality

[ dvhs0a(X)W(X)

2
=2 o @300 (0 (8)), =z, 11, 0)
holds for every &€ Cin(Xs,0). Here we only prove this equality for £=2. The proof
will be still complicated for general ¥ in Cun(Xs0). So we only see it when ¥ is
represented as ¥(X)=F(X(0), X(s1), X(s)) with a partition 0=s0<s;<s;=s of the
interval [0, s] and a bounded continuous function F on (R)?, i.e., (4+5) and (4-6) with
n=2. We can similarly prove the general case.
Recall that

e~ 0 0 B
TA__ B=
¢ ( 0 e*wx) and (le 0 ) :

lBlz|:|lel=Wl .

with

By Theorem 4.6 and the definition (4-18), we have

ﬁx oo X)U(X)=L2a(¥; £, 9)

~ [ F@NMFQ@)+ FR(x)+ FiR(2)}dx (4-21)
Using (4:17), (4-15) and anti-commutativity of A and B, we get
Ffﬁ’(x)Z(Céfleﬁl;)x)(l’)

:B/O.mdfzﬁ(S“‘SI_ ) (emster2mA R (1)

hed F(lo)_z +s— _2
:B./o' dfz@(s—&—fz)(( o )1(1’ ST Z'z)v>.

(Fgl;)x)z(x —s+si+ 22'2)

Here F{V:(v)="((F{):1(v), (F{)2)(y)). For these functions in the integrand of the
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last member of the above equation, we get
(FPo)(x+s—s1—21)
:(CélFa(chs—sl—mg,x)l(x +s—s; _22'2)

[ee) -
:Blz'/o‘ dfl@(Sg; Z‘1)(e(_sl+27])AF}Qs—sl—ng,x)2(x+S'—81—22'2)

—Bu: [ dn(si— n) (N +s— 25— 2+ 27)

XF(x+s—2—2n+2n,x+s—s1—2w, )
and |

(Fﬁl;)x)z(x —s+s51+21)
:Bm/o‘wdﬁ (9(81 - Z'1)(Ng)1(x —s+ 231 +2 To— 2 2‘1)

XF(x—s+2814+2n—2n,x—s+s1+2w, x) .
Hence we have

FA(x)
=B2£ma’r2£wdm9(s—sl— T2)9<Sl_ )

(Ng)(x—s+251+20—20)F(z—s+ 25+ 26—20, £ —s+s1+2%, )
(Ng)o(x+s5s—281—20+20)F(x+s—281—2n+2n0, x+s—s1— 20, )]

=B2'£mdrz/0wa’z'19(s— a—)0(n+n—s)0(si—n)

((Ng)l(x—s+2r2)F(x—s+2rz, r—s—s1+2n+2n0, x)) (4-2)

(Ng){x+s5s—2n)F(x+s—2n, x+s+si—20—20, x)

where, in the second equality, we have first made the change of variable: z'=n+s1—n

and next written z again instead of z’. Similarly we have

F3(z)=B? / " d f T dn6(s—ni—1)0(n—s)

(Ngh(x—s+2n)F(x—s+20, x—s+s1+2n, x) (4-23)
(Ng)x+s—2)F(x+s—2n, x+s—s1—2n, x)
and
Féﬁ(x)=32.£mdrz£wdr1€(sl— )
(Ng)(x—s+2n)F(x—s+20, x—s+s1, x) (4-20)
(Ng)ox+s—2m)F(x+s~2n, x+s—s,x2)] -
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Substituting (4-22)~(4-24) into (4-21), we get

[ @ roa X)W

=/Rdx£wdn£wdz’z(ﬂx+s—2rz)N“1B2)u9(s—n*fz)

X[0(r—s)(Ngh(z)F(x, x+s1, x +5—210)
+0(n+n—5)0(s1—n)(Ngh(x)F(x, £ —s1+ 20, £ +5—212)
+ (9(81 - Tz)(Ng)l(x)F(x, X+ s —22'2, X +S—22'2)]

+Adx£mdr1£mdrz(fix—s+22‘z)N’le)zH(s~r1~fz)

X[0(n—s)(Ng)o(x)F(x, x—51, x—s+21)
+ 9(2’1+ Z'2_81)9(81— Z'1)(NQ)2(JU)F<1‘, xt+si—2n,x—s +22’2)
+0(s1i—n— ) (Ng)Ax)F(x, x—s1+ 20, x—s+2w)] . (4-25)

Here, on the right-hand side, we have first made the change of variables: ¥’ =x—s+2n
in the first term and £”=x+s—2z in the second term, and next written x instead of
x" and x”.
By the definition (4:19) of ¢,%: RX 4> Xs,, j=1, 2, we have
¢J'2(x) 0, Tz)(O):x ’
o4z, o, )(s)=r—(=1Y(s—2n),

x—(_l)jsl s (Sl< 2‘1)
oz, n, w)(s)=| —(=1YQn—s), (a<si<a+un)
z—(—1)Y(si—2m), (nt+n<ls)

so that we can get after all

[ @0 (X) ()

= [ dz [ dndny (Fa—(—DG—2m)N B,
X (Ng); ¥ (9 (x, 0, &)

2 .
=§ duz’ .00z, 1, ) Uz, 0, ©2)) .

J=1J RX 4
This proves Theorem 4.8 for £=2.

4.3. Proof of the path integral formula (3+6)

We prove the formula (3:6) with »=0 and s >0. We note the proof of the path
integral formula (3-9) is analogous. @(#, x) and A(#, x) are continuous on R? In
Ref. 11), it was shown for @(¢, x) and A(¢, x) more general in x but less general in ¢,
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164 T. Ichinose and H. Tamura

i.e., when both the maps ¢ @(¢, ) and ¢t - A(¢, *) of R into Li(R; R) are continuous-
ly differentiable.

We prove (3:6) in three steps; first for #-independent @ and A which are in
Co”(R; R), next for those which are in C(R; R) and finally for the general &(¢, x) and
A(t, x) which are in C(R% R).

Step 1. So suppose that @(¢, x)=0(zx) and A(¢, x)=A(x) are t-independent func-
tions in Co™(R; R). Define the operator

(T(l‘)g)(x)=/RKoI(t,x-—y)exp[—z'e@(y)t+ieA(y)(x4y)]g(y)dy | (4-26)

for g in C-'(R; C?), the Banach space of the C*valued continuouély differentiable

functions in R which together with their first derivatives vanish at infinity.
We need the following lemma.

Lemma 4.9. Assume O(x) and A(x) are in Co®(R; R). Then T(t) defines a bounded
linear operator of C«(R; C?) into itself and |7(#)||<Ce™* with a constant C.
Further, if g is in C-'(R; C?), 0.(T(t)g) converges to —:Hg in the norm of L™ as ¢t -0,
where

iH'=[a(0:—ieA(x))+ impB + ie®@(x)] . (4-27)
Proof We simply write H for H'. The first half follows from the L* well-posedness

of the Cauchy problem for (4:1). To show the second half note that, for fixed (¢, x)
€ R X R, the support of Ki'(¢#, x—v) is bounded in vy, and

Ko\ (t, x —v)=[ady— imBl K¢, x— ).

Then we have
AT (D))= [[[K(t, &= y)X(~ )+ @K, 1= )d,+ imBK(t, 2= )]

X (exp[ — Z'e@(y)t +ieA(y)(x—3)19(¥)dy .
It follows that

(T (t)g)(x)+ i(Hg)(x)

= —{ [ Kit, 5= )expl —ie®(3)t +ieA) (2~ )ie®()g(x)dy
— z‘ea)(x)g(x)}
- q{ AKo‘(t, x —y)exp| —ie®(y) +ieA(y)(x —y)][d— ieA(y)
—ie(3 @)t +ie(BAW) (z —y)]g(v)dy—(8:— Z'eA(x))g(x)}

- imﬁ{ AKo‘(t, x—y)expl —ie@()t +ieA(y)x—y)]g(v)dy —g(x)} :
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Path Integral Approach to Relativistic Quantum Mechanics - 165

The right-hand side above converges to zero in the norm of L~ as ¢—0, because
K (t, z—v)>8(x—y)1 as t—0. Lemma 4.9 is thus proved.

Now let us prove the path integral formula (3:6) with #-independent @(t, x)
=@(x) and A(t, z)=A(z) in Co*(R; R). By (4:7) and Theorem 4.3 we have for (f, g)
in S(R; (C?»)x S(R; C? with s;=Js/n '

(f, T(sin)')= [(£, dv;o(X)g)

Xexp{—ie B[ O(X (s5-))s/m—A(X (s;-)N X (s5) — X (s;-))]} .
(4-28)

The integrand on the right hand of (4:28), which is a function in Cun(Xs,), is
uniformly bounded and convergent to exp|—i/§e®@(X(¢))dt+if§eA(X(2))dX(¢)] as
n—oo for every Lipschitz continuous path X:[0, s]- R, i.e., for almost every path X,
because V5,00 has, as seen in § 4.2, support on the set of the Lipschitz continuous
paths. Thus by the Lebesgue bounded convergence theorem, the right-hand side of
(4-28) converges to that of (3+6) with »=0 and with ¢-independent @ and A as n— 0.

As for the left-hand side of (4-28), we show in fact that 7'(s/#)"g converges to
e"fs”g in the norm of L® as n—o. By Lemma 4.9 we can see that for every g in
Cool(R; CZ) ’

l6:(T(¢)—e " )gl—-0

as t—0. Since
. sin .
In(T(sfn)— e~ gl =n] [ 0T ()~ e~ ")gat|

<s sup ]||3t(T(If)—€¥”H)g||,

tel0,5/n
we have

l%2( T (s/n)— e M) g| >0 as n—>o0 . (4-29)

Further {n(T (s/n)— e i®™")}%_, is a family of bounded operators of C.'(R; C?) into
C-(R; C?) and for each fixed g in C-'(R; C?),

ln( T (s/n)— e~ "™ g (4-30)

is uniformly bounded for #. Therefore, by the uniform boundedness principle,?”
(4-30) is uniformly bounded for both # and ¢ in the unit ball of C.'(R; C?). It follows
that the convergence in (4-29) is uniform on compact subsets of C'(R; C?). Since

ILT (s/m)" = e~ gl =23 T (s/n)’ (T (s/n)— g iSIMH) giln=RsimHg)
< Cne™ sup [(T'(s/n)— R il

with C=|N||N"!| by Lemma 4.1, and the set {e"*"g; t<[0, s]} is a compact subset of
C.(R; C?), the theorem is proved for ¢-independent @ and A in C,”(E; R).
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166 T. Ichinose and H. Tamura

Step 2. Next, suppose that @(¢, x)=®(z) and A(f, x)=A(x) are ¢-independent
functions in C(R; R). Let H' be the operator defined by (4-27). Choose sequences
(@™ (2)}5=1 and {A™(z)}3=1 of functions in C$(R; R) such that @(x) and A™(x) are
uniformly bounded on each compact set in R and 0“(x)- @(x), A™(x)- A(x)
uniformly on each compact set of R as zn—>co. For each » define the operator H'™
by (4-27) with @"(x) and A”(x) in place of @(z) and A(x), respectively, i.e.,

iH'™=[a(8:— 1eA"™(x))+ imB + ie®@™(x)] . - (4-31)

To simplify the notation we write again H, H™ for H', H'™, respectively. Then for
(f,9) in S(R;(C?H)X S(R; C?)

(f, exp[~z'sH‘"’]g)Z/a’u[s,f;o,gexp[—z"/o’se@‘”’(X(t))dt

i seA‘”)(X(t))dX(t)} . (4-32)

Since @™(X(#)) and A™(X(t)) converge to @(X(¢)) and A(X(¢)) for every Lipschitz
continuous path X: [0, s]» R and so for almost every path X because of the support
property of V% /0,6, the right-hand side of (4-32) converges to the last member of (3-6)
with =0 and with ¢-independent @ and A as n—oo, by the Lebesgue bounded
convergence theorem.

On the other hand, H and H are essentially self-adjoint'” on C,”(R; C?). For
g in C.2(R; C?), H™g converges to Hg in LX(R; C?) as n~oo. It follows™ that for g
in LAR; C?), exp|—isH"™]g converges to exp|—isH]g in the norm of L? as n— 0.
This proves (3+6) for t-independent @ and A in C(R; R).

Step 3. Finally, we show the path integral formula (3-6) in the general case where
o(¢, z) and A(t, x) are in C(R% R). Before that, we note the following. Given
sequences {@™)5-1 and {A™}3-, of t-independent functions in C(R; R), let {H""}5-.
be the corresponding operators defined by (4-31). We write again H for H'™.
For each fixed =1, set

O"(¢t, x)=0(x), A, x)=A"(x),
(I—D)s/n<t<Ils/n, 1<I<n.

Then notice that for each #,

—i(SIM)H®™ _—i(s/n)H 71 —i(s/n)H‘l)g

e e

is the unique solution at #=s of the Cauchy problem for (3-1) with @ and A™ in
place of @ and A, respectively, with initial data g at #=0. By similar arguments used
in the first step above we get for (f, g) in S(R,(C?))X S(R; C?)

(f, e—i(s/n)mme~z‘(s/n)H<n—n_,,e—i(s/n)H(l»g)

= [, d’vé;o(X)g)eXp[~i [ ed(t, X(D)dt+i [ A, X(t))dxu)] L (4-33)

We are now in a position to prove the path integral formula (3-6) with continuous
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Path Integral Approach to Relativistic Quantum Mechanics 167

functions @ and A on R%. Let ¢(¢, x) be the solution of the Cauchy problem for (3-1)
with initial data #(0, x)=g¢(x) in S(R; C?). Define sequences {@}5-1 and {A™}5-,
by

O(t, x)=0(ls/n, ), A"(t,z)=A(ls/n, x),
(I—Dsn<t<ils/n, 1<I[<n.

Here note that 3> @ and A”— A locally uniformly in R? as n— oo, because @ and
A are uniformly continuous on each compact set in R2~. For each n>1, let ¢ (¢, x)
be the solution of the Cauchy problem for (3:1) with @ and A™ in place of @ and

A, respectively, with the same initial data ¢”(0, x)=g(x). Then by (4-33) we have -

(7, $7(s, +))

- f(f, duls;o(X)g)exp[—-i (e t, X(t))dt+i / " At X(z))dx(ﬂ}
(4-34)

for (f, 9) in S(R; (C?)x S(R; C?. The right-hand side of (4:34) converges to the
last member of (3:6) with »=0 by the Lebesgue bounded convergence theorem. To
see the convergence of the left-hand side of (4:34), suppose first that g is in C,"(R; C?).
Then in view of (3-1) we get, denoting the L? norm by ||,

IG5, )= #™Gs, M= [ “dt-SAB(t, )= 72, 2

— [(ar{(@™ s, ), lie(@(t, )~ Bz, -))

+iea(A(t, -)— A, )]g(t, +))
—(g(t, +), Lie(0(t, -)— (¢, +))
+iea(A(t, -)—A™(t, - N]$™(¢, )} .

We note here that ¢ has compact support and so do #(¢, +) and ¢ (¢, +), by the finite
propagation property of the solution for the Cauchy problem for the Dirac equation
(3:1). The integrand of the third member of the above equation converges to zero
uniformly in ¢ on [0, s] as #—co because @™ and A™ converge to @ and A, re-
spectively, locally uniformly on [0, s]X R. Thus we have ||¢(s, -)—¢™(s, +)[:0 and
hence the left-hand side of (4-34) converges to the first member of (3:6) with »=0 as
n—co, This proves (3:6) when ¢ is in Co™(R; C?). Now suppose that g is in
S(R; C?). For every €>0 there is a ¢ in C,°(R; C?) with |lg—¢ll.<e. Let (¢, x)
and ¢'(¢, x) [resp., (¢, ) and ¢""(¢, x)] be the solutions of the Cauchy problem for
(3-1) [resp., with @ and A in place of @ and A] with initial data #(0, x)=g(z) and
(0, x)=g'(x) [resp., (0, x)=g(x) and ¢'""(0, x)=g'(x)]. Then we have by unitar-
ity :

Ig(z, )= (t, =182, )= ¢""(¢, Ie=lg—g'l.<e

and so
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lg™(2, -)— p(t, 2
<™, )= @@, e+, )=, o187, )= b2, )l
<2lg—glo+lg(t, ) =¢'(2, o
<2e+|¢ (¢, )= ¢'(t, ).

The second term in the last member, as already seen above, converges to zero as
n—oo, because ¢ is in Co™(R; C?). Since ¢ is arbitrary, we conclude that as #— oo,
(¢, +)= ¢(¢, +) in L? and so the left-hand side of (4-34) converges to the first member
of (3-6) with »=0, when ¢ is in S(R; C?. This prove (3+6) in the general case,
completing the proof of Theorem 3.1. '

§ 5. The Dirac equation in four space-time dimensions
We consider the problem of the path integral for the four-space-time-dimensional

Dirac equation (2-1) with d=3. The Dirac matrices @; and B are 4x4 Hermitian
matrices satisfying a>=p8%=1, a;f+ fa;=0, 1<7<3, and ajar+ ara;=0, j+ k.

Our method does not seem to establish the L* well-posedness to get Lemma 4.2 for -

the Cauchy problem for the free equation to (2-1) with d=3,
3 ‘
0up(t, x)=[~ X a;0;—imBlg(t, x) . (5-1)

However, we can deal with three special cases, the path integral for the free Dirac
equation, that for the Dirac equation with a central electric field and that for the Dirac
equation with parallel electric and unifom magnetic fields, which are reduced to the
problems for equations with two independent variables as considered in § 3.

5.1. The free Divac equation

We use the Radon transform®” to reduce the problem with four independent.

variables to that with two independent variables.?”

The Radon transform § of a function ¢ defined in R® is by definition
9§, 0)= | 9(x)0(§~ xw)dx

where £€R and o=(w, w2, ws) is a unit vector in R®. The following Plancherel
theorem holds:

[ T@g@)de=27"2x)" [ do [ dEFAE 0)5H&, @), (5-2)

lw|=1

where f:=0:f and §:=0:7.
Then the fundamental solution Ko(#, x—y) of the Cauchy problem for the free

Dirac equation (5-1) admits the following path integral representation. Note that.

there is a unitary matrix N(w) such that N(w)(23: a;w;)N(w) '=a: and
N(w)BN(w)™'=4. |

THEOREM 5.1. There exists a unique S’(RXR; Mi(C))-valued countably additive
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measure Vi.o on the Banach space C(0, t|; R) of the one-dimensional continuous paths
Z:|0, ¢|-> R such that for (f, g) in S(R% (C*))X S(R?% C*)

(f, #(t, ')):fﬁs;ksm[ﬁ)(t’ x—v)9(y)dxdy

—27@n) [ do [(7i(-, @), N(@) @i EIN@) 7, o). (5:3)

The measure V)0 is concentrated on the set of those Lipschitz continuous paths
Z:]0, |- R which satisfy

for some finite partition: 0=fHZHZ-2t=1

of |0, ¢/, depending on &,
=1 _ .
E(T)‘E(O):Z-l(—l)l(h_l‘i~1)+(*1)J(T"‘Ifj—l)
or
J=1 .
E(f)—5(0)=§1(—1>1_1(ti“ i)+ (=1 "N r—t-1),
for Z'E|fj—1, ZLj| , 1<;<k
[15(2)—Z(0)|=|z| for 710, t], in case m=0] . ' (5-4)
The set function
Vs e s 0gema( ) =(Fe(+, @), N(@) ' vio(-)N(@) 7+, ))

is a complex-valued countably additive measure on the Banach space c(lo, ¢t|; R)
which is concentrated on the set of the Lipschitz continuous paths £ satisfying (5+4)
and E(0)Esupp (-, w), Z(t)Esupp f(-, ®).

Proof The Radon transform of (5-1) yields
061, & w) =1~ (L aw,)de—implB(1, & w). 69)

Multiply (5:5) by N(w) from the left. Then we have
o2, &, @)=[—ade—imBlu(t, £, ) (5-57

with 7(¢, €, ®)=N(w)$(t, &, »). For w fixed, (5-5) is a first-order hyperbolic system
with two independent variables ¢ and £&. In the same way as in the proof of Theorems
3.1 and 3.2 we can construct the path space measure vy;o with the property mentioned
in Theorem 5.1. _

To get (5-3), differentiate by & both sides of (5-5). Then if be(t, &, @)
=03:4(t, &, @) is the solution of the Cauchy problem for (5-5) with initial data
b0, & w)=G:(&, )=03:(&, w) it has the following path integral representation:
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(7o, @), e(t, -, @)
— [(7e(-, @), N(@) ' dvho )N (@) G-, @)

The formula (5-3) follows from this with the aid of the Plancherel formula (5-2).
This proves Theorem 5.1. '

Remark Formal substitution of §,=8(- —x) and 6,=4J(- —y) into f and g yields the
following intuitive expression of (5-3):

dw f S (E()— xw)

X N(w)'dvi;,(E)N(@)8'(E(0)—yw), (5-3)

Kt, x—y)=2"'2x)?

|w|=1

where 6'(s)=(d/ds)d(s).

5.2. The Dirac equation for a central electric field
The Dirac equation for a central electric field can be separated in spherical
coordinates.” The radial Dirac equation is

oux(t, r)=—iH"x(¢t,r), tER, r&E(0,0),
H*=He+ V(r),

Ho”=<0 —(1))3r+(m K/r) (5-6)

1 klr —m

with V=e®, where « is a positive and negative integer. We assume that V(#) is a
real-valued continuous function in (0, ) such that H* is self-adjoint ®** in
L2*((0, o), dr; C*). The following theorem is, though of a rather restrictive charac-
ter, concerned with a path integral representation for the solution «(Z, ») for the
Cauchy problem for (5-6) with initial data x(0, »)=g(#).

THEOREM 5.2. Let # and g be in S(R*;(C?%) and S(R™; C?), the restrictions of
S(R; (C?) and S(R; C? to RT=|[0, o), respectively. If, for each s with 0<s<¢
when # >0 or with 0=>s>¢ when ¢ <0, the intersection

{(reR*; |x—r|<|t—sl, xEsuppfINHrER?; |r —y|<|s|, yEsuppg} (5-7)

does not contain 0, there exists a unique complex-valued countably additive measure
Vi, t,r10,¢ ON the set of the one-dimensional continuous paths R:|0, ¢|» R* such that for
 every continuous V(7),

(f, e g)= | () x(t, r)dr

ZfduZ; t,f;o,g(R)eXp[—z[tV(R(s))dsJ . (5-8)

The support of Vi, .09 is on the set of the Lipschitz continuous paths R: 0, ¢|» R*
satisfying
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for each a, b with 0<a<b<t when >0

or 0=a>b=>t when <0,

|R(6)—R(a)|<]b—adl (5+9)
and R(0)Esuppy, R(t)Esupps .

Proof We give only an outline of the proof, for it proceeds with a similar argument
used in the proof of Theorem 3.1.

Let ¢, f and g be as in Theorem 5.2. We consider only the case />0. The free
equation to (5+6) is

0sx(s, r)=—iHo (s, r), 0<s<t, »&(0,). (5-10)

Then for the Cauchy problem for (5-10) we have the following lemma (cf. Lemma
4.1). Let >0 be the minimum of the set (5:7), so that ||/ is an upper bound of || /»
with # in the set (5-7).

Lemma 5.3. 1f 7 is in suppf with » >min(suppg)—s, then

|Nx(s, 7)| < e™max{|{Nx(0, w)|; uEsuppg, r—s<u<r+s},

1
where M =m+|«|/» and N=2”2<Z, ;>
Proof We only note the following. Multiplying Eq. (5:10) by N from the left, we
have with 7(¢, »)=Nx(t, »),

o (t, r)z{ (1 _2)&4—(0 —m—z’x/rﬂ 7(t, r). (5-10)

0 m— ik/r 0

Notice that Lemma 5.3 yields the support property of the fundamental solution
Ko*(s, 7) of the Cauchy problem for (5-10).

To construct the path space measure let R, o=1IIn.R* be the product of the
uncountably many copies of R*=R*\J{co}, the one-point compactification of R*. Let
C(2.:,) be the Banach space of the continuous functions on the compact Hausdorff
space R:p, and Cun(R.p) its subspace of those ¥ for which there exist a finite
partition 0=4<#<--<t,=t of the interval [0, f] and a complex-valued bounded
continuous function F(7, 71, -, 72) on (R*)™"' such that ¥T(R)=F(R(%), R(#), -,
R(tx)).

Define a linear functional L«.¢,r,0,¢ on Can(R:0) by

n+1

Emr—

Llc;t,f;o,ng’/-R+"'fR+f(7’n)K0+(an4tn—l, Vn'"?’n»l)"'

X Ko™ (th— to, n— 1) F (30, 11, *+, 7n)g(r0)drodri =+ drn .
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Then the following lemma will be shown with use of Lemma 5.3 (cf. Lemma 4.2).
Lemma 54. L, t,r,00¥ is well-defined on Can(R¢,0) and

|Li; t,750,0 1< 2™ [ W 1l 10,00l gl Lo 0,000,a)
for every ¥ in Cun(R.y), where M =m+|x|/ro.

Since Cin(R ) is dense in C(R.,), it follows from Lemma 5.4 with the Riesz-type
representation theorem®” that there exists a unique complex-valued countably ad-
ditive measure Vv £,:r,0,¢ defined on the Borel sets in R ., such that for every ¥
EC(R+y), '

L/c;t,f;O,gw‘:/;Q dV/t;t,f;O,g(R> W(R) .

The support property of the measure will be seen from that of Ko*(s, ). For the
proof we refer to the argument used in Ref. 13), Section III B. Once the path space
measure Vi, «,r;0,¢ iS constructed the proof of the formula (5-8) will be accomplished as
in §4.3.

Remark 1. The restriction for £ and the supports of / and ¢ in Theorem 5.2 means
that the information which starts from ¢ at time 0 to reach f at time #.has never
passed through the center of the potential, i.e., »=0. We need it, for the free Dirac
equation (5-10) contains the 1/» singularity in Ho*, which invalidates Lemma 5.3. As
for the Cauchy problem for (5-6), the theorem gives only a short-time representation
of its solution x(¢, ») with initial data x(0, »)=g(7), a function in S(R*; C?) with
support not containing 7 =0. \

Remark 2. Even when m=0, it cannot be asserted that the support of Vi, ¢ r.0,¢ iS On
the set of the paths R: |0, t|—> R* satisfying |R(b)— R(a)|=|b—al instead of (5-9) for
the same a, b. The presence of the ix/r term in H,* might warp the paths.

These facts may suggest that this case cannot be effectively reduced to a two-
space-time-dimensional problem.

5.3. The Dirac equation for parallel electric and uniform magnetic fields

We consider, in 4-dimensional space-time R X R*=R* a uniform magnetic field in
the 3-direction and a parallel electric field, which are given by the potentials

04, z5), Ar=As=0 and A,=Br:. (5-11)

The coordinates are so chosen that eB>0. Then the Dirac equation becomes |
0:p(t, 1, 2, 23)=[— 1 & — (o — 1eBx1) — w3 0s— iBm— 1e®(t, x3)]

X @(t, x1, X2, T3) . (5-12)

We first make the Fourier transform of (¢, x1, X2, x3) in the variable x», i.e.,
$(t, x1, D, xs):(27r)—1/z’/;e¢(t, T, Iz, Ta)e” P¥dp

and next expand $(¢, 1, p, x3) in terms of the Hermite functions of the variable
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(eB)"*(x;— p/eB). Then we have
(¢, 1, 2, :173):(2%)‘1’22()&9;1((@3)”2(.21——e%))tfn(t, x5, p)e*dp  (5-13)
with
Fult, 25.0)= [ 2u((eBY (21— 22)) B2, 21, 5, 2)(eB) di.

The 2.(€) are the normalized Hermite functions
Qﬂ(é):ann(é)emézlz ’ n:O7 1) 2) ot

with normalization constants ¢, depending on %, where the functions H(£) are the
Hermite polynomials of order n. They are characterized by the equations

(dde) 2 H=(F) " 2n i O—(241) " 2un(®),

62 O=(4) 2@ +(Z4H) " 2us(®)

with 2(&)=n""*e"%*2. Further define functions ¢, by
balt, 23, p)=2""(1+ ianae) n1(t, x3; p)+ 127 (1= icnaz) bult, 3; ) (5-14)

with é-,=0. Note that 27'(1%imas) are projections of C* onto two-dimensional
subspaces of C*. Substituting (5-13) and (5-14) into the Dirac equation (5:12), we get

0epn(t, x5 p)=|— as0s— i(m*+2neB)"* Bn— ie®(¢, xs)]$a(t, x3; p),
n=0,1, -, (5-15)
‘where B, is an Hermitian matrix in M4(C) given by
Bn=(m"+2neB)"*(fm—(2neB)"*a) .

The 4 X4 matrices a;s and S, satisfy as®=8-"=1 and a8+ Bras=0. Since Eq. (5-15)
is a first-order hyperbolic system with two independent variables ¢ and s, the theory
of the present article can be applied. We may also reduce Eq. (5:15) to an equation
with 2X2 matrices as coefficients. In fact, there exists, for each #, a 4 X4 matrix N,
such that

0 0
NN =P T ) g =,
0 O3 0 01

where o1 and o0» are Pauli matrices. Then it is seen that for each 7, both ¢,'
= ((Nadn)1, (Nadn)2) and ¢r* =" ((Nadn)s, (Nadr)s) satisfy one and the same equation

8t¢(t, 1’3):[— 0303 — z'(m2+'2neB)”Zo‘1— ze@(t, 1’3>]¢(f, 1’?;),
tER, xs€R N (5-16)

which is nothing but the two-dimensional Dirac equations (3:1) with mass
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(m?+2neB)"* and A=0. Therefore the same statements as in Theorem 3.1 hold for
Eq. (5-16).
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