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Preface

As I think of writing about the present work I am pleasantly reminded of a few names
which occupy very special place in my academic and professional career. In 1966, while I
was working at the Post Office Research Station in London (now most probably at Martle-
sham) I got introduced to computers. I cannot forget, with how much patience and perse-
verence, B.E. Surtees had not only helped but had almost taught me Algol programming.
Later I used the computer extensively for solving scientific problems. Further, the Research
Station generously granted me day-release to attend MSc (Comp.Sc.) course at the City
University, London. Although I could not complete the course, I developed a strong liking
for Numerical Analysis. It would be my privilege to mention the name of Professor V.E.
Price who taught the subject with full devotion and dedication. I must admit that I learnt the
basics of Numerical Analysis from there and much of it makes part of Chapters 1 to 7 and
10 of the book. I was greatly impressed by the book Modern Computing Methods by E.T.
Goodwin, and still am. My intense desire for working in Numerical Analysis was fulfilled
when I joined PhD in 1969 at Brunel University under the guidance of Professor J. Crank
who was known internationally in the field. Luckily, a very challenging problem came my
way to work upon from Hammersmith Hospital, London. The problem required knowledge
for solving partial differential equations numerically. The first book on p.d.e., I read was
G.D. Smith’s who was coincidently teaching in the same department. Therefore no wonder,
my treatment for solving p.d.e.’s in Chapter 11 may be biased towards his book. I worked
with Professor Crank for five years — three years for my PhD and two years as a postdoc-
toral research fellow. It was only his constant inspiration that kept me going and galloping.
Those five years, I may call the most precious years of my life. I came to know with deep
sense of sorrow and grief that Professor Crank passed away in October 2006. This book
is a humble tribute to him. Same time when I was doing PhD, Professor J.R. Whiteman
joined the department. He taught splines to the students of MSc (Numerical Analysis) and
gave lectures on variational principle applied to Finite Element Method. I came to know
about these techniques through him which have been provided in Chapters 8 and 12. Nick
Papamichael was another good fellow in the department who taught Integral Equations to
MSc (Numerical Analysis). I learnt initially about this topic from his notes which have
been useful in writing Chapter 13.

After coming to India I joined L.IT., Delhi as Pool Officer, with Professor M.P. Singh
who was heading a Centre, concerned with problems in bio-mathematics and atmospheric
science. I had a good interaction with the members of his team working on diffusion prob-
lems. Professor Singh was extremely helpful in providing me all facilities — academic and
otherwise. He had been a source of constant encouragement and inspiration during that
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period and afterwards also, as I stayed there for less than 11=2 years only. I joined in 1976,
the Department of Mathematics at University of Roorkee (now L.I.T., Roorkee). There I got
an opportunity to hone and extend my knowledge of Numerical Analysis further through
teaching and guiding research. Professor C. Prasad, Head of Department, wanted to see
an all-round expansion in Numerical Analysis and Computer Science in the department. |
was entrusted to carry out various activities in these areas. A postgraduate diploma course
in Computer Science was started in the department in 1978. Same year, I also organised
a short term course on Numerical Solution of Partial Differential Equations under Qual-
ity Improvement Program. Professor M.B. Kanchi (Civil Engineering Department) gave
lectures on Finite Element Method (FEM) in this program. It inspired me to broaden my
knowledge on FEM which has been included in Chapter 12. Further, I thought to provide
the reader an exposure to a very important class of problems known as free and moving
boundary problems. Such problems arise in almost all branches of engineering and applied
sciences. A brief introduction to these problems is given in Chapter 15. I have included a
list of my research papers on moving boundary problems so that the interested readers may
search other papers through cross references. My stay of 21 years at University of Roorkee
(LLT., Roorkee) had been extremely fruitful academically as well as in personal relations.
I have always cherished its memories in my heart and will continue to do so all my life. As
would have been clear, the present book is, in a way, direct or indirect contribution from
various people — to whom I feel greatly indebted. Whatever faults are there, they are mine
— criticism and suggestions would be most welcome. I do hope the book will be useful to
students, to teachers and to those who want to use Numerical Analysis as a tool for solving
practical problems.

Preface to Second Edition

It gave me a great sense of satisfaction and happiness to hear some good words about the
book from my old colleagues and acquaintances working in the field of Numerical Analysis.
In this edition I have included a new chapter dealing with Fourier Series, Fourier Transform
and Fast Fourier Transform (FFT). In fact I wanted to include this topic in the first edi-
tion itself but I was not truly prepared then. Now I have also added first order hyperbolic
equation as a new section in the chapter on partial differential equations. I thank Cambridge
University Press for bringing out this revised edition.



1

Errors in Computation

1.1 Introduction

For solving a mathematical problem by numerical method, an input is provided in the form
of some numerical data or it is generated/created as called for by the problem. The in-
put is processed through arithmetic operations together with logical operations, which are
performed in a systematic manner and the output is produced in the form of some num-
bers. Thus the whole exercise in Numerical Analysis is all about manipulation of numbers.
Whether we are working by hand or on a computing machine, there is always a constraint
in regard to physical size of the numbers, i.e., the number of digits a number can contain.
Inside a computer the size of the number is dependent on its word-length (number of bits)
which also puts a limit on the range of numbers that can be represented in a particular
computer. Further, it may be noted that all numbers are not represented exactly inside the
computer and that the input given in the decimal form is converted to binary in the com-
puter. It should also be remembered that fractions cannot be stored in their natural form;
they are converted to decimals, for example 2/5 is input as 0.4 and 1/3 as 0.333... upto a
finite number of digits acceptable by a computer.

1.2 Floating Point Representation of Number
When a number x is expressed as,
x=p 107

where 0:1  jpj < 1:0 and ¢ is an integer (positive (+ve) or negative ( ve)), it is called
‘floating point’ representation of number x. A floating point form consists of two parts; the
fractional part p (alongwith the sign) is known as mantissa and the other part ¢ as exponent,
a power raised to a radix (in the case of decimal system, 10). At some places it is referred to
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as ‘normalised floating point” and when 1 p < 10, the form is called ‘scientific notation’.
A few examples of floating point representation, fI(x) of number x are given as follows:

X fl(x) Mantissa(p)  Exponent(q)
2:0456 0:20456 10! 0:20456 1
32:7652 0:327652 107 0:327652 2
0:00234 0:234 10 2 0:234 2
0:000000034 0:34 10 7 0:34 7
34000000 0:34 108 0:34 8

1.3 Binary Numbers

The decimal numbers (radix 10) are converted to binary form with digits 0 and 1 (radix
2) in the computer. An integer decimal number, may be converted to binary equivalent by
following procedure:

23 Remainder 14 Remainder

11 1 0
| =i
1 1 1

9
>0

[\S N SN )
N

NS \S SN S}

Divide repeatedly by 2 until last quotient is 1, keeping the remainder against the quotient;
read the binary digits in the direction of arrow. Thus we get,

23=10111; 14=1110:

The fractional decimal number is converted to binary form in the following manner:

0.75 0.4 0.1
x2 x2 x2
ll .50 0| .8 0.2
X2 X2 X2
11{.00 16 0 4
X2 X2

ll 2 0.8

X2 l X2

0| 4 1 6

x2 x2

0| .8 1|2

x2 x2

1 6 0| 4

x2

(e
o]
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Multiply by 2 until the decimal part is zero, saving digit O or 1 before the decimal point.
Read the digits saved in a top-down manner. Thus the converted numbers are

0:75=0:11; 0:4 =0:0110011 (0011 recurring); 0:1 = 0:0001100 (1100 recurring)

When a decimal number consists of both parts, integral as well as fractional, then both
parts are converted to binary forms separately. For example, 23.75 will convert to 10111.11.
It should be clear from the above examples that the integer numbers in the decimal system
can be converted exactly in the binary system but most of the non-integers may be repre-
sented approximately due to non-terminating character of the converted numbers.

For conversion from binary to decimal, we simply multiply the binary digits by their
respective place-value and add. For example, 10111.11 can be converted to decimal form
as,

242322202021 22

1 01 1 1 1 1 =1 2+0 2°+1 22+1 2'+1 2941 2 '+1 272
= 16+0+4+2+1+:5+:25
= 23:75

It may also be noted that largest k-digit binary integer will have the value 2¢ 1 in
decimal. For example, the largest 2-digit binary number will be 11 =2> 1 =3 and a
3-digit largest binary number will be 111 =23 1 =7 and so on. Obviously all the k digits
will be binary 1’s. A k-digit binary number can represent 2% decimal numbers from 0 to
2k 1

1.3.1 Binary number representation in computer

As stated earlier, all the input data is converted to binary inside the computer; while the
decimal integers are represented exactly in the computer memory, the non-integers are rep-
resented in floating point form. We would like to explain very briefly as how the floating
point numbers are stored in the computer memory. Consider the floating point representa-
tion of binary numbers given below:

Binary number  Floating point form Mantissa  Exponent
0:0111 0:1110 10 °U  +0:1110 01
1:101 0:1101 10*!1 0:1101 +01
11:1 0:1110 10*10  +0:1110 +10
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It may be noted that all numbers are in binary so that 10 is equal to 2 in decimal. The
other thing to be noted is that mantissa is expressed in four digits and exponent in two digits,
in each case.

Let us now consider a hypothetical case of a computer having a word length of 8 bits
only. Out of eight bits, the left-most bit is used for storing the sign of mantissa. Let O
denote positive (+ve) and 1 denote negative ( ve) sign of mantissa. The next four bits are
used for storing the binary digits of mantissa. The right-most 3 bits are used for storing the
exponent part; the first bit for storing its sign and last two bits for its value, digit O showing
positive (+ve) and digit 1 showing negative ( ve) exponent (See Fig. 1.1).

&———  mantissa > & exponent——>

sign of
mantissa

i 1

I—sign of exponent

Figure 1.1 Floating point representation in 8-bit computer memory.

According to the memory configuration of Fig. 1.1 the binary numbers given above will
be represented in the floating point form as follows:

Binary number with decimal equivalent  Representation in 8-bit memory

(a) 0:0111 (0:4375) 01110101
(b) 1:101 ( 1:875) 11101001
(©) 1:1 (3:5) 01110010

It may be stated that the positive exponent varies from 000 to 011, i.e., from O to 3 in
decimal. The negative exponent should vary from 101 to 111, i.e., from 1to 3. But 100
may be considered as 4, since 000 is already zero, hence negative exponent varies from

1to 4 indecimal.

It may be noted that the largest positive number that can be stored under present con-
figuration would be, 0:1111  10'! = 111:1 (binary) = 7:5 (decimal). The algebraically
smallest number that can be stored would be  7:5 (in decimal). Thus the range of numbers
that can be represented in the computer memory would be 7:5 x 7:5. The small-
est positive non-zero number represented in the above memory configuration would be,
0:1000  10'% = 0:00001 (binary) =2 3 = 0:03125 (decimal). However, it may also be
mentioned that even the simplest computer has a memory of 32-bit word and two or more
words can be adjoined to store a number in floating point. Thus the space (number of bits)
occupied by the mantissa and the exponent would be manifolds that of shown in Fig. 1.1
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but the logic remains same. When a fixed number of decimal digits are kept in all numbers,
it is called ‘Fixed Point’ representation.

1.4 Significant Digits

All the digits from 0 to 9 in a number, except the zeros which are used for fixation of decimal
point, are called significant digits (or figures). For example, in the number .003456, the first
two zeros are not significant since we can also express the number as :3456 10 2, while
the other four digits, namely, 3, 4, 5 and 6 are significant. But in the number 20.003456, all
the eight digits are significant. In order to find the number of significant digits in a number,
express it in floating point; the mantissa part gives the number of significant digits. Whether
the last zeros in a number are significant or not may depend on the context. For example, in
measuring the heights of the students, in 168.00 cm, the last zero may not be significant and
we can express the height as 168.0 cm, showing that the height is being measured nearest
to the ]—loth part of the centimeter, so that zero in 168.0 cm is significant.

1.5 Rounding and Chopping a Number

In scientific computing we are encountered by numbers with too many digits. More often
than not, we have to shorten/reduce them to a size which may not affect the end result within
a desired accuracy. There are two ways of reducing the size of or truncating the number,
viz., (i) rounding (if) chopping. Let us first discuss the procedure for rounding off a number
x in decimal system.

Let the number x be expressed in floating point form with s digits in mantissa and with
exponent ¢, as

x= didy:::dydyr 0 dg 109

If the number x is to be rounded to n significant digits, following procedure would be
adopted:

(i) if dy+1 <5, then no change in any of the digits from d; to d,, and the rounded number
would be,
x 7 :didy:ii d, 107
(ii) if dy+1 > 95, then digit d,, is incremented by 1, iie: d,, becomes d,, + 1; as a cosequence

of this other digits may get affected and even the exponent may have to be adjusted
accordingly.
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(iii) if dy+1 =5, then there will be two ways for rounding, depending upon d, being an
even digit (0;2;4;6;8) or an odd digit (1, 3, 5, 7, 9). If d, is even, then case (i)

1
applies and if d,, is odd then case (i) applies. Thus probability of both cases is 3

when d,+1 = 5.

Given below are some examples of rounding the numbers to four places of decimal (four
significant digits):

Floating point number  Rounded to four decimals

(@) 0:245684 10? 0:2457 102
(b) 0:245629 10 2 0:2456 10 2
(c) 0:245659 107 0:2456 10?
(d) 0:245750 10? 0:2458 102
(e) 0:999951 107 0:1000 103
) 0:999858 107 0:9998 10°

The difference between examples (e) and (f) may be noted. It may also be observed that
in example (e) all zeros in the rounded number are significant.

However, a more conventional way for rounding, is straight in that if d,,+; <5, then all
the digits from d, to d,, remain unaltered [case (i)] while if d,+1 5, then d,, is incremented
by 1 and necessary changes are made in the digits d; to d,, and also in the exponent, if
necessary [case (ii)].

When all the digits after d, are ignored, irrespective of whatever value d,+ has, the pro-
cedure for truncating the number is known as ‘chopping off” the number or simply ‘chop-
ping’. If there are sufficient number of significant digits in a number, like in a computer,
the process of chopping may not affect the result in normal circumstances.

1.6 Errors due to Rounding/Chopping

Suppose a number x is rounded to x , then the modulus of the difference between x and x ,
i;e: jx  x j is known as rounding error or error due to rounding in x .

Let x be a number which has been rounded to 4 decimals, say x = 0:4387. Then lower
and upper bounds for the actual number x would be,

0:43865 x << 0:43875

or 0:43865 0:4387 x x <0:43875 0:4387
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or 0:00005 x x < 0:00005

. _ 1
or jroxj o 0:00005= 7 10 4

1
=5 unit at 4" decimal place.

The above result can be generalised for a number x represented in the floating point form
as,

x= didy::dpdys iidg 109
If x is rounded to n decimals, then the maximum rounding error would be,

1
j j - 10" 107
xoox] 3

1
=3 109 ™, (LD

If the number x is chopped off to n decimals, then it is easy to see that the maximum
error due to chopping would be,

jx oxj 107 ", (1.2)

That is, the error in chopping a number is twice that in the rounding.

1.7 Measures of Error in Approximate Numbers

Let x be an approximation of exact number x, then we can measure the magnitude of error
in three different forms:

(i) absolute error (a.e.) =jx xj (1.3a)

(i7) relative error (r.e.) = ol or (1.3b)
X

(iii) percentage error (p.e.) =r.e. 100 (1.3¢)
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1.8 Errors in Arithmetic Operations

Let x; and x, be two numbers which are rounded to x; and x, respectively and let € and
& be the corresponding rounding errors in them, such that x; = x; + & and x, = x, + &.
We are going to study below, the effects of rounding errors on arithmetic operations, viz.,
addition, subtraction, multiplication and division.

(i) Addition
Xptx=x+e+x,+8&
=x,+x,+e+8&
or jlxi+x) (+x)i=jla x)+0 x)i=ja+e] jajtje)

This can be generalised to n numbers as,

n
R
i=1

That is, the total absolute error in the sum of #» numbers will be less than or equal to
the sum of the absolute errors in each of them. Although it gives the upper bound for the
absolute error in the sum, the actual error will be much smaller since some of the errors
may be positive and some negative so that cumulative effect would be much reduced.

n

X = ;(x,- x) = ;81' Y il (1.4)

i=1

-

i=1

(i) Subtraction
X1 x=x1+e& x, &
or jlx1 x) (r x))i=jk x) (2 x)i=ja & jajtjej. (1.5)

Thus the absolute error in subtraction of two approximate numbers can be as great as the
sum of their individual absolute errors; since the errors can be positive or negative and if &;
and & are of opposite signs, then under subtraction, they will be added up.

(iii) Multiplication
x1 x2=(x;+¢&) (x,+&)
or X1 X2 X|; X, =x;&+x,E,neglecting €&

ae =jxxy X xj  jx&jtine] (1.6a)
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X1X2 XX € €
re.= -2 St 8 (1.6b)
XX Xy X2
Thus the maximum relative error in the product of two approximate numbers will be
less than or equal to the sum their individual relative errors. This can be generalised to n
numbers.

(iv) Division

€]
+ )Cl 1+ — 1
X x, +& X X € €
M =71 1 = 1 =721 1+ s 1+ 72
X2 X +& % 1+ g Xy Xy Xy
X
X & & . .
== 1+= 1 = | neglecting & and higher powers
X X1 X
=— 1+— , neglecting €& term.
X X, X
2 1 2
X1 X & &x
ae. = — =L + =1 (1.72)
X X X, X,
X1 X X &1 &
re.= — = 2 =+ = (1.7b)

Like multiplication, the relative error in the division of a number by another number
cannot exceed the sum of their individual relative errors.

1.9 Computation of Errors Using Differentials

Let z be a function of two variables x and y defined as z = f(x; y). If increments 8x and 8y
are given to x and y respectively, then the corresponding increment 8z in z is given by,

6z=f(x+dx; y+38y) f(x;y):
Expanding the first term by Taylor’s series (see Appendix A),

2
0z= f(x; y)+%6x+af +1 s

flxy):

0% f 0?
5y T Y T2y 0x By + 558 +
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Neglecting higher powers of dx and Jy and their products, assuming they are small,
above may be written as,

. of 8f
0z 8x6 x+ = ay (1.8)

The error in arithmetic operations can be explained with the help of formula (1.8) con-
sidering &x and Oy as errors in x and y respectively:

(i) & (ii) Addition/Subtraction

af of

= : = s — =1 == 1.
Z f(x’ y) X ya ax 1 ay
a.e. =jdzj joxj+]oyj
(iii) Multiplication
e OF _ Of _
Z_f(x!y)_xy> ax_yi ay_
a.e. =jdz] Jydxj+jxOyjandre. = %z ox + oy .
Z X y
(iv) Division
S df _1_9df X
SIEN= 5T e T R
0x x8y 06z _Ox Oy
07=— 5o — =-— —
y y Z X y
re. = & ox + 8y .
X y
Note: The analysis can be extended for n variables x;; xp; I xp.

If z= f(x1; x2; :::x,) then

0z = of of

Oxp+ == dxp+:iii+ of

B 8x1 8 X2 8xn

8x,:
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1.10 Errors in Evaluation of Some Standard Functions

Let y be a function of x defined by y = f(x). Then for a small change dx in x, the corre-
sponding change 8y in y is given by,

oy = af ox. (1.9)
dx

Let us apply formula (1.9) to compute the errors in some functions of one variable.

(i) Power Function f(x) = x*
Differentiating y = x“, we get using (1.9)

ae. =jdyj=jax" ! &xj

oy ox .. Ox
re.= — =a — jaj —
y X X

Jaj. relative error in x. (1.10)

It means that the relative error in x2 will be twice and in p} it will be half that of the
relative error in x. In x !, the r.e. will be same as in x and twice in x 2.

(it) Exponential Function f(x) = a*

—_ X, ﬁ —_ X 1 .
y=ai o=a na:
ae. =ja'lna: 6xjandre. =jlna:6xj =jlnajjdxj. (1.11)

(iii) Logarithmic Function f(x) = Inx

=Ilnx; d—f l
Y Tdx  x

ae. =joyj= —. (1.12)

It shows that the absolute error in Inx will be same as the relative error in x.

(iv) Trigonometric Function f(x) = sinx(or cosx)
=sinx; — = cosx
Y dx

ae. =joyj=jcosx Oxj jcosxj jOoxj jOxj. (1.13)



12 Elements of Numerical Analysis

Since the value of cosx (or sinx) does not exceed 1, the absolute error in sinx(or cosx)
does not exceed the absolute error in x.

Example 1.1

Find the sum of the following 10 approximate numbers: 0.248, 1.1524, 31.3, 9.75, 74.2, 8.14,
0.0767, 1.00621, 1.000245, 14.8 and round the sum to one place of decimal. Also add up the
rounding errors in all these numbers up to 4 decimal places only.

Solution These numbers have different rounding errors. The max. error is in numbers rounded to

one decimal place which is in % 10 ' =0:05 in each of the numbers 31.3, 74.2 and 14.8. The

min. rounded error is % 10 ©=0:0000005 in 1.000245. The final sum should be computed up
to one decimal only. For this it may be sufficient to retain 2 decimal digits (or at the most 3 in a

number since the numbers are only 10.

Number rounded to 3 decimals  Rounding error up to 4 decimal

0:248 0:0005
1:152 0:0005
31:3-- 0:05- -
9:75- 0:005
74:2- - 0:05- -
8:14- 0:005-
0:077 0:0005
1:006 0:0005
1:000 0:0000
14:8- - 0:05- -
141:673 0:1620

sum = 141:673 * 141:7

Max. Rounding error in the sum = 0:162 * 0:16 or * 0:2.
Actual error in the sum due to rounding is

1417 141:673 = 0:027 which is much less than 0.2 (or 0.16)

o = 0:027
©T141:67

7 0:0002

Show that it will be less than the max. r.e. of any of the given number.



Errors in Computation 13

Example 1.2

Two numbers x| and x; are given which are correct up to their last digit: x; = 12:47; x, = 10:3.
Estimate the max. absolute error, relative error and percentage error in computing x;  x».

Solution Max rounding error in 12.47 is  0:005
Max rounding error in 10.3 s :05

X1 xp=12:47 10:3=2:17

a.e. = 0:005+0:05 = 0:055

_0:055

e. = —— 7 0:022
re 17 0:0

p.e. =0:022 100 =2:2%.

Example 1.3

Multiply two numbers x; = 2:47 and x, = 1:6 and estimate the relative error in the product. The
numbers are correct to their last digit. Also compute absolute error and percentage error.

Solution Max. rounding error in x; = 2:47is  0:005
Max. rounding error in x, = 1:6is  0:05

xixp =2:47 1:6=3:952 7 3:.95

_ 0:005  0:05
T 247 16
7 0:002 +0:031

r.c.

7 0:033
ae. =(re) xix

=0:033 3:95=0:130
p-e. =(r:e)) 100

=0:033 100=3:3%

Example 1.4

Two approximate numbers x| and x; are given correct to their last digit, x; = 5:16 and x, = 1:2.
Find the r.e., a.e. and p.e. in computing x;=x;.
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Solution Max. error in 5.16is  0:005
Max. errorin 1.21is  0:05

x 516
A= =y3
X2 12
Lo = 0005 0:05
TTs16 0 12
= 0:00097 + 0:0417
=0:0427

p-e. =0:0427 100=4:27%
ae. =0:0427 43

7 0:184:

Example 1.5

To what accuracy can we expect the number x to be correct if its logarithm (Inx) is read from a
four-place log table for x < 100.

Solution When y=Inx
0
oy = O or Sx=x Sy.
X
If Inx is correct up to 4 decimals the error in it will be 0.00005 (= Jy).
OXmax = Oy x =0:00005 100 = 0:005

For the error to be less than 0.005 the value of x may be expected to be correct up to 2 decimals.

Example 1.6

What will be the percentage error in the area of a rectangle if there is an error of 1% in the
measurement of its sides?

Solution Let the accurate sides of the rectangle be x and y, then its area A = xy. If there is error
Ox in x and Oy in y, the corresponding error in A in given by,

0A =xb6y+ydx

0A _ ox Oy
or — =42
A X y
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SA
Percentage error in A = A 100

Thus we get the percentage error in A as

O 100=2" 100+ 2 100
A X y
=1+1=2%.
Example 1.7
S_

[
What will be the percentage error in the time period T of a pendulum where T = 27 g if there

is an error of 1% in [/ and 2% in g.
S

Solution T=2xn

00 | ~|

Taking log on both sides we get
1
InT=In27+ E[Inl Ing]

Its differential will give,
1 1 6l Oog
—0T=0+- —
T 0 2 1

oT

ol og
o T I

N —

Max. Percentage error in T is given by

ST 1

S 100=2[C 1) (2]
—_— 1 —_— . .
= 5[31 = 1:5%:

1.11 Truncation Error and Taylor’s Theorem

Quite often a function or a formula is expressed in the form of a series which may contain
finite or infinite number of terms. Depending on the accuracy warranted by the problem
or due to practical considerations, this series is truncated consisting of a first few terms of
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the original series, neglecting all the remaining terms. The difference between the original
series and the truncated series is known as ‘truncation error’ or ‘remainder’. Obviously, if
the series is infinite, it should be convergent, otherwise truncation error will be infinite.
Let us consider the exponential function ¢* which is expressed by an infinite series as,
2 3 4

X —

Suppose we want to evaluate e at x = 0:1 from (1.14), then

e "I'=1 0:1+0:005 0:000167+0:0000042::: . (1.15)
Truncated up to four terms it gives,

e "1'=1 0:1+0:005 0:000167 = 0:904843. (1.16)

The infinite series (1.15) is a convergent series with alternating signs. Hence, if it is
truncated up to four terms (1.16), the next neglected term will give the maximum error
(truncation) in the truncated series. That means, the maximum error in the computation,
e %1 =0:904843 can be at the most 0.0000042, implying that our result is correct up to
five places of decimal.

The infinite series (1.14) truncated to four terms may be written as,

X2 53

X — .

Again, let us evaluate ¢* at x = 0:1 from the truncated series (1.17).
%' =1+0:1+0:005+0:000167 = 1:105167. (1.18)

Although series (1.14) converges for all finite values of x, we can not ascertain the degree
of accuracy of the result of (1.18), i.e., the magnitude of truncation error in the computation
of ¢%! from a truncated series (1.17). Secondly we may be interested to know the range of
x, for which the truncated series (1.17) will provide the value of ¢* which is correct up to
a certain number of decimals, say for example, up to 4 places of decimal which means the
truncation error is not greater than % 10 *. The answer to these questions may be found
in the Taylor’s Theorem (formula) stated below:

Let f(x) be a function of x, possessing derivatives of all orders up to (n+ 1) in an interval
L. If xp is a point in I, then for each x in I,
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1=+ e+ ED e+ + E Y g ep ) o)
where, R,+1(x) = Wf”ﬂ(é); & lies between xo and x. (1.20)

The representation of the function f(x) as power series in powers of (x xp) as shown by
(1.19) is known is Taylor’s Theorem (formula) with the associated remainder term of order
(n+1), or error term, R,+1(x) as given by (1.20).

If a function is approximated by the first (n + 1) terms of (1.19), i.e., a polynomial of
degree n, then the error in the polynomial approximation would be given by (1.20) which
will be of order (n+ 1) while the formula will be of order n.

If R,+1(x) tends to zero as n ¥ oo for all x in the interval I, then formula (1.19) may be
represented by an infinite series which converges to f(x), i.e.,

X X 2 X X 3
=1+ o+ S5 gy E S g e

The series given by (1.21) is known as Taylor’s series which is also called Taylor’s ex-
pansion of the function f(x) about the point xg.
Alternatively, if we put x = xo + A; h > 0, the Taylor’s formula can be written as,

2 3 n
Flro+ 1) = FG) +hf0) + 5 o) + 5 )+ ) R (122)

where the remainder term,

hn+1
(n+1)!

Similarly, expansion for f(xy %) can be written as,

Ru+1(h) = NE x &€ xo+h (1.23)

n? n
flxo h)= f(x0) hfo(xo)"'gfm(xo) yfmo(xo)"' ( 1)” f"(xo)"'RnH (1.24)
with associated remainder term,
h n+1
(n+1)!

If point xj is taken at the origin in formula (1.19), it is called Maclaurin’s formula which
can be written as,

Rivi(h)=( 1y""'——f"1(&), x h & x. (1.25)
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N X
f(x)=f0+xfo+§ 0 "'g 0o+ "'; 0+ Ry+1(x), (1.26)

xn+1

(n+1)!

e 0 € x (1.27)

where R,+1(x) =

and fé‘; k = 1(1)n, denotes the kth derivative of f(x) at x =0.

When a function f(x) is approximated by a polynomial P,(x) of degree n by Taylor’s
formula, the truncation error is given by the remainder term R,,+1 (x), i.e.,

f(x) =Py(x) +Ry+1(x)
or Ry+1(x) = f(x) Pu(x). (1.28)

But we can not compute R,,+1(x) as its value is dependent on £ which is a point we have
no knowledge of. Therefore, we compute the upper bound of R,+1(x) to give the magnitude
of truncation error, denoted by R(x), i.e.,

R(x) = maxjR,+(x)], over domain of x. (1.29)

Now, we revert back to our problem of computing the truncation error in the computation
of ¥, at x = 0:1, by the truncated series (1.17).

We see that the expansion (1.16) of ¢ is a Taylor’s (Maclaurin’s) series for f(x) = ¢*.
The truncation error in (1.17) will be given by,

X
R(x) = af”(é) ;0 & ol

f¥(x) = ¢, has maximum value at x = 0:1, for 0 &  0:1 giving fV(0:1) = %! =
1:1052. Thus the truncation error is given by

0:1)* 5
R= 7 1:1052 = 0:000004605 = 0:46 10 °:
As the truncation error is less than % 10 3, the value of €*! computed from (1.17) is

correct up to five decimal places, i.e., "' = 1:10517.
Suppose we want range of x for which the truncated formula provides values of e* correct
up to 4 places of decimal, then we solve,

iIR()j L 04 or w V(%) L 10 4 givin
5 o W3 giving
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Xt 0:0012 e *orx 0:181 e ¥  --¢f will be maximum at x.
To get an approximate value of x we can solve,
x=0:1861 1 ;—C giving x 7 0:1778.

Thus for values approximately 0 x  0:18, the truncation error will be less than 0.00005.

Example 1.8

|

Compute (1:1) ! from Taylor’s expansion of the function f(x) = — about xo = 1, truncated up to
X

four terms. Also compute the truncation error and compare your result with the exact value.

Solution
1 1 2 6 . 24
flx) = e ROE 2 = + 3 M) = @ ) = =
f=LL@= 1 /m=2 /1= s
The truncated series about xo = 1, up to four terms is,
1)? )3
0 =+ D+ ES ey ED g
FU) =140 ( 1)+% 2+@ ( 6)=0:909
The truncation error is given by,
4
R = max % E ;1 &1
. 4
= % 24 = 0:0001; “+ f¥(x) is maximum at x = 1.

Exact value = 1=1:1 = 0:909090 (90 recurring)
Computed value = 0:909
Actual error = 0:909090 0:909 = 0:00009.

The actual error is less than the truncation error 0.0001.

Example 1.9

|

Using Taylor’s expansion for f(x) = — about xo = 1, truncated up to four terms, compute inverse
X

of 2. Discuss the result.

Solution Taylor’s series up to four terms is,
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2 3
10 = )+ ) o)+ E g+ B0 g

=1 fo)=1 Lxo)= 1; M) =2; M(xo) 6
1

_ 1
f@R)=1+1( 1)+5 2 3 6

=0

Truncation error is given by,

_ &
R(x) = a0 24
For x=2;jRj= 1.
1
Exact value = 5 =0:5

Computed value =0

Truncation error = 1

Thus we see that the truncation error is very large; the difference between the exact value and
computed value could be as large as 1.0. Further, even if we take infinite number of terms, the
sum will oscillate between 0 and 1 since f(2) =1 1+1 1+:::. The point x should be close
to xp; ie: (x  xp) should not be too large.

Exercise 1

1.1 Find the range of number x, if it has been (i) rounded off to 3.14 (ii) chopped off to
3.14.

1.2 Express the number 0.007856 in floating point form; round the number to two signif-
icant digits and find the absolute error.

1.3 Let x = 9:5 be an approximate number which has an error of at most 5%. Find the
range of the exact number.

1.4 Find the maximum value of the expression given below when all the numbers have
been rounded,
_ 1:25(4:0  2:25)
T 10

(Hint: For computing maximum value of x, take largest numerator and smallest de-
nominator)
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1.5 The diameter and height of a right circular cylinder are measured as 4 cm and 10 cm.
respectively. If the possible error in each measurement is 0.1 cm, find the maximum
absolute error in its volume. (& = 3:14).

1.6 Obtain a quadratic approximation for ¢* near x = 0 by truncating the Taylor’s series.
Use the approximation to find the range of x so that the error does not exceed 0.005
(or approximation computes values correct up to 2 decimal places).
Compute your answer correct up to one place of decimal only.

- 1
1.7 If y = x'73, show that the relative error in y will be grd of the relative error in x.

Hence compute (1003)!73.
[Hint: Take x = 1000; ox = 3].
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1. Hartree, D.R., Numerical Analysis, Oxford University Press.
2. Hildebrand, E.B., Introduction to Numerical Analysis, Tata McGraw-Hill.

3. Scarborough, J.B., Numerical Mathematical Analysis, Oxford Book Company.



2

Linear Equations and
Eigenvalue Problem

2.1 Introduction

Let us consider the following system of equations,

o
ayxy +apxy +apxs+ i vagx, =b; %
az1xy *Fapxy *apxz+iilitayx, =b =

az1xy +azpxy +azzxz+ 1 v az,x, = bs (21)

:

The system of equations given by (2.1) is a set of n algebraic equations which are linear
in xy; x2::1 x,; while the values of g;; and b;; i = 1(1)n; j = 1(1)n are prescribed, the
values of the unknowns x1; xp; :::: x, are to be determined such that all the n equations are
satisfied simultaneously.

The system of equations (2.1) can be expressed in matrix form as,

anx1 +apxy +asxs+ v agx, =b,

Ax=b, 2.2)
3

2
app app a3 Ain
azy dzp a3 azp

where A=QR a31 azx a3 azp 2.3)

anl ap2  ap3 Ann
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xT=(x x x3 30 x), (2.3a)
bY = (b, by b3 i by), (2.3b)

the superscript T denotes transpose of a matrix. We assume that not all the elements of b
are zero; that is, b is not a ‘null’ vector (b & 0).

The matrix A is called coefficient matrix; the column vector (matrix) x which is to be
determined, is the solution vector and b is the given right side.

2.2 Ill-conditioned Equations

When a minor change in the given value (s) results in a drastic change in the true solution of
a system, it is called ‘ill-conditioned’. Such a set of simultaneous equations is very sensitive
to small errors.

2.3 Inconsistency of Equations

When a system of equations provide contradicting solutions or the equations themselves are
self-contradictory we say that the equations are inconsistent.

The problem of inconsistency may arise when the system is over-determined, i.e., when
there are more equations than the number of unknowns. For example let us consider fol-
lowing three equations in two unknowns;

2xp+x=4;3x1 =1L xi+x=T

From the first two equations we get x; = 1; xp = 2 but they do not satisfy the third.
Similarly, the second and third equations give x; = 2; x, = 5 which do not satisfy the first.
Thus, there is no solution which can satisfy all the three equations simultaneously; hence the
equations are ‘inconsistent’. If however, there exists a solution which satisfies all the given
equations, then the system would be called ‘consistent’. The two equations x; +x; = 1 and
x1 +xp = 2 are inconsistent.

24 Linear Dependence

If some of the equations in a system are linearly related, the equations of such a system
are said to be ‘linearly dependent’; otherwise linearly independent. That means, in a lin-
early dependent system, at least one equation can be expressed as linear sum of some other
equations. For example, consider the following equations,

2x1+3xy+x3 =4; Sx1 +2x+2x3 =5; 3x; + 10x0 +2x3 = 11:
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We see that the third equation can be expressed as, four times the first minus the sec-
ond. Or, first equation can be obtained by adding second and third equations and then
dividing by four. As there exists a linear relation between the equations, they are not
linearly independent. Effectively, there are only two linearly independent equations as third
can be expressed in terms of the other two. In such cases an arbitrary value can be assigned
to one of the variables, say, x3 = k; then values of x| and x, can be computed in terms of k.
Thus, the system will have infinite number of solutions depending on &.

It is easy to visualise that since the rows of the coefficient matrix of linearly dependent
system are linearly related, its determinant will vanish. In order to know as how many of
rows are linearly independent, we are lead to the notion of ‘rank’ of a matrix. A square ma-
trix whose determinant vanishes is called ‘singular’; otherwise ‘non-singular’ or ‘regular’.

2.5 Rank of a Matrix

Let Abeam nmatrix. From matrix A we can form square submatrices by removing some
of its rows and=or some columns including the matrix A itself (when m = n). The matrix A
is said to have rank k if it has at least one submatrix of order k which is non-singular while
all submatrices of order greater than k are singular. It is denoted as,

rank (A) or r(A) = k.

It may be noted that the number linearly independent equations in a system of equations
is equal to the rank of its coefficient matrix.

2.6 Augmented Matrix

Referring (2.3) and (2:3b), when the matrix A is augmented by adjoining vector b as
(n+ 1)™ column, we call matrix A as augmented matrix and is denoted as,

2 | 3
an aip a1z loai, | b
|
ay axp ax i amy b
|
aug (A=b) =Q a1 ax asz il asy :b3 . (2.4)
-
|
CRCY ‘
anl Aap2 Qap3 ... dpp \bn

As regards existence/uniqueness of the solution of the system of equations (2.2), following
three cases arise; for brevity/clarity we have used aug A for aug (A=b):
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(@ r(A) =r (aug A) = number of unknowns

The solution is unique. The number of linearly independent equations is same as the
number of unknowns.

(@) r(A) =r (aug A) < number of unknowns
There are infinite number of solutions. The number of linearly independent equations
is less than the number of unknowns.

@@ii) r(A) <r(aug A)
There exists no solution. There are more linearly independent equations than there
are unknowns.

Note: In the ensuing discussions we will assume that a unique solution exists of the
system (2.2) which means A is regular and its inverse exists.

2.7 Methodology for Computing A~ by Solving Ax=b

Let A be a regular (non-singular) matrix of order n and its inverse denoted as

2 3
0 O 0g3 (047
01 0Oy 073 (057
Al=8 o031 a3 o33 03y
Oyt Oy O3 Oy,

Then from Ax = b, i.e., from (2.2) we can write,

2 32 3
o O 0gq3 (051" by
01 O 03 00y by
x=A b=80 31 a3 o033 03, b3
Ony1 Oy O3 (0 bn
We observe that if b is chosen to be such that by =1 and b, = by =:..:=b, =0, then x is

simply the first column of A !. Thus if we solve (2.2) by taking b as the first column of a
unit/Identity matrix, the solution vector will give the first column of A . Similarly, if we
solve Ax = b by choosing vector b as , ie:; b = 1 and by = b3 = bg =::: = b, = 0, then,
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the solution vector x will provide the second column of A !; and so on. Thus solving the
system of equations Ax = b; n times, by taking b to be the various columns of a unit matrix
will provide respective columns of A .

2.8 Cramer’s Rule

Denoting the determinant of a square matrix A by jAj or detA, the solution to the system
of equations (2.2) by Cramer’s rule, is given as,

xXj= AL j=1n (2.5)

where jAjj denotes the determinant of the matrix A with its jth column replaced by the
right side b. Since (2.5) involves evaluation of determinants, the method is not suitable for
larger systems.

2.9 Inverse of Matrix by Cofactors

The adjoint of a matrix A is defined as,

2
Al Ax Az An
A Axn Ap A
adjA=8 A1z Az Az A3 (2.6)
Aln A2n A3n Ann

where A;; is the cofactor of a;;. We know that if M;; is the minor of a;;, then A;; =
(' 1)™/M;;. The inverse of matrix A is given by,

= b adj A 2.7

A . .

After computing A ! the solution of Ax = b may be obtained fromx = A 'b. But again,

the evaluation minors is a very time-consuming process. Therefore this method is also of
limited use and is not suitable for larger systems.

The method described in Sec 2.7 will be taken up in detail in Sec 2.17 along with other

computer-oriented methods. Now, let us present a brief review of some special square

matrices and properties associated with them.
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2.10 Definitions of Some Matrices

O]

(i)

(iii)

()

Symmetric Matrix
A matrix A is called ‘symmetric’ if

A= AT or [a,‘j] = [aj,-]
Alsoif A= AT, then it is called skew-symmetric.

Diagonal Matrix
A matrix A is called ‘diagonal’ if all its off-diagonal elements are zero, i:e.,

a,-j=0; i&J.

When all the diagonal elements are unity, it is called unit or Identity matrix and when
the diagonal elements are also zero it is known as Null matrix. The diagonal matrix
is generally denoted by symbol D, a unit/Identity matrix by I while a Null matrix by
letter O and a null vector by 0.

Lower Triangular/Upper Triangular Matrices

When all the elements in a matrix above its main diagonal are zero, it is called Lower
Triangular; on the other hand if all the elements below the main diagonal are zero,
the matrix is called Upper Triangular. The forms of 4 4 Lower Triangular matrix
(L) and Upper Triangular matrix (U) are shown below:

2 3 2 3
Iy 0 0 O Uiy U2 U3 U4

by Ihh 0 O 0 uxp wuxz um
L= ;U:

i B 3 0 0 O uzzs us

lay lan laz Ly 0 0 0 gy

If the diagonal elements are 1’s, the matrices are called unit lower triangular and unit
upper triangular. When diagonal elements are zero, they are called ‘strictly’ lower
and upper triangular.

Tri-diagonal Matrix=Band matrices
A matrix a is called tri-diagonal if, for any i,
a;j=0; j<i landj>i+1.

Thus, there are at the most three non-zero terms in each row diagonal term, one
before the diagonal term and one after. The first and last rows have two terms only.
A (5 5) tri-diagonal matrix will look like the following
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ajl] apn 0 0 0

a1 axp a3 0

=)

A=80 axn a3 an

0 a3 ass ass

]
o

0 ass ass

Symbolically, it is also represented as,

The big zeros show the zero elements and the straight lines along the main diagonal
and paralled to it (sub-diagonal and super-diagonal) show the elements which may
or may not be zero. We may also have matrices when there are at the most five
non-zero terms in any row in the above fashion. Such matrices are called ‘Penta-
diagonal’. In general, when there are non-zero terms along the main diagonal, sub-
diagonal and super-diagonal while all the remaining terms are zero in a matrix it is
called ‘Band-matrix’. These type of matrices arise in solving ordinary and partial
differential equations.

(v) Sparse Matrix
A matrix is called ‘sparse’ if most of its elements are zero.

(vi) Orthogonal Matrix
Matrix A is said to be orthogonal, if

AT=A ! implying AAT=ATA=1

For example, following matrix is orthogonal

cos@ sinO
A= .
sin@ cos@

(vii) Hermitian Matrix
If elements of a matrix A are complex numbers and A represents complex conjugate
of A, i.e., when all the elements of A are replaced by their complex conjugates, then
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A is Hermitian matrix, if

(A)T = A = A, where * denotes conjugation and transposition (tranjugation) of
matrix A.

It is equivalent to symmetric matrix if A is real.

(viii) Unitary Matrix
Matrix A is called Unitary, if
A=A

It is equivalent to orthogonal if A is real.

(ix) Involutary Matrix
IfA=A ! implying A2 =1.

(x) Positive Definite Matrix
Matrix A is said to be positive definite if for any non-zero column vector x,

xTAx > 0:

Sometimes we use condition xTAx 0 for positive definite and xT Ax > 0 for strictly
positive definite matrix. If all the leading principal minors of a matrix are positive
(+ve), the matrix will be positive definite.

2.11 Properties of Matrices

We discuss below some of the properties of (n  n) square matrices. Let it be reminded that
the determinant of a matrix, say, A is denoted by jAj.

JAI=]AT]
(i) JA Bj=]A] [Bj=]B Aj:
This can be generalised to any number of matrices.

(iii) The determinant of a Lower Triangular/Upper Triangular matrix is equal to product
of its diagonal elements. That is, if L is a Lower Triangular matrix with its diagonal
elements as [11; I :::l,,, then

JLj =il il

Similarly if U is an Upper Triangular matrix with its diagonal elements as,
Ui, U, &% Uy, then

JUj = upquon s ity
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(iv) Transpose of product of matrices is equal to the product of their transposes taken in
reverse order, i.e.,

(A B)T =BT AT
(A B O)T=C"BTAT etc.

(v) Inverse of product of matrices is equal to the product of their inverses taken in reverse
order, i.e.,

(AB) '=B Al
ABC)!'=C 'B'A let.
(
(vi) Inverse of a transpose of a matrix is the same as transpose of its inverse, i.e.,
(AT) 1 — (A l)T:

This can be verified by multiplying both sides by AT and using property (iv) which
gives =L

(vii) If A is symmetric then A ! is also symmetric, for if A = AT, then
A '=(AT) '=(A DT from property (vi).
(viii) If A is an orthogonal matrix, then
(AT) '=A,since AT=A Tand (A ') ' =A.

(ix) Product of Lower Triangular matrices is also a Lower Triangular matrix. Similarly
product of upper triangular matrices is an Upper Triangular matrix.

(x) Inverse of a lower triangular matrix is also a lower triangular and similarly the inverse
of an upper triangular matrix is also an upper triangular matrix.

212 Elementary Transformations

The elementary operations on a matrix like, interchanging its rows (or columns) or adding
a multiple of a row (or column) to another are known as elementary transformation on
the matrix. The desired elementary row transformations can be performed on a matrix by
premultiplying it by a unit matrix which has undergone the same transformation. Similarly
elementary column operations can be performed by postmultiplying the matrix by a unit
matrix with same operations.



Linear Equations and Eigenvalue Problem 31

Suppose we want to interchange the first row of a4 4 matrix A by its third row, we can
choose a4 4 unit matrix with its first and third rows interchanged, say, 113, where

2 3
0010
0100%
=8, 00 0f
000 1

The matrix obtained after pre-multiplication of A by I;3, i.e., [13A will be matrix A with
its first and third rows interchanged. Similarly the matrix obtained after postmultiplication
of A by I3, i.e., Alj3 will be matrix A with its first and third columns interchanged. The
matrix which is used for interchanging rows (or columns) is known as permutation matrix.

Now suppose we want to add p times of the second row of A to its third row and ¢ times
of the second row to its fourth row. This can be achieved by elementary transformation by
choosing a matrix Ior (say) obtained by doing the same operations on a unit matrix, i.e.,

2 3
100 0

010027

k=64 , 1 02
0 g 01

Then we will have,

2 3
ap an ais a4

az an a3 a4
IzRA =
a3y +payy azx+pax azz+pay azs+ paxy

as1 Y qaxy agptqaxy asztqaxy as+qaxy
Similarly if we want to add p times of the second column of A to its third column and

q times of its second column to the fourth column, then the desired transformation matrix
will be,

2 3
1000
01 p g

12C=§001o§
000 I
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The matrix Al,¢ will be the matrix with desired result, i.e.,
2 3
ain app aptpapn aistqgar
Al = g a1 axp a3t pdy ax+qap
T 9 ay an ap+ pazx  azqtqaz
as) a4y asztpasy  asatqag

2.13 Methods for Solving Equations (Direct Methods)

There are two approaches for solving the system of equations Ax = b, known as (1) Direct
Methods and (2) Iterative Methods. In the ‘Direct methods’ the solution is obtained in some
definite number of steps while in the ‘iterative methods’ the process is started from an initial
guess (usually taking x = 0) which is improved in an interative manner until the solution
agrees in two successive iterations within the desired accuracy. Thus the number of steps
(iterations) in an iterative method can not be predicted beforehand.

Let us first discuss the Direct Methods.

2.13.1 Gaussian elimination method (Basic)

We describe the Gaussian Elimination method, in its basic form by taking a4 4 system of
equations, i.e.,

2 32 3 2 3
ayy app a3z a4 X b
a1 ax ax axy X by
= . (2.8)
az| azx az ass X3 b3
aq1 A4 Q43 A4 X4 by

Stage 1. It consists of three steps:

@1
ar
Multiply 1t row of (2.8) by my; and add to the 2",

i.e., Ry R, +my Ry,

(i) Take a multiplier my; =

asg

(i) Take a multiplier m3; = .
ar

Multiply 1%t row by m3; and add to 3",

i.e., R3 R;+m3; Rj.
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(iii) Take a multiplier my; = wi.
airi
Multiply 1% row by my4; and add to 4"

i.e., Ry R4 +my; Ry.

It may be noted that each time, first row is being multiplied by appropriate multiplier
and added to different rows. The row which is being multiplied (first in this case) is known
as ‘pivotal’ row and the element a;;, the divisor, is called the ‘pivotal element’ or simply
‘pivot’. Next, we need to do operations of multiplications and additions from second col-
umn onwards since elements in the first column are made zero.

After execution of the first stage, the system will have the following form,

2 32 3 2 3
ayl app a3z a4 X1 by
0 a off o) 78 x b
= . 2.9
0 af o o) 78 x b

o W ) e

The elements with superscript 1 indicate that they have changed after stage 1.

Stage 2. We omit the first row and first column of the coefficient matrix in (2.9), thereby
dealing with a3 3 system of equations. Thus stage 2 has two steps.

(i) Take multiplier ms, = —=.

Multiply 2™ row of (2.9) by m3; and add to the 3™,
1.e., R3 R;+m3 Rs.
o
(i) Take multiplier myp = % .
a
Multiply 2™ row by my; and add to 4.
1.e., Ry Ry+my Ry

Here second row is the pivotal row and ag), the pivot.

Note that we have to do the operations of multiplications and additions from the third
column onwards, since the elements in the first columns are zero which are not affected
by these operations and elements of second column are reduced to zero due to choice of
multipliers.



34 Elements of Numerical Analysis

After Stage 2, the system (2.9) will assume the following form,

2 32 3 2 3
ai dr a3 a4 X1 b
0 dff aff af) 28 x b5
0 O a%) agi) X3 - ng) ' (10
0 0 a%) aﬁ) X4 bf)

Here, the elements which have changed during Stage 2 are shown with superscript 2.

Stage 3. We ignore first two rows and first two columns in (2.10) and deal witha 2 2
system having superscript 2. This stage has only one step.

Take the multiplier ms3 = —=..

Multiply the 3™ row of (2.10) by m43 and add to 4™
i.e., Ry R4 +my3 Rs.

This operation has to be made only on the fourth column and on the right side, of course.

Third row is pivotal row and a%) is the pivot. After stage 3, the system (2.10) finally reduces

to the following form,
2 32 3 2 3

an app a3z au X1 by
0 d afy ay) Z8 x bs"
0 O ag? agi) X3 - ng) @1
o 0o o &2 %)

We see that the coefficient matrix in (2.11) has been reduced to an Upper Triangular
matrix. This process of reduction of the coefficient matrix to an Upper Triangular form is
known as ‘Gaussian Elimination’ or ‘pivotal condensation’.

Having got the final reduced form (2.11), the solution is obtained by the process of ‘back-
substitution’. That is, we compute the value of x4 from the last equation as,

3H_ (3).
o = BO=O:

Substituting the value of x4 in the third equation, gives the value of x3. After putting the
values of x3 and x4 in the second equation we get x,. And finally the value of x; is obtained
from first equation, using the values of x; x3 and x4.
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Caution: Some caution has to be exercised while using the basic Gaussian Elimination
method in that the pivotal element should not be zero (or very small) since it will result in
infinitely large multipliers. In order to avoid it, the pivotal row should be exchanged with
the next row such that the pivotal element does not remain too small.

Note for Computer Algorithm: We see that the zeros once produced do not play any role
in the future computations. Therefore, in order to save computer space, the multipliers may
be stored in their place. For example, the multipliers my;; m3; and m4; may be stored in the
space previously occupied by a»;; a3 and a4 respectively. Similarly, m3; and m4y may be

stored in the space previously occupied by a§12) and aglz)

stored in the space earlier occupied by ag).

respectively. Finally, m43 may be

Thus in a compact form, we can store the coefficient matrix and the multipliers inside

the computerin a4 4 array in the following manner,
2
a4z a3 dig

may dyy ay dy)

. (2.12)
my my aSy  dSy
3)

m4) M4y M43 Ay

The method described above for (4 4) system can be easily generalised for (n  n)
system. There will be (n 1) stages to reduce the original coefficient matrix to upper
triangular form. At the kth stage, k = 1(1)n 1, we compute in the following manner:

For the rows, i = k+ 1(1)n,

mj = aik(k 1):akk(k D

aij® = a;/® D+ mpa &y j=k+1()n;
O A A

az® = m;i(optional).

The superscript zero corresponds to original values of A and b. The basic concept in
the method is that the elements once made zero, remain zero throughout the subsequent
operations.

2.13.2 Gaussian elimination (with row interchanges)

Gaussian Elimination with row interchanges, called ‘partial pivoting’ ensures that all the
multipliers are less than 1 in absolute value. This is achieved as described below:
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At the kth stage, all the elements in the k™ column, ice:; air; i = k(1)n are scanned and
the numerically largest element is selected; suppose it is a,y, i.e., element in the p row.
Then kth row is interchanged with the p™ row so that the pivotal element is numerically
largest, rendering the multipliers less than 1 in absolute value. The objective of affecting
the interchanges is to reduce the rounding errors in the subsequent computations. When a
number is rounded it has certain rounding error and when this number is multiplied by a
multiplier greater than 1, the rounding error also increases but if the number is multiplied
by a multiplier smaller than 1, the rounding error does not increase. Moreover, the partial
pivoting automatically excludes the possibility of the pivotal element being zero.

A further modification to the method is ‘complete pivoting’ in that all the elements

ag;kj 1); i = k(1)n; j = k(1)n are scanned and numerically largest element ag; 1), is selected;

then kth row is interchanged with the p™ row and k™ column with the ¢ column. In this

manner element ag; s brought at the (k; k) position. Obviously, it requires recording

of interchanges of rows and particularly of columns at each stage; however, it may not be
worth except in some rare cases.

Example 2.1

Solve the following system of simultaneous equations by Gaussian elimination method,
3x1+2x+x3 4dx4 =5
X1 Sxp+2x3+x4 =18
Sxi+xy 3x3+2xy= 4
2x1+3x+x3+5x =11

Compute up to 3 places of decimal without using fractions. Round the final answer to two
decimals.

Solution Since vector x plays no part in computations we may work out with numbers only.

X1 X2 X3 X4 b

2 3

3 2 1 41 5

|

g 1 5 2 1, 18 é

5 1 3 2 :

2 3 1 51 11

Forward Elimination:
1

my = = 0:333; R, R, 0:333R;

3



5
m3| = 3= 1:667,
2
my) = 3= 0:667;
2 Xl X2 X3
3 2 1
E 0 5:666 1:667
0 2:334 4:667
0 1:666 0:333
m3y = % = 01412
Mmap = % =0:294;
2 X X2 X3
3 2 1
g 0 5:666 1:667
0 0 5:354
0 0 0:823
my3 = % =0:154;
2 X X2 X3
3 2 1
0 5:666 1:667
0 0 5:354
0 0 0
Back Substitution:
X4 = % =0:999

Linear Equations and Eigenvalue Problem

Rj R; 1:667R;
Ry Ry 0:667R;

X4 b 3

4 : 5

2:332 : 16:335
8:668 : 12:335
7:668 ' 7:665

R3 R3z 0:412R;

Rs R4 +0:294R;

X4 b 3
4 : 5
2:332 : 16:335
7:707 : 19:065
8:354 ' 12:467

R4 R4 +0:154R3

X4 b 3
4 : 5
2:335 : 16:335
7707 : 19:065
9:541 ' 9:531

x3=( 19:065 7:707 0:999)=( 5:354) =4:999

xy = (16:335  2:332  0:999

x1=(5+4 0999 1

1:667  4:999)=( 5:666) = 1:001

4:999 2 ( 1:001)=3 =2:000

37



38 Elements of Numerical Analysis

Final answer rounded to two places of decimal is:
x1 =2:00; x, = 1:00; x3 =5:00 and x4 = 1:00.
(exactansweris: x; =2; xp = 1, x3=5;x4=1)

Note: If we compute ay;  ap; +mp;  ajp, wegetay; =1 0:333 3 =0:0001, which is not
zero although we have assumed it to be so. Similar argument holds for the other zeros produced.
Thus the equations are satisfied approximately. If higher accuracy is required, we may work with
more decimal places and in double precision on a computer, if needed.

Example 2.2

Solve the following system of simultaneous equations by Gaussian elimination method,
4:3x;  3:5x;  1:2x3 =10:90
18:4x1 +2:1xy x3=7:80
T:2x1 + 1:8xp +3:4x3 = 23:22
Perform computations up to 2 decimal places. Round the final answer to one decimal.

Solution
2 X1 X2 X3 b
4:3 3:5 1:2 ' 10:9
|
g 18:4 2:1 1.0 7.8
|
72 1:8 3:4 1 23:22

3

18:
mp| = HZ 4:28; R, R, 4:28R;:
72
m3p = f?,: 1:67; R; Rz 1:67R;:
b
2 X1 X2 X3 3

4:3 3:5 1:2 : 10:90

g 0 17:08 4:14 ' 38:85
|

0 7:64 5:40 1 5:02

msp = —_—= 0:45; R3 R; 0:45R;:
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2 X1 X2 X3 b 3
4:3 3.5 1:2 : 10:90
0 17:08 4:14 1 38:85
|

0 0 3:54 1 22:50
X3 =6:36; x, = 3:82; x; = 1:20.
Rounding to one decimal,
x1=12;x= 38, x3=64

(exact answeris x; = 1:2; xp = 3:8; x3 =6:3)

Example 2.3
Solve the following system of simultaneous equations by Gaussian elimination method:
0:12x2 +0:15x3 = 0:33
0:56x1 +0:40x, 0:18x3 = 2:34
0:20x1 +0:71xp +x3 =2:04
Compute up to 3 places of decimal and round the final answer to two decimal places.

Solution
X1 X7 X3 b
0:12  0:15 : 0:33
§056 0:40 018:2342
0:20 0:71 1:0 ' 2:04

2

Here first equation can not be treated as pivotal equation as my; ¥ co. Therefore, we inter-
change it with the next row which has non-zero as its first element. Thus we write,
X1 X2 X3 b
056 0:40  0:18 : 234
g 0 0:12  0:15 : 0:33 é
0:20 0:71 1:0 '2:04

my =0, R, R (remains unchanged)

my = — = 0:357, R; Rz 0:357R
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X1 X2 X3 b
0:56 0:40 0:18 ' 2:34
g 0 0:12 0:15 ! 033 g

0:567  1:064 ' 1:205

0:567
may = ()T = 4:725; R; R3 4:725R,;
X1 X2 X3 b

0:56 0:40  0:18 : 2:34
g 0 0:12  0:15 : 0:33 é
0 0:355 ' 0:354
x3=0:997; x» = 3:996; x; = 1:004
After rounding to two decimals
x1 =1:00; x, =4:00; x3= 1:00

(exactvaluesare x; = 1; xp =4; x3= 1)

Example 2.4

Solve the following system of simultaneous equations using Gaussian elimination with row inter-
changes:

0:3x; +2:6xp +1:3x3 = 7.65
8:3x1 +8:2xp +5:6x3 =43:17
12:7xy + 3:5x) +7:4x3 = 49:68

Compute up to two significant figures after decimal. Also solve the system without interchang-
ing the rows.

Solution (by row interchanges)

X1 Xy X3 b
0:3 26 13 ' 7:65
g 83 82 56! 43 17 Z
12:7 315 74 ' 49:68

2 3

Since j12:7] is largest in absolute value in the first column, we interchange first row with third.
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2 X1 X2 X3 b 3
127 3.5 74 : 49:68

g 83 8:2 51614317 é
0:3 26 1:3: 7:65

8:3
= = '635: R R ‘65R
myy 27 0:65; 2 2 0:65R;
0:3 . .
mz| = 7 = 0:024, (two significant figures after decimal)

R; R; 0:024R;
2 X1 X2 X3 b 3
12:7 35 74 : 49:68
g 0 5:92 0:79 : 10:88
0 2:52 1:12 1 646

Since j5:92j is larger than j2:52j, there is no need to interchange rows.

2:52
= — = 042 R Rz 0:42R
ms3p 5:92 3 3 2
2 X1 X2 X3 b 3

12:7 35 74 : 49:68
g 0 5:92 0:79 : 10:88 é
0 0 0:79 1 1:89
By back substitution,
x3 =2:39; xp =1:52; x; =2:10
(exact solution is x; = 2:1; xp = 1:5; x3 =2:4)
Solution (without row interchanges)
2 X1 X2 X3 b 3
0:3 26 13 : 7:65
g 83 82 356 | 43:17 é
12:7 3:5 741 49:68

8:
mp| = 07: 27:67; R, R, 27:67R;

41
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12:7
ms3| = W = 42:33; Rj Ry 42:33R;
2 X X2 X3 b 3
0:3 2:6 1:3 : 7:65
g 0 63:74 30:37 : 168:50 Z
0 106:56 47:63 1 274:14
106:56
msy = 6374 = 1:67; R3 R3s 1:67R;
2 X1 X2 X3 b 3
0:3 2:6 1:3 : 7:65
§ 0 6374 30:37 1 168:50 Z
0 0 3:09 | 7:26

x3 =235, xp =1:52; x; =2:14

(exact solution is, x; = 2:1; xp = 1:5; x3 =2:4)

214 LU Decomposition/Factorisation

A square matrix A can be decomposed/factorised (with conditions) into a product of two
matrices L and U, iie:; A = LU, where L and U are lower triangular and upper triangu-
lar matrices respectively. We will discuss three methods in this regard (i) By Gaussian
Elimination method (if) Crout’s method and (iii) Cholesky’s method.

2.14.1 By Gaussian elimination method

We assume that no interchange of rows has taken place at any stage. Let us recall that in
Gaussian Elimination method, matrix A is reduced to an upper triangular matrix U by a se-
ries of elementary row operations/transformations. Fora4 4 matrix, these transformations
may be expressed in following way,

s, L A=U (2.13)

where L1; L, and L3 are lower triangular matrices as,
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2 3 2 3 2 3
100 0 10 00 100 0
my 10 0 01 00 010 0
L1=§m31 0 1 o%?LFEo my 1 O%LFEO 0 1 0%
m41001 0m4201 OOM43

The matrix A is original matrix and U the final upper triangular, ize.,

2 3 2 3
ayip di2 a3 a4 al app a1z a4
1 1 1
ax; dap ax ax 0 agz) ag3) ag 4)
A= U= @ O
as; asxp Az asy 0 0 a3y ay
3
asq) a4 a43 a4 0 0 0 aft 4)

From (2.13) we have,
A=(L.L) 'U=L,'L,'L,' U

It is easy to see that the inverses of Li; L, and L3 can be obtained simply by changing
the signs of multipliers. It can also be shown by the logic of elementary transformations

that,
2 32 32 3
1 0 0 0 1 0 0 0 1 0 0 0
mypy 1 0 O 0 1 00 0 1 0 0
L=L,'L,'L,' =
my; 0 1 O 0 myp 1 0 00 1 0
myp 0 O 1 0 mg 0 1 0 0 my; 1
2 3
1 0 0 0
myq 1 0
_ (2.14)
m3| mso 1 0
my mg mgz 1

Thus we have the desired decomposition A = LU where L is given by (2.14).

The above may be generalised for n  n matrix straight away.

After reducing the matrix to LU form we can solve the system of equations Ax = b in
the following manner:

Ax=LUx=b (2.15)
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Put Ux =y, in (2.15); (2.16)
then, Ly = b, from (2.15). .17

Solve (2.17) for y, then solve (2.16) to obtain the required solution x. The system (2.17)
will be solved in a top-down manner while (2.16) in a bottom-up manner. Evidently the
pivotal element should not be zero or very small since it will give rise to infinitely large
multiplier, an element of L.

2.14.2 Crout’s method

Let us consider each of L; U and A as4 4 matrices, i.e.,

2 32 3 2
I 0 0 0 Ui U2 U3 Uls ayl app a3z a4
Ly 1 0 0 0 uxp uxy3 un a)y ax» ax; axy
= 2.18)
i By 1 0 0 O usz us a1 azx  azy 4z
Iy 1o 1z 1 0 0 O usu a4 G4 G43 Q44

On the L.H.S. there are 16 unknowns, 6 elements of L and 10 of U. In order to evaluate
them, we perform the product LU and equate, term by term, with the 16 elements of A.
This is done in a systematic manner given as under:

Compute row-wise in the following order by equating the corresponding terms of LU
and A:

@) Ly =15 uy; w2y uis; uig
(i) by ho =15 uap; up3; una
(iti) 315 32y 133 =15 us3; uzs
(i) la1; lao; a3y laa = 1; uga.

Note: In practical computations we put /1| = lpp = I33 = l44 = 1 to start with. Thus we get,

(@) Uiy =apn; Uiz =ap; Uiz =daiz; Ui =dig

(ii) lz] Uil = ang giVing 121 =az|1=uii; I/l]l(: a11) should not be zero.
layo +ux = ay, giving upy = azy  ly1a12; uz should not be zero.
biaiz+uy3 = a3, giving upz = a3 Iy a3

121a14 + U4 = apy, giving Ux4 = a4 1216114
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(iii) l31u11 = azy, giving l31 = az1=u
By + l3oux = az, giving l3p = (azx  [31u12)=u; uxn 6 0.

I31u13 + l3oups + U3z = azs, giving uzz = asz (I31u13 + l3pu23); u33 should
not be zero.

Biuig + loups +uzg = azg, giving uzg = azq  (l31u14 + l3ou24)
(iv) l41u11 = a4, giving 141 = as1=u11
lyyuy + lypuny = agp, giving lyp = (as2  lajur2)=uz
lyruiz +lgpuoz +l3uszs = aus, giving Iz = (asz Iz lapunz)=us3; uzz 6 0.

[g1ura + Lipups + la3u34 + Uaa = Qga, ZIVING Ugq = A4a (1411,{14 + l4ourg + l431434)-

It may be noted that each element is computed before it is used.
The above can be generalised when A is an (n  n) matrix:

Li =1, i=1(1)n:
uyj = aij, Jj= 1(1)n:
For the i row, i = 2(1)n,

lLij=laij Flawj+lpusj i+ qui 1;50]7uj;
LA # -

i
= aj Y lawg oy j=1(1)i L (2.19)
=1
i1
wij=ai; Y, laugj; j=i(l)n. (2.20)
=1

Note: (i) If it is required that A = LU where L is a Lower triangular and U a Unit upper
triangular matrix, then we can proceed as follows:

Put u;=1;i=1(1)n.

Compute the elements column-wise, i.e., elements of k™ column of U and elements of
k™ column of L in that order for k = 1(1)n.

(i7) Matrix A can also be reduced to the form

A =LDU
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where L and U are unit lower and unit upper triangular matrices and D, a diagonal matrix.
Let A be a matrix of order n. It is easy to see that there will be w elements in the
matrices L and U each and n elements in D. Thus there are total n*> unknowns in the
product LDU which can be matched with the n?> elements of A. In practice however, we
can reduce the matrix A to LU form where L is a unit lower triangular matrix and U,
an upper triangular. We choose the elements of the diagonal matrix D to be the diagonal
elements of U; i:e:; d;; = u;; and divide each element of U in the i row by u;;. It may again
be emphasised that value of none of the dividing element u;; should be zero; otherwise the
process will break down.
This method is also attributed to Doolittle.

2.14.3 Cholesky’s method

The Cholesky’s method deals with a special case when the given matrix is symmetric and
positive definite. If A is a symmetric matrix, A = AT then it can be expressed as product of
two matrices L and LT where L is a lower triangular matrix, i:e.,

A=LLT or (UTD). (2.21)
For example, for a4 4 matrix,
2 32 3 2 3
Iy 0 0 O i b B Iy ayl ax az a4
by I 0 O 0 ln Ly Ilp a) ax» azy ag
= (2.22)
Iy I Bz O 0 0 k3 Iss az| azx az  a43
lyy lan laz Ly 0 0 0 Iy as1 A4 a43 A4
L or UT LTorU A

In (2.22), there are 10 elements in matrix L and 16 in A. But due to symmetry six el-
ements above the diagonal are same as below the diagonal, iie:; a;; = aj;; i & j. Thus
equating the corresponding terms of LLT and A gives the elements of L. When A is an
(n  n) matrix, the number of elements to be evaluated are n(n + 1)=2.

We evaluate the elements of L by equating the corresponding elements column-wise (or
row-wise since LLT is a symmetric matrix). Let us say, we are equating column-wise.

For each value of j = 1(1)n, compute for i = j(1)n, the values of /;; by the following
formulae:

(1] #1_2

j1
fori=j; 1j;= a;; Y % . (2.23)
k=1
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1A} . # -
j 1
fori>j, ;= ajj Zl”‘ Lix l;j (2.24)
k=1

In case of 4 4 matrix, i.e., (2.22) we compute the elements of L using formulae (2.23)
and (2.24) in the following manner:
For j=1:

i=j=1> 1= Par,
i=2(j=1) > bi=an=l;
i=3(j=1D bi=an=hi;
i=4G =1 Iy =aqu=l:
For j=2:
i=j=2) p=[(an )1
i=3(=2)> h=(as b1 hi)=ln;
i=4(j=2)) lp={(as Iln b1)=ly:
For j=3:
i=j=3) Iz=lazz (G +5)N'
i=4(j=3)D s =[aszs (b1 +ls I5)]=hs:
For j=4:
i=j=4) y=lan @ +13+I)]"%

Example 2.5

Reduce the following matrix A to LU form by Gaussian elimination where L is a Unit Lower
Triangular matrix and U is an upper triangular; also solve the system Ax = b where,

W = W N

_— L DN =
N =
URRNRN
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xT=(x x x3 ;) andb"=( 18 4 11):
Solution It is same coefficient matrix as in Example 2.1.

From (2.14) and (2.13),

2 3 2 3
1 0 0 0 3 2 1 4
0:333 1 0 0 0 5:666 1:667 2:332
L= and U =
1:667 0:412 1 0 0 0 5:354 7:707
0:667 0:294 0:0154 1 0 0 0 9:541

In LUx = b, putting Ux =y, the system becomes Ly = b, where yT = (y; y2 y3 y4). Solving
Ly = b by forward substitution gives,

y1 =35; yo =16:335; y3 = 19:065; y4 = 9:531
Finally on solving Ux =y, by backward substitution, we get,

x4 =0:999; x3 =4:999; x, = 1.001; x; =2:000

Example 2.6

Decompose the following matrix A to LU form by Crout’s method where L is a unit lower trian-
gular and U an upper triangular matrix,

2 3
3 2 1 4
A= 1 5 2 1 ‘
5 1 3 2
2 3 1 5
Solution Let us assume,
2 32 3 2 3
1 0 0 0 Uil Uy U3 U4 3 2 1 4
glﬂ 1 0 0 ég 0 uyy U3z U4 E_E 1 5 2 1 é
i I 1 0 0 0 w3 us 5 1 3 24
l41 l42 143 1 0 0 0 Uqq 2 3 1 5
1% row:

ur =3 up=2,u3=1,u4= 4
2 row:

b1 = ax1=u1; = 1=3=0:333
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up =ay Iy up= 5 0333 2= 5:666

w3z=ay b uz=2 0333 1=1:667

W =ans Ly wia=1 0333 ( 4)=2:332
3 row:

I31 = a3z 1=u;; = 5=3 = 1:667

o= (azp by wn)=um=(1 1:667 2)=( 5:667)=0:412

us =ayy (s +lpus) = 3 (11667 1+0:412 1:667)=  5:354

wsa =azs  (runs+lpung) =2 (1:667 ( 4)+0:412 2:332) = 7:707
4™ row:

Iy1 = ag1=up; = 2=3 = 0:667

lp=(am Ly wn)=us=@(3 0667 2)=( 5:667)= 0:294

lyz=laszs  (la1 wiz+lap uz3)l=us3

=[1 (0:667 1 0294 1:667)]=( 5:354)= 0:154
uss = ass  (lar wia+la uoa+1liz uzg)

=5 ( 0:667 4 0294 2:332 0:154 7:707)

=9:540
2 3 2 3
1 0 0 0 32 1 4
L _g 033 1 0 0 Ue 0 5666 1:667 2:332
1:667 0412 1 0L 0 0 5:354  7:707
0:667 02294  0:154 1 0 0 0 9:540

Note: This example is same as 2.5. There is a difference of .001 in u44 due to rounding, which
may be expected.

Example 2.7

Using the lower and upper triangular matrices obtained in Example 2.6, reduce the matrix A to
LDU form where L and U are unit lower and unit upper triangular matrices respectively.

Further, using LDU, express A = LU where L is a lower triangular and U a unit upper trian-
gular matrix.
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Solution In order to express A = LDU, we divide each row of U by its diagonal element, i:e., we
divide the i row by u;;. The elements of D are given by d;; = u;;. Thus we have,

2 32 3
1 0 0 0 3 0 0 0
LDUzg 0:333 1 0 0 ég 0  5:666 0 0 é
1:667 0:412 1 0 0 0 5354 0
0:667 0:294  0:154 1 0 O 0 9:540
L D
2 3
1 0:667 0:333 1:333
g 0 1 0:294 0412
0 0 1 1:439
0 0 0 1

U

To further reduce it to A = LU form, we have to multiply the elements of the j" column of
unit lower triangular matrix by d;;; j = 1(1)4. Thus we get

2 32
3 0 0 0 1 0:667 0:333 1:333
LU =§ 0:999 5:666 0 0 EE 0 1 0:294  0:412
5:001 2:334 51354 0 0 0 1 1:439
2:001 1:666  0:824 9:540 0 0 0 1

2.14.4 Reduction to PA =LU

In Sec. 2.14.1, we had reduced matrix A to LU form by Gaussian Elimination assuming
there were no interchanges of rows at any stage. But if interchanges are employed, then
the matrix A can be reduced to the form PA = LU where P is a permutation matrix, i.e., a
matrix obtained from a unit matrix with its rows interchanged (permuted). We illustrate the
reduction by considering a4 4 matrix A.

Let I, denote a unit matrix with its p™ and ¢™ rows interchanged and that matrix A has
been reduced to an upper triangular matrix U under following transformations,

L3ls4Lo 4Ly 13A = U, (2.25)

where L1; L, and L3 are unit lower triangular matrices as given in (2.14).
First we should note that Ipq1 =1I,,; i:e:; 1,4 is an involutary matrix.
From (2.25) we can write,

BubalisA =Tay Lyl 'L/L, 'L,/L,'U
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= Iz4lo4L,; 1124142 1134L3 'u

= [ F(laL, 'L, 'gls]L; 'U.

We see that,

myy
Iz4L1 I =

pOOCOOD) N

ms3j

- O O O

ma1

Now, the bracketed term,

2

m

(4L, 1124)L2l = g 4
m3y

S O = O

nma

1

— E my)
msj

mai

S = O O
(e)

0
1

msz

S = O O

myp

The term within square bracket in (2.26) becomes,

2

LuF(lal, 'ha)Ly 'glay = g

Finally the right side of (2.26) will be,

2
I34 124L11124 Ly ' Iy L3]U= g

1
may
my|

ms3j

mq)

msi

myp
ms3p

mqp

m3p

S = O O

S = O O

S O = O

51
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The left side of (2.26) will be,

2 32 32 3
1 00O 1 00O 0010
01 00 00 01 01 00
00 01 0010 1 000
0010 0100 00 01
2 3
0010
_ g 00 01 é A
0100
1 000
Thus we have the reduction,
PA=LU (2.27)
where P is the permutation matrix and L is a unit lower triangular matrix given as
2 3 2 3
0010 1 0 0 0
Pzgo 00 1§;L=§ may 1 0 0% (2.28)
0100 my  omyp 10
1 0 0O nmsp nsp niy3 1

The reduction PA = LU can also be expressed as A =P 'LU where P ! = I;3154134.

In practice, to compute the permutation matrix P, we maintain the record of the inter-
changes of rows of the unit matrix by a one-dimensional array (vector) storing the row
number in it. In the above case of 4 4 matrix we may have an array row number (1 : 4)
having values 1, 2, 3, 4 initially. We change these numbers according to change of rows.
In the present case I;3 will change the order to 3, 2, 1, 4. Then Iy4 will change it to 3, 4,
1, 2 and finally I34 will change it to 3, 4, 2, 1. Then the four rows of matrix P can be writ-
ten as row number 3, 4, 2 and 1 of the unit matrix. For complete details of computational
procedure see Example 2.8.

Example 2.8

Reduce the following matrix A in the form PA = LU, by Gaussian Elimination method with
partial pivoting, where L is a unit lower triangular and U an upper triangular matrix; P is a
permutation matrix.
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Also solve the system of equations Ax = b where b = (5 11 14 19). Compute up to two

decimals only.

Solution

Row number of unit matrix

2

Interchanging 1% row by 3,

2

Elimination of coeff. of x;

2

Interchanging 2" by 4™ row,

2

A= N W AW N =

Ll \S

N = B~ W

3

3

3

3

Cols of multipliers

-

0:14
0:28
0:57

0:57
0:14
0:14

HOOOOOD) N

Transformed matrix b
2 3 2 3
2 51 8 5
1 6 3 5 g 11
7 2 6 3 14
4 8 1 2 19
3 2 3
7 2 6 3 14
1 6 5 E 11
2 51 8 5
4 8 1 2 19
32
7 2 6 3 14
0 572 2116 4:58 %E 9:04
0 444 0:68 7:16 1:08
0 6:86 2142 0:229 11:02
32
7 2 6 3 14
0 6:86 2:42 0:29 §§ 11:02
0 444 068 7:16 1:08
0 572 2:16 4:58 9:04
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Elimination of coeff. of x»;

2 3

N = B~ W

Interchanging 3" by 4" row,

2 3

—_— N A~ W

Eliminating coeff. of x3,

2 3

—_— N B~ W

Solving by back-substitution gives

2
1 0
0:57 1
0:28 0:65
0:14 0:83
2
1 0
0:57 1
0:14 0:83
0:28 0:65
2
1 0 0
0:57 1 0
0:14 0:83 1
0:28 0:65 0:21
x4 = 1:00; x3 =1:01; x», =2:00; x; =0:99
(exactsolutionisx; =1, xp =2; x3 =2, x3=1; x4 =
2 3 2
0010 3 row of I
th
p= 0 0 0 1 4™ row of 1 . PA =
01 0 O 20 row of T
1 0 0O 1%t row of I
2 3 2
1 0 0 0 7 2
L= 0:57 1 0 0 U= 0 6:86
0:14 0:83 1 0 0 0
0:28 0:65 0221 1 0 0

Note: Multipliers can be stored in space occupied by zeros in the appropriate column.

S O O 2 S O O

S O O 2

N~ A

6

86 2:42
0:89
4:17

©c o o W

2:42
4:17
0:89

c o o W
oo
foN

6

86 2:42
4:17
0

o o o N

1)

—_ W = N\
W N
URNNRN

whn N 0 N

6 3

2:42  0:29 %
4:17 434

0 6:06

3

0:29
6:97
4:34

OUNNNRN W

3
3
0:29
4:34
6:97

3

3
0:29

4:34
6:06

HOOOOOD) N

)
é

11:02
6:08
0:11

11:02
0:11
6:08

11:02
0:11
6:06
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2.15 Gauss-Jordan (or Jordan’s) Method

Let us again consider solving the system of equations (2.2), i.e., Ax = b. In the Gaussian
elimination method we reduce the system to an upper triangular form by making elementary
operations on the rows below the pivotal row and then obtain the solution by the process
of back-substitution. In the Jordan’s method operations are made on all the rows below
the pivotal row as well as on the rows above it such that the system reduces to an Identity
matrix form, Ix = 4" and the solution is straight away given by the transformed right side
b". In order to achieve this, the pivotal row is divided by the pivotal element throughout,
thus making the pivot as unity. Then operations are made, choosing suitable multipliers so
that all the elements below the pivot as well as above it are reduced to zero. Of course same
operations are to be made simultaneously on the right side. For solving an n n system,
there will be (n 1) stages and in each stage there will be (n 1) steps to be performed
to make (n 1) elements zero. The computations are made on the augmented matrix aug
(A=b) as shown in the following example.

Example 2.9

Solve by Jordan’s method Ax = b where

2 3
2 51 8
Azgl 6353 :bT=(5 11 14 19)
7 2 6 3
4 8 1 2
Solution
2 3 2 3
2 51 8 : 5 1 25 05 4 : 2:5
1 6 3 5 : 11 Ri Ry 1 5 : 11
7 2 6 3 : 14 7 2 6 3 : 14
4 8 1 2'19 4 8 1 2119
R2 R2 Rl; R3 R3 7R1; R4 R4 4R1
2 2
1 2:5 0:5 4 : 2:5 1 2:5 0:5 4 : 2:5
0 3:5 2:5 1 : 85 IRy Ro=33 0 1 0:71 0:28 : 2:43
0 15:5 2:5 25 : 3:5 0 15:5 2:5 25 : 3:5
0 2 1 14" 9 0 2 1 14 9
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R, R; 2:5R3; R3 R3+15:5R,; Ry R4 +2R»
2 3 2
1 0 1:28 33 1 3:58 1 0 1:28
|
§ 0 1 0:71 0:28 | 243 R R3=13:5Q g 0 1 0:71
0 0 13:50 20:66: 34:16 B 0 0 1
0 0 0:42 13:44 1+ 13:86 0 0 0:42
R; R;+1:28R;; R Ry 0:71R3; R4 Ry 0:42R;
2 3 2
1 0 0 1:34 1 0:34 1 0 0 1:34 1
| |
g 01 0 1:37 , 0:63 2 Ry Ry=( 12:8) g 01 0 1:37 |
0 0 1 1:53 : 12:53 B 0 0 1 1:53 :
0 0 O 12:80 1 12:80 0 0 0 1 [
Ry R; 1:34R4; Ry Ry, 1:37R4; R3 Rs 1:53R4
2
1 0 0 0" 1:00
[
01 0 0, 2004,
001 0 1005
0O 0 0 1+ 1:00
x1=1Lx=2;x3=1,x4= 1
(correctansweris x; =1, o =2;x3=1;x4= 1)

Note: Change of rows may be performed if required.

216 Tridiagonal System

33 1 3:58

028 | 2:43

1:53 : 2:53

13:44 1 13:86
3

0:34

0:63 é

2:53

1:00

3

The solution of second order boundary value problems by numerical method reduces to
solving a system of linear equations which is tridiagonal in nature. A (4 4) tri-diagonal
system of equations may be written as,

2
apy ap
E a axn
0 axn
0 0

32 3 2 3
0 0 X1 b]
asz az4 X3 b3
as3 Q44 X4 by

From Gaussian elimination or Crout’s method, it is easy to see that the coefficient matrix
in (2.29) can be reduced to LU where L and U have following forms,
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3 2 32 3
ailr ain 0 0 1 0 uil U112 0 0

o

a1 axp a3 0 b 1 0 ux uy 0
0 0  uzz uxy

0 0 0 U4y

0 a3 az axn 0 In
0 0 ajsz  aqq 0 0 l43

£210)9)0) 8) )N \V]
I
- o
- o o o

We can easily find the elements of L and U as given below:

Ui = apn; up = app; an &0.

_ - . _ a2 axy _ .
L1 = axi=an; uxn =axn ; U3 = an3:
uiy
_ a3, _ a3 asy _ .
l3 = —=; uzz = azz s U4 = Az
an U
_ Q43 _ az4 443
I3 =—5 usgs = agy ——:
ass u33

We solve Ax = b or LUx = b by putting Ux =y so that Ly = b has to be solved first for
Y giving,
az] asy ass
Vi=bi;y2=by —yi;y3=b3 ——y2;ya=bs —y3:
Uil u uss
Further, on solving Ux =y, we get,
X4 = y4=uss; x3 = (V3 a34%4)=u33
x2 =02 a3 x3)=un;x1 =01 an x)=u:
Thus we are required to compute the following in that order:
(1) unr uzp uzz usa
@yt y2 ¥z na
B)xs x3 x2 x|

However in order to save memory space in the computer, we may store the elements of
A by three one-dimensional arrays for storing the diagonal, subdiagonal and super diagonal
elements. Let us now consider an n  n tridiagonal system which is stored as follows:
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2 32 32
by ¢ O 0 X1 r
a by ¢ 0 X2 r
0 a3 b3 c3 0 x3 r3
0 0 a, b, Xy T
Compute the following in that order:
() w=bpuw=b L i=2()n,
Ui 1
@ w=riw=n 2li=ox)n.
uj 1
3) Xy =yn=up; xi = (,Yi Cixi+1):Mi; i=n 1(
It may be noted that instead of n n, only 3n

storing the elements of the coefficient matrix.

3
(2.30)
(2.30a)
(2.30b)
1. (2.30¢)

2 computer locations are required for

Example 2.10

Solve the following tridiagonal system of equations,

1:98x; 1:01x;
0:98x 1:98x; + 1:02x3
0:97x, 1:98x3 + 1:03x4
0:96x3 1:98x4
Compute up to four places of decimal.
Solution
u; =198
0:98 ( 1:01)
= 1198 — == 1:4801
"2 1:98
0:97 (1:02)
= 1: —— = 1311
s o8 1:4801 33
0:96 (1:03
ug = 1:98 #: 1:2260

1:3115

0:985
0:01

0:015
1:540
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y1 = 0:985
y2 =0:01 % 0:985= 0:4775

y3 =0:015 % = 0:2979
ya= 1:540 %3?1?979) = 1:7580
X4 = %328 = 1:4339

x3=( 02979 1:03 1:4339)=( 1:3115)=1:3533
xo=( 04775 1:02 1:3533)=( 1:4801) = 1:2552
x1 =F0:985 ( 1:01) 1:25529=1:98 = 1:1378

Note: The above equations have arrived at in solving a differential equation described in
Chapter 7.

2.17 Inversion of Matrix

We can find the solution of Ax =b using A ! as x = A 'b, although it will not be wise
to first compute A ! and then form A 'b. However, if we have got a software/subroutine/
procedure for A !, we can use it easily on any number of different b vectors. We had also
said in Sec 2.9 that to compute A ! by adj A=jAj is most uneconomical computation-wise.
We had also mentioned in Sec 2.7 that A ! can be found by solving Ax = b, taking b as
different columns of a unit matrix. That is, solution x of Ax = I, where I, is the k™ column
of the unit/identity matrix I, renders the k™ column of A . Thus we have to work with the
augmented matrix aug (A=I). When matrix A is of order 4, we have,

2
aug (A=I) = g

All the methods discussed before can be employed to solve the 4 4 system with four
right hand sides, namely (i) Gauss Elimination (ii) LU decomposition and (iii) Jordan’s.
See Examples 2.11 and 2.12.

X1 Xp X3 X4 L b Iz 143
ain ap a3 aig, 1 0 0 0
ay axp a3 dx 0100 2
a1 azx az ax'0 0 1 0
aq1 Q4p Q43 Q44 : 0 0 0 1
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Example 2.11

Find the inverse of the following matrix A by Gaussian elimination method, where

2
4:3
A= §184 2:1 102
72 18

Using A !, compute x form Ax = b, when b* = (10.90 7.80 23.22). Compute up to 2
decimals only.

Solution We apply Gaussian elimination method taking b as columns of unit matrix I, i.e., con-
sidering augmented matrix:

4:3 35 1:2:1 0
§184 2:1 1:0:0 1 Oé
72 1:8 34,0 0

R, Rz 4:28R;; R3 R3 1:67R;

1211 00
§0 17:08 4141 428 1 oé
|
7:64 5401 1:67 0 1

R; R3 0:45R,

4:3 12 0
§ 0 1708 4141 428 1 0 Z
0 3541 026 045 1

Solving by back-substitution, for 3 right sides, we get the respective 3 columns of A !, i.e.,
2
0:03  0:04 0:02

A1=§ 0227 0:09 007?,
0:.07  0:13  0:28

For given bT,

0:03 0:04 0:02 10:90 1:10

x=§ 0;27 0209 0072% 7802 g 3872

0:07  0:13  0:28 23:22 6:25



