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THE COMPUTATION PROBLEM WITH SEQUENTIAL DECODING*

ABSTRACT

Fono Sequentiol Decading is o technique for communicoting ot o high infarmation
rate ond with a high reliability over a large class of channels. However, equip-
ment cast ond variation in the time required to decode successive tronsmitted digits

limit its use. This wark is cancerned with the latter limitation.

Others have shawn thot the overage pracessing time per decoded digit is small if
the infarmation rate of the source is less thon a rote Rcomp' This report studies the
probobility distribution af the pracessing time rondom vorioble ond opplies the re-
sults ta the buffer overflow probability, i.e., the prabobility thot the decoding
deloy forces incoming data ta fill and overflow a finite buffer. It is shawn that
the averflaw prabability is relatively insensitive to the buffer storage capacity and
to the computational speed of the decader, but quite sensitive to informatian rate.
In particular, halving the saurce rate mare than squores the overflow probability.
These sensitivities are faund to be basic Sequential Decading and arise because
the camputotian per decaded digit is large during an interval of high channel

noise and graws exponentially with the length of such an interval.

A canjecture is presented cancerning the exact behaviar of the averflaw prabability
with information rate. This conjecture agrees well with the (limited) experimentol

evidence available.
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THE COMPUTATION PROBLEM WITH SEQUENTIAL DECODING

CHAPTER 1
INTRODUCTION

A. BACKGROUND AND PREVIOUS WORK

The branch of statistical communication theory known as coding theory has received much
attention since the results of C. E. Shannon1 in 1948. Many investigations were and are attracted
to coding theory because of the potential for ultrareliable communication suggested by Shannon's
Noisy Coding Theorem. Loosely stated, this theorem says that data can be encoded for trans-
mission over a noisy channel in such a way that the probability of a decoding error is arbitrarily
small, provided that the information rate of the source is less than a rate called channel capacity;
the converse to the Noisy Coding Theorem essentially says that channel capacity is the largest
rate at which the probability of error can be made arbitrarily small.

The implications of the Coding Theorem are obviously stimulating. The fact that codes ex-
ist for noisy channels which achieve small error probabilities while operating at a fixed informa-
tion rate is quite surprising. A priori, one would have expected that reliability could be achieved
only by repeating the transmitted message, that is, that reliability is obtainable only at the ex-
pense of less information per unit time, i.e, a reduction in rate.

Although the Coding Theorem indicates the potential for ultrareliable communication, it has
been found that this ultrareliability costs either a great deal in equipment or in decoding delay.
Both costs are exorbitant if the decoder operates so as to strictly minimize error probability.
Practical considerations force one to consider less than optimum codes and decoders (in a
probability of error sense). A number of such codes and decoders have been invented. Included
among these various coding techniques are Massey's Threshold Decoding,2 Gallager's Low Den-
sity Parity Check Codes,3 Bose-Chaudhuri Codes with the Peterson Decoding Pr'ocedur‘e,4 Itera-
tive Decoding,s' & and Sequential Decoding7‘ & as first presented by J. M. Wozencraft and later
modified by R. M. Fano. Each of these procedures and other‘sg' 0 not mentioned find application
depending upon the performance requirements which are set and the economics of the application.
Sequcntial Decoders score reasonably well in both the performance and economic categories. We
shall concentrate on Sequential Decoding, and in particular on the Fano Sequential Decoding Algo-
rithm, in this report.

B. FORMULATION OF PROBLEM

In many ways, the Fano algorithm is an attractive decoding procedure. It applies to a large
variety of channels in contrast with the algebraic codes such as Bose-Chaudhuri codes which are
best adapted to symmetric channels with an equal number of inputs and outputs (which is a power

of a prime4). The Fano algorithm is also recommended by the fact that it will operate with high



reliability at a substantial fraction of channel capacity. Thus, it is ideally suited for systems
handling high-quality, high-volume traffic.

The Fano algorithm, however, possesses at least two disadvantages. The first is that thc
necessary encoding and decoding equipment is expensive. The sccond and most damaging dis-
advantage of the Fano algorithm is that the time required to process the incoming data is varia-
ble and assumes very large values during intervals of high channel noise. The variability of the
processing time requires that incoming data be buffered. The fact that this processing time
assumes large values implies that occasionally and eventually a finite buffcr will fill and over-
flow. After overflow, it is found that the decoder often performs erroneously. Such an event
is catastrophic unless moderated with periodic resynchronization, the use of a feedback channel,
or some other means,

Not only is overflow serious, but it occurs much more frequently than do undetected decod-
ing errors (i.e., errors without overflow). Thus, it is the controlling event in the design of the
decoder. Although the overflow event is serious, the decoder can be so designed and the infor-
mation rate be so restricted that overflows are very infrequent. It is, therefore, a problem
which can be resolved.

Our concern in this report is to obtain some understanding of the scnsitivity of the overflow
probability to the following: the buffer capacity, the machine speed and the information (or
signaling) rate. This is a difficult analytical problem. As a result, wc have becen forced to
analyze the machine performance and to determine the various sensitivities indirectly. Our
approach to the overflow question has been to consider a random variablc of computation (called
"static" computation) which is related to the computation performed by the machine as it decodes.
We have shown that the cumulative probability distribution function PR [C > L] of the random
variable of "static" computation C is an algebraic function of the distribution parametcr L,
that is, it behaves as L™%, a >0, for large L. From this behavior and a study of the exponent
o, we have found through a heuristic argument that the probability of buffer overflow is relatively
insensitive to a change in machine speed or to the size of the buffer but that it is quite sensitive
to information rate, being more than squared by a halving of rate.

The deductions on the sensitivities of the overflow probability indicate that practical limits
on the size and speed of a decoder are set primarily by the overflow probability and that the
machine performance is really only sensitive to information rate. This sensitivity is due to the
fact that PR [C 2 L] behaves as L™ for large L. We shall find that PR [C > L] behaves as L~ ¢

for large L because for every transmitted codeword there exists an interval of high channel

noise such that "static" computation is large and growing exponentially with the length of the
interval of high channel noise. The probability of such a noisy interval decreases exponentially
with the length of the interval. It is the balance between the two exponentials which forces the
algebraic nature of the distribution of "static" computation, PR [C > L]. Since this same balance
is fundamental to the entire concept of Sequential Decoding, it does not appear that the buffer
overflow problem can be avoided unless some major modification of the decoding procedure can
be devised.

These results and arguments are explained in detail in the following chapters.

Chapter II focuses on the Fano Sequential Decoding Algorithm. The algorithm is defined,
motivated and discussed. Many of its properties are clearly outlined. The buffer overflow

problem is discussed and the random variable of "static" computation is defined.



Chapter I1I is prefaced with a discussion of the connection between an exponential growth
in computation with the length of an interval of high channel noisc and the algebraic nature of
the distribution of "static" computation. The main purpose of the chapter is to underbound the
distribution of "static" computation. A general underbound is found which applies to all codes
on the "completely connected" discrete memoryless channel (DMC). A lower bound is also
found for the (small) subset of codes which have fixed composition, again for the "complctely
connected" DMC. Both bounds to PR [C 2 L] are algcbraic in L.

Chapter IV concentratcs on obtaining an upper bound to the distribution of "static" computa-
tion, PR [C > L]. Since there are "poor" codes, codes for which PR [C > L] is large so that
large computation occurs with high probability, we must establish that codes exist with a
PR [C > L] which decreases as an algebraic function in L. (It cannot decrease any faster be-
cause of the lower bound result.) We show that such codes exist by averaging PR [C > L] over
the enscmble of all tree codes. This average is algebraic in L so that many codes exist with
an algebraic distribution function.

Chapter V interprets the upper and lower bounds to PR [C > L], describes an experiment
performed at Lincoln Laboratory and compares the results of this experimecnt to the tail be-
havior of PR [C > L], i.e., its behavior for large L. The comparison leads to a conjecture on
the truc tail behavior of PR [C > L]. Itis shown that this conjecture has a very close connec-
tion to some fundamental results in information theory which are expressed in the Coding
Theorem. Finally, a heuristic connection between the distribution of "static" computation and
the overflow probability is established and the sensitivity of the overflow probability to machine
specd, buffer size and information rate is brought out. Some problems deserving further re-

search are also suggested.




CHAPTER 11
DESCRIPTION OF FANO SEQUENTIAL DECODING ALGORITHM

This chaptcr briefly discusscs the encoding problem and introduces the Fano Sequential
Decoding Algorithm.8 The dynamics of the algorithm arc described and a definition of computa-

tion is presented. This chapter serves as preparation for the following analytical chapters.

A. TREE CODES

Let us assume that the output of a source with a b-letter alphabet is encodcd for transmission
on a discrete memorylcss channel (DMC). (Thc DMC is characterized by the set of transition
probabilities {p(yj/xk)} where {xk}, 1 < k< K is the channel input alphabet and {yj}, 1<j< T is
the channel output alphabet.) Consider encoding the source by mapping a scquencc of source
digits into a sequence of channel digits. The channel digits are selected from an array that

topologically resembles a tree and will henceforth be called a tree (see Fig. 1).

For the moment, consider mapping a finite sequence En = (/31, /32, 2% b ﬁn) of n digits drawn
from the source alphabet onto a finitc channel sequence ﬁn = (91' Uy ones 1_1n), where l—lq =
(uqi, s un)' Py uql) is the subsequence of £ digits (or a tree branch) drawn from the channel

input alphabet. At the qth node of the tree, Bq dirccts a path along the bottom branch if Bq = ai,
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Fig. 1. Convolutional tree code.



along the second branch from the bottom if Bq = a,, and along the top branch if Bq = (A path
is a contiguous sequence of branches.}) For example, the channel input sequence G3 = (112, 010,
122) corresponds to the source sequence a
alphabets are both {0, 1, 2}.

The extended source sequence E(=E°°) specifies an infinite path ﬁ(=ﬁw) through the tree. The

3= (1, 0,2) in Fig. 1 when the source and channel input

path u will be called the correct path. For each node of the correct path, say the qth, q-=
0,1,2,..., where the 0th node is the origin, we define an "incorrect subset."! The incorrect sub-

th

set at the qth node consists of (1) the q " node itself and (2) all nodes (of depth greater than q)

diverging from the qth node, which are not part of the correct path. For example, see Fig. 1
where the incorrect subset at the an node of the correct path is shown.

We shall find it useful to classify nodes in each incorrect subset. Consider the qth such
subset. Consider a node "at penetration s'" in this subset (such a node is the terminus of a path
of q + s branches). There are a number of nodes at this penetration s. Let the nodc in question
be mth from the bottom of this set of nodes. Then, it is uniquely identified by the triplet (m, s, q).
This triplet indicates that the particular node is mth in rank among nodes at penetration s in
the qth incorrect subset (see Fig. 1). The qth node of the correct path (or the refercnce node)
is identified by the triplet (1, 0, q}). (By convention, this single node is said to be at pcnetration
zero in the qth incorrect subset.) Denote by M(s) the number of nodes at pcnetration s in the

qth incorrect subset. Then,
M(0) = 1
M(1) = (b — 1)

M(2) = (b—1) b

M(s) = (b—1) b5 for s31 . (1)

h

There are M(s) paths at penetration s in the qt incorrect subset, and each of these paths con-

tains q + s branches.

Given that U = (gi, .. "En) is transmitted, let Vs (\_/1,32, C ,\_/n) be the received sequence,

where g = (ti, o Vg o th subsequence of £ channel output digits. The prob-

ability that Vn is received when ﬁn is transmitted is computed from the transition probabilities

of the DMC as follows:

o ;B vql)lstheq

n n £
ER [‘_’n/ﬁn] - 11 Pr lzq/gq] =1 II'» [vqh/uqh] i
q:1 q=1 =i

where p [vqh/uqh] =p [yj/xk] when vqh = yj and Uih = X

The data (or signaling) rate (in bits per channel use) is defined as

logzb
R = 7 . (3)

If the successive source digits are equally likely and statistically independent, then R is also
the source entropy (or information rate) per transmitted digit. We shall assume that successive

source digits meet these conditions.



B. CONVOLUTIONAL CODES

Although we shall later assume for analytical convenience that data are encoded with an
arbitrary tree code, we present convolutional codes here to show that tree codes may be realized
with a minimum of equipment.

Define a basic sequence g = (51‘ 8y v oo gs, 0,0,...), called the code generator, where
R (gri’ RO grl) is the rth subsequence of £ digits, and S is called the code constraint length.
We also define translates of g by

n

e

Enz(9’9‘""9’51""'58'9"")

where 0 indicates a subsequence of £ zeros. Assume that the letters in the generator g and
the letters of the source alphabet coincide and consist of the set of integers {0,1,...,b—1}b

a prime. Then, the source sequence B =(B ...) generates the channel sequence u =

JB ’
174922
(uy,uy,...) by

u= ), B8, - (4)
Multiplication and vector addition are taken modulo b. Following this rule the tree, partially
shown in Fig. 1, may be constructed from the code generator g = (112, 010, 201, 221, 000, ...).
In particular, the source sequence E =(1,0,2,...) generates the channel sequence u =

(112, 010, 122, .. .).

DATA —= 2 o] ) o

Fig. 2. Convolutionol encoder.

) ——e

ENCODED DATA

This code can be realized (see Fig.2) with a standard shift register of S stages (the code
constraint length), multipliersT and adders (modulo b). Clearly, the size of the convolutional
encoder does not increase faster than linearly in the code constraint length. Others have shown
that the probability of a decoding error with Sequential Decoding on convolutional codes decreases
exponentially in the code constraint length (for almost all codes). In a probability of error sense,

convolutional codes are near optimum.

T The circles in Fig. 2 indicote multiplication by the enclosed numbers.



This example has assumed that the source alphabet and channel alphabet are identical.
Neither this restriction nor the restriction that the alphabets contain the same number of ele-
ments is needed (see Ref.11). In addition, the constraint that b be prime is not essential. For
example, b may be a power of a prime and the components of B and g may be chosen as ele-

ments of a general Galois field, addition and multiplication taken in this field.4

C. FANO ALGORITHM

In preparation for a discussion of the Fano search procedure, we introduce and motivate

the "metric" with which the procedure operates.
1. Metric

Assume that a source generates a sequence of outputs B. This sequence directs a path u
through a tree code. The branches of this path are transmitted over a discrete memoryless
channel. A sequence of branches Vv is received at the channel output. The Fano decoder is a
device that operates on this sequence and produces a replica of the transmitted sequence, unless
decoding errors occur.

The Fano decoder (or algorithm) is a rule for searching efficiently through the paths in the
tree code in an attempt to find a "best fit" with the received sequence v. To determine a "best
fit," values are assigned to nodes in the tree. The value of a node is said to be the value of the
metric between the path terminating on this node and the corresponding received sequence. As
the decoder searches nodes, values of the metric are compared to the criteria of Fig.3. The

criteria Ti =1 to are straight lines of zero slope separated by an amount to.

T —

o \
3 / CORRECT PATH

> 1
€ \a\ LENGTH
g oe Fig. 3. Criteria and typical path
| INCORRECT PATH ig. 3. Criterio and typical paths.
-1
to u
T S
Ty

Let us be precise about the definition of metric. We define a "branch metric" and associate

a value of this branch metric with each branch of the tree.Jr Let u, = (u Y uo!) be a tree

u
04" o2 " ¢
branch and let Vo (vo1, Vi e vof) be the corresponding received branch. The branch metric

between u_and v , d{u _,v ), is defined as
e} -0’ ='=0’'-0

1
YA ) [Ku,vo) — R (5)
h=1

d{u , v
=-'-0’-o

t This is not a metric in the mathematical sense because d(go'!o) may be negative.



wheret

P [Von/uop]

A
Hugps Von) = 1o, —44y (6)

oh)

Here, p [voh/uoh] =p [xj/xk] when v, = yj’and u = x,.. Welet f(v ;) be a probability-like func-
tion. It may be interpreted as the probability of channel output symbol Y i when the channel in-
puts are assigned probabilities {pk} , 1<k K. The function f(voh) and the probability assignment
{pk} will appear during the "random code" argument of Chapter IV and an interpretation will be
attached to f(yj) and {pk} .

The "path metric," d(m, s, q), on the path containing q + s branches and terminated by node
(m, s, q), is defined as the sum of thc branch metric on each of the q + s branches. The value
of this path metric is associated with node (m, s, q). When we plot d(m, s, q) for paths in the
trce, we indicate the values of the path metric with nodes. The nodes in this plot have a one-
to-one correspondence to nodes in the tree and will be indexed with the same triplet (m, s, q).

This definition of path metric is justified by two facts — it leads to a workable decoder and
this decoder can be studied analytically. The definition is recommended by the fact that a large
value of the path metric indicates that the path in question is very probable a posteriori (see
below) which is equivalent to saying that with high probability this path is th; transmitted path.

Wc now show that the value of the metric is monotone increasing in the a posteriori probability
of a path. B
Let ﬁn' n =q + s, represent the trece path (m, s, q) and let Vn bc the corresponding received

sequence. Then, the value of the metric on ﬁn is

n £
dim,s,q) & ) ), [Mugy,v)—R]

r=1 h=1
Py, [V /6 ]
. RE=nd=in
= log2 f(‘_/n) —n R (7)
th . .. th = = .
where u_,, v_, are the h™" digits on the r” branch of u_, v_, respectively, and
rh’ "rh n’ 'n
n 2
T ARNAY
gpcnd [l T des - (8)
r=1 h=1

In obtaining Eq. (7), we have used Egs. (4) and (5), together with the definition of PR [\_/n/ﬁn] of
Eq.(2). Now, PR [Vn/ﬁn], the conditional probability that Vn is received when ﬁn is transmitted,

is proportional to PR [ﬁn/\‘/n], the a posteriori probability of _ﬁn’ since (from Baye's Rule)

PR [Tln_]
PR [\_/n]

Pp U, /v, 1= Pp [V /u] 9
and PR [ﬁn], the a priori probability of l_ln' is constant under variation of l_ln' (We have assumed
that successive source digits are statistically independent and identically distributed.) Thus, we
have established for the given source that the path of n branches with the largest valuc of the

metric is that path of n branches which is a posteriori most probable.

T If output y occurs with probability f(y) then 1(x,y) is the "mutual information" between x and y.



We have attached a value of thc branch metric to each of the b branchcs stemming from a
nodc. We observe by analogy with the argument above, that of these branches, that branch with
the largest value of the branch metric is the a posteriori most probable branch at that node.
Then, we order branches at a node according to their value of the branch metric and say that
they are "most probable," "second most probable," etc.

We consider next the motivation for and definition of the Fano algorithm.

2. Search Procedure

Sequential Decoding procedures in general, and thc Fano algorithm in particular, are moti-
vated by the following consideration: For a properly chosen code and for signaling rates which
are suitably restricted, the a posteriori probability of the correct path and the value of the path
metric on it will typically increase (see Fig.3). On the contrary, any incorrect path branching
from the correct path will typically decrease in path metric (see Fig.3). Thus, a separation
will typically occur between the correct path and some incorrect path. Using a set of thresholds,
a decoder can eliminate from consideration a large number of improbable, hence, incorrect
paths. As long as the channel "noise" is not too severe, the separation betwcen the correct and
incorrect paths will become increasingly evident. A period of high channel noise, however, may
force a large amount of searching and even cause decoding errors. We shall consider these two
points later.

The set of rules for searching tree paths which we shall consider hcre is known as the Fano

Sequential Decoding Algorithm. A logical flow chart of this procedureT is given in Fig.4. To

r ____________ 1 Ir— ____________ |
| |
( START } ! LOOK FORWARD DN [ o O | | 820
SET THRESHOLD =D 1"MOST PROBABLE" BRANCH ] T LOOK BACK T
| | I |
l A DK : { B oK :
I (' sTep FoRwARD ) | | STEP BACK ) |
| | |
SN AP J EEr Y aS— y
(B e v | S o et 1 =0 = i R 1
{ [ | |
NO FIRST TIME | Ino|. ISITHERE JAL et |
NEXT MOST PROBABLE
I 5 ATTHIS:NODE:T } I BRANCH OF THIS NDDE? :
E

| YES | | PO | | [ J

| I YES
s e = 9
o TIGHTEN THRESHDLD) | I [

|
I LODK FORWARD I
___________ J

BAD! NIT |
| |
{ c oK :
e ]

LOWER THRESHOLD
ONE STEP

Fig. 4. Flow chart of Fano algorithm.

tSee Ref.8 far the flaw chart aof the computer program which realizes the chart of Fig.4. The bookkeeping re-
quired by D of Fig. 4 is accamplished with a small number af instructions in the camputer program. This chart
is based an a flaw chart suggested by Professor 1. M. Jacabs.
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describe the operation of this algorithm we introduce the notions of forward mode and search
mode operations. The machine operates in the forward mode when it is searching for the first
time a path whose metric is nondecreasing. (We shall be more precise about this point later.)
Roughly speaking, the machine operates in the search mode when it is looking for a path which
has a continuously growing metric.

Let us now be specific. Suppose that the decoder is following a path which is growing in
metric and that this path is being followed for the first time so that the machine is operating in
the forward mode. Then, at each node of this path the decoder raises a threshold, called the
running threshold T in units of t, until it lies just below the value of the path metric at cach
node. In Fig.4 this operation is performed by D. After the threshold is tightened at a node, the
decoder looks forward along the "most probable" branch (that one which has the largest value of
the branch metric). If the path metric on the extended path remains above the existing value of
the running threshold T, and if the extended path is examined for the first time, forward mode
operation continues. If the extended path falls below T, as in I'ig. 5, search mode opcration

begins. Operation B of Fig. 4 is then performed.

o A/
E y.
w S
s RUNNING THRESHOLD
r,______—ENTER AND LEAVE
0 | | [ | SEARCH MOOE
LENGTH

Fig. 5. Typical machine search.

When the machine enters B it is looking for a path which will remain above T. Hence, it
looks back to the preceding node to determine whether it remains above T. M so, (OK) perhaps
the "next most probable" branch extending forward from the original node will remain above T.
At E, the machine determines whether a "next most probable" node exists, and if not, it looks
back again with the same intention, that is, of finding an extendable path. If in looking forward
in C the machine finds that the extended path remains above T, it steps forward tightening the
running threshold if this node is visited for the first time. (This threshold is tightened and the
machine enters or remains in the forward mode only when a node is examined for the first time.
Otherwise, looping would occur.) If the forward look in C is successful, the machine steps
forward and continues to look forward, as indicated by Fig.5. If the forward look in C is un-
successful, the machine again looks back in search of a node from which an extendable path may
be found (i.e., a sequence of nodes which remains above T). If an extendable path cannot be
found, that is, if every sequence remaining above T and connected to the node at which searching
begins eventually crosses T, then the running threshold T must be reduced. After the threshold
is reduced, the decoder looks forward along "most probable" branches until it reaches the node
at which it entered the search mode. The branch on which the decoder looks forward is a new

branch, so that the threshold may be increased if this extended path lies above T (see Fig. 6).

11
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Fig. 8. Minimum threshold TD.
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The maehine operation may be summarized as follows: The deeoder operates in thc forward
mode, extending along "most probable" branches and increasing the running threshold as it pro-
gresses, until an extension fails the running threshold T. At this point, search mode operation
begins and the decoder looks for a sequence of nodes which remains above T. If each sequence
of nodes connected to the node at which search mode operation began is such that it crosses T
before forward mode operation resumes, then T is reduced. As soon as the decoder finds a
new path remaining above the existing value of T, forward mode operation begins and T may

be increased.

D. COMPUTATION

We now establish that the decoder does not look forward or back on any given branch more
than once with each value of the running threshold. There are three situations which need to
be considered. There is a node at eaeh end of the given branch. We need to consider the ease
where both nodes lie above a given threshold, and where either the preceding or following node
lies below the given threshold. If both nodes fall below some threshold, the branch eonsidered
will not be examined with this threshold.

If the node preceding the branch in question lies above the given threshold, while the follow-
ing node lies below this threshold (see a of Fig. 7), then the decodcr may look forward on this
branch, but it cannot look back beeause it would have to step forward to do so. But from A of
Fig. 4, it cannot step forward while this threshold is in effeet. Next consider the situation of
b in Fig. 7. The decoder can look back on the given branch, but it cannot look forward because
it would have to step back to do so, which is prevented by the restriction OK in B of Fig. 4. The
third situation to be eonsidered is that of ¢ in Fig. 7. Both nodes terminating the branch in ques-
tion lie above the given threshold. With this threshold the decoder may look forward and then
step forward (A of Fig. 4) from the preeeding to the following node. The deeoder may then seareh
forward and later return to the second node with this same threshold. We now show that the de-
coder cannot return to the first node and then retrace this branch, We observe from B, E, and
C of Fig. 4 that this branch with the given threshold cannot be retraced because the decoder can
extend only along either the "next most probable" branch at the first node, or along the "next
most probable" branch at an earlier node. The decoder can only retrace the original branch by
exiting from B on BAD (Fig. 4} and lowering the threshold. Thus, with any given threshold any
partieular branch cannot be examined in the forward and reverse directions more than once,

Now let us consider the lowest threshold which is used by the decoder. Consider paths
branching from the qth node of the correct path and terminating on nodes labeled (m, s, q),
1<mg M(s), 0<s <«. Let D be the correct path minimum at or following the qth node and
let Ty be the threshold just below pt (see Fig. 8). Assume that the received path is decoded
correetly, that is, that deeoding errors are not made. Then paths which cross TD will not
be examined beyond the point at which they eross TD' This is true since threshold TD = to is
used only if all paths fall below TD; but by definition the correct path remains above TD‘ This
implies that the decoder will not step forward to a node which lies below TD nor to any node

connected to and following such a node (see (m, s, q) of Fig. 8).

T Since the decoder operation depends only on incremental values of the metric, we may assume that the qth car-
rect node lies between Tu ond T] , ond measure D ond TD from To =0.
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We may also deduce that if D < 0 and all nodes connecting any node such as (m', s', q) in

Fig.8 to (1, 0, q) [including (m!, s', q)] be above T
g g

from (m', s',

D + to’ then the decoder must look forward

q) before the threshold is reduced to TD. (The constraint D < 0 is necessary be-

cause if D > 0 the machine may never be forced back to (1, 0, q) so that forward or backward

looks from (m, s, q) may never occur.)

The two central results of the last three paragraphs may be summarized as follows:

(1)

(2)

Consider a node (m, s, q) branching from the qth node of the correct
path. Let D be the correct path minimum on or following the qth
node. Let TD be the threshold just below D. Assume that node

(m, s, q) lies between thresholds Trl and Tn where Tn > T, as in

+1 D

Fig.9. Let Nk be the number of forward or backward looks from
this node with threshold T, . Then, for each threshold Tk > T, and

k D
Tk<Tn, Tn>T 2 i 2 B Shie a2 T we have

n-1 k D’

0<KN <b+1

k

Nk is zero for any other threshold. The lower limit represents a
situation of the type represented by (m, s, q) in Fig. 8; in this case,
the machine does not look forward or backward from the node in

question.

The conditions under which Nk = 0 and the bounds on Nk in Eq. (10)
are central to the arguments of Chapter 1V, which is concerned with

overbounding the statistics of the decoder behavior.

Consider a node such as (m', s', q) of Fig.8. This node remains
above TD + to and is connected to (1, 0, q) through a set of nodes
all of which lie above TD + to' If D <0, the decoder must look
forward at least once from this node before the threshold T is re-
duced to TD (to which it must be reduced, since the decoded path

is the correct path and this path lies below TD + to at some point).

3-62-3214 |

—

CORRECT PATH—"]

| /
7/

N

METRIC

LENGTH

Fig. 9. Typical path trajectories.
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The conditions under which the decoder must look forward at least once from node (m', s', q)
are central to the arguments of Chapter III, which is concerned with underbounding the statistics
of the behavior of the decoder.

We shall call the number of forward and backward looks at a node the "computation" at this
node. These looks are the operations which require machine time. In the remainder of this
report, we use this definition of computation to investigate the computational demands of the

decoder.

E. BUFFER AND DYNAMICS OF DECODER

In the previous section, we assumed implicitly that the decoder is capable of searching back
indefinitely into the tree in the process of decoding. Although this assumption will be needed for
later analysis, it is not consistent with a physical machine. To search back indefinitely requires
that all received branches be stored in the decoder. Practical limitations on the cost and size
of the decoder force one to consider buffers for storage which are of finite size. We shall con-

sider now a particular buffer realization and discuss the dynamics of the decoder operation.12

f 8 -

RECEIVED
BRANCHES
L] L] L] L] L] *® o0
DECODED
DATA
EMPTY e ol e T
1 A SAFETY
SEARCH
EXTREME

LOGIC, TREE GENERATOR

Fig. 10. Buffer.

Assume that the decoder operates with the buffer of Fig. 10. Received branches are inserted
at the left end of the buffer and progress through the buffer at the rate at whith they arrive. The
buffer stores B branches. Below each branch there is space to register an element of the source
alphabet. As the decoder operates, it inserts into these places tentative source digit decisions.
Insertions are made at the position of the "search" pointer. When these tentative decisions reach
the left-hand side of the safety zone they are considered to be final. When they reach the right-
hand side of the safety zone they are considered to have been decoded. If a digit released from
the right end of the safety zone disagrees with the corresponding source output digit, a decoding
error is said to have occurred.

The "search" pointer indicates the received branch at which the decoder is looking. The
"extreme" pointer indicates the most recently received branch that has been examined. As the
machine operates the two pointers may advance together toward the left-hand side of the buffer
until a search is necessary. At that time the search pointer and the extreme pointer will drift
back, the search pointer moving away from the extreme pointer. (When the extreme pointer is

not moving forward, it drifts back because branches are arriving at a constant rate.) As the
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seareh pointer moves back it erases previous tentative deeisions, and in moving forward it in-
troduees new tentative decisions. Digits in the safety zone cannot be changed.

It has been found from simulation13 that under normal operating conditions the two pointers
usually hover near the left-hand side of the buffer. Occasionally, however, they will drift back
a substantial distance. During this drift, the two pointers usually are separated by a small frac-
tion of the distance they have drifted from the buffer end. (This behavior is rationalized by the
observation that the number of machine computations tends to grow exponentially with the depth
of the search from the extreme point.)

Occasionally, the search pointer reaehes the far end of the buffer. Then, the decoder is
likely to release an incorreet digit into the safety zone; thereafter, the decoder tries to advance
on an incorrect tree path. Since this is difficult, the machine must do a large amount of computa-
tion. The search pointer then hovers near the far end and additional erroneous source digits
are released into the safety zone. Thus, if the search pointer is forced to the far end of the
buffer, it will tend to remain at this end and to decode in error. We call this event buffer over-
flow. This report is motivated by a concern for this event.

Although, deeoding errors may oecur without causing a large machine computation, it is
noted from simulatiorl13 (and may be rationalized heuristically) that for safety zones of moderate
size, decoding errors are almost always preceded by overflow. The heuristic argument states,
in effect, that the noise sequences, which are responsible for errors in the absence of overflow,
occur with vanishingly small probability, especially for safety zones of large capacity.

Since buffer overflow can be detected, the decoder ean discard the unreliable digits in the
safety zone. Thus, the probability that an erroneous digit is released to the user before the
buffer overflows can be made very small, much smaller than the probability of overflow. This
observation is equivalent to the statement that the probability of a machine failure, where fail-
ure means overflow or error is dominated by the probability of buffer overflow. Represent this
probability by PBF(N). We define PBF(N) as the probability that the first buffer overflow occurs
on or before the time at which the Nt source decision enters the safety zone.

We shall be concerned in this report with the sensitivity of Py to buffer size B, to the

1
speed of the decoder and to the data rate R. We shall find that Py is relatively insensitive to

buffer size and machine speed, but quite sensitive to data rate. We shall establish the mechanism

which is responsible for the particular sensitivities of P Throughout, we assume that the

BF’
decoder is working with a fixed channel.
A preliminary statement can be made here concerning the largest signaling rate R at which

758513, 14

is "small" or at which the decoder will function well. Others have shown, through

B
BF

analysis and simulation, that the largest rate at which the average computation per decoded digit

is small is a rate called Rcomp‘ Since large average computation implies frequenl buffer over-

flows, Rco is an upper limit on the rate at which the machine will function properly. R

mp comp
is strictly less than channel capacity, except for pathological channels, and is a large fraction

of channel capacity for many but not all channels.

F. T"STATIC" COMPUTATION

Unfortunately, the statistics of the dynamical computation performed by the Fano decoder

as it operates in time are too difficult to study directly through analysis, Consequently, we are

16



led to consider a kind of computation called "static" computation which is at once analytically
tractable and closely connected to the real machine computation. Through an investigation of
"static" computation, we shall bc able to make strong qualitative statements about the sensi-

tivities of P

BF'
A restriction to the study of "static" computation has been found necessary without exception
by all others who have investigated the Fano algorithm.M_ié By "static" computation we mean

a computation which is eventually performed by the decoder, if no digits are decoded in error

and if the buffer is infinite. Thus, the assumptions are that the decoder has a buffer of infinite

capacity, that it has operated for an indefinite length of time, and that it has decoded correctly.
Let (m, s, q) be a node of the qth incorrect subset where 1 < m £ M(s), 0 < s <, and M(s)

is given by

M(0) = 1

M(s)=(b—1)b5t | forsz1 [Eq. (1))

We define "static" computation associated with'the qth correct node as the number of computa-
tions madc on each node (m, s, q) of the qth incorrect subset.
The connection between "static" computation and the probability of overflow will be made

later.
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CHAPTER 1II
LOWER BOUND TO DISTRIBUTION OF COMPUTATION

In this chapter, we underbound the cumulative probability distribution of the random variable

of "static" computation C, namely, P, [C > L]. This underbound applies to discrete, memory-

[
less channels (DMC) which are complgely connected (all channel transition probabilities are
strictly positive). We show that this lower bound is an algebraic function of the distribution
parameter L for large L; that is, PR (C>L]> (A/La) for all L. greater than some constant
I_.O, where A, o >0,

The lower bound derivation is preceded by a discussion of the condition on the random vari-
able of "static" computation which is responsible for its having an algebraic distribution function.
Roughly speaking, this condition states that the distribution is algebraic if "static" computation
is large during an interval of high channel noise and grows exponentially with the length of such
an interval. This important result is responsible for the particular sensitivities of the overflow
probability mentioned in Chapter II.

A. BEHAVIOR OF DISTRIBUTION OF COMPUTATION

The computation performed by the Fano decoder is a random variable. It is large during
periods of high channel noise and small otherwise, The same is true of the random variable of
"static" computation C associated with the qth node of the correct path. We now argue some-
what loosely that exponential growth of "static" computation implies that it has an algebraic dis-
tribution function.

Let E_s be the sequence of sf channel transitions (corresponding to s tree branches) following

the qth correct node. The sequence Es alone is not sufficient, as a rule, to determine C com-
pletely. Knowledge of Es is sufficient, however, to determine whether C is large or not.

If b for large s represents a long interval of high channel noise, then C will still be random,
but all valucs in its range of values will be very large. In particular, let us assume that for
each s > S, there exists a E—s such that C >A02se where Ao' O > 0, that is, the "static" compu-
tation grows exponentially with the length of an interval of high channel noise. (Following argu-
ments similar to those of the next section, it may be verified that such an assumption holds for

all codes on the completely connccted DMC.)

P [C2L] >P, [C2L[t ] Py [E] (10)

where PR [Es] is the probability that the particular sequence E_s of sf channel transitions is the
sequence of sf transitions following the qth reference node. Both E_s and s in Eq.(10) are arbi-

trary. For each s let E_s be a high channel noise scquence. Now choose s such that

sO 2(s-i)@

AOZ >L>Ao (11)

Then, for this s and the high channel noise sequence Es we havc by assumption that C > Aozse.

Therefore, from Eq.(11), C > L which implics that PR [C >/L|§_s] =1, Thus, for the particular

value of s defined by Eq. (11) and for the high channel noise sequence Es of that length, we have

B [ES L SPL B - (12)

r(
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For the completely connected DMC (the only channels considcred in this chapter) we have
- ey
2
PR [gs] 2 (13)

where ¢ & —¢ 1og2 mll{n P [yj/yk] because PR [ES] is the product of st channcl transition proba-

bilities all of which exceed the smallest transition probability, the latter being nonzero by the

connectedness assumption. Combining Eqgs.{11) and (13) we have thc following lower bound to

SpO
PR [C > L]. The bound applies only for s > s, or L> AOZ .
Ao /0 s O
o - o
Pp [C > L] ><f) 2°¢ for L>L 242 ) (14)

Exponential growth of computation with the length of an interval of high channel noise implies
that the distribution of "static" computation is algebraic, which in turn implies the particular
sensitivitics of thc overflow probability discussed in Chapter II. The existence of cxponential

growth is, thereforc, a most important characteristic (or defect) of a decoding scheme,

B. LOWER BOUND ARGUMENT

Our intention in this section is to underbound, without a loss of rigor, the probability
PR [C > L]. To underbound PR [C > L], we find an event which implies that C > L., The proba-
bility of the former event underbounds the probability that C > LL and is used as the underbound
to PR [C > L]. As aprcliminary, we recall some of thc definitions and statcments of Chapter II,

"Static" computation associated with the qth incorrect subset is defined as the numbcr of
forward or backward "looks" required by thc Fano decoder on the rcference node (the qth correct
node) or on nodes in the qth incorrect subset. "Static" computation is mcasured under the as-
sumption that the decoder decodes without error, that the qth correct node is in the infinitc past
of the decoding process, and that the buffcr has infinite storage capacity. The latter assumption
is equivalent to the assumption that the machine can search forward or backward to any length
in the trec.

A node in the qth incorrect subset is labeled (m, s, q) to indicate that it is at pcnetration s
in this subset (there are s branches betwcen it and the reference node) and it is mth in order

among thc M(s) nodes at that penetration in the qth incorrcct subset; M(s) is given below,
M(0) = 1

M(s) = (b=1) b5 for s>1 . (Eq. (1)]

There are bt nodes at penetration t or less, since

t
1

P M) =+ (= e =B = B
s=0
=1+(b—1)(1+b+b2+...+bt-1)
e t
=1+(b—1)(b_1)=b . (15)

The reference node is labeled (1, 0, q) and is said to be at penetration zero in the qth incorrect

subset.
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A path metric is defined and the value of the path metric on a path terminated by node
(m, s, q) is associated with node (m, s, q) and is called d(m, s, q). Let Gn represent the path of
n = q + s branches terminated by (m, s, q) and let \_/n be the corresponding portion of the reccived

sequence.T Then, d(m, s, q) is defined as

n !
A N Nt
dim,s,q)& ) ) (Mup, vy} — R [Eq. (7))
r=it h=A4
whcte
pv./u,]
A = =l Sinhe
Iu,, v ) S log, o [Eq. (6)]
rh
and u v arc thc hth of ¢ digits on the rth branches of u respectivel v /u ]is a
rh’ rh € n’ p y. P rh’ "rh

channel transition probability and f(vrh) is a probability-like function which is interpreted as
the probability of the channel output digit e when channcl inputs are assigned probabilitics
{p, ). 1<k<K

As the Fano decoder operates, it attcmpts to cxtend along a path which increases in path

h

metric. A set of threshold Ti =1 to’ —o < j <o, is used to ascertain whether a path being ex-
amined grows or decreases in mctric. The decoder operation depends on incrcments in the
path mctric. Thus, we may assume that thc refcrence node (1, 0, g) lics betwecn To = 0 and
T1 =t i.e.,, 0gd(1,0,q)< to'

Our intent is to find an event which implies that C > I. and to underbound the probability of
this event. It was observed in Chapter II that if D is defined as thc minimum valuc of the cor-

rect path metric at or following (1, 0, q), and T, is the thrcshold just below D, then at least one

computation (a forward look) is rcquired on nod[()e (m, s, q) and on each node connecting it to
(1, 0, q) if D < 0, and node (m, s, q)} and all nodes connecting it to (1, 0, q) lie above TD + to.

Onc forward look on nodc (m, s, q) and each of thc connecting nodes is required under these
D + to to TD' This latter
threshold is used at least once since the decoded path is the correcct path (by assumption) and
this path dips below T+t (sce Fig. 11),

Wc assumc that thc channel is completcly connected. This implies that the path terminated

conditions before the decoder rcduces the running threshold from T

by some node (m, t, q) cannot fall from the valuc of the mctric on the refercnce node, d(1, 0, q),

with a slopci of magnitude larger than /(R — Imin) wherc®
P [y:/%,)
A . k
(- ;nll(n log, _f(Jy_J)_ ’ (16)
That is,
d(m,t,q)Zd(i,o,q)—tf(R—Imin) : (17)

t The subscript n on G or v is reserved for sequences of n branches measured from the origin. The subscript s
on u or v will indicote sequences of s bronches meosured from the gfh correct node.

1 Slope is defined os the increment in the metric for o one-node chonge in path penetrotion.

§ 1t moy be shown thot1 . <0.
min
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Fig. 11. Trajectaries of carrect path and incarrect path.

We are now prepared to describe an event which implies C > 1.. As shown by lkq. (15),
there are bt nodes at penetration t or less in the qth incorrect subset. If each of these bt nodes,
B S

beyond (1, 0, q), say at node {1, 0, q + s) [which is s branches removed from (1, 0, q)], we find

»

lies above some threshold Ti’ and if the correct path falls below Ti at some node

that the "static" computation on just the bt nodes of the incorrect subset equals or exceeds L.
(since t is defined by bt >L> bt—i) so that the total "static" computation C equals or exceeds 1.
We have the desired underbound if we let Ti be the threshold below the value of the path

metric on the path {m, t, q) which falls at the maximum rate. In particular, we have that

d(1,0,q) —t(R—1_. ) 2T, >d(1,0,q) ~ tt(R -1

in Nt ; (18)

min [6)

If the correct path falls below this underbound to T, then threshold T. is used and at least

ol s o ai=d . ;
b 20k > by 7,
on them. Therefore, the probability that the correct path falls below the Ti of Eq. (18) under-

bounds F’R [C 2 L

nodes in the qth incorrect subset will have at least bt computations done

»

The metric on the (q + s)th correct node is defined as d{1,0,q + s). If d(1,0,q + s) is less

than the underbound to Ti’ this threshold will be used. This condition is written as

d(1,0,q+s)<d(1,0,q)—tf(R—Imin)—to . (19

If we let ﬁq represcnt the s branches of the correct path which follow node (1, 0, q) and tet ‘v'g

be the corresponding section of the received sequence, we have from Eqgs, (6) and (7)

s {

d(1,0,q +s) —d(1,0,q) = )}, 2, [Hu,,v,)—R] (20)
r=1 h=1

d(i,O,q+s)—d(1,0,q)éI(ﬁs,Vs)——leR (21)

where u are the hth digits on the rth branches of ﬁs, VS, respectively. Equation (19) is

v
rh’ "rh
now rewritten with the aid of Eq. (21).

I(us, vs)< sz—tf(R——Imin) -t, - (22)
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Recalling that bt >L> bt-1 and remembering that R & (log2 b)/t, we obtain the final result,

namely, if

R-1I

min
——) ——t0 (23)

I(ﬁs, Vs)< sfR —(logZL + 1) ( R

then the statie computation C must exeeed L. Therefore, the probability of the event in Eq. (23)
underbounds PR [C > L]. We note that s is arbitrary. It is chosen to maximize the underbound
to PR [C > L]. The desired result then is

R-~I .
o min
PplC>1) }msax Pr [I(us,vs)gis—to—(log2L+1) ( R )] : (24)
It should be noted that the random variable I(ﬁs, Vs) is assigned with probability PR [ES,VS],
which is the probability that the first s branches of the transmitted and received sequences fol-
lowing the qth correct node are ﬁs, \—/S, respectively. The inequality of Eq. (24) applies to any
particular code and ug is a codeword (of s branches) in this code.

Let ps(x) A\ PR [I(I_.IS,\—/S) < x]. Then, the lower bound result is formally summarized below,

Theorem 1.

The "statie" eomputation in the qth ineorrect subset, when the Fano algorithm is used on

the ecompletely conneeted DMC, has the following bound on its eumulative probability distribution:

R—-1I .
min
PR[C>/L]>msax (O is—to-(log2L+1) (——R——-)] ) (25)
where Imin is defined by Eq. (16).

Next we further lower bound Eq. (25) so that the dependence of the bound on L. and R be-
comes explicit. First, we lower bound ps(x) in terms of the smallest value of the eonditional

probability ps(xlﬁs), defined as the eonditional probability that I(ﬁs, Vq) < x given ﬁg.

PR o p (x]T) Pp [d] (26)
ﬁs in the code

ps(x)z min ps(xlﬁs) . (27)

all U
S

Here the minimum is taken over all words of st digits, not just words in the code. Since Eq.(27)
is independent of code, we shall use it to obtain a bound valid for all eodes. Equality holds in
Eq. (27) under certain eonditions on the channel and the probability-like function f(yJ.). Equality

is equivalent to saying that ps(x) is independent of the code. The conditions are:

(a) The channel is uniform at the input, i.e., the set of transition proba-
bilities {p(yj/xk)}, 1< j < J is independent of k;

(b) f(yj) = eonstant for all 1 < j < J.

In the second major step direeted at exhibiting the dependence of the bound on L. and R, we
introduce and apply a theorem due to Gallager.17 We shall use it to underbound ps(xlﬁs). Al-

though it is a weaker theorem than the Central Limit Theorem for Large Deviations (Ref. 18),
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it is sufficient to denmonstrate the dependencies of PR {C > L] for large I. because the two

theorems are asymptotically equal.
Theorem 2. (Gallager)

Let {Ei}, 1 <1< N be a set of statistically independent random variables. ¢ ; assumes the

J values w,., 1 < j< J, with probabilities {PR(wij)}' Let ¢ be the sum of these N variables,

N H
£ = Z ¢, Define ui(o) byt
1=
A Ty
i 3
p;(0) = log, 2 ’ (28)
Then,
N
A gt _ ¥
uwlo) 2 10g22 SR pi(o’) (29)

—
i
—

and for ¢ <« 0 we have

4 Inlo)-o (o)) 4 2N{(1 —p . )
PR [t < u'a)] > 3 2 B exp|-2 — = min’ (30)
min

where the prime indicates differentiation with respect to o, and Pmi is defined by

n

p & min P

1

i Y [mjm Wij] g (31)

To use this theorem in underbounding ps(xlﬁq), we must associate the N random variables

{t i} with the random variables appearing in the definition of pq(xlﬁq). We reeall that
pS(xlus) = Py I, V< xlﬁs] (32)

where l(ﬁs, v's) is defined from Egs. (20) and (21) as

NN P [/
SR I ) ol 1A o o}
I(us, vS) = L L legy flv h) (33)
p=4 e v

andu_,, v are the hth of ¢ digits on the rth branches of u_, vV, respectively. With o fixed,
rh*ich s’ 's S s

this random variable I(ﬁs, Vq) is assigned with probability

s {
Privglagt = IT II pilvep/ugd [Ba.(2)]

The sf random variables

‘ P [Vrh/“rhl]

log, v,

t The bar notation indicates a statistical average.
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are therefore statistically independent and assigned with probabilities p [Vrh/urh]' Thus, if we

make the following indentifications, Theorem 2 applies to ps(xl'ﬁs):

Né st
i2(r 11 +h
plv.,/u_ ]
A rh’ “rh
£y=log, f(v )
P ly;/ugy]

wo) 2 x . (34)

The particular definition of the index i is one which leads to a natural ordering of the s{ pairs

(ot s0)s
rh’ "rh
Before we apply Theorem 2 to pS(xlﬁs) we observe that by decreasing Pmin Ve further

weaken the inequality of Eq. (30). Therefore, we may replace Prmin with pmin’

A y
e ;nll(n p [yj/xk] . (35)

Now let us consider the form of pi(a) and of p(g). From the definitions of Eq. (34) we have

J
_ 1 1+o -0
pi(o) = log, ), p [yj/urh] tly,) : (36)
j=1
If we define 90 = (ql, 5 @ qk) as the composition of codeword ﬁs’ that is, if qu represents the
K s
number of times channel input symbol X, appears in ﬁs’ z Q) = 1, then we have for p(o) the
following: s
N K
plo) = ) wilo) =N ) qy,(o) (37)
1i=4 k=1
where
J
- W 140 -0
yk(o) =log, ), P [yj/xk] f(yj) . (38)
j=1

All terms of Theorem 2 have been defined so that we may now state the desired lower bound to

ps(xlus). If U has composition C_QO, then,

K

N Z q. [y, (c)-0v! (0)] N = . )
( |— ) > 1 2 k=1 ke 5 i EN“_—,I,)mi_n) (39)
PN 277 =" ’
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This bound is independent of the order of symbols in the codeword. Therefore, for that (unusual)
class of codes having all codewords of the same composition, this lower bound applies directly
to all words ﬁs in the code. Moreover, independence of the order of symbols in a codeword
applies to p(xlﬁs) as well as to its lower bound: it can be shown that ps(xlﬁ's) = ps(xlﬁs) when
Tx's and ﬁs have the same composition. It follows that the inequality of Eq. (27) is weaker than

necessary for codes of fixed and known composition; for this class of codes we may write
ps(x) = pS(xluS) (40)

for any GS in the code. It should be noted again that Eq. (40) applies only to codes of fixed com-
position, whereas Eq. (27) applies to all codes.

Our primary task is to exhibit the dependence of the bound of Theorem 1 on L and R. We
now have the necessary tools to do this, We use either Eq. (40) or Eq.(27), depending on whether
the bound is to apply to a code of fixed composition or is to apply to all codes, together with the
bound of Eq.(39) and the inequality of Eq. (25) of Theorem 1. We shall consider the fixed composi-
tion case first since it serves as an introduction to the general lower bound.

For fixed QO, we have from Theorem 1, the definition of Eq. (34), the equivalence of the state-

ment in Eq. (40), Theorem 2 and the bound of Eq. (39) the following lower bound to PR € > Lj:

PR [C>2L] > ml\?x ps(x) > ml\?x ps(xlﬁs)

K

N Z qylyylo)-aylo)] 2NL—-P__ )
ey ) Hoe exp D@l e e minie (41)
2 N = B i

where
<0
x=NR-F
F2t +(log,L+1) (R_—Irmﬂ)
= "0 2 R
N& st . (42)

The maximization over N in Eq.(41) is taken subject to the following constraint

K
), qile) =R—- &
k=1
or
N = KF . (43)
R — kfi qky]'((o)

which is implied by the first equation in Eq. (42), the last equation in Eq. (34) and the definition
of u(o), Eq.(37). The function F is independent of 90 and N, and is constant with respect to

the maximization.
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Strictly speaking, the maximization on N must be taken only for values of N which are
multiples of £, the number of digits per tree branch. We now drop this constraint and permit N
to assume all values 1 < N < «, The imprecision introduced neither affects the character of the
end result nor materially alters its numerical value.

Let us now consider the connection between N and ¢ from the second equation in Eq. (43),

One can show that

7 -2
K] = 1 = JE
Yeleli= (g =g 20 (44)
where g'i assumes the same values as does i of Eq. (34) but it is assigned each such value with

the probability

ito -0
. fly,
Plyj/upl ™ fly)) (o)

]1+a f(yj)—a

Prléj=wyl = -

o

IR

P [yj/urh

j=1

when U = X Consequently, yl'((a) is monotone increasing in ¢, which implies that N is mono-
tone increasing in 0. Since 0 < N <=, we must restrict ¢ in Eq. (43) to be less than the value at
which N is infinite, We shall impose this restriction implicitly by extending the definition of
3 t
1/[R = 2 a.vj
next paragraph, it will become clear that this extension does not affect the maximization, serv-

(o)] so that it is infinite for ¢ larger than the critical value. At the end of the

ing only to simplify the analysis.
We return now to the maximization of Eq.(37). If h(N) and q(N) are positive, then
max h(N) q(N) > [max h(N)] q(N') (46)
N N
where N' may assume any value., Thus, if we maximize Eq.(41) with respect to the first of
the two factors, we further lower bound PR [C > L]. The maximum of the first factor occurs
at the maximum of the exponent
K
T AN \‘ _— I
Ne(o) 2 N qk[yk(a) ayk(a)] . (47)
h=1

[.et us study this exponent. It is negative since €(o0) is negative. We see this by observing that

¢{0) assumes value zero at ¢ = 0 and has derivative = qk(—o) yl‘('(o) 2 0 for 0 £ 0, the range of
k=1
o of interest. To determine whether the exponent Ne(c) has a maximum in o, we take the first

derivative with respect to o.

K
K T oaq [yk(a) - oyi((o)]
iN ' () |()—Fd_k:1
dr Y e Allvglel —oyiloll = & 5o K
k=1 R— Z q.y!{o)
k=1 k'k
K K yk(o)
(—a) [ z qkyk(a)l [R— £ q ——
B k=1 k=1 s
- [ K 2 :
R— = qy'(o)]
k=14 k'k
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K
All factors are positive for ¢ < 0, with the possible exception of the term R - Z ay [yk(o)]/o,
K k=1
Since = g, ['yk(a)]/a has derivative
k=1

K K Al
d \ yk(a) N ayk‘a) ‘Yk(a) __ €la) S50 (49)
do % ¢ ° I 2 B
k=1 k=1
K
we find that R — Z a ['yk(a)]/a is positive for ¢ £ ¢ and negative for ¢ > ¢ where ¢_ is such
e o o o
that
K
v.(o )
R = Z Ak ko . : e
o

k=1

We can now sketch Ne(g)/F for ¢ < 0 (see Fig. 12). It is negative for ¢ < 0 and has a maximum
at o =g, The value of this maximum is
N(o } elo ) elo )
oF o _ Ol =0 (51)

1 K o
(2, e ridog) = ogridog)
o ‘k=1

i.e., the maximum (ao, oo) lies on a straight line of slope one passing through the origin. For
K

g < L R2> Z Q) [-yk(ao)/oo] so that Ne(g)/F 2 ¢, that is, Ne(o)/F lies above the unit slope

line passing through the origin for ¢ < . Maximizing Ne{o) over N is equivalent to maximiz-
ing this exponent over ¢ where N and o are related by Eq.(43). Therefore, the maximum of
o JF

the first term in Eq. (41), 2 < , is related parametrically to the rate R by Eq.(50).

The final bound is obtained if in the second factor of Eq.{41) we use N' = N(ao), the value
of N which maximizes the first factor. Then using Eq. (46} we have for the fixed composition

case

g R B[S o) P
o] min

Fig. 12. Behavior of Ne(o )/(F) with ¢.

NE(o)
F
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where %, < 0 is such that

K
v (o)

R= Y q k0° . [Eq. (50)]
k=1 ©

The range —1 < 0, < 0 suffices since, as shown in Eq. (49), the sum in Eq. (50) is monotone in-
creasing in g, being negative for ¢ < —1. This is the lower bound result for the fixed composi-
tion case. We must now consider the general lower bound, valid for all codes. We shall use
many of the results obtained above.

To obtain the general lower bound, we lower bound P
equalities (27) and (39).

2N(1 - P__. )
Py [€2L]iz R e i ZNG(U) exp B N b % (53)
R 2 e P ..
N Qo min

where 0 < 0. We would like to focus attention on the first of the two factors above. We justify
our doing this as follows: Let h(N, (_QO), g(N, C_Qo) > 0. Then,

R [C > 1] using Theorem 1 and in-

h(N, Qo') > min h(N, Q_)

Q

. ENQ) > ming(N,C_Qo)’
o QO

h(n, Q) g(N,Q ) >

min h(N, (_Qo)l !min g(N, C_Qo)}
Q

b 2N b
so that

min {h(N,Q_) g(N, Q))} > min {h(N,Q_)} ncsin {z(N, Q)

S, =0 <o

and
max min {h(N, Q) &N, C_Qo)} > max min {h(N, Qo)} min {g(N',C_QO)} : (54)
N Q, N g, =0

In the last step we have used Eq. (46). Thus, if we minimize the second term in Eq. (53) on C_Qo
and use in it the value of ¢ which achieves the max-min of the first term we will have a valid

lower bound. We minimize the second factor Qo if we maximize N' on Qo.

F
A 1 LT, _ {E———

N el nggax M) = e Yy (o) b

=0 k

Then, we have
max min Ne(o)
N Q 2N (a) (1 —P__. )
PR [C > L] 2% 2 o exp _%/ max min (56)
min

Our next concern is with the max-min of Ne(g). We assert that the minimum on 90 (the
components of C_Qo are positive and sum to one) of Ne(g) occurs when C_Qo has a single nonzero

component, having the value unity. This component Q) = 1 is such that fixed ¢ < 0
o
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Fig. 13. Minimizotion of Ne(o )/AF) over _Q_o.

A

Fig. 14. Relotive volues of ‘yk(c Ve.
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v, (g} —aoy! (o)
ko ko

yk(a) - ayk(o)
R —y} (o) < R—yk(o)
o

all k ; (57)

This assertion is proved as follows: Let 6 be defined as the difference between Ne(o)/F for

arbitrary Qo and the value of Ne(g)/F at the supposed minimum on 90. Then we have

K S v, (6) —aoy! (o)
5 Z Q. [yk(o) oyk(o)] - kg kg =
= K R —y}’( (0} '
k=1 R - Z gq.y' (o) o
-l k'k
K
Using Eq. (57) and remembering that by extension of its definition R — = qky}’((o) cannot be

k=1

negative for any Qo' we see that 6 > 0. We also observe that 6 = 0 for the assumed composition,
Thus, this composition achieves the minimum. Now if we sketch [yk(a) - oyi((o)]/[R - yk(o)] for
each k and all values of ¢ < 0 (keeping in mind that R —y}'((o) 2 0 by extcnsion of its definition)
we see that we achieve the minimum Né(g) on Qo by taking the lower cnvelopc of these functions

(see Fig.13). Notice that the maxima of the individual functions occur on the straight line of
unit slopc passing through the origin. The maximum of the kth function occurs at o = Oy where

o is such that R = yk(a)/ok. For o< o,, the kth function lies abovc the unit slope straight linc

kl
passing through the origin.
Figure 13 provides a graphical interprectation of the function min Ne{g) vs 0. We now con-

Q

o
centrate on maximizing this minimum on N or, equivalently, on ¢ < 0, We assert that this max-

imum occurs in Fig. 13 on the straight line of unit slope. This should be clear from the figure.
If Oy is such that R = yk(ok)/ak, that is, if {ak} are the loci of the maxima, we furthcr assert

that the maximum ovcer o of min Ne(o) occurs for o equal to the smallest of the ¢ This too

k-
2
should be clear from the figure.

We have found that the max-min of the exponent Ne{o) occurs at the maximum %) of one of

the functions [y, {¢) — ocy! (0}}/R — y! {0}, and that this particular maximum is the smallest of
k ke k

the maxima. At the particular maximum we have

max min Ne(g) = ooF {59)

L)

o

where . is the smallest of the {ok} satisfying R = yk(ok)/ok. Since yk(o)/(r is monotone in-

creasing in ¢ from Eq. (55), we see from Fig. 14 that the smallest ¢,, as a function of R is the

k!
solution to the equation:
v (o)
R = migs —r O (60)
o
k o
If we now choose ¢ = % in Nmax(o), the value of N' in the exponent of the sccond factor of Eq. (56),
we have
N__ o) = £ (61)
max' o yk(oo)
max - — max yi((cro)
k % k
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The denominator is positive because yk(o)/o > yi{(o) as implied by the fact that yk(o) - in((o) =
e(o) <0, for 0 < 0.

Thc complete general lower bound to PR [C > L], valid for all codes, can now be stated.

Fo 20 —3P )
1 (o] 4 min
e PN 62
PR[C>L] }2 2 exp Py ¥ yk(oo) (62)
P max — max y! (o)
min o k'"o
k o k
where T is the solution to the equation
v, (o)
Bi= i — @ . [Eq. (60)]
k %%

We collect the lower bounds to PR [C > L] for the two cases in the following theorem.

Theorem 3.

On the completely connected DMC, the random variable of "static" computation C has the

following lower bound to its cumulative probability distribution function, PR [C > L]

1 Fo-o 4 F(1 - Pmin)
PR [C>L]>? 2 exp |- ¢ A(oo) - . (63)
min
where
N 3
A i _Imin
= to+(10g2L+1) T [Eq(42)]
pIy:/x.]
{nin £ min log, —qly™- LB (6]
Js ]

and f(yj) is a probability-like function of output symbol Yy interpreted as the probability of ¥
when channel inputs are assigned with probabilities {pk}, 1 <k< K.

K
fyp2 ) peplyy/xl - (64)
k=1

The function A(O’o) and the parameter 0, are related parametrically to the rate R. The re-
lationship depends on whether the bound applies to all codes or to codes of known and fixed

composition.

(1) Y¥or a code of fixed composition Qo = (qi, T, qk) we have

Alo,) z (65)

K yk(oo)
z q [—— =y, lc)
/k=1 k T, k"o
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v (o)
R= ) q =2 for -1<o <0 . (Eq. (50)]

(2) For all codes we may choose

Alo) & 1 (66)
v, (o)
max L max y]'((oo)
k % k
yk(oo)
R = max for -1 oos 0 : [Eq. (60)]
k %

Here yk(a) is defined as

J
A i+o -0
v, (o) £ log, Y, P [yj/xk] f(yj) . [Eq.(38)]
i=1
An important observation can be drawn immediately from the bound of Eq. (63). For very

large F, corresponding to very large L., the bound is 7ontrolled almost entirely by the factor
Fo (- J(R-I )J/R
2 Thus, the bound behaves as (1/L) o for large L, so that the distribution

is algebraic with large L.

min
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CHAPTER 1V
"RANDOM CODE" BOUND ON THE DISTRIBUTION OF COMPUTATION

The previous ehapter has established the algebraie eharacter of the distribution of "static"
eomputation. In this chaptcr, we shall obtain an overbound to the distribution of computation
averaged over the enscmble of all tree codes. By so doing, we show that a largc number of codes
exists whose distribution of "statie" computation is bounded by a multiple of the average. To-
gether, the results of this chapter and of the prcceding chapter de-limit the tail behavior of the

distribution of computation. Chapter V will intcrprct and relate the result of these two chapters,

A. RANDOM VARIABLE OF COMPUTATION

The approach we use to bound the ensemble average of the distribution of computation re-
quircs that we overbound the random variable of "static" computation. The discussion of
Chapter II is sufficient to allow a bound on this random variable. We repeat the pertinent ar-
guments of that chapter.

"Static" computation associated with the qth incorreet subset is defined as thc number of
forward or backward "looks" requircd by the decoder in the incorreet subset assoeiated with
the qth node of the corrcct path. This subset eonsists of thc qth corrcct node, labeled (1, 0, g},
and of nodes on paths disjoint from that portion of the correct path whieh extends bcyond (1, 0, q).
A particular node of this type is labeled (m, s, g} to indicate that it is in the qth ineorrect subsct,
is at "penetration" s, that is, is connected to (1,0, q) through s branches, and is mth in ordcr
among the M(s) nodes at penetration s. The numbecr of nodes at penetration s, M(s), is defined

below.

1

i

M(0)

1

M(s) =(b—1)b°™" fors>1 . [Eq. (1))

h h

The qt corrcct node, or the reference node (1, 0, q) is said to be at penetration zero in the qt

incorrect subset.
A "path metric" d{(m, s, q) on node {m, s, q) has been defincd. If © is thc generic symbol

rcpresenting the path terminating on node (m, s, q), then the path metric on this pathof n=q + s

branches is defined as follows:

n f
dlm,s,q = ) ) (Mo, v, )— Rl (67)
r=1 h=1

where erh, V.p arc the hth digits (of £ digits) on the rth branehes of 6 and Vn, the received

sequence of n branches.t The function I{© h) is defined by

\Y%
Lt R

B [Vrh/erh]

(68)
f(vrh)

I(erh’ vrh) - lOgZ
where f(vrh) is a probability-like funetion, interpreted as the probability of channel output
symbol Vi when channel inputs are assigned with probabilitics {pk}, 1 < k<K K. That is, when

Vrh = yj, we have

t The subscript n on subsequences of the transmitted or received sequences, namely U, V,, indicates their length
in branches from the origin. The subscripts r, or s indicate their length from the reference node (1,0,q).
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K

Hy;) = o P P lyy/% ] [Eq. (64)]
k=1

Later in this chapter, we will find that f(yj) is equal to a probability appearing in the "random
code'" argument.

With this path metric, the Fano decoder searches paths in the tree code trying to find a path
which tends to increase in path metric. A set of criteria Ti =1 to is defined. A path whosc path
metric tends to cross an increasing sequence of criteria will with high probability be the correct
path. As the machine searches for the correct path it must perform a number of forward or back-
ward "looks" from nodes in the tree. We are concerned with a subset of the total computation
ever performed, which consists of the number of computations eventually performed in the qth
incorrect subset. Since the machine computation depends on increments in the path metric, we
may choose to let the value of the metric, d(1, 0, q), on the first node of this subset, (1,0, q), lie
between To =0 and T1 = to’ that is, we may assume that 0 < d(1,0,q) < to'

We found in Chapter II that the computation in the qth incorrect subset depends on the min-
imum value of the path metric at or following the reference node (1, 0, q) and on the trajcctories
of the individual incorrect paths. Let D be the correct path minimum at or following (1, 0, q),
and let TD be the threshold just below D. We overbound computation on a particular node
(m, s, q) by disregarding the history of the path preceding this node, looking only at the value of
the metric d(m, s, q) on this particular node. If d{m, s, q) is in a favorable position, we include
node (m, s, q) in our computation count. As discussed in Chapter II, d(m, s, q) is in a favorable
position if d{m, s, q) >/TD. In particular, if d(m, s, q) >/Tk >T then the machine may do as
If Tk >d(m, s, q),

many as (b + 1) computations on node (m, s, q) with each such t}?r'eshold Tk‘
the machine never does any computation on (m, s, q) with Tk'
Before we define a random variable which overbounds the random variable of "static" com-
putation, we further consider the metric d{m, s, q). Let d(m, s} be the changc in d(m, s, q) from
the value of the metric on the reference node, d(1,0,q). Then, if © now reprcsents the s
branches if the qth incorrect subset preceding the node (m, s, q}, and if VS represents the cor-

responding portion of the received sequence, we have
d{m, s} & d(m, s, q) — d(1, 0, q)

s {
Y A
=18, v)-stRE ) ) (U,
r=1 h=1

v} —R] (69)

ht “rh
where I(erh, Vrh) is defined by Eq. (68). Then, since we have assumed that d(1, 0, q) lics between
To =0 and. T, = t,, we have that d{m, s, q) < d{m, s) + to If d(m, s, q) is replaced with this larger
value for each node (m, s, q) the computation required on nodcs {(m, s, q)} is increased, becausc
these nodes may be examined with a larger number of thresholds. (Thc correct path minimum

D is not changed.) Now, if we decrease by an equal amount the value of the path metric on each
correct node following the reference node, we further increase the computation on nodes {{m, s, q)}.

If we let u_ , Vr , bc the ro branches of thc transmitted and received sequences following the
0 0
reference node, and define d(ﬁr ; Vr_ } as the change in the value of the metric from d(1, 0, q) to
0 0

d(1,0,q + r'o), the value of the metric on (q + ro)th correct node, we have
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125
=

<|
>

2 d(4,0,q + r‘o) —d(1,0, q)

I

o I
=l@, ,v,)-rRE& ) ) [Mu,.v,)-R] . (70)

=R r=1 h=1

We note that d(1,0, q) >0 so that d(41,0,q + ro) Z)d(ﬁr ,Vr ). If d(1,0,q + ro) is replaced with
o ‘o
d(ﬁr ,Vr ) computation on the ineorreet nodes {(m, s, q)} is increased. We are now prepared to
o "o

an overbound to the random variable of "statie" eomputation.

Using d(m, s) + to for d{m, s, q) and d(ﬁr ,Vr ) for d(1, 0, q + ro), r, > 0, we raise the value
o o
of the metrie on ineorreet nodes and lower the value of the metric on correet nodes following the

reference node. Thus, we overbound the computation on ineorreet nodes. Equivalently, we over-
bound "statie" computation. Now, as diseussed above, the maehine may do as many as (b + 1)
eomputations on node {m, s, q) with threshold Tk if d{m, s) + tO > Tk ;TD, where D' is the correet

path minimum with the metrie d(ﬁr Rk ‘_'r ). No eomputation is required on (m, s, q) with Tk if
o o

d(m, s) + to < Tk' Therefore, if there are N thresholds between d(m, s) + to and TD"

the maehine may do as many as (b + 1) N computations on node (m, s, q); N is a random

including
TDI:
variable. A eonvenient representation for N in terms of the upper bound to the value of the met-
rie on node (m, s, q), d(m, s) + to and the lower bound to the value of the metrie on nodes of the

eorrect path d(ﬁr : Vr ) is had with the random variable z, S(m). We define z S(m) =t
o Y p :

d(m, s) + t, >/Ti (that is, d(m, s) >/Ti sinee Ti =d; to) and if d{u_ ,v_ ) T for some B > 1.

=) I R 2
o o

If these eonditions are not satisfied zZ; S(m) = 0. This type of random variable is ealled a char-

2

acteristie funetion. Then,

1 if d(m, s) ZTi-i and d(ur "V RN 4

i+
z, (m) = o o
i, s

for some r_ >1
1 (o)t

>

0 otherwise . (71)
A little refleetion indieates that

]

Z zi, s(m) =N

j= =00
the number of thresholds between d(m, s) + tO and TD" Therefore,

o0

b+1) 3 2y g(m)

j=-w

is an overbound to the eomputation on node (m, s, q). If this quantity is summed over all nodes in
the qth ineorrect subset, that is, for 1 < m < M(s), 0 < s, we have an overbound to the random

variable of "statie" computation C in the qth ineorrect subset. Hence,
o0 o0
cg Y X o) {zi, S(m) + 2 S(m)} (72)

where M(s) is given by Eq. (1) and the i = 0 term is repeated twice.
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We are now prepared to overbound the distribution of computation using a "random code"

argument.

B. MOMENTS OF COMPUTATION

Although a lower bound to the distribution of computation PR [C > L] was found by consider-
ing an appropriately chosen subset of the set of events leading to L. or more computations, if we
are to overbound this distribution, we must consider every event which may lead to L or more
computations. We have overbounded the random variable of computation to simplify the analysis
and to include each event which might contribute to computation.

The technique which we shall employ to overbound the distribution is to bound the moments

of computation and use a generalized form of Chebysheff's Inequality.

Lemma 1. (Chebysheff's Inequality)

If C is a positive random variable, then

cP
Pp (€ >/L]$§P>/0 (73)

where CP is the pth moment of C.

Proof.
G > Z Pple) > LP Z plc)
c2L czL
where p(c) is the probability that the random variable C assumes valuc c. Q. E. D,

The following two examples indicate the "tightness" that might be expected with Chebysheff's

Inequality.
Example 1:— Let C assume values 0, <, with probabilities 1 — a, a, respectively, then
P p ‘o)
€ =acg and PR [C;L]ga(f)

For L = Co' the bound is exact.

Example 2:— Let C > 1 be a continuous random variable with density p(C) = A/(Ca) where
a>1and A=a —1. Then, forp<a -1

S T . W
Ta-—-p-—-1 apd PR[CZL]Sa-p—i LP

e
o

As p approaches a — 1, the moment (hence the bound) becomes indefinitely large. However,
the behavior of the tail as a function of L. more closely approximates the true tail behavior
1121,

Judging from Example 2 and the fact that the distribution of computation is algebraic, we
should expect that the application of Lemma 1 will lead to a bound which degenerates rapidly as
the tail behavior of the bound approaches that of the true distribution. This phenomenon will
appear in our results.

Moments of computation cannot, as a rule, be computed directly for any arbitrary code.

We can, however, compute these moments over the ensemble of all possible tree codes, and
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deduce that at least onc code has moments lcss than the enscmble average. The ensemble of
codes is generated by assigning probabilities to the codes in such a way that each digit (there
are { per trce branch) is statistically indcpendent and identically distributed and is assigned
with probabilities {pk}, that is, channel digit X, occurs on a branch in a code with probability
Py Note that we have deliberately chosen the probability assignment used to computc f(yj),
Eq. (64).

As the last topic in this section, we introduce Minkowski's Inequality (see the Appendix for

proof).
Lemma 2. (Minkowski's Inequality)

Let {wh}, 1. < hg H be a set of positive random variables. Then

H - H

1 ; ‘\
21 wh S (wh) .

h=1 h=1

(74)

ke
\
-

Using this inequality on Eq. (72), the upper bound to the random variablc of computation, we

havec as a bound on thc moments the following:

© M(s) 1
. 1/p i . l\‘ P /P
Zi 2 zl.' 5[m)
i=0 s=0 m=1
© M(s) _‘_}; 1/p
. z_; glm (75)
i=0 s=0 m=1

where M(s) is defined by Eq. (1) and we use the fact that z; (m)
Evaluating the moments without using Minkowski's Inequallty seems to be a practical impos-
sibility because of the number of cross terms which occur. With this inequality we reduce the

problem to that of computing moments of computation on incorrect paths at the same length

M(s) p
with the same threshold, namely,< = z S(m)> . If p is an integer, the latter term may be

expanded as follows: e

M(s) p M(s) M(s)
Loz gm) o= N X g glmg). gy (m) (76)
m=1 m1=1 mp=1

where the terms in the expansion are expectations of a composite characteristic function or
probabilities. Since an expansion of this type does not apply to fractional p, we shall limit our
attention to integer p.

In following sections, the first term in Eq. (75) will be overbounded. Since the first and
second terms differ only in the sign of the index i, we shall find that the bound on the first term

can be applied with minor modification to the second term of Eq. (75).

C. PRELIMINARY COUNTING ARGUMENTS

The two terms in Eq. (75) differ in the sign of the index i. This section will deal primarily

with the first term, but the discussion here may also be applied directly to the second term.
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We are considering the term

M(s) p t/p

T L7y glm) : (77)

i=0 s=0 m=1

The pth moment term has been expanded in Eq. (76) for integer p, the only case considered.

M(s) p  M(s) M(s)
Z z(m)] = Z Z z(mi),...,z(mp) . (78)
m=1 m1=1 mp=1

The subscripts i, s have been dropped for the remainder of this section.

In Eq.(78), the terms corresponding to (mi, m,, my, m4) = (1, 10, 4, 10) and (4, 1, 10, 1) for
the case p = 4 are equal since z"(m) = z{m) = 1 or 0 and the ordering of characteristic functions
in the product does not affect the value of the product. This suggests that many terms in Eq. (78)
are equal, since the indices (mi, S mp) are dummy variables. Let us now consider the multi-
plicity of a particular term.

Assume that the p-tuple of indices (mi, m,,..., mp) contains t < p distinct elements
{61, 02, 35 et}. (Each corresponds to a particular incorrect path of s branches.) Since
z(mi), 2o z(mp) = z(ei), P z(et), all p-tuples with the set {61, PR Ot} as distinct elements
have corresponding terms which are equal. Let W(t, p) be the number of such p-tuples. This
number is independent of the particular elements in the set of t distinct elements. We bound
Wi(t, p).

W(t, p) may be viewed as the number of ways of placing one ball in each of p distinguishable
cells where the balls are of t different colors and each color must appear at least once. The
number of such collections of p balls is less than the number of collections one would have if
we include the situations where one or more colors do not appear. This larger number is the
number of ways of placing t different elements in each of p distinguishable cells, or tP. There-
fore, W(t,p) < tP.

To underbound W(t, p), we now establish that W(t, p) >t W(t, p — 1). Consider W(t, p — 1),
the number of ways (p — 1) balls of t different colors may be placed in (p — 1) cells. Consider
extending the collection by placing one additional ball with one of the t colors in a pth ccll. This
new collection contains t W(t, p — 1) items. It must contain fewer itcms than does the collection
of W(t, p) items because one color appears at least twice and every other color at lcast once,
establishing the desired bound. Iterating this lower bound (p —t) times and obscrving that

Wi(t,t) = t! we have W(t, p) >,tp_tt! The two bounds are summarized in the following lemma.

Lemma 3.
The number W(t, p) of different p-tuples (mi, S5 mp) generated from the sct of t distinct
elements {61, 62, A Ot}, each element appearing at least once has the following bounds:
Zrt e 4P < wit, p) <P | (79)
Proof.
19

We use the fact that

T e
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The second and final counting argument anticipates results to be obtained in the next section.

First, however, let us rewrite Eq.(78) in terms of W(t, p).

M(s) p  min[M(s), p]
Y - M B o)  -0)
), zm)) = x w(t, p) > 2(0,),...,2(6)  (80)
m=1 t=1 all sets of t
distinct elements
{0,.0,,....0}
The upper limit on t indicates that the number of elements in a p-tuple (mi, m,, ..., mp) cannot

exceed either p or M(s), the number of values of each index. In constructing the sets of t dis-
tinct elements {61, 92, s Gt}, we draw each Gi from a set of M(s) items. They correspond to

1<agt.

’

nodes at penetration s in the incorrect subset and are otherwise labeled as (ea, s)

The terms z(ei) z(ez), C, z(et) in Eq. (80) are probabilities defined on t distinct paths at
penetration s in the incorrect subset. These t paths are composed of a number of branches

which is less than or equal to ts, since some paths may have branches in common. (See Fig. 15

where the paths involved are checked.) The next section will show that z(ei),i Tz(et—) may be
bounded in terms of the number of branches on the paths {91, SO Gt}. That being the case, any
two sets of t different paths with the same number of branches will have the same bound. We
now proceed to count the number of sets {91, O, Gt} with an equal number of branches.

The paths {8,,0,,..

(of length s) in the tree. Above every branch on a path ending with a check place a 1 (see Fig. 15).

G Gt} may be visualized by placing a check next to each of these paths

The number of such ones equals the number of branches on these t paths. Let o be the number

of ones on branches at length r from the reference node and define & by « 2 (ai, ool g O e o as).

r

r

Fig. 15. Topology of tree poths.
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s

In terms of @, the number of branches on the t paths {81, N et} equals a & = @ . Let
r=1

Nt(a) be the number of sets of t distinct paths {81, S et} which contain a branches. The

following lemma bounds Nt(a).

Lemma 4.
N,(a) < (t= 1 (s + 72 22 (81)
s
where a = Z o a ranges between s < a < st.
r=1
Proof.

St-Zza[R for s 2 1. Con-

s

The proof is by construction. We first show that Nt(a) < (t=1)!
sider placing the first of the t paths into the incorrect subset of the tree (containing M(s) < b
paths). It may assume no more than b5 positions. Agecond path connecting with the first, but

having d1 separate branches may assume any one of b 1 positions since its point of connection

to the first path is fixed by its length di' A third path with d2 branches distinct from the first
d
two may connect to either path and terminate in one of b 2 positions, that is, it can assume no
d
more than 2b £ places. The tth path having d branches distinct from the first t — 1 paths may
d

be connected to any‘one of them and may terminate in any one of b e positions; hence, can be

t-1

d
situated in no more than (t — 1) b Lats places. Thus, given that the second path has d1 branches
distinct from the first, that the third path has d2 branches distinct from the first and the second,
etc., the number of arrangements of the t paths cannot exceed (t — 1)! b%* where « =
st+dy+d, +“‘+dt-1,

the number of ways that values may be assigned to di’ dZ’ e 5 dt-Z‘ (Note that dt-i is fixed
given @ and d,, ..., dt-Z') Since each number di represents a portion of a path, 1< di\< s, val=-
ues may be assigned to di’ dZ’ T o | in no more than stn2 ways. Hencc, the number of arrange-

S YA
ments of t paths containing o branches cannot exceed (t — 1)! St-Zba‘ Observing that b = 2“{,

the number of branches on these paths. All that remains is to dcterminc

we have the desircd result for s > 1. We also have s < a < st since one path contains s branches
and the number of branches on all paths cannot exceed st. Now, when s = 0, the bound on Nt(a)
is zero. We cannot let this bound be zero since M(o) = 1, and we must include the s = 0 term.
Therefore, replace s by (s + 1). Q. E. D.
As mentioned above, the results of the following section show that z(ei), R z(et) may be
overbounded in terms of a. Let this bound be Qi, S(a). We terminate this section by using the

counting arguments introduced here to bound Eq. (76).

M(s) p  min[M(s), p] st
Lz gm) < % wit,p) ), Nyla) @ (a) (82)
m=1 t=1 a=s

where W(t, p) and Nt(a) are bounded by LLemmas 3 and 4, respectively. From Lemma 4, the

number of values a« cannot exceed st.
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D. PROBABILITY TERM

The purpose of this section is to overbound the probability ii S(61), R S(Vet) and show

that this bound depends on the tree paths © 3055 et only through «, the number of branehes

i
whieh they eontain. We call this bound Q; S(oz).
Beforc we proeeed, it is useful to repeat the definition of the random variable z S(ea).

>

From Eq.(71) we have

1 ifde_,s) >T, , and d(ﬁro,Vro)gT.

i+1
_ for somer =>1
z; s(()a) o
0 otherwise (71)

Thec expectation of a product of characteristic funetions sueh as z S(61). c 2 S(et) is the
joint probability of thc events on whieh each eharaeteristic funetion has value one. Thus, we
have that % S(01), ceea S(et) is the probability that d(ei, s) >/Ti-1’ d(ez, s) >/Ti-1’ S, d(et, s)
- e o _ . e .
> Ti-i' d(uro, vro) '/TiH for 13 1or2or3or... . This is the probability of the union (on ro)

of a set of interseetions. This may be overbounded by the sum of the probabilities of the various

intersections. Therefore, we have

PR[d(ea,s)>/T 1gagt

i-1

dw. ,v. )< T, 1 . (83)
o o

Let us reduee Eq. (83) to a more manageable form. We introduee two lemmas to aid in this
task. The first is a probabilistic statement and the second is a form of the Chernov Inequality.

Lemma 5.

Let {Wh}’ 1 < h< H be a set of random variables and {Wh}, 1 < h < H a set of eonstants.
Then,

>W W . W

PR[wigwi,w 2 Wy

2 H]

H H
=Py lo,w, 20, W, 1<hgHIS Py = o w, > b AN (84)
h=1 h=1

where %, >0 for the inequality Wy >Wh and o, < 0 for the opposite inequality.
Proof.

The equality follows immediately. The inequality follows sinee the seeond event is implied
by the first.

Lemma 6.
L.et w be a random variable and W some eonstant. Then,
el

PR fw > W] g (85)
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Proof.

W w
2 >3 Z pr(w) >2 Z plw)
wW w2W Q. E.D.
Equation (83) is overbounded with the aid of LLemmas 5 and 6. We use Lemma 5 with
- A
H=t+1, Ua >0 for 1 £a<t and Oipq = 00\< 0. Then,

t
‘( 2 "a)Ti-i‘“oTiH
a=1

i M

o . Uad(ea, V)+aod(ﬁro, Vro)
X Z 2 . (86)
r =1

(o]

Any optimization now or later of the parameters 0g 1 L agt, is too difficult to be rewarding.
Therefore, we let g5 = 1/(1 +t), 1 <agt, since this selection leads to meaningful results.

Recognizing that Ti =+ to’ and remembering that d(ea, s) = I(Oa, vs) — siR, d(uro, vro) =

I(’ﬁr ,Vr )y — rolR from Eq. (69) and (70), where 6a is the set of s branches preceding (Oa, s)
o "o

we further reduce Eq. (86). (It should be remembered that to is the separation between criteria

1

whereas t is a variable.)

el A

t
+O’o) Z-SIR(FE)

o1+t "o o 1+t
zl, s(ei)’ L Zl, s(et) L &
1 L -~
* -o.r IR 1+t 2 I(ea\‘vs)ﬂy I(u »Vp )
% Z 2 0o 2 a=1 o o (87)
r =1
o

where tree paths 6a’ 1< agt, are of length s. [Note that ea indicates the node (ea, s), whereas
o, is a tree path of s branches preceding (Oa, s).]

Now focus attention on the expectation in Eq. (87). The various bounding techniques and
choices of parameters to follow are justified by the end result. The following lemma will be

needed:

Lemma 7. (Holder's Inequality)

Let {wh}, 1 < h< H, be a set of positive random variables and let {vh}, 1 < hg H, be a set
of positive numbers satisfying

"

v
1 h

=1

nglilsy

h

Then,
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Proof. (See the Appendix)

The expectation taken in Eq. (87) is over the ensemble of correct and incorrect sequences

and received sequences. Let ¥V be a received sequcnce which includes VS and Vr , that is, v
o
contains more than r,or s branchcs. We may visualize the average in Eq. (87) as consisting

of two successive averages, the first taken over the correct and incorrect sequences with the
received sequence fixed (indicated with — ]V), the second average taken over the received
sequence V (indicated wit — V). With Vv fixed, correct and incorrect sequences are statis-

tically independent by construction of the "random code" ensemble. This implies that

15
1 - _ - -
T+ i: I(ea, vs)+ool(ur P IV )
2 a=1 o o
v
i t —
—1+—ta>=:11(ea' vs) Uol(uro' Vro)
=2 X 2 (88)
v v

where the averages are conditioned on v. The average in Eq. (87) is the average of Eq. (88) over
V. We overbound the average in Eq. (87) using LLemma 7, where the average of that lemma should
be considered as an average on v. We have H = 2 and we let Vg = 1+ t)/t, v, = 1 +t. Then, we

have for the expectation in Eq. (87),

] ~ B t B (1+1)/t ¥ Jt/(141)
e 1I(Ga, VS)+UOI(uI’ S ) T }_:I(e v )
o "o g @=

t
>
2l &

N

<l

v11/(14t)
g I(ﬁ , v ) 1+t
(o] jed r
<z SERRE ) (89)

v

Here the average is first carried out over the ensemble of codes with the received sequence fixed
and then over the received sequence. Final arguments in this section are concerned with evaluat-
ing and bounding these two terms.

From Eq.(69), we have

s £ a
S 2 P v, /8]
I(Ga, vs) = L Z log2 —E(_Vrh)— (90)
r=1 h=1
where W G:h are the hth digits on the rth branch of vs,éa respectively, each of s branches.
An equivalent statement applies [from Eq. (70)] when ga is replaced by the correct path ﬁr

o
Over the ensemble of codes, digits on correct and incorrect paths are statistically independ-

ent and identically distributed with probability assignment {pk}. We evaluate the second factor

in Eq. (89) by observing that I(ﬁr ,Vr ) is a sum of rol statistically independent random variables
o o
each of which assumes values
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P [y./x,]

logz_f(‘),,—jy—. 1€3<€J, 1<kg<K

Conditioned upon Vv, each of these rol random variables assumes value

Ply./x.]
log2 ——(J—,—-fy I
with probability
P ly./x.]

J

when the corresponding received digit is yJ.. We recall that f(yj) is the probability of channel
output zymbol yJ. when input symbols are assigned probabilities {pk}. For the second factor in
Eq. (89), we have

= = T VI1/(1+
o Ifu, ,v ) 1+t /i14t) J +o Y1+t r _£/(1+t)
o' r )T, Py /x o o
2 = Z fty) Z pk[ (92)
v
r fp (o)
_,0to (93)
where
: ply./x ] 1+a | 1*
A A i jirek o
j=1 =1 J
Before evaluating the first factor in Eq. (89), let us observe that scvcral of the t paths
{91, L A et} at penetration s may have branches in common. We recall that in the previous
section we identificd branches on the paths {61, PP et} by placing a 1 above each (see Fig. 15).

Wc then defined @, as the number of branches at length r, that is, the numbecr of 1's on branches
at length r. Since o < t, a branch at length r may bclong to more than one of the t tcrminal
paths. Let 6n be the number of terminal paths containing the nth of the @, branchcs at length r,

1&ng @ . Since the total number of terminal paths is t, wc have

2 B = . (95)

(The dependence of 6 on r is implicit.}) Call this nth branch at length r _q_): and let (p:h be the
i digit (of ¢ d1g1ts) on this branch. Then, in Eq. (89) we have

(02

g B . plv, /ol

W a1 R ) v S rh—

o I(ea' vs) L 6n o 1og2 (v h] GAE)
a=1 r=1 ‘n=1 h=1 r
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Over the ensemble of codes, the tree digits <p:h are statistically independent and identically
distributed and drawn with probabilitics {pk}. Since <p:h is a digit on a branch in the incorrect

subset, it is statistically independent of the corresponding transmitted digit and of the corre-

a
c . e e 1 r S
sponding received digit v . Therefore, sets of digits (Vrh’ N N ) are Statistically
independcnt of one another as are the digits in each set. Digit V., assumes value yj with prob-
ability f(yj), given by Eq.(64). This is the samc function f(yJ.) appearing in the definitions of the

metric. The conditional expectation in the first term in Eq. (98) becomes:

t 6
1_:t T I6,,V) s 4 [ g s p—[f;fl—hf/%p"—h—]
2 a=1 _ H H 2 rh (97)
v =1 h=1 |n=1 &
v
s ¢ [Y 8. /(1+1)
- O[O {2 ’p[vr—h/)xk] ” (98)
r=1 h=1 Ln=1 (k=1 “rh

But the digits V_p are statistically independent; hence, the first term in Eq. (89) becomes, with
thc aid of Eq. (98), the following:

. /Y t/(1+t)
5t = I(ea,VS)
2 a=1
v
s [ oL (K o 6,/(1+1) (14t) /1] £t/ (141)
I[2 wp I 2 [—_J_f(y.) ] (99)
w=i| =1 n=1 lk=1 J

where we recognize that the random variables in the square brackets of Eq. {98) are statistically

dependent.
The above probability is not yet in usable form. As the first of two steps directed at putting

it in usable form we use Holder's Inequality {Lemma 7) on Eq. (99) where we identify Wi with

b /xk] 5 /(1+t) (1+t) /t

3l

and we let o t/6n. We note that

H

1 1
0 e =
hi=1

so that the v, satisfy the necessary constraint. Then,

h

47



1+/t ¥ t/(14t)

= a’ s
2 a=1
v
o e K Y 6n/“+t) (1+1)/6 énl/(1+t)
ji ik
< I |2 1y Y P [ﬁjy—lr] (100)
r=1 n=1 Lj=1 k=1
In the second step we define
J K y 1+8
a _ 41 1/(1+8)
Rﬁ= B ]-ng Z Z pkp[‘yj/xk] (101)
i=t \k=t
and observe that terms in Eq. (100) can be rewritten as follows:
6
S e 5_/(1+1) (+)/5 16, /(40 (1-1—3) Ry
X 2 By P [y;/%) =2 (102)
j=1 \k=1
where
et
n
We note that <t since 1< én\< ar\< s
Next, we deduce from the following lemma that +RB >+ Rt for § <t so that —RB < —Rt and
Eq. (102) may be overbounded by replacing RB with Rt'
Lemma 8.
R

8 as defined above is a monotone decreasing function of g for g > 0.
Proof. (See the Appendix.)

Replacing RB with R

¢ in Eq. (102) and inserting this result into the inequality of 4. (100), we
have the following final bound:

t (1r0/t |t/
1 = = s{tR
T =z e_,v.) t
tamy 28 e
e 2 2 (104)
v
s
where o = Z « _ is the number of branches on the set of paths {91, . Gt} and we have used
r=1
Eq. (95).

Combining Egs. (93) and (94) in Eq. (89) we have the following

1

t
— - 1tR
—EI(G,V)+UI(TJ Y ) . t
ZH~ta:1 a’ s’ ot \'rt r rolpt(oo) 2_—1+t X (yﬂ{t

~N

(105)
where (o ) and R, are given by Eqgs. (95) and (101), respectively.
t'% t g

Our last step, which is to use Eq. (105) in Eq. (87), is stated formally in the following
theorem:
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Theorem 4.

The probability z (9 ), . 25 s(e ) is bounded by the following, where « is the number
of branches on the tree paths of length s, {91, Snt O et}.
_ a to(m-o ) -ito(itTt+ )
2 5(91),...,zi, S0)<SQ () &2 2
fitt(R -R) -alR - -r {[o R-pt(o )]
12 2 r ae e % (106)
r =
o
where oo\< 0,
J K 1+t
Ay A4 Y 1/(1+t)
th_t_ 10g2 L Z pkp[yJ/xk] / [Eq(ioi)]
jot \k=A
and
J ply./x,.] -
A d k n
blog) £ 14 logy L 1y Z/ Pk [—(LJ)—] [Eq. (94)]
=1

(We shall discuss the convergence of the sum in Eq. (106) later.)

This is the result at which this section has been directed. We have obtained a bound on the
probability term which depends on the paths {91, Jety, et} only through «, the number of branches
which they contain. An identical proof (which we do not include) shows that the probability term
corresponding to negative values of i differs from the bound above only in the sign of i and in
the value of % s (which we shall call 01).

The following section combines the results of this section with the counting arguments of the

previous section to obtain the complete bound on the moments of "static" computation.

E. BOUND ON MOMENTS

The purpose of this section is to combine the results of the two previous sections, thereby
bounding the moments of computation.

From Eq. (82) we have

M(s) p min[M(s), p] st
Lo m) < b Wit,p) ), Nla)Q o) . [Eq. (82)]
m=1 t=1 a=s

The multiplicities W(t, p) and Nt(a) are bounded by Lemmas 3 and 4 which are repeated here in

abbreviated form.

Lemma 3.

NZrt e HP < wit, ph < tP . [Eq. (79)]
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Lemma 4.

N(a) < (1= 1! (s + nP72 22 R (Eq. (81)]

The lower bound to the function W(t, p) was introduced in order to cstablish that the bound in
Eq. (82) must grow approximately as tP. To further overbound Eq. (82) we overbound min [M(s), p]
by p. Since M(s) = (b —1) b5 for s > 1, it grows rapidly with s and the minimum will equal p

for most values of s. Thesc obscrvations lead to the following bound on Eq. (82):

M(s) P st
Yoz gm) € L P Y -+ 02 (o) . (107)
m=1 t=1 a=s

We are now prepared to use the results of the preceding section, Theorem 4, namely,

t ; t sit
tt (;5-0) -it (5+0 ) ()R, -R)
Qi S(a)\< 2 o1+t "o 2 o1+t "o 2 1+t t
-aIR, * -r f[o R-p (o )]
x 2 Y, 2 [Eq. (106)]
r =1

(]

This bound and that given above yield

M(s) p p . t
tH (—=-0) -it (;=+0)

5 g tmi) @ ) aPz 0T O o TOHRE ety e (s 5
m=1 ' t=1

sit st o0

== (R,-R) -af(R_-R) -r f{c R-p (o )]

1+t 7t t v o' o t' o

X 2 ), 2 2 2 (108)
«@=85 ro—i

In the previous section (L.emma 8) we discussed Rt and said that it was monotonc dcercasing

with increasing t. If we choose R <R _, then Ry >Rp for t £ p and each tcrm in the sum on « is

-s{(R,-R)
less than 1 and each is overboundcd by 2 g (We note that this largest term occurs at
« = s which corresponds to thc case where the paths 61, v an Ot are one and the samec.) Then,
/ M(s) \p P & . t
H (= -0) -it (;—+0 )
N g 5 A o1+t "o o1+t "o t-1
2 z,].'S(m) < L tP2 2 t' (s + 1)
m=1 t=1
—sl(Rt—R) ”
—— . -riloc R-p (0 )]
X 2 1+t Z/ 2 o) t" o (109)

r=1
We have yet to discuss whether the sum on r above converges and if so, for what values of
g The semi-invariant moment generating function pt(oo) is given by

i 1+t\1/(1+1t)

K
. L 1 P[.Y/Xk] 1+00 a 94)
nylog) = logy| ) tty){ 3 pk[_(l_rf ] . |Eq. (94)]
Y3

J=1 k=1
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Using the following lemma, we find that pt(Uo) < Hp(oo). Thus, if there exists a o, sueh that
UOR - pp(ao) >0 then O'OR, - pt(oo) >0 for t < p.

Lemma 9.

lLet w be a positive random variable and 0 <v < n. Then
(wu)i/us(wn)i/n ' (110)
Proof. (See the Appendix.)

We must aseertain whether there exists a s <0 when R < Rp sueh O'OR = pp(ao) is positive.

If so, the sum on r in Eq.(109) econverges. The next lemma will aid us in our determination.

Lemma 10.

The funetion ¢ R — pp(ao) where pp(ao) is given by Eq. (94) is positive for ¢' < 0 < 0 where
W/ " ) .
pp(a }/o' = R, and pp(au)/ao is monotone inereasing in o_.

Proof. (See the Appendix.)

We deduee from the monotonieity of pp(ao)/ao that ' < —p/(i + p}). Therefore, there exists
< - -1 suc - > - > :
o, p/(1 + p), o, > —2 such that ¢, R “p(ai) 0 and o R pp(ao) 0 when R < Rp We shall
need these results soon.
In any further bounding of Eq. (109) we must eonsider the two polarities in i, namely i <0,
i >0. We bound Eq.(109) over the two ranges of the index i, using the monotonieity in t/(1 + t)

(up), in Rt {(down) and in pt(oo) (up) with inereasing t.

Theorem 5.

Fori>0, R<R , and o > ¢'
p o

M(s) p fx o]
. t (1-c) =it (5+0 ) _
Z Zis(m) \<20 o 5 02 Oppl(s+1)p1pp
m=1 '
-sf(R_-R)
P (" _refoc R-p (0]
g P W2 o R (111)
‘ r=1
-it (1/2+0)
For i< 0, replaece o, by o, and 2 by

: 1
+1t0(1+p+01)

Proof.

We note that + < (t)/(1 + t) < (p)/(1 + p), using the lower bound for i >0 and the upper bound
for i< 0.

Theorem 5 is now employed to eompute the sum of the two terms in Eq. (75).

Theorem 6.

There exists Oy 94 £ 0 such that the following is bounded for R < Rp:
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< Z (s + 1)1-(1/p) 2 WIRpID (20 o pp!) pp
s=0
1
-it (5+0 )
2 e R o) = _02 o
(5 T [y e
E=d i=0
& P
o t/pf = titolrrptoy)
-rf[o,R-p _(0,)] S B
¥ = ¥ 2 R , (112)

2
r=1 i=0

Proof.

The discussion following Lemma 10 indicates that for R < R_ there exists 9, > -1 and
oy < —=(p)/(1 + p) such that O'OR - pp(oo) > 0 and UiR - pp(oi) > 0. These first two conditions
and the last two conditions guarantee convergence of the i and r summations, respectively.
Q. E.D.
We conclude our discussion of the moments with the following theorem which summarizes

the results of the last three sections. We recall the bound Eq. (75).

—t/p o3 o pi/p
P ¢ Y X > 2y (m)
i=0 s=0 m=1
M \n]'/P
i [ B IPR t.) } . [Eq. (75)]
m=1 '

Theorem 7.

On the DMC, the pth moment of computation with the Fano Sequential Decoding Algorithm

is Cp, which is considered as an average over the ensemble of tree codes, and is finite for
R < Rp where

(i K / 1+p
P A | 1/(1+p)
Rp e log, Z L PP [yj/xk] [Eq. (101)]
j=1 \k=1

A bound to EB is obtained by combining Eq. (75) with Theorem 6.
F. COMPOSITE BOUND ON DISTRIBUTION

Our concern for the moments of computation was motivated earlier by the statement that

the moments may be used with a form of Chebysheff's Inequality to bound the distribution of
computation. We restate Lemma 1.
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Lemma 1.

Let C be a positive random variable with moments cP. Then,
cP

B [€ 2 L] <
R e

[Eq. (73)]
Since the moments have been averaged ovcr the ensemble of all tree eodes, we have a bound
on the distribution eonsidered as an average over the ensemble of tree eodes. Indieate this

average with PR(C o )

__It has becn shown abovc that£p is finite for R <R . We eannot establish the exact behavior
of CP from our arguments sinee CP has been overbounded. Thereforc, we shall bc content to
consider only those momecnts, namely, first, seeond, ..., pth, such that R < R_. To avoid con-
fusion let k indicate an arbitrary order of moment and define p by RpH <R« Rp (note that Rp
is monotonc dcereasing in increasing p). Thcrefore, moments of order k < p converge and may

be uscd in bounding PR [C > L].

-—

Al
o

o=

Fig. 16. Bound on distribution.

Given that moments of order k < p are to be used in bounding the ensemble average of the
distribution of eomputation, we ask for that order of moment for which the bound is smallest.

If the k™ order moment is used and L < (ék)1 k, then the bound on the distribution is greater
than one, so that one must be used as a bound. Sinee C s inereases with k (Lemma 7), the
bound on the distribution must be one for L < C and C/L for L just greater than C. This bound
is used for valucs L sueh that CZ/L2 exceeds C/L. The point of interseetion of these two
curves oeeurs at L. = CZ/(_I (see Fig. 16), For values of L greater than this value, the seeond-
order moment is used until L = C3/C2 at whieh point the third-order moment is applied, ete.
k=1 1, ¢ (cKF ) /ck

In general, we use the kth order moment for Ck/C C”. The eomposite bound

is stated below (see Fig. 17).

Theorem 8.

Let C be the random variable of eomputation with moments Ck over the ensemble of tree

eodes, then, for k < p, where Rer1 <R <R_.

P
1 , LgC
i e K X, k-1 T P
Cc/L BN oty (Gl W Sl Oy (G (113)
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Fig. 17. Composite bound on distribution.

With probability equal to 0.9 a code of rate R echosen at random from the ensemble of codes
will have PR {C>L)g 10 PR {C > L]. Codes in the ensemble are assigned probabilities in suech
a way that digits in the code are statistieally independent and identieally distributed with proba-
bilities {pk}.

Proof.

The bound on the average distribution has been discussed above. The seeond statement
follows from Markov's Inequality (a variant of Chebysheff's Inequality), namely, if x is a pos-

itive random variable

e

PR [(xgax] =1 —PR [x 2 aX]< 1 —

where x is a distribution of eomputation and a = 10.

The eomposite bound is the lower envelope of the bounds ecorresponding to the individual
moments. For large L (the distribution parameter) the distribution behaves as L.”P where p
is the largest order moment whieh is guaranteed to eonverge. That is, p is sueh that

R, SR<R.
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CHAPTER V
INTERPRETATION OF RESULTS AND CONCLUSIONS

This report is motivated by a concern for thc computational requirements of the Fano
Scquential Decoding Algorithm as reflected in the probability of a buffer overflow. This prob-
ability plays a central role in the design of the Fano decoder for two reasons:

(a) The probability of an overflow is much larger than thc probability of an
undetectced error {errors without overflow);

(b) When overflows occur a serious brecak in the dccoding process results,

Our particular concern with the overflow cvent is to determine its sensitivity to the storage
capacity of the decoder, to the decoder's specd of operation, and to the signaling rate of the
source. Wc have had to approach these questions indirectly to avoid difficult analytical prob-
lems. Our approach has becn to consider a random variable of computation known as "static"
computation C. We have over- and underbounded the probability distribution of "static" compu-
tation, Pp [C > L], and have shown that it behaves as L™, a >0, for large L. The bounds to
PR [C > 1.] lead to bounds on «.

We shall describe an experiment performed at Lincoln Laboratory and indicate the corre-
lation betwcen this experiment and the analytical bounds on «. This will lead to a conjecture
about the true tail behavior of PR [C 2 L], ie., the behavior of this probability for large L.. We
shall interpret the conjectured cxponcnt @ in terms of established bounds on exponents of prob-
abilitics of error, thesc exponcnts being derived from coding theorems,

In this chaptcr, we also establish a hcuristic connection between the probability of buffer
overflow and the distribution of "static" computation PR [C > L]. From this connection we in-
dicate thc sensitivities to buffer size, machine speed, and signaling rate which are displayed
by the overflow probability. Finally, we introduce and discuss several research problems.

We begin this chapter with a discussion of the tail behavior of PR [CSl )

A. COMPUTATION EXPONENT

In Chapter III, a lower bound applying to all codes was found for PR [C >L}. A lower bound
for codes of fixed composition was also found. We shall be concerned here only with the general
lower bound.

In Chapter IV, an overbound to PR [C > L} was found using the "random code" technique. It
was shown that a large fraction of the set of all tree codes have a distribution function PR [€=10)
which is less than some fixed multiple of the ensemble average of PR [C >1L].

It was indicated by Example 2 of Chapter IV that thc upper bound on PR [C > L] of that chap-
ter should be numerically weak. Because of the lower bounding technique described in Chapter III,
the same may be said for the lower bound. Example 2 did indicate, however, that the behavior of
the upper bound in the distribution parameter L should approximate the true (ensemble average)
tail behavior. We are thus motivated to consider the behavior of PR [C 2 L] with L for large L.

To study this behavior, we introduce a function e(R) called the computation exponent,

e(R)2 R {lim

L~

—log, P, [C > L]
( i ) (114)

log2 L
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Since PR [C > L] behaves as L™ for large L, the exponent o is related to the computation ex-
ponent e(R) by @ = e(R)/R. Multiplication by the rate R normalizes a so that e(R) is a bounded
function.

We now use the definition of Eq. (114) on Theorems 3 and 8 to obtain upper and lower bounds,
respectively, to e(R). We note that e(R) is an implicit function of the code, since PR [C>L]is

a function of the code.
Theorem 9.

On the completely connected DMC, a code cannot be found with a computation exponent ex-

ceeding €(R) where

&RV A (-0 ) (R—1_. ) (115)

and 00 is the solution to

7o,
R = max = for —1\<00\<0 : [Eq. (60)]
k o]
Here, yk(a) is given by
J
1 1+o -0
v ()2 0g, ) p /% ]° 1y;) [Eq. (38)]
j=t
P ly./x,]

A j
Lin = me}? log, —f(yLJ)— [Eq.(17)]

and

ty) = ) P Ply/%) . [Eq. (64)]
k=1

Theorem 10.

On the general DMC there exist codcs with computation exponents grcater than or equal to

e(R) where

e(R) =p R (116)
foerH\<R<Rp, p=1,2,3,..., and
J K 7 1+p
A 1 1/(1+p)
R,S-5g, 2 | L pply/xl P . [Eq.(104)]
j=1 lk=1

The probabilities {pk} are the probabilities assigned to letters in codes in the "random code"
argument. Thcy also appear implicitly in thc definition of the path metric through thc function
f(y.). Thc path metric on the path terminated by node (m, s, q) of the qth incorrect subset,

d(m, s, q), is defined as by

PV p/u.p)

(117)
f(vrh)

n 2
d(m, s, q) = Z Z 10g2
r=d h=A1
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Here ﬁn’ n =q +s, represents the given tree path; Vn represents the corresponding section of

the received sequence; and u are the nth digits on the rth branches of ﬁn’ vV _, respectively.

v
rh’ “rh n’

Theorems 9 and 10 delimit the tail behavior of PR [C > 1.} as measured with the computation
exponent e(R); e(R) < €(R) for all codes on the completely connected DMC, and there exist codes
on the general DMC such that e(R) > e(R). We now consider the behavior of the two bounds,
e(R) and €(R), with the signaling rate R.

First consider e(R). We wish to show that it is a monotone decreasing function of increasing
R. We recall from the discussion of Chapter III that yk(cro)/cr0 is a monotone increasing function
of L This implies that R = max [yk(ao)/oo] is also monotone increasing in L Moreover,

k
yk(cro)/cr0 is continuous in ¢  as is R = max [yk(oo)/oo]. If we can show that €(R) = (- oo) (R — -
k

is monotone decreasing in increasing O, We will have established that e(R) is a continuous de-

creasing function of R. The monotonicity of (—00) (R-1 ) is established by considering its

min
derivative in 05 The derivative is taken at a value of % which is not a transition point of

max [yk(ao)/oo], that is, a point at which the index which achieves the maximum is changing
k

fromk=k1 tok=k2.

d -4
do_ (_Uo) (R - Imin) " do [_yk (Go) i GoIminl

o o 1
T [yi{ (Go) = Iminl (118)
1
where
J 1+o - p[yj/xk ]
o3 /x %fy) ©log, ——=1i
= Py Y5 €2 7ty
gl =t i ] (119)
k1 J 1+ao =)
Z p y./xk fly.)
j=1 J 1 ]

We may underbound each of the log, {p [yj/xk1]/f(yj)}' appearing in Eq. (119), by the smallest

and (—00) (R — Im. )

such term. By definition, this must exceed I -

— Therefore, yki(oo) > Imin
has a negative first derivative at values of L which are not transition points. Since (—ao)
(R - Imin) is continuous in 0, we have that e(R) is continuous and monotone decreasing in R.
= — = e = — = = 1 = ' i
At B = 1, R = 0 and e(R) Imin > 0. At O 0, R lim max [yk(oo)/oo] max yk(O) [since
ao—>0 k k
yk(O) = 0] and e€(R) = 0. These results are summarized in the following lemma.

Lemma 12.

The computation exponent upper bound e€(R) is continuous and monotone decreasing in in-

creasing R. It decreases from €(R) = =l

at R = 0to €(R) = 0 at R = max y!(0). The compu-
in L k

tation exponent bound €(R) is sketched in Fig. 18 for a typical channel and a typical probability
assignment {p, }.

One may show that the rate at which e(R) = 0, namely max yi{(o), may exceed channel ca-
k

pacity. On the contrary, if the assignment {pk} that achieves channel capacity C0 is used then
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Fig. 18. Computation exponent upper Fig. 19. Computation exponent lower
bound &(R). bound e(R).
max yi((O) = Co' We recall that channel capacity Co is defined as the maximum mutual informa-
k

tion between chdnnel inputs and outputs. Let I(x,y) be the mutual information betwecen channel

inputs and outputs; then,

[

K
P [y:/%]
C, 2 max I(x,y) = max Z Z P, P [v; /xk] log, —TJ}T)L . (120)

{pk} {pk}

It has been shown20 that the {pk} which maximizes I(x, y) is such that
J
P ly;/%,]
_J_k . _
Z p ly. /xk]log2 (yj) ge. 4 BeLd. K (121)

j=1

with equality when Py # 0. Therefore, if this set {pk} is used in the definition of f(yj), that is,
in the definition of thc path metric, then mlz(ax yi((O) = Co and the rate at which &(R) = 0 is channel
capacity.

We shall now consider the behavior of e(R) with R. As given by Theorem 10, ¢(R) = pR for
Rp+1 <R <R D’ P =l 2,00 . o Fix P. - Lhen, . for R pH S <R <R D’ e(R) increases with R on a linc
of slope p passing through the origin. The full curvc e(R) is sketched in Fig.19. For R arbi-
trarily close to, but less than Rp, e(R) = pRp. We now show that the points pRp form an in-
creasing sequence for increasing p, whereas the Rp form a decreasing sequence. “This will
cstablish that the sketch of Fig 19 is accuratc.

From Lemma 8, RB’ B >0, is monotone decreasing in increasing . We show that pR is

-pR
monotone increasing in p by showing that 2 P is monotone decreasing in p for a fixed set of

{p,}.

-pR J K 1+p
2 Po B v) e [yj/xkli/(”p) (122)
j=1 lk=1

p
Lemma 9 is sufficient to establish the monotonicity of 2 P we repeat this lemma here.
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Lemma 9.

LLet w be a positive random variable and let 0 < v < 7n. Then,

WY ¢ why1/n

Therefore, if we apply thi% lemma to the surh over k for each j in Eq.(122), we find that in-

p
creasing p dccreases 2 P or increases pRp.
We now show that on the completely connected DMC, pRp has a well-defincd, nonzero limit

as p = ». For large p,

P [yj/xkli/(“p) Soxp {77 lnp [y;/x, ) ~1 + 1—1p Inp [y;/%,] (123)
and
K 1/(1+4p)} 1+p [ K
0 Py P [y;/%,] ~exp |(1 +p)In {1 + 5 1p o Py 1np {y;/%]
k=1 i k=1
K
~ exp Z p Inp [yj/xk] . (124)
k=1

Thercfore, on the completely connected DMC, as p becomes indefinitely large, pRp approaches

K
J kEipklwzplyj/xk]
log, ), 2

=

J=

This implies that Rp = pRp/p approaches zero on the completely connected DMC. When the
channel is not completely connected, the limit of pRp as p ~ © may be infinite. This implies that

Rp 53 Co+ > 0. These results are summarized in the following lemma.

Lemma 13.

The computation exponent lower bound e(R) is a set of straight lines of increasing slope,
e(R) = pR for Rp+1 <R« Rp, p=1,2,3,... . On the completely connected DMC the points
pRp increase with decreasing Rp to the following limits
K
Z pylog,ply /%]

J
: . k=1
lim R_=0 | lim pRp = log, Z 2
i=1

When the channel is not completely connected lim Rp = Co+ where Co+ may be strictly positive,
—~a0
€ "o g
The largest rate for which e(R) is nonzero is Ri‘ For R 2> R1, e(R) is zero. It will be
obvious from a later discussion that R1 < CO, channel capacity.
As an example of the computation exponent bounds, we show in Fig. 20 the two exponents

€(R) and e(R) for the binary symmetric channel (BSC) with transition probability By, = 0.01. We
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select Py = %, k = 1,2, Since this assignment achieves channel eapaeity, €(R) = 0 at R = Co. For
this channel and the given assignment {pk}, we have €(R) = (p/1 + p) [Rp +log, (1‘/2p0)], where
R = R_and p assumes all values greater than zero (not just the integers). At R = 0, &(R) =
=T = 10g; (1/2p0).

In the next section we correlate the analytieal results with an experiment,

B. AN EXPERIMENTAL RESULT

A computer simulation13 of the Fano algorithm was run recently at Linecoln Laboratory under
the direction of K. L., Jordan who has made data from this experiment available to the author.
These data represent slightly more than one million decoded digits on the BSC with By = 0.01 and
have been used to compute an experimental distribution of computation (see Fig. 21). The compu-
tation variable measured in this simulation will be discussed shortly. It suffices to say that it
differs somewhat from "static" computation.

In the experiment, a convolutional tree code of the type described in Chapter II with b =2
was used. In the generator B (51,52,. 2 ,gs), S = 60; gy was chosen to maximize the Hamming
distance between the two tree branches at the first node of the tree. Given gy, & is ehosen to
maximize the minimum Hamming distance between the four codewords of two branches. Several
other subgenerators were chosen in this way. The remainder were chosen at random. The BSC
was simulated with a random number generator and as the decoder operated, it was assumed to
have an infinite buffer.

The computation variable recorded by the computer is best defined with the aid of two im-
aginary pointers. We may visualize a pointer "extreme" below the tree code indieating the
furthest penetration into the tree made by the decoder. Another pointer, "search below the
tree indicates the depth of the node presently being examined by the decoder. The search pointer
either lies on or behind the extreme pointer. Every time the two pointers move ahead together
in the tree, the computer program records one computation. If a search is required, the ex-
treme pointer remains fixed and the program records the number of operations required before
the search pointer returns to the extreme pointer and the two move ahead. The data from the
simulation are reduced and the computer program prints out the number of times the computation
exceeds Zk for k = 0,1,2,... . Inthe particular run used by the author the signaling rate R was
3 bit per channel use. The largest number of computations in this run was less than 256 and
greater than 128 and it was observed that the search pointer never drifted back more than 45
branches from the extreme pointer,

Although the computation recorded by the program is not "static" computation, we shall
argue later that it is a small multiple of "static" computation. Since this multiple does not affect
the tail behavior of the experimental distribution, we are justified in computing the computation
exponent for the experimental distribution and eomparing this exponent to the bounds of Fig. 20,
The experimental point is shown in Fig.20. Other computer runs at rates R = 1, 1 were re-
corded but large computations were so infrequent that the data were not considered reliable and
were not used.

In the next section, we conjecture about the true value of the computation exponent.

C. A CONJECTURE

We are led to conjecture a form for the "true" computation exponent by consideration of the

experimental result of the last section and the derivation of the "random code" bound on the
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distribution of "static" computation. 1n the discussion of this bound in Chapter 1V, we limited
attention to integral moments of eomputation for analytieal reasons. As a result of this limita-
tion, e(R) has the shape of Fig.19. We now suggest that the true "random code" computation
exponent has the form e* (R) = pRp when R = Rp for all p > 0 (not just integer p). We suggest
that this is an exponent which may be achieved, that is, that codes can be found with this expo-
nent, (This is partially substantiated by the experimental point discussed in the last section.
The conjectured "random code" eomputation exponent and this point differ by only 5 percent at
R = 1 for the BSC example.) Finally, we suggest that e*(R) cannot be exceeded, that is, that no

code exists with a computation exponent which exceeds e*(R). These suggestions are summa-

rized below.
Conjecture
The computation exponent e* (R},

ex (R} = pRp , Ri= Rp for p>0 (125)

cannot be exceeded by any code used with the path metric of Eq. (114) and codes exist which
achieve this computation exponent.

The eonjectured exponent e* (R) is a monotone decreasing function of R. This may be de-
duced from the earlier diseussion of the exponent e(R). The value of e*(R) at R = 0 is identical
with the value of e(R) at R = 0. The exponent e* (R} is zero for p = 0 or R = I{x, y) where I(x, y)
is given by Eq. (120).

The conjectured exponent of this section is interpreted in the following section in terms of

"list deeoding" exponents and the "sphere-packing" exponent.

D. INTERPRETATION OF COMPUTATION EXPONENT

The eonjectured computation exponent e* (R) has a simple interpretation in terms of the
"list decoding exponent," that is, the exponent of the "random code" bound on the probability of
error with "list decoding."u-23

"[.ist decoding" is similar to maximum a posteriori decoding. We assumec that one of
M & an equally likely codewords is transmi;ted over the DMC. Herc n is the code block length
in channel symbols and R is the signaling rate. At the receiving terminal, the decoder makes
a list of the k a posteriori most probable codcwords given the received channel sequence. If
the transmitted codeword is not in this list of k codewords, an error is said to have occurrcd.
With "list decoding" the probability of error is reduced from the probability of error with maxi-
mum a postcriori decoding, k = 1, by accepting some ambiguity in the transmitted message.

The probability of error with list decoding has been overbounded using a “randc;m code"
argument. The probability of error is averaged over thc ensemble of codes by assigning to
each code a probability, computed as if each letter in the codc were chosen independcntly with
the assignment {pk}, the assignment of Chapter IV. The cnsemble average of the probability of
error with list size k, Pk(e), k=1,2,3,.. has the following bound

ol 3

-nE, (R)
P le) g2 (126)
wherec
Ek(R) = max [pR_—-pR] . (127)
0<p<k s
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The exponent Ek(R) is the upper envclope of the straight lines pRp — pR for all 0 < p<k (see
Fig.22). At R = I(x,y), Ek(R) = 0. ForR( Rf{‘, the point of tangency of the straight line of

slope —k to the curve E_(R) A 1im Ek
k>0
slope —k to kRk. The limiting exponent E_(R), as well as Ek(R)’ depends on the probability

(R), the exponcnt Ek(R) increases along a straight line of

assignment {p }. If E_(R) is maximizcd on {pk}, one finds that the resulting exponent equals
the "sphere-packing" exponent.24 This latter exponent is an exponentT on a lower bound to the
probability of error which applies to every block decoding procedure, list decoding or otherwise,
and as such the "sphere-packing" exponent represents the largest possible exponent on the prob-
ability of error with any block decoding procedure. It is a fundamental bound on exponents to the
probability of error.

We now return to the conjectured computation exponent e*(R). A simple construction on
Em(R) yields e* (R) (see Iig. 23). From R a straight line tangent to Ew(R) is drawn; e* (R) is
the height of the intersection with the exponent axis. This straight line has equation pRp — pR
for some p by definition of E_{(R), where p is the magnitude of the slope of the tangent line,

Although the conjectured computation exponent [which equals c(R) for R = Rp’ p=1,2,...]
has an interpretation in terms of the "list decoding exponent" and the "sphcre-pac'king" exponent,
therc is no obvious connection between them. Since the latter two exponents are fundamental in
a sense, the fact that the conjectured exponent is interpreted from them suggests that this expo-
nent may also be fundamental. Unfortunately, there is no othcr evidence to suggest that this is

the casc.

E. OVERFLOW QUESTION

In this section, we establish a heuristic connection between the probability distribution of
"static" computation, which we have studied extensively, and the probability of buffer overflow.
Our discussion will indicate the sensitivity of the overflow probability to signaling rate R to
machine speed, to buffer size and to the number of digits decoded before overflow. We begin by
summarizing the discussion of Chapter II on the overflow event.

We assume that the Fano decoder operates with the buffer shown in Fig.24. Branches arrive
from the channel and are inserted at the left-hand end of the buffer. They move through the
buffer at the rate at which they arrive and are released when they reach the right-hand side of
the buffer. Below each branch, space is provided to record tentative decisions on the source
digits. This portion of the buffer is empty to the left of the pointer "search."

As the decoder proceeds, it inserts or erases tentative source decisions recorded below the
tree branches. These insertions or erasures occur at the search pointer because this pointer
indicates the received tree branch presently being examined by the machine. The pointer "cx-
treme" indicates the latest received tree branch examined to date. Branches to the left of this
pointer have never been compared to branches in the tree code.

The search and extreme pointers hover near the left-hand side of the buffer when the decoder
has little trouble decoding. Occasionally, however, an interval of high channel noise forces a
large amount of computation and the two pointers drift to the far right end of the buffer. When
this happens, there is a high probability that an erroneous digit will be released into the safety

zone, Since the decoder is unable to change digits in the safety zone (the corresponding received

T The exponent is defined as lim [—logzP(e)]/n.

n—» o0
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branches have bcen discarded), the decoder is forced to consider extending on incorrect paths.
This is very difficult, so that thereafter both pointzrs tend to hover near the far end of the buffer,
releasing erroneous digits. Although overflow can be detected, it is a serious disturbance and
must be combated either with the use of a feedback channel or periodic resynchronization or by
some other means. We will attempt to estimate the sensitivity of the overflow probability to the
system parameters.

Now that we understand the meaning of overflow, we return to a consideration of "static"
computation. Our intention is to lay the groundwork for a discussion of PBF(N)' the probability
of a buffer overflow on or before the time at which the Nth source decision enters the safety zonec.

Consider the qth node on the correct path (1,0, q). "Static" computation associatcd with
qth correct node is defined as the computation eventually performed with the Fano algorithm on
nodes of the qth incorrect subset when the correct message is ultimately decoded. We now argue
that whatever computation is performed in this incorrect subset is performed on nodes which are
close to the rcfcrence node (1, 0, q) and that almost all of these computations are performed
together in time rather than a substantial fraction now and a comparable fraction later. We are
in effect going to arguc that "static" computation is very closely related to "dynamic" computa-
tion. The argument is as follows:

(1) For a properly chosen code and for a reasonable range of signaling rates,
R < Ry, computation in an incorrect subset is due almost completely to an
interval of high channel noise and a concomitant dip in the correct path.

We argue that this is true by noting that if the correct path does not dip,
the decoder will never be searching far from the correct path.

(2) Let W be the width of a dip in the correct path (the separation between
points A and B in Fig. 25). Let the magnitude of the dip remain fixed.
Then it can be shown that a dip of width W occurs with a probability
which decreases exponentially fast in W, Therefore, this width will
typically be small.,

(3) If the qth correct node (1,0, g} is in the region of a dip in the correct
path (see Fig. 25), then paths in the associated incorrect subset may be
above the minimum of the dip over the region A to B of Fig. 25, but
beyond B they will typically fall rapidly below the dip minimum never
to be extended.

(4) It is conceivable that a dip far ahead of a particular correct node will
force a return to the incorrect subset associated with this node. The
probability of such an event is very small as is seen from the following
observations: Typically, the correct path will rise from a particular

[ o
i

o (,0.)
Fig. 25. Typical correct path trajectory. V/':\Y/
'; / : |
(1,0,q")
£ C, A B
4 L]
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correct node [see (1,0, q') of Fig. 25]. If a later dip in the correct path
is to force a return to node (1, 0, q'), this dip will have to equal or ex-
ceed the rise which previously occurred in the correct path. If such a
dip occurs far in the future, it will typically be very large in magnitude.
Such an event is very unlikely. It occurs with a probability which de-
creases exponentially in the magnitude of the dip.

(5) Thus, if computation is required in the qth incorrect subset, with high
probability it will be due to a dip in the correct path which is close to
the qth correct node. Since the width of the dip will typically be small,
all the computation performed in the gt incorrect subset is usually per-
formed on nodes close to the qth correct node., The behavior of the prob-
abilities mentioned in (2) and (4) can be established with a "random code"
argument.

Statement 5 summarizes the argument which suggests that "static" computation is related
to "dynamic" computation. We note that the "static" computations in the adjacent incorrect sub-
sets, which are located within the region of a correct path dip (C to B in Fig. 25) will be com-
parable so that the total "dynamic" computation due to the dip will be a small multiple, say
Navg’ of the "static" computation in one incorrect subset. We also note the pointers "search"
and "extremc" indicated in the buffer description may also be applied to the path trajectories of
Fig.25. As a result of a correct path dip, thc extreme pointer will move out to point B and will
typically remairf there until the running threshold has bcen reduced sufficiently to pass the correct

path. It is this argument which justifies our comparing the computation exponent bounds to thc

data taken from the Lincoln Laboratory simulation. We may also observe from the discussion

of Chapter III that the computation increases exponentially with the width of the correct path dip
so that for a dip which causes a large computation, the extreme pointer of Fig. 24 will drift back
by an amount x while the extreme and search pointers will have a separation proportional to
log x. We are now prepared to discuss the overflow probability.

The buffer overflow probability PBF(N) is defined as the probability that overflow occurs on
or before the time at which the N* source decision reaches the safety zone. It certainly exceeds
PBF(i), that is,

P 3 By . (128)

First, we shall consider PBF(i) in order to bring out the depcndence of PBF(N) on signaling rate
R, machine speed, and buffer size.

PBF(i) is the probability that the buffer overflows on or before the time at which the first
source decision reaches the safety zone. Since the buffer is cmpty before the first received
branch entcrs the buffer, overflow can occur if computation in the first incorrect subset and ad-
jacent subsets is sufficient to force the search pointer from the left- to the right-hand side of the
buffer. Large computation in thesc subsets (let there be Navg of them) is duc to a local dip in
the correct path so that if the total "static" computation over thesc Navg incorrcct subsets ex-
ceeds I’o’ where LO is the number of computations needed to force the search pointcr to the far
end of the buffer, thcn overflow occurs. If Tc is the time between branch arrivals and B is the

h

number of branches which may be stored in the buffer, then it takes BTC seconds to fill the

buffcr. We neglect the distance between the search and extreme pointersh and assume that each
computation requires 7/ seconds. Then if LO = BTCh/-ym or more computations are required

in the first Navg incorrect subsets, then overflow will result. If the computation in thcse sub-
scts is comparable, and if the "static" computation in each one of them excecds BTch-/NavgYm’
overflow occurs, Therefore,
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BTCh
B CS L= e . (129)

() SrBe (1) =
> U BF R > Novg'm

b
. BF
: {-e(R)}/R
We may deduce from the fact that PR [C > L] behaves as L , for large L, where e(R)
is thc computation exponent, that PBF(N) is relatively insensitive to a change in B, the storage
capacity of the buffer, or to a changc in - the time for one machine computation. pBP‘(N) is
very scnsitive to signaling ratc, however, because the exponent [e(R}]/R increases rapidly with
a decrecasc in rate, Thesc arc the sensitivities mentioned in Chapter II. Let us now consider
the sensitivity of PBF(I\) to N.
It should be clear that PBF

decisions released into the safety zone, if the average number of decoding operations required

(N) will increase rapidly to one with N, the number of source

by the Fano algorithm exceceds the number of computations per second which the decoder can

perform. We find from inspection of the conjectured computation exponent that thc average com-
putation required by the algorithm is very large if R > R
to one with N for R > R

1 Therefore, PBF(N) must grow rapidly

T This then is an upper limit to the rate at which the Fano algorithm
may operate with infrequent overflows. It has been shown that the average computation is small
if R £ 0.9 R1, being several computations per decoded digit. Thus, if the machifde speed is such
that several times this number of computations per second can be pcrformed, then we do not ex-
pect PBF(N) to grow rapidly with N. In fact, one may reasonably arguc that decreasing the sig-
naling rate rapidly decreases the probability of frequent intervals of large "dynamic" computa-
tion, and this implies that with a reduction in signaling rate the machihe decodes easily and both
the search and extreme pointers hover near the left-hand end of the buffer. If large computations
are infrequent, we expect only one burst of computation at a time, which is to say, that bursts

will be statistically independent. PBF(N) then is proportional to N and P that is,

apt),
Pop(N) ~NPL (1) (130)

when R £ 0.9 Ri' PBF(i) is small, and the machine speed exceeds by sevcral times the speed
required to handle the average computation.

While the statements of this section are strictly heuristic, there is good reason to believe
Eq. (129) because of the experimental result cited above. The statement of Eq. (130) is less
secure than that of Eq. (129). At best, it may serve as a guideline.

This completes the discussion of overflow probability.

F. SOME RESEARCH PROBLEMS

We conclude this chapter with a discussion of some problems suggested by the results of
this report, We shall discuss these suggested problems in inverse order of importance.

The distribution of "static" computation and the probability of buffer overlow were loosely
connected in the previous section. It is unfortunate that the connection had to be heuristic,
Perhaps a more direct connection is possible,

If a direct, nonheuristic, approach to the probability of buffer overflow cannot be found,
then the heuristic approach of the last section should be improved by improving the bounds on
the distribution of "static" computation. In particular, there is reason to believe that a stronger
lower bound argument than that presented in Chapter III may be found and that such a bound would

not require the assumption that the DMC is completely connected.
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A more important problem than the two suggested, concerns the choice of a path metric.
The metric assumed for this report, Eq. (117), requires exact knowledge of the channel transi-

tion probabilities. There are several reasons for not using a metric of this type.

(1) It may be too difficult to measure the channel transition probabilities;

(2) The channel may be time varying so that a metric for the poorest channel
state may be necessary;

(3) The channel transition probabilities may be known but they may be either

so large in number or sufficiently difficult to compute in the decoder that

some other metric is desirable.
Thus, there is a need to consider the performance of the Fano Sequential Decoding algorithm
with a variety of metrics. If we choose to measure the performance of the algorithm with the
computation exponent, an analytical treatment of the various metrics may be possible using the
technique of Chapter III. It is not expected that the "random code" argument will carry through
for many different metrics. It is more reasonable to expect, howcver, that a fruitful study of
the effect of a change in metric on the Fano algorithm will be achieved through simulation. A
preliminary study of this type has been completed at Lincoln Laboratory.13 The behavior of the
Fano algorithm appears to be insensitive to a variation in metric.

We come now to the most important problem .arca suggested by this report, that of overflow.
Since it occurs with a much larger probability than do undetected decoding errors, it deserves
further examination. In our study of the overflow probability PBF(N) we have found that it is
insensitive to buffer size and machine speed, but strongly dependent on signaling ratc. This
suggests that a sizable decrease in PBF(N) is obtainable only with a decreasc in rate, For many
applications, large signaling rate is desired. Hence, if PBF(N) could be made to decrease more
rapidly with buffer size and machine speed, then the decoder could operate at a higher rate with
an equal overflow probability. We are motivated then to consider ways of reducing the sizc of
the "static" computation for each channel noise sequcnce. As mentioned in Chapter II for Se-
quential Decoding there exists some high channel noise sequence such that "static" computation
is large and growing exponentially with the length of this interval of high channel noise. If the
rate of growth of computation with such a channel noisc sequence is reduced, then PBF(N) will
decrease more rapidly with buffer size and machine speed.

Conceivably, a reduction in the rate of growth of computation with channel noisc is possible
by modifying the Fano algorithm. If the rate of growth of computation with a modified algorithm
remains exponential, then the modified algorithm should be expected to be similar in design and
performance to the Fano algorithm. If the rate of growth realized is noncxponential, it is doubtful
that the modified algorithm will resemble the Fano algorithm in any way. Exponential growth of
computation seems to be characteristic of this algorithm.

If the rate of growth of computation is to be nonexponential, therc is some question that the
probability of error can be made to decrease with the constraint length of the code S as fast as
Z_SE(R), as it does for Sequcntial Dccoding algorithms.7 As a matter of fact, there arc a numbcr
of decoding proccdures for which the computation is bounded by a function which is algebraic in
the constraint length or block length S, that is, which grows no fa;ster than S? for some g >0;

-€

but at the same time the error probability decreascs only as Z-S E(R), where € is some num-

3,9,10

ber strictly greater than zero. There seems to be an important sacrifice in error prob-

ability for a reduction in computation. Sincc a small error probability can be realized with
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small cost, a trade-off of this type may be desirable. W=z are prompted to suggest that the
obtainable trade-off between computation and error probability is limited by the channel and the
signaling rate. If such a trade-off exists, the knowledge of the best balance between computa-

tion and error probability would be of great conceptual, and ultimately, practical interest,

Note added in proof: In a recent paper to be published, I. Jacobs and E, Berlekamp through

a direct argument have underbounded the probability of a buffer overflow or an undetected error.
This bound grows linearly with the number of information digits processed by the decoder and it
has as computation exponent that given by the conjecture of this chapter.

Also, H. Yudkin has recently shown that the random code bound of Chapter 4 can be refined
so that the lower bound to the computation exponent agrees with the conjectured exponent for

rates less than R .
comp
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APPENDIX
LEMMAS

Lemma 2. (Minkowski's Inequality)

Let {wh}, 1 < h< H be a set of positive random variables. Then,

H pjt/p H
< Z wh) < 3 (w}?)i/p . p=>1
h=1 h=1

Proof.

Holder's inequality established below, will be used. Write
te- H

and let SP = sP, Using Holder's Inequality for two variates with vy =p and vy = p/{p — 1) we have

H 15¢
Al - Al - D 1."1
sP = Z’ whsp 1< Z’ (w}rl))i/p (sP) /p
h=1 h=1
Then,
H /s
p Y (WP 1/p|S
sP<| 2 wh ]
h=1
or
H P 1/p H y
2l v o
Si= <L wh> < (wPy /P Q.E.D.
h=1 h=1

Lemma 7. (Holder's Inequality)

Let {wh}, 1 <h <H be a set of positive random variables and let {uh}, 1 < h< H be a set
of positive numbers satisfying

H

\ 1

3 vy g

h=1

Then,

H H S
v 1/1/
h h

[T w<II <‘”h>

h=41 h=1

Proof.

It suffices to establish that

D<@V ©HY7 ab s0
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when {1/v) + (1/n) = 1 since this inequality may be iterated to obtain the inequality of the lemma.
Let the joint probability that a = a; and b = bi be p;- Then,

— _ %
b :—lpiaibi
i
= 1/1/
Let ©{t) = t —(1/v) t for t >0, Then,
>0 0<t<1
e(t)=§(t'1/”—1)= =0 =14
<0 t>1

Therefore, O(t) achieves a maximum at t = 1 over the range t > 0. Hence,

e !
e(t) g oe(1) = -

Let t = A/B and multiply by B where both A and B are positive to obtain the following
at/vBt/m L, lp
4 n
Now, choose

v n
p.a. p.b.

Al = l—lu B = 1—171

R = By

Replacing A and B by their values and summing on i, we arrive at the desired inequality,

namely,
- 1/v 1/n
B (L pia;> (z pibg> . Q.E.D.
i i i
Lemma 8.
As defined below, RB is a monotone decreasing function of increasing g for g > 0.
J K 148
1 1/(1+
j=1 Mie=a
Proof.
Let E(B) = BRB. Then,
R 4 Elp) _ BE'(8) — E(8)
- 2
dﬁ dB B P

At 8 = 0 the numerator is zero. Its derivative is BE''(8). We show below that E''(8) < 0; hence,
the numerator is negative for g > 0 as is the derivative of R .

To show that E''(g8) < 0 we shall demonstrate that E(B8) is a convex upward function,
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J ,K 148
E(p) = —log, ), <E %m%hg”“”)

j=1 ‘k=1

Holder's Inequality for the two variate case will be used twice, We apply it to the inner sum

above with

. 1+ = ____lj;ﬁ___j
V1T AT+ , ”2‘(1—>\)(1+/32
where 0 <A < 1, ﬂi,ﬂ220andﬂ=>\ﬂ1+(1—>\)ﬂ2
>\(1+/31)

K K

& 1/2(148,)
% By [yj/xkli/(”ﬂ)< < Y, PP Iy:/x,] 1)
k=1

J
k=1

N (1-2)(148,)

1/[(1->\)(1+/32)]
><< L PP 1yi/%,] )
k=1
Applying Holder's Inequality to the double sum in the definition of E{g) with v, = 1/x, v, = 1/(1-2)
1 2
we have
148, A
q K J K 1
. i 1+8 1/>\(1+/31)
< P, P [yj/xkli/(iw)) < (Z < L PP [y /%] )
j=1 ‘k=1 | j=1 ‘k=1
148, ,1-2
[ d g8 1/[(1-2)(148,)) B
x[L (2 peplyy/x)
| =1 “k=1

The inequality is strengthened if the exponents of p [yj/xk] are replaced by 1/(1 + ﬂi). Then,
E A8y + (1 =) B,] >AE(g,) + (1 —1) E(B,)

which establishes that E''(8) < 0. Q. E.D.
Lemma 9.

Let w be a positive random variable and 0 < v < n. Then,
vl i
WY <t/

Proof.

Let w = w, with probability P;» then,

J— 1/V
(wv)i/v _ <Z piwiu>

We have
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where
v
w,
Qi= ' v 20
ol i
il
and
Z p§Qi=1
i

Using the standard inequality Inx >1 — (1/x), the derivative is lower bounded by

L@ s LW [L p.@; (1 - —Qiz)]

dv i o . Q. E. D.

i
Lemma 10.

The function ¢ R — pp(oo) where p.p(oo) is given by

1+
p [y-/xk1>1+°o ’

J K

_ 1 al al
“p(oo) " 1+4p log, Z/ f(yj) [Z/ pk( I(yj)

j:i k=1

is positive for o' < CPA £ 0 where ¢' is such that pp(o')/o’ = R, and pp(oo)/oo is monotone in-

creasing in 0y

Proof.

For ¢ R — up(oo) to be positive we must have R € pp(oo)/oo since o < 0. If pp(oo)/oo is
monotone increasing in O the desired result is established. We shall now show that such is
true. The derivative

! -
d pp(oo) i oopp(oo) pp(oo)

S0 % o 3
o

is positive if the numerator is positive. Since the numerator is zero for . = 0 it suffices to
show that its derivative, oop"(oo), is negative for 0, < 0 or H;(UO) >0,
Leta. = ./x. 1/fly.). Then,
ik =P lyy/x /My,

g K tto\p 1 K 140,
T fly,) ( T pea, )p( ) . %lna, )
koo sy RE b P oy TkTk Mk

log, e 2(1+p)pp(00)
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also,

K t+o \p-1 / K t+o 2
uito) P % fty;) <k§1 Pk > (kfi Py I ajk)
logze 2(1+p)pp(oo)

Z{ f(y.)( g p a.1+00>p< g p a.H.cro (Ina, )2>
L it 3§ Nz k™jk T k™ ik jk

2(1+p)pp(ao)

K 1+oo p/ K 1+oo 2
fly.){ = a. z a. lIna.
i\ Pr?ik oy PRk 4k

=1
(1+p)pp(oo)

M e

1

—(1+p)j?2
2

If we let

K 1+oo p 1+cro
fly)| Z a, a,.
y_] fed Py jk Pk jk

gl
Lk (+phe (o)

2
K
B = .
j L 9k
k=il

both of which are "tilted" probabilities and let

K 1+oo
= a. Ina.
k=i Py jk jk
q0‘]' - K 1+0
Z p,a. ©
=t k% jk

then, we have

j=1 j=1
J K J K 2
N 2 =\ \w
+ Z q I((ln a_]k) —< " qu 1n a_]k>
j=1 k=1 j=1 k=1

which is positive because both terms are variances. Therefore, pp(cro)/cro is monotone increas-
ing in increasing 0o Q.E. D,
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