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1. INTRODUCTION 

This p«p*r pr«s»nit «xionuiic proof rutot for ttandord PASCAL oporationt on 

th« djta tlructurot ARRAY. RECORD and POINTER. Aiiomalic sonunlict for ih#s* 

data tlruclurot haw boon |ivon in torn« form in proviou« publications ([Hoaro & 

Virtb], [Burttall], [Spilton & Vtfbrfit]!. Hot»#v«r, horo, our »mphasit it on tho 

notion of a proof rul«. That it, wo aro int«rott«d in dofimnf proof rulot for 

oporationt on thoso tiructurot that ar» tuitabl« for addition to tbo onttinf tot of 

proof rulot omployod by ci rront automatic vonfiort — thit wo call vonficalion 

onontod tomantict. Thoto rulot not only dofino tho tomantict of oporationt on tho 

data ttructurot axiomatically. Thoy »tt alto programmablo roduction rulot tuilablo 

for automatinf a tifmficant part of th« t«arch for prooft of programt that oporato 

on comploi data ttr«    urot. 

Tho main probiom from th« point of viow of «itrndinf tho protont vonfiort, is 

10 b* ih\f to copo with cortam formt of tho attifnmont tlatomont. Th« tomantic 

dofmition of atti|nmont fivon in [Hoar« 69] it ontiroiy ado^uato for attifnmont to a 

variablo of any arbitrary typo. In thit papor wo aro concornod with finding 

vorification rulot for atti|nm«nt in th« cat« whon tho loft hand tid« it an «uprossion 

contammi oporationt which soloct a tubvtructur« of a data structur«. For «vampl«. 

array assifnmont rulot |ivon in [Kind, [Ifarathi, London, & Luckham] Ihoncoforth 

callod [ILL]), and [Suiuki a] dofino tho t«mantict J A[I>>L Horo tho mdoi I "soloctt' 

or pickt out an «l«m«nt of tho array data ttructuro A, to tho moamn| is difforont 

from assi|nm«nt to th« v«rubt« A itsolf-- a tpocifiod part of tho valuo of A is 

chan|«d! 

Wo thall |ivo rulot for ttandard Patcal oporationt such as XT.F*-Y whoro X it a 

pomtor to a rocord with Hold F. Rulos for thoso kinds of oporationt aro noodod in 
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ord#r to improve profram vfrificalion methods to * point whtr* coruin classes of 

compl«x programs such *s larbag« coll«c(ort «nd schedulers can b« verified. 

The idea presented her« is to feneralit« the rule in standard use for assignment 

to an array element. This leads to a single scheme which defines proof rules for 

assignment to substructures of array, record and pointer structures as special cases. 

In addition, the allocation operation, NEWiX), »hereby new structures can be created 

during a computation, needs to be given a verification oriented rule. We do this here 

at the same time. 

Section 2 presents an overview of both the way proof rules can be used in 

automating verification, and of how considerations similar to those which led to the 

array rule will lead to our generalisation of it for records and pointers. We feel that 

it is reasonable to say something about the us« of the proof rules since some of our 

decisions are based on facilitating implementation. However we do rely on earlier 

papers [ILL, Suxuki b] for full details about verification systems. Section 3 gives the 

general definitions of the eitended assertion language and the most general fvrm of 

the new proof rules. Section 4 is devoted to illustrating how a verifier with these 

rules can be used to obtain proofs of properties of programs which operate on tree 

structures built up from pointers and records. It is shown here that our extended 

verification .ystem is capable of proving such properties as " program A does not 

introduce loops into list structure L" for actual programs containing about a page of 

Pascal code. 

In this MP*r we omit formal justification of our rules. Normally, this would 

take the form of a soundness proof. A model of PASCAL computations would be 

defined ard then it would be shown that the proof rules descnb« state 

transformations of the model. Instead w« rdy on the motivation in Section 2 to 



ronvinc«   th«   rMd^r   1K41   our   form«!   rul«   do   corrotpond    10    hit   iniuilivo 

undvrtundinf 01 ih« PASCAL tenuniict 

2. MOTIVATION 

I h# r««tonin| which i««ds ut to our proof rul#i c*n b# ^tt»pht»t«i »t follows   Firti 

w#   h*v»   (o   "know"   ntuiuvdv   what   th#   PASCAL   op«r«iiont   do,   (h«i   n.   »hai 

trantformjliont  ch»v   mtle  to 6nt  ilructur*t.  W» »ttmd  th# standard assertion 

laniuai* >•.». Pascal Boolean »iprmsions »uh ih# addition of quantifiers and delin*d 

relations   —f#o  [ILL,  ^aiuki   b]    so   that  it  contains  evpressions   which   (ormalU 

represent   data   structures   and   transformations   of   data   structures.   These   nen 

assertion lanfuafe expressions are called data structure representations   then we can 

|ivo formal proof rules for Pascal operations in terms of such representations. Tho 

representations     themselves     have     semantic     definition     rules     which     perrt.u 

simphficatioi k to be made automalicalh   This enables proofs of simple programs to 

bo   completely   automated.   Below   we   outline   this   reasoning   bv   fivinf   first   the 

"mluilive"  irantformation  rule  for  an  operation  on  a  structure,   then   the  new 

expressions that we add to the assertion lanfuafe to represent the transformation 

and   the  semantics  of  the tiprettions, and then  tho formal  proof   rule  for   that 

operation   We deal  m succession with the cases of Arrays, Records, and finally. 

Pointers. This should clarify the feneral definitions of representations and proof 

rules in Section 3. We befin ne. ^ with a short discussion of verification oriented 

rules in feneral. 
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2.1 R«duciion RUIM. 

A.IOmaiic s*maniic rules within Ho«r«t weak logic of profrtms [Hoar« 69,71, 

ILL] ar* nearly all of th« form 

A . B 
..... 

m^amnf "if A and B are both true (the premisses of the rule) then C it alto true 

conclution)". Hor«, A, B, C, are either Boolean formulat or ttatementt about 

procramt. The latter kind of ttatement hat the form P{S)Q where P and Q are 

Boolean formulat and S it a program part (i.e. a tequence of Patcal ttatementt). P and 

Q are the input and output tpecificationt for S. In the deduction rule, C it always a 

ttatement about a program part. 

We can regard a deduction at taking place by applying a rule "downwardt". However, 

such a rule is employed "upwards" at a problem reduction rule in a typical verifier 

[ILL]. Thit meant that if .ome problem C matchet C in the tense that C* ■ Cc* where 

oc is a tubttitution of aitual parametert for formal parameters, then Koc and B<* will 

be generated at "reduced" problems to be solved. Thit reduction process can be 

continued until all the reduced problems ar« purely logical formulat and do not 

contain any program statements. These formulas are called Verification Conditions 

(VC's). The reader is referred to [ILL] for examples of problem reduction and 

generation of VC's. 
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22 Forwards Rules and Backwards Rules 

I he semantic meaninf of the assunment statement it defined by axioms in 

Hoare't system. For example, assignment to a simple variable mav be defined bv AW 

stands for Assignment to a Variable Forwards' 

AVF. P{X)AX-XHX»E;P{X«)AX-E|I3 

whore   E I ,8 denotes the substitution of X8 for X in E. 

The axiom AVF is a true statement of the Logic of Programs for all formulas 

P. Intuitively, this axiom describes the way X*-E changes the state of anv 

computation: 

It says, suppose PAX'XS IS true ol the slate before X«-E. Then after executing 

X«-E, two things will be tru«: (a) the value of X will change to E | ^ and (b) true 

statements about the value of X before assignment are still true of the old value V 

after. 

Ve call this axiom a "forwards" rule because the postcondition after 

execution) shows how the precondition (before execution) is changed. Such rules are 

not   the  easiest   to  implement  in automatic  verification  systems   because of   the 

•quality terms X*E | .^ in the post condition. The basic problem is the question of 

when to substitute E | gg for X in any formulas that may get generated later on in 
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»h#  process, it  is tasi«r  10 «void lh# generation of eqiMlitios «itofethor. So, in 

»ififltlllM systems we often use "backwards" axioms like AVB  from [Hoare]). 

AVB. P(E)|X-E}P<X) 

where P'E) is P with E substnuted for ail occurrences of X. Ihis is a "backwards" 

rule: it states that if P(X) is to be trur after X-E it executed then PCCJ must bo true 

before. This is equivalent to Myta| that the -fleet of X-E will be to give X the value 

E. The forwards and backwards .eisions of the rules are equivalent, and the 

verification conditions produced bv verifiers using either version are also equivalent. 

A verifier, given a problem ENIRY Sl^SnlEXIT, and using backwards axioms 

will work backwards in the following sense. Starting with EXIT it will deduce (using 

-uher upwards or backwards rules what has to be true before statement Sn, and 

Irom that it will deduce what must be true before Sn-1, and $o on. 

In the following we shall develop backwards rules since they «re oatier to 

implement. 

23   Assignment to Array Elements 

Now consider an axiomatic semantic rule for assignment to an element of an 

array (Assignment to Array Backwards; given in terms of an informal assertion 

language: 

AAB. If l-J then P(E) else PUÜWAOHPUÜl 
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W# mifht ail H*— <|iv«» lhai w* understand the meaninc ol "if-lh^-Ht*" lha» ihi« 

iMin*s ih* m#*nin| of "A[l]«-E". Th# rul» »utw »ha» musl b« iru* o( lK# 

compulation Hal« of a proiram Mot* p«r(ormin| A[l>-E if P(A[J]) i« io b« truo 

aft»r. Th» semantic» is defined bv the chance in the compulation »late. Rule AAB is a 

scheme in that it holds for all formulas P However, if we add thi« rule to a verifier, 

we have ihe complication that if we are trymc to verify, My 

ENTRY!B;A[l)-E}P(A[Jl). *n application AAB will leave us to venfv 

(1). ENTRYIB) (if hj then PiE) else ?{kl}]U. 

And   we  will  not  know  at   the  time  (I)  it  fenerated  whether   l-J   or   not   The 

information required tc determine if l-J is most likely contained in the precedmf 

profran B. 

Thus rule AAB req «res the assertion ian|ua|e to contain array and mde« 

variables, and conditional». In addition, the reduction rule» will have lo allow for 

conditional a»»ertions 

Nested conditional a»»ertion» |row exponentially, and it i» adviiable for 

implementation to replace them by an explicit representation in ihe a»«ertion 

laniuage of the the chan|e to A resultmi from A[l>-E. To achieve this, we have 

introduced assertion lancuage expression» that repre»ent the result of »elector and 

a»ti|nment operation» on array«. It »hould b« empha»iied that the expre»»ion» 

repre»ent »tructure» re»ultinc from operation». 

Syntax of REWRITE and SELECTOR exprewions for Array»; 
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REWRITE:       <A.[IU> 

SELECTOR: U] 

*rh«r« A it «n array of •l*maru o( i vp   Tt I and J ar« indu«, 

and E tt an •iprvstien of i. p- T 

Iniuiiivtly, ihm rtwnt« Mpr*uion r«fr«tMiu ih« array okuincd from A by 

atnimng E to A[ll And <AilU>Ü] fftn*Mi ih# Jih t««moni of this array. Tho 

two kind« of oipmtiont can b« concatenated iot*th«r (tot «lampi* 1 bolowi, and th* 

rewntos may bo no(l«d to ttftntnt tb« retult of >«^uonc*t of o^eraiiont on A. 

Tbot* assertion lancuaf« »a^ressions obey (be follo«rtng rtdot wbicb doCine 

(boir semaniKt: 

SEMI.   <A.[lU>Ü]-Eif|.J. 

<A.(iU>m*AÜl.f ML 

Tbe verfKiaiion-onented rule for assi|nmen( to arrays may now bo fivon using tbo 

ettended assertion ianfuafo: 

VI.  fKAiIJ.E»{AClK}F(A) 

where all occurences of A in P(A) are refUced by <AilU> »o form P(<Ajll,E>). 

Note tbe special case of Vi:      P(<AilJ,E>ÜJ)(An>-E}P(AÜJ). 

I K.i is our version of A AB. 
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Ul us M« h*«r llM rul« VI tnö SEMI work on • nmflt «umpU 

EXAHPLE 1. 1. A(KM 
2. A(A(iO)*E 

EXIT PIAdll. 

Wo WM)( iho »«ii uaortion to bo »ruo «(»»T iho two oporationt. Succottiv* 

«^lieaiions of (VI) tuio that P«AiA(Klj,E>[l]l must bt irm MOT« inMruction 2. 

and P(«AiKXl>;<AJC4>[ICllE>(l]) »usi bo tru« boToro I. Usinc SEMI this lost 

•stvrtion r*duc*s to P'El. 

EstMittsllv. (b* .mrodufi.on of (bo REWRITE •i^rtssions into th» «tsvruon 

Unfu«t*. •« «o tft9%9ni tb# cbsnc»« tn iho dm stuciur* ib«i occur ss ib# rosuli of 

«ssitnmoni to »n array donwni. IKe tMiMniics of proif*mmm| Untuaf« st«l*menu 

«ssigntnf to «rrsy Homvnts art ib#.i d«fin«d in urrns of sucb cb«nc*s by rulo VI Tho 

rulo SEMI »nsbtos us to imp'.iv «iprassions conumini rowrit«s and solactort wh*n 

tbo valuo« of indicts ara dat#rmmad It it cloar tbat both rulas aro oasy to impUmtni 

so that both tho construction of tha raprasantations and tSotr simplification can b» 

automatvd. 

Th« notation for REWRITE wsad har* it du« to [Hoara and Virth]; d 'ffrant 

notation appoars in [Kinf]. On« of th« nie« f«atur*s of this notation is its compact 

nasting proporty for r«prosontinf succassiv« assi|nmants. 

2.4   Assifnmant to Racord Fi«ldi 

An astiinmont, R-F^E wbor« R is a rocord »itb a fiold F, cbanf«s a rocord data 
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tirvctur« in ««ctly ih# MIM way at «itiinnwnt to «n «rr«y tUm*nt cKanfM *n 

•rr«y. Aiulogous «tMriiem and rul«« ar« ut«d ie ötCin* th« ttmuntict of «ttignm«ni 

10 * r«cord held  V» dMcrib« iK»« brwdy H*r#. 

Synui of REWRITE «nd SELECTOR •«prwuom for Record: 

REWRITE:      <R. F, E> 

SELECTOR:        .F 

«*h«r« R it • r*eerd, F it «n id*niifi«r of t held 

of R of up» T, and E it «n *ipr«ttion of up* T. 

Tho toMMiiiict of ihot« now mortion UnfiMfo tiprottiont «ro givon by: 

SEM2.        <R. .F, E>JC • E if F<C, 

<R, .F, EC • R C n F» . 

Tko vorifkation proof rul» for am nmoni to rocord fiddt it. 

Vt   W<R, .F, E>HR.F-E)P{R) 

IS Attitnmom to Dorof«r*nc»d Poin(«rt. 

Lot  ut  now dofin« timitar  anomaiK  rulot for atti|nmoni  (o doroforoncod 

pomtort, tjf. atticnmvnii of (ho form XT» E. Intuitivdy, XT«-E meant thai tho valuo in 
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Mmerv locmon to which X poinu it ch«nc*d io L 

W« iMfhl try io Mti* lh# tvnunnc« o( such u.i»m»nii by a backwards ruU 

such M 

API.        IT X-Y ihm P(E) «iM P(YT){XUE1P!YT) 

Tb* ruU it an obvious b«ckw«r4s way saying that if X and Y point to tbo sam« 

m#mory location UM. X«Y) bWor« XT«-*:, ih»n Yt»E aftorwards. 

This rul« r»s*«nbl*s th* mtuttiv« backwards array rtdo, A AB, wttb X playinc tho 

roU of an indai I. In A AB, I picks out an »l«n«u of th* array A. How#v»r. in this 

CM? wo do not hav« a nan»* in tha assartion lanfuaca for tha sat of valuot X can 

point to da., rafaranca) So tha first thing »a shall do is to mtroduca namas for such 

tats of valuas callad REFERENCE CLASSES ttha aarlv Pascal dafimtion contains tha 

concept of a rafaranca class [Wirth], Of coursa, a rafaranc« class is unbounded, but 

il can ba accassad and parts of it salacted in asactly tha sama »ay as an array. So th» 

notation wa shall usa for raprasanting computations on rafaranca classas will ba vary 

similar (in fact tha diffarancas ara marelv to distinguish tham from oparations on 

array«). For avampla, if P«REF is a raferanca class than P«REFcX^ will danota tho 

valua that X points to its. tha sama thing as XT). Tha rasult of X1-E can be 

raprasantad by <P«REF, cX», E> In this notation tha round brackals ara analogous 

to tha square brackets for indaung arrays. 

Thus wa aitand tha assartion language in ordar to represent computations 

involvinc assignmer.i to dereferenced pointers as follows. 

For each pointer type declaration, 
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TYPE fUflwl • Tn4in«2 

«•• idd Pafi«in«2 to ih# «it«rlien Uniuag«. This it ih« rum« of tb« fimt« rvforrnc* 

cUst of dfiiwnti of ivpe 'um#: iiu( •mi «i th« tun of a compuuuon. 

Synui of REWRITE «nd SELECTOR oxprottiont for Rcformco CUnot. 

REWRITE: <CcX3, E> 

SELECTOR: cXa 

•horo C it « roforonc« c an of »Umtnit of typo T, X w « pomtor 

of up* TT. *ni E it «n *ifrvttion of ivfo T. 

I hot« oi^rottiont taiitfy tonuntK rulot tinuUr to prvviout onot: 

SEMI <C,cX3, E>cY3-Eif X-Y 

<C cXa, E>cY3 • CcYa if Xoy 

Tho vonfication rut« for «tti|nm«n( to d«r*f«r»nc*d pomtort it: 

V3      ».  R«P.wm«2,cX3, E>HXNE)P'P-i»*m»: 

and 

b.  P(<P.I»«III«2, cXTa. E>cya»iXNE)P(Yt) 
for all occurr«nc«t in P of Y of i .p* IMIO«!. 

Th«   r««d«r   may   not«   that   our   »itrntion   of   th«   attrrtion   lanfuag»   h^t 
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introduced öri(*r*m neuiien for ih» itn* »hin|, Yt «nd ?*n*tn9lcYo both 

r*pr*Mf»t th# value Y poinit le. If «h» verifier uruferinly etimiMte« one notation in 

favour of the other, »e shall need only one of the V3 rule« 

Let m tee ho«* ihn rule will work on a typical "ude-effecti" eiample 

EXAnPLE 2. TVPE A . tSi 
VAR X.V1A1 
1. V »Xi 
2. *♦-. 
3. Yt*2i 
EXIT Xt-2. 

Thu enample hat a tide effect in the tense that initruction 3 meriont only the value 

YT but alto change« the value XT. 

if the e«it it true after 3. then by (V3)b. <P«|,cY3^>cX3 • 2 mutt be true 

before 1 By lV3Ja, <'P»%,cX3fi>,cy3ji>cX*»i mutt hold before 2. But now the 

timple attignmem rule for vanablet, IP.XfiY'-XlflY», tells us that 

<<PeB,cX3,l>.cX3,2>cX3a2 has to hold on entry Thu it easily seen to reduce to 

>: by SEM3 

2Jb Storaie Allocation. 

A reference class is indefinitely eitendible by the Pascal allocation operation, 

NEW(X). The intuitive meaninf of NEW(X) is that a memory cell which has not 

previously occurred in the computation it appended to the .ference class Paname2, 

and the value of X is changed to that X "points to" this now celt. The value of XT is 

undefined. It is assumed that such a new cell always eiisu. This semantics is defined 
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by m#*ni of memory nupping (uncdont in [Hoar* & Wirlhl 

Owr iiteriiont mwsi b* «bl« to r*fr*t«m tuch «it*ntient, to w* mireduc* th« 

notation P«ram»2u{X') l« ropr«*n. lb« r«(*i»nc« cUtt of X «itcndcd by th» 

operation NEW(X), irboro X* it a "» ' ' i4*nufior. More |*n«r«lly, DulX') represents 

an «itension of th« cUss represented by D. V« refer to V u the emension 

operation on d«U structures. Ve now have to see if this addition to the assertion 

lanfuafe is sufficient to pemut the definition of a proof rule for allocation. 

Th« problem facinf us here is to define a semantic proof rule which tutot ho» 

an arbitrary asse tion about a computation state it affected bv allocation. Our rule 

must eipress both of th« «{fecit of NEW(X), namely the ettention of the reference 

ciatt and the 'newnett' of X. Let ut ditcust thete two atpectt teperauly. 

Firtt, suppose a reference class hat a representation of th« form, <PeT, cYa, (>, 

After NEW(X) iit representation will be <P»T, cYs, E^iX'} where X' it an identifier 

not occurnnf in any eipression to far (i.e. a new identifier) But the newness of X' 

clearly impiiet that cfeTUiX'}, «T«y E> alto represents the same structure. More 

lenerally, we have: 

SLM4   if <D3,E> represents a reference cla*<    ^d X* it a new 

identifier, ihm <D^,E>0{X'} and ^l represent the 

tame reference clatt. 

So a firtt appronmation to a backwards rule for allocation, expressmi only  the 

eitension of a reference clatt (analogout to the backwards rule for attifnment) is: 
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Q<P«TU{X,}HNEW(X)}0(M') 

wh«r* X' ••  4 IMW .d*niiii»r. and P«T 11 th« rum« of  th# rtf«r*nc« 

cUtl Of »l^m^nli of r, p»   ol   XT, «fid X do*t nol occur III Q. 

Socondly, how do*« an «iiocation NEVtX) affect an attvrtion about X, My 

Q(X)? Th* intended temantict it tKat X it given a "now" value X' which it dittinct 

from any previout pointer, and nothinf elte in the tute u changed Any arbitrary 

new value X' may be allocated to X. l|norinc the eitention of P«T. thete propertiot 

are eipretted by the following backward« rule: 

ACYi^SET.OFPeTMX'orOaQiX'HNEWCXllQtX) 

where X* it a new identifier, and SET.OF P«T it the set of 

ail pointer eiprettioni of type .of X that do not contain X" 

Thit rule ttatet that if Q(X) it to be true after NEV(X), tbm QiX') mutt be 

true of any "new' X' before. 

W» ma% combine ihe two ruiet »bos* at follow«. 

NEWB.  A(Y,«SET.OF P-THX^YiJaQl Jjjy^., |5.{HEW(X»)Q 

where P» I it (he name of the reference ciatt of »tementt of 

tyro_of XT, X' it a new identifier, and SET.OF P«T it the tet of 

all pointer etprettiont of type.of X that do not contain V 

Thit rule attumot the anomt SEM4. In addition we have further 

anomatic proportiot of the eitention operation: 
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SEMS.   DU{y}cX3 • DcXa f X»Y, tnd n und^m^d if X-Y, 

wh»r# Du* r«fr«««nuiion of * ttinmc* cUst. 

W» canitot implrm^ni NE1B «s it tundt b«:«u$* SET.OF P-T is too Urgv. 

Th« v«riricatien rui« for NE1 m Svciion 3 it **«k»r but can b« sir*ng(h#n«^ bv 

«ddiiion«! «iiomi from (He utvr 

27   S^uencn o( td^ciort 

So far «* Kjv» d-4h muh Mti|nin*nii m »hieb ih» Mt tid« cen(«im only ou* 

■ -'do, operation P«tc«l «llewt i^u#nc*$ of i*t*cter operations Vf Kjv« io «it»nd 

ih9 HMIilR Un|u4|t tlill further bv intreducini t^uonret of tvUctort in order to 

represent the du» itruciur« chances made b, tuch atii|nmenii 

For «lampie, consider XTFTXI. Thii it a selector te^uence that would be 

appUable to a litt of records »her» the F field of each record »as a pointer to the 

nett record in the list, te can compute the representation at follows. P«NcX3 

repretemt XT; P.NcX^F represents XT.F »h.ch is another pointer; to 

P-Ncp.NcXoFa rtpretents XT.FT and the representaton of the entire to^uence 

above is PeNcP.NcXa.Fai. Thit u a seiuencf of the form P.Nc/a.C »here Z it 

not a simple pointer variable, but it a representation of a data structure of typo 

pointer So our selectors will not be at timpie at before. 

'jimuttaneoutly,   the tot  of  rewrite etprettiont   that   will   now   bo  uted   to 

repretent data ttructuret »ithm the attertion lan«uace mutt alto be eitended. Thut. 
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ih« ctortf* to th« rtftr*nct class P*N that occurs wh«n Xt.FT.C*-E is *K*cui«d can b« 

rw«t«m*d by ih« rvwriia, <P«N, cP.NcXa.Fa-C, E>. As w« s«« from this oiamplo, 

tho syntai of rowrilos must b« eii«rMM to permit rvpmontations of th« form 

<XIS|E> whoro S is a solwtor s«^u«nc» 

It should b« not»d that tho rul« for astifmnont with • ungl* s»l#ctor on tho 

loft is not sufficient to «spross tho |#norsl assi|nm«nt ovon if w« introduce dummv 

program variables. For esamplo, wo could tr> to rownto XT.FT£ ••£ at 

Y«-XT.Ft;y£»-E. Howovor, in tho second case, E n placed in tho C field of a new copv 

of XT.FT, whereas m tho first case E is pUcad directly into the orifinal record. 

-  18 



3. PROOF RULES FOR OPERATIONS ON DATA STRUCTURES. 

in ih't («ciion w« d«ftM proof rultt for astiinnwit lUtomontt wilh 

««prvstions mvolvinf d«u structur« s#i*c(ort in ih« most c*n«r«t cat«. Tho rulo for 

«sti|nm»ni pr«svn(«d h#r» can b« t*t»t6*4 at defimni th« t«maniict of attignment. In 

(ho cat« of dorofvrvncvd pomtvrt i( fillt in a gap in iho anomaiic temantict of Pascal 

attignmonl in [Hoar» & WinhJ. W» shall alto protont a rulo for ttorago allocation 

which it not complot« in any rtatonabU tent*, but which rrprotontt a compromit« 

between a Io|>callv complete rule and »hat it computationally featible for automating 

proofs. It can be «(tended by the uter to handle any particular problem. 

Fir»!,   we   mutt   define   the  eitentiont   of   the   ttandard   attertion   language 

cl [ILL] tection 2) that have been introduced eiprettly for the purpote of making 

ttatementt  about  complei  data  ttruciuret  Us.  structures  containing   identifiable 

tubttructures). 

3.1 New Assertion Language Primitives 

Notation: We will us« • to denote concatenation 

4 denotes the empty sequence. 

Complei data structures are r«pr«s«nted by Assertion Language eiprossioris of 

tho form <A(IIE> and AtJ whore A and E are themselves data structure 

representations, and I and J are sequences of applicable selectors. Intuilivoiy, <A,I,E> 

represents   "tho  structure  obtained  from  A  by  replacing  the  substructure  of   A 
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t«i*ct*d by I, with E". A«J r*pr«s«nt( "(h* subitruciur* of A sd«ct«d by JM. This 

notation i«n«raiun th« notation for arrays us«d by »«rlior writtrs ([McCarthy], 

[Kinf], [Hoar* § Virth]). W# will first Mint th« syntai of th« r«fr«s«ntations. 

T«rminology:    A TYPE-NAME is any id«ntifi«r introduc«d  as th« nam«  of a 

typ«  by a Pascal typ« declaration 

DEFINITION  (r«f«r«nc« class idmtifi«r) 

For «ach point«r ivp« declaration, TYPE TaTT6; wh«r« T6 is a 

typ« id«ntifi«r, w« mtroduc* a r«f«r«nc« class id«ntifi«r 

P«T6 for th« r«f«r«nc« class of T0. 

Intuitivoly, P«T0 r«pr«s«nts an unbounded t«t of data structuros of typ« 10 that 

point«r variabl«s of typ« T may r«f«r to. Th«s« s«ts ar« call«d r«f«r«nc« classes 

Th«y ar« not typ«s in Pascal (alihou|h th« syntax for r«f«r«nc« class app«ars in the 

«arly v«riion of th« Pascal sp«cification [Wirth ]). Th«y ar« ass«rtion lancuai« 

primitives and behav« v«ry much like unbounded arrays; their s«mantics ar« d«fined 

bv anoms in S«ction 3 2 

DEFINITION   (types 

i)   INTEGER, REAL, and BOOLEAN ar« typ«s. 

11) if T, Tl, _ ,Tn ar« types and F0, ... ,Fn are identifi«rs 

<field identifiers) (hen 

ARRAYlK.L]OF T, 

RECORD F«:T#; FITl, _ ; Fn:Tn END, 
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TT. and 

P.T 

ar« u pei 

MI l hev ar« the only typ«t. 

In the delimnonj beioH »e us« ih« (oltowmi notation: 

[».['-- daia structurt ttprfMtuont, 

C ~ a relerence class reprejenKUon. 

E — a Pascal «iprvstion , 

I — an iruefer upe data ttruciur« repretcntaiion, 

N-- a lyp# name, 

Y — a pomier typ« variabl«, 

X—a pointer typ« daia tiruclur« r«pr«t»ntation, 

F—a i leid identifier, 

S— a lelecior sequence 

DEFINITION MMtf M«MMll) 

S :^ 4 I [1]^ I cX3«S I .F»S 

DEFINITION  (S it apphcabl« to D) 

S is empty, 
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D i< of typ« ARRAV(K.L] «nd S-[I>S' «nd Kc|cL «nd S* it *pplicabk to [»[I ], 

D is of tvp« RECORD and S*.F«S' «nd F it a field of D «nd S' it «pplic«bk to D.F. 

0 it of typo REFERENCE CUSS of N, «nd S'cXomS' , 

«nd X it of typ« TN «nd S* it •pplic«blt to   De \ > 

DEFINITION 

(a) (r«ftr«nc« cl«tt d«t« ttructur« r«pr»t«nt«tieni) 

C :^ f.N | CU{YJ I <C^,D> 

(b) td«i« ttructur« r«pr«t«nt«iiont) 

D :^ E I C| <D2.D'> I DtS 

tubj^ci to th« mtnctiont: 

(i) S it «pplic«bl« to C «nd D. 

(ii) In <C,S,D> «nd <D$,D'>t 

typ«_of(C«S)*typ«_of(D) «nd  type.ofiDaShtypo.ofiD'). 

Tbit compki«t tb« d«finition of tb« tynt«ii of d«t« ttructur» r#pr«t«nt«tiont. 
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12   A«iomi for 6*1* ttructur* fpfn*ni»uont. 

A- 1.      0^-0 
A« 2.       <0 .  ♦ .  F> - E. 

A» 3.       «0 .   (P«.  . E>(J)«K • 
if  I  - J than <0m   .  L .  £■>••( tlM 0»tJJ«K. 

AM A.       <0 .   .F«L  . i>:0* • 
• f F • C th«n <0*.F . L . E>*C «IM 0«.C«K. 

A« 5.      <0 . cX-»^. . E>*c>^ • 
if X • V  th«n <0KX3 ,  L  . l>* tlM DKYSCK. 

AH 6.        «0.1.  0^.» • 0. 

A« 7.       «0 .   (llaL  .  V>  .   (JltfC . U>  - 
if  I   . J  tt*n <0 .   (11   .   «0*(1)   .  L   .   V>  .  K  .  U» 

tlM    «0 .   UltfC  .  ll>  .   (DaL  .  V». 
AH 8.        «0 .   .F«L  .   V>  .   .C«K  ,  U> • 

if F . C  Ihtn <C  .   .F  .   «0».F  . L  .  V> .  K  .  M» 
• IM «0 .   .C«K  . U> .   .F«L .  V». 

A* 9.      «o . CX3«L . v> . cva^c . u» - 
if X - Y th«n <0 . cX.  .  «O^eXj . L .  V» . K .  U>> 

• IM «0 .  CYMC . U> . CXML  .  V>. 

A«   If.     0ulXI*cY3«K . 
if X - V tfwn UnotfrnM »IM O^Va^C. 

A-  11.     if X « Y than 
«0 .  c**m.  . EMHYI  • <0UIYI   . cX3«L . E> 

£**mptt$ 

V« ilUmtn« how proper tin of ä*i* ttruciur« rtprotonutiont c*n bo proved 

utinf thotOAin«. 

1)  l'J3«AilU>UU>Cll«l 

This lUtMwm t«vs itul in»r «ttiimnf 1 iO Iho l-ih »Icmont «hd 2 to tho 

J-th ol#n»#n» , ih« VAIU« of ih# l-ih dMOtnt it 1 if I*}. 

Utinf Ai 3, iht lUtMMot it rtducod to 

MIxAJUDftR 
Tkon «Mine Ai 3 i|*in u b«coin«* 

MJ a 1-1. 
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2) «AilUU>iKU>[llLl 

• if K*l (HMI 

(•f L*J IHM 2 »to AtllLl) tit« «ULI 

AppUmi Aa 3 to iK« IWl-tand «id« of iK# «^iMtion r*d«wM it to 

if ' •   ihon 

«AilUU>[llM>[U «u« <AiilJU>[lIU 

A^pUinf Ai 2 to ihm ih*n-p*rt «nd Ai 3 to th# »li»^*!!, •• |#t 

if K-l ihm Ul) «IM <A[lUJU>[Ll 

I Kn firullv rtducn by Ai 3 to 

if K-l iK»n B(L] »lit if M tkM 2 «U« A[IIL1 
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3.3 Ai.omi for *J»i|nm»ni and Hor*|» *lloc*iion 

Ruit IIIntroduction of Rtjvrut Cits: litnttfitn) 

In  «11   BooUan  fermuU»,  all d«r«f«r«nc«d  pointers,  XT  , ar«  r«flac«d   by 

NT«Ia ****• iyr.*nX)-TT. 

Eiam^lvt 

Xt    «    PfTcX)      •••using typ«.of(X)*T. 
Xt.F * PfTcX^.F 
AtX'.Fl   * AtPfTcX^.FJ 
Xt.Ft.C <• PfScPfTcXa.F^.C      •••uarng  tvpt.oMXt.Fl-S. 

NoU  th9t   tht  introduction 
■uat  toko piaca fro«  inoido out. 

Th»  roforonc« datt mtroduciion ruU can b* formally d«fin«d by  lb« followinf 

function ar. ( ar stands for actual royrmntation. ) 

•r(V)    • V   ;  if V ii a sim^l« variabl« 

•r(A(l))- arlAfrrd)]. 

«r(R.F) • arCRlF  , 

•r(Zt) • P«Tc«r(Z)3 ; wb«^ tyH-»f(ZThT. 

Rut* liCtnerat ruit for atugnmrni, 

P'<«rn(V),ir^(V).E>^   V •* E   )   F 

wboro arn(V) is tb« nam« pirt of tb« actual rtfrosontation of V and «rsCV) it tb« 

MtoMM s^uweo part of V. Tb«, «rlV) • arn(V)««r«(V). 
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W* can 6*(iiy afnlV) and anlV) ferinalty as foltowt. 

arn( V)    • V   . if V it a tiM^U variaM« 

arn(A(l))* arn(A) ; 

arn(K.F) • arn(K) ; 

arn(ZT)  ■ P.T   | »»Mr« lyf«.nr(Zt)-T. 

art(V)   •#  ; 

•rt(A[l])- art(A)«(ar(l)]; 

ars(R.F) • art(R)*F | 

•r«(ZT) «CMCZ)» . 

Rul« 2 rvducm in itmplt c»%*t to rulvt m [Hoar* & Vinh]: 

1)  Stmpl* vanabU V. 

In ihi* cat« arn(V) • V and art(V) ■ 4 

So th« rule btottm 

MHV.^.E. [1*1)9. 

How#v#r, from At 2, <V,d,E> • E.  Thui. wt ebiain iK» eri|inal rul# 

2    Simpl» array     V«A[I). 

arn(V)>A and artiVKll So th» iimp,# array a»ttgniR«ni rul« it ebtainod 

from th« |*n#ral rul«. 

'iVtlJ.E*  iAtU-E)  P. 

3) SimpU rtcord   V«R.F 
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TKMI arMVHR and «nlVKF. So ih# nmfU record •ni|nm#nt rul« it 

ebuin«d from ih# |«ft«ral ruU. 

R 
'U..F.E>  («*«) '• 

Rui* USloragt illotttien) 

AVKX'aOlplJuix.jS'   {N«r(X)}  Q 
Mf 

wh«r« (vpc_enX)"TT. X' u « newly crMltd v«rublt which do#i not «pp««r «nywhtr«, 

and F it ih« i«t of varubl«! of Q whet« ivp« ar« tT 

Th« allocaiiofi rut« NCVB (S«ciMfi U) cannot b« d«riv«d from Rul« 3. NCWB it noi 

tuiiabl« for impl«m«niaiion b«caut* of th« pot«ntially Utf« numb«r of t«rmt in th« 

SCT.OF P«T «ach of which contribui«t an in«^uality in th« pr«mitt. Thit l««dt to 

v«ry larg« V«rification Conditiont with lar|« numb«rt of irr«l«v«nt in«^u«liti«t. Th« 

t«t F .n Rul« 3 is a "firtt a^ronmaiion" to SET.OF P«T. Th« union notation for 

ih« «^«niion of th« r«f«r«nc« clatt P«T p«rini(t th« u««r (o add ilocum«nia(ion 

ttat«m«nu which hav« ih« «ff«ct of adding «lira attumptiont (o th« pr«fniit. 

For «lamfl«, tuppot« w« introduce a pr«dicat« NOTEQUAL(C,D,0') tatitfyinf: 

i. NOTEQUALiC,E.F)-E*F for alt r«f«r«nc« clattat C and («rmt E and F, 

ii   NOTEQUAUP.TUiX'l.YTi.X*) for all vanaM« Y and t«l«ctor t«iu«nc«i S. 

X' b#in| ih« nowly crcatad vanabl«, 
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MI.  NOTE0UAL(f•TlHX,}.Y,X,) for «II v«rublM Y difr*r*ri from X' 

Th*n »• »ill b« <bl« to prev« TRUE {NEW(Z)) ZKXTCDR . Thii it not 

provabU utinf Rul« 3 «Ion« altkou|k a it t cer»«^u«nct of NEVB. 
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4.  EXAMPLES. 

TIM m«miont to th« MMriion UnfMgt and proof rulot d^iMd in Soction 3 

K«v» b**n ,mp\rm*nini m ih» Sunford P«sc«l vonfior. Tho v»rifior «lio uto« «nomt 

A.1 - A.6 (Section 12) to iimplif> VC't. 

Som» »ttmpU ■ •riiicaiioni of pro|r*mj »ah poinltr • vp» pjr*mft^n cr« givvn 

Mow Dot«iU of »h# venfior «fid tiudm of other «ppi.cii.om («n b# found in 

(Sutuki »Jbl [«JWnk« A Luckham], «nd [LuckluM A SusdciX In Mrticuior « 

m^iKodolofy for vorifyinf profraait with this ton of vonfior it owtlinod in [v.Honkv 

ft Luckhjml. 

♦ 1   Stdo niVfu m pointor d*i* ttructurvt. 

Lu»mplo 1 

TYPE U»CA«-ICC0H0 VALi INTEGER: NEXT.TLINEAR ENOt 
VAR U.X.V.ZttLINEAAt 
KCIN 

»CU(uit»Cb(K)|iCu(Yii»Cb(Z)i 
Ut.VAL  i« li 
Ut.NEXT  t- X| 
Xt.VAL i- 2i 
Xt.NEXT  !■ Y| 
Yt.VAL  i- 3t 
Yt.»CXT  i. Z, 
Zt.VAL  |o 4| 

(At   thit point  thort  •• a fOwr col I   Mno«r   litt.    F<o.   II 
Xt.NEXT  i. Zt 

(No«.   Yt h«« boon cut Out ot  tht  lin««r   lift,    Fio.Zl 
ASSERT    Ut.JCXTt.NEXTt.YAL-A 
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FOR  T»€ HAIN PflOCRAT 
T»€fC ARE 1 VERIFICATION COMItTIONS 

• 1 

-«ee-zee A 
Mm A 
»•rtt A 

-KM-vM A 
^ea.xtf A 
TRUE 

««««P«.INEARuiUMlu(XMiuivM)u(ZNi.cUtt3.VAL.l>.cu0»7.Nf''   • 
c*803.vAL.2».cxat3.NExT.yü».cY|i3.rfAt.3>.cT8i3.SE»*.:aa».cZW: 
c'<083.NEMT.za8>c««<«<P«L:NEARu IUM> u iXMiu IYM'J IZMI .CUM?. • 
cye«>.NE«T.«iee».cMie3.vAL.:».cxit3.t£»'T.vit>.cvM5.v4L.3».cyw- 
cZM3.vAL.4>.cxM3.NEi'T.z80>c<«<<<««*fL:iCARui^ae v<»aa-   *.. 
cU8t3.VAt.l».cMii3.t£nT.ÄM*.c»M5.vA4..:>.c>(ti3.l€»iT.y««».cT«i-    - 
cr003.NEKT.ZM>.cZ803.vA(..«>.cMa09.>£M.2MxUW3.NE«T3.NE«T3.^ 

AFTER SOHE SinPLlFICATlOK. YOU CAN C£T 

« 1 

TRUE 

TIHEt 21 CPU SECS. 94 REAL SECS 

lh« untimplih*d VC h*i ih« form Q-'lDtSM. irh«rt D fptwnit all ih# »-h*»!» 

m*d# to P.LINEAR (in erdtr), «nd S NbtM WTÜEXTTJ^EXTT.VAL  f..r4i  

b« ntc« io h«v« a pKtur« or D tuch at Fig. 2!) V«rubl« XM, YM, Mc *nd ll 

m^uiliu^t b*ii»#^n th^m rnull from ih* aliocalien rut«. 

In this »umpl» th« umpliiic^uon *«iomi   Stellen 3.2   r«duc» ih» VC comf 

1 RUE and no additional inlormanon it r«^uir«d o( (ho usor. 
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4.2   V«rific4iion B*»#s 

V#ril«f*tionj normaiU 4#p*nd on us#r-<uppli*<l i*fnm*t Th# vvnfw ui^t th^sr 

I#mm4t to Miiipliu snri r'o*» VC». If «II VC'i *r# rrducd to TRLE this fn««nt that 

ih#r* it 4 proo^ ihii ih» profram MlllfiM Ml ENTRY/EXIT tp*ci(ic«tiont «ttummc 

ih« Ivminat. TK# t»( of l*mm*i it c«n»a < B\SiS oi ih* verification A b«m it not 

n#f*\i«fil» a rompUi* ««lomaiitaiion oi |i*#n procr«n*miri| concepts but n##d b» 

onlv a «*' of Umm*t prov«bl# from turK ir «tiom«iii«tion ln<1««d, ih* v«rifi»r can 

b# vi»*»»d a« an in(lrum#nt for t^archini lor rvatonabt* (#tt of atsumpdont thai 

implv ih* rontuirncv oi a profram »ith nt tp«cific«tient Methods for constructinc 

and analvunt ba\»: ar# d*\rfih*6 in IvH*nl# & Luckham) 

L#mniai ar*> tiaivd m umpk lofical tormi called AXIOMS and COA'.b. Th«\ 

contain inlormaticn about ho» th#v are to b* ui#d in proof i»arch#«, ihn n#»d not 

concern in hmt* To r»ad «h# tanmat at lofical itatrm*nit. timplv tgnor* all "•" tignt 

in tho #»ampl«t Thvn a i*mma of th# form AXIOM AMB it th« logical o^uivaknr» 

A-B. and GOAL A SLB B it tho implication B-A 

Tho lolloping *iafnpi#s doal with vvnuing that program« maintain ihr 

loopfr^nrtt oi' th» litt ttructum h#. opfratr on. Th* ^tamplvt alto thow I*' th# 

uto of tht »».#fo»(i att^rtion language to *tpi*tt conc^ptt tuch at loepfr*«n*tt oi 

litit, and  b  ih# cla'acttruaiton el concepts D. i#mmat in thv batit 

4J   R*achabilitv in Linear Litit 

V* with to vorify th« iooplre#n«t of linvar littt, in which «ach coll hat on* 
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pointer fidd, ih« NEXT fidd, which points to th« Mit cell in th* list. On« way to 

approach this problem it to introduce a predicate Reach(D,X,Y), where D it a 

reference clatt repretentation of type reference clatt of T, and X.Y are both pointer 

variables of type TT. REACH(O.X.Y) meant that the tequence X. XTJ^EXT, 

XT.NEXTt.NEXT,... in the reference clatt D contamt (or reachetl Y. Thit implies thai 

the litt ttructure between X and Y in D it loopfree under the NEXT operation 

Notice that NEXT ought to be an eiplicit parameter of REACH, but sine, we are 

attuming that our litt ttructur»   have only one NEXT field, we have omm  d it. 

Example 2 it the intertion    f an element into (he middle of a linear litt. Mr 

verify that Reach(D,ROOT,SENTINEL) it ttill preterved after the insertion, ROOT 

and    SENTINEL    being    pomtert    to    the    beginning    and    end     of     the    litt 

t N I INU.I NLX I -MLl, meant that SENTINEL pomtt to the last element of the list. 

Example 2. 

tNTRY REACHCPiUORO.ROOT.SeNTINEU/v  iv«SENTiNELU(SENTI«Lt.NEKT^lLLlA 
RE ACH (PiUORO. ROOT. YI/«EACH PMCRO. Y. SENT INEL) i 

EXIT REACH(PflUORO.ROOT.SENHNELh 

TYPE REF -tUOROt 
TYPE UOHO - RECORD COUNTt INTEGER: NEXTi REF END« 

VAR Y.Z.ROOT.SENTINEL.REF; 

BEGIN 

END .t 

NEU(Z): 
Zt.NEK%Yt.fC)iT, 
Vt.NEXWt 
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Th« t«t of i»mnui in ih# lealfii« bdow it a BMK for vvrifyinf «xampt* 2. W« 

do not claim (hat it it a eompUt« characitruaiion of REACH(D,X.Y), but m«r«ly 

that «ach of th« Itmmai it an obvious property of REACH that would bo provable 

|ivon a compiei« t«t of axiomt. 

Thus Coal 1 statoi that for W to b« rMchabla from X in a rofor«nc« clatt 

rotultinf from clatt D by performing YT.NEXT-/., it it sufficient that REACH(D,X,Y) 

and REACH(D.Z.W) and also 'REACH(D./,Y) to tmuro that no loop is introduced bv 

(he operation. Clearly the truth of this lemma depends on more atomic properties e.f 

REACH(D.Y,YT.NEXT), transitivity (Coal 4), and REACHID.Y.Y) (from which 

-REACH(D.Z,Y) implies IßU 

Coal 2 is a statement about a "short circuit" operation; <D. cZ^.NEXT, 

DcY3.NEXT> represents the reference class that results from D by 

ZT.NEXT-YT.NEXT. This eiclude« Y from the sequence Z, ZT.NEXT. - provided Y-Z 

and Y cannot be reached from YtKEXT. A loop mi|h( however, be introduced into 

the new structure unless 'REACH(D,Y.Z). 

Coal 3 states sufficient conditions for Y no( (o be r*achabie from \' U\ \\ 

Coal S it a typical frame axiom for storage allocation. It means that 

reachabilitv is not affected by the allocation of a new cell; Coals 6 and 7 are similar. 

Coais 8 and Q state conditions for Reachability when operations are performed 

on a new cell. 

It turns out that only goals lJJ,6i,9 are used in proving the verification 

condition below. 
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COALFILE 

Clt  COAL ReACH(<«0.c»V9.NEXT.«Z>.»<.«U) 
SUB REACH(O.X.y)A-flEACH(O.Z.Y)/>fl£ACH(O.Z.U)j 

C2i  GOA!. -REACH(<aO caZ3.N€xT.«Oc«V3.NEXT>. «Z, «Y) 
SUB  (Z-Y)A -«EACHCO.OcYa.^XT.Y)! 

C3:   GOAL -ICACH(«0.«Oc«Y3.N£XT.«Y) 
SUB  (NlLL-OctSa.NEXT»/> REACH(0. v.«5)1 

G4t  COAL REACH(«0.«X.«Y) 
SUB REACH(O.X.aZ)oA£ACH(0.«Z.Y)i 

CSt  COAL REACH(«Oui«Z>. «x.cY) 
SUB REACH(0,X.Y)/v<Z-X)MZ«Yh 

CCi  COAL -REACH(«Oui^Zi. •Oui«Zlc«X3.NEXTtaY) 
SUB -REACH(O.DcXa.lCXT.vh 

C7i COAL  («OulaZicaS^NlLD 
SUB  (ücS3-N]LL>: 

Ut   COAL REACH(<tOU(«Zl.c«Z3.NEXT.«u>.«X.«Y) 
SUB REACH(O.X.YM(Z<iX)A(Z»Y)t 

C9t  COAL REACH(<«Oul«Zl.c9Z3.NEXT.«Ou<aZlc«Y3.NEXT>.«Z.«U) 
sue REACH(O.Y.U)A(Z-Y)I 

I Kr rnuii of iivinf ih« vtnfi«r ih« gealfil« «nd txampl« 2 n (h« following: 

FOR THE riAIN PROGRAM 
THERE ARE 1 VERIFICATION COWITIONS 

«1 
(-SENTINEL-zee i 
-ROOT-zee 4 
-v-zee * 
R£ACH(P«U0H0.ROOT.SENTINEL» i 
-r-SENTINEL 4 
PÄ«ROcS£NT|NEL3.NEXT.Nr.L 4 
REACH(P«ruORO.ROOT.Y» 4 
REACH (P«U0R0. Y. SENT INELI 

REACH («P«UORDu iZeei.cZeea.NEXT. PJUOROu iZeei cYj.NEXT>.cYa.NEXT. ze8>. ROOT. 
SENTiNELH 
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AFTER SOT« SinPLinCAflON.  YOU CAN GET 

* I       TRUE 

• ••■• 

None» (h«i ih« rrfcr^nc« cU» «iprmion in th« untimplifivd \r. conclusion 

r#pmonit eh# r#tuU of «i#cutinc «««mpl» 2 So this VC mifhi ittvlf b« «cc^piod as a 

Umma about msvriion operations in th# vrnfication of mor« complex programs. 
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Ei«mpl* 3 iliustraiM wtui happens wh«n »• rvvtrt« th« ord«r of instructions 

in tho —fli 2. TK# profrjm it no tongtr correct in thst it doos introduco * loop 

nto 4 loopfr*« structure. Th« proiram was run through th« **riii»r with th« s«m« 

COALFILC .hat wsi used pr««iousty. 

r . jmpl» 3. 

CNTRY REACHtPiUQRO.ROOT.SENTINELiA (VMSENT:NEL)A(SENT|ICLt.NE)(T^laU 
<€ACH (PMORO. ROOT. Yl BREACH (PA0O. Y. SENT I NFu h 

EXIT f€ACH(P«U0R0.R00T.SENTINEL)i 

TYPE REF .tUORO: 
TYPE UORO • RECORO COUNTj INTEGERi NEXTi REF EWt 

VAR Y.Z.ROOT.SENTINELIREPI 

BEGIN 
NEd(Zh 
Yt.>CXT*2j 
Zt.NEXUYt.lCXT, 

ENO .t 
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FO« nc ruiN PRQCRAT 
T>€RE ARE 1 VERinCATION COCITIONS 

« 1 
<-SENT|NEL-ZM « 
-fiOOT-zee « 
-v.zee t 
REACH(PMORO.ROOT.SENTINEL) « 
-Y-SENTItCL i 
P«UOPOcS£MINEL:>.NEKT-Nlu » 
REACH(PfUORO.ROOT.Yl t 
REACH (PfUORO. Y.SENTINEL! 

'>REACH(<<PfUOROu IZMI .cY3.ICXT.ZM>.c2M3.NEXT.<PlU0ROu IZMI .cY3.»CXT.Ze« 
8>c Y3. NEX T >. ROOT. SENT I «L M 

AFTER SOTC SirVLlFICATlON.  YOU CAN GET 

B    1 

t-zee-Y i 
REACHfPMORO.ROOT.SENTINEL) 4 
-Y.SENTINEL < 
PfUOROcSENTINELs.NEXT^ilLL « 
REACH(PfUORO.ROOT.Y) « 
REACH(PMJORO.Y.SENTINEL) 4 
^ZM.SENT|NEL 4 
^ZM-ROOT 

REACH(«PiUOROu IZM) .cY9.NE)(T.ZM>.cZM9.NExT.Z88>.ROOT.SENTINEL)) 

Th# loop consiructien c«n b# t««n by «iwlytti of iK# r*(«r*nc« «.Uts «KprMtion 

in th« conclusion of th# nm^lifiod VC Th« umphficition rosulit from Anoms 3.2. It 

it no«* »aty to IM tKit .h« fin«l operation rtprttontad it /T Nt XT-/ which cloorly 

introduces * loop 
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4 4 Rooi  .nd S*ncin#l Problem 

TIMI pror *m »M sutcn^d by N. Virih. Ii O^TAIOT on a liiMar lit t *ch c*ll 

of iK- |.ti h« ihr** r.rtdt KEY, COUNT, «nd NEXT KEY firid eonuira ih# 

•dwilificAlien rum« for lh« cell. COUNT fivld conumi ih» ncmber of linwi SEARCH 

i« c«ll«d wilh th« corr^pond.nc KE>, «nd NEXT fidd ronUint lK# pomtvr to tK« 

n»«i cHI in th« IISL ROOT r>">«« »• »h» fin c«U «nd SENTINEL potnu 10 th« IMXI 

IO IIM USI cdl. TIM IMI cdl « dummy cdL 

TVPE REF.tUOROi 
TtPE «iflO^ECORO lfEyi!NTECtR.COUlTilNTFC£R«>€xTiBEF ENOi 
VAR KilNTECERi 
ROOT,  SENTINELif€F| 

PROCEDURE S£ARCM()(i|NTEC£R.SENT|NELiREF|VA« ROOTiREFh 

VAR Ui.U2.RCF, 
BEGIN      U1»R00T| 

SENTINELt.KEY»X| 
IF Ul-SENTINEL  T»€N 
BEGIN 

tCU(R00T)| 
R00Tt.lCEV»X| ROOTt.COUNUl, HOOTt.NEXUSENTIfCLi 

IF Ult.KEV -X T»€N Ult.OXWT^lt.COUNTS ELSE 
BEGIN 

REPEAT U2^Uli Ul*U2t.NExT 
UNTIL Ult.XEv.X, 

IF Ul.SENTINEL  KH 
BEGIN 

U2*R00T: NEU(ROOT); 
ROOTt.KE^Xi HOOTt.COUNMi ROOTt.NEXT^C 

END ELSE 
BEGIN 

Ult.COUNUUlt.COUNMt 
U2t.NEXT»Uir.NEXT| 
Ult.»CXT*ROC*:  ROOT^Ul 

END 
M 

ENOi., 
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In ot6*r l« verify tlut prefram w* kav« to »Ko» tlui i#vrr*l prop«rii*i hold 

H*t9 ar« torn* of ihm*. (1) Tht list «trvctur« is al««y« {—firm tni SENTINEL it 

rMcKabl« (torn ROOT. (?) If a c«U with tht |ivm KEY «niu in th» list, no IMW MII 

IS *ddH »ttonriM, en« cdl is add«d (3) No two KEY's of cdls in iho lift aro (ho 

MOM. (4) Aflor oiocwtion ih« lilt it r«ord*rod so thai ih# f ru call has (ho sam« KEY 

as tHo given KEY npnM of SEARCH, and the order of (He oikor edit it 

unchanced. (S) Only (lie COUNT field of the ceU with the given KEY it incremented 

by 1, and the rest ere unchanfad. And finally the frograai tarminates. Here wo ere 

going to show a verification that (he first (wo prepertiat — reach«biluv and non 

d«U(ien -- hold 

Eiampl« 4 is the prefram with assertions aboui reachability. The ENTRY and EXIT 

assertions state that kepfraanest it maintained. The only additional documentation is 

an mvarian«  'ttcnbing obvious properties of the vanablot m the REPEAT loop 
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t limpi» 4. 

PASCAL 
TYPE REF.tUOnOi 
TvPE UORO^ECORO ICEYiiNTECER|COUNTtlNTECERs>C)(TirCF VCt 
VAR K:INTEGER» 
ROOT.  SENTINEL.REF, 

PROCEDURE SEARCMCXi INTEGER.SENTINELiREF: VAR ROOTiREFh 
ENTRY REACH(PiUORD.ROOT.SENTI»CL)A(SENTIlCLt.(€XT^iah 
EXIT REACH(PfUORO.ROOT.SENT 1NE*.). 

VAR Ul.U2.REF, 
BEGIN     UUROOT, 

SENTINELt.lCEV*X| 
IF Ul-SENTINEL TKN 
BEGIN 

NEU(ROOT11 
ROOTt.KEY-Xt ROOTt.COlMMt ROOTt.NEXT^SENTIfCLi 

ENO ELSE 
IF Ult.KEY .X T»€N Ult.COUNT»Ult.COUNT«l ELSE 
BEGIN 

REPEAT U2*Ul.  Ul»U2t.>CXT 
INVARIANT 
REACH (PiUORO.ROOT.U2)A(UI-U2t.NEXT) A(U2-SENTINEL» A 
PEACH(P«UORO.Ul.SENTINEL) A<SENT|NELt.KEY.X) A 

(SENTINELt.M-XT-Niai 
UNTIL Ult.KEY.X| 

IF Ul-SENTINEL T»€N 
BEGIN 

UNROOT.  NEU «ROOT), 
ROOTt.KEY-X| ROOTt.COUNMi R00Tt.NEXT-u2 

ENO ELSE 
BEGIN 

Ult.COUNT-Ult.COJNUii 
U2t.NEXT-Ult.NEXT| 
Ult.«XT-ROOT,  ROOT-U1 

ENO 
ENO 

ENOt.t 
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B#low it a COALFiLE conuimnc a basis that is sufftcimi to v#rify Ciampi« 4 d^. 

thai ih« profram satisfies us docunwntation). CemmMiis mplttnti* torn* of »K# goals 

ap^ar b*tik»#n X signs. Il iurn#d out lhai goals «J2, tror* not used in (his 

vonficaiion 

COALFILE 

Cli  AXIOn PEACH««0.•«.•«» - TBuEs 

C2l   COAL REACH(tO.•)(.•¥) 
SUB REACHO.ir.rf)/^EACH(0.«2.v»: 

C3i      COAL   flEACM(«0.«fl.^)c«X3.t€xTi Süe   REACH(0.R.ä»I 

0*1      COAL REACH(«0.«0c«X9.»CXT.«YI stA -«x.vj^EACMlO.x.v», 
XXt.NExT  it ootMtan x «no n 

COAL    -lox^n sue -.«OcX^KEv . «OeVs.ifEvh 
V  «(«idt 0« distinct ctllt «r« d'StnctX 

C6i  COAL -f«u.«0c«V3.l€xT> Sue 
-«EACH«0.0eV3.»€xT,y|, 

XThit If • tp«ci«i CAM oft if U it not ro«cn«Oi« fro« 
X th«n HmU.X 

C7i  Axion «EACHU«0.c*O.if£v.«£».#¥.^» . B£ACH(0.y.Zh 

C8i      Axion qEACHUdO.coxj.COUNT.«£..»¥.tZ) - REACH(D.v.Zh 

«AXIOnS 7 «nd 8 9tAt«  thAt opwAt.on« on th« KEV «nd COUNT  fiddt 
do not  tltf   lOOOfrtonottt 

C9i      COAL -flEACH««C)uioXl.ox.o2i Sue -«X^h 

Clfi    COAL -«EACH(dOu«oXl.oZ.ox) Sue -<X-2h 

CUt    COAL REACH(«Ou*«Z(.ox.tv| 
SUB -)2-xi« 'JZ.v»AflE»CH(O.X.YI| 

19-11  dof.n« tht RoacnooHitw »"tiat.on on ntMly tllecAttd CdlltS 

ClZt    COAL nEACHUoOuloZl.c«Z3.NEXTfoOüJoZlcoY3.NEXT>.tZ.oU) 
Sue -(Z.vi^EACH(O.r.U)t 

C13i    COAL «EACHi<«0.c«V3.NEXT.oZ>.ox.og» 
Sue REACH(0.x.viA-flEACH(O.Z.ri^flEACH(O.Z.Uh 

X12.13 doacribo »uffiCiont conditions  for prttorvation of 
RoacnaOilitw t^on Z   it   inoortod Oy OOtration« «ioilar 
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to •■•■pi« Zt 

CUi    COAL REACHU«0.c«V:>.»CKT.«Z>.«X.*J) 
SUB REACH(O.M.Y)AAEACHi0.v.Z)««REACH(O.Z.UiA.(V.Zh 

Xi* giv^a «uffiCi^nt  conoiton«  «or pr^««rv«tion of RMCft«b>lity 
Mh^n Mllf Mtu^«n V •no Z »*■• cut Out o*  tho   ii»tt 

CISi    COAL -AEACHU«0.c«V9.NEXT.«Z>.^X.«u) Sue 
RtACM«D.K.VI/N«EACM(C.V.J»A«EACH«0.«.Z)A-flEACM(O.Z.UJA 

X15 tUUt  th^t   if U   i« ttnctlw OOtu««n V •nd Z.   •nd  th«r^ »>• no 
ooo« OOCk   to U •♦•«r  Z,   tt*n U cwmot  o« rMchM •ft^r  cutting 

out   th« coll« MtuMn V •no Z.t 

C16i     COAL  -f€ACH(«0.«Oc«X3.NEXT.«Y) 
Sue REACH(D.v.X)'«eACH(0.N.«S)A<0c«63.'€XT.MILLh 

tv cannot o« '-••cf*d fro« Xt.lCXT  .f X c^n IM rtKh«d fro« V and th«r« 
•'•  no   lOOPt Oft^r  X.   H«r« S   i«  tn« «nd C«ll   Of   tho   li«t   »trwcturt  •nd 
<f   it   i« ro«cft«>l^ fro« X  than th«r0 or« no   loops •ft^r  X.S 

• : 
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B-lo»   it  ihm  annotated   pro|r*m   to   3fo.»  lh«  jublet   proper tv   i e   th« edit  of   lK# 

input  litt  «r« • tubtvi of  thot« of th« output.  V« hav« introduced «  function 

LISTfX.Y.O) «rkKh it 6t(u*4 if RCACWD.X.Y) «nd »koto vtluo it tHo tot of cell. 

botw**n  pomtort   X  and  Y «icludinf  Yt in roforwico cUtt  D.  Alto  wo uto  tho 

pr»dictto SLBSEKA.B. 

i ttmpi* S. 

PASCAL 
TVP£ REF.tuOPO, 
TVP^ UORO-PECOflO ifEVilNTEnCR.COWiTilNTECCRtNEXTifCF ENDi 
VAR <ilNTECER| 
ROOT.  SENTINELtREF: 

PROCEDl^E SEARCH U i INTEGER: SENT I »CL i REF i VAR ROOTiRCFh 
ENTRY   tP«JORO-P8tA(ROOT^0)AREACH(P»JORC.ROO'.SENT:«L)A 

(SENTINELt.NEXT^ilLLh 
EXIT SUBSET (L IST (R0. SENT INEL.Pf I.wISTlROOT.SENTINEL.PiU3R0)h 
VAR Ul.UTiREFi 
BEGIN      UUROOT: 

SENTINELt.KEV*J(, 
IF UNSENTINEL T^N 
BEGIN 

NEUtROOTh 
ROOTt.KEY.K, ROOTt.COUNMt ROOTt.NEXUSENTINELt 

END ELSE 
IF Ult.KEv .X n€N Ult.COl^T^lt.COUNT«! ELSE 
BEGIN 

REPEAT U2<44lt  UUJT'.NEXT 
!S.AK;AN- 

SUBSE T (LI ST (R8. SENT! NEL. Pt). L t ST (ROOT. SENT I »CL. PMORO M 
A(SENT|NELt.rEV-K»A(SENTI>CLt.NEXT^lLL) 
«NREACH (PfUORO. ROOT. u2l BREACH (PAUORO. Ul. SENT I »CL) 
Al«Pe.c5ENTINEL3.iCEv.x>-PfUDTO» 
A(Ul*U2t.NExT|A(U2«SENT!NEL) 
UNTIL Ult.KEV-Xt 
IF Ul-SENTINEL  Tf€N 
BEGIN 

U2-R00T: NEU(ROOTii 
ROOTt.XEY^i ROOTt.COUNUl, R00Tt.NEXT*«2 

END ELSE 
BEGIN 

Ult.COUNUult.COUNMt 
lOt.WXTciat.NDtTj 
Ult.NEXT.ROOT,  ROO'-Ul 

ENO 

ENOi.. 
END 
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I hti COALFILC tof«th«r with th* previous COALFILE for r*4ch«biliiy form a BMU 

for vonfyin« ZutmpU S. Th# AXIOMS h«r« dMcnb« tiratghtforward properun of 

LIST M4 SUBSET. UNION is ih« usual union operation on tots. 

UMLFILE 

1. AXlOn LIST<OX.OY.<«0.C«<3.KEV.OZ>» - LISKX.v.Oh 
2. AXIOn LlST(oX.oV.««0.c«C3.C0UNT.»Z>| . LIST(X.V.0)| 
3. AXlOn IF (X-2»A(Y.2) MN LlST(oX.«Y.«OüloZM - LlST(X.V.0»i 
4. AXIOn IF REACmO.R0.XjAflEACH(O.Y.Rl)Ä-«EACH(O,V.XI 

T»€N LIST(«Ra.<Rl.<«0.coX3.NEXT,oV>l 
• UNION(LlSTCR8.0cX3.NExT.O).LIST (V.Rl.0)1» 

5. AXIOn IF fCACH(0.Z.X)A -fl£ACH(0.X.2I 
T*CN LIST(oX.tv.<^).c^3.N6XT.«£>| - LISTIX.V,0)| 

6. AXIOn LIST(«ft.«R..0) - ZERO« 

7. AXIOn UNI ON(«0.ZERO» ■ Ot 
8. AXIOn UNION<LtST(oX.«V.«0). 

UNIONiLiST<«R,oX.«0).LlST(oV.oS.d}m 
• LISTCR.S.Oh 

9. AXIOn SUBSET(ox.oX) . TRUE: 
18. AXIOn SUBSET(ZERO.oX) . TRUE; 
11. AXIOn SUBSET («x. UN I ON (OY. «X)) > TRUE» 

• I 

li 
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m«ny bob«!«* «nd due um jm b«t«d on ««rly drafu of (hit p*p*r which w«r« vory 

helpful «nd r«*ult«d in defintt« improvvm^nit. 
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