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AESTRACT

The inorossing emphasis on improved mansgement, bothk in government
and in private industey, has created & roguivement that persons other
than pure matheraticians be knowledgesble of mathematical prosedures
more sophisticated than the olementary ones of adding, subirseting,
multdiplying, and dividing., The ecquisiticn of this knowledge oan ba
particulsrly painful to thoss who havs been awasy from college for & long
porded and those who have nover boen oxpossd to higher mathsmatiss, Close
coruting of svailable texts indicated that there wers none which insorporated
sufficdiont unccxplicated explanstions of the warious mathematieal concopts
vaich s managament atudent must comprehend,if he is to be sucoessful 4n
his pursult of an advanced degree in Management. The authors of this
rogearch paper are of the opinion that down to earth, easy to undorgtand
sxplanations of the basic fundamsntals of higher zathematics would szaist
studonte exbaridng uwpon a cource of study in the mansgement field, The
aroas covercd in this research papor are: algebra, functions, graphs,
equations, logarithms, exponents, progressions, and elementary caloulus,
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The authors of this resscsed papy voe &ils 4o conaidor mumorous
seontation 22 & Pogdit of reviewisg ald

of the books 1isted in the bdbldegrardy. Glsse this rosctred paper
reprosonts & mingling of idess glommed f£yom all of the bosks, with ro
ond ides bedng speeifically atirivniadble o ong besk, ters is
songpiousus absenss of footuobtes. Ae & resly, tho authors dosire to
thank a1l of the authore listod in the bdblilesrephy fer tholr wwaltidng
aspistanco.

Likewiss, tho authors want to thank Assosiats Profescers Cuwie
and Krauthamer and Lieutsnant Commander Comnor for tho sipport they
gave the authors in writing this rescurel paper.
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chapters, An abtexpt has been mde to relate sommonly wmdorstecd ond

CHSPEER 1

Tha purpose of this recearch popor is to oipplexmsnt a formal cowrso f:
4n the bagle frodoromtals of higher mthomaties, It xay alee bo wed as %
8 colf.instruction book for students uwho &rs consldering exbarkinz on g E@Z
course in mamagoment for which there is no formal moiferstdics couwrss, ;

This pyllabus is primarily for g

(1) The avercss student who may nover bave been expoced to |

the mathematical concepts comtainzd herein, 3
' (2) The student vao has been away fron cohool for a mumber -
of yearas.

The titles of the chapters dosceribe the ccutent of the Yarious

koowa occurvences in daily life to the comapté explored, Liberal weco of
colyved czarples bas beon xade. Ths gbudent is edviced to carofully follew
tharowsn thece polved rroblexs and to cotisly himcolf as to tho reccen for
tho cotdon taken in cach step. Obviounly, coms proplexa have baon cvor
piraliCicd for prpocos of cacy oxplaznation, As tho girdont beocesss so2o
cidllsd 1w tho rochanical procecces, ko will prebably porforn mory of &
cperstions montaliy rathor thon with porsdl and popor. Thoro oxo 2loo

[P UTS R4

RN AV S

memrons pchlons, with ancroya, for the stvdont o work,

oo

i

An wdsrstondley of 8o comsopbs demenstratod 4n thio peecarsh paner
ill greatly eaco tho rigers of Wyiny to wdorotond 18y mathomtiss T
f2euxd dn Beonzosies, Statictise, Industrdal Ipagemcnt, Datd Brosocsiny ol

A
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2.1 Mrﬁﬁiﬁﬁ»

Tae ke to 253 méfafumgalazsmnisaﬁaﬁic &m&%ga of
the voochulasy of thst ierguage. Gisilaely, zathemntios has o il basie
voosiralary thab eceh stufent migh magh £4not grasp poies o ahulying the
wponifies o the mbjent, Tho parSgpsphs mﬁ Fodlor coninln 83
dafinibions of tovns thah sve busle o &y oours dn sigsbra or calesius,
Read Yhomy wdoratand oy rardns the . . o ééz::-yma@w W@,

2,2 };efiﬁiti@ﬁ‘

i, Dleser - %&a%mmgm%&@@&&ﬁ&m 1% i
sleply & vhols nusbor; the eans ambers we all wre iﬁ%ﬁé@&i wﬁam
first grode., Hare wo gro defining 26 in pogtgrodmte lieol. 2% 45
Srocmently colled & Fuabuval¥ wozber ush 88 3, 8 35 67, <28, It my
Bo either pozitive o nezative, o

2, Frostien.- Hew that wo have bho :’srzts.gar dofindiion sudbiod &0
Exrory wo eon woo 3% dn dafindez the fao &ieaa A &*gﬁ :La the yadds
of Lo integsrs, or cry indogey éﬁﬁ&a& by ais%%sz'g 0ego 2}3; 1‘?/"3 :
“1/32, 23/e9. The frastion can cither o pocitive or nsgative.

3. A robloval nuher i any posiiive or :;@%miw indezew, o

frcotion rods up of dntegers, Ratbonal mobors era thore whick can b

roproconted by tho zetio of bt intogors, e.g. 20/1, ~7/3, 3/e2. This

cenospt porbaps will b slepiifiecd by learning wiob ia e ixretioeal

meher,  Terationyl wosheyn are thezo posdtive aund meralive mudors

sisdch connot be reprocontod eo the rabde of o inbogerss B.8. Ve, 95, T
(cinse TT i5 not excetly 22/7). "
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et ROk,

¥

e Tha seal moders £ESirn i S eynion of nxlews ik Lelsks

ail pszc%ivc i nezstive roddonsd 2l frvetioml eolers g2 G stz O
o5 roil sootes of naSors oo be grastissiYy reprersied a3 foldieme
"2’?5 e .-&;»3,*23%3;&3‘;2‘,3,33:;;n“‘@ﬁ

5. Eznldedy rodone ave juab ¥t 390 venld savest €221 43 bow

Thay a¥y meveisal @rlicls whfich revvesont mpocifis nolers; e,
%s By =375,

B, m&:zal pbera - Todw o porhsnd the xosh Znportent etroent fow
the beglmming stufens of sigeira to grasy. Litersl mesbern aro leticsn
vhich ropresent o stind for explicit mmdeps, 2 Jiferal mudop canbe
sny lstter of the alphsbet. Sincs this leller my ofien represent
Qifferont nidars; it iz sowitineg 281103 & gonzyal sdor. Tho uso of

thy Mdtersl or general muey is tha piincizlo foabwrs of 2lossra that
dlsddnguiches iy frem avithmetle; ogge 23 b, 6, % ¥ 5%, 33, 2x.

7. Vexdstle is defined as a sysbel vhich is uesd to represent
differont nwlors tiwrougkowt a pordiculsr discussitn, In preobtics; lotters
from the latber porition of the giphsbot aro utdilized as variadles, o.g.

Xy ¥y % Varisbles are literal nwders that moy have zovoral volues.

8. A coustomt 1$ & sy=hol which reproconts the sam muber during

e discucgiong an 2bsoluboe cazés::tant hawor cianges its valua, and it womlly

15 en explioit mubor such as™l, 2, 1/3, ete. An axbiteory constant will
kave the sams valua throughout any one diccuscion or exoreise, bub my bo
ecsigned different valuoa in different c;mr;eims, and is noymally
roprocented by & 1iteral nmusber., Tho first few lettors of tho alphobet
ave comventionally used &parvityary constants, In tho oxprossion

ax + by + oz, &, b, and ¢ are arbitrory congbints,

;3‘




g, Arzoicta valus = Tho Jomdh of & Tlne on o visder oogle ehleh

recrerats o wopialn order, witheh regadd to tas diretisn {negative o

positiva) of Co ooy fvem seve. ThHo ohegiuie wlns of & rarsdive
aeler 4 that neder ¢ith e tien c?:amé 62 & pusitive meler -
resey % 45 Lhe mater fbaelf (somstins callod Ymewwdsal valzo®). Tho
exzves=isn "the sbualube valm 6ff 4g Tepmecoated by dvo vertieal HMrea
gtediling & woter e followa ‘

i x} wens the sbacicie valos o £ &d egla .

{3} meaue $ho ghzolnte waluo 6F 3 dnd eqixle 3.

fhi | roans the choolute walvs of § exd eguals B,

«} 4} msone minwe W sbaolube vales of ) and equala ok,

10. Tho algshrede wolrs of & pusdes is ogml o b8 disiense znd

divestdon, either pluz or nimus, fyon & 2éro polnt epdgSn. By convendicn,
plzs ds to the right of the origin sod mnus is to ths loft of thoe crigin,
The zinuy sign iz slusys required but the plus sign zay be left off. Awy
mebor withoud 2 nions sign s euboentically considored to b9 o plun, o
rordtdve, mder,

As en excpley in the dissran below the ldteral nuwbers have
ths following valucas

A L "205
B=u -9-1.5,
A 4
c o ’,‘300 . , = ‘ g b | ; ‘. ot
D= 0.0 R e 33 4+
' E =10 ‘ Lo

i, &n glgobwale cxovension is a eoxbimation of expliolt esd literal k
3 : pubors Linksd by tho four gyl of fundomontal matkomatical eperationsy
widck avo sddition, cubtvastion, miltdplieation, and division. Awm sxawvis

; . U G —
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of a3 slabrala supvonzisn folleser
AsBagref

1%, An slgedraie tows ls & disticet pork of an alzcheais exprecsicn
vrich da coparated from $he pogt of tho exppsisien by a pluve or 8 minws
eign; vhlsh 4o dtoslf a port of the foiss, As gn omeple, the torms dn
o slgebraio expression above zves Al #); 43, -2, ord *gé’} .

13 A sopozial da an algohrals exprecoiom with enly ome torm i dt,

1. 3 binozdal s an algebrais exproscicn with G terns dn it

15, 4 teinordal 4s an algebrals exerscaion with thrse torms in it,

16. A polyrerisl in any algebreio exyroscion eontalininy more than
ons term, slthouzh ofben the word is restricted to moon an expression

which 42 soxpoced of a4 torm or terms that combaln o literal nmdbor rafsed
to & positive, intogral nimder o zoro pover. Bxcluded fros ths moening
of poiynocisl sro exprescions with terns containiny 1iteral mubors raiced
to & acpative or 8 frastdonsl powor. Exazplos are ss follewse

Broad dofindtdons A +Ba-5D$

Rootricted dofinitions  3x2 + §x + §

17, An algebraic factor is 8 part of an algebrals torn which is
zaltdplied by anothey pardy or parts of tho'came torm., It can bo mado up
of agly ons mmber walch cannot bo fusthor twokeon dovm into intezral,
vatienal m@ezs othor than & cordimation of itcolf and tho numbor 1 o

it2 nogative and the mumder o1, in whioh caco 4% is called & prics fastor,
or 1t czn bo made tp of soversl fastevs miltiplicd togother, As en exarmle,
in DIV, o gose of tho fecters aro 7 (shich would bo a prime fastor), b, T, V,
oy sondinations of the individusl escpoments sech as o, ¥2, THY, ote,

18. Tho coofficicnt of & ¥orm i tho faster by wich the other
festers of o torn ave raltdplied, %ho explicit numdor pard of the foctor

5




is called a muxseical coeffizisnt. The fastor norzally considered as the

sosfiicient 48 the fastor llstsd first in the term. As an exasmple in

ToIV, any of the fastors (i.e., 7, b, T; ¥, Tb, TbT, ete.) sould be

considared g ecelficient of the other fastors maldng uwp the term,although

7 would ususlly bo considersd the acsefficient. The numsrical cesfficient

wvould be 7 in all cases whers the 7 was a pavrt of the facter considered the

coefficiont, .
19. The compmtative lay for addition indicates that the sum of o

nurbers is the same regardlegs of the order in which we 2dd ths nwmdsrs,
That ia,a * b i8 exactly the samsc as b + a.

20. Tho asgooscistive law for addition indicstes that the sum of three
or more nurbers is the sams regardless of the order they are considered
in, or how they are grouped, That ig,a +b +c is tho same ag b ¢+ 0 + &
srotath

21, The commtative law for multiplication indicates that the

product of two nuxbers is the same regardless of the order in which they
aro multiplied, That is, a timss b is exactly the sums as b tirmes a.

22, The aasocmtit.re law for mmltiplication indicates that the
product of three or mor; nuchers 48 the sams regardless of the order of
oritiplying the nuzbers together.

23. Parenthosis ( ), brackets [ J, braces§ ¢ , and vinioulm --
ara all sycbols that indicate a grouping of terms or factors within the
sy=bol, Whore ths syrdol is prececded by & Jiteral or oxpliclit mmbor

or coxbination thercof, the ontire groupdng is mmltiplied by that cocffisient.

As an exarplet
6b(ath+s) = 6ba *+ 6b2 + 300

ke i
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4. The distr:'{bgtive lezr for xitiplication msong thet the
produst of ¢ mmder and o s of mmbors is tho somo 25 the ema of the
produats ohiadned vy meltiplying esch of the other mumbors by the firsd
by, &Q. en exarples

a{beetd) = gd + 2o + ad
25. The domsminater s the nutber bolew the lins in s fraction,
vhile the mumerstor i3 the nuzber sbovo tho lino. As &n exaiple, in the
fractton 235, the donominstor 4s 6718 and the mumerator 4 235,
25, In muitiplication, the muber which is =altiplicd by another
muzber is lnem a3 the multdplicand, shile the muder that wo multiply by
is called the multiplier,

27, Tho product is the result of mulviplying the multiplicand by
the muitdplior., As an exaple, if wo hove a multdplicord of 56 and &
mltiplier of 2, the produst ig 112,

28, In divieion, tho nurder wiich is divided into amother nu=dop

is known as the divirox, while the number divided is known as tho dividard,

Thoe result of ths division is knoun as tho quotdent.

2,3 Sycvols,

= iz cqual to n{  n factorisl, or, factordal n,

£ 4s identiecally equal to. & (or~w) waries as,

£ 10 not oqual to, 2% =y of varishles of wiich 2
ia tho reprecontative.

¢ i3 less than &  a to the nth powor, or, o

S is greater then cxpencalb B

S 45 lcos than ov ogul o, . Vo Cwwe rebofa,

2 1s groster than or cqual Yo, m nth root of a.

7.
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=z is sppvoximiely ogual to.

!,& 5 gbcolebo valws of a,

A, & subrerist n, o
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£lx) f-funstion of %, oz,
fofx, ”
{(x)7) point wose ccxraimton
are x and 7. ’
% and x¥  x prims asd ;é cooead
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CEAPIER 3
FUTIARSHIAL CPERATIONS OF ALGEERA

3.1 Intredustion. o

The basie oparations of dlget¥a are tho cams a5 aritimotios that s,
addition, subiractisn, mlidplication, and division, This fast is basde
bo tha study of algsbra. The student ameb sonstently reciind himssl? that
the a8, s, %¥o énd Ji5 ave 1iteral nuders roprosentdng resd nihers,
Tod -0Pten, the intredncticn of & Jitérsl rmber so & varishle futo &
discussion cansee the begluming student to dowelep an wnnsgoirsary mm
block, Porhaps 2 siepls exnuplo may azsist the resdsy in clesriny this
hurdle, If 2 studont is cked,"Vhat moder when added to b 4s eqgml te
67%; 4in arithmstde ke wonld say b + 7 = 6, By apid arity<tie the third
geade studont would supply the answer 2,° Nowy lot us replacs the ¢uustion
zavk by x, We have b # x ® 6, What 15 x 2, ai‘amca. Too ofben
studonte bilock ab this point, Bindlarly ki divided by wint equals 27

et

o it R&
Y PRI VoL T Y
a4 sty PO
- B L C A e £ <

In avithmotis we m.’;l? w2, use‘bra. sirply approzches this probles by ;};
sgaiy replscing the gquestion mirk by x. The following ckapler 4s porhepa 'y z ‘(
the most dzportant chapter in the book, Tho stcfent ehomid work exd i
undorstand all of the oxoroicss and exxzples, <i
This mowledgze will pay great dividendo es ths comrso proJrosses. i:;‘;
Remecder alwsys that the cperatiens aro really the caw &3 those tsod in .
arith=stde, As you werk throgzh the exsroices you will cos that algshra “
roally 46 rot as hand 88 you exposted zxd 4138, dn fast, tho eolebden of )
problozs can bs guite enjoyedlo, 8 ‘
!
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slgidra wo utilise nogative mubers. Tais showld seem Iogicsl to the

s PR gt v Bt A Wb b 02 Aot gyaefiboem st ooy
L]
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3.2 D& ngra. E
ﬁ%mﬁamﬂma = b,mmaxsmmmetm% -

a,m&tmnldfcnwthataﬂba(bymltir;lymgbmsidesefths
eguation b¥ o), %w,mmmm&ataag,m;momg
anything 48 o, This is 1llogisil becsuse we eald that & was sesw mudor
othor thad o, For this reason,we say that any nwdbor divided by ¢ is
wdofined.

3.3 Poéitive and Kegatdve Kubewrs,

One éssential differsnes boltween arithuetic and algebrs is that in

studont adnce wo have such thirgs as profit and loss.and positivoend
negative tezperatures. The syrbols ¢ and - are ucsd to signify whothey
& mobor is positive or nogative. The sams signs are aleo used to doemote
addition or subtrastion,

Excepless

(#6) # («6) = ©
(=5} + (=3) = <8 Parenthesis uged for clarity
(#6) = (34) = 2
A nusher which appcars withont a sign is by convention consddered
%o bo positive,

Ey

APPSO NI I L r e

% = ®
5t 3 S e b Mg bty

24
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3. Oporstions with Simmoed Nusbers,
The following ruleos concerning operations with signed ausdors are
precented without proofs
Bulo 1, To £dd two mu=bers of like sign, add their absoluts valuos
snd profix tho znower by the "like® sign.
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Rule 2, %o add two mumders of unlike sign, subieach the smaller : .
ahooluts value mmber Irca the larger and profix the recult
. with thersign of the larger absolute valub nusder, : £
"~ Addition Exampless i : - 1
- +8 ) <7 =15 K
22, S, =8 2 5
410 +2 <10 ~13 s
.
Ruls 3, To subtrach one muder fron another, change the siga of
the mumber to be gubtracted and then add the muDbers L
following rules 1 and 2 above. %
Subtrastion Exampless :
43 25 «10 =l ]
Q!"'BE a!.mz y!+é! , n!-é! 1
0 +25 «15 -1 %)
| z
‘; Rule 4. To multiply two nwbere, mltiply their sbcolute valuss, %
: &
| If the signs of the mudoers ave the cams, the enswer wiil g
3 - N
i be positive, If the signe of ths numbers are nob the sams, é
the sign of the ancwer is negative, In short, 8 plus tiuws %
] i
& plus or & minus tizes & minus © 8 plng ancsvor, while a §
plus tires a rinus gives & ninus ancwer, ﬁ
Hultiplication Excrpless ¥
(+2) x (#h) = +0
(~3) x (-6) = #18 §
(#3) x («2) = =6
. (<1) x (+8) = -B =
}
4
L] \-,?
|
£
i
‘ 1. 4
| N i
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Bule 8, To z_i_i;@ two mumdors, divide thelr absoiute valucs, I2
ths zigns of the nuwrders ave alike, tie ancyer w1l bo
pozdtive. If tho sigas of the mzders avo woliks,then the
ancwer w11l be negative.
“ Division Exaspless
(#5)4 (1) = 45
(#10)+(=2) = =5
(=20)-(=5) = +k
(«8)+ (+h) = <2
As you can ces, tho mulitdplication and diﬁﬁ.on%ss ars
proctically the sae,

3.5 Exponentis. _

| a0 = a (tho dot in the symdol for 4ires). Ve cay tat a is raiced
%0 the power 2. a iz called the base, SMJarly,b-b'-b =13, bis tho
bace of tho exponsntial expression. 3 is the power to which the bass is

" rafecd, If a letter ar mmber appears without an exponsmt, then o |

axpozent is taken to be 1, Tn the exprocsion éxye3, tbapmmo!‘yiel.“
A letior or moder raicod to ths smro power is equal to ora.

3.6 Additdon and Subtraction of Like Texrs.
Tois is 8 simple toplo and can be caplaind by a.zizplo excmple.
If you havo 2 apples and you aro given 3 rore, you then have 5 apolcs.

8ixdlarly,
3x+ 2z = 52

bxy + 3xy = Txy
10 xyz -~ 2xya = Exys
Bsbe « 7ebe = abe

12.
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3.7 Eoltipliecstion of ’cam.

When we mOddply x by x,¥e arrive at thwm:?, StxAloriys
xxx = O
BoPa S
. . i, 0 = 518
When we muiltiply like iterms we simply 2dd the exponsnts of each of
tmwmmmeitaatheazppnsmofthsoﬁgma.m AT you £ink

-
-

a rule is necespary, then e
ST I

MMwmwmﬁmseanmﬁmimMQ@tmm

aaﬁellaammmm, It chould be noted at this poiat thal wo camnot
rzaltip‘]srm!im‘bm

8% » bl = 2%l  or bS5, take yowr chotce
Sizilarly, x3-y2° xByQ or y2x3
Avother basic point we ought to cover is whal happens (en omr texmd p -

(4
[Y

bo mmitiplied contain mumsrical coefficlentn. We solvs this problen sizply

by maltiplying the numerical ecefficients together and going tirorzh the

cgmo drill that we went through above with the lotters and thog.r OXPONTIL S,
Thngz 622 » 33 = 18 a5
ool = 605

202 la o =323 = 2)ab
80&30 }.‘5.5 = 2}:39

Sixdlarly:

Iﬁbmmtwyazsémmmmd coz 4f vo gab the anmvors
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Fipd ths produsta:

& . oF ins,  &F

£ B () aus, <

Bx . 1027 £az, L‘&aé
2.0 .3 U KL
22 . 532 s hns, 12233‘2
2 . . (o) ey
2%t o (o32b"%7) &us.,  <&adpeb
(«xD). 25 68, () Ans, 1203
st . (3} hns.  <2Saydel
BB B . (o) © dms.  -2lplORR

Additdicn and Subirsstdich of Folynozials,
Thiz cortainly sownde 1ike 2 mysterious topde. It really dmbs.

I T have throe horses and 2 covz and buy tywo more Lsvoos and goll one

oows X an laft with five horess and one oow. ¥Well,this s the cors vy

that we handle a2, b2, ax, ry and go forth., Ye elenly 244 ard subtract

sepra that are the gomo, Romszdor; & adgn bofore a parenthesis affects

overything within the porenthssis.

1.
2,
3
Lo

Exsrrplese

PBathhoa=2 = 122+ %

2z ~ 10z + Wy <157 = 3x « By = 5x
S+ 10 -5k -5+ Wy = Sxy+ S
10 - 3%3 = 8 + Ipda% = a%ie + 2

00 «(5234+ ) ¢+ Db = 3+ 2D
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Eroieison:

Sarry oub the milcated pseutisus,
1 1052+ 12 e B2 o g -
Zo 8abto (3o i)
3. s s tayr-lms
ho 208552 4 5b%3 o 53
5 3mitealP -
6o == . 2
7. T0xys = 12 * sz

3.9 Eogers of Toms,

~

| Bow thut wo havs mstéred the multdplivabion of berms, it iz

sgropriste thal we pove forvard and develop & means of handling ke

of pouors 35

()«
and In the genaral sase vhers a 48 @ cmtan:t coafficient
' {az)B = g
E?é acwed thot mand nare pesitive whole wimbers becuuss there ars no

e (2?10, Tals is tho sowe a8 3%, 2% 32 wpich frem owe grevious
dlsoussion equals 20, It then follovs that & vuls for handiing powers o

% sdgna. If there are mixed signs, the rulee for muitiplying rizsd signa

epply. For ths prossnd, we will uce only positiss nurbers, :

Exepiess - - - k

1 1. (92 = g2 |

§ i 2, ()3 "Z’ix.é

1° 3L (-2y%)3 wmgyd Z
e [P = (3 = 72512 é
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R R LR R SRS AR
U S R R .
R R R N .3

ke g,s;aZ}ls - “sase  GQ1sB

6. [-a?p?]3 R T
7. (a3 o 22 . (363 R X
. GAY L e  fna. AP ~ -
. () . ()% Ans,  TEET *
w0, [(-227]®  has.  -5%AE

1. ez > fms o~ {%hx - 323) Ans. fax

12, el - 2x 4 10 - 522 o3 Ans, 9F Bz 47

3,10 Diviaden of Terwms. -

I8 one of s earlier pavegraphis,we dsveloped ths tochmicue for
handling the mitiplicstion of Ulke torms. Ve zow want to dovelep a
tocknique Zor handling tho' division of lke terns, sush o8 .33,,_ .
This agpreasion ray be rewriticn %’.'%'::5" . By sixple cansellation,

ths two x72 In the denominator cancel oub with tuo of the three x%g in

the mmarator leaving e ancwer x. This' 1s the sace opwration that we

carried ont in elomentery aritivatic sas Zepdf = 2, Few, hewovor,
R we arg usisg liberal muders, It thereforo fellows that wien we divido

potors of like torms wo siply owbtract ths power of ths doncminatoy frem

tho power of the mumrabor szd wo this ap tho powor of the answer,

In rpdols Shis ruls 13 a3 follows:
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" A1 péalise that 1t will bo & great aid in sisplifying whot sppear to

1 o . m}&ﬁé@tgzmww&iﬁm. A8 wa pove glong you
i be vory sozplex etprsszicns.

¥
£
’ £
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%
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X
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£
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e
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“§ . -Em@leez»

5 Le -%» s =2 = x op ansthay approsch which might holp you grasy i
s X
';;5; thé conveph 2 - 3?'3 sz
v x° <2
e b
. L

. ; 3
:  (ze)S ;
: 3 E - @Bl ey
© 7 {x-7)
1 e B9 . B o pEeem s BX

L (b)* bx ‘
5. {322 28 - WEoBh - woAEL
e (222 + 372 + 52 - 1y?)3 (In? - 5°)

1. - (lnPe 392

\;; vi N

3 Thore wo took wkat looked like & very icpocsible situation and turned

N 4% into seothing that 18 easy to handls, Now let us go chesd snd try &
N fow problens, Remomber that as we move along ib will be necocsary thst
. you wiilizo all of the 1itile tochniquos that you have learned tima far.

j Too exerolses may contain vovicy prodlexs that have nothing to do with the
. iz=ediato paragrapns. The meseags hors I8, "Do not dovolop a sot

epprotch®, Stoy leoss. Eors in ths early stages of the cowros it i

4 T yooowmsnded that you quickly roview the exarmples in ths beok and your oum
. 1

’ % . , eolved preblems prior to tackling a new lecsén. Vo all ased tho

rodinforcenent. With this Iittle edvice in mind it is tixs for a drill.
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Exoroises:

L
2.

3.

L,

5.

[0
8.

9

10,

11.-

i2,

13,

Caxry oub the imdicated cperatdons.

%35
pei

xF=b
=

(XBS . Is) 2
x2
3523

“7a
(4p2)3

Thb)e
(3022 . B3 . hehy3
(hov3 .+ 332 . )2
322 o 3 o 2x ot
32V o bx®

128

5%2)2:!

(2t)n

2xys * 3yxz - 2yzx
(3a3p2 + 17b20a3)10

(200b2a3)8
(2 .« 3yh .52

3632xltyB

(z-y)ato

{z<y)®
(a+b + c)3/ 2

(¢abs a)é

18,

Ans,

Ans.

Ans.

Ans,

Ars.

Ans,

Anz,

Ans,

Ana,

Ans,

Ans,

Ars,

Ans,

Ars,

finht

12042348

xy'ﬁz-n

iswaébl‘ca

(x-y)®

a+b+g




e~

Ans, N

16, OSxys - 3iys + 10 Ans, 252+ 10

Earlier in this ehepber,we learned that when wo miiiply two like
qusntitdes we add the expements to gob the produst x2 » »° = 35,
Foumtb&tmaming,izwmlﬁpwéox% memméorx.
Another ruls that wo used in arithmetic was that the squave of the squave
root of & nuder cqguais e nusdor o

Vi Vi = )
Vie - \Vig =26
In algebra the cams rule applies.
|| I
BNE -
T ot ohE - oB - o
We then can conclude that if wo raise any quantity to the % power this
is tho sama operation as taldng the sguars root of the quantity.
Thogafore x% «-\l;-
VEofx = z =af o a3
Remexboring aleo in one of the previous parsgraphs that when wo
ralcs 8 power to & power wo rultiply the two powsra as:
(x93 = 223 «2b
Sirdlavly (228 =22 = RfF wx
then (13)‘-?0:3'5'3' - \3/:;3—

but: W aleo w % 1kcries (xl‘)* = W‘- s x

In the goneral care then (xa)é-.:.v;gmx%: -

19.
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Examples:

1. ai = {/-;é—
2, # =YF o ¥
3. a§’ = ‘\Ta:;

b P =¥
5, (B F U o 2

3.12 HNegative Exponsats.
At this stage of the game, wo ought to have the operation % » =2

down ccld, For a moment, you should recall owr rule for the multipiisation
of like torms which wag 3@ + X} = =R By the game token 3D o gD w TR

Well 1o and behold thls 1s the same rasult that we arrived at after

carvying out the operation of § . ¥o then can concluds that x™2 "?'ﬁ .
In gimple terms, we say that‘ an expression which bas & nogative sxponont
is equivalent to the reciprocal W of the exxression to the
game ebgolute value of the exponent with a positive sign. The above forr
gentences might sound like a 1little gibborieh, however, afier you work
through the following problems you will have aocquired another addition to
your bag of txicks. After studylng soms examples, you will probably agres
that thore is -nothing - mysterious aboud what we are doing.

1, —x%ﬂ' . x22
2, (a"a-s- %2)(.:5%}) “(_ag_) (222 = )

[ ] l an

3. 1 1
aXX ° “geix ax

= 1

20,
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6.

Te
8.

S
19,
i1,

3.

.

i2,.

(as0)"2 « (s} , (atn)~2
=%t

32+ 2l e 3mea? e P ad
(222 . (ah)

&b « (33 = ls‘b)

-.,._34-3.3 By “'aul%c

333,, e .

{332 - 29 =T

3 7
(0 (o A

u(&'&b) + % - 3

1L . 2 2
S

a,

sones et S p

R

Ans,

Ana,

Ans,
in3,

Anz,
Axs,

Ars,

_ Ars,

Ara,

Azno,

Ans,

2% aen

5 *

()2

2?2 2 2 4 2y
(40) Y

Eb =3
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15, X'? * ,}@m . x% =2 Aps, ) gtf » - :’{jrz—
e | R

e &&@“M‘ Y Y 3

{gz - ’b)‘.el | ;
18, (& ~ b}z b ! L3, j_ . .o

(&”b) 8= b / ~
i%. “3*?*33‘4&«%:& . Ars, a&lg
2. ((=0%)° Ans, Gl .
216 (33 ¥ ya)i’ m(l [ Yg
2, & . oF ,xt Ags, X
230 U xg . (:% )‘1 . mp 1

BExrross as & frastioml exponsnt

2, Y0 pus, =¥ i “::
2. w Ans, x%" .

3.13 Kultiplyiss Polynoxdals.
" In eritimetdc,we had very 1ittle troudls mwitiplying onn nuxber by

another., If wo hod an cxpresaism zuch as 2 (4 + 3),wo sizply 2dded the
to tho 3 and then rultinlied the sux of 7 by the 2 to got 2 anzwor of 1.
You chould note that you will alco got tho cams enswer of 14 if you =ultiply .
tho S by tho 2 and thon ths 3 by the 2 and then 2dd ths individeal oo
thich axro 8 end 6, By rapid mathemmtdes we arrive at 1), In chorts
2(3+W)w(2-3)+(2-h) = 1

Yo 1otts take the algobraic expresoion a + b, il iis lferad
kowy wo camnot slrplify it any farther as we could have in tho espresaion
(k + 3) sbove. Suppozo wo wanted to mmitiply the a + b by o,

¢ (a +b)
22,
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'gocond mothod sbove, We simply rltipiy codhi part of the polymemisl 8 b

by the monomial o and add wp ccch of ths individusl produsts (called partdsl
products) to got ouwr ansyer. FThuss

cf{a®*h) = ea®dadd
By the eams tokem

s(b=c+d)®abeas*ad

ziyﬂ-s*x?) ° zy exs + O

How that we have digested that,latis go on to the noxb tidbit of
knowlsdge. Hore againm, the ardtdmetic a@cgy 1 also rost appropriate.
In arithmetic, if woe were asked to find the following produst {221) (3+5)
we oould get our answer by two approaches as above,
241 = 3 apd 3+Lhw7

o~

then
3x7 = A

Totice,also,we ocan muliiply

2°3 and 2L
and
13 and 1}
Then we add up the partial products of 6, 8, 3 and L and alco odtain

the ancwer 21,

In algobra 2gadn beeauso of itg lteral foxmatien vo oftem roagt wos

the lattor wothed to xlidply o=z polyncisl ty eucther, For exumplos
(2+b) {c?d) = soocistootd
It follcs thom that
{a+b){erdee) ®» cavcdreadbasbdebo

23.
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Thon the xule that ws folloyw wm 00 pb&gmﬁ&l by ensthor
1s to miltdpdy sceh of tho terms of eithar fostor by oach of tho tasms af
the other foctor, sod thon edd up 211 of the yerilal jeoductd o chiain

e anszer,

Bxampleoss
1. (asb) (a<b) @ a2 w sd + ab ~ 47 = 222
2, (aéb)(s#b)aaeé-ab‘iba-ﬁbgaaa?;abéfbé“
3. (asb) {a + 2ab + »2)
for aimplicity lotts rewrite this as fellowas

a2+2ab*b2
a8 +b
ad + 2ad + b
+ 2%b + 2% ¢ b3
Them adding &3 + 3a% + Jbe + b3

- e,

he Alo 82 b2
a =b

a3~ b - ba2e b3

Tinz and tins again in the dsys shosd you will be cxlled vzoa to
mltiely ono binordal by emotler binoxmdal., A quick apsrocch i3 as followse
a+b
8 «b .
Firct ztiply tho colums a * & exd <b » +b gotbdng a” exd b°
recpocidvely) then orozs raltdply the corners. Rechon alusys oo sign
ceoentionsy 4 ¢ d 2, e wyznlioew W o4,
Tn tio sbowo caco To gob ‘ab and ~ab videh rhon odded togothor glves

£oro. Oup anzwor then 48 a2 = b2, latts toy a Loy more for a drill.
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Bameplens ;:
1, X3y
1 y (Ua hawve arranted 1ike torms %
272 3xy 35° vartisally for cace ¢f eZition ﬁ‘g
ray and pbtraetien,) 4
2P xy ~3y°
2. 2x+3 fi
=2
bxy ~bx+ 9y - 6 s 3
3 X~y _ “’
&"§ . “ - .“;
ﬁo%*&z L ;0:
=2y Lok
ﬁq!@#ﬁz . Lt O;:
How I think wo are ready to try & fou exmrelsos,
)
Exsrcisess _ {
Carry out this indicated cperations, it

1. b (ax *+ by) Ans,  abx + b2
2. x(B+x2+x42) pos, Hed+Pex A
3 (P22 P ams, 3T+ 25
b (6x+2) 3y Ans.  1Gxy + by i
50 (a"b) (a‘i'b) Arns, 32.. b? {{
6, (x+3) (x¢7) hes, oy ey |
7 (Gr+ ) (5 =3) s, G2 o x7 - 2P §
8, (23¢1) (a+ ) ing. 2%+ 5 + P |
e i-;g (- Ams, x3 ~xiy ‘ E
1 { 1 i
m. S
( ';.‘3‘) (‘“”é’"a ) Ang, a :
p
2. [



i3,

-7t {zsy)

'{fr'- “}i {7+ z}”l
13. 7%% (a ¢ B)

o,

15,

\ﬁ;

11,
18,
1%

20,

A,

2.

236

532 (s o)
(2% = 32 (5 *+ 1}

(z+¥) (2B + 2y + 59

(a=5) (43¢0
(3x+ &} (& 3p)
(o # 1) {ola = b))
(Bexfag L

‘ {37)%
&n,

¥

(z% 2)

1

P 2y
(35 + 33 (2 227 5 32)

" g00 (650.}&25) )

) (F + 1) (o5
(eb) (asb} (~{~asB))
g {ast) (arb) “%
(3x) (x30) {z=25yed

ady? (54 4 y)

(ha2et) (g

«aITRD

26,

7’(‘ -

3

dng,
2
Aug,
&am
ina,

- &%2,

Ans.

Ags,

Ang.

Anz,

VAﬁﬁo

An3,.
£no,

£n3.

azf’ 3 )
&Bszﬁz‘?#&g&mb’"
S e 3o ates
FemenL?
Y s
'ﬁéo’a:"”

61 72

3% 758 o 5y + 58
a0 &+ Q155
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riles of algebra for divisiom sve the sovores of the rulss fux ml&plm%i&a.

If wo deslve o divids 3 mlsmﬁ‘by‘a aonsdal, f.e, |
(2 2% 2 |

¥. szply Givide cach term of tho polyraial by the wonondal o gob cur

anmer, This Is the soms g the following aritimedle oporatieons,

(1+ )% 5 = 7
or we could atlack it this woy

BLE - b e -

This latter oporotion is anslegous %o $%at w do in slgcdze. In the abevs
provless wo wenld write mg 5‘3.; EE = x+2
x = g

Exarpiess
Lo (i + 2=+ o
B E -

2, (10° + 20 o 2% 4 5
208 g3 3l
822 §f  gi2
3’3‘2‘“§&~0§

He will heve 1ittle noed in this courcos to divids a polync=isl by
grother polynonisl. This tochniqus is amalgous to the cperetien ve eall
leng divisdon in ardithustis. We will go thond amd colvo a covple of
emmples k@w. Hogb of the prodic:a that vo will orsowmtcr of this

form wo will trest as fractions, Thorsh a procecs of fectering, widoh

27.
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25 havs yob to cover, we will sbicant %o bivak dmm coxplex feactiesal
weprosadons into sizplified factars which me will endsaver to eang@ oubs
Thie =y confuas you for the m=ent, Do nvb worry abavt 46 for new,

Exzepliost
(x2 + 22y + ¥2) = (k#P)
Then - 4
xty | 22+ 2xyp b ye
xFe xy
zy+ye

&r*;:

This 18 the lorg divicien sypronch. We divide the first muber of
the divisor wiich 18 x dnto the first term of the dividénd, Wo get &8 &
paridal cxotdent +x. %wmlﬁplybymdiﬁwtogetxe*w. Vs
then zubteaod this frem the original dividend and wo cbtain 2y + ¥8, ¥
thon go through the cperation sgadn and got the partial cuoticnt 4y, Im
tais cace thove ia ro remuirder. Thus, x * ¥ goegdate 22 ¢ oxy & y2
exsotly x & ¥y times, Vo gos thon that (x+ ¥) (x + ¥) egls
x% + 2oy + ¥2, When we take tp faokorirg you will dearn exd thea
veccpnise that x? + 2y 4 38 = (z+ 72 (x+y) (x+7)

When asked ta divids o polyroxiala, wo wouid potb then dnle
fracticn forn &u follesss

.’i’,,,;“,,,,,...,,,2 ¥ 2 Al {x g) 4\:‘{% w xty
x¢y Ly

Lotts do 8 long divledon pooilenm wow €hdch docn pot divids outb overly.
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1.
2c

L.
L
6,
7.
8.

9.

0.
i,

12,

8% - g+ 6°
a?b la3-3a2b+2baa~oh3
ald+ &%
- a2 + 2p2a
o« 1o% « hbla
+ 6b% = b3
+ 6y + 83
The a2 2, I
anmer thon 18 a¢ « lsb » &% + o
Lot¥s try & few of these oa owr o¥n,
BExereicss:
Carry out the Iindicated opsrationg,.
(a3 + 20% « 2% « b3) 2 (a-b) Ans,
(R ey (x*7) Ans.
3 (Kz"neJ "E"(K"IJ) Ans.
(1632 « 52 )= (ka + 3b) Aua,
(3%2 = lix = h)=(z = 2) Aas,
(12x? # hx = 8) - (2x + 2) Ans,
(653 + 62 = 2x o) > (322 » 1) Ana.
(3x2 « hx = 2} -+ (x *+ 2) Ans,
Geoir ¢ (=l Ans.
K]’so Kls . Klo . K"g Ans,
xy (x3 + 2) Ars,
1
(=2« ¥ - 5 Ava,
(a2 + 22b # b2) o (a + b)=L Ana,

-~ s e o~ S

P . k2R o

o>  Rezainder

a2 + 3ab #p2
Xy
E+1
ba = 3b
3x*+ 2
6x < |y

x+ 2

18
3x =104+ W?

9% = 16

a+d
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B (o e1) = (221

lge(m:%%ﬂ@ﬁ) R (kz# 3x = 2)

18, (3« 283+ 2% = (D)

17, (10920 + 55) = (555)

B, (5B exP+2)3 (x+1)

B T p—

gﬁﬁo 232 L 4 i

- m'q &Aﬂ 1

fms, 2P0 ¢ 1
&/ﬁge 522?62*60%3”
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CEAFTER k. -
FACTORING AKD SIMPLIFICATION (F PACTORS

;-301 Fﬁﬁﬁor%a ,
’ mmedm&wwumswhwﬂgebmmmmwmlwm

zauy groblams which wo conld not golve with arithmetic, Oftentimes in the
solution of Rlgeuraic problens we develop complicated frastions, polyw
nordals and equations that can be sixplified by the process that is called
factoring, Facboring is the cpposite operation to the one wa have learned
in the previous chapter, the multiplicatien of polynomisls. As wo nove
along into the subject,ws will learn ssveral slever techniques which
through drill the student will comxdt Yo memory. Rexexmbor always that
fectoring 1s a techniqus of breaking dewm coxplex exmressions

or multipliers which when and if multdplied together would besexs the
ordginal exprossion.

The factors of 10 aves 10 and 1, or 5 end 2, The factors of 100
aro: 100 and, 13 or 20 and 5, or 10 and 10, or L and 25, or 2 and 50.

In &lgebrs, the factors of x2 ave x ard x, of x> sre x2 and X,
Remarber that factoring is taking & produst and finding out wiab mmltipli-
cand and rultipiier were multiplied togsthor to arrive at the given
expression. If we were asked to divido %., one way of approaching this
preblen would be to break the mmorater into x2. x .+ y, divide out the x2
in tho numerator and denczinator and you would bs loft with an ancyor of
xy. Our approach was to "fastcr” the x3 into x2 and x and then sizplify

the exprogsion. Keep this sirple problem in mind as wo learn & few mors
usoful tools of the trade,




The first rule of factoring 16 to factor oub & coman termy,
4.6, 8x + oy can be fastored into & (x ¢ ¥). As you 585, we hive
: worked Just opposite to our multiplissiion procass.

i | Db w20+ 2y = 22 (e + 2%)

axd + ol = x3 {a + bxd)

and _
1523 -« 20x° + §x = Sz (3x° - 2x + 1)

In the days shsed you will uess this techniqus over and over again.
Remombor, the £irst thing to look for is 2 comzon teram,

Exagples

&x + bx
il =2 2l

2x3-x x .
- EH - AET -

The cecond rule that we will use over and over again is the

vdifference of two squares rule”. The rule 1s astated symdolically

follous,
o T ey w(x-y) (x*y)

} That is, the difference of two squares c2n be fastored into ths zi and
| the difference of the square rcots of the absolute values of the crigimal
cexponents,
1 Bxampless
1, 82-b2 = (a<b) (a+b)
i 2, allobh = (a2 -2 (a2 +12) = (& = b) (a + b} (a? +b2)
z 3. -1 = (x-1) (x+1)
be 16x2 « Ly = (kx - 2y) (Ux + Z)
Tho studont will porkaps gracp tho comsept i¥ ho will mltiply tho ebove
Jactors to obtain the criginal xxprocsion,
32,

k
n

5 e v g - N, A
: ol B s o S ey s A W i o A e AR I 5 D e o oy S AT ST

- v Tt b AT & 8 5 et -

D R Sandasiann i

=4 ¥



g, 2-1  (2a=x1) Qo)
2a 41 Lea-s3y
6, Mho1 _(ef-1)Qeen—  hf-1 %..,_zswl
. (o1} (2x-1) AT (B 1) 2x -1

= 2@.,,1

The next faster rale thad wo oughd £ know and loun o resogniss
to further simplify more complex oxpressieny dse
a2¢2sb+b2 © (a+b)2a(a+t) (a+b)

Similerly [
? ix? + Bxy + ly? = (2x+ 2y) (2x+ 2y) (In this cacs we |

have said that a2 Jx2 ora = 2x and b2 = iyl or b = 2y)

and
%2+ 6x+1 = (3x+1) (3x+1)

The rext facter rule that wo must alzo learn i3 sixdlar to the one
wo just talked about. It iss
2220 +b2 = (g wb)2= (a=bh) (a~b)

and sgain similarly,
bx? - 8zy + ky? = (2 - 2y) (22 =~ 2¥)
and
2 abx+l ® (3x-1) (3x-1)
Thers ars soveral othor fastor rules that wo could devslop now, bub,wo

will take them up in the next secticn afior wo kave drilled en the abuve

nely soquired knowledgo.
Exorclzesy
) Faoter the following oxprossions.
. 1, a2+ Ans,  t{ax + K1)
2, pdb+ap Ans.  p(bta)
3. 1503 + 1022 Ans,  Sx2 (3x+2) s

33,

= W
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lndiiin.

- f
e S a1 fng.  (8001) {8<1)
8, Iz = bsy? Anz,  Ix{=) (x47)
6. &3 = 22% + ap2 Anz, & (a<b) (a<b)
7. 9all + 623 + x2 sns. 22 (3x¢1) (3x + 1)
8, 2x13 . 2yl ' fws.  2x{xBay3)(=3+53) (254y0)

1,2 Boms Other Coxuon Factors.

There are two othar Lacters that we cught to learn to recognise,
These sre the swz of two cubss and the difference of 2 cubes. The gm
of two oubos can be faotored as foliowas

x5 + y3 = (xty) (xPexyty?)
This csn be proved by rmultiplying the two facters.

2 axy+ ¥

x X .

ﬁ-x?y-&we <t
+ X2y » xy2 + y3

3 +y3 = xe y3

Sintlarly,
D = yd = (xey) (x2 + xy + 32

xed»xyéya N
. I A
x3 + x% + y%
- Py o
x3 - y3 = x3 .yl

h.3 Psctoring Trinoxdals of tho Forn ax? + bxy + oy?,

A

You will rccall from the provious chapter wizen wo discussed the
mitipl_ication of two binomials, say (23 = kb) (32 + 2b), owr mothed was
to miltiply cach term of either by tho torms of tho other, & ww
vhich the studont rmay find helpful to caxry out this coperation is to
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writo the terms onz over the othor as follows.

2=l

a*hp

| Multiply the left colwmm to get 622 then woltdply the right celwm to

obtatn <16b2, The next stop is 4o mltiply dlagoeally (}{)mm
algebraically add the result. In tho sass wo sve discussdng,wo weuld
maltiply (3a) by (-lb) and cbtsin <12ab, Thon,we would miltiply (+lib)
by (2a) and cbtain 8ab. In swemvy,ouwr situaiion would leok 1ike

22 « kb
2t b
632 « 128b « 16b2
4+ 8 &b
Ans, 622 ~ § ab - 162

The student chould confirn that this operation conforms to the rule
of mmltiplying binomisls which wo discusced above.

Remerbor that factoring is 2 prosess of dstcrmining & poasible sot
of nuhers which wore rultiplied togother to get a certain mmder., We
SRR vithatrinonial of the ebove farw, 632 - Lab - 1652, and wo
ray want to simplify the expreassion, Owr approsch would bo, in a sgense,
working in a revarced direction to the procecs above. Wo would f£irst eay
to ourzolves that the two fasttrs will cach be mado up of an & and b tern,

We wonld thon Jobt doun
' a b

a b
Wo wonld thon zeo whab ware tho factors of the 6a2and of the -16n2,
+ 622 = (3a)(2a) = (6a)(a) = (=32)(=22) = (<Ba)(~a)

- 1652 = (16b)(~b) = (Bb)(~20) = (Lb)(~kb) , ote.

35.

v & amtn s v _mg



S e L AR AR WA A Y i N 1

Yo thon pateh tho diffevent oocidmabions of e feeicdn togothar
watdl o get & cosbinstion,shich whon mnltdpliod Logetien, vl prodove "
e niddle term (ob) wo ave losking for. This, ) lmow sy coved o Litile
kard to underziand st fivat, howsver, afier you vesk e few of Hhmes
provlezs, ¥ou will wedlise thet 1% ds resdly quits sdwple,

Exawpless
Pacter thas followdvyr
1. %< 5xy+ g Peocfs = b by
(x+lg) (x+7) A —
7+ by
+ gy 4 Yo
z2 + Sy + y?
2. %2-3@”?52 Pevds 3z - 2y
(3x - &) (3 + 5 S S
72 w bay - 2%
* 3%y
92 = 3%y = 292

It chould bo noted at this point that not every expression of the
fomax2+bxy+oy2mbefmtored. HMany suweh exprocsions carmotb
bo further sixplified. Both x2 = lxy + y2 and 2x2 - 10xy + 272 aro
exerples of expressions that cannot bo fastored. Ouce 2ll ef the
gozdinations of factors above have boen choskod and the student is pot
able to arrive at tho middls term,then ho ghould conclude tkab tho
exprozaion cannot bs fastored.

Further on in the book, vhen v teke wp tho study of quadratic
cquations, wo will ges that ons approach to tho solutien of quadratis
cquations is ths utdlizatdon ¢f the tochniquas of fastoring.

e e e e Y T+ SR P DS Ty e e o = A T o me vardo e P R .
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Bxreisen:

1.
2,
3.
be
s
6.
1.
8.
9.

10.

b

algobya aysbolizes a divided by b.

torms to sirplify the expresszions., As an exarploes

6 x & x
KFxFxix

In this cxprossion,the 8x8 cansols oud with 6y and the 7x5 esnosls

oub with the 35, sinss like torms onmeol., T copveoaien is thma eguivalent
to 500, Howaver, you zmst agros that tha 500 form is tho sipler of the
Sro. Since litersl mwieors in algebra admply repmesont b2 nodern vhish
wo doal with in arithmotic, the eperaticn is idombtical. ¥e brcak the
numsrater and donccdnatera down dnts tholr slrplest feciors and then camnel

Fester the followiagy
¥ obx+B

12 rxaex?

6o # &b ~ b2

83 & 16x%y + Gay®
3%3 - 12

x5 - 6x2 + 21x
83 + 3

a’ =8

32 + gb - 12
2lxt - Zly?

Sizlificstica of Fractiona,

In arithmetic, the goneral defindiion of froctions is one roher
divided by onother mumber, Tho iwo muders are scparated by a lime which
sycbolises the divieien &ign,

oub lils Herma,

X

An3,
Ara,
&va,
Ang,

Ang.
Ams'.
&nz,
Ans,
Ras.

Ans,

roans ) divided by 2. %. in
In arithostic,ve cancel ot like

37,

= 500

(x=(z2-2

G+ - 5
(3359 (2%%) I
(25) (22037) (29) 4
(39 (a-2) (=2)
(38) (xezer) i

{2xty) (hnPeSuyiy?)
(e~2) {a2+25+%)
{32¢lb) (e-b)

(=3 (x*y)
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Brw | Aoy Sxey
PR | .
g2 o #32 . (arbilesdy sebh
A red a0y a
Boos fn exitimatio ve #id not dRL with sogetive muthies,$h Sa :
amwwmt%em@sm@mamm@ .
recative mulieyg in fr&s&émsﬁ %W&G@mm&aﬁmﬁ@w :
mma&ug@ieasfaﬁmz
{0 mmﬁmm@rm ]
(2) Too signz of tho domcadmator bevms A
i | (3), Tho sign of S fraction ftse®, ;

s

Wo can chengzs any twe of the above catogaries of signs (from * o =
ot = %o ¢) withoub changing the ?elm of the sxpressicn, Thie folious

‘ frem the ruls thats
’ "+ divided by ¢+

and o gives + auaer
- dividsd by ~ ‘

+ divided by -

& by + glives -~ anowsy

A plus eige botors § fyastacn san he connideved 88 & miltdplier
{raving tho vRluww +1} of the fvostion, Lﬁke%ﬁza, 2 nezative sdgn bofore
& fractdon oan be esngidersd &5 & multipler (having tho walus =1) of the
: ' frontion. '

Letis drdll with a sowple of shiple arithmside frastiens to soo 48
the ehave uls iy valld,
gl . Taks,for exmsple,iko frastden #%

1 The adgns are ey follewm + :%
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Y€ s shange tho weeater end desomingter slgns S+ to = W0

i o
are lofs with + =

Ye Imow that o1 divided by =2 gives +4 for & anzme, Thvelers
our valus of our frastion hes nob chsnged, Ales, sharting agaln, this
m%&h%ﬁ%ﬁm«%crw%,#a@mamwsﬁ@aft&aﬁmami
from » to + s the sign of the mmuwater from+1 % <1, Wo bave ehenged
2 categordes of elgus, thst of ibe freotden snd that of tho mumosator,

Wa o7 bavs + k. ar =L dividsd by 42, valch glves a < then mAtipdied
by the +1 (mederstood). We 2Fa bosk st owr crigiwal valus of o of
- which is the mas*-a;%. % follows Gem, ifwe take the
frac%icn*% awd shanze the siga of the frcotion fyma = t0 2 and the
sign of the doncginmator fyom 2 o =2 %4z wyles of the fractden atiil is
<3 or
*2 =@ 2 :
The sume rule gyplies to the Jitersl numbera of gigetra,sinse the letters
aieply represent real valuss, §
THerefore o ® walam  t ot ® ool
b + =B i) L
Reparbor the thres catogoriss of siguss i
3
1. The sign of tho frestion k
i E
2. Tho signs of the forxs in the numoyrator ¥
3. The signs of tho terms in tho denominator i
In the exprogsion -;%un?,wac&mchmmmoft&e!mﬁm :
and the elgns of the mumorator axd cbtain - o ?x:yr vaich equals « wie, gi
ginoe by ramaxaging the elgns we aro able to saneal oub the £ -~y in
beth the mumorator and donoxinator, 4
5
35 ¢
3
o o - e S T T I S
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¥

Bagnb? (e ) (s -2) {&nb}Ma »
"  bea Bes Ler=ET a-h

2 ke 9my? | x(25%09%) | (Z-3m)(Bmvdy) .,{23@3?“33,
,3%219 -2 Z~F

Pariops ws @mmfwammt@ﬁmegéiﬁsﬁmﬁ
to frsotious, In aritimetic, 1f we wers to divide 'ty §y, v would
havo weitten § &+ $5 or 2. . The basto xule we followed ws to
dnverd the dancsimtor orF éivisor and then multiply.

3
-y - + 32
%ﬁ’efw%j "‘"‘%. % o-g s 3
3. .
St=dlerly ? - % " & . c

Arotlior less dxportant opoyation la taking o sgvere root of & {raction.
If ws aquare g,mmmm

REE

In cther words; we square both the mimsrator and demczdnmbor.

that the sguwe root 1z the opposite ¢poration o semaving, ws would
maturally take the square root of both tho deaoximater and the numorsior.

Thus, the gguare yoob of % mmamaafanmi@a-% a%-
Brangloss

= Ept 2 - 232

40,
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Another tochmlqus wo should geview Srom orr evitimetie doys s the
sporation of flailng the least comen denvatnster. The teple 18 sumwtimas
called the emsigamabion of frastions, In arithmstic, 4f we Bad the guk

S %*3‘1

G
Q:‘

L)
PN AIWAC T AOPS TR WA, ST o
LT A i g ik
ah N T faTmAL o # ATA 2o

, @f%#%é% ws would fird the exsllost muxber that &1l dhres
deneminabors would divids into evenly) we caliod this the leash gommim
denominator, In this ma;t&a muder wouid be 6. Then we would divide
each of the dencmimators in bwn ints 6 and then multdply the mumsretor
of eash frastion by the corvespondimg guolient and siwplify. 4s en
exaspley szjm_% . g . %,woﬁ% i:ga;gn é’; . 53{..
Again the sethed dn slgebra iz the same. Isbs take the expression

2. - lzed 1
x*3 x#-9

Tn this case the least comwn donsminator 4s X° - 9 or 1 its factoved
Pora (z 3) {x+ 3). Thon since x + 3 goes iats x° » 9 exsotly (x - 3)
times snd 27 - 9 goes inko itsolf cmse, the ordginal expresgion then
siznlifiea az foliowa.

N
By
]
B

PR,

= 225 = 23 n o2 - oxés
Bbs .. B

.

oE, S mmnes | &rlas
ek F el (me2)(5ete) ol

23 * oY

i
.
'3
2% .
»:
i
5

63'.»

&
m@niwn”wm
a+d+1 sfe1eg

& 2

3

la,

?-mx mwﬁ’g;{;ﬂwf‘%# o SAER AL MY T SR AR R ORI D N T Yt i 3T W TR VTR, SRR SIS
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Then, a&msmmd&ﬁémcmﬁmmbymm,wm& 3‘* '
. mmwm@mmmmmmﬁmnwwuw e 5.
) conseli out of both frastions gs fellowss
83 -1 A
% 23l . e
aér; Y N ..;:... x,.ma 3
“avd 96 eve 16F6 With a:ii-‘ ;: :’;ﬂ
Bxoreises:
Feotor the following.
1. Bby = 1200 ins.  liy (2 - 35)
2, a®2 . 2502 Ans,  (ab = 56) {sb & %)
b 3. a?¢Bavi6 ’ Awz.  (a+ k) (a*d)
; he 9-txex Anse  (xe3) (2-3) or (32) (3-x)
1’ 5. abesa?.oul ses, (a2 7) (a2 = 2)
: 6. 2wg =10 ) Ans. (2 =35){a+2)
f 7. 6e%? - 16 . ams. 22 (2a%3) (23<3)
6, xboyh \ Ans.  (xp) (xty) (x25®)
‘g xyeylesdstym fns. {3=8) (z2 = ¥)
j 30, x2.32+2m .9? Ams.  (z-yts) (xty-2)
3
g 1, ‘:f’;*':*‘i‘é R e
{ 12, W hnse 1
) : Cozhins into & ainjle fraction,
13, Gl zr2) g, Do lioe
(222-18) (9% ~ 329) bx (x+ 3 {x o3
§ k2, ,
_:m;a,,ﬁgsmzwmw PO S5 R ARSI o

YOt iy P S A

KL gy
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! 1 1 ' \ 2
e (a5} (a0} (bea) (od) (g=8) (bes) A8 foed) {a-b)

Siepiys

> ., 2 2 (g3
¥ g > y3 y (Lrxyeyd)
16, % + z-mw ggs" ._%s,__
\ x* 2y
ley (xmy - "f'zi”'igl ,
17, (=3)? fns. 9
18, T+ b ns, 125
£ 1
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Porforn the indicated eperations and slwpliify vhon poasibls, s
20. 3'-}35 | Ana, =5 8
‘ 3
2L, (xﬂ 3b Ans. ﬁh 3
22, (32l ars., 61:5m
a3, sala<b) gb(ath) L1202 Ans, 280 | ’
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CBAPIER 5
FECTIONS ARD GRAFES
Since functions and grephs ave 2o closely related to oze ancther,
the disoussion of both kas been inccrporated into this ochapter. Do pob
worry about the relationship ab this time; it will bscome clasrer gs you
approuch the end of the chapter. Simoe a funstion must exist bofore &
graph 1s drawm, we will stert off with a discussdon of funoiions,

5 oL Funoctions,

Functdons ave marely a syzbolie way of indicating that a relationship

axists batween two or xore varisbles, We can easily undorstand funstions
if we say to ourgelves that the amount of money wo have in our pockats is
a funotdon of, or is comchow related to, tho nuzber of quarters in owr
pockets (if we asswss that ws have quarters), or the muber of guarters,
dimss, and nickele (assuming that wo have only guarters, dimss, end nicksls
in our pocketas), ote, If, in the first case, we let m stand for the money,
expressed in dollars, and q stand for the muwber of quarters in our pogkets
we could writes

a dopends in gows mamer upon or is related somshow to g
Now, since wo are eaying that m is dopondent uoon the wvalus of g, we eall
m the depondent variable and g the indopondent warieble, Thon, since
rathematicians are, in gonoral, legy whon it comss to writing things out,
wo sabstitute a literal symbol {usvally £, probably becauzo it is the
first lettor of the word function, bub any syrdol may be uzod) followed
by & parenthesis in piace of the words "dopends in voms Q:mzer upon or is
related comonow to", Noxb, wo place tho gysbol for the indopendent
variable within the parenthesis, If thore ave two or more indepondent
variables, we pub the syrdbol for oach within the parcnthesis, ceparating

&3

EA T AN G ‘,j,,;&:%ﬂmu%;ﬂé erie e B

i
I M P

Sy
T im

e

%A%.‘:ﬂymﬁmf-

ce

. ,;;,\:Zf« £ *ﬂf‘foﬁwwyw

Goow Yac i g

e et

AN

g%t




[ 7 I

AP <Ko rmalll. * Lums

$r wad,

o g WAL AEN S N M g

T Mo st e e R A T TR RS

R e e e T e A Y S B R,

T

the syrbole with cosmss, Then in opder to soparate the eyubol used to
indieate”deponds 4n sowe mumer upon or is related somehow to) from the
depeniont variable vhich goss on the laft of the equation, we place en
equal sign {*) betwoen the tio. Ws should be cautioned that the egmal 53811
ddos §5t* moan that the dopendent varisble is oqual to the 1itersl eyebol
uveed to indicats function times the contents of the mﬁi@a&s in the

game manner that 3(5) msans 3 tdmos 5. Tho syxdology =f(x) should all

be congidered b one time in detarmining 1ts meaningy whlch is, comsthing
18 8 function of whatever is indicated within the paventhesis, Patidng

the sbove information togethér, we should bo abls to coo thst the fest

way of expressing the zacf.; that the monoy is & funotion of tho quarters

in our posket ias

n = £(q ) ~ vhich simply means thad the amount
of ronay in cur pockdts is a fwngticn
‘of the nusher of quarters that wo have
.. in owr pockets,

In the cocond cazo, where we had quarters, dimez, and nickels, we
‘could uce ths sy=bole n for roney in dollars, q for the nu=bter of quartsrs,

" d for the nuber of dimes, and n for the nwder of nickels ard easily,

I hope, £oo that wo can write the relationsidp in the following marmers

n = 2(q,d,n) - reaning that tho monoy in owr pockots is &
funotion of tho nu=bor of guarters, dimss,
end niskols that wo havs,

Totice that 5 far wo have only caid that =f( ) indicates oaly the
fent that a dopontond varisble is scemchow rolated to an indepondeat variable
or to indepandont varisblcg. Wo hawe not chown tho excst vplationchip
booacso wo st firat of all got wood to lookimy ab the syrdolozy and
realizing that 4t roans that comothing, widloh vo will call the dopendent
variablo, is a function of or is coxchoyw related to ono TP rure cilor wrde

ablion, which wo will eall ths indcpsndoent varisble or varisbles, Ramssder,
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now, that the syrbol indisating funstion san bs any litersl gyczol that

we vant to use. Thus the syzbels £{ ), g( J, ¥{ ), 6( }, u( )5 els., all -

roan the eavs thing, Femely, thab comothing is 2 funotion of the
indopendont varisble indicated by the eyzbol within the parenthosis.
Likesisos, £(x,7), &(%;¥}s F(xs7), obo., 811 mogn the cams thingy rauoly,
that something is dopendent upon ide valves of %ho vexdebles indlcated by
ths syzkols x and ¥.

Now thut we lmow that £(x), g(x), ete., only moans that sonsthing
is 'depmdent upon the wvalue of tho indopendont varlebls x, we can bogin
to wonder ¥aat the exact relationship 4s. It should ho intuitively
obvious that wo gt know the exaoh relationship before we can detersine
any valuss of the deperdent variable rogardlssgs of how ruch wo Imow aboub
the indepondent varisble, ?Dl; oxaxple, all wo know go far in the roney
oase ig the'ract that the emownb of roney is comchow related to the musber
of quertors. Fron expsrience, we lmow that four quarters ere the tase as
one dollar so wo can write the solm:

n ® ,85q (That is, for every guarter wo haié ir our pockeis
wo have ,25 dollars).

Thon,if we had 10 quarters, w» would substitute the aw=ber 10 &\'{r
the litersl nusher ¢ and wo would fimi that ronoy, in dollars, aquals

2.50. Going back and putting the data inte fimstional lanzuage we would

havas
n= f?q) whoro £(q) = .25q = That ia, monoy is a function of
ths nusdor of quartors and the exact
velationehip is .25 times the mudbaw
of quarters, .y.,1 b Sitlle
Rt 2 £ S
Onco given tho relationchip ¢f m to @, wo would place within tho
parenthosis tho valus of q that we wanied %o colve r for, and would

gubstitute thie valvo for the indopondont varisble gybol whprewer it

7.
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appeaved In the egustion which givos the exmct ml%i;@m&fa%gi Thon, 3% e
we agsuze that wo bave 10 quartors, wo procted as followss

ze 2{q) = 25e £ind the velws of a for £{10), mcmm

solve for £(10). Thon, substitutdng in the #iwdag IC wieraver & g appearsd
wé.mﬂd gots )

-~

u = 2(q) = ,25(10) = 2.5

How gotting along a little bit, we will go to the quarierg, dimss,
and niokels ogze., Ws oan write this function statemont as:
n o £{g,d,n) = .259 + ,103 + .05n (This mogns that the emomnt
of ronoy that we have in dollars is
equal to § the nuzhor of quariers,

plus 1/10 the mudor of dimos, plus
1/20 the numbor of mickelz,)

Thus, if we wanted to find the value of four quuriters, ton dixes amd tew
nickels,. wo would writes

n = £(q,,n) = ,25q + .10d + ,05n Solve for £{1,10,10)
Since, by convention, the nwerical values within the parenthesis are
interpreted as baing applicable to the 1iteral number ocoupying the cams

relative position in the parenthesis, we substitute 4 for q, 10 for 4,

and 17 for n in the function equation. We can mew golve tho problen as
followss

R
22t

TR - BOSCACN ¥
ot 2 G i 5

ns .25q + ,10d + .053. .250)) + ,10 {10) + 005(10)
= 1,00 + 1.00 + ,50 = 2,50 Ans.

F o

At this timo,we shouid roview tho fact that wo can uge any literal
syrpol that wo «ioh in ordoer to reprecont the doperdont variabls, the
indspondont vardable or varisbles, or to indicato & furstion. Tho only
requircmant 1, 'f.‘zat we bo consistent, In othor wends, wo would nst want
the ayxibol x to stand for ons variabls one place in a prebley, and for a
differsnt varisble in a differont plass in the sams problen. As an exuplo,
wo could have Just es ocasily writions

L8,
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¥ © 2m8u) ¥ 25x M .eggéz@m ¥ stoed fop remey 38
doliavn, = sbood 2or the nmher of quurleda, B
gbned for the wuder of dinss, and W piocd Lo
the nmder of wlolsla.)

Ia ordor to enswre that on uadwratoniing of fenstisss bes bsen gulssd,
you_chovld study ths followinr problzsm wiop by stop. ‘
1. == £(y) = y*2 solve for 2{2)
therofires m= 24 2=} Aps,
2, n=g(y) =y + b solve Zov g(2)
thoraforss n= {2+ heh ¢ h=§ Ans,
3. ¥ £(x) » x = 3 solve for £{3)
thoraforet ¥ = 3-3°0 Ans, |
b, & @ 2(x,u%) = 2x + I ¥1 solve for £{3;h)
therefore: © = 2(3) + b(k) #* 1«6+ 3691 = L2 Au,
S, r = f(xw) = 2 +2x +u golve for 2(3,h)
thoreferes » = 3(3) + 2(3) ¢ (i) 227 + 6 ¢ iy % 37 4ns,
6. £ = £(n,a) >3 solve Lfor £(3,16; '
thorefores £ = (3) (26) = 48 Ans, -
7. 75 2(x) »x2 +x + 1 golve Lor £{x + 1)
thureforer ¥ = (x#2)2 + (x+1) + 2 = 2% & 2x 41 # w1 # 1 = x23x %3 Ann,

.3

5.2 Functiops of Furstioms.

It i3 now tims to oxbord ovr knowledge of Zrmstions te Seolude finding
ths vales of the dopondent varisble whon tho irdopendont varleble is,
iteelf, dopondont upon a thiwrd variableo. To illusterate this condition,
wuish my bo called a “funetion of & frmotion,” wo will go bask to our
roney problen ard assuwd thot wo have énly nlckels bulytor co wlmexm
:eam;a JSe vant %o expreos our money as bolng a fumctlon of cuasters elois
and nob quarbors, dires, ord nickols, Ve wvil) acsuo, therefors, tial o

b}

kg,




ean consider § nicksls as one quarter, KNowsidn coxpliance with the
ragstriotden that we placed on ths problem, we can gay thate

a = (g = ,%q
Rowarbey ,bhovgh ,that the value of q depende wpon the muzber of nickels

ot R gt e
. v

' that we have. Knowing this, ws can write a function statement ag Lellowe:

g = g{n) {¥e sould have just sa well ugsed £(n) bub g{n) wes
used %0 avoid confusion thabt oould have resulted
later on.)

Since five nickels are equivalent to 3 quarter, was can indicate the
gxast relationship sss

q=gln) = .20n
Continuing to sessunrs that we only have nickels; it fellows that what we
really want te do 1s golve ths equations

m = £{q) = .25g for the value of q = g(n) = ,20n

Therefore,we may gubstitute g(n) iun the equation wherever q appears

and we find that:

®

ot R Hn AP A s st DTN NS IV VRSO S
» .

m= 25 (g{n)), but in this case g(n) is equal to .20m, 20 we get,
m*= .25 (.20n) = .05n
Appuidng that we had 15 nickels, we can state that the dollar value of

s
]
i
3
£
[

ow money would bs ,05 times 15 or .75, which is also intuitively obvious,
Now,if we want to expand this example still further to include
quarters and dimes as well as nickels, with the same stipwlation with
regavds to expressing n in terms of g, we get the folloving equationss
m = f{q) = .25q

q = h{q,d,n) = q + .40d + .20n (Note that we have said that q
is a function of 1tsolf and that we set the relatione
ship as one to one. This makes sence, doeen't 1%7)

= S R At At W ak F R
.

Ao o problemthis would probably be stated as follows:
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n e £(q) @ .25 and g = h(g,d,n) golve for £{z) given thab
we have I quarters, 10 dimss,
and 10 nickels

In this case we procsed ag follous?

1. Substituts h(g,d;n) in place of g4 in the exact relationship and
get m ® .25(h{q,q,n})

2. Baplaoce h{g,d,n) with the exact rolationship q + [0d + .20 n
and get m @ ,25(q + }i0d +420n)

3. Put in the values of q, d, and n and we geb m = 25{k + Lo{30) +
.20 (10)) = 25(h + L + 2) = ,25(10) = 2,59 Ans,

We also have s function of a funstion wher wo determine {or atterpt
to determine) the valus of the depsndent variable for a valus of ths
independent variabls,vhere the valus used is dependent wpon the same
indepondent variable as the original dependent verdable, In order %o
simplify this apparent talking in circles, I*l’i,‘inﬁicate wnat is msand
by an example,

Assume: ‘1
y =i{x) = -’%-—- golve for £{w) where w = £{x) s x + 1

Remerber,now, that £(x) indicates only that y and w ars both faustions
of x, It does not indicate that they ars equal, In fact, they ars nob
equal, Solving the problen, we get:

wtl x¥l) * 1 x4+ 2
y"mr._butw“xf-lsomgetyﬂ = * S

5.3 Dormain,

Having seen how functions work,we st think about the range over
which the exact relationship holda trus. This range 18 called the domsdn,
A rather simple example would be the cage of the saleeman who receives a
commisaion of 10% on all sales undsy $1,000, and a conzdssion of §100.

51,
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pius 15% of the price in exosss of §1,000. on all pales ovar 81,000, ¥e
could write his commtssion gobeduls then ass
¢ =£8) = 108 shurs ¢ stande for ecmxisaicn and 8 for salez
It 48 trzs for the range ¢ dormain of G‘-%i,eﬁ&
o= g(s) = $§100 ¢ ,15 {81,600} Trie in the desain of over ¥.000.

Yo can ses that the relationship bebyocsn the zsme waricbler was
gifferant In tyo greas of zalss, The area wvhere sach heids trys fs thet
fosetion?s dozalx,

" Before progressinz to the nexb half of the chapter, maich is o
graghs, the studsnt shouid work through the following exmmpiss and
preblens.
Eszzpless
1. yeF(x)=x2+5 <3 sgolve for 2. F{(3} b, 2{3)
8. y2(3)2+5(3)+3 m9+15+3 %27
b, yu (52 +5(5y+3 =25+ B +3=53
> metla) e 5s® +%a+3 golve fore, 8(2), b, (3}
& a=5(2}2+h(2}+3az’*c+2‘o+3=23+z$
b 2532 +b(3) 5ol +ps3=kB+ P
3. ye{xw) wxsw finde, £(2,3) b, £(3,4)
8, y22+3s35
b, y23¢+hko?
bo t=f(zw) =22+ x+wd-l  finda, £(2,3) b, 2(3,h)
g, to{22+2)+{3)2.1=f+2+9.1 vl
b, t= (e (N1 21943+ 16-1527
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S, a= 2{x) m2x-i Find s, 2{x1)=2(x) b, Z{kDep(z-1}
8, 1= 2zl o« 2Ax)el = EFZleRxel 0 O
B, n=2(x¢3)=l + 2{31)el = 2x:5TF2He2-] = Lx 42

As you can sse thig is rerely & problem of zolving for eng velue
o the independent warisvle end thon snother welus and then perforxing
the sligebraic operations calied fop.

b 75 glo) mSand b ohiz) e x® o3 Pimas, AL o, B
B{%) 1EY]

&e zstgé—nn- = 8 = 8 gé‘na
£ (5)23 25 =3 22 11
b, I , 125 2 . e o
t  (6)2.3 36 -3 33 il

7. 7= glz) *x2and ¢ = afx) = Péhel Fiad e, gl3) # B

b, g(5) = B{(2)
a. yHrbe {3242+ (W54l ~1=26+8522416-1 = 11

b yet= (522 [(23+4(2) I = 232 - [081] = 2795 = 22

8. g(x) =X 4L axtn(x) =3+ Fiud s gfhlxf] b BfEls]

a [ 2+ [x]2thmstinsLolin1grbnes?
b 3+ [eld] 223+ (P? o 3eegalirte oars

9. g(x) *x2+ WVadh(x) s6x3+52+3 Frove g7 = x{2)
g7 = (N2+12=)9+12m 4]
B{2) = 6(2)3+5(2 + 3548 +10+3=61

10, Ifz“f(y)'.?;lz srd y » gfx) =x + 1, exprocs £ in terms of x,

‘_r3(x¢1)2-12 . 22 2+ 1) - 122
¥ (=1) 4 2 z %3

53,
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z+ 3 z*+*3 = x*3

Problena,

1,
Z.

3

56
&,

T.

8,

3.

12 y = 2{x) = x%5x .3, solve for 2(3)
=gl = %}3‘- s solve for (L)
% = g(y) 5352 4 ¥4 2, eolvs for g{25)

@b = gly) -ﬁé, golve Tor gly)

P2
It = = £(n) = 22 4 p, fied 2{(n-3) ~ 2{n)
L=y = Z%—’: srdyef{z} =z * 3,
oxyress z in bevms of x
W=y my+ 3% sdumglr) sy+ 1,
£ind £250) in teems of ¥

£ g=2y) = %ﬁé; solve for £y # 1}

A s x£+x-18e08 (x5} 22~ 3;
deeg F{l) = 8(5)2

12 P(x) = 22 » 18 and O{3) = x>+ 18,
doos F{~3} = &(2)?

5\’!; ml - "&9

Oraphs 2re nothing but a pletorial means of chowling the valus of &
single varistle, the relationshlp between two varisdbles, or ths relatione
ships emong three vavisbles, Uraghs of mors than thres wardables svs nob

Aza,

408,

L4

ins,

&ns.

iAng,

Top

Yoo

dresn bscauss e csanvd easily deplet zore than thres dirsngions and in

graphing one dimsngion iz given %o each wariadle,
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Zo start the discussion; we will asswse wa wmnt $o show only the
varicus paseible values of a gingle variablie, A)1 ws need for this is
a straight lins which hes beon dividsd fnto equel length olements by
di’v;tding lines which bayse been nwbsred in an appropriate, loglesl manner,
By appropniate is meant marking the divisions in wnits, tens, hundrods,
ete., a6 best fits the situsbdon sed having minve awdfor plus salues, 68
necessary. By logical is msant starting at one plsce, call:=d the origin,
&nd parking the divieions as they £a1l in ssquence in digtance sy from
tie origin, Thus, we don's have 1 mest o he origin follcued by 3 emxd
ihen 2, We must bave 1, 2, 3, ebe. We norrally label the sfraight 1ine
or axis, a8 it is compnly called, so that we will know whab we are
waguring, Some sxmmples of single line graphs and the indloation of
vayrious values of the ?a,fa%gbb sv8 as Lollowss +9%

zf;j?fi!JlLiaaiatnll

Plus and mimus <Y -1z -8 -4 L 34 48 ap "+ remperature in®0 |

8
;::I}/\/LIL_JJASIJIt
Flesonly o a0 ¢p m 270 300 330 3toRattl Debt 4n Billdon §
_l!!l(ﬁtthl!lii!lj

Hinus only T Hi:mt-es to 2 Rocketts

in order to chow the relationchip betwoen o vxelables, commoniy
calied plotting the funetion, we mmst form whot 12 called & gystem of
soordinates, A gystes of coordinntes mevely conslsts of two straight 1inss
ix 8 plans which cross sxek other at *ight angles and which have been
divided inte sppropriete divisious, which ave cslled ccordinates, There
is 20 need for the wsasuwrements to o Vhe game slong both axes, 8y
convention, e make ene 1iae horisontal axd the obher 1ine vertleal,
Then we eall the polnt of inmbersoobicn the origin and sesign positive o

55,
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plus puxber mlueé to the cosidinabes or divialons glong the horigendal
axts to the right of the ordgin. We do likewige to the divisiens along
the vertical axis ebove the origin. Hegatdve or minug valueg sxe gssignad
to the divisions slong the horizontal sxls to the left of the é¥izin and to
the divieions glong the vertieal axls bensath the origin. Bepeaiing,

these values agsigned to ths divisions are celled coordinates. The wext
consideration 1s the owr aress or quadrants that the two axes divide the
grsph imto, These we wumber from I to IV in the following mamner. The
vpper right guadrent is mmber I, the upper Jeft quadvent ls muber IT,
4he lowsr left quadrent is quadrant YTIT, and the lower right quadeant is

pwder . Looking ab Figure 5=1, w3 can -gee that in quadrant T, both

scordinates are positive, while in quadrant II, the horigontal coordinmate
is negative while the verbical coordinate is pemitive, ete. Along with
mrersbanding the musbering system there are o few comventions that we
ghould kwow. First, the horizonbsl axis ig called the sbecisea, while
the verticel axis is ogllsd the ordinate. Second, the sbookisa-is
usually nsed for plotiing the value of the indeperndent varisble, while
the ordinate is used for plotting the valus of the dependent wvarisble.
Thivd, that for a glven sbzdisss welue a vertleal line is drawm through
thst abaplssa value to establish one line of comstant abacligsa walue.
Fourth, for a given ordinste valus ws draw & horisontal 1ine through that
value to establish one l4ne with constani ordinate value, Tho last two
pointy are illustrated in Figure Sel. .Horz:eany,wa do not actually drew
She linss bub instead Just dmigine them to be there,

Again bty eccmvention, when giving the coordinates of points we give
the absoisca valus Lirst end then the ordinate valwe., I we ars given

£6.
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an abacissa valus and en ordinate value for a point, we have what is
walled ap ordered pair. Given an ordered palr, such es (2,3),% plot

the point by drawing & vertiosl line through the absoisea coordinate 2

and a horizonbul Iine through the ordinate scoordinate 3, and vhere thsy
intergset is the point that we want, Tais 1itile mameuver is also illus-
frated in Figure 5«2, Siwilarly, if wo wanb to Find the goordinates of

a point on a graph, we yun lines throvgh the points that ave perpendicular
10 the two axes. Where ths vertical line. crosees the hericental axis is
the abscissa coordinate and where the horisontal line orosses ths vertical
axis is the ordinate coordinate. The urdered pair ccordinates for several
pointe have been shown in Flgurs 2. We would deseribe point A as the
ordered pair (+3, +2), point B as the ordered pair (=2, *3), ete.

If we wanted Yo ghow the relatdonships among three variables, we
simply add another axls to “he graph, the third axls being perpendicular
to the plane of the firsl two axes. Now that we ars in three dimsnsions,
a specific value for any axis cowid lie arywhere on a plane through the
axis and perpendicular to the axis at that value, If we are given three
coordinates, and asked to lccate the point reprasented by thsm, we can

draw the three planes. The interseetion of the three plansg is the point
that we want,

Now, knowing how graphs are drawn and developed, we can get into
the plotiing of functionas, To plot one relationshlp between the dependent
vayisble and the independent variable, we nect to snive the function
equation with a selected valus of the indeperdent variable in order to
got the dependent wvardable value and thus have an ordered paivy Qhviously,
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the ecordinite for the indeperdent variable will bo the valma w3
subsidtute into the egmation, while the coordinate of ihe depondomt
wvarisble will be the result of substituting the Indepondent wvalwe imbo

the formla, Knowing the coordinates, &1l ws have & do iz draw owr
horizontal 1ine through the ordimate coordinate and cur wertiesl lins
through the absoissa ccordinate. For example: If we kuow the independsnt
varisble 4s L and the dependent varisble is 6, we draw a line perpendieulsy
to the iundependent variable axis at L and s line psrpendicular to the
dependent warisble axis at 6., The point at which they oross is the point
we ave lookdng for. Wow, if we continue o determine ordered pairs awl %o
plet them, we will get a sories of points that could be connested togsther
somshon. If we assums that the function is conbimuous, that is, that the
*pdependent variable can have any valus with the function®s derain, ws

can connect the points with a soldd Yine, Then we can determine the
valuss of the independent and dependent variebles that make ordered paizs
by droppinz perpepdiculay lines to the axis, The shape of the line will
depend vpron the fumetion plotted; the reasons for the diffevences will be
taken up in later chapters., If the warisbles can only assure eertain
valuss within the domain of a funcidon, as an example, aszure that only
whole nuzber values can be azaigned to the independent wariable, wo have
wnat is called 8 disorete function. We cannct "legally™ eomnsot the
points with & straight 1line but we could plot seoveral points and connoob
them with & broken 1ine and them read 0ff wvalues of the deperdent varfible -
for valuss of the irndepsndent variable which can be asgumed,

To plot & graph, the first thing to do is diaw up a table ghowing
the valuos of the independent variable 4o be considsred anu thon dotoveine

the corresponiling depondent wvariable valuss. Thon we would plod the cxdoped

59.
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pairg. As #n exswple, letis draw for the functien y = £{x) » x ¢ 3
and anothar funstdon wheve y = f(x) @ 22 + 3, The first thing to do i
o draw up tables aimilar %o the omsa belew, Then plot ths points as
ghosm in Pigure 5-3.

ez} sx+3
X = =9 1=3 10 |3 1% f?"[
¥= | =6 0 | #3 {46 | 48 | 12

€ x= | =3 1«2 jal 10 %3 133 143 ] *k
y= (32 {7 |4 13 4 f 1 12 1S

Oftentimes as we are plotiing & graph of a function, ws notics that
the curve zeems to gpproach & certsin value of ons or the cther of ths
veriables bub Just nsver ssenms to reach that valus., Az an exampls,
consider the graph of ¥ » £(x) =.§ as hag been done in Figure 5=,
¥otice that the cuvwe approaches the y and x axes but that it naver
quite makes coniact. lLimse such as these are refsrrod to as suypmpbtotes.

In our functdon y = %, ths place of eontact would be ab x = <@ yhen
y*O0andy= Q0 whenx =0,

Since the drawing of thres dimsnedonal graphs is s lengthy procses
and results in & perspective problem, no illustrations of thres dixsnsional
graphs will be given., However, all we reslly have to remermber is that we

would be working with planes rathor than lines and that it takes three
coordinate values %o obtain a point.

The student shonld now plot graphs for the following functiona,
By using ordered paivrs other than the ones in the sngwsr columm and
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drawing linos between the points, he can check his work by seeling 1f
the orderod paire in the amszer colwzna £811 on the lins.

. Problem

‘ L. el = ) Ans, (%70, y ® 2) ’{3%19 yca) »
2, xPal = 0 Ans. (Vertiosl Muos ab x =2 2
3. ye=h Ans, (Horizomtal ldmel sty = k)
be yP+ly+3x=0 Aps, (a1, y=el)(x = by 7 = 2)
5, x#2x+3pP=o Ans. (371, y*1) (x°6, y°h)
6. 16x% + 9y2 = 3l Ans, (x93, y20) (%0, yol)

. s
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CHEAPTER 6

EQUATICNS ¥ THY PIRST [XOHZE

6.1 Introduction, ' . ‘

4n algebraic squaticn ds & mathematicel stabouont thst tws
slgebraic expreseions are sgual., The syzdoel % = 7, i used io W&
this squality, a + b = 2 4 & is an equation which souid iteradly
vepressnt the equality h + 3 =25+ 2,

Equations are clsssified by degres, first dsgrae; gecond degess,
and 80 on, The degrse corresponds to the ternm of the highsst power in
the squation.

x + 6 = 10 is en equation of ths firsh degrss,

%2 + Iix ¥ 2 ® 7 i3 an eguabion of the ascord degres,

8?3 + 202 = L2 45 an eguation of the $12th degres,
since a%b i3 8 £ifth powsy tera,

Algebraic equationa ars further gensrally dividsd into %o typss,
the identical squation, or identdty, and the gonditiczal symsidon, The
idontical squation is true for all pormissidle valuss of the letiers,

"Permiesible®, in this sase, means valusp of the vaviebles, which whon
subsbituted in the equation, result in both sides of the eguation balng
defined. The conditiomal egustion iz caly true for particular valuas of
the variabies, These particular values wo call reots or solutiona of the
equations.l The following are illugtrations of identitises

1. \I;!Txa

22 = x?

lﬂay Dubizck, Vernon E, Howos amt? Stever J. Bryzab, Intsrmedists
Klgebra {Few York, Londons Jfohn Wiley & Sons, Inc., 1960); pbe 19-Uie
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The resl pocef that g alzefrais equabicg 33 55 identlly 1z tiat
by sigplificztion sach adde of the sgmbien oo be veduced fo ihe f2mm
eszroesion 28 s toth 2rows &nd Bolew,

2, 323"'3512!";@“‘

azéy = h:e!rég'
2x {22 ¢ 37} e 1o? v oy

hzzi-ézg "'azf'f&?

%he student £honid verify for Blnsslf t2at the sbove definition
zn identdty Bolds truo, that ig, ikad %&s praatien 1z volid for all
poezibie valusz of the varisble,

8.2 Eqotions of ths Pirst Deovas,

In thie ohapier we will iake ©p the €50dy of ke solubtfen of
conditderal equaticna of the firet dogres. Afbar we bsoxe pmfigisz.t
ir thie opszation we will learn o graph ognations of Uw first degree
cnn coordinate axea. For réngoms of adeplificsiion,ze vill refer to

identical equations as idsntities and 4o genfiidiom? sqpmations sily
a2 equetions,

The student probsbiy zecalls lsarning the arithzaside zultiplisetion

or Ptincs® tabls in elsmentary cohool. Perhaps this wos oo £irst brush
vith an arithmstic identity.

gxh= 8
hx3e12

&4,
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In algebie wo sliply smvaidtats letters 2o zoos o A1) 4f &
Bshers 2 we heve zn ogietisn, Tabs for exmmils 22 ogmatdens 4
I |

3 =12
To #olve the ecmations abovs for x 4 §; o vl glzily #ivide
oth zides of the Ziysh oguatisn by 2.
2x = B

£
x® k

end otk 2idaz of the second sgstdon by 3,
3 = 12

In erithmsetic wo would Rave sob ud this problenm by saying
rorpectivalyr vEst nizher when mulldplied By 2 sgisls § and ebat nwder
vhon suitdnlded by 3 equals 127 In algedrs we gimply substituts g lstisr
for the wlkpewm and then exprnss the relationzhip as an eguabtion,

Problen,

Iz I enlidply & mumher by 2, then add I, my answor 48 10, What is
the modex?

I2 we Iab x siand for the wmimowm, the problen ¢an be sxpreczed as

£ollioyss
vl = 10

Ones you have an eguaiion sxpresesd, ths zolutien is found by
sanfpulating the cquation wmtdl the wmimomn, in the sbove caze x, 4s on
ono 21ds of the oguation alone., Wo thop have golwsd the egustion. The
mandyulations I refer to are the fundamental processes of maltipiying,

é5.
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afviding, adfing, sad simssting, The fevlwontal rule thich Somems
%e@s%&%amsgahmnmwm&aﬁﬁaggmm
ﬁewmwﬁm,mmm%‘%&msm%&me@m
¥e rush also do %o ihe othar. I3 shor zsmﬁm, ﬁﬁmﬂma
Zirat Aezres cquatlon to zoive, o sork towerda gwhgm mmz .a,cm
ox one sids of the equation by cerrying culb ldtmdisel. provesses o Dolhk
afdes of the sgmblon. Wnen working with equaiions of suy Kind, the
studont msh always rezesbor Ghet “aryihing ws do to ons stds of tho
squation we must do fo the other aide” , . , becauss the Sides sre sgual,

Hox 18338 eolys tis above oquation,
Z+he i0
Ve will first sublract k frem poth sides of the eguation, We

then gob = W LR [
22 » 6
Tron wo divids both glides by 2,
Thus Z . 8
2 2

x & 34&330

Bocsuoe of the grest inportanse of this topis meny solved problexs
and oxsrelesa ars provided,

Exzrploss
Solve ths following for the mnkmown veriabls,

1, 3z+3 = 2
IRalr ® 38
x s =36

2’ 23“52"1@

2x 52 @ 100
"’k s L5100

66,

e e ot o e e e e A e o < < e e



R s Rt

Toen zioiplying Bots oifos by <1 00 GiAng Dot sidos By 3
3 = 30
x = 300 = 33 if5
5

3. Tothe ogustdon ¥ = ¥4 solve ¥36 spuation fa) for M (Y) Zord
{2} FPol o
ddviding both 2ides By &
feon

a E
¥z

{bj F=i
dividivg both 2idss by ¥

s A

s F
H

P

k. x+2 = 10
then by squaring both sides
VE3E = 100
z 2 1002 = 53
x = %8
Thers aré a covple of ghort cuts that the etudent chould qudekly
rasver, In the equation
33 - 9 o 63

the first step in the solution 4s to sdd 49 1o both sides, Sinco the
etudent 1s working to got the mubors on ono side and x on the other;

tho above operation can be looked wpon o8 moving the -9 from ono side

‘of the squation to the oflier and making it a 49,

m-9 = 6
3 649
1. |
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Sinilor
e xe9 = 2
3 » -9

In sherd, 17 wo move & wadbwr from ons side of the oguation o the
other, wo ohange its sign, The cporation is ddentiesl o adding oo
mibiracting the sams mmber from hoth sides,

Similariy,
=9 = 6
3x = 6435 =» 15
3 = 15
the next -step would be %o divide both gidsa by 3
3 1
5 -5

This is Jdentical to moving the 3, winlch s a8 multdplier on ths lsft
gide, and meking 1t a divider en the right side.

N
xﬂ%’”s

x+9 = 2}
% = o9 = 15
x = 15

X ® 15 a g

Similavly,

If this is the stwdentts firsgt acquaintance with this process,
bake as much time ss i3 necessary to practice the above operations wntdl

thoy are known so well that they will never ;be forgotten,

5. M¥xobh2 = 2Ax+6
36x - 2ix = 42 +6
12x = 48
xmgg e 4
12

68,

~-x
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&, & = i
( T2
Vx = 6
. xn}é
) 7. Solve fer a,
o, 2
¢ -
a =§
" be
Solve for ¢ in the abogmidiustion.
a = d
e
e = &
) B. 6{(x~2) = 3(x+8)
6x+12 = 3x+ 2}
b 6ze3% = 24 - 12
j 3x = 12
. x =
90 h(a-l?) had "2(&‘3)
f ba =48 = 28+ 6
i 6o = 4B+ 6 = By
| a = 5}
; 2 =9
,'0

10. Solve for x in terns of a, b and €.
Ix+a-b
¢
' x+a-b ® ¢
. _ bz s g¢bhaa
x ® gtheg

= 1

3.
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1, Solve for n.

1a_§4=3
> 7

1«.53?%_,
la_é_

3 7

T e 9

a = B

12, Pind x in termz of ths other varisbles,
Z_%_E + 2xm 5 xtytz

Xe2x5 @ Z.;.Z_.g -F=-5
Then facboring out the common Serm x
x(la-22) = Z%.E ¥ s

x(1-2) » T22=27-2 . F~3
2 2

x e ¥~ o = -.z..-..-____.,#z
2{(1 = 22) 2 (22 -1)

Exsrelsess

1. Six subtracted from two timsa a nusber is equal to the wumber plus
six., What is the number?

Ang, x =12

Astmme that x may represzent any real numbsr for which both rmembers
are definsd and classify each of the following as either equations
or identities.

2, 2(x=3) +5=3 (x=2) + 58 Ang, Eguation

3. bxthem2 = (bx+h)=—2 Ana. Equation

be {5%-55) (3x2 + 7x) = 5% (3x+7) (x-11) Ans. Identity

5. (9x2-36y%) S~(3x-6y) = 3x *+ 6 Ans, Equation

70,
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9
10.

16,

17.

180

19,

Solze for x in terms of the sther vavishles.

Mag
53

}nn
¥

LI P
- |

o X

Solve for ¥
7 . X Ak

E &8
Fee2y R ¥

ims, x= tByE A7
25

Ans, x@lﬂﬁz
(s=y)

Ans, F® 5§

Folve eash of the following eqmatdons,if possidiu,axd then

gheck the resulis.
y+2 = 7
or = $

2b s
E I

Me5 @ 22a+5
342 = 3g

hfS~3 = h+1

243 . B .,
2 XTel

=1 _ X _zxh
yoy g2 ¥
S, o o
el he~3x 68

Ams, ¥ = §"

Ans, r = %

Ans, & = = 6/%

Ang, & ® 10

&ns, Iepopsible
ans, b= LT - 1)

Ans., z= 1/3
Ans, y = B

Ans. x= 7/%

Set up equstions which exprosn ocach of the following conditions.

Solve thea if youm can,

Twice a nurdber n i8 eqeal to the mumbsr inersased by 9,

Ansz, n = 5

A nuder x is 5 rore than s nwdar Y.

Aps, x = y* §

I
<1
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€0, Tres or Fsize
(a+b)=§ve*~*§ Ans, Tru2
2l. Trus or Felss
¢~ {a + b} v-g + % &ps, False
22. Solws for z in
Se g% 3 Ans., g -?3
23, 5ulve 22 o and ithen solve for g in
- ‘2
T oo sTE tos, e = B
' b
g ° 1T %
)
2li, Solve for P in ' fns. P 29
i1 1 o
L 3 o
? P 9

25, - Bolve for T in f§3
: Anz. PR -
‘z+"a"§”i§“ﬂze +g 22 )
\ a

3ps flewr? L ?l por
PIERTII I ko Z
3

Wow that we have learnsd the basle tachnigiss of solving linsar

6.3 Word Problems.

equationa, w¢ are thon able to use them In e sclutien of pragtisal
problems, Our basic approack will e to selech & cortaln vardsbls that
iz being talked aboub and then exprese this i iiteral terms as X, 7, %,
t and so on. Then we should analyzs the problem S0 determine what is
equal ir the problem. The next gitap is to wrdve an eguatiom in borms of
the literal variable for the equivalent expressaiam.\ The next shop is to
golve the equation fur the variasble. We then will have cbtalned the

72.
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armsey dogiped, Thave remuins then only tha task of subatituilas the

ammerr Back indo the simstisn to chack the selution. WAt we nav: just

digzuszed wiil teooms muoh clearer after w6 wolvs a fow of themx prodblema,

Execspleas

1., A nuvber when multiplied by 2 ard then added %0 15 is egmivalant ‘o

eix 2imez the mwer subtrantad froz 55,

Ist x 5 the nusder

5
g
§

woblem in algebrsie tsrzms is

X+ -t
ITzen eslving for x

8x = 10

X = 5 = Lhe numder,

geaticon ihat wo csn write wiish expreszsss the word

Tha solutisza is checked by substituling the waliue of x indo ths

original egmation, In this casge

2 (5} + 15 =55 « 6 (5)
% = 35

Solution iz eormeach.

2, ¥hat ars the disernsions of a cormfisld whose length is twloe ils

wizth and whope perimster iz equal to 600 feed?

{et w = the widih of ths figld

Then = » s lenyth of the fleld

Sirce ths parisster of 2 rentangle is equal o two times the length

4

sdded Lo o timen the widwh e gt

dgr ik Ow &Y
by = B
= 0B Ky =
Zor By os

e

width
langth

Solution ls corrsct.




3. Two citios A and B are located 100 miles apnrt L 6L lsmm A

headed for b traveling at 20 miles per hom'. Amother car leaves B

headed for A at the same time thet the first car lefi.

traveling at 30 miles per howr,
another?

This our is

Wherewillthewsp&uom

Jt is often helpful tc draw a little plcture to dassribe the

problem, A D 100-D E
Remerber: Distance = Ra’s x Time.

let'a let the distance the cax which left A travels = I,

distance the other car travels before

to 100 -« D, Using the simple formula
Car fromA %0 B D=2
Car from B to A 100-D = 30

Then the

they paas‘one ancher is equal
D=k xT

x T |

x?

We camot solve sither of tihe above equations ssparstely because

each equation has two wimaluind »,

which each car travels prior to »:.ssin:

The time of the first car = 'gﬁ

=

the time of the sccond car

%5 100 - D
30 D= 20 (100 = D)
30D = 2000 - 20 D
50 D = 2000

D = 0 miles

100 ~ D = §0 mileg

D 100 - D
-T

ihen

vhmokinge

-

*

4G
k-]

100 - 4O
=B o

2

72'.

Jhorrver, we xnow thet the time

-

one another is the name.

2100
30

=D

Ad0J T18VTIYAY
1539

Ths point 1s L0 miles from A and 60

miles from B,
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¥o should always resszder te Iob & lotier equal ss wimewn then
try to dotermins whet is equel in the problex. This is the key, Tiics
we huve determined what iz equal, the epumtics sad 4ty aoluiisn are
elezsnisry.

Benaroises:

Solve each &f 4ha Zollowing exsroisss by introdming only sue wikooma,

1. Paul Jonmes won $5i,000 in 8 T7 contest, pub axids §28,000 Zor
taxss on the income snd spidt the halanse with Mz ccasuliant by
giving the consultant $10,000 lsea than he kupb for bBimesld, Xow
euch 432 he give the vonsultant?

Arg, Paul Jousz kept 23,000 and gavs his
 consultat §13,000.

2, Ths sun of three consecutivs integors is M, Firnd the szailsst

of thess integsrs.
Ans.  3h.

3. Ons nuder is 12 more than anothep, The smaller musbsr is 25

per cent of the larger. Find the nuzbers.
Ans, b awd 16,

L, Bob has twice ss mich cash as Bill, If he lent BAIl & dollar,

thoy would have the sams amownt, How mush did BA11 have?
Ans, $2.00.

5. Don usmally drives from his homs to the college in 1Z minutes.
Whon rughed, he ingrosses his averags spesd by 5 mllea per how
and makes the trip in 10 minutes. How far does Dom travel?

Ans, 5 ndles,

6, In a given tims, iron mine & produces 500 mors tons of ore than

wine B, Thoe ore from the former comtains 25 per cént puwre iron

*
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produces 400 more tons of pure iron Shan doss . E&a‘azﬁ&e
output of each in tens of oze? ’
Anz. & = 2000 bons B = 3500 &ens
- 7. Fexty galions of milk whose butterfat comtent 1s 5% is =ixed with
thivtyates gallonis of xilk containing If busterfat. Find hoy mry
gellonz of skim milk with 35 of bubterfat nust s (s) &dded to give
=21k with L3 bubterfat (b} romoved Yo give oresm with 148 butterfat,
tnz, (s} 1gal. & 53 5/% ge
8. 4 motob radiater contains 2l guarte of s solutdon which iz 0¥
gleohol and 80% water, How rmch of ths solubtdon must bs drained
ofZ ard replaced by pure aicciol 45 Zive u 30% soiztion?
Ans, 3 quaria,

6.} The Oxarh of 8 First Degrse Bguation.
If wo have an eguation which sxpreszes 2 relatdonshid between tuwo

e A e en hE oM e e e Dy s
)
¢

varistlos such a3 7 and x and the power of the vardables is 1 for both,

" asdny ® 2 + 2 or the powsr of omp of the varisbles is 1 and the other
ie O understoed; 1.6, ¥y = 10 or x s i, we ave able to graph the cemation
on coordinete axes suoh as we digeusged in the chapter on Himotions and
graphs,

Totts taks the equation y = 2x + 2 and make up a tatle of coordinatss,
graph them and then disouss what we bavs done. By substituting values
of x into the eguabion we can solve for corresponding veluss of y in the
£ollowing mammers

6.
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hen x # wz,y-uz.qaa}#gas.;g
Vhop x® o2, 722 {ed) $ 502
Wwmie d,ya2{djsz2e 0
Waanz= G yw2{0) *+2542
Yhenz o 41 . y=22{1) ¢2=s%
Wienxe +2,y02(2) 2@
Wenx® 33, ye2{3) o244

Thess values ave then plodtsd i Pigere &% and ths remilt is a
straight 1ine, Ws oould have origisslly been given olix ¢ 2y # b, When
we solve this squatiom for ¥ wo god oy origing) equation y o 2¢x # 2,
This form of the Yivet dsgess egustion whers ve have s dependsnt varisble
{3) in terms of &u indspendent varisdle {x) is ealled the slope-intarespt
form of the esuation, In genaral terms this sguation 18 axpresssd as

yam-&b ="
y b

LA A (3,8}
34
«1:0
0f{2
11y
216
38
R

.

e e
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Where: 3 48 the depondent varieble (vartiesl axis)
x is ths indspendent vavisdbie {(hordsontal axis)
% is the slope of the 1253, or the change in y divided
by ths change in x
b 18 the y intercept,or where the graph crosses ths y axis,

In the equation that wo graphed in Pigure 6-1, y = 2x ¢ 2, ihe
ecafficient of x 4a 2 and corresponds ¢o » in the general fora y o mx + b,
By our above definition of slope, changs in y divided by a change in x,
we can ses that when we move a distance of a +1 in the x direction the
sorresponding change in y for the graph ofthelimiaaé-zor%%ﬂeﬂ
slope. When we have iho equation in the slops-intercept form, if the
coefficient of x ie positive the graph of the 1ine will slops up to the
righty if the cosfficlent of x is negative the line slopss dowm to the
right.

The b portion of the slops-intercept fornm tells us the point whore
the graph orosges the y axis. This is prowen in the following menmers
At any point on the y axis the value of x is 0. In the general form then

yeex*b
Vhen x=0
then y*n{0)+d
y =
Exampless
1, What is the slspe and the y intercept of the equabtion 2y o hx # 10 = 0
2y~ lx+10=0
2y * lIx « 10
yeXx -5
Slops = 42

. ¥ intercopt = «5

8.
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The grarh of this egmetion 413 & lins ¥hich slopes up 4o the right

with a #2 dnorease in y 2or ovary +1 insveses i x, It orosses il ¥
axis at v ® 5,

2. What 4z the slopo and the ¥y intercept of 354 122 = 127
' Iyt i w2
3yw.123#12
ye=lx+h
Blops = o
¥ intercept = 44
The graph of this equation is & lins which slopls dowm to the right

with a8 -4 dsorsase in y for each 41 insresse in x. The graph cpdzses the
y exis at 3 = 4,

It chould be noted at thig time that the equations y = +lj, ¥ » =3,
eto,, @re horizontal lines parallel to the x axis with a slope which 2a
0., 70 ia the x axis, Sidlarly x » «j, = = 3, etc., ave vartiocsl

) 1ines parallel to the y exis which all have en infinite slope, The
equation x = 0 1s the y axis.

If wo wore asked to detersdmo the x intercept (vhore the line
orosees the x axis) for an equation such &8 ¥ = 3x -9, we would

suhstitute 0 for y eince ths wvalue of y &b any point on the x axis 4n O,

Exaxrples
Giveny = 3x = 9  Pind the x interoept,

yo3x~-9
0=3x=~9

x* 3 Aps,
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Exereicos:
Graph the following equations and deteriins fhe ziops sed the
¥ interespt of each,

‘ L. lox+2y=8 - Ans., S8lops ® <5
- v intercept = 44
| 2, 3z-6m3y Ans, Slope = 41
¥ dntercept = =2
3, Bx-ly~16=0 Ans, Slops = 42
, ¥ intercept = i
ke x+y=-h=0 Ang, Slope w .1 ‘
| 7 intercent = &}
| 5. =50x - 25y = 75 Ans, Blope ® <2

¥ intercept = «3
6, Explain why the slope o the equation ¥ = ) 48 0,
7. Ezplain why the slope of the equation x = 2 iz infinite.
8. What can we say aboubt the graphs of two lines parallel to one

! another? i
-
9, What is the sizxplest meang of obtainimg the x intercept? 3
6.6 Obtaining Equation of a Iine Given Two Points. £
Now that we have learned how te¢ graph an equation of the first degree, ﬂ:
we will derive a forrmuls which wo can use to obtain the equation of a line Fy
if we avs given any two ests of coordinates on the lire, ;s
{
¥
%

)

Figure 6-2 :

80. “}2
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If we bave sowe 1dme drawn on goordinate azes e shows 4
Figure 6«2 and wo know the coordinates of points A and B ukich ave
vespectively (X,,7,) and (X,%;),% can deternine the slope of the 1dus,
Since the slope is dofined ag the change in y divided by the change 4a x,
the slops of the 1ime through A and B is equal to B0 w16t us

Hh-X
taks ary other point on the liums, call it point P with coordinates (X,7).

If wo then determine the glops between point P and point B wo will obtain

E__'__,E?,o If we debermine the slope betuwsen point P and point 4 we will

X 5%,

obtain Y,T ,Yﬂ,, » Since each of these three points, P, A,and B are on
X=X,

the same l4me the slopes we chiained must be equal to one ancther,

Therefore Y-1, Y-7% % -1,

] -] LIy [
I-X, Xk  Fe-X P

With tho above formula we now can write the equation of s lims, if
we are given the coordinates of any two pointe on the line. We can also
uss the forzmmla to write the equation of the lime 4f wo are given one gob
of coordinates and the slope of the line,

Exarmplens
1, What is the aquation of the line through (1, 2) and {k, 3)7

YT-T Yy -~ T
=X Xp-X%
n « glope
I-2 E-a
-1 -1
I-2 _ 1
-1 3

L PR
AT >
Pn 3 2 ATe A tafedFe TSRO,
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Cross sltipiging BT
3(t-2) » Y-1
Fab o Xel Anes
This 1s %gE" but for prectles, 1st's pub 4t Suto slope~imtorcept farm,
3X = X+5
Y ~§+2 Auns,
3 3

Locking back at cur solution.wo ghowld xsalise ihat when wo
substistute the coordimates of the two polnts in ths right sids of omr

equation, we would obtain the slope of the lins %-‘-:-3 = %o ¥e prroved

this vhen wo put the equation in the gicpe-intercspt form and fourd that
the coefficient of x m% R

It followp then that if we wors given a puint and the slops of a
line through that point, we eculd obtai:;the equation of the idws, 12
we wers given the point (2,3) and ssked to find tho equation of & lims
through that point with & elops ?waamuld zrocsad as folicwas

I-% .
= n & alopa
x-xl . f

3

-2
X.2
Then P
Y3

f o

Slope

Y intercspt =

LW oo
. o

Exorciges:

Find the equation of the 1ime through the following ssts of

coordimates, Put the equation in tha slope-intercept form, WWhat is
the slope the y intercepty and thoe x intersapt?

82.
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¥ inborcept = «&
x intsponpt = 42
] 2. {=2,5) (2,10) Ans, yolx+ 2
) ne=j

¥ intevospt © #2
x intersept = &
3. {«2,%2) {2,6) ArB, T ® exab
> S N
7 internept = -
x inbarcept = ok

b, {2,3) (kb) Ans. y@.g + 2

n=d
¥ inbercspb = +2
% intercept = -4

5. (=2;=16)(3,h) Ans, y=lx -8
\ n=h
ks / y iﬁ‘bﬁ!’c&p‘b = "8
/ x intoreept = +2
Determine the equation of the line through the imdicated points
having the given slopes. Then graph the line and deteormine the
¥ and x inbercepts,
6, (2,8), n=2 Ang, y= 2x+2
¥ intercspt = &2
Vi x infarcept * =i
-/ 7o (=2,-3), m=3 Az, y=ax+3
' y inbereopt = 43
x intorospt = «1
Bc (l"'l), ne® "2 AMO y ® "& + 3
¥ intereept = +3
: \ ‘ = intereopt = 3/2

83,
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3, {S:"’l}, Nn*el Ans, ‘5”-2”13
¥ intercopt » 24
= inderesyt = 44
Fing the equatdon of iz lina which hzs the follewing
z aud y interesypds,
18, = latszeept 2 -2
= hne, ye &+l
¥ latercept = *i

11. x intercept = #6

Ana. y=.§ +3
7 in%ercept & ¢3

12, x intsveept = 4}

kas, yo 2z -8
¥ intersapt = -8

6.7 Systems of Linear Esuations,

We bave just bocomn soguainted with 1imser sgmatione of two verisblss.
Lotls supposs wo were agked 40 find o nuzbers whish uben added togethar
sgualled L, An algebraic statersnt of this problem using tha vyerichles
rand ywould bo 2 + 5 = Lk, Thore & an iafindits amdbsr of corbinztions
of valusg of x and ¥ which saldsfy thie eguation; i.6., 2 and 2, 3 and I,
+12 and -8 and 5o on, There is m0 sy for us 10 solsst ons get of values
gvor any other ard be zwre thal this is ths ons we &re looking for,
Howgver, 1f =v ere given additicnal i1afermation sush as y = 8, wo can
then gobetitats the value of y = £ 4n the fivet squation as followsy

x+ysh

Then substitubing y» 8 for 3

Then %o can 2olve for x
x=f=8% ok

Tt is not pozsible {o solve an squation of wmro vardshles for spscific

values. It is nesessary to have some olher relatioaship oxprescsd as an

8k,
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aguation., If we hovs twe linmsor ogmatizns snd (e mizowms we caa
g02ve & "oysten® of squabtions for spscifis vlass, In thils poolleaus
¥4Il learn tzo methods of exriving st sointions of systems & (oo eguations
and tro mkmowss. The first methed we will esll ihs mubstitenion methed,
Wa just employed this methed in sclving the sysiex of
z+tyml
y=8
The ezecond method we will lesrn we will 2all the srithmetie
zathed,

5.8 Subatitution ¥olhed ~ Two Equations and Two Unkrowne.

In thie wathed wo 8olve for one of the wariables in one squation in
terze of the othsy variabieand then substitube this value in the sther
equation and golve foo the other vardable, Then we substituts the valus
w2 have cbtalned in eithsr of the equations and sgolvs for the varisble
whish iz atdll unknown, Thenm check your resulis in both squaticas. Tho
above may sowsl quite complicated, however, aftsr wo work throwgh s couple
of exmmple peoblems you will ses that they ars really quits siuple.

Exarpdes:

1. Solve thre following system of equatdons for x ard y,
(1) x+y=17
(2) 22 « 3y = =6
The equations have beon puxbercd to facilitate the sxplanation.
First solva equation (1) for x in terms of ¥ x27wy,
Then subgtitute this value of x in terms of 7 into eguation (2)

2(7-y3) =3y~

Since we now have ona equition and one unknown,we can éclva Tor

that unkvuouwn.
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2(p=p) « 3y = 6
ey aldy » <6
% = 2
¥ = 4

Then taking the valus of ¥ = || and substituting it into the
sizplast equation, in this case equation (1},and solve for x.
z+y=17
x+h=7
x=3
We could have substituted the y = i in equstdon (2) in ths
follioving sammer.

ZZwdy = =6
2z » 3{L) = 5
gxw o+ 1276

a

x= 3
Our next step is to check the valuwss of x = 3 and y = i in both
equations %o prove our werk to ourselvse.
(1) x+y = 7
3+ = 7
7 = 7
(23) x=~3y=-6
2(3) = 3(h) = -6

6«12 =ab
H B H Corrocht

Corract

2. Solve tho following system of equations for x and y and check

your results,
(1) z=2=0

() 3x+ 2r=8

Solving (1) for x
Xx= 2y

Substituting this in equationm (2)
(2) x+2yr=§

S s memn ey e e e p—————— o P PR I R R T e T T L F AR BT SN R B U
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ty+2y =8

By=8

Fe1

Substituiing 7 = 1 in equstion (3)
(1) X~2r®0

x«-2{2) «p
'z =z

Thuen chagking the*aalussefxmdyinbo%a sguations

{1} x=-2 =0 ard {3) x+greg
2= =g 2{2) = 203) =B
¢ =0 §=8
Yalnas oheok,

3. Solve the follterdng syston of equations,
{3} =332}
{3} x+6y=2
Solving {2) for x
X® 2 by
Sthatdtutdng in (1)
222y ~3y =
b~ by -3y
(14
y =
Substituting in egustion (2)
X+ 2y = 2

x+0C & 3
x = 2

-}
(= I - A S

Checking
(1) 2xe3p =k (2) =s8ym=2
2(2) - 3(0) = 2+ 6(0) » 2
b =} 2 w2

87.
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gystem can ba plotted a5 a sivadght lins, If &ke graphe of the two
eqmations exess (if they are ot pavallel) thes there 15 & va2lwe of =
and 7 whish Tzatisfies” both egmatioms, It is lefl as & drill for thw
shudent to graph asch of the gysiezz of oqustions to prove to himself that
tols ie in fact true. The comsn peint showld colnelds with the velues
obtained by the substlitution methed,

5.9 Arithmetle Method » Two Equabtions and Two Unknyuma.

When we solve & gystem of two equations and two unknowns by the
Arithmetic method we multiply, divide, add and subtrast in an effort to
eliminate one of the vwarisbles,remechering always that anything we do to
one gide of an equatlon, ws rust do to the othar, The other principle
upon which this method is based is thet if we add g aauation to another
equation we obtain a third equation,since we axe a,ddi;ng oguals to both
sides of an equation. This may sound confusing, howenir, after we work

through a couple of solved problems you ghonid have no trouble in
applying this msthod,

Examples
1. Solwe the follewing sysien of equations by the arithmetic msthed.

(1) 6éx+2r=10

() xely=a5

We should ain a¥ eliminating ome veriable from the systen, Wo
can elimnate the y?s by mmltiplying equation (1) by 2 and then sdding
oquation (1) and (2), We could just as easily eliminate the x!s by
mltiplying equation (2) by -2 and then adding equations (1) and (2),
Let!s olirdmats the y'a. Equation (1) becozess
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(1) 1x+bky = 20
(2) xely = 5

Adding (1) and (2)
Ix = 15

x = 1
At this point, our method is the sams az tho one we used in the
subetitution method above, after we bad soived for one of the variables,
He eimply substitute ths value known in either of the original equations
and solve for the other and then chsck both values.
Subgtituting x = 1 in equation (2)

(1) =y = <5
by = 8
y = 2
Then
Checking in (1) and checking in (2)
12 (1) +L4(2) =2 3(1) -4 (2) =5
20 = 20 «f B .5

2. Solve ths following system of equations by the arithmetic method,
(1) 3x+2y =1
() kx=y3y =16
Ve can eliminate the y's by multiplying equation (2) by 2 and then
adding (1) to (2) or we could eliminate the x's by muiltiplying (1) by &
and (2) by -3 and tuen adding. Letts eliminate the y¥s since this
involves only one mmltiplication.
(1) 3x+2% = 1
(2) 8x=-2y =32

Nx =33
x = 3
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Swbatdtating x = 3 in origiml 4vation (2)
(2) W3 -y = 38
y oo
It i left to the stuwlent to check these waluss in the origimal

equations,

6.10 Simultansous Equations with Thres Unknowns.

b In oxder to solve equations of the first degree with two unknowns,
‘ we found that we needed two equstions, Simllarly,to solve a syatem of

t squations with three unkncwns ws nesd to have three equations which
axpress relationships between or ameng soms orrall of the varlables.

t .
Our approach is very similar to the subatitutdon and ardthmetic

methods used in the previous pavagraphs. Suppoze ws are given the system

Lo of equations
x (1) x+y+3z = 6

o () 2x-3p+25 = 2
‘ (3) z = 3
Our approach weuld be to use the valus of 3 which we ave given in
equation (3) and substitute it in equations (1) and (2).
We obtain:
(1) x+y+3 = 6
(3) &x=-39+6 = 2
transpbaing the integers
(1) x*+y =3
() &x-3 = <

Ve now huve two equations and two unknowns é’hich wo can golve.
Using the arithmstic method, we would smltiply oquition (1) by ~2 and
then add the two equations and eliminate the x's and then solve for y.

50.

E * .. a———" Sl B - e B S e T et ST St L S & -

AT L T e




o n 2 e po v

PRIV . ¥ " SO Py
L 3 <

et

2 T

R

It ig loft to the student to finieh the solution. The ansusrs ars
x*1, 792 and s+ 3

We might be givea & systom soth ass
1) z+y+s = }
{(2) Zxajyea=al
(3 melye <2
Wa ghould notdcs right away that egquation (3) contains oaly ?
varighles,x and y. Ouw approach in this chse wonld be to apply the
arithmetic approsch to equations (1) snd (2) and eliminate the variabls
z. This ve can do by multiplying equation (1) by 1 and then edding (3)
and {2) to get a new eguation (L) with unknowns x and ¥,
(1) x=yez = <
(2) 2x<3y+z ® -1
() =x-by = -5
We then can take the combination of equmations (3) and (L),

mitdply (4) by -1 and eliminate the y's, and then solve for x.
(3) &Xxoly = -2
() -x+ly = +
x = 3

¥e can then substitute x = 3 in ons of the equations which has only
2 varisbles, in this caze either (3) or (L), and slve for the other
variable. Suvbatituting in (3) we get

(3) 23) -y = =2
iy = 6+ 2
y = 2
How we are almost "homo", K3 sirply have to take an equation which
containg three vardables, sthstitule the valuss of x and y which we hava

already determined and oolve for 3. Letfs use equation (1) for this

.
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subatitutien, Ws, howswrer, conld also have uced oqmasion (2).
{1y 3+2+3 = )
g © ol
A cheok 1s then mads by subebituting all the valuss we haws
dotermined n the thres origisal sguations.

h%gm&lmswmﬂdmmm&mamwm:mm
the zams thres variables., Owr aspprosch wonldd then be to talks any two
sigpations and elimdnate oms warisble, say x. Our a20xt shop would bs to
take another cozbination of two squailons and eliminxis the sams vardsble
z. We would thsn have cbtained two equations which contain two verisbles,
say ¥ and g,which we ¢an solve. Once we have chtained g value of one
variable, wo then substituts in an equation which containg cnly the knowdh- .
warieble end ons obher, When wo have solved for 2 variables, we zubstitute
these valuss iz ons of the eguations co;xwinixyg the thres variables and

24nd the taird and last. We then check all three values in 81l origingd
equations,

Exarples

Zolve the following system of eguationass

(1) 5x~-2y+2-1 = @

(2) ;:+2,7«32=-13 s 0

(3) x+y+2s = 3 .

Taking equations (1) and (2) and putting the constants on the right
side of tho egquation and elirdnating the y?s by sdding

(1) 3x-2y+z =1

(2) x+2r-38=13

. we get

¢ () Ix -2z = 14
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, Taldng equations (2) and (3}, we can mtdply (3} by -2, then
add 1% to eiguafdon (2) fo obtain equation (5).
() x*2y -3z = 13
(3) 28y lan 46
(8) ~x -5 = 19
Wo then take equations (L) and (5) and eliminale x by multiplying
equation (5) by +4 and sdding the result from eguation (4). o
() hx-2z = 1
(9) i =28 _= 76
=30z = 90
g = =3
Substituting z = -3 in eqmation (k)
bx « 2(-3) = 14
hx = 8

x » 2

Then. subetituting x = 2 and 3 = =3 in equation (3) ]

(3) 2+y+2(-3) =3
F B 3 F6?
y =1

I% would be a good drill for the sbtudent t© check the values :n
the original equations.

E=zprcisess

Solve the following systens of equations by both the substitution
and arithmetic msthods and check the valuss cbtainaed in the original

equations.
l, 237 = 1 Ans, x=5
x-a ﬂ..l 383

93.
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My

1o,

x ¥y

x;'i’y @

33y =
Ix -2y =

éx - S5y
hx - 3y

2x = 3y
3= + &y

E

=8

°E BR o4&

Ans,

Ans,

x=2§
¥y =10

xR wl }
y= -3 A

A
g @
& & O

Solve the following systems of cgusidens for x, y and 2 and then

check the results in the original sgustions,

X-ly+23 =
hx - 8y -2 =
X Ty+ 22

bx = 3y + 23 ®

x* y=- g
=X = 2y + 32

2+ 17

o

-1

6xm 3y = 6
bx -« y+ 28 =

y+3 =0
kx+)l = 0
x+tyoege2 = 0

x+thy = &
2r+g=-8 =0

2x + 3y + bz =3 = O

6,11 Imequalities.

8
-1

Ans.

Ang.

N < M Q9
5 [
[

4 M
N
@ v

|
0

There are occagions in a managewmsnt owrriculwn, particularly inm the

quantdtative dieciplinss, when we wich to syzbolically state that one

mrber is "greater than® or “lezs than® anothor nuwsdor, Conventdonally

k.
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we write
a 5 b vhich meens & ia groszter thsn b

or
¢ < & which noans ¢ is lzss then d

A good way to remssbor those relationzhips de to remsuber

the point slwaye "pointe at the smaller ﬁmmr"”.

Similarlys
e £ £ meamns o ogmal to or greatar than £

apd
£S5 h moans g is egual to or.lsss than h

¥e can apply most of the technismes that we have learnsd in tho
golution of equalities to the handling of insqmalities. Ietts .take
the aimple inequality 8 >} and see what we czan do with it,
1. V¥e can add like quuntities to both eides of an inoquality smd the
insquality will stdl) have the soms “songe,
B+2>h+2
10> 6
(Same sense meaning,in this caco,1s still groater than,)
Sirdlarlys
2. We can gsubtract iike quantities from both sides of an inequality and
the inequality will still have the same zsmse.
8-3>Lh-3
£E>1
3. Ve can rultiply or divide both sides of an inequality by ths same

"pogitive” nunber and again still maintain the validity or sence of
the insquality.
8 >

82 > 7!22
16 > 8

L At 2t e o



ST T

8>k
3>4
i > 2
L. ltetia exsmize whal bszoens ¥ vo malsiply both gldes of owm dwegmlily

Yy & ninss mmber. Ltarting 2zain wilk
§> %
If ws mxitiply Hotk sides of ihls imeemaiity by o2
8+{=2) » k(-2
~1& > of
Kotdes that if we keap the eaze $ssqmality mymol > (mxm2 sames)
as we 438 in ths provious exzoples,sv gob £ DIANMNSS SnuSr, LSS B
21 koo taat -ib is loge than -8 o using ot rewly scquived lormeledsy
-6 £ 3
Latte takz gzrother ineguality swh as
3L 6
Huoltdplying both sides by -3 wo obiein
H-3) < &=3)
9 £ <18
which sgain is & nonsenss sawwer gives  -§ > <13,

Sixmilerly, if ws divide both zidas of the inequalily 3 €, 6 ¥y -3,

343
=1 X -2 which ales ie ponsones gdnse Sl > -2,
Therefore, ¥2 can conslude (st 1F w mltiply or divide bolhr 2ides
of an inequality by & negatdvs nmmdper, we gtill heve sn inequalily,
howaver, the gonas of ths now inmoquality s roversed,
We sisply change the insgmality free ¥ o &, or frem £ o >
whichaver is aprocopriass,



rwe

5. Ho cza Xizo ralss both eides of imogmalities ¢o the tome power o
we can taks ke oawme root (sgoars, onbe, o3c,) of bolh sidea.
However, i ve toke merativs roota ws musb chazge the sonse of €8
inseexlity, For exanple, i€ we take %83 Inwgeallily

&> &
and 2qusr> both gides, we gst
B»F 1
Tsking anotksr inegaxliby, sueh as
& o, 100
we can take zgmars roots of both sldss, end got
£ & W
oy -5 2 1o
¥s cen slee "solve® inesqualitiss . Suppose we wors %Wid 0 solive
the following imeguelity for x.

+h &2 28
Uetng the lechmiquss digeusssd olove, we sublract L from cach edde and gst
ek gy o
o Wb
oz %
\&8
8iadlarly, we can sgolve for r in the following lnequelitin
Zy -6 £ 3B
Zr g B+ 8
y & b2
rda

Az vo can ges, solving insquslitdss is Just like solving eqmlities,

97.
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6.12 Craphing Irsqualitdaes.

Insqualities, when graphically presszied, are &ress in the cooniinnte
axss, rather then lines, For ewasxple, x & 0 ia all of ihe arsa to

tha right of the yaxds and ¥ £ 1 15 811 of the ares Wwisy ths live
¥*1. likewlss, y & 0 i3 the arza on and adbove the X axie,

Wo might be asied to graph om & 2ot of coordinmete sxss the regicm
or area dessrided by the following thres relationships:
(1) =z>¢
(3 vy >0
(3) & -2x+8
Referring to Flgure (-3, the first insqualidy, x > 0 excludss
the y axis and the area to its left. The maxt imsqualityy > ©,
axcludsa the x arls and the ares which is bolow the x sxis. At this point,
we have limited the area wa are locking for to the zves in the first
qusdrant. The third relationship y & -8x ¢ 8 would exnliude the aren
above the line y = -2x + 8, The area which fulfills the *spseifications®
of all thrse relationshipe is the area of the cross-hatched triangle
including the portdon of the line y =a2% ¢ 8, but, excluding the portions

of the x and y axes which bordsr the triangle.
¥
yoe2x+8 2~

Figure 6~3



Exercisass

Solve the Policwieg ineqmlities,
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7.1 Inbtredioilen.

4 ohop sbovs llnser egustlons, im degres of Sifiealyy of solving,
sre Sheas oguabicns aud exsyesziscss which {1} condain o% tesst we tum
in mdsh the gns of dhe axpomowis of ths varisblss in What texm, o {2)
ia the sago of & taom widh oxly oce warizlis wheve el rerisblels
exponsts, is squal 4o or greaber than two. The sums o b5 cpaws of
sbe varishles 1a & hxe is et daterzdoss ths dogrie of 8 v The fopree
of en egmbion or sopression iz cansidaved %o b2 e sw se the degies of
the Mighest dagres iorm in hat exgtion. Tows, iz W&e sgmadion
b3 ¢ 32 ¢ 220, lnd? $s e PI0SE dagres ters fmnwwnt of % 2
ﬁmm&ﬁy*zgwiﬁ&m&ﬁ,kz iz & socond dogres berm, the
conatsut 2 32 a sero degpes Larm boogusy therw 1o no verishis, sad Ye
squstion 28 & dhole is of the Difth degres, Woto carefully that b is
tho mus of tho oxponube theb doteimiznes ihe degres of the term. Just a8
Pirst dogres ogmdisus are cwsmnnly waferted 45 as lirsar squations,
sacond degroe esgmations ars o refeered to az guadrabtic sgusilioms.
The oolving of msoow) degree, or quadvatis; eguxbions ls wsmily wsb o
Aiffisvls and will be Lamopstrated i the followisng yevegruphs. Bowswer,

the solving of sgoniisns of & dogres higher than the oscord dogres 15 wove
ofeam thas mot 2 matter of spprovisating the solubisn, and then cheulking
itz ssowcasy by exbstiintisg tee epproxination back dnte the criglual
eguation. D %o iZe probleams of spproexisating eolubions; letfs Just
cefins owr dlssursicy to ths solving of guadratic ogmations. Tie
gelutdons which % oblain ars eslled rools of the egmbion and wust io

o e
g * ey S ETY AT B
. . — - o il e " . oot 3 paacercic
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81l cas9s be substituted back into ths originsl eqpation to ensurs thal
they are corrsed and sccurats besauss 23 we will pee,it is possiole o
got some incorrect answers, To sterb with, letfs first conzider gquadrabie
equations with one wnimown, and them go into solving eguations with two
mknowns and finally take up the graphing of quadratics.

7.2 Quadratics with Ons Unknoun.

¥When m2 talk of guedratics with ons wilowun, what we really xmean
ie that all the unknown parts to s problem csn be expresssd in teras of :

a single varizble, For exarpls, wo msy lmow the area of s plot of land

bt not know its length or width, However, if we know the relationship é
between the length and width we can ezpreas ome in terms of the other and Fi
we would thus sonsider that we had s problem with only oms wnlmowm, é
Enowling vhat ws msan by one wnknown, let's now develop a gemsral equabion ?E
which expresses this ¢ondition., In owr davelopmsnt, letis assign the j
unkyoun varisble the lltsral symbol x. Since 1t is to be a quadradic 3%

4

equation, there mmst bs cns term ¢ontaining ths varisble raised to the

L oot 52

second power. Knowlng that this term will bs x2, bub not knowing how

many 32:% we have, wo put & symbol for an unkmown constant before the x2,

Since a is the first letter of the alphabet, wetll uss a and get the firest %
]

tern of our general quedratic equation to be ax?., Kow, we have £illed the

minirmm requirexente for a ¢uadratic eguation. It is, of course, possible,

3
but 20t necessary, to have the varieble raiged to the first pever and to %
have & consiant. Aasuming we have zoms Pirab degree power of x present 4
and 8 constant, bal that we do not Jmow how rany x'c there sre or what the %
congtant ia, we subetlitubs the litersl syrdols b and ¢ for thoge unknowns,

respoctively. Thus we can suss uwp with the gomeral quadratic equation

Y
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Remember, b and/or ¢ can bs zsro but that a cannod da gerop if it wore,
we would not have a qusdratic,

There are ssveral methods of solving the quadratic equation, that
i3 finding values of the variabls that will satisfy the equatdon, If we
congider ow land parcel to be 15,000 square feet and to have sides of
equal length, we can eagily determine the length of ths sides. First,
lot x stand for the length of a side and set up the equation for the

area; that is
x times x = 15,000

Multiplying the x¥s, we get
x® = 15,000

If we take the square root of both sides of the equation, the solution
to our land problem would thus ba plus or mimus V15,000 feet. Be sure to
repsrber that when we take sguare roots, wo get & plus and minus value.
Substitutding back into the original eguation,we find that both roots
satisfy the equation, However, now we rust use a 1ittle practical cormon
sengse and realise that whils the - m satiafies the equation, that

there may be soms question as to itz being msaningful in a practicsl sense.,

Coviously, it does not make sense becsuse we carmot have megative dimonsions

of land, 8o we disregsrd this root and uss only the root # dE,ooo and say
the length of a side is wlg,ooo feot,

For those quadratics with one wnknown where b iz not zero, w2 have
a livule more corplisated problem., If we can manipulate the equation %o
get the right side of the squation squal to zero, and still have on the
left side of the eguation an exprossion that is factoradbls, wo have an
easy task., All we do is factor the left sdde, set sach factor equal to
roro and solve for the valus of tho varlable thet wvill make the individuwal

102,

AN bt

TR s

.
.

LB

PO A g S
5&“,‘_& e



¥

S BT
EANE

R

- e g TR I ﬁ%g”w‘ Esc™
PRI 07 e e a1 PERSY "”‘::’.5;’% SEEAG AN ST
P - Po T s AN TN, A AL

faotor egusl to gare, This is 2 perfeckly legsl mansuver besauss,is

one factor is sero, the whols expression will bs soro,bocanse wers timsee
anything is ssre. As an example, lob us essums owr land plot i8 now
15,000 squars fest and rectangelsr, with the length being 50 foet greater

than the width., Letting x stand for the width in feet; wo cav write the

formula for ths arez &5
z(x*SO) = 15,0@0-

Maltiplying the laft side and ihen ghifting the constant to
the left side, we get  x* + 50me 15,000 # O

vhich we feobor dnte  {x + 150) (2 = 100) = 0

setting sach fastor 2 §, we get

x*m“’ﬁ; or X“%iso
x=~300®0, or x% 100

Substituting both roots back into the criginsl equation, we fiad
both roots satisfy it. But think, the =150 is ixpossible so we only
consider the +100 as 2 solubion to owr problem. This tells us that ths
width 18 100 feet. Knowing that the length is squal to the width plus
50 fest,ws £ind the length to be 150 feet. By rapld rathematies,100
times 150 equals 15,000 and wo ses that we have a valid zolution, Ta
addition to the problen of somstimss gotting solutions that are not valid
from & practical point of view, we can &lso get solutions that wonit even
sauisfy the ariginal equation., These we cal) extransous roots. For

example, if we multipiy both sides of the aquation by a coxmpn derominator
wn @y get an extraneous root, To facilitate wdorstanding this concept,
letts try solving the following equation,

2
x¢ &
—-.-»-2 so

3 + x

103,
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Eultipiying both #idss by 3 ¢ 2, wd gob
43 @ 0
dhich can bs factored lato
x{x+3)=0
Thsn esotidng ths factors @ G, ws got
x=0 & x =3
Row avksbtitubing dask into the criginal equation, wo find %= 3
iz rot possible,becsuse us would bs dividing bty zero. Thus, the only
eatisfactory roos is x = 0, The moral of ths story is o cheak all roobs

by substituting thez baok into the origimsl samation and by asceriaining
wvhether or mot they &re prastiesal,

Row letts go tlrough a fow exaxples 1o ompwre that ws kmow what
we have been talking about,
1, Solve x2+ Sx+6 = O
Solution: factor imtc {(x ¢+ 2) {x+3) =0
getting eash factor = G, th&nx"cztmdxﬁ;d
cheoldng x = =2, («2)% + 5(=2) + 6= =10 + 6 = 0 checks

checkdug x-@ =3, (=3)2 + 5(=3) + 6 39 - 15 + 6 = 0 checks

2. Solve 200 x2 « T50x + 625 = 0
Solution: divide by 25, 8x2 ~30x+25°0
factoring into (2x «5) (x = 5) = ©
sebting each fastor = 0, 2x ~ 5% 0, x = 2.5
bx =5%0, x=1.25
Checkdng x = 2.5, 200 (2,5)2 « 750 (2.5) + 625 = 1250 - 1875 + 625 =

0 checks
Checking x ® 1,25, 200 (1,25)% = 750 (1.28)+ 625 = 312,5 = 937.5 ¢ 625 =
0 chocks |
¢
104,
- e AR T BT T T oo e




ATV,

W —————— e

3. A cav desler bought sormo cars for s tetal pries of 835,000, Two sows
wvere destroyed cm his lob by five before ko could sall then, By ooiling
the remsining cars at #5950 shove his svsrage oosh bhe wag sdle o mils &
profis of &400. How many ears 41d he ariginslly bug?
Soluvtions Lot x stand for ths nozder of cars the dualer
bought. Then,his averags cost was 36,000 divided by x
and his total sales were 36,000 dividsd by x plus 950 which iz &)1 multiplied
by X minus 2. The diffsrenco between zales and costs |
was his profit, Symbolically we can write

Sales ~ Gogbs ® profits
(éééﬁﬁ‘i + 950) (x ~ 2) =36,000 = 1400

Multiplying both sides by x, we getb
(36,000 + 950x) (x - 2)  -36,000x ko0 x
36,000 x = 72,000 # 950 x2 « 1900 x = 36,000 x = 400 x
Collecting terms,we get
950 X% = 2300 x = 72,000 = 0

dividing by 50,we get

19x2 = Jox + 140 = 0
vhich wo can factor into

(x =-10) (19x + 1) =0
sotting factors = 0, wo got

x = +10 ad x & - %

In this case,it is easiest to just ignore the - %‘% beoause it is nob
possible for the dealer to buy negative quantitles of care,and thon check
to ses if 10 cars would scatisly the conditions of the problem, It does,

go the solution is 10 cars.
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7.3 Quadratic Pormula.

Somstimes whon wa collect teres on ths left hand alds of the

ocguation, wo fird wo have an wmfactarable expressden. In thig cass,
we 2an utilize the golutiun techmique lmowm 2¢ compleliny %W sguave.
In this msthod, by mathemiiesl mardpulations, we muie the lef% pids of
the equatiom factorable into two fevbarz which wre sxpsily tho suwe
without regard to vwhat 15 on the right glde of W suymbiom. To shach
off with, we shift the censtant term %o the right «lde of thw egmiion
and divide through by the omstant coeff'sient of the aoeowsd dugres tame.
Ag an exampls, inthzxwwaﬂmmmm/m?u%ﬁm % tmiying
(a+2) {(a+2)=a+ g+ ke wo vam om Yush 42 no empresrion Wik the
constant soefficient of the seeond duyrve Wum vyl w ows Lo %o bs
factorable invo two identisnl fasl.rz, Y sunsbont Ywrw warh e ths
square of one half the constaul wosfficient «f e firyt dugree tern.
We cun soo that we miat add the term (% }f % both sidss of the
squation. Thus we geb ‘

= U IR

or
2oy -4
factoring, we got
SERERC
taking ths square root of both sides, we gut

1 . &b, 1, .42+1_ .13
=3 =3 i R

or
-1 ofl
x=3 iy

106.

l T TR S o e e s - - - e e e . B WD S i Y it o e e ot o Lz L d g s s
TR S

pr-na

TN ¢ s S s A, s 4



e S N L
. P o oA E M. A 1’- N ¢
- e T e AT c’, éﬂ & =

- e a e awm A g gm D e e

It chould be apparent o us hat If we could dyvelep a general
forpmla for this method wo could save & lov of tdms, To dovelop this
formula lebts go back to the general form of the guadratis oqa&tﬂ.m and .
do the same thing with syzbols rather than mbers. Takiny the gsmsl
form of the quadratic equation, ax® + bx + ¢ = 0, letis erdivact ¢ from
both sides and divide by a and get

b ¢
x2+§x%-§

Hwirwem(éog)? to both aides ,

: 2 2
. 2 I\ b = S b

we gob x+.gx+(2§) -z é'(Ea

which can be facbored into

b, 2 b\
now taking esquars roots of both sides
b +V 'bE ¢ o 4-1’ bzs-? c
X+ LI - -
( %) ka2 a 7.

subtracting a from both sides, w3 got

xwol _'Vbz-b&e - vgz-hac

corbining, we get
b *1‘1..:2-}.;30

éa
widch 1s the goneral formala for £olving any quadratle squations with
cne wnimown, Knowinz this forrula, all wo have to do to solve any

quadratic equation with one wnknown is substituto in the values of a, b,
ard ¢.

The Vba « lime part of the formuls is called the dotorrinant boeauso,
knowing it3 valus we can foretsll vhat furm the roots of tho oguation
will take.
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3. 2 olas < 0
(Zot izxlrded in 4588 evavss)

Before bezinnmirg ths topie of guadesides wiih o wlowwms, istlz
hey ealvisg tes egmaticnz azing ths fommis.
1. Zolvs 22 a2x-3 s G

Solutfeny 8 21, b @2, ¢ = -% in ihe gernersl sguation

. =D fizq@c

22

-
-

o ==2) #H-2)% - k(D) (-3)

2 {1}
892354-12 4‘2%’3}:
z 2
tharerore z=-§-§-§-°2 crz*-g-%_iis’;}'

Both answers check and the eolutdom is & goeod oua,

#5
2. Solve st + & » h s @

Selatdom: a ® 3, b =2, ¢ ==y in tho genowal agustion

-

<2} EYin2 Ly (ol
2 {3)

- =2:2y13  _ -1:Vi3 '
3
thevafors o S2AVL and x = =trxii3
3 3
i

g2t s w=real, o fmsginsry, rocia.
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Substituting the rosts bask inte the eguabtion,re find they sheck
end se kave valid reots.
. Now 4y %o solve the prodlems lisbed Belsw and see 17 you got the

ansyers 1z the angwer oolim,

Exoraisen:z
1, Solve x2 +x w20 =0 Ans, x°k ad x = 5
2. Solve x2a16 L+ fns. E* 4tk apd x4
3. Soive 22+ 2f{2zx =630 bns, x5<V? mgxwa3f2
he 80173 512"&"239 9.55: x“%gﬁg*%&;{g
H S
5., goive t2+y3te1m0 ins. tw%ﬁmﬁt&f}?ﬁﬁm
) Y 55
6. Bolve gt +3x.520 Ana, zz"“%“ymﬂwﬁvgﬁz
w"?vm
7. Solve %2 +2¢ = § Ang, 2 I a8 x %l
8, 501'5'83:2*6:%5 L V) Ang, z* el mAze 8
9. Soive 12x2+?x s 12 Ans, xw§ &“ﬁgmﬂ%
10, Sclwe 922+ i2z+ 4 =0 Aas. x”’*% mdzx"’%

7.4 Quadrazics with Two Falwouns.

Just as with linear squations. we rumsh bavs 4y wery coustdons a3
we have unknouns in ooder to got & aolution to & wroblsm, Thovefors,
with two mknowns wo mizt have two equations, With only ono eguation and
o wmlaxaems, v will be redussd to detormindng one verishle in teres of
amother ond will not be able o do anybihing escopt Jdovsliop s sevien of

crdared pairs, Ve can then uss the wrdared puive to plot the gveph of
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the equation. Having two squotions with two mdmomms, bowewer; will
changs this pitzstion. zed @ w1l bs sble to g6t & golubion 0 Wa
robiem muthemmtically: that iz, we will know vhab values of the virlables

will sstisfy both equations, Of cowrss, wo covld alne solws the problen
grophieally just a2 ean s dops wiih two wimswms in Llasor aguations,

The methed we uze % solve cur probilsm will depersd uwpon vhethor hoth

YT AN AR
R SR

equations are guadratics or one is Llwer whils i other 13 & qeadrabie.

In the latler case, the problem is raliatively slzple becauss me juozb wso

¢

the linser equation az a means of esprosslag ons variable in terms of the
cthar ard then substituls thie relationabip inte ke quadratic oguatdon
go that w5 get a gquadratic with one wnlmown. Them,ws csn cbtain the roots
for ons verisble fairly easily by wbilising the gensrel formla for
solving quedratic oquations with one unlewownm or by fectording. As an

exazple, suppose we want o find the voots that eatdsfy the follewing

eguations,

5
%5
.
2

-2y =35

S,

o

and
eyt o 7
Solutions Manlpulate the Linear oguation &yl oxpress v in
torma of x, that iz y = &5:.5

Svbatitute this into ths second sgratior avd gob
L) X = \i - = !
2 - x( o8 (B ke

<2 - éiz_«s:x . '&zmm . 7

e T R
AR

A
A < e,

%
S

oD

NG
St

ot

AN

HWe can mulbtiply by ¢ and got

IR TSR

25% = 32 4 Sx + 6x - 10 = 1k

" A gt
i A
BN %e ErS

s

g,

g
s S5

488

RIS RO R, [ Ty MR OEETETD  DARDN  BORIGE S e e —_ [US—




=

Golieohing terma, wh god
x? s Yix .2 = 0
Hou, i we mliaply by 2, ¥s 206
Faollst gy = &
vhich we ean faskor into
(=3 {x-8 = 0
and dswwrzins that
z % 3
z = 8
Both answers chesk; o 2 sodabibule the rosts ints ths linesr
egoation aod geb Wio corresponging wluwss of y.

Inthiza woblen for x 2 3, 3= éﬁ%_;é = 2

% ®” 25 3"53 19
zpd % 5,3 go%—w«— --ﬁo

Tans w2 s82 that wo baws o poogpdbls golutions to the prodbism, We
aprangs the rosda in the farg of axdsred pairs bascause ths x ard y valuzz
wee Gopendsn® won o anddhery thed ig, va write the golation as

(x23, 722, (x=87=3).

Another situstion that wo could ensetnter would be one whers we had
only the aquaves of the micwwna, Thuz If owr wlnowns were x andd v, w2
wonld only have x° ami y© terms, Thie type of pro="em is epuy casy %o
202ve slince it is aizllar %o golving lincar agmblons with two wab wms,
That 1s, ve mathewaiiselly mudyuisbs the equationa until the consiant
ecefficlents of oms of ths wgusred unknowns sre alike in both equations.
Then we add the two equatdons or smbdiruct one fronm the other zo that we
and up with one 2quared unkmown and & constunt. Obviouwaly, the next thing
ve would do is take the sguare Psot of the eonstsab. This gives us a plup

.
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& witxes yook Doy 2ns of e winpwms, D Estw hovs s do is
sE3tisuse thass oo yeinss indo one of mmwm
vEive of He other szusved veimowm, By mailessidunl saaipaiatiors we
gt 2 mow conatant which is equsd %o 15 sguured vainows, Taklsg equare
rote of ol sifsens #3b s plug 3rd & slmss roob for tho sseczd
waRoyen, 2oussber, howsver, thet uvo row hovs o pairs of roots, Thst
'mﬁxmm&mwmm o the first vaknowm 224 & plng and & dmus
rovh of ths zsoand walewwn ko 2o alcns with sach of the poots of ths
fivar miroum. To olaxily our thinking,istls find ine solution to e

Tollearing aguatsons.
' 82+ 55° = 63

22+ 3 o
Solutions Kultiply sscond squation by k and gob
8x2 + 1257 s 00
Subtrast this from ths first equation in the following mammers

8x? + 552 = 45
8z2 +12y¢ = 100

a3
¥ = 5

¥y sguare voobs ¥ 3??
Thon we substitute both roots of y in the first squstion and

¥a ged

tor 3= 43, &%+ 3 (VD)2 = 65
B® + 5(5)= 65 = &5
Bl v 65 - 25
Xa g

takdrs squave zoots, x ¥ 5

fory = -5, &2+ 5 («B)% 63

&?45(5) © 65
65 =25
x2 » §

2,

ter

T Er i
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takirg squmre roots;, = ° iﬁ

In thés paviicnlsr wedlen the roote for eash wimom ave aimiler,
tut this cceurs rather infreguantly. Oz thimg that is slxays Leve -
though vhen wo heve only epared whows iz that theve will alvays be
fomwr pairve of valuss that caldsly the egualioma, and that there will be
iy ons abaoluts value of the rost for ecch mYmowa. Thie Is peinted
ozt by the paired reols of ths equations in ths abovs example, witich
we (xodS, yo4f), =8, yo ), (x5, y=45
and (x = <5, y = -¥5}. Fobte hew the sbscluie valms of the x root is
slwayn ¥5 and the sbsolnte valus of the ¥ voet is sleuys V5. Simse
another exazpls whurs the roots sre not ths soms sould probably solidify
owr thiakiny on this 4yps problem, lstfs try anothsd problem,

Seiver 22+ 25 = 29

- ? = 33
Sclutdome: Hultdply the first eguatlen by 3 end sesord
sqztion by 2 and get
9x2 + 652 = 87
8x2 - 52 = 66
Adding the sscond eguation to the 2irast, wo gat

172 = 153
x* = 9
taxing square roots we get, =z = AYF = 23
Substivutdng x = +3 in the first egquation, ws got
3(+3)2 + 2y2 = 29
eyt 29
272 2

¥=1
Talkdng square roots, we get, y= t1
togowith x= +3
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Subatituidng = ° -3 in the Dirot squation, v gob

332+ P = 55
T+ = B

9% = 2
¥ =1

This means wo hgve the voobs 3y 2 £ 1 to go with
x = =3, Thus we can gee thab cur siatansnt holds twus
sven when the zoots of the varisbles ave Siffevent.
0w smeoash whan we are Yaced with &l) the torms bedng of the sssond

degrec, such ez in the equatdon x° + 3y + hy? = 6 ds 2 Tittle aifferent,
In ¥his euse, wo muipwiats ths egustions g0 it o can 2limdwate the
consiant and then we solve one mknewn in terms of the other wlnswm aod
gubstitube this value isto ono of the sguatdons., Fexd, we work wntdl we
can geb a muber valus for the cecond wnlnewm. SBdnee his iz probebly &
Hbtls oconfusing, lebis work an exzample and soe how itis dons.

I

i l-&s{z« - vwxixf'fﬁ:,f

%

B

¢

T R R RN NI RN

Letis zolve
2% ke v 492 = 6

2%% + Sxy - 10y° = B
Solubionm: First,ealtiply the fivst cqustion by 4 and the
gscond equaticn by 3 to get ths constands sgusd, This glves us
8= - Yoy + FgP = 2
6x% + 1ay - 309% = 2
Subtracting the sesced fvom the first, we get
alanayp+shyie 0
We can now faclor vhal wo have «nd solve x in tormg of yory in
torne of 2, That iss (2 2y (2227 = 0
Setting factors equal %o O
x*Z samlxz° ,?%y

11h,
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We could also solve by the formils for solving = guadratic of one
wkeowt If wo consider g » 2, b ® 3y, ad c”SIzyz in which crco

P\

":‘%’;« z
»

©

w3 get

o “{=335) #{=315)2 - L(2) (SlgD)
& 2 (2)

o Wifat imyg
I

3 - 3@:!52%-& = 3iy & 23y

L k

o %Xaﬁy&ndxﬂ%za.?.gy

Tha next thing we do afier gstiing ons unknown in torms of the

¥

%
nE

T

<

T
W ;g‘{'k

e I
T

5

hayce
P

TR
o
’ St

= TV
W

g "’:&z.‘u

sacond unknown i3 substitute this valus indo one of tho esquations, ILedls

subatitube x = 2y back into the ssocond sgquation and wsill geb
2(27)2 + 5(2y) {¥) - 1052 = 8
8y° + 10y2 = 205% = 8
B2 ~ 8

¥y =gl

et v I

Knowing that when x® 2y that ¥ = 1 Lwe can turn our thinking
aroxd and eoo that whon ¥y & «1 that x = 2 and when y # «1 that x » «2,

’g,‘mw;;?‘a:évg:y“;‘ L ":'3’
) .

44
B

We now have two ordered pairs, namsly {x = 2y, y = 1) and (x ® -2, y = =1),

T
S

How letts substitube x = .?;g ¥ back inte the ascond equation and see

what we gst. {gz_ 2., 5 ( 1&2 5
6

L 2

(@) o o

ey
- ‘1

N . Hultipiying through by the least coswon denominator; 2, we

o get

TR
N

o TS
22"
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7299° + 135y% - 20y° = 8
Bh y2 = 16

8 b

Taking squars roots wa gebd

ww%%'

Again turning our thinking arcund, we ¢an determine that

when y = *géﬁ“» x must equal =L x é? or 2L

T 23
2 27
and WhEN ¥ & = cww 3 X T we , This gives ug ouwr sscond
Ein a1
pair of roots, namelys
= .2.2—«3 y* _?,__,, am} x= “ 3’” .:.g,_,\
Va1 {eii ﬁ"‘"

How that we lawow how to find the rools of two quadratic squations,
‘we might say "so what?, Well, the value of this knowledge is that ws can
solve problems where we have two unimowns thab affect Gio or more phases
of a problen, Using these unlmowns, we express eash phass of ths problem
in the form of an equstion and solve the sguatidons. As an exauwple,
sonsider swpply and &e;éax:d probiens, If the functions for supply and
demand wers quadratic equstions, each with the same wnkmowns, we aculd
find the peint; where the c'mves crossed (equilibrium point) snd aould
thus tell at what prices supply would meet demand,

Now try the probloms given below and see if you can get the answers
given,

Exercinssas
1, 8olve: 3x =2y =5 Ans,

(x @3, y = 2) (3"8:3’"“‘3)
2 exygty = 7
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2, Solves 2xy = 3ye+1 = Q Ans, {(x=1, y=1) (only ons solutdon)
=37+l = O

3, Sove: 3x%.5yf= 3 Ans, (z=5,y7°U) (x»5, y=b)
: 2432 = 116 (m= a5, gob) (x=a5y=-l)
i, Solves x2+ lg2= ) Ang, (x = <l.h, 7= 0.7)
e 1 (x = Ll 7 * 0.7)

705 Grgphs of Q@dﬁ&tic&.

The use of the mathemitlsal procedurea oublinsd gbove are fins,

bub they can be somewhat tedlous, so whensver we can, we solve quadratic
equation problems with two unknowns with grapha. Tho methed-is -péslly

;;‘lg»\ simple and all we do is lay out ¢ graph and for sach equation determine
E for various values of one variable the corresponding values of the other
E» ' variables, Then we plot the ardered pair for each equation and comnsct
5 ths points, Examples of this procedure &re shown in Figures T-1 througk
;’ . 7=, The points where the curves cross ave solutions, In plotting the
h_ graph of quadratic equations we must be particularly careful to remsther

that whers we beve squars roots thers are $wo ancwers, plue and rdnus, for
every valus, In addition, wo should instantly diemdss any plots of negative
quantitios, when such cannot practically sxist. We should xacall fronm an

earlier chapisr that if we have only onme unkmowm, the solutfon 1iss on a
straight line perpendicuiar to that wnknownts axis at the valus cr values

~E 4

of the unimown that satisfies or catiafy the equation.

P R

4

A% How we'll taks ths came problems as in seotion 7.4 and solve then

by graphioal motheds, Ths colutions are shown in Figures T-1 through
. Tali, respectively.

P

*

ma-gewr’,‘(?f%»f >
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If you understand what we have covered go far, the solubion of

the following problems ghould he ne great sffort. It is suggested that

you solve ths problems mathematiscally and thea solve them graphically.

1,

2,

h.

5.

Solyss

Solves

Solve:

Solve:

Solves

Solvses

L=y ® 1
%2 + g2 =13
x+hy = 9
L4 hy =9

x4+ by = 7
b x = 2y2

Xy - Tx+ by = 12
-2 = 1
x2+y2 m 13
3wy = 1

bx? - 2y + y2 = 3
812 + 6xy = 3y = -

Ang,

Ans,

Ans,

Ans,

Ans.

Ans.

120,

(x=3 7=2) (x=-2, y»° -3
(x“O,y"%) (x=1,7=2)

(x=1, 7=1) (x= Lo, 73
(x=8,y*35'z) (x® o2, 7% «l)

(x=3, 3722 (x=3, 5y~ 2)
(x® =3, y=2) (x =3, y==2)

(x"%, y = 2) (x’u%, y = «2)
(x=2d, y=1) (x=3, y=1)




CHAPTER 6
PROCRESITONS

B.1 Infrodustdon,

If wo were Yo walk down an avenue in 8 large cliy and obgerved that
first we crosged Firab Street, then Second Street, then Third Strest, elc,,
w2 would azoon realize that wo were ¢rossing stroets which ware nurdered
in some sequence. Unless we wers real dmess, we could beurdstically
determine tha’; the next streeb we would orogs would probably have a munber
one unlb greater than the nusber of the last strest we crossed., If we
try bo visualize what has cccurred, we can age that we have followed aome
rule op formula which indicates what the next street number wiil te., In
this case, we have simply added one to the previous street number. An
orderly sequencing of numbers such as this allows us to determine what .
the next, or the sscond following,or the nth (where n is the literal symbol
for the nmumber we want) following number will be. Such & sequence is what

is known in the mathomatict!s worid as a progression. Due to the mathematical

manipulations involved,we classify progressions as being eithor avithmetic

L geomstric progreasions,

8.2 Arithmetdc Progregsions.

Arithmotic progressions are those progressions in which the next
nimber is determined by adding, or subtracting, a constant amount from
the\previous nuber, In our siveet crossing example, we edded one to the
previous number to determins the number of the next street we would oross,
If when we got to 30th street we decided to retrace our gteps, we would

assums the next street wo orossed would be numbered one less than the moat

o
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resent sbreat we had orossed, 29th strest, In this case, we havo
pubtracted ene, In other arithmetic progressions, 4% is pesible than

the constant difference will be something othor then 1; 4n exsampla o€

a différence other than 1 would be successive Leap Tears in which the
constant differerics 16 I years, (1.8, 1932, 1936; 1940, 9Lk, etésd,

Knowing what avithmebic progressions are znd how thoy are Lormed,
we can proceed to debermine eny term in a progression omce we kndw one
tern, its relative location in the progression snd the.common difference
betwoen terms. In order 4o reduce our confusion to a minimum, we will
start off swith thoss casés in which we kmow the £ivat term, How lst¥y
develop a system for determining the value of the nth (whers n stands
for tho number of the term we are looking for) isrm of an arithmstio
progréssion, First,we let the literal syrbol a atand for the walue of )

tis first term and the literal symbol d stand for the conatant diffevence

between terms, Now we can exprogs the terms of a five term progression

as follows:
First term = &
Second term = a+d = g+d
Third term u gecond term+d *® a4 2d
Fourth term = third term+d = a+ 3d
Fifth term n fourth term+d = a +ld

By reflecting for a moment on the value of the rmltiplier of d, we
can see that the valus of a term is equal to the valuo of the first term
plus the nuber of the term we want,lecs 1,timss the common difference,
Syrbolically, if wo let the literal symbol t, stand for the valus of the

term we are interested in, we gobs
tn =g + (ﬂ-l) d

122,
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Proof that this formula will work can bs shown matheimtically, For

example, lab a =} and d » 3 and sssune that we wanb %o find the walve

of the seventh term: 3B¥% Suhstitngion, & gott \
bp» 4+ (7-1)x3 = L {6)x3 = 22

We can check this by doinz 4% . the long way and gettings L, 7, 10,

13, 16, 19, 22,

In gome cagés, we may désire 4o know nol only the yaluse of tho nth
term but alsp the cumulative total of the terms in the arithmetlc
progression up to and including the nth term. Ons rezgon might be 1o
determine total earnings over a period of time if ws were to start with
& stated salary and would receive yearly sslary increazes. An éxample
would be trying to compare whether you would recelve more money over a
ten year period of tims from & plan that started you at $1,000 & year with
$100 yearly increases, or from a plan that started you at $1300 a year
with §50 yearly increases, Obviously,we could figure out the value for
each term and then add all of the values, however, this could invelve
considerable work and would be & more complex problem, Therefore, letis
develop a way to figure this easily, First,if we were to sum all the
values and divide by the number of terms we would have the avsrage value
of the terms in the progression., It should follow,then,that if we know
the average value of the terms and number of terms in a progression thut

we can get the sum of the terms in the progression just by multiplying the
average valus by the mumber of terms. Fortwunately for us, the average is
easy to £ind when there 1s a constant difference between consecutive ternms
becauge all we have to do is add the £irst term and the last term together
and divide by 2, This can be proved mathematically bub a few examples
will suffice for this text, Assume the progression is 1, %, 5, 7.

123.
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Average = AE3XEXT o 18 . ) prec1+7 % Bad 8 = s

k A Z
For the progression 7, 11, 15, 19, 23, the average is [l ¥ s A5 ¢ 35423
5

i 'szi ® 19, BAlso 1%3.3.‘ = Q.g ,ﬂ 15. If we let 8y stand for

the sum of the value of the first n terms, 4,,the nth termand n for the
nurber of terms, we get the following equation:

Sn * ngw-fm‘g *‘t?)'

bub
by = a+ (nl) 4

In our exanple where a =  and @ = 3, we would £ind the sum of the
first 7 terms in the following manners

sp = 7'[i () . (1-2) (3)‘3

= 7 {Lﬁﬁ]
’ 2
= (1) (13)
s 91 .
It 1s left to the student to prove this fact by ddding the values

of the 7 terms of the progression.

Ar Infrequently seen variation of the arithmetic progression is the
harmonic progression. In & harmonic progression, we have a geries of

fractions, the reciprocals of which form an arithmetic progression., An
example would be %, %, %, %, %, ste, For ease of computation, it
would be best to always manipulate the fractions so that the numerators
were equal to 1. Then, knowing the reciprocals form an arithmetic

1
progression, we can easily see that what we hfaws is %, 3%8’ ‘5?’2’3’%?35‘5’ ste,

12k,
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Obviousgly, we determine the values of the various derominatorg in the

same way ve determine the valne of the nth term of an arithmetic proe

gression. Examples are given below. There is no knowm easy method of

getting the sum of the n terms of a harmonic progression,

' Before going on to determining the values of niseing terms; it

would be wise to go through the following examples until you are convinged

of the correctness of the answera,

1.

2.

3.

h,

Find the elghth term of an arithmetic progression where g » 8
and d = 50
Solutions tg = § + (8-1) (5) = 8 + 35 = 13 Ans.

Find the eixth term of an arithmetic progression where g = 5
and d = <4,

Solutions tg = 5+ (6w1) (=6) » 5 = 30 = =25 Ans.

Find the seventh term of an arithmetic progression where a !%
o1
end d B.
Solubon: top = %+ (7=12) (%) n%+ -,6; *'% Ans.

Fipd the fourth term of the harmonic progression where the
girst term is % and d = 2,
Solutions Find the reciprocal of % o« It ds 1.
Then ty© bh+ (h=1) (2 al*6 =10,

TFourth term = reciprocal of 3:0 or %ﬁ Angs,
b

Find the fourth teww of the harmonic progression where the
first torm is 2/5 and d = 3,

125,
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Solutfons Change fraction so that the mwwosater is equsl o 1,
To do this we divide ntmerator and denominater by 2 in the
following manners o3 a 2@ 3
. 32 3/2
Then we £ind the reciprocal of the fiaction. It is 3/2.
Tus 4y = 3/2+(4-1) (3) = 3/2+ 9 = B

The fourth term of the harmonic progression squals the

reciprocal of _z_;_ or Ee = ,.&;__.,
2 2l a Ans.
“Z

‘How that we know how to find the nth term of an arithmetic progression,
Jetts £ind a way to detexmine the values of terms in between two known
terms, The values of these wmikmown terms are calied grithmeiic means, If

we think of a straight line of fence posts as farming an arithmesiic pro~
gression,we-can-work up to our method for finding arithmetic means. Assume
between ‘the £irst and last post that we want to put in 6 posts, giving uvs
a total of eight posts, and thal we wanb all posts equally apaced apart.
Then thu first pest will serve as the beginning of the first space. The
second post will serve as the end of the first space and as the beginning
of the second space, The third post will serve as the end of the gecond
space as the beginning of the third space. Skipping along a bit, we find
the seventh pest serves the end of the sixth space and the beginning of
the seventh space, while the eighth post serves merely as the end post of
the geventh space. Thus, we gee that there is one more post than the
nurber of spaces, Now 1f we attach consecutive term nurbers of a
progression one to a pont, we can see that the difference of wvrlues of
conseoutive terms will be equal to the difference between the valuss of
the first torm and the last torm divided by a nwiber equal to the number
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of terrzs less one becsuge thers is one less mumber of spaces than there
: : are posts, Symbolically,we cowld writes

a4 = e
coL n-l

; The value of d can also bs cbtained by solving the equation &, = a # {ne1)
: for d. Having foimd the value of d,we can then procéed o fikd the values
: of the missing terms.

; Examples:

1. Find the L arithmetic means in the six term arithmetic progreegion

; whete 4 = | and t, = 1k, |

Solatbions d = ..l.%.':% B lg a 2

Arithmetic progression = L, 6, 8, 10, 12, 1k. Ans,

2, Find the )} arithmetic mesns in the six term arithmetdc progression
where a @)y and ¢, = 16,

Solutions d = -:.L-gﬁh ) }é = 2.k

Ari’bhmtic progrQSSion g 13, 6015, 808, :ﬂ.?, 1306’ 16 Anso

3. Find the 3 harmonic means in the five term harmonic progression
wvhere the first torm is % and the last term ie % .

fo

d

Solution: The reciprocals of the fractions are 2 and 6, respectively.

62 L
%) q = m o .
hen i T 1. Therefore,the values of the

reciprocals of the terms ave 2, 3, L, 5, 6 and the harmonic

1 1 1 2

gories = - - - -
® * 3 B B 6 Ans,

™ol

8.3 Qeomstric Progressions,

. Geometric progressions are those progressions in which the succesaive

torms differ from each other by some constant rultiplier, The multiplier
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can be either a fraction or a whole number, If we let :a = the value of
e Lirst term, n = the number of the terms we are interested in, and
r ® the value of the muliiplier,we would have the following values for
the first five terms of a geometric progressions

First term = a = g 10

Second term s Pirst term x 2 s g pt

Third term L gecond term x r = a #2

Fourth term =  third teimxr  =a v

Fifth term

fourth term x » -} rls

By inspection, we can sse that the exponent of the constant
multiplier is nel. Thus we can sst up the general rule thabs
% a g r(n‘.',l)
As proof, let us determine the seventh term of a geometric

progression in which a = 6 and r = 2, Substituting in the formula,

we finds o
t, = 6xdT = 6x2 = 6x6y = 38

Checking by multiplying each term by ‘the miltiplier gives us the following
terms: 6, 12, 2h, 48, 96, 192, 384k. It checks.

The most common application of geometric progressions is the
determination of the amount of money we will have at the end of a certain
perdod, if we invest it a% a compound interest rate. In computing the
amount, we must consider the initial amount :Envested &g being the first
post in our line of fence posts. Then at the end of the first period, we
are at the gecond posb, where the valus equsls the amount invested plus
the interest rate times the amount invegted. Sybolically, if we let the
literal syrbol A) stand for the amommt at the end of period K, the
literal symkbol P stands for the amount initially invested, and the 1iteral
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symbol 1 stand for the perdcd intsrest rate; we ceuld writes
For the end of first pordod 47 = P+ 1P

For the end of gecond period A2 o Al + 1 A"L

but Ay = P+iR soA,=p+ipP+i(P+iPp)
Ay = P+31P+4P+1% = p(1+21+1%

Hactoring we get A, = P ( 1+ 1)2

We should mobe that the exponent of the multipiter (1 + i) is the same
as the subscript K for A, Since it can be proved, but wontt be here,

that this relationship always holds true, we generalize and write the

squation as follows: X
Ap = P (1+1)

That 1s,the amount of money at the end of k pericds equals the initdal
investment multiplied by the factor 1 plus the interest rate raised Yo

the k power.
i

As en example, suppose we invest $1,000 at a compound interast rate

of & per anmm, compounded ammually;and want to know how much money we

will have at the end of ten years,
Soiution: Ayp = P ( 1+ )10

1000 (1 + .06)10

1000 {1.06)0

#1,790.80

Hote that this is the amount of money we will have at the end of
10 years. It is not the amount of interest earned. Ip determine the
amount of interest earnmed,we must subtvact out trs $1,000 which we
initially invested. As another exxmple, suppose we want to £ind out how
much interest an investment of $1,000 will carn over 10 years if the

189,

e Y

s et

a4 A AL KESA 3 saen T £ ot s 4

O

© ey A

o

A g e i e, e - S g b <«

& L $

I._-..v




interest rate 13 3% per six month perdod and compounded semi-amuzlly,
Solution: Notdce that there will E?e 20 periods so
ws are looking for the amount earné&' over 20 periods. Thens
Ago = 1000 (1 + .03) %0
, Loy = 1000 (2.03)%0
Agp = $1,806.10
But the amount of interest earned equals
Ayg = Ap = $1,806.10 - 1000 = £806,10 Ans.

Geometric progression procedures can also be applied in determining
the amount of some characteristic remaining of a material, iIf we kmow the
rate of deterioration of the characteristic and the amount of the
charvacteristic we are starting with., In this case,the multiplier would
be something less than one. It must be remembered here also that the
initial amount corresponds to the first term so that at the end of the
first period we are looking for the second term :in the progression. As
an exampls, letts zssume we have a policy of spending half of the monsy
we gtart 2 year with during that year, that we start with $1000, and that
we want to know how much we will have spent during the third yaar.l

Solution: What we really want is the difference Batooon wilaat we
have at the end of the second year and the end of the third
year, Since zero years is at the first term, we are trying

to find the difference botween the third and fourth terms.

To do £0, loet's £ind the third and fourth terms and subtract’
the fourth term from the third term.

. 1:3»1000(%)2 thalooo(?é)3
‘b3=1000(%-) t{,“lOOO(%)
130,
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t3 = by = $250 - §125 = $125 opent durdng the third year,

As with arithimotic progressions, we myy desive to obitsin the sum of
8ll the terms in a gecretric pregression, For exampls, if we wers
doubling owr bots at the dice table without wimning, we might like to
know how much we have lost, co ws will develop & formula fa the sum,.
If we lebt the literal gymdol Sy stand for the sum of n terms, wo have

Sp * atarl +ar? + aween ar(n-1) (uhore + wamat
indicates that terms have been left out.)
Then if we multiply both sides of the equation by r,
we get a second equation where
28, ® apr ar? 4 ard + eeost gl
Now let%s subtract the second equation from the first and we

will get

ar + are +ar3. + e + gpht

which simplifies into 8y -r§, = g - arl

wnich can be further simplified into
Sp (l<r) = a (1-x®) or

gy 202D 0 ag@.y

(1-r) (r - 1)
As an example, if we want the sum of tho first five tormaz of a
goomstric progression in which a = 10 and r = 2, wo would gots

10 (25 - 1)

SS o
(2 -1)

131,
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55 » 10(32-3)  20(3)
1 1

Ss = 310

Where the nuiber of terms incrssses without limit,we have #hat is
oslled an infinite goomstric merdes. Finding ths sum of the terms in

this cage is impossible if owr multipidsr is greater than 1 becauss 2
number greater than 1 raised to infinity is infinity. Where the
multiplier 13 1, tho sum is also infinity because we would boe dividing
by zero., However; when the rultiplier is less than ¢ns, wo can detersine
a definite maximun gum or _3_.1_;_;51_1; for the progression because r® approachss
zoro and we wind up with

8y = -ia-; or r:%. for n = infinity.

As an example,take the infinite goometric progression 2, 2/3, 2/9
and determins the limit.

Solutions = =2 pe 2
3
-2
S.--g——u. = ~"£'., -y
1-1/3 I
_L
2 3
S % §{ o B
3 2x-§
s = 3

In order to help convince ourcelves that thore is no limit to those
progressions where the multviple is greater than 1, let us see what sun of
money we would have spent aftor suffering 30 straight losses at the dice
table, assuming our first bet was one dollar and that e;rerybime we lost,
we doubled tae amownt lost on the Iachbst. |
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It is easy to see that if we lost a few more times, then .cur Rogsss
would exceed the "rational debt®, It is pretty easy to see now wlly if

we increase without 1imit, wetll goon approach infinity when the mmltiple
is greater than 1,

Terns. botutamine ghrtntarastP R georotrie ioirertoniaifiBnm

as geomstric means, Thus if we are given the first and last terms of

a five term geometric progression we would have thres geemetric mdans,
Here the problem is not as easy as considering a lins of poste as 1\;5 aid
with arithmetic progressions so we must go back to our formuls for dexdving
the valus of the nth term and work backw;rds. Rermeonboring that

ty v el

we can see that kncwing vy, n, and &, we can solve for r, Doing so we gob
Ml = ¥
“a

or

Having found r,we can now determine the values of the missing terms
starting with tp, then i3, ete.

o

14

As an example, suppose we wanb to £ind the gsomatric means in the
geomatrisc progression where a = 16, and ty = 61, (Obviously n=§,

and we have 3 goomstric means).
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Solutions Solvad = fﬁf}’% | S

re (5‘1) 81
\ /T

hi 81716

ra 3/2
then to = 162 3/2 = 2
t3® hx3/2 = 36
b= 36x3/2 = 54
tg == 8li x 3/2 = 81 {checks)

Exoyrcises:

1. Find the nth term of the arithmetic progreselon wiorer

a) a=3 b} a= 2 ¢} a=20
dmy ds ol 4=5
neg ne? ney

Ans, 10 Ans, -8 Ans, 35

2. Find the sum of the £irsgt n terms of the arithmstic progrsessions

wheres .
a) a.=) b) am=9g o) a=20
de=1 - dm a2 S L
n=8§ n=*é nm=h
Ans, 60 Ans. 0 ' Anas, 68
3., Find the values of arithmetic means for the arithzotie progression ;;
waeres - \
a) awé b) a=12 e) a=5 1
tg= 16 b= =6 tg= 15 %
Anso 8,10,12’])4 Anao 60 Anﬂo 1,"3’ "‘7’ =]l g%
;
13,
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4, Pipd the nth tern in fhe geomstric progressions wheres

) a®6 B} a=l ey 8= a0
re3 r = 3/} rel/2
nes nel n=g

Anrs, 486 Ans. 2716 Ang, #20/16

Ih problem 4.0., yoit should hote that ths progression slternites
betyeen a positive value and & negative valus, This will cecur whensver
r is equal to a minus nuzber.

S
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5, Find the swn of the first n terms of the geomstric progresslon whsres

a) aw?2 b) a = a2 c) 8=6
r®3 ' rw a3 r=1/3
n=} ne} ne3

Ana, 80 Ans. 4O Ans. 26/3

6, Find the values of the goometric means for the geometric brogression

wheres

a) am1l b) a®&lb c) a=1/y
by = 16 tg = 1/2 =2

Ans. 292‘,8 Ans, B’l"egl Ans, 1/2, 1
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CHAPIER 9
LOGARTTENS

941 Iatrodustion. _

¥any mathemabics books begin tho developmant of the tom of
Jogarithns with & compliested deinttion shich hes the bendenoy to soave
the stidont or, in £ome way, ocauge ths student to feel thit ths subject
is incc‘:‘z:p'rehensi?le. On the contrary, logarithma are sasys they ers
simply a mathematical techniqua which is principally used to facilitabe
extrémely laborious arithimetic calsulations. Supposs the student of
arithnetic wére asked to evaluste the expression 15250, Thia is an
arithmetic caloulabion which requires the student to mltiply 15 by itself
250 times. This operation would be Yédious and would requiis several hours
of diligent work. Afber we have learned the mathematlosl technique of
logarithms we will be able to carry out this computation and obtain an
approximate anocwer in Just a few minutes. Keep this thought in mind as
you read and work through tho developrent of the theory of logarithma,
Remembor, it is principally used to simplify arithmetic calculatisms,

Now with that brief introduction we are ready to digest *he gomaxhat
sticky definition referred ‘to above. The logarithu of & positive mzmber

%o & glven baoe, other than 1, is the exponent of the power to whish the
baee st be raiced to oqual the number,

This definition can be expresced as an equation N = bX,vhers N is
the positive number, b is the base which is greater than 0 and not equal
to 1, The e@n@n@ in x and it 18 tho exvonent to which a baca b is
raiced to produse a nusber N, The equation, as exprescod above in the

form N ® b*, ws ghall call the exponential form,
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This emw equstion can be exprossed 4n Jogarithdo form 43
followss i ' ‘
log, ¥ = x waich peads as follodss the Jogarithm of

the Swnber N to the base b 4a x.
To drill of the definition of a logarithie have dncluded exercices
which require the student to write the logarithmle forms of oxpopential
eguations ard vice verea. The stulent #1111l £ind it mosb helpful 42
contimally remind hinself that g log:

wrdthn As an exponent $o which a

baso im raiced to produce 8 sumber, ILetls try a few.
Exampless
Hrite the logaritiimic form of tho following exponential sguations,

1. 23 o g

When we look ot this problem se should dmmediately determine what 4s
the éxponent or logarithm, We then can write

10 e * 3
Then we £ind the baoe, or in other words, the nurber which is beiig
raised to the power., In this case,the bass 1s 2, w4 then can £111
in the base blank on the log sids of the equation,

10y wws = 3

v L a7 o
X

o
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We complete the transformation by dpserting the mumber that we citein

by raising 2 to the 3 power 4n 4is propor plece 4in the logarithmic

forn.,
logs 8 = 3

2, 52 - 25
In logarithmic fora this exprecsion becomes
logg 25 = 2

137.
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3" 153 -

Birdlarly, log) 64«3
b FHaf
5, 152 = 22g

The ‘trdnsformation from logarithmic to exponential form is Just
the veverce of the above opsration..
Exampless
Transforn the Lollowing logaritinde squations dnto ‘thefr
exponential forms,
1, log,B=C

a® = g

2. log Y= 2
Rey

30 10g1° 100 = :2
10° = 100

4, log, A =B
ﬁe‘b = A

5

-

logp 16 = i

2 a3

The student ghould re-read and study the preceding part of this
chapter until the tasic principles contained therein ars well mnderstosd.

138.
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Remerber dlways that a Jogerithm is an 1W1%1?~ o « and that

logaritims ave a mathematicsl technique wced to facilitabe arithmotic
conpitations,

9.2 Imm of :I’%. zariihys,

With the prsceding basle theory known, we are now ready to discuss
the basic laws of logawithms which ws will use exbensively in computation,
In developing these relationships,we will use the yules of exponents sthich
e have lsarned .earlier which ares

Taw A ax o g7 = XYY

lawB, B = gx¥
a¥

Law C. (855 = &5

From thess three -exponential laws wo are able o derive useful
laws of logarithms.

F;’:zst Law - Logarithm of a Product

Rewriting the miltiplication lew of exponents
& .« a7 = XY
Transferring this exponential squation into logarithmic form we
.obtains log, g%y = x+y

but
logy, a* = x

and .
logy FFRT <

therefore
log, a%a¥ = log, a* + log, a¥

therefore,in general terms
log, KL = logg X + logg L
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or in moxdgs The log of a product to & cortain base 4s equal to s N
§im of the logs &f the factors of the product to the same baco,

Trsoft logp Bl = 103, B + Togy k ;
logy 32 = 342
5 = 5
Similarly: lqu -ABC = log, A* 1chB w lpgx c
Second: 1aw . « Togaritim.of a .Quotient
Iaw B above for -exponentg is
v
e Xy
a¥ @ .
Expressing this exponentizl equation in logarithmic form
a¥
‘but
log, ak ® x
ard .
1oga ay sy
therefore: LaE
log, 7 = log, a* e log, ¥
or in general terms: -
loga% = log, K = log, L

or in words: the log of a quotient expresced as a fraction, to & certain

bage, is equal to the log of the mmorator to that bage minus the log of

the donominator to that sams bace,

\ 32 \
Proof's 1og2 - - logy 32 - 1og2 8
2 = S o 3 1

2 = 2
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Third Lay - Logardtha of & Hucbor to o Foifer
/striting' dew G for exponents.
(5T = 2%
Transforming this exponential eguation ivto logarithmic form
logy (&™) = xy
‘but
log, a% = x

Substituting
log, (aX)7 = y log, a*

or in general terms
log, ()Y = 1L log, K

or in words, . . The log of a rnumber to a powor to a .certain basge is
equal to the power times the log of the muzber to that sams bass.
Proof’s logp (B)3 = 3logy X

logs 6 = 3 logp ks

6 = 3.2
6 = 6
Exarpless
Trancform using the laws of logarithss.
1. log, AB

log;, AB = Jogy A + logy, B
T lb% iy
log, ¥ w5 legy X

X
3. 105?3 Y
logy§ = log, X ~ Iogy T
h: 1ngﬁ " y
Togn[XY = uzy, (¥ * dug, ¥
= logy Pl log, T
= § Iugy X * log, ¥
Kt
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iz . ,
108y e * l0g. 2~ log, S
rg‘ % br
* 3log, 2 ~%log, 5

9.3 Bages of Logarithma,

Logarithmic tables have been corputod for a base of 10 and & bass
of o (waich is equsl tn 2,718). logaritkms to the baso e are salled
natural logarithes zns sre wrdtton wadeg the syubel In, 1.6., ln 6 moans

the logarithm of 6559 the bace @ (e = 2,718). The ¢ base ds wdorstood
whont In 15 ugad.

Logarithus 4o the bass 10 ave written uaing the syrdol log without
a bags writion in, Iog 100 msans the logarithm of 100 to the bass 10,
Again the 10 bass ls understosd., Lozarithms to the beas 10 are ealled
gomron logardthms, Ths oholce of 10 for a base was rods becauss owr
mmbering systom is based on 10 and mltiples of 10, A% 10 ouwr murdoving
oystom Jwps from one to two inbtegers; at 100 it Jurps from two to threo
and g9 on. The reasen for the selection of bags 10 will bocord mora

aspporent as wa loarn more eboub comron Ingarithma.

L e e A A e e

Tha‘ exponent to which 10 must bs raisod to produse a given mukor
ia & coxmon logarithn,

log 10 = 1 whdoh meano 10l = 10 ‘
log 100 = 2 walch meana 102 = 100
1og 1000 = 3 vhich wezns 103 = 1000

log 10,000 = § which wasns 104 = 10,000

Tha studsnb will probably ooy to himsslf, Wiell thls is noab but

B A e tann L e
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vhat sbout mmers botueen 10 and 100 and botvaecn 100 and 1000, ote, o
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The ensver %o this question is sirple and gots to the heewd of ihe gibjeat
of comeon Jogardthes, A comwon loparithy has twe parts, onv eslled 8
chavacteristio and the othor cslled a mantissz. The ghorsebapisids ds

the wiole mumber pars of a logarithn {exponent of 10} which gan be
obtained by inspection. For whole numbers, it selatea to the mumder of
mumbesrs befors the decimal. The manbissa iz the decimal portion of ike
logarithm and 1t is obtainsd from & logaritheic teble aledisy to Teble IX
rpe 598599 of Riderts "Firat Yoor Hsthemitics for Colleges" gocond
edition pudlished by the Maemillan Company., Ileotis go sheed and look wp
the logarithm of & couple of nuxbhers and see how easy the process is.

The student is encouraged to have a table of logsrithwds mantiesas
available while reading the »est of this chapter,

Another law ‘cf Jogarithms waich we will eall the fourth law is
offered hers without proof. It conserns transforming a Iogarithm fron
ons bage to another., It is written syrbolically as followss

log, i = LK H
logp &

This rule will be found useful in transferring logarithms from a
natural bage to a common base and vice versa. We will not have a great

need for this rule in a managemsnt envirorment.

Examplet
Find ths log 57.2
Reworbering that the log 10 = 1 and log 100 = 2, wo know that
the log 57.2 is somewhere between 1,000 and 2,000. This is what is meant
by saying that we can cbtain the chardcteristic of tho logarithn by
ingpection. In the case of log 57.2, the charactoristic of the logarithm

3.
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is 2. The motdses op docims) part s obtaioed from the leog table (Ridew),
Gaing %o 57 on the vertical sexle sud soxoss to 2 on the horigontel sedis

o

-~
-r.

x 1,
2,
3.
b,
5.

£

we ohtain 7575,

1oz 87.2 = 1157

Again,expigentdally de wians
13BN o g7,2

Biellazly, loz 572 = 2.737

and }Qg 5’; e 30?37?-5

In genmeral terms; the chorecveristic of & logariths of 4 posdbive muder

1 iz oo Yooz than the number of integers in the nuder. Ths mandlssa

Exaxples:

log 35 = 1.54
leg 350 = 2,54l
log 16,3 = 1.2122
log 163 = 2,2122
log 8.3 = 0,9151

i3 obtained from the log tably weing the sequence {order) of integers im
the nwdor for which the log is requdred,

Since log 1 = O becautso 100 = 1 and remerbecing the log 10 = 1,

it follous that the chavacteristic of a poaitive nusder from 1 to 10 bub

not including 10 is O and the logarithn is simply the mantisca for that f
pavticalar sequencs.,

&o
7.
8.

103 9.2 = 0/49638
log 92 = 1,5638
log 920 2.5038
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9. Findine the Antdlogaritims of Positive Lecarithes,

If vs are glvon %he exprossion Jog A = ¥ and then given the walne
(antilog) of W and asked to find &, we eay tha wo ave asked to find the
antiloperithn of N. Using exsople 3 above &9 an exanpls, wo conld bs told
that the logarithn of some nwdber s 1.2127 and be asked to detipmins the

number. The gusstlon wmight be writien as follows:
Find ¥ if log ¥ = 1,2322

Another way to state this problem would be to rewrdbe the equation in
its exponential fora 109222 & g vy pinding the tantilog®, wo are
finding ®.

The uperation of finding the antilog is the roverse of finding the
logarithm. We should reslize right away that since the charssteristic is
1, thers are two integers to the left of ‘the decimsl, Tho avtual
sequence of mumbers ie dependent on the mantissa, To fird the antilog
we go inte the tabls to find 2122, This mantisss corresponds to the
sequence 163, Our characteristis, to repsat, tells us that there ave two
digite to the left of the decimal, So ., . ,

log R =» 11,2122
N = 16,3

It follows that if log N = 2,21%2
K =163
Examplest
1. log ¥ = 3.4997
N = 3160
2, log X = 1,739
X = 5h.9
3. log Y = 2,6561

Y = )53
ks,
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b log M= hon
K= 2,53

5. log ¥ = 1847
M » 1,53

At this point, the student should stop and go back over the rmoterial
voversd co far in this chapber again paying partdcular atitentien to the
points which are nob yet completely undsrstood, The basic theory of
logarithnus bas now been covered. It is cnly necessary now to cover ths
case of finding the logarithm of decimsl nuwrbers (whick avo negative) and
then the cass of finding the antilogarithm given & nsgative logarithm,

The payoff of logarithms will coms abt the end of the chapter when we apply
the tochnique of logarithms to facilitate cumplex arithmetic computations,

9.5 logaritims of Daciial Nmbers.

You will recall from ouwr previous discussions that the charactsristic
of a logarithm of & muwher from 1 to 10 was O, Fow lst®s £ind tho
logarithm of a decimal nuxber such as .l.

or log A =X
If wo put this equation in exponential form it becomes
10 = 1
x mst equal ~1 gince %6 a 1071 = .1

It follows then that
Jog JI1 = <l

Similarlys 108 OL = =2

log o%l bad .3
log ,000L = <}

146,
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Now we ave veady to £ind the logariths of & mmder such as «32)
oy 10803223 = 7

the logarithm of & decimal muder aleo has two parts, a charasteristis

and & mantisea, just as ivs whole mubsr cownterpars, The logarithm of a
decimal punber will always be negative snd its characteristic will always
bes one more then the number of zoros immedistely following the deslmsl,
The mantissa is obtained in the same mammoer that it was obtalned in the
whols number caas, that is, by entering the log isbles with tho sequencs
of nurbers and obtaining the correct montissa.

Pinds log .38,
The characteristic is negative ,and i3 ons rore than the nubar of pores
irmediately following the decimals in this cage it it -1, The mantiess
ig cbtained from the table by entering the wvertical column at 32 and
moving across horizontally to the L column. We read 5105.

Then  log .32 = =1.5105
To facilitate the manipulation of logarithms, a logarithm such as
-1,5105 1is conventionally expressed as 9,5105 - 10.

Exampless
1., log .00257 = -3.h0%9 = 7.409% - 10
2. log .521 = 1, 7168 = 99,7168 - 10
3. log Okl = ~2,6170 = B,6170 - 10

9.6 Finding the Antilogarithm Given a Nogative Logarithm.

To find the antilegaritbm givon a negative logarithmy, our procedure
again is the reverce cporation to finding a logarithn given a decizmal
nuwtber, The negative sign of a legarithnm is the irndicator or "clus” that
the antilog is a decimal nuxber, The mantissa dotermines the sequence of

7.
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nurbers while the chavacteristic detormines where the dsedmnl is plased,
The mucber of geros frmediately following the decimal 1s ons leusa thap
the abeolute numerdcal walue of the characteristic.

Examples:
Pind the antilogarithms, given the followinrg logariithms,
1, log W= 964kl -0 = 1,644
Since the logarithm is negative, ths anbtilog is g decimal, The
mantissa ylelds a sequonce of nurbers from the table of Ll
Since the number of geros immediately following the decimal is
ons less than the absolute numesrical value of the characteristic,
one less than one is 0, thersfore,
shive, log N = 9.64hk - 10
then, ¥ o= ha
2, log¥ = T7,2201 ~ 10
¥ = 00166
3. logX = 8,3502 ~ 10
X = ,022}

9.7 Logarithmic Coxputation.

In order to grasp the tochnique of logarithmic couputation quickly,
we will work through a simple arithmetic prodlem using logarithms, The
basic mothed for each problem will be the same,

Suppose we wers asked to carry ocub the following calculation,
2. 6

| 9

Our first stop is to cot X = to the computation required.

X is the Gnower wo are trying to obtain.

148.
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Then take the logarithm of both 2ddea of the equation
2

TogX* log el
: 9
and logX®=log 3%« 6. log 9 (By ths eecond law)
log X = log 3° + log 6 = log 9 (By the Piret law)
log X = 2 log 3 + 1og 6 = Ing 9 {By the third law)
Now we go to the log tabie and look up the nsssssary logarithas,

log 3 = WM

log6 = ,7782

log 9 = 9542

Then,

X 21og 3 = 2x -.L77L = 9542
+ logb = +, 7782
: 1,732k
- Jog9 = ~, 9512
. 7782

‘herefore log X = ,7782
The aexh step is to take the antileg to obtain X
I = 5,0
This certainly looks like quite a bib of werk to obiain an answor

which wa could have obtained simply by carryiny oub the indicated
operations to Jutain 6.
22 ) o 9 X 6 .
9 9

Now letts do the corputation

6,
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This computation could also be deme quite eanily by arithzetic,
Our main concern st idis point is to foarn the method of logarithude
cosputation. Again, set X eqml to the computation X = 365,

Then, log X = log 36
and llogZ"5log 36 (by the third law)
Using the lq'g tables
log 36 = 1,5563

Then, 5 x 1.5563 = 7,7815
Thon, .log X = 7.7835
Owr next step is to take'_ta;e antilogarithn. Going into the teble,
we find that there is no exact mntissa listed for 7815. The mantiseas
in the table which straddle this value are:
7618 which corresponds to the soquence 605 and
7810 which corresporde to the ssquence 604

Wo are looking for the sequence which corresponds with the mantdssa 7815,

We approximte this sequence by going through a 1ittle bit of mathematieal

gyrnastics called interpolation. The sequence corresponding to 7815 is

gomewhers botween 60L0 and 605C. The cequence is approximted by taking

g x 10= 6.2 since 7815 ie g of the distance between 7810 and 7818,

or reforring to the log table the 5, 8 and 10 are obtained as follows:
7615 and 7618 and 6050

-7610 «7810 5010
5 8 10

Therefere, the cequence correcponding to 7815 is 5046, We have interpolated
in {hreo placo tables to obtain a fourth place, which is the best we can
expoct from this approximate approach. Therefore, the .2 i3 dropped., If

150.
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the interpolation had produced = valus of 6.6, we would have made the
Pigure 6047, With o characheristic of 7, we kuow thet tdere ave B§ digits
to the left of the decimal. Our approximsie anmwer to the eomputation
3654 then is

X = 60,460,000

st

A more exact answer would requirs s more coxplete sof of logarithmio

mantissas,

9.8 Interpolation.

In the example above, the student has besn exposed to the technique
of interpolation, The student woald be wige to view this as a moans of
obtalning one more significant figure Irom & teble of x aignificant
figures,

angwer using 25¢ tables rather than buying the 50¢ higher priced variety.

Using perhaps a coarser vernsouler,we ars approximating an

We are Yapproximating® because we are acsuming a straight line or uniform
change bstween any two numbers in the tsble, when in fact it is not. It
is an exponential relationship. This is anopher reason why we dropped

tha .2 in the previous example.

Letts now use owr thres placs tables to cbtain a logarithm of a
four place nunber,

Find 1log 2733.
We proceed as followa, We place our nuzber bstwsen the two nunbers
whick "straddle” it in the table. Since it is between 2730 and 2740,
¥ ¢an arranye our problen as followss

log 2740 4378
log 2733

10 g }3 xf(s 16
log 2730 4362
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Weo can find the montissas which correspond to the sequsnses 2740
ard 2730. Thsy are respectively, 378 and 4362, The mratissy that m are
looking for then is apyroximately I.?" of tho distance betwesn 4362 ani
k378, (4378 - k362 = 16)

Tharefore,
d x 16 = L8 ey 5

The mantissa then is 4362 + 0005 = L4367 and log 2733 = 3.4357.
We could also solve for the mantissa by settdng up a proportion where
' - SR B

16 10

xa,f%.. . 26 = L8 says

Interpolating to obtain the antilog is ths process ws used in the

" last exsmple, under logarithmic computation sbove, to obtain the fourth

gignificant figure. It is considered worthwhile to do one rore example
problen in this section., In this cage, we will be finding the antilog of
a nogative logarithm (which we all ¥mow must be a decimal).
Find § if log ¥ = B,L688 - 20
Remenber that the characteristic & ___ <10 or =2 morely tolls us
that ¥ has ons O to the right of the decimal point., The rantissa falls
between 4683 wnd 4658, A recomuended way of setting up the prodlem is
as follows:
,7.11698 correspords 1o cequence 2950
15 | .88 10
11683 5 corregponds to ssquence q@ho
Therefore, the sequense we are looking for ls aboub .-2. of the
distance from 2940 to 2950,which is 10. ®

% . 10 ° 33 Say3

152,
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1herefore,the ssquence is

2640+ 3 = 2943
//‘—‘-—‘ T

Then

N = 02943

Exercisas:

1. Express the following in logarithmic forme

a) g4 = 625
b) 321/5 a 2

c) 2= 19
a) 1074 = 0.0001

e)ab"o

4nse.

Ans,

Ans,

Ans,

Ans.

2. Express the following in exponential form:

&) logé% s 2
) loggd? = 5/3
6) logy/? = 273
a) log, 1 = 0

e) log V= 2z

Ana.,

Ans,

Ans.

Ans.

Ans.

logg t62$ » )
logyy 2 = 1/5
logg /49 = =2
logyq, -0001 ==

’.!.oga =Y

62 = 36
85/3 = 32
272/3 = 1/
17° = 2

X2 = y

3. Express as a gum, difference, or rultiple of logarithm of simpler

quantities:

c) log, (v°al)

d) log, (25/34)

153,
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Write the characteristies of the logs (bage 10) of the followinge

a) U65.8 Ang, 1
b} 27,600 Ans.
e} $3,000,000 Ans, 7
d) 0.1 Ans., -1 or $=10
e) 2.67h x 1072 Ans, ~3 or 710

If log N has a mantiasa sush that the significant digits of W are
3406, find N for each of the following charactsristica:

a) 1 Ans, 34.06

b) C-10 Ans. .03406

c) 11 Ans, 340,600,000,000
d) -3 Ans. .003L06

¢) 10° Ans. 306 x 10100

Compute the following using logarithms:

2} 83.10 xx2.019 Ans, 133,500

b) 3/ 86,37 Ane, 2.1k
\’ 6.3

¢) (2.138)3 x (h2.10)~2 Ans, 005513

d) (=0.03420)%/3 Ans. =0.3249

o) (-12.36)~2/5 Ano, 0.3658

If a curvs in a road is banked to provont gkids or overturning 2%
V miles per hour, proper olevation (h) in feet of the outaide ndge

is glven by: h . 2292 /1
AN

Find h for g = 32,16, » = 000, w = 20,0 aad v = 0

Aus., 0,697
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Find the following logarithes nging a table of omwon logavitics,

a)
b)

e)

Solve for the wmlmown:

a)
b)
e)

In 0.39
1985 2

X6 L 5
1023 = )3

10g; (x#1) + logy (x#3) = 1

log (7% « 12)
log x

2

1550

Ang,
Anas,

Ans,

Ans,

Ans,

Ansg,

9.058L - 10
0.45306
0.7h457

-1
2.3168
~9.32
0y =k
3, 4



CRAPEER 10

CALOTRU3
10,1 Introduction.

Wo have previously coversd most of the smanipulaticons that can bs
performed on algebraie equations, We have seen hov we can: (1) facter
themg (2) graph them; and (3) solve systems of equations te determins
where their grai:hs intersect. We have glso lesrned how to seb wp
equations to help us solve problems. We stdll must, howsver, investigate
ways of predicting the affect varying the value of cme warlable wlll have
on the other varisbie or varisbles., For example, 1f ws ars driving along
a bhighway bestween two citles, whal affeot will chanzirg our specd have on
the time it takes us to make the trip?

In order to find the various timss for all the varicup posgible
speeds, we could make numercus caleulations and dewvelop 2 table, we could
determine a few relationships, draw a graph and then read from the graph,
or we could determins the relationship for omc speed and deterrine an
average rate of change in time for cach incremental change in spoed.

Then we could take owr knowm relationchip, amd kmowing the increrontal
change in speed, compube the tire it takes to coxplete the trdp. It is
this latter process that is kmown as caleuvlus, In other words, caleulus
is rmorely the procoss of finding how much the dopendent varisble varies
for incremental changes in the valus of the independent varisble, When
we want to compute the rate of change for oxtre=mly eall changes in tha
valus of the independent variable, we got what wo call the instantanecus
rate of change. The dstormination of the instanbasscus rate of change
is commonly called differential caleovlus.



The prinsiples of calovlus are by ns moons systieal, In fach, they
are rather sirpls. The complexities of calsoulus only cresp in when the
relationzhips betwsen varisbles ave cozplex. Howsvor, lhs student ghould
not worry becaunzs most of the equations encountersd in muagement are not
complicated., Kow that we knmow vhabt calenlus iz, let's proceed and
dstersdne how it helps us predict the effects of changing the walue of

the independent variabis.
10.2 Pirst Prinsiples of Czloulus.

In order that wo mxy better understand the forammlas that we will
later uee in differential calculus, let?s develop cur own rate of change
for a rather airple problem, For ease of following, lotés assue that
we have cnly two veriablea; namely, x, the indspendent variszble, and y,
the dapondent varisble., Let's also agree that wo will represent s=all
changes in the varisble x by ths symbol §x and small changes in the
varisbls y by Ay, The student is cantioned that the wariables could
have any litersl symdole assigned to thenm, but that by convention we
usvally uss x and y. The case in which we have more than two varisbles

will be taken up later.
Lettz procesd now amd goe what happens to the dependent vara Sle,

when wa change the indepemdent wvariabls a slight bit, It ehould be

obvious that we must flrst know the velationships betwoen the two verisbles

bafore wo conld hope to determine the effects of chenginz the valus of the
indspendent variable by a slight bit., For purpoces of explamation, let's
agaune the relationship is expresced by the squations

y* 3x2 +x+2
8ince the mothod we wili usze iz the basic theory behind calculus, we call
it the first principles of caleulus,
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If we lnereass the value of the varisble x by & o1l avout,
Mchms@ewwwmamlﬂx,mwiuoﬁmuﬂychw@ the valua
of ¥ by sozo amownt, which we agrecd to cs8ll Ay. Thorvefors, using owr
relationehip glveon above, we would gob

y*Ar'B(x*‘Ax)e*( xtax)*2
or, F*AY“B!Q*GIQM)*B(M}%*::*,Ax*‘;?

or, ay =32+ 6 x(ax) + 3ax)2rxt Ax+ 2y

but, y'3x2*x¢2

80 A7 =3x8 +6x{px) * H(Ax)2 4 x4 aw2 -3 e x a2
or A7 fx (%) +3 (a0 + Ax

Now if we want to get the avarage rate of chanze of ¥y with respect 4o
changes in x, we must divide the change in wvalue of owr y variable, whick
is Ay, by tha change in valus of ouwr x varizble, which ie Ax. Howewvor,
eines wo must perforn exactly the camo opedstions to both sides of an
equation Yo retain the validity of an equation, wo st divide voth sides
of the equation by J4x, if wo want to obtain the awerage rate of change
of Ay with respsct to Ax, This then givos uss

Ay . &(4x) , 3Gw2 , ax

Ax (4x) (ax) A=

cancelling out on the right side, wo find

.é% » 6x+ 3Ax + 1 ™ the average rate of chsnge

Thus, we can see that the rate of change of tho walrs of the dspendent
variable with respact to the indepondent variable is 6 tirss the value of
the indopondent variable plus 3 times tho chango in the indopendsnt
variablets valuas plus 1. To tesplebte ths exanple all wa weed to kaow is
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the initial value of tho indepsndew

t vardable and its change is walus,

To eonvinse ourselves of whst wo have done, letfs assuws thad the iadtisl
valve of x ip 3 and that tho change in valvs of x 18 4] and that ws-wond
to find the change in § for these cowditlons. Substituting the velwss
into owr last farmula we finds

AL o 6 +3(0) 2

or Ay®™ 8+3+1le 22
We can chack thie by dstermining the valuwos of yfor x= 3 end x = § end

subtracting the first from the gotond, Wo find y = 32 for x = 3 and

v = 5l for x = §j and the differonce is 22, the sume as wo oxposted it '
4o bs,

Since ws normally want the instantancous rate of change, that ig
when A x is extremely emdll, wo will work throuzh only two probdlems of
finding .ﬁ before procecding on to the consspt of differvatial ealeulus,

Exsrecizoass

1. Pind :ﬁ-g foryox2+x+§

Solution: y+ ay = (x +4x)2 + (x+ Ax) + 5
Ay 2 +2x(ax) + (ax)2+ x4+ px+5 .y
ATy =22+ 2(ax) + (Ax)* x4 4x+ 5 -x2wx-§
AV =& (ax) + (ax)? + Ax
BL- 2+ ax +1
2 Find A fory e bxZ+ 7

AZX
Solutdens y+ Ay=6(x+ Ax)2+7
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Ay s+ 12 (A5) ¢+ (024 7wy
Ay =&+ 13z (Ax) * (40024 7 62"~ 7
Ay =125 (Ax) + {4x)?

%%ﬂlzxééz

10.3 Differentisting.

Enowing how to find the rate of change using the first principles
of ealcules, we osn proesed Ho Limd the instentancsus rats of change by
letting Ax become extresely swmily oo smail, in fact, that iL spprozches
the valus gero. In this caso, wo change the gyxhology from 4z to dx
and Ay to dy. Sysbolieslly, we write the fast as follcume

= limlt Ay

Axp0 &X
The meaning of 4 x and dx is tho scmejp that 48; a smell changs in the
valuss of the wvarisble. The degres of the change is all that differs.

That is, dx mesns & very very cmall change. Therefore, we conld take Lhe
thrse zé.% 'g doveloped above awnd change then as followss

f{ w6z ¥ 3ax+1 m§ s 6x % dx ¢ 1

_§.§ wox+ Ax+1l to% = Py 4dx+l

and S w1 ax 0 ¥ = 1xra

Now, if we considsr dx to bo infinitozixal, ve can drop &1l terms which
contain it because soxothing almost zore tirss anything gives uwa alrost
zero, Thus, we would not affeot owr ascwracy very rmuch by dropping the
oy with dx, Our oquations would now recds
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That i3, ve have develeped =mmch siz-lor expressions for O insteniowow
rats of changa,

We a1) probably sgree thet 1t sstwy like Were sheuld be an eaxier
wxr than the first prircipl: s%o lavelop the valws of this izclsatenscns
rate of change. There is. We nen dgvelop tis mothod by somlyxing the
rosults of our three presvicws efforte uuing the first priveinlqs £
caleniuvs, Wo chouid note that we have xuitdpiisd each term by the
axponsnt of the indspendeat variadle in izt tavw azd that we have
roduced the value of the azxpoment by 1. If wo coredder 3 tera condainirg
only a constant, we conzlder tho indopendent variedle to be hiare bub to
bo imvigible becauns its cxponent io zero and wo have moata® i replecad
it with a faoter of 1. &5 an exzzpls, (meléxlﬂé,mmwcrt‘m
mw&x(’,mmwmtpmﬁ& Lookdrg ab it in thin woy, wo can seo
that the constanta "drop oul* when we differentistc bscavse whewn wo
zultdply by the oxpenont of the irdopondent warisbls, sero, wo g8t $2vo.
Sysolically, if wo consider oach tom indapemdontly of the other torms
in tho oquation, and 4f wo lot & stond for the comstamt coofficient exd
x® otand for the inleperdont variehle raisod to ths uth pozer, we cea
write the gomeral oxprocsicnr

y ® a5
and e
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Due to the additive law, we can éifferentiats cach term dmdspondently
st then add thom togethsr to got the fotal derdvative for the equstden,

Few letts look at a foy exanples and then txy a f57 on o owm,
Exsredoast

Differentiste the follewing equationg:

1L yesd elP e+l

Solubiant fg e (3) 322+ () beet (1)5+0
% . oz 4 8x48 ’

24: y"lﬁxz-&t"‘l
Solttdons % = (2) x-(1)6%0

g * 3% 6

3. n°n2+n-l6+n°2+ nt
Solutdons % e Zn+ 10+ (=2) n"d 4 (<1) Sn~2

% ® 20 +1eom3 a2

be t = r2+3 Ans, %"&
S. R= 163 +5 Ana. %'16
6. y"17xb+6x2+5 Ans, §°68x3*12x
7. o= 2% ° Ans, %’% = Gt

15,y Difforentiation of Birsher Oxders.

Scotdzmss wo noed to difforcatiate more than omeoe to £ind the rate
of chango that we want. FPor exmrple, if wo wanted the rave of change of
the rate of chango, wo would aimply tale the degdvative of the dorivatiwve
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of the emdgival oquation. The dorivaiive of the erigisal eguation is
called tho firsh deriwative, while its derivative io callsd {2e costnd
darirative., The derdvative of the cocond derdvative is called the tuimd
dorivativo, and £0 o, In order %o indicate ihe oxsct derivalive Laat
w8 are working with, we incert, excopt for the first dorivetdve, ths
mder of the derdivative wo want botuzen the d and the gysdbol of the
dopendent variable ccncerped and after the zpbel of the indspondent
variable. For exszple, tho gocond derdvative of y with pospect Go x is
written %,mmwm sy dso~twosulyy and des<x-iv0,

Exopreisons

Pirnd tho derivative indieated in the folicwing egqustiens,

1. g toryo 3l + 3 ¢ 2x ¢+ 8
Selutions g o 1250 +12x2 + 2

derivative of -g “g = 362° + 2x
2. %fory'x5+6xa+3-x’2
Solutions % 511‘ + 12 + 2x3
ga 20x3 + 12 = 6x™%

d eé(}x2+2}m‘5

e B

3.3% for y= kx?+ 62+ 10 hra, 8
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h,%‘%fm-yﬂléxs*x?’*x Ans. 960x° % 6

5. % faryﬂl&zs'?:@*z Ana. Méﬁ?.;l
6. gl f@ya%?miu@ Ans, G b 4 623

7,§ fory® x°+ 100K+ 1000 Aps, 2

10.5 Derivatives with Murs Thon 2 Varisblea.

In some cases wo may find that & varisble is depondent wpon more
than one independsnt vayiable, For exmple, ¥y might bs dopondent vpon
n and t 88 chown in the following eguatisosn.

y = m?
In this case wo can take the derdvative of y with roopest to ons of the
irdopendent variables and consider the other one to bo comsteant. This
is vhat 1s called partial differontistion, When we take s partisl
derdvative, we take the derivative with respect to one varisble and

censider everything else to be a constant, If we take yfi mt2 and £ind
the first derdvative with respect to ¥, we would get:

oo (2)mt=om
With respect to B, wo gote

g

Roserber now, oach of those is & pardial dordwative, If we want to god
the total rate of change wo would have to ranipulate the cquations oo thst

only the dyfe wero on the loft side of the egmaticna. In owr exzrple,vo

would hovo:
(2) ¢y = &1 (ab) (Differentis) with rocpoct to t)
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sed (2) a7 = 4% (dn) (Differemidel with weuyost €0 @)
Wo rust add the o differentials together to get the tobal @iffawuntinl,

s,
ay = 2% {as) + 2 {au)

This is what 12 known a2z the totsdl dilforombial.

How letts try a fou oxercises and oos If wo oan gob the anzwwes

given,
. ke
Bxsxyisss..
1. Find the partlal derivative with rezpsot fo n for

y“ﬁz"'m'*xz*x
Ssiution: Consider x %o b & constand

e me1

2, Find the partial dorivative with recpect te x for

2

yumz-i-nvl-x +x

Solution: Considsr m to be a conztant

%a&ﬂrl

3. Find the total derivative of
y'm2+n+xz+x

dy=(2n+1) an + (22 + 1) ax

ExCiodzbs:
1. Fmdgg fory'm2+m+x Aps, 2o+ x
2. m%’&i fory*f+xm+x . Ams. nt1l

3. Fimiéﬂ; feryﬂa3¢m2-fx? bms, nf s ox
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k. Fim%%g gor v =l ;i 422 Ans. 3nf 4 2m

5. ?méi; for y 51 ¢+ xm® + 22 Ans, a4+ X
el

6. ?mgi fery*z:? ¢ xn + x° Ans,

&

7. Find% fﬁry”ng'?‘nz*xg Ans, 2x
3. Fird%‘% foz%yﬂmz’*nz*x?' Ane, &

9. Find% foryﬂmg*ﬁz"'XZ Ans, &u
10, Find totel derivativo for

yonl+p?esxd Ans, 2xdx + 2win # 2xddn

10,6 Spscial Derivativesa,

Whils 211 equations can be difforentiated by the first principles,
the wark iwvolved soxstirss becomsa unduly lengthy. For this reason, "
pore derivatives arv wsually memordzed, The move commonly found dexdzidwss
ars listed below, with an example of each, The formulas used ars offared
without proofs -

1. Bua of terng y @ ax® + bxt"lé oxli*2t aww ¢ ¢

% - mr(ii""l) [ (ﬁ’!’l) bx(n'”?) L g (nm‘z) cx(n"B) P cmme? )

Exnrple: y“Bxg*&z*'B

>

5 = g+ 2

ax
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2, Proedusts of terms, say y = (u) (¥)
8@+ (v
Buavgle: y = (x2 + 3) (ladt + 5)
£ = o (e + 2622 (324 3)

g - 825 + 10x + 160 + hgx> = 2hsB ¢ UBxd 5 10x

3. foovients of terms, say yﬂ.g;‘
gn | gdv

%,E{' dx

-2
Exgrplet y = 5%’...2
»  X(2) - (x% 3) (1)
£ "

¥ . 22 .x2 -3 _ 3_2:%__2

i, Dorivative of funotions of a function, say y = w? where w is a

functdon of x.
g% 8
u o
Exarples 7=l v, vhero u ® x2 + 2

%"h 9%‘2"‘2}:

% = ) ¢ 2x = fx
Boorcions:
1. Differemtiate y = (x2 + 1) (x9) Ans, Ux3 + 2«

2, Difforontiate y = (23 + 3x) (x + 1) Ans. lx3 + 3x2 % 6x ¢ 3
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3, Differemtiste y = xl’;z ang, 2elx

b, DMfferentiats ¥ nxz{ T Ans. %s%é%g; L

5. Differentiste y = % u% Anz, 3= (22 + h)%
whera q ® x2 + |

6. Differcmtiste y = 6u~3 Ans, ..355;"7
where u ® x2

10.7 Maxiesn and Rinilews Podnba,

The student chould reesll from our original derdvatden of the first
derivatdve, t&aﬁg is the lixdt of %% as A x approsches gore, ¥We
should roflost on this statlemont £ a wozend aad viewdllszs what would
happen in Figure 10-1 if we let A x apxroech o,

Filgere 101

The hypotenusa of o trianzlo would rolate countescleokudes, paoxing
througn the vardous ordored pedre on the owwe, unbtil 1t coimsided with
tho line tangent to tho curwo &b {x,y). When ihis ceours, Ax kae
approached gero, oad %% beccnas the alopo of ths toagent to the emwe
at podnd (x,5), It chould now be ovident o £ studont that tho elopo
ef tho curve at any particular polnd is equal to the slope of the line
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tengent t2 the curve gt thab point, Therefore, wo can eeoncluds that the
fivat derivativs, %, is, gecmetricully spealdug, the glops of the owres
of the fumetion at asy point on Yhe curve,
If wo had the functdon
yobx? <1242

E = 1x-22
The expression,l2x - 12,18 the slopo of tho owrve ¥ = 6u? - 12x + 2
at any point. If it were necessary to obtain the slope st a m&i&n}m’
point, myx*“»l,mmumsi@lymmm%vﬂmzﬂmlintha

expression 12x « 12
Then 12(=1) = 12
<12 12 © =24

The slope ofyﬂéxe-l?x*z et x = <1 iz the high mogative
slope, «2h,
At x = 0, 12x - 12
12(0) ~ 12 = ~12
the slopo oquals .. 12,
Ab x = 41, 12% - 12
12(1) -~ 12 =0
tho slops is sero, therefore ths slope of the curve at the point
x = 1 is parallel to the x axis.
At x= 2, 12x « 12 =0
12(2) - 12 = #12
At =3, 12(3) - 12 = +2
Tho funotion y @ 6x2 « 12x + 2 1 chotohed in Figwoe 10+2, Tho ¥

vxluss corrompondirz to tho valucs of x plotbed aro chiairod by schotdibtuting
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the appropeiate x vlmes in the originzl equwtien.,.

ke “ad

(13"’4)
1‘ Pigere 1042
Lt padnt (0,2) we oaleulstsd ths slope to be =123 at point (1,-h) it

waz O and at point (2,2) iv was +12,

You will recall from our study of linear equations that an equation
such as y = 2x + | is in the slope-intercept form of the equation., The
graph of this equation was a line with a slope of +2., Let's gee what
happens if we take thls squation and differentiato it.

yex+h

g

The £irst derivative is the coefficient of x which we slready know is
the sglops of the aguation of this line, If we understand the simple
concept of alops as covered in the ckapter on linear eguations ard se
developed above, tha subjoob of dotermininy maximum or nmindrunm points,
relative maxizmza or minimm points or pointa of inflection of graphe of
funotions will be very sirple.

Kow, wiaat do wo nmean whon we say maxdmum, minimm, rolative maximem
or relative minimum points? In the graph of the parabola in Figure 10-2,
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the point (1,=h) is definitely & minimum point on the graph since there
is no possible value of x which can be substitubed in the equation, which
will rezult in a lower valus of y than ~i. A porabola such as the omd
sketched in Figure 10-3 would have a definite maximum at x = 0,

¥y y

A
/f/<

Figure 10-3 Figure 10«4

At any other valus of x,the value of y would be less thaa zoro. Loolking
now at the function sketched in Figure 10-k, we can sse that as x
decreases to the left of point A the corresponding value of y also
decreases, As X increases to the right of point B the corresponding
valug of y also increases. There obviocusly must be higher y values than
the y value at point A and lower y values than the y value at point B,
Point A, then is referred to &3 & relative maximum point, and point B is
referred Lo as a relative minirwn point. The explanations abova are
prosented without the uce of formal dofinitions. The student is invited
to dovelop in his oun words appropriate definitions for theco concepts,
It should bs noted by the student that at the turning points in Figures
10-2, 103, and 10-L; the slopes of the curve and of the tangents to the

swrva ars equal to zero,.

in.




The slope of & curvs can also aqual zero &t points of inflestien,
The student should turn ahead to Figures 107 and 10-8 4o ceo what points
of inflestica look like. We will stndy them in dotail in swbssotion 10.8.

A%t the coordinates (1,-l) of Figurs 10-2, wo found that the slope
was zoro. This point coinoldsd with the minimus point on the gragh., Ths
student should also realize that as we moved along the ocwrvs fromx = O
to x = 2 our slops went from ~ to G to + or the "rate of change™ of slopo
in that area was positive,

Rewriting our origimal function
yo6x2 122+ 2
and differentisting

& = 12:-12 = slope

To obtain a point where the alope iz zero, we simply sot the expression
we have obtained as owr first derivetive equal %o gero and zolwve for
the unkmown, in this case x,

ix=12=0
12 = ]2
x=1

Therefore,at x = 1 we know the slope is 6., (Wo thon kuow that we have a
paximm or minirunm point o # point of inflection &3 will bo chown later).
What then is the y coordinate at this point? This is obtained by
substituting the valus of x = 1 in ths original eguation,

¥ 6x2 122+ 2

7y = 6(1)2 - 12(2) + 2

y* -k
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Sinse the greph is sksiched in Figare 10-2 alrecdy, wo kuow in this eace,
that the point iz a minimm point, Suppoes, howover, that wo d&id nob
know whether the point on the curve wss & maximm or o minimm at this
point, Wo can determine this without plotting the graph by taking the
gsosond derivative, and thon substituting the value of x for whiich we imew -
that the alops is zero. Sinco the firet derivative gives us the slope,
or the rats of change of ¥ ﬁ/th/reapeet Yo X, the gecond derivative
ghould give us the rats of changs of the f£irah derivatdve or rats of
change of slope with respect to x at any valus of x. If ths glops rate
is positive, we should obtain a positive figwre vhen we substituds éwr
valus of x vhero the slope is zoro in ths sgecond derivative oxprossion,

The reverss is trus if the slops rate is negative at the value whers tho
slope is zero.

In the parabola example

L = tx-o2
Tho cecond derivative, %3 = +5, vhich indicates to us that if wo

ryve in the positive x direction on the parabola the rate of ¢change of

slope will always be positive., This comsept can more easlly bo viswalized
by the golution of a prodlex.

Exarplos
1, Dotermino the turning points for the graph of the equation
y=x3+1:2*1 and ehatch tho graph.
y*= B+
First, take the first dordvativo to obtain the exproszsion for the slopes.

%'312*'2!"81%0
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Find oub vhere we have turning points by egumaldng tho glops
expression to zarc,sincs the slepe will bs sere ab any tuwrnieg point (or
a% a point of inflection as dizoucged in subsestion 10.8).

W +2x = 0
factoring x(3x+2) =0
x = 0
+2 = ¢
Iz v <2
x a--§
Therefors, we know that at x = 0 and x = =2/3, the slope 18 0 and wo
have turning points.
FRext, we obtain the valuss of y which correepond to x = 0 ard

‘x = -2/3 by soparately substituting thess walues in the original eguaticam.

y='13+x"*+1 y"x3+xa +1
Whon % ™ 0 Whon g = «2/3
y=0+0+1 y-(’.§>3*(‘.§)2 !
y=+ I
vty M
vy~ 1 W21

Turning points are located at

(0,1) and (gg , %)

Then to determine if thece points are relative maxirm or minirmm points,
ve take tho secord derivative,

Since F = P+

.d%aéxd-z
ax

17k,
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Substitubing x20inbx+2
6{(0) + 2 = 22
This tolls vs that tha alope rate is pogitive at x = 0, Therofeys, psint
(0,1) iz & minizun point or relatdye minimm peint,
Supstituting x®=23inbz+ 2

. '2
This tells us that the slope rate is negative at x = -2/3, therefore, we
have elither a%uimmn%r a relative“mximm'f We then can skoteh thess two

pointa on a coordinate axis as shown by the solid curve in Figure 105,
7 /

) /
(- %,‘3‘%} ‘7’>\i .’
Ky(o,l)

/
4

/
L
T
4
{

~

i Figure 10-5

We canalssaeefromtheariginaleqmﬂmy'x3+x2*1, that as x
increasss boyend x © 0, y will continus to increace terard ¢+ infinity;
aleo &g x decronces beley ~2/3, g will continve to dosreazs imdefinitoly,
Thorefeze, wo can clearly cee that the turning points we hawve cbtained are
rolative raxirm ard nindrmua pointa., We can thon siotch in tho rost o
omr ourve. (Shovm in dobtted lires in Pigure 10<5.)

Exarplse

2, Dstormine the rolative mazism and miniemm points for the graph of
tho eqzmtionyagé « 212+ 3x +1 and skoboh tho graph of this
egeation.
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33%’2..&2&-3341
then %ﬂ %Emhx*fi

equating % %0 0

. Walbxt320
asteedng
(g3 {x=-3)=0
then x =3
il
e 1
and ::fgw 2z« b
4ax
&b x = 3, 22 » bk
P wlm g Cevpaves wp OF
raintive "edydomy
ab x ® 1, I

2{1) » Iy = =2 Concave down or
ralative fmaxtent

Finding the corresponding y values from tha orininal oquation:

at x = 3, at x =1,
x3_ 2 + Iaxz_ <& Ql
yeF-atexel =3 2x? ¢ 3x

3 3
y =4 a2+ 503) +2 AT R LR RS
yo 9 «18+9+1 ye 3 24341
7= A ye 1

48 in the first problen, for valuss of x » 3, y cenbinnes to imereace
indefinitely, and for values of x 4 1, y doorcaces indefinitely., We then
confirm that our values are rolative maximen and minimus poimba, Ow
siotch will look like Figurs 10-6,
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Pigure 106

10.8 Poinbs of Infleetion.

Relative maximun and ainizum points are not the caly tlxss that

2 curve msy have its slope sguml Yo mero. Hefarring now %o FPigure 10.7,

}

J
y s inb of
PO‘
Point of * Inflection
Inflection /4 intle
+Slope - Slope
« x X
*+ Slope /f =)\ Slope
0 Slope 0 Slope
7,
/ Figure 10-7 Figure 10-8

wa cun oot that if we had a carve such &g that shoum; ow slope would do
poaitivs as we approachsd x = 0, In the poaitive dircetion, tho sleps
would bs 0 at x = 0, and thon it would agaln becoms and remmin positdwve
at x > 0. The roverss is truo for the owrve shem ia Figure 10-8,
Thore the slops goos fraa xdnus to vore to minue ag indicated, The poiats
{0,0) in sasch czse ars cellod pointa of infleotion.

Bxswples
1. Slwteh the greph of s curve y & 0.
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Bauatdng 322 %0 0
2 e 0
x= 0

thon ¥ @ 0, by substitution in originsl ecquation

Thig then %ells ug that st x = 0; y = 0, the slopo is 0, Then tskdng

the sesond derdvative,
% )
2

Whon x = 0, _%_d “ fx = 6{0) = 0

4

Whon wo substitubs a valus of x for which ths slopo 12 serro dn tho sccond
dorivative and obiaim a zere angyer; we have & point of inflection, iIf
we graph the equstion y ® %3, we will e thab it hos the gonsral slope
of the cwrve in Figure 10«7. The slope goos from plus to zors to plus
ag wo zove from negatdive values of x Yo pooitive waluss of x end the rave

of chemge of alops, %3 s 18 zsro where tho slope is zero,

The student iz invited to plob the carve 7 @ =23 and dstermdng 12
it has an infloctinn point.

10.% Sumxiry of Turninzg Points and Poinbs of Inflestlon.

Whexn asked %o graph & funsbion,
1. Teks tho first derivatisvo and cguate it to zevo, Ths valves shtalined

tsll us we have cithor a twminy point (rasimes or mdniewm) or a point
of inflestion.

2. Tnko the sooond derivative ard smbstituts the waluss obtainod in
ghap 1. IL wo oblaing

1786,
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{1) a positive mign, we hovs & winimuz or a relstive mindem zodnb,
{2) a popative siga, wo bave 2 maxiemn or & polsbives maxien
{3} sgero, we hzve a polub of inflestion.

3. We cbbtain the corvosponding walues of the depsndemt variadls {y} from
substituting the values of the indspandent variable {x) cdtaimed in
stop 1 du thy originsd squatdom.

Ixevclces:
1. Pind the coovdimutes of the mlnimun polnb on tho gwaph of the egualien
yaxe+ 2+, Ama, x ® &l 7«3

2., Find vhe coordinates of the relative maxirxm and minissa points on
the graph of the equation y = X5 + 222, Slkotoh the graph of thie
equation. -3 Ans.

Relative paxizum x = o ¥y = 10 2/3
Relative winlmmy x® 0 y= 0

3. 8kolch the graph of the equation y = %3, What are the coordinztes
of the point of inflectiony Ans, %= 0 y=0

10.20 Inmtrodusiion te Integration.

In differentiabisn wo are given a funstion arnd asked to find a
gortaian derivatave, or we are glvea coms derivative awl asked to find a
higioy crder dorivative, In integration, we work im the opponite direstion.
Hero w9 are glven & dzzivatdve and wo are roguired to “Uinbtegrabo®, o
cbtoig eithsr ths criginal fwastion o the noxt lover derivative. Letiy
taka tho gleple fumotdon

7 o324}
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Kow lstis take this dexdivative and Imbegrate 1% im an abiexwgd to
obtain the original fumetdon., 75 indiente the integrablon opevetden, we
arpange our dugrivetive in 3 gpecdal mummsr. Plrst of all, ws sulidply
koth sldos by dx and obiaim

dy = &x dx

Thon we ineert an integral sign, " *, on both eldos of the

squatdon as indleated below,

S = JSexax

We now ars rsady to integrate.

If we raize the powor of x to the noxt pewer, 2, and divide by the
ems nusber 2, we obtain %3. or 3x°, the £irst tevm of the ordginal
functdon, With the rwager amownt of informstdisn given, it is irpozsible
Lo obtain the ccnstant, +k, wo originally had, The criginal function
could have had any nucder for & constant, sinca tho derivatiws of a
conztant is sero. We conventlomally ocoxpencats for this dradility by
indicating that there could bs & constant by adding . +¢ to tho fusction
developed by integration. Swemardsing owr integratisn problen,

Jw = Jax

y ®© 3x2+o
strtlerly, Jaye £1ax
y= x+g¢
s Sae fo2rea
T %?- +x2 + ¢

180,
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Gur gonoral rule for integration then for a derivative,such as

% » axn, is arvived at as followy. Changing Shis
derivative to the integraticn form,

fire [funes

uich hacomes
y® ﬁ.}. + @
n*l

Exanmples:
1. Integrate: % R R 5 RO P |

then fdyﬂ f(xbn%x3+&2+xél)dx

ye é--ﬁ-*.a.’.é*-ﬁ

+xt+g
5 I 3 2

2, Porform the indicated cperation.

Sor= [(32+ 2) ax

ye 2‘;‘.3_'}&‘?0

y O+

10,11 Distance, Velooity and Acceleration.

If wo have an equation which exprocldss zume dlstence traveled
exprecood as o fumotion of tdms, the first dsrivative is an egastica for
tho velosity, zinco velooity iz defined as tho rate of changs of digtanso
with recpect to tims, Tho cocond dorivatdwo of  » ~rigae?) cquation is
equal %o the ssselerationeince tha mecoluration is the rate or ohomge of
volooity with respeot to tiro,

Therefore, if the distance, 8, a cortain object travols (im foot) is
exproscod &8 a functdon of time  (in scconda)ie 6016t + 242 + 3% + 10,

181.
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then %ﬁ'% = yelocity = kB4% ¢ Lt ¢ 3 fmfﬁﬁ
. and -93% » gecslovetion = $6 + L geet/eac/wse
at

mepleés
1. The velocity {in ft/sus) of 3 body 2% any s $ [iv secomds) &
related to tims by the following equatione V = 2 w & 4 I, Find
an oquation which axprescos the distamse traveled as o funection of
tims 1f the distance traveled at time 0 seconds is O fest.
Ve %% w2t el

Jaae SRt v 1) at

al%ém%?;*t'@c

Sinee 8 = O when ¢ = 0, then 0=0-0+0+c¢

¢=0
therefore
glguﬁ ‘i‘t.
3 —2

z. Deoternins an exprosczdon for the ascolersilon of tho cbjost at any
xzo ¢ in the above example,

V= g{. e 42403

2
& 5‘-—3 ® %% -1 in wdts of £t/ses/cec
i db
Exoreisass
, 1. f(Sx‘-*ga)ﬁx Ars. D - L 4o
& X
2.\[(-3*!&:3)@ fng, 3B = 3x¥o
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Te

8.

Yy st
N .

aﬁfa'ﬁ%)dz Ans, O%e
f(xz#ﬁ)dx Aw.is‘ﬁ-@axn

If distan~ ,yin yards,and tim-o,xin seconds,are comacctsd by the
following formila, y = x- + .. + 1, yhat ia the veloeity st tdms
{a) sero?  (b) after 2 seconds? (o) after 10 ssconds?

Ans, {8) 1 yard/esc (b) S yardsfesc (o) 21 yards/sco

¥hat is the acesleraticn in problem 57
Ans, 2 yards/esc/eec

The velooity of an cbjost after 2 ssoonds is ogual to 10 feot/sce.

Tho distance traveled at tdme O socomds 15 O feot, If the eccoloratica
of this cbject in fest/zoc/ecc iz given by the forrmla s @ x & 2,

vhore x is expresced in seconds, what is the eguation vhich exprosses
the distanco, a3, traveled in texms of x?

Ans. s = %.3. +x2 + 4x Lot

The welocity of a body in ft/cec at tims ¢ coconds 13 given by
vetlat+l, Find tho distance fron an obcorvor at tirs 4 if tho
position 12 1 foob at tims soro seconds.

Ang. 3‘2—3- - :E?. + 1 feot
3 2
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