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ABSTRACT

The purpose of this work is to describe a theoretical formulation,
including a documented computer program, for the evaluation of electro-
magnetic scattering by perfectly conducting bodies having an axis of
rotational symmetry. The main body of the work gives the theory, which
has been modified considerably from that given earlier. Appendix I gives
the analysis and logic which forms the basis for the various subroutines
of the computer program. Appendix II gives the complete FORTRAN listings
of the computer program, Finally, Appendix III gives the computer print-
out for a numerical example, scattering by a conducting sphere-cone-sphere

obstacle , as obtained on the IBM 7030 digital computer.
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SECTION I
INTRODUCTION

GENERAL DISCUSSION

In recent years work has begun to appear in the literature on the
numerical solution of electromagnetic scattering problems by digital
computer, For the most part these methods have involved numerical
solution of a vector surface integral equation, In any case, the basic
procedure in all methods requires numerical generation of the elements
of an N X N matrix, followed by subsequent inversion., Because N increases
roughly linearly with the size of the target (quadratically for bodies
that are not axially symmetric) there are practical limitations on the
sizes that can be treated successfully, Hence such computations, exact
in the sense that in principle any desired accuracy may be attained,
are extremely useful in the Rayleigh region and some portion of the
resonance region: but’ must ultimately be supplemenied by high frequency
approximate techniques in order to obtain the complete frequency response
of a given target, Observe that exact numerical computations may play a
useful role in establishing the usefulness and accuracy of approximation
techniques, and also in providing experimental targets for more compre-
hensive range calibration than is presently possible using spheres and
dipoles,

An exact formulation of scattering of electromagnetic waves by
perfectly conducting obstacles was given in 1949 by Maue, who obtained

a pure integral equation and, alternatively, an integro-differential



equation, either of which suffices for determination of the unknown
surface currents on the obstacle.(l) Both equations have been discussed
in the excellent review article on diffraction by Honl, Maue, and
Westpfahl (HMW),(Z) and a derivation of the pure integral equation has
been presented by Van Bladel.(3) The integro-differential equation has
been programmed and solved numerically on the digital computer by

(4)

Andreasen, who considered axially symmetric targets. Similarly,

numerical analysis has been performed by Oshiro and co-workers, employing
the pure integral equation for more general shapes.(s)
An alternative theoretical approach, also leading to numerical

(6)

results, has been given by Waterman. The purpose of this paper is to
document a computer program for the implementation of this method,
Section II gives the theory, which has been modified considerably from
that given earlier. Appendix I gives the analysis and logic which forms
the basis for the various subroutines of the computer program. Appendix II
gives the complete FORTRAN listing of the computer program, Finally,
Appendix III gives the computer printout for a numerical example,
scattering by a conducting sphere-cone-sphere obstacle.
COMPUTATIONAL ASPECTS

In addition to their role in the present work, it should be

noted that certain of the subroutines contained in this report may be

of interest for other applications,



Principal among these are those routines for generating the
spherical Bessel end Hankel functions by a combination of power series
and recursion techniques, noting that both precision checks and alter-
native procedures are included for those cases where precision is
difficult to maintain. The subroutine for generating associated Legendre
functions, and their derivatives, by recursion is also essentially self-
contained, Finally, certain of the matrix processir.g operations, e.g.,

orthogonalization, may prove of use elsewhere, perhaps with modifications,



SECTION II
THEORY

MAL...X FORMULATION

Consider an incident electromagnetic wave Ei(g), ﬂi(g) impinging
on the closed, perfectly conducting surface 0 of Figure 1 in otherwise
free space. It is assumed throughout that 0 is sufficiently regular
that Green's theorem is applicable, and that 0 possesses a continuous
single-valued normal n at each point. Only simple harmonic time dependence
at angular frequency W is considered; a factor exp (-iWwt) is suppressed

in all field quantities. Field behavior is described by Maxwell's

equations in the form

YXYXE-KE-=0, (D

with an identjcal equation governing H, In these equations k=l/c=2T/A
1s the free-space propagation constant,

Because the surface conductivity is infinite on O, no tangential
components of electric field can be supported. Currents are induced in
the surface, the electric field of which must precisely cancel the
tangential components of Ei at each point on 0, HMW have given a
representation of the fields for this problem in terms of surface current,

(2)

After minor modification their formulas may be written

Ew =E'® +I o'y x ¥ x y(x"g, (klr-c'D), (22)
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H(r) = (D) - ikfdo'zx iz"e, klr-c'D, (2b)

where E, H is the total field, go(kR) - (lo1'TR)-1 exp(ikR) is the (scalar)
free space Green's function appropriate to outgoing waves, and the curl
operators are with respect to the unprimed (i.e., not the integration)
variables, The integrals represent the E and H fields, respectively, due
to a surface distribution of electric dipoles, as one would anticipate

on physical grounds., The quantity j(r), which we identify with induced

surface current, stands for the jump discontinuity in magnetic field

encountered in crossing the surface, {i.e,

i = - (1/ik)n X [§+ -Hlono . (2¢)

In the course of obtaining Eqs. (2), the boundary conditions appropriate
to conducting surfaces were employed, namely, that nX§+ = nxg_ = 0 on O,
The nature of jump discontinuities in the field vectors across O

can be shown directly from Eqs. (2), giving

E,-E_=(% . ) n=niwp (3a)
L-g-ikﬁxi . (3b)



In the first of these equations, the surface divergence(7) Vs . j of the
current may be defined by the physical requirement that it equal the net
flow of charge out of infinitesimal element of area (per unit area per
unit time). The second equality, involving the surface charge density p,
follows from the continuity equation Vs . j = - 3p/dt,

The extended boundary condition, requiring that the total electro-
magnetic field vanish identically in the interior (thus in particular
E =0onY), is from Eq. (3a) sufficient to guarantee the usual exterior
boundary condition nXE =0, Applying the extended boundary condition

-
in Eq. (2a) gives

[dc'v VX i, ke = - Bl “w

an "extended" integral equation that is to hold for all points r in the
small dashed sphere in Figure 1. By taking the curl of both sides of
this equation, it follows that the total magnetic field H will also
vanish in this region, once Eq. (4) is satisfied. Equation (4) is
equivalent to three scalar equations for the two unknown tangential
components of j; only two of the equations are independent, however,
in consequence of the fact that each side of Eq. (4) must have zero
divergence.

Equation (4) may be satisfied by expanding both sides in regular

(8)
vector eigenfunctions . S Ecmn of the vector Helmholtz Eq. (1).



To treat the integral one writes igo = 3. égo; the expansion of the
"free space Green's dyad" égo has been given by Morse and Feshbach.(g)
Because of orthogonality over any spherical surface about the origin
shown in Figure 1, corresponding coefficients may be equated on both

sides of Eq. (4) to give, for incident plane g}(r) = Eoeik'r,

J’dci(E) LMy (D

e - /1) [n(n + 1)]% e, - ano(ﬁ) )

fdci(g) X (D

-+ @) lnm + DIFE . 1B R

(5)

The !?, N° are the outgoing wave functions, and dependence on the

direction of incidence k is contained in the vector spherical harmonics

C o, B G.(IO) These equations are to hold for each triplet of values
=mn ’ <mn
(0, m, n), witho = e, o (even, 0odd), m =0, 1, ..., n,n=1, 2, ...

These are the conditions under which the total E, H field will vanish
identically in that volume consisting of the largest sphere inscribable
within 0 about the coordinate origin employed. As has been shown

(6)

elsewhere, because of analytic continuability this is adequate to
guarantee that E and H will vanish identically throughout the entire

interior volume,



The surface current is next approximaced by expansion in the

assumed complete set of tangential vector functions n X M and n X N;

one writes

(6)

where the expansion coefficients remain to be determined. At this point
one can expedite the discussion by introducing a matrix notation, First,
the triplet of indices appearing in Eqs. (5) and (6) are regrouped into
a single index vV by the ordering (Omn) = e0l, 001, ell, oll, e02,
The vector spherical harmonics may then be written as column matrices
C, B, having as their vth elements (1)"ln(n + 1)]% gmno(ﬁ), and
(i)n[n(n + 1)]% Emnc(i), respectively, The undetermined expansion
coefficients of Eq. (6) are simply designated by the column matrices
a, b,

In this notation, substitution of the expansion Eq. (6) into

Eq. (5) yields a pair of coupled matrix equations

° = )



for the determination of a and b, The matrix elements of I are given,

after rewriting the triple scalar product that appears, by
= (k* n . X
Lo = (k /ﬂ)fdon(g) fc,mn(g) Mo g (B, (8a)

and the four matrices I, J, K, L differ from each other only in the

vector products appearing in the integrand of Eq. (8) which are,
respectively, !i X !V" Hz X Ev" Ez X !&”, and Ez X Ev" By inspection
of the integrands, in view of the fact that M = Re y? and N = Re E?, ic

18 clear that Rel and RelL are skewsymmetric, whereas ReJ and ReK are
symmetric, The surface integrals of Eq. (8a) must, in general, be done
numerically and are most conveniently performed in spherical coordinates 8,
¢, for which the appropriate radial coordinates to employ may be given by

the parametric specification r = r (8, ¢) of the surface. In view of

Green's second vector identity

jdoﬁ.EQXVXE-QXVXQJ-’[M[g.Vval_\-é.vxvxy
the matrices may be seen to be interrelated by

-1
K=-J+ 1(D+) 5

L=-1 N (8b)

10



where the diagonal matrix D+ (and D_, employed below) has Vth elements
defined by

e e m
(o), =& " a2t D 0 - W

4n(n+ 1) (n+m)!' ' (8¢c)

The Neumann factor Bm is given by 80 =1, Cm = 2 otherwise,
It is also desired to compute the scattered field Es , _H_’ given

by the surface integrals in Eq. (2). Specifically for the electric

field, one has

E(r) =4 }: e, ¥ (0

Cmn— Omn —
omn

+ g, N (0)); r>r'

mn— Jmn =~ max on O

out, in (9)

The vector scattering amplitude F, depending both on direction of incidence
ﬁin and observation ﬁout’ is obtained by introducing asymptotic forms

of the outgoing partial waves f, Q‘a in the preceding expression for _I:T_s

to get

g(ﬁout’ﬁin) = (4/1k) [g' (i, ) D £ + 1B’ (k, D gl , S

11



where C' is the transpose of C (and hence a row matrix). The outgoing
partial wave expansion coefficients f, g are expressed in terms of

surface currents a, b by
f 7 I J a )

= - Re . (11)

These formulas have been obtained by employing that expdnsion of the
free space Green's dyad valid in the exterior region outside the large

dashed sphere of Figure 1.

The scattering cross section cscat is given by(ll)

OSCat = (16TT/ka) (f'*D £ + 8'*D+8) . (12a)

As a numerical check on accuracy, one may also compute the total cross

section

o e i) m (S, L E R,k ] (12b)

in’ tn)

scat

(11)

which must equal © by the forward amplitude theorem The radar

cross section, defined as 4T times the back-scattered power per steradian

divided by incident power per unit area, is given by
radar - 3 Q 'Lt
o (64n/i®) le - €' (-k, )D £

vt 2 (12¢)
+ e . B' (-k, )0 gl

12



If the return signal is regarded as resolved into two orthogonal
linearly polarized modes, then this equation gives a measure of the
power carried in that mode having polarization aligned with the original

incident wave, whereas the cross-polarized return is given by replacing

e by e, ktn e, in Eq. (12¢),.
EVALUATION OF THE TRANSITION MATRIX

Instead of first solving Eq. (7) for the currents a, b, then
substituting in Eq., (11) to obtain the scattered wave f, g, the currents

may be formally eliminated to obtain the scattered wave directly from

the incident wave as

-% X
| £ D, 0 T, T, D* 0 e, + C
I 3 y . (13)
g 0 D+ T3 T, -0 D+ -e, iB

The block matrix,

T = , (14)

is known as the transition matrix, and is both symmetric (i.e. Tl' = Tl,

*
' = |- U =
Tz T3, Ta Ta) and has the property T 'T = ReT, i.e.,

Tl* TZ* Tl Tz Tl*Tl + TZ*T3 Tl*Té + TZ*T4 T1 T2
= = Re
T3* TQ* T3 T4 T3*T1 + TQ*T3 T3*T2 + TQ*TQ T3 T4
(15)

13



The property Eq. (15) is a consequence of unitarity of the scattering

matrix S = 1-2T, as may be verified by substitution in the unitarity

condition §'*S = 1

If one now defines the matrix Q as

Q-
Q; Q,

then by comparison

X
D* 0 ) (J' L'y [D,
% 'R
0 D, I' K 0

i

D (16)

with Eqs. (7) and (11) the transition matrix is

determined by the matrix equation

which in general must be solved numerically.

QT = Re Q

17,

Instead of working with the 2 by 2 block form of Eq. (17),

involving in truncation four N X N matrices, it is convenient, for the

numerical processing, to change over to single 2N X 2N matrices.

define the 2N X 2N

matrix 6 by

6(2m-1) @2n-1) = Q) mn
6(2m-1) @ " Qm
QUomy 2n-) " n
6(2m) (2n) = Q)

14

Thus,

& m,n=1,2, ..., N .

(18)



The matrices T, and § = 1 - 2T are defined in exact analogy to this,

At this point, Eq. (16b) may be written in terms of S as

Q8 = - Q% . (19)

Because of the behavior of the radial (Hankel) functions that appear in
the matrix elements of 6, the imaginary parts of the elements of Q will
tend to grow very large numerically above the diagonal. In order to
avoid loss of precision due to the finite precision arithmetic employed
by the digital computer, it is convenient at :his stage to reset all the
mentioned elements to zero, by Gaussian elimination., This process is
straightforward, the net effect being to premultiply 6 by a real upper
triangular matrix (all elements zero below the main diagonal). Suppose
this conditioning to have been performed on Eq. (19), which we continue
to employ without change of notation.

To Eq. (19) are adjoined the constraints of symmetry and unitarity
mentioned above, which are unaffected by the § — S transformation and

thus given by
& =8 (20)

and

S'*§ = 1 . (21)

156



Two extremes of view with regard to the system of Eqs. (19), (20) and
(21) are as follows: first, one might truncate the matrix Eq. (19),
solve numerically by digital computer, then compare the resulting
solution with Eqs. (20) and (21, the latter thus being employed as
consistency checks. On the other hand, one might attempt to treat all
three equations from a unified point of view from the onset, obtaining
a solution in some sense of Eq. (19) subject to the constraints of
Eqs. (20) and (21)., The first approach has been employed in earlier
work on the computer for bodies of rotational symmetry, and works quite
satisfactorily for a restricted range of body shapes and sizes, The
second approach is employed in the present work in order to extend the
range of bodies that can be handled, in view of the fact that the
constraints essentially determine three quarters of the solution
[1.e., of the 8N2 real parameters appearing in the 2N X 2N (truncated)
complex matrix S, it can be shown that only N(2N + 1) are independent,
1f § satisfies Eqs. (20) and (21)].

To develop a unified analysis, observe first that if S could be

constructed in the form

S=u'v (22)

where U is unitary, then both constraints would be satisfied by inspection.

This suggests that, rather than inverting 6 directly in Eq. (19), it be

16



made unitary, Taus consider the upper triangular matrix M (i.e., all

elements are zero below the main diagonal) which by premultiplication

makes 6 into a unitary matrix 6unit’ viz.
Ma = 6untt (23)
Premultiplying Eq. (19) by M, one can write
a8 = - max =l g
unit unit
Upon solving for §, there now results
S o) (24)

unit unit

Substituting this result in Eq. (20), the symmetry constraint, it follows
without difficulty that the matrix product MM*-I must be symmetric, But
each of the matrices appearing in the product is upper triangular, and
their product is again upper triangular. Consequently the product must

be a diagonal matrix. Further, the diagonal elements can be written

out explicitly, giving

[ T
*
Mn/Mu o ...
*
Y My, /Myo* ...
0 0
m*-ln
L. .




If next one can arrange to choose the diagonal elements of M to be real,

then

MM* T = ] . (25)

From Eq. (24) the S-matrix is now given by

S=. Q' a*unit , (26)

unit
which is of the required form Eq. (22). Substituting Eq. (26), along

with the identity Q'* Q = 1, back in the relation § = 1 - 2T, the

unit ‘unit

desired transition matrix is given by

T =Q'* Re Q ..) , ¢X))

unit unit

and the block form of T is readily obtained by reversing the transformation
of Eq. (18).

Returning to M for a moment, Eq. (25) states simply that M is
real, Thus the process may be summed up in the (formal) theorem: given
the matrix Eq. (19), with constraints, Eq. (20) and (21), on the solution,
it follows that the given matrix Q cannot be arbitrary, but must be such
as to be factorizable into the product of a real upper triangular matrix

and a unitary matrix, namely

Q=M Qunit ' (28)

18



The transformation of 6 into a unitary matrix, as required in
Eq. (23), is done by Schmidt orthogonalization of f:he 2N vectors given
by the rows of 6, beginning with the bottom row and working up. The
piocedure is straightforward, and details are described in a subsequent
section,
APPLICATTON TO SPECIAL GEOMET..IES

In order to apply the equations to bodies having an axis of
rotational symmetry, the axic of symmetry is chosen as polar axis for
our spherical coordinates and, without loss of generality, the direction
of incidence taken in the plane of azimuth v = 0, so that iin = iin(u’ 0).
A reduced index notation may be employed for those matrix elements that

do not vanish under the azimuthal integration, writing

I B 1 y = - 1 0
mnn omnemn emnomn
(29)

J y 2 J y = J '
mnn emnemn omnomn

-1
K == J ¢ + 16 , D
mnn mnn nn mnn
L y = 1 '
mnn mnn

19



The independent matrix elements, written out, are

n

- 3 m._m 2 .
Imnn’ EN S do 35 (Pn Pn,) (kr) hn(kr) iy (kr)
0
L, maP: P:, ap:, aP:, 4

mun' € 1 d§ sin & 5 + 35 38 krhn(kr) T [krjn.(kr)]

m sin®0 .

0 (30)
-2 T PP 3
—E; n'(n' + 1) dd sin 8 Y hn(kr) jn,(kr) 3 (kr)
0

Observe that the real parts of all these matrices are symmetric. Also,
because of the vanishing of all matrix elements with different azimuthal
mode indices (m # m'), there is no coupling and each azimuthal mode
m=0, 1, 2, ... may be evaluated separately,

From the defining Eq. (16), the only non-vanishing elements of

the Q matrix may now be written in reduced index notation as

@) pnnt = Q) epnemn’ = 1) omnomn!

@) nant = 9 omnemn' =~ 92 emnomn'

(Q3)mnn' - (Q3)emnomn' = (Q3)omnemn' b
Q) man' =~ Wennemn' = 7 @4 opnomn !

20



In addition, the reduced index elements are related by

+ 1 __1. . (32)

Finally, examination of Eq. (17) reveals that the non-vanishing elements
in the four blocks of the T matrix are interrelated exactly as in

Eq. (31), but not Eq. (32), so that the complete solution may be obtained
by solving Eq. (17) once, using the reduced index quantities,

A further important reduction occurs in the preceding equations
for obstacles (e.g., finite cylinder) having a plane of mirror symmetry
normal to the axis of rotational symmetry., For this geometry the radius
vector r(6) specifying the shape of the obstacle will be even about

£ =n/2, i.e.,

r(8) = r(m - 6) . (33)

Inspection of the parity of the integrands giving rise to matrix elements
in Eq. (30) readily reveals that a checkerboard pattern of zeros has

emerged, i.e.,

=0 '
Imnn' 0; (n+ n') even

- : U
Jmnn' 0; (n+n') odd . (34)
These elements can hence be set to zero without performing the numerical

integrations, 21



Prolate (and oblate) spheroids have a mirror symmetry plane
normal to their rotational symmetry axis, so that both mode and parity
decompositicns may be made, as discussed above, There is another
reduction that occurs here, however, which from a theoretical standpoint
lays the Rayleigh expansion out in full view, and for numerical purposes
yields extremely well-conditioned matrices for inversion,

To see this, let us examine the matrix elements as given by
Eqs. (30). The numerical magnitude of these elements is influenced
mainly by the rad.al functions appearing in the integrand. For Imnn"

for example, one has

Lognt ~ k0% b (ke) 3, Ger) = (k) (3 3, + 4 n g ]

For a given argument x, the Bessel functions jn(x) decrease rapidly in
magnitude, and the Neumann functions nn(x) increase, roughly as soon as
the index n exceeds x. Thus the real part of I, which is obviously
symmetric, will eventually decrease rapidly in magnitude as one proceeds
along any row or column. The numer}cal behavior of I is dominated by its
imaginary part, for which elements again decrease going out any row, but
increase going down any column, at such a rate that diagonal elements
remain relatively constant. These large numerical values presumably

strongly influence the truncated matrix inversion procedure.



One can show, however, that for prolate or oblate spheroids
this behavior, specifically the arbitrarily large values by which
elements of I below the diagonal exceed corresponding elements above,
vanishes identically. I and J become completely symmetric, and dominant
terms lie only on the diagonal once either row or column index exceeds
krmax’ where T oax is the radius of the circumscribing sphere,

(12)

Based on results given by Watson one can show that the radial
factor for an element below the diagonal in the imaginary part of Imnn'

is of the form

x2 . i x2 1 1
nn+25+1Jn nnjn+25+1 + x25 + x25-2 tee-t1 (35)

where the equivalence symbol (=) indicates that the exact coefficients
of inverse powers of x° have not been included, as they are not required
in the present discussion, The first term on the right-hand side
corresponds precisely to the symmetrically placed element above the
diagonal; we must thus show that the inverse powers of x° contribute

nothing to the integral

n
r _ 3 m m
ImLIm(n+Zs+l)n] - i‘de 38 (Pn+25+lpn) (kr)ann+25+1(kr)jn(kr) . (38

23



For a prolate (oblate) spheroid, having semi-axes a, b, one has
kr = ka [cos®8 + (a/b)? sinzej'% , (37)
which may be rewritten (identifying x with kr)
1/x* =P +P, . (38)

Now the product of two Legendre functions may itself be expanded

in a series of Legendre polynomials, with indices ranging from the

difference to the sum of the original indices, (13) i.e.,

m._m .
P Pn' =/ Pp (39)
p=n-n'

(ptn+n' even)

where again explicit numerical coefficients have been ignored.
Substituting Eq. (38) in the series of inverse powers of x° appearing

in Eq. (35), then employing Eq. (39) repeatedly, one can write

s
£ = x° . 40
x nn+25+1jn x nnjn+2r1+1 * }: PZQ b

q=0

24



This result may be put in Eq. (36), recalling also that Rel is symmetric,

to get
n s
. o) m m
Im(n+25+1)n -Imn(n+25+1) = mfde 08 (Pn+23+1Pn) z P2q
0 q=0

n s

. m m

= -mfde sin 8 Pn+23+1Pn z PZq-l
0

q=1
n s+n s
= -m fde sin 6 Z_P2p+1 Z P2q-1
0 pP=s q=1
LY , (41)

where in the second step we have integrated by parts, then employed

Eq. (39), and finally observed that the highest Legendre polynomial

appearing inthe second sum is P 61’ while the first sum begins at

2

P because of orthogonality, all the resulting integrals vanish,

25+1;
To perform the analogous calculation for J ,, one proceeds by
P mnn

first employing Green's identity to rewrite Jmnn' in the more symmetric

form

d 2
- dd sin 8 annu(e) ax (x hn(x) jn,(x) Jx-kr(e)

]

)
a”|”
o\“——1 1

+
Nl-
™

d8 sin 8 ¢, (O)(x’h ()3, ()3(1/x)/38] o
0

3

(42)
25



valid for n ¥ n', with

B g () = 2g + EY) 58 ) (43a)

(43b)

It is convenient this time to write

1/x° = const. + sin°@

Using this in conjunction with the inverse polynomial expression

2 . .2 1 1
xntasdn T X Pdneas t 251 ts3t ooty ,

Eq. (42) may be reduced to

Jm(n-O»Zs) n - Jmn(n-4-2 5)

m

s
& 2q
(Zs-l)/emfde sin 8 Bm(n+28)nz (sin 8)

0 =1
. 1 -1

2
+ 1/5:m ] d6 sin® @ cos 6 Cm(n+2s)n L
0 a0

(sin 6)29 , (44)
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where in the first term the constant term in the summation has been

dropped because of the additional orthogonality relations

m
jdesineB y, =20, n#én’
mnn
0
At this point, using the standard recursion formulas for the

Legendre functions one can write

2 L ph m m m m m
sin®8 Bm(n+Zs)n Pn+Zs-1Pn+1 + Pn+23-1Pn-1 + n+23Pn

m m m m
L

P !
n+2s+1n-1  FPnt2s+1fnel (45a)

.om m m m
sin 6 cos © Cm(n+Zs)n B Pn+Zs-1Pn+1 + Pn+Zs-1Pn-1

m m m m

+ Pn+23+1Pn-1 + Pn+Zs+1Pn+1 ) L45b)

The polynomials in sin’ 8 appearing in Eq. (44) may be expanded in
Legendre polynomials of highest index 2(s-1) [(Note that a factor sin®8
has been taken out in the first case to employ in Eq. (45e)). By
examination of Eq. (39) it may be seen because of orthogonality that

only the first term on the right-hand side of Eqs. (45a) and (45b)
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will make a non-zero contribution to their respective integrals,

Writing out these non-vanishing terms in Eq. (44) explicitly, one

finally obtains

Jm(n+25)n -Jmn(n+25)

m
< (2s-1) (a+2s+1) (n+2s+m) (n-mt+1) J( 42 sin 6 P" m
0

2s-2
€_(2n+hs+l) (2n+1) n+25-1Fn+ (510 O

+ same expression

"
(=}

(46)

Thus I and J are symmetric, and one need only compute elemeants
on and above the diagonal in Eqs. (30). The matrices are expected to
be well-conditioned in the sense that numerical results will converge
rapidly to final values versus truncation. From the point of view of
the Rayleigh expansion in powers of ka, valid at low frequencies, observe
that all matrices may be expanded in powers of ka, e.g., writing
(J(m))nn' =J o one has

3™ - A+ B(ka) + C(ka)® + ...

Al +at@a™oay) (47)

28



where A is diagonal, B is tridiagonal (all elements zero except on,
one above, and one below the diagonal) and so forth. The inverse,
expanded in powers of ka, is readily obtainable by the binomial theorem

as

Gy oAt ™oy 14 (48)

INTERPRETATION OF NUMERICAL RESULTS

In order to provide some insight into the behavior in practice
of the various matrices discussed above, the numerical printout for an
example has been included (Appendix III). In addition to providing a
test case for use with the computer program, many features of matrix
behavior are most conveniently described by reference to this printout,

The obstacle to which the results refer consists of a sphere-
cone-sphere, as shown in Figure 2, The analytical description of this
shape as inputted to the computer is detailed in Paragraph 9.0 of
Appendix I. It will be seen that the printout consists almost entirely
of matrix quantities, as an aid in gauging the numerical effectiveness
of the truncation being employed.

The first page lists input parameters., Thus, four cases (m = O,
1, 2, 3) were evaluated consecutively, with truncation to 6 x 6 matrices,
The body is described analytically in three sections. The body shape
"9" indicates that the body does not possess mirror symmetry normal to

the axis of rotational symmetry. U vector indicates that 46 aspect
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angles will be evaluated. The body size is kA = 1.0 (Figure 2), and

the ratio of sphere radii is b/a = (1 + sinfl)-1 > 0.794 (correct to nine
significant figures in the computer), with cone half-angle @ = 15 degrees,
Numerical integration is performed by Bode's rule using 64 equally spaced
divisions in each section, and the angular end points in degrees are
indicated for each section.(lé)

The basic quantitics shown, for each m value successively, are
the Q matrix, the orthogonalized Q matrix, the transition matrix T,
and the cumulative cross section quantities.

Consider first the case m = 0, The blocks Q2 and Q3 are zero
for this case, and hence are not shown., The remaining blocks, Q1 and Qg’
are obtained by numerical integration from the defining equations
(l6, 29, 30, 31, 32). Because of the vanishing of the blocks Q2, Q3
it turns out, as one can verify with some study, that the remaining
two blocks actually are processed with no interactions, so that behavior
can be discussed by examining say, Ql’ alone.

Considering the imaginary part of Ql’ which is the numerically
dominant portion, one observes that elements of each of the six row
vectors increase in numerical magnitude as one moves to the right. It
is immediately clear that row vectors must be orthogonalized from the
bottom up, in order that elements of the resulting vectors may settle
down to constant values independent of truncation (that is, if one began

orthogonalizing with the top row, then it can be seen that after
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normalizing, the first element is smaller by a factor 14.1/11.1 ~ 13
than it would have been in 5 x 5 truncation)., Observe also that the
bottom row is the best candidate for a "unit vector in the six direction,"”
in that the sixth element is larger than the first by a factor of about
107, whereas the corresponding factor for the top row is only 2 x 102.

The orthogonalized matrix a.unit, Eq. (23), is shown next, having
dimension 12 x 12, 0dd numbered rows have come from the original

6 x 6 Q,, whereas the even numbered rows are associated with Qa. It is

1°
striking to observe that each of the original matrices (and hence the
entire imaginary part of aunit) has become nearly diagonal, This
occurred because the main effect of the sixth row vector was to reduce
the last entry of each preceding row to nearly zero., The new fifth
row vector, in similar fashion, then served primarily to reduce the
fifth entry in each of the preceding four rows, and so on. Thus the
first row of Ql’ which originally increased by a factor of about 170
from first to last entry, now decreases by a factor (see row one of

the imaginary part of aunit) of about 7 x 10-8. The total relative

0

reduction is of order 4 x 10.1
It is not difficult to study the behavior of the row vectors, or

the individual matrix elements, versus truncation., For example, if a

5 x 5 truncation had been employed, then the first entry in the fifth

row vector would have been, after normalization, (-1.278 + i0.5861) x

10-5/(0.5646) = (-2,263 + i1,038) x 10-5, whereas the 6 x 6 truncation

(see row nine of 6unit) actually gives (-2.251 + i1.036) x 10-5. One
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can verify that the sixth row vector has even less effect on rows
earlier than the fifth. In particular, orthogonalizing the first row
to the sixth row will change the first element of the first row from
0.848 to approximately 0.848 - (144/0,.551) (6.99 x 10'8), which
constitutes a change in the sixth significant figure.

The blocks of the rransitioﬁ matrix, computed from Eq. (27) and
the reverse transformation of Eq. (18), are shown next. Again, the
blocks T2 = T3' vanish identically and are not shown. Both T1 and TA
are seen to be exactly symmetric to the number of digits given, and
the unitary-related condition of Eq. (15) is readily verified on the
desk computer to within round-off error in the last place shown, Obscrve

that the elements of both T, and T4 fall off rapidly in magnitude moving

1
away from the upper left hand corner, so that the scattering behavior
would be efficiently and accurately describable in this instance using
only the first two rows and columns of T1 and TA'

Finally, the accumulated (over m = 0 only) far field quantities
are shown for EM (class 1) and EL (class 2) polarizations., The first
column gives the incident aspect angle measured from the axis of
rotational symmetry. For each aspect, subsequent columns give the
scattering cross section [Eq. (123)], forward amplitude (the complex
quantity appearing in Eq. (12b)], backscattered amplitude (the complex
quantity appearing in Eq. (12c) before squaring), and finally the radar

cross section and phase of the back scattered amplitude. Observe that
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both energy conservation (equality of the second and fourth columns)
and reciprocity (symmetry of the third and fourth columns about the
aspect angle of ninety degrees) are satisfied to seven significant
figures.

Turning to the case m = 1, Fhe blocks Q1 and Q2 are shown, Q3

and Q, then being given by [see Eqs. (8b, 16, 29))J Q3 = Q2, Q4 = -Q1 +il.

4
A partial check on the precision of numerical integration is available
for this and all subsequent m values. From the Wronskian relation

x2[jn(x)h (x) - jn_l(x)hn(x)] = 1 and the first of Eqs. (30) it is

n-1
immediately clear that the imaginary parts of the first off-diagonal
elements of Q2 should be symmetric, a result not used in the program
(whereas symmetry of Rte and ReQ2 is always enforced). The expected
symmetry 1is Seen to obtain to seven significant figures for the (1, 2)
and (2, 1) elements. Precision subsequently deteriorates slightly so
that discrepancies have appeared in the fifth significant figure
between the (5, 6) and (6, 5) elements,

Numerical behavior of both the Q and the orthogonalized 6 matrices
appears to proceed substantially as in the case discussed above for
m = 0, although the details are of course considerably more comple:
because of the presence of all four non-zero blocks., The near-diagonal
nature of the orthogonalized 6 matrix is still evident by inspection,
however, 1In the resulting transition matrix the blocks T1 and T4 are
seen to be symmetric, and the block T3 to be equal to the transpose of
T,. Comparison of the far field results with those for m = 0 reveals

2

significant changes at all aspect angles.
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For the two subsequent cases m = 2, 3 a new effect is seen over
and above the previously discussed features, due to the vanishing of
the associated Legendre functions P: for n < m, In consequence, the
first row and column of each block of the Q matrix (for m = 3 the first
two rows and columns) are identically zero., The behavior versus truncation
at n = 6, as judged by the near-diagonal results after orthogonalization,
appears unaffected, however, The net result is that the computation
becomes gradually simpler as m increases, m = 2 requiring treatment of
5 x 5 blocks, and m = 3 requiring only 4 x 4 blocks.

A measure of error incurred by stopping at m = 3 may be obtained
by comparing the far field results with those obtained at m = 2 (except
for incidence along the axis of rotational symmetry, O degrees or 180
degrees, for which scattering behavior is completely determined from
the m = 1 results only)., At incidence 80 degrees from the axis, for
example, and for either polarization, the scattering cross section is
seen to be unchanged to about six significant figures. For the same
cases the radar cross section, however, has changed in about the third
significant figure. Such precision is nevertheless quite adequate in

most practical applications.
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APPENDIX 1
ORGANIZATION OF THE COMPUTER PROGRAM

*
1.0 INTRODUCTION ‘
The '"EMSCAT'" Progrzm has been written in FORTRAN IV language

for the IBM 7030 Computer to produce solutions to the electromagnetic
scattering problems which are outlined above in Section II. Several
factors were given consideration in the design of the program:

Efficient coding to reduce computer run time as much as possible.
The routine VECMUL for matrix by vector multiplication was coded in
machine language to take advantage of specialized coding available
at that level. This routine is also available in FORTRAN (though
less efficient and accurate) s¢ that the program can be run on
machines other than the 7030 Computer.

Full single word accuracy of a 7030 register and vhere necessary
double precision accuracy was utilized in the calculation of special
functions. Single precision accuracy on the 7030 maintains 15 digits
of accuracy.

Maximum use of core storage. The size of the solution matrices
(60 x 60 complex) was determined so that secondary storage devices
such as tapes do not have to be utilized in running the program.

The matrices are stored and manipulated from 1 of 3 large blocks
of common storage. Each block is dimensioned 120 x 120. However,
through various equivalence statements in the proper routines, these

major blocks are resegmented and renamed for ease of programming.

*
The paragraphs in Appendix I have been numbered to facilitate cross-
referencing. 37



2.0 GLOSSARY OF THE SUBROUTINES

The program operates via a MAIN routiie and 15 auxiliary routines
which are briefly described and listed below. Standard I/0 and
mathematical routines, e.g., SIN, LOG, etc. are assumed to be available
through the FORTRAN operating system.

2.1 The MAIN routine controls overall run processing and
computes the I, J, K and L matrices.

Routines called are:

RDDATA
GENLGP
GENKR

GENBSL
PRTMTX
PRCSSM

2.2 Subroutine RDDATA reads the user's control parameters

and sets up preliminary output heading information.
Routine called is: CALENP

2.3 Subroutine CALENP computes the sections of 6, the polar
angle, and the step size for numerical integration.

2.4 Subroutine GENLGP computes the associated Legendre
functions over the necessary range.

2.5 Subroutine GENBSL controls backward recursion of Bessel
functions and forward recursion of Neumann functions.

2.6 Subroutine BESSEL computes the Bessel function for a
specific argument and order.

2.7 Subroutine GENKR computes the parameter ''kr" and its

derivative with respect to the polar angle 6.
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2.8 Subroutine PRTMIX prints the headings and controls the
printout of the I, J, K and L complex matrices.
Routine called is: PRINTM

2.9 Subroutine PRINTM prints the elements of a specified

matrix of specified rank.
2.10 Subroutine PRCSSM génerates the Q matrices from the
I, J, K and L matrices, and transforms the Q matrix into the T
matrix.
Routines called are: NRMOMX
CNDTNO
PRIRIT
ADDPRC
2.11 Subroutine NRMOMX normalizes the I, J, K and L matrices
to obtain the Q matrices.
2.12 Subroutine CNDTNQ conditions the Q matrix before trans-
forming it into the T matrix.
2.13 Subroutine PRTRIT prints headings and controls printout
of the T matrix.
Routine used is: PRINTM
2.14 Subroutine ADDPRC does final processing of the T matrix
to provide the scattering results.
Routines called are:  GENLGP

VECMUL
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2.15 Subroutine VECMUL multiplies a matrix times a vector,

2.16 Subroutine DUMP gives a listing of core storage when an

error condition occurs.

Subsequent paragraphs detail the above routines where necessary.
It should be noted at this point that standard mathematical notation
is not necessarily followed, e.g;, program notation labels Bessel
functions as B instead of j. This was done for ease of relating
program mnemonics to mathematical notation. When necessary, parameters
have been labeled which have notation different from the earlier text,
3.0 THE INPUT ROUTINE

Subroutine RDDATA reads the user's control information, prints
out headings and obtains information for numerical integration., The

input cards and their formats are listed below.

3.1 Card 1 NM, NRANK, NSECT, IBODY, NUANG
FORMAT (5112)
NM No. of values of "m'". See Card 3,
NRANK Rank of matrices I, J, Kand L
NSECT No. of sections defining body chape and

integration intervals. See Subroutine
CALENP for fuller description of body
shapes.

IBODY Case No. or body shape identifier
7 : Spheroid
8 : Mirror Symmetry
9 : General Axisymmetric Case

NUANG No. of aspect angles '"u'". See Card 5.
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3'2

3.3

3.4

3.5

Card 2.

CONK

BRXT

ALPHA

Card(s) 3.

CMI(I)

Card 4.

NDPS(I)

Card(s) 5.

UANG(I)

CONK, BRXT, ALPHA

FORMAT (3E12.7)

ka, scale factor for r, the polar radius,
in determining body shape.

variable parameter to be used in computing
body shapes.

&, or a variable parameter, to be used in
calculating body shapes. For a fuller
description of its usage see Subroutines
CALENP and GENKR described below.

CMI(I), I =1, NM

FORMAT (6E12.7)
Ith value of "m" to be used in current
solution of scattering problem. As many

as 30 values of '"m', the azimuthal index,

may be read in; '"m'" 1is any integer = O.

NDPS(I), I = 1, NSECT

FORMAT (6112)

No. of divisions for integration in Ith
section of the body shape. The body may
be divided into as many as 6 sections.
These parameters are used to calculate
spacing for numerical integration, and

they must be a multiple of 4.
UANG(I), I = 1, NUANG

FORMAT (6I12)

Ith value of 'u'", a member of a table of

aspect angles (in degrees). As many as 60

values of '"u" may be read in.
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4.0 CALCULATION OF END POINTS AND SPACING FOR INTEGRATION

Subroutine CALENP is one of two special routines that have to
be written into the program for specific body shapes. This routine
calculates 'NSECT" values of the polar angle 6, which provid: boundaries
for dividing the body into sections for numerical integration. With
each boundary point a value of 6 is associated. The spacing for
integration is then determined by dividing the range of © by the
correct value of ''NDPS'. Note that the number of divisions does not
have to remain constant from one section to the next, but it must be
a multiple of 4.

Since the computations for each special version of CALENP may
vary, the following parameters, '"ALPHA", 'BRXT', 'QB', "SNALPH", and
"CSALPH" may be used for communicating between routines special
values associated with a particular body shape. Note the use of QB
below for a variable peculiar to the sphere- ne-sphere shape.

In Appendix II, a listing of the routines CALENP and GENKR
are given for a sphere-cone-sphere body (Figure 2.).

For the sphere-cone-sphere body, three end points for 6;

61, 62, 93, are computed as follows:

- -1  sin0 cosa .0< 0 < o
61 tan = | ;—:—;I;z; ;1 0 1 105

NOTE: & (Figure 2) is an input parameter stored at "ALPHA'

b/a (Figure 2) is an input parameter stored at 'BRXT"
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(1 - b/a) (1 - sim)
Q@ = 2

and i{s computed and stored in QB.

-

8 <1 (b/a) sind cosd |} ¢

= tan
2 L 1-q-(b/a)cos%1

< B <
PS8«

5.0 THE FIRST CONTROL ROUTINE

The MAIN Routine controls the general flow of the program and
computes the real and imaginary parts of the partitioned scattering
matrices, I, J, K and L. After the user's control data has been
read in, a numerical integration system utilizing Bode's 3rd order

rule is utilized.(la)

The program computes the I and J complex
matrix elements for the three cases, axisymmetric, mirror-symmetric

and spheroidal as follows:

5.1
o
Iij = m J (sinB) (kr)2 Bj(kr) Hi(kr) {(i + j) cosf PT P?
0
m .m m _m
- (1 + m) Pj Pi-l (j + m) P1 Pj-l dé

Bj(kr) : Bessel function of the first kind of order 'j'" and

argument "kr"
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Hi(kr) : Hankel functions which are defined as

B, (kr) + /-1 N, (kr)

Ni(kr) : Neumann functions of order '"i" and argument "kr".
m PT (cosB)
Py ® Temd
where
PT (cosB)

is the associated Legendre function, of rank m, and ordsr i.

r : Polar radius used in calculating body shape.
i : Subscript notation for ith row of the matrix,
j ¢ Subscript notation for jth column of the matrix.
5.2
m

-2 m om | : 2 2
Iy " ;; J (sin8) H, (kr) {Pi P, Lkr(kr Bj_l(kr)-JBj(kr) (m™+ 1 jecos™9)
0

+1j(+1) Qég!l Bj(kr)sine cosO]

-(i + m)P [kr cosB (kr B 1(kr) jB (kr)+(j+1)—£5£28 (kr)sin@]

i- 1 J.
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+(j + m)P';_l k (kr Bj_l(kr)-j Bj(kr)>((i + m)PT_l-i cosf PrD]}df‘J

where :
{:1 for m=0
e =
m 2 for m21 .

Within the program each element of the I and J arrays is
used as an accumulator for numerical integration under Bode's rule.
Thus, for a specified value of 6, all necessary functions are
computed and added to the correct matrix element.

To save computer time, computations which would produce a
null contribution to the integration are eliminated, and the following
symmetries are taken advantage of in the direct computation of the
I and J matrices.

5.3 General axisymmetric bodies:

Re(Iji) = Re(Iij)

Re(in) = Re(Jij)

5.4 Mirror-symmetric bodies: wuse paragraph 5.3 plus

both odd

I

i 0; if i and j are{

both even

odd, even

(&
[}

, 0; if i and j are
1] even, odd
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5.5 Spheroids: use paragraphs 5.3, 5.4, plus

Im(Iji) Im(Iij)

Im(in) = Im(Jij)

The K and L matrices are then celculated from the

following relationships with the I and J matrices:

5.6 Re(Kij) = -Re(Jij)

2 . +
Im(Kij) Im(K, ) b Dij

ij
where
{ 1.0 General Axisymmetric bodies

0.5 Mirror-Symmetric or Spheroidal bodies

0.0; if# j

Dij = cm(21 + 1) (1 - m)!]-l L
4i(i+1) (1 +m.! » 12

5.7 Re(Lij) -Re(Iij)

#

Im(Lij) -Im(Iij)

The I, J, K and L complex matrices are then printed by
Subroutine PRTMTX and control passes to Subroutine PRCSSM for further

processing.

6.0 ASSOCIATED LEGENDRE FUNCTIONS
Subroutine GENLGP generates the associated Legendre functionms,

PT(x) for a given argument x, a given value of the azimuthal index m,
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and for all values of degree i from 0 to 'NRANK", the input-
specified rank of the matrix. The first two values of P are gener-
ated by formula, then the remaining values of P are generated by
a recursion relationship.

The following formulae are used to generate PT(x). Note that

for this particular program, the functions always appear in the context

PT(cose)
s1n§
PT(cose)
“einb = 0.0 ;s 1 <m
m
Pm(cose) - (2m) ! sinm-liﬁ) focaog
sinb 2™ L :
0
P(cos®) _ Lo 2 =
sind 3inb 3 LM
0
Pl(cose) . cosb
sinf sin®

Recursion relationship:

P::_l(cose):]“(n em- 1) [ P:_z(cose)1

(2n-1)cosb L Sin0 ~1n0

P:(cose)

sinf - n-m
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7.0 BESSEL FUNCTIONS

Subroutine BESSEL generates a Bessel function of the first kind
Bn(x), for a specified argument x, and order n, by means of an
infinite series. To preserve accuracy, the computations are performed
in double precision arithmetic and truncation error due to neglected

20. 'If the series has not converged to

terms in the series is < 10
the aforementioned accuracy beforethe computation of the 100th term,
an error indication 1is given.

The following infinite series is used to compute a Bessel

function:
- -]
<0
By(®) = {35 @n ¥ 1)2 8,
1=0
where:
80 = 1.0
2
-X

1~ 2120 + 21 + D] %11

8.0 RECURSION REIATIONSHIPS F ‘R BESSEL AND NEUMANN FUNCTIONS
Subroutine GENBSL calls Subroutine BESSEL to obtain two

successive BESSEL functions for a specified argument, and then uses

these first two values to recurse backward over the range of 1 from

NRANK to 0. If the two computed functions of order NRANK and NRANK-1

do not satisfy the accuracy requirements mentioned in paragraph 7.0,
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the routine will increase the order of the computed BESSEL function
to 4(NRANK). If this fails to produce a satisfactory pair of
functions, the run will abort and a dump of core memory is taken.

The recursion relation used for computing BESSEL functions is:

B () = &n+Ux "B ()-8, () .

This routine also computes Neumann functions by a forward
recursion formula after the first two values are computed by the

following formulae:

-COSX
No(x) x
N, (x) = -cosx _ sinx )
1 x2 X

The recursion relation used for computing the remaining Neumann

functions is:

?

N () = Q@uDx "N () - N () .

To test the accuracy of the functions over the range of computed
Bessel and Neumann functions for a given argument, two tests are
performed in the MAIN Routine after the vector of functions from O
to NRANK is computed. If the following relations are not satisfied
to an accuracy of 10-10, an error message indicating such a condition

is printed, and the program coatinues. Though the tests are performed
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in the MAIN Routine after the call to Subroutine GENBSL, for convenience
they are listed here:
Bessel Test:
2 -1
lx LBl(x)No(x) - Bo(x)Nl(x)] -1 l <10 2 .
Neumann Test:

10

(x)N -1 <10 .

By raNK- 1 M yrank

2
%] By rank M yrang- 1) -

9.0 GENERATING THE BODY SHAPE

Subroutine GENKR is one of two custom written routines which
are adapted to the particular body shape in question. As noted above
in Subroutine CALENP certain parameters are available to the programmer
to use as he sees fit to communicate information from one routine to
another. The basic function of all versions of GENKR is to compute
the polar radius r as a function of the polar angle 6, to compute
%% and to scale these values by the input constant ka = CONK.

To illustrate the use of this routine, a sphere-cone-sphere
body shape is used (Figure 2). As a result of subroutine CALENP the
major divisions of the body as a function of 6 have been recorded.
This routine, given a value of 6 now computes (ka)r and ka(dr/d8);

the scale factor ka 1is an input to the program.

9.1 Section 1 0 6= 91

- - s e [ CER
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Sle

2
-q sinf _ q i [ _( asinf ]
sinm (sira 8108 couB] 1 ( sina )2

NOTE: q was computed in Subroutine CALENP ind stored in location QB.

<
9.2 Section 2 91 9 < 92

l1 -

r = sin(6-0)

= =(1-9) cos(6-a)
sin2 (6-a)

dr
a8

9.3 Section 3 92 <@g<sm

T e _[ L;Lh)ﬂ]cose -{(b,’a)z - (L_QM)Z sinze]%

simx simx

dr [ L®/ad] o . (Ll 100 cof] (b/a)? - (Lolba20)R, 20"

sinmy sinm

10.0 FIRST MATRIX PRINTOUT

Subroutine PRTMTX controls the printout of the I, J, Kand L

matrices. Both the real and imaginary arrays comprising each of these
matrices are labeled and printed out on the community output tape.
This output, which i7as originally intended as an intermediate printout

for checking the program, may be eliminated by removing the '"CALL PRTMTX"
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statement which follows Fortran statement 860 in the MAIN Routine.

11.0 PRINTOUT OF AN ARRAY
Subroutine PRINTM will print out a specifi~d square array of

given rank.

12.0 GENERATING THE Q MATRIX.AND THE T MATRI*

Subroutine PRCSSM is the second major control routine and it
controls the transformation of the I, J, K and L matrices to the 'Q"
matrices, and the subsequent golution of a matrix equation which
provides the "T" matrix.

Subroutine NRMOMX (see below) normalizes the I, J, K and L
matrices to produce the Q matrix.

For notational convenience we define:

/{

Q = Re(@) + 1 Im@) = \g; 82)

where
1t = /1T .

The method currently used by the program to transform the Q
matrix into the T matrix involves orthogonalizing the Q matrices.
After the complex Q matrix has been generated by normalizing the
I, J, K and L matrices it is in the form noted in paragraph 12. From
these Q matrices, a new complex § matrix of rank 2N is generate

from the following relations:
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Qam-1) @2n-1) = Qdpn
Qam-1) 2n) = @Iy
Q(2m) (2n-1) - (Q3)m n

Qom) (2n) = Q)

The new 6 matrix is next conditioned as outlined in Subroutine
CNDTNQ of paragraph 14.0 below.

Orthogonalization then proceeds as follows.

1) Consider each row of 6 as a vector with 2N components;

e.g. the components of the first vector 91 would be:

Q 109 209 30 0t Qan

Orthogonalization will proceed from the bottom or ZNCh vector upward.

2) Normalize the ZNCh vector as follows :

o
QN * X
@y *

*
where the scalar product of the complex conjugate g_p by another

vector Q_q is defined as follows:
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*
"8

3)

4)

5)

A
=-2N-2

6)

7)

2N
z * = * + * + *
lgplﬂqr %1841 * B2 * et Loy (aw)
r-

Orthognnalize Q(ZN-I) to §(2N) :

~ ~ * ~ -
Q-1 = Uy-y T [.gzn * Q5n-180x

Normalize §2N-1

Q - §ZN- 1 s
2N-1 * . L
[.QZN- 1 Qn- 1]

Orthogonalize to both Q

Q-2 v 8nd Qo

A% A% ~ I
= 8y, [.QZN-I . QzN-z‘_bzu-l - [.Q'ZN . 9-2N-2]9-2N
Normalize Qy-2

Q ~F §2N--2
2N-2 At %
[.9-2N-2 . an-z}

Continue the orthogonalization and normalizatiou process

until Ql has been orthogonalized to all subsequent rows.
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8) A complex matrix % 1s now generated from the complex

matrix Q by the following relation:

A

t = G'Re(®

9) The % matrix is then decomposed into the matrices '1‘1,
Tz, T3 and Ta by the reverse of the procedure in
paragraph 12.1.

The complex T matrix is printed by Subroutine PRTRIT and then the

final processing is performed by Subroutine ADDPRC.

13.0 NORMALIZINC MATRICES
The Subroutine NRMQMX .jormalizes the I, J, K and L matrices
to obtain the Q matrix. The Q matrix is blocked as noted above

in paragraph 12.0 and the following procedure is used:

J
Ql = (zz)'% Jl (zz'%) = Qij . __il——

szi -/zzj

0, = -@F L @
Q = @ 1 @™
o, = @r @’
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where:

s em(2n+1) (n-m) !

-1
22n = 4n(n+l) (ntm) ! ]

The expressiorn for ZZn is the same as that used in computing the
K matrix of paragraph 5.6. The'prime on J, etc. denotes matrix

transpose as seen from the second half of the equality statement.

14.0 CONDITIONING MATRICES

After the matrix Q of rank 2N has been formed, the matrix
is conditioned starting with the last row §2N and working towards
row Ql.

14.1

(9‘,2“)1 - [1/1m(92N)2N] (92“)1 ; 1=1,2, ... 2N

The notation (QZN)1 refers to the ith element of

the (2N)th (last) row vector. Now set

&, = &, - [I“‘(Qm)zxz]éﬂ

where the equivalence is performed for each of the 2N elements of
Qm’ and repeated for all rows m =1, 2, ..., 2N-1.

14.2 Redef ine

Qn-1 ~ [.1/ Im@ZN-l)ZN-I]QZN-l ’

56



then compute

&, = &, - [.Im(gm)ZN-ljp'ZN-l

for all rows m=1, 2, ... 2N-2,
14.3 Continue the process of paragraphs 14.1 and 14.2 for

all the remaining rows. The final step in the process is to generate
g, - [.1/1‘“(9-2)2]92 ’

g =g - [I‘“Ql)z:bz :
14.4  Set

Im(g_m)i =0.0; {i=m+1, m+2, ..., 2N; m =1, 2,3, ..., 2N-1 ,

15.0 PRINTING THE T MATRIX

Subroutine PRTRIT controls the printout of the T matrix,
both real and imaginary elements, in the same manner as Subroutine
PRIMTX (paragraphll.0 above) controls the printout of the I, J, K
and L matrices. The community output tape is used. Since this
printout is used mainly for checkout, it can be eliminated by removing
the "CALL PRIRIT" statement following FORTRAN statement 140 in

Subroutine PRCSSM.
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16.0 FINAL CONTROL ROUTINE

Subroutine ADDPRC is the third and last control routine which
converts the T matrix to the final set of results. Two sets of
results are generated, a set of answers for the current value of m
and an accumulated set of answers for all values of m up to and
including the present value of 6.

To generate the final results, the following procedure is
followed: The T matrix is normalized

T() = (zzi)Lj T, () (zzj)"“‘ block

h|
where: k 1indicates 1 of & blocks;

NOTE :

ZZn is as defined in Subroutine NRMQMX under paragraph 13.0.

NOTE: For the reader who is relating the mathematics to the program
listing in Appendix II, the mapping of COMMON storage in paragraph 19.0
should be consulted.

The associated Legendre functions of form

m
Pn(cos u)

sin u
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are generated for each value of the aspect angle u, and for n =1

to NRANK. The derivatives of the Legendre functions are computed from:

d[P:(::s u)] o cos u [ Pn(gos u) ] O [ 1(cos u) ]

sin u sin u

e ——

Values of the vectors Fl, G1 and F2, 62 are generated by

Subroutine VECMUL. These vectors are defined as:

16.1
Fl T, T2 (i)n m P:(cos u)/sin u
= o
1 \ _¢qyntl m ]
G T3 T (1) d[l’n(cos u) |/d
and
16.2
F A gyt dLP (cos u)]/du
= i
2 n m
G T3 T& (1) m Pn(cos u)/sin u

The final sets of answers are generated from the following

equations:
NRANK

i L Dy
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Vs
NRANK m Pm(cos u) Pm(cos u)
TOTAL 1,2 = —16— ) @) -0 B e 4 g 12 i\_n___/]

sin u
n=1
P (coa u) d;?m(coa u)
1,2 ™ 1,2 &Py /j
RTRAD 1,2 2 (z2)" (1)“LF Bin = i6_ =

The final results are divided into two classes as noted above
by the quantities SCATT 1,2 etc. The classes are two different incident
polarizations. Class 1 is the E-parallel incidence; class 2 is the

E-perpendicular incidence.

Appendix III contains a listing of a sample output of the
sphere-cone-sphere~-body shape. The printout titles and their meanings
are:

ANGLE u, the aspect angle (degrees)

SCATT 1, 2 Scattering cross-section for each

24-
class, normalized by (na®]

TOTAL 1, 2 Complex forward amplitude, normalized
by [ﬂazj'Ji

RTRAD 1, 2° Complex back acatrered amplitude
normalized by [ﬁa -

RCS 1, 2 Radar cross section normalized by
(ma?31

"NOTE: RcS = |RTRAD|2 only is

computed for the accumulative case.
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PHASE ANGLE 1, 2 For the accumulative case, a phase
angle is computed:

J— [ Im(RTRAD) ]
PHANG = TAN Re (RTRAD)

This is the phase angle of the back
scattered amplitude (Degrees).

t7.0 MULTIPLYING A MATRIX TIMES A VECTOR
Subroutine VECMUL is one of two routines coded in both machine
language and FORTRAN, It multiplies a matrix times a vector to compute

the vectors Fl, G1 and Fz, G2 of paragraphs 16.1 and 16.2, The

sachine coded version has the advantages of higher speed and accuracy.

18.0 CORE DUMP

If an abnormal or uncorrectable error condition occurs,
Subroutine DUMP gives a dump of core memory &8s &n aid in debugging
the error condition. The Subroutine LBPDMP is a system routine for

dumping core between specified limits.

19.0 STORAGE ARRANGEMENTS

To conserve and fully utilize core storage, three large matrix
arrays of dimension 120 x 120 nave beun set up in an area of COMMON
storage named "MTXCOM'". To aid in programming, various routines use
EQUIVALENCE statements to resegment these large arrays into manageable

blocks.
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The FORTRAN array names of the three major blocks are:

CMTXRL (120, 120)
CMTXIM (120, 120)
SPRMTX (120, 120)

Within the MAIN Routine the following overlays are made:

(AMKIR (50, 60) : RE(I)

CMTXEL { AMXJR (60, 60) : RE(J)
AMXKR (60, 60) : RE(K)

LAMRLR (60, 60) : RE(L)

ax (60, 60) : TM(I)

CMTXIM ( AMXJI (60, 60) : IM(J)
AMXKI (60, 60) : IM(K)

LAMXLI (60, ¢0) : IM(L)

The SPRMIX block is unused.
Subroutine NRMQMX and Subroutine PRCSSM, the second control

routine, allocated storage as follows:

(QMTXII (60, 60) : QIL (60, 60) : M™(Q,)
QMTXJI (60, 60) : QI2 (60, 60) : IM(Q,)
CMTXRL
QMIXKI (60, 60) : QI3 (60, 60) : IM(Q,)
_QMTXLL (60, 60) : QI4 (60, 60) : IM(Q,)
(QMTXIR (60, 60) : QEL (60, 60) : REQ,)
QMTXJR (60, 60) : QR2 (6C, 60) : RE(Q,)
SPRMTX <
QMIXKR (60, 60) : QR3 (60, 60) : RE(Q,)
_QMTXLR (60, 60) : QR4 (60, 60)

REQ,)
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NOTE: After Subroutine NRMOMX normalizes and movus the Q matrix

(complex) into the SPRMTX and CMTXRL areas, the processing which trans-

forms the Q to the T mitrix fcllows the prccedure outlined in
paragraph 12.0. The storage allocation is .oted above in the eight
itemized steps.

Subroutine INVMBL always ;ssumes the block matrix which is to
be processed 1is stored in the CMTXRL area. The intermediate steps
as outlined in paragraph 14.0 are performed in the CMTXIM area.

The third and last control routine, Subroutine ADDPRC makes

the following storage allocations:

(

QMTXII (60, 60) : FGVECT (2, 120, 2)
CMTXRL < QMTXJI (60, 60) : FGMUL (120, 2)

QMIXKI (60, 60) : FGANS (60, 10)

L.QMTXLI (60, 60) : (unused)

(TCMPLX (2, 120, 120) : Real and imaginary
CMTXIM
SPRMTX corponents of the

T ratrix.

NOTE: That TCMPLX overlays both the CMIXIM and SPRMTX areas. As

noted in paragraph 16.0, FGVECT contains the Fl, Gl and G2, F2

vectors. The first subscript refers to the real and imaginary
components of the vectors, the second subscript refers to the dimension
of the vectors which is 2:NRANK and the last subscript differentiates
the 2 vectors.

FGMUL contains the vectors which post~multiply the T matrix
to generate FGVECT. The first end second subscripts correspond to
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the second and third subscripts of FGVECT.
FGANS contains the final answers. The first subscript corres-
ponds with the value of aspect angle which generated it and the second

subscript rufers to the answers in the following manner:

1 2 3 4 5
scaTt?  Re(momaLl) Im(ToTALY)  Re(RTRAD!)  Im(RTRADD)
6 7 8 9 10
3 3 3 7 —
SCATT Re (TOTAL") Im(TOTAL") Re(RTRAD") Im(RTRAD")
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APPENDIX 11

THE FORTRAN IV PROGRAM LISTING
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20
22
24

26

40

L 1)

52

80

SUBTYPE.FORTRAN, LMAP,L STRAP
SCATTERING FROM AXISYMMETRIC CONDUCTORS FNR CASES 7, 4 AND 9,
COMMON DTR,RTD,CP1
COMMON /CMVCOM/ NMyTMI(30)oC MV, XMV CM2,FM,QF M, TWM,PRONM
COMMON /FNCCOM/ PNMLLG1 61 ),ASSLSPI6]1)CNEUMN(6])

COMMON /THTCOM/ THETANTHETAGDLTHTA ¢ SINTH,CUSTH, ISMRL, ISWTCH{T7),SR

1MUL» SMULSSUT) +COHI6) o DHMyNSEC T NDPS{6) sEPPS{6) 4KSECT

COMMON /MTXCOM/ NRANK JNRANKT AMXIR(AGI60) JAMXJR(5),60) JAMXKR(K) 6"
114 AMXLRI6D 1601y AMXTTL60+H0) yAMXJT(60,6C) JAMXKII6D:4N),AMXLT(6447)

2+SPRMTX112Cs120) +CMXNRM(60)

COMMON /BCYCOM/ CKR,DCKR,CKR2,CSKRX,SNKRX,CNNK,RRXT ,AL PHA,{RONY,QR

1+ SNALPH,CSALPH

DIMENSION CLRMTX{43230G)
EQUIVALENCE (AMXIR,CLRMTX)
SET PRNGRAM CONSTANTS,

OTR = 1.7453292519943F-(2
RTD = 57.,2957795131

CP1 = 3,1415926535898
ISWTCHIL) = 2

ISWTCHI2) = 3
ISWTCHI3) = &
ISWTCH(4) = ]
SMULSSI1) = 32,0
SMULSS(2) = 12.0
SMULSS(3) = 32,0
SMULSS(4) = 14,0

CALL ROUTINE TO READ NATA AND PRINT HFADINGS f0OR WTPUT
CALL RDDATA

IF{1BODY-9)24,22, 24

BOYFCY = 1,0

GO 10 26

ADYFCY = 0,5

SET UP A LONP FOR M AND SFT VARTAH) ES WHICH ARE A FUNCYION 0F M,
DO 900 IM = ] ,NM

CMV = CMI(IM)

KMY = CMV

CM2 = CMYSCMY

PRODOM = 1,0

TF{CMV )40, 4D, 44

EM = 1.0

GO Y0 60

EM = 2,0

QUANM = CMV

0N 52 IFCT = ],KNV

QUANM = QUANMEL O

PRODM = QUANMEPRONM/2,0

CONT INUE

QEM = -2,0/EM

TWM = CMVECMYV

INITIALIZF ALL MATRIX AREAS TO 7FRO

o 80 1 = 1,28800

CLRMTX{T) = 2,0

CONTINUE

SET UP A LOOP FOR ALL VALUES OF THFETA,
THETA = 0.0

SET UP GENERAL LONP FNR CORRECT NUMRBFR 0OF [NTEGRATION SFCTIONS.
D0 800 ISECY = 1,NSECT

KSECT = [SECTY

NTHETA = NDPS(ISECTIE]

DLTHTA = COH( ISECT)
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NHEM = NLTHTAZ?2,5
[SMRt = &
DU 700 TTHTA = 1,NTHETA
SFT SWIIOWES AND MM TIRLIFRS FOn SIMPSONS [HTFGRATION MFTHAD,
IFCITHTA-1D]2C, 12,132
120 SRMUL = 7,(%DH™
TFCISECT=1)T70,777, 342
132 IFCITHTA-NTHFTAIZCO, 148,144
148 SRMUL = T, ¢NH4
GO T 3640
200 ISMRL ISWTCH{ TSMRLE )

SARMUL = SMULSSETSMRL)*NHM
340 THFTA = THETAELDL THTA
348 COSTH = COS(THETA)

SINTH = SIN(THETA)
GFNERATE THF (FGFNDRF PIWLYNOMEIAL S,
CALL GENLGP
EVALUATF KR AS A FUNCTION (OF THFTA, ALST I17TS NFRIVAT]IVF,
CALL GFNKR
CSKRX = COS(CKkR)/(CKR
SNKRX = SIN(CKR)/LKH
CKR2 = CKR®*CKR
GENERATFE RFSSFL FUNCTIONS,THEIP NFRIVATIVFS AND NEUMANN FUNCTINONS,
CALL GENRSL
PERFNRM RFSSEL TFST AND NFUMANN TEST
QUANRT ARSI CKR28(ASSLSPI2)oCNFUMNIL ) -RISLSPILISCNEFUMNI2))=1,0)
QUANNT ARSICKR2SIASSLSP INRANK[ICNEUMNINRANK) -=RSSLSPINRANK) =CNFt)
ILMNINRANK T ) )=-1,2)
IF(QUANRT =1,0E-17)3624352,352
352 THTPRT = RTN*THFTA
PRINT 355, THTPRT ,CKR, QUANRT , QUANNT
356 FNRMAT(1HO1OX,13Hs=sss THFTA =F9,4,6Hy KR =FlGa%s15H, RFSSEL TFST
12€12.5¢15Hy NFUMARKN TEST 2£12,%,6H sssss)
GO TO 362
360 [F(QUANNT =1,0F~101362,3562,382
362 CROW = 0.0
CROWM = (CMV
IMP = 2
00 600 IROW = ] ,NRANK
CROW = CRNOWEL,.C
CRNWM = CRNWMEL,C
SET UP A LNDOP FNR FACH CNLUMN NF THF MATRICFS,
CCOL = Co0
CrNLM = My
GO TO (R4 e358), [ MR
364 JMKR = ]
v - 2
€N 1 36A
366 JMR = 2
IMR = ]
368 NN &NC 1CNL = 1 ,NRANK
CCL = CCOLEL LD
CRIY = CPOWECCOL
CRSSIJ = CRIWECCNL
ccolm CCOMELL S
Centl = CCOL&1.0
IFCIRODY=-T)3T2,3R4,172
369 IF(ICECL-TRUW)3ZTO,272,172
373 GO 1) (3G0,3QR), yMu
IT2 AJLIYP = CCU't 1#DNCKeASSLSP(ICOLALI*SINTH

" n
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8JBJL1 = CKR*(CKR*BSSLSPUICOLI-CCOL*ASSLSPCICOLELY)
IFCIBOOY-913T7443764374
374 GO TO (376,392),JMR
TEST FOR M = O,
376 IFICMV)I388,380,1378
CALCULATE THE TERM FOR THE CURRFNT ELEMENT IN THF [ MATRIX,

378 TERMI = SINTH®CKR2¢BSSLSPIICOLELI*(COSTHEPNMLEGIRNWEL }*PNMLLGLICH
LLELYSCRIJ-CROWMEPNMLLGLICOLEL ) *PNMLLGT TROW) =CCOALMEPNMLLGETIRNWEY ) *P
2NMLLGLICOL )

AMXTTCIROW,ICOL) = AMXTTCIROW, ICOL JESRMULSCNEUMNI(ROWE] ) ¢TERM]
IFLICOL-IROW) 3R8, 3R4, 3R

IRL AMXIRCIROW,ICOL) = AMXIR( IROW, ICOL ) ESRMUL*RSSLSO{IRNWEL ISTERM]

388 IFI I1BO0Y-9)390, 392, 390 ’

390 JMR = 2

GO VO 4u0
CALCULATE TERM FOR CURRENT FLEMFNT [N THF J MATRI X,

392 PTJL = PNMLLGUIROWE LI *PNMLLGIICOLALI®IBIRIL®{CM2ECRSST JSCOSTHe®2)
1ECRSSTJ*COSTH*AYLXP)

PTJ2 = CROWM*CCOL*PNMLL GI TROW}*PNMLLGIICOLEL ¥ *(COSTH*AJBJILIERYL XP}
PTJ3 = CCOLM*PNMLLG(ICOL)*AJRILI*(CROWMSPNMLLGIIROWI ~CROW*COSTH*PNM
LLLGITROWE L))

AMXJTEIROM, ICOL Y} = AMXJTCIROW,ICOL JESRMULSSINTHSCNFUMNITIROWEL b e(PT
1J1-PTJY2EPTYI}

IFLICOL-IROW ) 398,396, 396

396 AMXJRITROW, ICOL) = AMXJIRI IROW, JCOLIESRMUL SINTHSASSLSP{TROWELY*IPT
1J1=-PTJY2EPTJ3)

398 JMR = |

400 CONT INUE

600 CONTINUE

700 CONTINUE

800 CONTINUF

SYMMETRIZE REAL MATRICES ANN TMAGINARY SPHFRICAL MATRICES.
D0 816 IROW = 2,NRANK
[E;'DSY = [ROW-]
D0 812 I1COL = 1,1ENNSY
AMIRCIROW,ICOL Y = AMXIRIICOL, IROW)
AMXJRITROW, ICOLY = AMXJR(CICOL, IROW)
TEST FOR SPHERICAL RONIES,
IFL 1800Y-T71012,808,8)2
808 AMXITICIRGW,ICOL) = AMXITIICOL,IROW}
AMXJTT IROW, ICOL) = AMXJIT ICOL, IROW)
812 CONTINUE
816 CONTINUE
SUMMATION FOR ALL MATRIX ELEMENTS COMPLETE, FINISH PRNCESSING THEM
00 860 JROW = 1,NRANK
DO 820 JCOL = 1,NRANK
AMXTRIJROM,JCOL) = CMVSAMXIR] JROW, JCOL)
AMX TTCJRIWLJCOL) = CMVSAMXTTTIJROW, JCOL)
AMXJROEJROW,JCOL Y = QEMSAMXJRI JROW, JCOL)
AMXJTTJROW,JCOL) = QEMsAMXJIT JNOW, JCOL )
COMPUTE K MATRIX AS A FUNCTION OF THE , MATRIX,
AMXKR (JROW,JCOL Y = —AMXJRIJROW,JCOLD
AMXKTIT JROW,JCOL) = —-AMXJITJROW,JCOL)
CALCULATE THE L MATRIX AS A FUNCTION OF THE | MATRI X,
AMXLR(JROW,JCOL) = —AMYIRIJROW,JCOL)
AMXLITTJROW,JCOL Y = —-AMXITIJROW,JCOL)

820 CONTINUE

COMPUTE AODITIONAL TERM FOR THE [IMAGINARY PART OF THF K MATRIX,
CKROW = JROW
IFIKMY)IR24,8244826
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R24

826
828

830

832
840

860

900

FCTIKI = 1.C
GO 10 840
IF(JROW-KMV) 828,830,930
CMXNRM( JROW)
GN TN 860
IRFCT =

CON

T INUE

z 1.9

JROW-KMVS, ]
IFFCT = JROWELKMY

FPROD =
FCTIK] =
CO R32 LFCT =
FCTK] = FCYK[*FPROD
FPROD = FPRODELLO

I8FCTY
1.0

CMXNRM(JROW)
AMXK I ( JROWyJROW) = AMXKI(JROW, JROW)ERDYFCTECMXNRMJROW)
CMXNRM(JROW)

CON

T INUE

[RFCT, [EFCT

z 4o OFCKROW* (CKROWEL D) *FCTRI /7 (FMR{CKPOWECKRONE]L 7))

= SORT(CMXNRM(JROW))

PROCESS COMPUTED MATRICFS
CALL PRCSSM

CON
GO
END

T INUE
10 20
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™ -4

40

80

88

92

9%

100

104

120

136

140

148

SUBTYPE,FNRTRAN,LMAP,L STRAP
A PROGRAM TO READ INPUT DATA FOR THE SCATTERING PROGRAM,
SURROUT(NE RDDATA
COMMON DTR,RTD,CP1I
COMMON /CMVCOM/ NMyCM ({30 1,CMVo KMV CM2 4 EMyQF M, TWM,PRODM
CCMMON /FNCCOM/ PHMLLGI 6L 1,RSSLSPL61)CNFUMNIB] Y

COMMON /MTXCOM/ NPANK yNRANKI ¢CMTXRL (12041200 ,CMTXIM(120,1200,SPRMY

1X(120,120),CMXNRM(50)

COMMON /THTCOM/ THETAGNTHETA,DLTHTA,SINTH,COSTH, [SMRL ,ISWTCH(T),SR

1MULy SMULSS(T) ¢COHI6Y, DHMy NSFCToNDPS(6) 4 EPPS(6) 4 KSECT

COMMON /RDYCNM/ CKR yDCKRyCKR2,CSKRXySNKRXyCONK,RR VT4 ALPHA, (RONY,QR

1y SNALPH,CSALPH

COMMON 7TQTCOM/ ACANS16C, 10V ¢ STSFCT,RTSFCT
COMMON /UVCCOM/ UANGL60) ¢ NUANG

DIMENS(ON CLRTNT( 600}

EQUIVALENCE (ACANSI1411,CLRTOTY

DIMENSTION EPDEG(10)

READ NECESSARY (NPUT DATA

PRINT &0

FORMATCLIHYLLLIOX  3HCVML L/ 227772717227 17772717177 HDIGX j60HE S0 080s
1 SESSSRERABEERRES SRR 2RSS 2228/ HO2 RN, 6IHELECTROMAGNFTIC SCATTFRING
2 FPROM GENERAL AXISYMMFTRIC CNNDUCTORS/1HO3IX,4NHe s 2228880880008 n

R IIIETIII IR IR TY )]

RFAD 80,NM,NRANK,NSECT, IRODY ,NUANG
FORMAT(6112)

NRANKT = NRANKE 1

PRINT AR

FORMAT(1H129X,TSH CASES MATR( X RANXK SECTIONS

1 BODY SHAPF U VECTOR)

PRINT 92,NM,NRANK NSECT, 1RONY,NUANG
FORMAT ( LHO 29X ,5115)

READ 96,CONK,BRXT,ALPHA
FORMAT(6F12,1)

RTYSFCT = 8,0/CONK

STSFCY = 2,08RTSFCT/CONK

PRINT 100

FORMAT( 1H029X y 60HRODY PARAMETFRS x(a) RETA/RHO

1 ALPHA)

PRINT 104,CONK4sBRXT,ALPHA

FORMAT( 1HO&4X »3F15,3)

READ 96, (CMIL TV, 1 = 1,NM}

READ BO.INDPSEIY,1 = 14NSECT)

FRINT 120, (NDPS(T1,( = 1,NSECT)

FURMAT( 26HC INTEGRATIONS/SECTIONATL2,/7(1H023X,A1121))
READ 969 LUANG(T ), 1 = 1,NUANG!

CLEAR AREA WHICH CONTAINS RUNNING TOTALS.
00 136 1 = 1,600

CLRTOT(IY = 0,0

CONT INUE

COMPUTE END POINTS FOR THFTA,

ALPHA = DTRSALPHA

CALL CALENP

DO 14C [ = 1,NSECT

EPDEG(I) = RTYDSEPPSI(IY

CONT INVE

PRINT 14A,(EPDEGLIY,( = 1 ,NSECTH

FORMAT( 24KH0 END PNINTSBF12,4,/({1H023X,RF12,40)
RETURN

END
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SUBTYPELFORTRAN, LMAP L STRAP
A ROUTINE TO COMPUTE A BESSEL FUNCTION OF SFT ORDER AND ARGUMFNT,
SUBROUTINE BESSEL INORDER, ARGMNT,ANSWR, 1 FRROR}
OOUBLF PRECISION ARGMNT ¢ ANSWR ¢ X¢CNo SUMGAPRyTOPRC1+CNI o ACR,PROD,
1FACTY
1FRROR = )
N = NORDER
X = ARGMNT
CN = N
SUM = 1,0
APR = 1,0
TOPR = ~0,500%X*X
Cl = 1.0
CNI = 2®NL3
00 60 1 = 1,100
ACR = TOPRSAPR/(CI®*CNI)
SUM = SUMEACR
JF(DABS(ACR/SUM)-1.0N-20)100419C440
40 APR = ACR
Cl = Cl&1,.0D0
CNI = CNJIE2.000
60 CONTINUE
1ERROR = ]
G0 10 200
THE SERIES HAS CONVERGED,
100 PRON = 28NE1
FACT = 1,0
IFIN)160, 160,120
120 DN 140 IFCT = 14N
FACT = FACT*X/PROD
PROD = PRON-2,0DP0
140 CONTINUE
160 ANSWR = FACT*SUM
200 RETURN
END
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A ROUTINE TO GENERATE LEGENDRE POL YNOMIALS,
SUBROUTINE GENLGP

COMMON OTR,RTD,CPI

COMMON /CMVCOM/ NMyCMI(30),CMV,KMV,CM2,EM,QEM, TWM,PRNDM
COMMON /FNCCOM/ PNMLLG(GYD,BSSLSPL61),CNFUMNEG]Y)
COMMON /MTXCOM/ NRANK JNRANKI yCMTXRL(1204120)CMTXIM(120,120) 4 SPRMT
1X(120+120)sCMXNRM(60)

COMMUN /THTCOM/ THETAGNTHETAZOLTHTA GSINTH COSTH,ISMRL,ISWTCH(T),SR
1MUL . "MUL.SS(T) o COHI6) , OHM  NSECT,NDPS(6) ,EPPS(6)KSECT
COMMON /B0YCOM/ CKR,DCKRyCKR2,CSKP Xy SNKRXyCONKBRXT,ALPHA,IRCDY,QR
1+SNALPH,CSALPH

OTWM = TWMEL.O

IFITHETA) 1644416

IFI(KMY=-1)¢412,46

00 8 ILG = 1,NRANKI

PNMLLGLILGY = 0,0

CONTINUE

GO T0 88

PNMLLG(1) = 0,0

PNMLLG(2) = 1,0

LA = 1,0

GO TO 4«8

IF{XKMV )20, 20,40

THE SPECIAL CASF WHFN M = 0,

PLA = 1,0/SINTH

PLA = COSTH=PLA

PNMLLGI(]1) = PLA

PNMLLG(2) = PLA

IBEG = 3

GO T0 60

GFNERAL CASE FOR M NOT EQUAL TO O,

00 %4 ILG = ]1,KMV

PNMLLGLILG) = 0.0

CONT INUE

PLA = PRODM4S INTHeS(KMV-1)

PNMLLG(KMVEL) = PLA

PLB = DTWMSCOSTHSPLA

PNMLLGI(KMVE2) = PLA

IBEG = KMVE]

DO RECURSION FORMULA FOR ALL REMAINING LEGENDRE POLYNOMiALS.
CNMUL = [TREGECIBRFG-3

CNM = 2,0

CNMM = DT WM

00 B0 ILGR = [BEGyNRANKI]

PLC = (CNMULSCOSTHSPLAR-CNMMSPLA) /CNM

PNMLLGILILGR) = PLC

PLA = PLB

PLR = PLC

CNMUL = CNMULER.0

CNM = CNMEL1,O

CNMM = CNMMEL,0

CONTINUE

RETURN

END
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SURTYPEWFORTRAN, LMAP L STRAP

A ROUTINE T0 DO FINAL PROCESSING NN THE SCAYTERING MATRIX,

SUBROUTINE ANDPRC

COMMON OTR,RTD,CPI

COMMON /CMVCOM/ NMoCMI(30)sCMVeKMV,CM2,EM)QEM, TWMPRNNN

COMMON /FNCCIM/ PNMLLG(61),RASSLSP(A1) +yCNFUMN(G6L)

COMMON /MTXCOM/ NRANK yNRANKTQMTXTI(60+60)OMTXJII(60,60) +QMTXKI (60
1060)¢QMTXLI{60060) 4PMXL{6G160)PMX2(60460) 4PMXI (6D460) +PMX4(6]460)
200MTX(RE60+60)sOMTIXIR(60460)¢QMTXKR (60+60) yQMTXLRIA0,60) ¢CMXNRM{AD
3)

COMMON /VCMCOM/ [ISYRGyJSYBGoKSYBGyNSYMT

DIMENSION FGVECT(2412002) ¢TCMPLX(241209120) ¢FGMUL(1204+2)4FGANS{60,
110) a

EQUIVALENCE (QMTXTITFGVECT)y (PMXLoTCMPLX) o (QMTXJI (FGMUL) 9 (QMTXX ], F
1GANS)

CCMMON /THTCOM/ THFTASNTHETAGDLTHTASINTHCOSTHoI SMRL o (SWTC 1(7),SR
I1MUL o SMULSSIT) oCDH{6) o DHMy NSECT,NDP S(6) 4FPPS{6) ¢KSFC T

COMMON /TOTCOM/ ACANS (604 10) o STSFLTHRTSFCT

COMMON /UVCCOM/ UANGI( A0 )4 NUANG

COMMON /RCYCOM/ CKRNDCKRyCHR2¢CSKRX ¢ SNKRXoCONK ;AR XT 4ALPHA,IBONY,0QR
1+SNALPH, CSALPH

NORMALIZF AND STNRE SECTIONS Tl AND T3 NF THE COMPLEX T MATRIX,.

00 40 IC = 1,NRANK

00 20 IR = 1,NRANK

JR = [RENRANK

QUANNM = CMXNRM{IR)/CMXNRM{IC)

TCMPLX( 1o IRy IC) = QUANNMEQMTXIRIIR,LIC)

TCMPLX{ 19 JRyIC) QUANNMEQMTXKR(IR,IC)

TCMPLX( 24 IRy IC) QUANNM=QOMTXII(IR,IC)

TCRPLX(24JR,IC) QUANNMEQOMTXKI (IR, IC)

CONT INUE

CONTINUE

NORMALIZE AND STNRE SFCTIONS T2 AND Té& OF THE COMPLEX T MATRIX,.

00 80 IC = 14N<ANK

JC = [CENRANK

00 60 IR = ]14NRANK

JR = [RENRANK

QUANNM = CMXNRM{IR)/CMXNRM(IC)

TCMPLX (1, IRy JC) QUANNMEQMTXJR(IR,IC)

TCMPLX(19JRyJC) QUANNMEQMTXLRIIR,IC)

TCMPLX( 24 IRy JC) QUANNMEQMTXJI(IR,IC)

TCMPLX( 24 JRy JC) QUANNMEQMTXLI(IR,IC)

CONTINUE

CONT INUE

SET UP A LOOP FOR ALL VALUES OF THE ANGLF U,

00 400 IU = ]1,NUANG

GENERATE LF,ENORF POLYNOMIALS AND NERIVITIVES, RESET THE LIST,

IF(UANGITU)196,88,96

COSTKH = 1,0

SINTH = 0.0

THETA = 0,0

GO 10 112

IF(UANG(IU)-180,0)104+100,104

COSTH = =1,0

GO TO 92

THETA = OTR&UANG(IU)

SINTH = SIN(THETA)

COSTH = COS(THETA)

CALL GENLGP

00 120 IPS = 1,NRANK
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FGMUL(IPS,1) = CMVEPNMLLG(IPSEL)
CPS = [PS
FGMUL(IPS,2) = CPS®COSTHEPNMLLG(IPSEL)-(CPSECMV)EPNMLLG(IPS)
JPS = [PSENRANK
FGMUL(JPS,1) = FGMUL(IPS, 2)
FGMUL (JPS,2) = FGMULLIPS, 1)
120 CONTINUE
MUCTIPLY THE T COMPLEX MATRIX YIMFS THE LFGFNORF VECTORS,
KMVMY = (KMV-1)/4&
KMYM] = 4eKMYM]
IFIKMYM1) 132,132,124
126 DN 128 IZ = 1,KMVM1
FGVECT(1y 1Z41) = 0,0
FGVECT(2412,1)
FGVECT(1412,2)
FOVECT(Z2,12,2)
J7 = [ZENRANK
FGVECT(1,42,1)
FGVECT( 240241
FGVECT(14,92,2)
FGVECT(2+J2,2)
128 CONTINUE ®
ISYBG = 242%(KMVNM])
JSYRG = KMVM1
KSYRG = 2¢KMVYM]
NSYMT = NRANK-KMyM™M]
GN TO 136
t

it 4w
(RN
e & o

LI ]
C OO

132 ISYBG 0
JSYRG 0
KSYRG = O
NSYMT = NRANK
136 CALL VECMUL
A LOOP TO ZERD CURRFNT SUMS NF SCAT1,2, TNTALYl,2 AND RTRAN],2.
00 14C 17 = 1,10
FGANS(IU,12) = J.0
140 CONTINUE
SET UP LOOP FOR CURRENT VALUES OF THE SUMS,
IPTH = 1
00 200 ICMS = 1,NRANK
JCMS = [CMSENRANK
COMPUTE SCATT1 AND SCATT2 SUMS
FGANS(IUy1) = FGANS(IUo1)E(FGVECT(lICMS 2)®*2EFGVECT(24ICNS,1) 082
1EFGVECT(19JCMSo 112220 FGVECT(20JCNS,1)222) /CMUNRM(ICMS) ®82
FGANS{IUs6) = FGANS{IU.6)E(FGVECT(1 4JCMS2) *82EFGVFCT(24JCMS,2) 082
1EFGVECT( Y1, ICMSy 212226 FGVECT(2,ICNS,2)282) /CMUNRM(ICMS) *e2
FORM THE REAL AND [IMAGINARY PARTS OF TOTALY1,2 AND RTRAD 1,2
PFR] = FGVFCT(1,1CMSy1)*FGMUL(ICMS,1)
PFI1 = FGVECT(2,1CHSy 1)*FGMUL(ICMS,1)
PFR2 = —FGVECT(2,UCMS,2)*FGMUL{ICMS,1)
PFI2 = FGVECT(1,JCMS,2)¢FGMUL (ICNS,1)
PGRY = FGVECT(1,JCMS,y118FGMUL{JCNS,1)
PGIY1 = FGVECT(2,JCMSy 1) SFGMUL (JCNS,1)
PGR2 = ~FGVECT(2,I1CMS,y21*FGMUL(JICMS,1)
PGI2 = FGVECT(1,1CMS,2)8FGMUL(JICNS,1)
GN TO (1500154,15R,162),1PTH
150 SGn = &1.0
IPTH = 2
G0 70 170
154 SGN = -1,0
[PTH = 3
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GO YO 1RO

158 SCN = =1,0
IvTH = &

GO 10 170

162 SGN = €£1.0
1PTH = 1
GO T0 180
CASE FOR N MOD 4 IS 1 (=1,E1) O 3 (€E1,-1)

170 FGANS(IU, 2) FGANS{TUs 2)ESGN* (PFT]1EPGRYL) /CMXNRM{ [CMS) ¢e2
FGANS(TU, 3) FGANS( Ity 3)=-SGN*(PFR1-PGI]1)/CMXNRM{[CMS)ee2
FGANS(TU, T) FGANS(It)y TYESGN®(PF12=-PGR2)/CMXNRM([CMS)*%2
FGANS( TU, 8) FGANS{IUyBI=SON*(PFR2EPGI2) /CMXNRM( ICMS)se2
FGANS( U, %) FOGANS(TUy @) =SGNe(PF]1=-PGRL)/CMYNRM([rMS)ee2
FGANS( TU, 5) FGANS(TUs 5)ESOGN®(PFRLEPGIL) /CMXNRM( [CMS ) *2
FGANS (11, 9) EGANS(TUGQ)-SONE{PFI2EPGR2)/CMXNAM{ICMS) &s?2
FGANSTTU, 1C) = FGANS{TUL101ESOGNE(PFR2=-PGI2) /CMXNRM{[CMS)®e?
coO 10 200
CASE FOR N MOD 4 1S 2 (-1,~-1) NR & (E1l,E]1)

180 FGANS(TU, 2) FGANS( Ty 2)ESGN®(PFR]1=-PGI1) /CUXNRM(ICMS)*e2
FGANS( TU, 3) FGANSUTU. 31ESONS(PFILEPGR]L ) /CMXNRM([(CMS ) *%)
FGANS(TU, 7)) FGANS (T U TIESONE(PFR2EPGTI2) /CMXNRM(ICMS)¢s2
FGANS (U, 8) FOANS( U, BYESGN®(PF 1 2-PGR2) /CMXNRM(ICMS) *#2
FGANS( Iy 4) FOGANS{TU. ) ESGN®(PFR]1EPGI L) /CMXNRM{ICMS)*e2
FGANS( U, 5) FGANS(IUy 5)ESGN*(PFI1=PGR1)/CMXNRM( [CMS)®e2
FGANS(TU,9) FGANS(TUs9)ESONS®(PFR2=-PGI2)/CMXNRM{[CMS)*e2
FGANS( TUe 1C) = FGANSUTULL1GIECSGN®(PFI2EPGR2) /CHMXNRM([(CMS) ®¢2

200 CONTINUE
SCALF ACCUMUL AT IVE SUMS
FGANS(TU, 1) = STSFCT*FGANSIIU,1)

FGANS( Tu, 2} STSFCT*FCANS( U, Q)
FGANS( 1U, ) STSFCT*FGANS( U, ?)
FGANS( 1U, &) PT FCTSFGANS({TU,4)
FGANS([U, 5) RISFCTSFGANS(TU,S)
FGANS U TU, ) STSFCTSFGANS({ TU,&)
FGANS(IU+T7) STSFCT¢FGANS(IU,T)
FGANS(TU.8) STSFCT*FGANS(IU.R)
FGANS{ U, 9) RVYSFCT&FGANS(T1),9)
FGANS(TU, 10} = RTSFCT®FGANS(IU,10)

40) CONTINUE
PR INT PARTIAL SUMS AND ACCUMULATF TOTALS,

CO S0C 1Pr = 1,2
PRINT 420 KMV, PR

420 FORMAT(1IH]I3TX 3 1Heesssasaesx CURRFNT SUMS FOR M =[3,]11H ssessesess/

1/76HOCLASS 2,82+  ANGLF SCATTERING TOTAL(REAL) TOTAL(IMAG
2) RTRAD(REAL) RTRAD(IMAG)/ /)

1RFG = 1L5«(IP.=1)

1FNC = [IBEGE4

BO 460 1UP = 1,NUANG

DN 432 ICAL = IRFGLIFEND

ACANS(TUP, ICAL)Y = ACANSITIUPLICAL)EFGANSITIUP,ICAL)

432 CONTINUF
PRINT 440 ,UANGLTIUP) 4 ({FGANSITUPLP)LP = [REGTEND)

440 FORMAT(LIHN Fl4e2,1PTEL15,6)

460 CONT INUE

500 CONTINUF
PRINT THF ACCUMULATF TOTALS.

DO 600 JPR = 1,2
PRINT 520,KMV,JPR

520 FORMAT(1H]35X,35Hssssesssss ACCUMULATED SUMS FNR M =[3,]11H *%*esse

1*¢¢//6HOCLASS 12, 112H ANGLF SCATTERING TOTAL(REAL) TOTAL

LU | I I (I | B R [}

Moo N
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20 1IMAG) RTRAD(REAL) RTRAND(IMAG) RCS PHASF ANGLE
3/7)
JBEG = 1E5%(JPR-1)
JEND = JREGE4
00 560 JUP = 1,NUANG
COMPUTE PHASE ANGLE AND RCS 1 OR 2,
PHANG = RTDSATANZ2{ACANS(JUP ¢ JEND) yACANS (JUP, JEND-1))
RCS12 = ACANS(JUPJENN-1)¢82LACANS(JUP, JENN ) #82
PRINT 44O yUANGIJUP) s LACANSIJUP 4LP) 4L ™ = JREGyJEND) 4RCS124PHANG
540 FORMAT(1H F1l4.3,1P7E15.6)
560 CONYINUE
600 CONTINUE
RETURN
END

76



2R

128

228

328

428

524

628

728

SUBTYPE,FORTRAN,LMAP,L STRAP

A SUBROUTINF TO PRINT DUT THE T MATRIX,

SURROUTINE PRTRIT

COMMON /MTXCOM/ NRANK yNRANKT, OMTXIT (60,601 ,0MTXIT 160,600 ,QOMTXKI (60
1e60) s OMTXLT160,60) 4 PMXLI6Gy 631 ,PMX2(860,60) sPHXIL(AD,60) PMXL(60,60)
2eQMTXIRI60:601 ) QMTXIR (60,601, AMTXKR{6D,80) sQMTXLR (60,60 ) 4CMXNRM{60
3)

FQUIVALENCE (QMTYTToCMTXRL D)o (PMX]1CMTXIM), (QMTXIR ,SPRMT X}

DIMENS ION CMTXRL (120412001 ,CMTXIM(120,129),SPRMTX (120,120

PRINT 28

FORMAT(1H1///1HOS2X s 16HMATREIX T(1) ,RFAL)

CALL PRINTM(QMTXIR,NRANK)

PRINT 128

FORMAT (1H1///1HIS2X, 16HMATREX T(2) ,RFAL)

CALL PRINTM(QMTXJR,NRANK)

PRINT 27R

FORMAT (1H]1//771HOS2X s 16HMATRIEX T(3) ,RFALID

CALL PRINTM(QMTXKR,NRANK)

PRINT 1328

FNAMAT (1M1 //71HOS2X ¢ 16HMATREIX T(4) 4RFAL)

CALL PR(NTM{QMTXLR,NRANK)

PRINT 428

FORMAT (1H1//7/71H049%X 4 2 1HMATRIX T(1) 4 IMAGINARY)

CALL PRINTM{QMTXTI,NRANK)

PRINT 52R

FORMAT(1H1///1HOGIX 4 21HMATRIX T(2) , IMAGINARY)

CALL PRINTM(QMTY JI,NRANK]

PR(NT 628

FORMAT(1H17/7/71H049X 4 21HMA TRIX T(3) ,IMAGINARY)

CALL PRINTM{QMT XK { ( NRANK )

PRINT 728

FORMAT (1H1///71HOLAX, 21HMATRIX Tl4) , IMAGINARY)

CALL PRINTMIQMTXL ( ¢ NRANK)

RETUKRN

END
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SURTYPE,STRAP
’ A ROUTINE TO GFT THE F1,Gl AND F2,G2 VFECTNRS FRNM T & PICNS U,
PUNREL
PUNFPC s LAST, COMMUN
VECMUL FNTER, SVXRS
PUNCIDC
NTXCOM COMBLNCK, FINAL
VCMCOM  COMRLOCK, FINALY
XWeds QoG
SVXRS SXe$129XR12 YSAVF INDFX RFGISTHERS 12,
SXe$813,XRP13 U 13,
SXesléoXP16 ' 14,
SXe$2¢XP2
SXe83yXP3
SXe810,XR10
IWFIUY) , TWFRTY ETMDIITE ANNREFSS FACT W #N9 ] o FN
DSl U)o NFANK
SHFL, 3R
F=1IU), 3R
STIU),G1F2A
LXe$12 ¢ TMXWR 'RFSET T COMPLFY MATREX CONTRAL,
VEe812 2 ISYRGE 032
LCls812,2.0
SXe$12 ¢ TMXW
LXy$13,PMXWR SRESET MILTEIPLEIFP VFCTNR CNONTROL,
VEy813,JSYRGEULDY2
LCy $13,NSYNTEQ,32
SXe$13,PMXW
LIU)JNSYMT
EUL)) g NSYMT
LXe814, FOXWR
VEy 316, KSYRGEQ 432
LCosl4,y8LED. 32
SXe$14,FOXNW

FLIRU, 108) yRFGGFED. 2V 'SET SIGN FOR ANSWFR STARAGE, F1 NR G1
FI(RUy148),IEGGFEDL2D
U DD THE REAL PAHT NF F1 DR Gl, 52 NR F2,

HGANLP LXe8$2,812
VELy82,G1F24LD, 32
LXe$39812
VEe 83, NRANKS I, 32

SRLFIR KCe814,NSYNTFO,32
RIXE«NCCMPR
VEe812 ¢ KSYAGE 3,32
SVy$12,TMXW
VEy$14,KSYRGEO,I2
LV,82,812
VEe82+G1lF2AE04 32

NOCMPR LVIs$10sNLF1R
DLIVY, 2FRO

SMLFIR BR,0,00181C)

N1F1R LMR(U) 4 0e0(812) N MOD 4 = | NR 1,
SLIN),CeD(81D)
LMRIU) ¢ 1.0182)
$L(N)s0s0(83)
LVIs8104N2FIR
Ry FMLF IR

NZ2F1R LMR{U) »1,01812) N MNN 4 = -1 OR |
ENEIN) ,0,01813)
LMR{U) 4GOI 82)
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*L(N),0,0(83)
LVI+$10,NIFIR
By EMLF LR
N3FLR LMR(UY,0,0(812) N MON & = - NR -1,0
eNE(ND,,0.,0(813)
LMR(U),1.,0(82)
SNG(N) ,0,0(83)
LVI+$10sN&FIR
By EMLF IR
N4F]1R LMRIUY41,0(812) N MON & = | NR -1
*L(N),0.0(813)
LMR(U)40.,0(%2)
SNE(N) 4 Co0(83)
LVI+$10.NI1FIR
EMLFLIR VEIs8]12,MTXSTE
VEL,82.MYXS7F
VEl,$13,1.0
VEl+$3,416D
CBR,8$13,SMLFLR
RFGGF SRDINY s 0,0(816) *STNRF REAL PART NF Fl1 NR Gly G2 NR F2
VEl4814,1,0
’ NO THF IMAGINARY PARY QOF Fl1 NR Gl, 62 NR F2,
LVe8$3,313
VEs$IsNRANKE D, 32
LVe$812,TMXW
LVe82,812
VEy$82yGLlF2AL(, 32
LVI+S10.NLFLI
NLIUY, ZERD
SMLF1T ReDe2(812) N MON 4 = | OR 1.2
N1Fl1 LMR(UN41e2(812)
*E(NY,L0,0(813)
LMRIUI 40,0(82)
SNEIND 4 0.2(83)
LVIs810,N2FL I
RyEMLF11
N2FL T LMR(U)40.21(8121) N MON & = =]1,0 NR |
$LIN)LO,0(813)
LMRIUY 4y 1,0(82)
*L(N),0,0(83)
LVIsS10,NIFLI
Ry FMLFLIT
N3FLI LMRIUDy1eD(812) 'NMAD &4 = -] OR =1,7
ENELIND 406 D1(813)
LMR(U)Y,0,0(82)
*6(N),0,0(83)
LVI+$10eN&FLI
Ry EMLFL1
NeF11 LMR(UYN,0(812) N MDD & = 1,9 DR -]
*NEIN),L,0,0(81%)
LMR(U)y1,0(82)
SNEIN) 40.N(83)
LVI.$S10.N1F11
EMLF1T VEI.+812,MTXSZF
VEI1+82+MTXSZE
VEl,813,1.0
vEl+$3,1.0
CARy$13,SMLFI]I
1FGGF SRDIN) 40,0(814) *STORE IMAGINARY PART NOF F1,61,G2,F2,
LVe83,81) *SET UP FNR NEXT [TFwM,
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XR12
XR13
XR1é
XR2
XRJ
XR10
TMXW
PMXW
FGXW
TMXNWR
PMXNWR
FGXWR
GlF2A
THFRTY
ZERO
MTXSZE
VCTISZE
LAST

COMMNON

NR ANK
NRANK [
FGVECT
QMIIRM
FGMUL
QMJIRM
FGANS
QMKIRM
QMLITL
TCMPLYX
CMXNRM
FINAL

1SY86
JSYARG

VEy$3,NRANKED, 32
LVe812,TMXW
vEl,812,2.0
SVe812, TMXW
LVe$2,812
VEy$2:G1F2AL0.32
CAREGy314,SRLFIR
Vel 814 MTXSZF
LVe$12, TMXWR
VE,312,ISYRGEDLD2
SVe$12, TMXW
VEL.812,vCTS2E
SVe$13,PMXW
F1(BU,1,8) RFGGFED. 2N
FLliBU, 1,R),IFGGFEV,L2C
CRy$12BGANLP
LXy 82 XR2
LXy$3,XR3
LXy$10¢XR10
LXy8129XR12
LXe$13,XR]13
LXy8lbyXR14
8,0.,0(815)

STORAGE REQUJIRFMENTS FOR

XWs0,0,0
XWe000¢0
XWe0,0+0
XWe0,0,0
X¥e040,0
XW¢0,0,0

XWo TCMPLX 0y TMXW
XWy FGMUL y 0 4PMXW
Xy FGVECT 20, FGXW
XWo TCMPLXy Oy TMXMW
XWo FGMUL O PMXW
Xy FGVECT 200 FGXW
DRZ(U),1
(F10)DD(U),240,0X38R
DDIN), O

SYN, 240,0
SYNy120,0

SYN,$

SLCRCNM

SYN, $

SLCRCOMyMT XCOM
OR(U), 1

CR{U),1

OR(N), 480

OR(N),y 3120
DR(N), 240

OR{Nb, 3360
OR{N), 600

DRIN), 3C0D
CRIN), 3600
OR(N), 28800
NRIN), 60

SYN,$

SLCRCOM, VCHCOM
DR{U), 1

DR{U), 1

YPREPARE FNR NFXT ROW OF T MATRIYX,

'RESET XR14 FNR G2,

F?2 VECTOR

SRFSET TO FIRST ROW IN T MATRIX,

'RFESFT MULTIFLIFR VECTANR

PSFT SIGN FNR ANSWFR STNRAGE, F2 NR G?

THF VECTOR MULTIPLICATION ROUTINF
*SAVE SPACF FOR [INNFX RFGISTER,

*INNEX CONTROL FNR
YINNEY CONTROL FOR
*INNFX CONTROL FOR

*STORAGE FOR [INNEX
YINTEGFR = 249

80

T COMPLEX MATRIX,
POLYNAMI AL VECTOR,
VECTN® ANSWERS,

INCREMFNTER Gl,F2.



KSYRG
NSYMT
FINALY

OR{U), ]
NR(YD,1
SYN.
ENC
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SURTYPELFORTRAN, LMAP L STRAP
A ROUTINE TO PRINT NUT A MATRIX ARAAY
SUBRQUTINE PRINTM{P,N)
DIMENSION Pl 60,y 60)
NR = N
00 100 I = 1,NR
IR = |
1E = IRL?
IFL1F=NR) 28,28, 24
IF = NR
IF(1R-1)36,36,60
PRINTY 44,1,(P(14JVeJ = IR,IE)
FORMAT(5HO RNWI3, 2X,1PRF15,6)
GO T0 8O
PRINT 68,(PlT,J)eJd = [R,IFE)
FORMATIIH 99X, 1PAF1S,6)
1A = 1EE1
IF(IB-NR) 20,20,190
CONT INUF
RETURN
END
END
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24
28

32
40

60
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72
100

120

SURTYPELFORTRAN, LMAP,L STRAP

A ROUTINF FOR BESSFEL FUNCTIONS, DERIVATIVES AND NEUMANN FUNCTINNS,
SURRQOUT INE GFNRSL

COMMON DTR,RTD,CPI

COMMON /CMVCOM/ NMoCMTE30),CMVKMY CM2,EMQF My TWM,PRONM
COMMON /FNCCOM/ PNMLLGU6])4BSSLSPI LY CNFUMNIS] Y

COMMON /7MTXCOM/ NRANK ¢ NRANKI sCMTXRL (12041200 ,4CMTXIMI120,120),SPRMT
1X0120,120) 4CMXNRM(60)

COMMON /THTCOM/ THETAGZNTHETAZDLTHTASINTH,COSTH I SMRL,ISWTCHIT), SR
TMUL o SMULSSET Y sCOHIE) g DHMy NSEC T NOPS(6) EPOS({6) 4KSFCT
COMMON 7ROYCOM/ CKROCKRoCKR2,CSKRX o SNKRX,CONK ,BRXT 4 ALPHA,[RNNY,QR
1+ SNALPH,CSALPH

OOUBLE PRECISINN PCKR ¢ANSWR 4 ANSAJANSB,ANSC oCONN

SFT UP A LOOP TO GET 2 SUCCFSSIVF RESSFL FUNCTINNS,
NVAL = NRANK-1

PCKR = CKR

DO 40 | = 1,4

CALL RFSSELINVAL,PCKR,ANSWR, [FRROR)

IF(IFRROR ) 20,420,432

ANSA = ANSWR

NVAL = NVALEL

CALL RESSELINVAL,PCKRANSHWR,[FRRNR)

IF(TERROP ) 244244 2R

ANSR = ANSWR

GO T0 o0

NVAL = NVAL-]

NVAL = NVALENRANK

CONT INUF

PROGRAM (INABLE Ti) GENFRATE RFSSFL FUNCTINN,

CALL ODuMp

SET UP FOR PROPFR RFCURSION OF THF RFSSFL FUNCTINNS,
IFINVAL-NRANXJ10C,1092,064

TEND = NVAL=-NRANK

CONN = 28 (NVAL-1161

0O 72 (P = 1, IFND

ANSC = CUNN®ANSA/PCKR-ANSA

CONN = CONN-2,0DC

ANSR = ANSA

ANSA = ANSC

CONT INUE

PROGRAM [S REANDY TN RFCURSFE NOWNWARD INTO AFSSFt FUNCTION VECTOR,
RSSLSPINRANKI) = ANSA

BSSLSPINRANK]I-]1) = ANSA

CONN = NR ANKENR ANK=-]

[E = NRANK[-2

JE = [F

0N 120 JA = 1,JF

ANSC = CONN®*ANSA/PCKR-ANSA

ASSLSPILIF) = ANSC

ANSB = ANSA

ANSA = ANSC

IF = [E-1

CONN = CNONN-2,0D0

CONT INUE

GENFRATE THF NEUMANN FUNC TIUNS,

CMULN = 3,0

SNSA = =-CSKRX

SNSR = ~-CSKRX/CKR-SNKRX

CNEUMNEL) = SNSA

CNEUMNL 2) = SNSA
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NO 280 | = 24 NRANK]
SNSC = CMULNSSNSH/CKR-SNSA
CNFUNNL EY = SNSC
SNSA = SNSH
SNSA = SNSC
CMULN = CMUILNE2,D
280 CONTINUYF
RFTIIRN
END



pymMp

START

LAST

COMMON

SURTYPE,STRAP

A ROUTINF TN DUMP CORF,
PUNREL
PUNFPC ol AST, CNMMON
ENTER,STARTY

XWed)e0,0

Ry SMCP

v SARECY

Be0eC(815) 'RFTIURN
SYNy$

SLCRCNM,

SYN,$

END
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SUBTYPELFORTRAN,LMAP , | STRAP

A ROUTINE TO ORTHOGANILIZE THE QO MATRICES TD PRNDUCF T MATRICES,
SUBRQUTINE PRCSSM

COMMON /MTXCOM/ NRyNRTI4QI1(60+6CH9Q12060¢60),013(53,60),014160,60)
1oPLU60+60)4P2(60,60),P3160,601,PL160,60),QR1(60462),0R2(60+,60),40R3
20604601 4QR&160,60)CMXNRM (60)

EQUIVALENCE (Ol 1sRIIZ(QR14RR1}y(TMMX,P]1)

DIMENSION RR1(120,12001yR111120+4120),TMMX[120,120)

NORMALIZE AND TRANSPOSE THE [,JeKoeL MATRICES T DRTAIN Q MATRICES,
CALL NRMQMX

SET UP REAL AND IMAGINARY MATRICFS FOR GFNFRAL ™ CASE,

NN 6 I=1,NR

Mds 161

D0 & J=1l,NR
NN=JEJ

TMMX({MM-]1 ,NN-1)
TMMX (MM~] o NN}
TMMX [ MMy NN-1)
THUX (MM NN )
CONTINUE
CONTINUE

MBGR = NRENR

N0 10 | = 1,NAGR
00 8 J = 1,NBGR
RIL(LoJ) = TMMXIT,,J)
CONTINUE

CONT INUFE

0N 14 I = 1.NR
MM =z [T

DO 12 J = 1.NR
NN = JCJ
TMMX(MM-]1 ,NN-1)
TMMYX [ MM=~] NN}
THMX (MM, NN-1)
TMMX { MMy NN )

CONT INUE

CONT INUE

0N 18 1 = 1,NAGR
00 16 J = 1,NBGR
RRY{ToJ) = TMMX(L,,J)

CONT INUF

CONTINUE

CONDITION Q MATRICES REFNRE NRTIHOCONALIZING THEM,
CALL CNOTNQ

NORMALIZE THE NTH QW NF AN N RY N MATRIX

SUM]1 = 0,0

00 20 K = 1,NBGR

SUML = RRLI(NAGR K JS*2ER 11 (NRGR,K)&82ESUM]

CONT INUE

SUM] = SQRT(SUML)

DO 28 K = 1.NBGR

RRI(NRGRyK ) = RRLI(NRGRyK}) /SUM]

RILINRGRyK) = RILINRGR,K) /SUM]

CONTINUE

SFT UP A LONP FDOR THE N~1 REMAINING ROWS,

NMl = NBGR-1

NR(W = NRGR

DO 10C 1T = 1,NMI

NROW = NROW-1

MROW = NROW

Qllll.J)
QI211,3)
013(1.J)
Qlaellol}

QR1(1,43)
QR2(14J)
QRI(14J)
QR4&(1.J)
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36

4«0

4R
RO

A4

L]

109

120

128

152
160

172
176
180

192
196

NN 36 K=1, «GR
TMMXE1,K) = RRIINROW,K)
TMMX(24K) = RIJINROW,X)
CONT INUE
no 80 J
SR1 = 0.
SI1 = 0,

MROW = MROWEL

00 40 K = ]1,NAGR

SR1 = SRLIERRL(MRIW,K)ERR] INRNW,K)IERTL(MRNW,K)*RI]) INROW,K)

STl = STLERR) (MROWK)®RTL(INRNWK)=-RIL1({MROW,K)*RR] (NRNW,K)

CONT INUE

NN 48 K = 1,NAGR

TMMX{1eK) = TMMX(1eK)=~SRL1®RR] (MROWX)EST1*RIL(MROW,K )

TMMX(24K) = TMMX{2,K)-SRISRIL(MRNW K)-SI18RR] (MRNW,K)

CONT INUF

CONT INUE

SUM1 = 0.0

NN 84 K = 1,NAGR

SUML = SUMLETMMX(1yK)®82E TMMX(2,K) *&2

CONTINUE

SUM1 = SORT(SUM])

NN 88 K = 1,NAGR

RR1INRNW,K ) TMMX(]1,K)/7SUM]

RILINROW, K} TMMX({24K) 7SUM]

CONTINUE

CONT INUE

PRINT NUY ORTHAGANILIZEND O MATRICFS

PRINT 120C

FORMAT (1HL14UX,&40HRFAL SECTINN OF NRTHAGAMILIZEND ) MATRIX,)
CALL PRNQOT(RR]1,NRGR)

PRINT 128

FORMAT(1IH]IITX 4 SHIMAGINARY SFCTION NF ORTHNGANILIZ?FD Q MATRIX. )
CALL PRNQUTI{RIL1yNRGRY

PERFORM N TRANSPOSE * RFALIQ) TN GFY T MATRIX,

NO 160 1 = 1,NRGR

= NROWsNMI
0
0

no 152 J 14 NAGR
TMMX(TsJ) = V&0

CONT INUE

CONTINUE

0N 18C 1 = 14NRGR

00 17¢ J = 1,NRGR

DO 172 K = 1,NAGR
TMMX(ToJ) = TMMX(T4JI=RILIK,T)®RR] (KyJ)
CONT INUE

CONT INUE

CONT INUE

CN 196 I = 14NR

MM = &1

0 192 J = 14NR

NN = J&J

QIL(T4J) = TMMX(MM-]1,NN-1)
QI2114J) = TMMX(MM-]14NN)
QI3{TsJ) = TMMX(MMyNN-1)
Cla(ToJ) = TMMX({MM,NN)
CONT INUE

CONTINUE

DN 20R I = 14NRGR

00 204 J = 1,NRGR

TMMX(T4J) = 0.C
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206 CONTINUE
208 CONTINUE

00 220 I = 1,NAGR
CN 216 J = 1,NAGR
NO 212 kK = 1,NAGR

TMMXEToJ) = TMMX (T, J)ERRT (K, 18RO) (K,J)
212 CONTINUF
216 CONTINUE
220 CUNTINUE

PO 236 1 = 14NP

MM = [0

CO 232 J = 1lJNK

NN = JEJ

CRLI{IyJ) = TMMX(MM=],NN-1)
QR2(TsJd) = TMMX(MM-]1,NN)
QR3I(T4J) = TMMX{MM,NN-1)
QR&4(T4J) = TMMX (MM, NN}

232 CONTINUE

236 CONTINUE
PRINT THE T MATRIX
CALL PRIRIT
ClY FINAL PROCFESSING
CALL ADNDPRC
RETURN
END
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SUBTYPEFNRTRAN,LMAP ,L STRAP

A ROUTINE TN CONDITINN QO MATRICES REFORE NRTHOGONALIZING THEN,
SURROUTINF CNDTNQ

COMMON /MTXCOM/ NRGNRTZQTIL(60s621eNI2(RY460),NTA(A467),016(AT,67)
L1oPlU6Cs651,P2(60,6C)PAAN,60),PAIAEC 611 ,0RLIEL 61 40R2(6246D),0R)
206C460)40RL(H0+60)yCMXNRM (K]

FQUIVALENCE (QI1sRT1)14(0QR1,RR]L}4(TMMX,P])

NDIMENSTON RRL1(12061230y T10127,120) 4 TMMX(120G,120)

SET UP LOOPS FOR AL L RUT THE FIRST RNW,

NRGR = NRENR

NROW = NRGK

DO 60 KR = 24,NRGR

RESCALE THE CURRENT RNW,

SCLEL = 1,0/RT1(NROWyNROW )

00O 8 LC = 1,NRGR

RRLI(NROWLLC) = SCLELI*PRI(NRIW,LCH

RITINPNOW L C) = SCLFLI*RTLIINRNW,I ()

CONT INUF

RESCALFE ALL THE PORS (P TP THF CIRRFNT QNwW,

MRUW = NRDW-1

00 223 MR = ] ,MA(IW

RSCLL = PTLI(MR,NRMw)

NO 16 MC = 1,NP"R

QRLI(MRMC ) = RRL{MR MC)-RSCLISRRLI(NRUW,MC)

RIL(MP,MC) = RIL(MR MCI=RSCLISRILINRNW,MC)

16
20

60

72
80

CONT INUE
CONTINUE
NROW = NR
CONTINUE

SEY IMAGINARY ELEMENTS ARNVF THE MAIN NITAGNNAL

Nw-1

NR(OIW = NAGR-1

CO80 I =
18 = 1€l
00 12 J =
RIL(L4)
CONT INUE
CONT INUE
RETURN
END

1o NROW

1684 NBGR
= 040

89
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O=-

100
200

300
«00

4«20

4«28

bbb

4«52

460

468

476

SURTYPELFORTRAN,{ MAP | STRAP

A ROUTINE TO NORMAL (2F THE ToJeX ANND ¢ MATRICFS TN GET A 0 MATRI[X,
SURROUT INE NRMQOMX

COMMON /MTXCOM/ NRANK ¢ NRANK {4 AMX TR ({6041 s AMXJR{EI4A0) ¢ AMXKR (6469
L1 AMXLRUGD 46D VG AMXTT( 6046V AMXIILED4AD) dAMXKT(6I¢AD) AMXLT(AN6D)
2eQMTXTIRIOGV601 QMTIXJRIB0, 601 OMTXKR {604560) sOMTYXLR{6D 46N ) 4CMYNRM{AY
3

FOUIVALENCE (AMXTIROMTXIT 1o (AMYJR OMTXJI ) o (AMYKR, OMTXK] )y (AMXLR, OM
1TXLT)

CIMENSTON QMIX{(LAD6I) OMTXJIILAS A QMTXKTIAT 4601 fOMTXLTIAIAT)
SET UP LOOPS T PROCESS ALL RMOWS AND COLUMNS FOR THF RFAL MATRICES
CO 200 (P = 1,NRANK

DN 100G (C = ) ¢NRANK

QUANNM = CMXNRM{[R)eCMXNRM{ ()

CMTXIRLIR,IC) AMX IR ETC,y IR Z7OUANNM

OMTXJR{IR, IC) ~AMXLR(TIC 4 IR ZQUANNM

QMTXKRI{ IR, IC) AMX JR{ TC o IR ) /OUANNM

QMTXLRI IR, {C) AMYKR{ICo [R)/ZDIIANNM

CONT INUF

CONT INUE

SFT UP LUONPS OF ROWS AND CNLYMNS FOR THF IMAGINARY MATRICFS,.

NN 400 IR = ] ,NRANK

0N 300 (C = 1 ,NRANK

QUANNM = CMXNRM{[R)ISCMXNRM{IC)

GMTXTTIIR,IC) AMY T ETIC, TRY/ZQUANNM

QMT XS IR, (C) SAMXLTOIC o IR)Y 7QUANNM

QMTXK T (R, 'C) AMXTT(IC, IR)/QUANNM

QMTXLI( (R, ) AVMXK {(IC4 IR)/QUANNM

CONT INUF

CONT INUIF

PRINT OQUT NORMALIZED AND TRANSPNSFN) Q MATRICES

PRINT 420

FORMAT( JHL160X ¢ 3RHREAL PART NF QLINNRMAL(7EN, TRANSPNSFD) )

CALL PRINTM{QMTX (R, NRANK)

PRINT 428

FURMAT{ IH160X s 38HREAL PART NF Q2 (NNRMALIZFEN,TRANSPNDSFN) )

CALL PRINTM{QMTXJR,NRANK)

PRINT 436

FORMAT({ 1H1GOX 4 3RHRFAL PART OF QIINNRMALIZFN, TRANSPOSEN))

CALL PRINTMIQMTXXR,NRANK)

PRINT &b

FORMAT{1H1GOR yIRHUEAL SART OF D&GINORMALIZEN, TRANSPNSFEDI )

CALL PRINTM{QMTXL Ry NRANK)

PRINT 452

FORMAT({1H]13IBX ¢4 IHIMAGINARY PART NF Q1 {INNRMALIZFN, TRANSOQOSFD))

CALL PRINTM{QMTXIT,NRANK)

PRINT 460

FNRMAT{ JH]13RX 44 IHIMAGINARY PART NF N2 (NORMALTIZFN, TRANSPOSFD) )

CALL PRINTM{QMTXJINRANK)

PRINT 4&6R

FORMAT{ 1H]138Y ,63H(MAGINARY PART NF Q3(NIRMALIZED, TRANSPOSEN) )

CALL PRINTM{QMT XK {4NRANK)

PRINT 47A

FURMAT({1IH]1 38X, 43HIMAGINARY OART NF QG {NNRMALIZEN, TRANSPOSFD) )

CA' L PRINTM{QMT X! {4NRANK)

RFTURN

END

"o uwon

(TR LI L]



SURTYPF,FNRTRAN, LMAP,| STRAP
A ROUTINF TO PRINT NJUT A MATRIX ARRAY
SURROUT INE PRNQOTI(P,N)
CIMENSION P(120,12J)
NR = N
CO 100 I = 1¢NR
18 =1
e = IRL?
IFCIE-NR) 2R, 2R, 24
1€ = NR
IFUIR=-1136,36,60
PRINT 44, 14(P(T,J)ed = 1R,IF)
FORMAT(SHO ROWEY, 2X,1PaF]5,6])
GO TO 8V
PRINT 684(Pl1yJ)ed = [A,IF)
FORMAT(1H Ox, 1PRF]15,6)
1A = (€€l
IF(IA=-NR} 20, 20,100
CONT INUE
RETURN
END
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29
32

60
12

SURTYPEFNRTRAN,LMAP ) STQAP

THIS ROUTINF CALCUCATFES =ND POINMTS AND SPACTNG Frid INFGRATT(,
SURROUTINF CALENP

CUMMON DTR,RTD,CP I

COMMON /CMVCOM/ NMeCMI{ 3D VeCMVIKMY qCM2 o FMDF My TWM, PR(INM
COMNON /FNCCOM/ PNMELGEAL I JRSSLSPI AT ONFUMNIALY

COMMON /MTXCNIM/ NRANK JNRANK [ (CMTXRL (12741200 4CMTXIMIL27,120),SPRMTY
1X(120,120)CMXNRM{AN)

COMMON Z7THTCIM, THETAGNTHFTA DL THTA, SINTHCOCSTH, I SMRL,ISWTICH!L 71,81
LTMUL  SMULSSTT) oCDHLIAY ¢ NHMyNSFC T NDPSTA) 4FPPS(H) 4KSFCT

COMMUN /RDYCOM/ CKP qNCKRGCKR? CSKR X g SNKRX,CNNK JRRXT , ALPHA, [ RIINY, QK
1o SNALPH,CSALPH

SNALPH = S[IN{ALPHA)

CSa)PH = CUSCALPHA)

QB = (leC-BRXTI®({],0-SNA(PKHI/2, '

CA(CUCATF THF FIKST FND DQOINT AND STEP S 26

TANGAM = SNAL PHEC SAL PH/Z {OR-SNA( PHn SNALPH)

GAMMA = ATAN{TANGAM)

[F{GAMMA ) 20, 132,32

GAMMA = GAMMAL(CP|

FPPSI]) = GaAMMA

COVD = NDPS(])

COK{1) = EPPS{1IZ7CNDVD

CALCULATE THF SFCOND END POINT AND STEP ST ¢,

TANPSI = ~BRXT®SNALPHECSALPH/ (1,1~ )R=ARXTr(CSA(PHECSA| PH)

PSI = ATAN(TANPSI)

[FIPSIV160,72,72

PST = PSILCPI

EPPSI2) = PSI

CNVD = NDPS(2)

CNH(2) = [FPPS(2)-FPPS(1))1/COVD

COMPUTE THIRD FNN PHIINT AND STFP S Z¢,

EPPS(3) = (P

cCOVD = NDPS(3)

COH(3) = (FPPS({3)-FPPS(2)1/7CNDVD

RETURN

END
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140

26)

390

SUBTYPEFORTRAN,LMAP,L STRAP

THIS ROUTINE COMPUTES KR AND JTS NERIVATIVF AS A FUNCTION OF THFTA
SURRQAUT INE GENKR

COMMON DTRLRTD,CP I

COMMON /CMVCIIM/ NM CMIT30),CMYKMY ,CM2,EMy)FM, TWM, PROA('M

COMNON /FNCCOM/ ONMLLGIGL ) RSSE SPL 61 ) ,CNFIMNIALY

COMMON /MTXCIIM/ NRANK NRANK ] JCMTXRLIL12D,120,(MTXIM{127,12.)SPRMT
1X(12C4120) CMXNEM{6Y)

COMMON /THTCUM/ THETAGZNTHFTAZNL THTAZSINTH,CNSTHISMRL,ISWTCHIT), SR
1MUL o SMULSSTT ) CDH(AY,NHM NSEC T NDPSTE) FPPSIE) «KSFCT

COMMON /BNDYCUM/ CKR DCKRGCKR2 ,CSKRXy SNKRY 4CONKARXT AL PHALIRDNY,QR
1oSNALPH,CSALPH

KSECT = KSFECT

DETERMINF SFCTION FIIR INTFGRATION

IFIKSECT=-214)0140,240

SECTION 1

QUAN]Y = SORT(1.,J-(QBeSINTH/SNAL PH) %2}

CKR = CONK*[QR=*(COSTh/SNALPHENUAN]Y

NEKR = =CONKS(QR®SINTH/SNALPHI® (1, CENRRCOSTH/( SNALPHE=OUANTLY )

60 10 370

SFCYION 2

QUAN? = THETA=-ALPHA

SNON2 = SIN(AQUANZ)

CxR = (ONK$(],0-0R)/SNON?

NExR = =CONKE{ )¢ =CR) YOS IQUANTY Z7( SNON2®SNOND )

60O Y0 300

SECTION 3

QUAN3 = (1.0-0RXT-QR)/SNALPH

CUNSQO = SORT(RARXTSRRXT-IQUAN3RSINTH)®#2)

CKH = CONK®{QUNSO-QUAN3I*CNSTH)

NCKR = CONK®{QUANI®SINTH=-QUANISQUANIRSINTHECOSTH/QUNSQ)

RETURN

END
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APPENDIX I

A NUMERICAL EXAMPLE: THE SPHERE-CONE-SPHERE

95



8 0

ELECTROMAGNFTIC SCATTERING FROM GENERAL AXISYMMETRIC CONODUCTORS

80 0
CASES MATRIX RANK SECTIONS BADY SHAPE J YECTOR
L 6 3 9 46
BOOY PARAMETERS LiF Y] BETA/RHN ALPHA
1.000 « 794 15.000
INTEGRATIONS /7SECTION [ 1] 64 64
END POINTS 87, 8907 132,600% 180.0000
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M- 0

ROW
ROW
ROW
ROW
ROw

-

o w

-2,013760€-01
=5.250234E-03
=3.415709€-03

102151086E-04
~14278269E-05

5.076459-07

8,482023E-01
-1.019649€-02
2.980026E-03
=1.4297526-04
5.0861538E-06

-60993570E-08

2,013760£-01
5.2%50234€-03
3.,415709€-03
=1.215186€~-04
1.278269€-05%
=5,076459-07

1.517977€-01
1.019649€-02
=2.900026£-03
1,4297526~04
=5.0615306-06
6993570600

=5+250234€-03
=1.983892E-02
=4,114353E-04
-2.500533E-04

S5.430334€E-06

-8 106394E-07

TNAGINARY PART OF

~1.841377€-01
6.880517E-01
-1.00527%€-0%
1.121553€-03
-3.128003E-0%
1. 630544E-06

REAL PART OF Q1 (INORNALIZED,TRANSPOSEOD)D

=3.415709€-03
=40 114353€-04
~0.399060E-04
-1,540606¢-0%
=T+ 985793F-06

1.120602E-07

=2,083360€-01
8.27%5353€-03
6,042122€-01
~10100414E-04
3.529400E-04
=9 9093 78E-05

1.215106€-04
=2.500933€-04
=1.540606E-05
~2+006002E-03
=3,313%40E~07
=1.478101€-07

=1.270269€-0%

5.430334F-06
=T.9805793E-06
=3.313540E-07
~3.098136E-07
-4,60832R8¢-09

01 (NORMAL T2E0, TRANSVFOSEN)

4,156367E¢00
=5.163250E-01
=3.370680€-02
5.7%2027F-01
=2.494040E-04

24110116€E-04

=1.,110176E+01
2,262755E+00
=3.T03436E-01
~4.1N4924E-02
S$.646671F-01
~40901102E-04

REAL PARY OF O4(NORMALIZEO,TRANSPOSEOD)

5.250234E-03
10 983892E-02
40 114353€-04
2.300533€-04
=S¢ 430334E-06
8.106394E-07

3,415709€-03
40 114353F-04
843990868E-04
1. 540606F-09
T.905793€-06
=1.120602€-07

~1e215186E-04
20500533 E-04
1.540606E-0%
24070002E-0%
3.313540E-07
1.478181F-07

1.270269€-05%
=5,430334E-06
Te985793F-06
3.313%40E-07
3,098136E-07
4.60032RE-09

TMAGINARY PART OF O4(NORMALIZEQ, TRANSPOSEO)

1. 841377€-01
3,119483¢-01
1.005273%€-09%
-1,121553€-03
3.128003€-03
=1.630544€-06

2.083360€-01
-8,27533%3€-03
3,957070€-01
1.100414€-04
=34 529400€-04
9,989378€-06

97

-4,1%6367E+00
5.163250€-01
3.370680€-02
4,247973€-01
20494046E-04

=2.110116€-04

1.110176E+01
~2.26027%%E+00
3,T03436F-01
4,1084924E-02
4.353329€-01
4.901102€-04

5,076459€-07
-8,100394€-07
1.120602€-07
=1.478101€-07
~4,600520F-00
-3.357028€-09

=1.441091€+02
3,443157€+00
3, 809894F ¢+00
-2.519765F-03
~TeR83293F-02
5.511401F-01

=5.,076459€-07
8,106394E-07
=-1.120602€-07
1.470101F-07
4,608328F-09
3,357028€-09
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