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ABSTRACT 

The purpose of this work Is to describe a theoretical formulation, 

Including a documented computer program, for the evaluation of electro- 

magnetic scattering by perfectly conducting bodies having an axis of 

rotational symmetry. The main body of the work gives the theory, which 

has been modified considerably from that given earlier. Appendix I gives 

the analysis and logic which forms the basis for the various subroutines 

of the computer program. Appendix II gives the complete FORTRAN listings 

of the computer program. Finally, Appendix III gives the computer print- 

out for a numerical example, scattering by a conducting sphere-cone-sphere 

obstacle , as obtained on the IBM 7030 digital computer. 
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SECTION I 

INTRODUCTION 

GENERAL DISCUSSION 

In recent years work has begun to appear in the literature on the 

numerical solution of electromagnetic scattering problems by digital 

computer. For the most part these methods have involved numerical 

solution of a vector surface integral equation.  In any case, the basic 

procedure in all methods requires numerical generation of the elements 

of an N x N matrix, followed by subsequent inversion.  Because N increases 

roughly linearly with the size of the target (quadratically for bodies 

that are not axially symmetric) there are practical limitations on the 

sizes that can be treated successfully. Hence such computations, exact 

in the sense that in principle any desired accuracy may be attained, 

are extremely useful in the Rayleigh region and some portion of the 

resonance region, but must ultimately be supplemented by high frequency 

approximate techniques in order to obtain the complete frequency response 

of a given target. Observe that exact numerical computations may play a 

useful role in establishing the usefulness and accuracy of approximation 

techniques, and also in providing experimental targets for more compre- 

hensive range calibration than is presently possible using spheres and 

dipoles. 

An exact formulation of scattering of electromagnetic waves by 

perfectly conducting obstacles was given in 1949 by Maue, who obtained 

a pure integral equation and, alternatively, an integro-differential 

• 



equation, either of which suffices for determination of the unknown 

surface currents on the obstacle. '  Both equations have been discussed 

In the excellent review article on diffraction by Honl, Maue, and 

(2) 
Westpfahl (HMW) ,   and a derivation of the pure Integral equation has* 

(3) 
been presented by Van Bladel.  '  The Integro-dlfferentlal equation has 

been programmed and solved numerically on the digital computer by 

(4) 
Andreasen,   who considered axlally symmetric targets. Similarly, 

numerical analysis has been performed by Oshlro and co-workers, employing 

the pure Integral equation for more general shapes. 

An alternative theoretical approach, also leading to numerical 

results, has been given by Waterman.    The purpose of this paper Is to 

document a computer program for the Implementation of thij method. 

Section II gives the theory, which has been modified considerably from 

that given earlier. Appendix I gives the analysis and logic which forms 

the basis for the various subroutines of the computer program. Appendix II 

gives the complete FORTRAN listing of the computer program. Finally, 

Appendix III gives the computer printout for a numerical example, 

scattering by a conducting sphere-cone-sphere obstacle. 

COMPUTATIONAL ASPECTS 

In addition to their role In the present work, It should be 

noted that certain of the subroutines contained In this report may be 

of Interest for other applications. 
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Principal among these are  those  routines   for generating the 

spherical Bessel end Hankel   functions by a combination of power series 

and recursion techniques,  noting that  both precision checks and alter- 

native procedures are  included  for those cases where precision is 

difficult to maintain.    The subroutine  for generating associated Legendre 

functions, and  their derivatives,  by recursion  is also essentially self- 

contained.    Finally,  certain of the matrix processir.g operations, e.g., 

orthogonalization, may prove of use elsewhere,  perhaps with modifications. 



SECTION II 

THEORY 

MA'i-.xX FORMULATION 

Consider an incident electromagnetic wave E (j:) , H (r) impinging 

on the closed, perfectly conducting surface 0 of Figure 1 in otherwise 

free space. It is assumed throughout that o is sufficiently regular 

that Green's theorem is applicable, and that a possesses a continuous 

single-valued normal n at each point. Only simple harmonic time dependence 

at angular frequency UJ is considered; a factor exp (-i'JJt) is suppressed 

in all field quantities.  Field behavior is described by Maxwell's 

equations in the form 

7 X 7 X E - k2E - 0, (1) 

with an identical equation governing H.  In these equations k"U)/c»2TT/X 

is the free-space propagation constant. 

Because the surface conductivity is infinite on a, no tangential 

components of electric field can be supported.  Currents are induced in 

the surface, the electric field of which must precisely cancel the 

tangential components of E at each point on 0. HMW have given a 

representation of the fields for this problem in terms of surface current, 

(2) 
After minor modification their formulas may be written 

E(r) - E^r) + J do'^ x 7 x l(r')go (k| r-r' |) ,      (2a) 
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H(r) - Hl(r) - ik j dO'V x i(r,)go (klr-r'l). (2b) 

where E, H Is the total field, g (kR) • (4TTR)" exp(ikR) Is the (scalar) 

free space Green's function appropriate to outgoing waves, and the curl 

operators are with respect to the unprimed (i.e., not the integration) 

variables. The integrals represent the E and H fields, respectively, due 

to a surface distribution of electric dipoles, as one would anticipate 

on physical grounds. The quantity j.(.r) , which we identify with induced 

surface current, stands for the jump discontinuity in magnetic field 

encountered in crossing the surface, i.e. 

± - - (l/ik)n ^ [^ - H_J on a   . (2c) 

In the course of obtaining Eqs. (2), the boundary conditions appropriate 

to conducting surfaces were employed, namely, that nxE^ ■ n*E ■ 0 on 0. 

The nature of jump discontinuities in the field vectors across o 

can be shown directly from Eqs. (2), giving 

E - E - (Vs . j) n - niU)p (3a) -4.   —. * 

H - H - ikn X j^  , (3b) 



In the first of these equations, the surface divergence   ?s • ^ of the 

current may be defined by the physical requirement that it equal the net 

flow of charge out of infinitesimal element of area (per unit area per 

unit time).  The second equality, involving the surface charge density p, 

follows from the continuity equation ^s • J. ■ - öp/öt. 

The extended boundary condition, requiring that the total electro- 

magnetic field vanish Identically In the Interior (thus In particular 

E = 0 on ^), Is from Eq. (3a) sufficient to guarantee the usual exterior 

boundary condition n x E^ =* 0 .  Applying the extended boundary condition 

In Eq. (2a) gives 

/ 
da'V x 7x i(£.)go (kjr.r.l) . . ^  (       (4) 

an "extended" Integral equation that Is to hold for all points r In the 

small dashed sphere In Figure 1.  By taking the curl of both sides of 

this equation, It follows that the total magnetic field H will also 

vanish In this region, once Eq. (4) Is satisfied.  Equation (4) Is 

equivalent to three scalar equations for the two unknown tangential 

components of ^; only two of the equations are Independent, however, 

In consequence of the fact that each side of Eq. (4) must have zero 

divergence. 

Equation (4) may be satisfied by expanding both sides In regular 

(8) 
vector elgenfunctionsv  M-  . M_  of the vector Helmholtz Eq. (1). 

-"umn ~<jmn 



To treat the integral one writes jjj ■ j. • 180» the expansion of the 

"free space Green's dyad" lg has been given by Morse and Feshbach (9) 

Because of orthogonality over any spherical surface about the origin 

shown in Figure 1, corresponding coefficients may be equated on both 

sides of Eq. (4) to give, for Incident plane E (r) ■ e e  ' , 

/ 
dO^Cr) 

J doj.(r) 

*?„    (r) 
Qmn - 

(4iT/ik3)ln[n(n + 1)3^ en  .   C    0(k)     , o      -mn 

N3^     (r) — amn - 

+ (4TT/lk3)in[n(n + 1)]^ en  ■   iB    0(k) o   -ran 

(5) 

The VT ,  N    are the outgoing wave functions, and dependence on the 

direction of incidence k is contained in the vector spherical harmonics 

C  , B  .     These equations are to hold for each triplet of values 
-mn  -mn 

(0, m, n) , with a - e, o (even, odd),m-0, 1, ...,n,n-l,2, .... 

These are the conditions under which the total E, H field will vanish 

identically in that volume consisting of the largest sphere inscribable 

within o  about the coordinate origin employed. As has been shown 

elsewhere,   because of analytic continuabllity this is adequate to 

guarantee that E and H will vanish identically throughout the entire 

interior volume. 

^ 



The  surface  current  is next approxlmaced  by expansion In the 

assumed complete  set   of tangential  vector  functions n x M and n x  N; 

one writes 

l(r)  = (4/il0Y"    ..   ,   La   ,   ,   .n(r) x M (r) * -~ f . o  m n        u  m n      ~        ^J  m n 

n m n ^J  m n 
(6) 

where the expansion coefficients remain to be determined. At this point 

one can expedite the discussion by introducing a matrix notation.  First, 

the triplet of indices appearing in Eqs. (5) and (6) are regrouped into 

a single index v by the ordering (Omn) = eOl, oOl, ell, oil, e02, .... 

The vector spherical harmonics may then be written as column matrices 

C, B, having as their vth elements (i)n[n(n + 1)]  C  (k), and 
-mn 

1^ » a. (i) Ln(n + 1)J  B  (k), respectively. The undetermined expansion 
—mn 

coefficients of Eq. (6) are simply designated by the column matrices 

a , b. 

In this notation, substitution of the expansion Eq. (6) into 

Eq. (5) yields a pair of coupled matrix equations 

I  J 

K  L 

e  • C 
o  — 

•e  • IB 
o   — 

(7) 



for the determination of a and b. The matrix elements of I are given, 

after rewriting the triple scalar product that appears, by 

^ ' ^/rT)/dan(r) . ^(r) x ^.^^(r) ,        (8a) 

and the four matrices I, J, K, L differ from each other only in the 

vector products appearing in the integrand of Eq. (8) which are, 

respectively, ^ x ^, , »f x N^, . Nj x ^, . and if x N^, .  By inspection 

of the integrands, in view of the fact that H * Re if  and N - Re N3, it 

is clear that Rel and ReL are skewsymmetric, whereas ReJ and ReK are 

symmetric. The surface integrals of Eq. (8a) must, in general, be done 

numerically and are most conveniently performed in spherical coordinates 6, 

0, for which the appropriate radial coordinates to employ may be given by 

the parametric specification r - r (6, 0) of the surface.  In view of 

Green's second vector identity 

|dan.[AX7XB-BX7XA]-/dT[B.7X7XA-A.VX7XB] 

the matrices may be seen to be  interrelated by 

K - - J + i(D+) -1 
> 

L - -  I , (8b) 
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where  the diagonal matrix D    (and D   ,  employed  below)  has vth elements 

defined by 

_    e  (2n +  1)   (n  - m) ! 
<D+)v H (± ^      ■JD  

4n(n +  1)   (n + m) '. (8c) 

The Neumann factor C is given by G ■ I, C  «2 otherwise. 
m }     o m 

It is also desired to compute the scattered field ET , If given 

by the surface integrals in Eq. (2).  Specifically for the electric 

field, one has 

^(r) - 4 y [f„ M3. (r) — v—/    /^   amn— Omn — 
Omn 

+ 8omn^amn^)];  r> t%  max on 0 

F(k ^ k. )elkr/r;  kr » 1 
-v out, in (9) 

The vector scattering amplitude F, depending both on direction of incidence 

k  and observation k  , is obtained by introducing asymptotic forms 
in out 

of the outgoing partial waves M5 , tf3 in the preceding expression for K 

to get 

^out^in* " (4/lk) ^(IW) DJ + IB' (kout)D.g] , 
(10) 
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where C' is the transpose of C (and hence a row matrix). The outgoing 

partial wave expansion coefficients f, g are expressed in terms of 

surface currents a, b by 

Re 

I  J 

K  L 

(11) 

These  formulas have  been obtained by employing that expansion of the 

free space Green's dyad valid in the exterior region outside the  large 

dashed sphere of Figure  1. 

scat (11) The scattering cross  section a       " is given by 

.scat 
(l6TT/k3)   (f'  D f + g«  D+g)     . (12a) 

As a numerical check on accuracy, one may also compute the total cross 

section 

.tot 
(4TT/k) Im ES  . F (£   C )] 

o  —  in  in 
(12b) 

scat (11) 
which must equal a    by the forward amplitude theorem   . The radar 

cross section, defined as 4TT times the back-scattered power per steradian 

divided by incident power per unit area, is given by 

in' aradar - (64TT/ka) |;o . C' (-k^)D_f 

+ ieo • ?  <-kin)D-8l 
(12c) 

12 



If the return signal Is regarded as resolved Into two orthogonal 

linearly polarized modes, then this equation gives a measure of the 

power carried in that mode having polarization aligned with the original 

incident wave , whereas the cross-polarized return Is given by replacing 

e by e ' « k, x e In Eq. (12c). 
o ^  o    In   o    IN' 

EVALUATION OF THE TRANSITION MATRIX 

Instead of first solving Eq. (7) for the currents a, b, then 

substituting in Eq. (11) to obtain the scattered wave f, g, the currents 

may be formally eliminated to obtain the scattered wave directly from 

the incident wave as 

D "^  0  x  , T,  T„\  /D.'  0 .  . e  ■ C +    r   r 
D "M W, iJ   0    D^/  \-e  • iB +      34 +o 

(13) 

The block matrix, 

Tl  T2' 
T  i        1    , (14) 

T3  V 

is known as the transition matrix,  and is both symmetric  (i.e. T  '  ■ T. 
*. 

T  '   ■ T_, T-1   - T,) and has the property T  'T - ReT,  i.e., 

Tl*      T2*\/Tl    T2 \        /T1*T1 + T2*T3      T1*T2 + ,r2*T4\ / Tl    T2 

- Re 

T3*      T4*/  \T3    T4/ \T3*T1 + T4*T3      t^ + TfTj \T3    T4/ 

(15) 

13 
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The property Eq. (lb) Is a consequence of unitarlty of the scattering 

matrix S ■ 1-2T, as may be verified by substitution in the unitarity 

condition S^S - 1. 

If one now defines the matrix Q as 

'Ql  Q2' 

%  Q4 

h 

'o 

'J'  L' 

I'  K' 

0 

(16) 

then by comparison with Eqs. (7) and (11) the transition matrix is 

determined by the matrix equation 

QT ■ Re Q  , (17) 

which in general must be  solved numerically. 

Instead of working with the 2  by 2  block form of Eq.   (17), 

involving in truncation four N * N matrices,  it is convenient,   for the 

numerical  processing,  to change over to  single 2N x  2N matrices.    Thus, 

define  the  2N x  2N matrix Q by 

Q(2m-1)   (2n-l)  "  ^mn      ^ 

Q(2m-1)   (2n)       "  (Q2) 

'(2m)   (2n) 

mn 

Q(2m)   (2n-l)       "  ^mn 

«Vmn 

>     m, n - 1,  2, N 

(18) 

14 



The matrices T, and S - 1 - 21 are defined In exact analogy to this. 

At this point, Eq.   (16b) may be written In terms of S as 

QS - - Q*      . (19) 

Because of the behavior of  the  radial  (Hankel)   functions  that appear In 

the matrix elements of Q,  the Imaginary parts of the elements of Q will 

tend  to grow very large numerically above the diagonal.     In order to 

avoid  loss of precision due  to  the  finite precision arithmetic employed 

by the digital computer,  It  Is  convenient at   :hls  stage  to reset all  the 

mentioned elements to zero,  by Gaussian elimination.    This process Is 

straightforward, the net effect being to premultlply Q by a real upper 

triangular matrix (all elements zero below the main diagonal).    Suppose 

this conditioning to have been performed on Eq.   (19), which we continue 

to employ without change of notation. 

To Eq.   (19)  are adjoined the constraints of symmetry and unltarlty 

mentioned above, which are unaffected by the S " S  transformation and 

thus given by 

S - S' (20) 

and 

S'*S - 1 . (21) 

15 



Two extremes of view with regard to the system of Eqs. (19), (20) and 

(21) are as follows:  first, one might truncate the matrix Eq. (19), 

solve numerically by digital computer, then compare the resulting 

solution with Eqs. (20) and (21', the latter thus being employed as 

consistency checks. On the other hand, one might attempt to treat all 

three equations from a unified point of view from the onset, obtaining 

a solution in some sense of Eq. (19) subject to the constraints of 

Eqs. (2n) and (21).  The first approach has been employed in earlier 

work on the computer for bodies of rotational symmetry, and works quite 

satisfactorily for a restricted range of body shapes and sizes.  The 

second approach is employed in the present work in order to extend the 

range of bodies that can be handled, in view of the fact that the 

constraints essentially determine three quarters of the solution 

[i.e., of the 8N real parameters appearing in the 2N * 2N (truncated) 

complex matrix S, it can be shown that only N(2N + 1) are independent, 

if S satisfies Eqs. (20) and (21)]. 

To develop a unified analysis, observe first that if S could be 

constructed in the form 

§ - U' U (22) 

where U is unitary, then both constraints would be satisfied by inspection, 

This suggests that, rather than inverting Q directly in Eq. (19), it be 

16 



made unitary. Inus consider the upper triangular matrix M (I.e., all 

elements are zero below the main diagonal) which by premultlpllcatlon 

makes Q Into a unitary matrix Q  . , viz. 
unit 

MQ - Q 
unit 

(23) 

Premultlplylng Eq. (19) by M, one can write 

A t 
Q  . S = - MQ* - - MM*  Q* it xunlt      ^ ^ unit 

Upon solving for S, there now results 

A        A 

S = - Q'* .k (MM* ) Q*  ... 
^ unit unit 

(24) 

Substituting this result In Eq. (20), the symmetry constraint. It follows 

without difficulty that the matrix product MM*" must be symmetric.  But 

each of the matrices appearing In the product Is upper triangular, and 

their product Is again upper triangular. Consequently the product must 

be a diagonal matrix. Further, the diagonal elements can be written 

out explicitly, giving 

M /M *   0 "ir u    ••• 

0      M22/M22* " 

MM* -1 

J 
17 



then 

MM*"1 - 1    . (25) 

From Eq. (24) the S-matrix Is now given by 

^ A 
S - - Q'*  .0*  lfc    , (26) 

unit unit 

which is of the required form Eq. (22).  Substituting Eq. (26), along 

with the identity Q'*  .0 .  ■ 1. back in the relation S » 1 - 2T, the 
unit unit 

desired transition matrix is given by 

T = Q'^unit Re (Qunit)   ' (27) 

and the block form of T is readily obtained by reversing the transformation 

of Eq. (18). 

Returning to M for a moment, Eq. (25) statts simply that M Is 

real. Thus the process may be summed up in the (formal) theorem: given 

the matrix Eq. (19), with constraints, Eq. (20) and (21), on the solution, 

it follows that the given matrix Q cannot be arbitrary, but must be such 

as to be factorizable into the product of a real upper triangular matrix 

and a unitary matrix, namely 

Q-M-'Q^  . (28) 

18 
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The transformation of Q into a unitary matrix, as required in 

Eq. (23), is done by Schmidt orthogonalization of the 2N vectors given 

by the rows of Q, beginning with the bottom row and working up.  The 

procedure is straightforward, and details are described in a subsequent 

section. 

APPLICATION TO SPECIAL GEOMEI. IES 

In order to apply the equations to bodies having an axis of 

rotational symmetry, the axis of symmetry is chosen as polar axis for 

our spherical coordinates and, without loss of generality, the direction 

of incidence taken in the plane of azimuth v ■ 0, so that k  - k. (u, 0) 

A reduced index notation may be employed for those matrix elements that 

do not vanish under the azimuthal integration, writing 

I   ,   - 1 i - - I mnn    omnemn      emnomn 

J   i = J     i " J     i mnn    emnemn    omnomn 

K  , - - J   , + i6  , D  ■1 
mnn      mnn     nn  mnn 

L   , - I mnn    mnn 

(29) 

19 



The  Independent matrix elements,  written out,  are 

mnn 
amIdel9  ^nO   (kr)2  h.(kr)   jn'   (kr) 

n 

mnn 
* ~   j  d9  sin b 

2_m _m 
m P    P   . 

n    n 
+  ae 

öpml 
n  1 

sin2e 
ae 1 krh  (kr)  T~ [krj   .(kr)] 

n dkr Jn 
(30) 

2 } KC a 
^- n'Cn1 -(-  1) J   d9  sin 6 -^    n    hn(kr)   Jn,(kr) ~ (kr) 

Observe that the real parts of all these matrices are symmetric. Also, 

because of the vanishing of all matrix elements with different azimuthal 

mode indices (m ^ m'), there is no coupling and each azimuthal mode 

m » 0, 1, 2, ... may be evaluated separately. 

From the defining Eq. (16), the only non-vanishing elements of 

the Q matrix may now be written in reduced index notation as 

i mnn ^1 emnemn1   ^1 omnomn' 

<Vnmn' 

«Vmnn- 

^2 omnemn1 " "  V emnomn1 

^3 emnomn* ~ '  3 omnemn' 

(Vmnn* ' '   ^Vemnemn' " ' ^^mnomn' 

(31) 

20 



In addition, the reduced Index elements are related by 

J mnn     I  mnn 

«t mnn       i mnn     = 

Finally, examination of Eq. (17) reveals that the non-vanishing elements 

in the four blocks of the T matrix are interrelated exactly as in 

Eq. (31), but not Eq. (32), so that the complete solution may be obtained 

by solving Eq. (17) once, using the reduced index quantities. 

A further important reduction occurs in the preceding equations 

for obstacles (e.g., finite cylinder) having a plane of mirror symmetry 

normal to the axis of rotational symmetry.  For this geometry the radius 

vector r(6) specifying the shape of the obstacle will be even about 

6 - TT/2, i.e. , 

r(e) x r(TT - 9)    . (33) 

Inspection of the parity of the integrands giving rise to matrix elements 

in Eq. (30) readily reveals that a checkerboard pattern of zeros has 

emerged, i.e., 

I   , ■ 0; (n + n') even 
mnn' 

J   , - 0; (n + n1) odd     . (34) 
mnn v / 

These elements can hence be set to zero without performing the numerical 

integrations. 21 



Prolate (and oblate) spheroids have a mirror symmetry plane 

normal to their rotational symmetry axis, so that both mode and parity 

decompositicns may be made, as discussed above. There is another 

reduction that occurs here, however, which from a theoretical standpoint 

lays the Rayleigh expansion out in full view, and for numerical purposes 

yields extremely well-conditioned matrices for inversion. 

To see this, let us examine the matrix elements as given by 

Eqs. (30).  The numerical magnitude of these elements is influenced 

mainly by the racual functions appearing in the integrand.  For I   ,, 
mnn 

for example, one has 

W ~ <kr>a hn(kr) Jn.(kr) -  (kr)2 [j^, f i „^.j   . 

For a given argument x, the Bessel functions j (x) decrease rapidly in 

magnitude, and the Neumann functions n (x) increase, roughly as soon as 

the index n exceeds x. Thus the real part of I, which is obviously 

symmetric, will eventually decrease rapidly in magnitude as one proceeds 

along any row or column. The numerical behavior of I is dominated by its 

imaginary part, for which elements again decrease going out any row, but 

Increase going down any column, at such a rate that diagonal elements 

remain relatively constant. These large numerical values presumably 

strongly influence the truncated matrix inversion procedure. 

22 



One can show, however, that for prolate or oblate spheroids 

this behavior, specifically the arbitrarily large values by which 

elements of I below the diagonal exceed corresponding elements above, 

vanishes identically.  I and J become completely symmetric, and dominant 

terms lie only on the diagonal once either row or column index exceeds 

kr   , where r   is the radius of the circumscribing sphere, 
max        max 

(12) 
Based on results given by Watson    one can show that the radial 

factor for an element below the diagonal in the imaginary part of I   , 

is of the for;? 

V+Zs+l^n ' X2nnjn+2s+l + ~ + 1^2 + "- + 1 (35) 
x x 

where the equivalence symbol (=) indicates that the exact coefficients 

of inverse powers of x^ have not been included, as they are not required 

in the present discussion.  The first term on the right-hand side 

corresponds precisely to the symmetrically placed element above the 

diagonal; we must thus show that the inverse powers of x contribute 

nothing to the integral 

n 

ImLlm(n+2S+l)n
] = m f de lä <+2s+lO   ^\+2s+l^ ^     '      (36) 
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For a prolate  (oblate)   spheroid,  having semi-axes a,  b, one has 

kr - ka [cos2e + (a/b)3 8ln8e]*'   ,        (37) 

which may be rewritten (identifying x with kr) 

1/x2 i P + P,    . (38) 
o   ^ 

Now the product of two Legendre functions may itself be expanded 

in a series of Legendre polynomials, with indices ranging from the 

(13) 
difference to the sum of the original indices,     i.e., 

n+n' 

ptn p"1, i  y   p (39) 
n n'   Z_    p P 

(pfn+n1 even) 

p-n-n' 

where again explicit numerical coefficients have been ignored. 

Substituting Eq. (38) in the series of inverse powers of x appearing 

in Eq. (35), then employing Eq. (39). repeatedly, one can write 

s 
2 i       1    .2 

n+2s+l n 
J    i x2n  1    „ ^ + V    P2fl       • (40) Jn nJn+2n+l      /_      2<1 

q-0 
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This result may be put in Eq. (36), recalling also that Rel is symmetric, 

to get 

17 

Vn+Zs+^n "Wn+Zs+l)  " mJ  de 06  ^n+Zs+lV 2_ P 
2q 

q«0 

rr 

i  -m   I dB sin 0 P"      ^Vm Y   P.     , J n+2s+l n  4_      2q-l 
0 q-i 

v s+n s 
;-m/desin6IviZ Vi 

0     P
-S
   q-1 

■ 0      , (41) 

where in the second step we have integrated by parts, then employed 

Eq. (39), and finally observed that the highest Legendre polynomial 

appearing in the second sum is P_  ,, while the first sum begins at 

P,.  ,; because of orthogonality, all the resulting integrals vanish. 
2s-H 

To perform the analogous calculation for J  ,, one proceeds by r " mnn      r        ' 

first employing Green's identity to rewrite J  , in the more symmetric 

form 
11 

j       ,   . - —    f dB sin 9 B      ,(8) ^- [x2h (x)j   .(x)]    .   ,fl. mnn' e      J mnn,x      dx n    '■'n' x-kr(9) 
m   J0 

+ ir/de Sln e Cmnn'(e>[x3hn(x>Jn'(x>d(1/x2)/äe]x-kr(9) 
m 0 

(42) 
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valid  for n ^ n', with 

m2Pl" Pm, dpm      dp"1, 

^nn1   (e) ~77    +    "59"    TT       ' (43a) 
sin Ö 

dvm ?tT>m 

It is convenient  this  time to write 

1/x    » const.  + sin  9 

Using this  in conjunction with  the  inverse  polynomial  expression 

3 i     •     2     . 1 ,      1 , .   1 
n+2sJn nJn+2s        2s-l        2s-3 

x     x 
X 

Eq. (42) may be reduced to 

J        - J 
m(n+2s)n   mn(n+2s) 

TT 

-  (2s-l)/e  / dB sin 6 B , ^ , Y" (sin G)2q 
m J m(n+2s)n Z_ 

r"0 "V 
+ 1/e  / dS sin2 8 co» 9 C ,_., .  )  (sin e)2q m J m(n+2s)n £_   N 
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where In Che first term the constant term In the summation has been 

dropped because of the additional orthogonality relations 

/ 
0 

de sin 6 B  , - 0, n »* n' 
mnn 

At this point, using the standard recursion formulas for the 

Legendre functions one can write 

sin2e B        = Pm    P1"  + Pm    Pm  + Pm  P1" Sin   m(n+2s)n   n+Zs-ln+l   n+23-1 n-1 + n+2s n 

+ Pm Pm       I- Pm Pm 

nf2s+rn-l        n+2s+l n+1       ' (45a) 

,in 9 cos 9 C  _, ,     = P"        .?" . + P"\0      vm , 
m(n+2s)n        n+2s-l n+1 n+2s-l n-1 

m pm      j. pm pm 

n+2s+l n-1        n+2s+l  n+1 " (45b) 

The  polynomials  in  sin29 appearing  in Eq.   (44)  may  be  expanded in 

Legendre polynomials of highest index 2(s-l)   [Note  that a  factor sin 9 

has been taken out in the  first case to employ in Eq.   (45e)3.    By 

examination of Eq.   (39)   it may be seen because of orthogonality that 

only the  first term on the  right-hand side of Eqs.   (45a) and  (45b) 
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will make a non-zero contribution to their respective integrals. 

Writing out these non-vanishing terms in Eq. (44) explicitly, one 

finally obtains 

m(n+2s)n      mn(n+2s) 

TT 

i  . Üs^ll^s-H) ^2s-Hn) (;n-nri-l)    (     p .    m m 2s-2 
e   (2n+4s+l) (2n+l) j    dy   Sin  D Pn+2s-lPn+lUin  ^ 

0 

+ same expression 

a 0   . (46) 

Thus I and J are symmetric, and one need only compute elements 

on and above the diagonal in Eqs. (30).  The matrices are expected to 

be well-conditioned in the sense that numerical results will converge 

rapidly Lo final values versus truncation.  From the point of view of 

the Rayleigh expansion in powers of ka, valid at low frequencies, observe 

that all matrices may be expanded in powers of ka, e.g., writing 

(J^"1')  , » J  , one has 
nn    mnn 

J(m) = A + B(ka) + C(ka)2 + 

A [l + A'^J^-A)] (47) 
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where A is diagonal, B is tridiagonal (all elements zero except on, 

one above, and one below the diagonal) and so forth.  The inverse, 

expanded in powers of ka, is readily obtainable by the binomial theorem 

as 

(J^V1 - [l - A-1 (J(m)-A)+ ... ] A-1   . (48) 

INTERPRETATION OF NUMERICAL RESULTS 

In order to provide some insight into the behavior in practice 

of the various matrices discussed above, the numerical printout for an 

example has been included (Appendix III).  In addition to providing a 

test case for use with the computer program, many features of matrix 

behavior are most conveniently described by reference to this printout. 

The obstacle to which the results refer consists of a sphere- 

cone -sphe re , as  shown in Figure 2. The analytical description of this 

shape as Inputted to the computer Is detailed In Paragraph 9.0 of 

Appendix I.  It will be seen that the printout consists almost entirely 

of matrix quantities, as an aid In gauging the numerical effectiveness 

of the truncation being employed. 

The first page lists Input parameters. Thus, four cases (m »^ 0, 

1, 2, 3) were evaluated consecutively, with truncation to 6 x 6 matrices. 

The body Is described analytically In three sections. The body shape 

"9" Indicates that the body does not possess mirror symmetry normal to 

the axis of rotational symmetry. U vector Indicates that 46 aspect 
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angles will be evaluated.  The body size is kA = 1.0 (Figure 2), and 

the ratio of sphere radii is b/a = (1 + sinO.)  ^ 0.794 (correct to nine 

significant figures in the computer), with cone half-angle a = 15 degrees 

Numerical integration is performed by Bode's rule using 6A equally spaced 

divisions in each section, and the angular end points in degrees are 

• J.      r     L     .   (14) indicated for each section. 

The basic quantities shown, for each m value successively, are 

the Q matrix, the orthogonali^ed Q matrix, the transition matrix T, 

and the cumulative cross section quantities. 

Consider first the case m «« 0. The blocks Q„ and Q are zero 

for this case, and hence are not shown. The remaining blocks, Q. and Q., 

are obtained by numerical integration from the defining equations 

(16, 29, 30, 31, 32).  Because of the vanishing of the blocks Q , Q 

it turns out, as one can verify with some study, that the remaining 

two blocks actually are processed with no interactions, so that behavior 

can be discussed by examining say, Q1, alone. 

Considering the Imaginary part of Q., which Is the numerically 

dominant portion, one observes that elements of each of the six row 

vectors Increase In numerical magnitude as one moves to the right. It 

Is Immediately clear that row vectors must be orthogonallzed from the 

bottom up. In order that elements of the resulting vectors may settle 

down to constant values Independent of truncation (that Is, If one began 

orthogonallzlng with the top row, then It can be seen that after 
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normalizing, the first element is smaller by a factor 14.1/11.1 ~ 13 

than it would have been in 5 x 5 truncation) . Observe also that the 

bottom row is the best candidate for a "unit vector in the six direction," 

in that the sixth element is larger than the first by a factor of about 

7 9 

10 , whereas the corresponding factor for the top row is only 2 x 10 . 

A 

The orthogonalized matrix Q unit, Eq. (2 3), is shown next, having 

dimension 12 x 12.  Odd numbered rows have come from the original 

6 x 6 Q , whereas the even numbered rows are associated with Q, .  It is 

striking to observe that each of the original matrices (and hence the 

entire imaginary part of Q   ) has become nearly diagonal.  This 

occurred because the main effect of the sixth row vector was to reduce 

the last entry of each preceding row to nearly zero. The new fifth 

row vector, in similar fashion, then served primarily to reduce the 

fifth entry in each of the preceding four rows, and so on. Thus the 

first row of Q , which originally increased by a factor of about 170 

from first to last entry, now decreases by a factor (see row one of 

-8 
the imaginary part of Q  . ) of about 7 x 10  .  The total relative 

unit 

reduction is of order 4 x 10 

It is not difficult to study the behavior of the row vectors, or 

the individual matrix elements, versus truncation.  For example, if a 

5x5 truncation had been employed, then the first entry in the fifth 

row vector would have been, after normalization, (-1.278 + 10.5861) x 

10"5/(0.5646) - (-2.263 + il.038) x 10"5, whereas the 6 x 6 truncation 

(see row nine of 0 , ) actually gives (-2.251 + il.036) x 10' . One 
unit 
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can verify that the sixth row vector has even less effect on rows 

earlier than the fifth.  In particular, orthogonalizing the first row 

to the sixth row will change the first element of the first row from 

0,848 to approximately 0,848 - (144/0,551) (6,99 x 10"8) , which 

constitutes a change in the sixth significant figure. 

The blocks of the transition matrix, computed from Eq, (27) and 

the reverse transformation of Eq, (18), are shown next. Again, the 

blocks T- = T ' vanish identically and are not shown.  Both T. and T, 

are seen to be exactly symmetric to the number of digits given, and 

the unitary-related condition of Eq, (15) is readily verified on the 

desk computer to within round-off error in the last place shown. Observe 

that the elements of both T. and T, fall off rapidly in magnitude moving 

away from the upper left hand corner, so that the scattering behavior 

would be efficiently and accurately describable in this instance using 

only the first two rows and columns of T, and T., 
14 

Finally, the accumulated (over m = 0 only) far field quantities 

are shown for EH (class 1) and EA (class 2) polarizations. The first 

column gives the incident aspect angle measured from the axis of 

rotational symmetry.  For each aspect, subsequent columns give the 

scattering cross section [Eq, (12a)], forward amplitude [the complex 

quantity appearing in Eq, (12b)], backscattered amplitude [the complex 

quantity appearing in Eq, (12c) before squaring], and finally the radar 

cross section and phase of the back scattered amplitude. Observe that 
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both energy conservation (equality of the second and fourth columns) 

and reciprocity (symmetry of the third and fourth columns about the 

aspect angle of ninety degrees) are satisfied to seven significant 

figures . 

Turning to the case m ■ 1, the blocks Q and Q are shown, Q 

and 0, then being given by [see Eqs. (8b, 16, 29)J Q = Q , Q. = -Q. + il, 

A partial check on the precision of numerical integration is available 

for this and all subsequent m values.  From the Wronskian relation 

x [j (x)h  ,(x) - j  1(x)h (x)] » i and the first of Eqs. (30)  it is 
n   n-1     Jn-1   n i   x # 

immediately clear that the imaginary parts of the first off-diagonal 

elements of Q should be symmetric, a result not used in the program 

(whereas symmetry of ReQ1 and ReQ. is always enforced).  The expected 

symmetry is seen to obtain to seven significant figures for the (1, 2) 

and (2, 1) elements. Precision subsequently deteriorates slightly so 

that discrepancies have appeared in the fifth significant figure 

between the (5, 6) and (6, 5) elements. 

Numerical behavior of both the Q and the orthogonalized Q matrices 

appears to proceed substantially as in the case discussed above for 

m = 0, although the details are of course considerably more complex 

because of the presence of all four non-zero blocks.  The near-diagonal 

nature of the orthogonalized Q matrix is still evident by inspection, 

however.  In the resulting transition matrix the blocks T, and T, are 

seen to be symmetric, and the block T_ to be equal to the transpose of 

T.. Comparison of the far field results with those for m ■ 0 reveals 

significant changes at all aspect angles. 
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For the two subsequent cases m = 2, 3a new effect Is seen over 

and above the previously discussed features, due to the vanishing of 

the associated Legendre functions P  for n < m.  In consequence, the 

first row and column of each block of the Q matrix (for m » 3 the first 

two rows and columns) are identically zero. The behavior versus truncation 

at n = 6, as judged by the near-diagonal results after orthogonalization, 

appears unaffected, however. The net result is that the computation 

becomes gradually simpler as m increases, m = 2 requiring treatment of 

5x5 blocks, and m = 3 requiring only 4x4 blocks. 

A measure of error incurred by stopping at m " 3 may be obtained 

by comparing the far field results with those obtained at m ■ 2 (except 

for incidence along the axis of rotational symmetry, 0 degrees or 180 

degrees, for which scattering behavior is completely determined from 

the m = 1 results only). At incidence 80 degrees from the axis, for 

example, and for either polarization, the scattering cross section Is 

seen to be unchanged to about six significant figures. For the same 

cases the radar cross section, however, has changed In about the third 

significant figure. Such precision Is nevertheless quite adequate In 

most practical applications. 
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APPENDIX I 

ORGANIZATION OF THE COMPUTER PROGRAM 

1.0 INTRODUCTION* 

The "EMSCAT" Program has been written in FORTRAN IV language 

for the IBM 7030 Computer to produce solutions to the electromagnetic 

scattering problems which are outlined above in Section II.  Several 

factors were given consideration in the design of the program: 

Efficient coding to reduce computer run time as much as possible. 

The routine VECMUL for matrix by vector multiplication was coded in 

machine language to take advantage of specialized coding available 

at that level. This routine is also available in FORTRAN (though 

less efficient and accurate) so that the program can be run on 

machines other than the 7030 Computer. 

Full single word accuracy of a 7030 register and where necessary 

double precision accuracy was utilized in the calculation of special 

functions. Single precision accuracy on the 7030 maintains 15 digits 

of accuracy. 

Maximum use of core storage. The size of the solution matrices 

(60 x 60 complex) was determined so that secondary storage devices 

such as tapes do not have to be utilized in running the program. 

The matrices are stored and manipulated from 1 of 3 large blocks 

of common storage. Each block is dimensioned 120 x 120. However, 

through various equivalence statements in the proper routines, these 

major blocks are resegmented and renamed for ease of programming. 

The paragraphs in Appendix I have been numbered to facilitate cross- 
referencing. 37 



2.0   GLOSSARY OF THE SUBROUTINES 

The program operates via a MAIN rout^ie and 15 auxiliary routines 

which are briefly described and listed below.  Standard I/O and 

mathematical routines, e.g., SIN, LOG, etc. are assumed to be available 

through the FORTRAN operating system. 

2.1 The MAIN routine controls overall run processing and 

computes the I, J, K and L matrices. 

Routines called are: 

RDDATA 

GENLGP 

GENKR 

GENBSL 

PRTMTX 

PRCSSM 

2.2 Subroutine RDEAIA reads the user's control parameters 

and sets up preliminary output heading Information. 

Routine called is:    CALENP 

2.3 Subroutine CALENP computes the sections of 6, the polar 

angle, and the step size for numerical integration. 

2.4 Subroutine GENLGP computes the associated Legendre 

functions over the necessary range. 

2.5 Subroutine GENBSL controls backward recursion of Bessel 

functions and forward recursion of Neumann functions. 

2.6 Subroutine BESSEL computes the Bessel function for a 

specific argument and order. 

2.7 Subroutine GENKR computes the parameter "kr" and its 

derivative with respect to the polar angle 6. 
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2.8 Subroutine PRTMTX prints the headings and controls the 

printout of the I, J, K and L complex matrices. 

Routine called is:    PRINTM 

2.9 Subroutine PRINTM prints the elements of a specified 

matrix of specified rank. 

2.10 Subroutine PRCSSM generates the Q matrices from the 

I, J, K and L matrices, and transforms the Q matrix into the T 

matrix. 

Routines called are:  NRM3MX 

CNDTNQ 

PRTRIT 

ADDPRC 

2.11 Subroutine NRM3MX normalizes the I, J, K and L matrices 

to obtain the Q matrices. 

2.12 Subroutine CNDTNQ conditions the Q matrix before trans- 

forming it into the T matrix. 

2.13 Subroutine PRTRIT prints headings and controls printout 

of the T matrix. 

Routine used is:      PRINTM 

2.14 Subroutine ADDPRC does final processing of the T matrix 

to provide the scattering results. 

Routines called are:  GENLGP 

VECMUL 
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2.15 Subroutine VECMUL multiplies a matrix times a vector. 

2.16 Subroutine DUMP gives a listing of core storage when an 

error condition occurs. 

Subsequent paragraphs detail the above routines where necessary. 

It should be noted at this point that standard mathematical notation 

is not necessarily followed, e.g., program notation labels Bessel 

functions as B instead of j. This was done for ease of relating 

program mnemonics to mathematical notation. When necessary, parameters 

have been labeled which have notation different from the earlier text. 

3.0   THE INPUT ROUTINE 

Subroutine RDDATA reads the user's control information, prints 

out headings and obtains information for numerical integration. The 

input cards and their formats are listed below. 

3.1  Card 1 

NM 

NRANK 

NSECT 

I BODY 

NM, NRANK, NSECT, IBODY, NUANG 

FORMAT (5112) 

No. of values of "m".  See Card 3. 

Rank of matrices I, J, K and L 

No. of sections defining body shape and 

integration intervals.  See Subroutine 

CALENP for fuller description of body 

shapes. 

Case No. or body shape identifier 

Spheroid 

Mirror Symmatry 

General Axisymmetric Case 

NUANG No. of aspect angles "u". See Card 5, 
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3.2  Card 2. 

CONK 

BRXT 

ALPHA 

3.3  CardCs) 3. 

CMI(I) 

3.4  Card 4. 

NDPS(I) 

3.5  Card(s) 5, 

UANG(I) 

CONK, BRXT, ALPHA 

FORMAT (3E12.7) 

ka, scale factor for r, the polar radius, 

In determining body shape. 

variable parameter to be used in computing 

body shapes. 

ex, or a variable parameter, to be used in 

calculating body shapes. For a fuller 

description of its usage see Subroutines 

CALENP and GENKR described below. 

CMI(I), I = 1, NM 

FORMAT (6E12.7) 

I  value of "m" to be used in current 

solution of scattering problem. As many 

as 30 values of "m", the azimuthal index, 

may be read in;  "m"  is any integer s 0. 

NDPS(I), I - 1, NSECT 

th 
FORMAT (6112) 

No. of divisions for integration in I 

section of the body shape. The body may 

be divided into as many as 6 sections. 

These parameters are used to calculate 

spacing for numerical integration, and 

they must be a multiple of 4. 

IIANG(I), I - I, NUANG 

FORMAT (6112) 

I  value of "u", a member of a table of 

aspect angles (in degrees). As many as 60 

values of "u" may be read in. 
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4.0        CALCULATION OF  END POINTS AND SPACING FOR INTEGRATION 

Subroutine CALENP  is one of  two special routines  that have to 

be written into the program for specific body shapes.    This routine 

calculates  "NSECT" values of the polar angle    6, which provide boundaries 

for dividing the body into sections for numerical integration.    With 

each boundary point a value of    6     is associated.    The spacing for 

integration is then determined by dividing the range of    6    by the 

correct value of "NDPS".    Note that the number of divisions does not 

have to remain constant from one section to the next, but it must be 

a multiple of 4. 

Since  the computations  for each special version of CALENP may 

vary,   the following parameters,  "ALPHA",'feRXT",   '^QB", "SNALPH", and 

"CSALPH" may be used for communicating between routines special 

values associated with a particular body shape.    Note the use of QB 

below for a variable peculiar to the sphere-    ne-sphere shape. 

In Appendix II,  a listing of  the routines CALENP and GENKR 

are given for a sphere-cone-sphere body (Figure 2.). 

For the sphere-cone-sphere body,  three end points for    6; 

8   ,  6   ,  6      are computed as follows: 

a ..    "1       sirtX cosa 1      A <  ft    ^   me0 

ei    =    tan      L q -  sin2a J   5  0* V  105 

NOTE:    a  (Figure 2)  is an input parameter stored at "ALPHA" 

b/a (Figure 2)  is an input parameter stored at "BRXT" 
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(1 - b/a)  (1 - sirfx) 

and is computed and stored in QB. 

tan"1 i   (b/a) slrtx cosa 1 ; 9   < 6   < Tt 
L    l-q-(b/a)cos a J        1        Z 

e3    ■   " 

5.0        THE FIRST CONTROL ROUTINE 

The MAIN Routine controls   the general flow of the program and 

computes  the real and imaginary parts of  the partitioned scattering 

matrices,  I,  J, K and L.    After the user's control data has been 

read in, a numerical integration system utilizing Bode's 3      order 

(14) rule  is utilized. The program computes  the    I    and    J    complex 

matrix elements for the three cases, axisymmetric, mirror-symmetric 

and spheroidal as follows: 

5.1 

ij 
m J  (sinB)   (kr)2 B.(kr) H^kr) {(i + j) cosS p° p" 

(i + m) P» P^ (j + m)  P « pm   \ 
i rj-lJ 

de 

B.(kr)     :    Bessel function of  the  first kind of order    "j"    and 

argument    "kr" 
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H (kr)     :    Hankel functions which are defined as 

where 

B^kr) +/-1 Ni(kr) 

N (kr)  : Neumann functions of order "i" and argument "kr". 

jm _  i 
•i ~   sin6 

pm (cose) 

is  the associated Legendre function,  of rank    m,  and ordar    i. 

r     :    Polar radius used in calculating body shape, 

i     :    Subscript notation for    i        row of  the matrix, 

j     :    Subscript notation for    j        column of the matrix. 

5.2 

TT 

Ji1  "~ J   (slne) M1«) {Pi P"1 Lkr(kr B ._1(kr)-jB .(kr)   (m2+ i jcos29) 
m _ L ^ ^ J 

+ 1 J(J + 1) ^ffi- B  (kr)sine cosej 

-(i + ^P^.^j [^ cose(kr B ^(kr)^ Bj(kr)+(j+l)^|^Bj(kr)sine] 
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+(j + m)p"      kr[(kr B^^kr)^ B^kr))^! + m)?*^ cosO P^)]}df 

where: 

for    m = 0 

C e 
1  "    for    m ^  1 

Within the program each element  of  the     I    and    J    arrays   is 

used as an accumulator for numerical  integration under Bode's rule. 

Thus,  for a specified value of    6, all necessary functions are 

computed and added to the correct matrix element. 

To  save computer  time,  computations which would produce  a 

null contribution  to the  integration are eliminated,  and the following 

symmetries are taken advantage of  in the direct computation of  the 

I    and    J    matrices. 

5.3 General axisymmetric bodies: 

Re(I ) = Red^) 

Re(J ) = ReCJ.j) 

5.4 Mirror-symmetric bodies: use paragraph 5.3 plus 

(both odd 

both even 

J   = 0;  if  i and j are 
l-J I „„.,„ 0dd 

/"odd, 

Veven, 

even 
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5.5 Spheroids: use paragraphs 5.3, 5.4, plus 

Im(I ) = Im(I ) 

Im(J..)  ■ ImCJ,,) 

The    K    and    L    matrices are then cclculated frcjm the 

following relationships with the    I    and    J    matrices: 

5.6 ReOC^)    =    -ReCJ^) 

Im(K..)     =    -Im(K..)  + b D.. 
IJ ij ij 

where 

{1.0 General Axi 

0.5 Mirror-Symm 

0.0;     i i j 

symmetric bodies 

ymmetric or Spheroidal bodies 

Dy     =    <    r e_(2i + 1)  (i - m)Ivl 

41(1 + I)     (i + m):J       ;   i = 

5.7 ReCL.j)     =    -ReCI.j) 

Imaij)     ■    -Imd    ) 

The I, J, K and L complex matrices are then printed by 

Subroutine PRTMTX and control passes to Subroutine PRCSSM for further 

processing. 

6.0   ASSOCIATED LEGENDRE FUNCTIONS 

Subroutine GENLGP generates the associated Legendre functions, 

P.(x) for a given argument x, a given value of the azimuthal index m, 
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I 

and for all values of degree i from 0 to "NRANK", the input- 

specified rank of the matrix. The first two values of P are gener- 

ated by formula, then the remaining values of P are generated by 

a recursion relationship. 

The following formulae are used to generate P.(x). Note that 

for this particular program, the functions always appear in the context 

P^cosB) 

s ine 

pJXcose) 

sin6 =0.0 ; i < m 

P (cos6)    /o\«  • m"^ m 
s in6        „m   , 

L     •  m. 

♦ COSe)  = l^ 
sinö     sinS 

p°(cose)    fl 1      _ coso 
sin6      sin6 

Recursion relationship: 

(2m)! sin" "(9)  .  . m 

;  i = m = 0 

Pm .(cosB)-, r P" -(cosB)- 

Pm(cose)    (2n-l)cose L ^ ;inö  J-(n + m - 1) [_ ^9—J 
n      =  
sin6 n - m 
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7.0   BESSEL FUNCTIONS 

Subroutine BESSEL generates a Bessel function of the first kind 

B (x), for a specified argument x, and order n, by means of an 

infinite series. To preserve accuracy, the computations are performed 

in double precision arithmetic and truncation error due to neglected 

-20 
terms in the series is < 10  .  If the series has not converged to 

the aforementioned accuracy beforethe computation of the 100  term, 

an error indication is given. 

The following infinite series is used to compute a Bessel 

function: 

,n(x) ~ l-3-5---(2n +1)2. ai 
1-0 

where: 

a0 - 1.0 

2 
-x 

2lL2n + (21 + 1)J  ai-l 

8.0   RECURSION RELATIONSHIPS F »R BESSEL AND NEUMANN FUNCTIONS 

Subroutine GENBSL calls Subroutine BESSEL to obtain two 

successive BESSEL functions for a specified argument, and then uses 

these first two values to recurse backward over the range of 1 from 

NRANK to 0.  If the two computed functions of order NRANK and NRANK-1 

do not satisfy the accuracy requirements mentioned in paragraph 7.0, 
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the routine will increase the order of the computed BESSEL function 

to 4(NRANK).  If this fails to produce a satisfactory pair of 

functions, the run will abort and a dump of core memory is taken. 

The recursion relation used for computing BESSEL functions is: 

B   00  = (2n + Dx"1 B (x) - B ..(x)  . 
n-i n      n+i 

This routine also computes Neumann functions by a forward 

recursion formula after the first two values are computed by the 

following formulae: 

M / \    -cosx No(x) '  T- 

N (x) = =^f    -    ^S . 
x       x 

The recursion relation used for computing the remaining Neumann 

functions is: 

Nn+1(x)  = (ZrH-Dx"1 Nn(x) - N^Cx) 

To test the accuracy of the functions over the range of computed 

Bessel and Neumann functions for a given argument, two tests are 

performed in the MAIN Routine after the vector of functions from 0 

to NRANK Is computed.  If the following relations are not satisfied 

to an accuracy of 10  , an error message indicating such a condition 

Is printed, and the program continues. Though the tests are performed 
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In the MAIN Routine after the call to Subroutine GENBSL. for convenience 

they are listed here: 

Bessel Test: 

|x2 |_B1(x)N0(x) - B0(x)N1(x)] - 1 | < 10" •10 

Neumann Test: 

|x2,LBNRANK<x)NNRANK.l(x) " BNRANK-l
(x)N

NFANK
(x)J " 1 ' < 10"10 

9.0   GENERATING THE BODY SHAPE 

Subroutine GENKR is one of two custom written routines which 

are adapted to the particular body shape in question. As noted above 

in Subroutine CALENP certain parameters are available to the programmer 

to use as he sees fit to communicate information from one routine to 

another. The basic function of all versions of GENKR is to compute 

the polar radius r as a function of the polar angle 6, to compute 

Ar 
-rrr    and to scale  these values by the  input constant    ka ■ CONK. 

To illustrate the use of this routine, a sphere-cone-sphere 

body shape  is used  (Figure 2).    As a result of subroutine CALENP the 

major divisions of  the body as a function of    6    have been recorded. 

This routine,  given a value of    6    now computes  (ka)r and ka(dr/d8); 

the scale factor    ka    is an input to the program. 

9.1      Section I 0 * 9 ^  6, 

q cose     .    f,      (   q 8in9 \2^ 
r    "      sirtX L       V.   slrtX   • J 
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2 it ■^■iozy^'-ii-^n 
NOTE:    q    was computed In Subroutine CAIJSNP   ind stored  In location QB. 

9.2      Section 2 ei < 9 ^ e2 

i - q 
sln(e-a) 

dr    =    -(1-q)  cos(9-a) 
d9 sln2(e^) 

9.3      Section 3 9    < 0 s n 

i^^i^i^-c^^y^]' 

10.0      FIRST MATRIX PRINTOUT 

Subroutine PRT^TX controls  the printout of  the I, J,  K and L 

matrices.    Both  the real and imaginary arrays comprising each of  these 

matrices are  labeled and printed out on the community output tape. 

This output, which fas originally intended as an intermediate printout 

for checking the program,  may be eliminated by removing the "CALL PRTMTX" 
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statement which follows Fortran statement 860 in the MAIN Routine. 

11.0      PRIOTOUT OF AN ARRAY 

Subroutine FRINTM will print out a specified square array of 

given rank. 

12.0      GENERATING THE    Q    MATRIX AND THE    T    MATRIX 

Subroutine PRCSSM is the second major control routine and it 

controls the transformation of the I, J, K and L matrices to the    "Q" 

matrices, and the  subsequent solution of a matrix equation which 

provides the    "T"    matrix. 

Subroutine NRM3MX (see below) normalizes the I, J, K and L 

matrices  to produce the    Q    matrix. 

For notational convenience we define: 

Re(Q) + i Im(Q)     -   (^1    fy J 

where 
i    -   /^T   . 

The method currently used by the program to transform the   Q 

matrix into the    T    matrix involves orthogonalizing the   Q    matrices. 

After the complex    Q    matrix has been generated by normalizing the 

I, J, K and L matrices  it is in the form noted in paragraph 12.    From 

these    Q    matrices, a new complex   0    matrix of rank   2N    is generate 

from the following relations: 
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Q(2m-L) (2n-l)  =  ^l^ n 

Q (2m-l) (2n) «2)m n 

Q(2m) (2n-l)   =  W3'in n 

m,n    -    1, 2 N 

(2m) (2n) ^\  n 

The new Q matrix is next conditioned as outlined in Subroutine 

CNDTNQ of paragraph 14.0 below. 

Orthogonaltzation then proceeds as follows. 

1) Consider each row of Q as a vector with 2N components; 

e.g. the components of the first vector Q, would be: 

äl 1' ai 2' 21 3 ^ 1(2N) 

Orthogonalization will proceed from the bottom or    2N        vector upward 

2)    Normalize the    2N        vector as follows : 

^N 
L2N 

G£H • a2N)^ 

where the scalar product of the complex conjugate Q  by another 

vector Q  is defined as follows: 
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2N 

r-l 

3)    Orthogonallze    ^„.^     to   $m   : 

22N-1    *   Wl " U2N  ' ^N-ljä; •2N 

4)    Normalize   Ö0„ ,     : 
ZN-l 

ä _     *2N-l 
^N 

L^N-l   -^N-I? 

5)    Orthogonallze    ^2N_2    to both   ^    and   ^^ 

-2N-2 a2N-2 " L^2N-1   * ^2N-2jJ2N-l ' La2N   ' a2N-2-&2N 

6)    Normalize   22M„2     : 

6 .     ^2N-2 2N"2   r^*   TA  r^ 
Lä2N-2   ' ä2N-2J 

7)  Continue the orthogonallzation and normalization process 

until 2i has been orthogonal!zed to all subsequent rows. 
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8) A complex matrix t Is now generated from the complex 

matrix ^ by the following relation: 

T - <Ae(Q) 

9) The t matrix is then decomposed into the matrices T., 

T,, T- and T.  by the reverse of the procedure in 

paragraph 12.1. 

The complex T matrix is printed by Subroutine PRTRIT and then the 

final processing is petformed by Subroutine ADDPRC. 

13.0  NORMALIZING MATRICES 

The Subroutine NRM3MX lormalizes the I, J, K and L matrices 

to obtain the Q matrix. The Q matrix is blocked as noted above 

in paragraph 12.0 and the following procedure is used: 

Q,  - (Z2)"% J' (Z2"S ■ Q 
-LL 

^ /z^ • /zTJ 

Q2 - -(Z2) ^ 1/ (Z2) •% L' (Z2)"^ 

(^3 -  (22) 'k  I' (Z2)"^ 

Q4 -  (Z2)"^ K' (Z2)"^ 
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where 

Z2 
e (2n+l)  (n-m)! -, . 
m_ -1 

L 4n(n+l)  (n+m): 

The expression for Z2  is Che same as Chat used in computing the 
n 

K matrix of paragraph 5.6.  The prime on J, etc. denotes matrix 

transpose as seen from the second half of the equality statement. 

14.0  CONDITIONING MATRICES 

After the matrix Q of rank 2N has been formed, the matrix 

is conditioned starting with the last row (L  and working towards 

row 2.1 • 

14.1 

i i 

The 
th 

notation    (äoN^i    refers  to the    *■        element of 

th 
the  (2N)   (last) row vector. Now set 

where the equivalence is performed for each of the 2N elements of 

Q , and repeated for all rows m ■ 1, 2, ..., 2N-1. 

14.2  Redefine 

Wl  = L^^^N-l^N-l^N-l ' 
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then compute 

^ - ^ - [^WJ^.! 

for all rows m » 1, 2, ... 2N-2. 

1A.3  Continut: the process of paragraphs 14.1 and 14.2 for 

all the remaining rows. The final step in the process is to generate 

ä2  - Ll/fa<^>2ia   • 

14.4  Set 

Im (6 ). -0.0;  i-m + l,m+2, ...,2N; m -1,2,3, ...,2N-1 . 

15.0  PRINTING THE T MATRIX 

Subroutine PRTRIT controls the print-out of the T matrix, 

both real and imaginary elements, in the same manner as Subroutine 

PRTMTX (paragraph 11.0 above) controls the printout of the I, J, K 

and L matrices. The community output tape is used. Since this 

printout is used mainly for checkout, it can be eliminated by removing 

the "CALL PRTRIT" statement following FORTRAN statement 140 in 

Subroutine PRCSSM. 

57 



16.0      FINAL CONTROL  ROUTINE 

Subroutine ADDPRC  is  the  third and  last control routine which 

converts  the    T    matrix  to  the final  set of results.    Two sets of 

results are generated,  a  set of answers for  the current value of    m 

and an accumulated set of answers for all values of    m    up to and 

Including the present value of    m. 

To generate  the  final results,  the following procedure Is 

followed:     The    I    matrix  Is normalized 

TO.)    -    (22^ T    (k)  (Z2  )"^ block 

where: k  indicates  1 of 4 blocks; 

NOTE: 

^ -  Ui   >.J T   T 13   4 

Z2   is as defined In Subroutine NRM)MX under paragraph 13.0. 

NOTE: For the reader who is relating the mathematics to the program 

listing In Appendix II, the mapping of COMMON storage In paragraph 19.0 

should be consulted. 

The associated Legendre functions of form 

P (cos u) 
n 
sin u 
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are generated for each value of the aspect angle    u,  and for    n - 1 

to NRANK.    The derivatives of the Legendre functions are computed from: 

d[P>08 ">] r Pn(c09 U) 1     fc,       r P^.^co» u) - 
 du     "   n C08 u L    slnu       J ■ ^ + «>) L        slnu       J    ' 

11 2      2 Values of  the vectors    F  , G      and   F  , G      are generated by 

Subroutine VECMUL.    These vectors are defined as: 

16.1 

lX 'T.      T0\ /(l)n m Pm(co8 u)/sln u 

-      -if 

T3       Ty sr<i)n+l 4pn(C08 u)]/d^ 

a)n+1 d^P^cos u)]/duN 

v(l)
n m Pm(co8 u)/8ln uy n 

The final sets of answers are generated from the following 

equations: 

NRANK 

SCATT1>2 . ^_   i (z^tiF^V + K1'2!2] 
(ka)        n-1 
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NRANK 
TOTAL 1,2  - -ä^-r     Y    (Z2)_1(-l)niF 

(ka)2      L L n 

-1/  ^n;.  1.2^>08 u)      .^ 1.2 W00* U> 
sin u + IG 

du ^ 

n-1 

NRANK ^m. 

RTRAD1.2   --—y     ^    (22)"  (i)^ 

n-1 
I 1,.^-.  1,2 m Pn'(c08 u)  .  tn  1.2 <pn<"s ")>| 

sin u iG du 

The  final results are divided  into  two classes as noted above 

by the quantities SCATTl,2etc.    The classes are  two different  incident 

polarizations.     Class  1  is  the E-parallel   incidence; class 2  is  the 

E-perpendicular   incidence. 

Appendix III contains a  listing of a  sample output of  the 

sphere-cone-sphere-body shape.    The printout titles and their meanings 

are: 

u,   the aspect angle  (degrees) ANGLE 

SCATT  1,  2 

TOTAL  1,   2 

RTRAD  1,   2 

RCS 1,  2 

Scattering cross-section far each 
2-1 

class,  normalized by   [na  J 

Complex forward amplitude, normalized 

by   [na2]"^ 

Complex back scattered amplitude 
r    2--h normalized by Lna J 

Radar cross  section normalized by 

[TTa2]-1 

NOTE: RCS ■ | RTRAD|   only is 

computed for the accumulative case. 
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PHASE ANGLE 1. 2   For the accumulative cnse, a phase 

angle is computed: 

"—^LiSn Re(RTRAD) 

This  is  the phase angle  of  the back 

scattered amplitude  (Degrees). 

[7.U      MULTIPLYING A  MATRIX TIMES A VECTOR 

Subroutine VECMUL  is one of two routines coded  in both machine 

language and FORTRAN.     It multiplies a matrix times a vector  to compute 

11 2      2 the vectors    F   , G      and    F   ,  G      of  paragraphs  16.1 and 16.2.    The 

T-Tchine coded version has  the advantages of higher  speed and accuracy. 

18.0      CORE DUMP 

If  an abnormal  or uncorrectable error condition occurs, 

Subroutine DUMP gives a dump of core memory as an aid  in debugging 

the error condition.    The Subroutine LBPDMP is a  system routine for 

dumping core between specified  limits. 

19.0      STORAGE ARRANGEMENTS 

To conserve and fully utilize core storage,   three  large matrix 

arrays  of dimension 120 x  120 have been set up  in an area of COMMON 

storage named "MTXCOM".     To aid  in programming, various routines use 

EQUIVALENCE statements  to resegment these large arrays  into manageable 

blocks. 
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The FORTRAN array names of the three major blocks are: 

CMTXRL (120, 120) 

CMTXIM (120, 120) 

SPRMTX (120, 120) 

Within the MAIN Routine the following overlays are made: 

CMTXRL 

AMXIR (60, 60) :     RE(I) 

AMXJR (60, 60) :    RE(J) 

AMXKR (60, 60) R£(K) 

^AMXLR (60, 60) :    RE(L) 

f 
AMX11 (60, 60) IM(I) 

AMXJI (60, 60) IM(J) 

AMXKI (60, 60) IM(K) 

^AMXLI (60, cO) IM(L) 

CMTXIM 

The SPRMTX block is unused. 

Subroutine NRMQMX and Subroutine PRCSSM, the second control 

routine, allocated storace as follows: 

rQMTXII (60, 60) 

QMTXJI (60, 60) 

QMTXKI (60, 60) 

QMTXLI (60, 60) 

QMTXIR (60, 60) 

QMTXJR (60, 60) 

QMTXKR (60, 60) 

J}MTXLR (60, 60) 

CMTXRL 

SPRMTX 

ows: 

:    QI1  (60, 60) :     IM^) 

:    QI2   (60, 60) :     IM(Q2) 

:    QI3  (60, 60) :     IM(Q3) 

:    QI4  (60, 60) :    IM(Q4) 

:    QE1  (60, 60) :    RE(Q1) 

:    QR2  (60, 60) :    RE(Q2) 

:    QR3  (60, 60) :    RE(Q3) 

:    QR4  (60, 60) :    RE(Q4) 
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NOTE: After Subroutine NRM3MX normalizes and moves the Q matrix 

(complex) Into the SPRMTX and CMTXRL artas, the processing which trans- 

forms the Q  to the T matrix fcllowr the procedure outlined In 

paragraph 12.0. The storage allocation Is .icted above In the eight 

Itemized steps. 

Subroutine INVMBL always assumes the block matrix which Is to 

be processed  is stored in the CMTXRL area.  The intermediate steps 

as outlined in paragraph 14.0 are performed in the CMTXIM area. 

The third and last control routine, Subroutine ADDPRC makes 

the following storage allocation»: 

r 
QMTXII (60, 60) 

CMTXRL 
QMTXJI (60, 60) 

| QMTXKI (60, 60) 

[_QMTXLI (60, 60) 

FGVECT (2, 120, 2) 

FGMÜL (120, 2) 

FGANS (60, 10) 

(unused) 

CMTXIM 
SPRMTX 

TCMPLX (2, 120, 120) Real and Imaginary 

components of the 

T ratrlx. 

NOTE: That TCMPUC overlays both the CMTXIM and SPRMTX areas. As 

11      2  2 
noted in paragraph 16.0, FGVECT contains the F , G  and G , F 

vectors. The first subscript refers to the real and Imaginary 

components of the vectors, the second subscript refers to the dimension 

of the vectors which is 2-NRANK and the last subscript differentiates 

the 2 vec tors. 

FGMUL contains  the vectors which post-multiply the    T    matrix 

to generate FGVECT.    The first end  second  subscripts correspond  to 
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the  second and  third subscripts of FGVECT. 

FGANS contains  the final answers.    The  first subscript corres- 

ponds with  the value of aspect angle which generated  it and  the  second 

subscript refers  to the answers  in the following manner: 

SCATT 
1 

Re(TOTAL ) Im(TOTAL  ) Re(RTRAD  ) Im(RTRAD  ) 

SCATT Re(TOTAL  ) 

8 

Im(TOTAL  ) Re(RTRAD ) 

10 

Im(RTRAD  ) 
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APPENDIX  II 

THE  FORTRAN   IV PROGRAM  LISTING 
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T SUBTYPEtfOBTRAN.LHaP.LSTRAP 
C SCATTERING  FROM   AKISVMMETRIC   CONDUCTORS   FOR   CASfS   7,   S   ANO   9. 

COMMON   OTR.RTO.CPI 
COMMON   /CMVCOM/   NM, CM I( 30 ».f.MVf K^v ,CM2 , FM.O*1 »«• TWM.PBOnM 
COMMON   /FNCCOM/   PNMLLG(61>,RSSLSP(6l),CNFUMN(6l> 
COMMON /THTCOM/ THETA.NTHETA.OLTHT4,SI NTH,C(ISTH,ISMRL,ISWTCHt7),SB 

lMULtSMlJLSS(7I.CDH(6ltOHM,NSFCT,NDPS{6» , FPPS 16 » ,KSFC T 
COMMON /MTXCOM/ NRANK.NRANKI , AMX IR ( ^C, 60 > , AMX JR 1 4 J, hO ) , AMXKB J ST , h»" 

ntAMXLi<l60t60).AHXII(60.«SOI(AMyjI(b0.iSCI , AMXK ( ( 60 ,60! . AMXL I 160.6:' I 
2,SPRMTXI12C.120).CMXNHM(6 0I 

COMMON /BCYCOM/ CKR,DCKR,CKR2,CSXRX,SNKRX,CONK,RRXT,41PHA,IBOHV,0« 
l.SNALPH.CSALPH 

DIMENSION   CLRMTX(4T200» 
EQUIVALENCE   «AMX IR.CL«MTX ( 

C SET   PROGRAM  CONSTANTS. 
OTR   »    l.7<.532,325l99<,3F-02 
RTO  »   57.29'5779'>13l 
CPI    *    3.U1592653589R 
ISWTCHIII   «   2 
ISMTCH(2)   ■   3 
ISWTCH(3I   '   * 
ISUTCHU)   «   I 
SMULSSIl)   >   32.0 
SMULSS(2I   ■   12.0 
SMULSSm   »   32.0 
SMULSSK»)   ■   14.0 

C CALL   ROUTINE    TO   READ   OATA   AND   P»|NT   HFAOINf,«;   FOR   OUTPUT 
20   CALL   RDOATA 

IFI IR0DV-9I2*,22.24 
22   BOVFCT   -   1.0 

GO   TO   26 
2*   BOVFCT   «   0.5 

C SET   UP   4   LOOP   FOR   M   AND   SFT   V4R|AM|ES   I<HICH   tut   4   FUNCTION  OF   M. 
26   DO   900   IM   ■   1,NM 

CMV   «   CMK IMI 
KMV   »   CMW 
CM2   «   CMV»CMV 
PRODM   .    1,0 
fFICMVI*0,*3.** 

40   EM   ■   1.0 
GO   TO   60 

44   EM   ■   2,0 
OUANM   -   CMV 
DO   52   IFCT   •   l.KMV 
OUANM   ■   OUANMC1.0 
PRODM   ■   0UANM*PRODM/2.0 

52   CONTINUE 
60   OEM   »   -2.0/EH 

TWM   «   CMV6CMV 
C INITIALIZE   ALL   MATRIX   AREAS   TO   /FRO 

PO   80    I   =    1.28B00 
CLRMTXIII   ■   3.0 

80   CONTINUE 
C SFT   UP   A   LOOP   FOR   ALL   VALUES   OF    THFTA, 

THETA   »   0.0 
C SET   UP   GENERAL   LOOP   FOR   CORRECT   NUMBER   OF    INTEGRATION   SECTIONS. 

DO   BOO   I SECT   *   l.NSECT 
KSECT   .   ISECT 
NTHETA   ■   NOPSIISECTIC1 
DLTHTA   «   COHI ISECT) 
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riMM =  nirH[A/7;,c! 

00   700   IfMT ft   ■    l.NTMET« 
SF?    SWlir.HtS    ANf)   M|)| Tlfl I^BS   fu    SlMC^ilNS    r Nlf»".» ÄTION   MFTHnn. 
IF( ITt'M • lll?ti 1? '.1 >? 

12J    SflHUI     =    7.C*-DM« 
!»■( rsFcr-117-.-1, n-, -)•,? 

132    If(|THT4-NTnFTA»?00f14^,1«x 
l^S    SHHUl     -   7,;*nH^ 

GO   TO   HO 
200    ISMfiL   ■   r^HTCH tSMBi ) 

SUMUL    -    <;»1llLSS( ISMUL )*nHM 
3*0    THFTA   =   THfTACDl TMTA 
3**t   CPSTH  =  cns( THMA I 

SINTH   =   SINITHFTA) 

CFNFQATt    THF   IFf^NOHF   P(iL VNOHf Al S. 
CALL   G^NIGP 
EVALUATF   KP   AS   A   FlJNCTIDN   fJF    THF'A,    Al SI   ITS   npoiVATlVF, 
CAll   GFNKB 
CSKPX    •    COSICK«l/CKP 
SNKPX    s    S IM(Ct<« )/CKW 
CKfi2    =    CK«*CKB 
GfNEBATF   PFSSFL    FONCTKINS , THE Iw   OFOIVATIVFS   ANO   NHIMANN   FUNCTIONS. 
CAll    GENPSL 
PERFORM   RFSSEl    TFSl   AND   NFIJMANN   TEST 
QUANBT   «   ABS(CKR2*lPSSLSP«2)*CNFU,iN(l»-«5SLSPt n*CNFUMN<2l »-1.0I 
OUANNT   =    APS( CKP?*!BSSLSP<NR«NKI)»CNEUMN(NRANK)-PSSLSP(N«AN«)«CNFll 

1MN( NRANK I  II-1.3J 
IF(OUAN"T-l,OE-l-/)360t3S2,3S? 

352   THTPRT   «   RTr)»THftA 
PRINT    I^.THTPPT.CKH.OUANBT.OUANNIT 

356   FDRMATI IM'JlCX.nH»«*»*   THFTA   *Ff).4,6H,    KH    «FIO.A.ISH,   RFSSEL    TFST 
l»f 12.5il')H,   NEUMANN   TEST    »E12.^.6M   «•••♦) 

GO   TO   362 
360    IF ( OUANNT-1.OF-10 M621 352, 352 
362   CROW   •   0,0 

CPOWM » CMV 

IMP    «    2 
On   600   l«OW   -    l.NRANK 
CROW = CRnwci.c 
CROWM z  rRnwMci.c 
SET   DP   A   IfKlP   FOR   EACH   CniUMN   OF    THE   MATRIf.FS, 
ccm » o.o 
CrniM   x   rnv 
GO   TO   I ■»'-<., 1S61 , IMP 

3'S*   JMH   =   1 
|Mtl 2 
Cn   in   3^■^ 

366   JMH   ■   2 
IMR    .    I 

36«   on   40C   »rni    =   1,N«A^K 
CCiu  * croir.i.o 
fRU » r.pnwf.ccni 
CRSSIJ   -   CPnw^crni 
ccoiM = ccm Mti.- 
crm i   ■  f.COl Cl.C 
|F( |Hf")v-7l 372, 3(S>J, IT? 

36«»   |F( IC(;i-IRim)370»?7?, 372 
373   GO   TO   t 3<30, ^P). JMU 

372 «JI»P * cr.ni i*nc*R«HssLSP(icoir.ii«siNTH 
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37* 

3 76 

378 

3fH 
388 
3<»0 

392 
I 

1 

I 

396 

398 
«00 
600 
700 
800 

808 

812 
816 

C 

c 

820 

BJBJ1   =   CKR*(CKR«BSSLSP( ICOL)-CCOt*BS5lSPnCOlCin 
IF(lBnOY-9»37*,376,37A 
GO   TO   1376,392»,JHR 
TFST   FOB   M  «   0. 
IF«CMV»388,3B8,37fl 
CALCUIATE   THE   TERM   FOR   THE   CURRENT   ELEMENT   IN   THF    I    MATRIX. 
TERM!   ü   SINrH«CKR2»BSSL';PnCnLCl)*(C0STH*PNMLlG(I«nwtl »•PNMLLC.I ICH 
LtH«CRIJ-CROWM«PNMlLG« ICOL11 )*PNMLLGI I ROM»-Cf.nLM^PNMLLCn ROWr.l »«P 
NMILGI ICdL»I 
»MX i M iftnwticn. > * AMXI K IHCIW, irm »t<RMiiL*cNEi)MN( t«nwf.i »»TERMI 

IF«ICOL-!ROH»3«8,3fl*, 3«* 
AMXIRUROW.ICOL )    *   AMX|R( IROM, ICni »CSRM|)L«HSSl<;i>(IRnwCl>«TFRMI 
IF( IBODY-9) 390, ^"52, 390 
JMR   «   2 
GO   TO   ttoO 
CAICULATE   TERM   FOK   CURRENT   ELEMENT    IN   THF   J   MATRIX. 
PTJ1   ■   PNMLlGdRnwtU^PNMLLG« ICOL f. I »•! BJBJl • ( CM2ECRS<; IJ*C0STH**2 I 
CCRSSIJ»COSTH*flJlXP) 
PTJ2   «   CRCWM»CCOL«PNMLl G« IROW»«PNMLLG«ICOLCl»«ICOSTH*«JBJlCRJ1XPI 
PTJ3   ■   CCOLM«PNMLlG« ICOL » »HJBJl • (f RnWM»PNMLLr,( IRHWI -CPOW*COSTH«PNM 
LLG(IR0MC1I) 
AMXJM IROW.ICOL >    =   AMXJK IRflW, ICni »C^RMUL^SINTH^r.NFUMNtlRnwCl »«(PT 
J1-PTJ2CPTJ3» 
IF(IC0L-IR0WI39R,396, 396 
AMXJRI IRnw,IC0L >   *   AMXJRI I«nw, ICOL »tSRMijl «SI NTH«n«;SLSP ( I RdWtl» ♦ ( PT 
J1-PTJ2CPTJ3) 
JMR « 1 
CONTINUE 
CONTINUE 
CONTINUE 
CONTINUE 
SVHMFTRI?E   REAl    MATRICES   AND    IMAGtNARV   SPHFRKAl    MATRICES. 
00   816   IRON   ■   2,NHANK 
If! DSY   >    IROW-1 
DO  812  ICOl   «  i,iENnsy 
AM^IRC iRtiw, ICOI )  ■  AMXIRI icnL,lRnw» 
AMXJRIIROW,ICOLI ■ AMXJR( ICOL•I ROW) 
TEST FOR SPHERICAL BODIES. 
IFC IBOOV-7»B12,808,e?,2 
AMXIIIIRCM, ICOL I    ■   AMXIK ICOL,IPOWl 
AMXJII IROM.ICOL )    <   AMXJM ICOL,IROW» 
CONTINUE 
CONTINUE 
SUMMATION   FOR 
00   860   JPOM   ■ 
00   820  JCOL   ■ 
AMXIRIJROM,JCOL) 
AMXIIIJROM,JCnLI 
AMXJRIJROM,JCOLI 
AMXJI(JROM,JCOLl 
COMPUTE   K   MATRIX 
AMXKRIJROH.JCOLI 
AMXKK JR0W,JCQL) 
CALCULATE   THE  L 

ALL   MATRIX   ELEMENTS  COMPLETE.   FINISH   PROCESSING   THEM 
ItNRANK 
1,NRANK 

■ CMV*AMX|RIJROW,JCOL» 
■ CMV«AMXIIIJROM,JCOL» 
* OEM»AMXJR(JROW,JCOL» 
- OEM*AMXJI(jnnM,JCOLI 
AS   A   FUNCTION   OF   THE   J   MATRIX. 
■ -AMXJR (JROW.JCtlL» 
■ -AMXJI(JROW,JCOL » 

MATRIX   AS   A   FUNCTION  OF   THE    I    MATRIX. 
AMXLRIJRUM,JCOL)   ■ 
AMXLM JROM,JCOL I   • 
CONTINUE 
COMPUTE   AOOITIONAl 
CKROM   ■   JROM 
IFlKMV|fl2*,82*,8?6 

-AMX1RUR0W,JC0LI 
-AMXII(JROW.JCOLI 

TERM   FOR   THE    IMAGINARY   PART   OF   THF   K   MATRIX. 
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«2* FCTKI « l.C 
GO TO «^o 

826 IF( JROW-KHV)«»?«, HiO.'i^') 
828 CMXNRMIJPQW) ■ 1.0 

Gn   TD   HhO 
830    I«FCT   =   JRtlW-KMV^.l 

IFFCT   «   JROWCKMV 
FPRfin   *    IBFCT 
FCTKI   .   1.0 
CO   «32   LFCT   ■    IPFCT,IFFfT 
FCTKI   »   FCTKl«FPHnO 
FPROO   *   FPPOOei.O 

832   CONTINUE 
8*0   CMXNRPMJRDW»    *   4. O^CKROW* ICKROWGl. 0)«FC TK I / ( FH« »CKCnWCCKROWU . ^ M 

AMXKM jRnw.jROw» = AMXKK jnnw, jRnwKRnYFCT*r.»«xN»M( jpnw» 
CMXNRMIJROWI » SORTICMXNRM«JROW)I 

860 CONTINUF 
PROCESS COMPUTED M4TRICFS 
CALL PRCSSM 

^00 CONTINUE 
GO TO 20 
END 
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T SUBTVPf.FHRTRANfLMAP.LSTRAP 
C 4   PROGRAM   TO    «FAO   INPUT   DATA   FOR   THF   SCATTERING   PROGRAM. 

SURROUTINE   RODATA 
COMMON   OTR.RTO.CPI 
COMMON   /CMVCOM/   NM.CM 11 30 ItCMV,KMVtCM2,EN.OFM,TMM.PROOM 
COMMON   /FNCCOM/   PNMLLG«61»tBSSLSP( 61).CNFUMN(6lI 
COMMON   /MTXCOM/   N»ANK,NRANKI,CMTXRI  I 120,120),CMTXIM(I2üt120JtSPRMT 

1X1 120.1?0),CMXNB^(60I 
COMMON   /THTCOM/    IHETA.NTHETA.mTMTA,SINTH.COSTH.ISMRI ,ISWTCH(7),SR 

lMULiSMULSS(niC0H(6»,DHM,NSFCT,NDPSl6»,EPPS«6>,KSECT 
COMMON   /RDVCOM/   CKR,OCKR,CKR2tCSKR X,SNKRX.CONK,R"    ^,ALPHA,IPOOV,OP 

l.SNALPH.CSALPH 
COMMON   /TOTCDM/   ACANS(6C, 10),STSfCT,RTSFfT 
COMMON   /UVCCOM/   UANG(60I,NIJANG 
DIMENSION   CLRTOT(600I 
EQUIVALENCE   ( AC ANS( 1, 11 ,r. IR TOTI 
DIMENSION   EPOEGIIO) 

C READ   NECESSARY    INPUT   DATA 
PRINT   40 

40    FORMAT(1H1119X,3HCVM/////////////////////////IHO^gX,40H»«^*»«««»«* 
X•••««•»**«•«*«***•«««»•«*«***/lH02RXt63MELECTROMAGNFTIC   SCATTFRINC 
2   FROM   GENERAL   AXISVMMFTRIC   CnNDlX:T0RS/lH039X,40H»«*«*«»»«»»**«»*** 

READ   80,NM,NRANKtNSECTtIROOV.NUANG 
80   F0RMAT(6ll2i 

NRANKI   ■   NRANKC1 
PRINT   RR 

flfl   FORMAT! IH^'JX.TSH CASES MATRIX   RAN« SECTIONS 
1   BODY   SHAPE U   VECTOR» 

PRINT   92,NM,NRANK,NSECT,IR00Y,NUANG 
92   FnRMATI1M029X,5I1S» 

READ   96,CONK.BRXT,ALPHA 
96   F0RM«T(6F12.1I 

RTSFCT   »   8.0/CONK 
STSFCT   =   2,0«RTSFCT/C0NK 
PRINT   100 

100   FORMAT«lH029X,60HRnOY   PARAMETERS K«A» BFTA/RHO 
1 ALPHA» 

PRINT   104,CONK.BRXT,ALPHA 
104   FORMAT!1H044X,3F15.3» 

READ   96,!CMI!II,I   >    1,NM| 
READ   SClNDPSI II, I   -   1,NSECT» 
ERINT   120,!NOPS! I », I   ■   l.NSEf.T) 

120   FÜRMAT124HC        INTEGRATIONS/SECTIONR112,/!1H023X,« 112»» 
READ   96,(UANG!I»,I   -   1,NUANG» 

C CLEAR   AREA  WHICH  CONTAINS   RUNNING   TOTALS. 
00   136   I    >   1,600 
CLRTOT!I»   =   0.0 

136   CONTINUE 
C COMPUTE   END   POINTS   FOR   THFTA. 

ALPHA   «   OTR«ALPHA 
CALL   CALENP 
00   140   I    ■   l.NSECT 
EPDEG!I)   «   RTO*EPPS!I» 

140   CONTINUE 
PRINT   14R,!EP0EG!I»,I   •   l.NSECIl 

149   F0RMATI24H0 END  PniNTS8F12, 4,/! IH023X .RFl2.4n 
RETURN 
END 
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T SUBTYPE,FORTRAN,LMAP.LSTRAP 
C A  ROUTINE   TO   COMPUTE   A   BESSEL   FUNCTION  OF   5FT   PROER   AND   ARGUMENT, 

SUBROUTINE   PfSSFl(NOROER,ARGMNT,ANSMR,IFRRORI 
DOUBLE   PRECISION   ftRGMNT,ANSWR,X,CN,SUM,APR,TOPP,CI,CNI,ACR.PROO, 

IFACT 
IEPROR ■ 3 
N - NORDER 
X = ARGMNT 
CN « N 
SUM ■ 1.0 
APR ■ 1.0 
TOPR « -0,500*X*X 
CI - 1.0 
CNI ■ 2*NC3 
00 60 I > 1,100 
ACR   ■   TnPR*APR/(CI«CNn 
SUM   «   SUMtACR 
IF(DABSIACR/SUM)-1.0n-20)100,10C,40 

40   APR   ■   ACR 
CI  * citucno 
CNI   *   CNU2.0D0 

60   CONTINUE 
IFRROR   «    1 
GO TO 200 

C     THE SERIES HAS CONVERGED. 
100 PROD « 2*NU 

FACT ■ 1.0 
IFINI160,160, 120 

120   DO   140   IFCT   *   l,N 
FACT   »   FACT*X/PRnD 
PROD   '   PRnr)-2.0D0 

140   CONTINUE 
160   ANSWR   »  FACT«SUM 
200   RETURN 

END 
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T SUBTVPf,FORTRAN,LMAPiLSTRAP 
C A  ROUTINE   TO   CENERATE  LEGENORE   POLYNOMIALS. 

SUBROUTINE   GENLGP 
CONMON   OTR.RTD.CPI 
COMNON   /CNVCOM/   NM.CMK 30lfCHV.KMVtCM2,EM,OEN,TWM,PRnDM 
COMMON   /FNCCON/   PNMLLG(6n,BSSLSP( 6ll.CNHIMN(6ll 
COMMON   /MTXCUM/   NRANK,NRANKI,CMTXRL(120f1?0)fCMTXIMt120.I 20)iSPRMT 

lXU20tl20ltCMXNRM(60l 
COMMtIN   /THTCOM/   THETA ,NTHETA,OL THT A , SI NTH.COSTH, I SMRL f I SMTCHI 71 ,SR 

lMUl,'.MU«.SSI7»(C0HI6lt0HMf NSECT.NOPS(6lf EPP$(6I(KSECT 
COMMON   /BDVCOM/   CKR,OCKR,CKR2»CSIf X,SNKRX.CONK,BRXTtAlPMA,IBOOV.OR 

ItSNALPH.CSALPH 
OTWM   «   TWMtl.O 
IF(TMETAI16,4,16 

♦   IFUMV-IJ6,12,6 
6   00   8   ILG   ■   l.NKANKI 

PNMLLGC ILGI   »   0,0 
8   CONTINUE 

CO   TO   88 
12   PNMLLGI 1)   -   0.0 

PNMLLG(2I    ■   1.0 
PLA  -   1.0 
GO   TO   48 

16   IF|KMVI20,20,40 
THE   SPECIAL   CASF   WHEN   M   =   o. 

20   PLA   «   1.0/SINTH 
PLB   »   COSTH«PLA 
PNMLLC(1)    «PLA 
PNMLLG(2)   «   PLB 
IBEG  >   3 
GO   TO   60 
GENERAL   CASF   FOR   M   NOT   EQUAL   TO   0. 

40   00   44   ILG   «   1,KMV 
PNMLLGIILG)   ■   0.0 

44   CONTINUE 
PLA   »   PR00M*SINTH«*(KMV-1» 
PNMLLGIKMVCI»   »   PLA 

48   PLB   *   OTWM*COSTH«PLA 
PNMLLGIKMVC2)    «   PLB 
IBEG   ■   KMVC3 
DO   RECURSION   FORMULA   FOR   ALL   REMAINING   LEGENORE   POLYNOMIALS. 

60   CNMUL   «   IBEGCIBFG-3 
CNM  «   2.0 
CNMM   ■   OTWM 
00   80   ILGR   ■    IBEGfNRANKI 
PLC   «   ICNMUL«COSTH*PLR-CNMM*PLA»/CNM 
PNMLLGC ILGR»   »   PLC 
PLA   »   PLB 
PLB   «   PLC 
CNMUL   »  CNMULC2.0 
CNM  ■   CNMU.O 
CNMM * CNMMC1.0 

80 CONTINUE 
88 RETURN 

END 
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T SUBTYPE,FORTRANtLHAP.LSTRAP 
C A   ROUTINF   TO   00   FINAL   PROCESSING  ON   THE    SCATTFRfNr,   MATRIX. 

SUBROUTINE   ADOPRC 
COMMON   DTR.RTOtCPI 
COMMON   /CMVCOM/   NM.CMH 30»,CHV,KMV,CM2,EMfOFMf TWM.PRfinM 
COMMON   /FNCCDM/   PNMLLGI 61 It BSSL SP( «Sll tCNFUMNI 611 
COMMON   /MTXCOM/   NRANKtNRANKUOMTXI I C 60t 60) ,OMTX JI I60t60l tQMTXKI ( 60 

1,60I,OMTXLI(60,60).PMX1(6C,60I,PMX2I60,60I(PMX3(60,6Ü>«PMX«(63,63) 
2,OMTXIR(60,60),OMTXJR(60,60I,OMTXKR(60.60),OMTXLRI^O,60)«CMXNRM(60 
3) 

COMMON   /VCMCOM/    ISVBG,JSVBG,KSVflG,NSYMT 
DIMENSION   FGVECT« 2,120,2» ,TCMPLX(2,120,120)«FGMUL(I 20,2 I,FCANSI 60, 

110» 
EOUIVALfNCf    (OMTXI I «FGVFC T », ( PMX1, TCMPl X) t(OMTXJI ,Fr.Mi)t» , < OMT XK I , F 

1GANS) 
COMMON   /THTCOM/   THFTA,NTHrTA,f>t THTA , SI NTH,COSTH, I SMRl , i SWTf MT»,SB 

lMUl,SMt)LSSI7»,C0H(6»,nHM, NSFCT,N0PS(6»,FPPSI6) ,KSFCT 
COMMON   /TOTCOM/   ACANS(60, 10»,STSFCT,RTSFCT 
COMMON   /UVCCOM/   UANGI ^0»,NUANG 
COMMON   /RCVCOM/   CKR,OCKR,CKR2,CSKR X,SNK«X,CONK,BRXT , AlPHA,IBODV,OB 

1,SNALPH,CSALPH 
C NORMALIZE   AND   STnKt   SECTIONS   Tl   ANO   T3   HF   THE   COMPLEX   T   MATRIX. 

00 40 IC ■ l.NRANK 
00 20 IR = 1,NRANK 
JR   ■    IRCNRANK 
OUANNM   ■   CMXNRM(IRl/CMXNRMIIC» 
TCMPLXIl, IR.IC)    ■   OUANNM«QMTXIRnR,IC» 
TCMPLXI1,JP,IC»   ■   OUANNM«OMTXKR(IR,IC) 
TCMPLX(2,IR,IC)    ■   OUANNM«OMTXII(IR,IC) 
TCMPLX(2,JR,IC>    ■   OUANNM«OMTXKI!IR,ir» 

20   CONTINUE 
40   CONTINUE 

C NORMALIZE   ANO   STORE   SECTIONS   T2   AND   T4   OF   THE   COMPLEX   T   MATRIX, 
00   SO   IC   =   l,N<ANK 
JC   =   ICCNRANK 
00   60   IR   -   1,NRANK 
JR   ■   IRCNRANK 
OUANNM   ■   CMXNRMI IRI/CMXNRMUC) 
TCMPLXCl,IR,JC1    «   OUANNM«OMTXJR(IR,IC» 
TCMPLX(1,JR,JC»   =   OUANNM«OMTXLR(IR,IC» 
TCMPLXI2, IR,JC»   ■   OUANNM*OMTXJI(H,IC) 
TCMPLX(2,JR,JC»   »   OUANNM*OMTXLI(IR,ir» 

60   CONTINUE 
BO   CONTINUE 

C SET   UP   A   LOOP   FOR   ALL   VALUES  OF   THE   ANCLE   U. 
00   400    ID   ■   l.NUANG 

C GENERATE   LE.ENORF   POLYNOMIALS   ANO  OERIVITIVES,   RESET   THE   LIST. 
IF(UANG(IUI)46,8R,96 

BR   COSTH   *   1.0 
92   SINTH   *   0.0 

THETA   x   0.0 
GO   TO   112 

96   IFIUANGIIUI-180.01104,100,104 
100   COSTH  »   -1.0 

GO   TO   92 
104    THETA   *   OTHOUANGMU) 

SINTH   *   SINITHETA» 
COSTH   »   COSITHETA) 

112   CALL   GENLGP 
00   120   IPS   =   l.NRANK 
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FGNUKIPS.l»   »  r.MV*PNMlLG<IPStn 
CPS   -   IPS 
FGMUUlPSt2»    »   CPS«COSTH*PNMLLGnP«;cil-(CPStCMV»*PN«llG(IPS» 
JPS   «    IPStNRANK 
FGMULUPS.l»   »   FGMULC IPS, 2» 
FGMULIJPS,2»   •   FGHUHIPS, 1) 

120   CONTINUE 
C MULTIPLV   THF   T   COMPLEX   MATRIX   TIMFS   THE   IFGFNORF   VECTORS. 

KMVMl   «   (KMV-l»/4 
KMVM1   ■   4*KMVMl 
IFIKMVMll1J2,132,124 

124   00   128   12   •   1,KMVMl 

128 

1)2 

136 

FGVECTU, 12,1»   ' 0.0 
FGVECT(2, IZ,!»   = 0.0 
FGVFCTIl, 11,2)   - •>.o 
f.VFCm, \l,2)   = ).0 
J/   *    IZtNRANK 
FGVECTI i, j;,n  ^ 0.0 
F6VECTi2*JItll   ■ 0.0 
FGVECTU, J2, 21   = 0.0 
FGVECT(2,J?,2)   « 0.0 
CONTINUE 
ISYBG   =   2<.2«(KMVMH 
JSVRG   *   KMVMl 
KSYBG   *   2*'KMVMl 
NSVMT   «   NRANK-KMVM1 
GO   TO   136 
ISYBG   *   0 
JSYBG   »   0 
KSYBG   «   0 
NSYMT   =   NRANK 
CALL   VEC.MUL 
A   LOOP   TO   ZFRO   rUHMFNT   SUMS   OF   SCÄT1,2,    THTALl,?   AND   RTRA01,2. 
00   UC   17   >   1,10 

IPTH   «   1 

FGANSIIU,I7)    «   0.0 
140   CONTINUE 

SET   UP  LOOP   FOR   CURRENT   VALUFS OF   THF   SUMS. 

00   200   ICMS   ■   1,NRANK 
JCMS   «    ICMStNRANK 
COMPUTE   SCATT1   AND   SCATT2   SUMS 
FGANSIIU,II   *   FGANSIIU,IICIFGVECTI 1,ICMS,U«*2tFGVFCT12,ICMS,1»••2 

1CFGVECTU,JCMS,1)»*26FGVECTI2,JCMS,H**2»/CMXNRM| ICMS I ««2 
FGANSI IU, 61   »   FGANSI IU, 6» CI FGVECTI 1 , JCMS ,21 ••2CFGVFr.T I 2t JCMS, 21 ♦•2 

UFGVECTI1,ICMS,2>**2CFCVECT(2,ICMS,2I««2»/CMXNRMIICMS»*»2 
FORM   THE   REAL   ANO   IMAGINARY   PARTS   OF   T0TAL1,2   AND   RTRAO   1,2 
PFR1   «   FGVFCTIl, ICMS,1I*FGMUHICMS,II 
PFIl   «   FGVECT(2,ICMS.ll«FGMUHICMS,n 
PFR2   »   -FGVECT(2,JCMS,2I«FGMUHICMS,1I 
PFI2   «   FGVECTI1,JCMS,2I*FGMULIICMS,1I 
PGR1   *   FGVECTU,JCMS, 1I*FGMUIIJCMS,II 
PGI1   *  FGVFCTI2,JCMS,1I*FGMUL(JCMS,1I 
PGR2  »  -FGVECTI 2,ICMS,2I*FGMULIJCMS,1I 
PGI2  »  FGVECTU,ICMS,2I«FGMULIJCMS,II 
GO   TO   1150,154,15«,1621,IPTH 

150   SGN   «   C1.0 
IPTH  *   2 
GO  TO   170 

154   SGN   «  -1.0 
IPTH  »   3 
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GO TO 1HO 
SrN = -1.0 
1HH « 4 
GO TO 170 
SGN » Cl.O 
IPTH • I 
GO TO IMO 
CASE 1 FOR N 

ISA 

162 
IPTH   =    I 
GO   TO   IHO 

MOO <, is i (-1 ,ci» OR ^  (ti.-i) 
1^0   FGANS{|U,2) = f r.4NS( IU,2)tSGN«<PFI ltPr.Rll/CMXMRH( ICHS)«»2 

FG*NS(1U,3) ' l-GANSI UI.3>-S&N*(PrRl-PGIl»/CMXNftM( ir.MSI«»2 
FGANSnu.TI ■ FGANS( lilt 7)eSGN*(PF|2-Pr,R2)/C»«XNflMI irMS)»»2 
FGANS«IU,«I = FGANMIU,8l-SGN*(PFR2tPGI2l/CHXNRM(!CHS»**2 
FGANSI IUt4l = Ff.ANS« 11), 4 »-SGNM OF I l-PGRU /CXNRMI |r MSI»»? 
FGANSIIU.S) r FGANSI IIJt5)CSr.N«IPFRlCPGtll/CMXtMMI ICHSt**2 
FGANS( in.q)  » ^r.sNst iiii<?»-sr,N*(PFi7CPr,R2) /r.MXNRMi ir.is)«*? 
FGANSI tU« ICI    =   FGANS« IU,lG»tSr,N*(PFR2-PGI2)/CMXNHM( IC»«SI**? 
GO   TO   200 

f CASE   FOR   N   MOD   4   IS   2   (-li-l)   PR   4    ICI.CD 
180   FGANSI IU,21   -   F GANS (I I), 2 > CSGN* ( PFR 1-PGI I WCMXNR »M IC»«S I ♦*2 

FGANSI IU, 31    •   FGANSI IU.3ICSGN*|PFIICPGRH/CMXNRMIICHS»»*? 
FGANSI IU, 71   ■   FGANSI HJ,7)tSf.N*IPFR2CPr,l2l/CMXNRMI ICMS»»*2 
FGANSI IU, 81   =   FGANSI IU, fl»CSGN*l«>FI 2-PGR2)/CMXNRMI ICMS1**2 
FGANSI HI, A(    =   FGANSI IU,<.»CSGN»|PFRltPGI l»/CMXNH««! ICHS)**2 
FGANSI IU,51   =   FGANSI IU,5ltSGN«IPFIl-PGRll/CHXNRMI!CMSt*»2 
FGANSI IU,91    =   FGANSI IU.9) tSGN«|PFR2-PGI2»/C>»XNRM||C*SI«»2 
FGANSI IU, ICI    =   FGANSI luaOKSGN^IPP^tPGR^l/CMXNRMIK.MSI*«? 

200   CONTINUE 
C SCALE   ACCUMULATIVE   SUMS 

FGANSI IU, II   =   STSFCT*FGANSIIU,1I 
FGANSI IU, 21    --   STSFCT'FGANSI IU,2I 
FGANSI IU,3>    '   STSFCT*FGANSI IU,>) 
FGANSIIU,«.)    '   PT   fCT*FGANSI IU,4| 
FGANSI IU,«-)    =   e iSFCT«FGANSI lU.'i» 
FGANSI IU,M   =   STSf CT*FGANSI IU,6» 
FGANSI IU,7)   =   STSFCT^FGANSIIU,7) 
FGANSI IU.8)    =   STSFCT^FGANSIIU,R) 
FGANSI IU,9)   =   RTSFCT^FCANSI IU,Q) 
FGANSIIU.ICI    =   RTSFCT*FGANSIIU,10) 

400   CONTINUE 
C PRINT   PARTIAL    SU»«S   ANH   ACCUMULATE    TOTALS, 

Of)   500    IPR   =    1,2 
PRINT   4?0,KMV,IP« 

420   FORM4TI IH137X,31H»»*«**«*«*   CURRENT   SUMS   FOR   M   «n.llH   •♦*•♦«•»»•/ 
1/6H0C.L ASS I?,82H     ANGLE SCATTERING TOTAIIREAL» TOTALIINAG 
2) RTRADIHEAL) RTRAOI I MAG I// ) 

IHFG   =    U5*l IP'--1 I 
IFNC   =    IREGC4 
CO   460    IUP   =    l.NUANG 
00   432   ICAL    =    IBF(„ IFNn 
ACANSI IUP, ICALI    =   ACANSI IUP,ICADf.FGANSIIUP,ICAL» 

432   CONTINUE 
PRINT   440,UANGI IUP),IFGANSI IUP,LP»,LP   •   IREG,IENn» 

440   FORMATI1H   F14.2,1P7F I 5, 6» 
460   CONTINUE 
500   CONTINUE 

C PRINT   THE    ACCUMULATE   TOTALS, 
00   600   JPR   =1,2 
PRINT   520,t<MV,JPR 

520   FUKMATI1H135X,3CM«»«**«««#*   ACCUMULATED   SUMS   FOB   M   =I3,11H   ••♦»♦*♦ 
l«*»//6H0CLASSI2,ll?H     ANGLE SCATTERING TOTALIREAU TOTAL 
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2(IMAGI RTKACXREAU RTR*n(IMÄGI «CI PHASF   ANGIE 
1//) 

JBEG   «   IC5*(JPB-lI 
JFNO   >   JRECC4 
00   560  JUP  ■   ItNUANG 
COMPUTS   PHASE   ANGLE   AND   «CS   1   OP   ?. 
PHANG   ■   RTO«ATAN?UCANSUUP.JENOI tACANSUHP, JPNO-IM 
RCS12   «   ACANS<JUPiJtNn-H**2£ACANS« JUP,JFNni**2 
PRINT   <,<,C,()ANGt Jl)P),( AC*NS( JUP.IP) .1 "   ■   JHFG, JFNOI f RCS12 t PHANG 

5*0   FORMAHIH   FU.3,1P7F15.6) 
560   CONTINUE 
600   CONTINUE 

RETURN 
FNO 
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T SUBTVPE,Fn«TPANfLH»P,L «STRAP 
C A   SUBROUT INF   TO   PRINT   OUT   THE   T   MATRIX. 

SUBROUTINE   PR TO IT 
COMMON /MTXCOM/ NRANK.NRANKl.OMTXI I I 60 f 60 I «OMTX J I I «SO t60 I ,0MTXK| (60 

1.60 1tOMTXLI(60f60),PMXl(60t63l.PMX?(60(60I.PMX1l60t60l,PMX4|60,60) 
^,aMTXIR(60,60l,OMTXJRI60,63»,OMTXKK<60,60».QMTXLR»60,60J,CMXNRM|60 
31 

FOUlVALfNCF   ( QMT * I I .CMTXHl I , ( PMXl ,f.MTX| MI , I QMTXf R «SPRMTXI 
DIMENSION   CMTX»L I 120,120) ,CMTXIM(l20.1?U iSPPMTX1120,1?0I 
PRINT   2H 

2«   FORMAT! IH1///1H0S?X,16HMATRI X   TID.RFALI 
CALL    PKINTM(OMTXIR,NRANK) 
PRINT    12« 

12R   FORMAT( lHl///lH.1,i2X, l6HM^TR|X    TI2).RFAII 
CAIL   PRINTMIOMTXJP.NRANK) 
PRINT   22'' 

22«    FORMAT! 1H1///1H05-,X,16HMATHI X    Tn),RFALI 
CALl    PRINTH(OMTXKHtNRANK| 
PRINT    J?H 

32«   F'lOMAT t 1M1///IHO^X, 16HMATRI X    T(<»I,RFAL) 
CALL    PHINTw(UMTXl R,N«ANK) 
PRINT   <»2fl 

<,2«   FORMAT! 1H1///1H04?X,21HMATRIX   T I 1» , I MAf.I NARY I 
CAIL    PRINTMIQMTXII.NRANK» 
PRINT   52« 

52«   FORMAT! 1HI///1H0'.9X,21HMATRIX   T! 2 I , I MAf.I NARY I 
CALl    PRINTM!OMTXJI,NRANK» 
PRINT   628 

6.'«   FORMAT! 1M1///1H0^X,21HMATRIX   T ! 3 ) , I MAC. I N AR Y» 
CAIL    P^INTMIOMTXKI.NRANKI 
PRINT    72« 

72«   FDHMAT! 1H1///1H0<.<>X,21HMATR| X   T! *» , I MAC, I N AR YI 
CALl    PRINTM(OMTXLI ,NRANK» 
RETURN 
FNO 
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T SUPTVPEtWKAP 
• A   ROUTINf    TO   OFT   T*^   F l.f.l    AND   F?,r,2   VfCTOHS   FROM   T   •   PJCO«;   III. 

PIINREL 
PUNFPC.LAST.fPMMUN 

VFCHUL      FNTER.SVXRS 
PUNCIK 

MTXCOM     COMBLnr.K, FINAL 
VCMCOM     COMHLOCK, FINAL V 

XWtOtOtO 
SVXRS SX,»12,XR12 »SAVF    INDF X   HFGISTt-H«;   12, 

SX,»13,XR13 • 13, 
SX,»l<nXRl<» • 14, 
SX,$2,XP2 
SX,I3,XP3 
SX,*10,*P10 
( WF (IJI , IWFKT r •Cn"PllTf    AHOPFSs   r ^^ T  )w    tnJ   '".l    '">    C"1. 
0«(UI,NPANK 
Sf-FL,3fl 
F- I (U ) , 3H 
ST(ij»,r,iF?A 
IX,$12,THXNB 'RFSH    T   C'lHPLFX   MATRIX   fllNTROL. 
Vt,$12, ISVHGt    .^? 
LCI,»12,2.0 
SX,tl2«TMXW 
LX,S13,PMXWC '«rSFT    MIILTIPIIHP   VFTTflR   CONTROL. 
VC,H3,JSYHGtv;.32 
LC,tl3,KSVMTC0.32 
SX,»n,PMXH 
l(UI,NSVMT 
ClUttNSVMT 
LX,tl4,Fr,XW0 
VCt»l<»,K<;YHr,tü.3? 
Lr.,tl<»,tLC0.32 
SX,tl4,FGXW 
FZIHU, 1,8» ,RFr.r,Fe0.2u    »SFT SIGN Ft)R ANSWF« ,;T^RAGF, Fl OB r.i 
FZIHU, l,8),IFGGFC0.?3 

• 00   THF   PEAL   PAMT   OF   Fl   0«   Gl,   r.2   OR   F2. 
HGANLP     LX,»2,»12 

VC,»2tGlF2Af.O. 32 
LXfOttn 
VC,t3,NPANKf.O. 32 

SRLF1R      KCtl'f.NSVMTr.O.S? 
H/XF,Nr;C»IPR 
V6,»l?,K«;Y*3Gf.J,32 
SV,H2,TMXW 
Vt,»l<»,KSVRGC0.32 
LVtt2.S12 
VC,t2.GlF2AC0.32 

NOCMPR      LVI.HOtNlFlB 
nHO)t/FP0 

SHLF1R RtO.OOlCI 
NIFIR LMPIIU ,0.01*12) «N   MOD   *   «    I    OR   l.J 

•tiN»,c.oi »n» 
iHRdii, i.cm?) 
•C(NI,0.0(»3» 
LVI,S10.N2F1P 
B.FHLFIP 

N2FIR        LMRIUI,l.JI»12t «N   MOT   *   «   -I   OP   I 
•N&(NI,0.3(»13) 
LMR III I, 0.3 (12) 
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•t(NI.O.O(»31 
LVI,»10,N3F1R 
Bt EMI FIR 

N3F1R        IMR<U»,0.0<$12) «N   MOO   *   .   -t   OR   -1.0 
•NS(NlfO.O(il3l 
LMR(UI,1.0(S?) 
•NC(MI*0.0(t3l 
IVI.SIO.N^FIR 
BtENLFIR 

N*FIR        LMR(U»,1.3<H2I 'N   Mnn   *   «   I   OR   -I 
• t(NI,0.0( S13) 
LMRIUI,0.0(12) 
*NC(NI.C.0($3I 
LVl.»10tNlFlR 

EHLF1»     VCI,»12,MTXS7F 
VtI,t2.MTxS;F 
vci.tn.i.o 
VCl.t3.1.3 
CBR.JMtSHLFlP 

RFf.GF SROINI,0.0111*1 «STORF   RFAL   PART   OF   Fl   OH   Gl,   GZ   OR   F2 
V(lftl4tl*0 

• 00   THF    IMAGINARY   PART   OF   Fl   OR   Gl,   r,2   OR   F?. 

Vt,t3,N<»ANKtO. 3? 
tV,»l2,TH*w 
LV,t2,»l2 
Vt,t2.GlF2At0.32 
LVI.S10.NIFI| 
OKU),ZERO 

SMLFlt      R,0.0(»10) «N   MOD   4   »   t   OR   I.) 
NIFll        LMR(IJ),l.0(tl2) 

•UNl.'J.OI S13) 
LHRJU),0,3«$?) 
♦Nt(N),0.0(t3) 
LVI,$n,N2FlI 
f»,EMlFir 

N2FII        LMR(lJ),0.0(112) 'N   «UW   4   »   -1.0   OP    I 
*C(N),0.0(»131 
LMR(U),1.0I»2) 
•f.(N),0.0( »31 
LVI,»10,N3FII 
n,FMLFlI 

N3F1I LMR(O),l.0(»12) «NMOO   4   »   -|    OR   -1.0 
«NC(N),0.)(»13) 
LMR(U),0.0(»2) 
•C(N),0.0(»3) 
LVI,»13,N4F1I 
B,fHLFll 

N4Fii      LMR(U),o.o(»i2) «N -nn * ■ 1.3 OR -I 
*NC(N),0.0(»13) 
LMR(U),l.0(»2l 
•NC(N),0.'3(»3) 
LVI,(10,N1FII 

FMLF1I      VtI,»12,MTXS/F 
VCI,»2,NTXSZF 
VCI,»13,1.0 
VCI,»3,1.0 
CiKttlltSüLFll 

IFGGF SPD(N) ,0.3(»l<.) «STORE    IMAGINARY   PAPT   OF   Fl,Gl,G?,F2. 
LV,»3,»13 »SET   UP   FOR   NFXT   ITFM. 
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VC,»3,NH4NK£0.3? 
LV.»12,TMXW 
V£IfS12.2.0 
SV,»12,TMXW 
LVt>2,S12 
ve,>2,GlF2AC0.32 
CflRCttUtSRlFlR 
V6I.$1*,HTXS;F 

LV,»12,THXW« 
VC,»12.ISVAGC3.32 
SV.tl2.THXW 
VCl.f13,VCTSZr 
SVt»13fPMXH 
FKBU, 1,81 ,BFr,GF£a.20 
fl(BU, l,RI,IFGGFtO.?C 
CR.tl2,BCANLP 
LX.t2.XR2 
LX.t3.XR3 
LX.tlO.XHIO 
LX.$12,XR12 
LXt$13,XR13 
LX,SU,XR14 
8,0.0( 1151 

• STORAGE   BEQUIHhMFNTS   F 
XR12 XM.0,0,0 
XR1) XWtO,0,0 
X«l* XW,0,0,0 
XR2 XH,0,0,0 
XR3 XM,0,0,0 
XR10 XW,0,0,0 
TMXW XW,TCMPLX,0,T»1XW 
PMXH XW,FG»*UL,0,PMXW 
FGXW XW,FGVECT,0,FGXW 
TMXMK XW,TCHPLX,0,TMXW 
PMXWR XW,FGMUL,0,PMXW 
FGXMR XW,FCVCCT,0,FGXW 
CIF2* ORIIUItl 
TWFRTY (F10)00(UI,240.0X3A 
ZFRO DOINItO 
MTXSZE SYN,2*0.0 
VCTS7E SYN,120.0 
LAST SVNtl 

SLCRCOM 
COHHriN SYN,$ 

SLCRCnu.MTXCOM 
NRANK DR(U»,1 
NRANKI OKfUltl 
FGVECT 0R(NI,480 
OMIIRM ORINI,3120 
FGKUL OR(N),2*0 
OMJIRM DRINi,3360 
FG4NS OR(N1,600 
OMKIRM DR«NI,3CO0 
OHLITL CPIN),3600 
TCMPLX OR(N),28800 
CMXNRM MINI»60 
FINAL SYN,$ 

SLCRCON.VCHCOM 
ISVBG OR (U1, 1 
JSVBG OR (U », 1 

•PRFPAWF   FOR   NFXT   ROW   (JF   T   MATRIX. 

•RESET    XR1*   FOR   G2,F?   VECTOR 
•RFSET    TQ  FIRST   ROW   IN   T   MATRIX. 

•RFSFT   HULTIPLIFR   VECTOR 

•SET «;I^,^ FOP  ANSWFB  STOOAGE,  F? OH G? 

OR   TMF   VECTOR   MULTIPLICATION   ROUTINF 
•SAVE   SP4CF   FOR   INOfX   REGISTER. 

•INOEX   CONTROL   FOR   T   COMPLEX   MATRIX. 
•INOf«   CONTROL   FOP   POLvNOMIAL   VECTOR, 
•INOFX   CONTROL   FOR   VECTO«»   ANSWERS. 

•STORAGE   FOR   INOEX   INCREMFNTER   G1,F2. 
•INTEGER   «   2*0 

80 



K<;YBG 
NSYHT 
F tN41 V 

OP (11), 1 
OBCJ), I 
SVK, t 
TNT 
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T SUBTVPFfFO«T|i»N,LHAPflSTHAP 
C 4  «OUT INF   TO   PRINT   OUT   A   HATRIX   *»«*V 

SUBROUTINE   PRINTM|P,Ni 
DIMENSION   P(60i60) 
NR   ■   N 
00   100   I   ■   ItNR 
I*   «   1 

20   IE   «   I BE 7 
IF( IF-NR»2fl.2B.2<t 

24   IF   *  NX 
28   IF(in-1136.36.60 
36   PRINT   *<>, I,(P(I,JI.J   »   in.lEI 
44   FORM4TI5M0   ROWH, ?» , IPflF 1 "i.ftl 

GO   TO   HO 
60   PRINT   6H.(Pn.J),J   ■    IRtlM 
68   FORMAT!1H   9X,1PRF1S.6I 
flO    IR   «    lEtl 

IF( IB-NRI20.20f130 
100   CONTINUE 

RETURN 
END 
END 
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T SUHTyPf.fQRTRAN.lNAPfLSTRAP 
C *   ROUTINF   FOR   BFSSFL   FUNCTIONS,   DFRIVATIvrS   AW)   NEUMANN   fUNCTIONS. 

SUBROUTINE   GFNRSl 
COMNON   OTR.RTD.CP! 
COMMON   /CMVCOM/   NM.CMK 30 >,CHV.KMV,CM2,EMt0FM,TWM,PROnH 
COMNON   /FNCCOM/   PNMLLCI61J.BSStSP«6l»,CNFUMNI6l) 
COMMON   /MTXCOM/   NRANK , NRANKI«CMTXPl(120,1?0I«CMTXIM11?0,120 I,SPRNT 

1X(120,120),CMXNPM(60I 
COMMON   /THTCOM/   THFTA.NTHFTA,OLTHTA,SI NTH»COSTH,ISMRl,ISMTCHJ7),SR 

lMUL,SMULSS<7),CnH(6>,nHM,NSECT,N0PS<6»,EPPSI6).KSFCT 
COMMON   / B OVCOM/   CKR , OCK R , CKR 2 ,C SK» X , SNKR X ,CONK , BR XT , At PH A, ! BOflV , OB 

l.SNALPM.CSALPH 
DOUBLE   PRECISION   PCKR,ANSWR,ANS»,ANSB,ANSr.CONN 

C SFT   UP   A   LOOP   TO   GET   2   SUCCESSIVE   BESSEL   FUNCTIONS. 
NVAL    ■   NRANK-1 
PCKR   =   CKR 
on 40 i ■ it % 
CAll    BESSEl(NVAL.PCKR.ANSWR,IfRBORI 
IF«IERHOR)20.20,32 

20    'NSA   '   ANSWR 
NVAL   -   NVALtl 
CALL    BESSEl (NVAL.PCKR,ANS MR.lEPRDR » 
IF( IERROP»2'>l24,?H 

24   ANSB   ■   ANSWR 
CO   TO   60 

28   NVAL   =   NV41-1 
32   NVAL    ■   NVALCNRANK 
40   CONTINUE 

C PROGRAM   UNABLE   M   GENERATE   BFSSFL   FUNCTION. 
CALL   DUMP 

C SET   UP   FOR   PROPFH   «ECURSION   OF    THE    BESSEl    FUNCTIONS. 
60    IF(NVAL-NRANK llOC.in,64 
64    IEND   =   NVÄI-NRANK 

CONN   =   2*(NVAL-lltl 
00   72    IP   =   1, IFNO 
ANSC   *   CIJNN»ANSA/PCKR-ANSB 
CONN   «   CONN-2.0D0 
ANSP   =   ANSA 
ANS A   >   ANSC 

72   CONTINUE 
C PROGRAM   IS   READY   Tfl   RECURSE   DOWNWARD   INTO   BESSEl    FUNCTION   VECTOR. 

100   BSSLSPINRANKII   *   ANSB 
BSSLSPINH ANK|-n    *   ANSA 
CONN   *   NRANKGNRANK-1 
IE   ■   NRANKl-2 
JF   «    IF 
DO   120   JB   =   l.JE 
ANSC   *   CONN*ANSA/PCKR-ANSB 
BSSLSPI IE »   «   ANSC 
ANSB   *   ANSA 
ANSA   «   ANSC 
IE   *    IE-1 
CONN   x   CONN-2.0D0 

120   CONTINUE 
C GENERATE    THE   NEUMANN   FUNCTIONS. 

CMULN   *   3.0 
SNSA   =   -CSKPX 
SNSB   =   -CSKRX/CKB-SNKRX 
CNEUMNI1)    «   SNSA 
CNFUMN(2)    =   SNSB 
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00   2(10   I   «   ?tNRANK| 
SNSC   •   CMUlN«SNSM/rnB-SNS« 
CNFUMNC It   '  SN«;C 
SNS«   ■   SNSH 
SNS«  ■   «iNSf 
C*lilN  ■  CIM.NC2*0 

2«Ü   C'INTIMJF 
•fTitmi 
END 
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SUBTYPE,STRAP 
• A   ROUT INF   TO   OHMP 

PUNREL 
PUNFPCl AST.COMMON 

nuMP ENTER,START 
XW»0,0,0 

START fl,$MCP 
,tAREOJ 
rt,0.0«ll5) 

LAST SYN,t 
SLCRCOM, 

COMMON SVN,» 
FNO 

CORF . 

•RFTIRN 
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T SUBTrPEtFn«TRAN,L**PtLSTlUP 
C A   ROUTINE   TO   ORTHflGAN IL1/E   THE   0  HATMCFS   TO   PROOtlCF   T   MATRICE«;, 

SURROUTINE  PRCSSM 
COMMON /HTXCUM/ NR,NRI,OI l(60l6CI.OI2(63«60ltOI3I^Jf60) tOKIAa.öOI 

l,Pll60f60t«P2(60.60l,P3(60i60I.P4(6U.60)«ORH60,60l fOR2(60,60),OR3 
2<60f60lt0RM60«60).CMXNRM(60l 

EQUIVALENCE   (01l.RI:!,<ORl.RRlI,(TMHX,PI) 
DIMENSION   RR1(120t120 l,RI 11120,120)(TMMX(120.1201 

C NORMAU/F   ANO   TRANSPOSE   THf    |fJ,K,L   MATRICES   Td   OflTAIN   0   MATRICES. 
CALL   NRMOMX 

C SET   UP   REAL    AND    IMAOINARV   »»ATRICFS   FOR   GFNFBAl   M   CASE. 
DO   6   l«l.NR 
M4-ltI 
00   «   J'l.NR 
NNaJCJ 
TMf»KIMM-l,NN-ll    =   OIKI.J » 
TMMX(MH-1,NN» ^   012(1.J » 
rNMXCMMtNN-l)        =   OMd.J» 
T>''<X<HM,NN(     = 0K( I.J » 

* CONTINUE 
6 CnNTINUE 

NBGR   •   NRCNR 
V)   10   I   =   l.NRf.P 
00   8  J   ^   l.NBGR 
«IK I.Jl    ■   TMMXI I.J» 

8   CONTINUE 
10   CONTINUE 

0(1   14   I   =    l.NR 
HM   »   It I 
DO   12   J   =    l.NR 
NN   ■   JCJ 
TMMX(HM-1,NN-1I    =   ORKI.Jt 
TM»«X(MM-1,NN» =   0R2( I.J ) 
T«MX(MM,NN-1I =   ORK I.J» 
TMMXIMM.NNI ■   0R4(I.J I 

12   CONTINUE 
U   CONTINUE 

OP   18   I   =   l.NRGP 
00   16   J   =   l.NBGR 
Mil If J I   *   TMMXI I.J» 

16   CONTINUE 
18   CONTINUE 

C CONDITION   0   MATRICES   REFORE   ORTHOCONAlI 21NG   THFM, 
CALL   CNDTNO 

C NORMALl/f   THE   NTH  90^   OF   AN   N   »Y  N   MATRIX 
SUM1   =   0.0 
DO   20   K   =    l.NBGR 
SUM1   »   RBllNBGRfK»♦•2tRIl(NRGR.K»*»2tSUMl 

20   CONTINUE 
SU»»1   *   SORTISUMl» 
DO   2R   K   -   l.NBGR 
RRKNRGR.KI   »   RR UNRGR. K »/SUMl 
RIHNhOB.Kl   ■   R IKNRGR.K»/SUMI 

2S   CONTINUE 
C SET   UP   A   LOOP   FOR   THE   N-l   REMAINING   ROMS. 

NMI   «   NBGR-1 
NROM   ■   NBGR 
DO   IOC   I   =   I.NMI 
NROW   »   NROW-1 
MROW   ■   NROW 
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On   36   K=l , <fjGR 
THMXn.KI    ■   RRKNROW.K) 
TMMX(2fKI    ■   klUNHnw.K) 

36   CONTINUE 
00 90 J = NROW.NMI 
SRI = 0.0 
SI1 *   0.0 
MROW = MR0WC1 
on *o K =   ifNRr,R 
SRI   =   SRltRRl(MRnH,KI»kRl(NR0W,K)CRI1(MRnw,KI*RIl (NROW.K» 
SIl = SlURRMMPOW,K)*RIl(NRnW,t<)-HIl(MRnw,K)*PRl (NRnW.KJ 

^0 CnNTINUE 
On   4P   K   =    l.NRGR 
TMMX(ltK)    »   TMMXl l,K )-SBl*RRl (MP()W,K)CSI 1*RI 1 (MRnw.K) 
TMHX(2«KI    =    TMMX( 2tK |-SR1*RI1 (»«POW.KI-SI 1*MR1 (»«Rnw.K) 

<.«   CnNTINUF 
80   CONTINUF 

SlIMl   =   0.0 
On   84   K   =    l.NRC.R 
SUMl   «   SUHUTMMXI 1,K)**2CTMMXI?,K) »♦2 

84   CONTINUE 
suMi = sgRT(suMH 
On   88   K   =   l.NPGR 
RRHNPnM.K)   =   TMMX( l.KI/SU1*! 
HIKNROW.K)    =    TMMX( ?.K) /SUMI 

88   CnNTINUE 
10D   CONTINUE 

C PRINT   OUT   ntUHOMNILI/FO   0  MSTRICF«. 
PRINT    12P 

120   FORMAT    ( 1H140X,40HBFAI     SFCTIHN   I1F    flR THnGAMI I I ZFO    T   MATRIX.) 
CALL   PRN0OT(RRl,NBGR) 
PRINT    128 

12H   FnPMATI lMl?7X,45HIMÄr,INARV   SFCTIUN   OF   nR THOGANIL I/F n   0   MATRIX.) 
CALL   PRNOUTIRII.NBGRI 

C PERFORM   0   TRANSPOSF   ♦   RFALIOI   TO   GFT   T   MATRIX. 
00 160 I = l.NBGR 
00 152 J = liNRGR 
TMMX( I,J)   -   J.O 

l'>2 CONTINUF 
160 CONTINUE 

00   180   I ■ l.NRGR 
DO   176   J = l.NRGR 
00   172   K I liNRGR 
TMMXI I,J» •    TMMXII, Jl-Rlll 

172 CnNTINUE 
176 CUNTINDE 
180 CONTINUF 

Cn   196   I = l.NR 
MM   i    It I 
On  192  J £ 1,NP 
NN   =   JtJ 
OIK I. J) = TMMXIMM- •l,NN-ll 
0I2(I.J) = TMMXIMM- •1,NN» 
013(1.J) = TMMXIMM, NN-l» 
QI4( I.J ) = TMMXIMM, NNI 

192 CnNTINUF 
196 CONTINUE 

OH   208   I - l.NPGP 
00   204   J = l.NRGR 
TMMXII.JI •   Ü.C 

I »*RRl U,J) 
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204 
208 

?1? 

2 20 

232 
23'. 

=   UNP 

UN« 

CONTINUE 
CDNTINUC 
0(1 220 I 
Cn 216 J 
00 212 K 
TMMX«|tJI 
CONT INlIF 
CnNTINUt 
CUNTINUE 
00 23b I 
MM    =     ICI 
CO   232   J 
NN   »   JtJ 
CRKItJI 
QH2(I.JI 
0R3n,Jl 
QR<.( I.JI 
CONTINUF 
CONTINUF 
PHINT   THF    T   MATPIX 

CAIl   PMIPIT 
CD   f INAl    PPOCFSSING 
C41L    ADOPRC 
HFTli«N 
END 

UNHGH 
l.NRr.« 
l.NBr.R 

TMMXI If JKPHHK ,| )*|i»l (K,J1 

TMMXlMM-l.NN-l) 
TMMK(MM-l,NN) 
TMMXtMM,NN-l) 
TMMX(MM,NN| 
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T SUBTYPEfFflBTRiNiLWAP.t STRAP 
C *   ROUTINE   Tfl   CONDITIflN   0   MATRICfS   "EFOPE   (iRTH{l(;nNAt 171NC   THEM, 

SORRnUTINF   CNDTNQ 
cnMcriN /MTKCDM/ NR.NH 1,01 l(^ü,ft0l,^I2l'«^.^",l t^f«^ it^'»vor*«*»-tf.''i 

1IP1(6C*6CI l,P?J60,6C»,P'»(fr0,60»,P^(6C,6-)l,0Rl(fo.6)l ,0P2 < 6.: ,ft^ »,0R3 
2(6C,6ÜI ,0R*(60,60),C"XNRM((ST» 

FOU I VALENCE   I ÜI It R I 111 ( 0* If R« 11 • I T«IMX(P11 
DIMENSION   RRl(12o,l2D>,    I 11 I?T,12^»,TMMX(1'0 ,12C• 

C SET   UP   IDOPS   E(1P    AIL    "(IT    THE   FIRST   RDM. 
NPGR   r   NRtNR 
NPOW   =   NBf.H 
DO   60   KR   =   2.NPGR 

C RFSCAIE   THE   CURRENT   ROW. 
SCLF1   »   1 .O/RIHNROH.NROWI 
OP   9   I C   ■    l.Nflr.R 
RRIINPHW.LC)    =   Sf LE l^PRU NOIIW.IC» 
RIKNPOHtlCI    *   Sf IF1*0I KNROW.I f I 

8   CONTINUE 
f. RESCAIF   ALL   T Hf    PIIKS   UP    TT   TMf    CURHENT   «nw. 

MRUW   =   NPIIW-l 
DO     23    MR     =     1,MB(1W 
«Sf.Ll    ■   P IH*lfi,N«ny» I 
00    16   ^r    =   liNP'R 
HRllMH.Mf)   r   «Pl(MH,MC»-«SCLl*M0l(NROW.MC) 
^IKMP.MCI   =   Rl HMPtHC)-RSCLl*RIUNRnw,HC) 

16   CONTINUE 
20   CONTINUE 

NROW   *   NROW-l 
60   CONTINUE 

C SET    IMAGINARY   ELEMENTS   ARHVE    THE   M»IN   DIAGONAL    ■    3. 
NRUW   =   NRGR-l 
CO   flO    I   =    l.NRHW 
IB   =    IC1 
00   72   J   »    IH.NflGP 
Hill ItJI ■ O.C 

72 CONTINUE 
80 CONTINUE 

RETURN 
END 
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100 
2Ü0 

300 
^00 

^20 

<»2ft 

«36 

hh^ 

^^2 

'.60 

468 

476 

SUBTYPE 
A PHUT INF 
SURROUTINF 
COMMON /MT 
I,AMXIR(60 
,0MTKIK{60 
1 
FOUIVAltNC 
TXl I ) 
CIMFNSION 
SFT   UP   100 
no 200  IP 
on  ice  K 
OUANNM » f. 
OMTXIRIID, 
OMTXJR( IP , 
OMTXKR< IP , 
OMTXLRI IP, 
CHNTINUF 
CONT INÜE 
SFI UP LOO 
nn <»0ü   IP 
00   300    1C 
OUANNM   =   C 
wMTXIMIP, 
gMTxjM IP, 
QNTXKIIIP, 
OMTXLK IP, 
COM INUF 
CUNT INUF 
PRINT OUT 
PRINT 420 
FORMAT!1H1 
CALL PRINT 
PRINT «2B 
FilRMATI 1HI 
CAll PRINT 
PRINT 436 
FOWMATIIHI 
CAIL PRINT 
PRINT 444 
FORMAT!1H1 
CAIL PRINT 
PRINT 4S2 
FORMAT!IHI 
CALL PRINT 
PRINT 460 
FORMAT! IHI 
CALL PRINT 
PRINT 46P 
FORMAT!IHI 
CALL PRINT 
PRINT 47A 
FMRMAT!IHI 
CA1L PRINT 
RFTORN 
ENn 

»FORTRAN,IMAP.L 
TO   NORMALl/F   TH 

NRMQMX 
XCOM/   NRANX.NRA 
.6?!,AMXII!60,6 
,60».ÜMTXJ«I60, 

STRAP 
E    I,J,K   AND   L    MATRICFS   TO   GET    A   (J   MATRIX, 

NK I , AMXIR !60,'> Jl ,AMXJR!6 3,60» , AMXKR(60,60 
0),AMXJI!60,60l,AMXKH6D,«-rU »AMXLf !60,6^» 
601,OMTXKR160,60»,OMTXLB!6J,60|fCMXNRM!6J 

F.    ! AMX IR.OMTXI I  I , I 4M X JR , QMT XJ I » , ! AMXKR , QMT XK I ) , ! AMXLR.OM 

ÜM1 XI I ! '■0,631 ,0 
PS    Tl)   PROCESS   A 
=    1,NRANK 
=    l,NP/.Nf 
MXNRM! IRl*CMXNP 
ICI  =  \>*t.\* i ir, 
ICI • -AMXLW!IC 
ICt • AMX IR! IC, 
U I    =    AMXKRlie. 

NTXJI|60tf>0lt01TXKll6'?,63l tOMTXLI(60t'>OI 
LL    ROWS   4N0   COLUMNS   FOP    THE   RFAL   MATRICES 

Ml IC I 
IR ) /UUANNM 
, IR I /ÜUANNM 
|R )/fJU«NNM 
|R I /OUANNM 

PS    OF    RHWS    AND   COIOMNS   FOR    THE    IMAf.INSRV    MATRICFS, 
=    UNRANK 
=    l.NPANX 
MXNRMI |f )*CMXNRM! ICI 
ICI    •    AM».II! IC, IR)/UUANNM 
If)    -    -AMXL II If. , IR I/OUANNM 
C»    «    AMX II 1 IC, IR1/OUANNM 

|    s    4"»XI I IC, IR »/OUANNM 

NORMAL l/(n   AND    luANSPOSf)   0   MATRICES 

40X,3*HRFAl    PART   OF   01 ! NORMAL I/F O , TP ANSP 1SF0 » I 
MIOMTX|R,NRANK> 

40X,3flHREAL    PART    OF    0?1NURMALI/FO,TRANSPOSFO» I 
MlOMTXJP,NRANKI 

40X,3flHRFAL    PA« 
MIOMTXKR.NRANK» 

40»,3»»HJEAL    PAR 
«IJ"IXIH.NRANK) 

T   OF   C3IN'1RMÄL I/F ),TRANSPOSFn) ( 

T   OF   041N0RM4LIZEO.TRANSPOSFn»» 

38X,43H|MAr,INAO V   PART   OF    01 I NORMAL I/F 0 , TR ANSo0SF0 I » 
MlQMTXII,NRANKI 

3flX,43HIMAGINARV   PART   OF    Q21 NORMAL I/FO,TRANSPOSFOI » 
Ml JMTXJUNRANK » 

38X ,43HIMA(.INAH V   PART   OF    03 I NORMAL I/£ 0 , TR ANSPOSFO» » 
Ml (JMTXK I .NRANK ) 

iflXf43H|MAGINAR 
Ml rjMTXI   I.NRANX | 

y   OART   OF    041NORMAII/EO,TRANSPOSFOI» 
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T SUflTVPF,Fr)RTP»N,LMAP,l UBAP 
C A   ROUTINF    TU   PRINT   OUT   A   MATRIX   ARRAY 

SDBROUTINF   PRNOOTIP.N» 
OIMFNSItlN   PI l?0,l2Jt 
NP   *   N 
DO   IOC   I   =   l.N« 
IB   =   1 

20  it =  inc^ 
fF(IF-NK)2flt2R.24 

24    IF   *   NR 
2«    |F( Ift-n36,36t60 
36   PRINT   '.«►t I.IPUtJI.J   =   I*«tlF> 
44   Fr)RMAT(5M0   RUWn, 2X, IP^Fl S.ö» 

GO   TO   8U 
60   PRINT   6fli<P(IfJ».J   ■    I^flF) 
68    FDSMATllH   9X, IPR^IS^I 
80    in   ■    IEU 

IF( IP-NRt20,20,10J 
100   CDNTINUF 

RETURN 
END 
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1 SUPTVPE.rOKTPAM.MAP.l SMAP 
f THIS   RnuTINf    f.Al f.ll ATFS   rNI)   Pni»!T<    ANT   SPÄCIfjf,   CM    INH^ATK". 

SUHROUTINF   CALfNP 
CUMMON   OIR.BTD.CPI 
COMMDN   /CMVCnM/   N^tCmi^OltCMVtKMVfCZtFMtOFM^rwM.PHnnM 

CnMHON   /FNCCOM/    PNMI I r.l ^l I.HSSL SPI hH,( NFUMN»^!) 
CdMMON   /MTXf OM/    NPANK ,NHANK|,r.«TXPl(12?tlPJJfC,1»TXlM(lpTfli'(.l»t<'p,"ll,T 

IX« l^üf 120 »,CMXNPM(/.0) 
COMMON   /THICIM/    IHF TA.NTHf T A.nt IHTA, SINTH,CC<;TH,I SMUl , | SWTCH' /I.SP 

IMUl »SMIJLSS« 7 1 .CIlHl M,')HM,NSFr T.NnP^thl f FPPSJ6 » tKSFC T 
Cf IMMUN   /ROVCUM/   CKP ,nCt<P,r.KB',r. SKMX ,SNKMX,CnNK,H«XT .ALPHA, I BODY, Oh 

1 »SNAIPH.CSALPH 
SNA» PH   »    S IN( ALPHA) 
CSAI Ph   =    C(lS( ALPHA) 
OP   ■    ( l.C-BHXT)*( 1.  -SNAI PH)/2. 

C CAICUIAIF    THF    F|KSr    F NO   POINT    AM)    STtP    Sl/^ 
TANT.AM    =    SNAl PH»r.SA( PH/(fJR-SNA( PH' S'JALPH) 
GAMMA    ■    ATAN( TANHAM ) 
IF(GAMMA ) 20, J2, 3? 

20    GAM«<A    =    OAMMAtCPI 
3'    FPPSI]l    *   GAMMA 

CÜVO   •   NDPSI1) 
CDHI 1 .    =    FPPSI 1 )/r.r)Vl) 

C CALCOLATF   THF   SFCONl)   FNP   POINT    ANT    STFP   SI7F. 
TANPSI    =    -BKXT»SNALPH*r.SALPH/( I.  ■- JR-flPXT'-r.SAI PH*rsAI PH) 

PSI    =    ATANITANPSM 
|FIPSII60,72.72 

6Ü    PSI    =   PSICCPI 
72   FPPSI?)   ■   PSI 

cnvn = NOPSI2) 
CnH(2)    ■    IFPPSI2)-FPPSI I) l/CDVD 

C COMPUTF    THIBD   FN'1   POINT   A NO   STFP   SliF. 
FPPSI3)   ■   CPI 
CDVO   *   NOPSI3) 
CDH(3)  =  (FPPSI 3)-FPPS( ?i )/r.ovn 
«FTUBN 
FND 
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T SUBTYPF,rr)PTHAN,L*<4P,LSTRAP 
C THIS   RMUT INE   CflMPUTFS   KP    «NO    ITS   nEPIVATfV»1   *S   A   FUNCTION   DF    TMFTA 

SUHROUTINE   GENKP 
COMMON   OTR.PTD.CPI 
COMMON    /CMVCdM/    NM.fMK IQ ItCMVi KMV.CM?, tM, JFM.TXM.PROPM 
COMMON   /FNCCOM/   PNMUI>(61 I.RSSI SPJ M I .CNFOMNIMI 
COMMON   /MTXCOM/   NRANK.NRANKI .CMTXRL ( l?0,12"!» ,(.MTXM«l?^f 12:),SPRMT 

lXll20tl20ltrMXNf>M<60l 
COMMON   /THTC1JM/    THFTA,NTHFTA,0| THT A , SI NTH »COSTH , I SMR L . I SWTf.HI 7 ( , S» 

iMui .SMULSsm.coHdM.OHM.NsecT.Nnpsiti,FPPS(6».t<sf:r.T 
COMMON   /BOVCUM/   C»<P,l)C»'0,CKP2,CS«PX,SNKR)'frONK,RP«T tAl PHAf IRDOY.OP 

l.SNALPH.CSAl PH 
KSFCT   *   KSFCT 

C nFieHMINF    SECTION   Fl)3    I NT FC.K A T I ON 
IFIKSECT-PJ^j.l^j,?-!.'! 

C SECTION   1 
UJ   QUANl    =   SQPT( 1.0-(Cm»SINTM/SNAl PM)*♦?) 

CKW   =   CONK«(QB«r.OSTH/SNAlPHtOtlANl) 
nr.KP   •=   -CONK ♦(OR*S|NTH/SNALPH>»( 1. TtO««COSTH/( SNALPM'OlMNl ) ) 
GO   TO   3'C 

C SECTION   ? 
UO   tjllAN2   =    THFTA-Al PHft 

SNON?   =   SIM'JUAN? I 
CKO    =   CONK»! l.O-f.iRI/SNON? 
nr.KP r -r.0NK*<i..',-(.,Ri«r.nsioi)AN',t/(SNON?*^NQN?I 

GO   TO   -»00 
C SECTION   3 

243   0IJAN3   =   U.O-nRXT-OHI/SNALPH 
CONSO   »   SOPTIBRXT*RRXT-(0UAN3*SINTH»*«2» 
CKH   «   CONK*»QIINS0-0IJAN3*COSTH) 
OCKR   =   CONK»( 0UAN3*SINTH-0IIAN3*Ol)AN3*SINTH«COSTH/0UNS0» 

300   RETURN 
END 
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APPENDIX HI 

A NUMERICAL EXAMPLE:   THE SPHERE-CONE-SPHERE 
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UFcmmacNFTic sc«m«iNG FKOM cfmcitM. »xisrn«i«ic cnNoucrim 

C«$fS          «»T«I»  ««NK ^FCTrONS llnnY   SM»I>F                  ü  VfCTOII 

♦                                      » J «                                    «6 

BOOT  MMANETEOS                          Kl Al RCTt/KHn UPH* 

1.000 .79* 19.000 

INT(C««riONS/$ECTION                        6*                        64                       6* 

END POINTS            ST.moT         112.«009          HO.0000 
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M   - 0 

ROM -2.013T60E-01 -5.25023M 

MOM -5.2i02J*E-03 -1.9838926 

ROM -l.M5T09€-03 -♦.1143536 

ROM 1.2151866-0* -2.5O0533E 

RON -1.278269E-03 5.♦3033*6 

ROM 5.0T6««-07 -8.10639*6 

ROM 8.*82023f-01 -1.8^13776 

ROM •   -1.0196*96-02 6.8805176 

ROM 2.9800266-03 -1.0052756 

ROM -1.♦297526-0* 1.1215536 

ROM 5.8615386-06 -3.1280036 

ROM -6.9935706-08 1.6305M6 

REAL   P«RT  Of  0IIN0RM*LI2EO.TR*N$»OSEDI 

OJ -3.*15709E-03 1.2151866-0* -1..•'782696-05 5.076*596-07 

•02 -*.ll*35IE-0* -2.5005336-0* 5.*3033*F-06 -8.10619*6-07 

•0* -8.3998686-0* -1.5*06066-05 -7.9857916-06 1.1206026-0T 

■0* -1.5*06066-05 -2.0060026-05 -3.1135*06-07 -1.♦781816-07 

06 -7.9857936-06 -3.1115606-07 -1.0981366-07 -♦.6085286-0« 

■07 1.1206026-07 -1.^78181E-07 -*.6085286-09 -3.3570286-09 

IMAGINARY   RART   OF 01 (NORMAL I 260, TRANSI'OSEni 

•01 -2.083360E-01 *.156567E«00 -l.U» 176E«01 -1.♦♦10916*02 

01 8.2753536-03 -5.1632506-01 2.2627556*00 3.♦♦31576*00 

•05 6.0621226-01 -3.370680E-02 -3.703^366-01 3.80989^6*00 

•03 -1.100^l*f-0* 5.7520276-01 -♦.lR*9?*F-02 -2.5197656-03 

•05 3.5296006-0^ -2.<.9*0*6F-0* 5.6*66716-01 -7.8832936-02 

•06 -9.9893786-06 2.1101166-06 -6.9011026-0^ 5.51U016-01 

ROM I 

ROM 2 

ROM 3 

ROM ♦ 

ROM 5 

ROM 6 

ROM 1 

ROM 2 

ROM 1 

ROM * 

MOM 5 

ROM 6 

2.0137606-01 

5.25023*6-03 

l.*l57096-03 

-1.2151866-0* 

1.2782696-05 

-5.076*596-07 

1.5179776-01 

1.0196*96-02 

-2.980026E-03 

1.629752E-0* 

-5.•615186-06 

6.993570E-08 

5.25023*6- 

1.9838926- 

*. 114353E- 

2.500513E- 

-5.*3033*6- 

8.10619*6- 

1.861177E- 

l.U9^81E- 

1.0052756- 

-1.121551E- 

3.128003E 

-1.63056« 

♦.mi536-0^ 

8.3998686-06 

1.5606066-05 

7.9857936-06 

-1.1206026-07 

REAL   PART  06   06(NORMALItEO.TRAN5RO$E0t 

3.♦157096-03     -1.215186E-06 1.278264E-05 -5.0766596-07 

2.5005116-06 -5.O0mE-06 8.1063966-07 

1.5606066-05 7.9857936-06 -1.1206026-07 

2.00C0026-05 1.1135606-07 1.6781816-07 

3.3115^06-07 1.0981366-07 ♦.6085286-09 

1.6781816-07 ♦.60852*6-09 3.3570286-09 

IMAGINARY RART OF OAINORMALt2EO.TRANSRO5F0l 

01        2.0833606-01     -♦.1565676*00 1.1101766*01 1.6*10916*02 

5.163250E-01 -2.2627556*00 -1.6611576*00 

3.3706806-02 3.7036366-01 -3.80989*6*00 

*.2*T«73F-01 *.18*92*6-02 2.5197656-03 

2.*9*0*6E-0* 6.1511296-01 7.8832936-02 

2.110116E-0* *.9011026-0* ♦.♦885996-01 

01 -8.2751516-01 

05 1.9578786-01 

01 1.100n*E-0^ 

05 -3.529M06-0^ 

06 9.989378E-06 
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WM -l.t*«MTf-OI -l.OUMf-OS 

■OK -l.O«2*K-0) -l.TITAHE-OZ 

•OM -Z.6)61«Tf-0) -4.IT0T«Tf-04 

MM • .T7T»20€-0* -?.l*6l94f-0* 
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•OW 1 ».»4*87«-0i l.«nM4F-01 «.6**719f-0* -2.17*106f-Of 7.90«TUf-06 

•OK 2 l.9)lU9f-0) l.*7?00*F-01 -6.I79J09f-56 I.UTllVf-OS -?. 1*6*1 «F-O? 

■OK ^ •.*492S9f-04. -6.179J09f-06 I.TtOITTf-OI -2.**760*f-07 ».9i51(l7f-0« 

•OK ♦ -i.l7M06f-OS l.l«T||«f-0« -?.**760»f-07 l.lOtTMf-OT -1. )?6?90f-o<l 

«OK i ?.90971*F-06 -2.366H10F-07 «.9tf)STr-08 -J.176«9f-09 l.*67906f-10 

• OK 6 -1.079J9«-07 J.09M40F-0« -1.2»*000f-09 *.0*?027€-I0 -l.«<T|*3(-U 

N4T«r« MII.IMMINMT 

«OK I i.50580»f-01 3.7577S3F-03 ,3.?9fc«82F-03 -9.7T2806f-0f I.I0Z171F-0S 

•OK ? 1.7J77MF-03 2.MC924F.0? 8.70*8f?F-0* 3.l936*»F-0* -S.978S67F-0* 

• OK t 3.296882F-03 8. 70*8*?f-0* 1. ?*'(l 18F-01 3.l9M01F-0< l.l90?97F-0n 

•OK * -9.772806F-0S 3. 19 3f,54,F-0* 3.19150SF-0« 3.17f88lF-0* *.8ll^0F-07 

•DK S 1.I0J171F-0S -«.97856?F-06 1.190297f-0< 6. «1 l<S<,0F-07 *.136»?*F-07 

•OK 6 -♦.29715If-07 l.0l9*i8F-Oft -l.*606l8F-07 2.36*8*7F-07 9.lA?5?7F-09 

-I.07939V-07 

3.09A440F-08 

-l.7**00OF-09 

♦ .0*70?7F-10 

-l.*27|83F-ll 

1.378734F-I2 

-♦.7971flF-07 

1.019*?8F-0A 

-1.46P618F-37 

2.36*8*?F-07 

9.16?f?7F-09 

f.67C9**F-09 

»•TBU   T(;i,9F*l 

•OK I 8.7Z0133F-03 -2.862128F-03 3.39?902F-0* -?.916*01F-Of ?.l76*lZF-06 -9.989183F-08 

•OK Z l.3M220f-0? 7.0Z8694F-0* ?.C63<68f-0* -«.^^SOSSF-O* 7.460290F-07 -3.000 796F-08 

•OK 3 -9.0»99i9F-0* -6.057669F-0« -1. 13706SF-0S         'S. lO*38?F-07 -♦. 1O7888F-08 7.733784F-09 

• OK * f.81W10E-0« 3.709067F-06 7.300767F-07 -7.97901 3F-08 7.478693F-09 -1.710761F-10 

•OK J -7.573*186-06 -l.*?7709F-07 -7.738578F-0»       l.«88160F-09 -I.073*09F-10 7.317^03F-17 

•OK 6 9.*37S*7F-08 7.**1739f-09 8.053158F-10 -*.9167*7F-11 7.3,(17*0F-17 -1.793687F-13 

•OK 1 

«UK 7 

•OK 3 

•OH * 

«OK 5 

ROM 6 

M*T*I< TI7lf |M«r.lN*«Y 

■2.71U*7f-07 -1.7*t369f-07 3.251811F-0* -1.75798%F-0* S.T81378F-06 - 3.886997F-P7 

-7.398*36F-07 7.789191f-0* -7.063176F-0* 7.531870F-05 -3.817*nOF-n6 l.*79790F-07 

1.319671F-03 -8.384778F-0* l.78*30*F-0» -l.89*09lf-05 *.Hl*7lF-07 -6.467707F-0» 

-1.0908J7F-0* 7,993397F-05 -I.*79*9«f-08 3.8*9*93E-07 -l,«9*678F-07 *.ll910^F-09 

*.188671F-06 -3.77e8T«-06 3.6676I6F-07 .866896F-07 3.316896F-09 - 1.7*7878f-09 

-1.976*7*1-07 l.757*07€-07 -S.* J6U6F-08 ».0*7898f-09 -1.697177F-09 7.856**9F-11 
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M*T*II  mi,«Ml 

ROW 1 8.^^0n3€-0^ l.«l??Of-0? -<».0«'»9J9f-0* ^.•HflOf-O» -2.i73«18f-0» «.♦J««»f-Oi 

ROW 2 -2.R62URF-03 7.02«69*€-0* -6.0?7669f-05 1.70W62E-84 -l.*527Wt-07 7.44l21«f-04 

ROW 3 J.392902F-0* 2.0A3«6«F-04 -1.1320691-05 7.300262F-07 -2.758578E-0R t.MllfW-lO 

ROW ♦ -2.»l6*01f-0i -6.9830«*F-06 ».105382f-07 -2.9790l3f-08 1.88RU0r-09 -«.«1«7* rT-ll 

ROW 3 2.126412E-06 ».*60290€-07 -4.102883F-08 2.♦786931-09 -1.073404F-10 2.33l260f-12 

ROW 6 -9.989l83f-08 - 3.000796F-08 2.23378»f-09 -1.210261E-10 7.312503E-12 -1.793687f-13 

MATRIX r(3l>tMRGIN*RV 

1.319671E-03 -1.090837F-0* «.188621F-06 -1.92667*f-07 

-8.386725F-0* ?.99»392F-03 -3.778878F-06 1.257*0n-07 

1.783304F-03 -l.*29*98F-03 3.662616F-07 -3.636U6F-0R 

-I.S9*091f-03 3.3*9*<»3e-07 -1.866R9fiE-07 6,037R9RF-09 

*.l31671F-07 -I.R9*67RF-0T 3.316896F-04 -I.697122F-09 

-3.8869926-07         1.479790F-07      -6.462707^-08 4.119105F-09 -1.767i23E-09 2.556369F-11 

ROW 1 -2.7lll»7f-02 -2.398436f-02 

ROW 2 -1.7*6369f-02 2.7S919|f-0* 

ROW 3 3.23181 1F-04 -7.06337»-04 

ROW 4 -1.292935F-0» 2.33ia20F-03 

ROW 5 3.781378F-06 - 3. «1 7*00f-06 

ROW 6 

MATRIX   ritl.RERL 

ROW 1 2.687334F-01 1.642962F-02 4.209066F-03 -1.11906U-0* 1.679300F-05 -3.336546F-07 

ROW 2 1.662962F-02 *.138105f-03 2.797372F-0* 3.11R6MF-03 -6.312220F-08 8.Ri409»F-08 

ROW 3 4.209066F-03 2.797372F-04 7.068080E-03 -1.360638E-06 2.607331F-07 -7.799830f-09 

ROW 6 -1.11906IE-04 3.1186416-03 -1.360638E-06 3.111917E-07 -1.701316E-08 1.69R728E-09 

ROW 3 lc479300E-03 -6.312220F-08 2.607331E-07 -1.701316F-08 1.438474E-09 -7.022444E-11 

ROW 6 -3.i»6994E-07 8.R3409RF-08 -7.799830E-09 1.69872RE-09 -7.027444E-11 3.910193F-12 

MATRIX TI4I,IMAGINARY 

ROW 1 -4.403437E-01 -2.318274F-02 -6.86112RE-03 2.273124F-04 -2.312307E-03 1.010034F-06 

ROW 2 -2.318274E-02 -3.«93161E-02 -1.002839E-03 -6.318983F-04 1.434334F-03 -2.06ia80F-06 

ROW 3 -6.86U28F-03 - 1.002839f-03 -1.938490E-03 -3.883139E-03 -1.793366F-03 2.2839306-07 

ROW 4 2.2731246-04 -6.318983E-04 -3.8831396-03 -4.323781E-03 -7.6732776-07 -3.213002E-07 

ROW 3 -2.3123076-03 1.4S4934E-03 -I.793366E-03 -7.673277E-07 -6.732419E-07 -1.0943336-08 

ROW * 1.01Q0346-06 -2.0«1880(-06 2.283930E-07 -3.2130026-07 -1.0943336-08 -7.1844376-09 
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M*i HtU.   MRT  Of   QIINO*H«LIZED,TII«NSmS(DI 

MM t -.oooooof oo -.OOOOOOF oo .oooooof lo -.ooooooi oo .oooooor 00 -.000000« 00 

MM 2 -.000O0OE 00 -l.2B19Hf-02 -». Tl«6lTf-0* -1.2*2179f-0* l.*lTIT6E-0* -3.4S24TTE-0T 

MM 1 .0000006 00 -f. 7186I7E-0* -5. »2069»f-0* -2.121IS2E-09 -».071 J«»f-06 ).»«O00W-ei 

MM ♦ -.OOOOOOf 00 -1.262179f-0* -X.ltlltM-Ot -l.^TIIMKOI -4.3422ITE-07 1.0*e26»t-07 

MM i .OOOOOOI 00 1.617174F-06 -«.07|39Sf-06 -♦.U2217f-07 -2.374929E-0T -4.819*»7E-09 

ROM 6 -.OOOOOOE 00 -J.6J26 77E-07 3.«9000tE-O« -l.0*B26*E-07 -*.819**7E-09 -2.6«1320E-09 

ROM .OOOOOOE oo .OOOOOOE   00 

«ON .OOOOOOf 00 6.006871E-0) 

«OH -.OOOOOOE 00 6.*}099?F-0? 

«OK .OOOOOOE 00 5.29?720f-0* 

«QM -.OOOOOOE 0Ü -1.9505**f-05 

HUM .OOOOOOF 00 1.129103C-06 

IMACIN1RY   PART   OF 01(NORMALIIEO,TRtMSPOSEOI 

-.OOOOOOE  00 .OOOOOOF  00 -.OOOOOOE  00 .OOOOOOF   00 

1.5382*2E-01 1.169)31F-01 -i.969»!7E»00 2.2083l7F»0l 

».837i5?E-Cl -5.»33TT3E-02 ♦.U390*E-01 -1.2*1397E*00 

6.48768 7E-0«. «.72170*E-0l -*.8»6*e6E-02 3.69*95»E-01 

?.<>S72<</f-0* -1.693BB6E-0* 5.623191E-01 -6.92R*9*E-02 

1.1217  6F-0* 1.972807F-0* -3.162321E-0* ».♦81905F-01 

REAL   PART   OF   021 NORMAL I ZED,TRANSPOSED! 

Rr"i 1 -.OOOOOOE   00 -.OOOOOOf   00 -.OOOOuOE  00 .OOOOOOE  00 -.OOOOOOE  00 .OOOOOOF   00 

•04 2 -.OOOOOOE   00 1.10063SE-0} 3.fc5019?E-0* -A.016391E-06 1.6S0004E-06 -6.199T5AE-08 

ROM 3 -.OOOOOOE  00 3.65C192E-0* 1.063367E-05 8.89«078E-06 -1.S17073E-07 3.6332«9E-08 

ROW ♦ .OOOJ'IOE   00 -6.016391E-06 8.89607eE-06 2.3SB921E-08 1.301362E-07 -1.967903E-09 

ROM J -.OOOOOOf   00 1.6!000*L-06 -I.517073F-07 1.3013k2F-07 -».♦85*12f-lO 1.2e*772E-09 

ROM 6 .IVOOOOOE   00 -6.199754E-08 3.6332«9E-08 -1.947903E-09 1.28*772E-0^ -7.990583F-12 

ROM 

ROM 

ROM 

ROM 

ROM 

ROM 

IMAGINARY   PAR7   OF 02(N0RNAI. I2E0.TRANSPOSEOI 

.OOOOOOE   00 .OOOOOOE   00 -.OOOOOOE  00 .OOOOOOf  00 -.OOOOOOE   00 .OOOOOOE  00 

.OOOOOOE   00 -l.07*392E-O2 -♦.9980»2E-03 - 1.7»152»F-01 -2.*07710E-01 :.700Mlf»0; 

.OOOOOOE  00 -♦.99e052E-03 8.377618F-0* -1.6»7Je2F-03 -1.0*?seOE-01 -6.70^992^-01 

-.OOOOOOE   00 2.454955E-0* -1.687381E-03 7.M3379E-04 -6.836783E-0* -7.37«/.)9F-02 

.OOOOOOE   00 -1.S97296E-05 7.478043E-OS -6.836761E-04 3.912718E-04 -3.09I182E-04 

-.OOOOOOE   00 6.608159E-07 -♦. 177*3eE-06 2.SW00SE-OS -3.098013E-04 2.027106E-04 
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ROW 

• OK 

■OM 

KOH 

«OH 

.00000« 00 

-.OOOOOOf 00 

.OOOOOOf 00 

-.OOOOOOf 00 

-.OOOOOOf 00 

4.M61Mf-0* 

t.l$«021E-01 

4.1T4320E-06 

.OOOOOOf   00     -).S4I98)F~0« 

-.OOOOOOf  00        1.14T98t(-0S 

M«T«II  Ttll.lfM. 

.OOOOOOf  00 -.OOOOOOf  00 .OOOOOOf  00 -.OOOOOOf  00 

l.l««02lf-09 4.1T«)20E-0* -3.9*Mllf-Oi l.UT41tr-0t 

2.Z«lll*f-06 l.*M«4lf-0T «.T«TM*f-0< 2.9«STS«f-IO 

l.*M«41f-0T «.229MIf-0l -2.)02M«f-10 l.lT»i»W-JO 

9.T*T69*F-0« -2.102*09f-10 9.202441F-11 -2.1620«2f-t2 

2.»»5T»9f-lO l.l76»*«f-10 -2.U2042E-12 I.T090*lf-13 

NATIIIX TIll.lNACINtKT 

DOH 1 .OOOOOOf   00 -.OOOOOOf   00 .OOOOOOf  00 -.OOOOOOf  00 .OOOOOOf  00 -.OOOOOOf  00 

«OH 2 -.OOOOOOf  00 2.10Tl81f-02 T.49J69M-0* 1.9«»i3Tf-04 -2.3M0*Tf-06 I.9T299«f-0T 

«OH 3 .OOOOOOf   00 7.«9369Sf-0« 9.TI6Mlf-0* I.64IT92f-0t t.MOOTtf-O* -I.ll*0t3f-0S 

«OH ♦ -.OOOOOOf   00 l.^^SSITf-O* Ja»*«T92f-0» 2.»1«6T0f-0» T.9J2958E-0T l.«2»5i«f-0T 

«OH 1 .OOOOOOf   00 -2.38)0öTf-06 8.4900TJf-06 T.9)29«8r-0T 4.18891)f-0T I.0TTU9f-08 

«OM 6 -.OOOOOOf   00 *.*T294«f-07 -*.*l60«3f-08 l.«2558«f-0T l.0TT169f-08 4.T90SSIF-09 

«OH 

«OH 

«OH 

«OH 

«OH 

«OH 

M«T«II TI2tt«f«l 

.OOOOOOf 00    .OOOOOOf 00  -.OOOOOOf 00    .OOOOOOf 00 

-.OOOOOOf 00   2.867099f-0)  -8. T*I 18*f-06 

.OOOOOOf 00   2.«M419f-0!   l.l471*0f-06 

.OOOOOOf 00 .OOOOOOF 00 

S.«?««69f-07 -«.M121*f-08 4.f92«08f-09 

2.8*I9l2f-0T  -».830068f-09   8.88980«f-l0 

-.OOOOOOf 00 -1.196476f-06  -1.483712f-07 

.OOOOOOf   00        1.18S190E-07       7.6t31S3f-09 

-.OOOOOOf 00  -3.56623SE-09  -»,17T90*f-10 

-7.083l9lf-09  -3.033892E-10  -4.29««81f-12 

1.077978f-09  -9.TU538f-12   2.8l2226f-12 

-*.06l309f-U  -3.5T9?31f-l3  -7.*3930*f-l* 

MATRIX TI2t,IM*GIN*«Y 

MIH 1 .OOOOOOf   00 .OOOOOOf   00 -.OOOOOOf  00 .OOOOOOf  00 

«OH 2 -.OOOOOOf  00 -2.317323f-03 -6.633T39f-0« t.310T«9f-0ft 

«OH 3 .OOOOOOf  00 r8.76V226f-0« -2.681384f-0S -1.8MT6Sf-01 

«OH * -.OOOOOOf   00 2.223039f-05 -1.8210*lf-0i 9.S««fT)f-09 

«OM S .OOOOOOf   00 -3.641886f-M 3.11083«f-0 7 -2.«39008f-0T 

ROM 6 -.OOOOOOf  00 l.342«T3f-0T -7.21«912f-0a *.2«8*t)f-09 

.OOOOOOf   00 .OOOOOOF   00 

-3.1T8I68F-06 l.l36Tk«F-07 

2.96T211E-0T -7.893618F-08 

•2.T11T92f-0T 4.12TB88f-09 

l.*9T?T8F-09 -2.*18490f-09 

2.»9*310F-09 1.70*937F-U 
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MM .00000« 00 -.OOOOOOC  00 

WM .00000« 00 2.UT0f«-01 

MM -.00000Of 00 -•.TMmc-O* 

UM .00000« 00 «.4294*9f-0T 

MM .00000« 00 -*.s*imE-oi 

MM .00000« 00 4.S92V)(E-0« 

MM .00000« 00 -.0O0OO0E  00 

MM .ooooooc 00 -2.31T323E-01 

«DM -.ooooooe 00 -6.63IT19E-0* 

MM .ooooooc 00 1.3S0T49E-06 

MM -.000000E 00 -3. 17(16tE-06 

MM -.OOOOOOf 00 1.136T66E-0T 

Mraii TOi.afM. 

.OOOOOOf 00       -.0000001 00 .OOOOOOf 00 -.0MM0C 00 

2.4SI4l9f-0» -l.l9MUf-0* I.IM190f-0T -S.S«*231F-09 

1.UT160E-0» -l.Mimf-07 T.tH10Sf-09 -». ITT90*»-10 

2.l91912f-0T -T.0I3191E-O9 1.0TT«TOf-09 -«.04130«f-11 

-S.SI004af-09 -J.OS389ZE-10 -«.TlllMf-ll -1.IT99S1E-11 

t.M9l04E-10 -«.294SI1E-12 2.SI222*E-12 -T.«19I0«<-I* 

•UTtl« Tni.lN*GIN4«r 

.0OO00OE  00       -.OOOO00E 00 .OOOOOOf  00 -.OOOOOOf  00 

-8.7692268-0»        2.221039E-0« -3.6»l8»6€-04 t.MMTN-9T 

-2.*S13ME-0f -l.a210Mf-01 3.310814C-0T -T.21491IF-0I 

-l.i*47»»E-0»       9.9649T$f-09 -2.4«900tf-0T 4.24l«19f-04 

2.96T2UE-0T -2.TllT»2f-Or l.MTITM-M -2.S949I0E-09 

-T.a93*l«E-08 ♦.l2T«i8E-09 -2.6184S0E-09 l.T0491Tf-ll 

MM .00000« 00 .0O000OF   00 

MM . 00000« 00 l.lllMTf-03 

MM -.O0OOO0E 00 4.999310E-0S 

MOM .00000« 00 l.t4S421F-0f 

MM .00000« 00 -I.12»49f-07 

MM .0OOO00E 00 3.29*223F-08 

MM .00000« 00 .OOOOOOf  00 

MM .00000« 00 -3,JIT4T«-02 

MM -.O00O00E 00 -l.«Si7OE-03 

MM .00000« 00 -S.«2lTJ9f-04 

MM -.O0OO0OE 00 4.300IS4f-04 

MM -.00000« 00 -1.00 00 »f-04 

N4TIIII  TI4li«f*L 

-.000000E  00 .000000E  00 .00OOOOE  00 .OOOOOOF  00 

4.S993I0E-0i I.14a421f-0i -1.I23949E-0T 3.294223E-0a 

5.9T936SF-06 T.l305iiE-0T 1.2l892Tt-08 1. »'I641 »F-09 

7.130«SIf-OT 1.214944F-0T -O.OOaailE-10 }.4Taa04E-10 

1.2ia92TE-0a -a.OOaailE-lO l.a4a42Tf-10 -J.T23l7Tf-l2 

1.6S5615F-09 3.4Taa04E-10 -S.7231TTE-I2 1.0931l2f-t2 

M4TKIX   TI4l.lMGIN*aV 

-.OOOOOOf  00 .OO0000E  00 .000000E  00 .000000F  00 

-l.fiaT43f-03 -3.421T99E-04 *.30a3a4E-04 -t.000aSSE-04 
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