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Preface

The n—bit simulation tool developed by Captain Gary A. Klein has

been modified to include the capability of simulating two’s—complement

machines which truncate results, as opposed to rounding them. Anyone

who uses this tool should realize the effect different number represen-

tation schemes can have on arithmetic computations.

It is easy to state that we need a computer with a longer word—

length whenever we fail to achieve a required accuracy from a piece of

software. Sometimes, however, this required accuracy can be obtained

by employing better programming techniques on the original machine. In

writing this thesis, I am primarily interested in applying numerical

analysis techniques to software to obtain a required accuracy with the

constraints of a given fixed wordlength and number representation and
(

handling schemes .
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Thaddeus L. Regulinski and Dr. Peter S. Maybeck, for their advice and

encouragement. A special thanks goes to my thesis sponsor, Dr. Donald

L. Moon, for the many hours he spent helping me get started and for

providing some much needed guidance throughout this period. Lastly, I
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I thank all of you for your continued patience, support, and under-

standing that has made it possible for me to complete this thesis.
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Abstrac t

Errors due to finite wordLngth are unavoidable when aircraft

signal processing operations such as flight control, navigation, and

fire control are implemented on a digital computer. To reduce these

errors to tolerable levels, longer wordlengths can sometimes be employed.

The effects of some of the errors, such as those due to arithmetic series

truncation, machine roundoff, and quantization of system coefficients,

can be lessened somewhat by appropriate numerical analysis techniques.

An n—bit simulator which runs on Control Data Corporation (CDC)

6600/CYBER 74 computer systems was modified and then used to evaluate

the accuracy of a flight navigation routine coded in FORTRAN. The rou—

tines were executed without the simulator to obtain results used for

benchinarking. The n—bit simulator was employed to simulate the nu~eri—

cal characteristics of the AN/AYK—lSA digital processor. Error plots

were constructed which show the maximum errors occurring within small

plotting intervals plotted against each individual input value. These

plots were used to aid visually in analyzing the error characteristics

of the avionics routine as it would be implemented on the AN/AYK—l5A.

A critical analysis of the error plots obtained showed that routines

which are coded using single—precision floating—point arithmetic are

prone to c.rrors which exceed the error bounds specified for the routines.

-

- 
- This occurs even though range reductions in the trigonometric function

approximations are accomplished using extended precision.
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I Introduction

When aircraft signal processing operations such as flight control ,

navigation, and f ire control , are implemented on a digital computer,

errors result which are due to finite computer wordlengths. Longer

wordlengths must be employed sometimes to reduce these errors to toler-

able levels. Appropriate numerical analysis and design techniques can

reduce the effects of some of the errors, such as those due to arith-

metic series truncation, machine roundoff, and quantization of system

coefficients.

Two basic approaches might be considered when trying to analyze

the numerical error characteristics of a programmed routine. First ,

consider the routine as given and determine the wordlength needed to

give a desired accuracy. Second, considering specific hardware charac-

teristics and the associated routine algorithm, attempt to implement a

modified algorithm such that the resulting errors are minimized. In

this investigation, the second approach was selected as the primary

mode of analysis.

The Air Force Avionics Laboratory has written a development speci-

fication for the AN/AYK—l5A computer processor (Ref 2). This processor

will be used in the Digital Avionics Information System (DAIS) Inte—

grated Test Bed and is a candidate for a follow—on flight test program

in the F—16 aircraft. This specification establishes the performance,

design, development, and test requirements for the Processor prime item.

The instruction set specified is the MIL—STD--l750 atrborne computer

instruction set (Ref 49). NIL—STD—1750 defines the instruction set,

mnemonics , and data format requirements for airborne computers.

1
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The purpose of this investigation is to develop tools and techniques

which can be used to determine if a given computer can solve a given

avionics signal processing problem within certain specified error and

time tolerances. Specifically, the following goals were defined :

— develop a tool to simulate accurately the computational charac-

teristics of any digital processor being studied

— produce common l ibrary routines which are optima l in the sense

that  they t ry  to maximize both absolute and relative accuracy

and at the same time min imize  the number of instructions

(especially mul t i p l ica t ions)  required

— demonstrate the ef fec t iveness  of the simulat ion tool mentioned

above to analyze the error charac ter i s tics  of a given class of

algorithms and associated routines.

Approach

There are four basic requirements which must be satisfied in order

to meet these goals. The first requirement is that the n—bit simulator

must accurately simulate the numerical properties of processors which

use the airborne computer Instruction set defined in the MIL—STD—1750

document. The second requirement is that library routines for sine,

cosine, arctangent , and square root be developed which produce results

as accurately as possible. These routines must reflect the error char—

acteristics they would have if they were implemented on the simulated

computer. The third requirement is to demonstr&te how the n—hit simu-

lator can be used to perform an error analysis. This requirement was

constrained to forward error analysis. The fourth requirement is to

indicate how the techniques applied to one program representing an

2
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1
a Igor I thin can he app i t  ed to a argor c ass of prog railis . f t lit~ I t’ (’t lfl I

ques demonst rated can he uppi t ed t o  a larger t’ lass of programs, then

programs from this larger ~‘l ass  can be an alyze d to  dt’l ermine t 1w corn—

pat ih i l i t y  of the programs w ith t he’ compu t er  be lug simulated

Several procedures or approaches a ro ava (inhie for i’ss lug (he’

q u a l i t y  of floating—point m a t  henu:t teat software . Tvp lea 1 ~uia t ys Is

schemes can be class 1f f  ott as fol tows:

1) error—bound tu g  SCIlOSIt ’S (Re ’ fs 9; fl ; 50; and S

2) forward error analy s i s  (R e f s  10; ~5; .~) ;  S.’; and 6 2 ) ,

3) backward error analy st s  (Re ’f ~ 48; 59; (~~ ; t~S; and 
~~~~~)

4) mu lt  lp l c—p tec  is ton at I t hrnet Ic (Rc fs  5 ; 17; 35; and 6$)

5) perturbat  ton .maiys is (Re f 63) , and

6) sIgnificance ;irtthmetic (Rt ’ f~ . 1 and 6) .

Ench of these six  approaches was cons (do red , with forw~m rd error ana l vs Is

being chosen. Forward error anal vs Is requl res that computed rost~ I t  he

compared to h igher  prec I sIon  re fe tenet ’ values .  Th i s  r(’qu I renwn I was met

by using the Control Data Corpora l ion (CDC) (~?8ER 74 computer with Its

60—bit. wordlength to compute the’ hlghor—prt ’i’ is i on resti i t  s. These rosul I

arc then ava i l able  to be compared to ,-osul t s which would be ob( a I nod

using the computer on whIch  the rout I mws would norma l 1 v be executed

Thus , the necessary tools and techn i ques (t i r conduct in~ a forw ar d  i ’m’ror

nun lys Is can be developed for use with the (~1~~ CV tIER 7.’~ comput em. S ine’i’

forward error an al yses reve.i 1 quant I za t ion , rommelo f t  anti I runt at ton

errors as they ac tua l ly  occur (as opposed to us t g i v i n g  ~Ip L’e l i m i t

th is  method was se lected over the other error a na ly s t s  schemes.

There arc three pr imna ry sources of er r or s  In any  n umm’r I cal result

t r ansmi t  ted errors, analvt Ic t runcation erroi s ~net gener ated c r i e r s

- 
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(Ref 11:125). Transmitted errors are those which occur in the original

input data. Analytic errors occur when finite processes are substituted

for essentially infinite processes in the mathematical algorithm. The

third source of errors, generated errors, represent the errors actually

generated within the computer program if exact input data is entered.

Generated errors reflect the method of rounding or truncation utilized

and other design characteristics such as the number system base, or

machine radix. For the purposes of this investigation, when a program

is being evaluated solely for its accuracy, the transmitted errors are

not considered, since they would normally occur during the conversion

of analog signals to digital signals. A simplified diagram depicting

the method utilized by the n—bit simulator to perform a forward error

analysis is shown in Fig. 1. For simulations where the transmitted

errors are included, the n—bit simulator will be employed as indicated

in Fig. 2. In both diagrams, the area within the dotted lines repre-

sents the phase of analysis using n—bit accuracy. A general discussion

of the philosophical questions concerning the isolation of transmitted

errors Is presented by Kuki. and Ascoly (Refs 41 and 42).

Tools and Techn iques

Several software tools exist to aid the analyst in performing a

forward error analysis. Two of these are an n—bit wordlength simulator

(Ref 37) and a floating—point simulator (Ref 25). The n—bit simulator

was selected as the primary tool for several reasons. First, with a few

modifications it should be able to simulate the numerical properties of

any processor following the MIL—STD--1750 specification; second, it is

well documented; and third , it has been tested on a CDC CThER 74 com-

puter system, thereby eliminating the need to use multiple—precision

4
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packages In order to obtain benchmark data . This  also eliminated the

need to use two computers , since the higher—precision results and the

results of the simulated computer can be made? ava i lab l e  at the same t ime

for f~ nediate comparison using the accuracy ~ the C1)C CYBER 74 computer.

The n—bit simulator gives tht’ uscl- the option of selecting different

wordlengths within any program , thereby making it a valuable tool for

per turbat ion  analysis , since the processor wordlength Is also considered

to be a candidate for  pe r tu rba t ions,  i t  is assume d that  the reader is

fami l ia r  with the work by Kl e in  (Re f 37) .

Assumn5pt Ions/Constraints

Several assumptions were made during the course of conducting this

investigation. Five of these assumptions are the same’ as the’ f i r s t  f ive

assumptions by Klein (Ref 37:6—B). These five assumptions cover various

aspects of the n—bi t  s imula tor  such as i ts  capab i l i t i e s  and the environ—

~~nt in which it is executed. Klein ’s sixth assumption has been changed

due to the modif ica t ion s made to the n—hit simulator. The n—bit simu-

lator is now able to simulate computers using one’s complement , two’s

complemen t , or s ign—magni tude  a r i t h m e t i c .  Also , b ina ry , quaternary ,

oc tal, or hexadecimal numerical data representations can now be simu—

lated. There is still no provision for simulating decima l representa-

tions . The f i r s t  part  of Klein ’s s i x t h  assumption , tha t  float ing—point

mantissas will he normalized, remains the same. Five other assumptions

that were made are:

— the C1IC OThER 74 mantissa length of 48 b i t s  provides s u f f i c i e n t

accuracy (error less than one tenth of one percent of that pro-

duced by the simulated computer) for benchmnarking purposes In a

forward error anal ysi s ,

7
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— f ixed—point  numbers would be used p r i m a r i l y for  address ing,  sub—

script ing,  and logical values , whi le  f loa t ing-point  numbers would

be used in performing the numerical  computa t ions  (Ref 2 ) ,

— execution time is a “precious resource ” on av ion ics  computers ,

meaning tha t  f l i g h t  routines mus t execute’ as e f f i c i e n t ly as

possible whi le  s t i l l  m a i n t a i n in g  the required accuracy (Re f 57) ,

— coding an al gori thm in FORTRAN for  the purpose of executing it

on the n—bi t  s imula tor  w i l l  not sL g n i f i c a n t ly  a l ter  i ts  erre) 1’

charac ter i s t ics  f rom those It  would have I t  imp lemented on an

avionics computer , since the n—bit simulator modifies all inter-

mediate results as well as the f i n a l  results , and

— avionics algorithms found in Ref 57 are representa t ive  of general

avionics algorithms which might be progranuned for use in differ-

ent aircraft and arc therefore sufficient to he employed in dev-

eloping a method for evaluating a general class of algorithms.

Since these algorithms are for the F—i6 aircraft , they can he

used to test the error characteristics of the AN/AYK—15A avionics

processor which is a candidate for use in F—16 aircraft.

Chapter SynopsIs

The second chapter of this inves t igat ion contains a suninary of the

modificat ions made to the n—bit simulator to allow It to simulate accur-

ately processors which use the airborne computer instruct i on set defined

by MI L—ST D—1750 , and in par t icular , the AN/AYK— 15A processor. The’ third S

chapter contains a discussion of Monte Carlo techniques which were ap-

plied when conducting a forward error analysis. Topics discussed Include

generating and testing pseudo—random numbers and obtaining criteria to

use to decide when to stop test ing.  The’ four th  chapter conta ins  
a8
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discussion of the procedures used to develop sine, cosine, and square

root function approximations. There was no approximation developed for

the arctangent function. Many different approximations and methods were

tested, with only the “best” being discussed. The fifth chapter con-

tains a detailed discussion of one flight routine (representing a por-

tion of an algorithm) and the assoc iated error analysis conducted. This

chapter presents a method for using the n—bit simulator in forward error

analysis studies on this one flight routine. The techniques discussed

are shown to be applicable for testing other routines as well. The

sixth chapter contains a discussion of the quasilinearization method as

it might be applied in a forward error analysis. The last chapter con—

tains the conclusions drawn from the error analyses and associated re-

sults and discusses recommendations for future research.

S _ A
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Ii N — b i t  S i n%ttl.l t or

The n—h it simulator (Re f 37) c ens 1st s of two mal or component s . The

f t  ist , the preprocessor , v oads as inpu t  a FORTRS\N sourc~’ program re’pr e’ —

sent l ug an a l g e r  I thm , t ranslates It In t o  snot h.’r FORTRAN source p r og r am

w i t h  all  the ar It  hmet Ic O~~’ rat tons rep I :,cod by subroutine calls , and

wri tes  it to an ~ut put f t  to .  The second p ar t  is a colt i~c t ton of sub—

rout I nen the’ mod i f  Ic d FORTRAN source’ pr og r am e’ at  is when exocut  lag.

These subr our laos perform the’ arithme’t ic eperat (on they replaced using

the word length of the host  comput or and hen t hey med I f v  t he  reset It  t o

r e f l e c t  the ’ prop erties of the s (mul at OeI computer processor word length.

Some of the’ import ant  character 1st 1 cs of the  n — h i t  simulat or are I t s

c a p a b i l i t ie s  to handle both fixed—point (limited) and float ing—point

ar t  thmet Ic , i t s  capab il i ty  to  per form ‘ I thor rounding or t rune’st ten ,

and It  s document at I on and ovt ’ r a 11 des I gn wh I cli a 11 owed I t to be e’ 55 ii v

modif ied .  In this chapter art’ d i scu ssed  t h e  origina l n—hit s i m u la t o r ,

I t s  capab i l i t i e s, and a series of mod 111 eat Ions made’ to the ’ pre’proe ’i’ssor

and se lected suhrou t ities. Options wer~’ added to at low the use e- to

spec i fy  the mach Inc r adix , the numb~’ r of guard b i t  s us e’d • ~nd I hi’ t vpt’

of a r i thm et i c  performed (one’s comp iemt’nt or two ’ s complement). The

user also now has the c a p a b i l i t y  of s pe c i f y  t u g  t h e ’ fixed--point word—

length separately from the ’ f loat  lug—point  wer d length .  A det a i l e d  dis-

cussion of the o r ig ina l  n — b i t  s im u l a t o r  is prese’nted ~ Klein (Re f 37) .

An updated user ’s manual is shown in Appe ’nd ix A.

P reprocessor

The preprocessor changes a l l  a r i t h m e t i c  assignment statements in t o

a series of one’ or more’ su~rout me ’ ca l l : ;  • t ’ ach ar it hmt’t Ic operator

(+ , — , *, / , ** , and — ) Is rep laced by one’ subrout ine ~‘a i i  , thereby

10
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allowing both in te rme dia t e  and f i n a l  resu l t s  to r e f l e ’et accu r a t e ly  the

charac te r i s t i cs  of the s imu la t ed  computer.  The only change’ made to  the

preprocessor was the add i t ion  of one more parameter  in the subrou t ine

calls. This ext ra parameter , which  is the name of an array which holds

the overflow and under t  low l i mi t s  f o r  floating poInt value s, was added

to allow fas te r  checking for f l o a t i n g — p o i n t  overf low and under f low . The

values in the or ig ina l  s i m u lat o r  were stored In an in teger  a r ray  and the

SHIFT f unc t ion was used to  i~r ’vent conversion of the values to f i x e d —

point format.

SETNB T T Sub rout ine

SETNBIT is the name of a subrout ine  which is ca l led  as the  f i r s t

executable statement of the ’ FORTRAN program and wherever else requi red .

This subrout ine takes the input  parameters  which are the user opt tons

and converts them in to  values the numerical  rout ines  need. The ten user

options associated with any call to the SETNBIT rou t ine  are shown in

Fig. 3.

User specifications :

1) NBITS Floating point vordlcngth

2) MANTSA Mantissa length (excluding s ign)

3) ICUARD Number of guard d ig i t s
4) IEXPNT Exponent length (Inc lud ing  sign)

5) IPTPOS Binary point posit ion

6) IRN DTR Roun d or t runcate
7) IONTIJO One’s complement or two ’s comp lement a r it hme t i c

8) ITYPE Mach ine rad ix
9) MESSCS Message suppression

10) IFIXD Fixed point wordlength

Fig. 3. User Specifications (Options)

Each entry shows the order the opt (on occurs in the p arameter l i s t,  the

variable name, and i ts  meaning.  The var iab le  names w i l l  be used In
11.

_ _ _ _ _  _  
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equat Len s later in liii ch ap t e r .  The ’ out pei t  vat ti e s a * e ~ st e ’t e ’d in two

arrays , the’ f i r s t  ~ JY )  holding f i x e d — p o i n t  values and the st’cond (TREY )

hold Lug t lost lug—point vs lUe’s . The ’se’ at rays are’ t hi’ 1 ast  two parame t e’rs

for  SETN L% IT. The t t’n user opt  ions w i l l  be e xp la (n ed f t  rst f e l l  owed by

the ’ way  t h e ’ two s tr ay s  a t ’  ~i 1 led.

Opt Ion One . ~t c  f i r s t  option is used to indicate the t o t a l  numh t’r

of h i t s  in a f l o a t i n g — p o in t  word .  As an examp le of tie is , the AN /AYK— iSA

d ig it a l  processo r has a mach Itit’ word le’ngt h of lt~ b i t s , w i t h  s ingle  p rt ’-~

cision f ix e d — p o t u t  words being r epresented by 16 hit s , or one machine

word , and n tng le ’—p r e’c ts I on float tug—point words being represented by 3~

hi ts , or two machine words. When simulating with single ’ precision

f loa t  tng—p oi n t  words , the va lue’ of opt ion one would be sot to 32 , or

the number of h i t s  in the t b a t  ing—p o t a t  word.  S ince  some’ sma 1 1cr

compute rs use d i f f e r e n t  numbers of machine  words t o  represent f i x e d —

poi nt and f loa t ing—poin t  words (Ref 49) ,  ju st  as the A N / A Y K — I S A  does ,

option ten was added to  al low the user to sp e c I fy  a f i x e d — p o i n t  word—

length d i f f e r e n t  from the’ f l o a t i n g — p o i n t  wor dlength  spec! f l e d  in opt ton

one.

Opt .t on Two. The second opt Ion allows th~’ use r to spec i C y  the

nemeber of h i t s  in the mantissa of the float tug—point word , not count lug

the sign of the mantissa. This Is the mant issa  length for all  f i n al

variable assignments.

~~t ton Three. The third opt ion , which replaces the one in the

original s imula tor  which was used to Indicate single , double , or t r i p l e

precision computation , I s used to indIcate’ the number of guard h i t s

• employed by the s i m u l a t e d  computer .  The’ use’s of guard digits as de f ined

by Kuk t and Cody (Re f 4 i : 2.’4) a1t ’ as te l lo~s. For a d d i t i on , guard

12
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d i g i t s  a t e  pritsar iv use s i t ’ i t t  a l a  sic i t  t ed ~I t~~ t t ~ Of t h e  operand w i t h

the ’ sma l icr  exponent  at the (tine ~~t t h e ’ cX poue’nt a t  i ganeent ~ f t h e ’

opi ’r. ntds . ~usi d d i g i t s  a l so  p a r t  I c i  p at e ’ in the r ig le t s~c i ft of ti le’ m t  or—

med I S t e ’ stun in c ISC ’ ~ t a s ’St  rv . I s i ng  en lv one gust ti di git , t he ret at ( y e ’

accuracy ci t h e ’ ~um of t we cx .t5 lv it ~~ resect  t e’et mumbo rs may he’ prot  oct  cii

t ie  w i t  it in m ach i  me p u c e  is (on . uhc~’ repre sect t at (on of t 1 S S ~ product ot two

N — - d i g i t  si g n i f i c a n d a  r e e lu i r e s  2N d i g i t s .  i t , ot these’ 2N di gits , N+K

le i gh e e t d c  r ci ( g it s  . c te  55’ t as l i v  si ev e ’ lope’d b~’ fo re  the  post  cts ’rm.l I i :  at  ion

of th e’ r esu l t , then K guard d i g i t s  h ave ’ bee’n use’ei for mutt i p i (eat ion .

S t i t ~~e’ the’ mu It  i je Ii cat  iou ot t w o  ceorcna l I .‘ed ep ecaceds  i-equ I yes pos t norma I~-

I ~at ton of at  most OUt’ di g i t  , t h e c  o w i l l  he e it lie’ r K set’ K— I guard dig it

a v ai l a b le ’ for  p o s s i b l e’ roun d t ag ~f t cc ’ the postnorma t i i at  t o t e . I t  no

guard d i g i ts  are used , a number could be’ chcatiged by m u l t  ip lv i e~ i t  by

1.0 (Re f .~ i : 2 2 ~~~. it is still leoSsihl e to Indi~~ te’ single , dcu~’le , or

triple ’ preci s ion cemptitat ions  by sctt lag this opt Ion t o  t ile ’ r e ’~i e t1  r~ d

numbe r of e ’xt r~ hits. As an examp it’ of how t h i s  opt i~’te is used , if

MANTSA Is assigned the’ va lue’ 23 and 1,G1IARI ) t h e  v a l u e ’ ‘, the’ m u t t  (p 1 i—

S cat ion

TEMP Ti * T2 ~

would he per formed us tug 25—hit man t I ssas and the result won l~l be’ st ec’ed

in the ’ va r iab le’ locM ton TEMP using a 21~ l e it mant issa. For mere infer—

mat I ott CUt t i t e ’ e’ f fe’~~t S of gua rd d i g it s  Se’S’ Kuck , 1’avt  e’r , and San~h (Re I

39) , Kuk I and Cody (Ref ~~ fl , and Cs ’dv (Rt ’ f 1 .’’) .

S 
(~pt Ion Four. Opt Ion four is t h ’  SSine’ as one of t it e ’ op t ion s in th e’

or ig ina l  s i m u l a t o r  and is used o show the exponent l eng th  i o u  C test in g—

poi n t words. The s ign ~ f t h e  exponent is i nc  I ude’d in the ’ le’ngt ii of t h e ’

exponent , so t i es ’ cone! I t i en
5 — ’
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NEITS MAN’l’S.\ + IEXPN ’l’ + 1 (2)

must hold true .

Opt ion Five. The f i f t h  opt ion  is the ’ same as one in the or iginal

simulator  and allow s th e  user to spec i fy  whether  the  b i n a r y  po in t  is to

the left  of the mant issa  (making t h e  m a n ti s s a  a f ra c t i o n )  or to the
S righ t of th e mantissa (making the mant issa  an i n t ege r ) .

Op t i o n  Six .  This  opt ion  is also the same as one in the original

simulator and is used to specif y whether round ing  or t runca t ion  w i l l  be

pe rformed.

Opt ion Seven. This option was added to allow the user to specify

whether the machine b eing  simulated words in sign plus magn itude , si gn

plus one ’s comp lement , or sign c lus two ’s complement floating—point

arithmetic. When rounding is being performe d , the on ly d i f f e r ences  are

in the overflow and underfiow values. When truncation is being per-

formed, however , one other rather subtle difference appears , that being

that sign plus two ’s complenent negative numbers are truncated away

from zero while sign plus magnitude and sign plus one’s complement

negative numbers arc truncated toward zero, This concept , shown gra-

ph ically in Fig. 4 for fixed—point numbers , is explained in detail for

both fixed—point and floating—point numbers by Oppenheim and Weinstein

(Ref 55:406—413). In Fig. 4, x representr the number before truncation

or rounding, Q(x) represents the number a f t e r  t runcat ion or rounding ,

and the variab le b represents the wordlength for a f i x e d — p o i n t  number.

Rounding and truncation are performe d by the special subroutines

ONETRNC , TWOTRN C, and ROUNDER which  are explained in detai l  later in

this chapter.  For more information on the e f f e c t s  of rounding and

truncation, see Kuck , Parker , and Samele (Ref  39) , Tsao (Ref 61) , KukI

14
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and Cody (Re f 43) , Cody (Re f 12), and Kaneka and Llu (Re f 5( i ) .

Option FIglc~ . Opt ion  eigh t was addc’d t o  al low the  user to s pec i f y

the machine ’ base , or r adix , of the  computer  be ing  s i m u l a t e d , provided

the rad ix  is a m u l t ip l e  of two . R (nary , octal , and hexadecimal miechi ties

are examples of computers h av i n g  a machint’ base which Is a mult into of

two. The ’ mach ine  base’ cic f i nes the’ ac tual  value ’ of t ~~~~ exponent and

affects not only the’ overflow and undo u f l o w  I I  m i t  a , but . ~ 1 so the’ way ti le ’

mantissa Is normalized, in the m I  l owing  examp les , the maul 1s~:a sign

bit is first , the’ mantissa is second , and the  expon ent is last , s i n c e

this is t h e  way computers fo l lowing  t h e  MI L -- STD— 1750 document represent

floating—point numbers. Truncation is as,sumc’d , and th’ four b i t  pat-

terns in Fig. S represent how the result  of d i v i d I n g  127 by 64 , or the

number 1.984375 , would be represented on binary , quat c ’rn ary , oct a l , and

hexadecimal machin es respective ly .

Bi t  pat tern  Actual  v~ l~ t’ Radix

O 1111111 0001 1.984375 2

0 0111111 0001 1.96875 4

0 0011111 0001 1.9375 8

0 0001111 0001 1.875 16

FIg. 5. Radix Effects

In each case, the wordlength is 12 bits , wIth 1 hit for the sIgn , 7

b i t s  for the mantissa, and 4 bits for the exp onent .  More Information S

on the e f f e ct s  tha t  the machine radix l~as on numerical  accuracy can be

fot .nd in Kuki and Cod y (Re f 45) , Kuck , Parker , and ~ameh (Re f 39) ,

Goldberg (Re f 2 7 ) ,  and Cody (Ref 12).

,2r,.Ll on N in e . The a l a t h  opt ion is the  same’ as one in the or I g I n s t

16
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s i m u l a t o r  and I s  used t o  cent tel t h e  Pr l 1~ t u g  Ot SuppFt’SS ion of ove’r l  low

and underf low messa~t’s. I f , d u r i n g  ~‘ny p ar t  of t h ~t’ s i m u la t i o n , o v e r f l o w

occurs on the  CL)C CYBER 74 and the v a l u e ’ 1:1 used again , the program w i l l

terminate  regard less of t i ec  v a l ue  of t h i s  f l ag .

_~~~j on Ten. Tb I I zcst  opt lou was zidde ’d I o a l l  ow t h e  use’ r t o specif y

the f i xo d—p o [at word l e n g t h  SO t I c z z t  correct ov ’rf low bounds can be est ~h—

ii shed fo r  both  f I xt’d— pe~ i at and f l o a t  lu g — p o i n t  coneput at Ions .  Tb is a l lo w s

programs run on com puter s  such as the AN/AYK— 1SA , whore t ic e ’ f i x e d — p o i n t

wordlength is d i f f e ren t  I torn t h e ’ f l o a t in g — p o i n t  word I engt Ic , t o  b ’

simulated zec curs t  e ly  w i t  leout h av i n g  t o  ca l l  the’ SETN 11 I T  s u b r o u t i n e  when

changi n g bet ween f i x e d — p o i n t  and f l oat  Ing—po t n t  eocnput st  ions .

KEY . The ar ray  KEY holds  f I xe ’d—p o tnt vs 1 u’s which aee’ use’d b y t iet ’

nuneerl cal subrout In ca.  l’ice f o l l o w in g  paragraph s dese~r I b~’ how t i m e

elements of the KEY array ar e filled from the vs I ue’S spec I f ie’d as user

opt ions.

KEY (1) . KEY (1) holds the largest f i x e d — p o i n t  pos i t i ve  number

which can he represented on the machine b e ing  s i m ul at e d . Given the

IFI XI) input  In opt ion t en , K E Y ( ] )  may he eomput:ed by

KEY(1) — (2**(IFIxD_l))_l (3)

KEYc2 1. KEY (2) ho lets the largest (mzmgn i t  ude) n e g a t i v e  v a l u e

of the simulated computer and is used in  check ing  for nega t ive  f !xt ’d—

point overflow . For s ign plus magnitude and at  gui p lus one ’s comp lement

machines , KE Y (2)  may be computed b y

KEY(2)  — — K E Y ( l )  (4 )

S 
but for sign plus two’s complement machines I t  shou ld tie computed b y

KE Y (2)  _ ( 2 * *( 1 F I X D — l ) )  (5)

KF.Y ( 3) . KEY ( 3) holds user  opt  ioi ~ six , or IRNI)’l’R , spec’ I fying

17
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rounding or t runcat ion . The use of t h i s  f ie ld  Is discussed f u r t h e r

later in this  chapter  in the sect ion e n t i t l e d  Special Subroutines.

KEY (4) .  KE Y (4) holds user option seven , or ION TW O , spec i-

f ying one ’ s comp i t ’mont or two ’ s cocnp lenient sr i thmet I c. Tiec use of tl~ I s

f ie ld is ~~t~~ei dis cussed la ter  in t h i s  chapter in the sect ion en t i t l ed

Special Subrout ines .

KEY (5.~~ KE Y(5) holds use’r opt ion nine , or MESSGS , speci f y ing

print  or pr in t  suppression .

KEY (6). KE Y(6) holds t hee number of neant:Issa b i t s  to save on

all f ic i a l  assi gnments and is f i l l e d  with the value of MANTSA , or user

option two .

~~~~~~~ KEY ( 7 )  ho lds thee  numbe r of ext r a man t issa b i t s  to

save du r ing  intermediate operations and is f i l led  w i t h  the’ value of

IGUARD , or user option three.

~~~~~~~ KEY ( 8) holds user option eight , or ITYPE , specif y i n g

the e radix of the machine being simulated. The va lue  ac tual ly sto red is

the exponent of two which would give the desired radix (the vales’ 3

represents octal, since 2**3 8) .

ThEY. The array name d TKEY holds four values used for  overf low and

underfiow checking. While each element of the array can be represented

by a mathematical expression, the actual values are computed using

shift , mask, and addition or subtraction operations. In some Instances ,

an operand being added or subtracted Is unn orm a l iz ed , w i t h  t he answer

being normalized by the CDC cYBER 74 computer. I f  the physical  l i m i t s

S of the CDC computer would be exceeded In trying to rcpre8ent the over-

flow or tenderflow values of the computer being simulated , the Cl)C limits

are used instead. The documented code t o  implement t he’ a Igeir I thues to

18
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fill  the TKEY array is shown in Appendix B . Those operands used in

additions or subtractions which are unnorinalized are annotated as such .

In the equations which follow , the variables are the same as those

shown in Fig. 3.

TKEY(l) . The f irst  element of array TKEY holds the largest

positive floating—point value that can be expressed on the computer

being simulated. If , du ring any operation , a floating—point result

exceeds this value , positive overflow will be signaled and the result

will be replaced by TKEY(l) . The value stored in TKEY(l) depends upon

the location of the binary point specified by IPTPOS , or user option 5.

If the binary point is on the left , TKEY(l) may be computed using

TKEY(l) = (2 **MANT SA_ l)*(2**(ITYPE *((2 **(IExPMT_ l))_ l)_

MANTSA)) (6)

If the binary point is on the right , TKEY(l) may be computed using

TKEY(l) = (2**NANTSA_l)*(2**(ITYPE *((2**(IExpNT_ l))_ l))) (7)

TKEY (2). The second element of TKEY holds the largest

(magnitude) negative floating—point value representable by the computer

being simulated. If any result is less than TKEY(2), negative overflow

is signaled and the result is replaced by TKEY(2) . The value stored in

TKEY(2) depends upon both the location of the binary point specified by

IPIPOS and the type of arithmetic specified by IONTWO, or user option 7.

If the binary point is on the left and sign p lus one ’s complement

arithmetic is specified, TKEY(2) may be computed using

TKEY(2) = _(2**MANTSA_l)*(2**(ITYPE *((2 **(IExPNT_l))_ l) .~

MANTSA) ) (8)

If the binary point is on the left and sign plus two ’s complement arith—

n~ tic is specified , TKEY(2) should be computed using

19



TKEY(2) — _ (2 **( IT~’Ph ~*( ( ? * *( 1 EX P N T _ l ) )_ l ) ) )  (9)

For the cases where the binary point has been specified to he on the

righ t ,

TK EY(2) — _ (2 **MANT SA_ l) *(2 **(ITYP E *((2 **(IExpN T_ l) )_ l ) ) )  (10)

Is used for thee sign plus one ’s comp lemen t case an d

TKEY (2) _ (2 **(T1 l:*((2 **(lF:xPN ’r_ l) )_ 1)-i-~~ NTsA) ) (11)

is used for the sign plus two’s comp lement case.

~~~~~~~~ The thi rd  element of TKEY holds the smallest pos i-

tive f loa t ing—point  number which is greater than zero and s t i l l  repre-

sentable on the computer being simulated.  If any result  is greater than

zero and less than TKEY(3) , p o s i t ive  unde rf low is signaled and the resul t

is replaced by zero. For the cases where the binary point  is specif ied

to he on the lef t ,

TK EY(3) — 2 **(_ (ITYPE *((2 **(IEXVN T_ l))_ 1)+ITYP E))  (12)

is used e~hen sign plus one’s complemen t arithmetic is specified and

TKEY(3) — 2**(_ (ITYPE*(2**(IExPNT_l))+IrYPE)) (13)

is used when sign plus two’s complement arithmetic is specified. If

the binary point is specified to be on thee r ight , the value’ for  TKEY ( 3)

is computed using

TKEY(3) — 2**(_ (ITYPE*((2**(IExPNT_l))_l)+ITYPE_HANTSA)) (14)

for the sign plus one’s complement case and using

TKEY(3) — 2**(_ (ITYPE*(2**(IF:XPNT_l))+ITYPE_MANTSA)) (15)

for the sign plus two’s complement case.

ThEY(4.~~ Thee f o u r t h  element of ThEY h olds thee smallest

(magnitude) negative floating—point value whicle is less than zero and

still representable on the computer being s imula ted .  If any result  Is

greater than TKEY(4) and less than zero , negative  und erf  low Is signaled

20



and the result is replaced by zero. If the binary point has been

specified to be on the lef t,

TKEY(4) = _(2**(_ (ITYPE*((2**(IEXPNT_l))_l)÷ITypE))) (16)

should be used if sign plus one’s complement arithmetic has been speci-

fied and

• TKEY(4) = — ((2*;’~ UYPE))+(2**(_MANTSA)))*(2**(~ (ITYpE*

(2**(IEXPNT_l))))) (17)

should be used if sign plus two’s complement arithmetic has been speci-

fied. For the cases where the binary point has been specified to be on

the right,

TKEY(4) = _ (2 **(_ ( i YPE *((2**(IEXPNT_ l))_ l) fITypE_MANTSA ))) (18)

is used for the sign plus one’s complement case and

TKEY(4) = _ ((2**(_T. ‘ZPE))+(2**(_MANTSA)))*(2**(_.(ITYPE*

(2**(IEXPNT~-l))_MMTSA))) (19)

is used for the sign plus two ’s complement case.

Function Subroutines

The function subroutines are called to perform all additions, sub-

tractions, multiplications, divisions, exponentiations, and assignments.

The subroutines, together with the operation they perform and the types

of operands they have , are shown on page 47 of the thesis by Klein

(Ref 31). Although several changes were made to these subroutines,

their basic concept remains the same. The first change is that they all

now have one extra parameter, the array TKEY. The subroutines which

handle only fixed—point operands do not use this parameter, but more

extensive coding changes would have been required in the preprocessor

to differentiate between the subroutines which have at least one

f loat ing—point  operand and those which do not. The second change was
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necessitated when the uaer option to handle sign p lus two ’s complement

arithmetic was added. Separate checks are made for positive and

negative overflow in all  the subroutines , and for tho~c subroutines

having at least one floating—point operand , there are also separate

checks for  po~ i t ivc and nega t ive  und er f iow . The code for p r i n t i n g  the

overflow and underfiow messages was put into thee f u n c t i o n  subroutines ,

eliminating the sneall p r i n t  subroutine that  wa~ pa r t ~f the o r i g i n a l

simulator. The thi rd  change is that  all thee code to accomplish thee

rounding and truncation for floating—point operations has been put into

three special subroutines.

Special Subroutines

The three special subroutines, called R OUNDE R , ON ETRN C , an d TW OTRN C ,

perform rounding, sign plus one ’s complement t runcat thn , and sign plus

two’s complement truncation on floating—point results. The documented

code for these subroutines is shown in Appendix B. The option which

allows the user to specif y thee radix of the machine (ITYPE) increased

the complexity of the code considerably . Thee exponent must be examined

before determining the number of bits to save lie the mantissa , slnc ’ i’

on a machine with a radix greater than two, the mantissa migh t be shifted

one or more places to the righet. To simulate th is h a p p e n i n g ,  the mushe r

of places the mantissa would he shifted must be comp u ted an d then sub—

• tracted from the number of mantissa bits to save . For intermediate

results, the number of guard digits is added to give the total number

of mantissa bits to save.

ONETRNC. The subroutine ONETRN C performs sign plus one ’s coneple—

mont truncation just as it was performed In the original simulator sub—

rout hiec , except it. has added cede ’ to handle  the  ma che in e  radix option
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and the guard b i t s  option . A s tep—by—step example of how ONETRNC works

is shown below in Fig. 6. This example shows how the result of 1023

divided by 512 would be truncated for an octal machine with a word—

length of 12 bits, 7 of which are mantissa. There is 1 guard b i t  and

the number being truncated is an intermediate result.

a) 0 0011111 1 0001

b) 17207774000000000000

c) 00000000000000001720

d) 00000000000000172077

e) 17207700000000000000

Fig. 6. ONET RN C Examples

Line (a), which is in binary, shows what the result would look like on

the simulated machine. Line (b) shows what the answer looks like on the

CDC CYBER 74 computer before being manipulated by ONETRNC. Line (c)

shows the first 12 bits of the CDC ~YBER 74 word after they have been

shifted right 48 places, putting thee exponent into fixed—point position.

The word has been filled with the mantissa sign during the shift , and

following the shift, if the result is negative, it is complemented. The

value at this point represents the biased exponent of the CDC CYBER 74

word. If the sign of the exponent and mantissa are the same , then the

exponent is subtracted from 2056, otherwise the exponent is subtracted

from 2055. This subtraction allows the FORTRAN MOD function to compute

the number of extra mantissa shifts required to compensate for the

machine radix. The MOD function computes the remainder of this dif-

ference divided by the base two logarithm of the machine radix , or ITYPE ,

which is stored in KEY (8) . In this example , the exponent (976) was
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subtracted from 2055, giving 1079, and ITYI’E is 3, so the  number of

extra  b i t s  lost Is 2 , wh l che is ~‘1~;o thee number of leading zeros in the

maeetlssa ice line (a) . Thee number of bits to truncate for intermediate

results is foun d by s u b t r a c t i n g  thee number of mantissa bits and guard

bi t s  to  save from 48 , ~heen adding thee teumber to lose due to t he e ‘nacheine

radix. For this example , the final niemb t’r of h i t s  to lose is 4 8—(7+ l)+2 ,

or 42 bits , leaving 6 significant hits in the  CDC CY IW R 7~ m a n t i s s a .

The CDC CYBER 74 word is then she l fted 42 p 1ace~~, first to the right with

a sign extension fill (line d) aced t hen  to thee l e f t  wi th e  c i r cu la r  f i l l

(line c). The result has thee sauce numerical value as line (a).

flJOTRN C. TWOTRN C works just l ike ONFTRN C except t h at  for negat IVe ’

S 
numbers, TWOT}cNC truncates them away from zero instead of toward zero.

This is done by adding to the negative n umber a negative number wh i che

is composed of thee same exponent va lue  aied an unnorne al lz ed mant issa

which may be computed by treating thee man t i s sa  like a fractional va lue

and subtracting thee smallest non—zero simulated mant issa  from thee

smallest nonzero unnormalized CDC ~YBER 74 man t i s sa .  The cxaeiep le in

Fi g. 7 steows the s tep—by—st ep  two ’s cemp lenecnt truncat ~on of the resu l t

of dividing —1023 by 512 on a binary machine w i t h  a 12—bit wordlcngth .

The mantissa length is 7 hits , there are no guard bits , and the  b ina ry

point is on the left. Line (a), which Is in b ina ry , shows what thee

result should look l ike on the s imula ted  computer. Line (h) show s what

the result looks like on thee CDC computer before  be ing  m anipu la ted  1w

• NOTRNC. Line (c) shows the unnormalized musher wheich is to be added

to the result. Line (d) shows thee result of th i s  a d d it i o n . Thee next  S

step is to perform thee shifting just as in ONFTRNC. Line (e) shows thee

result a f t e r  be ing  s h i f t e d  righ t 41 p laces , and l ine ( f)  shows the  f i n a l
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a) 1 0111111 0010

b) 60570003777777777777

c) 60577740000000000000

d) 60563762000300000000

e) 77777777777777413477

f )  60563777777777777777

Fig. 7. TWOT EN C Examples

result after being shifted left 41 places. The values in line (f) and

line (a) are the same .

ROUNDER. The subroutine ROUNDER has been changed from the one in

the original simulator in that now it handles all rounding which needs

to be done. Rounding is accomplished in the same manner f or both sign

plus one’s complement uid sign plus two ’s compleiner.t arithmetic, so no

distinction is made between the two. ROUNDER works the same as ONETRNC

and TWOTRNC in the way that the machine radix and guard digits are

handled. It also performs a sign plus one’s complement truncation as

the last step, just as the others do. Before the final shifts are per— 
S

formed, however, ROUNDER rounds by adding to the operand an unnormalized

number which has the same sign and exponent as the operand. The man-

tissa of this number is computed by putting a 1 one place to the right

of the computed end of the simulated mantissa and zeros elsewhere. For

• a negative number, this mantissa is then complemented. Fig. 8 shows an

example of how the result of dividing 1023 by 512 is rounded to a 7—bit

• mantissa. No guard digits are used , and the machine is hexadecimal.

Line (a) shows what the result would look like on the simulated computer,

• and line (b) shows what the result looks like on the CDC CYBER 74 before 4
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a) 0 0010000 0001

b) 17207774000000000000

c) 17200200000000000000

d) 17216076000000000000

• e) 00000000000000036430

f)  17214000000000000000

Fig. 8. ROUNDER Examples

being mani pu la ted .  Line (c) shows the unn orm allzed number which is

added to the operand before truncation occurs. In this case, only 4

mantissa bits will be saved , since 3 are lost because of thee machine

radix. Line (d) shows the result of the addit ion , wit h t h e CDC hand l in g

the special  case whe re the exponent heas been changed. Line (e) shows

the result of the left shift of 44 places , and line ( f )  shows the f i n al

result, which is the same as line (a).

Summary

Several changes were made to the original n—hit simulator to enable

it to simulate more accurately various computer wordlengths . The pre-

processor was modified so that it builds an extra argument into the

function subroutine calls that It places in the modif ied FORTRAN source

program. This extra argument , TKEY , Is the name of a floating—point S

S array wh ich holds the f loat ing—point  overflow and underf iow l imits  of

the simu lated computer. The subroutine SETNBIT was changed to give thee

user more flexibility in simulating different computers. Options were

added to allow the user to differentiate between sign plus one’s cone—

• plement and sign plus two’s complement machines , to specify the radix

of the machine being simulated , to sp~ ctf y different floating—point and
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When eva lua ting  numer ica l  sof tware , one f i nds  a direct re la t ionshi p

between the e f f o r t  expended in t e s t i n g  and thee confidence In the correc~~

ness of the so f tware ’. Otw way to  assure correctness Ic ~ to test al l pos-

sible combinations of Inputs. Since ticis Is rarel y p rac t ica l , a conunon

practice is to use a l i m i t e d  set of input data  for  t e s t i n g .  In t h i s

chapte r are discussed techniques for  testing pseudo—random number gem—

erators and Monte Carlo techni ques for  t e s t ing  numerical software . Also

mentioned are testing methods proposed by Cody (Ref 10) and others to

increase thee probabi l i ty  tha t  numerical  accuracy problems in a given

numerical routine wi l l  be discovered.

Gene ra t ing  Pseudo—Random Samples

• Only binary computers which perform two ’s complement arit ’~ ft’tic are

considered in thi s  ‘~hapte r , and i t  is assumed that  f l o a t i n g — p o i n t  mace—

tissas are normalized. Floating—point numbers are reprerented w i th e  mace—

tissas of length in bits and exponents of length e b i ts .  Since the man—

rn-Itissas are normalized , there are only .2 unique mantissa values.

There Is one extra mantissa representation wle ich e is used for thee value

0 which is not normalized , since the mantissa is all zeros. Not coun t-

ing thee right endpoint of the Interval [o.o,i.o] , the re are K uniq ue

numbers expressable where K may be computed by

K = (2~~
4) *(2 3 1+1)+l (20)

For the IeN/AYK—l5A computer, thee mantissa length is 23 b i ts  and the

• exponent length is 8 bits .  Therefore , from (20) , K is

K (2
23_ 1)*(2 8_l

+l)÷l = 541,065,217 (21)

Thus , when tes t ing  even a simple rou t in e  such as a sine rou t ine  f , ’r
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sin (irX/2) over the Interva l ~o.o,i.oJ~ It becomes impractical to test

using all possible inputs. Therefore , Monte Carlo techniques are often

employed.

When takh’tg samples of input data , Cody (Ref 10) states that the

input interval can be divided Into sub in terv al a , w i t h  a collection of

random bit patterns tested in each subint erval .  Not all numbers In leis

subintervais necessarily have the same exponent. For any of his sub—

intervals conta in:Eng numbers for  which the error varies substantially ,

the subintervals are broken d own fu r the r  wi th  more random bit  pattern s

• being chosen from cache new subinterval.

If a subinterval Is considered to contain all representable numbers

wi th the same exponent , then thee numbers are evenly spaced over thee sub—

S interval. This does not mean that one can take uniforne random samples

from the Interval [o.o~i.o~ and expect to get an unbiased random samp—

• ling of all possible values occurring in that interval. If so , half of

the samples would be expected to lie in the interval [0.5,1.0] . The se

numbers leave an exponent of 0 and are un i fo rmly—dist r ibu ted  over the

suhinterval [0.5 , 1.0 1 . For t hee AN/AYK—15A computer , there arc

(2
e_l

+l where e=8) d i f fe ren t  exponents which , when combined w i t h i  man-

tissas, produce aumbers in the interval ~o.o,i.oJ . Therefore , less

than one percent of all representable numbers in thee interval [o.o,i.oI

actually lie in the sublnterval [0.5 ,1.0].

Cody recommends us ing random bit  pat terns , and these can be ob—

• tam ed easily using the CDC pseudo—rardom number generator. The pseudo—

random number generator returns values which are uniformly—distributed

over the interval ~~~~~~~~~ Those numbers less than O.~ can he inodi—

fied by
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wi th  the resulting numbers being un i fo rmly—dis t r i bu t ed  over the sub—

Interval ~~~~~~~ . The exponent can then be modif ied  to provide a

unIform ly - d i st r i b u t e d  ps eudo—random sample from any of the 129 sub Int er—

vals making up the In terval  ~o.o,i.oj. Si n ce al l subl n ter vals con ta in

uniformly—distribut ed numbers, sampling from each subinterval equally

helps ensure that the total samp le is close to being u n i f o r i n l y — d i s t r i —

buted over the e ent : t re  population of K representable numbers.  Although

this me thod Is not as random as i f  t h e  exponents were also generated

randomly, it is easier to use when testing numerical software with the

n—bit simulator , since it is easier to construct the sample numbers. In

this investigation , all pseudo—random samples were generated by con eb in—

ing a pseudo—random normalized mantissa (from the subinterval [0.5,1.0])

wIth a pseudo—random exponent which was uniformly—distributed over the

population of possib le exponents. Resul t ing  samples which f e l l  outs ide

the variable ranges were discarded.

Testing of Pseudo—Random Number Generators

Three considerations play importan t ro les  in determining whether or

not a particular source provides ued.formly—dlstributed random or pseudo—

random numbers which are adequate for  use in testing. First , thee numbers

must be abl e to pass statistical tests which reveal departures from uni-

formi ty  and independence . Second , the numbers must he s u f f i c ie n t l y  dense

over thee interval being used , which in t h is  case is the subinterv al

• [o.5 ,l.oJ . Third , the numbers should be able to be produced e f f i c i e n t l y .

Since these three properties rarely characterize any one method of pro—

• ducing random numbers , compromi ses are made . U n i f o r m i t y  and independence

• 

•

S are generally more Important  than d en s i t y  or e f f i c i e n c y  In de t erne in ic eg
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the adequacy of an~’ part  I cu lar  method (Ref 19 :169— 170) . The numbers

returned by th ee ’ CUC p seud o—r acedoin number generator are uniformly— el i s—

t r ibuted over the In t erval  [o.o, i .o~ an d can be shown to pass the p ai r

trip let test , the au to_ cor r e l a t  f ete test wi the lag <100, and one of the

mos t power fu l  t e s ts , th e e  spect r a]  t e at  fo rmula t ed  by R. R. Conveyou and

K. U . MacPhe rson (Re f 38:8:’ ace d 14:82) . The C1)C pseudo—random number

genera tor , when used In cocejunction w i t h  the e n — b i t  s i mu l a t o r  and equa-

tion (22) , can he used to  e f f i c i e n t l y  produce numbers which arc s u f f i c -

Iently dense over the In terval  [o. 5 , 1.0] . Thecre are many tests  des igned

to reveal departures  I rem indepecedence and a uniform dint vi hut Ion .

Knuthe (Ref 38) describes ten of them wi tie a l go r i t hms , and other t e s t s

can be foute d in references  34 , 45 , and 54. The tests  discussed heer e

rcpresecet theose tha i  were used t o t est  the CU C pst ’udo—rand one eeunehei’ gen-

erator when used in conj unct ion w i th  that ’  n — h i t  s imulat  or. Tests were’

conducted for .e uni form distribution , racidoneness , and correlat Ion .

Uniform flf st r  (hu t  Ion . The Ko itno gorov— Stn i rteov test  (Ref 19: 187— 188)

was used to t e st  whe ther  or not pseudo—random numbers were tin I fe rmi  v—

distributed over the e i n te rva l [o. 5 1.0] . Thee samp le cuentelat (ye dist vi—

S 

b u t t o n  f u n c t i o n  Is

0 X ” X 1

F (X) -
~~ X

1 
‘~ X ‘ X

1~ 1 
(“1 ,... ,n—l (23)

1 X > x
— n

and thee thecoret teal cumulative d 1st r ihut: ion fucect Ion is

0 X~~~0.S
F(x) 2x— l 0.5 X 1.0 (24)

1 X~~ 1.0
The test s t a t  i~~t Ic fl (X) i s
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D ( X ) max IF(X)  — F (X) I (25)x
The null hypothesis that  the samp les are taken from a uniform distribu-

tIon may be rejected with a confidence of 1—a if D (X) > D~ , and if

D (X) < D~ , thee null  hypotheesl s cannot be rejected.  For a 0. 10, 0.05 ,

and 0.01, ti ,e cr i t i c a l  1)
~ 

values were computed using equations (26),

(27) , and (28) .

1.22

~ /n (26)

1.36D
05 (27)

D 01 
= 

1.63 (28)

The results of Kolneogorov— Smi rnov tests of pseudo—random numbers

are shown in Table 1. Colunui s 1 and 2 show wheat the numbers were used

for, coluctut 3 shows the number of samples generated , and column 4 shows

the computed U values. These can be compared to values shown in col-

umns 5, 6, and 7 which show the cri t ical  U values used to test with a
a

level of significance a. These numbers tested were used in evaluaticeg

the square root and sin e fun ction app rox imations wh ich are discussed in

th ie next chapter. When test ing,  odd—numb ered calls to thee pseudo—random

number generator were used to generate the mantissa and the even—num-

bered calls were used to generate the exponents. The mantissas were

modif ied , if needed , by using equation (22) and were then truncated to

contain 23 s ignif icant  bits , which is the single—precision mantissa

length of the AN/AYK—15A flight computer. The numbers used to generate

the exponents were tested as returned by the pseudo—random number gen-

erator. The reasons for choosing a particular number of samples to use

will be explained later in this chapter aced In thee next chapter.
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USE NIJt4BER OF 
D (X) 11

010 

-•

Square Mant i ssa  600 0. 0414 0.0498

Root Exponec t 600 0.0307 0.0498

Sine ~tant1ssa 25307 0.00470 0.00767
Cosicee Exponent 25307 0. 00549 0.00767

Table 1. Results of Kolmogorov—Smi rnov Tests

Independence. Randomness and correlation should be tested for when

evaluating the independence of random numbers. Randomness for s ing le

numbers was tested by using the runs test .

Runs Test. The runs test (Ref 47:282 — 285) is based on thee

order in which samples art’ obtained. The median of the samples Is ob-

ta ined , and then each sample Is compared to the median. Numbers less

j than the median arc given the value 0 and numbers greater than the mcd—

lace arc given the value 1. Numbers wh i ch equal the median are not con-

sidered. The number of runs of zeros and ones can be approximated

closely by a normal d i s t r ibu t ion  wi th  Incace hnd s tandard dev ia t ion

as shown in equations (29) and (30).

2n a
= (29)u

f2n cc (2n cc —n —n 2)a j l 2 1 2 1 (30)
U y (n1+n2)2(n 1

+n
2
—l)

The null hypothesis that the sample Is random can be based on the sta-

tistic as shown in equation (31), where u is the observed number of runs.

U-fl
z (31)

H u

It is assumed that no more tt ea ce one value w i l l  exactl y equal th ee median ,
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thu s n~ and 11
2 

can be computed b y

N /2  N even
a2 (32)

(N—l )/2 N odd

With  t h is assumpt ion , 
~~ U ~~~ can be comput ed by

( N + 2) / 2  N even
1-’ (33)

U (N+i)/2 N odd

N ~N- 2)
4 )  N even

0 

J~~%J) N odd 

(3 14)

The ceull hypo t iees  is t h a t  the sacciples a c e  random is rejected w i t h  a eon—

f Idenee of i—a i f  z fa l l s  outs i do thee c o n fid en c e  i nt e rva l 1— z ,
~ 

ct/2 a/~
Resul ts  of test  s usl ceg the c ’ same p seudo— random numl)e~-s us& ’ti foe the

Kolmog oro v—Sm irnnv test  are shown in T ab l e  2. Colunec es 1 an(I 2 sieow wh ea t

the numebers were used for  and column 3 shows t ice nunehe’ r of sainp I es god —

er . t t  ed . Column s 4 and 5 show the values of t hee exp ected  necan ~i and th e e
U

s t anda rd  deviation o . Column 6 show s the actual nu m ber of r un s and
U

column 7 shows the values of the z s t a t  isti  en compeeted its ] ceg equation

(31). These’ cad be compared to the values of :
~a/2 ( t w o — t a i l e d  t e s t )  foe

a 0.1 , 0.05 , and 0 . O h .

Serial Correlation Test. The ser ial  cor re la t ion  tes t  (Ref 
j

38: 64—65) c.eeasures the amount t h a t  
~~~~ 

depends on 1J~ , where U is an

In d i v idu a l  sample. The ser ia l  cor re la t ion  coe f f i c i en t  C Is a s t a t i s t i c

wh i ch always lies be tween — l and +1 a1c(l is computed by

(U~tr ~+I1 1u12~ 
+U~~~~U 

1
+U 

1
U
0
) — (li

o
+tl

_i + . +U

n(t10
+111+. . .+U~ 1) — ( U 0+U 1+. •

~~een C l ies  ci eso to zero , hit~ aeev tw o cocesecut lye saeep len arc re ’ a—
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t tvt’ ly tcc ekpendece t of oat -he ot Icer , hu whete  C is ±1 It (nei l c .c t  es a ot a t

1 Inear de-pendecice ~ I .e .  U~ — in f :4t 7~~~~ for all J and ~or Some cocest ac e t s

a and in. “Good’’ values of C are expect eel to 11e betwce’n j i  — 2o ztctd
ii a

p +2cm ~hout ~15 per u -ou t of t tee t lent ’ , wh et ’rc f i  :end 0 .it- i’ comput eth byn ci cc cc

S 
p

ie 
— ( 3(c )

--1 cc ~u c-- ~ (37)t n ( n — i )

S 
Those two  equ~~t I ens are ome lv  cocej ect  t ired by ~nt i t he  but  a c e  supp ort  eel 1-v

e m p I r i c a l  evi detect ’ (Ref  38: (~I~— ( 5) . SU CCeSS I V t’  inium et I ssas and su c ce s si Ve

exponents were t est  t ’ei s ep ar at e ly  f o r  corre ’i : i t  I tcfl . Tab l e’ .! show s I he m’

result: of tet; t s us! ceg t h e n  .ccue p seud o— random teuneb e e n  used t oe5 I lit’ Re I —

S mogorov—Suc I rtuov tent • Co I tunics I and 2 ~hee iw t tee use’ of nucuhu’ rs and

cc lunetu 3 show s I ice ceucn ebe r of samples general  eel . Co I umce 4 and ~ sh ow

the va limes (ii t 1k’ CXpt ’ t t ( ( t  ffioaii f t  aced st : indacd  dcv i at i eee 0 . Co 1 ic ime 1’a n
sheows the values of p —2 ~ , t ’oiuccnc 7 shows the  ~‘a l imes of t h e , ’ C stat le t len

ii it

computed us lug equat (oct (35) , med column 8 sleows t h e ’ values of p
~

-l ‘
~~~

Te rm in at i on C r i ter i a  for Monte Carlo Test (nj~

Exhaust I ye tenting Is prehe I bit ! Vt’ in t I mu’ and cost In at  I but  some’

spec lid cases. The tester , I f lie dec ides t o  t e n t  us lu g  rand om input

data, Is there fore  faced w I tic a dec Is! on on wh eeuu 10 st op t e n t ! cig . i t  Is

assumed that  the sof tware , i n thee nt  at e  in wit (cli i t  I n  be lug  t e’~ t~ d _ wi l l

he r ej e ct ed  I f  aiiv error is encounte  red. Ichen t ent  I me g nucrner I eal proper—

t ics, ace error occurs whenever the re’ iat  I ye ’ or abso hut e’ errece’ exceeds

S 
specified tolerance I m e l  ts. In thin sou se, t e n t  lug s tops when the lie -nt

error occurs .  A test Is con sidered to  he the’ act  ~f se’ lect leeg a randone

sample aced t hu- ce d e t e r e n in  lug  If th at ~~ cup le’ p c-odu cos an ercer or not . I ce

t h e l  s se’ceee , a l l  t est  n are assumed to be independent . For t ’ a u i e  t est

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ J
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there’ a c~e~ only two possible outcomes: ace error oc curs , or ceo error

Occurs. Inc error occurrence is considered to be a success and no error

occurrence is considered to be a failure . It Is also assumed that  thee

p r o b a b i l i t y  of a success , p , is thee same- for all t r ia ls , or t e s ts , si nce

the test icec ludos t h e ’ no Ie’ct ( etc cc! thee i-andom samp le. If thee fl in t suc-

cess occu rs on the xth  t r i a l , i t  cmcst he preceded by x — l fai lu res .  Thee ’

pvohaldlitv of x—l failures ~~ (1_ ~)
X_l

, aced if m ulti plied by thee pro—

bali lii ty  of a suc~-ons oce the xth t rial , p , t he p roh ah i  l i t ~’ of get t lug

the first su ccess etc the xth  t r i a l  is obtained as showce in equal ion (38)

(Ref 47:54—55 ,83).

g(x; p ) ~ ( 1_ ~~) X~ 1 
(38)

This is the geometric d i n t e i h u t t o n , and for the purposes of t h i s  i tu v e s—

t igat  l ace , I t  in assumed tha t  the test iceg of numerical  - sof tware  w i l l

follow t h i n  d i s t r i b u t i o n .

if  no errors occcc r , the tester Is f aced w it h  t hee d ec i s i on  of wheen

to stop t estleeg.  i f  it is assumed t leat the sof tware  w i l l  not he r e j e c t e d

unless an error is actually detected , then the prodeccer asstcmes no r i sk ,

and th eeref ore  t h e e ’ probab i l l tv  of a Type 1 error Is zero. The e ’ consumer ’s

act ua l r isk a f t e r  a t r ials is thee pro b a b il i t y t hat t hee softwar e was not

rejected 1f i t  contained errors. For the software to have not he ’en re-

jected, all n tr ials would have to produce f a i l u r e s .  Since the proba-

bility of a failure on any one trial is l—p, t hee p r o b a b i l i t y  of not

rejecting thee software given n trials is ( l — p ) ’~. The p r ob a b i l i t y  of a

Type 11 error, ~, is specified by lice consumer (or tes ter )  and is the

maximum risk the te s te r  is wi l l ing  to take of accepting  had software.

To ensure that  the tester ’s actual  risk is less than ~, n cntcst be cleosece

large enough Sec th at ( l—p ) ~~~~~~~~~ Su lv tag f~ r cc gi ves

37
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c~ 
1n~ (39)

To get a value for  p,  some assurnpt I ecu; cmn cst be’ made al - u - i t t  nucuer i  cal

errors in so f tware .  The fol  low ing examp le ’ in pc-esented to show why

assump t Ions ml gu t. be tceade to e-oupu ct e r. Thee ’ AN /A YK— iSA coneput or vi t I c

its 2 3 — b i t  macit les.c Is used in t t e I s exam~c le. I f  t lee I unc t I on s in (I1X /2)

is heiccg ev a l u a t e d  ove r them• i nt er v a l  {o. s , i .o
~ 

, tht ’e~ thee’ expenee’nt of all

poss ib le ’  i n p u t s  is ~e lw: cv s  0, and the value’s of X are ucl i feercecly d in tri—

‘2buted across the imete’r v ;ui . However , the re are 2 , or 4 , 194 , 304 of

theese values.  I f  thee ’ sof twa re Is I-e
’ oct  ~‘d v i tie ccnlv one er ror (ace d it

is assuccuo d t ha t  a l l  thee i-est of thee in p u t s  do not produce errocs) , then

p is the pcrcec e t of the input tested defectiVe’ to  he used as t h e ’ r o j e ’c-

t ion cr i ter ion aced may be computed by

S “ 4 19430’ 0.2384*10 6 (40)

If the tester wislees to he 95 percent sure he correctly identifies a

piece of sof tware for  rejection , then ~ Is 0.05. U slceg thees e v~ Iucs ,

the tester would have to conduct ccea r lv  t lerce t imes  as litany t e’ S t S  ~ it iu

random samples as there arc iceput ross lb i i i  t L e n .  Thee va lice of cc is

computed by

n 
-~~ iog

°
~ i~~~ 

_o.~~~~~~~~~ 6 0. 12565*10~ ( 41)

Theis says it would be easier to conduct an exhaustive test. The problem

lies in the assumption of thee single error fecun d among all possible in-

puts. It  seems h ighly  uce likely thcat  one value would exceed ( tie error

tolerances without  the two numbers adjacece t to It  also e x h i b i t i n g  sim-

ilar characterist ics.  Thee problem becomes one of spec i fy ing  a r e a l i s t i c

value for p.

38 
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S 
A simp le case of cancellat ion of terms is 1)reseiited to show how

relative errors large enough to cause sof tware  rc’j e-ct ion can occur. In

this example , the bi n a ry machi ne t ru ncates , the maceti nsa length is in ,

and the relative error bound is spec i f i ed  to be if , for  example ,

the relative error bound is speci f ied  to be 10~~ , then k 5( ln 10)1

(in 2 ) ,  or approximately ~6.6l. The “a r l ah ie  1’ is computed as shown in

equation ( 4 2 ) ,  and the constant  C , which  hen s an exponent e , is assumed

to have a relativc’ error of

Y = C — X  (42)

For all values of X within a distance’ I) of C where D is comput ed by

D (2 —m+k-l )~~(2 e) (4~~

at least thee (m—k+l) most signi f ic :cnt  bits  of the mantissa  are lost ice

the subtract ion , leaving at most k— i s i g n i f i c a n t  b i t s .  if  i t  in  assumed

that all values of X which fal l  wit l cin a d i s t ance  D of C have’ the sam e

exponent as C, then the number of unique values of X whicie lie w i t h i n  a

distance D of C is computed to lie Z by

Z 1 + 2~ (2 k—l _ l) 2k...1 (44)

Since the total number of possibil i t ies for X ( w i t h  th ee same ’ expoctecct an

rn—i . -C) is 2 , the portion of thee suhinterval wle iche ~‘auses r eject ion is R .

k
Il = Z / ( 2 m

~~ ) 2 -1 (45)
2’~ 

--

For the case of the ANIAYK— 15A computer , i f k teas been ~p o c i f i c d  to be

17 (giving ~~~ relative accuracy ) ,  then K may be comp’ite’d by

17
R = 

2 — i  2~~ = 0.03125 (46)
2

This value of K says that  there in a block of consecut ive numbers cen-

tered about C in one subinterval  which cause a relat ive error greater

39
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t h a n  2~ 
17 , and t i e .e t  these cetunbcc - s compri se  over t . h t V ’ ’e’ pee-cent of thee

flUlnbc rs ice t ha t  su b im e te -rv .c  1

li e a ctu a l  s I t u a t  locu ; , It  e~cucle t  be’ acenucue d t ha t  all  thee  numbers

w i t  he ice a d in t  1Ue~e’ 0 e~ t C Ic.  ly e ’ thee same exponent as C , so .‘‘ must he

Comput ed.  1 f the  cxpoieent e-I  C is n e i t her  the’ maximum posit  li- c nor

nega t ive ’ exponent e’f the e compute’!- being s Imu ’at e d , thee -n for  b i i e . c r v  corn—

S put e rn , Z’ fa 1 s Ice thee ma n ~~~~‘ [S~~~ / -. , 37/2] - If the exponent  Is the max I —

mtem pen i t  lye value , the e c e 7 ’ fa l  Is in the  range [7/7 , 37.12] , and if the

exponen t in the max i mum ice ga t I ye value , t hen Z ’ f a l l s  in tile’ ran ge~

{ zi~, . In these special  cases , overflow and und erf l ow combined w i t h

the norma l i ;‘ at ion of the e scant I nsa c an I i  tee i t the ceumber of unique va I tees

w i t h i c e  a d i s t a n c e ’ 1) of C, so 7.’ ca n take on smaller  valu es. I f  R~

computed as shown Ice equat i on (47)  , the n R* p. i i’es a m ice ineum proport ion

of consecut lye numbers in t h e  sacem e sub i n ter v a l  as the value C vie [cli

cause too large a re la t ive  error.

min (Z ’) / 2 ~~~ ~ /2 1ii l 
‘~m (2 k l)~~(l

—m ) (47)

If the gross assumption is made th eat  re l :mt  lye errors 1) propa Sate thro ucgle

a p iece of so f twa re , 2) general  Iv dome ’ d ine  i c e i sic , and 3) ar e u -~cusL ’d by

cancel lat ion of terms , th eete R* can be used to approximate p in equa t ion

(39).

1n~3n > 

~j~~( 1 )

If thee tes ter  Is test iteg over w s u h i n t t ’e-v~m l s  • thece the prohahi lity

of getting a success is p/v and equa t ion  (39) can be rewri t ten  to re-

flect the testing over thee entire’ variable range.

~ ln(~ (43)
lce (h— 1 ) S

40
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When a m u l t i — v a r i a t e  func t ion  Is being eva lu ated , ano ther  assump-

tion is c~~de concern ing the proport ions of d i f f e r e nt  variables whe i che

caa cause a SUCCeSS (an error larger thea ce the e sp ec i f ied  l i m i t s )  to  occur.

I t is assumed t h at a ce r ta i n p ropor t ion  of eac h v a r iable cause success

and that these propor t ions  are Indep endent  of thee otheer var i ab les. Cer-

ta in coumbic eations of Input  values , none of wic ic le alone C3USe’ S a success ,

can together also cause a success to  occur. hloweve’r , these cases wer e

not considered in a r r iving  at tlee numb er  of random x t r i a l s  needed ,

S since tiecy would tend to decrease the  number of t r i a l s  requ i red. As in

the s ingle—variate  case , cache var iah l~’ wii l  he samp led from i ts  to ta l

number of possibil i t ies usi ng pse uc do—r andone numbers to generate the man-

tissa and exponent.  Thee proport ion of all possible v a l ue s  of the

S variable which cause success is represented hr p 1 wi t h the  i-ange of thee

variable being broken up into w . subinte’rvals. Thee total. number of

var iables is denoted by V. The proportion P of all possible m u l t i —

variate inputs i s  computed b y

V p1 V p1 p 4 
~

~~~~
= 1  — — ~~~~~ — - — ~- + 0  (49)
i=i. W

1 ~~~ 
w~ w~

i~1j

where denotes terms of order three or hi ghe r.

The number of input  samp les (n) which guarantee that thee consumer’s risk

is not greater than ~ can then he obtained usi ng
S 

c-i 
~ ic~~~~1~~ 

(50)

S 
This still does not accoun t for gradual error buildup in which a much

S 

smaller proportion of a subinterval produces a re la t ive  error wh iche may

S 
be only one bit  short of the required re la t ive accuracy. In these’ cases,

the error  bui ldup came t csually he no t i c e d  using error  p lo t s , since many

- 41
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other numbers might provide the required relative accuracy withe as few

as zero or one bits to spare. Cody (Ref 10) suggest that when this

occurs and it appears likely that the software will fail, more extensive

testing can be conducted over the appropriate subintervals in question .

Anomelies ot her than cancellation of terms can occur in numerical

software.  Cody (Ref 10) also suggests that special inputs be const ructed

which will check the boundaries of subintervals, boundaries of the input

S variable , and any cross—over and nei ghboring data points where time rou-

tine changes algorithms . These cases are difficult to construct and

must currently be done manually. When used in conjunction with random

testing using subintervals, they increase the tester ’s confidence that a

numerical software rout:Lne performs correctly.

S umneary

A tester using Monte Carlo techniques to test software is faced

with the question of when to stop testing. His maximum risk , ~, is

specified , but he may know very little about the error characteristics

of the software . By makin g an assumption about the nature of the errcr

character istics, the tester can arrive at a number o trials at which to

stop testing. The tester ’s conf iden ce in the results (assuming the

tester doesn ’t get any successes using random inputs) can be increased
S 

by conducting extra tests at the boundaries of the variables and other

special points, by using error plots , and by monitoring the error dcvi—

ations over small subintervals.

42
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1V h ’ v : i l u : , t i o e e  ot  Av N i t  i c c i n i t  t e a l )~~‘ e i t  t i l t S

Mac ey I cc..’ c-I Ia  I ee.e v I ~ :i t I d e C  mccl I I c c ’ cole t ro I rout I c i e ’ r oqu I t• c’ t lea t

e’e~~; I i ce ’ , S l e e t ’ • :c t e t  :ilip ~i9 ct • aced s i l I c a  C O  l O c e t  I e c i c c t  I oem I - c ’ ova I oat e d .  T~c’te

has t o  ecco t leeds wo t o  cel ls  I de ’i i ’d I or s I cm c c c l at  l e e g  t ti e ’ I r i  gi eccecn e e ’( c - I c  f u e c c t  I t i l l S

a d d  l ice ’ m m e I c e : i i  c oo t  I octe t  I i c ce  whc ~’ce t l c e ’v :110 c e - t h u  I r. - el i —v a i cceul : i t  Ott I I I i~~!it

r emi t l i c e .  ‘ t h e ’ Cecil l~~e I h ) a t  :i Cc -c t % c c : I  I I eec (t:DC) 1 1 b c - a  c-y c o m e t  I teen c ’eei h e t  b~

USt ’ ci , w i t  Ii l Ice ’ n i  cen c h a t  oc- . Ic i  c e n t  I c eg t lie I e i i e c t  i cc i e  va I t ie ’ r o t  i t i e c e d  , or ee ew

S c out I non ccci i i ci Ice cu t e s t  r ice I c i i  w h e t  o le  vot e Id I lce ’ce ice ’ cecod ( I  I c - cl i cy  t h e e  cc h i t

s fn iu l a t o , ’  • ‘hu e ’s,’ icioeh i t  I oct rem i t  h i t s W e l I c  l e t  I in - cc li t ’ ceecee p I t ed  a lee c i  p. w I t  ii

t h e  ~c e e c g I : i e i e s  vii i ole c- a l l  t iic ’cee , I h i c ’ i c ’ t iy f l c t i t ’ : i c c c c e  i t  e l  V C e  I l o o t  1ccp t hee ’

: ic ’ C % t e : I eV tehi t  a ice: i l c  I o oct 1 lie I ceeti I at  i ’eI scat - I c I e m. ’. ‘ t h e ’ s l i c e , con Ic e e , are-

t~icc~ e -c ct  • aced s e t e i c t  o c o o t I t i e cc i  I oem w e c u  :111 (~~y S %  I w et  ee l w i t  he t im e I I : c i c ~-

n et I t  e ’ch e’ I c cc l  l e e ’ I ecg c t -m ~— v eI l  ( Re’ t I I :  1 )q) . ‘l’ hce ’ a c c t  a c mg ie t  feccu -  I ieee • w1c ’ce

repi I red I-v :e em f eeci c I i t  ~ if I I I g l e C c~ ni C l ice , wi tS  eva  1 m ca I ( - c i  i t s  I Hg C ice ( l ) ~’

I i i e e : e e y  i- i ced  l i c e ’ w i t  he t h e ’ re~ m e l  I l ee ’ I c e g  t t - eec e e -~e t oi l by  t leo ic — 1e 1 I i n t i t h a t  em

Ot Ieee :1 i c - I  iii egi ’ee t : il ep r ex  t w i t  I t i l e S  W O I S ’  e l e c t  : lce :I I y ‘c i t .  ~~e ’Ve ’ c : c  I le av e ’ bee ’ic

i e c o i m o n e ’ cI hey hi : i i - t  ( l~i ’ 1 17) . lice :ii goc I t hiceme ; p e c e m e c e t  t ’ th le e  t IcI ~ c’le ip t e~~i I

l i ce m m e l % l : i E e ’ c 0 c 1  , s i l l . .’ • :ee cel con I icc ’ I i i c i t ~ I I e c I l S  : 1 c c ’ ‘‘opt I 51:1 I ’  I c c e  I h i , ’ AN /

A\’ K—— 1 cA I I Ig hit  e’cieec l etct  .‘c i i i  t h e  e i c ’ l c SC ’ I h a t  I h e y ~~I c 1 u ’ f di - f le e ’ t .s~c i i t e d

ac ’cu riecy e ;pe ’e ’ i t  led by r e t  c ’ I e i l c i ’ ‘e / vIe I I. ’ c e ’q ec I i  I c eg c m l i i  I csticee ccunch e e ’ c -  c c l

• ( ‘omleilt  e’l I c e n t  c o o t  I ens for (cee~c I eeicoie I at t ote . Ut in ’ i : i 1cp  c ox I emI t  I ec fls vIe I d e

w i - i c ’  ceie ~i Ii- ~c ’d a i~~’ p I c ’se ’ ot  • ‘d i c e  App ec~ei i x  C. :\ I I I oc ~‘ei cou n t  :11% I he :e ~’c ’

bc ’ccc ehct c n e-e e  t e e  ne I .e I eee I :~c ’ t ice ’ c- c-i at  I ye i’ c - u - or , s I ccc.’ t h e  j :  I n  t h e e ’ sienee ’ as

ma~ fu el l u g t he e ’ u mine t ime t  o t ce l ? c ’ ’ I utcat i t  I S:C .l  h e l l  ( cn :cot I 5 5 1  H ’ e c l l c : I  I I ~ .‘cl )

lee eva 1 e l : c t  I ce g t h e , s ; c ’ leccee I I c ites , t he e ahcso I m i t . - c c c  o r , Ah ’ , I n  eli’ I I ec. ’..l aec S

thu.. ’ clii I • ‘ c . - e c e ’ ,’ I-e l  usi ’ , ’ ic  t i c. ’ i i p h e j I I X  i mee . mt  ‘ci s . h i c t  i e ee , W , .11Cc1  t i m e  c ’ x : i i - t  5 c c 1

l it  l u t e , V .
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AR — W — V (51)

l i c e rt 5lat I Vt C rro c , RE , Is dol l  ited t o  he’ t im e  absol t i l e ’  error  dI v i d e d  by

the exact so lut  b c e  aced is cee)t define -cl whie c t the e  e-x .ee ’ t so lut  l ute equals

zero (Re f 18:5) ;

RE A R/V (W — ?) /Y  (V ~ 0) (57)

For t h e ’ plot s siiowcc In the Is eleapte’r , th ee 1~ecr I ~u cec t  •tI a x t ’s nt ’C emoel t i c

r(’he t’e’~~~ii I t lit ’ I c e lcut a c’gucmc. ‘t et  cc a c e d t lee’ Vt ’ c t i  c-a I axe s  are used to i’e ’ it  c o n  ecU

ci  t ite r t h e e ’ :eiiso 1 t i t e ’ e c ’  rer  , AR , oc’ the e  c c ’  1 a I I V e ’ e ’ i- c-o r , RE .

~~~~~~~ l o o t

F~ i t hn’ sqt ear e ’ F e cec t t’ ni ce - t I oem , nc -v t ’ ca  I app l eeX I mat to te s  w..’ c~e ann I y ~t’el

Ice inlet I t  ion to  t he~m t of t rucec:ct I c c g  t lie ’ (~ieC rosmc l t w i t  he t lie’ n— b i t  slcc cul a—

to r. Vice ’ t w o  SO h t ml t otes Iec’iep ose-eI hot he L i e C e ’ New t eec ’ i t t ’ ra t  I Vt ’ ce cethe ed for

ova I cia I I ccg .~X wh et’ e.~ X ~
- C) ( R..- f 18:23) . Newt tin ’ met hod In t o ~h~~~iie ’ an

in it I at  icp pc ’oxl mit ton Y~ imnel t teen cotci p ti I t -  V 1 ~ 2 ~
‘ 3 ~~. .. cle f I n~ t t icy

tie ..’ rt’c-uc- e-m l een formula

~ 
+ 

~ t ) ,  Ic 0 , 1 , 7 , . . .  ( 53)

Convergence’ I n  qu adrat  Ic , sconce i meg ( t e a t  : in “Ic get s suf f I t ’ l ome t lv c lose t o

S vAX , 
~k+l ui ~~ am)rtcx I ccmie It ’ ly I wi de ’ an m cc c v c - term - c-ct d (g i t  cc a ce . Range’

reduct I 05 c i e h e e ’clli ’c; :1 i c ’ cmecceneonl V c’flcp I O OcI t o  is’cl t ice t i c t ’  max l icense c- c’ lie t lv . .’

error In  tlet’ f I c-st ah e le re x i ede a t Ion .

~j L _t l c ~~t _ Ic ijd$i . Spool f I c - a t  ions for tht’ square reete t feecict b c e  lice’ lude’

time f o l l o w i n g :

1) t tea t  I t  elec t  e’:c Ii ee l  i c e -c smeb roec t (non  (Re’ f 2 1 :  58 and 57 : 169)

2) t heat. thee ’  ne icx I neum out Ic ed w ou l d  ht ’ t: ’ i fe . 7 (Re’ f 57: 92)

3) theic t the e ’ n eax ln eu ne er ror  vies t o  he 0.01

Thee e itiiicl et ’r ‘17 71- . 7 15 t hee ’ c c x  l ee ncin . e l  l’e’ u i t t  5pec -d wh I ole ccc i g h et  ic e ’ ece couc et —

eroil whue ’ce e- eeu e lptit c ’ ct I cy

-“4
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V acid V reproc -eci t atrct-a ft voice I ty  vectors ice an X , V e’oord l e ca tex y

system , an d V .1 re-pre sents  tle~’ ai r c r a f t  t rack  vec’to r w l t h e  max lcnum uce e g e el —

teede 3276. 7. ‘rho mixl mum or r r of 0. 01 cc rrt’ spends t o thee re’so lee t I c-ce eel

the aircraft i nst rum en t s  and was assumed t o  het ’ t h e e  mcvcxtmtem absolute

err or wh ich e would  occur •‘it cm’ ecear the max !ceme cne output  va lue .  The ccma x l —

mum rel a t i ve  error , NRE , was thee’ re fore ;unnume d to lie ’ 3. 0*l0~~~;

MIlE = 3.0*10 6 
< 3.052* 10 6 ~~~~ _l_~ (55)

Assumptions .  For the pecrpocce of necasuring absolute and cel:c t l ye’

errors which were e s t i m a t e d  to be on thee order of io 6, thee (‘DC squ a c e

root fun c.t loci w i t h  it s  c’cl ative error  h— ou t ed of 3,0*10 16 (Ret 14:139)

S to be accurate  cnoeig h e to m i S t ’ as the St and:i c-cl.

Test Ii ~~ Criteria. En ch e solut foc i was ova ietate ’d us lug M onte ’ (‘a r I o

techn ique s an described ice thee previous chapter. ~ was cleose’i
e to is’

0.01 aced only two sub i cetorva l s  ‘~erc t e n t e d :  [o. 25,0. soj and [o. 50, I.OOJ

Tb is was because on ly the r e lat ive  error  was h . - Ie e g ceeo:inurt’d. Thee ’ c e  1; i-

ti ye accuracy roqu i red was 10~~, or app rex I scat e ly  2 1/ lI ce I m eg vs I t c e ’ C ; of

17 for k acid 23 for m (mast issa length ) , R~ Is computed to I’e 0.0 1 ‘,(c7 ri

= (2 k 
— l)~~(? —m) (Ste)

This value is then s u b s t i t u t e d  for  ~ In

(5? )

to obtain a value for  n , where ’ n is the number of pse ’eed o— r~ccedo ne samp l e -c ;

r equired to test to a s i g n i f i c a nc e  leve l of 1— ( ~ (see Chapter 3).

Ti’e value of cc Ic e  c( cmp mi t e’d to lee ’ ‘iSS;

In

~~~~~~~~~~~~~~~~~~~~~~ ~~~‘~~~~~‘ ~~~~~~~~~~ ~~—
‘
~~~~~
‘
~~~~~ ____________
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The r esu l t s  of t e s t i n g  600 random t r I a l  numb ers for  u n i f o r m i t y ,  random —

ness , and correla t ion are show n In Tables 1, 2 , and 3 of time preced ing

chap te r .  Thost’ numbers were supp le’nc eeete ’d by 10 ,000 other pseudo—random

numbee- ce when cons tc uc t ic cg  thee ab solu te ’  and r e l at i v e  error p lots .  The

ext ra neembt’rc; were used to seecoothe out thee error  curves. The purpose In

smooth i cig out th- crc-cr cecrve :e was to sh ow immure ’ a ’cecrnt ely time n at u r e  of

the cnaxiee eum er ror .  Tlce ’se extra  ceumbo r s were generated by s t e e g le calls

to the CDC pseudo—random number genera tor.  Each call returees a value

un l f o rm l y — d i  s t r i l e e c t ed  over the lntc’ rval {o. o,i. o~ , and by mod I l ’v l n g

those nu m be rs wh i cit f ee  i i  In thee Interval [o. 00,0. 25J by

S~~- 0 . 5 — S  (59)

approx Imately 5000 pseudo— random numbers were ohtalne’d for cache of thee

two sub i cet erv eci cc be lug te sted.  Al 1 thee inputs were’ dlvi dod Ice 1 cc 100

evenl y—spaced i n ter v a l s  for  p l o t t i n g  purposes. Thcc p lots  shcow the cuaxi—

mum (positive and negat ive ) absolute aced r e l a t i ve ’  errors obt :eleeed ove’r

each of t h ee 100 p l o t t I ng in tervals .

Solution 1. The f i r s t  method for approx f etne t lug thee’ sq ecart’ root

func t ion  is to call thee (‘DC squat -c root f u n c t i o n  aced t runcate- Lice result

to thee desired word lee egth .  If t he  computer beleeg s imul ated  icas a ma ce—

tissa length of eec b i t s , ttee n t hte ’ cf fe ’ct  of t r u n c a t t e e g  a value such as

t leat returned fronc th ee CDC square root r o u t i n e  Ic ; t o  int r oduce  a neg at ive

relative error (sot! equation 52) not less th en ce 2 —m+ i For thee AN / AV K—

15A f l i ght  computer , t h is re lect I ye crc-or hound would be _2
22

; or appr ox—

( 
Im ately —2. 4*l0~~. Thee a b s o l u te ’  and e-elatlve errol’ p lots over the i n —

1 [o. oo, i . 00] are ’ simowit i ce  F I 
~~~ 

9 and F’ 1g. 10, wit Ic c -a che plot

46
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Fig.  10. R e l a t i v e  Er ror  of Trucec -:m te d CI)C Sq uar e  Root
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showing the maxima and minima over the 100 evenly—spaced intervals.

Each break in the lower bound occurs where the exponent of the square

root changes.

Using the CDC square root func t ion  is easier than using either of

the other two solutions which follow , since only one line of code Is

requi red in t he FORTRAN f l igh t  routine . The error bounds are approxi-

mate ly the sauce as th ose prod uced by solutions 2 an d 3 , so l i t t l e  can be

gained (in terms of s imula t ion  accuracy) by using ei ther  solemtion 2 or 3

when simulating.

Solut ion 2. The second method for computing the square root fun c-

tion uses a combination of a linear nein ineax polynomial and an exponent

S shift  to get an ini t ial  approximation (Ref 33:25). Once the f i r s t

approximation has been computed , two iterations of Newton ’s method are

applied to obtain the desired relative accuracy.

The exponent  of the in i t ia l appr oximation is computed by r i g i e t—

shifting one plac.e the exponent of the input argument. If a 1 is shifted

off (odd exponent) ,  then the shifted exponent is increased b y omee and

the mantissa is shifted one place to the rig ht. A relative error of

—23—2 can be introduced if , du ring a mantissa sh i f t , a 1 is  sh i f t ed  o f f

the end. This mantissa s h i f t  then leaves an unnorma ] ized mam et i ssa  wimi ch

lies in the range [0.25 ,0.50] . Otherwise the mantissa lies ice the nor-

mal range [o.so,i.oo] . A l inear mn inimax polynomial ,

M0 = A * M + B  (60)

is used as the f i r s t  approximation , N0, to the mantissa of the square

root of the input  argument with manttssa H. This is then combined with

the shif ted exponent to obtain the f i r s t  approximation Y0 for the square

root of X.

48



Since the error measured is the relative error , the minimax property

(that the maximum error is a minimum) should hold for the relative error
S 

of the final output value. Hemker , et al (Ref 33:25) , solve for the two

mninimax coefficients A and B, giving A 0.6862915010151 and B = 0.343

1457505076. These coefficients may also be expressed by

A =  2*B 5 (61)

B 6—4 V2 (62)

The maximum relative error, MRE of the ini t ia l  approxiln-3tion , occurs at

both endpoints and at one interior point and may be computed using the

right endpoint ;

MRE = max ~A*X+B_e/X = ~A+B—l~ = 17-12 e”2 0.02944 (63)

Two iterations of Newton ’s method carried out on a eceachine with infinite

precision would give a final maximum relative 2rror less than 9*10 8.

This is only slightly better than the actual relative accuracy obtain-

able using single precision (23—bit mantissa) on the computer being

simulated.

Solution 2 was tested over the interval [0.25,1.00] with the nunc—

in the interval [0.25,0.50] representing those that  would have had

an odd exponent. Hence, their accuracy was truncated to 22 bits , thereby

simulating the extra right shift. The minima x polynomial and the two

Newton iterations were evaluated using a 23—bit mantissa for all cases.

The absolute and relative error plots are shown in Fig. 11 and Fig. 12.

The ef fec t  of the initial tuinineax approximation for the mantissa

can still be observed 1n these plots. If another iteration of Newton ’s

method is performed on the MI/AYK—1SA computer , this effect would corn— S

pletely disappear. However , the maximum (negative) re~ ative error houn d

L
Li
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would not be improved any .

Solution 3. The thi rd meth od , wh ich also uses a combi na tioce of a

linear minirnax polynomial and an exponent sh i f t  to get an in i t ia l  approx—

icceat io n , Is presented as an a l ter ceative  to the second solut ion.  Time

exponent of the f i r s t  .epproxirnat ioti is computed by ri ght—shi f t i ng  one

place the exponent of t hc Input  argument. if a 1 is sh i f t ed  of f  (odd

exponent) ,  t iels method sets a f lag to sign a l a la te r mu l t i p lica t ion by a

pre—stored constan t /2. No mant issa  shifting is required , so the man-

tissa alway s lies in the range [o.so ,i.oo~ . Since the range for the

minim-max app rox ima t i on is sma ller , t i me maximum error using the linear

po lynomial Is much snma l ler .  The number resulting from the exponent she l f

combined with the  mant i ssa  from the ne ininmax polynomial Is then mul t ip l ied

by /2 if the exponent of thee input  argument was odd ( f lag  se t ) .  Thee

coefficients of the min imax polynomial ,

M0 = A*M+B (60)

may be expressed by

A =  /2 B (64)

B = (65)
(1 + ~V2)

A and B , rounded to ten s ign i f i can t  d ig i t s , leave the values A = 0.590162

0671 and B = 0.4173075996. The maximum relative error , MRE , still occurs

at X 1.0 and two other places and may be expressed by

MRE = max A*X+~~v~~
( 1

A+B-lf ~4~~~’~2 
‘~ 0.00747 (66)

x~ i \l+~V
2J

The maximum relative error , MRE , as showi-c (hoes not account for thee error

Introduced by the extra multiplication by /2 which Is somet~ mnes needed.

The pre—stored constant /2 has a re la t ive  error less t iman 2~~~~, ste to

Si

I

~ 
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get the maximum relative error , MR1 -~’ , of the in i t ia l  approximation , the

two relative errors must therefore  be added .

MRE ’ = NRE + 2 23 < 0.00747 (67)

This solution was tested over the interval {o.2s,l.oo~ with the numbers

in the interval [0.25 ,0.50] representing those inputs that would hav e

had ate odd exponent (and hence would have been multi plied by /2). The

absolute and relative error plots are shown in Fig. 13 and Fig. 14.

This meth od has tw o di st in ct advan tages over the met h od of So lut ion

2. First , it does not work with unnormalized numbers , and second , the

initial estimate is much bet:ter than that fo r solut ion 2 , the reby givin g

bet ter conver gence usin g Newton ’s method. The major disadvantage to

this solution is the extra mul t ip lication required whenever the exponent

of the input argument is odd. Both solution 2 and solution 3 should be

coded in an assembly language to f ac i l i t a te the shi f t ing req u ired to get

• the Initial approximation .

S Recommendations. Two recommendations should be made concerning

these three tests. First , when simulating using the n — b i t  simulator ,

it is easiest to just call the CDC square root f unc t ion an d t r u n c a t e  the

answer to the appropriate accuracy. This also gives ace adequate por—

trayal of the errors which would be encountered normally .

Second , when comparing the methods presented in solutions 2 and 3,

the macleine wordlength must be considered. The accuracy of thee method

presented in solution 2 is limited by the machine wordlength until a

mantissa length of 24 or 25 bits is reached. For longer mantissa

lengths , no significant accuracy is gained since the maximum relative

error bound using only two i terations of Newton ’s method is approx imate ly

9*10 8
, or 2~~

23.4). For mantissa lengths longer than 24 bits , solution

52
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2 could be modified to add more i terations of Newion ’s method . The

accu racy of t h e metleod presented in solution 3 surpasses that of the

method presented In solutioce 2 around the 24—bit  mantissa length. The

accu racy o solution 3 con t inues  to impr ov e sign i fi cantly unt i l  a man-

tissa lengtle of approxImately 32 b i t s  is reached , at wh ich t ime the

dominant error is no longer the machine t runcat ion error. The reason

that the method of solut ion 3 is able to obtain be t te r  accuracy lies In

the fact that a shorter  range is considered when using the minice-tax f i r s t

approx imat ion , rh eerehy giving a much better result from t ime two Newton ’s

method i te rat ions .

Sine Func t ion

For the sine func t ion , several Taylor series , mini max , and con t i nued

f rac t ion  approxicn at i ons were tested.  Each p roposed solut ion was executed

using the ti—bit s imulator  with single precision (23—bit mantissa) being

speci f ied.

Since errors on the order of 10~~ to ~~~~ were expected , the CDC

sine funct ion , which has an error less than lO
_ 15 (Ref 14 :141) , was con-

sidered to be exact in computing the absolute and relat ive errors of the

proposed solutions.  The formula for computing the absolute error AE is

AE~~~W — Y  (68)

and thc formula for comput ing the relative error RE is

RE = AE /Y , (Y ~ 0) (69)

In these equations , thee variable W represents the answer obtained using

the proposed solution and the variable Y represents the answer obtained

from the ~DC library sine function .

Specifications.  Several conditions for the sine function were

s p e c i f i e d  by the F-16 I ceer t i a l  N av iga t ion s  S p e c i f i c a t i o n  (Re f 57) and

54
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the F—lô Fire Coii t rol  Sp ed  f i ca t ion  ( R e f  23) . The f I i-~~t coied~ t ion was

that  the dat a I np u t  range was to he [_2 ii , 2 rt] . The second c o n d i t i o n  was

th at t ime error  was t o  he h-ss than 10 ~~~
. Thet-e was no Iced t eat  ion

w)et’ther t ie is  ce-rot - bound was Cot -  th ee  ;ebso lu te  er ro r , t i me rc l at  ive er r or ,

or both , so i t  w.es as seeme d to  he t i m e  ab so l u te  hound f o r  bet he .  Th ee t h e  i rd

cond i t i on  was that:  the sine f un d  I on must  ne t  cal l  othe r  subreut  I nes

Asnum~ t 1ons. Several ~-~ nd i t  b u s  wh I c i t  wet- e ~lssu mL -d t o be advan-

tageous are  sheewc be I ow and are sot~o of t l tos& ’ l is ted  by hlemker , e t • a 1

(Re f 33:3 9—4 . ’) :

1) u r n  1

x-~o

2) s 1 ( a l l  X)

3) Opt i ma I rt’ Ia t I ye ~ec cu cac v i s obt a limed

4) Thee nunebe r of mu i t  i p l ie  at ions used is tnt  u l  ma 1

5) The odd ch .era ct  e r of t he  niece fun et  ion is  preserved.

~~~~~~ R e d uct io ns .  The primary reason foe-- reducing th ee argum ent

range of an approximation is to enable~ appro x inwet  i ons t o  he used wie l etc

have a small number oil t erms and can be eva lua t ed  q u i c k l y • For po~ v—

nomial  approx imat I ens , l a rg er  v a r iab l e  1-atiges mean I ei  gher  order po 1 v—

nomi am cents t he used to obt a in the desired ace t c r zm c c - . Rev end some p o i n t

however , the costl iness of the range reduct iflns w i l l  o f fs et  the advan-

tage s (Re f 18:39 , 44) .

1’lee f ir s t  range reduct  ion for  the e sine a p p r o x im a t  ton  used thee t r i-

gonometric i d e n t i t y

sin(X) — sin (—X)  (70)

to red nec tIn ’ r ange t o [o . -
~ 

- 1  . Tb I r ange  r educ t  I on a i so  g u ar a nt  cod

that  the tedd c h e a r a c t  er of the  ni e ce  funct Ion would be preserved.  The
55 
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ide n t i t y

sin(X)  — s in(2 i t —X)  (71)

was used to reduce the range furt l m er  to [0 , n] , and

siue (X) sin(i:—X) (72)

%-‘aS used t o  cenp T ot e  thee r ange n -duc t  ion , resulting in a f i n al input

range of [O , 1r/ 2~ • A l l range reduction s were accomp lished u s i n g  extended

prec ision  to  r educe  th e  e f fe c t s  caused by cance l la t ion  of terms . Since

the s i ne  app rex i uat ion must not call other  subrout  j ules , time i npu t  range

was i-tot f u r t her  reduced to [0 ,71/ 4] using

sin(X) c o s (n / 2 — X )  (73)

TestI~~ Criter ia . Solut i ons were evaluated u s i n g  M onte  Carlo tecle—

niques as desce-ib e d  in the previous chapter .  i~ was cleosen to  be 0.05

and for  the AN/ AY K— 15A computer , there are 264 suh int~ rvals containing

numbers from thee interval [_2~;,271~ . Using values of 17 for  k (2 1
~

accuracy — see Ref 23 ,57) and 23 for  m (mant i s sa  l e n g t h ) ,  R~ is  computed

to be 0.015625;

(2 k 
— 1)(2

Th
) 0.015625 (74 )

This vair.’ is then substituted for p in

~ (75)
— 

in (1 - w

to obtain a value for n , where n is the number of pseudo—random samples

required to test to a si gn i f i c a n c e  leve l of l—~ (see chapter 3).

The value of em Is comput ed to  be 50,615;

i n (O.05)  50614.4 (76)
ln( 1 — 264

= Since the in terval  [0 , 2 ir] only contains numbers from half as mans’ in te r -

vals .e~ th ee i nt:erval [—2 a, 2 does, a~- un i  t e s t  i ug occurred over t h e

56
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In terval  [o , 2n] . The first range reduct lout in  the si ne  i- out i ccc uses the

t r igonome t -r i c  idem et ity

si i e(X) —s I n ( — X )  (70)

so the test Is just  as s i g n i f i c a n t  over the reduced range . T h i s  a l lows

w to he set t o  132 in cqu at ioc e  (69) , and now n is computed to  he 25307 ,

cc > —
~~~~~~~~~~~ r~~i-~ 25306 .4 (77)O.01j 61_ ~lce ( l -

thus g iv In g  a 50 percent  savIng~;.

25307 pseudo—random t r i a l s  we re cons t ruc ted  and the results  of

test 1mg tht e st -  numbers for a uce i form d i s t r i b u t i o n , r :uicdonuecss , and ro r—

re lat ion  are simowie In Tables 1., 2 , and 3 of the prec e ding  ch eapt er .

Usua l l y ,  when stcch la rge  samp les arc tested , the ser ia l  corre lat ion

test can he rewritten Co be more e f f i c i e n t  (Ref 38:64—65) and the

Kol.mogor ov—Sm ii -no v and Runs tests  can be h andled b y e s t a b l i s h m i n g  a

c im aln ed l i st  ic increasing order of magn i tude  Ins t ead  of using arra~’s

held and sorted in core (Re f 19:188) .

Solution. The solut ion presented is  a sevcnth—o e-der mini .m ax appr ox—

imatioce to t ime n I n e  funct ion  wi t i e the  e-elat: I Vt.’ ore-or exit lb i t  ing  t im e m i n i —

wax prop er ty .  Once the argument X has hceen reduced to t i m e  r ange [O , 7r/2 J ,

it is scaled (m eet r educed) to the range [o, i] by t i m e  change of var i :eb les

V = (2 1n ) *X (78)

so theat the slice fucect f on is now expressed In term s of the vae - labl e  V.

flee next step I s to compute  Z • ~~~~~ thereby redni - i ceg t ime number of mu 1—

t iplicat ions  requi red .  Thee m ln im.-ex polynomial can th ien be expressed

using Hom er ’s Ru le for  nested mult iplicat i on ;

sin(iiY/2) — ( ( ( C 4 *Z + C3) * Z + C~) * Z + C1 ) * \‘ (79)

T u e  COP ff1 e Ici m t s of t i c  Is pe lymeom i:iI were comptiled by Ha rt , e t . a I

_ _ _ _  -- _ _ _ _ _ _ _ _ _ _ _ _ _ _- _— —-—. -
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(Re f 32~ ll 7—ll 8 , 237) and art showie In the second column of Table 4.

These c o e f f i c i e n t s  were rounded to 2 3—hit  accuracy and input  in octal

fo rmat.  Time approximat e  decima l values of the rounded coefficients art’

shown in the th ird column of T:eble 4.

C o e f f i c i e n t s  Comp uted Coe f f i  c I ents Rounded
by Har t  to 23—bi t  Accuracy

C1 i.570794~ 51 1.570794820786

C2 —0. 6 45 920 9 7 6 4  —0.645920 99 18976

C3 0.0794876547 0.07948765158653

C4 —0.0043624 6 9 —0 .004362468 60772 4

Table 4. Miniuiimx Sine Cool I i c i e u e t s

Absolute and relat ive er ror plots for thee a p p r o x im a t i on  to thee sint-

f u n c t i o n  on the reduced interval [O ,mT/2J are shown in F ig .  1,5 and Fig.

16. The patteeai  which appears over t h i s  interval  is foun d to repeat in

various forms over the other parts of the  i n t e rva l  [O , 2 11j for  both s ine

and cosine approximat ions .  This mir ror  image e f f e c t  is caused b y thee

range reduct ions .  The absolute and r e la t ive  error  plots fo r  thee m in i m a x

approximation t o  the sine function on thee interval  [0 , 27u~ (us ing  the

mentioned range reduct ioci t echniques)  are shown in Fi g. 17 and Fig.  18.

These p lots can be compared to the absolute and relative error  p lo ts

shown ice Fig. 19 and Fig. 20 wh eich were obtained by truncating time value

retur meed from the Ch)C 6600 l ib ra ry  subrout ine  and us ing  t ic a t  as thc e

app rox i mat ion .  As can be seen , th ee d i f f e ren c e s  in the s i z e  of the ab-

solute and relat ive errors are on the order of one nwi gu eitude . Because

of the d i f f e r e n c e  in the s i ze  of the errors , the seventh—order m in i m a x

poly n o m i a l  was used when anal vz’ing t i m e f l i ght rout  ic i t’ ice chap te r  5 ,

thereb y en su r i n g  thea t  gc’nerate( 1 and a n a l y t i c  errors  would he accur at  c lv
58
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FIg .  15. Absolute  Fr i - o r of Sine  Approx ima t i on on [0~ n / 2~ 
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It ’JPUT * 7r/~?
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Fi g. 17. Absolute Rrror  of Sine Appro .~1mati ote on [o~ 2~)
: ‘

1 

3
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Fig. 18. Relat ive 1:rrot- ~~ A pprexi~c et j olt  Ofl [~, ~]
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Fig. 19. A b s o l u te  Error of T r u n c a ted  CDC S inc  etc ~_ -2~~, 2ii]
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I~.JPUT “~-2 lT
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repre semi ted.

Sunuuary . When constructiceg pol y n o m i a l  approximations  to time slice

function , range reductioce tecieniqucs using trigonometric identities are

employed. Once thee argument  range has been reduced , eninic imz ix po lynom ia l s

can be used to imeinineiz e the n m ax hil t uCe error ( e i t he r  absolute or r e l a t i ve ) .

Since t ime slice fui ect i on came he’ used in bot -h addi t ions  and m u l t i p lica-

t ions , both thee absolute er ror and the re lat ive error must he considered.

Error p lots can be used to aid v i sua l ly  ice d e t e r m i n i n g  thee error chat -ac—

te r i s tics  of the approximat ion .

Cos ine F u n c t i o n

Simece time si ne and cosine fun ct iot es  are so closel y re lated , (coc;

(X) = s~n(11/2 — X)), only one rout-l ice w i t h  two en t ry  p o i n t s  Is emeeded .

Whenever cos(X) is requested , sicc (x/2 — X) can be eva luated .  Otee m i n i —

max polyme omial is used in the routine , and thee d i f f e r e n t  ent ry  p o i n t ; ;

f acili t a t e d  coding fo r argument reduct ion.

Specifications. The spccificatioees for the cosine f u n c t i o n  are time

same as those for  the sine func t ion . As for thee s ine f u m e c t i o n , thee crc-o r

bound of 10~~ was assumed to be time bound for  botie absolute  and rcl~-mt ly e

errors.

Assum_pt lons .  Several condi t ions  w h i c h  were assumed to be advantage— -

ous are shown below and are some of thm ose l i s t e d  by Hemker . et .  a] . (Ref

33:39—42):

1) u r n  ~~~~~~~~-~~
-
“
\ = i

X
~2~\2 )

2) Optimal re la t ive accuracy is obta i ned

3) The number of mu l t i p l i ca t ions  used Is minimal

4) The even chma r ac  ter  of the Ces; 1mw f emcee t I oct he prese m - vt ’d .
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!~i&e Reductions . Trw first range reduction for thee cosine approx—

inmation used time trigoieonmetric identity

cos(X) cos (—X) (80)

to reduce thee range to [o ,
: J  

. This  also guaranteed that the  even char-

acter of th ee cosicee f u n c t i o n  would be preserved . Tlee identity

cees(X) cos(2x—X) (81)

was used to  reduce f u r t her  thee racege to {o , n] , and

cos( X) —cos( iT-- X) (82)

was used to complete time range reduction , resulting in a f i na l  Input

range of [o,xf2j . hlemker ’s first condition for the cosicie func t ion  meant

that .1 power series approxi nma t io i e  whic ie Is expanded about zero could not

he used neae ¶12 , since thee relative error exceeds 1O~~. A further range

reduc t ion

cos(X) sin (ei / 2—X) (83)

allows the ne in in e ax po lynomia l  for  t he sin e f unct ion to compute the cosine

function also. Tleis has tue benef It of requiring only one routlcme with

two entry points , one mninlinax polynomial, and one set of coefficients to

compute both the s ine  and cosine fuuct ion ~ .

Testln~ Cr i t e r i a .  Time cosine approximat ion was tested using the

same c r i t e r ia as for thee sine approximations . The same numbers were

constructed over time interval [O ,21T~ , and value of ~ was 0.05.

Solu t ion .  The cosine approxineatfon is computed with the same mini—

max polynomial used to compute the sine approximation . The absolut e and

relative error plots for the min imax approximation to the cositee function

on the interval ~o,2x] (using the mentioned range reduc t ion  techniques)

C-- are shown in FIg. 21 and FIg. 22. Just as for the sine approximation ,

the pattern of t he  neiml i max p o ly ce en ;  i al  can he seen to r e p e a t  , w i t i e  the

63
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FIg.  21. Absolut e Error  of Cosine Approx imation on [o,2n]
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mirror—image e f f ec t  being caused by the range reductions.

Sunnnary. When construct ing polynomial approximations to the cosine

function, range reduction techniques using trigonometric identities are

employed . The cosine function can be evaluated using the sine approxi-

mation If the Identity cos(X) sin(rr/2—X) is used . This results in a

savings in core storage and also allows the relative error of cos(X) to

be minimized even when X ‘cr12. Error plots can be used to determine

visually the error characteristics of the approximation.

Sumnmar1

Common mathematical routines such as sine , cosine, and square root

are executed often and need to execute as fast as possible while still

providing sufficient accuracy. Range reduction techniques enable lower—

order polynomials to be used for approximations, thereby reducing the

number of multiplications required. Since cancellation of terms can

occur during range reductions, range reductions are performed using

extended precision. Minimax polynomials can be used to reduce either

the maximum relative or absolute error. Hart , et. al. (Ref 32) gives

an extensive collection of minineax and near—minimax solutions to many

common functions. Sometimes special applications dictate that error

criteria other than the mininiax property be used. In these cases , it

is usually necessary to know not only the range of the inputs, but also

the distribution. Approximation s can be tested using Monte Carlo tech-

niques in conjunction with the n—bit simulator. Error plots showing the

maximum (positive and negative) errors can be used to aid visually in

determining the error characteristics of the approximation.

0
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V M ea l  vs i s  of 1ev 1 on i c- Rout  I ice

iThen analyzing the error  cl e ar a c te r ist i  es of any g iveme processor , i t

is o f t e n  help feil  to ana l  v ze comput ee r roge-anes vie i cit won id normal l y he

executed on the processor. Tim is  is espec i a 1 i v  imp o r t an t  wheen t r y i n g  t o

dotcrncine I f t ime word 1 engt it of the  processoc- 101mg ecte ’ug ue to ma Ice t a ic e

some spec [ l i e d  a cc ur a cy  f or  t i m e  programs , given t hat time transmit ted

error  imas been recuoved . Tb is cleapter  cometa lies a deta lied dl scussioce of

OflO approach for  ana lvz  11mg t i m e  er r o r  c he ar ac t er i  st ics of a computer  pe e—

gram and the e proce;;;;or on wIt i d e  it  is execut ed.  Although oct 1 v one rou-

tine has been used fee- dereon st r at  ion purposes , the n-m et heod ~~~~~~~ eel can

easi ly l’~’ app] led to  o the r  s i n gl e  em- cnult i—var I ate functions. ice order

to he acea l v~ eei cc ;; iceg the  method descr ibed in t h is  chap ter , th cse’ func-

t ions must he capable of be ing  coded in FORTRAN aced executed on ci ther  a

Ci)C 6600 or CDC CYBER 74 computer .

A fo~~~ar d err om- ;ena lv s i s  is conducted us ing  thee n — h i t  s imulator ,

and erro r plots arc utiil ;’ed to aid visually ice deter ne in i teg  the error

characteristics of thee routine aced they computer on wh i c i m  i t  would  nor—

sea l ly he ex e c u ted .  For the purpose ~f demno cest rat iceg tic is  nm ct i eod t ie~

computer  be ing  s i m u l a t e d  is the AN/AYK— l~ ;\ dig ital processor (Ref 2).

Thee AN / AYK— l 5A uses sine p lus two ’s comp l e men t r ep r e s ent a t i ons of f l o a t —

I ceg p oicet  ceunebers . The processor truncates (aS opposed to r o u n d i n g)  aced 
- 

-

t here ar e ceo gua rd h i t s  used.

Bear1n~ To Co Rout the

The av ionics  r o u t i ne  acealyzed is thee p ar t  of the s teering  fun c t ion

called hearing t o  go, or desired track (Re f s  7 and 57). The s teer ing

— funct i eee is exercised by the AN /A YK— I SA  dur l u g  t hee n a v i g a t i on mode an d

Is used far way—point m e a v i g a t  ion. i~e;ericm g to go (1ITC) is the angle in

t
-— 
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spice r i cal coord h ates he iweec e t rue nortim and thee ~c l e c t e d  es- m y — p u  im e t  suit—

tended a t  thee present pos I L i  on of thee a Ire m a f t (us lug great circle meav I—

gat io n) .

BTC I s  dep ic t ed  in F ig .  2 3 , wim er e  th e ’  coord he a t  e;; (A , 
~~

) represent

thee pr esele  t a i c-c ra f t  pOS I t i on  and ( 
~~~~~~ 

r epre sen t  the  selec ted  wavp oi  nt .

Fig. :~~. Beam-iceg To ( o  
-

BTC Is computt - d a;; 
-

— CT
BIG = t ame (—

~~-j .
--

~~~ ) (84)

where

CT ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (85)

CF — c o s ( \ .1,) *;;j~~(~~~_~~) (86)

A an d AT a m- e I ~. t It  t ide read i legs and may take on va 1 tics in t h ee in I erv a 1

/7 , 1T/ 2] , viii ic ~ and 
~ 

are long 1 t tide m-cad ings and ma~’ take  on va 1 tees

in time interval ~—ie . ~ - RIG may t a k e  on va lu e s  f rom t h e  I nt er v a  i [_-~ ,

and must have an “accuracy ” of 10~~ (Ref 57:96). lid s means th e a t I f  A

•, AT, and 
~T are exact ly rcpr cseeet ahle on the AN/AYK—15A (transmitted

error removed),  then the a b s o l u t e  crc-or (posh tive em - n e g a t i v e )  of BTC

must  cen t ex c ee d  t0 ’
~ f o r  any conch m a t  ieee ot A , ~~‘ . \ , and ~~ . - .

4 1 1

67
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lId s rout  l ime was e-ieos -ie t ar .i ic .u ea i v s i s  ~!~- ;;e;ea ~ c a t  i en t ac t i m e  cc

reason ;; :

— it is easy t o  use Mome t e t ’- i m - t o  t echie i q n t - ;  t o  ex~ ’ e I ;~~t ’ Ice cede

since v.e I tees I em A , ~~
- . _ u ed 

~ 
c a;e he ct ’iec - i a ted  us I teg a

p seu da— randon ;  i e t e ; ~.h cc  g en e  l t t  e ’r ( S c ’ e ’ c- h m a p t  ~-r

— cct S I me an~l l i ce  fecc ec t I a ;ee . ~c ’ u- ;~-J t ’at ii ice cnn I t  i P l I c- a t  i on

addi  t ionS  ( a t  stc l ’t r .ee t  a ;~~i , Sc ’ t h e  a b s o lu t e  n e d  r e L e t  i vc  cc c o t

chearact  c c i  st i c;; at  I ice s l i m e  ace d cOS inc .cpprcx  imat  I one m u s t  be

cons I e i ee t ’d

— i t  is il I~~ tii v . t i  l a t e ’ I ec ;tc t  lace • ;;c t I cebit i ques dc ’n ;~’;m ; : I r at  c c i  c.ece

e-asl lv  be ext  ended I a o t h e r  u ; c c l t  i v a m  i . t t t ’ I m n e c t  (ol e;; .

Bc:mr1n~ I a  ~~~ An n i vs i

Oh J e c t ; v~~;; - l Ice ’ e b l c c t  ly e ;; at  t ic  i s  eIe ’~~cnee t i- at io n  .ire to sheet: 1mev

thee ce —b i t  s t mc i  l.ct or ca i m be ut  i h i  aed In a f or w a r d  e e c  ac ae’ n lv  ~ is aced t o

sh ow heat: e’F rOr r lot  s c:iie be Li t I h i  aeci ~ 0 .1 Id  v I scm 11 v j i m  nee c l v :  i ceg t h~-

e ri-or c i ca c a c t  e ’ l i s t  I c;; a t  a emcee It  i — v . m m i _ ; I .‘ ft iiR’ I I t ’ll . l i e - a t -  i’i at S a C e  u sed

t~e he I ~t s l eaw t itt ’ t e ’ I ;it I atesh e t ps et t ’ .ic ’h e Va t  I n~’ he  I o t h e e ULi _ \  i :~t tm ~ib : ;c t i ( i t t ’

e r ror .  Rv e-oenpar l ug  pat I erie;; ( o r  d i i  I c c c i i  I V . ; I  I at’ 1 ~-e , est in : ct ~-s can be

oict:cicee~I for eat-h van .eh h e  vim I etc ~~ltcecs cent .c in Lem g~- c ’c uac s t o  a c cu c

These eei -e c s  oft en ;il’pe ;e e eec th ee  p lo t  as i’ c- a~n i nc - t e l  e p I k~’e

Time me—hit simecla t or is used ice t h i s  t ce ~’_ u ~ I ‘ c u a m  a n z t l t s i ; ;  t o t  tw o

rezcst’ces - Ft 151 , a i t  lmotcg hi S pee i l l  c e t l ace;; t’ X i ; ;  t I am - t he e AN ! IlK— iS A d I g it a I

htroct’ssor, nocee te;i~’t’ bee ’ce c-ansI  m e t  eel Vt ’ t .iie~l ;;ccc ’;cj • en; uc I he ce - -I ’ i t

$ imulat  or I ze c l i l t  .11 es compat - iceg rest m i t ; ; , icect ’ dat a fre mm e t lee item i at oc

and thee hecec ieicma rk dat  a ( f t - em t he rate t i ccc cx” e’c t t  ad wit ieeti I t i m e  si item I at  at  ‘I

can he eel lee-t ed at th et same’ t len t ’ us I emc ~ a dr  I yam ma~lult ’ -

flee nmo~iti 1 c S  m i s e d  ii a m e n  I v:  i t e e. t lee cc _ t v i g _ i t  ion i ou t  ( l e e ’ R

Its 
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a i-c shown in 1’ i g. 2 -~ and F l g. 2 . Tim e ;~c~c~hi i i ’ s sheown i c e Fi g - 24 are

comp l le- d ~Iir ~’ctlv (without being pr epmc ’i-~ -ss& ’d by t ime  c e — b i t  sic’.eeilat or )

The dr iv e ’ r modul e, CO~ 1’AR , cal lee t s th ee out pin t f rom t h e e - subroutines ~ U 1t I

and SIJ~ 2 and e-orc~ tm tes t h ee  a l t sa l  cite and relative e r ro rs . COMI’ AR a i s a

develops  t i i t ~ dat  a to he ’ i m s a d  ice htm l 1 di meg t1~t ’ c r c-or iii o t s .  Th~- m a n g e ’ f e c

each vam- l able’ is divide d into 100 cVe n h  p~~e e d  i n t e r v a l s , vi  Iii each ice—

terval coce t a in in  g tim e ’ ma~ i ;r.u nc nbs ~ l u t  a and re’ I a t  i ye e’ni - am -s (bet ii p 5;; 1 t I ye

and ewgat lye) - -‘el Len t h e  sinculat ion ha;; f i n i s l c e ’ ci , th~’ p 1 at  ac -ray ca n —

taicl ing the plot  dat a is w r i t t e n  t o  f i l e  T :WF4 t o  be pr occs~;ad  by a

p lot t in g  p rag ram. A fence t i ona I f I ow d lage-am of th e e dc- i ye ’ r t~c’d cc l  c (i~Ml’ AR

i s ste own in Fig. 2 6.

Th~’ suhm-out l i C e ’ SPil l sheown in F’ig. 24 is used to  evaluate BIG u s i ;e g

the accu racy oht a ice.-ehle vi tim a 45— 1~l t ccm ;cce t i ssn .  Tlee -valtie’ of BTC re—

turned is used i i i  t h e  forward cr c -em a ; ma I vs is as t h at  wi c I cii is ns;;ti;:ecl to

be vi timout error .  A l t i eoug ie thc i e is ic eev i  tably some error lie BTG , i t  i s

assumed t h a t  i t  is enough ( t h r ee  orders  of magic i t ude)  1 ass l u a u  t h a t

pr odem e-ael using a 2 3 — h i t  maci t issa t ieat  i t  c;et e he comes idered  I a be ex ac t -

l’lee subroect lilt ’ I1AN i~’I does no t  inOc ’e~ It’ he prepracc;sed b~- t i t e ’ n—b i t

S ine u l atom , s i n c e  it  returns values vii i elm art ’ ex a c t l y represen t able t: i t le

a 23—hi t  m a n t i s s a .  RAND M cal ls  time CDC pseuelo— rand ani goeier;e t or e i g h t

t~ mes to  get values  to use in const ruct ices time’ exponent s need ma ;ent i ss i s

vie i~~~c make up the four argumeci ts ret termeed. Si mice RANfl ~’1 was en]  led many

times (20 , 000) , ste 1 f t  ape r at  i on;; were  i use rted t o  t run c a t e  thee macm t i ss;e

to the requl red accuracy  in s tead  of p r ep r o c e s si n g  RAN IiM v i  t i e  t h ee  n — b i t

s i m u l a t o r .  There fore , time a r rays  KEY and TKEY are made a va i l a b l e

througie the COMMON statement.

Time modc il c c  sh cawi e I ce F i g .  25 are’ ticas t vie icim are’ h ’ m c ’pm - ae ’*’sseel by

b’)

I I



PROGRAM COMPAR (I NI’UT , OUTPUT , TAI’E l~ 0h1TPUT , TAPE4 )

COMMON KEY (8) , TKEY (4)

CALL SETNB 1T(pa r ameters)

CALL RANl )M(X ,~~, ~~~~~~~~~~~~~

call subrout ine to evaluate  BTC using  f u l l  precis ion

CALL SUB 1(\ ,~~, \ 1,,q, 1,, BT( ;)

call subrou t ine  to evaluate BTG us ing  n — b i t  s imcclator

CALL SUB 2 (\ ,~~
, X T ,

~ T ,SB’I’G)

ca lcula te  the absolute and re la t ive  erl- ors

AE= SBTG—BT G

RE=O. 0

IF ( B T G . N r . 0 .O )  RE = AE/BTG

STOP 
-

END

SUBROUTINE S UB l ( X t~~
, X

T ,
~~l,,

BTC)

sub rout ine  which uses fu l l  accuracy of C1)C ~YBE R 74

calls are made to CDC l ibrary fo r  ne athmem atica ] .  f u n c t i o n s

CTX = S I N ( X
T

) *CO S(X) — cos(X~)*sIN(X)*cos(~~_q~)
CTY = _CoS (~~ ) *sIN( q~ ..~4 )

BTG = ATAN2(-CTY , CTX)

RETURN

END

SUBROUTINE RANDM (X ,
~~
,XT,~T

)

seeb rout ine to generate pseudo—random inputs

transmitted errors are removed C

COMMON KEY(8) , TKEY(4)

RETURN

END

Fig.  24. Code to he Comp iled Without Being Preprocessed
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sti B Roir l’ i NI-: S t I B2 (A , c~ , ~~~ 
~~~ 

SBTG )

suhrotc t  lim e ’ wh e t el m is  p m a e - i c ; c ; e ’d by me— b I t s I cemu l i t  or

en i i  cc ac- c’ cicada t o  spec i a l l y coded mat hte e cm at I cal f e c t e c t  I a im ; ;

COMMON KEY (8) , ii~EY ( - ‘i )

SCT X = S S 1 N ( X ~~) * S C O S ( X )  — ScOs(\~) * ~~~l N ( X )  *

SCTY + — SCOS (A 1
) 55 I N

SIITC SM’AM ~;c-l’Y , sc ix )
ce ot e’ — lit m e I teal I c cci h a t  ~ SAi ’AN 7 was  ceot u sed;

ATAN 2 C~~~CS ~ ti I t ; :  t I t tmt eel , aced t ime ’  ~‘a I e m ’  re’ t in m m m c d  was I c - u mee ; i t  ed

RETURN

EN I)

FUN cT 1 ON 55 I N  (AvAn t-: )

sp ec Ire 1 1 y cede ’ ci cc i d e  app m a x  i m in e t ion (see’ pe — av I ace;; chap t e r)

COMMON KEY (8) , 1KEY ( 4)

ENTRY SCOS

spec i a I e n t r y  po ic - m t for con I cia app c-ox 1 iceat iou

RETURN

END

FUNGI ION SATAN2 (A VM .l  , AV AL 2)

spe - c [al ly coded I teve 15e ’ tote g e -met  app rex I mat  I on

COMMON KEY (8) , TKEY (4)

RETURN

ENI )

~~ Pade I ci ice N — b i t  S ( mcccii at  ~-d
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tlee me—bit  sineulat or  pm I or to be ing  COflh l) I le ’d . Time subrout  inc SI’1t2 is

used to evalua te  BTG using the accuracy wlmi ch woceld be o b t a im e a h i e  on t h e

AN/AY K— 1SA processor .  The s ine  fumec t ion  Is approx imated us i eeg time func-

t ion sub program SSTN , w i t i m  an en t r y po in t  SCOS b eiee g u~ e d  f o r  cos i em e

approxi neat f erns. The polynomial  used in SSJN is time! same as t l m z mt  d i  cc—

cussed in tiec’ prev i cites chapter.

The fucect  ion cctcb pro gr anes SATAN 2 is  included in Fig. 25 to  simow

whe r e it would go if i t  we re used. WI-men eva lua t ing  the  nav i g ;eti oce rou-

tine BTG the CDC 1 ilmrary rout Inc AT AN 2 was used , wi t ic  t im e m an t issa  of

thee result being t run eat ed  to time number of h i t s  sp e c i f i e d  (23 h i t s ) .

This was because the arctamige ’nt fuc ct: i oie was not amealyzed as time simw

and cosine funct ions  were.

Termiceat ion C r i t e r L i .  The procedure used for coenput lug ci , t he ’ eeu imc —

ber of t r i a l s  to conduc t , fo l lows th eat  discussed in chap ter  3. The

equation

~50
~

- icc ( i— P )  -

is used to so lve fo r n once 1~ and P leave been dote -reined. ~~, w i m i c h  is

the tes ter ’s r i sk  t leat  lee accepts  had so f twa re , was a r h i t e - a r i l y  speci-

fied to be 0.01. By dec reasi n g ~~, the tester  becomes more confide-nt

that so f twar e he accepts act ual ly mat ’ts the sp cc i f i c at l o i e s .  However ,

decreasing 1~ 
also increase ’s the computed vaicce of n , th ee number of

t r ials  he must conduct. To d ete r emm i c e e  P , th ee equat ion

V p 1 V p~ p 1 
~

~

‘ — ‘ ---~- + O (49)
i=l ~ i ~~~ 

W
1 

W~

i ~j

is used w i t h  all terms of order three or greater being t runcated . V ,

the number of var I cml i las , i ;c f o t m e  . Tim e f e i n t  var ( c i i i  las  p art ’ assumed t o
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Fig. 27. Absolute 1’r ro r vs BIG i n p u t  V a r i a b l e  A
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0

cj .
—1.. 00 — 0 . 60 — 0 . 2 0  0.20 0. 60 1.00

Ii~JPUT *iT
Fig. 29. Absolute Error vs BTG Input Variable ~

0
0 -

0

I I I I
—1.00 —0.60 —0.20 0.20 0.60 1.00

INPUT *- ?T

Fig. 30. Abso lu te  Er ro r  vs BTG I n p u t  Var i ab le
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the’ me m :exi mcl oh t a i mccc l . Ti me -se p 1 cit  cc at-t ’ c;hown in F i  ~‘~s . 31 , 32 , 33 , cce e d 34.

As Can be’ seeee , th ee ’ absolute ’ er r om -  icma% le i m e ine (e ’ I thI e ’i~ p o s i t i v e’  or ceegcit  ly e)

muci c ies~ th ac e t l izm t obt a [mmc d  wh emi I ice 20 , 000 b it  pat tei-ns We F e - u sed

ti e con junct  IOU w i  tie t h lasa  ~1000 ccum be ’ec ;  . Real  i :~ lug t le~ t thee- CUC 11 hrarv

fuo ct -  [ciii AlAN .’ was stcb ; t I t i i t c e l  fo r  cue c m — h i l t  cmp prox im: mt  I on fo r  t h e ’ arc—

angam et fucect  b c e , oOe ’ mii i gic i  lie t e ’mpt e-d t o  accept  ( l e e ’ B I G  f u i m c t  (oce a;;

meet Imeg the ;eecut-acy ;:pc’ci I ic-cet l ouis If Oui l \’ t i t e ’ e e ro r p iot s cmsieeg t i m e S

5000 tri al ;; we -re ’ Cole ;; t i e r ed .  ilowevc ’r , i t  c -an be ne ’cde by 1 c iok iceg  at  t lie

p lots coeest i~e it -  t ad us leeg the 25,000 t r icc is t t i n t  I lie eccax i eceuimc cc - i-or obt a I ned

is at least five tlmiit’s 1 r ~ e’e- , a ced t hat  t h e  BIG i- out tine , i i  coded in t ime

sonic mm ia nemer at ; t e s ted , would f a i l  to  meet  t i m e  npcc i  I t e a t  l ou t s .  For t i m e ’

dur at  ion of t h is c l ice pt  em , r e f e r ence  to em ror plot s w i l l  nuan ce ( leone can—

st ruct~cd u sing  thee 2~ ,000 tn  .ul cumeceb e’v~ (Vt g;; - 27 , 28-, 2~1 , aced 30)

Once t h m t r ou t i  ice , as eeRie -el • tin :; be ’e i e  ( let erf le i iee ’d to In i i  t o  me’e ’t t im e’

accuc-acy spec i 11 cat i ons, I t re-mci in s  t o  he da t:ec-nmiieed wiee’tice r a jud i t ’ l ace ;;

Us cige’ of extended pc- t’c Is ion cmii gt mt hel p. As ra ce be see’ee froc ce t hee ’ error

plots , neost of t ime va lues  tes ted  f a l l  w I  t i c i n  t ime ’ ;;peci f le d  1 in m I t af 10~~ .

h owever • st ’ve’ra 1 Ia rge sp ike s  exceed thee ’ i i  in i t  by a f~-cc t ac e I 7 ci n ch

several since 11 ee. sp I k en cml  so excee’eI thee ’ i i  cii i t  . Em -ror  va h u e ’;: a 1 0. O0’ x

or 0. 5 x 10~~ , occur very regul  cec - l y cite d at- c t e e  Bc e x pe ct  ad c c I ieee ’

there Is some em-ror generated wi t  he m t ice s ine  need c e icc I Ut ’ rout  i cmi ’;;. “ice

large 511 ikes , however , are not exper ted.  Fad e sp Ik e  wie i d e  w i l l  be ’ cue.I—

lyzed Is  marked by -i 1 et tt ’r on e: me - i m of time ’ p l o t ; ;  - i t  1;; an 1 Y come _I act  u e e ’e l

th cmt  t ime spikes  c m m e ’ rd cited oce each of thee ’ f o u r  p l o t s  b y t hee ’ let  t em s

assigned them. Alth ough sp ikes  A cued B ecu i e  be ’ c i  e’c m r i  v I de ’ue t I l i a d , s i d l e-a

they are the absol icte’ maxima (posIt lvi ’ aced I C I -ga  t I Vt ’) . t ime otlee c’s e’oeiiee)t

be so pa;; it I vi’ lv I den t i l l  ed wit imou t ncom~’ t ’ n o r  tr m ~-~’ li e I ad  ;:c i t  Ion pi  a~ ’ clad
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0

0

-‘-1.00 —0.60 —0.20 0.20 0.60 1.00
INPUT ~7r/2

Fig. 31. Absolute Error Using 5000 Numbers vs A

U,
0
0 -

- 

- - 

_ _ _ _ _ _

—1. 00 —0.60 —0.20  0.20 0. 60 1.00
INPUT * Tr/2

Fig.  32. Absolute  Error Using 5000 Nor-liars vs A
T
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by the driver module COMPAR. Howeve r , for the purposes of this analysis,

it is assumed that spikes A through F can be identified on each plot and

that the tip of each spike with the same lette r iden t i f i er is caused by

the same set of trial numbers . This allows each spike to be analyzed

independently of the other five identified . In Fig. 30 , spikes B and C

occur in neighboring plott ing intervals , with spike B occurring to the

left of spike C.

Spike Analysis. Since the BTG function has subtractions, it might

be hypothesized that the spikes are caused by cancellation of terms . If

so, then the values of the input variables which cause the spikes should

clearly show this once extracted from the plots. Each of the six spikes

identified will be analyzed separately.

Spike A. Spike A is the maximum positive error discovered , so

there is no problem identifying the values of A , XT~ 
c~, and wh ich

cause spike A to occur. If the plots for A and AT are compared , it can

be seen that the spike actually occurs on the same plotting interval.

This says that X
~
A
T
. Likewise, the plots of 4 and 

~T 
can be compared

with the like conclusion that  This says that the aircraft position

(X,4) and the waypoint location (A T,~ T) are approximately the same place.

Since sin (
~T

_
~
)
~
0, and hence CY~~O. COS 

~~~~~~~~ 
so CT

~ 
reduces

(approximately) to CT~~~ in (A T) cos (A) — cos (AT
) sin (X)(1). Now, CT

~

has taken the form of sin(X
T
_A ), which is clearly zero. Therefore , the

ratios _CT
~

/CT
~ 

tends toward 010 , and tan~~
(— C T

~ /CT~ ) can he expect ed to

exhibit large errors.

Spike !• For spike B, A
~
1A T, and so each imiust be approx—

linated to determine why the spike occurred. As can he seen on the plots ,

—22~ 3 -A~~ /5 , XT ir /s , ~~~~~
—

~~~~
----
, and 4;1~~ -~7T . For these values 

~T
_ c

~
a

~
f-7T , and s u e
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so Cf),’~O. L i L a w i ;~e , cos (~‘~ _4 c )~~_ i , and CT Is reduced ( :cpprox —

ineate ly)  to

cr~~siem (A
T
) a;; (\) — cos (X.r) ~~~ (A) (— 1)

~~~~~~~ heas the form of s in  (A T+A ) ,  w h i c h  also goes to ?e-ro since A.r
_A .

Thus , sp ik ~’ B I n  also  “nose d by t i m e  in st cj h i I ity of the argument _CY
~~

/ C1 ’
~

approach tug 0/0.

~~!ke C. Spike C exhcib it s time sam~’ chcuracteri;’t ics cm;; spike A ,

where and

~~~ke 1). Spike 1) ex h i b i t s  the same characteristics as spike A ,

wie er e A
~

AT and 4 c 4 ~~.

~j 1ike E. Sp ike F e xh ib it s  the’ same cle ;eraetcrist  ics as spike 1~,

with ‘k
~

_X
T 

aced 
~~~~~~

i

T

_7i
~ 

There foro , c’r~ -o and CT approaches thee form simm

(A
T~

f
~
X) as 

~~~~~ 
approaches fl. Simec e CT~~O, t ice argume’met CT /CT

approaches 0/0.

~j~J ke F. Sp ik e F exhmi h i t s  the same chm ;~r c m c t a r i  - t  i c ’s cm sp ike A ,

where A
~

AT and

Recoitexncndat ions

Tleose coced itt ores wie i elm cause spikes A and B to -~~e’ e ~er are  sp ec i a l

cases wh [el m cacenot be expected to  occur ve ry oft ccc ice cci rcm- ,cft m m c c v i  c, :u —

tion. The condi t ions  wh ich cause ;cp ik e  A t o  t~ ’e ur  
~‘~~‘

.i- aced ~~
-
~~‘~ -) are

similar to thee problem of t r y in g  to use a nmze gne t i c  compass when st :eced i cm g

on the- magne t ic  north po le , ami d th ee condi t ions wh ic ’hu c;cuse sp ike B to

occur (X~’— AT and 
~~~ T ir) arc si emi t h a  r to the pro h l ianm of f t  c e d h c e g  t hm e

shortest  route to the true south pole whi l e  stand ing on the true north

pole. However , these conditions are discovered when testing with pseudo—

random t r ial  ntenmh er s .
A

To p r e c l u d e  t im e q e  sp ’c m l  oce ’urr ence ’s f r om cm l f~’~- I ue~ t ime ’ c; i euu 1 at eel
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resul ts, two arbitrary “c .ire -les” w i t h  r ad i i  r 1 and r 2 should be con-

structed around thee point (X ,~~) .  The f i r s t  c ircle , wi t h r adius r 1, is

used to detect thee condi t ion  wheci the aircraft location and the waypoicu t

are approximately the same . This  c o n d i t i on  is detected by r e q u i r i n g

that the great circle  d i n t a u c e  b etwe en  (A ,~~) and (A T,~~T
) he grea ter  than

r1. The second circle is used to detect  the conditioce when the waypoint

is on time opposi te  side of t i me earth from thee aircraft. This condition

is de tec ted  by r equ i r ing  t ha t  the e  d i s t ance  between (A , 4’) aced (A
T
,
~

m
T
) be

less than r2. Once these’ two cond i t i ons  have been imposed ore A
T 

and

(foi  a given A and 
~~

) ,  sfce eulc etj oce s can be conducted wleic le more accurately

ref lect  wh eat might  a c t ual l y  occur in an aircraft environment.

To compute the di~~t cmcece  (DIS) t ieat (A
T ,4 T

) is from (X ,4c ) , the

spheri cal d in t : ;  ‘
~~

- equa t ion  -

I
’ 

1)15 = (R+h)*O
T 

(87)

may be used. R is an a p p r o x i m a tio n  (2 .0926  * ~~~ fee t )  for  thee radi ecs

of the cattle , he is the a i rcra f t  a l t i t u de  in feet , and e-T may be computed r
by

i 
CT * cos (W~.) — CT * sin (BTC)

0
T 

= tan —
~~
—---—

~~~
—-—-

~~~~
:—- 

) (88)

BTC , CT , and C~Ty 
are computed as show-n in equations (84) , (85),  and

(86) respectively , aced CT is coem-ip ected by

CT = s in ( A ) * sin(~~~) + cos(X) ~~cos (A T)*cos (~ T
_
~ ) (89)

Once DIS is  computed , t h eme those values of \, ~~, 
AT, 

~T for which  D1S’-~r 1

or DIS>r2 
may he discarded.  Since BTC must he computed to get DIS ,

different error p lots can easily be generated using dli  ftr eeet values of

r1 and r2.

( i t  Is coeej eeL - dlm ’ed t im a t  t i m e  flT~ r out  lice wool d ccc t ci a 11 nceet the
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accuracy specif icat ions once distance constra ints  have been levi ed

against AT an d This conjec ture is based sole ly on the width of the

general small error band centered about zero and was not actteally tested .

In orde r to retest the BTC routine incorporating the distance constraints,

those cases where (A ,4 )  and (A T , 
~~~ 

f ail to meet the distan ce cr i te r ia

must be discarded. One method for testing using the distance constraints

would be to pick a value of (X ,~ ), and then generate (A
T,&f
) coordinates

until a set of coordinates is found e-~’hichu meets the distance criteria.

If it is assumed that the proportion of the earth’s surface which meets

the distance criteria for any given point is E, then N, the number of

points (A T,~ T
) which one might expect to generate for each point (X ,~ ),

may be computed by

N = l/(2E) - (99)

To test the BTG routine, n points (X ,4 ~) would be generated , where a is

computed using equation (50). Also, n/(2E) points (XT,4T
) would be gen—

erated, with the distance formula being computed for each one. Since

the purpose of this investigation was to demonstrate a technique for

analyzing flight routines as opposed to actually conducting a thorough

analysis, the routine BTG was not tested using the distance criteria.

Summary

When conducting a forward error analysis u t i l i z ing  the n-hi t  simu-

lator , a driver module can be used to fac i l i t a te  error data gathering.

Two subroutines can be used , with one being executed using the f u l l

accuracy obtainable on the CDC CYBER 74 and the other being reprocessed

along with any mathematical funct ion  approximation s needed. The object

— 
decks for the n—bit preprocessed subroutirme and mathematical functions ,

t he n—h -I t  subroutines (see chapter  2 ) ,  and the drive r module and r egu la r
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f u n c t i o n  are concb iteeei at  load t i m e  be for e e xec u t i o n  -

E rror d cci c - ac t e - r i t i es can be studied u sing  plots wie i che shm ow t i ’e ’

error max [ma (pos i t t  ye aced cm ega t  lye)  . When s i m u l a t i n g,  i i  becomes in mp o r—

tant  t e) cons ider  onl y th mose  values of \ ‘cIe i cite 1 es wimici m came act teal lv occur

in ace oper cet iomeal  cccv i ro cep -ec cet. Wh mece va lue ’s ar c  c c r h i t r a m - i l’s’ chosen f rom

over th ee e n t i c e ’ racege of cach e v a r i a b l e , er rors  ccmee soThe’ t I me ’s oceccr wlei cli

a f f e c t  time r esul ts  of ti m e s i m u l c c t  io m e . For t ic is re~m s c ~e , add! t i ocecc i com e—

s t r a im e t s  must  be p laced  on t i l e ’ p seecdo— r andom in p u t s  used. Time uSe’ of

error plots can somne t i nc- s poicet out these  si tuzc t  ions , s imece re i at  i o ’esh m ips

whei cii cxi st b etw een  v a r i a b le s  can also be obner\eel in addi c ome to the e ’

ma ximmcm errors.

I

0
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VI ~~~~~~i e m i z a H  on ~ et  l ie d

Whm en numerical  sof tware  - rout ines  are anal yzed b y Monte Carlo te c im —

ni ques , time t e s ter  is faced wit h d e ter i c c in in g  tim e meu cnb er of random sam—

pies to use to ensure that his risk is less than some desired value . No

m a t t e r  w !eat t e c h m o i que is emp loyee! to compute  t h ee ’  number of samples  r c—

qt ei r ed , t i m e  t e st e r  is f aced  w i t i c  mak ime g a s sumpt ions  about the error

characteristic s of the software.

For any set of inpu t  values for  a so f twa re  r o ut i n e , time error

(either r e l a t i v e  or absolute) can be uchique ly determined given the  char—

ac ter i s t i cs  of tne  execu t ing  computer .  In thee f o l l owing  discussioec the

term error is considered to mean the absolute  error in a f u n c t i o n .

Relat ive  e rrors coecld also he u~’ed , si nce ti -icy are obtained b y d i v i d i n g

the absolute. er ror by tice t rue value of time func t ion  (provided the true

value of the func t ion  is not zero) . Since the error is uniquely dcte’r

mined , it can be considered to be’ a di screte fun ct ion of the imp leme ’nt a—

t ioc~ of some a lgor i thm (A) , the characte r is t ics  of thee machine (N) , aced

time independent  variables (v 1) .

ER = f ( A ,M ,v1, v2 , .  .. ,v )  (91)

For the BTG routine , thee variables v~ , i = 1, 2 , 3, 4 , would r epre semet  t ime

input variables A ,4,AT, 
and Thee va r i ab le s  v

1 
can he cocesidered t o

form a vector Q, and for time purposes of th e is  discussion , A and N rep-

resent  a givec a lgor i thm imp lemented on a given computer. Since A aced ‘1

are speci f ied, ER w i l l  be wr i t t en  as f (Q) . Thee p o i n t s  (Q1, f( Q~) )  are

considered to be a subset of au (n+l) — d it ecemesiona l vector space .

The quasilinearization method (Ref 67) as proposed in Lid s c h a p t e r

-- 
) is a sub optimal senrch m t e c h n i que f o r  f in d i ce g  loca 1. eeeaxieaa of the  fteeec t  ion
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ER. Local maxima which are discovered are entered in a population to

be used in determining the stopping criterion. In the quasilineariza—

tion method, the number of individual tests required is not based on

some hypothesized percentage of successes caused by each variable, but

rather on a statistical analysis of the results of each test. E ich test

is a more lengthy process than a simple evaluation of a set of random

inputs, however. In this chapter, the general quasilinearization method

is discussed as it might be applied to software testing. Also discussed

is a way in which test results can be analyzed to arrive at a stopping

criterion.

Proposed Method

The quasilinearization method uses a suboptiinum gradient approach

in an attempt to extremize the function ER. If the tester knows the

extremum of ER has been obtained, he can say with certainty whether or

not the routine being tested ever exceeds the error bounds specified.

Since this method is a suboptitnal procedure, however, the tester seldom,

if ever, knows when or if the extremum has beer obtained.

Gradients, when used in calculus to extremize inultivariate func—

tions, generally required that the function be continuous and that the

first derivative exist (once—differentiable) (Ref 8:349—404). The func-

tion ER, however, is strictly a discrete—valued function which is non—

differentiable.

It is assumed that the values of the function ER often lie within

well—defined limits as is shown in Fig. 35. The two lines represent

approximations of the upper and lower bounds to the absolute error of

the seventh—order minimax approximation to the sine function executed

i~ 
I-

L on the AN/AYK—15A computer. The upper bound as drawn will be referred



-~~~~-~ - - .

~ 

-- —,--

~~~~~ 
-~~ - 

—~~~~~~~.-

0
.

~~~~ ~~~~~~~~~~~~~~

- .

~~ * ~1/ 0

H~~

0 • I
1, ~~

-

‘

_
I 1

S1.D 01.0 ~
0.D 00.3 S0 0— 0~~0-

~_o~’ ]U

87



to as a cent (nuotis and on et ’ d I I fe ron t I ab I e fun d  Ion , s I nc’e a con I I 11(100

and once— d I f I o ron L I  ab I o u ppo r bound c an b~ shown to  e x i s t  (a 1 t boug h fbI

ncce ar I ly the out ’ drawn) . If  the equ at b i t  of t he upp o r bound we ri’

known , then vector  un a l ys Is and grad l~ nts cotild be app ii t ’d to ext rem! ze

the func  t t o n .  Tb I s  oqun t i ui~ I s  not known , howove r . It Is assumed t h a t

all that  is known or can be d ;cov ’ ’ red are va t  [ens va 1 nes of ER wit !  cii

l i e  soniewho rt ’ between t he upper and 1 owe r hounds .  For two Va 1 no s of Ek

(f (Q 1) and f (Q 2 ) ) wit i oh l i e  arh I t  rar iy ci ose t o  t h e  upper bound and

wit I cii at-c a “snia 11.’’ d l  t ance apar t  , a ut t a  I ~W t l i ne , or Ii near sp I I t ie

connect lug the  t w o  po in t s  (Q ‘ ~~~~ ~ ~~~ ,f (Q.~
)) can be o b t a i ne d

This spi tue provides  a I in t ’ar approx i iuat ion  to t i t i ’  upp or  bound and the

slope of the sp i m e  i s  us .d as a dl roe t I onzt i d i l l  c rOl ic t ’  approx mat I on

fo r th~ grad I outs  at the two p o i n t s  • Two val  ut ’s Q.1 and Q~) can be I ou n d

(with some dl ft Icul t y)  fo r  w h Ich  1(Q 1) and f (Q 2 ) li e arhit t a r t l y  c lose

to the upper  hound.  The method of o b t a i n i ng  t h e  ~‘a 1 t ies  Q1 and Q., w E l l

be cxp lam ed l a t e r .  By using the up l in e  and i ts  iope , norma l  met hods

for  ext r emtz  In g  continuous and onee—d I I for en t  I able funct  ions  can be

app lied. The method dl scussed I s  a i i  near exp 1 or a t Ion In wit ! cii si’a

are conducted only In  di r cct  Ions p ar a l  le I t o  one ax ! and pe rpend I t ’u la r

to all other axes. Several o ther  methods  are ~] I scussed b y Hover  I dge

and Schechter (Ref 4) and by WI ide (Ref 64). Before the al gor i t h m  is

present etl , I he concepts of moving  to the surface , ob t a i n i n g a sp ii i ie ,

and j umping are discussed.

Mov~j~~ t o the  Stir face. The process ~ f dete rmi n i n g a poi n t (Q 1
f(Q~)) for wh i ch the [unction f(Q

1
) lies arbitrarily close t o  the uppe r

bound will be referred to as “moving to t he su rf ace” . For any set of

vat  j a b  los v 1 ,v2,. . . ,v m a k i n g  up Q , th e  e r r o t ~ Inner  Ion ER , or I (Q1
) i s

88 
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known to lit’ somewite re be tween  the upper and lower bounds. Each var  1—

able is then jw rt urb ed , one at a I. [me , by t h e sina i lest an iouu t p~ I hi c

iU
~ 

t iiflt ’8 In bet it the 1)051 t lye and nega t  lye dir e ct ! otis ( w i t h  the ot he r

v a r i a b l e s  rema in !  ng fixed) and ER is evalua t ed fri t - each per turb a t Jon

The sina lIes  t amoun t peas I h~ I ~
- means tha t  t h e  new va lue  Is  t h e  number

wit I cii , on t h e  f loat , l u g — p o i n t  nimibet - li ne for  t h e g iven macit Inc , I i r i s

adjacen t to the or I g i t i a  1 numb er  • ‘1 he value of m
1 

is a r b i t r a r y  dep end lu g

on the c lIe r one is w liii  ng t o  expend.  As store e f for t  is expended ,

more pcr t urb ;i t ; i ens are evalua ted , thus  ra is lug the t e ste r ’ s c o n f i de nce

t hat lie ii - I s  ob t a ined  ~i po in t  for  wh i ch t h e  e rr or  is w E  th t ~ ii a sped fled

dl S i an  ci ’ of the su r f a c e .  The max i mum v a l u e  of ER obt ained from al l

these evaluat ions (a t  some point (Q~ , 
I (Q. ))) is  assumed to  i i  o suf f i  c—

len t. ly close t:o the upper bound , and one has thu s  “moved to the stir face ”.

4 , Obt aIn i ~j~~ the $j l the . One of t h e  most d i f f ic u l t  h ar t s  of the

quasi l inear iz : tt  ion  method i s  to f i n d  two values Q1 and Q2 which are

close toge ther  (using  Eucl idean  d i s t a n c e  m~’asur t s for  vec to rs )  and for

which  1(Q1) and 1(Q2 ) lie arhlt r ar .i  j y close t o  t h e  upper  hound , s ince

t he tipper boun d is never known . The success o .  the ~i rocess descr ibed

here is re lated  to the e f f o r t  expended , j u s t  as in the case of m o vi n g

to the su r f ace .

On ce a poi n t (Q1, f(Q 1)) has been ob t a i n ed , anot h er poin t (Q 2 , f (Q 2 ) )

must be ob ta ined  In order to construct  a .1 inear spl lne , sin ce l inear

split-t en are uniquely  determined by two p o i n t s .  To get (Q2,f(Q 2)), the

process of moving to the surface  is repeated at po in t  (Q1,f(Q 1)), w i t h

1112 (j ~ 2) pe r tu rba t ion s being used in each axis d i rec t i o n .  The po in t

-~~~ (Q2,f(Q2)) must be d i f f e r e n t  front (Q 1,f(Q 1)) and f (Q 2 ) must he greater

than or equal. to  1(Q 1).
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If  a p o i n t  (Q 2 ,1(Q2~~ ~~ be foun d wit I t’h sat I ‘;I I i s  t i t e s i ’ eou~I I t  Ions,

then a l inear  sp ii  no can hi’ Cotis t ruct ed between the  pcI n ts (Q 1 , f ( Q 1))

and (Q2, f ( Q 2 ) )  . I f  d (Q 1 , Q2 ) represt ’nt  s the End I ilean di stance bet we ’n

Q1 and th i n

f(Q., ) — f ( Q 1)
(92)

is cons [doted t o  ho the  a lope of t be sp 11 ite and I s  used as a d ir e c t  l ena I

di f f c  ri -flee apj ’r o x iu ia t  b i t  t o  the  gr ad !  out at p o i n t  (Q 1, f (Q 1) )

if no p o in t  (Q.) , I (Q 2 ) ) can he found , thteit the  p o in t  (Q 1 , 1(Q 1) )  I t ;  not

assume d to ho a I rut ’ local maximum . The reason for th  i s  i t ;  t ha t  t he

poin t (Q 1, I (Q 1) ) may not a c t u a l l y he a t rue local max imum , s I i ice t h e

ex i s t  cflt’c of sharp r id ge l i n es  can produce fa lse max [ma us lug l i n e a r

explorat ion  t echniques  (Ref  64: 65— (’8) . For iii is rea~mn , whenever a

local maxImum has been discovered (whether  t rue or f a l s e )  , the 1 in ee r

explo ra t i on can be expanded to  sea r ch along d ir e c t  Ions not pre~’ I ott ; ;  I V

sea rched us ing  axis rotat  ions.  Although tht i t ;  does not guaran tee  t h a t

the f ii iai  local maximu m ob ta ine d  i .s  not a f a l s e  one , It  does p rov id e  an

improvement to the has I c  l i n ear  e~~p 1 or ; tt  ion in t h at  p roblems  w i t  Ii r I dgt ’

lines w i l l  be reduced (hut  st i l l  not e t utu n a t  ed) • Tin” I re .1 t men I of

local maxima w i l l  be discussed l a ter .

Ju m2_~~&. On ce two poi n ts (Q 1 ,l(Q
1
) )  and (Q 1, I (Q 9) )  have been found

and the l inear sp l ine has been coil s t ru c ted , a lu mp is  made t o  f i  tid a new

point wit ! cii , after moving to the st it fa c e  t o  (Q 1, f (Q 3 ) )  , may or may not

produce a monotone nondecreasing sequence of valu es of ER. Tu e j ump is

made based on the d i f f e r e n c e s  In the values of one of the v 1 var i ab l es

(the one which  is d i f fe r e n t  between Q1 and Q ,) and t he  slope of the

spi Inc ( L i i i ’ sI evpt’ r t itt ’ slope , th e  sa nul h e r  th e  ~~~~~ . TiiI j ump I s
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sh ow-ti for  a two—d I mcii; ; J o u s t  case In P i g . III . Thit ’ v a t  iii’ “j timpo d to ” I a

shown as Y , and Q3 is ob t a i n e d  t u f t e r  mov lug t o  the s t i r f a t ’o from loc . i t  Ion

Y.

~luI ,il”
-

~~ -> - -—

Fig. 3I-~. QuasI l i nea r  i :~at ion .hump

if  f (Q 3) Is great- er t hiat t  or equal  t ri I (Q I then t h e  jump has been sue—

c eu r f u l , and the p o i n t  (Q 3, f ( Q  ~) ) hecorucs I hi ’ itew p o in t  (Q
1 , 

I (Q
1
’) ) , w i t h

the process of o b t a i n!  ug a sp lint ’  and umit I ng at  art lug a g a i n

If f (Q ~) it ; loss t i t an  1(Q2
) , t h en  the unip has not been succea;; f i t  I

and a new j ump mu;; t be made • The length  of t he j tini~ I t ;  cut I n  hal  I , and

the ju mp is r epeated , fo l lowed by the move to  the  su r face  t o  e s t a b l i s h

(Q3, f (Q 1) ) . I i  , a f te r some a rb i t  rarv number of ump s , :te vs I in’ Q~ e an

be found fo r  wh I cli 1(Q 3
) 1;; greater  t han or equal t o  I (Q2 ) , t hen t lie

poin t (Q 2 , f (Q .) I)  can become the new ’ p o in t  (Q 1 , f (Q 1) ) , w-i lb  t hi t ’ process

of oh t al it  tug t h e  sp l i n e  and I ump i rig st a r t In g  aga in .  Tb is as an ri ’;; t h e

exis tence of a monotone nond~ c ross lug seqtient ’c ~f po hi t ; ; 
~ ‘I ~~

based on the value of 1 (Q1) • The process of oh t ai ni ng a sp l i ne and

jump lug t e rminat e ; ;  wheit a sp line cannot be ohta ined , and t he  p o i n t

(Q1,f(Q1
)) is then assumed to be a local maximum . As mont limed pr o—

v iau s ly ,  i t  Is  p o s si b l e  f or (Q 11 f ( Q 1
))  to he a f al se  loc a l  luax imunI . A

f low d iagram for  jumping  is shown in  P ig .  37.
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A i 1~ n ! f b i ; .  I: .tc lu t i  a t  ccii ;.  i at  s oit t t ’ ~ i t t ~ M o t i f  e C a t - h o  t e’c i i i i  i quo;; Ic

obt a In an in i t  t a l  s tar t  I ug p o i n t  . F . t i h  I n p u t  vs r i  ab le  v
1 

comp u’ i t ;  I it~~

the  Vec I or Q is gene ra t e1 i ts  I it~ t h e  eu t I cc V.1 u I -~~~~ i i ~ u . n u p - t o  coi l  at  ru e  I

tin i for m t y —d i a t r  i h u l i - d  p s e u d o — r a n d o m  v a l u e s , as oppos ’d t o  t he  t ech in I t l u t ’5

discussed in cht t t i t  or  1. F r o m  t h t i  p o in t  Q, t i n ’  p 10cc;;;; of m o v i n g  t o  ( i i i ’

sur fa c t - , oh t a in i uug  t he ;p  I I t i e , and j  timp ! up . it ;  repeat  oil ut it  11 a local

max iiuuni is  oh L a  [net! . Tb 1;; 1 ct -a l  max I mum I ;;  t lit  ii out eu-ed :is O u t ’ Vs I tn ’ In

a popu l  at  I on v i i i  i i i  I ; ;  at  at  I a t  1 ca l i v  t i t u s  1 ~‘ .‘ed t o  de te rm  l u t e  t in ’ at  opp l u g

p o i n t  • A~; ~ a~~ii l oca l  c;.; x i  mum I s ‘ut ot’ed in cr ib- r in but ’ point is  I I on , i t

is I dent  i f !  ed as be i i i  p~ I t hue  t• an ‘‘o ld~ s ;utsp le , mean l ug  t list t h a t  p si I i —

eul ar va 1st - (or one arb it  E ar l  lv c lose  t o  I t )  wa a ) ‘reV ion ; .  lv  oh t :ui  ned as

a local m u ~t i mum , ci 01 se i t  is ont i - i  ~‘ l a;; a “u ’w ’’ samp it ’

Ai lysis  ot t~p t b t  , i~~~ of M ; u x i i ; u a .  I t  I a assume d t l i st  t ber t’ are N

local max i ma wit i oh can t ln’o re t t e a  11 V lie  foun d and t - . u c l i  its;; tu tu equs l i v

l ikely chance of ecenru ’  t u g .  The p rob I cm ct a na l  v [ t u g  t h e  popu I at I cii ci

“110w ” and “old ” samples to eat  m at e  the s t o p p i n g  p o i n t  fo r  t i u t ’ aI~~t~i i t  hum

thus  bo comt -s one of 0;; 1 inst  lug the vs I no of N. it Is a t  so .is stumod t h a t

of Li i i ”  N local max [ma wit i cii e an be f ou nd , one i s  1 argo r t h a n  t h e  res I

and Is there  t o r e  ident  I I I  ed as the  ext rt ’mum ol t h e  fu n o t  ion PR over t ito

ranges of the inpu ts .

I I the t e s ter  has not found a sue cea~; (vs 1 u~’ ct 1(Q) vii i cli exceed a

some spec i fled er ror  hound) a f ter  z “itew ” sanip 1es h ave htt ’Oii eu i t t ’red in

th e pop u l a t i on , the  t e s t e r  would  at leas t I R ”  to have a c o u fh t l e i t o c  ~f

1—ct t ha t  t lie largest  loca l  maximum found it ;  the ext reinunt. Vet - each ot

the N local max ima , the prohah I l i t ’s’ of i t  bei ng the ex t r e m um  is 1/N .

Aft or z ni’w loi’a 1 m axim a have been dl ,;cavt -i ’ ed , t he re  are N—i. reins lui l ng

to he d i  t i -ovo red . The prohab i l i t  v ~. t h a t  none ot t h e  N - - :  t iut l  I ; ;covcted

~11
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local nu axim a is the  ext re mum is t h e r e for e

1~
~ I — (~~~~~~~

)= 1 — (9 3)

Because t int test - er wishes to h tr.’e a c o n fid en ce  of at least 1—ct that the

extreinurn h a s  a lr ead y been encount ered , ~ unus t  he greater than 1— - t ;  i . e .

~~ 
-~ i-a (94)

Solving for z in te rms of N y ields

z > N( l -c t )  (95)

Thus , the problem become s one of e s t lm ,u t  ing  N g1ve~t t ile sequence of

“old” and “new ” sample s entered Iii th e sample populat ion of loctil maxinaL

Whenev er a “new ’’ sa mple Is entered Ia the populat ion , the cumul a-

tive “ I line” to t hat po int (one t i t ie  quai l turn one t r i a l )  I a also ent ered.

I t  is assumed that t u e  samp le I )oint s come front a cent m uons dist  z - ihu t  lout ,

even though t the cumul at lye number of t r i a l s  Is d i s c r e t e .  Th is .-u l lows an

empirical distr ibution to be constructed. For titt ’ saniple sequence

- 
- 

nnonoo n000noocl000n , the emp irical d is t r ibu t io n  looks l ike  that shown In

Fig. 38. If  the typ e of d is t r ibut i on and the  as sociated par ameter s can

be determin ed , then N can be obtained as an e s t i m a t e  for N.

Whe n determining the type of d is t r ibut ion which best  f i t s  the stu n—

- j pie data points , many distribution s should he t r i ed .  “ Best ” f i t s  can

be obtained using ei ther tile Legcnd rc least squar es method , the Cr ’~go r y—

Newton me thod , the mean average method , or th e metho d of we i ghted

residuals. In each case , the parameters of the d i s t r ibu t ions  must be

obtained anal yt ical ly  from the data. OnCe the d i s t r ibu t ions  have been

f i t ted to the data , the K ommogo rov— Sml rn ov goodness—of—fit  test can be

used to e l i m i n a t e  th~use d i st r ih u t  lout ;; wh ich  do not l i t  the sample dais.

94
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The likelihood ratio test can then be used to determine which of the

remaining distributions provides the best f i t .  Using this distr ibution ,

an estimate N for N can be obtained. N can then be substituted for N in

a > N(l— ct )  (95)

thereb y giving the tester the number of new samp les he must obtain to

have a confidence of 1—ct that the extr enuum has been encountered.

Obtaining a “ reliable ” est imate N for N can require a gre at deal of

computation , so it is not recommended that it be done after each samp le

Is entered in the population of local maxim a. Rather , it can be done

after a certain pattern of “ old” and “new ” samples occurs. Such a pat-

tern migh t be a “new ” , followed by at least ten “olds ” , followed by

another “new ” .

If the problem is considered to be one strictly dealing with dis-

crete—valued functions , then the problem is analogous to one of drawing

balls from an urn. The objective is to find an estimate for the number

of balls in the urn using random sampling with replacement. There are

N balls in the urn (N unknown) and initiall y all the balls are white.

A ball is drawn at random , with the order of the draw and the color of

the ball being recorded. The ball is then painted black (regardless of

its color) and rep laced in th e urn . This process of drawing balls one

at a time , recording their color and the sample order , painting them,

and then returning them to the urn is repeated until , with some level

of confidence 1—a (a different from a),  it can be determined that

N( l—e) < N < N(l+e ) (96)

where is an estimate for N. The frequency distribution covering the

pattern of random samp les is unknown . Using Monte Carlo techniques , a- fl— good approximation to the distribution can be obtained empirically . To
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ob t a j u t  the  c st i rnat  ed f r equency  d 1st r I b  tu t f on , a pnpu i  at  ion wi th a known

n umber N of wh i t e  ba l l s  is constructed.  Samples are d t aw n  random ly

usin g the  p a i n t i n g  and rep lacement cr i t e r i a  un t i l  a sp e c i f i e d  number of

wh i t e  ha l l s  have been drawn . Samp l i ng  is then te rmina ted  and t h e  d i s —

t r i h u t i on  estimated. ~Sased on the  e m p i r i c a l  d i s t r i b ut i os , N can bL Ob-

tained as at) es t imat e for  N , which  is known . The process can then he

repeated using d i f f e r e n t  s i ze  popu la t ions  to ver i f y t ha t  the method of

- - de te rmin ing  N s t i l l  produce s a good approximation to N. Once N can be

dete rmined w i t h  a conf idence  of 1—n , t hen t u e  ca lcu la t ions  for  o b t a i n i n g

N can be app lied ~o the sequence of “new” and “old ” samples in the pop-

ulation of local maxima t o  deter m ine an estimate of the total number of

“new ” samp les which migh t occur. Then , uning

a > N( l— a )  (97~

the stoppi ng c r i t e r i on  of f i n d i n g  at least a “new ” samples can be

determined.

Summary . The quasi lincarization method emp loys a suboptimal search

technique lit an a t tempt  to locate the local maxima of tlu e error fun c-

tion ER. Several important assumptions were made in develop ing the

quasi l inear iza t ion  method :

— an upper hound exists for  t h e  func t ion  ER ,

— th is uppe r bound can be approx imate d by const ruct ing linea r

spli.nes,

— two point s can alwa ys be f oun d which lie a rbit rar ily close to

the surface  (upper bound),

— there are a f in i t e  number of local maxima waich can be foun d ,

— each local maximum has an equall y likely chance o occurring,
a s

and
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— one local maximum is larger than the rest and is the extremum .

Local maxima are foun d by starting at random locations and then

alternately moving to the surface , obtaining splines , and j umping until

splines can no longer be obtained. Each local maximum thus obtained is

entered into a population of other local maxima and is marked as being

either a “new” maximum or an “aid” one. Whenever a specified pattern

of “new” and “old” samples have occurred , the populatIon of local maxima

is statistically analyzed to obtain an esdmate of the total number of

“new” local maxima wh ich can theoreticall y be found. This estimate ,

when multiplied by 1—ct , gives the tester the number of “new” local

maxima to obtain before stopp ing. if , at any time , a value f(Q) is

obtained wh i ch exceeds the specified error bounds , the process stops

and the tester Is able to reject the routine being analyzed.

-
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On 1 v out,,’ av I out los  tonI , [ito (flc~ r I n g  To Go ) wa ;; anti Iv  i t ’d .  SI floe F he ’

Bearing To Go rtnut lut e to a ft u r—var I a to  i nuic t I ciii , Iec huu i I ques demonst rat  eel

w i t h  t h is rout  (no con otis I i  y be e ’xt ended I I) (it h e r  nut It (vii - I at  c funi t ’t I on

rout. I lte ’0 E r r o r  p i t  i t  c’ lea n i  V show t h ~ t I h u e ’ spe’c I I  led er r o r  hound s  wor e

cxet’ede’d . At 1 e’as t semi’ of (hue I l t ( t u t  v , u  I ti c ’ s wlu I c h u  cant -u ’ tht e ’st’ en i-or

spec I f I c’ti t I etu is to he c xt ’e’oded m l  gu t  he ’ coit s I t i e - i - ed as nt ’vt• r o c c u r r i n g  in

an o~w i-at I otto I e’utv I re tuumt ’ lu I . T Ime t o u t lu t e ’, Roar l ug  To Get , was not ova l ii—

~te~d us I u t g on ly  tllt ’Oe ’ I upui t S wh l  cit nu I gu t  hi ’ expec t  i’d to  occur li t an

ope’ rat louta I ~itv I rontt le ’ul t .

Tb ,,’ quas i I In c or I ;~ at (c i t  tute t h u  Oil t u s  p u eu p oscei I s an it ecu i- l u ; I. Ic appt-o :icii

t eu f i n d i n g  loco 1 ma x i  ut - st .  S (11cc ’ t h e  met hi t u e l  uses ot ’;t rc -iuc ’o wii I cli a re’ cout—

duo t od  o n l y  in  d i r e c t  ion;; i ar a i  I c  I Ic ti e ’ ~‘.u i - Ia i u 1 t’  axe ’s , the rn axiu t uu tl

value of I lit’ error fuu tct I out I cmliii out a i tv  one t e s t  may u t ot he a t rue ’ 1 tiu ’ :u 1

maximum. Sharp r f d g(’ 1 liii’s can ltrove’itt ti l e ’ PiO Itu St ’el search t ec’ii ui i qu t ’

from f I nel l ng t i-ne 1 nc -a I max (mu tt. E~~e - lu I cot  cons i t - u t ; ;  of f I i- s t di’ F e’nn m l  itg

a random s t a r t  ing poi mi t  and I hen N’ i-form I it g a Oe ’t I es c~ I oven t s  call oil

moving to  Flu e s u r face , o b t ; i l n l u t g  a sp i Inc  , ;uut e i ~ninp lug to pntnhmce a

tflolte ) t OflO tuonde ’t’ Vt’;lS I uIg $e ’Cl (utiui Oe ’ e, I ~~~~ 1 i t t ’;; e’ I t ho c,’rot~ (t ’ I t lie’ r ;tb~ etl  II I 0

or re lot I vc’) fuune ’t Ion . Tite ma xi mum v ; u lut ’ o b t a i ne d  out coelt t e s t  ottd i I t ;

b eat I on wl lb re’spe ’ct to the I n p u t  var I alt to;; Is ei tt o te ’d In a po p im I at  l out

to be stat lo t Ic all y a na ly z ed  Iii det e rm ine ’ t h e  st o p p i n g  c n l t e ’ n i t l . Test-

ing stops wite’n t lte t e s t e r  re ’aciie’s a clot ; i rod 1 OVu ’ 1 (tf coit f i deut ce ’ that

t lte largest lee -al mtu x imuun d l  scov’i- e’d Is t h e ’ ext i-outturn , or wiie ’n t h e  el-i- or

l i m i t a t i ons j u te  exceeded .

Roconunendat ( outs

Titere are fou r  d l i  fere ’n t  .11-eat ; wit I cli tir e ’ ree’omum,’ndc’d for  fu u r t i t e r

clcv~ I opm.’it t . The it—i t It s (mi t  1:11 01- f lee ’ ~b; fe tuir  enit im t’eflk’ fl t t o  make it
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more flexible for use in forward error  analyses and perturbation analy-

ses. The special purpose mathematical routines used in avionics pro—

grams merit more stud y (especiall y the arctangent function approx ima—

tion). The specifications (Ref 57) for the avionics algorithms should

be more explicit in d e f i n i n g  accuracy , an d on ce the limits on the input

variables have been more clearly defined , more stud y needs to be done on

the accuracy attainab le in the AN/AYK— 15A p rocessor. Extensive work is

needed to develop rigorously the modified quasilthearizat ion method ,

with particular emphasis on a t ta ining and then verif y ing the presence of

local maxima and also on the movement , or jumping,  techniques.

N—bit Sitnulator. Th e first two enhancements to be considered for

the n—bit simulator are those reconunended by Klein (Ref 37). The f i r s t

recommendation is to provide mare flexibility in handling overflow , and

¶ - the second recommendation is to modif y the n—bit preprocessor to sub-

stitute in—line code instead of subroutine calls , thereby improving the

execution tiute of the n—bit simulated program.

The third enhancement is to add to the exis t ing n—bit  simulator

subroutines another subroutine which will generate pseudo—random nimub c’rs

which represent a random sampling of all the floating—point numbers

representable in a given range , and therefore are uniform ly—distr ibuted

equally over each subinterval which contains numbers with the same expo-

nent.

The fourth recommendation is to add to th e n—hit simulator subrou-

tines a subroutine which returns floating—point numbers adjacent to one

which is input. Inputs to this subroutine might be a starting number ,

-

‘ 
direction to go (positive or negative) , and number of values to return.

Outputs from this subroutine would include the values requested and a
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status f l ag  i n d i c a t i n g  e i the r  no error or overflow (either positive or

negative) . The presence of zero as a value returned can also be indi-

cated.

Mathematical Routines. All time special— purpose mathematical rou-

tines investigated used extended—precisio n to perform argument reduc-

tion s and s ing le --prec i s ion  to p e r f o r m  t h e  pol ynomial approximations (in

the case of the trigonometric approx tinaiJons) or Newton iteration s (in

the case of t ite square root approxim-it ions) .  The t r igonometr ic  approxi-

mations , and especiall y the arctangen t function , merit further study

using extended precision and/or higher—order  pol y n omi als fo r use in an

avionics environment.

Avionics Routines. Error tolerance limits need to be defined more

c learly in the speci f ica t i ons. Errors were found wh fch exceeded the

U limits in the speci f icat ions, and although the inputs  used clearly fa l l

within the variable ranges de f ined , it is hi gh ly un l i kely that  these

values would occur in an operational environment. \~ithout specifications

which also sh ow th e limi t a t i ons placed on the rela t ion shi ps between

variab les , co rrect analyses cannot be performed. One example of th i s

would be specif ying certain contbination s of inputs  which do not need to

meet the normal error specifications. For the Bearing To Go routine ,

this might mean that waypoints within a 1—mile radius or beyond a 3000—

mile radius of the a i rcraf t  would not be subject to the error bounds

specified for those waypoints which lie between 1 and 3000 miles front

the a i r c r a f t .  The numbers 1 and 3000 are used here s t r ic t ly  for the

purposes of the example.

2uasl l in ear i z a t i o n  Method. The quasilincarization as proposed

should he tested on both s i n g le  and mu lt iv ar f at e  f u n c t i o n s  to determine
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lt ~ sue r It re t at I Vt’ t et other opt I uu i ~~t t  on itm t tl stibo 1’t I m i  ~~it I out I e ’eht it i qu et ;  .

Var ious at - c c  to  rat ion t cohn I ques simou l  d be - I u t v t - ; .  t I gal  c’d 1 ci do teruml u ic ’

the I r c i t e ’ u t  on the ce-umt v e rge’nee of t h u e ~ reposed Ilte’ t hod . Thte e~oli Oe ’ pt ot

moving to h ut’ surf ;;t - c ’ shou ld  be e ’xZif lhI t I t ! d more’ close l y to d e t e r m i n e  tiut ’

number of ~~0 m t s  t o  c’X diil liii ’ In  e’;io l i  ( i I t c O t  I ou t .  As I lit ’ p i-obabi l i t  Y Of

be ing wit h i  m u lea a t -h i t  r.u r i ly sutal 1 d i  st an  Oe’ I rout I ho ‘‘out- face ’ ’’ I ito rt ’as es

bet tot j ump tu g t cohn Iques should  lie ;eh i t ’ to be ut ill  ted. Sc arch lug

techni ques should is’ iu iL - e u I c o u a t  ‘d t~- 1i I oh ;u ro  not  I h u t  I t  ed t o d l  roe - i Ion;;

paral lel  to  an ax is . Tim 1;; would all ow rid ge— fol .1 ow I utg a lger  I t itnis t o he

dov~’ I oped , thereby increas I mtg tI~. prob ab l i l t  y th;m I t lie ’ ext route ’ val ut’

ret uuiic’ el by any ol ng l e tes I Is lii fact a 1 rut’ I o~’a I max! mm miii . As tite

prohah l h it y  of obtaining true IcR-al rn~txI u;t;e gcie’s up ,  I he ’ number  ~ f ~~~~~~

sa mnp ht ’~ out ere’d in timO samp le popul;ut ion sluoul d dot - re-am’ corre~ jiemdi ugly

t I t~~ie ’t ’V allowing for f, ’we’r t 0;; i t; t o  be conducted.

Bet t e r une t itot h s f o r  a m t a i y z l n g  the  samples popu lat  ion should be In-

vest iga ted .  As sc ar e -h  Ing te em h ( h U e S  hecouut e mUtt ; comple’x, the popul at Ion

should be analyzed more I requent ly ,  hence the miced for  it mor e cf fi t ’ lout

algor i thm to det e ’rml it t ’ t he- s t o p p i n g  ~ r i t  or  i a. Met itods proposed si toul d

be able to be’ applied to t i m e  h~ i i  amid urn pu-ob it ’m d I scu tu to d  Ii i  C ita p t  c t  (t .

IOu



— —._-- — - 
•1— -I~~~_ - 

-

It I I ’  I i  ci~~m

I .  -\ t ’ ,l ,l I _ i , \ h ,l ~h l ~~t I _ i i t  ‘t . , _ iimd .\i ui, ’h. h ( ‘ . ~t , ’ I t  ; e ’u • t ’ t ~~ j ’
~’ 

h o ;  o t
I~I ~‘ I i  a I e ’, ’c ;1’ e i t  ,‘ i ~ i : -  i c~u , V~’ I . 1 . i ’ ut~, I ~-t: ,’,’d c l i i i  ;_ , No ’., ,t t’u ; ’ c ’ \

1’ rc ’u’.t c c c ’ ii ,t I • I n c .  , I ~

.‘, -~~~ u ) \ ‘ m  ,- ,- .\v I , ‘ - c  I —~ I ii’ . ~~\I 1’ u I ; ’ , ’ 1~ ‘ ‘ i i  I t , v ,  i , ’ ’ i ,  It  ~~‘t’0t I ~- _ ; t  I

t~ ’u \\ \~ ~ I ’ ’ \ ‘ I ~~ i t i i  l’ i 0 ,’ ’ ’ .~~’ , 
‘ ii I I . l~ m i c ~t ; (  — i ’ _ t i  I ci ;, ‘ t L  ,\t ~,ti lt t , ’ :  i t  I ,’t ,‘ ‘ ~~‘.‘ t citi I~~- . 1 ;I ’ • I 

~~ ‘ ‘i ~~~~~~~~ u 1’~ 
-

I . \ ,~~- t I i , m  - . 1  • N.  I . ‘\~n ; ’’,’ u  K , ’ 1 ’ m  o ’ ;c ’ i L t  i t  t~~’i t  ; ; ui , I ~~ i~’o i t  i s ’ . i i i s , ’ ~t~’ ; t (  t , c
l u t g , ’’ ‘ ; l , ’i ; it u , i i  ‘ ‘l 1 :11 ,  • ~-J i t  ‘‘d t s~ 

,I . N .  N m  , c , N , ’’.~’ ‘t’ e ’t h
\, .td ’ i.; I ~- ~~~ ‘

- ‘-a . t ’~ 
‘ I • ~‘p ‘ 

•

‘~~. I’~’ i~~’ i  t . I ’ , i , t , u i , l , ’fl ~‘ . C ’ . ,i ’ lc i  I~, ’~’ , ’ i  C ~
. . ~.~~? t ~’~~t i i  ‘i . i t

~ ’ (  i;’ ’i  ~it i~ st :

~ ~u nd  l’ t i. ,~~~ ‘ . N c ’t ~’ \ . ‘ ;  ~ I~, c i  i t ,’ I i i  I I  1” , ’, ’k C , ; ; ; 1 ’, iu i \  • 
lii

‘ , h t t ~ ’ t t i  • I” . 1’ . ‘‘ .\ I C t~~i N \N ‘‘a l,t  t p l , ’ I’ u~ ’~ i ; , I t’ - l  .\i i l ~~i;;;c - i  I t ’ I’ i, ’i’;i’i ’ ,’’
h’, ’ 1’ , ’ ( , lt ,~l~ u t  C i - ’. -~t i  , ‘ t  t~~’ ; ; I ’ i i t  i~ i ~~~~ I,’t i i’ ,’ • (

‘,i t fl ,-~’,li ’ ~ :~ ‘ I i , ’i t ’t C t ~~’e’t ; .I i
i ’ h  i t  ; d ’t u t  ~~~ P e i t i ; ’ ; v h v a . i  u ,i , ~ - ev 1’ i’.

C’ . ~ u u , I I .  . , at is i  I ,  _ 1 . to t~’ — 
‘ \ ‘‘c ’ t  1i , ’,~ , ‘1 i’c ’:, l I ; i ’~ t ’i c ’~~i iii;: t o t

•u ~~ t ’ i t  ; I t  I V ‘ I  ‘i • ‘‘ I’ t ~‘~~~ i ii’; 1, ’; C ‘~ ,‘ t i ~~ - . , ,,! i t  ~‘‘l ~~~ h’ 1 1 1 ,11;; C ,

. 1 1 . t i i ~ , h , t , _~ c~i l i l t ; ; , \ , t  ,l t ’i ;, \‘  I’ t C~~~i~~ i i i’ Ii i i . i u i ~ - . • i n :
pp 1- ’

7 . l~m i t t  l u t % ~~ ki - ; i t t ~ - I l t  N .  l n , ’ u  t ( i i  N ,~ t ’ i ~~~~t I t ’ll ~ v ; t c  - ;  \ ; i i i ~ ’ ; ; i ; ; . No t , ’
\ ~‘t - t ~ ~ ~‘~ i;i W i  li v ,\ ~~~‘;l;; • I ii , ’ • • I ’~ /

8. it cs’i~ • N. t ’. \ , i~ ,;it~’cJ 1 ; I  I ci; ti - - . N , -’., \ ~ ‘i k ~‘~‘ t t ~~ia’ l i i  I i~o0~ t\’;~ \’ ;;’-V

I ‘i t ’ ‘-,

C) , c ’ I t a t t  , ‘; ;  
• b iiu ~’, \ .  ‘‘ A n t  ot~; i t  t~~’ I ’, ’ ; i t  i ~ I oil l’ i o, ’ I - ;  

~‘i’ i t t  ,ii 1 , i t  b i t ;  ,~~~

,h ’’.uun ,i I cit liii ’ \ ‘  ‘;e ’O I . i I ta t I cii t OV’;’ti I it~’. ~‘ ls~~i IVI C ’ I I ,

~) ‘.u1V , l’~c’(’~ . 
-

10. ~‘ci , lv , It’. ,l . ‘‘ )‘ o u  , ‘ u ’ ’ ; , i t , ,’ t , ’ ; ;t  h ut ~ ,‘i l a;;~~t o t t  ~~ i; l ’ t  ~‘ cmt  t i t o ’~ , ’’
l’ i- c i t’,’* ’ , t  iii , -

~’; . ~~
‘i i u u i ’~ ,~~ci m t  t ’,’ ’’’tt l c ’l - ( ‘0 1  s’ t c t i , -o . ~-i , ~~~~~ 

‘
I’ I ‘~~~~ ‘‘~~

I i .  i ’,’dv • Ii’. _ 1~ ‘‘ i i i ~’ }~~;u I t ; : u I  ~~~ ~~t ‘‘ it  iii ’i;; ,- ; t  ~:,,‘ ~~~~~~~~~~~~~~ ~~~ ~~~~

h’’~i ‘‘01 lii ’,!;; • e,l i t  i ’d l’ v It j i l t  ,;;‘i i, ’ . ll , ’t c i  . t i i ~ ht ’’.,’,’i~ I c ’i i t ’ , ,
S1-t~ .l o i ‘Si -v  l ’t c~t ’. l  i o~’ h i t  , I ito . , I ’) / , pp 1 _‘ 1 1 1,

1, ’. t ’ , ’ ,lv . W . ,l . “ S t a t  l~’ ans i l t ~ u i , i ; ’ t i i ’ Nia , ’ i i o , - u i  t ’ i ; m i t t “i it i s ’s ci i

h”l ,’,tt i l s ’ .’l’e’ j % t t  , \ u I~I liii,’ ?  I o , ’’ 1 t I ’  I ’ t ; ; i - t t , ’ t i  ‘ a - ;  ~‘ ;u C ’,a’’~’i ’t  s ’l ’; , ( ‘ - .‘ .‘

‘,st~ (i l l I t• _ l cii t ~’ , I ’~

1 1. ‘, ‘s lV , l~’~ ,l , ‘‘ l i i i ’ t 1 i ,i I l s ’i i i ~, ’ i i i  Niii ’;, ’i bs ’ i l  ~~,‘l t t , ’ , i i  0 I ci t  ‘1 ~ i ‘‘c ’ s ‘‘‘i’ Ci

t o t s , ’ IV1 i Pu c i ,’ , ’s ’ s i t L t s ’ ; , i - l u  ,;t \tIili ’ .u I I~, ’okv ‘~oui;tt .; it ~ v . ’ , ’- lot ;;  , sti

~i I e’i c i i  o ;t p u (  ci - - S’~ ~~ - , Sot I t s  i t s ’ , A t  ,‘ l t  ~ I ~‘i’t  I i i  0 , 1 -
‘ i,~’o1’ t t ’i’ii’ s ’ t l’~i ,

~\

1~~. (‘ ‘at i ,’i 1’ i i  c ’ , ’ t  ~
s , ’1 _ tI i ’il . l- ’c ’’~ 1 ‘

~ ‘\  ~~~~‘ ‘-‘‘;, ‘- i  1 i I ’ i - ; ~ - ‘‘ ml l ; , - r - i t  u , ’ t i
t’~c s tu t  I ‘i, - ‘‘ 1 i~~~ . ~ u ;; ;ti~ v _ u  0, - I i ,‘i t i c _ i ;  ‘ t i  i i oh ‘ it a C ’~’u 

~~~~~~ 
-

:ut I ~‘ui I ‘~ -
.

li t ‘

- — — _
~~~ ~ 

~~ .~ uLI~~~~~~~ ~-i~~



15 . Cent i-oi Da ta Cct u :h 1e tr~u t I t’ll . ç~o__o C u t r a l i i ’ ’ e - i ’ ; , ’F , V o l . 11
F~ m t c t 1 c t m ,~ 1 Pi t  i t s  (t 0 1  ~tY~

’P0) . S n t ; i ’ ,’~ ’ ; m J c ’ , Ca l  i i t t i n i  ,i : Coutli-ol h i t  a
Corporat ion , 1976.

16. flab 1 qui  st (~~‘t -mti un d , ;iitd Ake Bj e tch .  N umo r i c-al Met h id ;; . En g i&’weod
CII f i s , New Je r s ey :  Pre ’nt i ct ’—hlzi l  1 , 1974 .

17. Ilumi t mamn , C. B , ‘‘Nouts t ; mmtd . t  rd A t - i t  him ’ t i c ’’ , ~‘I ;i t h ;ei ’n t i o : i l  S o f t w a re ,
edited by -I. R. R i c e ’, ~~w \‘ork : A o ;td t ’n i i r  I’ i - ’ ’ss , 1971 , ~~ 

10 ’i—Il I.

18. Flke , C. T. (5’;’w ’t i t~~- r  l v i i  i , , t f i c i a  c i f  ~-t i t  1i~ ; ’ i i j c : i ]  I - n i i c - t i , ’as .
Ertg lc ’wciud Clii I s , Nc ’w ,h rs, -v 1’ i t i l t  i c e -  l i i i ) , Inc . , ~~~~~

19. F I slimait , Cs ’or gc ’ S. CO I t L ’o p t - ’ au_d ~~~‘
- I beds in  I) i s e ’_ r , ’ t c ’ I ’vt ’i’it lI ft i t : i I

Simeula t Ion. Now \‘sot-k : Je ’lun ‘s / i  1ev ~\ ~ sa l ; ; , lute. , 19 7 3 .

20. F o r s y t h e , George i- . n t  i i i  I ~ i n  (‘omj~-u t a t i on , or t /h v ~t M a t h  Book
Iso ’ t l- .~~~ i i ~~l t .  Tt ’c l i i i  I c i i  Rc -p c i r t  No,  (‘S 147.  S l a n t  ord , t ,~1 i f o t m t i : i :
S ta n f o t - d  U ;i I vL ’i’si  & v , J ; i n ’, i ; i i -v , 197(1 . (Al )  t i99 897).

21. Forsythe , George 1 . , M iciizic ’l A. M a l c o l m , and C I c ’v, ’ B . M o i er .
Co~~~ i t or  ~-‘ , t  l a id ; ;  1ci r  ~‘t : i t l i i - i ; ; , - u 1 i e , - i t  i i n y u i t ; i t i s. Fnglowood C l i f f s ,
New Jo rocy : P roil L i  ce ’—iIa  ii , I nt - . , I~) 77.

22. Garnet - , }l :mrvcv  I,. ‘‘A Su vov of Son ’ Re ccii t_ Ceui I i i  b u t  I c l i i i  I ci
Compe.t cr Ar i t IouK ; I I e’’ , 1EI-T Tr ;t i ~s ;t ~-t i c ~ns ou Gcim 1’iil  o t t - i  , C—2S 5 1 777—
1282 (Decembe r , 1976).

23. General t ivnami c-s Cot’p t ir at  ion . (‘c i mp t i  i c r  P rc i~~ra m t ) cvo1op ; ’ ;~’i i t  S pc c ’ i  --

f l c .’ut ion t~~ r t he  F’—1 6 F i r t ’  Cent i~~ 1 Ct ’n ; ai i t  o r  t ’Igc r a t  i o i i ,i  i Cl I ~h t
l’rog~ am , ( lINT , I t o n i  AGOF , ( 1 a :~1-:cI t i — i c )  - Fot -t  W o r t h , Texas :  For t
Wo rtit l)ivi sion , Cone ral I) y u lam ic s  Cor p o r aL  1011, 1977.

24. Ghosh , B. K. Seq~u en t . i a 1  Test s o f St  t i t i  ; ; t i , ’ :il  !lvpi ’i  l a ’ : i s  Neal i ng
Massac i muis e I t s :  i~de l i t - o n — - ho ;;  I i v  Ptuh 1 i i i i  I i i  j ’_ Comp ;iov  , Inc  • , 19 70.

25. Cinsho rg, Mv ron , and tk’nn is  J . F’ra 11ev. ‘‘‘(‘lie Des i go ait d Pit ’ of it
F l o a t i n g  P o i n t  ( So frw ar e l  S i n t u l a t o r  fo r  Tes t ing thc ’ Ar i t  hmet  i t ’
B e h a v i o r  of Mat i t emal  ie ’al Sof twa to ” , fl-IT ‘fl-i i r d  Sv i ; ’ jio s inm en
Conq~~~~’r A r i t hu i e l Ic ,  5t-t --63 (Novemb& ’u - , 1975) .

26. Ginsberg, ‘lyr e-nt . “Nunieri r a t  1nf1uc~~ccs ott t h e  lies i gui of F loa t lug—
Point Ar i t i t u t u e t I c fo r  ~li croconiput cr5 ’’ , 1FI - ’I- 1’ 1 c st ’ ’ s ’d i ~~~s , l” i r i-i t
Annua l  Rocky Mo ’. !nta in  Svn~poo f out on ~l i o r c i c c i u~ o i t t ’rs :  ~v a t o n i ~~,
S o f tw a r e ,  A r c h i i t ~ ’c i t m r t ’ , 2 5 — 7 2  (Sep temb e r , 1 9 7 1)

27. Goldberg, I. Bennett. “27 RI  I s Are Not Ett ougit  for  8—D I g I t
Accuracy ”, C o n i u u u m t l c a t 1 on~ of tIlt ’ soc’ i ; i t i  ia~: ~~~~ia~Macit ine~~ , 10, 105—106 ( 1-’e’b ru ,t r v , 1967) -

(
-. 28. Gumbo 1 , 1’. 3. S t a t  1st h-s of E~~t r c ’nt ’s - Ne’t~ \c ’rk : Cal ~umb I a

tln i vo t - s i tv  Press , 1958.

.106

I ‘ ~~~~~~~ - 
-

____ - ~~~~~~~~~~~~~~~~~~~ ~~,-~~~—- — 
-—-~~~~~ -~~--



pp- - - - ‘- —‘-—- - - - - - -—--‘-‘-- --—._——,,. —‘----—,-‘- —--.------- —---- -- 

29. Hamme r , C. “S t a t i s t i cal V al i d a t i on of Ma th emat ica l Compute r
Routines ”, Pro cecd~~~g~~, Spring Joint ~~~ puter Conference,  30 ,
331—333 (1967).

30. Hamming, R. W. Di~~it a l  Filters.  Englewood Cliff s, New Jer sey:
Prentice—Hall , Inc. , 1977.

31. Hansen , E. (Ed.). T~~~~~s i n 1nterva1 Anaiysis .  London : Oxford
University Press , 1969.

32. Hart , .1. C., et al. Computer Approximations , New York: John
Wiley & Sons , Inc . ,  1968.

33. Hemk er , P. W ., et al. Single and Doublc—Le~ g~~ Computation of
-

‘ E1em-~n t ary  Fu n c t i on s .  Ams terdam : Mathemat ica l  Centre , October ,
1973 (AD 914 647).

34. Hollander , Myles , and Douglas A. W ol fe .  Nonparametric Statistical
Methods. New York: John Wiley & Sons , Inc. , 1973.

35. Hu l l , T. E . ,  and J. J. Hofbauer . “Language Facilities for Multip le
P recision Floating Po int  Computation wi th  Examples and the Descrip-
tion of a Preprocessor ” , Tech nical Report No. 63 , Depa r tme n t of
Computer Science , University of Tor on to , Ontario , Canada , February ,
1974.

36. Kaneko , Toyohisa , and Bode Liu. “On Local Roundoff Errors in
Floating Point Ari thmetic” , Journal of the Associa tion  for
Computi~~~ Machinery , 20 , 391—398 (July , 1973).

37. Klein , Gary A. Software Tool(s) for  Eva lua t ing  the E f f e c t s  of
Finite W ord ien g~~ . MS Thesis. Wright—Patterson AFB , Ohio: Air
Force In s t i t u t e  of Technology , December 1977. (Al) ~tO55 777) .

38. Knuth , D. E. The Art of Computer Programming: Seninume l
Algorithms, Vol. 2. Reading,  Mass achuset ts :  Addison— Wesley
Publishin g Company , Inc. , 1969.

39. Kuck , David 3., Douglass S. Parker , and Ahmed H. Sameh. “Analys is
of Rounding Methods in Floating Point Arithmetic” , IEEE Transactions
on Computers, C—26 , 643—650 (July 1977).

40. Kuck , ii. J., D. S. Parker , and A. H. Sameh . “ROM—Round ing : A New
Rounding Scheme ”, IEEE Third ~~~n~~~~ium on Computer Arithmetic ,
67—72 (November , 1975).

41. Kuki, H. “Comments on the ANL Evaluation of OS/360 FORTRAN Math
Function Library”, SHARE Secretary Distribution 169, C— 4773 ,
47—53 (1967).

42. KukI, H,, and J. Ascoly . “FORTRAN Extended—Precision Library ”,
IBM Systems Journa1 ,~ 10 , 39—61 (1971) .

107

• , ~
,—‘ ~~~~~~~~~~~~~~~~~~~~~ 

-



4 1 . I~.tik L , IL , ;u-~J is’. , 1 _ (edt . ‘‘ ,-\ St ,;t lo t i ca l S~ tHy  t ’ t  ( !u~ .\ s ’ t t I I j ,  V

ot i-’lt ’at i ng  Po lot Nutuho u Svs to ~~‘: ‘‘ (‘ , I ;;ul t’ ;t iea;; ol t !~-~ •-\~~~;os : i _~~
—

tIo u! t~~~t t 1 ~~~~Ut l l i~~ ~‘LI ~ - t l  i n s ’ I  v , I t s , ‘.‘ 1- 2  it , ) t,~’(p u i i  19 /  1) .

44 ,  i , ; u I - ’ ; u u a , R~i’eit 1.. (~ol’’j’Ott ’u ~~~il0s !-  t e r  So I~’ ui t ~t ’ O l I t I  l t l _~Roche lie P.1 i k  No~’ - lo ~~~~~~ : h a y  den ~~~~ Cor ’1~ i ut v . I n c .  , I’’ ,- 1.

45 h ~ , I ( l~ 1 t i I Ut I t  1 1 I S I 01 1 I III Iii I I t !

Lox I lugI out , ~t,1;-O lt ’h1I; t ’ t t s : I) . C — ileaten ~iniI ~
‘o~- ;~ ,suv , 1° ~‘ ~

46. ~~~~t 5 ’~~i ~v , hla u to  _ l . ‘‘~~h ’t  ho , !; ;  I or I i  1. l u g  h a t  I ou.il  Appm ox i r,ia t Ions ,
P a u t  I :  ‘I ’ e 1 e o t - t t 1~ j S : ’, I’ i s ’s t ’ d u i t ’;; l o r  Coat  i t m t u e t l  l r a t - I  i en s ’’ , ~I o I I I  uia l
ot  t In ’ A’ -s~’~’ i : i t  i 0o  ~~I C ’:”~~I t i n~ I t ’i ; I u , ’ I V  , I ‘,t,i— l t ’ _~ t, A p r i  1 1 ‘Ito,’)) —

47. ~t I l I e u - , l i -w i n , ;otd Jt ’hu i 1 , Fr eu u t d .  I’ t~~!’ d’ H i t  \ ‘ :mJ St  1 ~‘t t i~ - ;; ‘ em
F;ig toot ’ u; ; _ 1- u g h  ~‘\ , ‘e, ’j ( ‘ l i f t s , Nt ’~, , l t ’ t ; ; , t ’ : I’ r t u t  i ,,- t ’—-hla I i  , I n c .
It)7/.

48, ~I i  I i c r , W ebb .  ‘‘Ce~n~p t i t t - t -  St , l i t ~b I f o t  NLt ; ’ 1~’i i t -a l  l u s t  ; I ! ’ t  l i t  \
fl 

,1~~ ’lit 5,1 1
o t t i t t  \ 1 1 1 . 1 0  t I 01 1 I } u t  i l l  I ;  ‘, — ‘~ I 1 (0 t~ t

I 9 -! ‘~~) -

49. Ml 1.—S iP—- I ~~~ \i H~~’ tii. ’ C~ ‘‘ l’’,It. ’l ~~ i I l I t ’ I t  o t  S t  I - t % t  I ~h t  —1’ , t t  I c i  ~~~
M’~ , Oh i o :  ,- \ ‘ i t ’ o , w t  ~‘a I Sv ; ; t  t I ; - l j vi; ; i e) u 1 ., ! N ~~ I , 1 lu t t c  I t H S .

SO. ~h~ovt ’ , 1~~~ion F.  (l’t t O t v , \ l  \\~~ i\  5 ,;’ . ~~‘l\~~~ 
‘I t ’\s’O O t I  C- I f t  , Nt ’\.’ •‘)c i  s~’~

Pre’ut I t’t’-- hl .il I ,

51. Moore , R, ,r - ioit F . ‘l l t l I , ’ P l l t  i t ’ L l  i- i c t r e n t s  t t t  St I t - t i  I i  c (~~~; ‘ ‘, ‘ l I t j 1 t t ~~.

New York , N ow Yot - k  : h I . ~ i t  , R i n e ’h i ; u t t  , . IS t ~ h i t i st o l l .  Itie- . , i’~,’ ’,

52. Nowbe iv , A. C. N - , and A. P . I-c I t~~!1 - “Con s is  I encv  T - ~ I s I or
E l e m en t a r y  Futt~ t j Olts ’’ , i’ t~~~ ’~’ d i t t ~’s , L111 01111 ( ‘o~ j ’t~t i r  Ceti  I o I . 1 1  O t ’ ,

3Q , 419- 42.’ (I tt ,’l).

53. N i c ke l , K. (Ed.). lot  oi v,~1 ~i~~t h , ’ ; t a t  j t ’ ; . V o l .  S”), 1 t o t  t i r t ’ N o t . ’ ;;
In Couttpu t ci- Sc ienc~�. lk’t I i  u : ~ i’~ i ngt ’ m~— V t ’ r I og , I ~ 7S -

54. Not’thi ’r , C. F . l ’1om ~’n t s  ~ f N e t t ~’;u .  1 5 1  t i c  ~ t ,i t 1s t it ’S. N ow Y. ’i -i~ :
John W i  1ev & Sons , Inc .  , l ’) (~7 -

55. Op~ enite (mu , :\l Ian V. and Ron a l d  W . Schafer. Di gi t :tl Si ~n .il Pie—
c e s s i i i ~~. h ’ it g l t’weed C l i f f s , N ow Jet - sex’ : I’i’ cnt I cc  IL ,  I I , lit~’. , 197” .

56. Ru ckelt ’ocite ’ 1,, Fr ed. ‘‘Func I I OflzI 1 App rox i mat i eU ;t ’’ , h i l T
(November , 1978) .

57 . S tuige r .emp _ u i y  • ‘l’ite — Comj ” u t t ’t Pt  ,‘o, u , n ’ t  D. ’vt ’ 1 ep ;’’ont Sp ’ o  i I i ~ — a t  i on
f or  ~_—J~ h P % ~i 1t _ t ,;! l N a v u c ,a t t t ’ i i  So t  C’k’t -t

~
it 1 .‘ ;t , t  I I I i ~~ t t 1’ i o ~~~~it ’t

-‘ \0 it O) I’-~,, i t t  o tt  I~ u V t  1 O tt , I i t t  “1  I t t  t I t I l l ’  i I t \  i t )  /~
,

58. St  ‘no , I 1 ; i ~~ld  S. , “t at. lo t io , I i u . ’ t  I .“;t I. ’ t ’,”. ’ U t  s t  .\ t, ’~~ i t  o. ( tire .

Cli i .‘ .ige , [ I I I  it o is :  S ci e’n~’.’ Rt ’:;, ’ a o tt ~\o;; 0~~
’ 1 5 1  t ;‘ , l u t e .  , I ’ )  ,‘ ‘

iOS

- 
-

_

~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~  ~~
-- ‘.- 

- —



‘~ “~~~~~~ 

~~~~~

‘

~~~~~~~

‘ ‘  

~~~~~~~~~~~~~~~~~~~~~~~~~~~

59. Stoutemyer , D. H. “Auto m a t i c  Er r o r  Anal y s i s  Using  Computer
Algeb ra i c  Man ipu l .’it Ion ” , ACM Transac t ions  on M at h em a t i c a l  S o f t w a r e ,
3, 26—43 (March , 1977).

60. Tienari , N. Vary ing Len~~~h f l oat i~~~ Po in t  A r it h m e t i c :  A Neccss~~y
Tool fo r the Numc ’r ic a l  Analy s t .  Technical Report  No. 62. S tanford ,
Ca l i f or m t l a :  Computer Science Dep artment , S t an fo rd U n i v e r s i t y ,  1967.

61. Tsao , N a i—Kuan . “On t u e  Dis t r ibu t ion  of S ign i f ican t  Digi ts  atud
Rouitdo [f Errors ” , C o n m m u u i c , ’t ion s  of the Associa t ion for Comput~~~
Mach u in cr~ , 17 , 269—271 (Nay 1974).

62. Tsao , Na l—Ku an.  “Some a Posteriori  Error Bounds in Floating—Point
Computatio ns ” , Journa l  of the A ssocia t ion  for Comput ing  Mach ine~~~,
21, 6—17 (January 1974).

63. Vi gne s, 3., and N. LaPorte.  “Error Analysis in Computing ” , LF~~.Congress 74 , 3: 6 10—614 (1974) .

64. Wilde , Doug lass J. Opt i m um Seek4,~~ Methods. Eng iewood C l i f f s ,
New Jersey: Prent ice—Hal l , Inc . ,  1964.

65. Wi lkinson, J. H. “Mode rn Er r or Ana lysis” , SIAM Re view, 13, 54 8—568
(October , 1971) .

66. Wilkinson , J. H. Roun~~~~ g Errots in Al talc  Processes .
Englewood C l i f f s , New Jersey:  l’tent:ic c— l-iail , Inc. , 1963.

67. Wingo , D. R. “Maximu m Likelihood Est imat ion of the Parameters of
the Weihul l  Dis t r ibut ion  by Modif ied Quasil ineariza t ion ” , IEEE
Transactions on Rel iabf l tf l , R— 21 , 89—93 (1972).

68. Wy att , W. T., Jr. , D. W . Lozier , and D. 3. Orser. “A Portable
Extended Precision Arithmetic Package and Library with FORTRAN
Pr ecompile r” , ACM Transactions on Mathemat ica l  S o f t w a r e , 2 , 209—231
(September 1976) .

I.
-i
-I,

109

- 
~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



-
~~~~~~~ 

- ‘W’ ’ ‘~~ ‘ ‘ ‘~~~~~ , ~~~~~~~~~~~

I ,

Appeut d I x A

U ser ’s M u n t u a l  f o u  t i t . ’ 1 - i  r ot  R e v i s i  on
o I t h ue  N — h  i~t S I uism .1st e’i~

By us ng the  f i t - -it u~~-V i s  ion of t h e  n — h i t  ; ; iunula t  Ion t o o l  , a user

cam t eva h i i , u  t c t l i t -  nume i 1  ca l  c i t  to t s t bi t t  vs t’ 10115 CompUte ’  V a rch  Ito c t t i l t ’ s

can have upon a I-’O~ ’1’ R .\ N — I~r t~gr ~tl:tn i( -d iii ~~~ I t  tin. Tb1’ sitit ul ator was d~ s I gnecl

to he ex~-cu ved on ~‘ i t i t er  CIIC (‘(-‘00 or CYbt -~R 74 compute r  sy st ems  and re—

qu I res t i ta  t Pi~~ Si- ; t I t ~
; be i rtg C’ X&’t ’ut 0t h b~ t he  s i m u l a t o r  ho e’xpressed in the

FORTRAN IV ( ex t en ded )  pregrai ;u ;i  I t ig  langu . i~~ ’ vi tit ii few re t ; tu -  i c tions  -

TIt i s user ’s manua l  v i i i  describe the ten ‘is. ’r op t ions  a va i l ab l e  f o r

d e scr i b i n g  d i f f e re n t  compu te r  . i r c h i i  I cot ores ,-nt tl t h e  c. ’u u t r o l  e ar t h s fo r

execut i ng the f i r s t  rev i iii on of the n — h i t  s juitul t or • The pt ’ogramm i ru g

t e’ ;; t t i c t  Ions and co tt o  id i -r at  ions app l ic a b l e  to  t ho or i~~ina1 s i m t u l a t o r

st ill apply (Ref 37).

To provide  t u e  tmsc r vi th g ro at  or f l t -’x lhi 1, 1 t y  I n  s i m u l a t i n g  the

e f f e c t s  of var ioU ;; comput er  a r c h i t e c t  ut-es , s i x  of t ho seven op tions  of

the ori gina l  n — h i t  s i m u l a t o r  and fou r  add i  t [onal  op t ions , f o r  Ii to t  Si

of te n u se r  opt ions , were in corporated ii) 1 o t u e  I I  rst  reV isi out of t hit’

simul a to r .  Titese chang es r equ l r I ’ on ly  m i n o r  nod I f i  cat Ion s  on the p ar t

of the user.

Ft rs t , two a r ray s  must now he dl  uneno totted i n eacht rout  i rue. The

ar ray named KEY must ho d imeno I cited to ci ght (i ’ . g. I) 1M1’.N SI ON KEY ( S) I antI

t he array named TKEY must be dim ensioned to four ( e .g .  DIMENS iON TKEY

(4 ) ) .  The array TKEY holds  the  f l o a t i n g  poin t  va lues  to be ’ u sed in the

overf low and underfiow checks , and the ar ray  KEY hoI d~ the f i xed poi n t

eve’ n i  ow va l ilt ’S and t lie ’ user  opt I otis .

—i 1’l O
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I
o ouiJ • t lie S - I I 1’ m on t h i t ’ w~ l ob  I ,, 1 I~~i .~ :. I hi t ’ I I n; t e X t  t - e i t  ab 1

st.u t c~’;t ’’lt an d ‘,‘h c i t - v t ’ u  e lse des l i e d  h O W  ~~~ t~,’~’l v e  ~ l t t l t f l t t ’ t  t i S , t w o  t’t

with ~u at -c  n e t  opt  t out s , atid tim e ti:o a t isv Kl ’’\ au th TKh”t’ _ Thut ’ ut ’ 1 u i i  it ’d

f~ m ;:; of t I t o  Si  I~~ R l  ‘I’ ;.u~’i ~‘I;t h i t ’ cal i -; ; , l t , n , : ;  b o l , ’;,- , i. i ti m •-st ’i, (~ r ep ;  o-

Sen h u g  a it - ; e u ’ Opt 1

t ’ ,\I I ,  S~ ’ I N I ~ I • 
‘ It ., I t ’, 

• 
: .m ~, ’ ,’ 

• 5 , :~‘i ~ a , K l \  , ‘I r-~l ’~~

( 1~t b i t  I — ‘ I t t , ’ I i i — t  ,~~ t I t i-i 1 OUt .  t I t ’ i t’ ., I 10 ;‘p~’ e’ ‘¼ t i ’  i t t . ; ’ e t ’

~~t b i t ; :  
~~~ t - i,’oi .1 1etu ~’ t h u  ~, I t~~v t o ’ i,~lI  u~~od i ‘r I 1 ,‘~~ t i n ~’ -— pt~ I ; u t  . : i i t t ; ” ,, - i t ’ .

~~ t i on - .‘ . ‘I’hh’ t O  O O i i t l  op t  i cti a l l  owe 1 h 11:01 1 o :~ N ’t 1 ‘¼’ t i l t ’ i t l i :2 ’ t

of I’ i t  s i t  t h e  t:: .:~~ i ~;e. u , n o t  t’ t -’i ; t i  t i ug t I to s I gti b i t  • f~ r f 1 o,i t lu g - -  p e t i t t t

- I ‘¼:ct tIS ~ I I
’t ’II I t o  ~S) -

(ip t t o l i  - l i t  ; S opt t ott .~l I ow S t lit ’ us o t t ~ sp ot ’ i t  v t Ito Ii  Lm;~ or ~‘I

guar d  d i  g i - t t o ho t l0 , ’ t l do u - u i  g I ~ t o  i -~’t ’ ,l t a t  e I I cat  i ne,—po i i i  t c a l  cul  a t  t o u t ; .

‘S TI’ Is  ~‘p t  I OS I t’I’ I .. it ’e ’ .J [ h it ’ Si  tig I c , & t t ~~it ~ It ’, O T  I I I ~~ it ’ proc 151011 O1~t ion  of

the ’ o u t  i u h t i  S i ui -u h~~t or  am id ha ;: no c i  I e ’e L  t~s I i X t ’ tt -
~~~

,‘ I i t t  czt I c u l a t  I o i lS  —

A l l  I h a t  I it ~‘o h u t  ~~
- ,t r I ab I o .us s I L t : ‘ , - :11 s a i ’  st  1 .1 1 r i , i1 i t - 0 5 1  rio t u e  w o r d —

leng t i t  spec i i i  ‘J In t I t t ~ f i t  st  opt ion .

(~p t  io n ~- .‘i- . (~p t  I ott t ,‘U i  s i  I , ‘\s ’ t t t l I t ’ tms , ’r t o  ; .p t ’~ ’ i fv t hi t ’ i i i i t ~i’ , ’l’ o t

h i  t 5 t o be’ ;:eo,I i i i  n i t ’ I I oSt i nc,- p ot  itt exponent , joel tid I ut~’. t i c  t ’xpot i ~’ii t

si gut b i t  ( f rca 2 t~ i i )  . ‘l’ite’ sum t he \‘.i I Lie ’S I ci opt I on f o u r  anti  opt ion

tw~ mu st  be out ’ ’ lt ’ss than  [bi t t  f o r  opt ion cute.

2~,t Ion  - ‘ ‘
~~. The f i f  [I t  op t  ion  a l l  ws tIn’ Cisc 1 c si’ t’c I Iv t h i ’  i’t’s i t  l ou t

ot’ the  I isp I i eel hi nart- point wit - h i me epee ’t t o  t i i ,’ i ’uin I I ;:e,t - Flit ’ vs I C u t ’ 0

posi t  i otts t i l t~ po bu t t t ’ t he  l e t  t of r it e S man t i s :  a (m:tk hug t ito mant is  ;sI a

fr at’t t on)  and he Va inc 1 p o si t  i ott; ; t h e  p o i nt  t o  t i l l ’ i ight of tite ’

manti ssa (n.uking t il e’ m.’mt issa :tn intcgt ’rI

on :-(~. Opt ot t s i x  a l  ie~ws t h e  LISe ’i t t ;ti’,’ ’  I I v  \,-~i , ’t  ltt ’r VOt uil t i ; u i ~~

t 
I l l  

~ 
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or truncation will , be performed after each operation . The value 0 indi-

cates truncation and the value 1 indicates rounding.

~ption 1/7. This option was added to allow the user to specif y

whether the computer being simulated uses sign plus one ’s complement or

sign plus two ’s complement arithmetic. Sign—magnitude machines should

be simulated by specif y ing sign p lus one ’s contplemerit. The value 1 is

used to specif y sign plus one ’s complement and the value 2 is used to

specif y sign plus two ’s comp l ement arithmetic.

~ption #8. Option eight was added to allow the user to specif y

whether the machine being simulated is a binary , quaternary , octal , or

hexadecimal machine. The value 1 is used to select binary, the value 2

for quaternary, the value 3 for octal , and the value 4 for hexadecimal.

Option 1/9. The ninth option allows the user to suppress the print-

ing of overflow and underf low messages. These messages specify whether

overflow or underflow occurred , whether positive or negative , and the

routine and line number where it occurred. If overflow occurs on the

actual CDC word , the program will terminate.

Option #10. This option was added to allow the user to specif y

the wordlength used for fixed—point calculations. This will allow for

valid overflow checking for both fixed—point and floating—point without

having to call SETNBIT whenever switching from one type to the other.

The maximum value allowed is 48.

An example of a typical SETNBIT subroutine call is

CALL SETNBIT (32 ,23,0,8,0,0,2,1,1,16,KEY ,TKEY)

The argument values shown specify a 32—bit floating—point word , broken

down into 1 sign bit , 8 exponent bits , and 23 mantissa hits , with no

guard bits. The binary point is on the left of the mantissa , and the

112
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bl u tary utac’h lu t e  dot ’ :, two ’s c’ein tp h’tnoui t :tri t h i i i ~t ’t  i t ’ w i t  it I u u i uu t ’: i t  l t ’ i u . ( i v o l  -

I I  ci,’ ami d ui u ttli’ tf I OW uit ’:~ -; ,upt ’5 . t u e ’ t o  lit ’ i u m - hut t i’d , i- m d  f i Xt’tI— - p c i  it t t ’ i l  c,.ul  :1—

t Ions i-i re’ pe r l c r m ( ’d t t u ~ i r ig a 1 ( u —h I t  wor d I er u p t  i i .  I f  d ouhi  I t ’  pi  ~~~~
‘ I S C o l t

float lu g-—p oint vat- i :il ’ 1 ~ ‘;~ a ,~ ’ u ’:, -d • t i l t ’ I l u s t  i - m d  ~e’~ ouitl opt I th iS u ; T n ’ u u l  ci

be c i u t um ig ed  t o  to I I o~ - t t in ’ 0 , ’  h I t ’ 01 w or th  I t ’itgt iu , t i m  ii: ; a i i  owl  rig f t  ‘ t -  do culi  1, ’-

pr(’l’ l i i i cit ~— a i  cli i i - m t I t ’uu and tI cm api ’. l i i i ; ;  i i ’ i l : -  I I -o i l l ut I i t g t i  I t - l i t - el fu- ou tu d en t —

h i  e’~ p i t ’ e’ I s ion  ca l  ciii  i- i t i on v i  l i i  u - i  u t gl t ’  pr~~t - I ~ i out ;: N ’ r a p t ’ , wlu I cli e’an he

acconip i ( i-ducd I ’\ ’ ; Z j ’ ’ ’ t ’ I \‘ f b h ~~ t h e ’ e- t~u t t ’e - t uiumruhe u ’ ol  p u ; m r t l  ci I g i  i s .

Ccit t i’d (~~: h I  tis

A very 1’~~;; I t ’ tm ut dt’ 1’;; t :u i id l i t  p o how I l i t ’ s I tu tu l i l t  or works  h u t ’ 1 ~s lu t ccii-

st Ituct I , t t~ oh t’on I u’o 1 o~~m ,I~; 1 o s i t ut u 1 i- u I e :1 p top m ’ :u . Tin’ pt - i-p lOOt’ i - i -  :01 ,

wh it ’ht Is t’xce ’ Cut  ed lit -st , u t ’sd t - . i - u t :  d a t - u  I n p u t  ( l i t ’  I”Ol~’I t~,\N p t o r , u i-nut (~~~1 be

slnntla le’d , moth f i t -;:  th e  i - tush ghihhu t ’u tt st  i - i l  ‘ tuu , ’ l t t  S , S~ d vu  I t t ’ ’ ;  cml i - u 11 I c

cont i - t i m u tip ( h u t ’  s,~u u u cc of I hu t ’ mot h I I l O t h  j ’ i ’~ 1~r~~. T h e ’ pm t~i~u i-tuii ott I l i i  -~ I i  i~

flutist t l u o u i  iii ’ conip I it’d ;u t t t l  cXt ’c t i t e,I - A;; i t  t ’ X t ’ t ’ i t t  c ’s , i t  w i l l  cii Ii t ilt ’

subrout I rue’s wit I oh f l I t,’ 1 o;lele ci v i  tIm I, i t t ’ oh t’ e’ ( i i  of t lie ot l I t h i b  i i  t’~I ~t v t 1g i  it  i t t .

The’ rt ’ i-i Ut ’ un :uu ty d l i  It’ rout t W i - i \  s I o bu l i d  i - u check t o  cxc c’ t h t  c i -u p u-ci ’, m i - u rn

u ’ ;  l ug  [lit ’ uu—1 i t  m iii I i - u t  ci — Out ’ v~’ i v u- i muup I t ’ clock t i - c t  t ip  U t ;  I u tg  ; ; o tm r t - e ’

ca rds lot ’ the ~ 
i i  ‘ p u t ~ , ‘ t ’ i-Sot ’ • t ho sub i-out h it ’ ~ , ant i t lit’  l” O1~T1~ \N pv ~‘gi - :urn t o

be si  nu u l att ,’d , l u-i shown he I OW.

F’TN,i,’-IflIMMYI .

, ,N 1ITT .

REWI NI),N II1 1’.

Fm , l,= i ) I I MN Y ) , iNSti ll s -

R E W I N D , S [Th IS

F’TN,1~~N fl IT ,uT -PROC..

REW ! Ni) , PROC .

i , ( i ,\fl , PROt , 51 115 -

i-~x i - : ( :I1 i - u - ~.
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7/8/9 Card

***Preprocessor source cards***
7/8/9 Card

***FORTp~~eI program source cards ***
7/8/9 Card

***Suhroutjnes source cards ***
7/819 Card

6/7/8/9 Card

Another simple way to execute a program using the simulator involves

using ob,~ect decks for  the preprocessor and the subroutines. A deck

setup to execute this way is shown below.

INPUT ,, , NBIT.

REWIND ,NBIT.

FTN , I=I~!BIT.

LOAD ,LGO,INPUT .

EXECUTE .

t ~, 7/ 8/9 Card

***Preprocessor objects***
7/8/9 Card -

***FORTP,A14 ptogram source cards ***
7/8/9 Card

- - ***Subroutine objects ***
7/ 8/9 Car d
6/7/8/9 Card

The above shown job setups involve using large card decks which are

rather cumbersome . If several executions are planned , the objects for

the preprocessor and subroutines should be put on permane nt files where

they could be accessed using either batch or remote job entry . The deck

setup shown below will store the preprocessor and subroutine objects on
-U

permanant files.

REQIJEST ,OBJECT 1, *PF.

REQUEST , OBJ E CT 2 ,~i-PF .
- 
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(~~)1’Yi1!-
’ 
, I ~-~l ’U I  , ()h .lh ” P’I’ I

COi’\’ Li i , , 1 N PIIT , O’hI I- : ( ’ I ’~
Ri~W E N D , 011,1 EC’l’ I .

Ri - :WiNn ,o11J1:ci-2 .

(:A’rAl.0i : , oiT _ h l ~~:’l’ l ~N R [ ’ I ’~’~ N ,(”t’ I ,Ri ’~- 120.

CM’Ai OP , t t I i , Il ’~~I ’2 , N h I T ’~i~ i , ’Y ~‘ , ifl’~ 120.

7/ 8/ 9 (‘arch

I e’p t O O L ’;; i -o r  ot~~~c t t  ;~~~~ **
7/ 8/ 9 (:a i t i

**h ’~S umh sj ’ t , uu t  I h i t  oti lt ’ t ::***
7/3/9 C:ir m

6/ 7 /6/ 9  Ci - irt l

Oute -o tiu r’ P I ’Ch i i’OCt ’utt4Ot ’ a u t h  stil t lt~ti  I i  t i& ~’ cii i (‘C ’ t 5 at~i~ Oil ~~t ’ Ufl t i - i i t c ’ u i  I I l ie s ,

they can hit ’ i - u i - e - ’t t s t ’J h ’y tutu hug t h e  I oh  l o w i n g  he~’k s et u p .

A ’l’TAChi , OliJE(~i’! , N U i ’ I’S i ~~~~~ 1.

, OlhiEt: ’i’2 ,N iI ITS I M , CV- - 2 .

REW1 NI), (~i1J i - C’I’ I..

REW I N i l , OlhiK ( 1’2 .

, , , Nfl1T . -

RI~W 1N D ,N U 1 T .

FIN , l - N R 1 T .

LOAi) , 15C() , 0IlJi-:~~r2

I-~Xi-’CI ‘‘I’

7/8/u) Card

***FORTI~~ N pr ogram source e~;it -d ~ ***
7/8/9 Card

6/7/8/9 Card

The user options added to the f i r s t  i e’v is ton utako I t even more ’

costly to  s i m u l a t e ’ i-u i rosri-i~ . C t d~~i ’  i’&’qul rt ’u t lt ’iu t S ( ‘hii - u it~~t ’ti Oil l v  to t i i t ’

extent that the s u b r o u tin e s  are sl I pit t iy 1 :urgi ’t- ;u utd eac lu c a l l  to tin ’

subr itut lutes  e-on t i -t i ns one ~ddl 11 ona 1 p au - ;t met t - r .  I t  is con j ec tu red  t h a t

( \ exectit I on t I flue’ w I  1 1 1 ito l’c i -uSo iii ip i’ oX I ma I t ’ lv  t won t V pt ’ rrt’uu t • S I flOe” t he

subre-tut I t i es :ui~c’ longer amid uuuo t ’e’ comI m lox.
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A ppt , - m u c l  I x 1

I-. 1 - b i t  S i , i t u l : u t  u ’t’ ~ t d ’ i d u u t  , i i - i t S ~~t b t u  rO t ’ i i  S t i  i lp

The t ’ouu t - ep t  of Ut ;  I ti p 77 u t — b I t  s ub rou t  I u i~’’; t ,~ hand I& ~ oi - u ch t  t’ontb I m t ; u t  I c ;u

of d at i -u t \ ‘Iit -;; w. u ; r e t  :u lu t e ’ d  I ron i t u t ’  ci I g u m - i l ;; i u i u t i t ; u t  or , i- tI  t h o u g h f l u e ’

cod e lii h u e sub r .t t t  I mtt ,’s w , m i -  , e xt  t ’ i i i - ;  I re I v  iuiod (I I ‘d. ‘l’hue SE’i’Nhil T ~~t uhi i’ouu t  l i i i ’

wits i - u I ~;c t - x t  t u t u  I v o l  ~ ‘ tiucel I I I  t’d ( ti g i r t ’ t i m e ’  t t S t ’t u ltt it ’ c’ I 1 t ’u ~ I Ii l i l t  v v i  t im t ime

si mu h a t  ci’. ‘flu roe u t  l i e u ’  stubrt iuit h ilt’; t i - i I it’d R0U N I 1C1~ , tiNT-Y l’RN , atith TW(~I’I~’,i, ’

vt -re added t o  htautcI it’ all roum u t ch iutg S I gui p ins  Ont ’ ‘ it  e’tuht tp I t ’u nu ’nt I r t uu t t ’:’ t I ciii ,

and s I pit p lus two ’ s t- ontp 1t’rnt ’ uu I I t ’ uu m t ’ . u t  i o f l.  In t h e ptt igr; umtt 1 i~ ; t h ip lie ’ I

t h e ’ sub rout  I non i - i  r c ’  a t’’ ;itt ge’d i i i  I tt f out- mi - u thu c;i t ego u- I t ’ ; ; . The Sh - i’Nb i i ’

subrottt  l ute e~ohiuc ’5 ~ i u u: t , I oh lowt ’tI l iv t i t i ’ ::pt ’ t ’ li - i l u’ otitid l u g  am i d  t t - u i t u c . u t  l out

rout ( i t t ’S • Thmt- t h i l  r d gr oup is  compost ’cl ot I lucite t ;tih u ’- ciimt I i t t ’,; w i u I &‘ iu h m i - i m u t i  i t ’

onl y I ut t t’gt’u var lab i en , i-m i ! ( li t ’ foui’t  It g u c t u p  ccit t -i hut ; I itout ’ semb u cut tie ’;;

wit (cit h t aut thle at least cite r~’:u I vi -ti- ta ble ’.
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Appendix C

Mathematical I-unction Approximations

In chapter 4, routines were presented which were “optimal” for the

~~/AYK—i5A flight computer in the sense that they provided the required

accuracy specified by reference 57 while requiring as l i t t le  execution

time as possible. The routines presented In this appendix were also

analyzed and were deemed to he in fer ior  to those presented in chapter 4

for the AN/AYK—15A digital processor, For other applications, however ,

the routines presented in chapter 4 may not be sat isfactory.  Routines

for approximating the square root , sine, and cosine functions are pre-

sented in this appendix , along with  some additional references.

Sine App rox imat ion s

— For the sine function, Taylor ser ies , minimax , polynomial f rac t ion ,

continued f r a c t i o n , and Chebyshev expansion approximations were tested.
— 

Each proposed solution was executed using the n—bit simulator with a 23—

bit mantissa (single precision for the AN/AYK—15A) being specified.

Where applicable, Hom er’s Rule for nested multiplications was applied

in evaluating polynomials, even though solutions are not shown as such.

Sine Solution 1. This solution is a truncated Taylor series approx-

imation of degree 7 and is computed by

sin(X) = AX + BX3 + CX5 + DX7 XC[O,1T/2] (C 1)

with the coefficients being shown in column 2 of Table C—i, which fol—

lows the sine solutions. This approxisiation was not evaluated as a pos—

sibie candidate for use in the F—16 software, but rather because it

appears in software being tested for use in the A—lO aircraft.

(.. Sine Solution 2. This solution is a truncated Taylor series
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Since t h i s  so lu t ion was obtained from a truncated fifth—order Taylor

series, the approxima te truncation error e
~ 

is

(-~)
7
(41) x 7 0•0046815 x 7 

(c 5)
e
~ 

-‘ 2 2 1 + 0.12337 X
1+ 2~O (~.) x

This a p p r o x i m a t i o n  was eva luated  to  be used in comparing results oh—

t am ed from continued f r act ion  representa t ions .  Since a f i f t h - o r der

Taylor series approximation provided bet ter  accuracy than this ra t ional

fract ion , and th i s  rat ional  f rac t ion  provided bet ter  accuracy than its

representation as a continued fract ion , f u r t h e r  t e s t ing  of rat ional  and

con t inued f r action approx ima t ions was not conducted.

Sine Solution 5. This solution is the continued fraction represen-

tation of the rational fraction presented as solution 4. It was assumed

that a f loa t ing—poin t  d iv i s i o n  for the AN /A YK— ] SA would take approxi-

mately 3/2 as long as a floating—point multip lica tion , so there would

be no saving in execution time using a continued fraction over a Taylor

series polynomial. This solution (Ref 72 :84) is compu ted as

sin( ’sTX/2) = A/ X  — B _\ x4o , i] (C—6)
x + C

X

where

A = — 7 ’ n /6

B =  ~~~ (-~j

C~~ 20 (-~)

The values for these coefficients are shown in column 6 of Table C—i.

[ 

(,‘ This solution had larger absolute  and relative errors than either a

fif th—order Tay lor series or the corre spond itig rational approximation
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pi - est’n t e d  as soluit  iOn  4 .

S Inc ,~!il3,LC_L~~ 6. ThI s  approx I mat Jon I S an &‘xpans ion In Cheh yshev

polynomials UI) to degree t5~~ tesult  lug in an oxpress lon  of odd powers of

X up to degree 9 (Re f 72: 73) . Thi is method  should  bt- d i~; i i  ngu I sIi~~d f r om

Chebyshcv app i- ox I mat ion wi it - I t  p r odui  cc m l  ii I i’i :iX ~~0 lvut t ’n  i a is. TIil s approx-

ima t ion u sing  Cheb y shi t ’v p o l v n e n t i : t l s  p r ov i d ~-s a nt ’:tr-—m inhm;i x SO1Ut ion

for the abuol  u t e  error and ~i S cumput  t’d as fo l lows

sl n (’nX/2) AX + BX 3 -I- CX
C
’ + flX 7 + EN9 Xt [O ,i] ( c — 7 )

The values of the coc ff ic icuts ai-e shown in column 7 of ‘rable C—I - Th is

approxunat ion was not re~’~’n ’troiid -d f o r  t i ; t t’ w i t1~ t he AN/,AVK— I cA for two

reasons: 1’5 it d i d  net  a t t em p t  to  In1nilt i i~~&- t :hc m aXim um i - e l : i t  i vo  t ’i-r er ,

and 2) s ince  seven th— o i-d t -r  po lyotmi l  al  s ox 4 sted which  prov i ded su f f  i d  t ’i’  t

accuracy ,  the n i n t l ,~~order  a pp r ox i m at  ton  w i t h  the  :us::oc i~~tt ’d e x t r a  add I- ’

tion and inuit i1, ii c a t i o n  was deemed t o  rt’ti u I rt’ too much exet ’ut .1 on C fine .

Sine Solut i on 7. Tb is  solution is a seventh—order ml nimax :Ipjii ’ox--

imatlon whi ci> m m m i  zes the max trnini absolu te err or , as opposed C o the

solution presented in chapter 4 vhf cli mln I ml  :~e~; t ik ’ max i mum i-c lat I Vt ’

error. S inco the s i n e  funct ion  wat t  used in intilt ip i I e3t  ions  and d l v i  —

sions, the polynomial which mlnim.1 zed th e max imum i-c I : i C  lye error was

chosen. In other circumstances, tb -I s rout  imle in i gh t  be p r e f er r e d .  i’hi is

approximation (Ref 71 :117 ,202) Is computed as

sin(1TX/2) = AX + BX3 + CX 5 + nx7 x~ [o ,i] (c—8~
where the values of the coefficients arc sht’wn in column 8 of Table C—i.

Sine Solution 8. This solution is a ninth—oi-der minimax approxi—

ination which minimizes the mnaxinnnn relative error.  It was tested to

determine whether or not  111011’ a,’ t - t i i : i c v  con Id be ~I ’ t :11 nod w i t  hiout us I
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S I n c  S o lu t i on 1 S i n k - S~’l u t  l v i i  2 S i  it’ :~t ’lut  ion  3 Sine S9 l u t  iou  4

A +1.0000000 +1. 5707%2 -4-I. 5707931~4 +1. 57079633

h —0. l ( 6~ 667 —0. ( 4 ’ ~9 t ,337 —0 .64 ~920°40 —0 .451 1 74& 8

C +0. C0S1333 +0.0 7’)~~~~2~ o 40 . 07 1)4 7i67~ +0. 11 3~~7C0~~S

I> _ 0 .0~ 0 i t ) S~ —0. 0~~-~~ 7 1~~~ ,’3 —0. 004 ~3?$78

40. 0i)(~1 ‘ 0 ” 4 - ’a 

~~ 
j

Tab 1 c (—1. S I ut’ Coo f t  i ~- i om it s

S lilt ’ Sel nil vu S I no So lu t  ion  (‘ Sine  So l u t i o n  7 5 l i l t ’ So lu t  i o~i S

—3. (,t ) t
i 1 qj  4 1  ~~ ~ / t l7 °6~ 1-1 . 5707 ’ 1(111 + 1. 5707~)t~~1 8-~4

4-il. 47~~ 4 —0.  t -Y 9~~ ~ —0. 645~ ’L~S.’) 1 - 0. 645Q6371O~ t~
+8. 03055026 +0. 07%SS’i 75 40 . 07~ 4 3- ’~3’a -~! -4 0. 0 1 eS 7S~i4 ( ~

-f0 .00015t~817i~ +0.000I5 14S~~l2t) I
Table C—i (cent). S lilt ’ C t ’o f f i  C i t - u t s

-
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extended prec Is ion. Thu s so] ut i o n  ( l u - f  71:  117 , 2 0-’~ ) is comput ed as

sin (~X/2) ~~ + BX 3 + CX5 + OX
7 

+ 1-X 9 x~ [o,i] (C—9)

where the value s of I Ii~- c~~- - f  I I t  1, - u t  - - ar e  shown in column 9 of Tab le  C— i .

Using this solti t I ot t , ( l i t ’ !‘t I re hat i v~’ er r o r  was I cs~: than t h a t  pro-

duced using r u e  st -~-~-ui tL — vi - d , i- ~- v 1 v u i . i i a 1  
~

- i~~~- t ; & -  lu t e t i in chap ter 4.

Machine roundof  I er r o r  b e c o t t - - t ’tvr~- a pp ar t ’ t , hioc ’t ’vcr , since the r esul t

is on l y be t t e r  by a f a c t o r  oh tu i-ox i rua t  c lv  6 , i nst e a d  of g iv ing  two

more decimal ~ig1 ts of accuracy a u-t c i t e d  b Hart (lu ~f 71:117).

Cos I lie

Only one cosine solut ion was tes ted  in a d d i t i o n  t o  tha t  presented

in chapter 4. This s o l u t i o n  (Ref  71: 118,207) is  an eigh t h — o r d e r  m i n i —

max approximation wh i ch minimizes  t u e  maximum absolute  e r ror  and is

computed  by

~~~~‘ cos(X) = A + BX 2 
+ CX4 + DX6 + EX 8 Xc~ 0 , r/2~ (C-b )

• The values of the coefficients are shown in Table C—7 . This rout ine

was not chosen because the relative error  for X near ir/2 exceeded i0~~ ,

which was the error hound specified.

A +0. 9999999534h4

B —0.4999 99053455

C +0.0416635846769

D —0.0013853704264
- - 

E +0.00002315393167

Table C—2 . Cosine C o e f f i c i e n t s

Square Root Approximations

The square root approximations d i f f e r  in the way in whicli  the

ini t ia l  approximation to the square root is obtained. The methods

p resen ted  use Newton I t e r a t i o n s  to ob ta in  the de sL red  accu racy . Several
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m i m i i max i ’ ’ l v u i o t i o l s  art ’ g i v en  by h ar t  ( iu ’f  71 : °- ‘u — 9 5 )  i vi -  use in o b t : i  i n

ing  ti t i  i i i  it i~il ap 1’r o x i u n t r i o n . ~ ] t huoti ,h t hu ~’~~o a p pr o~:i i - ’  i t  ions  W O i t’ not

eval uat ~‘d In t hu i i ;  i u iv , -s t i i’ , i t  ion , t hey i;s- r i t  cons de i r u t  I on also .

S(LU am’e iu~1~t S~~1 i i t  l oFt i _  The m i t  j o T  c t t  j~~i , t t ~~ I for  t h i s  i.u~’t1uod  — 0

(Re f 69: 31) i~. t u c ~-vn ip1  ~du e d  u: i u ~, d c c i  ::-~~h sç :u l  l ug  and a ra t  i e t . u l  f u u i c —

tion O~’.i 1 t u i t  ion .

t ) 
= 0. 1 < X -

~ 10.0 ( C — l I )

S ince  t h e  AN /-’tYK— iSA co::~~m itt ’r is a h i  u a u v  m t j o l i  i n t ’ , m b t ; sol t iC  ir n  wt  n et

m l) I ci:t~ i t t  ed iii a t t’S t env roinnen t: us in ~
‘, the 11— 1% i t  i t - u ’ T a t  or.

!‘i~L~ 
Root 5v1~~~ j ,~ i 2. Th i s  n o  ‘iod (Re f t — 9 :  33) uses a

approx  i tna t  ion and e~ poitcnt s - : Ii uu g t o  t~l~ t a l it  011 i f l i  t i n  I cot  i Plot 0.

in the  inc hod p i u u ~ escd as ~~n_ irt ’ root solum t ion  2 i n  t’~ia;~ t - i -  4, t h u  i s

method sit i ft t h e  llIafl L i  Otto to t ’~~ t a t t t  an t ’Vt’lk ~-xpoii ~-n t . TIU’ t X1’Ollctl

then divided by tee , and the  man t i 000 f i t :  u i - t, - d  it t in ’  Pade ;upp roxtF:-l I Ofl

f = A — ~~~~~~~~ + fl/f ( c -I2 )

where I~I the relative error tom -rn , i s  le ss  t h an  0 .0 0 1 4 .  If  f i [0. 25 ,

o. so] , t11 ’ti the coof  I ~ i~’uts OY t  c~~~~’t it ed t~~~ lm~~~mt it~ ct’ l~ i-:t:: 2 oi l’ n~’1 t-

C—3 , and if fc [o. 5, i . o~ , then the C O t  [ f i r  l en t  s ar e compu t  ~-d as shtt~sit i i i

column 3 of Table C— 3. Thiis met lied requir e s on lv one i tera t ion of

Newton ’s m etho d to obtain the des i red accuracy  (l0~~~) .  S i m u c o  more core

storage and logic are required in the m l t  ial I~ade appr oxima t ion , the

me thod pres ented as square root solut i on 2 in c h i t t p t e r  4 was p r e f e r r e d .

Methods such as t h i s  one which require only one N ewton i t e rat i o n  to

obtain a desired acc uracy merit f u r t h e r  study , however.
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A I.. 7q)~ 4 :i :‘. ~ ‘l’~4 h j

ii I . 7O /-~b ’) 4. 8294’ ~2

C 1. 0/1 471 7. i / e7 ~~”8

‘F:mh ilt ( :— I . h’ t t t l t - Co~’ f l  i c l , ’ t i ( ~ ;

~-u 1 t i , u m  ~
- iu~~t ~u ,  i m i i i ,~ 1. ‘i’h it; t o ’  I ~ t i~~~ ( i u ’u ‘ h :  4 2 )  (I t t ’S tw o  N t -wI on

ii i o n : ;  I v m u l l  . 1 1 1 1  t h u . ’ i m -qil i u - i ’ d nt - i -fl u -n - v .  ‘ l i i i ’ h i t  I I a 1 approx I until h u n

‘0 
I : ;  m i i i  C .11 Iit ’ t l m i , ; h t i , ’

0. 1~~4 h  
F I . U 4 / ’U~~~ X 

~ 1/ 16  X - - I (c— I l)

I tl . • hit - in  I t  i t h  ;m p p m - t i x i m : u t  I on hm:t ~’ i u i ~~ ;i i - e l  : t t  i \ ’ , ’ e r r o r  1t’s t -: I lo in

( I , (17 ’ . The t ’ I- t ’ i~ .iI ( t ~~i - t~ ts’() N ewt oui  l i t _ I - il  I t i l l  I I  I i i  iI ~~j I l t l t ~ i t i , i t ~~ I Y l i t ’ ~;.‘iuii -

a:- I li i i  i i - - no I mit lou 2 pr t ’ ;;t ’i i ted  I n  m:h l : lp t  0 ~ 4. W i t - h i  t It  i x :- v i  mi t  l vii ,

t i  I i on : ,  i~ xpm ’ni ’cd t o  i ’ h u t  a i i i  l i t , - l i m i t  I a I ;tpp u~~s l iiu~ t I on , and l ;1O 1~ t ’

i - i n -  I I I t  l en t : ;  , u ri- t equi I r oil I n  be ot  v i e d , so t i l l ’ uti, ’t hui l p r t ’t t , ’nt t ’d I i i

4 Wa ,;

i i- .- l:~~.t 5,dum t i i~i~ 6. ‘ I ’ h m i s  appu~tux( ni;ut I’m (R e f 7(1:7 - ‘1) fni hi’

ml. i t o  root I m t  t Ititu use a a ii ’i at I ye I ,‘ ptutul ap~u m i ’  ~ i nun t i on o t In- t;qutir~’

lo u t  ~u iul f l i t - i t  I e I Ii ’s ilO :1 :;u I I c I  e m i t  u m m i n u h u e  r of Nt ’wt ~~~~ I t  ~ ‘ n,t I on~ t o

a l it t t ~~- e m i u l  red o e m ’ui : u e v .  ‘lii i t ;  n i t ’th io d  has tuime :it1~~:n t t  m u ~,’ I i i  t h i n t  n o

p r . ’ M t . ’ i  , - t l  t o r I  I It hi ’uat :; u i ’ -  r e q u i re d .  Thn- in  It f:ml ;m p p r o x l m i i t  I on \‘~~~ I t ;

olita liii ’,! lot t h i t -  ;;qu:Irt’ m oo’ of X l iv
‘ :4

•- X / 2 ( C — h ” ~)

To I I i t t J  C u. - :;It ,I.irt ’ i t u t u t  of 3000 , h mowt~-,ei’, ci gu t Newt on I t  er ;m t  I om it ; a r t ’

r i - q i t i  t - d  t~. s - li - J , 1 a r i- h a t  lvi- e’rr~r hm- ~~ than 10 ~ . Th mt- i-e t ore , t h t o

I I I I  (ri~ wa- it~~ - t i t  , h , - t t .
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‘L I  t J F i I T -, Ct A’,~~i F i C A l l O N  OF ‘I l - it S  I-’A G t ( I I h N .  l)ala ~~, , t , - r . -J)

!~ .. ‘ui n — b i t  s I m ii u l  i t t  ol wh lob i ’muui s  on Cont nil f,~t a Ct I - I ’ t i F ;i  t i ( ’ t l  (C1)C) 6600 / (Y11!  ~
n- ”ip u t  or t - v n t  ,‘i;l:; t~~,’i- iitt’tI f [c’d and 1 hen ttt- ;ed t o  & ‘v ;u l u a t ~~- t h i t ~ ,~et ’uu’ ,i ’,’v of a

I I , u,y I p ; t i u’ui Tout I l I t ’  t t ’dt ’d i i i  l - O I ~ ‘RA N . T hi t ’  rout  ~u i e s  were t’xceut eth w I t  h u o u t
I ni t I , i t  or to oh I a i tu resti] 1:; used t i n -  l -m i c h iu ;ua rk  i ng .  ‘h ue ti — hi  t ‘-;i t ’ : ; i  I a  I t ’r was

e- ’~ 1 oy’’d to :; I mul i t t  t’ the numerical t ’h i is act e r I i t t  l o t ;  of the AN / AY K— ] 5-\ d i g  I t a 1
C t Oit .- o i’ - Err or p lo t s were con ; Li iii t~ uti whu Icli shuow I h ue ma x l  nuuin t i ~ rer s t )C C U I  r I ‘ug
t_ h I -~ 51)1:11 1 p lot  I I uig i ultervals ~‘ lot ted against ‘acli i n d i v i d u a l  input val  u’ ’ -

- t i c  plot s Wt ’r,’ used to a I d  v i  eli ll l~ In ana iv z i  ng t h u t ’ 01 i- or t ’harac t tel si It ’ti of
t -

~ l o l l  i o n  r ou t I u t ’ 83 1 t wou ld  he 111)1 lt ’ umut ’n t~-d on the  AN /A Y K -- .1 5A.

A ~- i I t  I i-al anal ~‘~ ; is  of the  e r ror  plot o !st;ti nod n t t o w ~’d t h a t  rout  (no:; ‘~‘h 1 i-li a r e
o- ’~I -- ,i u s i n g  t;lngle—prt’c in Ic iui flts at iui g— po ln t ar [thmct i t ’ are prone to  ei’rcirs w h u i c h u
0- N -C O~ d t in’ i ’r i  or boUnt  t ip t - c iii ed 1 or t i m e  rout i u e s  . ‘liii s occu r;; even t hough
:‘jt ;~e ri duc 1. 011 ! in t h e  tn ~‘,,~ut~u it ~’ t r ii’ fuuic I I otu app  i t ’- ~ I mutt I I out ;  art ’ accoinp h i  shed
t i-i ug cxt:ended p no c Is  [ t il l
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