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Baire measurability of (M,N)-Wright convex
functions

Abstract. Let I C R be an open interval and M, N : I? — I be means on I. Let
¢ : I — R be a solution of the functional equation

o(M(z,y)) + o(N(z,y)) = o(@) +0(y), zy€Ll

We give sufficient conditions on M, N and the function ¢ such that for every
Baire measurable solution f : I — R of the functional inequality

F(M(z,y)) + f(N(z,9) < f(z) + fly), =z,yel,

the function fo @~ : ¢(I) — R is convex.
2000 Mathematics Subject Classification: 26A51, 39B62.
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1. Introduction. Let I C R be a nonempty open interval. A two place function
M : I? — T such that

min{x,y} < M(z,y) < max{z,y}, z,y€l,

is called a mean on I. If for all x,y € I, z # y these inequalities are sharp, we call
M to be a strict mean. In the present paper a function f : I — R is called to be
(M, N)-Wright convex if

(1) f(M(z,y)) + f(N(z,y)) < f(@)+ f(y), =yel,
whenever M, N : I? — I are means on I such that

(2) M(z,y)+ N(z,y) =z +y, zyel.
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The problem of (M, N)-Wright convex functions was considerd by Zs. Pales [12],
J. Matkowski and M. Wrébel [9]. In a case of M and N arithmetic means see also
Matkowski [7], Gy. Maksa, K. Nikodem and Zs. Pales [10], Kominek [3].

A. Olbry$ has shown in [13] that every Baire measurable, t-Wright convex func-
tion (see Definition 2.5) is a convex function.

In this connection we deal with the problem of giving the assumption on means
M and N, guaranteeing that every Baire measurable, (M, N)-Wright convex func-
tion is convex.

Our method is based on the paper M. Lewicki [4].

2. Notions and lemmas. In this section we will recall basic notions.
By Ny denote the set of all nonnegative integers, i.e. Ny := NU {0}. We need
the following

LEMMA 2.1 Suppose that M, N : I> — I are continuous means on I, and at least
one of them is strict. Let the functions My, Ny : I> — I, k € Ny, be defined by

Mg(l’,y) = M(ZL’,y), No(’lf,y) = N(l‘,y),
Mk+1(xay) = M(Mk(xvy)’Nk('rvy))v Nk-‘rl(x?y) = N(Mk(may)ka(xvy))'

Then
1° for every k € Ny, the functions My, and Ny, are continuous means on I;

2° the sequences {My}ren, and {Ni}ren, converge on I to the same function
K:I? —1, ie.

(3) lim Mg(z,y) = K(z,y) = lim Ng(z,y), =z,ye€l,
k—4o0 k—+4o00
moreover K is a continuous mean on I;
3° if M and N are strictly increasing in the first (second) variable, then My, and
Ni, for k € Ny are strictly increasing in the first (second) variable.

PROOF The parts 1° and 2° has been shown in Matkowski [6] (see Lemma 2, p.
92). The proof of 3° is an easy induction. ™

As an immediate consequence we obtain

COROLLARY 2.2 Suppose that M, N : I> — I are continuous means on I, at least
one of them is strict. Furthermore, assume that (2) holds. Let My and Ny, k € N,
be defined as in Lemma 2.1. Then

r+y

Jm My(z,y) = —= = lim Ni(z,y), zyel.

DEFINITION 2.3 The function f: I — R is called convex if

fltz+ (1 =ty) <tf(x)+ (1 -0)f(y), =zyel,
for all t € [0,1].
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DEFINITION 2.4 The function f: I — R is called J-convex (Jensen convex) if

f<:v+y> c f@)+fy) cyel

2 - 2 ’

DEFINITION 2.5 Let ¢ € (0,1) be a fixed number. The function f : I — R is
called ¢t-Wright convex if the following condition
is fulfilled.

REMARK 2.6 Fix t € (0,1). Notice that ¢-Wright convex functions are (My, M;1_;)-
Wright convex, where

Mi(z,y) =te+ (1 —1t)y, =z,y€l.

In the sequel we will need the following corollary of the theorem of M.R. Mehdi [11]
(see M. Kuczma [1], Theorem 2, p. 210),

THEOREM 2.7 Let I C R be an open set and T C I be a second category set with the
Baire property. Then every J-convex function, bounded above on T is continuous.

In Lemma 3.2 we will use the following

LEMMA 2.8 (see M. Lewicki [5], Lemma 3.1) Let I C R be an open interval. Assume
M : I? — I is a strict continuous mean on I, such that, for every fized u,v € I,
functions M (u,-) and M(-,v) are strictly increasing. Let a set B C I be residual
at I. Then, for all € > 0 and xo € I there exist x,y € K(xo,€) N B such that
xo = M(x,y).

As the Referee noticed, the assumption that the mean M is strict is superfluous in
the above lemma. Indeed, if a function M : I? — R is reflexive, i. e. M(z,7) =2
for all x € I, and M is strictly increasing with respect to each variable, then M is
a strict mean (see J. Matkowski [8]).

3. Main result.

We call a subset E C I a residual if the set I\ E is of the first category.
L~EMMA 3.1 Let I C R be an open interval if a set E C I is residual, then the set
E :={(u,v) € E* : “I¥ € E} is residual at I*.

PROOF We show that the set 12\ FE is of the first category. Consider the sequence
of equivalent conditions:

_ _ '
(5,0) € P\ B = ~((s,t) € ) = ~(s e EAt € EA 2L

€F) =
s+t

< selI\EVtelI\EV eI\ E.
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This implies that

P\ECUI\E)xIUIx({I\E)U{(uv)el?: “;” eI\ E}.
Obviously the sets (I \ F) x I and I x (I \ E) are of the first category. To
complete the proof it is enough to show that the set

{(wv)er?: 210

eI\ E},

is of the first category. As the set I'\ F is of the first category, there exists a sequence
{A, }nen of nowhere dense sets such that I\ E = |J A,.

neN
Hence
{(uv) € I? : % €I\ E} = {(u,0) € I* % el A=
neN
- U{(u,v) cl*: u—;v € A}

neN

Therefore, it is enough to show that the set {(u,v) € I? : “3* € A} is nowhere
dense, for every n € N.
Fix ng € N. Obviously

u+v “+ v

) df(uv)el?: € Ang} C {(u,v) € I? - UT €cl Any ).

We show that int cl{(u,v) € I? : 2% € A, } = 0. For an indirect argument
assume that int cl{(u,v) € I? : “32 € A, } # 0. Then there exist non-degenerated
open intervals (a,b) C I and (¢,d) C I such that

u—+v

(a,b) x (c,d) C cl{(u,v) € I*: € An }-
By inclusion (4)
(a,b) x (¢,d) C {(u,v) € I*: uty €cl Ay}
Hence
@b +led Cel Ay,.
2

Therefore int clA,, # 0, contrary to the definition of A,,,. This completes the
proof. ™

In the sequel we will need the following lemma. The proof is analogous to the
proof of Theorem 2.3 the paper M. Lewicki [4].
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LEMMA 3.2 Let I C R be an open interval and M,N : I> — I be means on I,
strictly increasing in each variable. Furthermore, suppose that M is continuous.
Let f: 1 — R be (M, N)-Wright convex function. If g : I — R is a continuous
function such that the set R:={x € I: f(x) = g(x)} is residual, then f(z) = g(x)
forallx e .

ProOOF Fix g € I and £ > 0. We proof that

() 9(xo) < f(xo)-
By the continuity of g there exists § > 0 such that
(6) l9(z0) —g(z)] <& @ € (0 — 6,20 +9).
Define functions M*° N%0 : [ — [ as
M?® () = M(zo,x), x€l,
and
N®(x) := N(xg,z), x€l.

respectively.

Due to assumptions, the functions M*° and N*° are strictly increasing and con-
tinuous. It implies that functions (M?%0)~! : M®((zg—0,19+0)) — (v0—0,20+6)
and (N*0)~1: N ((zg — &, 19 + ) — (w9 — §, 20 + ) are strictly increasing and
continuous. Define a set B := M ((xg — §, 29 + §)) N N*((zg — §,20 + J)) N
(o — 6,209 + J). Obviously B is an open neighbourhood of the point zg. The set
BN R is residual in B, so the set (M®)~1(BN R) N (N*)~Y(B N R) is residual in
A= (M*)~Y(B)n (N*)~1(B). As A is an open neighbourhood of the point zy,
the set (M®°)~Y(BN R)N (N®)~1(BN R)N R is nonempty.

Taking z € (M®0)~1(BNR)N(N*)~1(BNR)NR we get x € R and M?®°(z), N*(z) €
BNRC (1‘0 —(5,.1‘0-1—(5).

Now, by (1) and by the definition of the set R

9(M (z0,x)) + g(N(x0, 7)) = f(M(z0,2)) + f(N (20, 7)) <
< f(zo) + f(2).
Taking into account (6) we get
9(z0) = &+ g(wo) = & < g(M (o, 2)) + g(N (20, 7)) <
f@o) + g(z) < f(wo) + g(z0) + &

Finally we have

g(zo) < f(xo) + 3€.

Letting £ — 0+ we get (5).
Now we show that the inequality

(7) f(zo) < g(o),
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holds.
By Lemma 2.8 for arbitrary n € N there exist z,,,y, € RN (zg— L, 20+ %) such

n

that M (2n,yn) = xo. Now, due to (5), (1) and definition of the set R, we get

f(@o) + g(N(n,yn)) < f(M(@n,yn)) + [ (N (@0, yn)) <
f(@n) + f(yn) = 9(zn) + g(yn)-

Hence, by continuity of functions g and N we have

F(@o) + g(zo) = f(zo) + lm g(N(zn,yn)) <

lim g(z,)+ lim_ g(y,) = 2g(zo).

n—-+oo n—-+4oo

That completes the proof of (7), and the proof of the Lemma. ™

THEOREM 3.3 Let I C R be an open interval and M, N : I? — I be means on I,
strictly increasing in each variable. Furthermore, suppose that M is continuous. If
f: I — Risan (M,N)-Wright conver and Baire measurable function, then f is
convex.

PrOOF By Nikodym’s Theorem there exists a residual set £/ C I, such that f|g is
continuous. Let set E be defined as in Lemma 3.1. We will show that

(u;rv) < f(U)-zFf(v)

(8) (u,v) € E=f

Fix (s,t) € E and ¢ > 0. By the continuity of the function flE, there exist
U(t,6) = (t — 0,6+ 6) and U(2£E,6) = (2 — 6, =5 + 6) such that

) 50~ 1@ < 36w € EAUES),
and
(10) ‘f(s_;t>—f(x)‘<§e, xEEﬂU(S;tﬁ).

Let M}, and Ny, for k € Ny be defined as in Lemma 2.1. Due to Corollary 2.2 we
have
t
lim M,(s,t) = S;r = lim N,(s,t)

n—-+oo n—-+oo

Hence, there exists ng € N such that My, (s,t) € U(2£t,6) and Ny, (s,t) € U(2£E,9).
By the continuity of the functions M, and N, (see Lemma 2.1, p. 1°) there exists
0 < n < § such that

(11) Mno(s,U(t,n))eU(ST“,a), Nno(s,U(t,n))eU(S;_t,é).
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Now, by Lemma 2.1 (p. 3°), the functons M, (s,-) =: M,, and Ny, (s,-) =: Ny,
are strictly increasing and continuous. Consider the inverse functions (M,,)~! :
Moy (5,U (1)) — U(t,n) and (Nu) ™ : Ny (5, Ut 1)) —> U(t,), respectively.
Obviously both functions are strictly increasing and continuous.

Since E is residual in the set M, (s,U(t,n)), the set M, '(E) is residual in
U(t,n). Analogously, N, 1(E) is residual in U(t,7). Consequently, a set B :=
M, Y(E)N M, '(E)NE is residual in U(t,7). Thus B is nonempty.

Take to € B. By (11) we have: to € ENU(5E,6) and M, (s,t0), Nno(s,t0) €
ENU(t,n) CENU(tO).

Now, according to (1), (9) and (10), we get

S5 300155 - Ao st

F(s) + f(to) < f(s) + f(£) + §

Hence,

f(s+t) SRR (VN

2 - 2
Now, letting ¢ — 0+ we get assertation (8).

In virtue of Theorem 2 (see M. Kuczma [1], p. 459) jointly with Example ITT
(M. Kuczma [1], p. 438) and comments (M. Kuczma [1], p. 439, line 24-26), there
exists J-convex function g : I — R such that the set R := {x € I : g(x) = f(z)}
is residual in 1.

Now, notice that RN F is a residual set in I. Fix g € RN E. As the function
f|E is continuous at the point xg, there exists v > 0 such that g|gpnr = f|rnE is
bounded on U(zg,v) N RN E. In view of Theorem 2.7 g is continuous function and,
by J-convexity, g is convex. Consequently, by Lemma 3.2 the function f is convex.g

J. Matkowski and M. Wrébel in [9] generalized a result of Zs. Pales [12] to the
following

THEOREM 3.4 Let M, N : I? — I be continuous, strict means on I, and suppose
that ¢ : I — R is a non-constant and continuous solution of equation

(12) p(M(z,y)) + ¢(N(z,y)) = p(x) +¢(y), wyel
Then ¢ is one-to-one, and for every lower semicontinuous function f : I — R
satisfying inequality (1), the function f o =1 is convex on ¢(I).

Our next aim is to generalize the above result to the case of strictly increasing
in each variable mean on I. Our result simultaneously improves the main theorem
of M. Lewicki [5].

DEFINITION 3.5 Let I C R be an open interval and M : I? — I be a mean on I.
Assume that ¢ : I — R is a strictly monotone function. By M., : ¢(I)? — ¢(I)
we denote a mean on ¢(I) defined by

My(z,y) :== (M " (z),9" " (¥)), =zyel
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COROLLARY 3.6 Let I C R be an open interval and M, N : I> — I be means on
I. Furthermore, suppose that M, N are continuous and strictly increasing in each
variable. Assume that there exists a nonconstatnt, continuous solution ¢ : I — R
of equation (12). If f : I — R is a Baire measurable function satisfying inequality
(1), then the function fo@~t:@(I) — R is convex on ¢(I).

Our proof is based on the papers of J. Matkowski and M. Wrébel [9], J. Matkowski
[6] and M. Lewicki [4].

Proor First we show that the function ¢ is strictly monotone. With the notation
of Lemma 2.1, there exists a continuous mean K : I — I on I such that (3) holds.
By (12) and obvious induction we get

o(My(z,y)) + ¢(Nik(2,y)) = o(x) + ¢(y), z,y €1, ke No.

Letting k — 400 and making use of the continuity of ¢, and (3) we hence get

20(K(z,y)) = ¢(z) + p(y), z,yel.

The rest of the proof that ¢ is one-to-one reads as in J. Matkowski and M. Wrébel
[9] (see p. 10, lines 19-27).
Now, consider functions M, and N,,. Directly from (12) we get

My (2, y) + Ny(z,y) =2 +y, x,y€p(l),

Hence, by above and assumptions on M, the mean M, is strict, continuous and
strictly increasing in each variable mean on ¢(I). Now we show that the function
foetis (M, N,)-Wright convex.

Fix z,y € o(I) and put s := ¢~ 1(z) and t := p~1(y)

(fop™ ) (My(z,y)) + (fo o™ ") (Ny(z,y)) =
(foe™ )M (e~ (@), W))) + (foe™ ) (N(p™ (2), 9~ (v))) =
FM(s,1)) + fF(N(s,1)) < f(s) + f(1) < (feop ) (@) + (foe™)(y)
Applying Theorem 3.3 we get the thesis. ™
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