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1 The Ultimate Slit Experiment:
quantum mechanics and the path integral

The aim of these lectures is to show how the phenomenology of elementary particles and their
interactions can be described in terms of Feynman diagrams. The treatment is not rigorous:
rather, I intend to give plausibility arguments, always sticking as closely as possible to physics.
In my opinion, the path integral formulation of relativistic quantum physics is one of the most
directly physical ways of talking about the phenomena of the elementary particle world. It
may therefore be useful to see how the path integral view naturally arises from basic quantum
mechanics, using the arguments of Feynman himself.

The primordial quantum-mechanical situation is, of course, the two-slit experiment.
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A B

A ‘particle’ (electron, photon, human volunteer,. . .) is emitted at position A at timet1, and after
a while, at timet2, it is observed to be in the ‘detector’, at position B out of all possible positions.
Between A and B we have put a screen with 2 holes through which the particle may pass.
Quantum mechanics tells us that the real, positiveprobability of finding the particle at B can
be computed as the absolute value squared of the complex-valuedprobability amplitude, which
in this case consists of two contributions, one from each of the two possible paths the particle
‘could have taken’ (indicated by straight lines). The superposition of two complex contributions
gives rise to the well-known interference patterns that are observed, demonstrating the wavelike
nature of matter. We now become enthousiastic, and put in yet another screen:
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A B

Now there are 4 different paths, each giving their contribution, and the interference pattern
becomes correspondingly more complicated. Having become fanatical, we now put in many



screens, each with many holes:
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A B

There are now very many possible paths1, and we have just drawn a few: all the possible
paths give a contribution to the probability amplitude of arrriving at B. By now being rabidly
frenzied, we decide on the ultimate multislit experiment: we decide to insert an infinite number
of screens, each with so many holes in it that every molecule in every screen is completely
drilled away. This is simpler than it sounds: the particle now travels through empty space! Still,
to be fair we have to allow for all possible paths, three of which are drawn.
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A B

Our conclusion must be thatall possible paths between A and B give a contribution to the
probability amplitude, and we have to sum these over all paths: the path integral.

In many cases, we do not know that the particle was actually at A at timet1, and the
only information we have is a quantum-mechanical wave-functionψ(x1, t1) that gives us the
probability amplitude for finding the particle at a given positionx1 at time t1: by the path
integral this is then translated into the wave-functionψ(x2, t2) at the later timet2.

But what is the contribution from each path? The correct choice is to takeexp(iS/h̄),
whereS is the action associated with the path, that is, the time integral over the Lagrangian
from t1 to t2. To see this, let us write the prescription as given, for this one-dimensional case:

ψ(x2, t2) = N
∫
Dx exp


 i
h̄

t2∫
t1

dt
(
m

2
ẋ2 − V (x)

)ψ(x1, t1) , (1)

wherex = x(t) is any path in time withx(t1) = x1 andx(t2) = x2, andDx denotes the super-
inifinitely large sum over paths.m is the particle’s mass, andV any potential in which it moves.
The factorN is a normalization, necessary to ensure the conservation of probability, since|ψ|2
must integrate to 1 at all times. The dot denotes a time derivative. Let us now taket2 to be
infinitesimally later thant1: t2 = t1 +τ , with τ very very small. It is now a good approximation
to replace the time integral by a multiplication byτ . Writing x1 = x2 + y, we may then replace
Eq.(1) by

ψ(x2, t1 + τ) = N
∫
dy exp

[
iτ

h̄

(
my2

2τ 2
− V (x)

)]
ψ(x2 + y, t1) . (2)

1The number of paths is the product of the number of screens and the number of holes per screen, even if we
forbid backwards motion of the particle.



It is easy to see that, ifmy2/h̄τ becomes large, the contributions will interfere utterly destruc-
tively, so that we may takeO (y) = O

(
τ 1/2

)
. This allows us to make an expansion iny andτ

up to first order inτ :

ψ(x2, t1) + τψ̇(x2, t1) =

N
∫
dy exp

(
imy2

2h̄τ

)
×

((
1− iτ

h̄
V (x2)

)
ψ(x2, t1) + yψ′(x2, t1) +

1

2
y2ψ′′(x2, t1)

)
(3)

where primes denote space derivatives, and we have assumed thatψ(x, t) is smooth enough.
The zeroeth-order term gives usN :

N
∫
dy exp

(
imy2

2h̄τ

)
= N

√
2iπh̄τ/m = 1 , (4)

from which

N
∫
dy y exp

(
imy2

2h̄τ

)
= 0 ,

N
∫
dy y2 exp

(
imy2

2h̄τ

)
= ih̄τ/m , (5)

and the term of of first order inτ then results in

ih̄ψ̇(x, t) = − h̄2

2m
ψ′′(x, t) + V (x)ψ(x, t) , (6)

the Schrödinger equation.

Note that we have not ‘proven’ the Schr¨odinger equation here: we merely have replaced
it, as a basic postulate of quantum physics, by another one, namely the path integral. But the
above indicates that the path-integral picture is a useful way of looking at quantum physics.
The various pathsx(t) are ‘random’ objects, and the only information we have about them is
the probability amplitude connected with them. It is this probabilistic interpretation that we
want to take with us. To make the envisageing easier, we shall for now drop thei, and talk
about real, positive probabilities rather than complex probability amplitudes.

2 Small beginnings:
field theory in 0+0 dimensions

It is often useful to start simply. Therefore, in this section we shall take a particularly simple
model of the universe: we shall take it to consist of one single point. In this universe is a single
particle species without any properties such as spin, etc. The ‘field’ describing the particle is a
function over space(time), and therefore consists, in this case, of a single value.

2.1 The path integral and Green’s functions

2.1.1 Free theory and sources

In the spirit of the path integral picture, we assume the valueϕ of the field to be a random
number, whose probability density is proportional toexp(−S(ϕ)), for some functionS(ϕ),



called theaction of the model. One of the simplest choices is to assume the density to be a
Gaussian:

S(ϕ) =
1

2
µϕ2 , (7)

with some constantµ. We call this thefree theory. Sinceϕ is random, all the information that
one can possiblycomputeabout it2 is contained in the moments of the distribution, which are
called theGreen’s functionsof the theory:

Gp ≡ 〈ϕp〉 = N
∫
dϕ ϕp e−S(ϕ) , (8)

where the brackets denote the average undere−S(ϕ), andN is the normalization, chosen such
that〈ϕ0〉 = 1. Unless specified otherwise, all integrals run from−∞ to +∞. Trivially, we have
in this theory

G2 =
1

µ
, G2k =

(2k)!

2kk!
Gk

2 , G2k+1 = 0 , k ≥ 1 . (9)

We can combine the information on the Green’s functionsGp into one generating function, as
follows:

Z(J) ≡∑
p≥0

Gp
Jp

p!
= N

∫
dϕ e−(S(ϕ)−Jϕ) , Gp =

∂p

∂Jp
Z(J)

⌋
J=0

. (10)

The ‘counting’ numberJ is called asource; its physical meaning will become clear later on.
We can computeZ(J) directly by ‘completing the square’:

S(ϕ)− Jϕ =
mu

2

(
ϕ− J

µ

)2

− J2

2µ
(11)

and then doing the Gaussian integral, or by realizing, from its integral representation, that it
obeys the differential equation

µ
∂

∂J
Z(J)− JZ(J) = N

∫
dϕ (µϕ− J)e−S(ϕ)+Jϕ

= −N
∫
dϕ

∂

∂ϕ
e−S(ϕ)+Jϕ = 0 , (12)

since we have here a total derivative. Together withZ(0) = 1, in either case we arrive at

Z(J) = exp

(
1

2µ
J2

)
. (13)

2.1.2 Interacting theories and perturbation theory

In real life, we expect theories to be more complicated than just the free one, so let us add a term
to S(ϕ) with a higher power ofϕ. The simplest choice that still leads to a finite path integral is

S(ϕ) =
1

2
µϕ2 +

1

24
λϕ4 . (14)

2You could imagine insteadmeasuringthe value thatϕ actually takes, but that would be experimental rather
than theoretical physics.



Extra terms added to a free theory are calledinteraction terms, and coefficients likeλ are called
coupling constants3. Computing theGp is now immediately much more difficult. A possible
approach is to consider the extra term as a small ‘perturbation’ of the Gaussian (especially ifλ
is small), and make an expansion in powers ofλ. For oddq, Gq is again zero, while for even
q = 2p we have4

G2p = N
∫
dϕ ϕ2p e−

1
2
µϕ2− 1

24
λϕ4

= N
∑
k≥0

1

k!

(
− λ

24

)k ∫
dϕ ϕ2p+4ke−

1
2
µϕ2

=
N
√

2π

µp

∑
k≥0

(
− λ

24µ2

)k
(2p+ 4k)!

2p+2kk!(p + 2k)!
. (15)

The normalizationN is again fixed byG0 ≡ 1,

N =
1√
2π

(
1 +

1

8

λ

µ2
− 29

384

λ2

µ4
+

107

1024

λ3

µ6
+O

(
λ4
))

, (16)

while the first few nonzero Green’s functions read

G2 =
1

µ
− 1

2

λ

µ3
+

2

3

λ2

µ5
− 11

8

λ3

µ7
+O

(
λ4
)
,

G4 =
3

µ
− 4

λ

µ4
+

33

4

λ2

µ6
− 68

3

λ3

µ8
+O

(
λ4
)
,

G6 =
15

µ3
− 75

2

λ

µ5
+

445

4

λ2

µ7
− 1585

4

λ3

µ9
+O

(
λ4
)
. (17)

This approach is called theperturbation expansion: the effects of interaction are implicitly
considered as ‘small corrections’ to the free theory5. Clearly, similar but more complicated
expressions can be obtained in the same way for other interaction terms, even if the path integral
itself is not defined, for instance in aϕ3 theory (in which case also the odd Green’s functions
would be non-zero). The alternative approach would be to use again the integral representation,
and now derive another differential equation forZ(J):

1

6
λ
∂3

∂J3
Z(J) + µ

∂

∂J
Z(J)− JZ(J) = 0 . (18)

There are 3 independent solutions, none particularly simple; and then we would have to pick
the correct one, that gives the perturbative expansion above.

2.1.3 Connected Green’s functions

The information about the probability density encoded in the momentsGp can of course also
be described in other ways. One of the more useful descriptions (also employed in statistics) is

3The factor 1/24 is a convention: in general, we put a factor1/q! before an interaction of typeϕq. Some authors
use a different convention, so beware.

4Here we use the fact that for a Gaussian with zero mean and unit standard deviation, the2nth moment is given
by (2n)!/n!2n .

5See, however, the Appendix to this section.



that in terms of thecumulantsCn, defined by

Z(J) =
∑
p≥0

1

p!
JpGp ≡ eW (J) , W (J) =

∑
n≥1

1

n!
JnCn , (19)

so that

Cn =

⌊
∂n

∂Jn
W (J)

⌋
J=0

=

⌊
∂n

∂Jn
logZ(J)

⌋
J=0

. (20)

In the jargon, the cumulants are called theconnected Green’s functions: the ‘connected’ will
become clear later on. From the definition ofZ andW , it can easily be checked thatC1 = G1

is the mean of the probability density, whileC2 = G2 − G2
1 is its variance, C3 its skewness.

C4 is related to thekurtosis, and so on. It will turn out that these correspond to the physically
more interesting properties of the theory. From Eq.(13) we see that for a free theory onlyC2 is
nonzero, which is why it is called a free theory. For theϕ4 theory we have

C2 =
1

µ
− 1

2

λ

µ3
+

2

3

λ2

µ5
− 11

8

λ3

µ7
+O

(
λ4
)
,

C4 = − λ

µ4
+

7

2

λ2

µ6
− 189

12

λ3

µ8
+O

(
λ4
)
,

C6 = 10
λ2

µ7
− 80

λ3

µ9
+O

(
λ4
)
. (21)

2.2 Feynman diagrams

The Feynman diagram approach is just another way to arrive at the expansions forGp andCn.
For now, we just give a recipe to getCn; later on we prove that it is indeed the correct one.
To obtainCn (n ≥ 1) to orderλk, takek vertices with 4 legs and join them by lines, in such
a way that preciselyn lines are sticking out: do this in all possible ways such that the graph
is connected, so that you can walk from any external line to any other one over the graph.
Closed loops are perfectly allowed, and in fact ask increases become unavoidable. Every such
Feynman graphcorresponds to a number, as follows: every line carries a factor1/µ, and every
vertex a factor−λ. There is also a numerical factor1/(n!k!(4!)k), the coefficient of(−λ)kJn

in the expansion ofe−S+Jϕ, since that is the integral we are actually trying to do. Now add the
results of all Feynman graphs. The assignment of numbers to elements of Feynman graphs are
called theFeynman rules, and are an important issue in these lectures:the choice of Feynman
rules defines the theory. In this case, they are:

→ 1

µ
, → −λ .

Of course, there are many diagrams that look exactly the same, differing only in the use of one
of thek vertices rather than another, or one of its legs rather than another, while the diagram
is being built up. It is customary to collect all suchtopologically equivalentdiagrams into
one. The numerical factor in front is then1/f , wheref is the number of ways in which legs
and vertices can be interchanged without changing the diagram. This is called the order of
the symmetry group of the diagram, and1/f is called itssymmetry factor. Some examples of
diagrams with their symmetry factors are:

→ 1 , → 1

2
, → 1

6
,



→ 1

2
, → 1

6
, → 1

12
.

Note that the external legs are counted as distinct. The determination of symmetry factors,
although in principle straightforward, can be very cumbersome6; fortunately in many cases
they are simple or even (as in QED, as we shall see) always unity. As an excercise, you may
check that

C2 = + + + + +O
(
λ3
)
. (22)

It should be kept in mind that the Feynman diagrams are just funny ways of writing definite
mathematical objects: it makes perfect sense to talk about the numerical value of a diagrams.

2.2.1 The Schwinger-Dyson equation

The drawing of Feynman diagrams can be systematized. To this end, we introduce the Feynman
rule for the sourceJ , which we now picture by another vertex (denoted by a small cross):

→ +J ,

the + sign coming from the fact that we added−Jϕ to the action in Eq.(10). The physical
meaning of the source is now apparent: a source acts as an object that gives rise to a line
entering the diagram from the ‘outside’. In real life, a source may be also described by Feynman
diagrams (as in QED, where an electron line may emit a photon, and acts as a souce for this
photon), or we may assume the source to be ‘infinitely far away’ so that the line comes in from
‘infinity’, as it should for, say, electrons and positron coming out of an accelerator into the
interaction region (we shall come back to this point later on). The symmetry factor will now
also contain1/k! in diagrams wherek such source vertices are present7. Each derivative with
respect toJ corresponds to deleting one such vertex, so that an extra external line is generated.
Let us now consider the set of all possible connected diagrams with precisely one external leg.
Since (the value of) this set depends onJ , we denote it byφ(J) (beware:ϕ stands for the
‘dummy’ integration variable in te path integral, andφ denotes a definite number, namely the
value of the set of diagrams. There is a good reason for this confusing notation, as we shall see
below). Denoting the set of all connected diagrams by a shaded blob, we have

����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����

= φ(J) ,
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����

=
∂

∂J
φ(J) ,

�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����

���
���
���
���
���

���
���
���
���
���

���
���
���
���
���

���
���
���
���
���

=
∂2

∂J2
φ(J) , · · · (23)

(note that this works because we put in a factor1/n! with Jn, as dictated by our considerations
on the symmetry factors), and also

Cn+1 =

⌊
∂n

∂Jn
φ(J)

⌋
J=0

. (24)

Let us now follow the external line ofφ(J) into the diagram. There are several possibilities.
The line may immediately encounter aJ vertex, and stop there, or aλ vertex, and split into

6It is also one of the things that is very difficult to program in a computer.
7Lines attached to aJ vertex count asinternal lines.



three. These lines may not come together again, or maybe two of them will, or all three. Dia-
grammatically, this reads

�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����

= +
1

6 ����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����

�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����

��
��
��
��
��

��
��
��
��
��

��
��
��
��
��

��
��
��
��
�� +

1

2
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����

���
���
���

���
���
��� +

1

6
����
����
����
����
����
����
����
����
����

����
����
����
����
����
����
����
����
����

, (25)

where we have to put in the symmetry factors corresponding to the interchange of equivalent
internal lines8. This is theSchwinger-Dyson equationfor this theory: in terms ofφ(J), it reads

φ(J) =
J

µ
− λ

6µ
φ(J)3 − λ

2µ
φ(J)

∂

∂J
φ(J)− λ

6µ

∂2

∂J2
φ(J) . (26)

The Schwinger-Dyson (SD) equation allows us to construct the whole set of connected diagrams
in a recursive manner9. That we get the right diagrams can simply be proven: if we are correct,
then we should have

φ(J) =
∂

∂J
W (J) =

1

Z(J)

∂

∂J
Z(J) . (27)

By making this substitution forφ(J) in Eq.(18) we indeed obtain Eq.(26); and since the simplest
term inφ(J), namelyJ/µ, is correct, all the other ones are correct as well. Other theories have
their own SD equation: if the action is

S(ϕ) =
1

2
µϕ2 +

∑
r≥3

λr

r!
ϕr , (28)

then the SD equation in terms ofZ(J) reads

µ
∂

∂J
Z(J) +

∑
r≥3

λr

(r − 1)!

∂r−1

∂Jr−1
Z(J) = S ′

(
∂

∂J

)
Z(J) = JZ(J) . (29)

It is left as an excercise to work out the diagrammatic form for a theory withϕ3 as well asϕ4

interactions.

It must be remarked that, once the external leg that serves as the ‘starting point’ has been
chosen, we can for every diagram unambiguously determine to which term in the SD equation
it belongs, just by looking at what happens at the ‘first vertex’. Therefore, the symmetry factor
of the diagram is completely determined by the factors1/2 and1/6 in the SD equation10. In
a theory like QED, where there is only one vertex, where threenon-equivalent lines meet, all
symmetry factors are therefore unity. The same holds for the electroweak model as long as no
four-boson vertices or Higgs self-interactions are involved.

Finally, it may be realized thatφ(J) has a simple interpretation: in the presence of
the sourceJ , the random variableϕ has probability densityN exp(−S(ϕ) + Jϕ) rather than
N exp(−S(ϕ)). Denoting by〈· · ·〉J averages with respect tothisdensity, we see that

φ(J) = 〈ϕ〉J , (30)

which explains our use of two such similar symbols.
8Note that this is only unambiguous if the blobs denoteconnecteddiagrams.
9Indeed, it can easily be implemented in computer algebra, starting withφ(J) = J/µ and iterating the right-

hand side of Eq.(26) .
10It is not, however, a simple product of such factors, since for individual diagrams the lines entering the loops

may be inequivalent: the equivalence holds only for the set of all diagrams.



2.2.2 Connected, disconnected and vacuum diagrams

Having seen that the set of all connected diagrams without external legs but with legs ending in
J vertices representsW (J), we now understand where the name ‘connected Green’s function’
comes from. The set of Green’s functions inZ(J) is theneW (J) = 1+W (J)+W (J)2/2+cdots,
and we see that it corresponds to the set of all diagrams, both connected ones and disconnected
ones (that consist of two or more separate connected pieces), with a extra symmetry factor1/m!
for each connected diagram that occurs preciselym times as a factor in a given term inZ(J).
A disconnected diagram consisting ofp connected pieces comes from the termW (J)p/p! in
eW (J). Only one type seems to be missing, namely those diagrams that do not contain anyJ
vertex at all: this set is given by

exp

(
+ + + · · ·

)
= exp

(
−1

8

λ

µ2
+

1

12

λ2

µ4
+ · · ·

)
. (31)

That this is not really an omission becomes clear if we realize that these are just the diagrams
that crop up in the computation ofZ(0), and hence are always precisely absorbed in the defini-
tion of the normalizationN : since the same set of vacuum diagrams always occurs as a factor
in anyGp, it is always divided out.

2.2.3 The loop expansion and classical theory

The perturbative expansion inλ is straightforward; but in a theory with more than one coupling
constant ambiguities may arise, sincea priori the relative orders of these constants are not
known: if the action is

S(ϕ) =
1

2
µϕ2 +

1

6
λ3ϕ

3 +
1

24
λ4ϕ

4 , (32)

then are we to takeλ3 andλ4 as being of the saem order? Or should we take, sayλ2
3 to be

of orderλ4? There is a more systematic way of ordering the diagrams in a givenCn, by the
number of closed loops in each diagram. Let us decide to assign a factorh̄ to each loop11. In
the SD equation, we can simply account for it by modifying Eq.(25):
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or, in other words,

φ(J) =
J

µ
− λ

6µ
φ(J)3 − h̄λ

2µ
φ(J)

∂

∂J
φ(J)− h̄2λ

6µ

∂2

∂J2
φ(J) . (34)

This ordering of the diagrams is called theloop expansion. To account for the occurrence ofh̄,
we have to modify our definitions a bit: from here on, we define

φ(J) = h̄
∂

∂J
logZ(J) , Z(J) = N

∫
dϕ exp

(
−1

h̄
(S(ϕ)− Jϕ)

)
. (35)

11Here,h̄ is of course just an arbitrary numerical constant: its significance as a constant of nature becomes only
clear in the more-dimensional case.



and the SD equation forZ(J) now becomes

S ′
(
h̄
∂

∂J

)
Z(J) = JZ(J) . (36)

The relative order ofλ3 andλ4, say, can now be fixed: by replacing, in the new definition of
Z(J), the integration variableϕ byϕ′ = ϕ

√
h̄, we see thatµ,λ3

√
h̄, andλ4h̄ are all of the same

order, and thereforeλ2
3 has the same order asλ4 in the loop expansion.

It may be interesting to see what happens whenh̄ becomes vanishingly small: this is
called theclassical limit. On the one hand, we can simply puth̄ = 0 in Eq.(34): for a general
theory, this gives

φc(J) =
J

µ
−∑

r≥3

λr

(r − 1)!µ
φc(J)r−1 ⇒

µφc(J) +
∑
r≥3

λr

(r − 1)!
φc(J)r−1 = S ′(φc(J)) = J , (37)

from the definition ofS(ϕ) as a series inϕ. Sinceφc(J) contains only diagrams without closed
loops, it is also called thetree approximation. In the path integral, on the other hand, the
integrand will show extremely narrow peaks ash̄ → 0, so thatφ(J) = 〈ϕ〉J will really only
get contributions from those positions where the exponent has maxima: these correspond, of
course, precisely to those values ofϕ whereS(ϕ)− Jϕ has a minimum on the integration axis.
The lowest of these minima (assuming that it is unique) gives the dominant contribution, and
for this value,ϕc, we of course have

S ′(ϕc) = J . (38)

This is called theclassical field equation. Note that the other minima will give contributions
that are suppressed relative to the dominant one bye−a/h̄, with a some positive number: such
contributions, that are of course totally invisible in an expansion in powers ofh̄, are inherently
non-perturbative. Usually one tries to arrange things such thatϕc = 0 whenJ vanishes12; the
other solutions of the classical field equation are calledinstantons.

2.2.4 The effective action

Since the classical equation looks simpler than the full quantum-mechanical one, the question
arises: can we find another action (called theeffective action) such thatits classical approxi-
mation coincides withφ(J)? If so, we would need to compute only tree diagrams, which is
certainly simpler than also computing loops. Denoting the effective action byΓ(ϕ), it must
therefore be such that

Γ′(φ(J)) = J . (39)

Let us assume that the relation betweenJ andφ can be inverted, at least in some neighbourhood
of J = 0:

φ = φ(J) ↔ J = y(φ) . (40)

Integration by parts, and usingphi dJ = dW , then gives usΓ:

Γ(φ) =
∫
y(φ) dφ = φy(φ)− h̄W (y(φ)) : (41)

12This may necessitate a shift in the definition ofϕ, as in the case of spontaneous symmetry breaking.



The effective action is the Legendre transform ofW (J).

In terms of Feynman diagrams, it is useful to introduce the notion of aone-particle irre-
ducible(1PI) diagram. Such a diagram cannot be made disconnected by cutting through one
internal line. For example:

is 1PI ; is not 1PI .

A single vertex also counts as 1PI, since there aren’t any internal lines to cut. Let us now redo
the reasoning that led to the SD equation. Coming into the diagram, we shall encounter a 1PI
piece of it – possibly only a single vertex. Out of this piece stick0, 1, 2, 3, . . . lines that, when
cut,domake the diagram fall apart. Denoting the 1PI pieces with dark blobs, we therefore have
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+ · · · , (42)

leading to

µφ(J) +
∑
r≥1

γr

(r − 1)!
φ(J)r−1 = J , (43)

where−γr denotes the sum of all 1PI diagrams with at least one vertex and preciselyr external
legs. Comparing with Eq.(37), we see that the effective action is therefore given by

Γ(ϕ) = γ1ϕ+
1

2
(µ+ γ2)ϕ

2 +
∑
r≥3

γr

r!
ϕr . (44)

Note that since it is usually easy to construct 1PI diagrams with very many external legs, the
sum overr runs up to infinity. For the pureϕ4 theory, we obtain13

Γ(ϕ) =
(

1

2
µϕ2 +

1

24
λϕ4

)
+

h̄

2
log

(
1 +

λϕ2

2µ

)

− h̄
2λ2ϕ2 (40µ2 + 18λϕ2 + 3λ2ϕ4)

24µ2 (2µ+ λϕ2)3 + O
(
h̄3
)
. (45)

2.2.5 Dyson summation

In the foregoing, it might seem that theϕ2 term in the action is treated differently from the
interaction terms: after all, the quadratic term occurs like1/µ in the Feynman rules, while the
coupling constants appear with positive power. That this is not really the case becomes clear
when we consider the action

S(ϕ) =
1

2
µϕ2 +

λ2

2
ϕ2 +

∑
r≥3

λr

r!
ϕr , (46)

and decide to treat theλ2 as a perturbation. We then have
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13By first rewriting Eq.(34) as an equation fory(ϕ) rather than forφ(J), then solving it perturbatively as a
power series in̄h, and then integrating overϕ.



where the fat dot stands for theλ2 vertex, or

φ(J) =
J

µ
− λ2

µ
φ(J)− 1

µ
(higher interaction terms), (48)

and we have indicated all occurrences ofµ. By bringing the term linear inφ(J) to the left, we
can see that this is exactly the same as

φ(J) =
J

µ+ λ2

− 1

µ+ λ2

(higher interaction terms), (49)

in other words, we might as well have absorbed theλ2 into theµ from the start. This absorption
of quadratic interactions into theµ term is calledDyson summation.The apparently different
treatment of quadratic terms is related to the fact that the perturbation expansion is one around
the Gaussian form in the path integral.

2.3 Renormalization

So far, we have treated all parameters in the action as if they were in some way logically prior
to the physics they imply. In reality, of course, it is just the other way around: in the practice
of physics, one tries to obtain the couplings etc. from somemeasurementexperiment by a fit
to data, and then uses them in apredictionfor the result of some other measurement. It is only
the measurements that have a claim to physical reality: strictly speaking, masses and couplings
are just bookkeeping devices. This is at the basis ofrenormalization: if, by some effort, we
have computed yet one higher order (inh̄, say) in our prediction, this is useless unless we have
the corresponding higher precision in our extraction of the parameters from their measurement.
It also (and fortunately!) means that if two parameters always occur in precisely the same
combination in our expressions for the measurement and prediction, we cannot, and should not
try to, disentangle them. This is the way in which the infamous loop divergences in quantum
field theory become ‘absorbed’ into the physical parameters, but we must keep in mind that,
even for a perfectly finite theory, renormalization isalwaysnecessary as long as we are working
in perturbation theory.

2.3.1 Finite renormalization in zero dimensions

To illustrate the above, let us again considerϕ4 theory. If we include the correct factorsh̄, the
first few connected Green’s functions are given by

C2 =
1

µ
− h̄

2

λ

µ3
+

2h̄2

3

λ2

µ5
− 11h̄3

8

λ3

µ7
+O

(
h̄4
)
,

C4 = − λ

µ4
+

7h̄

2

λ2

µ6
− 189h̄2

12

λ3

µ8
+O

(
h̄3
)
,

C6 = 10
λ2

µ7
− 80h̄

λ3

µ9
+O

(
h̄2
)
. (50)

There are 2 parameters,µ andλ, so we need 2 measurements to fix them. Let us take these to
be the measurements ofC2 andC4. From the measured values ofC2 andC4, we extract our
parameters and then use them to predictC6, say. Each new order in̄h will change our extracted
value ofµ andλ, and so we should write

µ = µ0 + µ1h̄+ µ2h̄
2 + µ3h̄

3 + · · · ,

λ = λ0 + λ1h̄ + λ2h̄
2 + λ3h̄

3 + · · · . (51)



At each fixed order in perturbation theory, we can extract the truncated values:

µ(p) =
p∑

k=0

µkh̄
k , λ(p) =

p∑
k=0

λkh̄
k . (52)

These lead, to the correct order inh̄, to similarly truncated approximations toC6, which we call
C

(p)
6 . At the lowest (tree) order, we simply have

µ(0) = µ0 =
1

C2

, λ(0) = λ0 = −C4

C4
2

, C
(0)
6 = 10

λ2
0

µ7
0

. (53)

To first order, we have to determineµ1 andλ1 such that the values ofC2 andC4 remain un-
changed, and update the (truncated) prediction forC6:

µ1 = − λ0

2µ0
, λ1 =

2λ2
0

3µ2
0

, C
(1)
6 = 10

λ2
0

µ7
0

− 15h̄
λ3

0

µ9
0

, (54)

and so on. For the sake of numbers, let us assume thatC2 = 1 andC4 = −2, and takēh = 0.01.
In the table we give the updated values ofµ, λ andC6.

O (h̄p) µ(p) λ(p) C
(p)
6 wrong

0 1.000000 2.000000 40.00000 40.00000
1 0.990000 2.060000 38.80000 33.60000
2 0.989767 2.060600 38.87200 34.41867
3 0.989766 2.060622 38.86600 34.31619
4 0.989766 2.060621 38.86662 34.32951
5 0.989766 2.060621 38.86654 34.32767
6 0.989766 2.060621 38.86655 34.32795
7 0.989766 2.060621 38.86655 34.32790
8 0.989766 2.060621 38.86655 34.32791
9 0.989766 2.060621 38.86655 34.32791

The column labelled ‘wrong’ is the result forC6 where we have just included the higher orders
in the prediction, while keepingµ andλ fixed to their lowest-order values 1 and 2. For this value
of h̄, perturbation theory appears to do nicely – but if you feel happy now, read the Appendix!

2.3.2 Divergences and renormalization: a toy model

In real, four-dimensional life, the higher-order corrections are of course both more complicated
than just simple combinations ofµ andλ, and more dangerous, since loop diagrams tend to give
divergences. Fortunately, in many cases these are automatically taken care of by renormaliza-
tion, provided the theory has the right structure. In order to see how this works, we shall study
a simple toy model.

In order to include, in an admittedly crude way, the divergence structure of the loop di-
agrams in the four dimensionional theory into our zero-dimensional model, let us add a com-
plication to the zero-dimensional Feynman rules, as follows. We decide that every closed loop
with precisely one vertex on it shall be multiplied by a factor1 + c1, and every closed loop
with precisely 2 vertices on it by a factor1 + c2; loops with more vertices are not modified.
Here,c1 andc2 are numbers that eventually go to infinity. To handle this, we assume that they



both depend on some parameterΛ, and diverge asΛ → ∞. Diagrammatically, we have the
replacement

→ + , ≡ c1 × ,

→ + , ≡ c2 × . (55)

Let us consider a theory with bothϕ3 andϕ4 couplings:

S(ϕ) = λ1ϕ+
1

2
µϕ2 +

1

6
λ3ϕ

3 +
1

24
λ4ϕ

4 . (56)

Note that we have also introduced a term linear inϕ. This is because we would like to interpret
particles as fluctuations in the field: for the situation with no particles, the vacuum, it is most
reasonable to also require the field to be absent. Hence, we require thatφ(0) = 〈ϕ〉 = 0. For
pureϕ4 theory this is automatically ensured by theϕ↔ −ϕ symmetry of the action, but when
aϕ3 term is present, the couplingλ1 has to be renormalized to achieve this.

Of course, the SD equation will have to be modified in such a way that now also the
dotted diagrams are automatically generated, symmetry factors and all. This can be done by
introducing new verticesk1, . . . , k4, as follows:
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Writing a dot for theλ1 vertex, we can now give the modified SD equation that includes the
dotted diagrams correctly:
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where we have indicated the powers ofh̄ and the symmetry factors coming from equivalent
lines (note that in the new ‘box’ vertices not all lines are equivalent). We can now see that if we
define

λ′1 = λ1 + k1 , µ′ = µ+ k2 , λ′3 = λ3 + 3k3 , λ′4 = λ4 + 3k4 , (59)



this SD equation is exactly that corresponding to the action

S(ϕ) = λ′1ϕ+
1

2
µ′ϕ2 +

1

6
λ′3ϕ

3 +
1

24
λ′4ϕ

4 . (60)

In other words, thebareparametersµ andλi are themselves invisible, and only therenormal-
ized parametersµ′ andλ′i occur. The principle of renormalization thenforcesus to tune the
bare parameters in such a way that they completely absorb all effects ofc1,2. Admittedly this
means that the bare parameters become divergent as well – but since they show up nowhere by
themselves, this is actually irrelevant.

2.3.3 Nonrenormalizable theories

The above toy model is of course very crude: in reality, there are many more divergent loop
diagrams than just the ones we used. These are called overlapping divergences, occurring for
instance in the diagram , which in our toy model has no dotted partner. The significant
point is that the divergencies are located in diagrams (or sub-diagrams) with just so many legs
that they can be absorbed into a combination with bare vertices of the theory. That this is not
always possible can be seen from some examples. Suppose we also had a divergence in loops
with 3 vertices. The following diagram would then occur:

which would have to be absorbed into a 6-point vertex. In aϕ4 theory there is no such vertex,
and the divergence would remain. If we try to save the day by going to a theory with additional
ϕ6 couplings, then again there would be diagrams like

which would necessitate aϕ8 vertex, and so on. Although a theory with an infinite number
of parameters is by itself not forbidden, it would require us to make an infinite number of
measurements before we could start on any prediction, and physics would be hopeless. Such
theories are callednonrenormalizable.

Suppose the largest power ofϕ in the action isp. A loop with up tok vertices on it can
then have up tok(p − 2) legs sticking out from it. If it is divergent, the theory will only be
renormalizable ifk(p− 2) ≤ p. If k = 1, all theories are renormalizable; fork = 2, only p ≤ 4
is allowed, and this is the reason whyϕ4 theory is used as our paradigm14.

2.3.4 Running couplings and theβ function

So far, we have not discussed theΛ dependence of the renormalization procedure. Typically,Λ
contains some parameter that regularizes the loop divergences (like the famous1/ε in dimen-
sional regularization) but it may also contain physical information. In actual theories like QCD,
this can for instance be the energy scale at which the measurements (C2 andC4 in the above) are

14This is also the reason why the self-interactions of the Higgs boson in the Standard Model are chosen to be of
typeϕ3 + ϕ4, and not higher.



performed, but in general it might be anything else, for instance the time of day or the altitude
at which the measurements are performed. We shall simply assume that there is some finite
parameters, thescale, such that a change ins leads to a change inΛ. We can always choose
s such that the dependence is linear with unit derivative:dΛ = ds (note that what we mean
here by ‘scale’ is not the same as what is usually implied: in QCD, for instance, our ‘scale’ is
log(Q2) rather thanQ2).

Now suppose that the measurements are performed at two different scales,s1 and s2.
The bare parameters that we extract may be divergent (and we need to regularize), but their
extracted values should be the same in both cases, since the action doesn’t know about external
experimental information like the scale. This means that the renormalized parameters at the two
scales should be related, and that having performed the measurement at scales1 we ought to be
able to predict what would have been the outcome if we had performed it at scales2 instead. The
outcome might be different, and in that case we say that the renormalized parameters arescale-
dependent; but the very least requirement is that at both scales the renormalized parameters are
finite!

In order to illustrate all this let us suppose that we have a theory with a single dimension-
less parameterv. An example is QCD with massless quarks, wherev = αs. After absorbing
the loop divergences we obtain a finite renormalized parameter, which we shall callw. This
depends on the scalevia its dependence onΛ:

w(s) = F (v,Λ) . (61)

For simplicity, we assume thatF (v, 0) = v (this is not really drastic: ifF (v, 0) = f(v) is not
simplyv, we just takef−1(F (v,Λ)) and callthat the renormalized parameterw, simply a finite
function of the old one).

Sincev can by assumption be extracted from the measurement ofw(s), we also have the
inverse function:

v = G(w,Λ) , v = G(F (v,Λ),Λ) . (62)

A small change in scales→ s+ds or, equivalently,Λ → Λ+dΛ, should lead to a corresponding
change inw:

d

ds
w(s) ≡ β(w,Λ) = F2(v,Λ) = F2(G(w,Λ),Λ) , (63)

where a subscripti denotes partial derivation with respect to theith argument. We have

F1G1 = 1 , F2G1 +G2 = 0 , (64)

and therefore

β(w,Λ) = −G2(w,Λ)

G1(w,Λ)
. (65)

If we insist that the renormalized parameter at the new scale is also finite, all occurrence ofΛ
should disappear in theβ function:

∂

∂Λ
β(w,Λ) = 0 ⇒ d

ds
w(s) = β(w) , (66)

The last equation is known as therenormalization group equation. It implies thatG can be
written in the form15

G(w,Λ) = G(−Λ + b(w)) , b(w) =
∫

1

β(w)
dw . (67)

15By separation of variable in Eq.(65).



Sincew = v for Λ = 0, the functionsG andb are each other’s inverse. This also means that

w = G(Λ + b(v)) = F (v,Λ) ,
F2(v,Λ)

F1(v,Λ)
= β(v) . (68)

Thus, knowledge ofβ(w) completely fixes the form ofF : if a theory results in anF with a
different form, it is only meaningful at precisely the scale at which the measurements are made,
but not at any other one.

In perturbation theory, we can compute the first few terms inF by hand, given the beta
function:

β(v) = β0v
2 + β1v

3 + β2v
4 + · · · ,

F (v,Λ) = v + β0Λv
2

+
(
β2

0Λ
2 + β1Λ

)
v3 +

(
β3

0Λ
3 +

5

2
β0β1Λ

2β2Λ
)
v4 + · · · . (69)

The conditionF (v, 0) = v that we started with is of course just one of the possibilities, de-
pending amongst other things on the precise definition ofΛ. Different suchrenormalization
prescriptionsor schemesare possible, and we just used a particularly simple one.

The renormalized parameters in two different schemes must be related in a finite manner:
if we adopt another scheme in which the renormalized parameter isw′, then we have

w = h(w′) = w′ + h1w
′2 + h2w

′3 + h3w
′4 + · · · , (70)

which leads to a newβ function,β ′:

β ′(w′) =
d

ds
w′ =

dw′

dw
β(w) =

1

h′(w′)
β(h(w′)) . (71)

whereh′ denotes the derivative. It is easy to check that the first two coefficients in the ex-
pansions ofβ(w) andβ ′(w′) coincide: scheme dependence shows up in the third and higher
terms.

In theories with more parameters we have a set of coupled renormalization group equa-
tions that have to be solved simultaneously.

2.4 Appendix: Convergence of perturbation theory

In setting up perturbation theory we have assumed that inϕ4 theory, say, the interaction term
is a ‘small disturbance’ of the Gaussian shape of the free theory. Close to the peak this may
be true, but for largeϕ values it is not: the tails of the distribution are nothing like Gaussian.
As a consequence, perturbation theory doesnot converge! To see this, look again at theG2p of
Eq.(15), which (putting in thēh) we can also write as

G2p = N
√

2π
(2p)!

p!

(
h̄

2µ

)p ∑
k≥0

(−)kTk ,

T0 = 1 ,
Tk

Tk−1

=
h̄λ

µ2

(2p+ 4k − 1)(2p+ 4k − 3)

24k
. (72)

The radius of convergence of this series16 is zero for any nonzeroλ, sinceTk/Tk−1 → ∞ as
k → ∞. For smallλ, the termsTk will start out decreasing, but atk ∼ 3µ2/2h̄λ they will

16The radius of convergence of a power series inz aroundz = 0 is defined as the largest value of|z| such that
the power series converges,i.e. the subsequent terms in the series decrease fast enough.



start increasing again, and the perturbative prediction will start to oscillate wildly: perturbation
theory breaks down at order3µ2/2h̄λ. For µ = 1, λ = 2, h̄ = 0.01 this means around the
75th order, so it is not surprising that the table in section 2.3.1 looked reliable. This breakdown
is a general feature as long as we expand the cubic or higher interactions around the quadratic
part. That the problem is not cured by either dropping the vacuum diagrams, going over to
connected Green’s functions, or applying renormalization, becomes clear when we redo the
finite renormalization procedure forC6, this time forh̄ = 0.3:

O (h̄p) µ(p) λ(p) C
(p)
6 wrong

0 1.000000 2.000000 40.00000 40.00000
1 .700000 3.800000 4.000000 -152.0000
2 .490000 4.340000 68.80000 584.8000
3 .463000 4.934000 -93.20000 -2182.160
4 .390100 4.20500 405.7600 8612.692
5 .517270 6.63014 -1384.664 -36118.36
6 .131629 -1.59249 5869.178 162372.5
7 1.43778 30.2795 -26669.53 -782851.6
8 -3.58970 -106.449 132819.5 404416.2
9 17.8758 535.079 -713389.2 -22335606

Mathematically, this awful behaviour is our punishment for interchanging the sum and
integral in Eq.(15), and series such as these are calledasymptotic series. Fortunately, since the
terms not only increase but also oscillate we can still assign a meaning to such sums by the
procedure calledBorel summation, which in essence interchanges sum and integral back again.
To see how this works, take a function

f(x) =
∑
n≥0

(−x)nαn (x ≥ 0) , (73)

whereαn grows liken! for largen (as in the case of the perturbative expansion). Now,f(x) is
not a convergent series, but

g(x) =
∑
n≥0

(−x)nαn

n!
(74)

is convergent, at least for somex > 0. Integrating term by term we can then see that a sensible
definition of the value off(x) is

f(x) ≡
∞∫
0

dy e−yg(xy) (75)

As an example, take,αn = n!; in that case

g(x) =
1

1 + x
, f(x) =

∞∫
0

dy
e−y

1 + xy
, (76)

and the resulting Borel-summed expression forf(x) is well-defined17 for nonnegativex, while
its expansion in powers ofx is not a convergent series. Note that forx real and negative, the
integral is ill-defined, and the terms in the series forf(x) do not oscillate any more.

17For the experts: it is equal toe1/xE1(1/x)/x, whereE1 is the exponential integral.



Perhaps of more direct computational relevance, asymptotic series like (73) have the prop-
erty that if we truncate them at some order, the error made is smaller than the first neglected
term, in absolute value:

f(m)(x) ≡
m−1∑
n=0

(−x)nαn ,
∣∣∣f(m)(x)− f(x)

∣∣∣ ≤ |xmαm| . (77)

Hence, by choosingm such that|xmαm| is minimal, we may hope to still get a good numerical
approximation to the real answer. In our example, withαn = n!, the bestm is seen to be
m ∼ 1/x, and the error made is of the order ofm!xm ∼ exp(−1/x), which for smallx is very
small indeed! As long as we do not plan to compute the137th order, QED would appear to be
safe, but in QCD the potential hazards are closer at hand, around the10th order. In any case it is
good to keep in mind that perturbation theory is a crutch with cracks.

3 Enter the universe:
many points make a space

3.1 One-dimensional theories

We now start to expand our model of the universe. While still keeping to a particle without
intrinsic properties other than its mass, we shall allow it to live on more than just a single point.
Moreover, we shall adopt the usual practice of choosing our units such that bothh̄ andc, the
speed of light, have numerical value 1.

3.1.1 Theories with more field variables, and space

We shall start with a simple extension of our zero-dimensional model, and take an infinite set
of fields, labelled by integer labels:ϕn, with −∞ < n < ∞. Since we are interested in
expectation values of products of fields, like〈ϕ2ϕ0ϕ1ϕ5〉, we also need to introduce an infinite
number of sourcesJn, oneJ for everyϕ, since we use theJ ’s to identify and count the powers
of the variousϕ’s. In the spirit of perturbation theory, we shall for now forget interactions that
contain three or moreϕ’s. If the action only contained terms of typeϕ2

n, we would end up with
just an infinite number of copies of the zero-dimensional theory, and no correlations between
fields would exist. Therefore, we take the action to be

S({ϕ}) =
∑
n

(
1

2
µϕ2

n − γϕnϕn−1

)
, (78)

and the path integral, the multi-variable generating function of the expectation values of all
possible products of all possible powers of the variousϕ’s, becomes

Z({J}) = N
∫ (∏

k

dϕk

)
exp

(
−S({ϕ}) +

∑
n

ϕnJn

)
. (79)

Now we have interactions of nearest-neighbour type, and correlations between fields further
away can only govia the intermediate fields: we expect the correlator

〈ϕmϕn〉 ≡ Π(n,m) = Π(|n−m|) (80)

to be smaller when|n−m| is larger, and this is just what we expect for fields at large distances.
In fact, it is the ‘link’ γ that tells us that we might envisage the fields as living on a set of points



in some space, the distance between neighbouring points becoming ‘larger’ asγ decreases.
The neighbour-interactions tell us the structure of space. This may at first sight appear
mystical, but we should realize that we obtain our notions of space and time from ideas about
how ‘distances’ between space-time events are defined: these are typically based on measuring
correlations (for instance by sending light signals etcetera) and so they depend directly on the
neighbour-interactions. In this simple case, sinceγ andµ do not depend onn, we can envisage
the points to be equidistant, separated by some ‘distance’∆:

∆ ∆ ∆ ∆ ∆
ϕ ϕ ϕ ϕ ϕ ϕ

−2 −1 0 1 2 3

and the whole model is invariant under translation by one distance∆. Of course, in the end we
shall take∆ → 0, and recover normal translation invariance.

3.1.2 The one-dimensional propagator

Let us write down the Feynman rules for our model. Since there are more fields we need to
label each line:

n =
1

µ
,

mn
= γ(δm,n+1 + δm,n−1) . (81)

The propagatorΠ(n) is defined as the 2-point Green’s function〈ϕkϕk±n〉, and is given by
Feynman diagrams with precisely two external legs, one corresponding toϕk, the other one to
ϕk+n, say. Because of translation invariance we may takek = 0. The SD equation for the
propagator reads
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0 nk
, (82)

or

Π(n) =
1

µ
δn,0 +

γ

µ
(Π(n+ 1) + Π(n− 1)) . (83)

We can solve this by Fourier transform. Defining

Σ(z) =
∑
n

Π(n)e−izn ↔ Π(n) =
1

2π

π∫
−π

dz eiznΣ(z) , (84)

the SD equation becomes purely algebraic:

Σ(z) =
1

µ
+
γ

µ
Σ(z)

(
eiz + e−iz

)
=

1

µ− 2γ cos z
. (85)

We now take thecontinuum limit, ∆ → 0, and see if we can obtain a sensible limit for the
propagator. We keep the ‘distance’ between fields fixed, so we usex = n∆ with x fixed.
We also introduce the momentum asp = z/∆ such thatnz = px. Note that thencos z =
cos(p∆) ∼ 1 − p2∆2/2 for fixed p. The only sensible and nontrivial continuum limit occurs
when we choose

γ ∼ 1

∆
, µ ∼ 2

∆
+m2∆ , (86)

for small∆, with some numberm2. The correlator then becomes18

R(x) ≡ Π
(
x

∆

)
∼ 1

2π

∫
dp

eipx

p2 +m2
=

1

2m
e−m|x| . (87)

18Some care has to be taken here, since the approximation for the cosine is not valid everywhere. Fortunately, in
the resulting integral only values ofp of order1/x contribute appreciably, and there the approximationis justified.



Note that, whereas the fieldsϕn are not independent due to theγ interaction, themomentum
modesare in fact independent: the description of particles in terms of states with given mo-
mentum is simpler than its configuration-space description, and we shall use momentum-space
Feynman rules from now on.

Finally, it should be remarked that nearest-neighbour interaction gives the standard prop-
agator, but there are suitably perverse choices including next-to-nearest neighbour or higher
interactions that result in propagators with different behaviour.

3.1.3 The scalar action in one dimension

Let us now consider the action in the continuum limit. We can collect the whole configuration
of values{ϕ} = (· · · , ϕ−1, ϕ0, ϕ1, ϕ2, · · ·) into a functionϕ(x), whereϕ(x) = ϕx/∆. The
action depends on this function, and is called afunctionalof the fieldϕ(x). Carefully collecting
terms, and rewriting

∑
n ∆ · · · as

∫
dx · · ·, we see that the limit becomes (cf. Eq.(78))

S({ϕ}) =
∑
n

(
(
1

2
µ− γ)ϕ2

n +
1

2
γ(ϕn+1 − ϕn)

2
)

∼ ∑
n

(
m2∆

2
ϕ(x)2 +

1

2∆
(ϕ(x+ ∆)− ϕ(x))2

)
→

→ S[ϕ(x)] =
∫
dx

(
1

2
m2ϕ(x)2 +

1

2
ϕ′(x)2

)
≡

∫
dx L , (88)

where we have defined the Lagrangian densityL. A sensible limit for the source terms can only
be obtained if we put

Jn → ∆J(n∆) so that
∑
n

ϕnJn →
∫
dx ϕ(x)J(x) , (89)

and the path integral reads

Z[J(x)] = N
∫
Dϕ exp

(
−
∫
dx (L − ϕ(x)J(x))

)
. (90)

Here,Dϕ is the ‘infinitesimal path integration element’, the limiting case19 of the earlier (enu-
merable)

∏
n ϕn. A word on the behaviour ofϕ(x) is in order. From our interpretation of the

action as describing a combined probability density for the field valuesϕn, it follows that the
quantity(ϕn+1 − ϕn)2/∆ must be finite if a particular configuration ofϕ’s is to contribute to
the path integral. So, steps inx of length∆ typically makeϕ(x) jump with steps of order

√
∆,

in other words: in the limit∆ → 0 thisϕ(x) must beeverywhere continuous but nowehere dif-
ferentiable. Pictorially, a typicalϕ(x) has a fractal structure, with zigs and zags on ever smaller
lengths scales, like the path of a particle undergoing Brownian motion20. The termϕ′(x)2 in the
action has, therefore, a rather symbolic meaning.

3.1.4 The classical field equation in one dimension

For a single field in zero dimensions, the classical field equation readsS ′(φ) = J , with solution
φc(J). This doesnotmean that this solution is the only one contributing to the path integral, but

19This limit is actually rather more subtle than presented here, since the number of continuous functions ofx is
not enumerable. For our purposes, however, we may skip such fine points.

20In fact, form = 0 it is Brownian motion in one dimension, whereϕ(x) is the position at timex.



rather that a small interval (whose size diminishes withh̄) of all ϕ valuesaroundϕc = φc(J)
gives the dominant contribution. In the discrete one-dimensional case, the analogue of the
classical field equation is

∂

∂ϕk
S({ϕ}) = Jk ∀k . (91)

For the action (78), this results in

µϕk − γ(ϕk−1 + ϕk+1) = Jk , (92)

so the ‘equation of motion’ reads

∆m2ϕ(x) +
1

∆
(2ϕ(x)− ϕ(x−∆)− ϕ(x+ ∆)) = ∆J(x)

⇒ m2ϕ(x)− 1

∆

[(
ϕ(x+ ∆)− ϕ(x)

∆

)
−
(
ϕ(x)− ϕ(x−∆)

∆

)]
= 0 .

(93)

The second term is seen to be the discrete variant of a derivative. Denoting this discrete deriva-
tive byE , we see that the action in the discrete case can be written as

S({ϕ}) =
∑
n

∆

(
m2

2
ϕ2 +

1

2
(Eϕ)2

)
, (94)

and the equation of motion as

∂

∂ϕ
S({ϕ})− E

(
∂

∂EϕS({ϕ})
)

= 0 . (95)

In the continuum limit, the equation of motion becomes the Euler-Lagrange equation for the
scalar action:

m2ϕ(x)− ϕ′′(x) = J(x) . (96)

The classical solutionφc is continuously differentiable for smooth source functionsJ(x) and
hence by itself is not even in the path integral measure. Again it is the set ofϕ(x) functions
close tothe classical one that give the dominant contributions.

Derivatives such as the above, where the action functional is varied with respect to a single
value ofϕ, are calledfunctional derivatives, and usually denoted by curlyδ’s. In the text-book
jargon, we may write the Euler-Lagrange equation as follows:(

δ

δϕ(x)
− d

dx

δ

δϕ′(x)

)[
S[ϕ(x)]−

∫
dx ϕ(x)J(x)

]
= 0 . (97)

3.2 More dimensions

Rather than bothering with the Feynman rules for the one-dimensional theory, we now move on
to more dimensions. We shall always aim for the simplest case, and therefore stick to nearest-
neighbour interactions. We shall start with a discretized action, where the field values are la-
belled by a set of several integers rather than a single one. Note that a labelling with several
integers can always be re-encoded in terms of a single integer label: however, simple nearest-
neighbour interactions in four dimensions would look very complicated in the one-dimensional
encoding, leading to non-local interactions. Our notion of space — yes, the ‘everyday kind’ of
space – is, after all, only a mental construction, developed over the course of our development
up from foetuses to adults, that allows us to comprehend, and react to, the world in an efficient
manner.Spacetime is defined in such a way interactions look simple.



3.2.1 Euclidean multidimensional theory

Let us consider the discrete version of aD-dimensional theory. We choose vector labels~n =
(n1, n2, n3, . . . , nD) for the fields. Also we define~ek to be the vector withkth component equal
to 1, and the other ones 0. The action (again without self-interactions) is then given by

S({ϕ}) =
∑
~n

(
1

2
µϕ2

~n − γ
D∑

k=1

ϕ~nϕ~n+~ek

)
. (98)

There is now a translation invariance in each of theD directions. The SD equation can be solved
in the same manner as above, and we find for the correlator:

Π(~n) =
1

(2π)D

π∫
−π

dD~z
exp(i~n·~z)

µ− 2γ
D∑

k=1
cos(zk)

, (99)

where we have used theD-dimensional generalization ofz. The continuum limit is now ob-
tained by defining

~x = ∆~n , ~z = ∆~p , γ ∼ ∆2−D , µ ∼ 2Dγ +m2∆D . (100)

Using some algebra and standard integrals, we find for the continuum correlator

R(~x) =
1

(2π)D

∫
dD~p

exp(i~x·~p)
~p2 +m2

=
1

2π
K1−D/2 (m|~x|)

(
2π|~x|
m

)1−D/2

, (101)

whereK is the modified Bessel function of the second kind. Note that we have obtained not only
translational but also rotational invariance: the rectangular structure of the underlying discrete
grid has become invisible in the continuum limit21. The continuum Lagragian density is now
just the more-dimensional generalization of Eq.(88):

L =
1

2
m2ϕ(~x)2 +

1

2

(
~∇ϕ(~x)

)2
. (102)

In the same manner, the continuum source function is defined byJ~n = ∆DJ(~x), and the classi-
cal field equation is, in the continuum limit:

m2ϕ(~x) + ~∇2ϕ(~x) = J(~x) . (103)

Finally, let us reintroduce theϕ4 self-interaction again. Cavalierly ignoring the fact that the
propagator was derived from a SD equation without self-interaction vertices22, we simply add
to the discrete action a term∆Dλϕ4

n for everyn. The action including sources then becomes

S[ϕ(x)] =
∫
dDx

(
1

2
m2ϕ(~x)2 +

1

2

(
~∇ϕ(~x)

)2
+ λϕ(~x)4 − J(x)ϕ(x)

)
, (104)

Note that theλ vertex also ‘occurs’ at all space points.
21Again, the rotational invariance can be corrupted by choosing a more perverse action in the discrete case:

fortunately, it is the simplest action that leads to the best continuum limit.
22In fact, the SD equation would be very different if we include the self-interactions, and so would the continuum

limit. This is precisely the sin for which the loop divergences are the punishment.



The Feynman rules for such a theory can be obtained in precisely the same manner as
before, as the more-dimensional generalizations of the one-dimensional case. They are simplest
in the momentum representation. ForD = 4, we have the following Feynman rule for the
propagator:

p → 1

~p2 +m2
, (105)

where we recognize the propagator of the one-dimensional theory in the momentum represen-
tation (with the replacementp2 → ~p2. For the single vertex in this theory, we have

p

p p

1

3 4

p
2

→ −λ(2π)4δ4 (p1 + p2 + p3 + p4) , (106)

where the(2π)4δ4() comes from the fact that we have to integrate this four-vertex over the
whole space. Finally, the source is, in the same way, given by

p
q → J(q)(2π)4δ4 (p+ q) , (107)

In the vertices all momenta are counted incoming (or all outgoing). In addition, every momen-
tum in a line has to be integrated over, with a factor(2π)−4. Usually, we will consider sources
that correspond to particles of fixed momentum being absorbed or produced (that is, sources
J(~x) consisting of a single Fourier mode), and in that case the external momenta are effectively
fixed.

3.2.2 Towards Minkowski space

The construction of our field theory looks almost realistic: the only thing not yet built in is
the special rˆole of time. Indeed, instead of space points labelled by~x = (x1, x2, x3, x4), we
know it is much better to describe things on the basis ofspace-time eventswith coordinates
xµ = (x0, x1, x2, x3), and a metric given bygµν , with g00 = 1, g11 = g22 = g33 = −1, and the
other components zero. We therefore make the following substitution:

x4 = ix0 . (108)

The exponent in the path integral, Eq.(104), then becomes

−S[ϕ(x)] → iS[ϕ(x)] ,

S[ϕ(x)] =
∫
d4x (L+ J(x)ϕ(x)) ,

L =
1

2
(∂µϕ(x))(∂µϕ(x))− 1

2
m2ϕ(x)2 − 1

24
λϕ(x)4 . (109)

The factor1/24 = 1/4! is still there by convention. Note that we have taken a factor−i out of
the action integral. Again moving to the momentum representation:

ϕ(x) =
1

(2π)4

∫
d4p e−ip·xϕ(p) , J(x) =

1

(2π)4

∫
d4p e−ip·xJ(p) , (110)

whereϕ(p) = ϕ(−p) andJ(p) = J(−p) sinceϕ(x) andJ(x) are real, the exponent can then
be written as

iS =
∑

p

(
i

2
(p2 −m2)ϕ(p)2 + iJ(p)ϕ(p)

− i

24
λ(2π)4δ4 (p1 + p2 + p3 + p4)ϕ(p1)ϕ(p2)ϕ(p3)ϕ(p4)

)
, (111)



where the symbol
∑

p means that every momentum has to be integrated over, with a factor
(2π)−4.

In the above, we have tacitly assumed that the90o Wick rotationimplied by Eq.(108) is
actually allowed: since the integrand in the path integral now is oscillatory rather than damped,
this is not at all obvious. A signal of potential problems is the fact that the quadratic term in
the action containsp2 − m2 = (p0)2 − |~p|2 − m2 which may become zero, and in fact does
so precisely for on-shell particles! For the moment we shall blithely ignore this problem, and
assume that all particles are off their mass shell; later on we will repair this.

3.3 Choosing the action

Until now we have mainly been studyingϕ4 theory as a useful vehicle to develop the various
techniques and concepts. Interactions such asϕ3 or interactions containing derivatives can eas-
ily be incorporated, the Feynman rules being read off in each case directly from the Lagrangian
density: but which density ought we to take? A possible answer comes from the classical field
equation, which as we have seen is the classical Euler-Lagrange equation for the action. In the
ϕ4 case, it reads

(
δ

δϕ(x)
− ∂

∂xµ

δ

δ∂µϕ(x)

)
L = 0 ⇒ ∂µ∂µϕ(x) +m2ϕ(x) +

λ

6
ϕ(x)3 = J(x) . (112)

If we consider the particles ‘on their own’, that is, without self-interaction or sources, this
becomes (

∂µ∂µ +m2
)
ϕ(x) = 0 , (113)

which is the Klein-Gordon equation. This gives us the necessary hint: to see what the propagator
of a particle type ought to be, look at its ‘classical’ field equation. The particle we have been
studying so far was assumed to have no internal structure: its only characteristic can be its
momentum, and the Klein-Gordon equation just says that for a free particle this momentum
must be on the mass shell. For the vertices we maychooseanything, but the burden of proof
is of course ours: apart from the obvious conformity with experiment, there are some general
considerations, for instance the resulting connected Green’s functions had better be Lorentz
invariant. There is, however, another fundamental requirement, which we shall come to in the
next section.

4 Quantum Terrorism :
of scattering, cutting, amputating and exploding

4.1 The scattering and probability

What we have done so far would be doomed to be no more than a mathematical recreation
unless we attempt to make contact with physics. In quantum field theory, the connected Green’s
functions are postulated to relate to the quantum-mechanical transition amplitudes, and in that
way enter into predictions for cross sections and lifetimes. The precise relation will follow
below: first we need to make some general remarks.

4.1.1 TheS matrix and theT matrix

In particle physics experiments, we typically start by preparing an initial state at some time ‘far
in the past’ where particles are ‘far away from each other’: so far away, in fact, that we assume



the particles to be free of any interaction. At that moment, the initial state|in, t = −∞〉 is then
made up (ideally!) as a combination of single-particle states corresponding to, say, the incoming
e+ ande− each with its own momentum. As time takes its course, the particles will approach
and start interacting. The incoming state evolves in some complicated manner, and at a late
time it will be |in, t = +∞〉. It is important to realize that this is stillthe same state: it is rather,
the experimentalist observer att = +∞ who has undergone a time translation with respect to
the accelerator operator who prepared the state att = −∞. Then we perform the observation,
and the state is observed to consist of, say, quarks moving away from the interaction region
(we cheerfully ignore hadronization here). The corresponding state is|out, t = +∞〉. The
probability (amplitude) for this to happen is of course the overlap between the states:〈out, t =
+∞|in, t = +∞〉. Under the assumption that the prepared state is, att = −∞, essentially
that of a combination of free particles without interaction, and the observed state att = +∞
likewise, the amplitude may be written as the element of a matrix connecting these free-particle
states. This matrix is called theS matrix, and its elements are what we want to compute.

4.1.2 Unitarity and the optical theorem

If the free-particle states form a complete set, an important consequence follows. Let us denote
by j a state that looks like a free-particle state att = −∞: j therefore labels a particle content
as well as all kinds of momenta, spins, etc.; and let us similarly denote byk a state that looks
like a free-particle state att = +∞. The element of theS matrix can then be written asSkj.
The completeness of the whole set of possible statesj, and of the whole set of possible states
k, then implies thatS must beunitary:

SS† = S†S = 1 . (114)

This requirement of unitarityessentially means that the normalization of states is preserved, in
other words:unitarity = conservation of probability . If there were no interactions whatsoever,
j could of course only appear asj even att = +∞, and we would haveSkj = δk,j. It therefore
makes sense to write theS matrix as follows:

S = 1 + iT , (115)

where thei is taken out of theT matrix by convention. The unitarity ofS in Eq.(114) then
implies forT :

i(T − T †) + TT † = 0 . (116)

Let us now specialize to the case wherej = k, i.e. the final and initial state happen to be
identical, ‘in spite of’ all the interactions that have taken place. Eq.(116) then reduces to

Im(Tjj) =
1

2

∑
n

|Tnj|2 , (117)

where on the right-hand side we must sum over all statesn: the (imaginary part of) the amplitude
Tjj is related to the totalprobability for the initial statej to go intoanyfinal state. Eq.(117) is
called theoptical theoremsince it was first derived in the context of waves travelling through a
medium.

Another consequence of unitarity is thatS (andT ) matrix elements cannot be arbitrar-
ily large. Indeed, if all labels are discrete, we must have

∑
k |Skj|2 = 1. For continuous la-

bellings (such as momenta) the condition is more involved, but the only thing we need here is
the knowledge that unitarity will be endangered whenever we encounter matrix elements that
show unlimited growth (for instance as a function of energy).



4.2 Towards predictions for experiments

The relation between Feynman diagrams and scattering processes is the postulate thatthe T
matrix elements of the theory are related to the Green’s functions, that themselves can be
computed using the Feynman diagrams of the theory. Note that we have ‘related to’, and not
‘equal to’: we shall discuss the precise nature of the relation below. We shall not give rigorous
derivations here23: instead, we aim to illustrate the consistency of our approach.

4.2.1 Density of states

The first thing to be done is to give a more precise meaning to the notion ‘sum over states’
as used for instance in Eq.(117). What we use for the sum over states is of course to some
extent arbitrary, since we have not discussed the normalization of the states. An important
requirement, however, would seem to be that the sum over states must be Lorentz-invariant,
otherwise it becomes difficult to arrive at Lorentz-invariant predictions for cross sections and
the like. Realizing that we assume the final-state particles to be free and on their mass shell,
and to have positive energy24, the phase-space integration element for a single particle with
momentumpµ and massm is best defined to be

1

(2π)3
d4p δ

(
p2 −m2

)
θ(p0) =

1

16π3
d3~p

1√
~p2 +m2

, (118)

where the first alternative is explicitly Lorentz-invariant. The factor(2π)−3 comes from the
usual(2π)−4 that comes with any momentum integral, and a factor2π that comes with any
Dirac delta function – but again, this is to some extent arbitrary. For a total final state consisting
of n particles we of course also have the requirement of overall conservation of energy and
momentum, and therefore we choose as the actualn-particle phase space integration element:

dV (P ; p1, . . . , pn) ≡

(2π)4δ4


P − n∑

j=1

pj


 n∏

k=1

[
1

(2π)3
d4pk δ

(
p2

k −m2
)
θ(p0

k)

]
, (119)

whereP µ is the total four-momentum. This is defined to be the ‘sum over states’ for particles
without characteristics other than momentum. If additional quantum numbers such as spin or
colour etc. are involved, we include discrete sums over these variables as well: usually we shall
leave them to be understood.

4.2.2 Cross sections and widths

In making experimental predictions we have to obtain, in one way or the other, the quantum-
mechanical transition amplitudeM for some process. Presently, we shall see howM is related
to the Feynman diagrams and theS matrix element. Having obtainedM, we have to turn it
into an experimental prediction. The two commonly studied quantities are thecross sectionfor
2 → n processes, and thedecay width(inverse lifetime) for1 → n processes. At this point, we
simply give the prescriptions for them. By〈|M|2〉 we denote the absolute value squared ofM,

23After all, no-one canprovethat the world is described by quantum mechanics.Rigor mathesis perfectus mortis
rigorem inducet.

24The on-shell condition is essentially thedefinitionof what it means to be a free particle with no energy other
than that due to its motion (i.e. no potential energy); the positivity of the energy is an empirical fact.



summedover unobserved discrete quantum numbers of the final state such as spins or colours,
andaveragedover similar quantities for the initial state25.

For the partial decay widthdΓ of an unstable incoming particle with massM and mo-
mentumP we have

dΓ =
1

2M
〈|M|2〉 dV (P ; p1, . . . , pn) SBF , (120)

and for the partial cross sectiondσ for two incoming particles of massesma andmb and mo-
mentapµ

a andpµ
b , respectively, we have

dσ =
1

2F
〈|M|2〉 dV (P ; p1, . . . , pn) SBF ,

F =
(
(s−m2

a −m2
b)

2 − 4m2
am

2
b

)1/2
,

s = P 2 , P µ = pµ
a + pµ

b . (121)

Here,SBF is the Bose-Fermi symmetry factor: if the final state contains a group of precisely
p indistinguishable particles in the final state, we have to include a factor1/p! for each such
group, since if the particles are indeed indistinguishable, any permutation of them leads to
overcounting in the cross section26.

The ‘flux factor’1/2M is also related to our normalization of states, and we shall have to
prove its consistency. That the relative ‘flux factors’1/2M and1/2F are consistent with one
another can be seen from the fact that, in the rest frame of particleb, we have

2F = 4mb|~pa| = (2mb)
(
2ma · Ea

ma

)( |~pa|
Ea

)
, (122)

where we recognize the normalization of the two states (with the wave ofa having undergone
the correct Lorentz contraction in its direction of motion, and hence a change in its normaliza-
tion with respect to that for a particle at rest), and the relativistic velocity ofa in the rest frame
of b, inherent in the definition of cross section as the rate per unit flux.

Finally, dimensionality. Taking into account27 that the Dirac delta functionδ(A) has the
inverse dimension of its argumentA, then-particle phase space factor is easily seen to have
dimension (GeV)3n−4. If an inverse lifetime is to have dimension (GeV)1, thenM(1 → n)
must have dimension (GeV)3−n. We conclude that an amplitude with a total ofk external
particles must have dimension (GeV)4−k. It follows immediately that cross sections must have
dimension (GeV)−2, in accordance with their interpretation as an area. Note that we deal here
with theunits in which the amplitudes are expressed, andnot with their actual behaviour as a
function of the total energy: indeed, this is what leads into trouble later on.

4.2.3 Connected and disconnected diagrams

We are now in a position to take Feynman diagrams seriously as saying somthing about physics
going on. At this point, the connectedness of the diagrams starts to play a significant rˆole.

25This means, for instance, a factor 1/2 for each unpolarized incoming spin-1/2 particle, 1/3 for a massive spin-1
particle, 1/2 for an incoming massless spin-1 particle, 1/3 for an incoming quark, and 1/8 for an incoming gluon.

26On the other hand, the number of Feynman diagrams inM will be bigger by a factorp!. Some authors include
a factor

√
SBF in the definition ofM, but this spoils some of the symmetry in case one of theincomingparticles

is indistinguishable from one of the outgoing ones.
27as can be easily seen from the definition

∫
dAδ(A) = 1.



Consider the diagrams associated with the decay of a single particle: they contain one incom-
ing, and any number of outgoing particles. Some of these diagrams may be connected, but in
principle we can also write down disconnected diagrams, as indicated below, where as usual
hatched blobs denote connected diagrams, and here a speckled blob denotes any combination
of connected and disconnected diagrams:
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If the outgoing particles all have positive energy, we see that the connected diagrams without
the incoming line attached vanish because of energy conservation. Therefore, in this case only
the connected Feynman diagrams can give a nonzero result. Similarly, for the two-particle cross
section, the associated Feynman diagrams can be schematically given as
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Again, blobs with no incoming lines vanish because of energy conservation.

The case with two separate connected contributions, each with one incoming line, is more
tricky. It cancontribute, but only if the two incoming particles are capable of decaying inde-
pendently in the particular indicated final states. In most cases this will not be possible (for
instance ine+e− collisions), and then the conclusion is thatonly the connected Feynman di-
agrams contribute. This is, in fact, the reason for the emphasis on connected diagrams in our
zero-dimensional model. It must be kept in mind, however, that this is not really a theorem.
Indeed there are cases where the disconnected diagrams do enter. For example, we may have
collisions between unstable particles such asµ+µ−, or between, say, three or more particles.
Another instance may be processes occurring at high temperature (such as the very early uni-
verse), where the surrounding ‘heat bath’ can actually supply energy ‘out of the vacuum’ such
that particles may be created without explicit incoming particles. Fortunately, in typical collider
situations such exotic processes can usually be neglected.

Having argued that only the fully connected diagrams give a physical contribution, we
make one more step. Each such diagram contains contains an overall factor(2π)4δ4 (P −∑ p),
where

∑
p stands for the sum of all outoing momenta, andP for the total incoming momentum.

The square of a Diracδ function is not well-defined, so as usual, we enclose our system in a
large space-time box, thereby turning the Diracδ function into a simpler Kroneckerδ, which can
be squared. Letting the box become infinitely large again at the end, we recover precisely the
overall momentum conservation that we already included in our sum over states, times volume
factors that cancel against the wave function normalizations. Part of our recipe, then, is that
we should sum all the relevant Feynman diagrams, but leave out the overall momentum-
conservation factor.

4.3 Poles and residues

We are not yet able to give a precise recipe for the matrix elementM, since the propagator
i/(p2 − m2) is still singular precisely for stable, on-shell particles. We are now ready to face
this issue: its resolution also tells us the correct prescription forM.



4.3.1 The propagator for an unstable particle

Let us consider the following process. We start with the vacuum, with no particles att = −∞.
Then, a source emits anunstableparticle with momentumpµ and massm, which propagates
through spacetime, while undergoing interactions which may destroy the particle by letting it
decay, but do not necessarily do so. Let us assume that the particle is not destroyed, but rather
absorbed by another source. Then, att = +∞ we are left with the vacuum again. Let us denote
the particle’s actual propagator byiR(p). At this point we do not know the precise form ofR(p)
except that it should look like1/(p2 −m2) if pµ is sufficiently far off its mass shell. Putting in
the source vertices as well we have
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where the blob denotes all possible connected diagrams. The labelk stands here for the vacuum:
both before the source emits the particle, and after it absorbs the particle again, the states are
the same, and we are indeed looking at a diagonal element of theT matrix. Now we apply the
optical theorem: the imaginary part ofTkk is related to

∑
n
|Tnk|2, wheren denotes all possible

final states. Pictorially, this sum reads

1

2

∑
n

|Tnl|2 =
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2

∑
n
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where the half-open blob denotes any decay process. The sum overn is nothing but our ‘sum
over states’, summed over all possible particles configurations that could possibly result from
the decay of our unstable particle. In other words, we must have a relation of the form

1

2

∑
n

|Tnl|2 = J2|R(p)|2 k mΓtot (125)

if pµ is close to its mass shell, whereΓtot is thetotal decay widthof the particle. This relation
simply follows from the definition ofΓtot. At this point we do not know yet whatk is, since that
is precisely one of the factors in the transition from diagrams toM that we want to determine;
however, wedoknow that it must be a positive dimensionless number. At any rate, we have the
following condition forR from the optical theorem:

−ImR(p) = k mΓtot |R(p)|2 . (126)

Together with the desired form forR far from the mass shell, the simplest solution is to take

R(p) =
1

p2 −m2 + ikmΓtot . (127)

A more precise analysis would take into account that the invariant mass at which the decay
process is evaluated is notm but rather

√
p2, and the imaginary part is accordinglyp2 dependent:

the above form holds fornarrow resonances28.
28Thep2 dependence of the widthdoesgive measurable effects in, for instance,Z0 production at LEP.



4.3.2 Theiε prescription

What, now, for stable particles? The simplest idea is to consider stable particles as unstable
particles with an extremely long lifetime. In that case, we just letΓtot decreasedown to almost,
but not quite, zero. The precise value ofΓtot is then not relevant anymore, only the fact that
kmΓtot should be inifintesimally small but positve, and hence our Feynman rule for stable
particles reads

p → i

p2 −m2 + iε
, ε→ 0+ . (128)

This is the famousiε prescription. Note that the sign is very important: on it hinges the fact that
unstableparticlesdisappear, or in other words the direction of time:time is going forward
in the direction in which unstable particles decay. Incidentally, theiε prescription is also
sufficient to allow us to do the Wick rotation in the path integral: it could have been put in
from the start, by adding a small termiεϕ2/2 to the action, thus ensuring that the rotated path
integrand vanishes at infinity.

4.3.3 Almost-stable particles and amputation

We have seen that a good description of stable particles is to consider them as almost-stable
unstable ones. In theS matrix, however, unstable particles never make it tot = +∞, and
we have to take a closer look at what is going on precisely. Let us assume that in some pro-
cess an unstable particle is produced off-shell, with momentump. Having propagated for a
while it must decay, but if the particle is not very unstable this may be quite a distance away.
Diagrammatically, we have

A B }
}

p

{k}

{q}
+ other diagrams, (129)

whereA denotes the connected graphs in the ‘production’ process, andB those in the ‘de-
cay’ process. The{q} and{k} stand for the other particle momenta involved. As indicated,
there may be other diagrams leading to the same final state, but without involving this unsta-
ble particle. Let us denote byA the amplitude (a number) corresponding toA, and byB that
corresponding toB. The cross section, according to the postulated rules, is given by

dσ =
1

2F
|A|2 1

(p2 −m2)2 + k2m2Γtot2
|B|2dV (P ; {q}+ {k}) , (130)

plus other terms that do not contain thep propagator squared. We now multiply by unity in the
form (2π)−4d4p(2π)4δ4 (p− {q}), and we get

dσ =
1

2F
|A|2dV (P − p; {k}) 1

(2π)4

d4p

(p2 −m2)2 + k2m2Γtot2
|B|2dV (p; {q}) , (131)

plus the other terms, which peak less strongly.

Let us now take the limit of almost-stability. The propagator then becomes very sharply
peaked, and we may write

1

(p2 −m2)2 + k2m2Γtot2
∼ π

kmΓtotδ
(
p2 −m2

)
. (132)



The normalization can be simply checked by integration overp2. Putting this in, the expression
for the cross section becomes

dσ ∼ 1

2F
|A|2dV (P ; p+ {k}) 1

Γtot
1

2mk
|B|2dV (p; {q}) , (133)

where we have neglected the non-resonant parts since they cannot contribute in the infinitesi-
mally small part of phase space wherep2 = m2.

The last factor in the above expression is nothing but what we are supposed to be using to
compute thepartial decay widthp→ {q}, including the as yet unknown factork. The result is
exactly what we ought to expect on the basis of probability theory, namely that the probability
to produce an almost-stable particle, followed by its decay into a given final state is the product
of the probability of producing it, times the branching ratio for the particular decay. Since stable
particles are supposed to be decaying infinitely far away, and we cannot see them decaying, we
have to sum over all their possible decay modes.

The resulting rule is attractively simple:external legs corresponding to scalar particles
must be replaced by the factor 1. This ‘cutting off’ of external legs goes by the grisly name
of amputation.

Before we finish this section, the factork has to be cleared up. Since we have decided, on
the basis of the probability interpretation of the cross section, that external scalar legs should be
simply amputated, the same should of course hold for the incoming legs as well, and hence we
should havek = 1.

4.4 Cutting rules

Having established how external particles have to be treated, let us return to the optical theorem.
Denoting the sum of all Feynman diagrams that lead from an initial statej to a final statek by
Dkj, the fact that theS matrix element isSkj = δkj + Dkj leads to the following expression of
unitarity:

Dkj +D∗
jk +

∑
n

DnjD∗
nk = 0 . (134)

If perturbation theory is any good, Eq.(134) should hold term by term in an expansion in powers
of all the coupling constants in the theory. Each such term may consist of many Feynman
diagrams, and we shall argue that Eq.(134) in fact holds for each individual diagram.

To see how this works, consider the following diagram:

This diagram comes from a theory with a single field and interaction potential

V (ϕ) =
1

6
λ3ϕ

3 +
1

24
λ4ϕ

4 , (135)

and is of orderλ3
3λ

2
4. There are a good many other diagrams of the same order, and Eq.(134)

must hold for their sum. Now assign a different label to each line in the diagram, for instance

1

2

3

4 5

6

7

8

9

10



Let every line labelledk now correspond to a fieldϕk. Consider now a theory for 10 different
fieldsϕ1, . . . , ϕ10, with interaction potential

V (ϕ1, . . . , ϕ10) = g1ϕ1ϕ2ϕ3 + g2ϕ2ϕ4ϕ5ϕ6 + g3ϕ3ϕ4ϕ5ϕ7

+g4ϕ6ϕ8ϕ10 + g5ϕ7ϕ9ϕ10 . (136)

It is easy to check29 that for this theory, the contribution to1 → 8 + 9 of orderg1g2g3g4g5

contains precisely this diagram, andonly this one. Assuming this theory to be unitary as well,
we see that Eq.(134) must hold for this diagram individually. What about the summed-over
staten in this case? It is easy to check that it can only be 2+3, or 2+4+5+7, or 3+4+5+6, or 6+7:
every other choice would give the wrong order in the coupling constants. Diagrammatically, we
can denote this by ‘cutting’ the diagram in half along some curve. The four possibilities in this
case are given here:

, , , .

A similar argument can be constructed for every Feynman diagram. The sum overn is
then a sum over all possible cuts that separatej from k. The internal lines that are cut through
are then ‘put on the mass shell’, and we have to sum/integrate over all their quantum numbers
and momenta. Eq.(134), applied to individual diagrams, are called thecutting rules. Two
remarks are in order about our treatment. In the first place, one might have worried about the
symmetry factors, since diagrams with non-identical fields have symmetry factor 1, while the
same diagram has another factor (in this case, 1/2) if the fields are identical. In fact there is
no inconsistency, precisely owing to our prescription for the Bose-Fermi factorSBF in the sum
over states. Secondly, the above is not really a rigorous derivation, since we had to assume the
unitarity of the 10-field theory as well: in fact one usually first proves the cutting rules from
the Feynman rules, and then proves the unitarity ofS from the cutting rules. Here, we merely
aimed at showing the mutual consistency of unitarity and cutting rules.

4.5 Appendix: physical divergencies?

We have seen how a careful treatment of stable particles as almost-stable unstable ones led us to
handle the apparent singularity in their propagators for external lines. But what aboutinternal
lines? That there may actually be singularities inside the physical phase space can be seen from
the following simple model.

Take a model with three scalar particle species:a, b andc. Let us assume that the fol-
lowing decays are physically possible:a → bb andc → ab. This means, of course, that some
(effective-action) vertices of the typeϕaϕ

2
b andϕaϕbϕc exist, and also thatmc > ma > mb; let

us takemb = 0 for simplicity.

Now consider the process

a(p1) + a(p2) → b(p3) + c(p4) ,

29The secret is that all external lines occur in precisely one interaction term, and the internal lines in precisely
two.



where we have indicated the particles’ momenta. One of the diagrams contributing to this
process is

a(p )

a(p )

b(q)

b(p )

c(p )

1

2

3

4

where we have indicated with arrows the direction in which positive energy has to flow in this
diagram. It is matter of simple two-body kinematics to check that the momentumqµ of the
internalb line can become lightlike,q2 = 0, if the total invariant mass squareds is larger than
m4

c/(m
2
c − m2

a): for each such an energy there is precisely one scattering angle (in the CM
frame) for which this happens30. For generic couplings, the amplitudeM and the cross section
will therefore display a real, non-integrable singularityinsidethe physical phase space!

The way out of this conundrum is to realize that if the kinematics are such that the internal
b can be on its mass shell, we have here the decay of thea particle inside a scattering process.
If the non-stability of thea is relevant inside the scattering, then we should of course also keep
track of it for the external lines: an unstable incominga cannot come from infinitely far away,
and its momentum is not fixed atp2

1 = m2
a, but rather has a distribution around this value, with

a width given by thea lifetime. Instead of a pure momentum state for the incominga(p1), we
ought therefore to use a superposition of states with different invariant masses. This ‘smearing’
turns out to be precisely sufficient to dampen the singularity inM, and the cross section turns
out to factorize, in a similar way as above, into a part describing the production of anon-shellb
with momentumqµ in the decay ofa(p1), followed by the collision ofb(q) anda(p2) into c(p4).
The message, again, is: be wary of particles that claim to be stable.

5 Inner life:
particles with spin

So far, we have considered only scalar particles. These are, by definition, characterized by their
momentum only. In the real life of the Standard Model, almost all particles have more structure
than that. Charged particles are described by complex rather than real fields, opening up the
possibility ofantiparticles. The chargedπ is an example, although not an elementary one. Par-
ticles with additional internal spin structure are represented by fields with several components
that get mixed in well-defined ways under Lorentz transformations, and coloured particles have
in addition colour components that are mixed under complex rotations in colour space.

5.1 Dirac fermions

One of the most important types of spinning fields is that of spin-1/2 particles, of which the
electron is the simplest type. We shall not, in these notes, go through the whole construction
of Dirac spinors and their interpretation, but jump nimbly to the Feynman rules that describe
them.

30There is, of course, also the diagram witha(p1) anda(p2) interchanged: that diagram also has the divergence,
but at another scattering angle. We can therefore consider the diagrams separately as long as we only study their
singularity structure.



5.1.1 The Dirac equation and spinors

In his search for a relativistic wave equation that, in contrast to the Klein-Gordon equation (first
put forward by Schr¨odinger), would be of first rather than second order in time, Dirac had to
construct a set of matricesγµ (µ = 0, 1, 2, 3) that obey an anticommutation relation:

γµγν + γνγµ = 2gµν1 , (137)

where1 denotes the unit matrix. The matrixγ0 must be hermitian, and the other three anti-
hermitian. The simplest such set consists of4×4 matrices. Together with the unit matrix, these
form the basis of the Dirac algebra. Each element of this algebra can be written as a sum of
products of variousγ matrices. Especially the total product is important: we use

γ5 ≡ iγ0γ1γ2γ3 ⇒ (γ5)2 = 1 , γ5γµ = −γµγ5 . (138)

The Dirac wave equation for a free electron reads

(i/∂ +m)ψ(x) ≡ (γµ∂µ +m)ψ(x) = 0 , (139)

where we introduced the notation/a = γµaµ for any vectora, so that/a/a = a2. The wave
functionψ has to have 4 components, two of which are interpreted as the two spin states of
the electrone−, and the remaining two are related to the two spin states of thepositrone+.
Multiplying Eq.(139) on the left with(i/∂ −m) we recover the mass-shell conditionp2 = m2

for free particles.

The full consequences of the Dirac equation, such as the proof that indeed it decribes a
spin-1/2 particle with an approximate gyromagnetic ratiog = 2, are not important here. What
we do need are the algebraic conditions for the Fourier modes corresponding to a fixed, on-shell
momentumpµ and a spin pointing in a given direction. The spin direction is described by the
spin vectorsµ, and we require

p2 = m2 , s·p = 0 , s2 = −1 , (140)

so that in the rest frame ofpµ, sµ is just a direction in 3-space. Having these, theDirac spinors
are defined to beu(p, s) for a particle andv(p, s) for an antiparticle, and these are defined by
theirprojection operators31:

u(p, s)ū(p, s) =
1

2
(1 + γ5/s)(/p+m) ,

−v(p, s)v̄(p, s) = −1

2
(1− γ5/s)(/p−m) , (141)

where the Dirac conjugatēu is defined as̄u ≡ u†γ0. The normalization chosen here is our
convention: in many texts,1/2m is preferred to1/2. The two spin states for the particle and the
antiparticle are related bysµ ↔ −sµ. We also have the perhaps more familiar spin sums

∑
s

u(p, s)ū(p, s) = /p+m ,
∑
s

v(p, s)v̄(p, s) = /p−m . (142)

31Strictly speaking these are not projection operators since the nonzero eigenvalue is not 1 but2m: the important
point is that they provide a division of the Dirac space into four separate pieces.



One remark is in order here. For very energetic fermions, the spin vector may blow up. If
both±~s and~p point in the same direction~e in some frame, Eq.(140) gives

pµ = (E, p~e) , sµ = ±
(
p

m
,
E

m
~e
)
∼ ± 1

m
pµ +O

(
m

E

)
, (143)

where the last term holds in the high-energy limit. That this problem is only apparent can be
seen from the projection operator in that case:

u(p, s)ū(p, s) =
(
1± 1

m
γ5/p+O

(
m

E

))
(/p+m)

=
1

2
(1± γ5)/p+O (m) . (144)

The resulting projection operator in the limitm → 0 is that forhelicity states.The divergence
of sµ with energy disappears owing to the Dirac algebra.

5.1.2 Fermion propagators

In the same way that the propagator of a scalar particle is related to the Klein-Gordon equation,
the spin-1/2 Dirac propagator is (the momentum representation of) the Green’s function for the
free Dirac equation. We find the following Feynman rule:

p = i
/p+m

p2 −m2 + iε
. (145)

Note that this propagator isnot even inpµ: the direction in which the momentum flows is
important, and hence we orient the propagator with an arrow and count the momentumalong
the arrow. Notice the occurrence of a nontrival numerator: it tells us that the various spin states
propagate together through space. This becomes even more clear when we write, somewhat
symbolically,

i
/p+m

p2 −m2 + iε
=
i
∑
s
u(p, s)ū(p, s)

p2 −m2 + iε
=
−i∑

s
v(−p, s)v̄(−p, s)
p2 −m2 + iε

, (146)

although this is strictly speaking only correct on the mass shell, to which we shall now move.

5.1.3 Amputation for fermions

The above Feynman rule holds for stable fermions (hence theiε); for unstable fermions, we
again have to insert themΓtot. We can now repeat the arguments that led us to the amputation
formula for scalar particles, with the added complication that the propagator has a matrix struc-
ture. Since a good amplitudeM should have no Dirac indices hanging around, a fermion line
in a diagram ought to have the form̄u(matrices)u or similar. The ordering of the components
of a Feynman diagram becomes important now, and we adopt the usual convention of matrix
multiplication, which means that the fermion lines are written downagainstthe direction of the
arrow.

Let us now assume that a fermion rather than an antifermion is produced and decays
far away, as depicted for a sclar particle in Eq.(129). The amputation argument is completely
analogous, since it relies only on the denominator of the propagators, and we see that the de-
nominator of the fermion propagator is again amputated away, but the numerator is left. The



spinor partu(p) must now be assigned to the decay amplitudeB, while the conjugate spinor
part ū(p) must go with the production amplitudeA. The sum over spins in Eq.(146) is now
justified, and indeed consistent since the spin of the propagating fermion is by assumption not
detected (otherwise it would not be an internal line). A similar argument holds for the case of
an antifermion. The upshot is that we may choose the following Feynman rules for external,
on-shell fermions:
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p → ū(p, s) outgoing fermion ,
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p → v(p, s) outgoing antifermion,
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p → u(p, s) ingoing fermion ,
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p → v̄(p, s) ingoing antifermion , (147)

where the momentum is defined to be physical,i.e. with positive energy32. In our derivation of
the antifermion amputation rules we have neglected the minus sign in front of the factor

∑
vv̄:

not unreasonably, since in the derivation we dealt with the cross section, hence with|M|2 rather
thanM itself. We might have decided to take, say,−v̄ for an incoming antifermion in order to
include this sign, but we prefer to stick to the more usual assigments. But the minus sign rears
its head in other places, as we shall now discuss.

5.1.4 The Fermi minus sign

Let us take a graph in which two fermion lines appear in opposite directions, and let us consider
the cut through these two fermion lines: this is depicted below.
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BA

The cut may also go through other internal lines. The momenta arepµ andqµ, both with positive
energy in the direction going from blobA to blobB (as required by the cutting rules). The two
fermions are not necessarily of the same type and mass. According to our Feynman rules, the
diagrambeforecutting reads

Tr

[
B

/p+m1

p2 −m2
1 + iε

A
−/q +m2

q2 −m2
2 + iε

]
.

The trace over spinorial indices is necessary because bothA andB must have the form of Dirac
matrices (possibly in a complicated combination). The Feynman rules we have extracted for
external fermions, however, tell us to take, for the cut diagram:

Tr [Bu(p)ū(p)Av(q)v̄(q)] = ū(p)Av(q) v̄(q)Bu(p) ,

where we have implied summation over the spins in the spinors. We see that these results are
inconsistent by an overall sign because

∑
v̄(q)v(q) = /q−m2. To repair this (and, hence, repair

32This convention allows us to decide whether we have, say, an outgoing fermion or an incoming antifermion in
our process.



unitarity) we have to include an extra minus sign in the Feynman rules. The most economical
way to do this is by two extra prescriptions.

By the structure of the Dirac spinors, every diagram consist of zero or morefermion lines
connecting an external ‘outgoing spinor’,ū or v̄, with an ‘ingoing spinor’,u or v, and zero or
more fermion lines going in closed loops. All these are connected and dressed up by bosonic
pieces. If we adopt the convention that in every diagram contributing to a certainM theingoing
external fermions, say, are put in a fixed order, the ordering of theoutgoingis unambiguously
given for each diagram, and these orderings may differ between different diagrams. The minus
sign precriptions can now be given as follows:

• Every closed fermion loop gives a factor -1.
• Every interchange of two outgoing external fermion lines (in the above sense) gives a

factor -1.

That the second prescription is also necessary to maintain unitarity can be seen from the fol-
lowing example, where the solid lines without arrows stand for any bosonic particle:

The first diagram must, by the first rule, have a relative minus sign with respect to the second
one when the diagrams are uncut: the second rule is necessary to ensure the same relative minus
sign when the diagrams are cut.

Finally, it is important to observe that the Fermi minus sign holds forall fermions, not
only those that you would naively consider as identical particles, such as two electrons: the two
tree-level diagrams for Moeller scattering,e−e− → e−e−, have a relative minus sign. Indeed,
electron and positron are easily distinguishable (and we have a relative minus sign in the two
tree-level diagrams for Bhabha scattering,e+e− → e+e−), but the minus sign rules also hold
for exotic interchanges such as between the muon neutrino and the top quark (somewhat less
exotically, the two tree-level diagrams fore+e− → νeν̄e also have a relative minus sign). Really,
it depends on the set of interaction vertices whether or not one fermion can replace another in
a Feynman diagram. In QCD for instance, there are no vertices that allow us to interchange a
single up quark and a single down quark, and their relative minus sign is invisible; but if we
take the weak interactions into account, extra diagrams and interchanges becomes possible, and
the signdoesmatter.

5.1.5 Aside: long-distance communication

There is a difference between scalar and non-scalar particles. As we have seen from the ampu-
tation arguments, when a scalar particle is produced and decays very much later, the production
and decay are separated in spacetime to such an extent that the only information going between
them is the momentum of the scalar particle, and for the rest the particle’s decay can be con-
sidered to be independent from its production. Not so for spinning particles: the amputation
for, say, an outgoing fermion gives a factorū(p), which is coupled to a factoru(p) in its sub-
sequent decay: and both spin states of this spinor propagate together from production to decay.
Therefore, more information than just momentum is exchanged between production and decay,
no matter how far they are separated. Moreover, this will hold also for two particles that are
produced in one point and subsequently move very far away from each other before decaying.



5.2 Massive vector bosons

5.2.1 Polarization vectors and the Proca equation

We now turn to yet another particle type with internal structure, corresponding to spin-1. The
best-known such particle is of course the photon, but it is simpler to start withmassivespin-1
particles such as theW andZ. The reason is that for such particles we can define a rest frame.
Apart from their momentumpµ, such particles are decribed by theirpolarization vectorεµ,
which in the rest frame of the particle is nothing but the direction in which the ‘electric’ field
points, hence we have

p2 = m2 , p·ε = 0 , ε·ε∗ = −1 , (148)

wherem is again the mass. Note the similarity between these and Eq.(140). The last equation is
written such that it holds for real as well as complex polarization vectors. In the massive case,
there are 3 linearly independent solutions, correspoding to the fact that a massive spin-1 system
has 3 different values that the spin component in a given direction can take. Real polarization
vectors, such asεµ

1 , correspond to linear polarization, and complex ones, such as(εµ
1 + iεµ

2)/
√

2,
to elliptic or even (as in this case) circular polarization. The sum over spins in the rest frame
must read

3∑
j=1

εµ
j (ε

∗
j)

ν =

{
1 if µ = ν 6= 0
0 otherwise

and therefore the spin sum in any Lorentz frame reads33

3∑
j=1

εµ
j (ε

∗
j)

ν = −gµν +
pµpν

m2
. (149)

The conditions onε can convienently be combined34 in the so-calledProcaequation:

∂ν∂νWµ − ∂ν∂µWν +m2Wµ = 0 , (150)

whereεµ is the coefficient of the mode of theW field with momentump. If we contract Eq.(150)
with ∂µ we obtain∂µWµ = 0, or p·ε = 0, and inserting that again the Eq.(150) gives the Klein-
Gordon equation which takes care of the mass-shell condition for free particles. Note that this
only works ifm 6= 0.

5.2.2 Vector boson propagators and amputations

Just as in the Dirac case, the propagator is related to the Green’s kernel of the field equation. The
Greens kernelR must satisfy the Proca equation with a Dirac delta function on the right-hand
side:

∂ν∂νRµα(x)− ∂ν∂µRνα(x) +m2Rµα(x) = δ(x)gµα , (151)

In momentum representation, we have of courseRµν(p), and the Proca equation reads

−p2Rµν(p) + pµpβRβν(p) +m2Rµν(p) = gµν , (152)

with solution

Rµν(p) =
−gµν + pµpν/m

2

p2 −m2
. (153)

33The expression is correct in the rest frame, and it is Lorentz-invariant.
34The orthogonality ofp andε, ∂ ·W = 0, follows from contracting with∂µ, and the mass-shell condition then

follows by inserting this condition again.



Notice again that this will not wirk form = 0. As usual, for unstable particles a width, and
for stable particles aniε has to be added for reasons of unitarity. The Feynman rule for a stable
spin-1 particle propagator therefore is seen to be

p
µ ν → i

p2 −m2 + iε

(
−gµν +

pµpν

m2

)
=

i
3∑

j=1
εµ

j ε
∗
j
ν

p2 −m2 + iε
. (154)

Again, we recognize the spin-sum in the ‘symbolic’ last expression. The Feynman rules for
external stable spin-1 particles follow again from the amputation argument:

p, ε
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p, ε → ε∗µ , (155)

where the arrow shows the flow of positive energy. The index on the polarization vector has to
be contracted with a corresponding vector index in whatever vertex the external line is attached
to, just as in the Dirac case vertices involving fermions must carry a Dirac index. Since the
propagator isevenin the momentum we do not need to orient the spin-1 lines, nor is there a
minus sign to worry about.

5.3 Massless vector bosons

5.3.1 Longitudinal and transverse polarization

Since the photon, at least, is massless or almost so35, we need to consider them → 0 limit of
the spin-1 case discussed so far. Here, we run into trouble. Consider a massive spin-1 boson
moving along thez axis with momentump and energyE =

√
p2 +m2. By boosting from the

rest frame, we see that the three possible polarization vectors can be chosen as follows:

pµ = (E, 0, 0, p) ,

εµ
1 = (0, 1, 0, 0) ,

εµ
2 = (0, 0, 1, 0) ,

εµ
3 =

(
p

m
, 0, 0,

E

m

)
=

pµ

m
+O

(
m

E

)
. (156)

The vectorsε1 andε2 correspond to the field being at right angles to the velocity, and hence
of course unaffected by the boost. They (and real or complex linear combinations of them) are
called thetransverse polarizatoins. The vectorε3, however, corresponds to the field being in the
direction of motion, and hence by Lorentz contraction becoming more and more intense as the
velocity increases: this is called thelongitudinal polarization. As the velocity approaches that
of light whenm → 0, it blows up. That this is a problem can be seen from the Feynman rule
for external particles: the matrix elementM containsε as an overall factor, soM will blow up
whenε does, and we are bound for unitarity violation, especially whenm = 0. Nevertheless,
the propagators and external lines are (more or less) unambiguously determined.

35The best limit to date is about10−25 GeV.



5.3.2 Unitarity and current conservation

A possible way out of our dilemma is to realize that a theory contains more than propagators
and external lines: there are also interaction vertices. If a particle behaves awfully but has no
interaction with the rest of the cosmos, it is just the same as if it doesn’t exist, and we might as
well ignore it. Let us consider a process where a very light and fast spin-1 particle is emitted.
If it is transversely polarized, we do not particularly worry about unitarity, so let us take it
longitudinally polarized (denoted byL):

p, εL
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= M = Mµ(εL)µ = Mµ
(
pµ

m
+O

(
m

E

))
. (157)

Here, we have writtenMµ for the rest of the diagram (or set of diagrams). We now adopt the
law thatthe vertices in the theory have to be such that in all cases such as this, we have

Mµpµ = 0 . (158)

If we can arrange this, then the longitudinal spin-1 particle decouples whenm → 0: it has no
interaction with anything else in the world, and is effectively absent from the theory. In fact, the
above requirement is well-known. The diagram pieceMµ acts, after all, like a source for the
‘photon’, and (since we work in the momentum representation) it is the Fourier transform of a
spacetime currentJµ. The requirement of Eq.(158) is seen to be

∂µJ
µ = 0 , (159)

which is nothing but conservation of electromagnetic charge in the case of photons.

Another way to arrive at the same result is to consider more closely the statement that
‘the electromagnetic field is transverse’. This is obviously not a Lorentz-invariant statement:
even if the polarization vector happens to be transverse in one frame, a simple boost may make
it non-transverse. In general, a massless spin-1 particle will have momentum and polarization
given by

pµ = (|~p|, ~p) , εµ = (ε0, ~ε) , |~p|ε0 = ~p·~ε. (160)

Now we can split~ε into a longitudinal part~εL and a transverse part~εT :

~ε = ~εL + ~εT , ~εL =
(~p·~ε)~p
|~p|2 = ε0 ~p

|~p| , (161)

so that

εµ = (ε0, ~εL + ~εT ) = (0, ~εT ) +
ε0

|~p|p
µ , (162)

with the same result, namely that the transversality statement is effectively Lorentz-invariant
providedMµpµ = 0.

So far, we have been able to decouple external longitudinally polarized photons, but a
danger lurks yet, since photons may of course also occur as internal lines. To solve this, we
require that condition (158) also holds for off-shell momentakµ. Consider the diagram(s) given
by
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where we have indicated the momentum of the internal massless spin-1 line bykµ. We can
write this, in the almost-massless case, as

M = Mµ
1

i(−gµν + kµkν/m
2)

k2 −m2 + iε
Mν

2 . (163)

We now request that for all such diagrams,

Mµ
1kµ = 0 and Mν

2kν = 0 . (164)

Thisgauge invariancerequirement will allow us to letm go to zero. The condition is too strict
to satisfy for each individual diagram: the best we can arrange is that it holds for the complete
set of diagrams that make upM1 andM2. That, in turn, means that it is extremely dangerous
to leave out diagrams, since delicate cancellations are necessary to satisfy gauge invariance:
forgetting one term can lead to a cross section that is off by many orders of magnitude.

Finally, a word on the connection with Dirac particles. For those, the spin vectorsµ

blows up just likeεµ for longitudinal polarization. It is one of the many small miracles of Dirac
algebra thatu(p, s) remains finite even ifsµ explodes; our insistence on gauge invariance for
spin-1 particles is necessary because no such mechanism is around forεµ.
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Abstract
In theselecturesI try to explainbasicideasbehindtheapplicationsof quantum
chromodynamicsto the descriptionof hardprocessesandindicatethe direc-
tionsof currentactivities.

1 INTRODUCTION

Thesenotesareintendedasa ‘crashcourse’for experimentalparticlephysicistswhodonot intendto do
QCDcalculationsthemselves,but arecuriousto know aboutrecentdevelopmentsand,mostimportantly,
wantto understandwhy — andto whichextent— thecalculationsdoneby theoristshaveanything to do
with theobservedreality. Thequantumchromodynamicsin its presentform is essentiallya “knowhow”
to calculatepropagationand interactionsof coloredobjectsat small distances.On the otherhandin
experimentsonedealswith colorlesshadronsat largedistancesfrom theinteractionpoint; stronginter-
actionbetweenhadronsis known very poorly andit is not known how to derive it from theunderlying
quark-gluoninteraction,apartfrom a few exceptionalcases.Oneshouldwonder, therefore,how the
signaturesof quarkandgluon interactionssurvive throughthe hadronizationstage.The main topic of
this lecturesis to explain thephysicalprinciplesthatlie behindthecalculations;how accuratethetheory
predictionscanbe,andwhatto do if adisagreementbetweentheoryandexperimentis found.

2 INFRARED SAFETY

In thissectionwewill consideranexampleof hadronproductionin ������� annihilation,and,in particular,
its totalcrosssection.In orderto getrid of variouskinematicalfactors,it hasbecomestandardto consider
theratio ���
	���������� ������� � � � � ��� ���! #"%$!&(' �

� � � � � � � ) � ) � �+* (1)

In thec.m. frametheinterestingpartof this processis initiatedby thevirtual photon(or ,.- ) decayinto
a quark-antiquarkpair, seeFig. 1. Thequarkandtheantiquarkarecreatedat onepoint in spaceandfly

Hadrons

quarks
gluons

q  =  E
0 cmγ Z0,

Fig. 1: Hadronproductionin /�0#/#1 -annihilation

in oppositedirectionswith thevelocity of light (if quarkmassesareneglected);thetime of thecreation
canbedeterminedto theaccuracy up to 2436587!9 � becauseof theuncertaintyprinciple. Our approach
in theselectureswill beto take for grantedthatquarkpropagationandinteractionsatsmalldistancesare



describedby thenonabealiangaugetheory— theQCD. In this sectionwe will try to identify a classof
physicalobservablesfor which this incompleteknowledgeprovesto besufficient for theirdescriptionto
acertainaccuracy.

2.1 Unitarity+Analiticity+QCD

Thebasicideabehindall QCDapplicationsis thatalthoughlarge-distancestructureof QCDinteractions
remainsa mysteryandthedynamicsof hadronizationprocessis unknown, it mustobey certaingeneral
rulesin orderto preserve Lorentzinvarianceandcausalityof thetheory.

Oneof thesegeneralprinciplesis theconservationof probability. Considerthetotal crosssection,
summedovercontributionsof all possiblehadronstatesandintegratedoverthehadronmomenta.Thisset
of statesis complete, which meansthat thesumof probabilitiesfor anygiveninitial-stateconfiguration
decayinginto somehadronstateis unity. Thiscompletenessconditionis usuallyformulatedasunitarity
of the ‘ : -matrix’ of the transitionmatrix elementsbetweenthe initial and final statesin a scattering
process,andis postulatedin axiomaticfield theory. Onefamiliar consequenceof unitarity is theoptical
theoremthat relatesthe total crosssectionto the imaginarypart of the forward scatteringamplitude.
Similarly, unitarity allows to calculatethetotal crosssectionof � � � � annihilationastheimaginarypart
of thecorrelationfunctionof two electromagneticcurrents:���
����<;>=@?A�
	 � ����
B

(2)

where C DFE�G �4HJILKNMPORQ S6TVU�W �X � G � U�W �Y � O �
Z Q O![ ��
	 X 	 YA\ 	 ��] XFY �
?A�
	 � � (3)

andU W �X  �4^`_aRb X a6cd�4e _D b X D c *>*>* . Thepremiumis obvioussinceany referenceto aparticularhadronic
stateandthesummationoverstatesdisappearedaltogether!Onemayhopethatthecalculationof

?A�
	 � �
doesnotinvolvesomeof thestronginteractionproblemsbut is it simpleenough,atleastfor largeenergies	 �

?

The answerto this questionis in fact not trivial. First, noticethat althoughusingunitarity is a
greathelpto avoid thequestionhow exactlyhadronsareproducedfrom quarks,westill donotgetrid of
long-distanceinteractions.Indeed,an inspectionof the integral in (3) shows that themaincontribution
to its imaginarypartcomesfrom the integrationregion in coordinatespace

G � 5f7!9 	 � andsince
G � G �- \hgG � this meansthat both time and distancecan be large. Second,the detailedbehavior of the

crosssectionasa function of energy hasto be ratherelaboratein order to reproducethe kinematical
hadronproductionthresholds.Let the photonenergy be closeto an exact multiple of the pion mass:�jik�lnmpo

. Becauseof theenergy conservation, this valueservesasa boundaryfor thepossibility to
produceatmost

l \ 7 , or atmost
l

pionsin thefinal state.Theannihilationcrosssectionhas,therefore,
to exhibit a typical thresholdbehavior with a smallcuspat

�q�� i
. It is ratherclearthatacomplicated

structureof thresholdscorrespondingto theproductionof the whole enormousvariety of hadronsand
hadronresonancescannotbereproducedin perturbativeQCDcalculations.Onemayhopethattheactual
contribution of suchprocessesto thetotal crosssectionis small(at LEP, they correspondto eventswith
very largemultiplicity), but this requiresfurtheranalysis.

Thereexists an elegant way out, however, that allows to avoid both difficulties by going over
to unphysical,imaginaryvaluesof the energy. It can be proven that if the strong interactionsobey
specialrelativity andpreserve causality(andwe stronglyhopethey do!), thenthe correlationfunction?A�
	 � �

mustbeanalyticin thecomplex
	 �

plane,with a cut at real
	 �

stretchingfrom thelowesthadron
thresholdto infinity, seeFig. 2. Thetrick is to usetheCouchytheoremthatallows to calculatethevalue
of ananalyticfunctionat anarbitrarypoint in thecomplex planeprovided its discontinuity(imaginary
part) is known at all singularities. In our case,choosethe integration contourencirclinga (negative)
valueof

	 �
of interest,anddeformthecounterasshown in Fig. 2. Assumingthat the integral over the

largecirclevanishes,oneis left with thedifferenceof integralsabove andbelow therealaxisthatcanbe



unphysical
(imaginary) energy

Im q

Re q

2

2

Fig. 2: Complex r�s planein /F0!/!1 -annihilation

expressedin termsof theimaginarypart
;t=u?v�
�A�	 � ������
���

. In fact,theintegral over thelargecircle
doesnot vanish,andto repairthisonehasto take aderivative over

	 �
(write thedispersionrelationwith

onesubtraction).Theresultpresentsaso-calledduality sumrule:

	 � DD 	 � ?A�
	 � ���	 � w
xzyt{ W�| yV}
~��

D � ���
����
� \ 	 � � � * (4)

The way to readthis formula is the following. Assume
	 �

is large andnegative. The integral on the
r.h.s.involvesaphysicalcrosssection(2) andis measurable.On theotherhand,thecorrelationfunction?A�
	 � �

is now calculablesinceit only involvescontributionsof smalldistancesQ G - Q 5 Q gG Q 5�7!9 \ 	 � .
To seethis explicitly onehasto examinethe structureof the integral in (3). A qualitative explanation
is asfollows. Thewave functionof thequark-antiquarkpair producedvia thevirtual photondecayhas
a typical oscillatingtime dependencefamiliar from quantummechanics��5 � � HJ��� . Negative valuesof	 �

correspondto imaginaryenergies
�f \ C�� and,therefore,thecorrespondingwave functiondecays

exponentiallywith time ��5 ����� � sothatquarkscannot‘propagate’far from theorigin.

All ‘gold-plated’testsof QCDareorganizedby thesamegeneralscheme,relatingobservablecross
sectionsintegratedover largeenergy regions,with quantitiesthatarecalculable(dominatedby contribu-
tionsof smalldistances)at unphysicalvaluesof energy. ThemostimportantexamplesareBjorkenand
Gross-Llewellyn sumrules in deep-inelasticlepton-nucleonscattering,we will considerthemin what
follows. Their derivationrelieson theapplicabilityof QCD at shortdistancescombinedwith usingdis-
persionrelationsthatfollow from the(generallyassumed)unitarity andcausalityof stronginteractions;
thesearethe‘most exact’ QCD predictionsthatthetheorycanprovide uswith atpresent.

2.2 Space-time picture

The strength— andthe shortcoming— of the approachoutlinedabove is that it allows to avoid the
necessityto considerthe space-timeevolution of quark-gluoninteractionsand the strong interaction
processesin general. This is a strongpoint, becauseit allows to make rigorouspredictions,andit is
a weakpoint sincethenumberof suchpredictionsappearsto bevery small. We will try, therefore,to
developaspace-timepictureof quark-gluoninteractionsin thehopethatthenumberof applicationswill
increaseconsiderably.

Theheuristicargumentcanbegivenasfollows. Weassumethatuncalculable— let ussaynonper-
turbative — effectscomeentirely from large distances,whereasthe interactionsat small distancescan
besystematicallytakeninto account.Thispicturetacitly impliesthatthe ������� annihilationproceedsvia
a two-stepprocesswith the ‘short distance’and‘long distance’subprocessesoccuringat differenttime
scales,seeFig. 3. Thecrucialobservationis thatto theextentthatthey occuratdifferenttimescales,the
short-andlong-distanceinteractionscannothave a quantum-mechanicalinterference.Becauseof this
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Fig. 3: Short-distance� andlong-distance� interactionshave no quantuminterference

theprobability for theproductionof a particularhadronstate� canbewritten asa classicalproductof
probabilities ���

0
�
1���� 

���
0
�
1����I�I��

�
�ILI ��� (5)

ratherthanamplitudes.Thetotal crosssectionis thenequalto

� xz}
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� �
0
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1 ��� 

� �
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1 ���I�I �

�
�ILI ��� 

� �
0
�
1 ���I�I B (6)

wherein thelastequalitywe have used �
�
�ILI ���  7 that is againthecompletenesscondition(unitar-

ity), but appliedto long-distanceinteractionsseparately.

Thequantum-mechanicalexpressions(5) and(6) arestill oversimplifiedin oneimportantaspect.
A brute-forcecalculationof the crosssection � � 0

�
1 ���ILI to first order in perturbationtheorybringsan

embarassingresult: infinity. To repairthis,onehasto rememberthattheideabehindwriting (5) and(6)
wasto separatecontributionsof largeandsmalldistances.Thisseparationimpliesthatwe identify some
scale— for exampletime 3 - thatpassedfrom themomentof annihilation— beyondwhichwearegoing
to treatgluon emissionasnonperturbative andinclude in the block labeled‘L’ in Fig. 3. Conversely,
only thepartof thegluon interactionsthatoccurat timeslessthan 3 - have to be includedin block ‘S’
andin whatwe call � � 0

�
1 ���I�I . In practice,usinga time cutoff is inconvenientbecauseit leadsto ugly

integralsandthetheorist’s trick (oneof) is to achieve thesamegoalof cuttingaway thecontribution of
largedistancesby giving asmallmass

mp� 5�7!9V3 - to agluon.Thishelpsindeed,andthestraightforward
calculationyieldsafinite result

� � 0
�
1 ���I�I 

+ +

2

+

 � - 7 c�� ���� ¡ \�¢¤£ & �¦¥mp� c � £ & ¥mp� \¨§� c
¡ �© * (7)

Having solvedoneproblem,werunintoanotherone:thecrosssectionfor thequark-antiquarkproduction
dependson thescaleat which we measureit. However, this is not thewholestory. Calculationof the
total crosssectionimplies that we have to take into accountcontributions of all possiblestatesof the
systemat all timesandat 3  3 - in particular. Thedifferencewith quantummechanicsis that in a field
theorythenumberof particlesis notconservedandin additionto thequark-antiquarkstatesonealsohas
to includemultiparticlecontributionsinvolving extra gluons. To first orderin perturbationtheoryonly
onegluoncanbeproduced.Weget

� � 0
�
1 ���ILI � 

+

2

 � - � ���� ¡ c ¢¤£ & �ª¥mp� \ � £ & ¥mp� c¨«¢ \
¡ �© (8)



andin thesumof bothcontributionsthedependenceon
mp�

luckily goesaway:

�
�
0
�
1xz}
x  � � 0

�
1 ���I�I c �

�
0
�
1 ���ILI �  � - 7 c �� ¡ c¬ � � �   � * (9)

As
mp�

decreases(time 3 - increases)the probability to have a gluon in the final stateincreasesas 5£ & �k®¯�° andthe probability to have a ‘pure’ quark-antiquarkstatedecreasesby the sameamount. The

cancelationin (9) meansthat the total crosssectionof � � � � -annihilationappearsto be not sensitive
to this redistribution and,asa consequence,doesnot dependon the (unknown) detailsof quark-gluon
interactionsat large distances.Anotherway to statethis: usinga gluonmasscorrespondsto anad hoc
modificationof the theoryat large distances;sincethis modificationapparentlydoesnot influencethe
total crosssection,we concludethat the latter is not sensitive to the exact structureof large distance
interactions.

Note that the argumentis general. For a given observable, checkwhetherit is sensitive to the
gluon massif calculatedin perturbationtheory(theoristsspeakof an ‘infrared cutoff ’). If thereis no
dependence(betterto say, thedependenceis mild), onemayhopethatthisobservablewill not bemodi-
fied by any long-distanceinteractions,bothperturbative andnonperturbative. Thepropertyof beingnot
sensitive to the infraredcutoff is called infraredsafetyandthe correspondingobservablesareusually
referredto asinfrared-safe.

Bestaboutthis is thattheexplicit calculationis oftennotneededsinceit is rathereasyto formulate
intuitive criteriafor aninfraredsafequantity. Indeed,long-distanceinteractionsrequirelong time, and,
therefore,canonly proceedbetweenthetwo partons(quarkandgluons)with smallrelative momenta.In
a givenframe,this meansthat thetwo partonseitherhave to have smallmomenta— partonsarecalled
‘soft’ in thiscase— or they havebothto fly in thesamedirection— sothey arecalled‘collinear’. Long-
distanceinteractionsarepossibleonly betweensoft andcollinearpartons. It follows that observables
thatdo not changewhena) oneparticlesplits in two collinearandb) a very soft particleis emitted,are
infrared-safeandhave chanceto be insensitive to nonperturbative effects. This suggeststhat summing
over the stateswith ‘jets’ of nearly collinearparticlesand possiblyaddingcontributions of very soft
particlescanbe a good idea. A famousexampleof an infraredsafecrosssectionis provided by the
energy flow into constrainedangularregions,seeFig. 4. Thetwo-jet crosssectionin ������� -annihilation

M 2 = ( Σ
i

pµ
i )2

E

E2

1

δE  ‘soft’

δ

Fig. 4: Calorimetricjet measurements

canbecalculatedas

� ��± 
�
² � 7 cu³ $!' ��´ � 7 cµ>¶ �� ¡ cµ � �� ¡

� c *>*>* (10)



wherethecoefficients µL· dependon the jet definition. For example,if a jet is definedasa collectionof
particleswithin asolidangle 2 (c.f. Fig. 4), then

� ��± � 2 �j
�
² � 7 cu³ $!' � ´ � 7 \ � ���� ¡ � £ & � 2 c � £ & 2 c ¡

�� c¨«� c *>*>* * (11)

At this orderonly onegluon canbe emittedso that the total crosssectionis equalto the sumof the
two-jetandthethree-jetcrosssections,� x¸}
x  � ��± c �º¹ ± . As 2 � O , moreeventsareidentifiedasthree
jets.Onecanstudypropertiesof individual jetsaswell, for examplethejet invariantmassdistribution is
aninfrared-safequantity.

Note that theexpressionsfor � � 0
�
1 ���I�I in (7) and � � 0

�
1 � � jets in (11) aremathematicallyvery

similar. Thecontributing Feynmandiagramsarepreciselythesameandtheonly difference(apartfrom
usinga differentinfraredcutoff) is thatquarkproductionis interpretedin thelattercaseasthequarkjet
production.Thepossibilityof suchaninterpretationis establishedby theinfraredsafetyof thejet.

In fact thereis a theoremby Kinoshita-Lee-Nauenberg (KLN) thatappliesto theorieswith mass-
lessvector particles(e.g. QED or QCD) and formulatespreciseconditionsunderwhich a given ob-
servable is not affectedby long-distanceinteractions. The requirementis, roughly speaking,that an
observable hasto be sufficiently ‘inclusive’ anddoesnot distinguishbetweenthe statesthat have the
sameenergy. Summingover thestateswith arbitrarymany quarkandgluons(or hadrons)within a jet
presentsanexampleof theKLN sum. UsingtheKLN theorem(in fact,a weaker versionof it) onecan
arguethate.g. thecancelationof thegluonmassdependencein (9) is valid to all ordersof perturbation
theory.

2.3 How things might go wrong

Noticethat theconceptof infraredsafetyapparentlyallows to make morestrongpredictionscompared
to the dispersionapproachoutlined in Sect.2.1. For example,usingthe infraredsafetyargumentwe
areseeminglyallowedto calculatethetotal crosssectionof � � � � annihilationfor each valueof energy,
comparedto thecomplicatedintegral (4) in thedispersionapproach.Thiscomesataprice,however, that
thepredictionis lessrigorous.

Technically, any perturbative calculationis doneby evaluationof Feynmandiagramswhich con-
tain four-dimensionalintegrationsover themomenta(or coordinates)of virtual quanta.Theseintegrals
aretricky becauseof thepolesin thepropagators(sothattheintegrandis singular)andthewholeideaof
theFeynmanmethodis, essentially, to definetheseintegralsby analyticcontinuationfrom theEuclidian
region

G
- �

C�»
. Referringto Fig. 2, thismeansthatany perturbative calculationis in factdoneat imagi-

naryenergies,andthencontinuedanalyticallyto thephysicalcut at
	 ��¼ O , consistentwith our intuition

thatany perturbative calculationis in factdoneatsmalldistances.Thedifferencebetweenthedispersion
sumrulesandtheperturbative calculationsis thattheanalyticcontinuationis performedin theopposite
directions:In thefirst case,thephysicalobservableis continuedfrom thecut to theunphysical(Euclid-
ian) region, while in thesecondcasetheperturbative calculationis continuedfrom theEuclidianto the
physicalregion. Theproblemwith thelatter is thatany (perturbative) calculationis only anapproxima-
tion to theexactresultandsmallerrorscanbeamplifiedby theanalyticcontinuation.A famousexample
is the following: Imaginethe perturbative calculationis missinga correctionof order ½>¾�¿ T \ \ 	 � Z
that is very smallat large \ 	 � andcansafelybeneglectedin thedispersionsumrule (4). Theanalytic
continuationof this tiny correctionto thephysicalregion gives,however, ½>¾�¿ T \ \ 	 � Z �À'�Á & T 	 � Z
that is oscillatingandnot suppressedat all! (From this considerationit alsobecomesclearerhow the
dispersionsumrule actuallyworks: Theoscillationsaresmoothenedby the integrationandaverageto
zero.) It follows that within a perturbative calculationof the total crosssectionwe arenot guaranteed
againsttheexistenceof correctionsthatareout of control. In theliteraturesuchcorrectionsarereferred
to asviolation of duality; they cameto thespotlightrecentlyin connectionwith inclusive B-decays.Up
to now, very little is known aboutthem.



To conclude,theconceptof infraredsafetyis very important,but lessrigorouscomparedto the
dispersionsumrulesconsideredin theSect.2.1. Apart from theabove technicalargument,it is worth-
while to havein mindanotherexampleof theeffect thatcouldbemissingin thisframework. Imaginethat
thereexistsa purelynonperturbative vertex for thetransitionof thevirtual photondirectly into hadrons,
without any quarks/gluonsin the intermediatestage.Sinceno short-distancesubprocessexists,thecal-
culationoutlinedin Eqs.(6)–(9)andall our furtherargumentationdo not apply. Oneshouldexpectthat
suchanexotic nonperturbative contribution to, say, pion pairproductionis very small,of order

L
e

e+

-

π+

π−

5 � �ÃÂ�Ä
Å(Æ (12)

where µ is someconstant.(This is an almostgenericway of writing of a contribution that cannotbe
expandedin powersof the coupling.) In perturbationtheoryemissionof extra particleswould always
yield extrapowersof thecoupling

]   , ��   ] �  9 � � ¡ � . Beyondperturbationtheorythis is not so,andit is
possibleto arguethateachextraparticleratherbringsa factor 7!9 ]   , e.g.

L
e

e+

-
5 7]  6Ç � �ÃÂ�Ä
Å(Æ

B
(13)

etc.Summingupcontributionswith
l

hadronsin thefinal state,for thefull nonperturbative contribution
to thetotal crosssectiononegets

� xz}
x  i � i 5 � � � ÂÈÄ
Å(Æ i 7
� i  * (14)

Under favourablecircumstances,the sumover inversepowersof the couplingmay producean expo-
nentialenhancement

i 7!9 � i  5 � � � ÂÈÉÊÄ
Å(Æ and if µÌË�ÍÎµ then the nonperturbative contribution to the
crosssectionmaybecomeof orderunity! (Notethatthesumis dominatedby final stateswith very large
multiplicity; cf. thediscussionof particlethresholdseffectsin Sect.2.1.)

A possibilityof largenonperturbative correctionsto total crosssectionsat largeenergieshastrig-
geredintensive discussionsin 1989–1994,mainly in connectionwith possiblebaryonnumberviolation
in theelectroweaktheory. Theoutcomeof thisdiscussionis thatsuchprocessesstill remainto bestrongly
suppressed(i.e. µÌË�Ï@µ ) althoughtheexactsuppressionrateis difficult to calculate;in fact it remainsan
openproblem. The situationin QCD is probablysimilar andpurely nonperturbative contributionsare
very small;their very existenceis, however, interestingasit shows limitationsof thestandardapproach.

3 GLUON BREMSSTRAHLUNG

Wehavediscussedgeneralideashow to convert resultsof calculationsin termsof quarksandgluonsinto
predictionsfor hadronobservables.As thenext step,let ushaveamorecloselook at thegluonradiation
in QCD perturbationtheoryandlearnsomeof its basicfeatures.

3.1 Soft and collinear emission

Westartwith asimplecalculation.Imagineavery fastquarkexits theinteractionregionandemitsasoft
gluon at a small angle,seeFig. 5. Let Ð be the quarkmomentumafter the emission,Ð � ¨m �I wherem I is thequarkmass.And let

	
be the gluon momentum.We will assumethat thegluon hasa small

mass
mp�

aswell, sothat
	 � Ñm ��

. Theprobabilityamplitudeof theemissionis givenby theproductof
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Fig. 5: Gluonbremsstrahlung

several factors:thequarkpropagatorto theemissionpoint
C 9 �FÒÐ c Ò 	 \ m I � , theQCD vertex

C ]   b X , the

gluonpolarizationvectorÓÃÔÊÕ×ÖX andthequarkspinora � Ð � :
Ø  \ ]  

ÒÐ c Ò 	 c m I� Ð c 	#� � \ m � I Ç
ÒÓ ÔÙÕ×Ö Ç a

� Ð � 5 \ ]   ¢ Ó Ç Ð¢ Ð 	 c m � � B (15)

whereto arrive at thesecondexpressionI usedthat
�FÒÐ c m I ��Ò Ú a � Ð �� ¢ Ó Ç Ð a

� Ð � becauseof theDirac
equation

�FÒÐ \ m I � a � Ð �Û O andassumedthat
Ò 	�Ü@ÒÐ soit canbeneglected.Next, let

´
betheemission

angleof thegluonrelative to thequarkandtake theframeof referencesuchthat Ð X 8�
�6B O B O B Ð � and	 X ��PÝÞB O B>	 '�Á & ´ B>	 ³ $!' ´ � . Furtherassumingthat
´ Ü 7 , �@ßàm I , ��ßáÝußàmp�

we canexpand

³ $!' ´ Í 7 \ ´>� 9 ¢ B Ð Í �ãâ 7 \ m � I 9 � ¢ � � �Pä×B 	 Í Ýåâ 7 \ m � � 9 � ¢ Ý � �Pä×B
¢ Ð 	æ ¢ ��Ý \¢ Q gÐ QçQ g	 Q�³ $!' ´ Í ��Ý ´è� c m � I� � c

m � �Ý � * (16)

Finally, for aphysical(transverse)gluonpolarization

Ó Ç Ð Í
� '�Á & ´ Í � ´ * (17)

Collectingeverything,we obtainasimplifiedexpressionfor theprobabilityamplitude

Ø 5 7Ý Ç
´´ � c m � I 9 � � c m � � 9 Ý � * (18)

Hereandbelow I neglectnumericalfactors.Theemissionprobability(differentialcrosssection)is given
by theamplitudesquared,integratedover thegluonphasespace:D � 5 Q Ø Q �

D ¹ 	
¢ Ýé5 Q Ø Q �>Ý D Ý ´ D ´ 5

D ÝÝ Ç
´ � D ´ �

´ � c m � I 9 � � c m � � 9 Ý � �
B

(19)

which is thedesiredresult.Notethat thecrosssectionis stronglypeakedat smallangleś 5 m I 9 � or´ 5 mp� 9 Ý dependingon which of the two ratiosis larger; at thesametime the forward crosssection´  O vanishes.Thetotalbremsstrahlungcrosssectionis obtainedby integrating(19)over theemission
angleandover thegluonenergy

mp� Ï Ý Ï � . If
mp��Üàm I , oneobtains

� 5 £ & �mp� £ & �m I * (20)

This regimeis realizedfor heavy quarks,with masseslargerthantheQCD scaleê . For light quarksone
ratherhasto assumethat

mp�ëßÎm I . In this casethedependenceon
m I dropsout andthecrosssection

becomes � 5 £ & � �mp� * (21)

This is preciselythebehavior thatwe observedon severalexamplesin Sect.2. Thetwo logarithmscan
easilybetracedto thebehavior D � 5

D ÝÝ Ç
D ´´ (22)



in the formal large-energy limit
� �íì ,

mp� � O . In this limit, the integratedcrosssectionformally
diverges,with the divergencescomingfrom the region

´ � O , that is emitting a gluon collinear with
the parentquark,and

Ý � O , that is emitting a soft gluon. This provesto be a generalstatement:all
(infrared)divergenciesof amplitudesin perturbationtheoryaredueto emissionof soft or collinearpar-
ticles. Sincethenecessityto introduceaninfraredregulator(here,thegluonmass)hasto beinterpreted
asthe interventionof long-distanceinteractions,this resultis in agreementwith our intuition thatsuch
interactionsareonly possiblebetweensoft or collinearparticles.

In many practicalQCDapplicationsa logarithmof energy canbeconsideredasa largeparameter.
In suchcasesthecalculationcanoftenbesimplifiedby observingthatsuchlogarithms,aswejust found,
comefrom eithersoft or collineargluonemissionandtheapproximationsin (16)–(19)canbeapplied.

3.2 Scale of the coupling

Apart from thetwo logarithmsof energy, theprobabiltyof thegluonemissionin Fig. 5 is proportionalto
thestrongcoupling ��   ] �  9 � � ¡ � , cf. Eq.(15). As we know, theQCDcouplingis scale-dependent,that
is it dependsonthedistanceatwhich it is measured.So,whatis therelevantscalefor thebremstrahlung
process?

Letusconsiderasimilarprocessfor thephotonbremsstrahlungin quantumelectrodynamicswhich
is simpler. Theeffective charge (scale-dependentcoupling)in QED canbedefinedthroughtheinterac-
tion betweentwo veryheavy chargedplates.Goingover from the‘bare’ to thescale-dependentcoupling
correspondsto takinginto accountthevacuumpolarizationby virtual electron-positronpairsthatis given
by multiple insertionsof ‘bubbles’in thephotonpropagatorseeFig. 6a. Thecorrespondingpotentialin

a b

Fig. 6: TheQEDrunningcoupling

momentumspaceis theusualCoulombicinteractionwith theeffective coupling

îå� g	#�� \ � ¡ � � g	#�g	 � * (23)

Using � � g	!� in QED calculationsis, therefore,a compactway to take into accounta certainclassof
Feynmandiagrams— multiple insertionsof fermionbubblesin asinglephotonline.

For thegluon(well, sofarphoton)bremsstrahlung,thequestionaboutthescaleof thecouplingis,
similarly, thequestionof takinginto accountcontributionsof morecomplicateddiagramscorresponding
to vacuumpolarizationand,what is crucial,photonsplitting into theelectron-positronpair in thefinal
stateasshown in Fig. 6b: the two partsof the diagramto the left andto the right of the dashedline
symbolizea productof the initial and the final amplitudesand the phasespaceintegration over the
momentaof the electronandthe positronin the final stateis tacitly assumed.Notice that taking into
accountthecontributionswith photonsplitting into theelectron-positronpair in thefinal statewe are,in
effect, changingthequestion:insteadof photonemission,we are,in effect, consideringtheemissionof
aphotonjet!



The calculationof the amplitudewith the ������� pair in the final stateis very similar to the cal-
culationcarriedout in the previous section,with theonly differencethat thegluon massis substituted
by the invariantmassof the � � � � pair. Sinceelectron-positronpair with different invariantmasscan
beproduced,onehasto integrateover all massses(or photonvirtuality

	 �
, which is thesame).Finally,

usingdispersionrelationsonecanshow that the sumof all suchdiagramscanbe written asa simple
one-photonemissionwith theeffectivecouplingtakenat thescalethatis themaximumpossibleinvariant
massof the � � � � -pair (or photonjet mass,in general).For thedoublelogarithmicregimecorresponding
to thesoft andcollinearphotonemissionthecorrespondingrestrictionis	V� Ï Ý�� ´ ���	V� ï (24)

(to seethis,use(19) andput
m I  O ) where

	 ï
is thephotontransversemomentumwith respectto the

parentquark. We concludethat if thephotonemissionis interpretedasphotonjet emission,and if the
energy is largesothattheapproximationby softandcollinearemissioncanbeapplied,thentherelevant
couplinghasto betakenat thescaleof thephotontransversemomentum.Theresultin QCDis thesame,
althoughthederivationis moresubtle.Thedifficulty is thattherunningcouplingin QCD is not reduced
to theeffectsof vacuumpolarizationinsertionsin thegluonpropagator, but alsoreceivescontributions
of vertex correctionsandthequarkself-energy (in QEDtheseeffectscancelthanksto theWardidentity).

For moresophisticatedreaders,I want to addsomeexplanationof the above statementthat the
scaleof thecouplingis given by themaximumpossibleinvariantmassof the jet. Becauseof unitarity,
theproductof thetwo photonlines(with bubbleinsertions)in thedirectandfinal amplitudesin Fig. 6b
is equalto the imaginarypart of the polarizationoperator

?A�
	 � �
(3), integratedfrom

	 �  O to
	 � 	 ���ð
ñ Í 	 � ï . This integralcanbewrittenasacontourintegral in thecomplex

	 �
planeasshown in Fig. 7a

(cf. Fig.2) andtheintegrationcontourcanbemovedawayfrom theorigin asin Fig.7bwithoutchanging

Re q2

Im q2

q2
max

Re q2

Im q2

q2
max

a b

Fig. 7: Fromtheimaginarypartto thecontourintegral,seetext

thevalueof the integral. As the result,thepolarizationoperatoris now beingintegratedover a cirle of
theradius

	 ���ð
ñ Í 	 � ï
in thecomplex plane.Since

?v�
	 � �
is calculatedin termsof � � Q 	 � Q � (we have not

discussedthis, but it is a commonknowledge),it follows that the bremsstrahlungcrosssectioncanbe
expressedin termsof thecouplingat thescale

	 � ï
, asanticipated.

3.3 Angular ordering

As known from classicalelectrodynamics,radiationfrom a chargedparticle is proportionalto the ac-
celeration— we needto struckthequarkin orderthat it startsto radiategluons.Considerthesimplest
processshown in Fig. 8. A free quark(on mass-shell)getsstruckby a virtual photonwith large mo-
mentum

	
soit (abruptly)changesthedirectionof motion. Gluonscanberadiatedbothfrom theinitial

andthe final state;we have learnt that this emissionis mostly soft andcollinear, so we would expect
to seetwo narrow radiationconesalongthe initial andthefinal quarkdirections.However, whatabout
the interference?Eachamplitudefor the gluon emissionhasthe form (15) andit is easyto show that
the contributionsof the initial andthe final stateradiationhave oppositesigns. Neglectingall masses
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Fig. 8: Gluonemissionfrom theinitial vs. final state

andsummingup contributionsof all gluon polarizations Õ � ÔÙÕòÖX ��ó ÔÙÕ×ÖY 5 \ ] X�Y , we get a very simple
expression

Õ
� ÔÙÕòÖ ÐÐ�ô \ � ÔÙÕòÖ Ð ËÐ Ë ô

�  ¢ ÐºÐ Ë� Ð�ô �
� Ð Ë ô � (25)

so that it is only the interferenceterm that survives! A usefulobservation that hasbecomeknown as
‘angular ordering’ is that the classicalpicture of the emissioncan, nevertherless,be restoredfor the
emissioncrosssection,integratedin somespecialwayover theazimuthalangle.It provesconvenientto
introduceunit vectorsin thedirectionsof theparticipatingmomenta:

l X  Ð XÐ -
B l Ë X  Ð Ë XÐ Ë-

B �Pl · � X  ô Xô -
B

(26)

sothat
l X �� 7 B glÛ�
B Q gl Q �  7 , etc.Thedifferentialcrosssectionis thengivenby

¢ Ð×Ð Ë� Ð�ô �
� Ð Ë ô �
D ¹ ô¢ ô -

 ¢ lnl Ë�Plnl · �
�Pl Ë l · �
D Ý
¢ Ý

D×õ · B (27)

where
D×õ · is theinfinitesimalsolidanglefor thegluonemission.Write

¢ lnl Ë�Plnl · �
�Pl Ë l · �  ¢lnl · c ¢l Ë l · \¢
lnl ·Þc l Ë l · \ lnl Ë�Plnl · �
�Pl Ë l · �

 ¢lnl · \
lnl ·vc l Ë l · \ lnl Ë�Plnl · �
�Pl Ë l · � c ¢l Ë l · \

lnl ·Þc l Ë l · \ lnl Ë�Plnl · �
�Pl Ë l · � * (28)

The threetermsin the first line of this equationcanbe interpretedas, looselyspeaking,the would-be
emissionfrom thefinal andinitial quarksandtheinterference,respectively. In thesecondline we have
regroupedthemin two contributions,with half of the interferenceterm subtractedin eachterm. Now
comesthebasicidea:consideremissionprobabilityintegratedover theazimuthalangleö measuredwith
respectto theparentquarkmomentum,thatis different for thetwo contributionsin (28). Thecalculation
is simple,soI reproduceit in full detailin orderthattheresultdoesnot look asamiracle.

For thefirst termin thesecondline in (28)wechoosethegeometryasshown in Fig. 9 andexpand
thescalarproductsin termsof thecorrespondingangles

l Ë l ·  7 \ � ³ $!' ´�i É i ³ $!' ´ i�iÃ÷ \ '�Á & ´�i É i '�Á & ´ i�iÃ÷ ³ $!' ö �
B lnl ·  7 \ ³ $!' ´ i�iÃ÷ * (29)

Wewill needthefollowing integral � o
-

D ö¢ ¡ 7ø \ù ³ $!' ö  7ú ø � \ù � (30)
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Fig. 9: Theazimuthalintegration

with ø  7 \ ³ $!' ´�i É i ³ $!' ´ i�i ÷ and ù  '�Á & ´�i É i '�Á & ´ i�i ÷ so that
ú ø � \uù �  Q�³ $!' ´Vi É i \ ³ $!' ´ i�i ÷ Q Q l Ë l \ lnl ·�Q . Usingtheseexpressions,we easilyobtain

� o
-

D ö¢ ¡ ¢lnl · \
lnl ·vc l Ë l · \ lnl Ë�Plnl · �
�Pl Ë l · �  ¢lnl · \

lnl · \ lnl Ë c@Q lnl Ë \ lnl ·ûQ�Plnl · � Q lnl Ë \ lnl ·�Q ¢lnl · \ ¢lnl · ´ �Plnl · \ lnl Ë �
 ¢lnl · ´ �Plnl Ë \ lnl · �
B (31)

which is the desiredresult. The effect of the interferenceappearsto be, after azimuthalintegration,
to forbid the gluon radiationat the angleslarger than the anglebetweenthe directionsof the initial
andthe final quark. The situationwith the secondterm in (28) is exactly the same,but the azimuthal
integrationhasto bedonewith respectto the

l Ë -axis.Weconcludethatif, by somereason,theazimuthal
dependenceof theradiationis not important,thecorrectquantum-mechanicalanswercanbereproduced
by the independent(classical)radiationfrom the initial andthe final quark,with the restrictionon the
emissionangle.

This result is very interestingbecauseit suggeststhat undercertainconditionsthe emissionof
gluonsis independentof the ‘history’ of theprocess:whenseveralgluonsareemittedsuccessfully, the
only way how the latterones‘know’ aboutthepreviousemissionsis throughthekinematicalcondition
of theangularordering.A detailedanalysisshows that thecalculationof mutiplegluonemissionusing
angularorderingindeedreproducesthemajorpartof correctionsthatarebeyondthedouble-logarithmic
approximation.

This is thebasisof partonshower models:ü Probabilisticpictureof thesequenceof gluonemissionsü Emissionanglesarestrictly orderedü Used � � ô ï � for eachemissionü Plusa lot of machinery!

Parton shower modelsproved to be very successfulin the descriptionof gluon radiation. They are
usually combinedwith simple hadronizationmodelsand reproducea ratherdetailedstructureof the
final hadronicstate.Becauseof this, they areindispensablefor planningtheexperiments,estimatingthe
backgroundsetc.

3.4 String effect

Up to thispoint,ourdiscussionof gluonradiationwasin factnot specificfor QCD andtheresultsapply
to any theorywith masslessvectorparticles,andQED in particular. ThemajordifferencebetweenQED
andQCD is thata gluon,in differenceto a photon,hasa (color) charge. Thegluonitself is a sourceof



bremstrahlung(andin fact strongerthanthat of a quarkbecausea gluon hasa larger charge) while in
QED thephotonradiationfrom a photonhasto be mediatedby theproductionof anelectron-positron
pairandis small.Experimentally, thisdifferenceis seenmostdirectly throughtheso-calledstringeffect.
Considerthe three-jetevents in ���`��� annihilationand comparethe particle flow in betweenthe jet
directionsin thetwo caseswhenthegluonjet is substitutedby aphotonjet (in thesamekinematics),see
Fig. 10. In thecaseof a gluonjet therewill obviously beadditionalgluonradiationfrom thegluon,and

qq

γ

qq

g

radiation

radiation
enhanced

depleted

Fig. 10: Thegluonemissionin three-jetevents: thequark,antiquarkandphotonjets (left) comparedto thequark,antiquark

andgluonjets(right)

this radiationwill interferequantum-mechanicallywith the radiationfrom quarks. The corresponding
calculationshows that the interferenceis constructive in theangularregion betweenthe quarkandthe
gluon jet, andthe interferenceis destructive betweenthe two quarkjets. As the result,oneexpectsto
have more soft gluons(and thereforepions) in betweenthe quarkand the gluon jet comparedto the
quarkandthephotonjet, andlessgluons(pions)in thedirectionoppositeto thegluonjet (comparedto
thephoton).

In orderto getanideahow thishappens,considerthetoy-modelexampleillustratedin Fig. 11. In
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Fig. 11: Thestringeffect in a toy-model

theleft figurewe have anelectronjet, a positronjet anda ‘photon’ jet madeof a � � � � pair. In theright
figurewe seetwo electronjetsanda ‘gluon’ jet madeof two positrons.Thedifferentialcrosssectionis
givenin thefirst caseby, schematically D � I �ILý 5

D ÝÝ D×õ · � 7 ¢ � (32)

where
� 7 ¢ � standsfor the emissionamplitudefrom the jets 1 and 2 (the numerationis accordingto

Fig. 11),cf. Eq.(27). In thesecondcase,theradiationcrosssectioncanbecalculatedasD � I �I � 5
D ÝÝ D×õ · ¢ � 7 � � c ¢ � ¢ � � \ � 7 ¢ � * (33)

Thefactors2 in thefirst two termsreflectthelarger‘gluon’ chargeandthenegativesignin thethird term
is therebecausethe interactionbetweenthe two electronjets is repulsive. Working out theamplitudes



andusingtheangularorderingcondition(31), it is easyto show that theprobabilityof emissionin the
directionoppositeto the

� � � � � � -pair vanishes.I leave thisexerciseto thereader.

Thestringeffect is indeedobserved,seeFig.12. Notethatfor thegluonjet therearelessparticles.
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Fig. 12: Theinterjethadronflow projectedinto theplaneof a r�þr4ÿ or ròþr�� eventasa functionof theanglebetweenthequarkjet

andthehadron[7].

Historically, the observation of the string effect wasvery important. It hasgiven a crushingblow to
old modelsof independentjet fragmentation(suggestedandworked out by FeynmanandField), and
gave strongevidencesupportingamoremodernpictureof stringfragmentationby theLund group.The
original ideabehindthe string effect wasto explain nonperturbative hadronproductionby breakingof
thecoloredstringconnectingthequarkandtheantiquark(in thispictureemissionof agluoncorresponds
to acuspin thestring).Theexplanationof thestringeffectasdueto quantuminterferencewasinvented
only later.

4 FACTORIZATION

All ourdiscussionup to thispoint assumedthathadronproduction(andall long-distanceeffects)canbe
dispensedoff usingacompletenesscondition(unitarity). Roughlyspeaking,theideais thatalthoughwe
donotknow how thequarksbecomehadrons,wedoknow thatthisalwayshappens.Thereexistsamore
strongversionof this statementwhich is sometimescalleda ‘local parton-hadronduality’ (LPHD): the
momentumdistributionsof hadronsmoreor lessfollow thatof thequarksandgluons. The theoretical



statusof LPHD is unclear.

In this sectionwe will discussan even broaderclassof reactionsfor which the long-distance
effectsdo not cancel— andour previous argumentationdoesnot apply — but one is able to isolate
(factorize)their effect in certainphenomenologicalfunctions,of which thecelebratedquarkandgluon
partondistributionsin thenucleonprovide theprimeexample.

The driving principle of factorizationis the separationof scales:for a given observablethat in-
volvesa ‘hard’ scale¥ onetriesto inventa representationasa product(convolution, in general)of two
(or more)functionsthattake into accounttheeffectsof smallandlargedistances,respectively. Schemat-
ically onecanwrite

Physicalquantity
� ¥ �ºB hadronmomenta

�¤ �¤� ¥ � B partonmomentaQ ô Q ¼ ) �������
partonmomentaQ ô Q#Ï ) B hadronmomenta

� * (34)

The ‘hard’ function
�

describesthe evolution of the systemat small distancesand doesnot ‘know’
abouthadrons,while the ‘soft’ function

�
standsfor thepartontransitionto hadrons.By construction,�

only involves partonswith momentalessthanthe factorizationscale) anddoesnot dependon ¥ .
‘Factorization’meansexactly this: thedependenceon thehardscale¥ is isolated(factorized)from the
dependenceonsoft (hadronic)momentaat thecostof introducinganauxilaryseparationscale.

Beforegoingover to QCD, let usillustratethis ideaona simpleexample.Define

�×� ¥ � B�m � �¤ ¥ �
¶
-
D>G G � 7 \ G �G � ¥ � c � 7 \ G �Pm � * (35)

I amgoingto usethetechniqueof factorizationto calculatethis integral in thelimit ¥ � ßhm �
. To this

end,definetheseparationscale mÎÜ ) Ü ¥ (36)

andsplit theintegral in two parts

�ò� ¥ � B�m � �� ¥ �
¶
X Ä ®

DèG G � 7 \ G �G � ¥ � c � 7 \ G �Pm � c ¥ �
X Ä ®
-

DèG G � 7 \ G �G � ¥ � c � 7 \ G �Pm � * (37)

In thefirst integral wecansafelyput
m � � O afterwhich theintegral becomestrivial andwe obtain

� ¶ � ¥ �!B ) �º�¤
¶
X Ä ®

D>G � 7 \ G �G  £ & ¥ ) \ 7¤* (38)

In thesecondintegral in orderto avoid thesingularityat
G � O onehasto keep

m �
finite, but still can

simplify theintegral replacing7 \ G � 7 . Theresultis

� � � ) � B�m � �� ¥ � X Ä ®
-

D>G GG � ¥ � c m �  £ &
)m cu¬ �Pm 9 ) � * (39)

Collectingthebothpieces,we obtainthefinal result

�×� ¥ � B�m � ���� ¶ � ¥ � B ) � � c � � � ) � B�m � �¤ £ & ¥m \ 7 (40)

up to correctionsthatfall down aspowersof
m 9 ¥ .

With someimaginationonecaninterpret
G

asa gluonmomentumfraction(in termsof ¥ ) sothat� ¶ � ¥ � B ) � � is thehard‘coefficient function’ in thesenseof Eq. (34) and
� � � ) � B�m � � is thesoft ‘parton

distribution’. In our exampleboth functionsare, of course,calculable. In QCD, we would say that� ¶ 5 �
is calculablesinceit comesfrom largemomenta,while

� � 5 �
is not accessiblein perturbation



theoryandhasto beconsideredasa phenomenologicalinput (or calculatedusingsomenonperturbative
method).Noticethatsincethedependenceon thescaleseparationparameter) mustcancelin thesum,
thescaledependenceof

� � 5 �
is calculableasit hasto coincide(with theoppositesign)with thatof

thecoefficient function.

Whatdowe achieve if factorizationis possible?ü The ¥ � dependenceof theobservableis calculablesinceit comesentirelyfrom thehardcoefficient
function,cf. theabove example.ü It usuallyhappenssothatthesamesoft functions

�
enterdifferentphysicalprocesses;in thiscase

onecanuseoneof themin order to extract the function
�

from experimentand later useit in
otherprocesses.This propertyis sometimesreferredto as‘universality’. E.g. quarkandgluon
partondistributions areuniversalin the sensethat they appearin the QCD descriptionof many
hardreactions.ü As we have seenon our simplisticexamplealready, factorizationbringsin considerabletechnical
advantages.A very importantobservation is that in orderto conserve dimensions,thecoefficient
function

��� ¥ � B ) � � mustdepend,in fact,onthesingledimensionlessratio ¥ � 9 ) � , i.e.
��� ¥ � B ) � �
	�¤� ¥ � 9 ) � � . This meansthatin orderto learnaboutthe ¥ � dependenceit is enoughto studythe )

dependence.This is in many casessimplerbecausethescaleseparationcanbedonein away that
is convenientfor thecalculation(e.g. usedimensionalregularization).Lastbut not least,onecan
usethepowerful machineryof therenormalizationgroup.

4.1 Deep inelastic scattering and parton sum rules

A canonicalexampleof factorizationin QCDis providedby thedeepinelasticlepton-nucleonscattering
(DIS), seeFig. 13. The quantity of interestis the total crosssection,measuredas a function of the
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�
�

E

γ*
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Fig. 13: Thedeepinelasticlepton-nucleonscattering

leptonenergy andthe scatteringangle. The part of the amplitudeinvolving the leptonscaneasilybe
calculatedanddispensedoff. Oneis left with acrosssectionof virtual photonscatteringfrom anucleon
which is parametrizedin termsof the two structurefunctions(for unpolarizedtargets) � ¶ � G� B ¥ � � and� � � G� B ¥ � � , where ¥ �  \ 	 � is thephotonvirtuality and

G�  ¥ � 9 � ¢ Ð 	#� is theBjorkenvariable;Ð is
thenucleonmomentum.

As thefirst step,we make useof thecompletenesscondition(unitarity) thatallows to rewrite the
total crosssectionasimaginarypartof theforwardComptonscatteringamplitude,schematically

final states

γ*

�


Im

p p

q q

B
(41)



wheretheformaldefinitionof theComptonamplitudein ther.h.s.is

S X�Y � Ð B>	��j C D E G � HJI�K M�� � Ð � Q S6TVU W �X � G � U W �Y � O �
Z Q � � Ð � [ B (42)

cf. (2) andour discussionof the � � � � annihilation.In differenceto thelattercase,thevirtuality of the
photonis now negative

	 �  \ ¥ � Ï O but this doesnot make life easiersincethe invariantenergy�å¨� Ð c 	#� � Í ¢ Ð 	 \ ¥ � ¼ O is positive. As theresult,the forwardComptonamplitude(42) at large¥ � still containscontributionsof largedistancesandcannotbeevaluateddirectly.

Thesecondstepis, therefore,to make useof theanalyticpropertiesof theComptonamplitudein
thecomplex energy plane.It provesto beconvenientto introducethevariableÝu ¢ Ð 	 9 ¥ �  7 c � 9 ¥ � B �A�� Ð c 	#� � B (43)

whichis nothingbut theinvariantenergy in unitsof ¥ � . Theanalyticstructureof theComptonamplitude
in thecomplex

Ý
planeis shown in Fig. 14. It hastwo cutsalongtherealaxisstretchingfrom

Ý��� 7
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Fig. 14: Analytic structureof theComptonamplitude

to infinity. Thecut for positive
Ý

correspondsto thephysicalregion of thedeepinelasticscatteringand
thecorrespondingdiscontinuitydeterminestheDIS crosssection.Thecut for negative

Ý
correspondsto

thephysicalregion of theso-called‘u-channel’processwith the ingoingandtheoutgoingphotonlines
in the r.h.s. of Eq. (41) interchanged.Using the integrationcontourshown in Fig. 14 we cancalculate
theComptonamplitudeS �PÝÞB ¥ � � at Q Ý Q#Ï 7 as

S �PÝÞB ¥ �º�¤ w¶
D Ý ËÝ Ë \ Ý�� �PÝÞB ¥ �º� c contribution of theu-channelcut (44)

where� �PÝÞ��<;>= S �PÝÞ� is theDIS crosssection(structurefunction),cf. Eq.(4). (In thepresentcasewe
do not needto take thederivative sinceit canbearguedthat the integral over thelargecircle vanishes.)
The contribution of the ‘u-channel’ processis a nuisancesinceit correspondsto a different physical
processthat is not measuredin DIS experiments.Luckily enough,it canbedispensedoff usingtheso-
calledcrossingsymmetryof theComptonamplitude:S �PÝ c C Ú4B ¥ � �¤ S � \ Ý \ C Ú4� ; astheresultof this
symmetrytheeffect of thecrossingchannelin thedispersionrelationis, roughlyspeaking,to guarantee
that S �PÝÞ� is anevenfunctionandto give a factorof 2.

Note that the choice
Ý�Ü 7 correspondsaccordingto (43) to a large andnegative c.m. energy

squared
� 5 \ ¥ � and,therefore,to anunphysicallarge imaginaryenergy in thephoton-nucleoncolli-

sion. A particularlyusefulform of Eq. (44) is obtainedby theTailor expansionof bothsidesin powers
of
Ý

: S �PÝÞB ¥ � �� wi�� -
Ý i S iR� ¥ � ��B 7Ý Ë \ Ý  7Ý Ë wi�� -

ÝÝ Ë
i
* (45)



To beprecise,only evenvaluesof
l

areallowedin thefirst expansionbecauseof thecrossingsymmetry.
Comparingthecoefficientswith thesamepowersof

Ý
onbothsidesandintroducingtheBjorkenvariableG   7!9 Ý we obtain(for even

l
)

S i�� ¥ � �� w¶
D Ý ËÝ Ë i � ¶ � �PÝ Ë B ¥ � �
	 ¶

-
DèG�ëG i � ¶ � � G� B ¥ � � * (46)

Eq. (46) statesthat(even)momentsof theDIS structurefunctionaregivenby thecoefficients S i in the
expansionof theforwardComptonamplitudein theunphysicalregion

Ý � O .
Similar to whathappensfor thepolarizationoperator(3), largeimaginaryenergy translatesto the

requirementthat the space-timepointswherethe initial andthe final statephotongetscoupledto the
hadronic(quarkandgluon) systemarecloseto eachother: The integral in (42) is dominatedby the
region Q G Q 5 7!9 ¥ . Thedifferencewith the � � � � annihilationis, however, that theprocesshappensto
occurinsideanucleon.For thepolarizationoperator, all quarksandgluonsproducedby theinitial photon
have to beannihilatedat a smalldistance.Therefore,they cannotgetout of thesmallspace-timeregion
of thesizeof theorderof 7!9 Q 	 Q . In deepinelasticscattering,thevirtual photoncollideswith thequarks
thatalreadyexist in theprotonandtheir wave functionhada long time to develop. As a consequence,
theprocessis not ‘confined’ (kinematically)to smalldistances.

A typical contribution to theforwardComptonamplitudelooksasshown in Fig. 15a. While the
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Fig. 15: Theshort-distance(operatorproduct)expansion

distancebetweenthe two electromagneticcurrentattachmentsis small, Q G Q 5 7!9 ¥ , the quarkcoordi-
nates� ¶ , � � arenot restrictedandcanbearbitrarily large. It canbeshown (this is easybut requiressome
writing) thattheexpansionat small

Ý
in Eq. (45), (46) correspondsto theexpansionof theamplitudein

coordinatespacein powersof
G

, theseparationbetweenthecurrents.Theresultis presentedschemati-
cally in Fig. 15b. Thedifficulty is thateachloopcorrectiontypically bringsin a factor £ & G � Ð � , whereÐ �
is thequarkvirtuality sothatfor realquarkstheresultdiverges,signallinginterventionof largedistances.
Theamplitudeis, therefore,not infrared-safe.

Thewayout is givenby factorization.We introducethescaleseparationparameterQ Ð Q Ü ) Ü ¥
anddivide thecontribution of any givenFeynmandiagramin two parts,correspondingto shortandlong
distances.The shortdistancepart (the coefficient function) contains,by construction,contributionsof
energeticgluonswith momentaQ ô Q ¼ ) 1. It canbe interpretedasthe

l
-th momentof thecrosssection

of a virtual photonscatteringoff a quarkwith virtuality Ð �  ) � . The contribution of long distances
correspondingto small loop momentaQ ô Q�Ï ) canformally be written asthe nucleonmatrix element
of a certainlocal operatorbuilt of quarkfields andtheir derivatives; it containsthe informationabout
the quark/gluonwave function of the nucleonthat cannotbe obtainedin QCD perturbationtheory. In
technicalterms,theideais to write eachlogarithm £ & G � Ð � asasumof two: £ & G � Ð �  £ & G � ) � c £ & Ð � 9 ) �

1To beprecise,onehasfirst to rotatetheintegrationcontourover thegluonmomentumto theEuclidianspaceandonly then
imposethecutoff.



andthenreplacethesecondlogarithmby anonperturbative parameter, in full analogywith thesimplistic
exampleat thebeginningof thisSection.

As alreadydiscussed,the main premiumof the factorizationis that oneis ableto calculatethe
dependenceof thecrosssectionon ¥ � . In a few casesit happens,however, that therelevantnonpertur-
bative parametersareknown exactly asthey aregiven by matrix elementsof conserved currents.For
example,thenumberof quarksminusthenumberof antiquarksin thenucleonis a constantthatcannot
bechangedby any long-distanceinteractions(e.g.becausequarksandantiquarksareproducedin pairs).
Theseexceptionalcasesgive rize to theso-calledpartonsumrulesthatareamongthegold-platedQCD
tests.Becauseof thesolid theoreticalbackground,DIS sumrulesareideallysuited(in principle,at least)
to extractthesinglefundamentalparameterof QCD— thestrongcouplingconstant.

Oneexampleis providedby theBjorken sumrule for thepolarizeddeepinelasticscatteringthat
relatesthe integral of the differencebetweenthe structurefunctions

] ¶ � G� B ¥ � � of the protonandthe
neutronto theaxialnucleoncharge

]��
thatis known from theneutron� -decay:¶

-
D>G� ]�� � i¶ � G� B ¥ � �¤ 7© Q ]�� Q 7 \ �  ¡ \ � * « ² �  ¡

� \¢ O * ¢!¢ �  ¡ ¹ c *>*>* B (47)

where ��   ��  � ¥ � . The perturbative seriescorrespondsto the coefficient function and Q ]�� Q is the
nucleonmatrixelementof theaxial current.Theexperimentalvaluefor theBjorkenintegral in thel.h.s.
is O *ç7 § © � O * O!O � � O * O!O § [8] at ¥ �  « GeV

�
. It comparesvery well with the theoreticalcalculation

usingtheworld averagefor ��  , cf. thecompilationin Fig. 16.

Another importantexampleis provided by the Gross–Llewellyn Smith sumrule that relatesthe
integral of the sumof the structurefunctions ��¹ � G� B ¥ � � for neutrino-protonandantineutrino-proton
scatteringto thenumberof valencequarks(three)in theproton:¶

-
DèG� � Y � � �Y �¹ � G� B ¥ �º�¤ � 7 \ �� ¡ \ � * « ² �� ¡

� \ 7 ² * � § �� ¡ ¹ c *>*>* * (48)

Measurementof theGLSintegralcanbeusedto extractthevalueof ��  . Ratheraccuratedataexist at the
relative low ¥ � 5 �

GeV
�

[9]. Splitting themin six ¥ � -binsandmakingtheglobal fit, CCFR/NuTev
extract thevalueof thestrongcouplingat thescaleof the , -bosonmass: �   �"!$#j�� O *ç7!7 � � O * O!O « �O * O!O ² � O * O!O « wherethe first error is statistical,the secondis due to the systematicsand the third
correspondsto thetheoreticaluncertaintyof thehighertwist effects.

A recentcompilationof the ��  measurements[10] is shown in Fig. 16,wherethesecondandthe
third entryfromabovecorrespondto theBjorkenandtheGLSsumrules,respectively. It attractsattention
thattheaccuracy of thesedeterminationsis notbetterthantheothers,in particularthedeterminationfrom
the

»
-leptonhadronicdecays(in thefourth line) seeminglyhasamuchsmallererror.2

Thereasonfor this is that in practiceonehasto keepbalancebetweenthe theoreticalrigour and
theexperimental(andcalculational)possibilities.Onenotoriousproblemwith theDIS sumrulesis that
they requireto take the integral over thewhole

G�
range,andin practicethis meansthatexperimental

datahave to be extrapolatedboth to
G� � O and

G� � 7 . The otherproblemis that althoughthe
structureof nonperturbative powersuppressedcorrections7!9 ¥ � to theDIS sumrulesis well understood
(wewill discusssuchcorrectionsin thelastSection),thesecorrectionsappearto beratherlargeandupto
now thereexist only crudeestimatesof them. In contrastto this, theknownnonperturbative corrections
to
»

-decaysaresmallandtheexperimentalsituationis easier, hencethesmallererror.
2I havenotime to discussthe % -decaysin theseLectures.Thefollowing remarksaregeneralandapplyto any & Æ extraction

thatis usingperturbative factorization(aspace-timepicturediscussedin Sec.2.2)asopposedto theoperatorproductexpansion
anddispersionrelations.
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It hasto bestressed,however, that the ��� determinationsfrom � -decayscouldbeaffectedby the
effectsof duality violation in a way that thepresenttheorycannotpredict.A very goodagreementwith
theworld averagehasto be interpretedasanexperimentalverificationof thehigh accuracy of duality.
In other words, if the ��� extractedfrom � decaysappearedto be very much off comparedto other
measurements,this would be interpretedasviolation of duality (andno onewould be surprised).At
thesametime, if the ��� extractedfrom DIS sumrulesappearedto bein appalingcontradictionwith the
otherdata,this would createa seriousproblem. By sayingthat, I do not want to discreditmostof the� � measurementsin Fig. 16,but ratheremphasizethatonehasto beawareof theexisting problemsand
keepanopeneye.

4.2 The parton model

Thederivation of partonsumrulesusestheanalyticpropertiesof theComptonscatteringamplitudein
anessentialway: goingover to imaginaryenergies(����� ) is crucial to ensurethat theintegral in (42)
is dominatedby shortdistances� ������� . Theprice to pay is that the informationaboutthespace-time
developmentof theDIS processis lost: in Euclidianspace,particlesdonot ‘propagate’,they just ‘occur’.
The actualspace-timepictureof the deep-inelasticscatteringdependson the frameof reference.This
picturebecomesparticularlyintuitive if theframeof referenceis chosensuchthatthenucleonhasalarge
energy, thereasonbeingthatin suchacaseit canbedescribedasasuperpositionof Fockstatesin terms
of quarksandgluons. We cannotcalculatethe structureof thesestatesbut assumethat interactionsof
‘free’ partonsaregivenby theQCD perturbationtheory.

Considerthe ��� scatteringin thec.m. frame,Fig.17. At largeenergies,thenucleongetscontracted

e

p

Fig. 17: The ��� scatteringin thec.m. frame

in thelongitudinaldirectionandtheinteractionsbetweenthepartonsinsidethenucleongetsloweddown.
As the result,the lifetime of any virtual partonstateis lengthenedandthe time it takestheelectronto
traversethe hadronis shortened.Thesesimple consequencesof the specialrelativity have profound
implications:�

Sincethepartonshave no time to interact,eachof themcanbeconsideredas‘free’ and,in partic-
ular, having afixedmomentumfraction‘ � ’ of theproton.�
If the momentumtransferis high, the virtual photonis ‘heavy’ andcannottravel far. Thusthe
electronwill beableto interactwith asinglepartononly, unlessthepartondensityis very large.�
Final stateinteractionsoccurat time scalestoo long to interferewith thehardphotonscattering.
Thescatteringbecomesclassicalandincoherentandmaybecomputedby combiningprobabilities
ratherthanamplitides.For thetotal crosssection,thefinal stateinteractionscanbedispensedoff
usingthecompletenesscondition.

Theoverall picturethatarisesin this way hasbecomeknown astheQCD partonmodel. In theparton
model,thedeepinelasticcrosssectionis givenby theconvolution

������� ��� ��¡£¢¥¤ ¦
§
¨
© ªª¬« ¦� � � ª ¢ ��� ¦ � ��® ª � �¯¡£¢°� (49)



where�±¤²�´³ , thesummationgoesoverall sortsof partons(quarks,antiquarksandgluons),� � ¦ �¶µ � � ¡ ¢
is the deepinelasticcrosssectionof the electronscatteringfrom a (free) parton� that carriesthe mo-
mentumfraction µ , and « ¦· � � ª ¢ is theprobabilitydistribution to find theparton� in thenucleonwith the
momentumfraction

ª
. In QCD,thecrosssection� � ¦ �¶µ � � ¡ ¢ is infrareddivergentbecauseof theemission

of collineargluons. Interpretationof this divergenceis ratherobvious sincecollineargluonsrequirea
long time for their emissionandhave to beincluded,therefore,in thewave functionof theinitial parton
statealiasthepartondistribution function « ¦� � � ª ¢ . In orderto decidewhich gluonis hardandwhich is
soft, oneis forcedto introducetheseparationscalȩ so thatboththehardcrosssectionandtheparton
distribution arescale-dependent.Thescale-dependencecanbecalculatedin perturbationtheoryandis
governedby the celebratedDokshitzer-Gribov-Lipatov-Altarelli -Parisi evolution equationsthat canbe
foundin any QCD textbook.

In orderto make theconnectionwith theoperatorproductexpansionin thepreviousSectionone
hasto take moments.Eq.(49) becomes§

¹
© �¯��º¼» § � ��� � ��� � ¡ ¢½¤ ¦

§
¹
© µ¾µ º¼» § � � ¦ �¶µ � � ¡ ¢ ¿

§
¹
© ªÀª º¼» § « ¦� � � ª ¢ (50)

so that momentsof the hardcrosssectionandthe partondistribution canbe identifiedwith the coeffi-
cientfunctionsandthematrix elementsof local operators.Noticethat thedispersionrelationtechnique
combinedwith theoperatorproductexpansionpredictsmomentsof thedeepinelasticstructurefunction,
while thepartonmodelallows oneto calculatethestructurefunctionsthemselves,in preciseanalogyto
theanalysisof thetotal crosssectionin �ÂÁ�� » annihilation.Althoughthetwo proceduresareequivalent
from the practical(calculational)point of view, the partonmodelpredictionsarenot protectedagainst
possibleduality violation effects,seeSect.2.3. Technicallyspeaking,thedifferenceis againin thedi-
rectionin which the analyticcontinuationis performed:The predictionsfor the momentsof structure
functionsarebasedon the analyticalcontinuationof the physicalcrosssectionto the unphysicalEu-
clidian region, wherethey arematchedto the operatorproductexpansionof the Ã -productof the two
electromagneticcurrentsat small distances.The partonmodelpredictionsfor the structurefunctions
themselvesareobtainedby the analyticcontinuationof the calculationsat small distances(in the un-
physicaldomain���Ä� ) to thephysicalcut. An interestingdetail: whereasthecrossingsymmetrywas
crucialin orderthatthedispersionrelationswork, it playsnorôle in thepartonmodelargumentation.

Thepower of thepartonmodelis that it extendsbeyond thedeepinelasticscatteringandcanbe
appliedto a broadvarietyof reactions.In particular, we canreplacetheelectronin Fig. 17 by another
nucleon,andconsidertheprocessin which two partonsbelongingto the colliding nucleonsannihilate
and producea ¸ Á ¸ » pair with a large invariant mass � ¡ , seeFig. 18. This is called the Drell-Yan

ÅÅ A

B µ

µ+

-

Fig. 18: ThedeepinelasticscatteringandDrell-Yanpair productionin thepartonmodel

process,andthecorrespondingcrosssectioncanbecalculatedas© �© � ¡ © ª ¤ ¦
§

¨ÇÆ
©Èª�Éª�É

§
¨£Ê
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where
ª

is therapidityof themuonpair, � É ¤��·Ô � ¡ ®ÇÕ , � É ¤�� » Ô � ¡ ®ÇÕ and Õ is thetotalenergy.

The crucial statementof the partonmodel is that the partondistributions « ¦· � � ��¢ areuniversal
andarethesamein DIS andtheDrell-Yanproduction.This universalityis a directconsequenceof the
Lorentzcontraction.Indeed,without theLorentzcontraction,partonsbelongingto thecolliding hadrons
wouldoverlapafinite timebeforethehardscattering,andtheinitial-stateinteractionswouldmodify their
distributions. What I want to demonstratenow is that theLorentzcontractionis not at all ‘selfobvious’
in a gaugefield theory!3

To startwith, considera classicalscalarfield producedby a heavy chargedparticlelocatedat the
origin: Ö ×ÙØ ��Ú�¾¢¥¤ �� Ú�¯�¶Û (52)

Thesamefield in a framewherethechargedparticleis moving at thevelocity ÜÞÝ alongthethird axis is
givenby Öàß×ÙØ � � ß ¢½¤ �á � ¡ âäã±å ¡ � ÜæÝèç ß¼é � ßê ¢ ¡ìë §  ¡ � (53)

whereå ¤ �Íí é Ü ¡ ¢ » §  ¡ïî í . For anobserver in theprimedsystem,thefield is concentratedin anarrow
strip in thedirectionof motion: � ÜÞÝðç ß é � ßê ��ñ í ® å andhasa finite tranverseextension.In otherwords,
thefield is indeedLorentz-contracted.Thismeansthatif suchascalarparticleis approachedby another
oneatnearlythespeedof light, they affecteachotherduringaveryshortperiodof time,justassupposed
in thepartonmodel.

Let usmake thesameexercisewith thevectorfield (e.g. like in classicalelectrodynamics).The
field potentialin therestframeof thechargelooksvery similar

ò Ï×ÙØ ��Ú�¾¢½¤ �� Ú��� ó
Ï ¹ � (54)

apartfrom thefact that it presentsa time-like componentof a four-vectorratherthana scalar. Because
of this, thefield of themoving chargelooks,however, very differently:

ò ß×ÙØ ¹ � � ß ¢�¤ � åá � ¡ âôãõå ¡ � ÜÞÝðç ß°é � ßê ¢ ¡öë §  ¡ �ò ß×ÙØ
ê
� � ß ¢�¤

é ��Ü åá � ¡ âôãõå ¡ � ÜÞÝðç ß°é � ßê ¢ ¡öë §  ¡ �ò ß×ÙØ â � � ß ¢�¤ � Û (55)

For large å , the field componentsin the zeroandthe third directionhave finite extensionandarenot
contractedat all! Thesituationis savedby theobservation that theforceexperiencedby thetestcharge
in theprimedframeis in factproportionalto thefield strengthratherthanthevectorpotentialitself. If
we look at the field strengthtransformationsratherthanthoseof the vectorpotential,we find a much
bettersituation.Theelectricfield in thedirectionof motion,for instance,is givenfor themoving charge
by ÷ ß×ÙØ

ê
� � ß ¢½¤

é � å � ÜÞÝðç ß é � ßê ¢á � ¡ âäãõå ¡ � ÜæÝèç ß°é � ßê ¢ ¡öë
ê  ¡ � (56)

which shows a å » ¡ falloff. Anotherway to understandwhatactuallyhappensis to noticethat,as å �ø , the vectorpotentialapproachesthe total derivative
ò Ï � � ß ¢ùñú�Âû Ïýü þ � ÜæÝèç ß é � ßê ¢ so that it canbe

eliminatedby asuitablegaugetransformation.

Weconcludethatfactorizationin agaugetheorylike QCDis anontrivial issue.Thepartonmodel
picture of the interactionis valid, at best, in a certaingauge(if we suceedto find one suchthat the

3Thefollowing exampleis takenfrom thebook[1].



potentialis Lorentzcontracted).Sincethegaugeinvarianceis involved in anessentialway, onehasto
suspect(andthis is true) that the factorizationis only valid in the sumof Feynmandiagramsto given
order, but not for a givendiagramseparately. Full-scalefactorizationproofsarenormallyratherlengthy
andhave only beencompletedin a few cases.A few casesareknown wherethe ‘naive’ factorization
provesto bebroken,andthereexist many situationswheretheansweris not known. In fact, this is an
active field of research.

4.3 New developments

Now that we have learnt the basicprinciples,I want to spendsometime to discussthe directionsof
currentactivities.

Higherorders

Onemain-streamtheoreticalactivity hasalwaysbeentrying to extendtheQCDperturbative calculations
to higherorders. Technically, this taskis reducedto the evaluationof multidimensionalintegralsof a
specialtype andthe mostefficient (known) techniquefor solving suchintegralsusesa versionof the
familiar trick called ‘integrationby parts’ that hasbeenreinventedandadaptedto the presentcontext
about20 yearsago [11]. This techniqueallows to calculatethree-loopdiagramsof two sorts: either
self-energy type(with two externallines)with masslessquarks,or vacuumbubbleswith massivequarks.
Physicalquantitiesfor which the3-loop(or 4-loop)resultis known areusuallythosethatcanbereduced
to theabove basicintegrals(thereductionmaybequitenontrivial). Analytic problemsaretradedin this
way for algebraicallyextensive tasksdoneby computers.These‘record’ calculationsincludethe4-loop
QCD Ü -functionandthequarkmassanomalousdimension,�

ê
� correctionsto the total crosssectionof

the �ÂÁ¾� » annihilationandDIS sumrules(47), (48).

Quantitiesthat involve several scales(say, quarkmassÿ andexternalmomentum� ) or on-shell
linesrequirenew methods.In particular, theasymptoticexpansionin ÿ ¡ ®�� ¡ or � ¡ ®ìÿ ¡ or aroundother
specialkinematiclimits, followed by the (approximateor exact) summationhasturnedout to be very
useful.Consideranexample:thethree-loop�

ê
� correctionto theheavy quarkpolemass

ÿ���� Ø�� ¤²ÿ �
	 � ÿ �
	Â¢ í ã�� § ��� ã� ¡ � ¡ � ã�
ê �
ê
� ã Û Û Û Û (57)

A typicalcontribution to thecoefficient �
ê

is givenby theFeynmandiagramin Fig.19wheretheexternal
quark lines have to be taken on-shell: � ¡ ¤ ÿ ¡ . Instead,it was suggestedto expandaround � ¡ ¤� . In this way the diagramthat originally was a self-energy type becomesa vacuumbubble, albeit
with a complicatedintegrand,andthestandardtechniquecanbeapplied. In theoriginal paper[12] the

q

m m

Fig. 19: A three-loopcontribution to theheavy-quarkpolemass

expansionwasperformedto order � � ¡ ®ìÿ ¡ ¢ §�� andthe seriesextrapolatedto � ¡ ¤ ÿ ¡ usingthe Pad́e
summation.For this particularcase,an exact analyticresult �

ê ¤�� Û ����� í Û Û Û [13] was later obtained
usinga differenttechnique.Thesimilar methodwasappliedto thecalculationof the � ¡ � correctionsto
theheavy quarkproductioncrosssectionin � Á � » -annihilation � Á � » �������� andsemileptonicdecay
ratesof heavy quarks�¯��Ý���� , �¯������� , ç¯� �"! . Themethodis rathergeneralandmoreapplications
will probablyfollow. For example,onemay try to calculate # � # partonscatteringamplitudesby
expandingin theratiosof theMandelstamvariablesÕ ®ìç or ç ®ÇÕ , or etc.



A largeamountof work is traditionallybeinginvestedin multiloop jet calculations.Theseposea
differentsortof challengebecausethekinematicsbecomescomplicatedasthenumberof jetsincreases,
andbecausethe calculationis doneon the amplitudelevel. Infrared singularitieseither cancelin an
intricate way or are factorizedinto partondistributions after the no less intricate cancelations.The
next-to-leadingorder (NLO) calculationshave becomestandardandmany new resultshave appeared
in recentyears: � Á � » � 4 jets, � Á � » � 3 jets with heavy quarks,� �� � 3 jets is to my knowledge
almostcompleted,etc. In contrastto this,theNNLO jet calculationsarestill at theexploratorystageand
presentanew andinterestingfrontier. Up to now theNNLO QCDcorrectionsareonly known for Drell-
Yanproduction.Onewould like to calculate,e.g. �£� � 2 jets (or 1 jet inclusive), �£� � åÌå � (Higgs
background),or �ÂÁ¾� » � 3 jetswith thesamehigh accuracy. The taskis formiddable,but progressis
beingmadein all directions.In particular, ananalyticexpressionhasbeenobtainedrecently[14] for the
‘double-box’ contribution to the gluon-gluonscatteringandthe techniquesof phase-spaceintegration
havebeenadvancedconsiderablyto enabletakinginto accountfour partonsin thefinal state.(Situations
wheretwo partonssimultaneouslybecomesoft,or threebecomecollinear, turnout to beverynontrivial.)
Many algebraicandnumericaltasksareyet to bedone,however, so that thecompletionof this project
requiresconcentratedeffort.

For an overall consistency onealsoneedsNNLO correctionsto the DGLAP splitting functions.
The correspondingwork is in progressand the approximatekernelsexist already, incorporatingthe
known NNLO resultsfor theevolutionof a few lowestmoments.It is likely, however, thatthenumerical
impactof thesecorrectionsfor �%$�� Û � í

é � Û ��� will beminimal.

Novel factorization‘theorems’

As alreadymentioned,althoughthe conceptof factorizationis very general,the particularstructure
dependsontheprocessin questionandhasto beanalysed(andproved)caseby case.This is adeveloping
field of research,andnew applicationsappearall the time. I will discuss(very briefly) a few recent
examplesthatareimportantfor themodernphenomenology.

Oneinterestingdevelopmentis relatedto theHERA physicsof deepinelasticscatteringat small
Bjorken � andis usuallyreferredto asharddiffractive scattering:DIS eventswith a large rapidity gap
betweenthehadronsystem(with invariantmass& ¡Ó ) andtherecoilingproton,seeFig. 20. Theprocess

t = (p - p )
2
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Fig. 20: Harddiffractive scattering

is usuallydescribedin termsof the Bjorken � variable, � ¤ � ¡ ® � � ¡ ã ! ¡ ¢ where ! ¡ is the total
invariantenergy of the hadronicsystem,and µ ¤ � � ¡ ã & ¡Ó ¢Í® � � ¡ ã ! ¡ ¢ which is the momentum
fractionthat theinitial photonloosesto thecolor neutralsystem� . AnothercommonvariableÜ is just



Ü ¤²��® µ . Thestatementof factorization[16] reads:
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where � ( * . is thecalculablecrosssectionof thevirtual photonscatteringfrom theparton: (thesameas
in usualDIS) and

© « ® � © µ © ç ¢ is calleda ‘dif fractive partondistribution’. It representstheprobability to
find theparton: with momentumfraction

ª
undertheconditionthat theprotonstaysintactandlooses

themomentumfraction µ .

The physicalpictureof diffraction is clearestin the protonrestframe[17]. At small Bjorken �
meaninglargeenergy, thevirtual photonsplits into a ���� pair anddevelopsa complicatedpartonicwave
functionlong beforeit hits theproton.Theslowest,‘wee’ partonshave a possibilityto fluctuateto large
transversesizes,of hadronicscale.Thediffractionoccurs,becausecomponentsin thewave functionthat
have largetransversesizesimultaneouslyhave a largercrosssectionandgetabsorbed.Thesmaller-size
componentscanescapethecollision but only presenta partof the full (virtual) photonwave function:
Re-expandingthesecomponentsover thecompletesetof wavefunctionsof possiblehadronicstates,one
endsupwith theinelasticdiffraction.Thediffractioncrosssectionconstitutesafinite (andlarge)fraction
of thetotal deepinelasticcrosssectionbecausetheshortdistanceprocessesarethesamein bothcases.
Theprobabilityto have a gapis determinedby thesoft physicsanddecouplesfrom thehardscaleof the
process.

Harddiffractionin hadron-hadroncollisionsappearsto bemuchmorecomplicatedandfactoriza-
tion is notexpectedto hold,at leastin thegeneralcase.

A particularlyniceexampleof factorisationis providedby thedeeplyvirtual Comptonscattering
(DVCS) [18] andharddiffractive mesonproduction[19], shown schematicallyin Fig. 21. In constrastto

; ;
γ* γ

p p

; ;
γ*

/Ψ,...Jρ ,0

p p

Fig. 21: Deeplyvirtual Comptonscatteringandharddiffractive mesonproduction

thepreviousdiscussionbothprocessesarefully exclusive, with only two particlesin thefinal state.The
challengeof the factorizationproof is in both casesto demonstratethat the final-stateinteractionsbe-
tweentheoutgoingparticlescanbeneglected.In thecaseof theharddiffractivevectormesonproduction
it only happensto betrue(at large � ¡ ) for thelongitudinalpolarization.

Thedescriptionof bothprocessesrequiresnew, generalizedpartondistributionsbecausetheproton
is scatteredwith anon-zeromomentumtransferand,therefore,thepartonemittedwith acertainmomen-
tum fraction � is returnedwith a differentmomentumfraction � ß . Theseobjects,dubbed‘skewed’ (also
non-forward,off-forwardetc.)partondistributionshavehybridproperties,representative of thatof usual
partondistributionsandof light-conedistribution amplitudesin differentkinematicalregions.Observa-
tion of hardexclusive deepinelasticprocessesof this typewould give many new insightsin thehadron
structureandis very interesting.Fromtheexperimentalpointof view, suchaprogramis verydemanding
becauseof thenecessityto have adecentvalueof � ¡ (i.e. largeenergy) andat thesametime make sure
thatthereareno soft pionsin thetargetprotonregion.



As the last example,considerexclusive < -mesondecaysin two (light) mesons& § and & ¡ . A
generaltwo-bodydecayamplidudecanbewritten as

ò � < �=& § & ¡ ¢¥¤ ò § �
.?>"@
�
.A>�B@ ã ò ¡ �

.A>-C
�
.?>"BC ã Û Û Û (59)

wherereal
ò § 3 ¡ denotethe absolutevaluesof the amplitudes,

ó § 3 ¡ are stronginteractionphasesandó�D § 3 ¡ weakphases.In a typical situationthereareseveral termsin ther.h.s.(59) dueto differentreaction
mechanisms.TheweakphasesareCP-violatingandof primaryinterest.Yetto determinethemthestrong
phasesandtheamplitudesmustbeknown, unlesswe aresolucky thatthereexistsasingletermonly, or
theexperimentalinformationis soabundantthatit allows to separatethecontributionsof separateterms.

In this casethe large massof the � -quarksetsthe hardscale,but it turnsout that the standard
methodsdo not applybecausethesoft (light) quarkspectatorin theB-mesonmaygo into thefinal state
mesonwithout participatingin a hard scattering. Becauseof this, the requirednonperturbative input
is not reducedto quarkdistributions in the threeparticipatinghadrons.It wassuggested[20] that the
factorizedexpressioncanstill bewritten,at thecostof addinganadditionalcontribution written in terms
of the < �=& § semileptonicform factor. Schematically
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whereÃ § and Ã ¡ arecalculableshort-distancefunctions, J ³ 3 H @ 3 H C � ��¢ arethe (nonperturbative) distri-
butionamplitudesof quarksin themesonsand F�³ ÎIH @ � � ¡ ¤��Ç¢ is theform factorwhich is notsupposed
to befurtherfactorized.Thetwo contributionsto thefactorizationformula(60)areshown schematically
in Fig. 22. To my opinion, this work still hasto becleanedup. In particular, theseparationof the two
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Fig. 22: QCDfactorizationin exclusive B-decays

contributionshasto bescale-dependentitself andthecorrespondingrenormalization-group treatmentis
sofar missing.Thepotentialof this approachis high; sincetheparticipatingnonperturbative quantities
can(at leastin principle)bemeasuredor calculatedon thelattice,thestrongphasesandtheamplitudes
turn out to becompletelypredicted,at leastin theformal ÿMLï� ø limit. Whetherthepredictionsare
accurateenoughat therealisticÿML scale,remainsto beseen.

5 RESUMMATIONS

It often happensthat perturbative contributions of a certaintype have to be summedto all ordersin
perturbationtheorybecausethey areenhancedby kinematicalfactors.Theclearestexample— onwhich
theproblemwasinitially formulatedby Gell-MannandLow andsolvedby Landauandcollaborators—
is providedby thephotonpolarizationoperator(3) in QED.To leadingorder

NPORQ)S � � ¡ ¢ ¤ �
��T

ü þ � ¡ÿ ¡ � � (61)



where � ¤ í ® í ��U Û Û Û is thefine structureconstantand ÿ � is theelectronmass.Thephotonpropagator,
therefore,receivesa correction

V Ï�W � �ì¡£¢½¤ X ÏYW
� ¡ á í é N ORQ)S � � ¡ ¢ ë ¤

X Ï�W
� ¡ í ã ���T

ü þ � ¡ÿ ¡ � ã Û Û Û (62)

thatgrows logarithmicallywith � ¡ . It is clearthat thesecond-ordercontribution contains� ¡ ü þ ¡ � ¡ ®ìÿ ¡ �
andin generalhigher-ordercorrectionsareaccompaniedby theever increasingpowersof thelogarithm.
As theresult,for thesufficienly large � ¡ theperturbative expansiondoesnot work. Thesolutionto this
problemis well known nowadays:In order to avoid the accumulationof logarithmsin high ordersof
perturbationtheory, it is sufficient to reexpandthephotonpropagatorin termsof theeffective charge

� ORQ)S � � ¡ ¢¥¤ �í é[Zê \ ü þ
1 C
] C^ Û (63)

Thephotonpolarizationoperator
N � � ¡ ¢ is expressedin termsof � ORQ)S � � ¡ ¢ asaregularperturbativeseries

with numericalcoefficientsandno logarithms(to beprecise,oneeitherhasto take animaginarypartofN � � ¡ ¢ or a derivative in � ¡ ). In QCD, sucha procedureis standardandis consideredas‘self-obvious’:
E.g. the total crosssectionof � Á � » annihilationat the energy Õô¤_� ¡ is expressedin termsof ��� � � ¡ ¢
‘becausethereexistsnootherscale’.

In general,onespeaksof a resummation,whenperturbative contributionsof sometype areen-
hancedby a certainkinematicalfactor(typically a logarithmor a double-logarithmof the ratio of the
contributing disparatescales)andhave to be summedto all ordersin perturbationtheory. Technically
speaking,theresummationamountsto therearrangementof theseriesas,schematically
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whereit is assumedthat
ü þ � î í , � � ü þ � ñba �Íí ¢ . Thetaskof theresummationis to calculatethefirst

few (infinite) sumsin the r.h.sexactly. The leading-orderresummationamountsto taking into account
contributionswith the maximumnumberof logarithmsfor eachpower of the coupling(thereis often
morethanonelogarithmfor eachpower of ��� ), thenext-to-leading-order resummationcorrespondsto
takinginto accountthetermswith onelogarithmless,etc.

Although the idea of the resummationis very general,thereexists no generalsolution which
reflectsthefactthatthephysicsof kinematicalenhancementscanbeverydifferent.In fact,thereexistsa
largevarietyof applicationsandwe will considerseveralof themin whatfollows. Working out specific
resummationformulasis oftentechnicalandbelongsto themostchallengingproblemsthatthetheorists
have to dealwith.

5.1 Coulomb corrections

As thefirst example,considertop-quarkproductionin the � Á � » annihilationnearthekinematicalthresh-
old: �ÂÁ¾� » � �çèçc� . Theexplicit calculationof thefirst-orderQCDcorrectioncorrespondingto thegluon
exchangebetweenthe ç and �ç revealsa largeenhancementfactor í ®�d wheredä¤

÷
®ìÿMe is theclassical

velocityof theoutgoingç -quark;

÷
¤ � ¡ é #ìÿMe is theenergy measuredrelative to the ç �ç thresholdand

we assumethat

÷ f ÿ e . Thereasonfor thisenhancementis easyto understand.Thetopquarkandthe
antiquarkareproducedat onepoint andmove very slowly. In fact, they decaybeforethedistancebe-
tweenthembecomescomparableto thestronginteractionscaleg . This is agoodnews sinceit indicates
thatperturbative QCDmaybeapplicable.At thesametime,however, sincethequarksspendalong time
in thevicinity of eachother, contribution of thegluonexchangeis enhancedasit canoccurany time. For
thesamereason,taking into accounta singlegluonexchangeis not enoughandonehasto sumup the
seriesof ladder-typediagrams(in theCoulombgauge)shown in Fig. fig:4-23.Luckily enough,thesolu-
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Fig. 23: Top quarkproductionin � Ñ � Ò annihilationneartheenergy threshold.Thedashedlinescorrespondto instantaneous

Coulomb-like gluonexchanges.

tion is known from quantummechanics(to leadingorder)sinceit correspondsto solvingtheSchr̈odinger
equationfor thetop quarkmoving in thestaticCoulomb-like potential h �ÇÚ� ¢À¤ é �Ì� � ® � �Ì� � � ¢ createdby
the (anti)quark.Neglectingall relativistic corrections,the crosssectionis given by the imaginarypart
of thenonrelativistic Greenfunctioncorrespondingto thepropagationof a chargedparticlewith there-
ducedmassÿMe ®�# in thestaticCoulombfield, startingfrom andendingat theorigin of thefield in the
coordinatespace,calculatedin theenergy representation[21]:
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n�e is thetotal topquarkwidth. Theexplicit expressionfor theGreenfunctionin dimensionalregulariza-
tion with oqp subtractionis [22]
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where r ¤u#Ç� � ® � � é ÷ ®ìÿ e ¢ ¤ é #�: � � ® � ��d�¢ is theso-calledCoulombparameter, t � ��¢ is thelogarith-
mic derivative of the n -functionand åRs is Eulerconstant.Thecrosssectionrequiresonly thedisconti-
nuity of

l
which is scheme-independent.Notethat theGreenfunctioncontainsa continuumat

÷
$ �

andpolesat

÷ v � from which theenergiesandwave functionsat theorigin of toponiumresonances
canbeextracted.It follows thattheexpressionin (66)effectively organizesall correctionsin the‘naive’
perturbative expansionthatareenhancedby inversepowersof thequarkvelocity.

A generalizationof this resultto thesubleadingpowersof í ®�d hasprovento bemuchmorecom-
plicated. The phenomenologicallyinterestinginterval of energies is the interval in which the ç �ç cross
sectiondeviatesconsiderablyfrom thebackgroundastheconsequenceof thecolor attraction.This hap-
penswhen

÷
is of the orderof the binding energy in the groundstateof the nonrelativistic ç �ç system÷ ¹ ñ ÿMe�� ¡� or, which is thesame,dôñ ��� . Disregardingpossiblelogarithms,we canenvisageageneric

expansionof thetype
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in which thefirst termcorrespondsto theleading-orderresummationandis givenby thesolutionof the
nonrelativistic Schr̈odingerequationin (66); thetermssuppressedbyeitheronepowerof ��� oronepower
of velocity bothhave to be resummedin NLO, etc. This expansionhasrecentlybeenmadesystematic
by finding essentialintegrationregionsandformulatinga non-relativistic effective field theoryfor each
of them. The difficulty of the problemis that the physicsappearsto be different at scalesof orderÿMe , ÿMezd and ÿMe�d ¡ correspondingto thetop quarkmass,momentumandenergy, respectively. Without
goinginto detailsI wantto mentionthat,asit turnsout, integrationsover thequarkandgluonmomenta
have to beseparatedin contributionsof differentregions,called‘hard’ (h), ‘soft’ (s), ‘potential’ (p) and
‘ultrasoft’(u) [gluonsonly]. The ideaof an effective field theoryis nothingbut a yet anotherlanguage
to introducefactorization.Theso-callednon-relativistic QCD Lagrangian(NRQCD)is designedto take
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Fig.24: Thetotalnormalized{K|{ crosssection(virtual photoncontributiononly) in thethresholdregionat leadingorder(dotted),

next-to-leadingorder (dashed)and next-to-next-to-leadingorder (solid) versusthe center-of-massenergy [23]. Both plots

use |}�~ y |}�~ ��������� GeV, � ~ ����� ��� GeV and x���y } } �
�G��������� as input. The threecurves for eachcaserefer to the

renormalizationscale�M�m�����ìy upper�0�����Çy central�0�����Çy lower��� GeV. ThePSmasscorrespondingto |} ~ y |} ~ ��������� GeV is}�~�� ��� y0��� GeV��������"����� GeV, thepolemass} ~z�  y¡�¢ £ ������"� ��� GeV. Theupperpanelshows thesuccessive approximations

in thePSmassscheme,thelower panelin thepolemassscheme.

into accounttheeffectsat thescaleslessthanthefactorizationscalȩ that is supposedto bechosenin
theinterval ÿMezd f ¸ f ÿMe , schematically
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ThedifferencebetweentheQCD andtheNRQCDLagrangianis thatcontributionsof hardquarksand
gluonsareomittedfrom thelatter; they have to beincludedin the(calculable)coefficient functionsthat
relatethe observablescalculatedusingNRQCD with thosein the real world (QCD). It turnsout that
usingNRQCD is not enoughfor thesystematicexpansionof the top productioncrosssectionandone
morestepis necessary, introducingtheso-called‘PotentialNRQCD’ Lagrangianin orderto separatethe
contributionsof soft andpotential(ultrasoft)integrationregions:

¤ ª¬ O¦¥�S á � � ÕÂ����¢ 6 X � ÕÂ�����c�¾Õ ¢ ë ] ~ ¨�©
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Using this framework, it hasbecomepossibleto resumthe Coulombcorrectionsto the top quarkpro-
ductioncrosssectionto theNNLO accuracy. Theresultsareshown in Fig. 24. Thetwo calculationsin
theupperandin thelowerpaneldiffer by thedefinitionof thetopquarkmass.Wewill comebackto this
issuelater, in thediscussionof nonperturbative corrections.Themainoutcomeof thesecalculationsis



thatalthoughthenormalizationof thecrosssectionreceiveslarge corrections,thepositionof thepeak
canbepredictedratherprecisely— within ñG#Ç�Ç� MeV. Hencethemassof thetopquarkcanbemeasured
with acomparableaccuracy.

A onemoreapplicationof the sameformalismhasbeenthe determinationof the � -quarkmass
from thedataon �ÂÁ¾� » �=� ���� in thethresholdregion and � Á¾� » �=± �Íí Õ ¢ . Theresultis ÿ �
	L � ÿ �
	L ¢¥¤� Û #��³² � Û � i GeVandhasamuchbetteraccuracy comparedto all otherexistingdeterminations.

5.2 Sudakov effects

In a typical event in � Á � » -annihilationtwo narrow jets are produced,with the invariant massmuch
smallercomparedto thetotalenergy ´ä¤G& ¡µ ��¶ ®ÇÕ f í , seeFig. 25. Broadeningof thejetsis mainlydue

0
·

0.1 0.2 0.3
ρ̧

0

10

20

30

1/
σ to

td

¹ σ/dρ

Aleph
º
Delphi
L3
SLD
»
NLL+power corrections
NLL

Fig. 25: Heavy jet massdistribution ¼³�¾½À¿�Áày|{
C
Â9Ã�ÄyÅ {

C
ÆÇÃ�Ä � at È Ä �ù{ } . {

C
Â and{

C
Æ aredefinedastotal invariantmasses

flowing into the right andthe left hemisphereswith respectto the thrustaxis. Thesolid andthedashedcurvescorrespondto

theoreticalcalculationwith andwithout takinginto accountnonperturbative effects,respectively [24].

to gluonemissionanda largeinvariantmassrequiresemissionof asufficiently energeticgluonata large
angle.Sincesuchprocessesarerare— werememberthatthegluonbremsstrahlungmainly involvessoft
andcollinearemissionthatdoesnotalterthejet massconsiderably— theriseof thejet massdistribution
at small (but not very small)valuesof ´ in Fig. 25 is understandable.This rise is interrupted,however,
at ´ôñ�� Û ��#

é �Ç��� andatyetsmallermassesis replacedby asharpdrop.This is theregion thatI wantto
discussin thissection.Thejets,apparently, do notwantto be toonarrow. Why?

In orderto enforcea smallvalueof thejet massonehasto constraingluonradiation.Classically,
theprobabilityto have a pencil-like jet is equalto theprobabilitythatnota singlegluonis emitted.The
changeof the‘jet survival probability’ with time is givenby

©ÊÉ ¤ é¯Ë É © çz� (70)

where
Ë

is theprobabilityof gluonemission(in unit time). Solving this equation,oneendsup with a
familarexponentialdecaylaw É � çö¢¥ñ � »2Ì e Û (71)

The crucial condition for the exponentialdecay(in general)is that the decayprobability
Ë

hasto be
independenton the‘history’ of theprocess— in our casewe would have to requirethat theprobability



to emit a gluonat time ç ¹ is independenton how many gluons(andwith which momenta)have already
beenemittedat times ç v ç ¹ . In fact, this is exactly thestatementof theso-calledLow theorem,that is
applicableto emissionof soft gluons(andphotons).Thereasonfor theLow theoremto hold is thatsoft
gluonscannotresolve theinternalstructureof thejet; soft gluonsonly ‘see’ thetotal color chargeof the
jet asa whole(andthejet direction)but not thechargedistribution amongthejet partonconstituents.It
follows thattheconditionfor theexponentialpencil-like jet decayis indeedsatisfiedin QCDin sofaras
we canrestrictourselvesto thesoft emission(not necessarilycollinear). Theexplicit calculationgives,
to leadingorder í� ¶ � ¶
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Note theexponentiationwhich is theconsequenceof independentgluonemission,andthedoublelog-
arithm that is the sameasin (21) with the jet massreplacingthe gluon massasthe infraredregulator.
Expandingtheexponential,oneobtainsa ‘regular’ perturbative seriesin which eachpower of theQCD
couplingis accompaniedby two powersof the logarithm

ü þ í ®�´ ¤ ü þ ÕÂ®Ï& ¡µ ��¶ . The expressionin (72)
correspondsto the leading-orderresummationwith the maximumamountof logarithmskept to each
orderof perturbationtheory.

Theresummationof this typewasinventedlong time agoby Sudakov [25] who studiedtheelec-
tron form factorin QED. Thelattercaseis extremelybeautiful,sinceit turnsout that the leadingorder
resummationis exact — thereexist no further corrections! In QCD, the situationis muchmorecom-
plicatedanda lot of work wasinvested(andis beinginvested)to make thecorrespondingcalculations
systematic.

TheSudakov-typeresummationsof thresholdcorrectionsin QCD arewell known to thenext-to-
leadingorderaccuracy for Drell-Yanpair productionandeventshapesin � Á�� » -annihilation.In thelast
years,the similar NLO resummationshave beenworked out for morecomplicatedreactionsinvolving#ù�Ñ# scatteringprocessesat thepartonlevel (heavy quarkproduction( � � � , ç �ç ), promptphotons,dijets,
. . . ). Thesecasesaremorecomplicated,becausesoft gluonstransfercolor to thefinal stateso thatone
hasto dealwith the anomalousdimensionmatrix. Also, thereexist morekinematicalvariables:The
scatteringangleor relative rapidity of thetwo final stateparticles.

Thepracticaloutcomeof these(complicated)calculationssofar hasbeenrelatively modest.The
resummationeffectsin integratedquantities(like thetotal topquarkproductioncrosssectionattheTeva-
tron or

© � ® ©
÷
Ò for å � ) aretypically small,well within theNLO QCD correction.The resummation

doesleadto a significantreductionof thescale-dependence,but whetherthis canbe interpretedasthe
reductionof the theoreticaluncertainity, is not obvious. A generalproblemseemsto be thatat present
energiestheeffectsof resummationbecomesignificanttoocloseto thekinematicthresholds,wherenon-
perturbative correctionsarealreadyimportant. This canalreadybeseenfrom Fig. 25: theperturbative
Sudakov suppression‘switcheson’ muchtoolate,andthedescriptionof thejet massdistributionatsmall
valuesof ´ requiresa largenonperturbative (hadronization)correction.

5.3 BFKL equation and the Regge limit

Themostimportantresultof HERA wasthefinding that thedeepinelasticstructurefunctionsstrongly
increasein theregion of smallBjorken � , seeFig. 26. As seenfrom thedata,the � -dependenceappar-
ently becomesmoresteepat larger valuesof � ¡ . Let us seewhetherwe canunderstandthis. In the
partonmodelpicture,a large structurefunction hasto reflecta large partondistribution andit is easy
to convince oneselfthat at small � the gluon distribution is the onethat is most important. Moreover,
the � ¡ dependenceof thestructurefunctioncanlargely betracedto thescaledependenceof theparton
distribution. This is because,afterthefactorizationis established,onecanpushthefactorizationscaleto
largevalueş ¡ ñ¬� ¡ . In this way, thecrosssectionof virtual photonscattering(cf. (49)) is expanded
in powersof ��� � �ï¢ anddoesnot containany logarithmssothat it is a very slow function. Hence,it is
worthwhile to have a closerlook on thescaledependenceof thegluonpartondensitythat is governed
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by the famousDGLAP equationwhich I have alreadymentionedin Sect.4.1 but so far never written
explicitly. For simplicity, let usneglectquarkcontributionsaltogether. In thiscasetheDGLAP evolution
equationtakestheform

©© ü þ � ¡ « 4 � �¾� � ¡ ¢¥¤
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In this expression
É 4y4 � ª � � � ¢ is the probability of gluon splitting into a pair of gluons,with

ª
being

the longitudinalmomentumfraction of the initial gluon carriedon to the gluon in the final state. The
hugepopularityof theDGLAP equationis dueto thesimplicity of its interpretation.Theequation(73)
describesthedependenceof thegluondensitydistribution in thenucleonon theresolution(scale)with
which it is measured.Going over to highervaluesof � ¡ correspondsto usinga bettermicroscopeso
thatfiner detailsof thenucleonstructurecanbeseen.In particular, if we seea gluonat � ¡ ¤ � ¡¹ and
increasetheresolutionto � ¡ ¤ � ¡ § $ � ¡¹ , we mayfind thatwhatoriginally appearedto bea gluonwith
momentumfraction � , turnsout to be a pair of two collineargluonswith momentumfractions � § and� ¡ ¤ � é � § . Obviously, � § ��� ¡ v � sothat increasingtheresolutionwe seemoregluonswith smaller
momentumfractionsandlessgluonswith largermomentumfractions— thegluondensityat large � ¡ is
shiftedtowardssmall � values.

Thecrucialpropertyof
É 4y4 � ª � ��� ¢ is thatit is singularin the

ª � � limit:

É 4y4 � ª � � � ¢ Ô
Î ¹¤ ���
#�T
Ùª ã a � � ¡ � ¢ (74)

wherethe appearanceof í ® ª can easily be tracedto the í ®ì� factor in the expressionfor the gluon
bremstrahlungin Sect.3.1, seeEq. (18). Let us usethis expressionand rewrite Eq. (73) asa finite-
differenceequation

« 4 � ��� � ¡ § ¢ é « 4 � ��� � ¡¹ ¢¥¤ �Ç���T
ü þ � ¡ §� ¡¹

§
¨
©Èªª íª « 4 � �¾® ª � � ¡¹ ¢ Û (75)

This is legitimateif thedifferencebetween

ü þ � ¡ § and

ü þ � ¡¹ is not large.As afirst guess,assumethatthe
gluondensity « 4 at thelower scale� ¡¹ is completelyflat: « 4 � �¾� � ¡¹ ¢ ¤ const. In thiscasetheintegration
in (75) becomestrivial andtheresultreads

« 4 � �¾� �¯¡ § ¢¥¤ const ¿ í ã �Ç���T
í
�
ü þ � ¡ §� ¡¹ Û (76)

Notethe í ®ì� factor. It meansthatoncegluonradiationis allowed,thegluondensitycannotstayflat and
startsto grow rapidly at small � . In particular, thegluonmultiplicity

Ú 4 ¤
§
¹
© � « 4 � ��� ��¡ § ¢ (77)

is formally infinite. In fact, it alsomeansthat our flat ansatzfor the gluon densityat � ¡ ¤ � ¡¹ is not
a clever one: If � ¡¹ is not very small so that we already‘see’ a few gluons,their distribution, most
probably, alreadycontainsthe í ®ì� factor. Hence,we make a secondtry: Assume« 4 � �¾� � ¡¹ ¢Þ¤ const®ì� ,
or, equivalently, � « 4 � �¾� � ¡¹ ¢ ¤ const. With this new ansatz,performingthe integration in (75) and
multiplying theresultby � , weobtain

� « 4 � �¾� �¯¡ § ¢½¤ const ¿ í ã �Ç� �T
ü þ í
�
ü þ � ¡ §� ¡¹ ¤²� « 4 � �¾� ��¡¹ ¢ í ã �Ç� �T

ü þ í
�
ü þ � ¡ §� ¡¹ (78)



which lookssensible.

Solutionof thedifferentialequation(73) is nothingbut therepetitionof thefinite-differenceequa-
tion (75) many times,for thesetof scales� ¡¹ v � ¡ § v � ¡¡ v Û Û Û v � ¡ . On eachsteponegetsa QCD
couplingaccompaniedby the logarithmsasin Eq. (78), so that the final resultpresentsthe resumma-
tion of � ��� ü þ � ¡ ü þ í ®ì�¾¢0Û correctionsto theso-calleddouble-logarithmicaccuracy. In fact,onecando
somewhat better, taking into accountthat the QCD couplingalwaysentersat the relevant scaleandis
changingwith theevolution. Theexplicit solutionwasobtainedin anearlywork [27]:

� « 4 � �¾� ��¡£¢ ñ ÍÏÎ)Ð � i�
ü þ ��� � � ¡¹ ¢��� � � ¡ ¢

ü þ í
� � (79)

where�Ð¤ íÇí é #Ç®���ÜÞÝ is thefirst coefficientof theQCD Ü -function.Notethatthisbehavior corresponds
to the approximationwhen,first, the splitting function

É 4y4 � ª ¢ is calculatedto the leadingorder in ���
and,second,all contributionsto

É 4y4 � ª ¢ thatarenot singularat
ª � � areneglected.

The trouble is that higher-ordercontributions to the DGLAP splitting function appearto be en-
hancedat small � :

É 4y4 � �¾¢¥¤ �Ç���Tz� í ãmß�à � �Ç¢ ���
T
ü þ í
�

ê
ã i í#Ç� à � �Ç¢ ���

T
ü þ í
�
á
ã a ���

T
ü þ í
�
â

� (80)

whereà � �Ç¢¥¤ í Û #Ç��#Ç� Ù and à � �Ç¢¥¤ í Û ��� Ù ß � . Notethatthereremainsto beasingleoverall factor í ®ì� , but
eachpower of thecouplingis multiplied by a logarithmof í ®ì� . (Absenceof theterms ñ � ��� ü þ �¾¢ § 3 ¡ 3 �
is essentiallyaccidental).Theexpansionwritten in (80) correspondsto theleadinglogarithmicapproxi-
mationin � � � ü þ �¾¢0Û meaningthatthecorrectionswith lesslogarithmsareneglected.

Theresummationof leadinglogarithmiccorrections� ��� ü þ ��¢ Û to thesplitting functionis accom-
plishedusing the so-calledBFKL equation[28, 29]. In both cases(DGLAP and BFKL), one deals
with the sameladder-type Feynmandiagramsfor the gluon emissionas the oneshown schematically
in Fig. 27, andthe challengeis to calculatethe contributions with arbitrarymany emittedgluons(in-
cluding the necessaryvirtual corrections,of course). In both cases,this is achieved using the same

Fig. 27: Multiple gluonemission

generalscheme:summationover thecontributionsof many gluonsis reformulatedasa certainintegro-
differentialequation,andthekernelin this equationtakesinto accounta singlegluonemissionto some
accuracy. Solving the DGLAP equation(73) we have to split the whole evolution interval in smaller
pieces� ¡¹ v � ¡ § v � ¡¡ v Û Û Û v � ¡ so that for eachpiecea finite-differenceapproximationfor the
derivative canbeused.This, of course,exactly correspondsto taking into accountgluonemissionone
by one.As we discussedin Sect.3.2,thescaleparameter� ¡ roughlycorrespondsto thetransversemo-
mentumof theemittedgluonsothattheprocedureincorporatedin theDGLAP equationis to enforcethe
conditionthatgluon transversemomentaarestrictly orderedalongthe ladder. This doesnot meanthat
‘wrongly’ orderedconfigurationsarediscarded,but ratherthatthey aretakeninto accountashigher-order
correctionsto thesplitting functions.Hence,in principle,theDGLAP equationincorporatesall correc-
tions,but if by somereason‘wrongly ordered’configurationsgive a largecontribution, this equationis
notadequatein asensethatoneis requiredto calculatethesplitting functionsto all orders.



This is exactly what happensat small � . If

ü þ � ¡ f ü þ í ®ì� , the dominantkinematicregion
correspondsto theemissionof gluonsthatarestrictly orderedin rapidity ( ñ ü þ í ®ì� ) but not orderedin
transversemomenta.It is thereforealmostnaturalto look for anequationin which

ü þ í ®ì� would serve
for anevolution parameterandhigher-ordercorrectionsto the(new) evolution kernelstake into account
correctionsrelatedto the ‘wrong’ orderingin rapidity. This equationwas inventedby Kuraev, Fadin
andLipatov [28] andfurtherelaboratedin a somewhat laterwork by Balitsky andLipatov [29] whereit
wasshown that giving up the orderingin the transversemomentadoesnot produceany nastyinfrared
singularities.

Thesolutionof theBFKL equationwith thekernelcalculatedto lowestordercorrespondsto the
resummationof � � � ü þ ��¢0Û correctionsto theleading-logarithmicaccuracy. Theresultis

� « 4 � �¾¢¥ñ²�½» § ¡ Ø�ã ¡ Z �  \ (81)

indicatinganevensteeperincreaseat small � comparedto theDGLAP double-logaritmiclimit (79).

Thenext-to-leadingordercorrectionsto theBFKL kernelhavebeencalculatedonly recently[30].
They correspondto theNLO resummation— correctionsto (80) with onepower of the logarithmless
— andturnedout to bevery large.Thecorrespondingmodificationof thelow-� behavior is to replace

í # ü þ # ���T í é #Ç� ���T ã Û Û Û (82)

Therehave beena lot of recentworkstrying to ‘tame’ thishugecorrectionby somewell (or notsowell)
motivatedpartial resummationsbeyondNLO. Theoverall impressionis that this is indeedpossible,by
summingcollineardoublelogarithmsto all orders,takinginto accounttherunningcouplingeffectsetc.
After suchmassaging,onecanachieve thattheenergy conservationis strictly maintained,theresummed
anomalousdimensionappearsto be closeto the exact DGLAP one for not small � , and reasonable
boundson thepower in (81) canbeestablished.Oneprobablystill needstime to geta coherentpicture,
however.

In theselectures,I donotwantto enteradiscussionof whethertheDGLAP or theBFKL evolution
is bettersuitedfor thedescriptionof theHERA data,sinceto my (heretic)opinion this questionis not
thatinteresting.FarmoreappealingabouttheBFKL equationis thatit offersthefirst insightonageneral
problemof thehigh-energy behavior of crosssectionsin QCD.

The basicformalismfor the descriptionof high energy behavior of amplitudeswasinventedby
Reggeanddevelopedin worksof Gribov, Mandelstam,Pomeranchuketc. Theroughideais thefollow-
ing. Sinceamplitudesat high energiesinvolve summationover contributionsover many partialwaves,
thesummationcanbeapproximatedby theintegration.Underfavourablecircumstances,theintegration
over real angularmomenta(alternatively, onemay speakof the summationof contributionsof hadron
resonnacesin the Õ -channel)can be shifted to the complex plane. In this way, it canbe shown that
high-energy behavior of crosssectionsis determinedby singularitiesof thescatteringamplitudein the
complex angularmomentumplane. ThesearecalledReggesingularities,or Reggepoles(if they are
poles). In theearlydaysof theReggetheory, therewasa hopethat thestructureof singularitiesin the
complex angularmomentumplaneis relatively simple— comparedto the incrediblevarietyof hadron
resonancesthatwerefoundin experimentsjust aroundthis time. In theReggepicture,thesumover allÕ -channelresonancescanbesubstituted(in thesenseof analyticcontinuation)by anexchangeof asingle
funny objectwith complex spin in the ç -channel,calledthereggeon.Reggeonshave quantumnumbers
andin many respectsbehave likeparticles.Thepomeron(namedafterI.Pomeranchuk)is nothingbut the
particularreggeonthatmediateshigh-energy scatteringof two particleswithout thechangeof quantum
numbersin the ç -channelsothatit hasitself thequantumnumbersof thevacuum.

It hasbeenshown that many propertiesof high-energy amplitudesandof reggeonsin particular
do not dependon theunderlyingfield theoryandcanbederivedusingunitarity andanalyticityonly —
thetwo basicpropertiesthatany ‘good’ theoryhasto obey. Most importantly, it is possibleto prove that



Σ
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vertex
reggeon propagator

Fig. 28: Substitutionof the sumover Ä -channelintermediatestatesby the reggeonexchange.The ‘bubble-line’ denotesthe

reggeon

thepictureof theReggeonexchangeis by itself not complete:onehasto take into accountcontributions
of severalreggeonexchanges(so-calledReggeoncuts)andreggeoninteractions.It follows thatany field
theoryin the Reggelimit will effectively be reducedto the reggeonfield theory(ratherthanquantum
mechanics,e.g.).As theresult,chancesfor thesimplicity of theReggedescriptionappearto beslim.

Fig. 29: Reggeondiagrams

In the Reggetheorylanguagethe BFKL result is interpreted(in fact this wasthe original inter-
pretation)asthe explicit constructionof the pomeronin QCD perturbationtheory. The next step: the
theoryof interactingpomerons(interactinggluonladders)still presentsanopenproblem(andwedonot
in factknow whethertheBFKL constructionpresentsa goodstartingapproximation).This problemis
very challengingandat thesametime oneof themostinteresting,correspondingto ‘new physics’that
arisesin QCD atsmallcouplingandlargepartondensities.

To explain this, rememberthat oneof the assumptionsof the partonmodelwasthat the parton
densityin the nucleonis not ‘too high’ so that the virtual ‘heavy’ photoncanonly interactwith one
parton. This conditionis broken at very large energies. Indeed,the transverse‘size’ of the partonsat
the scale � ¡ is just � â ñ í ®Ç� . If � ¡ is kept fixed andthe energy increases,so doesthe numberof
partonswhich thevirtual photoncaninteractwith. At someenergy this numberbecomesso large that
thepartonsoccupy thewholeprotondiscareaandstartto overlap. Onceit happens,thepictureof the
interactionchangessincethevirtual photonis ableto interactcoherentlywith theoverlappingpartons.
This is preciselywhathappensin adeepinelasticscatteringon a largenucleusandis responsiblefor the
deviation of thestructurefunctionof a nucleuscomparedto thatof a freenucleon.In theReggetheory
language,effectsof partonscreeningcorrespondto thecontributionsof thetypeshown in Fig. 29. They
areexpectedto be very importantin high energy nucleus-nucleuscollisionsthat will be observed and
investigatedin muchdetail in thecomingdecade.As a consequence,it is easyto predictthat thehigh
energy behavior of crosssectionsin QCDis goingto remainto beahot frontier.

Severaltheoreticalapproachesarecurrentlybeingdeveloped.It wasshown [31] thatthe‘quantum
mechanics’of pomeronsthatincludesinteractionsbetweengluonladdersbut not their splitting (i.e. the
first diagramin Fig. 29 but not the secondone)hasa highly nontrivial hiddensymmetryanda large
numberof conservation laws. It is mathematicallyequivalentto thequantummechanicsof theso-called
completelyintegrableHeisenberg spin chainsso that the samemethodscanbe usedfor the solution.
The approachinvolves very elegant(andpowerful) mathematicsbut so far the practicaloutcomewas
ratherlimited. The secondidea [32] that hasbeenaroundfor sometime, is to formulatethe theory



of interactinggluon laddersasan effective field theoryin which theBFKL solutionwould correspond
to the Born approximation.This is indeedpossibleto do, but the correspondingtheoryappearsto be
prohibitively complicated.In a morepragmaticapproach,severalmodelsof high-energy behavior have
beensuggestedthat incorporatethe BFKL solution(e.g. the color-dipole model [33]). Finally, there
exists an interestingsuggestionby McLerranandVenugopalan[34] that high energy scatteringof two
large nuclei may be dominatedby productionof a strongclassicalcolor field and may be easierto
describecomparedto thenucleon-nucleoncollisions,see[6] for a review andthecomparisonwith the
moreconventionalapproaches.

5.4 Particle spectra at low � in �ÂÁ¾� » -annihilation

As we have just seen,the total gluon multiplicity in the nucleonis infinite, as reflectedby the rapid
increaseof the gluon partondensityat small � dueto multiple emissionof soft gluons. This implies,
in particular, thatthetotal multiplicity of gluons(hadrons)producedin a deepinelasticscatteringis not
infraredsafe— it is formally infinite in perturbationtheory, which meansin practicethat it cannotbe
calculated.At first sight,thesituationwith particlemultiplicity in � Á � » annihilationhasto bethesame,
sinceboth processesaresimilarly affectedby thesoft gluon radiation. We will find, however, that the
structureof the correctionsenhancedby extra powersof

ü þ í ®ì� turnsout to be very differentandthe
situationis changeddrasticallycomparedto DIS. Thepresentationin this sectionessentiallyfollows a
goodreview by B. Webber[3] wherefurtherdetailscanbefound.
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Fig. 30: Inclusive particleproductionin � Ñ � Ò annihilation

The total inclusive crosssectionfor theproductionof hadronsof type § in � Á � » annihilationat
c.m. energy �ý¤uä Õ is definedas

F�å � �¾� Õ ¢¥¤ í� ¶ � ¶
© �© � � � Á � » � § �²¢ (83)

where � ¤æ#
÷
å ® ä Õ is the fraction of energy of the virtual photon(in c.m. frame)transferredto the

hadron,seeFig. 30. It canberepresentedasasumof contributionsfrom thedifferentpartons:
F å � �¾� Õ ¢¥¤ .

§
¨
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In thelowestorderin QCD thecoefficient function ç 4 for gluonsis zero,while for quarksit is propor-
tional to

ó �Íí é ª ¢ with thecoefficientgivenby theappropriateelectromagneticor electroweakcoupling.

The
V å. � ����¸ ¡ ¢ are called fragmentationfunctionsand their scaledependenceis given by the

DGLAP equationsthathave thesameform asin deepinelasticscattering:

©© ü þ � ¡ V å
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Thesimilarity is furtheremphasizedby thefactthatthelowestordersplitting functions
É . é

arethesame
in DIS andfragmentation,althoughthehigher-ordertermsaredifferent.Theeffect of thesplitting is in
bothcasesto shift (at higherscales)the � distributionstowardslower values. In particular, the X � X
splitting functionat small � valuesis given by Eq. (74). As a consequence,repeatingthesamesimple
calculation(75), (76) which yielded the conclusionthat the averagenumberof gluonsin a proton is
infinite (in QCDperturbationtheory)(77),weconcludethatthemultiplicity of hadronsof type § in a jet
initiatedby agluonat scale� ¡

Ú å4 � � ¡ ¢¥¤
§
¹
© � V å4 � �¾� � ¡ ¢ (86)

is infinite aswell.

Similar to theDIS case,thehigher-ordercontributionsto theDGLAP splitting function in � Á¾� »
annihilationappearto beenhancedby powersof

ü þ í ®ì� , but herethesimilarity endsbecausethestructure
of suchcorrectionsturnsout to betotally different:
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ü þ ¡´� ã � ���

T
ü þ ¡�� ¡ ã a ���

T
ü þ ¡´�

ê
Û (87)

This expansionis known to all orders[35] and the result canbe presentedin a compactform as the
answer(to leadinglogarithmicaccuracy) for theresummedanomalousdimension

åR4y4 � Ú ¢¥¤
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For fixed
ÚÑê¤ í andsmall ��� onecanexpandthesquareroot in powersof ���Â® � Ú é í ¢ ¡ , reproducing

theseriesin (87).

Comparing(87) and(80) we seetwo differences:First, eachpower of ��� in (87) is accompanied
by two powersof

ü þ � insteadof one,and,second,the serieshasbecomesign-alternating.The latter
turnsout to becrucial.As we have seen,theresummationof

ü þ � correctionsin deepinelasticscattering
enhancesthe rise of the gluon densitywhich acquiresthe factor(79) or (81) in addition to an overallí ®ì� behavior. In contrastto this, the resummationof

ü þ � correctionsin � Á � » annihilationleadsto a
suppressionof soft gluonemissionsothattheirdistribution becomeslesssingular.

To seethis,onehasto expandtheresummedanomalousdimension(88) in adifferentway, assum-
ing that

Ú � í and ��� is aconstant:
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Absenceof apolein theanomalousdimensionat
Ú ¤ í meansthattheintegral of thesplitting function

is finite: §
¹
© � É 4-4 � �¾¢¥¤ åR4y4 �Íí ¢æ¤ �Ç� �

#�T Û (90)

IntegratingtheDGLAP equation(85)over � andusingthis result,oneobtainsthedifferentialequation

� ¡ ©© � ¡ Ú å4 � � ¡ ¢¥¤ �Ç��� � � ¡ ¢#�T
Ú å4 � � ¡ ¢ Û (91)

which is easilysolved(for runningcoupling � � � � ¡ ¢æ¤ë��T ® � � ü þ � ¡ ®�g ¡ ¢ ) to give for theaveragemulti-
plicity Ú å � � ¡ ¢½ñ ÍÏÎRÐ ��T�

Ù
T ��� � � ¡ ¢ ¤ ÍÏÎRÐ #��Tì�
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In thesameapproximationoneobtainsfor thesmall-� behavior

�íF�å � �¾� � ¡ ¢½ñ ÍÏÎRÐ é í
# � ¡

ü þ ¡ � �¾®ì� ¹ ¢ � (93)

where

ü þ í ®ì� ¹ ¤îT ® � �ö��� � � ¡ ¢Í¢Ðñ §� ü þ � ¡ and � is a certainconstantñ ü þ ê  � � ¡ , see[3]. Both predic-
tionsappearto bein excellentagreementwith thedata,seeFig.31.
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6 NONPERTURBATIVE EFFECTS IN HARD PROCESSES

Nonperturbative effects in QCD have two aspects.In soft processesthey aredominating. Thereex-
ist many theoreticalphenomena(confinement,chiral symmetrybreakingetc.) thatcannotbeexplained



in perturbationtheoryandthesephenomenaareresponsiblefor the hadronspectrum,partondistribu-
tionsandfragmentationfunctionsat low scalesetc. On theotherhand,nonperturbative effectsin hard
processescorrespondto relatively small correctionsto the perturbative predictions.A nonperturbative
contribution to ashort-distanceobservablecanbethoughtof asacorrectionof order

ÍÏÎRÐ éGôcõ þ÷ö-ø
��� � �ï¢ ù g �

¦
Û (94)

Thetwo representationsin (94)areequivalentsince��� � �ï¢¥¤w��T ® � � ü þ � ¡ ®�g ¡ ¢ . Thefirst wayof writing
emphasizesthefact thatsuchcorrectioncannotbeobtainedby perturbative expansionin theQCD cou-
pling at the hardscale,while the secondexpressionillustratesthat suchcorrectionsaresuppressedby
powersof thelargemomentum.

Onerationalefor thestudyof nonperturbative power-suppressed(higher-twist) correctionsto hard
processesis, therefore,to quantifytheaccuracy of perturbative predictions.This is neededfor precision
testsof QCDand,moreinterestingly, makingsurethatthesignalsof electroweakor ‘new’ physicsthatis
happeningat very smalldistancesarenot lost in thestronginteractionbackground.In this context, one
is looking for nonperturbative correctionsin orderto minimizetheir influence.

Anothermotivationis thatthehardmomentumtypically providesonewith a ‘handle’ thatallows
to separatenonperturbative effectsof differentorigin andmaketheproblemsimpler. Fromthecelebrated
successesof theperturbative descriptionof hardprocesseswehave learntthathadronsatsmalldistances
arebuilt of quarksandgluons,whilestudiesof higher-twist correctionsallow onetoaskthenext question:
Howarethey built?

6.1 Short-distance expansion

Our taskin this Sectionis, essentially, to find out theprecisemeaningof thestatement‘calculable’ that
wasusedthroughoutthetext. It is naturalto startwith thesimplestexamplewhichis thedualitysumrule
for thephotonpolarizationoperatorin Eq.(4). I haveclaimedthatthel.h.s.of thesumrule is dominated
by contributionsof small distancesandis calculable.But what doesit really mean‘calculable’? The
simplestinterpretationmight bethatthecorrespondingperturbative calculationgivesa finite result,free
of infrareddivergences.In this sense,a ‘calculable’ quantityis theonewhich is infraredsafe. This is
a baddefinition,however, sinceit is not clearwhy a finite perturbative resultis necessarilycorrect. In
orderto clarify thispoint wehave to look ‘inside’ aperturbative calculationin somemoredetail.

Theleading-orderQCDexpressionfor thepolarizationoperatoris well known to be

�ì¡ ©© � ¡ N � �ì¡Ç¢¥¤ N ¹ í ã � � � ��¢
T � (95)

where � ¡ ¤ é � ¡ and
N ¹ standsfor an overall constantwhich is not importantfor what follows. The� � correctionin (95) correspondsto thecontribution of the threeFeynmandiagramsshown in Fig. 32.

Thecalculationinvolvesthegluonpropagatorwhich is definedasthevacuumexpectationvalueof the
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2

Fig. 32: TheleadingQCD correctionto thecorrelationfunctionof two electromagneticcurrents

productof two gluon fields at a certaindistance,and is given in perturbationtheoryby the standard



expression
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(in Feynmangauge).EachFeynmandiagramin Fig.32(andtheirsum)canbewritten,schematically, as

© � � « ÏYW � ���Ï� ¢ l Ï�W � ��¢ (97)

where� ¤ � § é � ¡ (seethefirst Figurein Fig. 32) andit is assumedthatall otherpropagators,vertices
andotherfactorsareincludedin thefunction « � ���Ï� ¢ . Thecolor indicesarenot shown for simplicity of
notation.

We suspectthat the ‘true’ gluon Greenfunction candiffer from the expressionin (96) by some
nonperturbative correctionssothat

l�O¦¥�SÏ�W � ��¢¥¤ l � ���z¶ÏYW � �¾¢ ã l ã � ã � ���z¶Ï�W � �¾¢°� (98)

where
l � ����¶Ï�W � �¾¢ refersto theexpressionin (96) (andincludesfurther ��� corrections)while

l ã � ã � ����¶ÏYW � ��¢
standsfor ‘the rest’. We assume(at leastthis is thestandardwisdom)thatnonperturbative effectsoccur
at large distances.In fact, the words‘large distance’areratherconfusingfor the following reason.A
protonis certainlya large objectbut it cancontaina small-distancesubstructureaswell. A very naive
example: let the protonbe a ball with radius ñ í fm anda sharpboundary. Then its radius,mass,
magneticmomentetc.are‘long distance’andnonperturbative, but e.g.thewidth of theboundary(if it is
small)is ‘short’ andshouldbecalculable!If youwish,this is awayto arguethattherealprotondoesnot
have a sharpboundary— we do not find anything thatcould justify this in perturbationtheory. To say
thisabit moreaccurately— whatmattersis not thebaresizebut thestructure:perturbative (predictable)
phenomenacorrespondto small-scalesubstructuresthatcanbecreatedby theexchangeof gluonswith
a shortwave-length(high frequency) andnonperturbative (complicated)phenomenaaredueto gluons
with a largewave-length(low frequency).

If we acceptthis, it follows thatthenonperturbative contribution to theGreenfunctionof agluon
in (98) is relatedto thecontribution of theslowly varyinggluonfieldsand,therefore,by itself is aslowly
varying function of the distance. Since,on the other hand, the integral in (97) is dominatedby the
integrationregion of small � �Ð�¾ñ í ®Ì� ��� , we shouldnot make a big error by replacing

l � �¾¢ underthe
integral by

l � �õ¤ �Ç¢ :
© � � « ÏYW � ���Ï� ¢ l ã � ã � �	�z¶Ï�W � �¾¢�
 l ã � ã � ���z¶Ï�W � �Ç¢ © � � « Ï�W � �¾�Ï� ¢ Û (99)

Theremainingintegral canbedonewhile
l � �õ¤ �Ç¢ , by definition,presentsavacuumexpectationvalue

of theproductof thetwo nonperturbative gluonfieldsat onepoint:

û¶�Ì� ò Ï ò W � ��ÿ¥¤ í
� X
Ï�W û¶�Ì� ò ¡´� ��ÿ Û (100)

Since
N � � ¡ ¢ carriesno dimension,andsince û¶�Ì� ò ¡ � ��ÿ hasdimensionGeV¡ (becauseany vectorfield

hasdimensionof a mass),it follows that the integral in (99) must have the dimensionGeV» ¡ and,
therefore,mustbeproportionalto í ®�� ¡ sincethereis no otherdimensionfulparameter. Without making
any calculation,we canconcludethata potentialnonperturbative correctionto thepolarizationoperator
comingfrom ‘softly varying’ color fieldshasto be�

suppresssedas í ®�� ¡ at largeenergies;�
proportionalto thevacuumaverageof thegluonfield squared.



and,therefore,. . . it cannotexist! Indeed,a nonzerovacuumexpectationvalueof
ò ¡ Ï would breakthe

gaugeinvariance(spontaneously)so that, roughly speaking,the vacuumwould become‘colored’. We
know thatthisdoesnothappen(from experiment)and,therefore,û¶�Ì� ò ¡ � ��ÿ¥¤�� . As aconsequence,there
cannotbeany nonperturbative correctionof order í ®�� ¡ to thepolarizationoperator.

In orderto dobetter, we needto improve theapproximationmadein (99). Write

© � � « Ï�W � �¾�Ï� ¢ l ã � ã � ����¶ÏYW � �¾¢ ¤ © � � « Ï�W � �¾�Ï� ¢ l ã � ã � ����¶ � �Ç¢ ã � Z û Z l ã � ã � �	�z¶ � �Ç¢ ã
ã í
# � Z ��Ìû

Z û � l ã � ã � ����¶ � �Ç¢ ã Û Û Û ÏYW � (101)

where û Z ¤ © ® © � Z etc. Note that eachpower of � translatesto the inversepower of energy í ®�� by
dimensioncountingsothattheseriesiswell converging(atlargeenergies).Ontheotherhand,derivatives
of the Greenfunction at ��¤ � correspondto vacuummatrix elementsof local operatorsbuilt of two
gluon fields and their derivatives. All what we have to do is to find out the operatorof the lowest
dimensionthat is gaugeinvariantand, therefore,canhave a nonzerovacuumexpectationvalue. This
operatoris F ¡Ï�W — the squareof the gluon field-strengthtensor— the one that appearsin the QCD
Lagrangian.It hasdimensionGeV

�
and,therefore,thecorrespondingnonperturbative correctionto the

polarizationoperatorhasto besuppressedas í ®�� � . Theonly thing that remainsto becalculatedis the
numericalcoefficient. This requiressomework [36] andtheresultreads

� ¡ ©© � ¡ N � � ¡ ¢ ¤ N ¹ í ã ��� � �ï¢
T ã Û Û Û ã

íí #�� � û¶�Ì� ���T F ¡ÏYW � ��ÿ ã a �Íí ®��
â ¢ Û (102)

To summarize,we madetwo assumptions:a) nonperturbative correctionsare relatedto slowly
varyingcolorfieldsandb) QCD gaugeinvarianceis notbroken. We thenusedthefactthatthepolariza-
tion operatorat largeandnegative � ¡ is dominatedby contributionsof smalldistancesandarrivedto the
conclusionthatpossiblenonperturbativecorrectionsto thepolarisationoperator(aliasto thesumrule(4))
aregivenby a power seriesin í ®�� ¡ in termsof vacuummatrix elementsof gauge-invariantlocal opera-
tors(vacuumcondensates).Thecoefficientsin front of theseoperatorscanbecalculated(in perturbation
theory)while thevacuumcondensateshave to betakenasnonperturbative parameters.Thepremiumis
powercounting( í ®�� � ) anduniversality: onecanexpectthatthegluoncondensateû¶�Ì� Z �\ F ¡Ï�W � ��ÿ appears
in the descriptionof many physicalprocesses;we canthereforesacrificeonemeasurementin orderto
extract the valueof the condensateandusethis value in order to refinethe QCD predictionsin other
processes.Theacceptedvalueis û¶�Ì� Z �\ F ¡ÏYW � ��ÿ�
�� Û � í # GeV

�
with, probably, 50%error.

Theconstructionis generalandworksin preciselythesamewayin all caseswhereonecanreduce
theproblemto ashort-distanceexpansion(usingdispersionrelations).Theonly thingthatvariesis theset
of contributingoperators,theirdimension(and,hence,thepowerof thepowercorrection)and,of course,
thecoefficients.To giveanotherexample,theleadingnonperturbative correctionto theGross-Llewellyn
Smithsumruledescribedin Sect.4.1equalsto§

¹
© � ³ F

Wö¦ Á ËWö¦ê � � ³ � �¯¡Ç¢¥¤G� í é ���
T
é
Û Û Û

é i
#�UÇ� ¡ û�û���ÿ�ÿ � (103)

where û�û��
ÿ�ÿ is thereducednucleonmatrixelementof thequark-antiquark-gluon operator

û Ú � ��¢ � �t F ÏYW å W å á t � Ú � ��¢Kÿ ¤u#ì� Ï û�û��
ÿ�ÿ Û (104)

Thevalueof û�û��
ÿ�ÿ wasestimatedusingquarkmodelsandQCD sumrules[37] andturnsout to beof the
orderof ñ�� Û � GeV¡ .



Unfortunately, there is a subtlety that makes improvementof the QCD predictionsby adding
power correctionsdifficult in practice. The difficulty is relatedto the fact that the distinctionbetween
perturbative andnonperturbative contributionsin (98) cannotbemaderigorous.Thereasonfor this will
be explainedin the next Section. For now, note that the derivation that I have sketchedabove never
usesa ‘nonperturbative’ natureof apowercorrection,but ratheris basedon theobservationthatthey are
relatedto low frequency fluctuationsof thecolor field. Thecontribution of low frequency fluctuations
(perturbative or nonperturbative alike) to a short-distancedominatedobservablecorrespondsto a power
correctionandcanbe encodedin the matrix elementof a certainlocal operator. This implies that the
only possibleway to understandtheseparationmadein (98) is to definenonperturbative contributions
to thepropagatorasthosecorrespondingto fieldsof low frequency � � � v ¸ , andthereforeintroducethe
separationscale. The perturbative contribution is thendefinedasthe contribution of high frequencies� � �2$ ¸ and,in orderto avoid thedoublecounting,onehasto make this cutoff in thegluonpropagator
(96)explicitly.

As theresult,thepropagatorbecomesscale-dependentandsodoestheperturbative QCD predic-
tion. Ontheotherhand,the‘nonperturbative’ contributionnow dependson ¸ aswell, andthedependence
on ¸ hasto cancelin thefinal result.Take theGross-Llewellyn sumrule asanexample.Sincethenon-
perturbative contribution is proportionalto í ®Ç� ¡ , theonly waysuchacancelationcantakeplaceis if the
modificationof theperturbative contribution is of theorderof ñ í ®Ç� ¡ aswell, andin sucha caseit has
to beproportionalto ¸ ¡ in orderto conserve dimensions:§

¹
© ��³�F

Wö¦ Á ËWö¦ê � ��³¯� ��¡£¢¥¤G� í é ���
T í é Ý�¿ ¸ ¡� ¡

é
Û Û Û

é i
#�UÇ� ¡ û�û�� � ¸ ¢Kÿ�ÿ Û (105)

Moreover, thescaledependenceof û�û�� � ¸ ¢Kÿ�ÿ hasto be

û�û�� � ¸ ¢Kÿ�ÿæ¤�Ý�¿ #�Ui ���°¸ ¡ ã termsthatdependon ¸ at mostlogarithmically� (106)

with thesameconstantÝ asin (105).

Thetroubleis thatmakingcalculationswith anexplicit momentumcutoff is verydifficult in prac-
tice (if onegoesbeyondtheleadingorder).Theworstof all is thatthecutoff procedureusedto ‘correct’
the perturbationtheoryhasto be exactly the sameas the oneusedin the nonperturbative calculation
of thematrix element(e.g. on the lattice)andsincethe techniquesof perturbative andnonperturbative
calculationsarein many respect‘orthogonal‘to eachother, usingthesamecutoff (regularization)canbe
very inconvenient.

6.2 . . . and beyond

In more complicatedsituations,one can turn things aroundand usethe scaleseparationdependence
of power correctionsto estimatetheir magnitude.Theapproachhasbecomeknown asthe renormalon
modelof power correctionsfor historicalreasons,andalsobecausethenecessarycalculationsaremost
easily doneusing the same(renormalon-related)techniques.The idea is, however, very simple and
presentsa straightforward extensionof thestandardpracticeto estimatetheuncertaintyof perturbative
QCD predictionsby their scale-andscheme-dependence.

Let usremindourselveshow it actuallyworks.Any ‘honest’perturbative calculationinvolvesthe
‘bare’ couplingnormalizedat a certainscalȩ that servesasan ultraviolet cutoff. The leading-order
correctionto, say, thetotal crosssectionof �ÂÁ¾� » annihilationis, therefore,equalto

� � § � � � ¡ ¢½¤ � � ¹ � í ã ��� � ¸ ¢
T Û (107)



It dependson the scalȩ inasmuchas ��� � ¸ ¢ does. We know that this dependenceis spuriousandis
canceledby contributions of higherorders. In particular, if the calculationis extendedto the second
order, oneobtains[4]

� � ¡
� � � ¡ ¢½¤ � � ¹ � í ã ��� � ¸ ¢

T ã í Û ß í U
ü þ ¸ ¡� ¡ ã í Û � íÇí ��� � ¸ ¢

T
¡ Û (108)

(for ÜÞÝ ¤ � light flavors). If the scaleis shifted from ¸ to ¸ § , the coefficient in front of � ��� ®�T ¢ ¡ is
changedby theamountí Û ß í U

ü þ ¸ ¡ § ®ì¸ ¡ andthis correctionis exactly compensatedby thechangeof the
couplingin theleadingterm

��� � ¸ § ¢
T ¤ ��� � ¸ ¢

T
é �
�
ü þ ¸ ¡ §¸ ¡ ��� � ¸ ¢

T
¡ ã Û Û Û (109)

where �ö®�� ¤ �ÍíÇí é #Ç®���ÜÞÝÌ¢Í®���
 í Û ß í U . Becauseof this, thelogarithmiccontribution ñ � ¡ � ü þ ¸ ¡ ®�� ¡
a) doesnotneedto becalculated— it is easilyguessedfrom theknown ñ ��� termandb) is in factspu-
rioussinceits only rôle is to cancelthescaledependenceof thecouplingto thelowestordercorrection;
it disappearsif thescaleit chosento be ¸ ¤ � .

The only new information in (108) comparedto (107) is the scale-independent constant� ¡ ¤í Û � íÇí . Thisconstantcannotbeguessed,it hasto becalculated(andthis is ahardwork!). Thequestionis
whetheronecan,nevertheless,geta crudeideaof how big this constantmight be,andthusestimatean
accuracy of thefirst-orderresultin (107)withoutdoingthefull two-loopcalculation?

Thestandardprocedureto estimatetheaccuracy of theexisting perturbative predictionis by the
uncertaintythat is generatedwhenthescaleis takenwithin the interval of factorseveral timesthehard
scale � . As we seefrom the above example,this dependenceis in fact spuriousand is canceledby
thepartsof higher-ordercontributionsthatareknown without calculation.It hasthereforeno meaning
by itself. Rather, an implicit assumptionis beingmade(but kept secret,mostly) that the uncalculated
contributionsof higherordersof perturbationtheoryareof thesameorderof magnitudeasthecoeffcients
in front of thespuriouslogarithmswhich arethereto cancelthescaledependence.This is indeedtrue
for ourexample: í Û ß í U in front of thelogarithmis certainlyof thesameorderof magnitudeas í Û � íÇí .

It is easyto seethatthesamelogic canbeextendedto obtainsemiquantitative estimatesof power
corrections,the only differencebeingthat the scale-dependenceis power-like in this case.The scale-
dependenceof thesubtractedperturbative contribution in (105) is a pureartefactof thescaleseparation
andit hasto cancelin theend. However, following thesamelogic, it is naturalto assumethat the true
‘physical’ contribution to the matrix elementin the nonperturbative correctionhasto be of the same
orderof magnitudeas the coefficient in front of the spuriousñ ¸ ¡ term (106). Sincethis coefficient
refersto the low-momentumcontributionsin Feynmandiagrams,it canbecalculatedorderby orderin
perturbationtheory(in � � � ¸ ¢ ) andin this way a crudeestimateof theexpectednonperturbative effects
canbedone.

In the caseof the GLS sum rule the correspondingestimatesindicatethat the nonperturbative
correctionis expectedto beasbig asthe ñ¬�

ê
� perturbative contribution, in agreementwith modelcal-

culations.Muchmoreinterestingly, thesameideacanbeappliedto estimatenonperturbative corrections
to any infraredsafeobservablesinceit only reliesonFeynmandiagrams.

Oneusefulapplicationhasbeento thestructurefunctionsof deepinelasticscattering.In thiscase
onelooksfor a parametrizationof theform

F ¡ � ��� ��¢¥¤uF ¶�� » ¡¡ � ��� ��¢ í ã V � �¾¢� ¡ ã a �Íí ®Ç� � ¢ � (110)

where F ¶�� » ¡ � ��� ��¢ is the leading-twist(perturbative) prediction. The aim is to find a motivatedap-
proximationfor

V � �¾¢ . To this end,rememberthat the perturbative resultfor F ¡ � �¾� �ï¢ is given by the



convolution of thecoefficient functionandthepartondistribution, see(49). Perturbative correctionsto
thecoefficient functioncanbe calculatedandthecontributionsof small momentasubtracted,resulting
in thefollowing structure,schematically

F ¡ � �¾� �ï¢¥¤G#ì� 1 ��¡ 1 ó �Íí é �¾¢ ã � � � � ��¢ é Ý � �¾¢ ¸ ¡� ¡ � « 1  � � ��� ��¢ ã ç � �¾��¸ ¢� ¡ � (111)

where
�

standsfor the convolution andI have only shown thequarkcontribution, for simplicity. The
function Ý � �¾¢ wascalculated[38] to be

Ý � �¾¢ ¤ é �á í é � ë Á ã � ã #ì� ã
í #ì� ¡ é ß ó �Íí é �¾¢ é ó ß �Íí é ��¢°� (112)

wherethe‘+’ prescriptionis definedas
§¹ © � á « � �¾¢ ë Á ç � �¾¢¥¤ §¹ © � « � ��¢ á ç � ��¢ é ç �Íí ¢ ë for any testfunctionç � �¾¢ . We seethat in orderto cancelthequadraticscaledependencethefunction ç � �¾��¸ ¢ hasto behave

as ç � �¾��¸ ¢ ñ�Ý � �¾¢ � « 1  � � �¾¢ , which translatesto

V � ��¢½¤ g ¡
F ¶�� » ¡¡ � ��� ��¢

§
¨
© ªª Ý � ª ¢ « 1  � � �¾® ª ��¸ ¢°� (113)

whereg is a dimensionfulconstantof order g O¦¥�S thatcannotbefixedwithout additionalassumptions.
As shown in Fig. 33 theshapeof thepower correctionindeedreproducesthedatavery well.
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Fig. 33: Relative twist-4 contribution � yA×°� definedin Eq. (113)to theproton(deuteron)structurefunction Ö C yA×¼� (normaliza-

tion is adjusted)comparedto theproton(filled circles)anddeuteron(emptycircles)data[39].

In morecomplicatedsituationsnot only theshapebut alsothe power of the power correctionis
unknown andcanbeguessedusingthesamemethod.As anexample,considertheso-calledeventshape
observablesin � Á � » annihilation.They areusuallydefinedto bezeroat treelevel andthereforerelated
to thematrixelementfor gluonemissionå�� �E� �� X to leadingorder. Theaveragevalueof agivenevent
shapeobservable � canbecalculatedas

û��ìÿ¥¤ © á � . ë � � 1 Ë1 4 � ¡ � � � . ¢°� (114)

where
© á � . ë standsfor theLorentz-invariantphase-spaceintegrationoverall partonsin thefinal stateand

� � � . ¢ is theparticulareventshapefunction. It canbearguedthattheleadingpowercorrection— in this



caseñ í ®Ç� — arisesneitherfrom emissionof collinearpartons,nor from soft quarks,but only from
softgluons.Introducingtheenergy fractions� . ¤G# � � . � ¢Í®�� ¡ andreserving� ê for thegluon,this implies
that theonly relevant integrationregion is � ê ��� . Notethat � § ã � ¡ ã �

ê ¤�# . Therefore,thegluon
emissioncanbecalculatedin the‘soft’ approximationandthecorrespondingresultis (seee.g.[4])

� � 1 Ë1 4 � ¡ ¤G��# X ¡� #�Íí é � § ¢ �Íí é � ¡ ¢ÇÛ (115)

Thephasespaceis, on theotherhand

© á � . ë ¤
§
¹
© � § © � ¡ � � � § ã � ¡

é í ¢ (116)

andsincethematrix element(115) is singularas � § 3 ¡ � í thereis a potentiallogarithmicsingularity.
This is in agreementwith whatwealreadyknow: thecrosssection� � Ñ � Ò Î 1 Ë1 4 (8) is givenby theexpres-
sionin (114)with � � � . ¢½� í . Thiscrosssectionis infrareddivergentsothatwehadto introduceagluon
massto make it finite. In thetotal crosssectionthis divergenceis canceledagainsta similar divergence
in the ñ ��� virtual correctionto � � Ñ � Ò Î 1 Ë1 . In event shapes,a finite result is achieved differently, by
requiringthattheeventshapefunction � � � . ¢ is constructedsuchthatit vanisheswhenthegluonmomen-
tum goesto zero. Thegenericsituationwith thecommonlyusedinfrared-safeevent shapesis that the
suppressionof soft gluonsis linear: � � � . ¢�� � ê as � ê � � 4. It is easyto seethatthis propertyimplies
a contribution of order ¸ ®Ç� to the integral in (114) from gluonswith energy lessthan ¸ unlessthereis
somecancelation.By implication,onehasto expectnonperturbative power correctionsof order í ®Ç� to
theeventshapessincea perturbative calculationfor smallgluonmomentais illegal.

Linearnonperturbative powercorrectionsareindeedobservedfor mostof theeventshapeobserv-
ables,seeFig. 34 for anexample.

ThelastexamplethatI wantto considerconcernsthequarkmasses.Sincequarksarenotobserved
in nature,theirmassesgenerallyhaveto beconsideredasparametersin theQCDLagrangian,onparwith
thestrongcoupling.Becausethecouplingis conventionallydefinedusingdimensionalregularization,it
is mostnaturalto alsoemploy the o%p schemefor themassdefinition,introducingrunningquarkmasses

�ÿ 1 � ¸ �
	 ¢ andfixing their valuesat a certainreferencescale.This is indeedtheprocedureusedto deal
with light quarks� ¤���� © � Õ andalsoheavy quarksprovidedthehardscalein theprocessis larger than
or of orderof the quarkmass.On the otherhand,using oqp heavy quarkmassesis not convenientin
processeswherethehardscaleis significantlysmallerthanthemassof thequarkitself. Thereasonfor
this is thattheusualrenormalizationgroupexpression

ÿML � ¸ ¢�
 � � � ¸ ¢��� � ÿMLö¢
�  L ÿML � ÿMLö¢ (117)

is physicallyirrelevantat ¸ f ÿML becauseit is derivedby assumingthat ¸ is theultraviolet cutoff and
thus the largestscale. (Thereis, formally, nothing wrong with taking ¸ f ÿML in Eq. (117). How-
ever, in calculationsof physicalobservables,e.g.heavy quarkdecayrates,we obtainlargeperturbative
correctionsin higherordersin this case,becauseunphysical,largelogarithmsaregenerated.)

On the otherhand,at small scaleş
f ÿML the heavy quark interactswith gluonsthroughthe

color Coulombpotential h �ÇÚ� ¢ï¤ é � �Ì®��Ç¢Í��� �Íí ® � ¢Í®Ì� Ú� � . A restrictionon the gluon momentum� � � v ¸
correspondsto thecutoff at largedistances� $ í ®ì¸ sothatthedependenceof themassparameteron ¸
at g f ¸ f ÿML is in factlinear. ÿML � �Ç¢ é ÿML � ¸ ¢¥ñ����Í¸ � (118)

seeFig. 35 for an illustration. The quantity ÿ � �Ç¢ would correspondto a ‘physical’ quarkmassif it
existedandin this casewould bedefinedasthe locationof thepole in the ‘exact’ quarkpropagator. In

4e.g.for thethrust � �"!%��� � ½ ¿�Á�yA× @ Å × C � with × @$# × C%# ×'&Þ���
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Fig. 34: Energy dependenceof + �,�-!/. (upperpanel)andtheheavy jet mass+ {
C
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C
. (lower panel)plottedasa functionof� Ã�Ø . [40] Dottedline: second-orderperturbationtheorywith scale� � Ø . Solid line: second-orderperturbationtheorywith

power correction � Ã�Ø added.The dashedline shows secondorderperturbationtheoryat the very low scale�Ç� ��� Ø with no

power correctionadded.For bothobservablesx � y|{~}à� hasbeenfixedto 0.12.
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Fig. 35: A schematicrepresentationof thescaledependenceof a heavy quarkmassdefinedwith a ‘physical’ infraredcutoff

(solid line) andin thedimensionalregularization(dashedline). Theshadedareaillustratesuncertaintiesof themassdefinition

whenthescaleis drivento valuesof order1�24365

QCD,thebestwecandois to calculatetheperturbative quarkpropagatorto acertainorder, find position
of its pole,anddefinethe‘pole mass’by theseries:

ÿ���� Ø�� ¤²ÿ �
	 � ÿ �
	 ¢ í ã º � º ��º�
� ÿ �
	 ¢ Û (119)

The pole masshasmany nice features:it is infraredfinite, gaugeindependentandindependenton the
renormalizationscheme.However, it turnsout [41] that theperturbative seriesin Eq. (119) is divergent
andthesumof theseriesis ambiguousby anamountof orderg O¦¥�S . It follows thatthequarkpolemass
is perturbatively definedonly to anaccuracy

ó ÿ��+� Ø�� ñwg O¦¥�S � (120)

thesameasthe‘physical’ quarkmassin Fig. 35. Roughlyspeaking,this meansthatit is not possibleto
cheat:sincethe‘physical’ quarkmassdoesnotexist, thereis nouniqueway to defineit in thetheory.

At first sight,this resultlooksvery intriguing: how doestheperturbationtheoryknow aboutquark
confinement?Let us postponethis questionto the next section. For now, notice that this uncertainty
hasimportantpracticalimplicationsasit meansthat thepolemasshasto beeliminatedasa parameter
in calculationsof physicalobservables,if theseobservablesarelesssensitive to theinfraredregion than
the pole massitself.5 Importantexamplesof suchobservablesare inclusive heavy quarkdecaysand
top quarkproductionnearthresholdin � Á � » annihilationthatwe have discussedin Sect.5.1. The’PS’
(potential-subtracted) top quarkmassusedin Fig. 24 correspondsto a particularversionof the mass
definitionusinga ‘physical’ cutoff ¸ ¤G#Ç� GeVin thespirit of Fig. 35. Thevaluȩ ¤G#Ç� GeVis chosen
becausethis is thecharacteristicsizeof thewould-beboundç �ç states.It is muchlessthat ÿMe�ñ í U�� GeV
sothatthemassdependenceon ¸ is linearandno largelogarithmsaregeneratedin thecalculationof the
crosssection,and,on theotherhand,muchbiggerthan g O¦¥�S sothatnonperturbative uncertainitiesare
negligible.

6.3 High orders of perturbation theory

Let usreturnoncemoreto thecalculationof QCDcorrectionsto thepolarizationoperatorin Fig. 32and
considerit from a somewhatdifferentperspective. Thethreediagramsin Fig. 32 all have a singlegluon
line. Let

� Ï
bethegluonmomentumandlet usassumethatthecalculationof thediagramsis organized

in sucha way that the integrationover thegluon momentumis the last one. Beforethis integrationis
5Notealsothata quantitythatcannotbedefinedin principle, is nota goodcandidatefor theparticledatatables.



done,the(intermediate)expressionfor eachdiagram(or thesumof all thethree)canlook asfollows:

x
¹

© � ¡� ¡ « � � � ��¢°� � � � ¢ Û (121)

where « � � � �ï¢ is a certainfunction. Thefactor í ® � ¡ canbethoughtof ascomingfrom thegluonprop-
agator, it is written explicitly for convenienceandin orderto emphasizethat thewholeexpressionhas
to carryno dimension.Theexpressionin (121)parallelsthat in (97) (apartfrom thatit is written in mo-
mentumspace)andtheonly new point is thatwe indicatetheargumentof theQCD couplingexplicitly:
Thescaleof thecouplingplayedno rôle in thediscussionin Sect.6.1,but it will be importantfor what
follows.

As we discussedin Sect.3.2, usingtheQCD couplingat the scaleof the gluonvirtuality (more
generally, transversemomentum)is nothingbut a compactway to take into accounta certainclassof
Feynmandiagramsin higherorders.This canbemadeexplicit by theexpansion

��� � � ¢¥¤ ��� � ��¢í ã Ü ¹ � � � �ï¢ ü þ � ¡ ®Ç� ¡ ¤
x
º
/ ¹ � º Á

§� � �ï¢ � é Ü ¹ ü þ � ¡ ®Ç�¯¡£¢ º � (122)

whereÜ ¹ ¤u�ì® � ��T ¢ , �À¤ íÇí é #Ç®���ÜÞÝ . TheÜ -th termin thesumcorrespondsto the Ü -th orderperturbative
correctionto thegluonpropagatorcomingfrom the ‘bubble’ diagramslike thoseshown in Fig. 366. In

kq q ++

Fig. 36: Thesetof ‘bubble’diagramsconsistsof all diagramswith any numberof loopsinsertedinto a singlegluonline

fact,ouraimin thissectionis exactly to investigategenericfeaturesof Feynmandiagramsin highorders.
The ‘bubble’ chainsin Fig. 36 provide a convenientexamplebecauseof their simplestructure;their
interpretationaspartof therunningcouplingonly servesasamotivation.

For fixed Ü , thatis for thecontribution of diagramswith Ü bubbleswe get

� º Á §� � ��¢ � é Ü ¹ ¢ º x¹
© � ¡� ¡ « � � � �ï¢ ü þ º � � ¡£®Ç�¯¡£¢ Û (123)

We expectthat large contributions to the integral comefrom either
� f � or

� î � becauseof the
logarithm. Let us concentrateon thesmall momentumregion. To this end,we cancut the integration
from above at

� ¡7�8:9 ¤�� ¡ andexpandthefunction « � � � ��¢ in aTaylorseries

« � � � �ï¢¥¤ ] « ] � ¡� ¡
]
Û (124)

For fixed ÿ , theremainingintegral is easilycalculated

« ] � º Á §� � é Ü ¹ ¢ º
; C

¹
© � ¡� ¡

� ¡� ¡
] ü þ º � � ¡£®Ç��¡£¢ ¤ « ] � º Á §� � é Ü ¹ ¢ º

x
¹
© çz� » ] e � é çö¢ º ¤ « ]ÿ � º Á §� Ü ¹ÿ º Ü�<

(125)
where ���ù¤ ��� � ��¢ andI have madethesubstitutionç ¤ ü þ � ¡ ® � ¡ . Let usdiscussthis resultin some
detail.

6This interpretationis notexactin anonabelaingaugetheorylikeQCDbecausethecouplingrenormalizationinvolvesparts
of thevertex corrections.Onecanshow, however, thatthis is nota ‘problem’, see[42] for details.



We have foundthata genericperturbative contribution to thepolarizationoperatorhasthestruc-
ture

� ¡ ©© � ¡ N � � ¡ ¢½¤ N ¹ í ã ���
x
º
/ ¹ � º ��º� � (126)

andthecoefficients� º dependon theorderof perturbationtheoryas

� º ñ const ¿�= º�Ü�< � (127)

with = ¤ Ü ¹ ®ìÿ andinteger ÿ . Themostimportantthing to noticeis Ü�< which is a very steepfunction.
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Fig. 37: Divergenceof a perturbationtheory. A toy-modelexampleusing(127)andthenumericalvalue>@?ðx � � �������
For large valuesof Ü , sooneror later it will happenthat the growth of Ü�< will overcomethesmallness
of the couplingand the perturbative seriesstartsto diverge, as illustratedin Fig. 37. The divergence
meansthatthesumof theseriesis notwell defined;thebestwhatwecando is to stopcalculatingfurther
correctionsassoonas � º � º� reachestheminimumvalueandascribeanerror(uncertainty)to thesumof
theseries,of theorderof theminimumterm7. Assuming(127),theminimumtermin theseriesoccurs
at Ü ñ í ®Ç��� andappearsto beof theorder(this is anelementarycalculationthat I advicethereaderto
do) á � º � º� ë 7�A�ã ñ�� » �CB Z � � ;

�  ] ¤ g ¡ O¦¥�S� ¡
]
Û (128)

Weconcludethatthesumof all ordersin QCDperturbationtheoryis only definedto apoweraccuracy in
thehardscale.Thismeans,amongotherthings,thatit is notpossibleto distingushbetweenperturbative
andnonperturbative effectsin a rigorousway: Nonperturbative correctionsareneededin orderto make
theperturbative serieswell-defined.

Divergenciesof the perturbative seriesthat are relatedto (coupling) renormalizationarecalled
renormalons.Let ustry to find aphysicalexplanationfor theirappearance.

TheTaylorexpansionin (124)wasmotivatedundertheassumptionthat
� ¡ ®Ç� ¡ isagoodexpansion

parameter. Let us checkwhetherthis is indeedthe case. To this end,calculatethe averagevalueofü þ � ¡ ®Ç� ¡ in theintegral (125):

û
ü þ � ¡£®Ç��¡�ÿ¥¤

; C¹ � © � ¡ ® � ¡ ¢ � ¡ ®Ç� ¡ ] ü þ º � � ¡ ®Ç� ¡ ¢z¿ ü þ � � ¡ ®Ç� ¡ ¢; C¹ � © � ¡ ® � ¡ ¢ � � ¡ ®Ç� ¡ ¢ ]
ü þ º � � ¡ ®Ç� ¡ ¢ ¤ é Ü ã íÿ Û (129)

In otherwords,theaverage
� ¡ ñ�� ¡ ÍÏÎRÐ � é Ü ®ìÿ ¢ decreasesexponentiallywith theorderof perturbation

theory. A perturbative calculationis justified for the polarizationoperatorbecausethe internalgluon
7This involvesanassumptionthattheQCD perturbative seriesis anasymptoticseriesin mathematicalsense.



momentahave to be of the order of the hard scale � simply becausethereis no other dimensionful
parameter. This argumentappliesto perturbative diagramsof any order. However, the coefficient of
proportionalitybetween

�
and � cananddoesdependon Ü ; whatwe have foundis that this coefficient

decreasesrapidly so that even if � is huge,in high ordersone unavoidably hits the nonperturbative
region.

Anotherway to seethis: Imaginetheperturbationtheoryis definedwith anexplicit cutoff at low
gluonmomentaasin (105):

� ¡ $²¸ ¡ . Introducingthiscutoff in (125)resultsin theintegral
eDB¹ © çàç º � » ] e

with ç ¹ ¤ ü þ � ¡ ®ì¸ ¡ andfor large Ü this integral is of order ñ � ¸ ¡ ®Ç� ¡ ¢ ] ü þ º � ¸ ¡ ®Ç� ¡ ¢Í®�Ü , without anyÜ�< enhancement.It folows that (infrared)renormalonsarein one-to-onecorrespondencewith thecon-
tribution of low momentain Feynmandiagrams.In particular, if theperturbationtheoryis definedwith
an explicit infraredcutoff, thereareno renormalonswhatsoever, the seriesbecomesconvergent (for a
sufficiently smallcoupling).Notealsothatthephenomenonof therenormalondivergencehasnothingto
do with thebehavior of thestrongcouplingat largescales,but ratherderivesfrom thelogarithmicscale
behavior in theperturbative regime g O¦¥�S f � f � .

As I have mentioned,thereexists thesecondpossibility of having large perturbative corrections
from the large

� î � in (123). Suchcontributions give rise to the so-calledultraviolet renormalons
that I will not discussin theselectures.They arenot relatedto nonperturbative correctionsbut canbe
importantin adifferentcontext, see[42] for a review andfurtherreferences.

The connectionbetweeninfraredrenormalonsandcontributionsof small momentain Feynman
diagramscanbeusedin bothdirections.As discussedin Sect.6.1,smallmomentumcontributionsto the
polarizationoperatorcanbe isolatedin termsof vacuummatrix elementsof local operator. It follows
that the leadinginfrared renormalon(the onecorrespondingto the largestuncertainty(128) alias the
smallestÿ ) mustbein one-to-onecorrespondenceto thecontribution of thelocaloperatorof thelowest
dimension,thegluoncondensate.We have found that thegaugeinvarianceforbidstheexistenceof the
gluoncondensateof dimensiontwo, sothattheleadingnonperturbative correctionhasto besuppressed
by four powersof � . Translatingto therenormalonlanguage,this resultmeansthatthegaugeinvariance
forbidshaving anonzerovaluefor thecoefficient « ] / § in (124)sothatthe ÿú¤ í contribution is missing
andtheambiguityin thesummationof theseries(128) startswith ÿ ¤ # , i.e. it is of order ñ í ®Ç� � .
Thesameresultcanof coursebe obtainedby thedirect calculationof the function « � � � ��¢ thatenters
Eq.(121)but thewholepoint is thatthiscalculationis notneeded.Moreover, theabsenceof ÿú¤ í term
in theTaylor expansionof thegluonvirtuality distribution function « � � � �ï¢ is a generalpropertyof any
gauge-invariantsetof Feynmandiagramsof arbitraryorder.

The argumentcanbe reversedandusedin the oppositedirection: Any divergenceof perturba-
tion theoryobserved in thecalculationof a certainclassof Feynmandiagrams(typically having chain
structure)in generalnecessitatestheexistenceof a power-suppressednonperturbative correctionunless
thereis someconspiration.In factany divergenceof theperturbative seriesgeneratedthroughthebubble
chain insertionsis in one-to-onecorrespondenceto the calculationof the simpleone-gluonexchange
diagramwith anexplicit infraredcutoff. Fromthetechnicalpoint of view, thelanguageof renormalons
allows to introduceinfraredregularizationin the theorywithout theneedto calculateintegralswith an
explicit infraredcutoff, in very muchthesamespirit asthedimensionalregularizationis usedto handle
logarithmicultraviolet (andinfrared)divergences.For example,thefunction Ý � ��¢ in (112) is calculated
mosteasilyusingthis trick.

Any phenomenologicalanalysisof higher-twist correctionsis doneby a comparisonof themea-
suredvalueof a certainobservableto thefixed-order(or resummedor etc.) perturbative prediction,and
fitting thedifferenceto a power-suppressedcontribution, asindicatedin Eq. (110). As follows from the
above discussion,thehigher-twist correctiondefinedin this way (andthisdefinitionis theonly possible
one)presentsaneffective parametrisationof bothnonperturbative effectsandhigher-orderperturbative
corrections.Becauseof this, the sizeof power correctionsthat arenecessaryto describethedatamay
dependsignificantlyon theorderof theperturbative seriesinvolved in theanalysis— largepower cor-
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(thenormalizationis arbitatry).

rectionscan in many casesbe interpretedas missing(uncalculated)contributions of higherordersof
perturbationtheory. Thegeneraltrendfor thenecessarypower correctionsdecreasingwith the increas-
ing accuracy of the perturbative descriptionhasindeedbeenobserved in deepinelasticscattering,see
Fig. 38.

6.4 Instantons

OnemayaskwhethertheQCD perturbationtheory‘knows’ throughtherenormalondivergencesabout
all nonperturbative effects?Theanswerto this questionis ‘no’. Moreover, thebasicassumptionthatall
nonperturbative effectsin QCD comefrom largedistancesis probablyincorrect.We know thatbecause
we know anexampleof anonperturbative phenomenonin QCD thatis in factshort-distance.

Nonperturbative correctionscanbe thoughtof asbeingdue to the complicatedstructureof the
nonperturbative QCD vacuum,filled with virtual quanta.A fastquarkpropagatesthroughthevacuum
and acquires,e.g. the effective massin the similar fashionas electronsacquirean effective massin
metals.The usuallogic saysthat nonperturbative vacuumfluctuationsaredueto slowly varying color



fieldsandin this casethey canbetaken into accountin somekind of a mean-fieldapproximation:The
operatorproductexpansionis nothingbut themean-fieldapproximation,adaptedfor afield theory.

Existenceof instantonsshow thatthislogic hasacaveat.An instantonis anonperturbative vacuum
fluctuation(nonperturbative meansthatit cannotbebuilt from afinite numberof quanta)thatis ‘almost’
gaugeartefact: Theinstantonfield looksasa gaugetransformationsoonewould bepreparedto declare
it gauge-equivalent to a zerofield if therewould benot a problem: this transformationis singular. We
arenot allowed to make singulargaugetransformations,sowe cannotget rid of an instanton:thebest
we could do is to move the singularity to anotherpoint or to the spacialinfinity, but it doesnot help.
Instantonshave an integer quantumnumberwhich is called topologicalcharge and many intriguing
features.For example,theDiracequationfor amasslessleft-handedquarkin thefield of aninstantonhas
asolutionwith zeroenergy, while for theantiinstantonthereis asimilarsolutionfor aright-handedquark.
This meansthat if an instantonis added(or removed) from the vacuum,the total amountof available
left-handedminusright-handedquarkstateschangesby one: the vacuumis changingits chirality. A
detaileddiscussionof instantonsgoesbeyond thescopeof theselectures,see[44] for somevery good
reviews.

Instantonshave a sizeandtheprobability to find aninstantonof smallsize ´ ¤ í ®Ç� in theQCD
vacuumcanbecalculated:

© � ´ä¤ í ®Ç��¢ ñ ÍÏÎ)Ð é #�T��� � �ï¢ ¤ g ¡ O¦¥�S� ¡
L  ¡

Û (130)

Since � ¤ íÇí é #Ç®���ÜÞÝ is a large number, this probability turnsout to be very small, of order í ®Ç�KJ –í ®Ç�KL , andthis is whatsavesus: instanton-inducedcontributionsto agenerichardprocessarenegligible
comparedto the‘usual’ nonperturbative effectsrelatedto slow-varyingvacuumfluctuations8.

It turnsout,however, thatnonperturbative productionof final stateswith averylargehadronmulti-
plicity thatI havementionedin Sect.2.3canbemediatedby aninstantonfield [45] andthecorresponding
experimentalprogramis beingpursuedat HERA [46].
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FLAVOUR PHYSICS AND CP VIOLATION

Gustavo C. Branco
CERN,Geneva,SwitzerlandandInstitutoSuperiorTecnico,Lisboa,Portugal

Abstract
Theselecturespresentselectedtopics in Flavour Physics,including fermion
massesandmixing andCPviolation. WediscussCPviolation in theStandard
Model andBeyond andemphasizethe importantrole of CP asymmetriesin
neutralB mesonsdecaysin providing stringenttestsof the StandardModel,
with thepotentialfor discoveringNew Physics.

1 INTRODUCTION

TheStandardModel(SM) is atpresentin agreementwith all experimentaldata,with theexceptionof the
recentlydiscoveredneutrinooscillations,pointingtowardsnon-vanishingneutrinomasses[1]. However,
independentlyof thequestionof neutrinomassesandmixing, it is clearthattheSM cannotberegarded
asthefinal theoryof thefundamentalinteractions.A goodpartof themotivationto go beyondtheSM,
hasto do with thesocalledflavour problemandCPviolation. Theselecturesdescribesomeaspectsof
Flavour PhysicsandCP Violation, covering a selectednumberof topics. A thoroughcoverageof the
subjectcanbefoundin therecentbooks[2], [3], [4]. aswell asin working groupreports[5], [6] andin
recentreviews [7].

In orderto constructa gaugetheoryunifying theelectromagnetic,weakandstronginteractions,
onehasto choosethegaugesymmetrygroup,therepresentationsof thefermionandscalarfieldsandthe
patternof symmetrybreaking.In theStandardModel thechoicesare:� Gaugegroup:

�������	��
������������
����������
� Representations:

Quarks:

������ � �� � � � ��������� �� ���
Leptons:

! � � " �# � � � ��$%������ �� ���
Scalars:& � ')(' � �������� �� ���

whereL, R denoteleft-handed(lh) andright-handed(rh) fermions,with chirality (-1), (+1) respectively.
The numbersin parenthesisindicatethe transformationpropertiesunder

��������� 
���������
and


��������
,

respectively. Notethatno right-handedneutrinosareintroducedin theStandardModel. The index * is
a family or generationindex. Thereplicationof fermionfamilies,with all familiestransformingin the
sameway underthe gaugegroup, is oneof the striking featuresof the fundamentalinteractions.The
quarkfields arewritten with theupperindex

��+��
to emphasizethat � � � � � areeigenstatesof the gauge

interactions,i.e. all gaugecurrentsareflavour diagonalwhenexpressedin termsof thesefields.� Patternof SymmetryBreaking

ThemostgeneralHiggspotentialconsistentwith gaugeinvarianceandrenormalizabilityis given
by: , ��&-�/. �1032 &�45&7698:��&;45&-� 2 (1)



where
8�<=+

sothat thepotentialis boundedfrom below. If 0 2 <>+
theminimumof thepotentialis at? +A@ & 4 &�@ +B<%.C+

. In this casetheminimumrespectsthegaugesymmetry. For 0 2 ? +
theminimumis

at ? +A@ & 4 &�@ +�<%.ED 2 �� andwithout lossof generalityonemaywrite:

? +A@ &�@ +�<%. +DF��G  (2)

In thiscasethegaugesymmetryis spontaneouslybrokeninto
��������HJIK�B
�������� �

. Gaugeinvariancedoes
notallow for theintroductionof directmasstermsfor thegaugefields LNM , OQP M ��RS.T��� �� ����� U-V M ��WX.��� YZYZYZ[��

associatedto
��������� 
���������

and,

����������

, respectively. After spontaneoussymmetrybreaking,
thefields:

O M]\ . O7^ M�_�` O 2 MG  acb M .d$fehg i�jlk L M 69mon�epjlk Orq M (3)

acquiremassess k 2 .t����lu 2 D 2 , s�v 2 .t������wu 2 6�uyx 2 �wD 2 while thephoton:z M .tmon�e{j|k L M 6�e]g i�j|k OQq M (4)

togetherwith thegluonfields
U-V M remainmassless.

2 STANDARD MODEL INTERACTIONS

2.1 Gauge Interactions

In theselectureswe will concentrateour attentionon the electroweaksectorof the SM.

�������

gauge
invariancerequirestheintroductionof a covariantderivative givenby:

} M �t~ M $ ` u O � M�� � $ ` u�� L MA� (5)

where� � � ����l� �
andY denotethe


�������
and

�������
generators,respectively. Fromthekinetic energy

partof theLagrangian,oneobtainstheelectromagneticinteractions,aswell asthechargedcurrentand
neutralcurrentinteractions,whicharegivenby:

� HoId.d$%��� MHoI z M� MHoI . � 2q �{�� ��� M � �� � 6 �{�� ��� M � �� � $ ^q � �� ��� M � �� � 6 � �� ��� M � �� � $ # �� �5� M # �� � 6 # �� ��� M # �� �
(6)

� v . u
�l��� j|k � Mq $9lehg i 2 jlkX� MHJI b M (7)

� Mq . � � �/�� ��� M � �� � $ � �� ��� M � �� �
� k . u

G  � � �� � � M � �� � 6 " �� � � M # �� � O (M 69�AY � Y (8)

2.2 The Yukawa Interactions

TheYukawa interactionscanbewrittenas:

��� . ��� � �;�� � � � � � � � � ��� '�(' � � � � � 6 �N�� � � � � � � � � ��� ' ���$ '�� � � � � 6 �N�� � � " � � � � � ��� '�(' � � � � � 69�AY � Y
(9)



Thethree
�����

matrices� � � � � � � � arearbitrarycomplex matricesin flavour space.Oneof themost
importantfeaturesof theSM is thefact thatgaugeinvariancepreventstheintroductionof fermionmass
termsin theLagrangian.This resultsfrom thefact thatunder


�������
, lh fermionstransformasdoublets

while their rh componentstransformassinglets. Fermionmassesaregeneratedfrom Yukawa interac-
tions,oncespontaneoussymmetrybreakingtakesplace.Making theexpansionof

&
aroundthevacuum

expectationvalue(vev):

&9. ' (DB69 ¡6 ` U (10)

from Eqs.(9), (10) oneobtainsthe masstermsfor the up quarks,the down quarks,and the charged
leptons,aswell asthe interactionsof thephysicalHiggsparticleH with quarksandleptons.Thefields' ( and

U
areabsorbedaslongitudinalcomponentsof O ( and b M , throughtheHiggsmechanism.The

fermionmasstermscanbewritten as

�
mass

. � � � s � � � � 6 � � � s � � � � 6 � � � s � � � � 69�AY � Y (11)

with s � . � �f¢£ 2 a s � . � �¤¢£ 2 a s � . � ��¢£ 2 , wherewe have suppressedtheflavour indices. Dueto
thearbitrarinessof Yukawa couplings,thematricess � � s � � arearbitrarycomplex matriceswhich are
diagonalizedby thebi-unitarytransformations:

� � � .d� �� � � a � � � .t� �� � �� � � .d� �� � � a ���� .t� �� � � (12)

where� � � denotethemasseigenstates:� ��¥� s � � �� .t} � a � ��¥�   � � �� .d} 2�� �¦¥� s � � �� .t} � a � �¦¥�   � � �� .d} 2� (13)

with
} � .

diag
�w§ � �o§�¨ �o§�©o�

,
} � .

diag
�w§ � �o§�ªh�o§�« �

, and
  � . s � s 4� ,

  � . s � s 4� .

2.3 Weak-Basis Transformations

In the limit whereoneswitchesoff theYukawa interactions,theLagrangianof theSM acquiresa very
large global symmetry, which reflectsthe replicationof fermion families. It is usefulto define“Weak-
Basistransformations”givenby:

� � ��¬ � � x� . ,N� � � � a � � � ¬ � � x� . ,
�� � � ��®���¬ ��� x� . ,;� �®�� a �®�� ¬ ��� x� . ,
�� ����# ��¤¬ # � x� . ,N¯� # �� a # �� ¬ # � x� . ,N¯� # ��

" �� ¬ " � x� . , ¯� " �� a
(14)

Since

,;� ,

,
�� ,

,
�� ,

, ¯�
,

, ¯� arearbitraryunitarymatrices,the transformationsof Eq. (14) form a
�������±°

group.Thecrucialpoint is thatall thegaugecurrentsremaindiagonalundera Weak-Basis(WB) trans-
formation,while theYukawacouplingstransformin thefollowing way:

� � ¬ � x � . ,; 4� � �
,
��� � ¬ � x � . ,  4� � �

,
���

¯ ¬ � x ¯ . , ¯ 4� � �
, ¯� (15)

It is clear that the set of Yukawa matrices � x � � � �
¯

containsthe samephysicsas the set � � � � �
¯
. Since

the fermion massmatricesare proportionalto the Yukawa couplings,it is obvious that undera WB
transformations � � � �

¯
transformin thesameway asthecorrespondingYukawa matrices.TheYukawa

matricesare complex and arbitrary, so they contain18x3=54parameters.Of course,the numberof
physicalparameterscontainedin theYukawa matricesis muchsmaller, dueto theredundancy resulting
from thefreedomto make WB transformations.



2.4 Quark Mixing in Charged Currents: the

, ��²�³
Matrix

In aWB all gaugecurrentsarediagonalin flavour space.Let usnow expressthequarkchargedcurrents
in termsof masseigenstates.FromEqs.(11)and(12)oneobtains:

� ¨|´ ¨|´ .KuXµ � � ¶o· � , ��²�³ �
� ¸ �

6c�AY � Y (16)

where

, ��²�³¹.t� � ¥� � �� . Usingstandardnotation,

, ��²�³
canbewrittenas:

, ��²�³¹.
,
�®�

,
� ª

,
� «, ¨ �

, ¨ºª , ¨ «, © �
, ©Zª , © « (17)

From Eq. (12) it is clearthat in theSM, the appearanceof a non-trivial

, ��²�³
is entirely natural,just

reflectingthefact that s � � s � areindependentmatricesandthusdiagonalizedby differentunitaryma-
trices.In themasseigenstatebasisthequarkmasstermsare:

�
mass

. � § � � � � � 6 P
§ P � P � P (18)

wherè
. � � � � ¸ and

R�. � � � � ¶ . Onehasthefreedomto rephasethequarkfieldsby aphasetransforma-
tion: � � .t��»:¼:� `|½ �� � � x � a � � .t��»:¼:� `|½ �� � � x � (19)

Underthesephasetransformationsthemasstermsremaininvariantwhile

, ��²�³
transformsas:, � P .t��»A¼ $ ` � ½ �� $ ½ �P �

, x� P (20)

Obviously, theindividual phasesof

, ��²�³
have no physicalmeaning.Only functionsof

, ��²�³
which

are rephasinginvariant have physicalmeaningandcan be measured.The simplestexamplesare the
moduli andtheinvariantquartets: � � � P � . , � � , P �

, �� �
, �P � (21)

It canbereadilyseenthat the invariantsof higherordercanbewritten asa productof quartetsdivided
by somemoduli. For example:, � � , P �

, I¿¾ , �� �
, �P ¾

, �I � . � � � P � � P � I�¾ �A@ , P � @ 2 (22)

2.4.1 Physical Parameters in

, ��²�³
For À generations,the

, ��²�³
matrix is an À -dimensionalunitarymatrix thereforeit hasÀ 2 independent

parameters.However, dueto thefreedomof makingrephasingtransformationsandtaking into account
that an overall phasetransformationof all quarksleaves

, ��²�³
invariant,onecaneliminate

�� À $t���
phasesfrom

, ��²�³
. Taking into accountthat

���� À � À $t���
anglesareneededto definean orthogonal

matrix,oneconcludesthatthenumberof physicalphasescontainedin

,
is givenby

ÁÃÂ ³Ä . À32 $ �ÅÀ � À $c���3$9�� À $9����. � � À $9����� À $9��
(23)

Thetotalnumberof physicalparametersenteringin

,
is:

Á Â ³Æ . � À � À $9���369Á Â ³Ä .t� À $9��� 2 (24)



Notethatin thederivationof Eq.(23)wehavemadetheimplicit assumptionthatno two quarksof equal
charge have degeneratemasses.The point is that if two quarksof the samecharge have degenerate
masses,the themostgeneralsetof transformationswhich leavesthemasstermsinvariantis no longer
givenby Eq. (19) sinceit shouldincludethepossibilityof makinga U(2) transformationactingon the
two degeneratequarks.It canbereadilyseenthatin thethreegenerationsSM all phasescanberemoved
from

, ��²�³
in the limit wheretwo quarksof the samecharge becomedegeneratein mass. We will

comebackto this questionin Sec. 2.5, wherewe studyWB invariantsandCP Violation. It shouldbe
emphasizedthatthecountingof physicalphasesgivenby Eq. (23) is still valid in thechiral limit, where§ � .Ç§ � .d+

.

From Eq. (23), it follows that in the SM for ÀTÈ �
therearenon-trivial phase(s)in

, ��²�³
. In

particular, for À =3 , thereis onenon-trivial phase,thesocalledKobayashi-Maskawa (KM ) phase.We
will show next thattheappearanceof anon-trivial physicalphasein

, ��²�³
doesimply CPviolation.

2.4.2 CP Violation in Charged Weak-Current Interactions

In order to checkthe CP propertiesof a Lagrangian,it is convenient to separateit in two parts,one
containingthe kinetic energy termsand the interactionswhich conserve CP like the electromagnetic
interactions,andtheotherpartcontainingtheremainingtermsof theLagrangian.Thenoneconstructs
the mostgeneralCP transformationwhich leaves invariant the first part of the Lagrangianandchecks
whetherCPinvarianceof theremainingLagrangianleadsto non-trivial constraints.Thisproceduremay
be doneeither in a WB basisor in a mass-eigenstate-basis(MEB). In this section,we will work in a
MEB andin Sec.2.5wewill discussCPviolation in aWB.

ThemostgeneralCPtrasformationwhichleavesinvariantall termsof theLagrangian,except
� k

,
is givenby: ��É�Ê%� � V)� ¶ �ÌËÍ ����É�Ê%� 4 .t� �ÏÎ¦Ð � � É �FÑV � ¶ � $QËÍ ���É�Ê%� � V)� ¶ �ÌËÍ ����É�Ê%� 4 .t$%� � �ÏÎ Ð � ÑV � ¶ � $�ËÍ ��É � ^ � ���É�Ê%� � P � ¶ �ÌËÍ ����É�Ê%� 4 .d� �ÏÎ¦Ò � � É � ÑP � ¶ � $�ËÍ ���É�Ê%� � P � ¶ �ÌËÍ ����É�Ê%� 4 .Ó$%� � �ÏÎ¦Ò � ÑP � ¶ � $QËÍ ��É � ^ � ���É�Ê%� O ( M � ¶ �ÔËÍ ����É�Ê%� 4 .t$%� �ÏÎ¦Õ O �M � ¶ � $QËÍ �

(25)

UsingEq.(25) onecanverify thatCPinvarianceof
� k

constrains

, ��²�³
to satisfy:, �V P .t� ��Ö×Î Õ ( Î¦Ò � Î¦Ð�Ø

, V P (26)

which in turn implies:
Im

� V �ÚÙ � .
Im

� , V � , Ù � , �V � , �Ù]� ��.t+
(27)

For two generations,theconstraintsof unitarity imply theautomaticvanishingof Im
� V �ÚÙ � , while

for threeor moregenerations,this quantitydoesnot vanishfor a generic

, ��²�³
, thus implying the

possibilityof having CPviolation in thethreegenerationsSM.

2.4.3 Experimental Value of Quark Masses and Mixings

Due to the arbitrarinessof Yukawa couplings,in the SM quarkmassesand mixings are free param-
eters,to be determinedby experiment. Therehasbeena continuingeffort in measuring

, ��²�³
with

increasingaccuracy. As we have seenin 2.4.1for À .Û�
,

, ��²�³
is characterizedby four independent

parameters.Therearemany possiblechoicesfor theseparametersfrom whichonecanconstructthefull, ��²�³
matrix, usingtheconstraintsof unitarity. In section

�Y ÜAYZÝ�Y
we will describesomeof thepossible

parametrizationsof

, ��²�³
. Fromanexperimentalpointof view, it is importantto determineall elements

of

, ��²�³
without usingtheassumptionof unitarity andthroughasmany differentphysicalprocessesas

possible.This leadsto anoverdeterminationof

, ��²�³
which providesa crucial testof thecorrectness



of our varioustheoreticalassumptions,including that of unitarity of

, ��²�³
. Most of the elementsof

the

, ��²�³
matrix canbeobtainedby directmeasurementof decayratescorrespondingto SM treelevel

processes.Theextractionof these

, ��²�³
elementsis expectedto bevalid evenin thepresenceof New

Physics,sinceeventualnew contributions to theseprocessesarenegligible comparedto treelevel SM
contributions.Next wewill briefly review ourpresentexperimentalknowledge[8] onthevarious

, ��²�³
matrix elements.Nuclearbetadecaysandtheanalysisof Ke3decaysallow thedeterminationof

@ , �®� @
and

@ , � ªÅ@ , respectively, yielding:

@ , �®� @�.t+�YZÞ�ß���ÝNàK+�YZ+�+�+�[ @ , � ª @�.d+�YZ���Þ���à9+�YZ+�+���
(28)

Neutrinoandanti-neutrinoproductionof charmoff valenced-quarksandcharmed-taggedW de-
caysdetermine

@ , ¨ � @ and
@ , ¨�ªá@

, giving:

@ , ¨ � @].t+�YZ�lÜBàc+�YZ+���� @ , ¨�ª1@].t+�YZÞ�ß�à9+�YZ+�+�Þ�� �¦¶ â®¶ YZ�ãàK+�YZ+�ß�� �¦ä���¶ YZ� (29)

@ , ¨ «�@
- Lepdataon bothexclusive andinclusive decaysgives:

@ , ¨ «�@�.t+�YZ+lÜA+�;à9+�YZ+�+���Þ
(30)å æ�çéè�åå æ�ê è å - The valueof

å æ�çlèºåå æ�ê è å canbe extractedfrom an analysisof the endpointspectrumof semileptonicL -decaysor from exclusive decayssuchas L ¬ìë # " or L ¬îí # " . Taking into accountthe various
theoreticaluncertaintiesandthedifferencebetweentheresultsfrom inclusive decays,theParticleData
Group[8] quotesthefollowing value,with a ratherconservative error:@ , � «�@@ , ¨ «�@ .t+�YZ+�Þ�àc+�YZ+��Ý

(31)

@ , © «y@
- Thestudyof thedecays¶ ¬ ¸ # ( " leadsto:@ , © «y@ 2@ , © � @ 2 6d@ , ©ZªÌ@ 2 6T@ , © «y@ 2

.d+�YZÞ�Þ�àK+�YZ�Þ
(32)

Finally, we considerthe values
@ , © � @ and

@ , ©Zª @
which, within the framework of the SM, canbe

extractedfrom the experimentalvaluesof L � $ ïL � and L ªN$ ïL ª
mixings. In the SM, the dominant

contribution to thesemixingsarisesfrom W-mediatedbox diagramswhich leadto:

ð s�ñpò . U 2 ó § 2 k� ë 2õô ñ
§ ñpòéö12ñp÷ Løñpò 
 � �w»)©���@

, ©  , © «y@ 2 (33)

where ù . � � � , ô ñ is a QCD correctionfactor,

 � �w»F© � § 2 © �l§ 2 k �

is an Inami-Lim function [9] andö 2ñ ÷ L	ñpò parametrizesthehadronicmatrixelementwhichhasbeenestimatedby latticeQCDcalculations
to befor ù . �

, ö 2ñ{÷ L ñpò .t�����+Aà�ÜA+ s ��DF� 2 . Usingthemeasuredvalueof
ð s ñ ÷ .t+�Y ÜAß��:àú+�YZ+����l¼ � � ^ ,

oneobtains: @ , © �
, © «y@].d+�YZ+�+�[��;à9+�YZ+�+����

(34)

In theratio of
ð s ñ{û and

ð s ñ ÷ many of thecommonfactorscancel,soonehas:

ð s�ñ ûð s�ñp÷ . § ñ û§ ñp÷ L	ñ ûLøñ{÷ ö 2ñ ûö 2ñ ÷
@ , ©ZªÌ@ 2@ , © � @ 2 (35)

Theuncertaintyin theratioof theabovemassdifferencesis smallerthantheuncertaintyin thenumerator
anddenominator, takenseparately. Fromtheexperimentallowerbound

ð s�ñpû <t�lÜAYZ�l¼ � � ^ oneobtains:

@ , © � @ �A@
, ©ZªÌ@ ? +�YZlÜ

(36)



Takinginto accountthatfor À .t�
, unitarity of

, ��²�³
, implies

@ , ©Zª1@�ü¡@ , ¨ «�@
, oneobtains

@ , © � @]ýt+�YZ+��
(37)

which is morerestrictive thanthe upperboundobtainedfrom Eq. (34). It shouldbe notedthat within
thethreegenerationsSM, constraintsof unitarity imply boundson the

, ��²�³
matrixelementswhich, in

somecases,imposemoresensitive restrictionsthandirectmeasurements.For example,from normaliza-
tion of thesecondrow, oneobtains:

@ , ¨�ªá@�. �-$C@ , ¨ � @ 2 $C@ , ¨ «�@ 2 ^±þ 2 (38)

which implies +�YZÞ�ß�� ? @ , ¨ºª @ ? +�YZÞ�ß�[
(39)

Similarly, from normalizationof thethird columnonehas:

@ , © «á@]. �-$T@ , ¨ «�@ 2 $T@ , � «�@ 2 ^±þ 2 (40)

which leadsto: +�YZÞ�Þ�Þ�+ ? @ , © «y@ ? +�YZÞ�Þ�Þ��
(41)

On theotherhand,orthogonalityof thefirst andthird columnsleadto:

@ , ¨ � @Z@
, ¨ «y@l$T@ , �®� @Z@

,
� «y@]ý¡@ , © � @�ý¡@ , �®� @Z@

,
� «y@é6d@ , ¨ � @Z@

, ¨ «�@
(42)

which implies +�YZ+�+lÜ ? @ , © � @ ? +�YZ+���Ý
(43)

Althoughthis restrictionon
@ , © � @ is notasgoodastheoneobtainedin Eq.(34) it hastheinterestof being

independentof L � $ ïL � mixing.

2.4.4 Unitarity Triangles

Wehaveseenthatin theSM, the

, ��²�³
matrix is unitary. For À .t�

, orthogonalityof rowsandcolumns
leadto thefollowing six orthogonalityrealations:,

�®�
, �� ª 6 , ¨ �

, �¨ºª 6 , © �
, �©Zª .t+,

�®�
, �� « 6 , ¨ �

, �¨ « 6 , © �
, �© « .t+,

� ª
, �� « 6 , ¨�ª , �¨ « 6 , ©Zª , �© « .t+,

�®�
, �¨ � 6 ,

� ª
, �¨�ª 6 ,

� «
, �¨ « .t+,

�®�
, �© � 6 ,

� ª
, �©Zª 6 ,

� «
, �© « .t+, ¨ �

, �© � 6 , ¨�ª , �©Zª 6 , ¨ « , �© « .t+
(44)

Theaboveorthogonalityrelationsmayberepresentedin thecomplex planeby six triangles.All unitarity
triangleshave the samearea. This canbe seenby first noting that the imaginarypartsof all invariant
quartetshave thesameabsolutevalue.For example,if oneconsidersthefirst of Eqs.(44),multipliesby, �¨ �

, ¨ºª
andtakesimaginaryparts,oneobtains:

Im
� , ���

, ¨ºª , �� ª
, �¨ � ��.

Im
� , ¨ �

, ©Zª , �¨�ª , �© � � (45)

Analogousargumentscanbeappliedto otherquartets,showing that
@
Im

� V �ÏÙ � @ areall equal.Thequan-
tities

@
Im

� V �ÏÙ � @ have a simplegeometricalinterpretation.Considertheorthogonalityrelationinvolving
thefirst andthird columnof

, ��²�³
: ,

�®�
, �� « 6 , ¨ �

, �¨ « 6 , © �
, �© « .t+

(46)
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Fig. 1: Unitarity triangle

which canberepresentedin thecomplex planeby thetriangleof Fig.1. Theareaof thetriangleis given
by:

Area
. �  @ , ¨ � @Z@

, ¨ «�@ �
(47)

with

�ú.¡@ , �®� @Z@
,
� «y@Z@ ehg i	��
�F��$

,
�®�

, ¨ « , �� «
, �¨ � ��@ (48)

onethusobtains:

Area
. � @

Im
� , ���

, ¨ « , �� «
, �¨ � ��@ (49)

Analogousconsiderationsapplyto theotherorthogonalityrelationsandthecorrespondingtriangles.The
equalityof thevarious

@
Im

� V �ÏÙ � @ thenimpliesthatall unitarity triangleshave thesamearea.Mostof the
unitarity triangleshave oneof thesidesmuchsmallerthantheothertwo. For example,in the triangle
arisingfrom theorthogonalityof thefirst two columnsof

,
, thesideshave lengths

@ , �®� @Z@
,
� ªÌ@�ü +�YZ���Ý

,@ , ¨ � @Z@
, ¨ºªÅ@Fü +�YZ��lÜ

and
@ , © � @Z@

, ©Zª1@Fü ��YZ�S�E��+ ��� , wherewe have taken thecentralexperimentalvalues
[8] of

@ , � � @ . Only two of thesix unitarity triangleshave all sidesof comparablelength: they correspond
to orthogonalityof thefirst andthird columnandorthogonalityof thefirst andthird line. Theunitarity
trianglerepresentedin Fig. 1 is speciallyimportant,sinceit playsa crucial rôle in thecurrenttestsof
theSM andits KM mechanismof CPviolation. For this reasonthis triangleis usuallyreferedto as“the
unitarity triangle”(UT). Underthe a rephasingof quarkfields of Eq. (19) the unitarity trianglerotates
andthustheorientationof theUT in thecomplex planehasno physicalmeaning.However, theangles
of theUT arerephasinginvariantanddo have physicalmeaning.This is readilyseenby noting that

W
,�

,
�

aredefinedby: W � ��
�� $ æ�� ÷ æ��� èæ ç ÷ æ��çlè .���
�N��$ � � « © � �� � ��
� $ æ ê ÷ æ �ê èæ � ÷ æ �� è .���
�N��$ � © « ¨ � �
� � ��
�� $ æ�ç ÷ æ �çéèæ�ê ÷ æ��ê è .���
�� ��$ � ¨ « �®� �

(50)

By definition,theangles
W

,
�

,
�

alwayssatisfytherelation:Wf6 � 6 � .���
��;��$%���¿. ë �
mod

 ë �
(51)

In theliteratureit is sometimesstatedthatcurrentmeasurementsof CPasymmetriesin B-mesonfactories
will testthe “validity” of Eq. (51). This is a rathermisleadingstatement,obviously Eq. (51) is always
valid, sinceit follows from thedefinitionof

W
,
�

and
�

asgivenby Eq. (50). Wewill returnto this point
in Sec.4.



2.4.5 Parametrization of

, ��²�³
The

, ��²�³
matrix canbeparametrizedin differentways.� The Standard Parametrization

TheParticleDataGroupadvocatesthefollowing parametrization:

, . � ^ 2 � ^wq � ^ 2 � ^wq � ^wq � � �������$ � ^ 2 � 2 q $ � ^ 2 � 2 q � ^wq � ��� ��� � ^ 2 � 2 q $ � ^ 2 � 2 q � ^wq � ��� ��� � 2 q � ^wq� ^ 2 � 2 q $ � ^ 2 � 2 q � ^wq � ������� $ � ^ 2 � 2 q $ � ^ 2 � 2 q � ^wq � ������� � 2 q � ^wq
(52)

where� � � , � � � areshorthandsfor
mon�e{j � � and

e]g i�j � � respectively. If oneallowsfor thephase�®^wq to befree,
all the threerotationangles

j � � mayberestrictedto lie in thefirst quadrant,without lossof generality.
Thisparametrizationhastheadvantagethatall the � � � aresimply relatedto directlymeasuredquantities:� ^wq .¡@ , � «�@ ; � ^ 2 . å æ ç û åG ^ � å æ�çlèºå��

üÛ@ , � ª1@ ; � 2 q . å æ�ê è åG ^ � å æ�çlè�å��� Rephasing Invariant Parametrizations

It is possibleto parametrize

, ��²�³
, usingonly rephasinginvariantinputparameters,i.e. quantities

whichremaininvariantwhenonemakesaphaseredefinitionof thequarkfields.Thefollowing rephasing
invariantparametrizationshave beenproposed:

i) Bjorken-Dunietz (BD) Parametrization

In this parametrization[10], onechoosesthe following phaseconvention:

,
�®� ,

,
� ª ,

, ¨ «
and

, © «
arechosento berealandpositive. As inputparametersBD choose:@ , � ª @ , @ , � «�@ , @

, ¨ «�@
and

��
� � � ªJ¨ «
The remainingelementsof

, ��²�³
can be readily obtainedfrom theseinput parameters,using

unitarity of

, ��²�³
.

ii) Branco-Lavoura Parametrization

This parametrization[11] hasthe specialfeatureof using, as input parametersonly moduli of, ��²�³
. A convenientsetof input moduli is:@ , � ªÅ@ , @ , � «�@ , @

, ¨ «�@
,
@ , © � @

From thesefour moduli, onecantrivially obtainall othermoduli by usingthe fact thatunitarity
constrainscolumnsandrows to be normalized.The real part of any invariantquartetcanbe obtained
throughtherelation:

�� � � V �ÏÙ � .t�-$9�ãV � $9� Ù � $9� V � $9� Ù]� 6K� V � � Ù � 6c� V � � Ùh� (53)

where
� V � � @ , V � @ 2 . The strengthof CP violation, measuredby the imaginarypart of any invariant

quartet(recallthatin thethreegenerationsSM, theimaginarypartof all invariantquartetshave thesame
modulus)is givenby:

@   § � V �ÚÙ � @]. � V � � Ù � � V � � Ù]� $c���� � � V �ÏÙ � � 2 ^±þ 2 (54)

It shouldbeemphasizedthat in thecontext of theSM andasa resultof unitarity of

, ��²�³
, thestrength

of CPviolationcanbeobtainedfrom theknowledgeof any four independentmoduli [11]. This is avery
specialfeatureof thethreegenerationsSM.

iii) Aleksan-Kayser-London (AKL) Parametrization

Let usrecallthatin theSM with À generations,onemayeliminate
�� À $����

phasesfrom theinitialÀ 2 phasesof

, ��²�³
, throughrephasingof quarkfields. As a result,thenumberof rephasinginvariant

phasesis: À phases
. À32 $9�� À $9����.t� À $c��� 2 (55)



Of course,at thisstage,wearenot imposingunitarity. Notethatthenumberof rephasinginvariantphases
equalsthenumberof parameterswhich arenecessaryto parametrize

, ��²�³
. AKL have suggested[12]

thatthefollowing four independentrephasinginvariantphasesbeusedasinputparameters:! © « ¨ � , ! ¨ « ��� , ! © « ¨ºª
, ! ¨�ª ���

with the definition ! V �ÏÙ � ."��
�� � V �ÚÙ � . Using unitarity, onecanderive the whole of

, ��²�³
matrix,

includingthevalueof its moduli.� Wolfenstein Parametrization

Using the experimentalfact that thereis a stronghierarchyin off-diagonalelementsof

, ��²�³
,

Wolfenstein[13] hassuggestedthefollowing approximateparametrization:

,$# ��$ ^2 8 2 8 z 8 q � í $ ` ô
�$�8 �-$ ^2 8 2

z 8 2z 8 q ����$ í $ ` ô
� $ z 8 2 � (56)

Theparameter
8�ü=+�YZ�

is smallandthuscanbeusedasanexpansionparameter. Thegreatadvantage
of theWolfensteinparametrizationis thatonemayestimatetheorderof magnitudeof any functionof
thematrix elementsof

, ��²�³
, by takingtheleadingtermin its expansionin

8
. It is clearfrom Eq.(56)

thatin thisparametrizationunitarityof

, ��²�³
is satisfiedup to order

8 q . BrancoandLavoura(BL) [14]
have suggestedanexactversionof theWolfensteinparametrizationby adoptingthephaseconventionof
BjorkenandDunietzanddefining

8
,
z

, 0 , ' by thefollowing relations:

8ú. ,
� ª a z . @ , ¨ «�@@ , � ª @ 2 a 0 . @ , � «�@@ , ¨ «y@Z@ , � ª @ a ' . ! � ªJ¨ « (57)

It shouldbe emphasizedthat Eqs.(57) areexact by definition andthereforethe expressionsfor
@ , � ªÅ@ ,@ , ¨ «�@

and
@ , � «�@ arenot correctedby termsof higherorderin

8
. Theexpansionof

, ��²�³
in powersof

8
canthusbederivedto any desiredorderandoneobtains@ , �®� @].t�-$ ^2 8 2 $ ^% 8 � 6'&���8)(����@ , ¨ � @�.t$%8 6 z 2 � ^2 $ í $ ` ô

��8 ° 6*&���8,+l���@ , ¨�ª @].t�-$ ^2 8 2 $ ^% ���-6XÜ z 2 ��8 � 6*&���8 ( ���@ , © � @�. z ����$ í $ ` ô
��8 q 6 ^2

z � í 6 ` ô
��8 ° 6*&���8-+é���@ , ©Zª @].t$ z 8 2 6 z � ^2 $ í $ ` ô

��8 � 6*&���8 ( ���@ , © «y@�.d��$ ^2
z 2 8 � 6*&���8.(���Y

(58)

wherewe have put í � 0 mon�e ' , ô � 0 ehg i ' . ObviouslyEqs.(58)coincidewith Eq.(56) up to order
8 q .

Anotherway of evaluatingin anexactway higherordertermsin
8
, is theoneproposedby Buras,

Lautenbacherand Ostermaier(BLO) [15] who suggestedthat the parameters
8
,
z

, í , ô be defined
throughtheexactrelations:

� ^ 2 .d8:� � 2 q . z 8 2 � � ^wq � � ��� . z 8 q � í $ ` ô
�

(59)

Fromwhich it follows that

� ^ 2 . �-$98 2 a � 2 q . ��$ z 2 8 � � ^wq . ��$ z 2 8 ( � í 2 6
ô 2 (60)

Substitutingtheseexpressionsin thestandardparametrizationof Eq.(52)oneobtainsanexactparametriza-
tion in termsof

8
,
z

, í , ô . Onecanthenexpandeachelementin powersof
8
. In practicethedifferences

betweentheBLO andBL parametrizationsfirst ariseonly at order
8)(

. It is very usefulto introducethe
parametersïí , ïô [15], definedby:

ïí . í ���-$ 8 2 � a ïô
.

ô
���-$ 8 2 �

(61)
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Fig. 2: Normalisedunitarity triangle

The advantageof the introductionof theseparametersis that one can obtain a normalisedunitarity
triangle(seeFig. 2) which is valid beyondleadingapproximation.We will seein Sec.4thatconstraints
on theSM from variousexperimentaldatacanbeeasilytranslatedinto constraintson thelocationof the
vertex of thenormalisedtriangle.

2.5 Weak-Basis Invariants and CP Violation

In the previous section,we have studiedthe CP propertiesof the SM in a basiswherethe quarkmass
matriceshave beendiagonalized,which led to a non-trivial

, ��²�³
matrix in thechargedcurrents.We

haveseenthatCPinvariancerequiresthatall rephasinginvariantcombinationof

, ��²�³
matrixelements

bereal. In thissection,we presentanalternative wayof studyingtheCPpropertiesof any gaugetheory.
We will considerthe Lagrangianin its initial form, i.e. in a weak-basiswhere,aswe have seen,all
gaugecurrentsarediagonal,real. We thenconsiderthe mostgeneralCP transformationwhich leaves
invariant the part of the Lagrangiancontainingthe gaugeinteractionsandthencheckwhetherthe CP
transformationthusdefinedimpliesany restrictionson theremainingof theLagrangian.

ThemostgeneralCPtransformationwhich leaves
�

gaugeinvariantis [16]:

� � �¤¬ O � É � ���� a � � � ¬ O �� É � ����� � �¤¬ O � É � ���� a � � � ¬ O �� É � ���� (62)

where
Éd. ` � 2 � � and O � � O �� � O �� aren-dimensionalunitarymatricesactingin flavour space.

Note that the existenceof � � chargedcurrentinteractionsconstrains� � � � � to transformin the
sameway underCP, while the absenceof Í � charged currentsin the SM allows � � � � � to transform
differentlyunderCP. It canbereadilyverifiedfrom Eqs.(11),(62)thatin orderfor

�
massto beinvariant

underCP, thematricess � � s � shouldsatisfytherelations[16]:

O 4� s � O �� . s ��O 4� s � O �� . s �� (63)

from which it follows:

O 4�   � O � .d  �� .t  Ñ�O 4�   � O � .d  �� .t  Ñ� (64)

Theexistenceof unitarymatricesO �
satisfyingEqs.(64) is a necessaryandsufficient condition

for
� Â ³

to be CP invariant. However, written in this form, theseconditionsareof little practicaluse.
Onewould like to havenon-trivial CPconstraintson

  � �   � , written in termsof WB invariants.In order
to achieve this,we notethatfrom Eq.(64)onehas:



O 4�   �   � O � .d  Ñ�   Ñ�O 4�   �   � O � .d  Ñ�   Ñ� (65)

Subtractingthesetwo equations,oneobtains:

O 4� µ   � �   � · O ��.d$ µ   � �   � · Ñ (66)

If oneevaluatesthetracesof bothsidesof Eq.(66),onefindsthatthey vanishidenticallyandnoconstraint
is obtained.In orderto obtaina non-trivial constraint,we multiply Eq. (66) by itself anoddnumberof
times,to obtain: O 4� µ   � �   � ·0/ O ��.Ó$21:µ   � �   � ·0/43 Ñ � Í � �á� � (67)

Takingtraces,onefinally obtains[16]:

¶JÍ µ   � �   � · / .t+ � Í�� �á� � (68)

Eq. (68) givesCPconstraintson
  � �   � , valid for anarbitrarynumberof generations.For À . �

andÀ . 
, the constraintsof Eq. (68) areautomaticallysatisfiedfor arbitraryhermitianmatrices

  � �   � .
Of course,this is to be expectedfrom the countingof physicalphasesin the

, ��²�³
matrix, given by

Eq.(23). For À7È �
, Eq.(68)providesnon-trivial CPconstraintson

  � �   � . For À .t�
, it canbereadily

shown [16] thatthecondition

¶oÍ µ   � �   � · q .t+
(69)

is anecessaryandsufficientconditionfor CPinvariancein theSM. It is usefulto expresstheinvariantof
Eq.(69) in termsof physicallymeasurablequantities.Oneobtains:

¶JÍ µ   � �   � · q .t� ` ð 2 ^ ð q�^ ð q 2 Im �
(70)

where:

ð 2 ^ .t�w§ 2ª $�§ 2� ���w§ 2 ¨ $�§ 2� � a ð q�^ .t�w§ 2« $�§ 2� ���w§ 2 © $�§ 2� � a ð q 2 .t�w§ 2« $�§ 2ª ���w§ 2 © $�§ 2¨ � (71)

From Eq. (70), (71), it follows that in theSM, CP violation vanishesin the limit whereany two
quarksof thesamechargebecomedegenerate.But it doesnot necessarilyvanishin thelimit whereone
quarkis massless(e.g.,

§ � .t+��
or evenin thechiral limit

�w§ � .K§ � .t+��
.

At thisstage,it is worthexaminingthesignificanceof ouranalysis.Wehavestartedby considering
the most generalCP transformationwhich leaves the SM gaugeinterationsinvariant. We have then
derived the restrictionswhich the Hermitianmassmatrices

  � �   � shouldsatisfy in order for
�

mass
to be invariant. The fact that for ÀTÈ �

oneobtainsnon-trivial CP restrictionson
  � �   � , implies,of

course,that in theSM with threegenerations,CP canbe violated. In theSM, CP violation arisesasa
clashbetweentheCPpropertiesof thegaugeinteractionsandthemassterms[17].

Wehavechosento presentouranalysisin termsof
�

gaugeand
�

mass. Alternatively, onecancon-
sider

�
gaugeand

���
. OnecanthenstudytheCPpropertiesof

� Â ³
evenbeforespontaneousgaugesym-

metrybreakingandthereforebeforefermionmasstermsaregenerated.In this case,thenon-trivial CP
restrictionswouldbewritten in termsof theYukawacouplingmatrices� � � � � , with � � � � � � 4 � � � � � � � 4
substituting

  � �   � in Eq. (68). Therefore,for threegenerations,thenecessaryandsufficient condition
for theLagrangianof theSM to conserve CPis:

¶JÍ � � � � � ��4�� � � � � � ��4 q .t+
(72)



Conversely, a non-vanishingvalueof the invariantof Eq. (72) is an indicationthat
� Â ³

violates
CP.

We have presenteda generalmethodto analysethe CP propertiesof
� Â ³

. It is clear that the
methodcanbereadilyextendedto theoriesbeyondtheSM [3]. Theonly differenceis thatin thepresence
of otherinteractions,beyondthosealreadypresentin theSM, theallowedCPtransformationsof Eq.(62)
aremodified.For example,in theleft-right symmetricmodel(LRS),dueto thepresenceof Í � charged-
currentinteractions,the fields � � � � � must transformin the sameway underCP, i.e., O �� . O �� in
Eq. (62). Thesenew CPtransformationpropertiesleadto new CPconstraints[18] and,asa result,CP
canbeviolatedin theLRS modelevenfor oneor two generations.

3 SPONTANEOUS CP VIOLATION

Theorigin of CPviolation is still anopenquestionin ParticlePhysics.Therearemany differentmodels
of CPviolation,whichcanbeclassifiedin two broadclasses:� Models with explicit CP violation

In this classof modelsCP is explicitly broken in the Lagrangianthroughthe introductionof
complex couplings. The simplestexampleof this classof modelsis, of course,the threegenerations
SM. As wehaveseenin theprevioussection,CPviolationarisesfrom complex Yukawacouplingsin the
Lagrangian.In theSM, Yukawacouplingsaretheonly oneswhichcanbecomplex. All othercouplings,
like for examplethe parametersof the oneHiggs doubletpotential,areconstrainedto be real by the
requirementof Hermiticity of theHamiltonian.In mostof theextensionsof theSM, like for examplethe
minimal supersymmetricstandardmodel(MSSM) or generalmulti-Higgs extensionsof the SM, there
areothercouplingswhichcanbecomplex thusproviding othersourcesof CPviolation.� Models with spontaneous CP violation

In thisclassof models,CPandT aregoodsymmetriesof theLagrangian,but thevacuumdoesnot
respectthesesymmetries.In thissectionwe will studyspontaneousCPviolation (SCPV)in generaland
describesomeof theminimalextensionsof theSM whereit canoccur.

In orderto achieve spontaneousCPviolation, thefollowing two conditionsshouldbesatisfied:

(i) Thereis a transformationwhich maybephysicallyinterpretedasa CP transformation,under
which theLagrangianis invariant.

(ii) Thereis no transformationthat may be physically interpretedas CP underwhich both the
vacuumandtheLagrangianareinvariant.

TheCPTtheoremtells us that in thecontext of relativistic quantumfield theory, if a Lagrangian
is CP invariant,it is alsoT invariant. Also if a vacuumbreaksCP, it will necessarilybreakT too. The
idea of spontaneousCP andT breakingwas suggestedby T. D. Lee [19] a long time ago, at a time
when only two ( and incomplete) generationswere known. The scenarioof spontaneousCP and T
violation is speciallyattractive from atheoreticalpointof view, sinceif timereversalandspaceinversion
( identifiedasCP, not P ) aregoodsymmetriesof theLagrangian,thenthefull Poincaŕe groupof space
time transformations,including the discreteones,is a goodsymmetryof the Lagrangian.The ideaof
spontaneusCPandT breakinghasthe furtherappealof putting thebreakdown of thesesymmetrieson
thesamefooting asthebreakingof thegaugesymmetrywhich is alsospontaneousin orderto preserve
renormalizability.

Next we derive simplecriteriawhich canbeusedto determinewhethera setof vacuaviolateCP
or not. For defineteness,let usconsidera simpleextensionof theSM, with anarbitrarynumberÀ � of
Higgsdoublets,whichunderCPtransformas:

É�Ê%&�V)É�Ê 4 .t� �65V Ù & �Ù (73)

whereU is an À � � À � unitary matrix, mixing the scalardoublets. If no extra symmetriesbeyond



SU(2)xU(1)arepresentin the Lagrangian,
� �65

reducesto a diagonalunitary matrix. In general,the
neutralcomponentsof theHiggsdoubletshave thefollowing vacuumexpectationvalues:

? +A@ ' � V @ +%<%.KD�V�798�: � ` jlV)� (74)

Let usassumethatthevacuumis CPinvariant,i.e. :

É�Êú@ + <�.¡@ +%<
(75)

FromEqs.(73), (74)and(75)onehasthen:

? +A@ ' � V @ +%<%. ? +A@ É�Ê�45É�Ê ' � V É�Ê�45É�Êú@ +%<%. ? +A@ É�Ê ' � V É�Ê�4®@ +�<%.t� �65V Ù D Ù 798�:���$ ` j Ù � (76)

leadingto: D V 798):�� ` j V �/.t� �65V Ù D Ù 798):p��$ ` j Ù � (77)

In orderfor avacuumto beCPinvariant,thesetof vevsshouldsatisfyEq.(77). If it is notpossible
to find a unitarymatrix

� �65
which on theonehandcorrespondsto a CPtransformationallowedby the

LagrangianandontheotherhandsatisfiesEq.(77),thenthevacuumleadsto spontaneousCPviolation. It
canbereadilyseenthatin theSM with only oneHiggsdoubletit is notpossibleto achieve spontaneous
CP violation. The vev of Eq. (74) shouldbe constantover space-timein ordernot to breakPoincaŕe
invariance,andonecanalwaysmake anSU(2)transformationwhichbringsthevev into theform:

? +A@ &�@ +%<%. +D;798�:ã� ` j�� (78)

Obviously, in this case,themostgeneralCPtransformationof
&

is:

É�Ê%&�É�Ê 4 .<798�:ã� ` Wp��& �
(79)

By choosing
Wc. �j

Eq. (77) is satisfiedandthereforethevacuumcorrespondingto Eq. (78) is
CP invariant. At this stage,onemay askwhat is the minimal extension(s)of the SM which canlead
to spontaneousCPviolation. It will beshown that the requiredminimal Higgsstructureleadingto CP
violation dependson whetherone imposesnaturalflavour conservation (NFC) in the Higgs sectoror
not andwhethernon-standardquarksare introducedor not. Next we will describeeachoneof these
scenarios.

3.1 The Lee Model: only standard quarks without NFC in the Higgs sector

Let us considerthe SM with an arbitrarynumberof standardfermion families . Sincewe want to in-
vestigatethe possibility of generatingspontaneousCP violation, we will imposeCP invarianceat the
Lagrangianlevel andthusassume,without lossof generality, that all couplingsarereal. Theminimal
Higgsstructurewhich canleadto spontaneousCPviolation without NFC in theHiggssectorandonly
standardquarksconsistsof two Higgsdoublets.ThemostgeneralHiggspotentialconsistentwith renor-
malizabilityandgaugeinvarianceis:, ��& ^ � & 2 ��. ,

� 6 8 ^ ��& 4^ & 2 ����& 4^ & 2 �3698 2 ��& 4^ & 2 ����& 4^ & ^ ��698 q ��& 42 & 2 ����& 4^ & 2 �369�:Y � Y (80)

where

,
� standsfor the termsof the scalarpotential like

& 4� & � � ��& 4� & � ����& 4� & � ��� & 4� & � & 4� & � which do
not dependon the relative phaseof

& ^ and
& 2 . Sincewe want to obtain spontaneousCP violation,

the Lagrangianwill be assumedto be CP, � invariant. In this case,onemay choose,without lossof



generality, all thecouplingconstantsreal. It hasbeenshown [19] that thereis a region of theparameter
spaceof theHiggspotentialwheretheabsoluteminimumis at:

j .���
hm mon�e $�8 2 D 2 ^ $c8 q D 22ÜA8 ^ D ^ D 2 (81)

where
j .t��j 2 $9j ^ � , with

j � �oD �
definedby:

? +A@ ' � � @ +�<%. D �G  ��»A¼:� ` j � � (82)

In general,thevacuumof Eq.(82) leadsto spontaneousT, CPviolation. Thiscanbeseenusingthe
generalcriteriawhichwehavepreviouslyderived.Dueto thefactthatin theHiggspotentialof Eq.(80),
theparameters

8 � arearbitrary, thescalarfieldstransformunderCPas:

É�Ê%& � É�Ê�4{.<798�:ã� ` W � ��& �� (83)

Ontheotherhand,thequarticcouplingswith coefficients
8 2 � 8 q furtherleadto theconstraint

W ^ .tW 2 .W
. It canthenbereadilyverifiedthatfor thevacuumof Eq.(82),onecannotfind an

W
suchthatEq.(77)

is obeyedbothby
& ^ and

& 2 . This completestheproof that thevacuumof Eq. (82) in generalviolates
T andCP. In orderto analysethesourcesof CPviolation in this model,let uswrite thequarkYukawa
interactions: �ø� . 2

P�= ^ � �P � � � & P � � � 6 � �P � � � & P � � � 69�AY � Y (84)

where
�-��

standfor thequarkdoublets.Uponspontaneoussymmetrybreaking,thequarkmassmatrices
aregivenby:

s � . ^£ 2
D ^ � ��>9� � �^ 6�D 2 � ��> � � �2

s � . ^£ 2
D ^ � � ��>?� � �^ 6�D 2 � � ��> � � �2

(85)

Oneobtainsfor theHermitianquarkmassmatrices:

  � � s � s 4� . � D 2 ^ �N�^ �;� Ñ^ 6�D 22 �N�2 �;� Ñ2 6�D ^ D 2 � �N�^ �;� Ñ2 6 �N�2 �;� Ñ^ �Ìmon�epj�$
$ ` D ^ D 2 � � �^ � � Ñ2 $ � �2 � � Ñ^ �]ehg i�j

(86)

  � � s � s 4� . �  D 2 ^ � �^ � � Ñ^ 6�D 22 � �2 � � Ñ2 6�D ^ D 2 � � �^ � � Ñ2 6 � �2 � � Ñ^ �Ìmon�e/j�6
6 ` D ^ D 2 � � �^ � � Ñ2 $ � �2 � � Ñ^ �]ehg i j

(87)

Althoughthereis only onephysicalphase,namely
j%.t��j 2 $ j ^ � , it is clearfrom Eqs.(86)and(87)

thatdueto thearbitrarinessof � �P � � �P , thematrices
  � �   � arearbitraryHermitianmatrices.As aresult,

therewill bein generala non-trivial CPviolating phasein the

, ��²�³
matrix. For any specificchoiceof� �P � � �P thiscanbeexplicitly verifiedby computingtheinvariant¶oÍ µ   � �   � · q , whichwehavepreviously

described.In this model, the origin of CP violation is a non-trivial vacuumphase
j

andnot complex
Yukawa couplings,asis thecasein the


 s . However, in bothmodelstheKM mechanismexists in the
chargedweakcurrents.Fromaphenomenologicalpointof view, thedistinctive featureof thetwo Higgs



doubletmodelwithoutNFC,is theexistenceof othercontributionsto CPviolationarisingfrom tree-level
FCNCmediatedby neutralphysicalscalars.Of course,theseFCNCinteractionsresultfrom thefactthat
sinceNFC hasnot beenimposed,quarksof a given charge receive contributions to their massesfrom
Yukawa couplingsto two differentHiggsmultiplets. In orderto derive thequarkinteractionswith the
physicalneutralHiggs,it is usefulto make thefollowing expansion:

& � .t� ��>�@ ' (�^£ 2
�wD � 6 í � 6 ` ô

� � (88)

Thepseudo-Goldstonebosons
U ( � U �

areobtainedthroughthetransformations:

U (  ( .�& ' (^' (2 a U � .�& ô ^ô 2 a   �� .�& í ^í 2 (89)

where

&T. �D D ^ D 2D 2 $øD ^ (90)

with
DE. �wD 2 ^ 6ED 22 � ^±þ 2 . ��G �UBAø� � ^±þ 2

# lÜA�
Gev. Therearethreephysicalneutralfields which are

orthogonalcombinationsof
  � �6�

and
 
. TheYukawa interactionsof

  � �C�
and

 
with thequarkmass

eigenstatescanbewrittenas[20]:

�ED� . $ �D � � } � � 6 � } � � ��  � $
$ �D � ��Á �

� � 69Á 4�
� �ã� � 6 � ��Á � � � 69Á 4�

� �ã� � �
(91)

$ `D � ��Á �
� � $9Á 4�

� � � � $ � ��Á � � � $9Á�4�
� � � �  

wherewe have defined
� � � � � ^2 ����à � ° � and

} � � } � arethediagonalquarkmassmatricesand
Á � � Á �

aregivenby:

Á � . � � ¥� D 2G  � �^ $ D ^G  � ��> � �2 � ��
Á � . � � ¥� D 2G  � �^ $ D ^G  � �F> � �2 � �� (92)

It is clearfrom Eqs.(91)and(92)thatthecouplingsof
  �

conserveflavourwhile thoseof
�

and
 

do violate flavour. Thereforein this modelnew contributions to CP violation in the kaonsectorarise
from

ð 
t. 
transitionsgeneratedat tree-level throughdiagramslike thoseof Fig. 3, where

�
and

 
areexchanged.Obviously, in this model thereareanalogoustree-level contributions to

ð É . 
andð L .Ó

transitionswhichmayhave animpacton
} � $ } �

and L � $ L �
mixing, respectively.

Oneof thedisadvantagesof multi-Higgsmodelswithout NFC is thefollowing: dueto thesmall-
nessof the G � $ G �

and L � $ L �
massdifferencesaswell astheCPviolatingparameterH of theneutral

kaonsystem,if onedoesnot assumeany specialsuppressionof FCNCcouplings,neutralscalarsmust
be very heavy, with massesof orderof at leasta few Tev. Over the pastyears,it hasbeensuggested
by variousauthors[21] thattheremaybeflavour-dependentsuppressionfactorsin theneutralcouplings
which couldallow for lighter Higgs. More recently[22] a classof two Higgsdoubletmodelshasbeen
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Fig. 3: Higgscontribution to the MONQPSR amplitude

proposedin which the flavour changingcouplingsof the neutralscalarsarerelatedin an exact way to
elementsof the

, ��²�³
matrix. In someof thesemodels,themassof theHiggsparticlescouldbeof order��+�+�$K�+�+

GeV, in spiteof theexistenceof FCNCcouplings.

3.2 Models with NFC and only Standard Quarks

The simplestway to recover NFC in theHiggs sectoris to imposea discreteb 2 symmetry[23] under
which & 2 ¬ $%& 2� � � ¬ $ � � � (93)

while all otherfieldsremainunchanged.In this case,NFC in theHiggssectoris guaranteedby thefact
thatthesymmetryof Eqs.(93) implies � �^ . � �2 .t+

andasa resultthedown quarksonly receive mass
from ? ' �2 <

while themassof up quarksarisesonly from ? ' � ^ <
. Thesymmetryof Eq. (93) hasto

beimposedon thefull Lagrangian,which impliesthatthetermsin
8 2 � 8 q areforbidden.As a result,the

only minimumof theHiggspotential,with anon-vanishingphasecorrespondsto:

? ' � ^ <�.ED ^ a ? ' �2 <%.ED 2 798�:ã� ` ë ����
(94)

It canbereadilyshown [24] thatin spiteof theappearanceof a relative phaseof ë ��
, thevacuum

of Eq. (94) is T andCPinvariant.This is dueto thefactthat the b 2 symmetryof theLagrangianallows
thescalarfieldsto transformunderCPas:

É�Ê%& ^ É�Ê 4 .d& �^ a É�Ê%& 2 É�Ê 4 .t$�& �2 (95)

thusimplying

� �65 . � ++ $%� (96)

Thematrix
� �65

doessatisfyEq.(77),whichimpliesthatthevacuumof Eq.(94)isT, CPinvariant.
In conclusion,thesamesymmetrywhich guaranteesNFC in theYukawa interactions,alsopreventsthe
vacuumfrom breakingT or CP. It hasbeenpointedout [25] thatif oneallows for termslike

& 4^ & 2 which
softly breakthe b 2 symmetry, onecanobtainspontaneousCPviolation. On theotherhand,thesimplest
way of achieving spontaneousCP violation, while maintaingNFC throughan exact symmetryof the
Lagrangian,consistsof introducinga third Higgsdoublet

& q which doesnot coupleto quarks.This is
achieved in a naturalway by introducinganextra symmetryb x2 underwhich

& q is odd,while all other
fieldsareeven. In thiscase,theHiggspotentialis of theform:, . ,

� 6 � ^ 2 ��& 4^ & 2 ����& 4^ & 2 ��6 � ^wq ��& 4^ & q ����& 4^ & q ��6 � 2 q ��& 42 & q ����& 42 & q ��6c�AY � Y (97)

It is clearfrom Eq. (97) that therearethreetermswhich have phasedependenceandit hasbeenshown
[24] that thereis a region of parameterswheretheminimum of theHiggs potentialdoesleadto spon-
taneousT, CP violation. In this modelCP violation arisesexclusively from chargedHiggs [26], since



thechargedcurrentinteractionsconserve CP, i. e.,the

, ��²�³
matrix canbemaderealby anappropriate

choiceof thephasesof quarkfields[27].

3.3 Models with Isosinglet Quarks

We have seenthat if only standardquarksareintroduced,theminimal Higgs structurethat cangener-
atespontaneousCP violation, consistsof two or threeHiggs doublets,dependingon whetherNFC is
imposedin theHiggssectoror not. In modelswith isosingletquarks,i.e. quarkswhose� � andÍ � com-
ponentsarebothsingletsunderweakisospin,it is possibleto generatespontaneousCPviolation with a
rathersimpleHiggsstructure,namelythestandardHiggsdoubletanda complex


�������-�7�������
scalar

singlet.Theminimal quarkfield contentof amodelof this typeis

� �� � � � � � � � � � � � } � � } �
(98)

where * is a family index and
}

is a charge
$%�����

isosingletquark. Models with isosingletquarks
have beensuggestedwithin theframework of grand-unifiedtheoriessuchas T ( andthey have alsobeen
proposedin modelswhich provide a possiblesolution[28] to thestrongCPproblem[29]. Herewe will
considera minimal model[30] of this class,with thequarkfield contentof Eq. (98)anda Higgssystem
with thestandarddoublet

&
anda complex isosingletscalar



. We will introducea b 2 symmetryunder

whichall new fields
} � � } � � 


areodd,while all otherfieldsareeven.Thissymmetryis notnecessaryto
achieve spontaneousCPbreakingbut it is essentialto obtainasimplesolutionto thestrongCPproblem.
Themostgeneral,renormalizable


�������¿���������	� b 2 invariantpotentialis givenby:, . , U 6 ,
Â 6 , U � Â (99)

where

, U is theSM Higgspotentialand,
Â . 
 � 
�� â ^ 6

¸
^ 
 � 
��369��
 2 6K
 � � ��� â 2 6 ¸

2 
 � 
���6 ¸
q ��
 � 6K
 �WV �, U � Â . � ^ ��
 2 6c
 � � ��6 � 2 
 � 
 &�45&

(100)

Although theHiggssectorcontainsonly a doubletanda singlet,theHiggspotentialhasvariousterms
whichexhibit anon-trivial phasedependence.As aresult,thereis a regionof parameterspacewherethe
minimumof thepotentialis at:

? ' � <�. D
G  a ? 
�<%. �

G 
, � � V

(101)

This minimum violatesboth T and CP. In order to seehow the phase
W

will introduceCP violation
relevant to the quarksector, we have to analysethe Yukawa couplingswhich areconstrainedby the
�������¿���������ø� b 2 symmetryto have theform:

� � . � Â ³� 6 s } � } � 69� ö � 
Q6 ö x� 
 � � } �ã� � � 69�AY � Y (102)

where
� Â ³�

standsfor theYukawacouplingsof theSM. Wehave includedamasstermfor theisosinglet
quark,sinceit is gaugeandalso b 2 invariant. Upon spontaneoussymmetrybreaking,the

ÜX��Ü
mass

matrixof the
� .t$%�����

quarksis givenby:

s � . § � +
sYX s (103)



where
§ � is a

�����
massmatrix involving only standardquarksand

� sYX � � .
,
G  ö � exp

� ` Wp� 6 ö x� exp
��$ ` Wp� (104)

Thediagonalizationof s � is throughthebi-unitarytransformation:

� 4� s � � � . § ++ s (105)

where
§ .

diag
�w§ � �o§ ª �o§�« �

and s is themassof theheavy
� .d$%�����

quark.It is usefulto write the
unitarymatrix

� �
in block form:

� �¤. G �
 � (106)

Multiplying Eq. (105)by its HermitianconjugateandusingEq. (106),oneobtains:

�w§ � § 4� � G 6�§ � s 4X 
�. G § 2 (107)

�w§ � § 4� �Z�96�§ � s 4X � .�� s 2 (108)

s X § 4� G 6c� s X s 4X 6 sTs 4 ��
�.d
 § 2 (109)

sYX § 4� �K69� s[X s 4X 6 sTs 4 � � . � s 2 (110)

So far, we have not doneany approximations.Recallingthat

,
is thevacuumexpectationvalue

of an

�������¿���������

singlet,it is naturalto assumethat

,]\ D
. Onethenobtainsfrom Eq.(109):


 # $ sYX § 4� G� sYX s 4X 6 sTs 4 � (111)

Finally, usingEq. (107)andEq. (111),oneobtains:

GX� ^ § 2� G
# § 2 (112)

where

§ 2� .Ç§ � § 4� $ § � s 4X s X § 4�s 2 (113)

It is clearthat thephase
W

originatedfrom ? 
Ó<
, entersin

§ 2� unsuppressedby the ratio
DF� ,

and,asa result,therewill bea non-trivial KM phasein the
�B���

mixing matrix G which connectsthe
standardquarks. It is importantto emphasizethe rôle playedby the isosingletquark

}
. It is through

themixingsof
}

with standardquarksthatCPviolation generatedat ahigh energy scaleby ? 
�<
can

appearunsuppressedat low energiesin thestandardquarkmixings. Anotherinterestingfeatureof this
modelis theappearanceof FCNCaswell asdeviationsfrom unitarity in the

���¤� , ��²�³
matrix. These

two phenomenaarecloselyrelatedandthey arebothsuppressedby theratio
D)� ,

. This canbeseenby
notingthatunitarity of the

Ür�úÜ
matrix

�ã�
definedby Eq.(106)implies:

G 4 G .t��$9
 4 

(114)



It follows from Eq.(114)thatdeviationsfrom unitarity of the
� �

block connectingstandardquarks( G )
areof order


 4 
 # D 2 �
,
2 . On theotherhand,theneutralcurrentsin thismodelaregivenby

� v . u/mon�epj�^ � � � � M � � � $ b �V Ù � �áV � M � � Ù $�ehg i 2 j ^ � MHJI b M 6c�AY � Y (115)

with,

b �V Ù . � V Ù $9��� �� � � V����ã� � � Ù (116)

where
Wp� �

denotethefour
� .t$������

quarks,with
� � � }

standingfor thenew heavy quark.Of special
importancearethecouplingsinvolving thestandardquarkswhicharegivenby:

b �� � . � � � $9
 �� 
 � (117)

UsingEq.(114)andEq.(117)oneobtains:, ��®�
,
� ª�6 , �¨ �

, ¨�ª�6 , �© �
, ©Zª . b �� ª, ��®�

,
� «{6

, �¨ �
, ¨ «{6 , �© �

, © «î. b �� « (118), �� ª
,
� «{6

, �¨ºª , ¨ «{6 , �©Zª , © «î. b �ª «
Eqs.(118)show theimportantconnectionbetweendeviationsof

�p���
unitarityandFCNC.Althoughthis

relationwasderivedwithin thecontext of a minimal extensionof theSM with an isosingletquark,it is
clearthatit is valid in alargerclassof models.The b - mediatedFCNCcangivesignificantcontributions
to L � $ L � and L ª�$ L ª

mixingswhichin turncanproduceimportantdeparturesfrom theSM predictions
for CPasymmetriesin L �

decays.

3.4 Summary

It is worthwhilesummarizingthemainpointsof this section:� In the framework of unified gaugetheories,CP violation can be introducedexplicitly at the
Lagrangianlevel or throughspontaneousCPbreaking.� The minimal modelwith explicit CP violation is the StandardModel, whereCP violation is
introducedthroughcomplex Yukawa couplings,which for threeor moregenerationslead to non-real
rephasinginvariantfunctionsof

, ��²�³
which in turn imply CPviolation.� Within theframework of


�������¿���������¿��
��������
gaugetheorieswith noextrasymmetriesand

with only standardquarks,theminimalHiggsstructurewhich leadsto spontaneousCPviolationconsists
of two Higgsdoublets.This is theLeemodel,whereCPoriginatesin asinglerelativephasebetweenthe
vevs of thetwo scalardoublets.This relative phaseentersin thequarkmassmatricesin sucha way that
it generatesacomplex

, ��²�³
in chargedgaugeinteractions,leadingto CPviolation. TheLeemodelhas

anothersourceof CPviolation which arisesfrom treelevel flavour-changing-neutral-currents mediated
by physicalneutralscalars.� If one imposesexact NFC in the Higgs sector, the minimal structurewhich leadsto sponta-
neousCPviolation consistsof threeHiggsdoublets.In this case

, ��²�³
is realandCPviolation arises

exclusively from physicalHiggsexchange.� If oneintroducesanextra isosingletquark,it is possibleto have spontaneousCPviolation with
a simpleHiggsstructure,consistingof thestandardhiggsdoubletplusonecomplex singletscalar. CP
violationoriginatesin thephaseof thevev of thecomplex singlet.Throughmixing masstermsthisphase
appearsunsuppressedin the

�S�Ç�
sectorof

, ��²�³
connectingstandardquarks. A key featureof this

classof modelsis thepresenceof deviationsof
�����

unitarity in

, ��²�³
whichin turnleadto Z-mediated

flavour-changing-neutral currents.



4 TESTING THE SM AND SEARCHING FOR NEW PHYSICS

4.1 Introductory Remarks

CPviolation is closelyrelatedto theleastunderstoodandleastexperimentallytestedsectorsof theSM,
namelythe Yukawa andHiggs sectors.The measurementat B-factories(BaBar, Belle, LHCB) of CP
asymmetriesin B decays,togetherthe study of rare decays,will subjectthe SM to a very stringent
test,with thepotentialfor discoveringNew Physics.At this stage,it is worth recallingsomeof themain
motivationsfor consideringPhysicsBeyondtheSM. In factsomeof thesemotivationsarecloselyrelated
to Flavour PhysicsandCPViolation.

(i) In the SM, neutrinosare strictly massless.Presentexperimentalevidencefor neutrinoos-
cillatonsprovidesstrongmotivation to considernon-vanishingneutrinomasses.It is possibleto have
neutrinomassesandoscillations,in theframework of aminimal extensionof theSM, whereonesimply
addsright-handedneutrinos" � . Since" � are


������� �f�������
singlets,theirmasstermscanbearbitrarily

large,notbeingprotectedby thelow energy gaugesymmetry. Oneis thennaturallyledto threelight neu-
trinos, their massbeingsuppressedby theseesaw mechanism.With the introductionof non-vanishing
neutrinomasses,thegeneralflavour problembecomesevenmoreaccute,sinceapartfrom thesix quark
masses,four

, ��²�³
parametersandthreecharged-leptonmasses,onehasthreelight neutrinomasses

andthesix parameterscharacterizingthe leptonicmixing matrix (threeangles,oneDirac CPviolating
phaseandtwo MajoranaCPviolationphases).Therefore,altogether, onehastwentytwo freeparameters
characterizingfermionmassesandmixing! It is clearthata theorywith sucha largenumberof freepa-
rameterscannotbethefinal theory. Theneedto solve theFlavour Problem,i.e. to understandtheorigin
of family replicationandthepatternof fermionmassesandmixings, is oneof themajormotivationsto
considerPhysicsBeyondtheSM.

(ii) CP violation is one of the crucial ingredientsnecessaryto generatethe observed matter-
antimatterasymmetryin the Universe(Baryogenesis).By now, it hasbeenestablishedthat the size
of CP violation in theSM is not sufficient to generatetheobserved baryonasymmetry, thushinting at
New Physics,in particularnew sourcesof CPviolation. Whetherthenew sourcesof CPviolation will
manifestthemselves at low energies, throughdeviations from the predictionsof the SM and its KM
mechanismof CPviolation, is at presentanentirelyopenquestion.

(iii) Finally, anotherimportantmotivationto considerPhysicsBeyondtheSM is theneedto solve
thegaugehierarchyproblem.In theSM, theHiggsmasstermis notprotectedby any symmetryfrom be-
comingarbitrarily large,of theorderof theGUT or Planckscale.Low energy supersymmetry(SUSY)is
anelegantwayof solvingthegaugehierarchyproblem.Thesocalledminimalsupersymmetricstandard
model(MSSM) hasin principlemany new sourcesof CPviolation which mayleadto deviationsof the
predictionsof theSM for CPasymmetriesin B decays.Thesimplestway of obtainingthesedeviations
within theMSSM,is by having sizablenew SUSYcontributionsto L � - ïL � and L ª

-
ïL ª

mixing.

4.2 Overdetermination of the Unitarity Triangle and New Physics

It is usefulto considera “normalised”unitarity trianglewhich is obtainedby dividing the sidesof the
unitarity triangleof Fig.1by

@ , ¨ �
, �¨ « @ . Takinginto accountthatto anexcellentapproximationonehas:

^_-` �
,
�®�

, �� « . ïí 6 ` ïô^_-` �
, © �

, �© « .d�-$9� ïí 6 ` ïô
� (119)

oneobtainstheunitarity triangleshow in Fig.2 in the ïí , ïô plane. Onecanthenobtain,within theSM,
the variousconstraintson the allowed location of the vertex of the triangle. In an ideal world with
no experimentaland theoreticaluncertainties,onewould needonly two experimentalinputs in order
to determinethe valuesof ïí and ïô and thereforethe position of the vertex of the unitarity triangle.
Unfortunately, onecannotavoid experimentalerrorsandalsotheoreticaluncertaintiesin theextraction



of constraintson ïí ïô , from input experimentaldata.Thegreatchallengefor theSM is finding a region
in the ïí , ïô planewhich is allowed by all experimentaldata. This is a very importanttestof the SM
whichwill becomeincreasinglystricterwhenmoreandbetterdatabecomesavailablefrom theon-going
experimentson CP asymmetriesin L �

decays,aswell ason rarekaondecays. At present,the most
importantexperimentswhichconstrainthelocationof thevertex of theUT are:� Thevalueof

@ æ çlèæ ê è @� Theexperimentalvalueof L � $ ïL � and L ª $ ïL ª
mixings� Theexperimentalvalueof theCPviolationparametera

Theexperimentaldataontheabovequantitiesis in agreementwith theSM andrestrictsthevertex
of theUT to be in a small region in the ïí , ïô plane.Theextractionof ïí , ïô from experiment,within the
SM enablesoneto make predictionsfor

ehg iã���Wp�
,
ehg iã�� � �

, and
ehg i �� � �

, sincefrom simpletrigonometry
oneobtains: ehg i �W�. 2.bc Ö bc � ( bd � �ebd ØÖ bd � ( bc � Ø0f Ö ^ �ebd Ø � ( bc �hgehg i  � . 2.bc Ö ^ �ebd ØÖ ^ �ebd Ø � ( bc �ehg i  � . 2)bd bcbd � ( bc �

(120)

Thederivation of theactualallowedvaluesfor
W

,
�

,
�

is quite involved, sinceit dependson how one
treatsthetheoreticaluncertainties[31], [32], [33], [34], [35]. In a recentreview [32], Burassuggeststhe
following conservative bounds:ß�[�YZ[ � ýdW�ýd���+ � a ��Ý�YZ� � ý � ýt�[�YZ� � a ��ß�YZÞ � ý � ýtß���YZÝ �ehg i� � .t+�YZ��ß;à9+�YZ��ß (121)

This is to becomparedwith therecentexperimentalresultsfrom BaBar[36]:ehg iã�� � ��.t+�YZ�lÜ à9+�YZ�+
(stat)

à9+�YZ+�Ý
(syst) (122)

andBelle [37]: e]g iã�� � ��.t+�YZÝ�[ ( � ´ q 2� � ´ q � (stat)( � ´ �Zi� � ´ ^ � (syst) (123)

It is clearfrom the above equationsthat thereis no disagreementbetweenthe SM predictionsandthe
presentexperimentalvalueof

ehg i  �
. However, it is conceivable that with moreaccuratedata,a dis-

crepancy mayarisebetweenexperimentandtheSM predictions.For example,theexperimentalvalue
of

ehg i� �
may turn out to be smallerthan the lowest value allowed by the SM , which would signal

the presenceof New Physics. Therearevariouswaysof accountingfor suchdeviations,which have
beenextensively discussedin theliterature[38], [39], [40], [41], [42], [43]. Sometime ago,it hasbeen
pointedout [44], [45] thatoneof thesimplestwaysof having deviationsfrom theSM predictionsfor CP
asymmetriesis by assumingthattherearenew contributionsto L � $ ïL � mixing arisingfrom PhysicsBe-
yondtheSM. A simpleexampleof New PhysicswouldbeZ-mediatedflavour-changing-neutral-currents
whichcouldeitherdominate[44] or moregenericallygiveasignificantcontribution [45], [46] to L � $ ïL �
mixing. Let usconsiderthedecaysof neutral L mesonsinto final statesö whicharecommonto L �

andL �
. Dueto L � $ L �

mixing, CPviolationarisesthroughtheinterferenceof thetwo amplitudesL � ¬ ö
and L � ¬ L � ¬ ö . In orderto allow for PhysicsBeyondtheSM wewill write theoff-diagonalelement
of L  $ L 

as[45]:

sÇ^ 2 . s Ö � Ø^ 2 ð  « � ù . � � � � (124)

where s Ö � Ø^ 2 denotesthe box diagramcontribution. Therefore
ð  «Sj. �

indicatesnew contributions toL  $ L 
mixing. Assumingthat ö is a CPeigenstateandthatall amplitudescontributing to thedecay

have thesameKM phase,thetimedependentasymmetryis givenby:



Table1: Thepredictedvaluesfor theangleskml ÷ . Thevaluesshown arefor CPevenfinal states.Thus kml ÷ PSnoRWpqPSnrkms�tvu .
Initial Quark Final Standard Beyondstandard
state subprocess state ' model model

L �
¸ ¬ �é� � w G Â ' ^ � $� � $% � 6*��
� ð « �¸ ¬ �é� � } ( } � ' 2 � $� � $% � 6*��
� ð « �¸ ¬ �A� � ë ( ë � ' q � �W �WÃ6'��
�� ð « �

â �yx � L � ¬ ö �)$ x � L � ¬ ö �
x � L � ¬ ö �)6 x � L � ¬ ö �

.t$Ez{ehg i � ð s ¶ �]e]g i�j
(125)

where
z

is theCPeigenvalueof ö and:

' . ' Ö � Ø 6*��
� ð «  ð «  . ð � «
' Ö � Ø .{��
� 

Æ Ö � Ø _ Ö ó Ø_ Ö ó Ø a

Æ Ö � Ø . ³[|�}�~ �� �³[|�}�~� �

^±þ 2 (126)

Theindex
��+��

denotesthecontributionsarisingwithin thethreegenerationSM,while
z � ö ��� z � ö �

standfor the decayamplitudesfrom the initial state
@ L � <%�y@ L � <

to a CP eigenstate
@ ö <

. From
Eq. (126) it follows that thereare two possiblesourceswhich may lead to departuresfrom the SM
predictionsfor theCPasymmetries:

(i) Thepresenceof thephaseof
ð « 

whichdeterminesthedeviation from theboxdiagramcontri-
bution ' Ö � Ø .

(ii) Onemay have a situationwherethe expressionfor ' Ö � Ø is theonegiven by the SM, but the
actualnumericalvalueof ' Ö � Ø differsfrom theSM prediction.This is dueto thefactthatmodelsbeyond
theSM allow in generalfor adifferentrangeof the

, ��²�³
matrixelements.In Table1 wegiveexplicitly

thevalueof ' for variousfinal states,in theSM andin modelsbeyondtheSM with
��
�� ð ¸

ù j.d+
.

Sofar our analysishasbeento agreatextentmodelindependent.Let usnow considerthespecial
casewherethenew contribution to the

ð L .C
effective Lagrangianarisesfrom b exchange.We have

seenthat theseb mediatedFCNCnaturallyarisein modelswith isosingletquarks.Oneobtainsin this
case[45]:

ð « � .t��6 Í � � ��> è ÷
Í � . ^� å � Ö�� � Ø å @ v è ÷æ�� ÷ æ��� è @ 2
jl« � .���
�� v è ÷æ�� ÷ æ��� è

(127)

where " . Wp�lÜ ë ehg i 2 j�^ ,
» © � �w§ © �l§ k � 2 and T �w» © �

is an Inami-Lim function for the top quark
box diagram.It hasbeenshown [45] thatevenfor a relatively small contribution from the b exchange
diagram(i.e. Í � ? ���

canproducedrasticdeviationsfrom theSM prediction.For example,for Í � üt+�YZ
,

it is possiblefor arangeof
jl« � to obtaintheasymmetryâ � w G Â � with asignoppositeto theSM prediction

[45]. Theasymmetryâ � w G Â � is speciallyimportantsinceit is theonly onewhosesignis predictedwith
certaintyby theSM. It is clearthat a similar analysiscanbe donefor othernew physicscontributions
to L � $ L � mixing like for examplethosearising from flavour violating neutralHiggs couplings. It



shouldbe emphasizedthat the drasticdeviationsfrom the SM predictionsfor the CP asymmetrieswe
have described,do not resultfrom having very differentvaluesfor theangles

Wã� � � �
but aredueto the

factthatthevariousCPasymmetriesno longermeasuretheangles
Wã� � � �

[44], [45].

4.3 Concluding Remarks

Flavour Physicsis an importantsubjectwhich will certainlyplay a crucial rôle in the developmentof
Particle Physics. Understandingthe origin of the replicationof fermion families and the patternof
fermion massesandmixings remainsoneof the fundamentalopenquestionsin Particle Physics.The
on-goingandtheplannedexperimentson CPviolationandraredecayswill testtheflavour sectorof the
SM andhave thepotentialof uncoveringNew Physics.This New Physicscouldappear, for example,as
: � New contributionsto L � $îïL � and/orto L ª¿$ ïL ª

mixing� New contributionsto a� New contributionsto raredecays

Theappearanceof any of theaboveNew Physicscanleadto theimpossibilityof findinga location
of thevertex of the unitary trianglewhereall datacanbe fitted, within the framework of theStandard
Model. This would signalthepresenceof New Physicswhosesourcecould be, for exampleSUSYor
multi-Higgs modelswith SpontaneousCP violation, or Z-mediatedflavour-changingneutralcurrents,
or, of course,somethingelse.Hopefully, this New Physicswill guidetowardsa solutionof theFlavour
Puzzle.
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( in search of supersymmetry)
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Abstract
The presentlecturescontainan introductionto low energy supersymmetry, a
new symmetrythatrelatesbosonsandfermions,in particlephysics.TheStan-
dardModelof fundamentalinteractionsis briefly reviewed,andthemotivation
to introducesupersymmetryis discussed.Themainnotionsof supersymmetry
are introduced. The supersymmetricextensionof the StandardModel - the
Minimal SupersymmetricStandardModel - is consideredin moredetail.Phe-
nomenologicalfeaturesof theMSSM aswell aspossibleexperimentalsigna-
turesof SUSYaredescribed.An intriguing situationwith thesupersymmetric
Higgsbosonis discussed.

1 INTR ODUCTION. THE STANDARD MODEL AND BEYOND

TheStandardModel (SM) of fundamentalinteractionsdescribesstrong, weakandelectromagnetic in-
teractionsof elementaryparticles[1]. It is basedon a gauge principle, accordingto whichall theforces
of Naturearemediatedby anexchangeof thegaugefieldsof thecorrespondinglocal symmetrygroup.
Thesymmetrygroupof theSM is

���������	��
����������������������������������! "�#�����$%��&"����'���(
(1.1)

whereasthefield contentis thefollowing:

Gauge sector: Spin= 1

Thegaugebosonsarespin1 vectorparticlesbelongingto theadjoint representationof thegroup
(1.1). Their quantumnumberswith respectto

���)�����*�����+���������)��'��
are

gluons , $-/. ��0 (1' (12�� ��� � ����� 3546(
intermediate
weakbosons

798- . ��' (1� (12�� ����:*����� 3;(
abelianboson < - . ��' (1' (12�� ��=>��'�� 3@?A( (1.2)

wherethecouplingconstantsareusuallydenotedby
3 4

,
3

and
3@?

, respectively.

Fermionsector: Spin= 1/2

The matterfields arefermionsbelongingto the fundamentalrepresentationof the gaugegroup.
Thesearebelieved to bequarksandleptonsof at leastof threegenerations.TheSM is left-right asym-



metric.Left-handedandright-handedfermionshave differentquantumnumbers

quarksB 8C :ED � 8CF 8C : D G 8H68 : ( I 8J 8 : ( K 8L�8 : (NM1M1M ��� (1� (1'�O����
� 8C�P D G 8 P ( I 8 P ( K 8 P ( M1M1M ��� Q!(1' (�RSO����FT8C�P D H 8 P ( J 8 P ( L 8 P ( M1M1MU��� Q (1' (1VW��O����

leptons X C : D Y �Z : ( Y -[ : ( Y1\] : (^M1M1M ��' (1� (1VW'��
_ C�P D Z P ( [ P ( ] P ( M1M1M ��' (1' (1VW���

(1.3)

` D '�(1��(1�
- colour, a D '�(1��(1��(1M1M1M - generation.

Higgssector: Spin= 0

In theminimal versionof theSM thereis onedoubletof Higgsscalarfields

b D b/cbed ��' (1� (1VW'���(
(1.4)

which is introducedin orderto givemassesto quarks,leptonsandintermediateweakbosonsvia sponta-
neousbreakingof electroweaksymmetry.

In theframework of QuantumField TheorytheSM is describedby thefollowing Lagrangian:

f D f &%$%
�&"�hg f = 
�ij$%kl$ g fnm 8 &"& 4( (1.5)

f &"$%
�&%� D V 'R , $-o , $-o V 'R 7 8-o 7 8-6o V 'R < -6o < -6o (1.6)g ` X Cqp
- F - X C g ` B C p

- F - B C g ` _ Cqp - F - _ C
g ` � Cqp - F - � C g ` F Cqp - F - F C g � F - b �"r�� F - b ��(

where

, $-o D s - , $o V s o , $- g 3546t $%uA� , u- , �o (7 8-o D s - 7 8o V s o 7 8- g 3;v 8xw i 7 w- 7 io (
< -o D s - < o V s o < - (F - X C D � s - V ` 3 � ] 8 7 8- g ` 3 ?� < - � X C (F - _ C D � s - g ` 3 ? < - � _ C (F - B C D � s - V ` 3 � ] 8 7 8- V ` 3 ?y < - V ` 3�4�+z $ , $- ��B C (

F - � C D � s - V ` �� 3 ? < - V ` 3 4� z $ , $- ��� C (
F - F C D � s - g ` '� 3 ? < - V ` 3 4� z $ , $- � F C M

f = 
�ij$%kl$ D|{ :C�} X C _ } b g {�~C�} B C F } b g {��C�} B C � }��b g�� M I M�( (1.7)

where
�b D ` ]�� b r . fnm 8 &%& 4 D VW� D|� � b r b V�z� � b r b � � M (1.8)



Measurement Pull Pull
-3 -2 -1 0 1 2 3

-3 -2 -1 0 1 2 3

mZ [GeV]mZ [GeV] 91.1875 ± 0.0021    .05

ΓZ [GeV]ΓZ [GeV] 2.4952 ± 0.0023   -.42

σhadr [nb]σ0 41.540
�

 ±
�

 0.037   1.62

RlRl 20.767 ±
�

 0.025   1.07

Afb
�A0,l 0.01714 ± 0.00095    .75

A
�

eA
�

e 0.1498 ±
�

 0.0048    .38

A
�

τA
�

τ 0.1439 ±
�

 0.0042   -.97

sin2θeffsin2θlept 0.2321 ±
�

 0.0010    .70

mW [GeV]mW [GeV] 80.427 ± 0.046    .55

RbRb 0.21653 ±
�

 0.00069   1.09

RcRc 0.1709 ±
�

 0.0034   -.40

Afb
�A0,b 0.0990 ± 0.0020  -2.38

Afb
�A0,c 0.0689 ± 0.0035  -1.51

A
�

bA
�

b 0.922 ±
�

 0.023   -.55

AcAc 0.631 ± 0.026  -1.43

sin2θeffsin2θlept 0.23098 ± 0.00026  -1.61

sin2θWsin2θW 0.2255 ± 0.0021   1.20

mW [GeV]mW [GeV] 80.452 ±
�

 0.062    .81

mt
�  [GeV]mt
�  [GeV] 174.3 ± 5.1   -.01

∆αhad(mZ)∆α(5) 0.02804 ± 0.00065   -.29

Osaka 2000

Fig. 1: GlobalFit of theStandardModel

Here � {�� aretheYukawa and z is theHiggscouplingconstants,bothdimensionless,and
�

is theonly
dimensionalmassparameter1.

TheLagrangianof theSM containsthefollowing setof freeparameters:� 3 gaugecouplings
3�4(�3;(�3 ?

;� 3 Yukawa matrices
{ :C�} ( { ~C�} ( { �C�} ;� Higgscouplingconstantz ;� Higgsmassparameter
� �

;� numberof matterfields(generations).

All the particlesobtaintheir massesdueto spontaneousbreakingof
�����������������

symmetrygroup
1We usetheusualfor particlephysicsunits ������n���
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Fig. 2: Weakmixing angleandtheHiggsbosonmass

via anon-zerovacuumexpectationvalue(v.e.v.) of theHiggsfield

¥ bU¦ D § 2 ( § D|� O�¨ z M (1.9)

As a result,thegaugegroupof theSM is spontaneouslybrokendown to

��� � ����������� : ��������� = ��'���©ª��� � ���������*«�¬e��'���M
Thephysicalweakintermediatebosonsarelinearcombinationsof thegaugeones

7®- D 7®¯-�° ` 7 �-
¨ � ( ± - D V³²6´ µ)¶¸· < - g�¹�º ²»¶!· 7½¼- (1.10)

with masses � · D '
¨ � 3 § ( ��¾¿D|� ·ÀO ¹�º ²Á¶¸·Â(ÄÃÅ¸µ+¶¸· D 3 ? O¸3;(

(1.11)

while thephotonfield p - D ¹�º ²Á¶¸· < - g ²Æ´ µ)¶!· 7½¼- (1.12)

remainsmassless.



Thematterfieldsacquiremassesproportionalto thecorrespondingYukawacouplings:

Ç 
C�} D|{ 
C�} § ( ÇÉÈC�} D|{ ÈC�} § ( Ç �C�} D|{ �C�} § ( � m D ¨ � � M (1.13)

Explicit masstermsin theLagrangianareforbiddenbecausethey arenot
�����	�#��������

symmetricandwould
destroy therenormalizabilityof theStandardModel.

The SM hasbeenconstructedasa resultof numerousefforts both theoreticalandexperimental.
At present,theSM is extraordinarysuccessful,theachieved accuracy of its predictionscorrespondsto
experimentaldatawithin 5 % [1, 2]. Thecombinedresultsof theGlobalSM fit areshown in Fig.1 [2].
All the particles,except for Higgs boson,have beendiscoveredexperimentally. And the massof the
Higgsbosonis severelyconstrainedfrom precisionelectroweakdata(seeFig.2 [2]).

However, theSM hasits naturaldrawbacksandunsolvedproblems.Amongthemare� inconsistency of theSM asaQFT (Landaupole),� largenumberof freeparameters,� formalunificationof strongandelectroweakinteractions,� still unclearmechanismof EW symmetrybreaking:TheHiggsbosonhasnot yet beenobserved
andit is not clearwhetherit is fundamentalor composite,� theproblemof CP-violationis notwell understoodincludingCP-violationin astronginteraction,� flavour mixing andthenumberof generationsarearbitrary,� theorigin of themassspectrumis unclear.

Theanswerto theseproblemslies beyondtheSM. Therearetwo possiblewaysof goingbeyond
theSM©

To considerthe samefundamentalfields with new interactions.This way leadsus to supersym-
metry, GrandUnification, String Theory, etc. It seemsto be favouredby modernexperimental
data.©
To considernew fundamentalfields with new interactions. This way leadsus to composite-
ness,fermion-antifermioncondensates,Technicolour, extendedTechnicolour, preons,etc. It is
not favouredby dataat themoment.

Therearealsopossibleexotic waysoutof theSM: gravity atTeV energies,largeextradimensions,
braneworld, etc. We do not considerthem here. In what follows we go along the lines of the first
possibilityanddescribesupersymmetryasanearestoptionfor thenew physicsonTeV scale.

2 WHAT IS SUPERSYMMETRY? MOTIVATION IN PARTICLE PHYSICS

Supersymmetryor fermion-bosonsymmetryhasnot yet beenobservedin Nature.This is a purelytheo-
reticalinvention[3]. Its validity in particlephysicsfollows from thecommonbelief in unification.Over
30 yearsthousandsof papershave beenwrittenonsupersymmetry. For reviews see,e.g.Refs.[4]-[8].

2.1 Unification with gravity

Thegeneral idea is a unificationof all forcesof Nature. It definesthestrategy : increasingunification
towardssmallerdistancesup to Ê	Ë ��Ì�'�2 d ¼�¼

cm includingquantumgravity. However, thegraviton has
spin2, while theothergaugebosons(photon,gluons,

7
and

±
weakbosons)have spin1. Therefore,

they correspondto differentrepresentationsof the Poincaŕe algebra.Attemptsto unify all four forces
within thesamealgebrafaceaproblem.Dueto no-gotheorems[9], unificationof spin2 andspin1 gauge
fields within a uniquealgebrais forbidden. The only exceptionfrom this theoremis supersymmetry
algebra. The uniquenessof SUSY is due to a strict mathematicalstatementthat algebraof SUSY is
the only graded(i.e. containinganticommutatorsaswell ascommutators)Lie algebrapossiblewithin
relativistic field theory[9].



If
B

is a generatorof SUSYalgebra,thenB³Í L¸Î J Î!Ï ¦ D Í t Z�Ð � ` Î!Ï ¦ Å¸µ*ÑNBÒÍ t Z"Ð � ` Î%Ï ¦ D Í L¸Î J Î!Ï ¦ M
Hence,startingwith the graviton stateof spin 2 andactingby SUSY generatorswe get the following
chainof states: J%Ó ` Ï �ÕÔ J%Ó ` Ï ��O��ÕÔ J%Ó ` Ï 'ªÔ J%Ó ` Ï '�O��ÖÔ J%Ó ` Ï 2�M
Thus,a partialunificationof matter(fermions)with forces(bosons)naturallyarisesfrom anattemptto
unify gravity with otherinteractions.

SUSYalgebraappearsasageneralizationof Poincaŕealgebra(seenext section)andlinks together
variousrepresentationswith differentspins.Thekey relationis givenby theanticommutator

� B C (�×BÙØC �ÚD ��Û
-CSÜ ØC�Ý - M

TakinginfinitesimaltransformationsÞ�ß D v C B C ( ×Þàß D ×B ØC ×v ØC ( onegets

��Þ�ß ( ×Þàß �WD ����v%Û
- ×v%� Ý - ( (2.1)

where
v

is a transformationparameter. Choosing
v

to be local, i.e. a function of a space-timepointv D v!�âáÁ�
, onefinds from eq.(2.1)that an anticommutatorof two SUSY transformationsis a local co-

ordinatetranslation. And a theory which is invariant underthe generalcoordinatetransformationis
GeneralRelativity. Thus,makingSUSYlocal, oneobtainsGeneralRelativity, or a theoryof gravity, or
supergravity [10].

Theoreticalattractivenessof SUSYfield theoriesis explainedby remarkablepropertiesof SUSY
models.This is first of all cancellationof ultraviolet divergenciesin rigid SUSYtheorieswhich is the
origin of� possiblesolutionof thehierarchyproblemin GUTs;� vanishingof thecosmologicalconstant;� integrability, allowing for anexactnon-perturbative solution.
It is believed thatalongtheselinesonecanalsoobtaintheunificationof all forcesof Natureincluding
quantum(super)gravity.

Whatis essential,thestandardconceptsof QFTallow SUSYwithoutany furtherassumptions,it is
straightforward to constructthesupersymmetricgeneralizationof theSM. Moreover, it canbechecked
experimentally! In recentyears,supersymmetrybecamea subjectof intensive experimentaltests. Its
predictionscanbeverifiedat modernandfuturecolliders.

2.2 Unification of gaugecouplings

Sincethemainmotivation for SUSYis relatedwith theunificationtheory, let usbriefly recall themain
ideasof theGrandUnification[11].

The philosophyof GrandUnification is basedon a hypothesis: Gaugesymmetryincreaseswith
energy. Having in mindunificationof all forcesof Natureon acommonbasisandneglectinggravity for
thetimebeingdueto its weakness,theideaof GUTsis thefollowing:

All known interactionsare different branchesof a uniqueinteractionassociatedwith a simple
gaugegroup.Theunification(or splitting)occursathigh energy

Low energy
©

High energy

��� � ������� ��� : ������� � = ��'�� © ,äã �qå � Î Ð ,äæ g discretesymmetry
�

gluons
7 (1±

photon
©

gaugebosons
quarks leptons

©
fermions3 ¼ 3 � 3 ¯ © 3 ã �qå
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Fig. 3: Electricscreeningandmagneticantiscreening

At first sight this is impossibledueto a big differencein the valuesof the couplingsof strong,
weakandelectromagneticinteractions.However, this is not so. The crucial point hereis the running
couplingconstants.It is a genericpropertyof quantumfield theorywhich hasan analogyin classical
physics.

Indeed,considerelectricandmagneticphenomena.Let ustake somedielectricmediumandputa
sampleelectriccharge in it. Whathappensis that themediumis polarized.It containselectricdipoles
whicharearrangedin suchawayasto screenthecharge(seeFig.3). It is aconsequenceof theCoulomb
law: attractionof the oppositechargesand repulsionof the sameones. This is the origin of electric
screening.

The oppositesituationoccursin a magneticmedium. Accordingto the Biot-Savart law, electric
currentsof the samedirectionareattractedto eachother, while thoseof theoppositeonearerepulsed
(seeFig.3). This leadsto antiscreeningof electriccurrentsin amagneticmedium.

In QFT, theroleof themediumis playedby thevacuum.Vacuumis polarizeddueto thepresence
of virtual pairsof particlesin it. The matterfields and transversequantaof vectorfields in this case
behave like dipolesin a dielectricmediumandcausescreening,while thelongitudinalquantaof vector
fieldsbehave like currentsandcauseantiscreening.Thesetwo effectscompeteeachother(seeeq.(2.6)
below).

Thus,thecouplingsbecomethefunctionsof adistanceor anenergy scale

a 8 D a 8 � B
�

6 � � D a 8 � distance
��( a 887 3 �8 O¸R
9�M

This dependenceis describedby the renormalizationgroupequationsandis confirmedexperimentally
(seeFig.4).

In the SM the strongand weak couplingsassociatedwith non-Abeliangaugegroupsdecrease
with energy, while theelectromagneticoneassociatedwith theAbeliangroupon thecontraryincreases.
Thus, it becomespossiblethat at someenergy scalethey becomeequal. Accordingto the GUT idea,
this equality is not occasionalbut is a manifestationof a uniqueorigin of thesethreeinteractions.As
a resultof spontaneoussymmetrybreaking,theunifying groupis broken andtheuniqueinteractionis
splittedinto threebrancheswhichwecall strong,weakandelectromagneticinteractions.Thishappensat
averyhighenergy of anorderof

'�2 ¯;:=<�¯;>
GeV. Of course,thisenergy is outof therangeof accelerators;

however, somecrucialpredictionsfollow from thevery factof unification.

After theprecisemeasurementof the
���)�����@?Â���+�����A?Â�+��'��

couplingconstants,it hasbecome
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possibleto checktheunificationnumerically.

Thethreecouplingconstantsto becomparedare

a ¯ D �ED�O����â3 ? � O��âR
9�� D D a O���� ¹�º ² � ¶!·¿��(
a � D 3 � O��âR
9�� D a Ol²6´ µ � ¶¸·Â( (2.2)

a ¼ D 3 �4 O��âR
9��
where

3 ? (Á3
and

354
aretheusual

�)��'��
,
���)�����

and
���)�����

couplingconstantsand a is thefine structure
constant.The factorof 5/3 in the definition of a ¯ hasbeenincludedfor propernormalizationof the
generators.

Thecouplings,whendefinedasrenormalizedvaluesincludingloop correctionsrequirethespeci-
ficationof arenormalizationprescriptionfor whichthemodifiedminimalsubtraction(

Ç �
) scheme[13]

is used.

In thisscheme,theworld averagedvaluesof thecouplingsat theZ
c

energy areobtainedfrom afit
to theLEP andTevatrondata[14],[2],[12]:

a d ¯ � Ç ¾ � D '���0�M�F
G�0IH�2�M�2��
G
²6´ µ � ¶ ¬KJ D 2�M�����'¸R y H�2�M�2�2�2�'
G

(2.3)

a 4 D 2�M�'�'�0¸RLH 2�M�2�2���'�(
thatgives a ¯ � Ç ¾ � D 2�M�2�'
G�( a � � Ç ¾ � D 2�M�2��¸RS( a ¼ � Ç ¾ � D 2�M�'�'�0MH�2�M�2�2���M (2.4)

AssumingthattheSM is valid up to theunificationscale,onecanthenusetheknown RG equationsfor
thethreecouplings.They arethefollowing:H �a 8H K D L 8 �a � 8 ( �a 8 D a 8R
9 ( K D Ê Î 3;� B

�
[ � ��( (2.5)



wherefor theSM thecoefficients
L 8 are

L 8 D
L ¯L �L ¼

D 2VW����O��VW'�' gONQP�$�R RSO��RSO��RSO�� gSN m 8 &"& 4
'�O�'�2'�O y2 M

(2.6)

Here
NIP�$4R

is thenumberof generationsof mattermultipletsand
N m 8 &"& 4 is thenumberof Higgsdou-

blets.Weuse
NIP�$4R D �

and
N m 8 &"& 4 D ' for theminimal SM, whichgives

L 8 D �âRS'�O�'�2�(1VW'
F�O y (1VTG�� .
Noticeapositivecontribution (screening)from themattermultipletsandnegativeone(antiscreen-

ing) from thegaugefields. For theAbeliangroup
�+��'��

this contribution is absentdueto theabsenceof
aself-interactionof Abeliangaugefields.

Thesolutionto eq.(2.5)is very simple'
�a 8 ��B � � D

'
�a 8 � [ � � V L 8 Ê Î 3;�

B �
[ � ��M (2.7)

The resultis demonstratedin Fig.5 showing theevolution of the inverseof thecouplingsasa function
of thelogarithmof energy. In this presentation,theevolution becomesa straightline in first order. The
secondordercorrectionsaresmall anddo not causeany visible deviation from a straightline. Fig.5
clearlydemonstratesthatwithin theSM thecouplingconstantunificationatasinglepoint is impossible.
It is excludedby more than8 standarddeviations. This resultmeansthat the unificationcanonly be
obtainedif new physicsentersbetweentheelectroweakandthePlanckscales!

Sincewe do not know whatkind of new physicsit maybe, thereis a lot of arbitrariness.In this
situation,someguidingideais needed.It is very temptingto try to checkwhetherunificationis possible
within a supersymmetricgeneralizationof the SM. In the SUSY case,the slopesof the RG evolution
curvesaremodified.Thecoefficients

L 8 in eq.(2.5)now are

L 8 D
L ¯L �L ¼

D 2V yVUF gSNIP�$4R ��� gON m 8 &"& 4
��O�'�2'�O��2 (

(2.8)

wherewe use
N P�$�R D �

and
Ním 8 &%& 4 D � in theminimal SUSYmodelwhichgives

L 8 D ������O
D�(1'�(1VW��� .
It turnsout thatwithin theSUSYmodelaperfectunificationcanbeobtainedif theSUSYmasses

areof anorderof 1 TeV. This is shown in Fig.6;theSUSYparticlesareassumedto effectively contribute
to the runningof the couplingconstantsonly for energiesabove the typical SUSY massscale,which
causesthechangein theslopeof thelinesnear1 TeV. Fromthefit requiringunificationonefindsfor the
breakpoint

Ç J � J = andtheunificationpoint
Ç ã �qå [15]

Ç J � J = D '�2j¼�V W c V X c V W , Z �Á(Ç ã �qå D '�2 ¯;: V Y c V ¼ c V ¯ , Z �Á( (2.9)

a d ¯ã �qå D � y M��MH�'�M�FMH�'�M�2�(
where a ã �qå D 3 �: O¸R
9 . The first error originatesfrom the uncertaintyin the couplingconstant,while
the secondone is due to the uncertaintyin the masssplittings betweenthe SUSY particles. The Z �
distributionsof

Ç J � J = and
Ç ã �qå areshown in Fig.6 [15], where

Z � D ¼
8\[�¯

� a d ¯8 V a d ¯ã �qå � �Û �8 M
(2.10)

For SUSYmodels,thedimensionalreduction
F^]

schemeis a moreappropriaterenormalization
scheme[16]. In this scheme,all thresholdsaretreatedby simplestepapproximations,andunification
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occursif all threea ’smeetexactlyatonepoint. Thiscrossingpointcorrespondsto themassof theheavy
gaugebosons.The

Ç �
and

Fo]
couplingsdiffer by asmalloffset'

a ~ P8
D '
a ¬KJ8

V p 8'��-9 ( (2.11)

where p 8 arethe quadraticCasimiroperatorsof the group( p 8 D N
for SU(

N
) and0 for U(1) so a ¯

remainsthesame).

Thisobservationwasconsideredasthefirst ”evidence”for supersymmetry, especiallysince
Ç J � J =

wasfoundin therangepreferredby thefine-tuningarguments.

It shouldbe notedthat theunificationof the threecurvesat a singlepoint is not that trivial asit



mayseemfrom theexistenceof threefreeparameters(
Ç J � J =n( Ç ã �qå and a ã �qå ). Out of morethan

a thousandmodelstried, only a handful yielded unification. The reasonis simple: Introducingnew
particlesoneinfluencesall threecurvessimultaneously, thusgiving rise to strongcorrelationsbetween
the slopesof the threelines. For example,addingnew generationsand/ornew Higgs doubletsnever
yieldsunification!Nevertheless,unificationdoesnotprove supersymmetry. Therealproofwouldbethe
observationof thesparticles.

2.3 Solution of the hierarchy problem

The appearanceof two differentscales
�rq § in a GUT theory, namely,

Ç ·
and

Ç ã �qå , leadsto a
very seriousproblemwhich is calledthehierarchy problem. Therearetwo aspectsof thisproblem.

The first one is the very existenceof the hierarchy. To get the desiredspontaneoussymmetry
breakingpattern,oneneeds

� m Ì § Ì '�2 �
GeV�ts Ì � Ì '�2 ¯;>
GeV

� m�ts Ì '�2 d ¯ Wvu '�(
(2.12)

where
b

and w aretheHiggsfieldsresponsiblefor thespontaneousbreakingof the
���)�����

andtheGUT
groups,respectively.

Thequestionarisesof how to getsosmallnumberin a naturalway. Oneneedssomekind of fine
tuningin a theory, andwe don’t know if thereanything behindit.

Thesecondaspectof thehierarchyproblemis connectedwith thepreservationof agivenhierarchy.
Even if we choosethe hierarchylike eq.(2.12)the radiative correctionswill destroy it! To seethis,
considertheradiative correctionto the light Higgsmass.It is givenby theFeynmandiagramshown in
Fig.7andis proportionalto themasssquaredof theheavy particle.This correctionobviously spoilsthe

x0y
z|{~}������g�����

� ���/�
���������
��� ��� y*� x y��$��y� � �

�$� y �/�� 8¡¢�$��¡E£

Fig. 7: Radiative correctionto thelight Higgsbosonmass

hierarchyif it is not cancelled.This very accuratecancellationwith a precision
Ì '�2 d ¯ W

needsa fine
tuningof thecouplingconstants.

Theonly known way of achieving this kind of cancellationof quadraticterms(alsoknown asthe
cancellationof the quadraticdivergencies)is supersymmetry. Moreover, SUSY automaticallycancels
quadraticcorrectionsin all ordersof PT. This is dueto thecontributionsof superpartnersof ordinarypar-
ticles. Thecontribution from bosonloopscancelsthosefrom thefermiononesbecauseof anadditional
factor(-1) comingfrom Fermistatistics,asshown in Fig.8. Onecanseeheretwo typesof contribution.
Thefirst line is thecontribution of theheavy Higgsbosonandits superpartner. Thestrengthof interac-
tion is givenby theYukawacoupling z . Thesecondline representsthegaugeinteractionproportionalto
thegaugecouplingconstant

3
with thecontribution from theheavy gaugebosonandheavy gaugino.

In both thecasesthecancellationof quadratictermstakesplace. This cancellationis true in the
caseof unbrokensupersymmetrydueto thefollowing sumrule relatingthemassesof superpartners

uA� 4 � æ 4
� � D ��#��R 8 � æ 4

� �
(2.13)
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andis violatedwhenSUSY is broken. Then, the cancellationis true up to the SUSY breakingscale,Ç J � J = , since

uA� 4 � æ 4
� � V ������R 8 � æ 4

� � D Ç �J � J = ( (2.14)

which shouldnot bevery large( » 1 TeV) to make thefine-tuningnatural.Indeed,let ustake theHiggs
bosonmass.Requiringfor consistency of perturbationtheorythat theradiative correctionsto theHiggs
bosonmassdo notexceedthemassitself gives

Þ Ç �� Ì 3 � Ç �J � J = Ì Ç �� M (2.15)

So, if
Ç �ÂÌü'�2 �

GeV and
3ÙÌ '�2 d ¯

, oneneeds
Ç J � J =®Ì '�2 ¼

GeV in orderthat the relation(2.15)
is valid. Thus,we againget thesameroughestimateof

Ç J � J = Ì
1 TeV asfrom thegaugecoupling

unificationabove. Two requirementsmatchtogether.

That is why it is usuallysaidthatsupersymmetrysolvesthehierarchyproblem.Moreover, some-
timesit is saidthat: ”There is no GUT without SUSY”. However, this is only thesecondaspectof the
problem,thepreservation of thehierarchy. Theorigin of thehierarchyis theotherpartof theproblem.
Weshow below how SUSYcanexplain thispartaswell.

2.4 Beyond GUTs: superstring

Anothermotivation for supersymmetryfollows from even moreradicalchangesof basicideasrelated
to theultimategoalof constructionof consistentunified theoryof everything. At themomenttheonly
viable conceptionis the superstringtheory [17], which pretendsto be a self-consistentquantumfield
theoryin anon-perturbative senseallowing exactnon-perturbative solutionsin thequantumcase.In the
superstringtheory, stringsareconsideredasfundamentalobjects,closedor open,andarenonlocalin
nature.Ordinaryparticlesareconsideredasstringexcitationmodes.Stringinteractions,whicharelocal,
generateproperinteractionsof usualparticles,includinggravitationalones.

To be consistent,the string theoryshouldbe conformalinvariant in D-dimensionaltarget space
andhave a stablevacuum[18]. The first requirementis valid in classicaltheorybut may be violated
by quantumanomalies.Cancellationof quantumanomaliestakesplacewhenspace-timedimensionof
a target spaceequalsa critical one. For a bosonicstring the critical dimensionis

F D � y
, andfor a

fermioniconeit is
F D '�2

.



Thesecondrequirementis thatthemasslessstringexcitations(theparticlesof theSM) arestable.
This assumestheabsenceof tachyons,thestateswith imaginarymass,which canbeguaranteedonly in
supersymmetricstringtheories!

Thus,thesuperstringtheoryprovesto betheonly known consistentquantumtheory. This serves
asjustificationof researchin spiteof absenceof evenashredof experimentalevidence.However, many
ingredientsof this theoryarestill unclear.

3 BASICS OF SUPERSYMMETRY

Supersymmetrytransformationsdiffer from ordinaryglobaltransformationsasfarasthey convertbosons
into fermionsandviceversa.Indeed,if wesymbolicallywrite SUSYtransformationas

Þ6< D½¼Q¾ t�(
where < and

t
arebosonandfermionfields, respectively, and

¼
is an infinitesimaltransformationpa-

rameter, thenfrom theusual(anti)commutationrelationsfor (fermions)bosons

� t�(1t �ÚD 2�( ¿ < ( <MÀ D 2
we immediatelyfind � ¼ ( ¼q�)D 2�M
This meansthat all the generatorsof SUSY must be fermionic, i.e. they must changethe spin by a
half-oddamountandchangethestatistics.

3.1 Algebra of SUSY

Combinedwith theusualPoincaŕe andinternalsymmetryalgebratheSuper-Poincaŕe Lie algebracon-
tainsadditionalSUSYgenerators

B 8C
and

×B 8 ØC
[3]¿ Ý - ( Ý o À D 2�(¿ Ý - ( Ç�Á(Â À D ` �â3 - Á Ý Â VÂ3 - Â Ý Á ��(¿ Ç -o ( Ç Á(Â À D ` �â3 o Á Ç - Â Ve3 o Â Ç - Á Ve3 - Á Ç o Â g 3 - Â Ç o Á ��(¿ < � ( < 4 À D ` p �� 4 < � (¿ < � ( Ý - À D ¿ < � ( Ç - Â À D 2�(¿ B 8C ( Ý - À D ¿j×B 8 ØC ( Ý - À D 2�(¿ B 8C ( Ç -o À D ¯� ��Û -o � }C B 8} ( ¿j×B 8 ØC ( Ç -6o À D V ¯� ×B 8 Ø} � ×Û -o �

Ø} ØC (¿ B 8C ( < � À D � L � � 8w B wC (Ã¿ ×B 8 ØC ( < � À D V ×B w ØC � L � � 8w (� B 8C (�×B w Ø} �ÚD � Þ 8xw ��Û
- � C Ø} Ý - (

� B 8C (1B w} �ÚD ��v C�} ± 8xw (^± 8 w DÅÄ �8 w L � ( ± 8xw D ±*Æ8xw (
� ×B 8 ØC (�×B w Ø} �ÚD VW��v ØC Ø} ± 8 w (¶¿ ± 8xw ( Ä Ï { K � ` Ï 3 À D 2�(
a (�Ça D '�(1� ` (¯È D '�(1��(1M1M1MÆ( N M

(3.1)

Here
Ý -

and
Ç -o

arefour-momentumandangularmomentumoperators,respectively, < � arethe
internalsymmetrygenerators,

B 8
and

×B 8
arethe spinorialSUSY generatorsand

± 8xw arethe so-called
centralcharges; a (�Ça (¯Éh( ÇÉ arethespinorialindices.In thesimplestcaseonehasonespinorgenerator

B C
(andtheconjugatedone

×BÙØC
) thatcorrespondsto anordinaryor N=1 supersymmetry. When

N ¦ '
one

hasanextendedsupersymmetry.

A naturalquestionarises:how many SUSYgeneratorsarepossible,i.e. what is thevalueof
N

?
To answerthisquestion,considermasslessstates[5]. Let usstartwith thegroundstatelabeledby energy
andhelicity, i.e. projectionof aspinon thedirectionof momenta,andlet it beannihilatedby

B 8Ê Å ¹¯Ë�Ë0Ì D Í _ ( z ¦ ( B 8 Í _ ( z ¦ D 2�M



Thenoneandmoreparticlestatescanbeconstructedwith thehelpof acreationoperatorsas

State Expression Í of States

vacuum
Í _ ( z ¦ '

'nV
particlestate

×B 8 Í _ ( z ¦ D Í _ ( z g '�O�� ¦ 8 N ' D N
�nV

particlestate
×B 8 ×B w Í _ ( z ¦ D Í _ ( z g ' ¦ 8xw N � DÏÎÑÐÒÎ d ¯EÓ�

M�M�M M�M�M M�M�M
N V

particlestate
×B ¯ ×B � M�M�M ×B Î Í _ ( z ¦ D Í _ ( z gON O�� ¦ NN D '

Total# of States
Î
i [qc

N Ô D � Î D � Î d ¯ bosons
g � Î d ¯ fermions

(

wheretheenergy
_

is not changed,sinceaccordingto (3.1) theoperators
×B 8 commutewith theHamil-

tonian.

Thus,onehasa sequenceof bosonicandfermionicstatesandthe total numberof bosonsequals
thatof fermions. This is a genericpropertyof any supersymmetrictheory. However, in CPT invariant
theoriesthenumberof statesis doubled,sinceCPTtransformationchangesthesignof helicity. Hence,
in CPTinvarianttheories,onehasto addthestateswith oppositehelicity to theabove mentionedones.

Considersomeexamples.Let ustake
N D '

and z D 2 . Thenonehasthefollowing setof states:

helicity
2 '�O��

helicity
2 V)'�O��N D ' z D 2 Õ Ë åD ©

Í of states
' ' Í of states

' '
Hence,acomplete

N D '
multiplet isN D '

helicity
V)'�O�� 2 '�O��

Í of states
' � '

whichcontainsonecomplex scalarandonespinorwith two helicity states.

This is anexampleof theso-calledself-conjugatedmultiplet. Therearealsoself-conjugatedmul-
tipletswith

N ¦ '
correspondingto extendedsupersymmetry. Two particularexamplesarethe

N D R
superYang-Millsmultiplet andthe

N D 0
supergravity multipletN D R

SUSYYM helicity
VW' V)'�O�� 2 '�O�� '

z D VW' Í of states
' R y R '

N D 0
SUGRA helicity

VW� VW��O�� VW' V)'�O�� 2 '�O�� ' ��O�� �
z D VW� Í of states

' 0 ��0 D y G�2 D y ��0 0 '
Onecanseethat themultipletsof extendedsupersymmetryarevery rich andcontaina vastnumberof
particles.

Theconstraintonthenumberof SUSYgeneratorscomesfrom arequirementof consistency of the
correspondingQFT. Thenumberof supersymmetriesandthemaximalspinof theparticlein themultiplet
arerelatedby N » RS��(



where
�

is themaximalspin.Sincethetheorieswith spingreaterthan1 arenon-renormalizableandthe
theorieswith spingreaterthan5/2 have no consistentcouplingto gravity, this imposesa constrainton
thenumberof SUSYgeneratorsN » R for renormalizabletheories(YM),N » 0

for (super)gravity
M

In what follows, we shall considersimplesupersymmetry, or
N D '

supersymmetry, contraryto ex-
tendedsupersymmetrieswith

N ¦ '
. In this case,onehastwo typesof supermultiplets:theso-called

chiral multiplet with z D 2
, which containstwo physicalstates

�EÖ (¯×í�
with spin0 and1/2, respectively,

andthevectormultipletwith z D '�O�� , whichalsocontainstwo physicalstates
� z (#Ø - � with spin1/2and

1, respectively.

3.2 Superspaceand superfields

An elegantformulationof supersymmetrytransformationsandinvariantscanbeachieved in theframe-
work of superspace[7]. Superspacediffers from theordinaryEuclidean(Minkowski) spaceby adding
of two new coordinates,

¶ C
and

×¶»ØC
, whichareGrassmannian,i.e. anticommuting,variables

� ¶ C (1¶ } �WD 2�( � ×¶»ØC ( ×¶ Ø} �ÚD 2�(À¶ �C D 2�( ×¶ � ØC D 2�( a (¯Éh(�Ça ( ÇÉ D '�(1��M
Thus,we go from spaceto superspace

� Ó Ä I Z © � G Ó;Z�ÐñJ%Ó Ä I Zá - á - (1¶ C ( ×¶ÁØC
A SUSYgroupelementcanbeconstructedin superspacein thesameway asanordinarytranslationin
theusualspace

, �âáÁ(1¶@( ×¶ � D Z ` ��V á
- Ý - g ¶ B g ×¶ ×BW� M

(3.2)

It leadsto asupertranslationin superspace

á - Ô á - g ` ¶ Û - ×¼ V ` ¼ Û - ×¶�(¶ Ô ¶ g ¼ (×¶ Ô ×¶ g ×¼ ( (3.3)

where
¼

and ×¼ areGrassmanniantransformationparameters.From eq.(3.3)onecaneasilyobtain the
representationfor thesupercharges(3.1)actingon thesuperspace

B C D ss ¶ C V ` Û
-C ØC ×¶ ØC s - ( ×B ØC D V ss ×¶ÁØC g ` ¶ C Û

-C ØC s - M
(3.4)

Taking the Grassmanniantransformationparametersto be local, or space-timedependent,onegetsa
local translation.As hasalreadybeenmentioned,this leadsto a theoryof (super)gravity.

To definethe fields on a superspace,considerrepresentationsof the Super-Poincaŕe group(3.1)
[5]. Thesimplestoneis a scalarsuperfieldÙ �âá»(1¶ ( ×¶�� which is SUSYinvariant. Its Taylor expansionin¶

and
×¶

hasonly severaltermsdueto thenilpotentcharacterof Grassmannianparameters.However, this
superfieldis a reduciblerepresentationof SUSY. To getanirreducibleone,we definea chiral superfield
whichobeys theequation ×F Ù D 2�(

where
×F D V ss ¶ V ` ¶ Û

- s -
(3.5)

is asuperspacecovariantderivative.



For thechiral superfieldGrassmannianTaylorexpansionlookslike (
{�D á g ` ¶ Ûê×¶

)

Ú � { (1¶ � D Øí� { � g ¨ ��¶.× � { � g ¶ ¶ Ù � { �D Øí�âáÁ� g ` ¶ Û - ×¶ s - Ø �âá»� g 'R ¶ ¶ ×¶ ×¶/ÛIØ �âá»�
g ¨ ��¶.×í�âá»��V `

¨ � ¶ ¶ s
- × �âáÁ��Û - ×¶ g ¶ ¶ Ù �âáÁ��M (3.6)

The coefficientsareordinaryfunctionsof
á

beingthe usualfields. They arecalledthe componentsof
a superfield.In eq.(3.6)onehas2 bosonic(complex scalarfield

Ø
) and2 fermionic (Weyl spinorfield×

) degreesof freedom.Thecomponentfields
Ø

and
×

arecalledthesuperpartners. Thefield Ù is an
auxiliary field, it hasthe “wrong” dimensionandhasno physicalmeaning. It is neededto closethe
algebra(3.1). Onecangetrid of theauxiliaryfieldswith thehelpof equationsof motion.

Thus,asuperfieldcontainsanequalnumberof bosonicandfermionicdegreesof freedom.Under
SUSYtransformationthey convert into oneanother

ÞEÜ Ø D ¨ � ¼ ×í(
ÞEÜ × D ` ¨ � Û - ×¼qs - Ø g ¨ � ¼ Ù ( (3.7)

ÞEÜ=Ù D ` ¨ � ×¼ Û - s - × M
Notice that thevariationof the Ù -componentis a total derivative, i.e. it vanisheswhenintegratedover
thespace-time.

Onecanalsoconstructanantichiralsuperfield
Ú Æ

obeying theequation

FoÚ Æ D 2�(
with

F D ss ¶ g ` Û
- ×¶ s - M

Theproductof chiral (antichiral)superfields
Ú � ( Ú ¼

, etcis alsoachiral (antichiral)superfield,while the
productof chiral andantichiralones

Ú Æ Ú
is ageneralsuperfield.

For any arbitraryfunctionof chiral superfieldsonehas

Ý � Ú 8 � D Ý �EØ 8 g ¨ ��¶.× 8 g ¶ ¶ Ù �
D Ý �EØ 8 � g s Ýs Ø 8 ¨ � ¶.× 8 g ¶ ¶

s Ýs Ø 8 Ù 8 V
'� s � Ýs Ø 8 s Ø w × 8 × w M

(3.8)

The
Ý

is usuallyreferredto asasuperpotentialwhich replacestheusualpotentialfor thescalarfields.

To constructthegaugeinvariantinteractions,oneneedsarealvectorsuperfield
� D � Æ

. It is not
chiral but ratherageneralsuperfieldwith thefollowing Grassmannianexpansion:

�T�âáÁ(1¶ ( ×¶ � D p �âá»� g ` ¶ Z �âáÁ��V ` ×¶ ×Z �âáÁ�g `� ¶ ¶�¿ Ç �âáÁ� g ` N �âá»� À V ` � ×¶ ×¶�¿ Ç �âáÁ��V ` N �âá»� À
V ¶ Û - ×¶ § - �âá»� g ` ¶@¶ ×¶ ¿ z �âá»� g `� ×Û

- s - Z �âáÁ� À
V ` ×¶l×¶�¶�¿ z g `� Û

- s - ×Z �âáÁ� À g '� ¶ ¶l×¶ñ×¶�¿ F �âáÁ� g '� Û p �âá»� À M (3.9)

Thephysicaldegreesof freedomcorrespondingto a realvectorsuperfield
�

arethevectorgaugefield§ - andtheMajoranaspinorfield z . All othercomponentsareunphysicalandcanbeeliminated.Indeed,
undertheAbelian(super)gaugetransformationthesuperfield

�
is transformedas

� Ô � g Ú g ÚMÆ (



where
Ú

and
Ú Æ

aresomechiral superfields.In componentsit lookslike

p Ô p g Ø g Ø Q (
Z Ô Z V ` ¨ �.× (Ç g ` N Ô Ç g ` N V�� ` Ù (
§ - Ô § - V ` s - �EØ VSØ Q ��(

(3.10)

z Ô z (F Ô F (
andcorrespondsto ordinarygaugetransformationsfor physicalcomponents.According to eq.(3.10),
onecanchoosea gauge(theWess-Zuminogauge[19]) where p D Z D Ç D N D 2

, leaving onewith
only physicaldegreesof freedomexceptfor theauxiliaryfield

F
. In thisgauge

� D VW¶ Û - ×¶ § - �âá»� g ` ¶@¶ ×¶ ×z �âá»��V ` ×¶ ×¶�¶ z �âáÁ� g '� ¶ ¶ ×¶ ×¶ F �âáÁ��(
� � D V '� ¶ ¶ ×¶ ×¶ § - �âá»� §

- �âáÁ��(
� ¼ D 2�( Z K1I M (3.11)

Onecandefinealsoafield strengthtensor(asanalogof Ù -o in gaugetheories)

7 C D V 'R ×F � Z�Þ F C Z d Þ (
×7 ØC D V 'R F � Z Þ ×F C Z d Þ ( (3.12)

which is apolynomialin theWess-Zuminogauge.(Here
F J arethesupercovariantderivatives.)

Thestrengthtensoris achiral superfield

×F Ø} 7 C D 2�( F } ×7 ØC D 2�M
In theWess-Zuminogaugeit is apolynomialovercomponentfields:

7 C Dàß $ V ` z $C g ¶ C F $ V `� ��Û
- ×Û o ¶ � C Ù $-o g ¶ � Û

- F - ×z $ (
(3.13)

where Ù $-6o D s - § $o V s o § $- g t $!uA� § u- § �o ( F - ×z $ Dðs ×z $ g t $!uA� § u- ×z � M
In Abeliancaseeqs.(3.12)aresimplifiedandtake form

7 C D V 'R ×F � F C �Á( ×7 ØC D V 'R F � ×F C �ÁM

3.3 Construction of SUSYLagrangians

Let usstartwith theLagrangianwhich hasno local gaugeinvariance.In thesuperfieldnotationSUSY
invariant Lagrangiansare the polynomialsof superfields. Having in mind that for componentfields
oneshouldhave ordinarytermsandthe above mentionedpropertyof SUSY invarianceof the highest
dimensioncomponentsof asuperfield,thegeneralSUSYinvariantLagrangianhastheform

f D Ú Æ8 Ú 8 Í áEá àá àá g ¿ � z 8 Ú 8 g '� � 8 w Ú 8 Ú w g ' � 3 8xw i Ú 8 Ú w Ú iq�Í áEá g�� M I M À M (3.14)

Hereaftertheverticalline meansthecorrespondingtermof aTaylorexpansion.



Thefirst term is a kinetic term. It containsboth thechiral andantichiralsuperfields
Ú 8 and

Ú Æ8 ,
respectively, andis afunctionof Grassmannianparameters

¶
and

×¶
. Beingexpandedover

¶
and

×¶
it leads

to theusualkinetic termsfor thecorrespondingcomponentfields.

Thetermsin thebracket form thesuperpotential.It is composedof thechiral fieldsonly (plusthe
hermitianconjugatedcounterpartcomposedof antichiralsuperfields)andis achiralsuperfield.Sincethe
productsof a chiral superfieldandantichiraloneproducea generalsuperfield,they arenot allowedin a
superpotential.Thelastcoefficientof its expansionover theparameter

¶
is supersymmetricallyinvariant

andgivestheusualpotentialaftergettingrid of theauxiliaryfields,asit will beclearlater.

TheLagrangian(3.14)canbewritten in a muchmoreelegantway in superspace.Thesameway
asan ordinaryactionis an integral over space-timeof Lagrangiandensity, in supersymmetriccasethe
actionis anintegral over thesuperspace.Thespace-timeLagrangiandensitythenis [5, 6, 7]

f D H � ¶ H � ×¶ Ú Æ8 Ú 8 g H � ¶K¿ z 8 Ú 8 g ' � � 8xw Ú 8 Ú w g ' � { 8xw i Ú 8 Ú w Ú i À g�� M I M (3.15)

wherethefirst part is a kinetic termandthesecondoneis a superpotential
Ý

. Hereinsteadof taking
thepropercomponentswe useintegrationover thesuperspaceaccordingto the rulesof Grassmannian
integration[20] H ¶ C D 2�( ¶ C H ¶ } D Þ C�} M
Performingexplicit integrationover theGrassmannianparameters,wegetfrom eq.(3.15)

f D ` s - ×× 8 ×Û
- × 8 g Ø Q8 ÛIØ 8 g Ù Q8 Ù 8 (3.16)g ¿ z 8 Ù 8 g � 8xw �EØ 8 Ù w V '� × 8 × w � g { 8xw i �EØ 8 Ø w Ù iíVâ× 8 × w Øêi � g�� M I M À M

Thelasttwo termsaretheinteractionones.To obtainafamiliar form of theLagrangian,wehaveto solve
theconstraints s fs Ù Qi D Ù i g z Qi g � Q8 i Ø Q8 g { Q8xw i Ø Q8 Ø Qw D 2�( (3.17)

s fs Ù i D Ù Qi g z i g � 8 iãØ 8 g { 8xw i/Ø 8 Ø w D 2�M (3.18)

Expressingtheauxiliaryfields Ù and Ù Q from theseequations,onefinally gets

f D ` s - ×× 8 ×Û
- × 8 g Ø Q8 ÛMØ 8 V ' � � 8xw × 8 × w V ' � � Q8xw ×× 8 ×× wV { 8 w i.× 8 × w ØhiíV { Q8xw i ×× 8 ×× w Ø Qi V��T�EØ 8 (#Ø w ��( (3.19)

wherethescalarpotential
� D Ù Qi Ù i . Wewill returnto thediscussionof theform of thescalarpotential

in SUSYtheorieslater.

Considernow thegaugeinvariantSUSYLagrangians.They shouldcontaingaugeinvariantinter-
actionof thematterfieldswith thegaugeonesandthekinetic termandtheself-interactionof thegauge
fields.

Let usstartwith thegaugefield kinetic terms.In theWess-Zuminogaugeonehas

7 C 7 C Í áEá D VW� ` z Û
- F - ×z V '� Ù -6o Ù

-o g '� F � g ` 'R Ù
-6o
Ù Á(Â v -o Á(Â ( (3.20)

where
F - Dðs - g ` 3ä¿ § - ( À is theusualcovariantderivative andthelast,theso-calledtopological

¶
term,2

is thetotal derivative.
2Terminologycomesfrom the å termof QCD[21] andhasnothingto do with theGrassmannianparameterå .



ThegaugeinvariantLagrangiannow hasa familiar form

f D 'R H � ¶ 7 C 7 C g 'R H � ×¶ ×7 ØC ×7 ØC
D ' � F � V 'R Ù -o Ù

-6o V ` z Û
- F - ×z M (3.21)

Toobtainagauge-invariantinteractionwith matterchiralsuperfields,considertheirgaugetransformation
(Abelian) Ú Ô Z d 8 &(æ Ú ( Ú Æ Ô Ú Æ Z 8 &Eælç ( � Ô � g ` � 6 V 6 ÆÁ��(
where

6
is agaugeparameter(chiral superfield).

It is clearnow how to constructboth theSUSYandgaugeinvariantkinetic term (comparewith
thecovariantderivative in ausualgaugetheory)

Ú Æ8 Ú 8 Í áEá àá àá © Ú Æ8 Z & Þ Ú 8 Í áEá àá àá (3.22)

A completeSUSYandgaugeinvariantLagrangianthenlookslike

f 8 æ�è D 'R H � ¶ 7 C 7 C g 'R H � ×¶½×7 ØC ×7 ØC g H � ¶ H � ×¶ Ú Æ8 Z & Þ Ú 8 (3.23)

g H � ¶ � '� � 8 w Ú 8 Ú w g ' � { 8xw i Ú 8 Ú w Ú iq� g�� M I M
In particular, theSUSYgeneralizationof QEDlooksasfollows:

f J � J =oé « ~ D 'R H � ¶ 7 C 7 C g 'R H � ×¶ ×7 ØC ×7 ØC
g H W ¶ � Ú ÆÆ Z & Þ Ú Æ g Ú Æd Z d & Þ Ú d � (3.24)

g H � ¶ � Ú Æ Ú d g H � ×¶ � Ú ÆÆ Ú Æd (
wheretwo superfields

Ú Æ and
Ú d have beenintroducedin order to have both left- andright-handed

fermions.

Thenon-Abeliangeneralizationis straightforward

fêJ � J =/= ¬ D 'R H � ¶ ß Ð � 7 C 7 C � g 'R H � ×¶ ß Ð ��×7 C ×7 C � (3.25)

g H � ¶ H � ×¶Ò×Ú 8 $ � Z & Þ � $u Ú u8 g H � ¶ Ý � Ú 8 � g H � ×¶�×Ý ��×Ú 8 ��(
where

Ý
is a superpotential,which shouldbe invariantunderthe groupof symmetryof a particular

model.

In termsof componentfieldstheabove Lagrangiantakestheform

f J � J =Ò= ¬ D V 'R Ù $-6o Ù $
-6o V ` z $ Û

- F - ×z $ g '� F $ F $g � s - Ø 8 V ` 3 § $- ß $ Ø 8 � r � s - Ø 8 V ` 3 § $
- ß $ Ø 8 ��V ` ×× 8 ×Û

- � s - × 8 V ` 3 § $
- ß $ × 8 �V F $ Ø r8 ß $ Ø 8 V ` ¨ �
Ø r8 ß $ z $ × 8 g ` ¨ � ×× 8 ß $ Ø 8 ×z $ g Ù r8 Ù 8g s Ýs Ø 8 Ù 8 g

s ×Ý
s Ø r8 Ù

r8 V '� s � Ýs Ø�ë�Ø w × 8 × w V
' � s � ×Ý
s Ø r8 s Ø rw

×× 8 ×× w M (3.26)

Integratingout theauxiliaryfields
F $

and Ù 8 , onereproducestheusualLagrangian.



3.4 The scalarpotential

Contraryto theSM, wherethescalarpotentialis arbitraryandis definedonly by therequirementof the
gaugeinvariance,in supersymmetrictheoriesit is completelydefinedby thesuperpotential.It consistsof
thecontributionsfrom the

F
-termsand Ù -terms.Thekineticenergy of thegaugefields(recalleq.(3.21)

yieldsthe
'�O�� F $ F $

term,andthematter-gaugeinteraction(recalleq.(3.23)yieldsthe
3 F $ ß $8xw Ø Q8 Ø w one.

Togetherthey give f ~ D '� F $ F $ g 3 F $ ß $8xw Ø Q8 Ø w M (3.27)

Theequationof motionreads F $ D V 3 ß $8xw Ø Q8 Ø w M (3.28)

Substitutingit backinto eq.(3.27)yieldsthe
F

-termpartof thepotential

f ~ D V '� F $ F $ D © � ~ D '� F $ F $ ( (3.29)

where
F

is givenby eq.(3.28).

The Ù -term contribution canbe derived from the matterfield self-interactioneq.(3.16). For a
generaltypesuperpotential

7
onehas

f P D Ù Q8 Ù 8 g � s 7s Ø 8 Ù 8 g�� M I M���M (3.30)

Usingtheequationsof motionfor theauxiliaryfield Ù 8
Ù Q8 D V s 7s Ø 8 (3.31)

yields f P D V Ù Q8 Ù 8 D © � P D Ù Q8 Ù 8 ( (3.32)

where Ù is givenby eq.(3.31).Thefull potentialis thesumof thetwo contributions

� D � ~ g � P M (3.33)

Thus,theform of theLagrangianis practicallyfixedby symmetryrequirements.Theonly freedom
is thefield content,thevalueof thegaugecoupling

3
, Yukawacouplings

{ 8xw i andthemasses.Becauseof
therenormalizabilityconstraint

� » Ø W
thesuperpotentialshouldbelimited by

Ý » Ú ¼
asin eq.(3.15).

All membersof a supermultiplethave the samemasses,i.e. bosonsand fermionsare degeneratein
masses.This propertyof SUSY theoriescontradictsthe phenomenologyandrequiressupersymmetry
breaking.

3.5 Spontaneousbreaking of SUSY

Sincesupersymmetricalgebraleadsto massdegeneracy in a supermultiplet,it shouldbebroken to ex-
plain theabsenceof superpartnersat modernenergies.Thereareseveralwaysof supersymmetrybreak-
ing. It canbebrokeneitherexplicitly or spontaneously. PerformingSUSYbreakingonehasto becareful
not to spoil thecancellationof quadraticdivergencieswhich allows oneto solve thehierarchyproblem.
This is achievedby spontaneousbreakingof SUSY.

Apart from non-supersymmetrictheoriesin SUSYmodelstheenergy is alwaysnonnegative defi-
nite. Indeed,accordingto quantummechanics

_ D ¥ 2SÍ b Í 2 ¦



anddueto SUSYalgebraeq.(3.1) � B C (�×B Ø} �WD ����Û
- � C Ø} Ý - (

takinginto accountthat K Ð ��Û
- Ý - � D � Ý c ( onegets

_ D 'R C [�¯ Ü � ¥ 2SÍ � B
C (�×B C � Í 2 ¦ D 'R C Í B C Í 2 ¦ Í �Uì 2�M

Hence _ D ¥ 2SÍ b Í 2 ¦oíD 2 ` t Ä Ï�HÚÎ%Ï Ê { ` t B C Í 2 ¦^íD 2�M
Therefore,supersymmetryis spontaneouslybroken, i.e. vacuumis not invariant

��B C Í 2 ¦oíD 2��
, if

andonly if theminimumof thepotentialis positive
� ` M Z M _ ¦ 2�� .

Thesituationis illustratedin Fig.9.TheSUSYgroundstatehas
_ D 2

, while anon-SUSYonehas_ ¦ 2
. On theright-handsideanon-SUSYpotentialis shown. It doesnotappearevenin spontaneously

brokenSUSYtheories.However, just this typeof thepotentialis usedfor spontaneousbreakingof the
gaugeinvariancevia theHiggsmechanism.This propertyhascrucialconsequencesfor thespontaneous
breakingof thegaugeinvariance.Indeed,aswill beseenlater, in theMSSM spontaneousbreakingof���+�����

invariancetakesplaceonly afterSUSYis broken.

î î
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Fig. 9: Scalarpotentialin supersymmetricandnon-supersymmetrictheories

Spontaneousbreakingof supersymmetryis achievedin thesamewayastheelectroweaksymmetry
breaking.Oneintroducesthefield whosevacuumexpectationvalueis nonzeroandbreaksthesymmetry.
However, due to a specialcharacterof SUSY, this shouldbe a superfieldwhoseauxiliary Ù and

F
componentsacquirenonzerov.e.v.’s. Thus,amongpossiblespontaneousSUSY breakingmechanisms
onedistinguishesthe Ù and

F
ones.

i) Fayet-Iliopoulos(
F

-term)mechanism[22].
In this casethe,thelinear

F
-termis addedto theLagrangian

� f D	� � Í áEá àá àá D
� H W ¶í�*M
(3.34)

It is gaugeandSUSYinvariantby itself; however, it may leadto spontaneousbreakingof bothof them
dependingon thevalueof

�
. We show in Fig.10athesamplespectrumfor two chiral mattermultiplets.

The drawbackof this mechanismis the necessityof
�)��'��

gaugeinvariance. It canbe usedin SUSY
generalizationsof theSM but not in GUTs.
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Fig. 10: Spectrumof spontaneouslybrokenSUSYtheories

Themassspectrumalsocausessometroublessincethefollowing sumrule is alwaysvalid

uA� 4 � æ 4 ��$%��� 4
� � 8 D �����¯R 8 � æ 4 ��$!��� 4

� � 8 ( (3.35)

which is badfor phenomenology.

ii) O’Raifeartaigh( Ù -term)mechanism[23].
In thiscase,severalchiral fieldsareneededandthesuperpotentialshouldbechosenin a way thattrivial
zerov.e.v.s for theauxiliary Ù -fieldsbeabsent.For instance,choosingthesuperpotentialto beÝ � Ú � D z Ú ¼ g � Ú ¯ Ú � g 3 Ú ¼ Ú � ¯ (
onegetstheequationsfor theauxiliaryfields

Ù Q¯ D � Ø � g �¸3�Ø ¯ Ø ¼ (
Ù Q� D � Ø ¯ (
Ù Q¼ D z g 3�Ø � ¯ (

which have no solutionswith ¥ Ù 8 ¦ D 2
andSUSYis spontaneouslybroken. Thesamplespectrumis

shown in Fig.10b.

Thedrawbacksof this mechanismis a lot of arbitrarinessin thechoiceof potential.Thesumrule
(3.35)is alsovalid here.

Unfortunately, noneof thesemechanismsexplicitly works in SUSY generalizationsof the SM.
Noneof thefieldsof theSM candevelopnonzerov.e.v.s for their Ù or

F
componentswithout breaking���+�����

or
�+��'��

gaugeinvariancesincethey arenot singletswith respectto thesegroups.This requires
thepresenceof extrasourcesof spontaneousSUSYbreaking,whichweconsiderbelow. They arebased,
however, on thesameÙ and

F
mechanisms.

4 SUSYGENERALIZA TION OF THE STANDARD MODEL. THE MSSM

As hasbeenalreadymentioned,in SUSYtheoriesthenumberof bosonicdegreesof freedomequalsthat
of fermionic.At thesametime,in theSM onehas28bosonicand90fermionicdegreesof freedom(with
masslessneutrino,otherwise96). So the SM is to a greatextent non-supersymmetric.Trying to add
somenew particlesto supersymmetrizetheSM,oneshouldtake into accountthefollowing observations:



1. Thereareno fermionswith quantumnumbersof thegaugebosons;

2. Higgsfieldshave nonzerov.e.v.s; hencethey cannotbesuperpartnersof quarksandleptonssince
thiswould inducespontaneousviolationof baryonandleptonnumbers;

3. Oneneedsat leasttwo complex chiralHiggsmultipletsto give massesto Up andDown quarks.

The latter is dueto the form of a superpotentialandchirality of mattersuperfields.Indeed,the
superpotentialshouldbe invariantunderthe

���+�����ê?Ù���+�����M?Ù�)��'��
gaugegroup. If onelooksat the

Yukawa interactionin theStandardModel, eq.(1.7),onefinds that it is indeed
�+��'��

invariantsincethe
sumof hyperchargesin eachvertex equalszero.In thelasttermthis is achievedby takingtheconjugated
Higgs doublet

�b D ` ] � b r insteadof
b

. However, in SUSY
b

is a chiral superfieldand hencea
superpotential,which is constructedout of chiral fields, can containonly

b
but not

�b
which is an

antichiralsuperfield.

Anotherreasonfor thesecondHiggsdoubletis relatedto chiral anomalies.It is known thatchiral
anomaliesspoil thegaugeinvarianceand,hence,therenormalizabilityof thetheory. They arecanceled
in theSM betweenquarksandleptonsin eachgeneration.

Indeed,chiral (or triangleanomaly)is proportionalto thetraceof threehypercharges. In theSM
onehas ß ÐDC ¼ D � ¯�7E g ¯�7E V > W�7E g Y�7E V)' VW' g 0 D 2�MF F F F F F F F

G1HJI5HLKNM KPO Q9O KPR Q9R S=O TLO T�R
However, if oneintroducesa chiral Higgs superfield,it containshiggsinos,which arechiral fermions,
and containanomalies. To cancelthem one hasto add the secondHiggs doubletwith the opposite
hypercharge. Therefore,the Higgs sectorin SUSY modelsis inevitably enlarged, it containsan even
numberof doublets.

Conclusion: In SUSY modelssupersymmetryassociatesknownbosonswith new fermionsand
knownfermionswith new bosons.

4.1 The field content

Considerthe particlecontentof the Minimal SupersymmetricStandardModel [24]. Accordingto the
previousdiscussion,in theminimalversionwedoublethenumberof particles(introducingasuperpartner
to eachparticle)andaddanotherHiggsdoublet(with its superpartner).Theparticlecontentof theMSSM
thenappearsas[25]

Particle Content of the MSSM

Superfield Bosons Fermions UWVYX1Z)[#\]UWV O Z)^#\_VY`�Z)a#\
Gaugebdc

gluon e,f gluino ge,f 8 0 0hji
Weak kmlnZ)kporq=st\ wino, zino gu lvZPgu owq<gx \ 1 3 0hzy
Hypercharge {|Z8}w\ bino g ~ Z�g}�\ 1 1 0

Matter���
� � sleptons

g�Y��� Z=gS qJgT \ Og� � � gT�R leptons
�Y�w� Z S q T \ O� � � TLR aa ^a

� a^� �� �� � squarks

g� � � Z7gK q gQ \ OgV �w� gK Rg� � � gQ7R quarks

� �r� Z K q Q \ OV � � K XR� � � Q XR
[[<�[ �

^aa
a#�#[��� �#[^#�#[

Higgs������
Higgses

������ higgsinos
g���g��� aa ^^

� aa



Fig. 11: Theshadow world of SUSYparticles[26]

where � � a#q=^#q=������q=� and   � a#q=^#q=[ arethe UWV¡Z)[#\ and U�V¡Z)^#\ indices,respectively, and ¢ � a#q=^#q=[ is
thegenerationindex. Hereafter, tilde denotesasuperpartnerof anordinaryparticle.

Thus,thecharacteristicfeatureof any supersymmetricgeneralizationof theSM is thepresenceof
superpartners(seeFig.11). If supersymmetryis exact, superpartnersof ordinaryparticlesshouldhave
the samemassesandhave to be observed. The absenceof themat modernenergies is believed to be
explainedby thefactthattheirmassesarevery heavy, thatmeansthatsupersymmetryshouldbebroken.
Hence,if theenergy of acceleratorsis highenough,thesuperpartnerswill becreated.

The presenceof an extra Higgs doubletin SUSY model is a novel featureof the theory. In the
MSSMonehastwo doubletswith thequantumnumbers(1,2,-1)and(1,2,1),respectively:

� � � �¤£��]¥� � ¦ �w§ U ��§ ¢L¨ �© �� ¥� q ���ª� �j«�� £� � �j«�
¦ � § U � § ¢L¨ �© � q (4.1)

where¦ � arethevacuumexpectationvaluesof theneutralcomponents.

Hence,onehas8=4+4=5+3degreesof freedom.As in thecaseof theSM, 3 degreesof freedom
canbegaugedaway, andoneis left with 5 physicalstatescomparedto 1 statein theSM.

Thus,in theMSSM,asactuallyin any of two Higgsdoubletmodels,onehasfive physicalHiggs
bosons:two CP-even neutral,oneCP-oddneutralandtwo charged. We considerthemasseigenstates
below.

4.2 Lagrangian of the MSSM

TheLagrangianof theMSSMconsistsof two parts;thefirst partis SUSYgeneralizationof theStandard
Model,while thesecondonerepresentstheSUSYbreakingasmentionedabove.¬ � ¬��®4 ` § ¬°¯�±0² fLl �´³¶µ q (4.2)

where ¬��®4 ` � ¬°· f�¸ µ ² § ¬ ` ¸¹l1f�ºPf (4.3)



and

¬ · f�¸ µ ² � �®�»½¼7¾8¿ P®�» � ¾8¿½®�» � ¾ a� Q �<À�Á M kvÂ�k Â § Q ��ÃÀWÁ M ÃkÅÄÂ Ãk ÄÂ
§ Æ f�Ç�Ç ²È±

Q � À Q �NÃÀÊÉ�Ë� T e ¼�ÌÍ ¼ § e � ÌÍ,� § e � ÌÍ � É � q (4.4)

¬ ` ¸¹l1f�ºPf � Q � À Z)Î R § ÎÐÏ R \ §ÒÑ � G � (4.5)

The index Ó in a superpotentialrefersto theso-calledÓ -parity [27] which adjustsa ”
§

” charge to all
theordinaryparticlesanda ” � ” chargeto their superpartners.Thefirst partof Î is R-symmetric

k R �|Ô �ÖÕ Z8× ®fLØ �
Õ
f V XØ �

�� § ×ÚÙf�Ø �
Õ
f � XØ �

�� § × Of�Ø �
Õ
f � XØ �

�� §]Û � �� � Õ� \)q (4.6)

where ¢�qÈÜ � a#q=^#q=[ are the UWVÝZ)^#\ and �4q ~ � a#q=^#q=[ are the generationindices; colour indicesare
suppressed.This partof theLagrangianalmostexactly repeatsthatof theSM exceptthat thefieldsare
now thesuperfieldsratherthantheordinaryfieldsof theSM. Theonly differenceis thelasttermwhich
describestheHiggsmixing. It is absentin theSM sincethereis only oneHiggsfield there.

Thesecondpart is R-nonsymmetric

kÞÏ R � Ô �ÖÕ Z)ß OfLØ�à �
�
f �
Õ
Ø � Xà § ß

O yf�Ø�à �
�
f �
Õ
Ø � Xà §]Û

yf �
�
f �

Õ� \§ ß ¯f�Ø�à V Xf � XØ � Xà � (4.7)

Thesetermsareabsentin the SM. The reasonis very simple: onecannot replacethe superfieldsin
eq.(4.7)by the ordinaryfields like in eq.(4.6)becauseof the Lorentz invariance. Thesetermshave a
different property, they violate either lepton (the first line in eq.(4.7))or baryonnumber(the second
line). Sincebotheffectsarenotobservedin Nature,thesetermsmustbesuppressedor beexcluded.One
canavoid suchtermsif oneintroducesspecialsymmetrycalledthe Ó -symmetry[28]. This is theglobalV¡Z)a#\ R invariance VÝZ)a#\ Râá Àªã T � Â À q Éäã T �Ö³ Â É q (4.8)

i.e., the superfieldhasthe quantumnumber Ó �æå
. To preserve V¡Z)a#\ R invariancethe superpotentialk musthave Ó � ^ . Thus, to get k Ï R �èç

onemustchooseÓ � a for all the Higgs superfields
and Ó � a#�#^ for quarkandleptonones.However, this propertyhappensto betoo restrictive. Indeed,
the gauginomassterm, which is Lorentzandgaugeinvariantandis introducedwhile supersymmetry
breaking,happensto be Ó -invariantonly for é �ëê°ì

. This reducesthe Ó -symmetryto the discrete
group s � , calledthe Ó -parity [27]. The Ó -parityquantumnumberis givenby

Ó � Z � a#\ ¼7» ¯ ¥ O ¾ « �  (4.9)

for particleswith spin U . Thus,all the ordinaryparticleshave the Ó -parity quantumnumberequaltoÓ � § a , while all the superpartnershave Ó -parity quantumnumberequalto Ó � � a . The Ó -parity
obviously forbidsthe kÞÏ R terms.It is usuallyassumedthatthey areabsentin theMSSM, i.e. Ó -parity
is preserved. However, thereis no physicalprinciple behindit. It may well be that thesetermsare
present,thoughexperimentallimits on thecouplingsarevery severe[29]

ß OfLØ X q�ß
O yfLØ X�í a ç<¥4î q ß ¯f�Ø X°í a ç<¥4ï �

4.3 Propertiesof interactions

If oneassumesthat the Ó -parity is preserved, thenthe interactionsof superpartnersareessentiallythe
sameasin theSM, but two of threeparticlesinvolved into an interactionat any vertex arereplacedby
superpartners.Thereasonfor it, aswe discussedearlier, is the Ó -parity. Accordingto eq.(4.9),all the
ordinaryparticlesareR-even,while all thesuperpartnersareR-odd.

Conservationof the Ó -parityhastwo consequences



ð thesuperpartnersarecreatedin pairs;ð thelightestsuperparticle(LSP)is stable.

Usuallyit is photino g} , thesuperpartnerof aphotonwith someadmixtureof neutralhiggsino.

Typical verticesareshown in Figs.12-14.The tilde above a letterdenotesthecorrespondingsu-
perpartner. Notethatthecouplingis thesamein all theverticesinvolving superpartners.

In thecaseof Ó -parity violationonehasadditionalverticeswith new typesof interaction.As has
beenalreadymentioned,they violateeithertheleptonor baryonnumber. Thetypicalonesare¬ O4O,ñ � ß y#ò gS=OYTLOrT XR � gT�OYS=OrT XR § gT �R S=OYTLR § �=�=�:ó�q (4.10)¬ O,ô Ù � ß gS=OrQ7O ÃQ7R � gT�ONKPO ÃQ7R § gQ7O�S=O ÃQ9R � gK�OYTLO ÃQ7R § �=�=� � (4.11)
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Fig. 12: Gauge-matterinteraction
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Fig. 14: Yukawa-typeinteraction

Therearealso V �z� termswhich violatethebaryonnumber. Thesetermstogetherleadto a fast
protondecayvia the processshown in Fig.15. To avoid it, oneusually leaveseither

�
or { violating

interactions.

Thelimits on Ó -parity violating couplingscomefrom non-observation of variousprocesses,like
protondecay, SHX�T scattering,etc andalsofrom the chargedcurrentuniversality: YYZ ì ã T7S \)�ZYrZ ì ã
Û S \)qHYrZ\[ ã T7S ÃS \)�ZYYZ\[ ã Û S ÃS \ , etc.



]^
^

]
_]

`*abc dfeBg hji ` a eCg

Fig. 15: Protondecayin R-parityviolating models

4.4 Creationand decayof superpartners

The above-mentionedrule togetherwith the Feynmanrules for the SM enablesus to draw diagrams
describingcreationof superpartners.Oneof themostpromisingprocessesis the T « T ¥ annihilation(see
Fig.16).Theusualkinematicrestrictionis givenby thecentreof massenergy
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Fig. 16: Creationof superpartners

��� f���#� f ± Ç � X � ²���� �^ �
Similar processestake placeat hadroncolliderswith electronsandpositronsbeingreplacedby quarks
andgluons.

Creationof superpartnerscanbeaccompaniedby creationof ordinaryparticlesaswell. We con-
sidervariousexperimentalsignaturesfor T « T ¥ andhadroncollidersbelow. They crucially dependon
SUSYbreakingpatternandon themassspectrumof superpartners.

The decaypropertiesof superpartnersalso dependon their masses.For the quark and lepton
superpartnersthemainprocessesareshown in Fig.17.

Whenthe Ó -parity is conserved,new particleswill eventuallyendupgiving neutralinos(thelight-
estsuperparticle)whoseinteractionsarecomparableto thoseof neutrinosand they leave undetected.
Therefore,their signaturewouldbemissingenergy andtransversemomentum.
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Fig. 17: Decayof superpartners

Examples. Considersomeexplicit examplesof superpartnerdecays.

squarksá g«�O ¿ R ã « § g¬ £ � (quark+ photino)g«$O ã « y § g¬ o� (quark+ chargino)g« ã « § ge (quark+ gluino)  H�M�¯®°²± �³®µ
g´ � ã G § g¬ £ � (maindecay) signal:2 acollinearjets

§ �Cµ
g´ � ã ~ § g¬ «� signal:2 b jets+ 2 leptons

§ � µ¶ ã g¬ £ �  Ã y Z· Ã yP� I ÃS q « Ã« \ (4 jets)
§ ��µ

sleptonsá gI ã I § g¬ £ � (lepton+ photino)g I O ã S � § g¬ o� (neutrino+ chargino)
gluino á ge ã « § Ã« § g} (quark+ antiquark+ photino)ge ã e § g} (gluon+ photino)

chargino á g¬ o� ã T § S ² § g¬ £ � (electron+ neutrino+ photino)g¬ o� ã « § Ã« y § g¬ £ � (quark+ antiquark+ photino)
neutralinoá g¬ £� ã g¬ £ � §¹¸

In thelastcasetherearemany possiblechannelsbothvisibleandinvisible.

VisibleChannels FinalStates

g¬ £� ã g¬ £ � I « I ¥ Z I � T q Û q&[Y\ã g¬ o� I�º�S � I « I ¥ § ��µ¶ ã g¬ £ � I o S �ã g¬ £ � « Ã« 2 jets
§ � µã g¬ £ » } § ��µ



ã g¬ o� « Ã« y¶ ã g¬ £ � I o « Ã« y 2 jets
§ ��µã g¬ o� I�º�S �¶ ã g¬ £ � « Ã« y I o § 2 jets

§ �Cµã g¬ o� « Ã« y¶ ã g¬ £ � I o S � I o § 2 jets
§ �Cµ

Invisible Channel Final State

ã g¬ £ � S � ÃS � �Cµ
Thus, if supersymmetryexists in Natureand if it is broken somewherebelow 1 TeV, then it will be
possibleto detectit in thenearestfuture.

5 BREAKING OF SUSYIN THE MSSM

Sincenoneof thefieldsof theMSSM candevelopnon-zerov.e.v. to breakSUSYwithout spoiling the
gaugeinvariance,it is supposedthat spontaneoussupersymmetrybreakingtakesplacevia someother
fields. Themostcommonscenariofor producinglow-energy supersymmetrybreakingis calledthehid-
densectorone[30]. Accordingto this scenario,thereexist two sectors:theusualmatterbelongsto the
”visible” one,while the second,”hidden” sector, containsfields which leadto breakingof supersym-
metry. Thesetwo sectorsinteractwith eachotherby exchangeof somefieldscalledmessengers, which
mediateSUSYbreakingfrom thehiddento thevisiblesector(seeFig.18).Theremight bevarioustypes
of messengerfields:gravity, gauge,etc.Below we considerfour possiblescenarios.

Thehiddensectoris theweakestpartof theMSSM. It containsa lot of ambiguitiesandleadsto
uncertaintiesof theMSSMpredictionsconsideredbelow.
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Fig. 18: HiddenSectorScenario

5.1 The hidden sector: four scenarios

So far thereareknown four main mechanismsto mediateSUSY breakingfrom a hiddento a visible
sector:ð Gravity mediation(SUGRA);ð Gaugemediation;ð Anomalymediation;ð Gauginomediation.

Considerthemin moredetail.



SUGRA

Thismechanismis basedoneffectivenonrenormalizableinteractionsarisingasa low-energy limit
of supergravity theories[31]. In this case,two sectorsinteractwith eachothervia gravity. Thereare
two typesof scalarfieldsthatdevelopnonzerov.e.v.s,namelymoduli fields

Á
, which appearasa result

of compactificationfrom higher dimensions,and the dilaton field U , part of SUGRA supermultiplet.
Thesefieldsobtainnonzerov.e.v.s for their á components:í á µ ±ãâ� ç q í á  ±ãâ� ç

, which leadsto
spontaneousSUSY breaking. Sincein SUGRA theorysupersymmetryis local, spontaneousbreaking
leadsto Goldstoneparticlewhich is a Goldstonefermion in this case.With the help of a super-Higgs
effect thisparticlemaybeabsorbedinto anadditionalcomponentof aspin3/2particle,calledgravitino,
whichbecomesmassive.

SUSY breakingis then mediatedto a visible sectorvia gravitational interactionleadingto the
following SUSYbreakingscale:ä

�®4 `³å í á µ ±äçæ
O § í á  ±äçæ

O å � ¼éè � q
where� ¼éè � is thegravitino mass.

The effective low-energy theory, which emerges,containsexplicit soft supersymmetrybreaking
terms ¬ �&êÚë Ç � � � � � ��ì í � ì � � �

ä
� Z)ß � ß � § Ãß � Ãß � \ �¹î Î » � ¾ Z í \ �ðï Î » ¼7¾ Z í \)q (5.1)

where Î » � ¾
and Î » ¼7¾

are the quadraticandcubic termsof a superpotential,respectively. The mass
parametersare � � � å í á  ±äçæ

O
� å � �¼éè � q ä

� å í á  ±äÞæ
O å � ¼éè � qî å í á µ ±äçæ

O
� å � �¼éè � q ï å í á µ ¿  ±äçæ

O å � ¼éè � �
To have SUSYmassesof anorderof 1 TeV, oneneeds í á µ ¿  ± å a ç �)� GeV.

In spiteof attractivenessof thesemechanismin general,sinceweknow thatgravity existsanyway,
it is not truly substantiateddue to the lack of a consistenttheoryof quantum(super)gravity. Among
theproblemsof a supergravity mechanismalsoarethe large freedomof parametersandtheabsenceof
automaticsuppressionof flavourviolation.

GaugeMediation

In thisversionof ahiddensectorscenario,theSUSYbreakingeffectsaremediatedto theobserv-
ableworld not via gravity but via gaugeinteractions[32]. The messengersarethe gaugebosonsand
matterfields of the SM andof someGUT theory. The hiddensectoris necessarysincethe dynamical
SUSYbreakingrequiresthefieldswith quantumnumbersnot compatiblewith theSM. Theadvantage
of this scenariois thatonecanconstructa renormalizablemodelwith dynamicSUSYbreaking,where
in principleall theparameterscanbecalculated.

Considersomesimplestpossibilitywherein a hiddensectoronehasa singletscalarsuperfieldU
with nonzerov.e.v. í á  ±ãâ� ç

. Themessengersectorconsistsof somesuperfield
É

, for instance,
Ãñ

of
SU(5),thatcouplesto U andto theSM fieldswith asuperpotential

Î å U É Ë É q í U ± � ä â�|ç � (5.2)

Integratingout themessengerfieldsgivesmassto gauginosat theoneloop level (seeFig.19)andto the
scalarfields(squarksandsleptons)at thetwo loop one(seeFig.20). So,in gaugemediatedscenarioall
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Fig. 20: Squarkmassgeneration

thesoft massesarecorrelatedto thegaugecouplingsandin this sensethis scenariois morerestrictive
thantheSUGRAone.Thereis no problemwith flavour violatingprocessesaswell, sincethesoft terms
automaticallyrepeattherigid sector.

It is remarkablethatin thisscenariotheLSPhappensto bethegravitino. Themassof thegravitino
is givenby � ®· å í á  ±ä D ääÞæ

O å a ç ¥ � î
ä

E F T ÍHG q (5.3)

thatleadsto avery light gravitino field.

Theproblemof thegaugemediatedSUSYbreakingscenarioemergesin theHiggssectorsincethe
Higgsmassmixing parameters,which breakanunwantedPeccei-Quinsymmetry, cannotbegenerated
by gaugeinteractionsonly. In orderto parameterizesomenew unknown interactions,two new inputs
have to beintroduced(

Û
and { in SUGRAconventions).

AnomalyMediation

An anomalymediationmechanismassumesno SUSYbreakingat thetreelevel. SUSYbreaking
is generateddueto conformalanomaly. Thismechanismrefersto ahiddensectorof amultidimensional
theorywith thecouplingsbeingdynamicfieldswhich mayacquirev.e.v.s. for their á components[33].
Theexternalfield or scaledependenceof thecouplingsemergesasa resultof conformalanomalyand
thatis why is proportionalto thecorrespondingI functions.In theleadingorderonehasä

� ZKJt\ å ~ � é � ZKJt\ í á µ ¿  ±ä æ
O å ~ � é � � ¼éè � q� � ZKJt\ å ~ � � é � � ZKJ�\ � �¼éè � q (5.4)

where ~ � aretheone-loopRG coefficients(seeeq.(2.8)).



This remindssupergravity mediationmechanismbut with fixedcoefficients. It leadsto two main
differences:
i) theinvertedrelationbetweenthegauginomassesathigh energy scaleä

� á
ä
� á

ä
¼ � ~ � á ~ � á ~ ¼ q

ii) negative sleptonmasssquared(tachyons!)at thetreelevel.
Thisproblemhasto becured.

GauginoMediation

At lastwe would like to mentionthegauginomediationmechanismof SUSYbreaking[34]. This
is a lessdevelopedscenarioso far. It is basedon a paradigmof a braneworld. According to this
paradigm,thereexists a multidimensionalworld whereour four dimensionalspace-timerepresentsa
braneof 4 dimensions.Thefieldsof theSM live on thebrane,while gravity andsomeotherfieldscan
propagatein thebulk. Therealsoexistsanotherbranewheresupersymmetryis broken. SUSYbreaking
is mediatedto ourbranevia thefieldspropagatingin thebulk. It is assumedthatthegauginofield plays
anessentialrole in thismechanism(seeFig.21)
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Fig. 21: GauginomediatedSUSYbreaking

All four mechanismsof soft SUSY breakingaredifferent in detailsbut arecommonin results.
They generategaugeinvariantsoftSUSYbreakingoperatorsof dimension

� � of theform¬ �#êÚë Ç � � � � � � ì í � ì � � �
ä
� Z)ß � ß � § Ãß � Ãß � \ � �ÖÕ { �´Õ í � í Õ � �´Õ l

í �ÖÕ l í � í Õ í l §ÒÑ � G ��q (5.5)

wherethebilinearandtrilinear couplings{ �ÖÕ and
í �ÖÕ l aresuchthatnot to breakthegaugeinvariance.

Thesearetheonly possiblesoft termsthatdonotbreakrenormalizabilityof a theoryandpreserveSUSY
Wardidentitiesfor therigid terms[35].

Predictionsfor the sparticlespectrumdependon the mechanismof SUSY breaking. For com-
parisonof four above-mentionedmechanismswe show in Fig.22thesamplespectraasthe ratio to the
gauginomass

ä
�

[36].

In what follows, to calculatethe massspectrumof superpartners,we needan explicit form of
SUSYbreakingterms.Applying eq.(5.5)to theMSSMandavoiding the Ó -parity violationgives

� ¬�¯Y±È² f�l �Ö³¶µ � � � �£ � ì j � ì � § a^ Â

ä
Â gß Â gß Â § { � � ��� (5.6)

§ í ®fLØ g� f gV XØ ��� § í Ùf�Ø g� f g� XØ � �w§ í OfLØ g� f g� XØ � ��§ÒÑ � G � q
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Fig. 22: Superparticlespectrafor variousmediationmechanisms

wherewe have suppressedthe UWVÝZ)^#\ indices. Here
j �

areall scalarfields, gß Â arethe gauginofields,g� q gVÝq g� and g� q g� arethesquarkandsleptonfields,respectively, and
� � ¿ �

aretheSU(2)doubletHiggs
fields.

Eq.(5.6)containsavastnumberof freeparameterswhichspoilsthepredictionpowerof themodel.
To reducetheir number, we adopttheso-calleduniversalityhypothesis,i.e.,we assumetheuniversality
or equalityof varioussoftparametersatahighenergy scale,namely, weputall thespin0 particlemasses
to be equalto the universalvalue � £ , all the spin 1/2 particle (gaugino)massesto be equalto � � è �
andall the cubic andquadraticterms,proportionalto

í
and { , to repeatthe structureof the Yukawa

superpotential(4.6). This is an additional requirementmotivatedby the supergravity mechanismof
SUSY breaking. Universality is not a necessaryrequirementandonemay considernonuniversalsoft
termsaswell. However, it will not changethequalitative picturepresentedbelow; so for simplicity, in
whatfollows weconsidertheuniversalboundaryconditions.In thiscase,eq.(5.6)takestheform

� ¬°¯�±0² fLl �Ö³¶µ � � �£ � ì j � ì � § a^ � � è �
Â
gß Â gß Â (5.7)

§ í E × ®f�Ø g� f gV XØ ��� § × ÙfLØ g� f g� XØ � ��§ ×P¨f�Ø g� f g� XØ � � G § { E Û � � �ª�©G §äÑ �«ª1� q
It shouldbenotedthatsupergravity induceduniversalityof thesoft termsis morelikely to bevalid

at the Planckscaleratherthanat the GUT one. This is becausea naturalscalefor gravity is

ä æ � f ³ X l
while

ä
·�® µ

is thescalefor gaugeinteractions.However, dueto a smalldifferencebetweenthesetwo
scales,it is usuallyignoredin thefirst approximationresultingin minor uncertaintiesin thelow-energy
predictions[37].

The soft termsexplicitly breaksupersymmetry. As will be shown later, they lead to the mass
spectrumof superpartnersdifferent from that of ordinaryparticles. Remindthat the massesof quarks
andleptonsremainzerountil UWV¡Z)^#\ invarianceis spontaneouslybroken.



5.2 The soft terms and the massformulas

Therearetwo mainsourcesof themasstermsin theLagrangian:the
�

termsandsoft ones.With given
valuesof � £ q � � è � q Û q¬ Ç q¬ Ø q¬¯®Úq í , and { one can constructthe massmatricesfor all the particles.
Knowing themat theGUT scale,onecansolve thecorrespondingRG equations,thuslinking thevalues
at theGUT andelectroweakscales.Substitutingtheseparametersinto themassmatrices,onecanpredict
themassspectrumof superpartners[24, 38, 39].

5.2.1 Gaugino-higgsinomassterms

Themassmatrixfor gauginos,thesuperpartnersof thegaugebosons,andfor higgsinos,thesuperpartners
of theHiggsbosons,is nondiagonal,thusleadingto theirmixing. Themasstermslook like

¬°· f�¸ µ$�Ö³ ê ¥R° �´µ�µ � �Ö³ ê � � a^
ä
¼ Ãß f ß f � a ^

Ã¬ ä » £ ¾ ¬ � Z Ã± ä » X ¾ ± §ÒÑ �«ª1��\)q (5.8)

where ß f q=� � a#q=^#q=�=�=�9q=�#q aretheMajoranagluinofieldsand

¬ �
g{ £gk ¼
g��£�g� £�

q ± � gk «
g� « (5.9)

are,respectively, theMajorananeutralinoandDirac chargino fields.

Theneutralinomassmatrix isä » £ ¾ �

ä
� ç �

ä³²�´¶µ¸· I ·º¹ »N¼ ä³²]·�¹ » I ·�¹ »�¼ç
ä
�

ä³²�´¶µ¸· I ´¶µ¸·½¼ �
ä³²]·�¹ » I ´¶µ¸·<¼�

ä�²c´¶µ¸· I ·�¹ »�¼ ä³²�´¶µ¸· I ´¶µ¸·©¼ ç � Ûä�²W·�¹ » I ·�¹ »N¼ �
ä�²W·�¹ » I ´¶µ¸·½¼ � Û ç q (5.10)

where ¾À¿ » I � ¦ � � ¦ � is the ratio of two Higgs v.e.v.s and

·�¹ » ¼
�
·�¹ » À ¼

is the usualsinusof the
weakmixing angle.Thephysicalneutralinomasses

ä ®Á�ÂÃ areobtainedaseigenvaluesof thismatrixafter
diagonalization.

For charginosonehas ä » X ¾ �
ä
� � ^ ä�¼4·�¹ » I� ^ ä ¼ ´¶µ¸· I Û � (5.11)

Thismatrixhastwo chargino eigenstatesg¬ o� ¿ � with masseigenvaluesä �� ¿ � � a ^
ä �� §ÐÛ � § ^

ä �¼ÅÄ
Z
ä �� � Û � \ � § �

ä
î
¼ ´¶µ¸· � ^½I § � ä �¼ Z ä �� §]Û � § ^

ä
� Û
·�¹ »

^½I�\ �
(5.12)

5.2.2 Squarkandsleptonmasses

Non-negligible Yukawa couplingscausea mixing betweenthe electroweak eigenstatesand the mass
eigenstatesof thethird generationparticles.Themixing matricesfor g� � Ç qrg� � Ø and g� � ® are

g� � Ç ¨ � Ç Z í Ç � Û ´¶µ ¾ÆI \� Ç Z í Ç � Û ´¶µ ¾ÆI \ g� � Ç«Ç q (5.13)

g� � Ø ¨ � Ø Z í Ø � Û ¾À¿ » I \� Ø Z í Ø � Û ¾À¿ » I \ g� � ØÈÇ q (5.14)



g� � ® ¨ � ®4Z í ® � Û ¾À¿ » I \� ®4Z í ® � Û ¾À¿ » I�\ g� � ® Ç (5.15)

with

g� � Ç ¨ � g� � ô § � � Ç § aÉ Z � ä �¼ �
ä �² \ ´¶µ¸· ^½I q

g� � Ç«Ç � g� � ® § � � Ç � ^[ Z
ä �¼ �

ä �² \ ´¶µ¸· ^½I q
g� � Ø ¨ � g� � ô § � � Ø � aÉ Z)^ ä �¼ §

ä �² \ ´¶µ¸· ^½I q
g� � ØÈÇ � g� � Ù § � � Ø § a[ Z

ä �¼ �
ä �² \ ´¶µ¸· ^½I q

g� � ® ¨ � g� � ¨ § � � ® � a^ Z)^
ä �¼ �

ä �² \ ´¶µ¸· ^½I q
g� � ® Ç � g� � ñ § � � ® § Z ä �¼ �

ä �² \ ´¶µ¸· ^½I
andthemasseigenstatesaretheeigenvaluesof thesemassmatrices.For thelight generationsthemixing
is negligible.

Thefirst termshere( g� � ) arethesoft ones,which arecalculatedusingtheRG equationsstarting
from theirvaluesat theGUT (Planck)scale.Thesecondonesaretheusualmassesof quarksandleptons
andthelastonesarethe

�
termsof thepotential.

5.3 The Higgspotential

As hasalreadybeenmentioned,the Higgs potentialin the MSSM is totally definedby superpotential
(andthesoft terms).Dueto thestructureof Î theHiggsself-interactionis givenby the

�
-termswhile

the á -termscontributeonly to themassmatrix. Thetreelevel potentialis

Í Ç ±0² ² Z � � q ��� \ � � � �Zì � � ì � § � �� ì ��� ì � � � �¼ Z � � �ª� §äÑ �«ª1��\
§ e � § e�Ê �� Z ì � � ì � � ì ��� ì � \ � § e �^ ì � «� ��� ì � q (5.16)

where� � � � � � °�Ë §âÛ � q � �� � � � °ÍÌ §âÛ � . At theGUT scale� � � � � �� � � �£ §âÛ �£ q � �¼ � � { Û £ .
NoticethattheHiggsself-interactioncouplingin eq.(5.16)is fixedanddefinedby thegaugeinteractions
asopposedto theSM.

Thepotential(5.16),in accordancewith supersymmetry, is positive definiteandstable.It hasno
nontrivial minimumdifferentfrom zero.Indeed,let uswrite theminimizationconditionfor thepotential
(5.16)

a^ÏÎ ÍÎ � �
� � � � ¦ � � � �¼ ¦ � § e � § e y �� Z ¦ � � � ¦ �� \ ¦ � �|ç q (5.17)

a^ Î ÍÎ ���
� � �� ¦ � � � �¼ ¦ �w§ e � § e y �� Z ¦ � � � ¦ �� \ ¦ �ª�|ç q (5.18)

wherewe have introducedthenotation

í � � ±fÐ ¦ � � ¦ ´¶µ¸· I q í ��� ±]Ð ¦ �ª� ¦ ·�¹ » I�q ¦ � � ¦ � � § ¦ �� q-¾À¿ » I Ð ¦ �¦ � �
Solutionof eqs.(5.17),(5.18)canbeexpressedin termsof ¦ � and

·�¹ »
^½I

¦ � � � Z � � � � � �� ¾À¿ » � I�\
Z8e � § e y � \)ZK¾À¿ » � I � a#\ q

·º¹ »
^½I � ^ � �¼� � � § � �� � (5.19)



Onecaneasilyseefrom eq.(5.19)that if � � � � � �� � � �£ §
Û �£ , ¦ � happensto be negative, i.e. the
minimum doesnot exist. In fact, real positive solutionsto eqs.(5.17),(5.18)exist only if the following
conditionsaresatisfied[25]: � � � § � �� ± ^ � �¼ q � � � � �� í � î¼ q (5.20)

which is not the caseat the GUT scale. This meansthat spontaneousbreakingof the UWVÝZ)^#\ gauge
invariance,which is neededin the SM to give massesfor all the particles,doesnot take placein the
MSSM.

This strongstatementis valid, however, only at theGUT scale.Indeed,goingdown with energy,
theparametersof thepotential(5.16)arerenormalized.They becomethe“running” parameterswith the
energy scaledependencegivenby theRGequations.Therunningof theparametersleadsto aremarkable
phenomenonknown asradiativespontaneoussymmetrybreakingto bediscussedbelow.

Providedconditions(5.20)aresatisfied,themassmatricesat thetreelevel are
CP-oddcomponents̈

�
and ¨ � :Ñ ê à$à � Ò � ÍÒ�¨ � Ò�¨ Õ ° Ã8ÓRÔ½Ã � ¾À¿ » I aa

´¶µ ¾ÆI � �¼ q (5.21)

CP-evenneutralcomponentsU � and U � :Ñ ² Ô ² ³ � Ò � ÍÒPU � Ò�U Õ ° ÃÕÓRÔ½Ã � ¾À¿ » I � a� a
´¶µ ¾�I � �¼ § ´¶µ ¾�I � a� a ¾À¿ » I

ä ² ´¶µ¸· I ·�¹ » I�q (5.22)

Chargedcomponents
� ¥

and
� «

:Ñ X×Ö f ± µ ² à � Ò � ÍÒ � «� Ò �j¥Õ ° ÃÕÓRÔ½Ã � ¾À¿ » I aa
´¶µ ¾ÆI Z � �¼ § ä ¼ ´¶µ¸· I ·�¹ » I \)� (5.23)

Diagonalizingthemassmatrices,onegetsthemasseigenstates[25]:F £ � �
´¶µ¸· I ¨ ��§ ·�¹ » I�¨ � q FfØºÙ8Ú � ´ Ø å:Û ~ Ø � Ø å ã s £ qí �

·�¹ » I ¨ ��§ ´¶µ¸· I ¨ � q Ü ÛÞÝ ´àß � Ù�á ¨ � � a � ¢�e<e � qF « � �
´¶µ¸· I Z � ¥� \ � § ·�¹ » I �]«� q FfØºÙ8Ú � ´ Ø å:Û ~ Ø � Ø å ã k « q� « �

·�¹ » I Z � ¥� \$� § ´¶µ¸· I � «� q á Ñ � ß e Û Ú � ¢'e<e � q
Ñ � �

·�¹ »
é�U �w§

´¶µ¸·
érU � q U

ä
� ¢�e<e � ~ Ø � Ø å á ¨ � a#q� �

´¶µ¸·
é�U � §

·�¹ »
érU � q �gâ ´àß � Ñ Û � ¦ × � ¢�e<e � ~ Ø � Ø å q

wherethemixing angle é is givenby

¾À¿ » ^#é � � ¾À¿ » ^½I � � ã § ä �²� � ã � ä �² �
ThephysicalHiggsbosonsacquirethefollowing masses[24]:

CP-oddneutralHiggs
í á � � ã � � � � § � �� q

ChargeHiggses
� o á � � °Íä � � � ã § ä �¼ q (5.24)

CP-evenneutralHiggses H, h:� � ° ¿ Ö � a^ � � ã § ä �² ê Z � � ã § ä �² \ � �j� � � ã ä �² ´¶µ¸· � ^½I q (5.25)



where,asusual,
ä �¼ � e �^ ¦

� q
ä �² � e � § e y �^ ¦ � �

This leadsto theoncecelebratedSUSYmassrelations� ° äæå ä³¼
q� Ö � � ã � ä ° q� Ö � ä ² ì ´¶µ¸· ^½I ì � ä ²

q� � Ö § � � ° � � � ã § ä �² �
(5.26)

Thus, the lightest neutralHiggs bosonhappensto be lighter than the s boson,which clearly
distinguishesit from theSM one.Thoughwedo notknow themassof theHiggsbosonin theSM, there
areseveralindirectconstraintsleadingto thelowerboundaryof �  ÆÖ å a#[ ñ GeV [40]. After including
theradiative corrections,themassof thelightestHiggsbosonin theMSSM, � Ö , however increases.We
considerit in moredetailbelow.

5.4 Renormalization group analysis

To calculatethe low energy valuesof the soft terms,we usethe correspondingRG equations. The
one-loopRG equationsfor therigid MSSM couplingsare[41]Ú gé �Ú ´ � ~ � gé � � q ´ Ðèç µ¸é � � � ä �·�® µÚ ¬ ®Ú ´ � � ¬ ¨ a É[ gé ¼ § [�gé � § a#[a ñ gé � � É ¬ ® � ¬ Ù qÚ ¬ ÙÚ ´ � � ¬ Ù a É[ gé ¼ § [�gé � §ëêa ñ gé � � ¬ ® � É ¬ Ù � ¬ ¨ qÚ ¬ ¨Ú ´ � � ¬ ¨ [�gé � §íìñ gé � � [¸¬ Ù �]� ¬ ¨ q (5.27)

wherewe usethenotation gé � é�� � ì � e � �#a É ì � qî¬ � × � �#a É ì � .
For thesoft termsonefindsÚ ä �Ú ´ � ~ � gé �

ä
� �Ú í ®Ú ´ � a É[ gé ¼
ä
¼ § [Pgé �

ä
� §pa#[a ñ gé � ä �w§ É ¬ ® í ® § ¬ Ù í Ù qÚ í ÙÚ ´ � a É[ gé ¼

ä
¼ § [Pgé �

ä
� § êa ñ gé � ä �w§ É ¬ Ù í Ù § ¬ ® í ® § ¬ ¨ í ¨ qÚ í ¨Ú ´ � [�gé �

ä
� §íìñ gé � ä �w§ [¸¬ Ù í Ù § � ¬ ¨ í ¨ qÚ {Ú ´ � [�gé �

ä
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É
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Ú g� � ¨Ú ´ � � [#ZJgé �
ä �� § añ gé � ä �� \ � ¬ ¨ Z�g� � ¨ § g� � ñ § � � °gË § í � ¨ \ qÚ g� � ñÚ ´ � � Z a#^ñ gé �

ä �� \ � ^¸¬ ¨ Z�g� � ¨ § g� � ñ § � � ° Ë § í � ¨ \ qÚ Û �Ú ´ � � Û � [#ZJgé � § añ gé � \ � Z)[¸¬ ® § [¸¬ Ù § ¬ ¨ \ q (5.28)Ú � � °�ËÚ ´ � � [#Z a�
ä �� §pañ a

�
ä �� \ � [¸¬ Ù Z�g� � ô § g� � Ù § � � °�Ë § í � Ù \� ¬ ¨ ZPg� � ¨ § g� � ñ § � � ° Ë § í � ¨ \ qÚ � � °ÍÌÚ ´ � � [#Z a�

ä �� § añ a
�
ä �� \ � [¸¬ ® Z�g� � ô § g� � ® § � � ° Ì § í � ® \ �

Having all theRGequations,onecannow find theRGflow for thesoft terms.Toseewhathappens
at lower scales,onehasto run theRG equationsfor themassparametersin theoppositedirectionfrom
the GUT to the EW scale. Let us take someinitial valuesof the soft massesat the GUT scalein the
interval betweena ç ��ï a ç ¼ GeV consistentwith theSUSYscalesuggestedby unificationof thegauge
couplings(2.9). This leadsto thefollowing RG flow of thesoft termsshown in Fig.23.[38, 39]
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Fig. 23: An exampleof evolution of sparticlemassesandsoft supersymmetrybreakingparameters� Ì Ë�� � Ì�����	� Ì and

� ÌÌ�� � Ì��
��� Ì for low (left) andhigh (right) valuesof �������
Oneshouldmentionthefollowing generalfeaturescommonto any choiceof initial conditions:

i) Thegauginomassesfollow the runningof thegaugecouplingsandsplit at low energies. The
gluinomassis runningfasterthantheothersandis usuallytheheaviestdueto thestronginteraction.

ii) The squarkandsleptonmassesalsosplit at low energies, the stops(andsbottoms)beingthe
lightestdueto relatively big Yukawa couplingsof thethird generation.

iii) The Higgs masses(or at leastone of them) are running down very quickly and may even
becomenegative.

To calculatethemassesonehasalsoto take into accountthemixing betweenvariousstates(see
eqs.(5.10,5.11,5.13-5.15).

Numericalsolutionsallow oneto understandthesignificanceof differentinitial conditionsfor the
evolutiondown to low energies.As anexamplewepresentbelow theresultsof anumericalsolutionto the



RGequationsfor thesoft termsin thecaseof low valuesof ¾À¿ » I . In thiscase,onecanignorethebottom
andtauYukawa couplingsandkeeponly the top one. Taking

ä
·�® µ � ^#� ç

D
a ç ��� GeV, é�Z

ä
·�® µ \��a#�#^ � ��[#q�¬ Ç Z

ä
·�® µ \�� gé�Z

ä
·�® µ \)q ´ � å I � a#� É ñ , onegetsthefollowing numericalresults[39]:ä

¼ Z
ä³²

\ � ^#�«ê � � è � qä
� Z

ä³²
\ � ç ��� � � è � qä

� Z
ä ²

\ � ç � � � � è � qÛ Z
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Typicaldependenceof themassspectraontheinitial conditions(� £ ) is alsoshown in Fig.24 [42].
For agivenvalueof � � è �

themassesof thelightestparticlesarepracticallyindependentof � £ , while the
heavier onesincreasewith it monotonicallyasit follows alsofrom thenumericalsolutionsgivenabove.
Onecanseethatthelightestneutralinosandcharginosaswell asthestopsquarkmayberatherlight.
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5.5 Radiative electroweak symmetry breaking

The runningof the Higgs massesleadsto the phenomenonknown as radiativeelectroweaksymmetry
breaking. By this we meanthefollowing: at theGUT energy scaleboththeHiggsmassparameters�)( *
and� (( arepositive,andtheHiggspotentialhasno nontrivial minima.However, whenrunningdown to
theEW scaledueto the radiative correctionsthey maychangethesignsothat thepotentialdevelopsa
nontrivial minimum. At this minimumtheelectroweaksymmetryhappensto bespontaneouslybroken.
Thus,contraryto theSM,whereonehastochoosethenegativesignof theHiggsmasssquared”by hand”,
in theMSSM theeffectof spontaneoussymmetrybreakingis triggeredby theradiative corrections.

Indeed,onecanseein Fig.23 that � (( (or both � ( * and � (( ) decreaseswhengoing down from
theGUT scaleto the

ä�²
scaleandcaneven becomenegative. This is theeffect of the large top (and

bottom)Yukawacouplingsin theRGequations.As aresult,atsomevalueof + ( theconditions(5.20)are
satisfied,sothatthenontrivial minimumappears.Thistriggersspontaneousbreakingof the ,�-/.10�2 gauge
invariance.Thevacuumexpectationsof theHiggsfieldsacquirenonzerovaluesandprovide massesto
quarks,leptonsand ,3-.10�2 gaugebosons,andadditionalmassesto their superpartners.

In this way onealsoobtainstheexplanationof why thetwo scalesaresomuchdifferent. Dueto
the logarithmicrunningof theparameters,oneneedsa long ”running time” to get 4 (( (or both 4 ( * and
4 (( ) to benegative whenstartingfrom a positive valueof theorderof

ä
57685:9 å<;�= ( ï ;�= > GeV at the

GUT scale.

6 CONSTRAINED MSSM

6.1 Parameter spaceof the MSSM

TheMinimal SupersymmetricStandardModelhasthefollowing freeparameters:? Threegaugecouplings@BA .? Thematricesof theYukawa couplingsC AD�E , whereFHGJI3KL-3KLM .? TheHiggsfield mixing parameterN .? Thesoft supersymmetrybreakingparameters.

Comparedto theSM thereis anadditionalHiggsmixing parameter, but theHiggsself-coupling,which
is arbitraryin theSM, is fixedby supersymmetry. Themainuncertaintycomesfrom theunknown soft
terms.

With universalityhypothesisoneis left with the following setof 5 free parametersdefiningthe
massscales

N3K�4)O�K�4 *QP ( KSR and TVU
ParameterT is usuallytradedfor ¾À¿ » I , theratio of thev.e.v.sof thetwo Higgsfields.

In particularmodels,like in SUGRA or gaugeandanomalymediation,someof soft parameters
may be relatedto eachother. However, sincethe mechanismof SUSY breakingis unknown, in what
follows we considerthem as free phenomenologicalparametersto be fitted by experiment. The ex-
perimentalconstraintsaresufficient to determinetheseparameters,albeitwith large uncertainties.The
statisticalanalysisyields the probability for every point in the SUSY parameterspace,which allows
oneto calculatethecrosssectionsfor theexpectednew physicsof theMSSM at theexisting or future
accelerators(LEPII, Tevatron,LHC).

While choosingparametersandmakingpredictions,onehastwo possiblewaysto proceed:

i) take the low-energy parametersasinput, imposetheconstraints,definetheallowed parameter
spaceandcalculatethespectrumandcross-sectionsasfunctionsof theseparameters.They might bethe
superparticlemassesW4YX * K�W4YX ( KZ4

ã
, ¾À¿ » I , mixings []\^X`_ba�KZN , etc.

ii) takethehigh-energy parametersasinput,runtheRGequations,find thelow-energy values,then
imposethe constrainsanddefinethe allowed parameterspacefor initial values. Now the calculations



canbecarriedout in termsof theinitial parameters.They mightbe,for example,theabove mentioned5
soft parameters.

Both thewaysareusedin aphenomenologicalanalysis.Weshow below how it worksin practice.

6.2 The choiceof constraints

Among theconstraintsthat we aregoing to imposeon the MSSM modelarethosewhich follow from
the comparisonof the SM with experimentaldata,from the experimentallimits on the massesof as
yet unobserved particles,etc, andalsothosethat follow from the ideasof unificationandfrom SUSY
GUT models.Someof themlook very obviouswhile theothersdependon a choice.Perhaps,themost
remarkablefact is thatall of themcanbefulfilled simultaneously. Theonly modelwhereonecando it
is provedto betheMSSM.

In ouranalysiswe imposethefollowing constraintson theparameterspaceof theMSSM:? Gaugecouplingconstantunification;
This is oneof themostrestrictive constraints,which we have discussedin Sect2. It fixesthescaleof
SUSYbreakingof anorderof 1 TeV.?dc

²
from electroweaksymmetrybreaking;

Radiative correctionstriggerspontaneoussymmetrybreakingin theelectroweaksector. In thiscase,the
Higgspotentialdoesnot have its minimumfor all fieldsequalto zero,but theminimumis obtainedfor
nonzerovacuumexpectationvaluesof thefields.Solving c

²
from eq.(5.19)yields

c (
²
Ge0 4 ( *gf 4 (( ¾À¿

»
( I¾À¿ » ( I f ; U (6.1)

To get the right valueof c
²

requiresproperadjustmentof parameters.This conditiondeterminesthe
valueof N for givenvaluesof 4)O and4 *QP ( .? Yukawa couplingconstantunification;
The massesof top, bottomand h canbe obtainedfrom the low energy valuesof the runningYukawa
couplings 4 X GiC Xkj

·�¹ » IHKl4 E GmC E j ´¶µ¸· IHKl4 ®nGiC® j ´¶µ¸· IHU (6.2)

Eq.(6.2)is written for the so-calledrunningmasses.They canbe translatedto the pole masseswith
accounttaken of the radiative corrections. For the pole massesof the third generationthe following
valuesaretaken[43], [1]

c X G ; êpo�U`q�rts�U ; GeVu¸ª ( Kc E G o�U ì onr = U ; s GeVu¸ª ( K (6.3)c ® G ; U«ê¸ê¸ê ; r = U =�=�= s GeVu¸ª ( U
The requirementof bottom-tauYukawa couplingunificationstronglyrestrictsthepossiblesolu-

tionsin 4 X versus¾À¿ » v plane[44]-[49] asit canbeseenfrom Fig.25.? Branchingratio TVw�.1xSy{z}|g2 ;
The branchingratio TVw�.1x~y z�|�2 hasbeenmeasuredby the CLEO [50] collaborationand later by
ALEPH [51] andyieldstheworld averageof TVw�.1xSy{z}|g2�Ge.1q�U ; o�r = U o���2k� ;�=��

�
. TheStandardModel

contribution to this processcomesfrom the � f�� loop andgivesa predictionwhich is very closeto
theexperimentalvalueleaving little spacefor SUSY. In theMSSM,thisflavourchangingneutralcurrent
(FCNC)receivesadditionalcontributionsfrom the ��� f�� , W� � f W� and W��f W� loops. The W� O f W� loops
aremuchsmaller[52, 53]. In the leadingorder, SUSY contribution may be ratherbig, exceedingthe
experimentalvalueby severalstandarddeviations.However, theNLO correctionsareessential.

This requirementimposessevere restrictionson the parameterspace,especiallyfor the caseof
large ¾À¿ » v .
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? Experimentallower limits on SUSYmasses;
SUSYparticleshave not beenfoundsofar andfrom thesearchesat LEP oneknows the lower limit on
thechargedleptonandchargino massesof abouthalf of thecentreof massenergy [54]. Thelower limit
on theneutralinomassesis smaller. The lower limit on theHiggsmassis roughly given by thec.m.e.
minustheZ-bosonmass.Theselimits restricttheminimalvaluesfor theSUSYmassparameters.There
exist alsolimits on squarkandgluino massesfrom thehadroncolliders[55], but theselimits dependon
theassumeddecaymodes.Furthermore,if onetakesthelimits givenabove into account,theconstraints
from thelimits on all otherparticlesareusuallyfulfilled, sothey do notprovide additionalreductionsof
theparameterspacein thecaseof theminimal SUSYmodel.? Dark Matterconstraint;
Abundantevidenceof the existenceof nonrelativistic, neutral,nonbaryonicdark matterexists in our
Universe[56, 57]. The lightestsupersymmetricparticle (LSP) is supposedlystableandwould be an
idealcandidatefor darkmatter.

The presentlifetime of the universeis at least ;�=
* O years,which implies an upperlimit on the

expansionrateandcorrespondinglyon thetotal relic abundance.Assuming̈:Oª© = U o onefindsthat the
contribution of eachrelic particlespecies� hasto obey [57]

«�¬ ¨ (O® ; K
where

«�¬ ¨ ( is theratioof therelic particledensityof particle� andthecritical density, whichovercloses
the Universe. This boundcanonly be met, if mostof the LSP’s annihilatedinto fermion-antifermion
pairs,which in turnwouldannihilateinto photonsagain.

Sincethe neutralinosaremixturesof gauginosandhiggsinos,the annihilationcanoccur both,



via s-channelexchangeof the ¯ O andHiggsbosonsandt-channelexchangeof a scalarparticle,like a
selectron[58]. This constrainstheparameterspace,asdiscussedby many groups[59]-[62].? Protonlife-time constraint;
Therearetwo sourcesof protondecayin SUSYGUTs.Thefirst oneis thesameasin non-SUSYtheories
andis relatedto thes-channelexchangeof heavy gaugebosons.To avoid contradictionwith experiment,
theunificationscalehasto beabove ;�=

*�°
GeV which is usuallysatisfiedin any SUSYGUT.

The secondsourceis morespecificto SUSY models. Theprotondecayin this casetakesplace
dueto the loop diagramswith the exchangeof heavy higgsinotriplets. The preferabledecaymodein
this caseis ±²y´³µk¶ or ±ly·NH¸ ¶ insteadof ±²yº¹»¸�¼ in non-SUSYGUTs.Thedecayratein this case
dependsonaparticularGUT modelandit is not soeasyto satisfytheexperimentalrequirements.

Having in mind theabove mentionedconstraintsonecantry to fix thearbitrarinessin theparam-
eters.In a kind of a statisticalanalysis,in which all theconstraintsareimplementedin a � ( definition,
onecanfind the mostprobableregion of the parameterspaceby minimizing the ��( function. For the
purposeof thisanalysisthefollowing � ( definitionis used[39]:
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Thefirst six termsareusedto enforcegaugecouplingunification,electroweaksymmetrybreakingand
x f h Yukawa couplingunification,respectively. The following two termsimposetheconstraintsfrom
xSy{z�| andtherelic density, while thelasttermsrequiretheSUSYmassesto beabove theexperimental
lower limits andthelightestsupersymmetricparticle(LSP)to beaneutralinosinceachargedstableLSP
wouldhave beenobserved.Theinput andfitted outputvariableshave beensummarizedin Table1.

Fit parameters
exp. inputdata ß low àÜápâ v high àÜápâ v
@ * KL@ ( KL@ > c�ã 68ä Kå@ ã 68ä c�ã 68ä KH@ ã 68ä
4 X æ OX K æ OE G æ OÈ æ OX G æ OE G æ OÈ4 E minimize 4)O�KZ4 *QP ( 4)O�KZ4 *QP (4 È ��( àÜápâ v àÜápâ vc�¿ N NxSy{z�| .1RHO�2 RHO

hÜçÜè»Aêé ÔZë \ Ô

Table1: Summaryof fit inputandoutputvariables.



The five-dimensionalparameterspaceof the MSSM is big enoughto be representedin a two-
or three-dimensionalpicture. To make our analysismoreclear, we considervariousprojectionsof the
parameterspace.

We first choosethe value of the Higgs mixing parameterN from the requirementof radiative
EW symmetrybreaking,thenwe take the valuesof àÜápâ v from the requirementof Yukawa coupling
unification(seeFig.25).Onefindstwo possiblesolutions:low àÜápâ v solutioncorrespondingto àÜápâ vmì
; U Ç andhigh àÜápâ v solutioncorrespondingto àÜápâ víì q =Ëîðï�= . In what follows, we refer to thesetwo
solutionsaslow andhigh àÜápâ v scenarios,respectively.

What is left arethevaluesof thesoft parametersRdK�4)O and 4 *QP ( . However, the role of the tri-
linearcoupling R is not essentialsinceat low energiesit runsto the infra-redfixedpoint andis almost
independentof initial conditions. Therefore,imposingthe above-mentionedconstraints,the parame-
ter spaceof the MSSM is reducedto a two dimensionalone. In what follows, we considerthe plane4)O�KZ4 *QP ( andfind theallowedregion in thisplane.Eachpoint at this planecorrespondsto afixedsetof
parametersandallows oneto calculatethespectrum,thecross-sectionsandotherquantitiesof interest.

Wepresenttheallowedregionsof theparameterspacefor low andhigh àÜápâ v scenariosin Fig.26.
This plot demonstratestherole of variousconstraintsin the ��( function. Thecontoursenclosedomains
by theparticularconstraintsusedin theanalysis[63]. In casewhentherequirementof the xSyÏz�| decay
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rateis not takeninto account(dueto uncertaintiesof thehighordercontributions),theallowedregionof
parameterspacebecomesmuchwider, asit is illustratedin Fig.27. Now muchlower valuesof 4)O and
4 *QP ( areallowedwhich leadto lower valuesof sparticlemasses.
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6.3 The massspectrum of superpartners

Whentheparametersetis fixed,onecancalculatethemassspectrumof superpartners.Below we show
thesetof parametersandthepredictedmassspectrumcorrespondingto thebestfit valuesindicatedby
starsin Fig.26[39].

FittedSUSYparameters

Symbol low àÜápâ v high àÜápâ v
àÜápâ v 1.71 35.0

4)O 200 600

4 *QP ( 500 400

N3. = 2 1084 -558

RË. = 2 0 0

; u�@ ã 68ä 24.8 24.8c�ã 68ä ; U ï®;�=
*��

; U ï®;�=
*��

Table2: Valuesof thefitted SUSYparametersfor low andhigh �����ø� (in GeV, whenapplicable).

To demonstratethedependenceof massesof thelightestparticleson thechoiceof parameters,we
show below in Figs.28,29their valuesin thewhole 4)O�KZ4 *QP ( planefor thecaseof low andhigh � Û� v
solutions,respectively [63]. Onecanseethat the massesof gauginos(charginosandneutralinos)and
Higgsesbasicallydependon 4 *QP ( , while thoseof squarksandsleptonson 4)O .



SUSYmassesin [GeV]

Symbol low àÜápâ v high àÜápâ v
W� O * . WTV2 , W� O( . W� > 2 214,413 170,322

W� O> . W� * 2 , W� O� . W� ( 2 1028,1016 481,498

W� �* . W� � 2 , W� �( . W� � 2 413,1026 322,499

W� 1155 950

W¹ × , W¹�� 303,270 663,621

Wµ × 290 658

W� × , W� � 1028,936 1040,1010

Wh * , Wh ( 279,403 537,634W x * , W x ( 953,1010 835,915W� * , W� ( 727,1017 735,906

¨ , � 95,1344 119,565

R , � � 1340,1344 565,571

Table3: Valuesof theSUSYmassspectrafor thelow andhigh ������� solutionsgivenin Table2.
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6.4 Experimental signaturesat ¹ ¸ ¹.- colliders

Experimentsarefinally beginning to pushinto a significantregion of supersymmetryparameterspace.
Weknow thesparticlesandtheircouplings,but wedonotknow theirmassesandmixings.Giventhemass
spectrumonecancalculatethecross-sectionsandconsiderthepossibilitiesof observingnew particlesat
modernaccelerators.Otherwise,onecangetrestrictionson unknown parameters.

We startwith ¹ ¸ ¹/- collidersand,first of all, with LEP II. In the leadingordercreationof su-
perpartnersis given by the diagramsshown in Fig.16 above. For a given centerof massenergy the
cross-sectionsdependon the massof createdparticlesand vanishat the kinematicboundary. For a
sampleexampleof c.m. energy of LEPII equalto 183GeV, they areshown at Fig.30.
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Fig. 30: Thecross-sectionof sparticleproductionatLEP II asfunctionsof sparticlemasses

Experimentalsignaturesaredefinedby thedecaymodeswhichvary with themassspectrum.The
mainonesaresummarizedbelow.

Production Key DecayModes Signatures

9 :; ×=< � :; ×>< � :;
?�A@ ; ? :BDCEGF cascade acomplanarpair of:; ?× @ ; ? :BDCEGH decays chargedleptons
Ä I ä

9 :µ :µ :µ @ ; ? :BJC K I ä
9 :B ?K :B ?K :B ?K @ :BDC K); ? µML :BJC K)N ³N)O isolatedlepton+ 2 jets

Ä I ä
:B ?K @ :BDCP Ñ ³Ñ O pairof acomplanar
:B ?K @ ; :µRQ @ ;�µRQ :BJC K leptons

Ä I ä
:BS?K @ µRQ
:; @ µRQT; :BJC K 4 jets

Ä I ä



9 :BDCE :BDCU :BDCE @ :BJC KWV L :BJCU @ :BDC KWV O VYX µRQ ³µRQ invisibleX[Z LR\];^L 2 jets\]; Ä I ä LR; Ä \)_ Ä I ä
9 :` E :` U :` K @ Ú :B C K 2 jets

Ä I ä
:` K @ba :B ?K @ba Ñ ³Ñ O :B C K 2 b jets

Ä
2 leptons

Ä I ä
2 b jets

Ä
2 jets

Ä
lepton

Ä I ä
9 : a E : a U : a E @ba :BJC K 2 b jets

Ä I ä
: a E @ba :BJCP @ba Ñ ³Ñ O :BJC K 2 b jets

Ä
2 leptons

Ä I ä
2 b jets

Ä
2 jets

Ä I ä
A characteristicfeatureof all possiblesignaturesis themissingenergy andtransversemomenta,which
is a trademarkof anew physics.

Numerousattemptsto find superpartnersatLEPII gavenopositive resultthusimposingthelower
boundson theirmasses[54]. They areshown on theparameterplanein Figs.31,32.
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In thecaseof stopmasses,theresultdependsonthestopmixing angley{z| calculatedfrom thestop
mixing matrix. It definesthemasseigenstatesbasis:` K and :` P

:` K
:` P X }�~]� y z| �.� � y z|� �/� � y{z| }�~]� y{z|

:`��
:`�� �

Nonobservation of charginosat the maximalLEP II energy definesthe lower limit on chargino
massesasshown in Fig.32[54].

TypicalLEP II limits on themassesof superpartnersare

����� �������G���/� � z�)��� � ���]�] G���/� � z| ��¡]�¢���/�
� ��£ � ���]�]�G����� � z¤��.� � ���]�]�G���/� � z¥ ��¦]�G���/�

� z§ �.� � ��¦]�¢����� (6.5)
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6.5 Experimental signaturesat hadron colliders

Experimentalsignaturesat hadroncollidersaresimilar to thoseat �/ºD�/» machines;however, hereone
hasmuch wider possibilities. Besidesthe usualannihilationchannelidentical to �.ºD�/» one with the
obvious replacementof electronsby quarks(seeFig.33),onehasnumerousprocessesof gluon fusion,
quark-antiquarkandquark-gluonscattering(seeFig.34).
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The final statesdependon gluino decaymodes.If squarksareheavier, i.e. � zä �å� zæ , thenthe
maingluinodecaymodesare

çèêéìëîíðïëîí çñJòó]ô çèêéõëöí ï ÷ í çñ »ó ô çèøéìëîí ÷ í çñ ºó ô
otherwisegluinocandecayinto quarksandsquarkswith furtherdecayof thelatter.

ExperimentalSUSYsignaturesat theTevatron(andLHC) are

Production Key DecayModes Signatures

ù çè çèúô çû çû�ô çè çû
çèêébû ïû çñ ò üû ïû)ý çñSþüè çñ ò ü

� zä ��� zæ ÿ�� í multijets� í leptons�çû¢é û çñ ò óçû¢é û�ý çñSþó � zæ ��� zä
ù çñ þü çñ ò� çñ þü é çñ ò ü��
þ�� ô çñ ò� é çñ ò ü��	� Trilepton í ÿ��çñ þü é çñ ò ü û ïû ý ô çñ ò� é çñ ò ü �	� ô Dilepton+ jet í ÿ �



ù çñ ºü çñ »ü çñ ºü é � çñ ò ü �
þ
� Dilepton í ÿ �ù çñ ò ó çñ ò ó çñ ò ó é çñ ò ü�� ô çñ ò ó é çñ ò ü�� ý ÿ � í Dilepton+ (jets)+ (leptons)ù çë ü çë ü çë ü é� çñ ò ü 2 acollinearjets í ÿ��çë ü é ÷ çñ þü ô çñ þü é çñ ò ü � þ � ô çñ þü é çñ ò ü û ïû)ý singlelepton í ÿ�� í ÷ ý	�çë ü é ÷ çñSþü ô çñ þü é çñ ò ü � þ � ô çñSþü é çñ ò ü � þ � Dilepton í ÿ�� í ÷ ý	�ù ç� ç� ô ç � ç� ô ç��� ç� ç � þ é ��� çñ ò ó ô ç � þ é ��� çñ þó Dilepton í ÿ��ç� é � çñ ò ü Singlelepton í ÿ�� í ��� ��ë�� �
ÿ��

Noteagainthecharacteristicmissingenergy andtransversemomentaevents.

Contraryto �.ºJ�.» colliders,athadronmachinesthebackgroundis extremelyrich andessential.

6.6 The lightest superparticle

Oneof the crucial questionsis the propertiesof the lightestsuperparticle.DifferentSUSY breaking
scenariosleadto differentexperimentalsignaturesanddifferentLSP.ù Gravity mediation

In this case,the LSP is the lightestneutralino
çñ ò ü , which is almost90% photinofor a low ��� ���

solutionandcontainsmorehiggsinoadmixturefor high ��� ��� . Theusualsignaturefor LSP is missing
energy;

çñ ò ü is stableandis thebestcandidatefor thecolddarkmatterin theUniverse.Typicalprocesses,

wheretheLSPis created,endup with jets+ ÿ�� , or leptons+ ÿ�� , or bothjest+ leptons+ ÿ�� .ù Gaugemediation

In this casetheLSP is the gravitino
ç� which alsoleadsto missingenergy. The actualquestion

hereis whattheNLSP, thenext lightestparticle,is. Therearetwo possibilities:

i)
çñ ò ü is theNLSP. ThenthedecaymodesareçñDò ü é! ç�{ô�" ç� ô$# ç� �

As a result,onehastwo hardphotons+ ÿ � , or jets+ ÿ � .

ii)
ç � � is theNLSP. Thenthedecaymodeis

ç� � é!% ç� andthesignatureis achargedleptonandthe
missingenergy.ù Anomalymediation

In thiscase,onealsohastwo possibilities:

i)
çñ ò ü is theLSPandwino-like. It is almostdegeneratewith theNLSP.

ii)
ç� � is theLSP. Thenit appearsin thedecayof chargino

çñ º é ç�&� andthesignatureis thecharged
leptonandthemissingenergy.ù R-parityviolation

In this case,theLSPis no longerstableanddecaysinto theSM particles.It maybecharged(or
evencolored)andmayleadto raredecayslike neutrinolessdouble� -decay, etc.

Experimentallimits on the LSP massfollow from non-observation of the correspondingevents.
Modernlow limit is around40 GeV(seeFig.35).

7 THE HIGGS BOSON IN THE SM AND THE MSSM

Oneof thehottesttopicsin theSM now is thesearchfor theHiggsboson.It is alsoa window to a new
physics.Below we considerthesituationwith theHiggsbosonsearchandthepropertiesof theHiggs
bosonin theMSSM.
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7.1 Allowed massrange in the SM

Thelastunobservedparticlefrom theStandardModel is theHiggsboson[65]. Its discoverywouldallow
oneto completetheSM paradigmandconfirmthemechanismof spontaneoussymmetrybreaking.On
the contrary, the absenceof the Higgs bosonwould awake doubtsaboutthe whole pictureandwould
requirenew concepts.

Experimentallimits on theHiggsbosonmasscomefrom a directsearchat LEP II andTevatron
andfrom indirect fits of electroweakprecisiondata,first of all from the radiative correctionsto the W
andtopquarkmasses.A combinedfit of modernexperimentaldatagives[66]

�;:=<�¡]� º?>@>»?A�BDCFE�G ô (7.1)

which at the 95% confidencelevel leadsto the upperboundof 200 GeV (seeFig.36). At the same
time, recentdirect searchesat LEP II for the c.m. energy of 209 GeV give the lower limit of 113.4
GeV[66]. Fromatheoreticalpointof view a low Higgsmasscouldbeahint for physicsbeyondtheSM,
in particular, for thesupersymmetricextensionof theSM.

Within theStandardModel thevalueof theHiggsmass�;: is notpredicted.However, onecanget
theboundson theHiggsmass[40, 67]. They follow from thebehaviour of thequarticcouplingwhich
is relatedto theHiggsmassby eqs.(1.9,1.13)� � : <IHKJML andobeys thefollowing renormalizationgroup
equationdescribingthechangeof J with ascale:

Ý J
Ý ë <

�
�KN�O � NKJ � íPNKJRQ �| � N�Q A| í gaugeterms (7.2)

with ëD<TS � �@U �RV�WX� � . HereQMY is thetop-quarkYukawa coupling.

Sincethe quarticcouplinggrows with rising energy infinitely andreachesthe Landaupole, the
upperboundon Z : follows from therequirementthatthetheorybevalid up to thescale[]\ �_^a`cbed or up
to a givencut-off scalef below [g\ �h^i`jb�d [40]. Thescalef couldbe identifiedwith thescaleat which
theLandaupoledevelops.Theupperboundon Z : dependsmildly on thetop-quarkmassthroughthe
impactof thetop-quarkYukawacouplingon therunningof thequarticcoupling J in eq.(7.2).

Ontheotherhand,therequirementof vacuumstability in theSM (positivity of J ) imposesa lower
boundon the Higgs bosonmass,which crucially dependson both the top-quarkmassandthe cut-off
f [40, 67]. Again, the dependenceof this lower boundon Z Y is due to the effect of the top-quark
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Yukawa couplingon thequarticcouplingin eq.(7.2),which drives J to negative valuesat large scales,
thusdestabilizingthestandardelectroweakvacuum(seeFigs.37).

From the point of view of LEP andTevatronphysics,the upperboundon the SM Higgs boson
massdoesnotposeany relevantrestriction.Thelowerboundon Z : , instead,is particularlyimportantin
view of thesearchfor a Higgsbosonat LEP II andTevatron.For Z Y����K��� GeV and ��� � []��� <T�K� �K�K�
therunningof theHiggsquarticcouplingis shown in Fig.38.Theresultsat f < � � ü�� GeV or at f < �



Fig. 38: The runningof theHiggsquarticcoupling. Numbersshown above the lines indicatethevalueof theHiggsmassin

GeV.

TeV canbegivenby theapproximateformulae[67]

Z : � �K�K� í�HK� ��� Z YX� �K���K� � � � � � � � [ � � �P�K� �K�K��K���K�KN ô f < � � ü�� CDE�G ô (7.3)

Z : � � H íP�K��� � Z YX� �K���K� � � ��� � � � [ � � �P�K� �K�K��K���K�KN ô f < ��� E�G ô (7.4)

wherethemassesarein unitsof GeV.

Fig.39[68] shows theperturbativity andstability boundson theHiggsbosonmassof theSM for
differentvaluesof thecut-off f atwhich new physicsis expected.Weseefrom Fig.39andeqs.(7.3,7.4)

Fig. 39: Stronginteractionandstability boundson theSM Higgsbosonmass.� denotestheenergy scaleup to which theSM

is valid.



thatindeedfor Z Y �I�K��� GeVthediscovery of aHiggsparticleatLEPII would imply thattheStandard
Modelbreaksdown atascalef well below []��� � or [g\ �h^i`jbed , smallerfor lighterHiggs.Actually, if the
SM is valid up to f � [ ��� � or [g\ �h^i`jbed , for Z Y$���K��� GeV only a small rangeof valuesis allowed:�K����� Z : ��� HK�K� GeV. For Z Y = 174GeV andZ : �T� �K� GeV [i.e. in theLEPII range]new physics
shouldappearbelow thescalef � a few to 100TeV. Thedependenceon thetop-quarkmasshowever is
noticeable.A lower value,Z Y¡  170GeV, would relaxthepreviousrequirementto f �I� �£¢ TeV, while
aheavier valueZ Y¡  180GeVwould demandnew physicsatanenergy scaleaslow as10TeV.

7.2 SM Higgsproduction at LEP

The dominantmechanismfor the Higgs bosonproductionat LEP is the Higgsstrahlung.The Higgs
bosonis producedtogetherwith the # ò boson.A smallcontribution to thecrosssectioncomesalsofrom
the WW- andZZ- fusion processes(seeFig.40). The crosssectiondependson the Higgs bosonmass
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Fig. 40: SM Higgsproductionat LEP:Higgsstrahlung(above) andWW- andZZ- fusion(below)

anddecreaseswith increaseof thelatter. On theotherhand,it grows with thecentreof massenergy, as
shown in Fig.41[69]. Kinematiclimit on theHiggsproductionis given by thec.m. energy minusthe# -bosonmass.
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However, oneof themainproblemsis to distinguishthefinal productsof theHiggsbosondecay
from thebackground,mainly the #°# pair production.Thebranchingratiosfor theHiggsbosondecay
areshown in Fig.42. The # bosonhasthe samedecaymodeswith differentbranchings.In the final
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Fig. 42: Thefinal statesof theHiggsbosondecaywith thebranchingratios

states,onehaseitherfour hadronicjets,or two jetsandtwo leptons,or four leptons.Themostprobable
is thefour jet configuration,which is themostdifficult from thepoint of view of unwantedbackground.
A two-jet andtwo-leptonfinal stateis morecleanthoughlessprobable.

Attemptsto find theHiggsbosonhave notmetsuccesssofar. All thedataareconsistentwith the
background.An interestingfour-jet event is shown in Fig.43andis mostlikely a #°# candidate[70]. A
reconstructedinvariantmassof two jetsdoesnotshow noticeabledeviationfrombackgroundexpectation.
For the68.1backgroundeventsexpected,thereare70 eventsobserved. ThereconstructedHiggsmass
for four-jet eventsis shown in Fig.44.At thiskind of plotstherealHiggsbosonshouldgiveapeakabove
thebackground,asis shown for awouldbeHiggsmassof 110GeV in Fig.44[70].

Combinedresultsfrom four LEP collaborations(ALEPH, DELPHI, L3 andOPAL) in theenergy
interval ö ��<!HK�K���IH � � GeV allow oneto get a lower limit on the Higgs mass.As it follows from
Fig.45,at the95%confidencelevel it is [66]

Z :=� �K�K� � � CDE�G VK÷
�

@ � �Køuù ��ú�� (7.5)

Recenthot news from theLEP II acceleratorshow slight excessof eventsin hadronicchannels.
For thehardcutskeepingonly ”really good”eventsonecanachievethesignal/backgroundratioof 2 with
a few signaleventsindicatingthe114 GeV Higgsboson(seeFig.46). Deviation from thebackground



Fig. 43: Typical four jet event
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achieves2.9standarddeviationsandis betterseenin theconfidencelevel plots[70]. Therearealsosome
eventsin leptonicchannel[71]. However, statisticsis notenoughto make definiteconclusions.
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7.3 The Higgsbosonmassin the MSSM

It hasalreadybeenmentionedthat in theMSSM themassof thelightestHiggsbosonis predictedto be
lessthanthe ! -bosonmass.This is, however, the treelevel resultandthemassesacquirethe radiative
corrections.

With accounttakenof theradiative corrections,theeffective Higgsbosonspotentialis"$#&%'%(*),+-+-.$/ "1032 #&#5476 "98
(7.6)

where
":032 #&# is givenby eq.(5.16)andin theone-looporder

6 "<;>=@?A?AB / C DE�FHGJIJKML DHN O�P KMQHR
C 4 DHNMS

CUTWVC X YHZ T I C[ I�L \
Q ] (7.7)

Herethesumis takenoverall theparticlesin theloop, R C is thespinand
T^C

is thefield dependentmass
of a particleat thescale

[
.

Themaincontribution comesfrom thediagramsshown in Fig.47.Theseradiativecorrectionsvan-
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Fig. 47: Correctionsto theHiggsbosonself-energy from thetop(stop)loops

ish whensupersymmetryis not brokenandarepositive in thesoftly brokencase.They areproportional
to themasssquaredof top (stop)quarksanddependon thevaluesof thesoft breakingparameters.Con-
tributionsfrom theotherparticlesaremuchsmaller[72, 73, 74]. The leadingcontribution comesfrom
(s)toploops

6 " . 0 ?AB;>=s?A?&B / \\ Q GJI tT V 0vu K X YHZ tT I 0 u[ I L \
Q N 4 tT V 0 � K

X YHZ tT I 0 �[ I L \
Q N L7Q T V0 K X YHZ

T I 0[ I L \
Q N ] (7.8)

Thesecorrectionsleadto thefollowing modificationof thetree-level relationfor thelightestHiggs
mass T I wyx�z{I|~} YH� I Q�� 4 \�� I T V 0

D E�GJI z I�
X YHZ tT I 0vu tT I 0 �T V 0 ] (7.9)

Onefinds that the one-loopcorrectionis positive andincreasesthe massvalue. Two loop corrections
have theoppositeeffectbut aresmallerandresultin slightly lowervalueof theHiggsmass[75, 63, 76].

To find outnumericalvaluesof thesecorrections,onehasto determinethemassesof all superpart-
ners.Within theConstrainedMSSM,imposingvariousconstraints,onecandefinetheallowedregion in
theparameterspaceandcalculatethespectrumof superpartnersand,hence,theradiative correctionsto
theHiggsbosonmass(seeFigs.48,49).

The Higgsmassdependsmainly on the following parameters:the top mass,the squarkmasses,
the mixing in the stop sector, the pseudoscalarHiggs massand ����� � . As will be shown below, the
maximumHiggs massis obtainedfor large ����� � , for a maximumvalueof the top andsquarkmasses
andaminimumvalueof thestopmixing.
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Fig. 48: Themassof the lightestHiggsbosonfor the low �k����� solutionasa functionof ��� and � u>� � . Thecontoursat the

upperplotscorrespondto fixedvaluesof theHiggsmass.Thelowerplotsdemonstratethesaturationof themassathighvalues

of massparameters.

Note that in the CMSSM the Higgs mixing parameter� is determinedby the requirementof
EWSB,which yields largevaluesfor � [39]. Giventhat thepseudoscalarHiggsmassincreasesrapidly
with � , thismassis alwaysmuchlargerthanthelightestHiggsmassandthusdecouples.Thisdecoupling
is effective for all regionsof theCMSSMparameterspace,i.e. the lightestHiggshasthecouplingsof
theSM Higgswithin a few percent.

We presentthe valueof the lightestHiggs massin the whole
TW� 8 T ;>� I planefor low andhigh����� � solutions,respectively [64] in Figs.48,49. Onecanseethat it is practicallyconstantin thewhole

planeandis saturatedfor highvaluesof
TW�

and
T ;>� I .

The lightestHiggsbosonmass
T w

is shown asa function of ����� � in Fig. 50 [64]. The shaded
bandcorrespondsto theuncertaintyfrom thestopmassandstopmixing for

T 0 / DH�H� GeV. Theupper
andlower linescorrespondto

T 0
=170and180GeV, respectively.

Theparametersusedfor thecalculationof theupperlimit are:
T 0 / DH�H� GeV,   � / L \ TW�

andTW� / T ;>� I / DH�H�H� GeV. Thelowestline of thesamefiguregivestheminimal valuesof
T w

. For high����� � thevaluesof
T w

rangefrom 105GeV 125GeV. At present,thereis no preferencefor any of the
valuesin this rangebut it canbeseenthatthe95%C.L. lower limit ontheHiggsmass[66] of 113.3GeV
excludes����� �¢¡ \ ] \ .

In order to betterunderstandthe Higgs massuncertainties,the relevant parameterswerevaried
oneby one.Thelargestuncertaintyon thelight Higgsmassoriginatesfrom thestopmasses.TheHiggs
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Fig. 49: Thesameasin Fig. 48but for thehigh tan � solution�k�«�J�y¬W�® .
massvariesbetween110and120 GeV, if

T �
and

T ;>� I arevariedbetween200 and1000GeV, which
impliesstopmassesvaryingbetween400and2000GeV. Sinceat presentthereis no preferencefor any
of thevaluesbetween110and120GeV, thevariancefor aflat probabilitydistribution is 10/̄ D Q =3 GeV,
whichwe take asanerrorestimate.

Theremaininguncertaintyof theHiggsmassoriginatesfrom themixing in thestopsectorwhen
oneleaves   �

asa free parameter. The mixing is determinedby the off-diagonalelementin the stop
massmatrix ° 0 /   0 L �5±²����� � . Its influenceon theHiggsmassis quitesmall in theCMSSMsince
thelow energy value   0

tendsto a fixedpoint sothatthestopmixing parameter° 0 /   0 L �5±²����� � is
not stronglydependenton   �

. Furthermore,the � term is not importantat large ����� � . If we vary   �
between³ \ TW�

, theerror from thestopmixing in theHiggsbosonmassis estimatedto be ³ D ] � GeV.
Thevaluesof

TW� / T ;>� I / \ �H� GeVyield thecentralvalueof
T w / DHDH� GeV.

Giventheuncertaintyon thetopmassof 5.2GeV[43] leadsto theuncertaintyfor theHiggsmass
at large ����� � of ³ 5 GeV.
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Theuncertaintiesfrom thehigherordercalculations(HO) is estimatedto be2 GeV from a com-

parisonof thefull diagrammaticmethod[76] andtheeffectivepotentialapproach[75]. Socombiningall
theuncertaintiesdiscussedbeforetheresultsfor theHiggsmassin theCMSSMcanbesummarizedas
follows:µ Thelow ����� � scenario(����� �¶¡ \ ] \ ) of theCMSSMis excludedby thelower limit on theHiggs

massof 113.3GeV[66].µ For thehigh ����� � scenariotheHiggsmassis foundto be in therangefrom 110to 120GeV forT 0 / DH�H� GeV. Thecentralvalueis foundto be[64]:T w / DHDH� ³ \ K � � YH·9¸ � �-� N ³ D ] � K � � YH·9¸º¹ »¼¹ � Z N ³ Q½K �M¾o¿ YHÀ-Á N ³ � K � YH·9¸ � �-� N9Â ¿ Ã 8
(7.10)

wheretheerrorsaretheestimatedstandarddeviationsaroundthecentralvalue.This predictionis
independentof ����� � for ����� �ÅÄ�Q � anddecreasesfor lower ����� � .

However, theseSUSYlimits on theHiggsmassmaynot beso restrictingif non-minimalSUSY
modelsareconsidered.In a SUSYmodelextendedby a singlet,theso-calledNext-to-Minimal model,
eq.(5.26)is modifiedandat thetreelevel theupperboundlookslike [77]T I wÇÆ z I| } YH� I Q�� 4ÉÈ I�Ê:I �U¹ � I Q�� 8

(7.11)

where È is anadditionalsingletYukawa coupling. This couplingbeingunknown bringsusbackto the
SM situation,thoughits influenceis reducedby

�U¹ � Q�� . As a result,for low ����� � theupperboundon
theHiggsmassis slightly modified(seeFig.51).

Evenmoredramaticchangesarepossiblein modelscontainingnon-standardfieldsat intermediate
scales.Thesefieldsappearin scenarioswith gaugemediatedsupersymmetrybreaking.In this case,the
upperboundon theHiggsmassmay increaseup to 155 GeV [77] (the uppercurve in Fig.51), though
it is not necessarilysaturated.Oneshouldnotice,however, that thesemoresophisticatedmodelsdo not
changethegenericfeatureof SUSYtheories,thepresenceof thelight Higgsboson.



1 10

110

120

130

140

150

160
1 10 50

5020

20

5

5

2

2

 

 

m
h

tan ββ

Fig. 51: Dependenceof theupperboundon thelightestHiggsbosonmasson �k����� in MSSM(lowercurve),NMSSM(middle

curve) andextendedSSM(uppercurve)

7.4 Perspectivesof observation

LEP

In thecaseof supersymmetry, contraryto theSM, therearetwo competingprocessesfor neutral
Higgsproduction.BesidestheusualHiggsstrahlungdiagramthereis alsothepair productiononewhen
twoHiggsbosons(theusualoneandthepseudoscalarboson  ) areproduced.Thecross-sectionsof these
two processesarecomplimentaryandrelatedto theSM oneby asimpleformula(seeFig.52).Thus,the
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Fig. 52: MSSMHiggsproductionatLEP: complimentarydiagrams

cross-sectionfor Higgsproductionin theMSSMis usuallylowerthanthatof theSM.Therefore,searches
for pair productionarelimited by a low cross-sectionratherthanby a threshold.

Non-observationof theHiggsbosonatLEPin generalgiveslowerboundontheHiggsbosonmass
thanthatin theSM. Modernexperimentallimits on theMSSM Higgsbosonsare[69]

õ^ö Ä�÷ �Hø3�ùÂ ¿ Ãº±Hú-ûHü õ^ý Ä�÷ �Hø3�þÂ ¿ Ãº±Húkû @ ÷ �Hÿ��ðø � ø (7.12)
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However, for aheavy pseudoscalarboson� thesecondprocessis decoupledandonebasicallyhas
thesameproductionrateasin theSM. Therefore,in this casethe SM experimentallimit is applicable
alsoto theMSSM.

To presenttheresultfor theHiggssearchin theMSSM,variousvariablescanbeused.Themost
popularonesare � õ^ö ü õ^ý�� , � õ^ö ü �"!$#&% � and � õ^ý ü �"!$#'% � planes.They areshown below in Figs.53-54
for two particularcases:no-mixing andmaximalmixing in the stopsector[66]. For comparisonthe
theoreticallyallowedregionsareshown. Onecanseethat

a) low �"!$#&% solution( ( ø*),+ �"!$#'% +.-Hø*- ) is alreadyexcluded;

b) very small region for thelightestneutralHiggsbosonmassis left (speciallyfor theno-mixing
case).

As it hasbeenexplained,in the MSSM onehasalso the charged Higgs bosons. The searches
for the chargedHiggs bosonsarethe attemptsto look beyond the StandardModel. It is basicallythe
samein the MSSM andin any two Higgs doubletmodel. The chargedHiggs bosonsareproducedin
pairsin anannihilationprocesslikeany chargedparticles.ThecouplingsarethestandardEW couplings
andtheonly unknown quantityis thechargedHiggsmass.However, thebranchingratiosfor thedecay
channelsdependon the massandthe model. A large backgroundcomesfrom the / -pair production.
Nonobservation of chargedHiggsbosonsat LEP givesthe lower limit on their masses.Thecombined
exclusionplot for variouschannelsis shown in Fig.55. This imposesthe absolutelower limit on the
chargedHiggsbosonmass[69]

õ1032 Ä.454 ø*)þÂ ¿ Ã76Hú-û @ ÷ )Hÿ��ðø � ø (7.13)
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TevatronandLHC

With the LEP shutdown, further attemptsto discover the Higgs bosonareconnectedwith the
TevatronandLHC hadroncolliders.

Tevatronwill starttheRun II next yearandwill reachthec.m. energy of 2 TeV with almost10
timesgreaterluminositythanin RunI. However, sinceit is ahadroncollider, notthefull energy goesinto



collision taken away by thosequarksin a protonthatdo not take part in the interaction.Having a very
severebackground,this colliderneedsa long timeof runningto reachtheintegratedluminosityrequired
for theHiggsdiscovery. A combinedCDF/D0plot [78] shows the integratedluminosityat Tevatronas
a functionof theHiggs mass(seeFig.56). The threecurvescorrespondto B5C (95% confidencelevel),

- C and ) C signalnecessaryfor exclusion,evidenceanddiscovery of theHiggsboson,respectively. One
canseethattheintegratedluminosityof 2 fb DFE , which is plannedto beachievedat theendof 2001,will
allow oneto excludetheHiggsbosonwith themassof anorderof 115GeV, i.e., just the limit reached
by LEP. Onewill needRUN III to reach10 fb DFE to cover themostinterestinginterval, evenat thelevel
of exclusion �GB5C � .

HJILKNMOM

HJILKPMQMOM

Fig. 56: Integratedluminosityneededfor exclusion( RTSVUXW , evidenceRTYVUXW anddiscovery RTZVU ) of theHiggsbosonat Tevatron

To find theHiggs boson,onewill needstill greaterintegratedluminosity. The signaturesof the
Higgsbosonarerelatedto thedominantdecaymodeswhich dependon themassof theHiggsboson.In
theTevatronregion they are

[]\_^a`^ ü b5(5( + õ 0 + b$cd(feJgih~ü[]\ /j/lk�ü b$cd( + õ 0 + b 4 ) eJgih~ü[]\_mnm k�ü b 4 )o+ õ 0 + b ÷ (feJgih ø
(7.14)

The LHC hadroncollider is the ultimatemachinefor a new physicsat the TeV scale. Its c.m.
energy is plannedto be14 TeV with very high luminosityup to a few hundredfb DFE . It is supposedto
startoperatingin 2006. In principle,LHC will beableto cover thewhole interval of SUSYandHiggs
massesupto afew TeV. It will eitherdiscover theSM or theMSSMHiggsboson,or provetheirabsence.
In termsof exclusion plots shown in Figs.53,54the LHC collider will cover the whole region [79].
Variousdecaymodesallow oneto probedifferentareas,asshown in Fig.57,thoughthebackgroundwill
beveryessential.



Fig. 57: Exclusionplotsfor LHC hadroncollider for differentHiggsdecaymodes

8 CONCLUSION

LEPII hasneitherdiscoveredthenew physics,norhasproventheexistenceof theHiggsboson.However,
it gave ussomeindicationthatbothof themexist. Supersymmetryis now themostpopularextensionof
theStandardModel. It promisesus thatnew physicsis roundthecornerat a TeV scaleto beexploited
at new machinesof this decade.If our expectationsarecorrect,very soonwe will facenew discoveries,
the whole world of supersymmetricparticleswill show up andthe tableof fundamentalparticleswill
be enlarged in increasingrate. If we are lucky, probablywe will soonhave the tableof sparticlesin
new additionof SparticleDataGroup(seeFig.58)[80]. This would bea greatstepin understandingthe
microworld. If not,still new discoveriesarein agenda.
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Abstract
We review in this seriesof lecturesthebasicsof cosmology. Themaintopics
coveredare:Friedmannequationsfor expandingUniverse,physicalprocesses
in theearlyUniverse,nucleosynthesis,baryogenesis,inflation andcosmologi-
cal parameters,darkmatter.

1 INTR ODUCTION

At first sight,cosmologyandparticlephysicsseemto becompletelyunrelatedbranchesof physics.The
goalof particlephysicsis to describeelementaryparticlesandfundamentalinteractionsbetweenthemat
smallscales,say,

���������
	��
cm. Onthecontrary, thegoalof astronomyandcosmologyis to describethe

structureof theUniverseatvery largelengthscales,
����������������������

cm. Canwelearnanything from
cosmologyfor particlephysics?Canwelearnanythingfrom particlephysicsfor cosmology?Thebridge
betweenparticlephysicsandcosmologyis providedby theevolutionof theUniverse.Observationsof the
presentUniversegive usinformationabouttheearlyUniverse.Evolution of theearlyUniversedepends
crucially on the propertiesof elementaryparticlesand interactionsbetweenthem. This fact provides
someconstraintsonparticlephysicstheories,in somecasessuperiorto thosecomingfrom terrestrialex-
periments.Thelist of traditionalcosmologicalboundsinvolvesneutrinomassesandnumbersof neutrino
species,propertiesof hypotheticalparticles,physicsat thePlanckscale,testingof differentconservation
laws, etc. On the otherhand,progressin particlephysicshasled to a numberof advancesin modern
cosmology. Thenon-conservationof baryonnumber, arisingnaturallyin unifiedtheoriesof strong,weak
andelectromagneticinteractionsandin theelectroweaktheoryitself, hasledto qualitativeunderstanding
of theabsenceof antimatterin theUniverse;new stableparticles,predictedby supersymmetrictheories,
mayplay the role of darkmatterin theUniverse;considerationof phasetransitionsin particle-physics
modelshasled to the suggestionof a new paridigmin cosmology- inflation. So “simple” a thing as
thedynamicsof a freequantumscalarfield in theexpandingUniverseproposesa solutionof a number
of outstandingproblemsin cosmology, suchasflatness,horizon,homogeneityandstructureformation.
Thereis a numberof excellenttextbookson cosmology(e.g. [1, 2, 3]) which a readercanconsultfor a
thoroughstudyof thesubject.

Theplanof thelecturesis asfollows. First,wearegoingto notethebasicfactsabouttheUniverse:
Hubbleexpansion,existenceof acosmicmicrowavebackground(CMB), large-scaleisotropy andhomo-
geneity. Weshallconsiderdifferentelementsof standardcosmology:Friedmanequations,theevolution
of theUniversewith dominanceof radiation,matteror cosmologicalconstant.Turning to thestudyof
theearlyuniverse,we shall considerphotonandneutrinodecoupling,nucleosynthesisandelementsof
baryo-andleptogenesis.Anothertopic is inflation: weshalldiscusstheproblemsof thestandardcosmo-
logical modelandtheir solutionswith inflation andstudythedynamicsof thescalarfield thatprovides
a simpleparticle-physicsmodelfor theinflationaryUniverse.Thelasttopic is thedeterminationof cos-
mologicalparameters(acceleratingUniverseandpower spectraof CMB), theproblemsof darkmatter
andof thecosmologicalconstant.Unlessotherwisespecified,we aregoingto usethenaturalsystemof
units,in which �������� �

andenergy is measuredin GeV.



10� 15 20�
m! V

2.5

3.0

3.5

4.0

4.5

5.0
lo

g 
cz

5" 10 15 20
mV       

first-ranked E galaxies in nearby groups
#
31 clusters (rel. distances)
$
SNe Ia
first-ranked galaxies
#

0% 5" 10
(m-M)-(m-M)Virgo

Fig. 1: TheHubblediagram.Here& is thespeedof light, in km/s.Fromref. [4]

2 BASIC FACTS ABOUT THE UNIVERSE

2.1 Expansion

Thereareseveral typesof objectsin the Universethat canbe consideredas“standardcandles”. This
meansthatwe know their total luminosity ' andthespectrumof emittedlight at thepositionthey find
themselves. Examplesof suchobjectsincludesupernovaeof thetypeIa,first-rankedE galaxiesin nearby
groupsandclusters,first-ranked clustergalaxiesin rich clusters,etc. [4]. With this knowledge,we can
find for thenumberof objectstheredshifts ( , definedas:

()�
*,+�-/.102*3-/46587

*3-/46587 9 (1)

where
* -/46587

and
* +�-/.

are the wavelengthsof the emittedand received light respectively. Simultane-
ously, onecanfind thedistance: to thecorrespondingobject,by measuringtheenergy flux ; (apparent
brightness)from thestaror galaxy, throughtheequation

;<� '=�> : � 9 (2)

In astronomy, theso-calledapparentmagnitude? is oftenusedinsteadof distance:

?@� 0BA�CEDGF H�I 	�J ;LK const M DGF H�I 	�J :)K const
C

(3)

Very interestingly, thedependenceof redshift on theapparentmagnitudehasa universalcharacterand
doesnotdependon thetypeof theobject,on thefrequency of theemittedlight or on thedirectionin the
sky, seeFig. 1.

Theuniversalcharacterof thisdependenceindicatesthatit is apropertyof theuniverseasawhole
ratherthanof a particularobjectin it. An explanationof the redshift canbe provided by theDoppler



effect,astherelationbetweenthefrequencesof emittedandreceivedlight is givenby

(N�
� KPO��0 O

0Q�)� OR9 (4)

for OTS �
, wherev is therelative velocity of theemitterto thereceiver. Theslopeof thecurve in Fig. 1

happensto besuchthatwe geta linearrelationbetweenthespeedof runaway galaxiesandthedistances
betweenthem, U

OV�XW
U
:Y��Z

U
:[9 (5)

which is the famousHubblelaw, telling us that the universeexpandsin a homogeneousandisotropic
way. Theisotropy of theexpansionis obvioussincebothsidesof thisequationarevectors:homogeneity
of the expansionis a consequenceof the fact that the parameterZ (calledthe Hubbleconstant)does
not dependon spacecoordinates(but maydependon time). A way to understandtheexpansionof the
Universeis to imaginethat the unit of length increasesin time. Oneshouldstress,however, that for
gravitationally boundedsystems(e.g.theSolarsystemor agalaxy)this law is notapplicable.

Sincetheuniversalexpansiondoesnotdependonthedirection,onecanintroduceanoverall scale
factor \ andwrite Z]�_^`` .

Thespeedof light beingfinite, observationof thesourcesat largedistancesmeansthatweobserve
themin thepast.Anotherway to write theredshift is

(B� \ba�ced
\ -/46587

02� 9 (6)

where \ afced and \ -/46587 arethescalefactorsof theUniverseat thepresenttime andat the time the light
wasemitted.This follows from thefactthatthefrequency g of light changesin anexpandinguniversein
suchaway that gh\[� const, which is easyto understandbecausetheproductgh\ just shows thenumber
of wavelengthsin aboxof thesize \ andthisnumberdoesnot changeif thesizeof theboxchanges.

2.2 Cosmicmicrowave background radiation

In 1965,cosmicmicrowave backgroundradiationwasdiscoveredby PenziasandWilson. It is isotropic
andhasa thermalequilibriumPlanckspectrumwith temperatureij� A�CEk�l

K, seeFig. 2,

m,n�oLp q�r m qsut �Nv owyx 02� 9 (7)

where
n

is theenergy density.

TheCMB wastheoreticallypredictedby Gamov backin 1946. The logic is in factquitesimple.
Weknow thattheUniverseexpandsandthatit is isotropicandhomogeneousat largescales.Thereforeit
wasdensein thepastandlookedlike a uniform soupof differentelementaryparticleswhichwereclose
to eachother. Hence,reactionsbetweenparticleswererapidenough,which meantthat thesystemwas
driven to a stateof thermalequilibrium. Thermalequilibrium is characterizedby a specificspectrum,
namelythePlankdistribution for photons.Thus,theCMB we observe todayis simply theequilibrium
spectrumof relic photons,red-shiftedto thepresenttime.

2.3 Lar ge-scaleisotropy and homogeneity

The Universeis believed to be isotropicandhomogeneousat large scales,sayat
�z@�����

Mps. The
best limit is basedon the observationsof isotropy of the CMB for which the variation of the CMB
temperatureis { ww �X�����}|

. Otherevidencestemsfrom the isotropy of thediffusive ~ -ray background
andfrom distributionsof galaxies.Of course,thedistribution of matteron smallerscalesis lumpy, as
structuressuchasclustersandsuperclusters,galaxies,theSolarsystem,starsandplanetsareknown to
exist.
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Fig. 2: Thespectrumof CMB. Fromref. [5].

3 STANDARD COSMOLOGY

3.1 Non-relativistic matter

The aim of this sectionis to derive the equationsthat describethe evolution of the Universe. We will
start from an approachbasedon Newtoniangravity (valid for local propertiesandfor non-relativistic
equationsof state,îïS_ð , whereî is thepressureand ð is theenergy density).

Supposethatwehaveauniformdistributionof matter. Let usselectasufficiently large,spherically
symmetric,portionof space,with radius ñ ( ñ mustbelarger thanthescaleof a typical inhomegeneity)
andtotalmassò , Fig. 3. Theenergy densitythencanbewrittenas

ðó� ò�
r
> ñ r

C
(8)

In anexpandingUniversetheradiusof this spherechangesand

Wñ
ñ ��Zô9 (9)

R

M

Fig. 3: A portionof spaceusedto derive equationsof evolution.



whereasthetotal massò is independentof time. Differentiatingeq. (8) with respectto time andusing
eq. (9) gives m ðmÁõ � 0)l Zöð C (10)

This equationis nothingbut energy conservation. We shouldnow determinehow the Hibble constant
dependson time. To this endwe may usea dynamicalequationfor ñ , which is Newton’s secondlaw
plusa law of gravity: m � ñmuõ � � 0T÷ ò

ñ � 9 (11)

where ÷ is theNewtonconstant.Usingeqns.(8,9),
m Zmuõ � 0 Z � 0

=�> ÷ ðl C
(12)

Equations(12) and(10) do not dependon the intermediateparametersñ and ò andcanbe usedfor
thedeterminationof all localpropertiesof ahomogeneousandisotropicuniversecontainingnothingbut
non-relativistic matter.

To analysetheseequationsfrom a qualitative point of view, we rewrite eq. (11) in the form of
energy conservationby multiplying it by Wñ andintegratingover

õ
:

m ñmÁõ
�
�
ø > ÷ ð J ñ rJl ñ

0 ø > ÷ ñ �Jl v ð J 0Pù}ú x 9 (13)

whereindex
�

refersto thepresenttimeandtheparameter
ù«ú

, calledthecritical density, is givenby

ù}ú �
l Z �Jø > ÷

C
(14)

The constantZ J is usually parametrizedas Z J � ����� � û
4

üÃý þ�ÿ . where � is taken from observations,��CEDR� � � ��C ø
. Smallererrorbarscanbefound,for example,in [4]: � � ��CED ø�� ��CE����l

. Numerically,
thecritical densityis

ù}ú � ��C ø�ø � ������� � ���
g/cm

� r .
Considerfirst what happenedin the past,assumingthe validity of eq. (13). Sincethe Universe

expands,thefirst termof eq. (13)dominatesandfor
õ
	_�

we canwrite

m ñmÁõ
� � ø > ÷ ð J ñ rJl ñ

C
(15)

Thisequationcanbeeasilyintegratedwith asolution ñ � õÃ��� r . Thus,oneexpectsto havea“singularity”
in thepast,whenfor

õ	 �
we have ñ 	 �

and Wñ 	��
. We shouldstress,however, that thestarting

equationsarenot correctin this limit: in the first place,the equationof stateis ultrarelativistic nearõ � �
; in thesecond,classicalphysicswith classicalgravity is hardly likely to bea correcttheorynear

thesingularity, wherequantumgravity effectsmustbeimportant.

Let usseenow whatwill happenin thefuture,dependingon parameter���������� . Threedifferent
casescanbeconsidered.

(i) �  �
. With theexpansionof theUniversethefirst termof eq. (13) decreases,andtheright-

handsideof (13)eventuallybecomesequalto zeroatsomemomentof time. After that,theexpansionof
theUniversechangesto a contraction Wñ � �

andUniversecollapseseventually, seeFig. 4. As we will
discusslater, in this casetheuniverseis spatiallyclosed,i.e. it hasa finite volumeat every momentof
timeandits spatialcurvatureis positive.

(ii) � � �
. In thiscasetheright-handsideof eq.(13) is alwayspositive,andtheUniverseexpands

forever, seeFig. 5. TheUniverseis saidto bespatiallyopenandit hasaninfinite volumeatany moment
of time; its spatialcurvatureis negative.
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Fig. 4: Scalefactordependencefor theclosedUniverse.

(iii) �2� �
. In this casethesolutionto eq. (13)canbereadilyfoundin theclosedform,

ñ ��ñ J
õ
õ J

�� 9 (16)

wheretheageof theUniverse
õ J is relatedto theHubbleconstantas

õ J � �
r�� � .

3.2 General relativity analysis

In the previous subsectionwe considerednon-relativistic matterwith equationof stateî � �
. There

aretwo other importantequationsof statethat appearin relativistic analysis. The first one is that for
relativistic matter,

î���ð�� l C (17)

This is adequatefor photons,for masslessneutrinosand,in general,for any typeof particleif its kinetic
energy is muchgreaterthanits restmass.Thesecondoneis relatedto thevacuumenergy or, equivalently,
to thecosmologicalconstant.It hastheequationof state

î�� 0 ð C (18)

This is quitea peculiarequationof statewhich is in factLorentz-invariant. This canbeseenby consid-
erationof theenergy-momentumtensor. For auniform isotropicsubstanceit hasadiagonalform

i�� o � m � \ ! v ð¥9eîÈ9eîÈ9eî x C (19)

TheLorentz-invariantform of i�� o , specificfor thevacuumstate,is

i�� o � const
� !�� o � const

�
diag

v�� 9 0)� 9 0)� 9 0B� x 9 (20)

whichgivesexactly theequationof state(18).
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R

Fig. 5: Scalefactordependencefor theopenUniverse.



Themodificationsof ourpreviousevolution equations(12,10)arewrittenas
m ðmuõ�� 0Bl Z v ðÕK î x 9 (21)

m ZmÁõ � 0 Z � 0
=�> ÷ v ðÕK l î xl C

(22)

For î�� �
, they coincidewith (12,10). As for the non-relativistic case,we can integrateoneof the

equations(22,21)to bring it into theform of energy conservation,

W\\
�
K

"
\ � �

ø > ÷ ðl 9 (23)

anddefine,aspreviously, theparameter� andthe critical density. Now, dependingon thesign of the
integrationconstant

"
(in fact,by rescalingof thescalefactor \ thevalueof

"
canalwaysbechosento

be
" � � 9 0 �

or
�
) wegettheclosed,openor spatiallyflat Universe,respectively, with finite or infinite

volumes.

A way to derive (21,22)is to write theEinsteinequations

ñ
� o 0
�
A#!�� o ñ � ø > ÷ i�� o 9 (24)

where ñ
� o is theRicci tensor, ñ is thescalarcurvature,andtheenergy momentumtensoris

i$� o � 0 î%!�� o K v ð KPî x'& � & o 9 (25)

with & � beingthefour-velocityof themedium.Thecorrespondingmetricis thatof Friedman-Robertson-
Walker. In sphericalcoordinates:�9
(�9*) ,

m,+ � � muõ � 0 \ � v�õ x
m : ��y0-" : � K :

� v�m ( � K +��/. � ( m ) � x C
(26)

We take
" � �

for simplicity andconsiderseveralimportantcases.

(i) Theradiation-dominatedUniverse,î���ð0� l . Here

ðó�
l

l�A > ÷
�
õ � 9 \L��\ J

õ
õ J

1� 9óZ �
�
Afõ C (27)

(ii) Thematter-dominatedUniverse,î�� �
. Here

ð1�
�

� > ÷
�
õ � 9 \N��\ J

õ
õ J

�� 9�Z �
A
lfõ C (28)

(ii) Thevacuum-energy-dominatedUniverse,ð � 0 î�91ð ��
. Here

ðó� const 9 \[��\ J sut �Nv K)Z õ x 9 Z]� const �
ø > ÷ ðl C

(29)

Thelastequationmaylook counter-intuitive since,in spiteof theexpansionof theUniverse,theenergy
densitydoesnot change.This is relatedto thefact that thevacuumpressureis negative andit performs
negative work whichkeepstheenergy densityexactly constant.

A moregeneralcaseis amixtureof radiation,non-relativistic matterandthevacuum-energy den-
sity. Let usintroducedifferentdensities,specificfor eachtypeof matter, �32 � ��4� � 95�36z� �87� � 99�3: �



��;� � , wherethe indices ò 9y: and < refer to the contributions of matter, radiationandvacuumenergy
respectively. As theUniverseexpands,differentcomponentsof theenergy scalein thefollowing way:

ð=2 p \ � r 9Pð=6 p \ �}� 9Pð/: p
const 9 (30)

which follows from eqns.(27,28,29)andis easyto understand.Theequationfor mattertells usthatthe
totalenergy of non-relativistic matteris conserved,theequationfor radiationshowsthatthetotalnumber
of photonsandotherlight particlesis conserved,while their energy is redshifted.Thus,eq. (23) canbe
writtenas

Z � ��Z �J �36 \
�J
\ � K>�32 \ rJ

\ r K?�@:VK>�3A \
�J
\ � 9 (31)

wherethecurvaturecontribution, �3ACB A` �� � �� hasbeenintroducedfor uniformity of notation.As before,

theindex
�

refersto thepresentmomentof theUniverseexpansionandwe have

�36óK-�32 K?�@:VK>�3AN� � C
(32)

It is clearthatthedominantcomponentof energy densityin theearlyUniverseis thatrelatedto radiation.
Later on, matterdominates.The curvaturecontribution, potentially importantfor the evolution of the
Universeat latertime,happensto benumericallyunimportant,andthe < termdominates.Theschematic
dependenceof the scalefactoron time is representedin Fig. 6. The momentwhenthe matterenergy
densitystartsto dominatethe radiation, �32 �D�36 , is importantfor structureformation. This happens
at redshift ( -/E approximatelyequalto ( -/E � l�CE�F�}��� � � 2 � � � l�G����

andcorrespondsto theageof the
Universe

õÃ-/E � kH�������
years.

RADIATION
DOMINATED
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Fig. 6: Dependenceof thescalefactoron time.

4 PHYSICAL PROCESSESIN THE EARLY UNIVERSE

As we have seen,the particlenumberdensitiesin the Universescaleas
. p � ��\ r andarethusvery

high in the initial stagesof the Universeexpansion.The averagedistancebetweenparticlesdecreases
as
�yp \ if we go backin time andthereforecollisionsbetweenparticleshappenquite often. Now, if

therateof collision is greaterthantherateof expansionof theUniverse,thesystemshouldbecloseto a
stateof thermalequilibrium,characterizedbysometemperaturei and,perhaps,by anumberof chemical



potentials,associatedwith differentconservednumbers.Thestatementaboutthermalequilibriumis very
powerful. It immediatelyallows oneto expressthe dependenceof particledistribution on momentum
andto computethe rateof different reactions.Eventually, the ratescanbe comparedwith the rateof
expansionof theUniverseandtheassumptionaboutthermalequilibriummaybeverified.

In this sectionwe will considertheradiation-dominatedUniverse,althoughmostof whatfollows
is valid for othercasesaswell.

Theequilibriumpartilenumberdistributionsare

.1v î x �
�

IKJML�NO � � 9 (33)

wheretheplussignrefersto fermionsandtheminussignto bosons,P is theenergy of theparticleandQ is thechemicalpotential.In cosmologythevaluesof thechemicalpotentials,at leastin theradiation-
dominatedepoch,arerathersmallandmaybeomittedfor mostpurposes.

In the relativistic limit
õSR ? , where ? is the massof a particle, the energy densitycan be

expressedas

ð1�
> �
l�� !MT i � 9Vî�� ðl 9 (34)

where !MTQ�U!WV�KYXZ !W[ is the effective numberof masslessdegressof freedom, !WV and !�[ are the
correspondingnumbersfor bosonsandfermions.This equationallows oneto write a relationbetween
thetemperatureandtheexpansiontime,combiningeqs.(27) and(34):

õ � ��CEl���� ò]\�^_ !`TÑi � B ò J
i � 9 (35)

where òa\�^ is thePlanckmass,relatedto Newton’s gravitationalconstantas ò]\�^�� ÷ � 1� � ��CEA��3����	 �
GeV. To appreciatetheordersof magnitude,hereis anequationto remember:

õ,b c�d � � ��e b f shg dÅ�
.

In thenon-relativistic limit, i S ? , theparticle-numberdensitiesare

. �5! Vji [ ?<iA >
� � I �jk L�NO C

(36)

This leadsto theenergy density ð1�Q? .
andto thepressureî p5. ijS_ð .

The assumptionaboutthermalequilibrium is not valid if the Universeexpandsfasterthan the
reactionscanequilibrate. To find what happenswith particledensitiesin this case,oneshouldwrite
kinetic equations,taking into accountthe expansionof the Universeand particle collisions. We are
going to omit technicaldetailshereanduseinsteadthe so-calledfreeze-outapproximation.Consider,
for example,collisions of stableparticles. To somelevel of accuracy one would expect the particle
concentrationsto follow their equilibriumvalues,if l  Z , where

l �
�

m'n . Opo (37)

is anaveragecollision rate,
n

is a cross-sectionof thereaction,and O is therelative velocityof colliding
particles. Now, if l � Z the particlesroughly stop interactingand their numberdoesnot change
becauseof collisionsso that concentration“freezes”at the valueof their fluctuationat the momentof
“last scattering”,when

l � Z C
(38)

Thereareplenty of phenomenathat canbe associatedwith freezing(or decoupling)of different inter-
actions. We aregoing to discussdecouplingof photons(freezingof electromagneticinteractions),of
neutrino(weakinteractions),nucleosynthesisandbaryogenesis.



4.1 Decouplingof photons

If the temperatureof the Universeis larger that the binding energy of electronsin atoms,the cosmic
plasmais ionizedandthemeanfreepathof photonsis rathersmallsothatphotonsarein thermalequi-
librium. Whenthetemperaturedrops,plasmaneutralizesandthephotonsno longerinteractwith matter
but propagatefreely. The cosmicmicrowave radiation,which is observed today, is a snapshotof the
Universeat themomentof decoupling.Thus,by thestudyof CMB todaywe mayfind thetemperature
andmatter-densityfluctuations,existingat redshiftsassociatedwith thephotondecoupling.

To estimatethe temperatureof decouplingonenotesthat themain reactionsto be taken into ac-
countarethescatteringof photonson electrons,I ~5q I ~ (thecross-sectionof the ~Èî reactionis much
smaller)andthereactionof hydrogen( Z ) dissociation,I îrq_ZR~ , thatcontrolstheconcentrationof free
electrons.Whenthesecondreactionis in thermalequilibrium,concentrationsof electrons(

.ts
), protons

(
.tu

) andof thehydrogenatoms(
. � ) arerelatedby theSahaformula

.tsv. u
. � �9! Vwi [ ? s iA >

� � sut �Nv�0 n
i x 9 (39)

where
n � ��l�Cx�

eV � ��CED ø �}��� |
K is the ionizationenergy. Thedecouplingmomentis determinedby

thesolutionof theequation
n,y s�.ts � õ

, wheretheComptonscatteringcross-sectionis
nzy s � Z�{}| �

r�~ �� . The

systemof equationsis closedby addingtheconditionof plasmaneutrality
v'. s � .tu x andintroducingas

aninputparametertheratio of baryonnumber(
. V ) to thenumberof photons(

. y
),

� �
. V. y �

. u K .
�. y � � 	�J ����� �
	�J 9 (40)

where� 	�J � v���CED 0���CEl x is anobservationallimit comingfrom considerationof theabundanceof light
elements(seebelow subsection4.3). In addition, the relation betweentime and temperaturecan be
taken1 from eq. (35). Numerically, i T � ��CEA�D

eV � l������
K, (B� �������

, whichcorrespondsto theageof
theUniverse

õv� -/. ��DH������|
years.

4.2 Decouplingof neutrinos

Let usaddressthequestionof the temperatureandconcentrationof relic neutrinosat thepresenttime.
Neutrinosinteractwith otherparticlesvia chargedandneutralcurrents,seeFig. 7, andareat thermal
equilibriumup to thetemperaturei T whichcanbefoundfrom thefreezingcondition(38),

m'n . Opo p ÷ � � i � � i r � i �
ò J 9 (41)

where ÷ �
is the Fermi couplingconstant. From here ? sP� i T � few MeV. Thus,at i �]i T we

have an equilibrium mixture of I}� 9 I � 9e~ , togetherwith all typesof neutrinosand antineutrinos. At
i � ? s

electronsandpositronsannihilateinto photons,but not into neutrinos,sinceq areoutof thermal
equilibrium.Duringadiabaticexpansionof theUniverseentropy is conserved,sothat

A�v
photonsx K

k
ø v�A�v electronsx K A�v

positronsx�x v i����È\���� x r � A�v
photonsx v i y \}[ ��� x r 9 (42)

wherewordsin bracketsreferto thecorrespondingparticles.For neutrinosonecanwrite:

v i 5 a«\ 5 a x r � v i o \�� a x r
1Strictly speaking,thedecouplingof photonsoccursin theepochof matterdominance,shortlyafter themomentat which� 49� � 7 . Accountingfor this facthasonly a slight influenceon theestimate.
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Fig. 7: Neutrinointeractions.

and,therefore,

i o �
=
���

1� i y ��A¤� 9 (43)

which givestherelic concentrationof neutrinosof eachkind,
. o � r����8r��� { � i ro �jD��

cm
� r . Fromthis one

canobtainconstraintson neutrinomassesfrom cosmology, assumingthatneutrinosarestableparticles
(or thattheir lifetime is greaterthantheageof theUniverse).Indeed,theenergy densityof relic neutrinos
shouldbesmallerthanthecritical density,

ð o � v'. o K .��o x ? o � ù}ú 6v��� (44)

giving theconstraint ? o ������� � � eV
� = �

eV.

4.3 Nucleosynthesis

If thetemperatureof theUniverseis greaterthanthebindingenergiesof protonsandneutronsin nuclei,
theprimordialplasmaconsistsof nucleonsratherthannuclei.At smallertemperaturesit is energetically
morefavorableto hideprotonsandneutronsin nuclei.Thequestionariseswhetherall chemicalcontent
of theUniversecanbeexplainedby thenuclearreactionsoccuringat i p��

MeV. If not,whichelements
canbecreated?

It is clear that deviations from thermalequilibrium comingfrom the expansionof the Universe
play an importantrole in nucleosynthesis.Indeed,in thermalequilibrium all baryonnumberwould
residein nuclei with the maximalbinding energy per nucleon,which is

|��
Fe! Thus, the dynamicsof

decouplingof differentnuclearreactionsmustbe taken into account.Nuclearabundancesareobtained
from the solutionof a systemof kinetic equationsincorporatingdifferentprocessesin the expanding
Universe.Therearevariouscomputercodeswritten for this purpose,which useexperimentaldatafor
cross-sectionsof nuclearreactions,supplementedby necessarytheoreticalinformation. We shall not
discussthis in any detail,see,e.g.[6].

Instead,wewill makearoughestimateof He
�

abundance,whichcanbedonewithoutcomplicated
computations.Thefirst stepis to determinethefreezingconcentrationof neutrons.Theequilibriumratio
of neutronto protonconcentrationis simply. �. uö� sut � 0 ?�� 0 ? u

i (45)



and is smallerthan unity becauseneutronsare heavier than protons. The fastestreactionthat keeps
neutronconcentrationin equilibrium is î�K I q q K .

. It goesout of equilibrium at i �]��C ø
MeV.

Therefore,�z���� � 	� for temperaturessmallerthan i T but for the time
õ S ��D

min, which is a neutron
lifetime. Now, if onelooksat thebindingenergiesof light elements(say, with atomicnumbersmaller
than

ø
, thecross-sectionsfor creationof evenheavier elementsareexponentiallysuppressedbecauseof

theCoulombbarrier)onefindsthat it is highestin He
�
. Thus,theabundance� of He

�
is givensimply

by anumberof availablefreeneutronsin theplasma,

�j� baryonsin He
�

totalnumberof baryons
�

= . �. �BK . u ����CEA�DzC
(46)

Abundancesof otherlight elements(Her , D andLi) canbefoundfrom kineticequations,andtheoretical
predictionscanbecomparedwith cosmologicalobservations,seeFig. 8. Theseareusuallyplottedasa
functionof parameter� � �#��z� � � 	�J ����� �
	�J

, showing theratio of baryonto photondensityfor thecase

of threeneutrinospecies2. Amazingly, all light-elementabundancesarein accordancewith observations
if � is in theinterval

��CEDN� � 	�J ����CEl
, whichmaybeconsideredasamostimportantconfirmationof the

Big Bangtheoryup to temperaturesof theorderof
�

MeV. Otherelements,presentin theUniverse,with
atomicnumbergreaterthan

��A
arebelieved to becreatedin massive stars,while lighter elements,such

asB,
�
Be,Li arecreatedby acosmicray spallationprocess.
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Fig. 8: Dependenceof light elementabundanceson � 1 � andobservationallimits. Fromref. [6].

2Changingthe numberof neutrinospecieschangesthe rateof the Universalexpansionandthuspredictionsof Big Bang
nucleosynthesis.Onecannotadmit morethanfour typesof masslessneutrinosin ordernot to spoil sucessfulpredictionsof
BBN, see,e.g.[6].



4.4 Baryogenesis

4.4.1 Evidence

As we discussedin theprevioussections,theparameter� � � ��z� , theinverseentropy pernucleon,plays
an importantrole in cosmology. It determinesthe momentof matter-radiationequalityandinfluences
primordialabundancesof light elementsandstructureformation.As we shallsee,it is relatedto thefact
thatthereis no antimatterin theUniverse(at least,not in amountscomparableto matter).

Antimatterin theUniversecanbedetectedby a numberof differentmeans.First, if antigalaxies
exist, we shouldseeantinuclei in cosmic rays, preciselyin the sameway as we seecosmicnuclei.
However, no antinucleihave beenobserved in cosmicrays,therecentlimit on theratio of antiheliumto
heliumnucleiin cosmicrayscomesfrom theAMS experiment[7], �Z I ��Z I 9 �����#� .

Positrons,antiprotonsandantineutronsareobserved. Theseantiparticlescanbeproducedin col-
lisions of cosmicprotonsor nucleiwith galacticgasandwith particlesin the Earth’s atmosphere,and
their amountis consistentwith expectations[8]. On thecontrary, theprobabilityof forming a compli-
catednucleus,suchas �Z I by collision of particles(ratherthanantiparticles)is extremelysmall,andan
observationof justoneanitiheliumnucleuswouldshow thattheremustbeantimatterin theUniverse.

Secondly, in regionswherematterandantimatteraremixed,annihilationof protonsandantipro-
tonsmusttake place.Annihilation will produceabout5-6

> J
and

>w�
mesonswhich, in turn,will decay

into ~ -quanta,electrons,positrons,neutrinosandantineutrinos.Thespectrumof ~ -quantahasaspecific
form, with energy peaked around(

A
GeV)� v�Dz0�� x � A<p ��D��

MeV. The form andnormalizationof an-
nihilation ~ 0 spectraat the presenttime dependson the sizeof antimatterclustersandon the amount
of antimatterin them. Also, oneshouldtake into accountthe redshift, as ~ -quantawe seetodaywere
createdin the past. For the globally symmetricUniverseonecanput a strongconstrainton the size

�
of antimatterclusters[9],

�h �������
Mps. This numbermay be comparedwith the visible sizeof the

Universe,
l������

Mps
p�����	�J

light-years.

It is thereforevery likely that the observable Universeis globally asymmetricand containsno
antimatter. Evenin thebaryon-symmetriccasewith hugeantimatterclusters,oneshouldbeableto un-
derstandwhy theUniverseis asymmetricovercosmologicaldistancesandhow thiscomplicatedstructure
with islandsof matterandantimattercouldemerge.

Theparameter� in factgivesbaryonasymmetryof theearlyUniverse,at temperaturesof theorder
of 1 GeV(

õ�p���� �#�
s from thebeginningof Big Bang):

� v�õ x �
. V 0�. �V. V K . �V wM� 	 GeV

C
(47)

Sincethe plasmawas hot, with a temperaturehigher than the massesof light quarks,the numberof
quarksandantiquarksis thesameasthenumberof photons,up to spinfactors,and

� v�õ x �
. V 0S. �V. y wM� GeV

C
(48)

Theratio
�#� � �w �� � doesnot changemuchduringtheevolution of theUniversesincethen,because

v'. V 0
. �V x \ r gives(conserved)baryonnumberin comoving volume,and

. y \ r is constantup to entropy gen-
erationfactorsrelatedto theannihilationof light particles,aswe discussedin connectionwith neutrino
temperature.Therefore,

� v�õTp@�����#� x � � p@�����
	�J
andthe baryonasymmetryat that time is tiny.

WhentheUniversecoolsdown from thisstate,thesymmetricpartof thebaryon-antibaryonbackground
annihilatesinto photonsandneutrinos,but thenucleonsthatdo notfind apair survive,seeFig. 9. These
give riseto galaxies,starsandplanets.

In 1967Sakharov suggested[10] (seealso the somewhat later paperby Kuzmin [11]) that the
Universeis asymmetricbecausebaryonnumberis in fact non-conserved. In this case,the Universe
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Fig. 9: Dependenceof baryonasymmetryon time.

could start its expansionfrom a truly symmetricstate,containingan equalnumberof particlesand
antiparticles.Then,in thecourseof theexpansion,theparticlephysicsreactionswith ¡ and ¢C£ non-
conservationwouldproduceanexcessof particlesover antiparticles.

He assumedthat thereexist someheavy particles¤ - maximons,with massesof theorderof the
Planckscale,

��� 	 �
GeV, which candecaywith baryonnumbernon-conservation and ¢¥£ violation. If

¢C£ is broken,anequalnumberof ¤ and �¤ will, after their decay, leave a differentnumberof baryons
andantibaryons,preciselyasthedecaysof ¦ J and �¦ J mesonsleave differentnumbersof electronsand
positrons.It is sufficient to produceasmallasymmetry,

p���� � �y0 ��� �
	�J
, which is thenconvertedinto a

100%asymmetryaftertheannihilationof matterandantimatter.

BesidesB non-conservation andCPviolation it is requiredthatparticlereactionsoccurin a non-
equilibrium fashion,becausein thermalequilibrium the baryonnumberof the systemmust be zero:
the total rateof theprocesseswhich increasebaryonnumberis exactly compensatedby the rateof the
processesthatdecreaseit, asaconsequenceof theCPT-theorem.

Fromparticlephysics,baryogenesisrequiresbaryonnumbernon-conservation andCP-violation.
Dependingon themechanismof B-violation,onecanconsidergrandunifiedbaryogenesis,electroweak
baryogenesisandleptogenesis.Wewill briefly review differentscenariosbelow.

4.4.2 GUTbaryogenesis

Thesourceof non-conservationof baryonnumberin GUT baryogenesisis associatedwith theunification
of strong,weakandelectromagneticinteractions.Theleptoquarks¤ of grandunifiedtheoriescandecay
as ¤ 	¨§0© 9<�§ �§ and �¤ 	 �§ �© 9 §W§ , seefig 10. If CP is broken,anequalnumberof ¤ and �¤ will, after
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Fig. 10: Treediagramsfor leptoquarkdecaywith baryonnumbernon-conservation.

their decay, leave a differentnumberof quarksandantiquarks.To find themagnitudeof CP-violation
onehasto considerradiative correctionsto theleptoquarkdecays,of thetypeshown on Fig. 11.
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Fig. 11: Radiative correctionsto leptoquarkdecay.

If theuniversewereashotastheleptoquarkmassò]ª (typically, ò]ª p���� 	�|
GeV)andin astate

closeto thermalequilibrium thenbaryonasymmetryof theUniverseresultingfrom leptoquarkdecays
wouldbeof theorder � p �

«h-=¬��®�\ �%¯�4±°�./+ câ9 (49)

where �®�\ is theasymmetryin leptoquarkdecays,

 ®�\ � l v ¤ 	²§W§ x 0 l v �¤ 	 �§ �§ x
l 7 c 7 9 (50)

l 7 c 7 is the total width, and
¯�4±°�./+ c is a factortaking into accountthekineticsof the leptoquarkdecays:¯�4±°�./+ c p 2 �³´#µ�¶·µ 2¹¸%º for ò �ª � l 7 c 7 ò]\�^ and

¯�4±°�./+ c p��
for theoppositecase.

Thefactor
¯ 4±°�./+ c canbeunderstoodin thefollowing way. Besidesthedecayof ¤ -particles,there

areinverseprocesses(inversedecays)andfour-fermion scatteringof quarksandleptons. In a stateof
thermalequilibrium no baryonasymmetryis producedbecauseof completecompensationof the rate
of differentreactions.Largestdeviationsareexpectedin concentrationsof the heavy particles,in this
caseleptoquarks.Indeed,¤ -particlesstart to decayat a temperaturei�» � _ l ò J determinedfrom
the condition

2 �w � �Ul �
	 so, for i  i�» , the numberof X-particlesis effectively conserved and is
equalto the numberof photons,up to the spin factors,seeFig. 12. If i�» � ò]ª then the number
of ¤ -particlesis substantiallygreaterthantheir equilibrium value,which is Boltzmannsuppressedin
this case,sut �Nv�0 òaª¥�fi x . Thus,practicallyall leptoquarksdecayin anout-of-equilibriumway, giving¯�4±°�./+ c p �

. If, on the contrary, i�»  ò]ª , the processesequilibratingX-particlesare in thermal
equilibriumat i � i�» andleptoquarkconcentrationfollows its equilibriumvalue,with smalldeviations
of order ¼ v ò �ª �fi �» x , giving thesuppressionfactordefinedabove.
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Fig. 12: Dependenceof concentrationof decayingparticleon temperaturein expandingUniverse.

Under the assumptionthat the universehad temperaturesof the requisiteorder of magnitude,
many grandunified theoriesgive rise to baryonasymmetryof the requiredorderof magnitude.Some



careshouldbe taken over the equilibrium characterof anomalouselectroweak reactionswith B-non-
conservation, seebelow. Basically, therequirementfor sucessfulGUT baryogenesisis thatasymmetry
in ¡ 0 ' mustbegenerated.

Perhapstheonly drawbackof GUT baryogenesisis that it is hardlycompatiblewith inflation. In
inflationarycosmologythereareseveral constraintson thetemperatureof theUniverseafter reheating.
It shouldnot be larger than about

����	�J
GeV [12], otherwisea lot of gravitinos would be produced.

However, the typical massof leptoquarksin grandunified theoriesis of the orderof
��� 	�|

GeV, which
is substantiallylarger that the reheatingtemperature.Thus,theresimply cannotbe any leptoquarksto
decayandproducetheasymmetry.

Thereis a possibleway out from this situation,relatedto the so-calledpre-heatingstageof the
expansionof theuniverse[13]. At this timeclassicalinflatondynamicsallows for anon-thermalproduc-
tion of heavy particlesbecauseof parametricresonance[14, 15]. Still, accordingto [16], theeffective
leptoquarkconcentration

. ª½�fi r is typically quite small,
. ªC�fi r p@�����#�

, which would requirevery
largeCPasymmetryin theleptoquarkdecays,�®�\ p��

.

4.4.3 Electroweakbaryogenesis

Electroweakbaryogenesisis basedon the observation that the rateof B non-conservation in the elec-
troweaktheoryis largeat high temperatures[17].

Onaperturbative level theelectroweaktheoryhasfour conservedfermionicnumbers:¡ - baryon
number, and ' s 9 't�È9ó'¿¾ - leptonicnumbers.Quantumanomaly

À �ÂÁ V� � À �ÂÁ$Ã� �
. [l�A > � Tr Äp� oÅÄp� o K?Æ v�� x part

leadsto anomalousprocesseswith non-conservationof baryonandleptonnumber[18]:

bosonsq bosonsK G�§ K l���C

Here Á V and Á Ã arebaryonandleptoncurrents,ÄK� o is the SU(2) field strength,
. [ is the numberof

fermiongenerations,
§

and
�
arequarksandleptons.

Therateof anomalousfermion-numbernon-conservation at zeroandnon-zerotemperaturesis of
theorderof (see[18, 17,19, 20] andreviews [21, 22]):

l p
sut � v�0 � {|`Ç x p���� �
	'��J 9 i � �
v�ÈKÉ i x � v 2ËÊ ��Ìw x X sut � 0 2ËÊ ��Ìw 9 i � i ú
v�È É x | i � 9 i  i ú

(51)

whereò]Í u�Î p ò É � ÈKÉ is thesphaleronmassandi ú is thetemperatureof theelectroweak(EW) phase
transition.

Other ingredientsof baryogenesis,C andCP violations,arealsopresentin the standardmodel
or its extensions.The requirementof non-equilibriumhappenedto be quitenon-trivial in the standard
model. At the typical scaleof electrowek theory, i p �����

GeV, all electroweak reactionsare rapid
enoughto keepconcentrationsof differentparticlescloseto thermalequilibrium.Largedeviationsfrom
thermalequilibriummayariseat thefirst-orderphasetransitionwith thebreakingof SU(2)Ï U(1) group.
For detaileddiscussionof themechanismof electroweakbaryogenesisseerefs.[21, 22, 23]. Herewejust
mentiontheEW baryogenesisconstraintson theparticlespectrumof theSM andits SUSYextensions.

Thenatureof theelectroweakphasetransitiondependscruciallyontheHiggsmass.If ò  ò ./+�587
thenthereis no phasetransitionat all, so thatduring thecooling of theUniversethesystemgradually



changesfrom theso-calledsymmetricphaseinto theHiggsphase(in fact, thereareno distinct phases
but just one – the Higgs-confinementphase– which explains the possibility of the absenceof phase
transition). Lattice computationscarriedout in refs. [24, 25] have shown that the critical valueof the
Higgsmassin theMSM is

ò . +©587 � v�k�A�CEl � ��CEk x±Ð shg C
(52)

In view of theexperimentallower limit on theHiggsmass? �
���� =

GeVit is clearthattheMSM does
not have any phasetransitionat all, so that thedeviationsfrom thermalequilibriumat theelectroweak
scaleareonly associatedwith theexpansionof theUniverse.Thebaryonasymmetrythatcanappearin
thissituationis muchsmallerthantheobservedvalue,sothatnew physicsis requiredfor its explanation.

A popularextensionof thestandardmodelis theMSSM,in which thestrengthof theelectroweak
phasetransitiondependsonanumberof parameters,themostimportantbeingthemassof theHiggsand
themassof theright-handedstop(thescalarsuperpartnerof thetop quark).Therecanbea strongfirst-
orderphasetransition,sufficient for electroweakbaryogenesis,if the lightestHiggsmassis somewhere
between

k�D
and

��A��
GeV andtheright scalartop mass

�����
GeV

� ?�Ñ � �����
GeV [26], for a recent

review see[27]. This setof parametersis constrainedby existingexperimentsandthis interval of Higgs
masseshasbeenpartially coveredat theelectron–positroncollideratCERN.Thebaryogenesis-carrying
versionof theSUSYextensionof thestandardmodelhasanumberof consequencesfor phenomenology
asit requiresaspecificspectrumof SUSYparticlesandaparticularpatternof CP-violation.

4.4.4 Leptogenesis

Thereis strongexperimentalevidencein favor of neutrinooscillations[28, 29]. If neutrinooscillates,it
hasamass.Theoretically, a lowest-orderSU(2)Ï U(1) gauge-invariantoperatorthatcanbeaddedto the
SM Lagrangianhastheform: � ' ��; `�Ò

v �q ú| ) x v )$Ó qhÔ x
ò 9 (53)

where ) is the Higgs doublet, ò is somehigh-energy scale,and q is left-handedneutrino. This term
givesMajorananeutrinomassesanda leptonnumberviolation. Thesimplestway to obtainthiseffective
interactionfrom renormalizablefield theoryis to have right-handedneutrino q Ñ with a large Majorana
massòaÑ . Then(53) comesfrom thesee-saw mechanism[30, 31]. A heavy right-handedneutrinocan
decayandproduceleptonasymmetryin the early universe,in preciselythe sameway as leptoquarks
producebaryonasymmetryin GUTs. Therethe leptonnumberis convertedinto baryonasymmetryby
sphalerons[32] (for a recentreview see[33]). Theresultingbaryonasymmetryis justanumericalfactor
of orderonesmallerthantheleptonasymmetry.

This mechanismfor baryogenesisrequiressufficient concentrationof right-handedneutrinosat
the momentof their decay. If ?�Ñ p ����	�J

GeV or less, right-handedneutrinoscould be thermally
producedat the endof the inflationaryperiod; the reheatingtemperatureis sufficiently low to prevent
the overproductionof gravitino [12]. Right-handedneutrinosmay alsobe producednon-thermallyat
preheating[34]. A detailedstudyof thismechanismcanbefoundin [35].

4.4.5 Affleck-Dinebaryogenesis

TheAffleck-Dinemechanism[36] takesadvantageof supersymmetry. Supersymmetrictheoriescontain
scalarfields that carry leptonor baryonnumbersand the effective potentialfor squarksand sleptons
hasflat directions,i.e. theenergy of thestaticscalarfield configurationat large ) is muchsmallerthan
) � . In this scenario,a combinationof squarksandsleptons,or someotherfields carryinga baryonor
lepton number, hasa large expectationvalue along someflat direction of the potentialat the end of
inflation. At large VEV, the baryonnumbercan be strongly violated by the high-scalephysics. As
a result of the baryonnumbernon-conservation, along with the CP violation, the scalarcondensate
acquiresa baryonnumberandthe complex scalarfield is characterizedby the time-dependentphase,



) �ÖÕ ) v�õ x Õ sut �Gv � v�õ x�x . Thesubsequentevolution leadsit into thedomainof conserved baryonnumber
becausethe field amplitude ) decreaseswith time. Finally, squarksdecayinto ordinary quarksand
releasebaryonnumberstoredin thescalarcondensate.A studyof this scenarioin differentmodelswas
madein refs.[36, 37, 38] with theresultthatbaryonasymmetryof theuniversecanbeexplainedby this
mechanism.

5 INFLA TION

5.1 Problemsof standard cosmology

To explain what kind of problemsfacedstandardcosmologybeforethe inventionof inflation, we will
introducethenotionof particlehorizons.In astaticUniverse,if two eventsareseparatedby distance

� �
andtime

� õ
, they arecausallyindependent,provided

� �Õ � õ
. What is theanalogueof this statement

in anexpandingUniverse?To answerthis, let uswrite theequationdescribingthepropagationof light,
takinginto accountthefactthatthespeedof light is

�
in thenaturalsystemof units:

m,�
muõY� � K W\\

�¢C
(54)

Thesolutionof thisequationis ��v�õ x � �
� �
\ v�õ x
\ v�õv× x

mÁõ × C
(55)

For bothradiation-andmatter-dominatedUniverses,with \ v�õ x p õ 	 �Ã�
and \ v�õ x p õe��� r respectively, the

integral in eq. (55) convergeseven if
õ J � �

. The distancelight travels since
õ J is called the particle

horizon,
�
�
v�õ x . For differentepochs:

�
�
v�õ x �

Afõ 9 radiation-dominatedepoch,lfõ 9 matter-dominatedepoch.
(56)

If thedistancebetweentwo pointsis greaterthan
�
�
v�õ x , thepointswerenot in causalcontactin thepast

andthuswe shouldexpectthattheparametersof theUniversemaybedifferentthere.

5.1.1 Thehorizonandhomogeneityproblem

Assumingthat therewere only radiation-and matter-dominatedepochsin the past, then, as already
discussed,thephotonsdecoupledfrom theplasmaatsomemoment

õ » ��D±����� |
y. Thuswhile lookingat

differentpointsof thesky separatedby someangle (  ( � we observe CMB emittedfrom regionsthat
werenever in causalcontactandsoshouldhave differenttemperatures.To estimate( � , oneshouldfind
thepresentsize ' of theregion thatwasthehorizonat thedecouplingtime,

' p�lfõ » \ba�ced\�»
p�lfõ »

õ a�cÑdõ »
�� 9 (57)

where
lfõ » is thehorizonscaleat

õ » . Theangle ( � is simply theratio of this scaleto thepresentsizeof
thehorizon,

( �
� lfõ »lfõ a�ced

õ a�cÑdõ »
�� � õ »õ a�cÑd

1� 9 (58)

which correspondsto ( �
p �%Ø

. This meansthat thepresenthorizoncontains¼ �ÚÙ ¶ÜÛ�/Ý pÝ�����
domains

thatwerenot in causalcontactbeforerecombination,seeFig. 13. However, observationsshow that the
cosmicmicrowave backgroundis isotropicfor theseangles,with accuracy betterthan

��� �}�
. This is the

essenceof thehorizonandhomogeneityproblem.
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Fig. 13: An observer atpoint Þ �¹ß seesmany particlehorizonscorrespondingto photondecoupling.

5.1.2 Theflatnessproblem

Let usconsidertherelationship(23) in somewhatdifferentform,

� 02� �
"

\ � Z � 9 (59)

where � is the ratio of the total energy densityto the critical density. For both matter- andradiation-
dominatedepochs,Z p 	� and \ p õ |

, with
È � 	� or

È � �
r . Thus, g increaseswith

õ
as � 0 �Tp

õÃ� � 	�� | � . Therefore,to have � � �
at thepresenttime, asfollows from observation, � musthave been

finely tunedto onewith hugeaccuracy in the past. For example,at the nucleosynthesistime, Õ � 0�� Õ
mustbeof theorderof

��� �
	�|
. It is unclearwhy theUniverseshouldhave beensoflat in thepast.

5.2 Inflation asa solution of cosmologicalproblems

In fact,thetwo problemsdescribedabovearerelatedto eachother. Theinflationaryparadigm,introduced
in [39, 40, 41], providesasimultaneoussolutionto bothof them.

Supposingthat,for somereason,thedependenceof \ on
õ

beforerecombinationweresuchthatthe
integral in (55) is very largeandthefactor \3Z increaseswith time ratherthandecreases,bothproblems
would besolvedsimultaneously. For example,if thedependenceof \ on time hasa power-law behavior
with exponent

È
suchthat

Èö��
duringsometimeafteraninitial singularity, theintegral in (55)diverges

(i.e., formally, thesizeof theparticlehorizonis infinite at therecombinationtime),while thefactor \3Z
increaseswith time.

For a physicalpictureof how this might happen,we supposethat vacuumenergy density ð=à ` ú
dominatedthe Universeexpansionfor sometime

õ J � õY� õ 	 � õ » . The Universethereforeexpands
exponentially, \ p sut �Õv K)Z v�õó0 õ J x�x with Z definedin (29). Thus,thehorizonat recombinationis at
least � � � �

Z sut �Õv KBZ v�õ 	 0 õ J x�x 9 (60)

and is much greaterthan the horizon would be in a radiation-or matter-dominatedepoch,provided
Z v�õ 	 0�õ J x R �

. For example, if we take a typical Grand-Unifiedscalefor ð à ` ú p v ò ª x � p
v�����	�|

GeVx � , it is sufficient to have Z v�õ 	 0�õ J x á��D
for the horizon problem to be solved, see

Fig. 14. The flatnessproblemfinds its solutionaswell, sinceafter the periodof exponentialinflation
� 02�zp sut �Nv�0BA Z v�õ 	 0 õ J x�x , whichgivesanexponentiallysmalldeviation from theflat Universe.
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Fig. 14: An observer at point Þ �âß seesjustoneparticlehorizoncorrespondingto photondecoupling.

5.2.1 A particle-physicsmodelof inflation

Therearemany differentparticle-physicsmodelsof inflation. Practicallyall of themareassociatedwith
thedynamicsof singleor multiplescalarfields.Wereferto acomprehensive review [42, 43] anddescribe
herejustonepossibilitywhich is called“chaoticinflation” [44].

Considera theoryof asinglescalarfield in acurvedbackgroundwith anaction

¯ � m �äã _ 0 !
�
A ! �

o À � ) À o ) 0 Æ v ) x 9 (61)

wherethepotentialis

Æ v ) x �
�
A ) � K

*
=H) � C (62)

Wewill assumethat ? � S_ò �\�^ and
* S �

.

We do not know how to describethestateof theUniverseat thePlanckscale,sincetheclassical
theoryof gravity is not applicablethere. Nevertheless,it is naturalto assumethatat Plancktime there
werefluctuationsin thescalarfield with energy density

ð p
�
A W) � K

�
A v�å ) x � K?Æ v ) x p ò �\�^ C (63)

Supposethatthereis asufficiently largeregionof spacewherefluctuationsof potentialenergy dominate,
i.e.

Æ v ) x p ò �\�^ R_v�å ) x � and W) � C (64)

In theseregionsthevalueof ) is muchlargerthanthePlanckscale,

) � ò �\�^
?

R ò]\�^�9 (65)

andthescalarfield is nearlyhomogeneous,sothattheequationrepresentingits evolution is simply

æ)LK l Z W) K
m Æ v ) xm ) � � 9 (66)

where

Z � �
ø > ÷l W) �A K>Æ v ) x C

(67)

This looks like anequationof motionof a non-relativistic particlewith unit massin thepotential Æ v ) x
with afriction termthatdependsonthepositionandvelocityof theparticle,seeFig. 15. For largevalues



of ) theregimeis overdamped,with Z R æ)$� W) , where

Z � �
=�> ? � ) �l ò �\�^

C
(68)

Thus,eq. (66)hastheform _ ��A > ?ç) W)
òa\�^ K ? � )<� �

(69)

andhasasolution

) � ) J 0 ? ò]\�^ õ_ ��A > � ) J �y0 ¼ v ?
�fõ

ò]\�^ x
C

(70)

The “slow-roll-down” approximationbreaksdown at W) � p²è[v ) x , where ) � òa\�^ , õP� ò]\�^/�f? � .
Beforethis time theUniverseexpandsexponentiallyandthescalefactorchangesby

sut �Nv Z õ x � sut �Nv ò �\�^
? � x

R_� C
(71)

During exponentialexpansionthe non-homogeneitiesare red-shiftedaway andthe Universebecomes
practicallyuniform atcosmologicaldistances.

After time
õ�� òa\�^/�f? � inflatonoscillatesneartheorigin, tranferringits energy to otherparticles.

This processis usuallycalledreheating:if theenergy is convertedthroughtheparametricresonance,it
is calledpreheating[13]. For ? S ò]\�^ this simplemodelof scalarfield solveshorizon,homegeneity

V(φ

φ

)

M M PlPl

2

m

overdamped 
region

oscillations

Fig. 15: Inflatondynamicsasthemotionof a particlein potential é3ê/ë�ì with friction termdependingon ë .

and flatnessproblems. Moreover, quantumfluctuationsof the scalarfield, existing on the De-Sitter
(exponential)partof theexpansionof theUniverse,giveriseto thescale-invariantspectrumof primordial
densityperturbations,whicheventuallyleadto structureformationin theUniverse.

Themostimportantandgenericpredictionsof inflation arethat theuniverseshouldbespatially
flat, �3�xív��� � K?¼ v���� �}| x andthatthespectrumof densityperturbationsshouldbescale-invariant.Both
predictionscanbeverifiedby cosmologicalobservations.



6 CONTENT OF THE UNIVERSE OR COSMOLOGICAL OBSERVATIONS VERSUS
THE STANDARD MODEL

6.1 Cosmologicalparameters

As we have seen,the amountof eachof the different substancesin the universeis measuredas the
ratio of the correspondingdensity

ù#î
of the substanceto the critical energy density

ù}ú
. The simplest

cosmologicalmodelis obtainedby consideringthefollowing contributionsto thetotalenergy density:

(i) matter: �32 with theequationof stateîï� �
whereî is thepressure.Thiscountsall non-relativistic

particlesin theuniverse(protons,neutrons,electronsand,possibly, massive neutrinos).

(ii) radiation: �36 with î �ôð�� l , where ð is theenergy density. Radiationis associatedwith photons
andvery light or masslessneutrinos.

(iii) Thestandardmodelalsoadmitsacosmologicalconstantwith îï� 0 ð . Thecorrespondingparam-
eteris �@: .

In theUniverseat thepresenttimethecontribution of radiationis notnumericallyessential,�36¤S
�32 . Thus,thereareessentiallytwo parameters�32 and �@: thatdeterminetheglobal structureof the
Universeandits future.The“phasestructure”of theUniverseasa functionof theseparametersis shown
in Fig. 16. It is morecomplicatedthanfor thecase� : � �

.
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Fig. 16: Schematicphasestructureof theUniversedependingon parameters
� 4 and

� ; . In regionsI andII theUniverseis

acceleratingnow, andin regionsIII – VI theUniverseis decelerating.In theregionsI, IV, VI theUniverseis closed,andin II,

III, V it is open.In regionsI – IV theUniverseexpandsforever, while in regionsV andVI it will collapsein thefuture.

Theparameters� 2 and � : shouldbedeterminedfrom observations.Thereareseveral indepen-
dentwaysto estimatethem(for a review see[45, 46]).

6.1.1 Clusters andthedynamicsof galaxies

Thedynamicsof clustersoffersseveralwaysof estimatingthemattercontribution. A clustermassò ú ^
canbedefinedby theconsiderationof galaxymotionwithin theclusterand/orby gravitational lensing



by acluster-gravitational potential.An estimateof themassof matterin theUniversewould thenbe

ò 4±°�7·7©-/+ � ò ú ^
' ú ^ 'jï<9 (72)

where ' ú ^ and '
ï arerespectively the luminositiesof a clusterandof the Universeasa whole. This
givestheestimate[47, 48, 49,50]

�32 � ��CEA � ��CE� C
(73)

Incidentally, thefractionof energy in luminousmatteris known to bemuchsmaller,

�3ðòñ 4 ����CE����lh0 ��CE���zC
(74)

Anotherestimatecomesfrom thebaryonfractionin matter. Partof thebaryonicmatterin clusters
is luminous,while anotherpartcorrespondsto agaswhosemasscanbeestimatedfrom X-ray emission.
Assumingthat the baryonfraction in clustersis the sameas the averagein the Universe,and taking
�3V ����CE� = D � ��CE����A�D

from nucleosynthesis[51, 52], then[53, 54, 55]

ò�ó °�+'ô c�a ü
ò 7 c 7Ü° ð

����CE��D 9 (75)

whichgives
�32 � ��CEl � ��CE� C

(76)

Yetanotherestimatecomesfrom considerationof theclusterabundance[56]

�32 � ��CEA�D � J�õ 	�|�}J�õ 	�J C (77)

Theseestimatesshow thattheamountof matterin theUniversethatcanclusteris largerthanthat
of baryonicmatter. This indicatesthat theUniversecontainsdarkmatterof unknown nature.Another
pieceof evidencein favor of this conclusioncomesfrom theconsiderationof rotationalcurvesof spiral
galaxies.

Orbitalvelocitiesof starsor of agasfar from thegalacticcentercanbemeasured.Thedependence
of velocity on thedistancefrom thecenterfollows from thevirial theorem,telling thatfor agravitation-
ally boundedsystemthe kinetic energy of a body

	� ?<O � is proportionalto its potentialenergy 2 ~*ö6 ,
where? is themassinsideaspherewith radius: . Thus,

O p
_ ò ÷_ :

C
(78)

If it is assumedthatonly luminousmattergravitates,thenO p 	÷ 6 which is just Kepler’s law. In reality,
therotationalcurveshave plateaux,asshown onFig. 17.

This type of dependencecanbe derived with the asssumptionthat the densityof the halo of a
galaxychangeswith radiusas

ùz� °�+
û
v : x p�� �f: � , giving ò � °�+

û
p : . Quiteagoodoverall fit is givenby

ù » ` 6 A v : x � O � ø=�> ÷ v : �ú K : � x 9 (79)

whereO ø is thelimiting velocityand: ú is thetypical sizeof densitydistribution.

Thus,thetotal amountof matterin galaxiesis considerablylarger thantheir visible part,socos-
mologicaldataindicatesthattheUniversecontainsnon-baryonicdarkmatterwhichclustersbut doesnot
shinewith �32 ����CEl

and ù �ù 4
� 	

X .



Fig. 17: Rotationalcurve of a typical spiral galaxy. The dashedcurve shows expectationsfrom luminousmatteralone,the

dottedline from gasandthedot-dashedline from darkmatterdistributedaccordingto eq.(79). Fromref. [57].

6.1.2 Theaccelerating universe

Furtherinformationaboutcosmologicalparameterscomesfrom the observation of supernovaeat cos-
mological distances.Two teamsof observers have recentlyproducedsimilar results: the Supernova
CosmologyProject(SCP)and the High-Z Supernova Search(HZS). The idea is to take a numberof
“standardcandles”,i.e. supernovaeof typeIa, andto find theirdistancefrom theearthby comparingthe
known luminositywith theobservedluminosity. In addition,onecanalsodefinetheir redshift. At small
distancesthereis a lineardependencebetweentheredshift andthedistance,given by theHubblelaw,
whereasat largedistancescosmologicalevolutionhassomeeffectandinformationontheaccelerationor
decelerationof theuniversecanbederived. Themainresultof this studyis that theIa supernovaewith
a high red-shiftareobservedto bedimmerthanwould beexpectedin anemptyUniverse,�32 � �

with
no cosmologicalconstant,seeFig. 18

Theresultof fitting cosmologicalparameters,obtainedby theSCP[58] (similarnumbersfrom the
HZS[59]), is ��C ø �32 02��Cx� �3: ��0)��CEA � ��CE� 9 (80)

seeFig. 19.

AssumingthattheUniverseis flat ( �32 K?�@: � �
), thisgives[58]

�32 � ��CEA ø � J�õ J � � J�õ J�|�}J�õ J Z �}J�õ J�� 9 (81)

which is in reasonableagreementwith thedeterminationof �32 by othermeans.

6.1.3 Cosmicmicrowavebackground

Anotherimportantsourceof constraintson thecosmologicalparametersis relatedto cosmicmicrowave
backgroundradiation(CMB) andto themasspower spectrum.As we discussed,CMB anisotropy gives
asnapshotof theUniverseat redshiftsof about1000,correspondingto anageof

p���� 	 �
s.
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Fig. 18: Experimentaldataandfits to it for differentcosmologicalparameters.Fromref. [58].

In the first approximationCMB is isotropic: the temperaturedoesnot dependon the direction.
However, exact isotropy must not be expected,as the Earth, togetherwith the solar system,moves
throughCMB with somevelocity ý andthetemperaturein theforwarddirectionmustbelarger thanin
backwarddirection. Theform of thesedeviationsis obtainedfrom theexactPlanckcurve by replacing
thephotonenergy in thePlanckdistribution (7) with its Lorentztransformedvalue.For non-relativistic
velocitieswehave þ*ÿ þ ����� ý��	��
��� , where� is theanglebetweenvelocity ý andtheline of sight.Thus,
thespectrumof deviationsfrom thePlanckcurveis justthederivativeof theequilibriumdistributionwith
respectto frequency, seeFig. 20. Experimentally, this is indeedthecase,

����������������������� ��!#"$������� ��% �'&��(*)�+-,���.�/10
whichcorrespondsto ý32 +�4��-56.�(*7

km/s.

If dipoleanisotropy is subtractedfrom thedataonCMB, thefluctuationsof thetemperatureonthe
level

��.�/18
areseen,aswasfirst observedby COBE[60]. Nice coloredpicturesof COBEmeasuriments

canbe foundon thehomepageof this experiment,http://space.gsfc.nasa.gov/astro/cobe/. A review of
differentCMB experimentscanbefoundin [61].

Why aretherefluctuationsin CMB?

(i) “Experimental” reason.Wedoknow thattheUniverseis clumpy at “small” scalesof theorder
of superclustersizeor below. Theremustthereforehave beensomefluctuationsin matterdistribution at
decoupling.As matterandradiationwereinteractingat thattime, theremustbefluctuationsin CMB as
well. Thetheoryof structureformationindicatesthatoneshouldexpectto have 9 � % �;:<��. /18

.

(ii) Theoretical reason.Quantumfluctuationsof the scalarfield-inflatonduring inflation leadto
adiabaticdensityperturbationsthatresultin fluctuationsin CMB.

Usingtheoreticalmachineryto studyanisotropiesof themicrowave background,a first stepcon-
sistsof expandingtheCMB temperaturewith thehelpof sphericalharmonics=?>@ � ��ACB�� ,

D �E� ��ACB��� 2 @�F >
G @ > = >@ � �HACB�� (82)
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anddefining Y @ as

Y @ 2
�

)�Z[�6�
>

\ G @ >
\ ]?(

(83)

For aparticularcosmologicalmodel,valuesof Y @ canbepredicted.Schematically, oneshouldtake
aninitial spectrumof densityperturbations(given,e.g.,by inflation)andwrite kineticequationsfor pho-
tons,takinginto accountvariousfactorssuchastheinteractionof photonswith gravity potentialinduced
by matterfluctuations(Sachs-Wolfe effect), the peculiarvelocitiesof plasma(Dopplereffect), damp-
ing of fluctuations,etc. Calculationthengives Y @ asa functionof cosmologicalparameters( ^`_aA-^cb ,
baryon-tophotonratio) andotherparametersessentialfor themodel(for example,neutrinomasses).

Recentexperimentalresults,shown in Fig. 21, comefrom two different balloon experiments:
Boomerang,[62] andMaxima [63]. In Fig. 22 the regionsof cosmologicalparameterscoming from
differenttypesof dataareshown.

6.1.4 Global fit of cosmological data.

Theresultsfrom differentsourcescanbesummarizedasfollows. A simplehomogeneouscosmological
model with two parameterŝ b &d� % + and ^ _ &d) % + fits all the datawell and the cosmological
constantis nonzeroataconfidencelevel of 99.7%(

+�e
) [58, 59]. With thissetof parameterstheUniverse

acceleratesand will expandforever, provided the simplestcosmologicalmodel is correct. The total
energy densityin theUniverseis closeto thecritical one[64]. Thiscouldbeconsideredasanindication
of thevalidity of theinflationary-universescenario.

Theageof theuniverse,accordingto [64], for ^`f � fg2 �
is

����(*hi5j.�(*h
Gyr, andthevalueof the

Hubbleconstantis kl2 4�7m56��.
km s

/on
Mps

/on
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Fig. 20: The spectrumof the CMB dipole asmeasuredby FIRAS. The solid line is the derivative of a T = 2.728K Planck

function.Fromref. [5].

Thus,moderncosmologicalobservationssuggestthat the Universeconsistsof baryonicmatter,^sr &t.�(*.vuw7
, non-baryonicdarkmatterwith ^sx`b &<.�(*+

,

^sx`b
^sr

&<4 A (84)

andacosmologicalconstantwith ^`_ &<.�(*4
,

^`_
^sb

&<)?(
(85)

In fact,all thecomponentsthatwe seein theUniverserepresenta challengefor thestandardmodelof
elementaryparticleinteractions.Wehavealreadyconsideredtheproblemof theorigin of matter– baryon
asymmetryof theUniverse– whichpointstowardsphysicsbeyondthestandardmodel.Theproblemsof
darkmatterandthecosmologicalconstantremainto bediscussed.

6.2 Origin of dark matter

Observationsof clusterdynamicssuggestthat the amountof matterthat canclusterin the Universeis
about̂sb &<.�(*+

, while analysisof nucleosynthesisindicatesthattheamountof baryonicmatteris much
smaller, ^sy &z.�(*.vuw7

. Themachoabundancefoundby theEroscollaboration[65] revealsthatmachos
cannotcontribute morethan20%of thegalactichaloandthuscannotbeusedto explain the rotational
curvesof thegalaxy. Thus,thereshouldexist somenon-baryonicdarkmatter.

Theminimalstandardmodeldoesnotprovideany candidatefor thenon-baryonicdarkmatterand,
therefore,cosmologicalobservationsagainpoint in thedirectionof physicsbeyondthestandardmodel.
A minimalextensionof thestandardmodelthatgivesneutrinomassthroughhigher-orderoperatorsdoes
nothelpfor anumberof reasons.Firstly, to explaintherotationalcurvesof somedwarf galaxies,neutrino
massshouldbelarger than100eV, which is in conflict with thecosmologicalupperboundon neutrino
mass. Secondly, neutrinosform a so-called“hot” dark matter, and the theoryof structureformation



Fig. 21: The power spectrumseenby Boomerang,Maxima and COBE-DMR experiments. Best fit correspondsto{}|�~��#~���|��1��|���������|����w����������{}�v���v������� ����� ��� ���������v�
andto

{}� ������� ����� ��� �������v���
if
|�~��#~

is takento be
�
. The initial spectrum

of perturbationsis assumedto bescale-invariant.Fromref. [64].

saysthat,with hot darkmatter, smallstructures,suchasgalaxies,arenot formed.Finally, if thereis no
extremedegeneracy betweendifferentneutrinoflavors, theSuperKvalueof theneutrinomasssplittingD��¡  :<.�(*�

eV is of theorderof theneutrinomass,but thenthisvalueis toosmallto makeasignificant
contribution to thedarkmatter. Thus,it looksasthoughmoredrasticmodificationsof thestandardmodel
arenecessaryin orderto accomodatethecosmologicaldata.

Particle physicsprovides a generalanswerto the questionof dark matterby statingthat there
exist new stableobjects(perhapsparticles)which wereproducedin thecourseof theexpansionof the
universe. The non-observability of dark-matterparticlesis explainedby their very weakly interacting
character(if thereareplentyof them)or by thefact that they arevery rare,in which casethey couldbe
stronglyinteracting.

Therearequite a numberof particle-physicscandidatesfor dark matter, for exampleaxion, re-
latedto a solutionof thestrongCPproblem(for a review of cosmologicalconstraintson axionsee,e.g,
[66]) or the lightestsupersymmetricparticles,which maybe stabledueto R-parity conservation (neu-
tralino, axino, gravitino). Neutralinois a Majoranafermion, which is a mixture of photino,zino and
higgsino. It annihilatesinto lighter particlesandits relic concentrationcanbecomputedin a particular
supersymmetricextensionof thestandardmodel.

In a moregeneralway, onecanassumethat dark matterconsistsof weakly interactingmassive
particles,characterizedby their mass,concentration(massandconcentrationarerelatedto eachotherif
thedarkmatterdensityis fixedfrom observation)andacross-sectionof interactionwith ordinarymatter.
Oneexpectsthat their massmaybe in theregion of, say,

��.?�¢��.�.
GeV andthat their averagevelocity

is of theorderof thegravitational galaxyescapespeed
+�.�.

km/s. Theseparticlesmaybesearchedfor
via their elasticscatteringon ordinarymassparticles,with a typical event rateof

�
event/kg/day, for

existing detectors. Thereare several experimentslooking for this type of event. I will just mention



Fig. 22: Thephasespaceof theUniverseasdeterminedfrom supernovaeobservationsandfrom CMB. Fromref. [64].

strongconstraintson theSUSYrelic comingfrom theHeidelberg-Moscow experiment[67] andunusual
eventsseenby theDAMA collaboration[68].

Therearealsoindirectmethodsfor WIMP searches.Dark matterparticlesmaybetrappedby the
Earthor by theSunandconcentratein theircenters.Annihilationof WIMPswill resultin £�¤£ production
in thecentersof theSunandEarth. Theseneutrinoscanbedetectedby largeneutrinotelescopes,such
as Amanda[69] or Antares[70]. To be compatiblewith the direct searches,the volume of neutrino
telescopeshouldbeof theorderof

�
km

0
.

In additionto WIMPs, therearesome“new” particle-physicscandidatesthathavebeensuggested
duringthe last threeyears.Thefirst oneis a superheavy particlerelic. Usually it is assumedthatdark-
matterparticlesarerelatively light. Thereasonis thatif stableparticlesarein thermalequilibrium,their
freezingconcentrationcanbe readily computedif the annihilationcross-sectionis known. Using the
unitarity boundon theannihilationcross-sectionandrequiringthat theseparticlesdo not overclosethe
universeonecanderive anupperboundon their mass,¥§¦ 7�.�.

TeV [71]. A possibleloop-holein this
considerationis that the particlescould never be in thermalequilibrium, so that their abundancemay
alwaysbesmallerthanthefreezingconcentrationin theequilibriumcase.A hypothesisthatsuperheavy
particlesplay the role of dark matterrequiresthat theseparticlesbe stableon the cosmologicalscale
andthatthey beproducedin sufficient amountsduringtheevolution of theUniverse.In principle,these
particlescould be thermally createdafter inflation, provided their masseswere not very much larger
than the reheatingtemperature[72, 73]. Heavy particlesmight alsobe producedbecauseof inflaton
oscillationsin parametricresonance[15]. Finally, they might beproducedgravitationally [73, 74, 75].

Anotherexampleof a superheavy relic is provided by supersymmetricnon-topologicalsolitons.
The existenceof Q-balls is a genericfeatureof SUSY models[76]. In supersymmetrictheorieswith
low-energy SUSYbreakingandflat directionsin theeffective potential( ¨ � B���©z¨�ª as Bçÿ§« ) there
arestablestates,Q-balls,thatcarrybaryonnumber[77, 78]. Themassof asolitonwith baryoncharge ¬
variesas[77] ¥ : ¨

®ª ¬°¯® . Thus,non-topologicalsolitonscannotdecayinto baryonsfor ¬²±³¨�ª�% �µ´¶



where
� ¶

is theprotonmass.In anumberof gauge-mediatedmodels,̈Hª canbeassmallas
���¸·w¹Cº � ´ and

Q-ballsarestablewith respectto decayinto protonsif their chargeis greaterthan
��. n ]

. Supersymmetric
Q-ballsmight beproducedin theearlyUniversethroughthedecayof Affleck-Dinecondensatetogether
with ordinarybaryons[78]. The searchfor Q-balls is possible[79, 80] in a numberof working and
projectedexperimentalinstallations,suchasBaikal,Macro,SuperK,Antares,etc.,andsomeconstraints
arealreadyavailable[81, 82].

6.3 The cosmologicalconstantproblem

Thesetof observationsdiscussedabovesuggeststhatthecosmologicalconstantis nonzeroandpositive,^ _ &<.�(*4
. Thisvalueof thecosmologicalconstantcorrespondsto theenergy density

¨ ª 2
»

hv¼c½
® :<��. /10 ¹Cº¾:<.�(*.�� �C¿ /on (

(86)

Doesthismeanthatanew scalein physicshasbeendiscovered?

Thenonzerocosmologicalconstantintroducesseveralfine-tuningproblems.Thefirst comesfrom
comparisonbetweenthemagnitudeof thescale(86) andotherknown scales,for example

»ÁÀ�Â x , ¥ÄÃ ,¥ÆÅcÇ1È and ¥ÆÉ @ . Why is thescaleassociatedwith
»

sosmallcomparedwith theotherscales?

Anotherproblemarisesfrom comparisonof ^ b and ^ _ . At the presentstageof expansionof
the Universethey areof thesameorderof magnitude.However, matterenergy variesas Ê1b :Ë� % G 0 ,
radiationenergy variesas Ê�Ì :;� % G ´ , whereasvacuumenergy doesnot changeduringtheexpansionof
theuniverse. In otherwords, ^`_ :Í��.�/on ] ª on thePlanckscale,andthequestionis whetherthis huge
hierarchycouldhave any physicalexplanation.

Usinga
»

termto fit thecosmologicaldatais thesimplest(but certainlynot theonly) possibility.
It would alsobereasonableto assumethatextra matterin theUniversehasa moregeneralequationof
state[83, 84], Î 2ÐÏ�þaA (87)

where
Î

is pressure,þ is an energy densityand Ï is a constantto be determinedfrom observations.
Equation(87) canbe usedto fit the cosmologicalparametersglobally. The useof a setof cosmolog-
ical observations(suchastheHubbleconstant,fraction of baryonmass,clusterabundance,ageof the
Universe,masspowerspectrum,supernovaedata,gravitationallensingandlargescalestructure)implies
that Ï is negative, ÏÑ¦ �i.�(*7

[85], seeFig. 23.

A modelfor asubstancewith ageneralequationof statecanbeprovidedby auniformscalarfieldB [86]-[95], for which

ÏÑ2
ÒB ] % )m�6ÓE� B��ÒB ] % )m�6ÓE� B��

(
(88)

Dependingon thefield evolution, onecanset
�i�ÕÔ Ï ÔÖ�

, whereÏt2 �i�
and Ï<2 �i�

correspondto
thedominanceof potentialandkineticenergies,respectively.

At thepresenttimeanexplanationof thefirst problem(why thecosmologicalconstantis sosmall)
is absent,whereassomesolutionsof thesecondproblem(why energy densityis roughlythesameasthe
matterenergy density)have beensuggested[86]-[95]. Themain ideais that theextra substancein the
Universeis nota

»
-termbut atime-dependentscalarfield with anunusualtypeof potential(groundstate

at B-ÿ « ). The evolution of the scalarfield is suchthat it adaptsits energy to the energy contained
in matter, so that its late time evolution practically doesnot dependon the initial conditionsand is
establisheddynamically(theso-calledattractorsolutions).

A simpleexampleis provided by theexponentialpotential ¨ � B��×2Í¨�ª ¹CØ1ÙÚ���iÛ B�%C¥ÆÉ @ � [86, 88,
91]. Thispotentialdoesnothave agroundstateand

ÒB is nonzeroatall times,seeFig. 24. Theequations
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Fig. 23: Constraintson theequationof statefrom supernova data.Fromref. [85].

V( φ)

φ

Fig. 24: Therun-away potentialusedin quintessentialmodels.

of motion(in conformaltime, G1ÝCÞ 2 ÝCß ) are:�
G ]

à
à Þ � G ] ÒB�� � G ] ¨�á � B��c2 . A (89)

k ] 2
�

+ ¥ ]É @
� � ) ÒB ] � G ] ¨ � B�� � G ] Ê1âã� ( (90)

HereÊ1â is a matterdensitythatobeys theequationof state:

ÒÊ1â �°ä kåÊ�âwAæÊ�â :<� % G â A (91)

with
ä 2 +

for matterand
ä 2 u

for radiation. This systemof equationshasthe following attractor
solutions: if Ê1çtè Ê1â then Ê1ç scalesfasterthan

� % G â , but if Ê1çêé Ê1â then Ê�ç variesmoreslowly
than

� % G â (Ê�ç is anenergy densityof field B ). This meansthataftersometime Ê1ç variesasa dominant
componentand

^sçå2 Ê1ç
Ê�ç � Ê â 2

ä
Û ] (

(92)



In otherwords,thescalarfield is self-tunedto theenergy densityof thedominantcomponent,seeFig.25.
Thus,thevalueof ^sç is now not relatedto initial conditions(aswasthecasefor thecosmologicalcon-
stantproblem)but to parametersof potential.For this particularmodeltheparameterÏ in theequation
of stateis thatof thedominantmattercomponent,i.e. ÏÑ2 .

atthepresenttime,whichis in disagreement
with theanalysisof [84]. Othertypesof potentialsmaygivedifferenttypesof behavior: in particularit is
possibleto obtaina negative valueof Ï at thepresentstageof expansionof theUniverse,which is con-
sistentwith observations[93]. Themainproblemof thisapproachis thatit doesnotgive any solutionto
thecosmologicalconstantproblem,while theparticle-physicsorigin of a scalarfield with thenecessary
dynamics(existenceof acorrectattractorsolution)remainsto befound.

ρ

t

overshoot

undershoot

radiation

Fig. 25: Attractorsolutions.

7 CONCLUSIONS

Accordingto cosmologicalobservations,mostof the energy densityof the Universe(
:ìë�7�í

) cannot
be describedby thephysicsof theStandardModel. Roughlya third of this energy densitycancluster
andrepresentscold dark matterwith unknown particlecontent,while almosttwo thirds of the energy
appearsto be uniform. Therearequite a few theoreticalproposalsfor cold dark matterparticlesand
for theuniform component,but theexisting cosmologicaldatais not sufficient for a choiceto bemade.
Futureexperiments,suchasPlanckandMAP in theareaof cosmicmicrowavebackground,areextremely
importantasthey will bring cosmologyinto a new eraof precisionanddefineconstraintson drastically
differentcosmologicalandparticle-physicsmodelsandeven,perhaps,singleoneout.
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D. Bödeker, P. John,M. LaineandM.G. Schmidt.Nucl. Phys.B497(1997)387;
M. Laine, K. Rummukainen.Phys.Rev. Lett. 80 (1998)5259;
M. Carena, M. Quiros,C.E.M.Wagner. Nucl.Phys.B524(1998)3.

[27] M. Laine,hep-ph/0010275.

[28] Y. Fukudaetal. [Super-KamiokandeCollaboration],Phys.Lett. B436(1998)33

[29] Y. Fukudaetal. [Super-KamiokandeCollaboration],Phys.Rev. Lett. 81 (1998)1158

[30] T. Yanagida,ReportKEK-79-18(1979)



[31] M. Gell-Mann,P. RamondandR. Slansky, in “Supergravity” (North-Holland,Amsterdam,1979).

[32] M. FikugitaandT. Yanagida,Phys.Lett. B174(1986)45

[33] W. BuchmullerandM. Plümacher, hep-ph/9904310
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THE SEARCH FOR THE QUARK–GLUON PLASMA

Jorge Dias de Deus
Departamento de Física/CENTRA, IST, Lisboa, Portugal

Abstract
A short review is presented on the recent searches for the quark–gluo
plasma (QGP), including theoretical motivation, the case for the Little
Bang and the official QGP signatures. A discussion of the first RHIC
results is also included.

1.ý INTRODUCTION

As far as strong interactions are concerned, we live in a world of hadrons; they appear in the
atomic nuclei of normal matter, in galactic and extra-galactic cosmic rays from the sky, in
radioactive decays of elements on earth; they are the nucleons and the pions of old nuclear
physics and, in general, they are the baryons and the mesons registred in the particle physics
booklet [1].

But we know that according to the theory, Quantum Chromo Dynamics, QCD, this world
is, as well, a world of quarks and gluons. Our every day experience, however, only shows
evidence for normal hadronic matter. Not quarks and gluons: just their bound states, i.e.,
hadrons.

Why is it so? Because freedom is only local and confinement dominates. In order to
illustrate what the problem is, let us consider the conventional linear potential

V  being the string parameter and r the distance between the 3 and ê  colour triplets (for

instance, quarks). The idea here is that the flux of the field lines, between 3 and ê , are limited to
a constant area (the transverse area of the string) thus requiring (by Gauss theorem) the field V
to be constant. As the field V  does not decrease with distance the 3 – ê  system never ionizes and
colour is not directly observed. This is the basic argument for confinement.

However, at a given finite temperature F7 , according to lattice QCD calculations [2], there

is a phase transition from hadronic matter to quark–gluon matter, or a transition to the quark–
gluon plasma  (QGP). In terms of the potential (1) it amounts to induce an r dependence on V
such that the string tension vanishes,

V  o
!ìî F77

  
U

ì
  . (2)

The natural order paramenter for the transition is the Polyakov loop L(T), [2],

V(r) = V  r  , (1)

L(T) ~   7U9H îôõð   , (3)
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Fig. 1

In Fig. 1 we illustrate what happens to the state 3 – ê , which is bound for F77 á , and

becomes free for F77 ! , the potential being no longer confining. In Fig. 2 we present the result

of a lattice QCD calculation showing the abrupt transition of the order parameter L(T), for

F77  . The transition for the derivative of L, the susceptibility, is also shown [3].

Fig. 2

L(T)  
foU
a   0  ,  F77 î  < 1 (4)

L(T)  
foU
a    const. > 0  , F77 î  >1  . (5)



Note that, again according to the theory, another transition, the chiral symmetry
restoration, is taking place at a temperature F7  (of the order of F7 ), the order parameter being

in this case the TT  condensate — measuring the value of the quark mass.

The deconfinement transition is a transition from an organized state (hadrons) to a less
organized state (quarks and gluons). In general, to achieve this kind of transition, one has to heat
or/and to compress the system. Heating means weakening the bounds between constituents,
compressing meaning loosing the individuality of the structures. If in a given volume V one
increases the size of hadrons (by increasing T) or increases the density (by increasing p) at some
stage one reaches a situation similar to a percolation problem with the originally confined
quarks and gluons starting to circulate over the whole of the interaction region (see Fig. 3). In a
sense, deconfinement can also be seen as a transition from a colour insulator to a colour
conductor.

Fig. 3

In Fig. 4 we show the phase diagram, in the Pð7  plane, where T is the temperature and
P  the baryonic chemical potential, for the deconfinement transition. Theoretically, there is some
room left for a colour superconductor phase with diquarks (quark–quark Cooper pairs).



Fig. 4

Now we arrive at the main subject of the talk: is there any evidence for the transition from
hadrons to quark–gluon plasma (or vice-versa)?

The natural laboratory to study the transition is the Universe as a whole: the transition
should have ocurred in the first micro-seconds after the Big-Bang [4]. In fact, going back in time
means heating and compressing and one should then reach situations with higher energy and
mass densities. Do we have any evidence for the (de)confinement transition from the Big-Bang
evolution? The answer seems to be no: additional transitions (like nucleosynthesis) and
equilibrium (allowed by the slowness of the expansion rate) have erased most of past history.
Primordial nucleosynthesis (the first 3 minutes) and the microwave background radiation (400
000 years later) are the best relics we can have today of that distant past.

However, in the laboratory we are now trying to recreate the conditions for the transition:
the Little Bang.

2.ý THE LITTLE BANG

The idea is to produce concentrated nuclear matter in a small region of space and time, in order
to achieve the high mass/energy densities (high temperature, if equilibrium exists), high enough
to reach the deconfinement transition. The procedure is to shoot heavy ions against heavy ions
making for that use of accelerators. The evolution, in space and time, of this concentrate of
hadronic matter is expected to reveal the characteristic features of the QGP.

There has been a competition between Europe and USA, or between CERN and
Brookhaven, with machine’s energy growing fast with time. See the Table 1.



Table 1

MACHINE V  A GeV

AGS ~5
SPS ~20

RHIC (2000) ~200
LHC (2005) ~5000

One has to know, to start with, if enough incoming energy (forward/backward longitudinal
energy) is transformed into transverse energy 7(  (due mostly to small centre of mass rapidity
production).

Several tests can be done:

i) Stopping power

One measures the net baryon number, %% ð , distribution in rapidity and sees how much
of the incident nucleon energy was transfered into particle and 7(  production. See Fig. 5.

Fig. 5

Note that the incoming baryon distributions are at the centre of mass rapidity edges
(forward and backward maximum rapidity). There is a clear strong stopping effect, in
particular in heavy nuclei central collisions.

ii) Energy in forward–backward calorimeters

The ZDCs (Zero Degree Calorimeters) give information about the non-participating
nucleons, 31$ð , in a collision. This allows the selection of highly central (small impact

parameter) events. There is, as expected, a clear negative correlation between 7(  and ='&( :

central collisions, í#='&( , mean higher values of 7(  (Fig. 6).



Fig. 6

iii) 7(  and multiplicity distributions

7(  and n distributions are very wide, in minimum bias events, and extend to very large

values of 7(  and n. In general, the n and 7(  distributions are quite similar, reflecting the

statistics of nucleon collision distributions. For central collisions ( í#='&( ) again the 7(  and n

distributions, in equivalent rapidity bins, are similar (Fig. 7). These results suggest that we are
reaching a situation where high densities are created and general statistical fluctuations
dominate.

Let us suppose that the QGP is formed. What will happen next? How will we ever know
that the plasma really existed?

Concerning the question about what will happen next, the answer is simple: the plasma
will expand and cool with the deconfinement transition taking place at ìåí#F7  MeV, and the

formation of an interacting gas of hadrons, with a chemical composition practically fixed, and
finally reaching the interaction freezing temperature ìëí#I7  MeV and the hadrons becoming

free and flying away towards the detectors. See Fig. 8.

The temperature T is the parameter that controls chemical equilibrium and the average

transverse mass ëëñ 7K77 3PPP ò , where KP  is the hadron mass and 73  the transverse

momentum. In particular, 7I P7 a . However, as the particles approach the detectors, the

temperature (like frequency) is blue shifted and the detectors measure not I7  but an effective

temperature H7  with, in a non-relativistic Doppler approximation,

ë
7KIH YP77 ò (6)



where ë
7Y  is the transverse expansion parameter (equivalent to the Hubble constant). Eq. (6)

tells us that IH 77 o  when íoKP  and that H7  increases linearly with the mass of the hadron.

Data are not in detail consistent with (6) — there are also inconsistencies when comparing
different experiments —  but qualitatively, are quite suggestive (see Fig. 9). In Ref. [5] there is a
much deeper discussion on the Little Bang evolution.

Fig. 7A



Fig. 7B

Fig.8



Fig. 9

3.ý THE SIGNATURES

According to the CERN press release of February 2000 the QGP (to be more precise: “a new
state of matter”) had been seen at the CERN Super Proton Synchroton (SPS) in seven different
experiments.

The signatures that were considered as convincing ones are:

A – Strangeness enhancement.

B – Di-Lepton excess in low mass region.

C – J/\  suppression

We shall next consider each one of these signatures.

A – Strangeness enhancement

A clear increase in the multiplicity of strange mesons per participant nucleon as the
number of participants increases is observed in Pb–Pb collisions (Fig. 10). The effect is even
more spectacular in baryon production, the amount of increase increasing with strangeness, 1, 2
or 3 (Fig. 11). Recentely, charm enhancement was also observed [6, 7, 8].



Fig.10

If QGP is formed in the early stages of the collision chemical equilibrium would produce a
larger fraction of strange baryons than the one seen in ordinary hadronic collisions. The reason
being that the masses of the strange and u and d quarks in the plasma are not so different.
Additional hadron–hadron interactions in the following evolution would not substantially
change the achieved equilibrium.

However, the argument is not fully convincing as strangeness enhancement also occurs in
nucleon–nucleus collisions and even in nucleon–nucleon collisions when triggering on high
multiplicities. See [9] for a discussion.

Fig.11

One can find other explanations for the strangeness enhancement. For instance, in the
Dual String Model the role of sea quarks and gluons, contrary to valence quarks, increases with
energy and density and strangeness is no longer disfavoured. On the other hand, string fusion,
[10], leads to larger colour charges at the ends of the strings (ropes) with the consequence that,
by Schwinger mechanism, heavier particle production is favoured.



B – Di-lepton excess in low mass region

In the QGP there will be a quantity of moving electric charges (quarks) in a small,
transparent region, which can radiate real photons or photons detectable by their decay into di-
leptons ôñõ ðòðò PPHH . This production competes with normal photon production by several

hadronic processes: SZJK ðòðò oo HHHH ñ , ðòo HHZU î , JSI ðòðò oo HHHH ñ ,....

Fig. 12

The CERES collaboration [11] has measured the cross-section ðòHH
GPG\G1 î  normalize

to the central (pseudo) rapidity density i pBe and Pb-Au and, at the same time, studied the
different hadronic processes. While in the p-Be case the hadronic processes account for the full
distribution, in Pb-Au there is a large discrepancy of almost one order of magnitude (see Figs. 12
and 13). The same result was obtained in other experiments [12].



Fig. 13

Chiral symmetry restoration effects decreasing in medium the mass of the U  and
increasing its width were used in an attempt to explain the original CERES result [13]. However,
such effects cannot explain the large disagreement found.

Note that in the present case — di-lepton excess — we have an effect which only occurs for
heavy nucleus–nucleus collision and, to the extent that no other convincing explanation has
appeared, it can be taken as direct evidence for the QGP. Do not forget, however, that thermal
radiation from a hot hadronic gas may also be present.

C – J/\  suppression

This is the most daring prediction and — to most of us — unexpected prediction for
evidence of QGP: J/\  suppression [14]. The prediction was made in 1985, before the first NA38
results [15].

Heavy quark physics, involving quark masses larger than the perturbative QCD scale
parameter � , can be described perturbatively and the plasma has features similar to
electromagnetic plasma.  In particular, there will be Debye screening, preventing heavy
quarkonium, EEFF ñ ,..., formation. At a given  temperature T, F77 î >1, the Debye radius 'U

forbids bound states with radius '% UU ! . As F77 î  increases, 'U  decreases and more and more

bound states (8 , for instance) will not be formed (see Fig. 14).



Fig. 14

From di-muon, ðòPP , analysis the ratio of J/\  production relative to Drell-Yan
production does indeed decrease when going from nucleon–nucleon and nucleon–nucleus to
nucleus–nucleus collisions, and it decreases with the increase of the associated transverse energy

7( . As large values of 7(  mean centrality and high densities, the decrease of the J/\  over
Drell-Yan ratio  is what to expect if plasma is formed.

However, the J/\  is a strong interacting fragile object, it easily interacts inellastically with
the medium and disappears, being absorbed.

The key difference, in the 7(  dependence of the J/\  over Drell-Yan ratio, between QGP
(the J/\  is not formed) and absorption (the J/ \  is formed but is killed after) is in the

curvuture: QGP formation implies a drop in the 7(  distribution (negative curvature) and
absorption implies smooth decrease (positive curvature) [16]. See Fig. 15.

Fig. 15

At some stage, 1995 data, the large7(  data points were enhanced by rescattering in a
thick target — thus favouring the absorption interpretation [17]. The situation has changed —
the target was made thinner — and the final data [18] are more favourable to the QGP
formation interpretation. See Fig.16. A typical absorption calculation, with the typical positive
curvature, is also shown in Fig. 16. Sofistications can be introduced in absorption, but they do
not substantially change the qualitative behaviour [19].



Fig. 16

4.ý CONCLUSION ABOUT THE QGP SEARCHES

The search for the QGP will continue with RHIC and LHC. The NA60 collaboration will extend
the work at the SPS and it may help to fill in the gaps.

Where are we now — Summer 2000? There are positive indications, in particular from
low mass di-leptons and J/\  suppresion, that we may have reached the plasma. If it is so, at
higher energy and temperature, photons radiated from the plasma will be shinning in an obvious
manner. The strangeness enhancement, as mentioned before, remains an open question as a way
to separate what is “normal” hadronic physics from QGP physics has not been invented. Finally,
the J\  suppression is still involved in some ambiguities and it is better to wait the coming
results before drawing final conclusions. The predictions of the absorption-percolation model of
[20] are given in Fig. 17.



Fig.17

IN ANY CASE THE SEARCH WILL GO ON!

5.ý RECENT RESULTS FROM RHIC AND THE DUAL STRING MODEL

Recent results on charged particle pseudo-rapidity densities in central Au+Au collisions, at

èç V  and ìêí V  AGeV, presented by the PHOBOS Collaboration, at RHIC, [21], give
very interesting information that may help to clarify the way the expected Quark–Gluon Plasma
(QGP) is approached as the energy increases (see Fig. 18).

Fig.18



Those data also allow to select among different models of particle production. As in this
experiment the charged particle densities and the average number of participating nucleons are
simultaneously measured, that provides additional strong constraints to models.

As nuclei are made up of nucleons, it is natural to start by building nucleus–nucleus
collisions as resulting from superposition of nucleon–nucleon collisions, in the way it is done in
the Glauber model approach and generalisations of it. In one (low energy) limit the nucleons are
seen as structureless and emit particles only in their first collision: this is the wounded nucleon
model [22]. The prediction for particle density, when $1  nucleons from each one of the nuclei in
a AA collision participate, is

where dN/dy is the particle rapidity (or pseudo-rapidity) density (for $$11  and nucleon–
nucleon collisions). If the nucleon is seen as made up of quarks and gluons, with a growing
number of participating sea quarks and gluons as the energy increases, one anticipates
dominance of multi-collision processes [23] and the relation

to hold, where 
$1

Q  is the number of nucleon–nucleon collisions when $1  nucleons participate.

Elementary multi-scattering arguments [24] give

In Fig. 19, together with the PHOBOS data, we have presented the quantity 
$$11$ G\

G1

1

ì

as

function of the c.m. energy V  for the bounds (7) — solid line — and (8) with (9) — dotted line.

We used for 
SS

G\G1 î  the parametrisation õ ô õ ôVV ëOQíéäéïíOQíéèåïíäèæïí òò , with V  in

GeV, which fits data from SS  and SS  non-single-diffractive collisions for c.m.  energies

ëëtV  GeV.

$

SS11
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Fig.19

In the Dual String Model (DSM), i.e., the Dual Parton Model [25] with the inclusion of
strings [26], the limits referred to above appear in a natural way. The valence quarks of the
nucleon produce particles, via strings, only once — this is the wounded nucleon model case —
and production is proportional to the number $1  of participant  nucleons (Fig. 20a). As the

energy and $1  increase the role of sea quarks and gluons increases, they interact and produce,
again via strings, particles, and the number of collisions Q  becomes the relevant  parameter (Fig.
20b).

(a) (b)

Fig.20

One should notice that the diagram of Fig. 20b may be interpreted as multiple inelastic
scattering, either internally within a given nucleon–nucleon collision or externally involving



interactions with different nucleons. On the other hand, this diagram may appear repeated
several times.

Following [26], and taking into account the basic diagrams of Fig. 20a and Fig. 20b, we
now write an expression for the particle pseudo-rapidity density,

where h is the height of the valence–valence rapidity plateau, D  is the relative weight of the sea–
sea (including gluons) plateau and k is the average number of string pairs per collision. The
diagrams of Fig. 20a and Fig. 20b correspond to ì N . However, as we mentioned above, the
diagram of Fig. 20b can be iterated with ìtN  being, in general, a function of energy. The
number of nucleon–nucleon collisions is, of course,

and the number V1  of strings is

The first term on the right-hand side of Eq. (4) is just a sum over nucleon–nucleo
scattering contributions (including internal parton multiple scattering) and we can thus write

with

If external multiple scattering is absent, by putting $1 1
$
 Q , one obtains the wounded

nucleon model limit, Eq. (7). If multiple scattering dominates, ì!!N , we obtain the limit of Eq.
(8). We show the result of this model in Fig.19 (dash-dotted line). From comparison of Eq. (13)
with pp data at low energy, ì#N , one obtains æèïí#K . The parameter D  in Eq. (13) was put
equal to 0.05.
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$
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DQD ëôìõëë ðòðò , (10)

õ ô
$$ 1$1$ 11 QQ  ðò  , (11)

> @ õ ô
$$ 1$1$V NN1N11 QQ ëëôìõëë  ðòðò  . (12)

õ ô KN11
G\

G1

G\

G1
$1$

SS11
$

$$

DQ ëðò (13)

> @KN
G\

G1

SS

Dôìõëë ðò  . (14)



In the Dual String Model the strings interact, the simplest interaction being fusion due to
overlap in the transverse plane ([26]. This is the mechanism that leads to percolation and to the
Quark–Gluon Plasma formation [27,28,29]. When strings fuse, the strength of the colour field is
reduced in comparison with the colour field generated by the same number of independent

strings. This is essentially due to the random sum of colour vectors [30]: ¦
 

 
Q

L
LQ 44

ì

ëë  and

4Q4Q   if all the n strings are of the same type.

Introducing the dimensionless transverse density percolation parameter K ,

where VU  is the string transverse radius (we shall take ëïí VU fm, see [27,31]), 
$1

5  the radius

of the interaction area õ ôêîììéïì $1 15
$
#  and V1  the number of strings, the effective reduction

factor in particle production is [32],

As ìôõñí oo KK )  (no fusion) and as V1) îììôõñ |ofo KKK , (all the strings

fuse).

We can consider the parameter K  in two situations. In nucleon–nucleon internal
interactions, we have

At present energies SSK  is negligible, ìë ìíìí ðð y|SSK . But we can also consider K  in

external interactions, with

ë
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For ëìí|$1 , as in [21], SS11 $$
KK ìí!  and we shall then, in this context, only consider

$$11K . Eq.(10) with string fusion becomes

In Fig. 19 we have also shown the prediction of the DSM with string fusion (dashed line)
again with æèïí K  and íèïí D . The deviation from the wounded nucleon model limit
becomes weaker and the agreement with PHOBOS data is quite satisfactory.

We would like now to make a few comments:

1. The predictions for particle densities in central Pb+Pb collisions of the DSM without

fusion and of the DSM with fusion are very different at ëíí V  AGeV (RHIC) and at

èïè V  ATeV (LHC) as can be seen in Table 2, showing the average pseudo-rapidity density

in the interval > @ìñìð :

Table 2

c.m. energy 200 AGeV 5.5 ATeV
Without fusion
With fusion

1500
  700

4400
1400

2. The models considered here are essentially soft models. The parameters of the
elementary collision densities, h and D , were assumed constant, all the energy dependence being
attributed to the parameter k, the average number of string pairs per elementary collision. If h
and D  are allowed to grow with energy, as a result, for instance, of semi-hard effects, the
parameter k may then have a slower increase than the one obtained here.

3. The value found for íèïíñ #DD , means that the height of the sea–sea plateau is much
smaller than the height of the valence–valence plateau. By noticing that for valence–valence
collisions the two strings stretch all over forward/backward rapidity without much overlap,
while for sea–sea collisions the two strings do overlap, the value found for D  means

4. In our Dual String Model with fusion, the parameter 
$$11K  at the CERN-SPS has the

value åïì|
$$11K , larger than the critical density õ ôìæïììëïì y|FK  which means that

õ ôõ ô KN1)
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DK ëì
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percolation transition is already taking place at ëí V  AGeV, even allowing for non-uniform

matter distribution in the nucleus õ ôèïì|FK  [33]; this result is valid even with ì N . The

observed anomalous \î-  suppression may then be a signature of the percolation transition to
the Quark-Gluon Plasma.

For a discussion of this problem see [34].
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$ï1ïý6LVVDNLDQ
-RLQWý,QVWLWXWHýIRUý1XFOHDUý5HVHDUFKñý'XEQDñý5XVVLD

ìïý ,1752'8&7,21
ìïìý*HQHUDOýLQIRUPDWLRQýDERXWýWKHý-RLQWý,QVWLWXWHýIRUý1XFOHDUý5HVHDUFKýõ-,15ô

7KHý-RLQWý,QVWLWXWHýIRUý1XFOHDUý5HVHDUFKýõ-,15ôýLQý'XEQDýZDVýHVWDEOLVKHGýRQýWKHýEDVLVýRI
WKHýFRQYHQWLRQýVLJQHGýE\ý WKHý3OHQLSRWHQWLDULHVýRIý WKHýJRYHUQPHQWVýRIý WKHý0HPEHUý6WDWHVýRIý WKH
-,15ý LQý0DUFKýìäèçý LQý0RVFRZïý7KHý-,15ýZDVý FUHDWHGý LQýRUGHUý WRýXQLI\ý WKHý LQWHOOHFWXDOýDQG
PDWHULDOýSRWHQWLDOýRIýWKHý0HPEHUý6WDWHVýLQýRUGHUýWRýVWXG\ýWKHýIXQGDPHQWDOýSURSHUWLHVýRIýPDWWHUï

'XEQDýDVýDýWRZQýRIýVFLHQFHýZDVýIRXQGHGýLPPHGLDWHO\ýDIWHUýWKHýHQGýRIý:RUOGý:DUý,,ïý,Qýìäéæ
DýJURXSýRIýVFLHQWLVWVý OHGýE\ý$FDGHPLFLDQý,ï9ïý.XUFKDWRYý LQLWLDWHGýFRQVWUXFWLRQýRIý WKHý WKHQý ODUJHVW
DFFHOHUDWRUýRIýFKDUJHGýSDUWLFOHVý¤ýWKHýV\QFKURF\FORWURQïý7KHýDFFHOHUDWRUýZDVýFRPPLVVLRQHGýDOUHDG\
LQý ìäéäïý ([WHQVLYHý IXQGDPHQWDOý DQGý DSSOLHGý LQYHVWLJDWLRQVý LQWRý WKHý SURSHUWLHVý RIý QXFOHDUý PDWWHU
LPPHGLDWHO\ýVWDUWHGýDWýWKHýQHZO\ýHVWDEOLVKHGý,QVWLWXWHýIRUý1XFOHDUý3UREOHPVýõ,13ôýZLWKýLWVýRSHUDWLQJ
çåíý 0H9ý V\QFKURF\FORWURQñý KHDGHGý E\ý WKHý \RXQJý SK\VLFLVWVý 0ï*ïý 0HVKFKHU\DNRYý DQG
9ï3ïý']KHOHSRYñýODWHUýZRUOGðNQRZQýVFLHQWLVWVï

$IWHUýWKHý,13ñýWKHý(OHFWURSK\VLFDOý/DERUDWRU\ýRIýWKHý8665ý$FDGHP\ýRIý6FLHQFHVýõ()/$1ôñ
KHDGHGý E\ý $FDGHPLFLDQý 9ï,ïý 9HNVOHUñý ZDVý VHWý XSý LQý 'XEQDïý $ý QHZý DFFHOHUDWRUñý QDPHO\ý D
V\QFKURSKDVRWURQýZLWKýUHFRUGýSDUDPHWHUVýIRUýWKDWýWLPHñýZDVýFRQVWUXFWHGýDWý()/$1ï

,Qý ìäèéý WKHý (XURSHDQý 2UJDQL]DWLRQý IRUý 1XFOHDUý 5HVHDUFKý õ&(51ôý ZDVý HVWDEOLVKHGý QHDU
*HQHYDýWRýXQLWHýWKHýHIIRUWVýRIý:HVWHUQý(XURSHDQýFRXQWULHVýIRUýVWXG\LQJýWKHýIXQGDPHQWDOýSURSHUWLHV
RIýPDWWHUï

$ERXWý WKHý VDPHý WLPHñý XQGHUý WKHý VWLPXOXVý RIý WKHý 8665ý *RYHUQPHQWñý WKHý FRXQWULHVý WKHQ
EHORQJLQJý WRý WKHý VRFLDOLVWý ZRUOGý WRRNý WKHý GHFLVLRQý WRý HVWDEOLVKý WKHý -RLQWý ,QVWLWXWHý IRUý 1XFOHDU
5HVHDUFKý LQý 'XEQDý IURPý WKHý ,13ý DQGý ()/$1ý ODERUDWRULHVïý 7KHý VDPHý \HDUñý VSHFLDOLVWVý IURPý ìë
FRXQWULHVýõ$OEDQLDñý%XOJDULDñý&KLQDñý&]HFKRVORYDNLDñý(DVWý*HUPDQ\ñý+XQJDU\ñý0RQJROLDñý1ïý.RUHDñ
3RODQGñý 5RPDQLDñý 8665ñý DQGý 9LHWQDPôý FDPHý WRý 'XEQDïý 7KHý WRZQý EHFDPHý LQWHUQDWLRQDOñý DQG
LQYHVWLJDWLRQVý LQWRý PDQ\ý ILHOGVý RIý QXFOHDUý SK\VLFVý RIý LQWHUHVWý IRUý UHVHDUFKý FHQWUHVý RIý WKHý -,15
0HPEHUý6WDWHVýZHUHýODXQFKHGýWKHUHï

0DQ\ý VFLHQWLVWVý DQGý HQJLQHHUVý IURPý WKHý 0HPEHUý 6WDWHVý KDYHý EHHQý WUDLQHGý LQý WKHý -,15
VFLHQWLILFý VFKRROVý HVWDEOLVKHGý E\ý 1ï1ïý%RJROLXERYñý 'ï,ïýý%ORNKLQWVHYñý *ï1ïý)OHURYñý ,ï0ïý)UDQNñ
%ï0ïý3RQWHFRUYRñý 9ï,ïý9HNVOHUñý DQGý RWKHUý RXWVWDQGLQJý SK\VLFLVWVïý 7KHý GHYHORSPHQWý RIý GLIIHUHQW
VFLHQWLILFý GLUHFWLRQVý DWý -,15ý LVý FRQQHFWHGý ZLWKý WKHý QDPHVý RIý /ïý,QIHOGý DQGý +ïý1LHZRGQLF]DQVNL
õ3RODQGôñý *ïý1DGMDNRYý õ%XOJDULDôñý +ïý+XOXEHLý õ5RPDQLDôñý /ïý-DQRVV\ý õ+XQJDU\ôñý 1ïý6RGQRP
õ0RQJROLDôñý:DQJý*DQJFKDQJýõ&KLQDôñý1JX\HQý9DQý+LHXýõ9LHWQDPôñý9ïý9RWUXEDýDQGý-ïý.R]HVQLN
õ&]HFKRVORYDNLDôñý+ïý3RVHýDQGý.ïý/DQLXVýõ*HUPDQ\ôñýDQGýRWKHUVï

7KHý&KDUWHUýRIýWKHý-,15ýZDVýDGRSWHGýLQýìäèçñýWKHýWH[WýRIýZKLFKýZDVýUHYLVHGýLQýìääëýDQGýPRUH
UHFHQWO\ýLQýìäääïý,QýDFFRUGDQFHýZLWKýWKHý&KDUWHUñýWKHýDFWLYLWLHVýRIýWKHý,QVWLWXWHýDUHýDFKLHYHGýRQýWKH



EDVLVý RIý LWVý RSHQQHVVñý DQGý WKHý PXWXDOý DQGý HTXDOý FRðRSHUDWLRQý RIý DOOý WKHý LQWHUHVWHGý SDUWLHVý WR
SDUWLFLSDWHýLQýUHVHDUFKï

7KHýDLPýRIýWKHý,QVWLWXWHýLVã
ðý WRýFDUU\ýRXWýWKHRUHWLFDOýDQGýH[SHULPHQWDOýLQYHVWLJDWLRQVýRQýDGRSWHGýVFLHQWLILFýWRSLFVâ
ðý WRý RUJDQL]Hý WKHý H[FKDQJHý RIý H[SHULHQFHý ZKHQý FDUU\LQJý RXWý UHVHDUFKý DQGý WKHý H[FKDQJHý RI

LQIRUPDWLRQý REWDLQHGý DVý Dý UHVXOWý RIý WKHVHý LQYHVWLJDWLRQVý WKURXJKý SXEOLFDWLRQý RIý VFLHQWLILF
SDSHUVñýKROGLQJýRIýFRQIHUHQFHVñýV\PSRVLDýHWFïâ

ðý WRýSURPRWHýWKHýGHYHORSPHQWýRIýWKHýLQWHOOHFWXDOýDQGýSURIHVVLRQDOýFDSDELOLWLHVýRIýWKHýVFLHQWLILF
SHUVRQQHOâ

ðý WRý HVWDEOLVKý DQGý PDLQWDLQý FRQWDFWVý ZLWKý RWKHUý QDWLRQDOý DQGý LQWHUQDWLRQDOý VFLHQWLILF
RUJDQL]DWLRQVýDQGýLQVWLWXWHVýWRýHQVXUHýWKHýVWDEOHýDQGýPXWXDOýFRðRSHUDWLRQâ

ðý WRý XVHý WKHý UHVXOWVý RIý WKHý LQYHVWLJDWLRQVý RIý DQý DSSOLHGý QDWXUHý WRý SURYLGHý VXSSOHPHQWDU\
ILQDQFLDOýUHVRXUFHVýIRUýIXQGDPHQWDOýUHVHDUFKýE\ýLPSOHPHQWLQJýWKHPýLQWRýLQGXVWULDOñýPHGLFDOñ
DQGýWHFKQRORJLFDOýGHYHORSPHQWVï

7KHý UHVXOWVý RIý LQYHVWLJDWLRQVý FDUULHGý RXWý DWý WKHý ,QVWLWXWHý FDQý EHý XVHGý VROHO\ý IRUý SHDFHIXO
SXUSRVHVý IRUý WKHýEHQHILWýRIýPDQNLQGïý6RýXQWLOý WKHý ODWHýìäåíVñý'XEQDýZDVýDý FHQWUHý WKDWýXQLILHGý WKH
HIIRUWVýRIýOHDGLQJýUHVHDUFKýJURXSVýRIýQXFOHDUýVFLHQFHVýIURPýVRFLDOLVWýFRXQWULHVýDQGýWKHý6RYLHWý8QLRQï
ýýýýýý $IWHUý WKHý GLVLQWHJUDWLRQý RIý WKHý 8665ñý PHPEHUVKLSý RIý WKHý -,15ý XQGHUZHQWý WKHý IROORZLQJ
FKDQJHVãý WKHý PDMRULW\ý RIý (DVWHUQý (XURSHDQý FRXQWULHVñý VXFKý DVý 3RODQGñý WKHý &]HFKý DQGý 6ORYDN
5HSXEOLFVñý %XOJDULDñý 5RPDQLDñý DQGý RWKHUVý FRQWLQXHý WRý EHý 0HPEHUý 6WDWHVý DQGý FRQWULEXWHý WRý WKH
EXGJHWïý*HUPDQ\ýUHPDLQVýDVýDQýREVHUYHUýDQGýPDNHVýDýVXEVWDQWLDOýILQDQFLDOýFRQWULEXWLRQïý0RVWýRIýWKH
IRUPHUý 6RYLHWý 8QLRQý UHSXEOLFVñý ZKLFKý EHFDPHý LQGHSHQGHQWý VWDWHVñý HQWHUHGý WKHý -,15ý DVý QHZ
PHPEHUVï

,ýZRXOGýOLNHýWRýUHFDOOýWKHýZRUGVýRIýWKHýJUHDWý5XVVLDQýZULWHUý$ïý&KHNKRYñýZKRýVDLGã
¦6FLHQFHýFDQQRWýEHýQDWLRQDOñý LQý WKHýVDPHýZD\ý WKDWýDýPXOWLSOLFDWLRQý WDEOHýFDQQRWýEHýQDWLRQDOïý ,IýD
VFLHQFHýEHFRPHVýQDWLRQDOñýLWýFHDVHVýWRýEHýDýVFLHQFH§ï

-,15ýLVýDýSHUIHFWýLOOXVWUDWLRQýRIýWKLVýLGHDï
7KHUHý DUHý GLIIHUHQWý ZD\Vý WRý SDUWLFLSDWHý LQý WKHý DFWLYLWLHVý RIý WKHý ,QVWLWXWHãý RQý WKHý EDVLVý RI

PHPEHUVKLSñý RUý ELODWHUDOý DQGý PXOWLODWHUDOý DJUHHPHQWVý LQý RUGHUý WRý SHUIRUPý SDUWLFXODUý VFLHQWLILF
SURJUDPPHVïý-,15ý0HPEHUý6WDWHVýFRQWULEXWHýILQDQFLDOO\ýWRýWKHý,QVWLWXWH©VýDFWLYLWLHVýDQGýKDYHýHTXDO
ULJKWVýLQýLWVýPDQDJHPHQWï

$WýSUHVHQWý WKHý -,15ýKDVýìåý0HPEHUý6WDWHVãý$UPHQLDñý$]HUEDLMDQñý%HODUXVñý%XOJDULDñý&XEDñ
&]HFKý 5HSXEOLFñý *HRUJLDñý .D]DNKVWDQñý 'ï3ïý5HSXEOLFý RIý .RUHDñý 0ROGRYDñý 0RQJROLDñý 3RODQGñ
5RPDQLDñý5XVVLDQý)HGHUDWLRQñý6ORYDNý5HSXEOLFñý8NUDLQHñý8]EHNLVWDQñý9LHWQDPï

7KHý-,15ýKDVýVSHFLDOýFRðRSHUDWLRQýDJUHHPHQWVýFRQFOXGHGýRQýWKHýJRYHUQPHQWDOýOHYHOýZLWKã
�ýýý*HUPDQ\ý õLQý WKHý ILHOGý RIý WKHRUHWLFDOý SK\VLFVñý KHDY\ðLRQý SK\VLFVñý FRQGHQVHGý PDWWHUý SK\VLFVñý DQGý KLJKð
ýýýýHQHUJ\ýSK\VLFVôâ
�ýýý+XQJDU\ýõLQýWKHýILHOGýRIýFRQGHQVHGýPDWWHUýSK\VLFVôâ
�ýýý,WDO\ýõLQýWKHýILHOGýRIýLQWHUPHGLDWHýDQGýORZýHQHUJ\ýSK\VLFVôï

$PRQJýWKHýPDMRUýSDUWQHUVýZLWKýZKRPý-,15ýKDVýORQJðWHUPýFRðRSHUDWLRQýDJUHHPHQWVýDUHã

�ýýý&(51ñýLQýWKHýILHOGýRIýKLJKðHQHUJ\ýSK\VLFVâ
�ýýý,1ë3êýõ)UDQFHôñýLQýWKHýILHOGýRIýQXFOHDUýDQGýSDUWLFOHýSK\VLFVâ
�ýýý,1)1ýõ,WDO\ôñýLQýWKHýILHOGýRIýQXFOHDUýDQGýSDUWLFOHýSK\VLFVâ
�ýýý)1$/ñý%1/ñý6/$&ýDQGýRWKHUýUHVHDUFKýFHQWUHVýLQýWKHý86$ï

5HFHQWO\ñýVSHFLDOýDJUHHPHQWVýZHUHýVLJQHGýZLWKý81(6&2ýDQGý&/$)ýõ/DWLQý$PHULFDQý&HQWUH
IRUý3K\VLFVôïý7KHýODWHVWýSROLWLFDOýFKDQJHVýLQý(DVWHUQý(XURSHýDQGýHVSHFLDOO\ýLQý5XVVLDýKDYHýPDGHýWKH
-,15ý PRUHý DQGý PRUHý RSHQïý 1HZý FROODERUDWLQJý FRXQWULHVý DUHý ZHOFRPHGý WRý MRLQý WKHý -,15ï



3DUWLFXODUO\ñýVXFFHVVIXOýQHJRWLDWLRQVýKDYHýEHHQýODWHO\ýFRQGXFWHGýEHWZHHQýWKHý-,15ý'LUHFWRUDWHýDQG
*RYHUQPHQWDOýERGLHVýRIý*UHHFHýRQýWKHýVXEMHFWýRIý*UHHFHýHQWHULQJýWKHý-,15ýDVý$VVRFLDWHý0HPEHUï

7+(ý$*5((0(17ý%(7:((1ý7+(ý*29(510(17ý2)ý7+(
5866,$1ý)('(5$7,21ý$1'ý-,15ý+$6ý%((1ý5$7,),('

2QýWKHýêUGý'HFHPEHUýìäääýWKHý6WDWHý'XPDýRIý WKHý5XVVLDQý)HGHUDWLRQýSDVVHGýDý)HGHUDOý/DZ
¦2Qý5DWLILFDWLRQýRIýWKHý$JUHHPHQWýEHWZHHQýWKHý*RYHUQPHQWýRIýWKHý5XVVLDQý)HGHUDWLRQýDQGýWKHý-RLQW
,QVWLWXWHý IRUý 1XFOHDUý 5HVHDUFKý RQý WKHý /RFDWLRQý DQGý 7HUPVý RIý $FWLYLW\ý RIý WKHý -RLQWý ,QVWLWXWHý IRU
1XFOHDUý5HVHDUFKý LQý WKHý5XVVLDQý )HGHUDWLRQ§ïý 7KHý )HGHUDOý /DZýZDVý DSSURYHGý E\ý WKHý )HGHUDWLRQ
&RXQFLOý RQý ëëý 'HFHPEHUý ìäääý DQGý VLJQHGý E\ý WKHý $FWLQJý 3UHVLGHQWý RIý WKHý 5XVVLDQý )HGHUDWLRQ
9ïý3XWLQý RQý ëý -DQXDU\ý ëíííïý 7KHý )HGHUDOý /DZý FDPHý LQWRý IRUFHý IURPý WKHý GDWHý RIý LWVý RIILFLDO
SXEOLFDWLRQý¤ýçý-DQXDU\ýëíííï

7KHý$JUHHPHQWýEHWZHHQýWKHý5XVVLDQý*RYHUQPHQWýDQGýWKHý-,15ýZDVýVLJQHGýLQý'XEQDýLQýìääèï
1RZý LWý LVý VXSSRUWHGý E\ý WKHý ODZý DQGý FRQILUPVý WKHý LQWHUQDWLRQDOý SHUVRQDOLW\ý DQGý OHJDOý FDSDFLW\ý RI
-,15ïý ,Wý DOVRý JUDQWVý IDFLOLWLHVñý SULYLOHJHVý DQGý LPPXQLWLHVý LQý FRUUHVSRQGHQFHý ZLWKý WKHý HVWDEOLVKHG
SUDFWLFHýIRUýLQWHUQDWLRQDOýLQWHUJRYHUQPHQWDOýRUJDQL]DWLRQVï

*29(51,1*ý$1'ý$'9,625<ý%2',(6ý2)ý7+(ý-,15

�ýýý&RPPLWWHHýRIý3OHQLSRWHQWLDULHVýRIýWKHý-,15ý0HPEHUý6WDWHV
�ýýý)LQDQFHý&RPPLWWHHýõRQHýGHOHJDWHýIURPýHDFKý0HPEHUý6WDWHô
�ýýý6FLHQWLILFý&RXQFLO
�ýýý3URJUDPPHý$GYLVRU\ý&RPPLWWHHýIRUý3DUWLFOHý3K\VLFV
�ýýý3URJUDPPHý$GYLVRU\ý&RPPLWWHHýIRUý1XFOHDUý3K\VLFV
�ýýý3URJUDPPHý$GYLVRU\ý&RPPLWWHHýIRUý&RQGHQVHGý0DWWHUý3K\VLFV

7KHý PDLQý ILHOGVý RIý WKHý ,QVWLWXWH©Vý DFWLYLWLHVý DUHý WKHRUHWLFDOý SK\VLFVñý HOHPHQWDU\ý SDUWLFOH
SK\VLFVñý UHODWLYLVWLFýQXFOHDUýSK\VLFVñýSK\VLFVýRIý ORZýDQGý LQWHUPHGLDWHýHQHUJLHVñýKHDY\ðLRQýSK\VLFVñ
QXFOHDUý SK\VLFVý ZLWKý QHXWURQVñý FRQGHQVHGý PDWWHUý SK\VLFVñý UDGLRELRORJ\ý DQGý QXFOHDUý PHGLFLQHñ
H[SHULPHQWDOýLQVWUXPHQWVýDQGýPHWKRGVñýFRPSXWLQJýWHFKQRORJLHVï

ýýýýýýýý7KHýEDVLFýIDFLOLWLHVýRIýWKHý,QVWLWXWHýIRUýH[SHULPHQWDOýLQYHVWLJDWLRQVýDUHýWKHý1XFORWURQñý8éííýDQG
8éíí0ý F\FORWURQVñý DQGý ,%5ðëý QHXWURQý UHDFWRUïý 7KHý RWKHUý -,15ý IDFLOLWLHVý VXFKý DVý WKH
V\QFKURSKDVRWURQñý SKDVRWURQñý F\FORWURQý 8ðëííñý DQGý WKHý ,%5ðêíý UHDFWRUý DUHý PDLQO\ý VXSSRUWHGý E\
UHVRXUFHVýZKLFKýDUHýRXWVLGHýWKHý-,15ýEXGJHWï

7KHýLQWHUQDOýRUJDQL]DWLRQýRIýWKHý-,15ýLVýGHWHUPLQHGýE\ýVFLHQWLILFýVSHFLDOL]DWLRQïý7KHUHýDUHýVHYHQ
/DERUDWRULHVýLQýWKHý,QVWLWXWHã

xý %RJROLXERYý/DERUDWRU\ýRIý7KHRUHWLFDOý3K\VLFVýõ%/73ô
xý /DERUDWRU\ýRIý+LJKý(QHUJLHVýõ/+(ô
xý /DERUDWRU\ýRIý3DUWLFOHý3K\VLFVýõ/33ô
xý ']KHOHSRYý/DERUDWRU\ýRIý1XFOHDUý3UREOHPVýõ'/13ô
xý )OHURYý/DERUDWRU\ýRIý1XFOHDUý5HDFWLRQVýõ)/15ô



xý )UDQNý/DERUDWRU\ýRIý1HXWURQý3K\VLFVýõ)/13ô
xý /DERUDWRU\ýRIý,QIRUPDWLRQý7HFKQRORJLHVýõ/,7ô

7KHUHýDUHýWKUHHýPRUHýDOOð,QVWLWXWHýVXEGLYLVLRQVýLQýWKHý-,15©VýVWUXFWXUHã

�ýýýýý'LYLVLRQýRIý&RQGHQVHGý0DWWHUý3K\VLFV
�ýýýýý'LYLVLRQýRIý5DGLDWLRQýDQGý5DGLRELRORJLFDOý5HVHDUFK
�ýýýýý8QLYHUVLW\ý&HQWUHýRIý-,15

7KHý WRWDOý QXPEHUý RIý -,15ý SHUVRQQHOý LVý DERXWý çñíííý õLQFOXGLQJý VHUYLFHý GLYLVLRQVôï
$SSUR[LPDWHO\ýìñìííýVFLHQWLVWVýZRUNýDWýWKHý,QVWLWXWHïý7KHýVFLHQWLILFýSROLF\ýRIýWKHý-,15ýLVýHVWDEOLVKHG
E\ý WKHý 6FLHQWLILFý &RXQFLOñý ZKRVHý PHPEHUVý DUHý SURPLQHQWý VFLHQWLVWVý IURPý WKHý 0HPEHUý 6WDWHV
õ$ï$ïý/RJXQRYñý 9ï$ïý0DWYHHYñý $ï1ïý6NULQVN\ñý 5ïý 6RVQRZVNLñý $ï1ïý 7DYNKHOLG]Hñý HWFïôý DQGý ZHOOð
NQRZQý SK\VLFLVWVý IURPý &(51ñý )UDQFHñý *HUPDQ\ñý ,WDO\ñý WKHý 86$ý DQGý RWKHUý FRXQWULHVïý 0ïý 'HOOD
1HJUDñý&ïý'HWUD]ñý)ïý'\GDNñý)ïý/HKDUñý%ïý3H\DXGñý+ïý6FKRSSHUñý3ïý6SLOODQWLQLñý*ïý7ULOOLQJñýDQGýRWKHUV
DUHý DPRQJý WKHý PHPEHUVý RIý WKHý 6FLHQWLILFý &RXQFLOïý -,15©Vý 'LUHFWRUñý $FDGHPLFLDQý 9ï*ï
.DG\VKHYVN\ñýLVýWKHý&KDLUPDQýRIýWKHý6FLHQWLILFý&RXQFLOï

6HYHUDOýDVVRFLDWHýH[SHULPHQWDOýSK\VLFVýZRUNVKRSVýDUHýDOVRýSDUWýRIýWKHý,QVWLWXWHïý7KHýSHUVRQQHO
RIý WKHý &HQWUDOý :RUNVKRSý WRWDOVý DERXWý éííïý ,Wý LVý HTXLSSHGý ZLWKý HYHU\WKLQJý QHFHVVDU\ý IRU
PDQXIDFWXULQJý ODUJHðVL]Hý QRQðVWDQGDUGý IDFLOLWLHVñý HOHFWURQLFVñý DQGý KDVý WHFKQRORJLFDOý OLQHVý IRU
FRQVWUXFWLQJýGHWHFWRUVýIRUýSK\VLFVïý+HUHýWKHýPDLQýXQLWVýRIý-,15©VýKHDY\ðLRQýF\FORWURQVý¥ý8éííýDQG
8éíí0ý¥ýZHUHý FRQVWUXFWHGý LQý UHFHQWý \HDUVñý DVýZHOOý DVý WKHý1XFORWURQý¥ýDýQHZýVXSHUFRQGXFWLQJ
DFFHOHUDWRUýIRUýUHODWLYLVWLFýQXFOHDUýSK\VLFVïý,WýLVýDQýH[FHOOHQWýUHVXOWýHVSHFLDOO\ýLQýYLHZýRIýWKHýGLIILFXOW
HFRQRPLFýVLWXDWLRQýLQý5XVVLDýLQýUHFHQWý\HDUVï

ëïýýý-,15©Vý6&,(17,),&ý$&7,9,7<ý$1'ý%$6,&ý)$&,/,7,(6

/HWýXVýFRQVLGHUý WKHýUHVHDUFKýSURJUDPPHVýDWý WKHý-,15©VýPDLQýIDFLOLWLHVýDQGýDý IHZýH[DPSOHVýRIý WKH
UHFHQWýUHVXOWVï

ëïìý1XFORWURQ

7KHý QHZý VXSHUFRQGXFWLQJý DFFHOHUDWRUñý WKHý1XFORWURQý õVHHý )LJïý ìôýZDVý SXWý LQWRý RSHUDWLRQý ILYH
\HDUVý DJRý õ$ï0ïý%DOGLQý HWý DOïôïý ,Wý ZLOOý HQDEOHý DQý H[WHQVLYHý SURJUDPPHý RIý UHVHDUFKý LQý UHODWLYLVWLF
QXFOHDUýSK\VLFVýWRýEHýSHUIRUPHGýERWKýLQýDV\PSWRWLFýPRGHýõDQýDFFHOHUDWHGýQXFOHLýHQHUJ\ýKLJKHUýWKDQ
éý*H9îQôýDQGýWUDQVPLVVLRQýUHJLPHýõOHVVýWKHQýéý*H9îQôïý,QýWKHýDV\PSWRWLFýPRGHýWKHýQXFOHRQVýFDQQRW
EHý FRQVLGHUHGý DVý TXDVLSDUWLFOHVý RIý QXFOHDUý PDWWHUý DQGý WKHý LQIOXHQFHý RIý TXDUN¤JOXRQý GHJUHHVý RI
IUHHGRPýLQýLQWHUDFWLRQVýRIýKDGURQVýDQGîRUýQXFOHLýVKRXOGýEHýREVHUYHGï

7KHý /DERUDWRU\ý RIý +LJKý (QHUJLHVý õ/+(ôý RIý WKHý -,15ý ZDVý Dý SLRQHHUý LQý GHVLJQLQJý DQG
FRQVWUXFWLQJý WKHý ILUVWý ORZðFRVWý DFFHOHUDWRUý EDVHGý RQý ORZðILHOGý LURQý GRPLQDWHGý VXSHUFRQGXFWLQJ
PDJQHWVïý7KHý1XFORWURQýZDVýEXLOWýRYHUýDýSHULRGýRIý ILYHý\HDUVïý7KHýPDLQýPDJQHWLFýHTXLSPHQWýDQG
PDQ\ýRWKHUýV\VWHPVýZHUHýIDEULFDWHGýE\ý-,15ýZRUNVKRSVï

7KHý1XFORWURQýULQJýRIýëèìýPýLQýSHULPHWHUýLVýLQVWDOOHGýLQýWKHý6\QFKURSKDVRWURQýWHFKQRORJLFDO
WXQQHOïý7KHýWRWDOý¨FROGýPDVV©ýRIýWKHýPDJQHWLFýV\VWHPýLVýDERXWýåíýWïý&RROLQJýRIýWKHýV\VWHPýGRZQýWR
éïèý.ýWDNHVýDERXWýäíýKïý7KHýFRROLQJýV\VWHPýZDVýGHVLJQHGýWDNLQJýLQWRýDFFRXQWýWKHýIDVWýF\FOLQJýPRGH
RIýWKHý1XFORWURQýõXSýWRýíïè¤ìïíý+]ôñýZKLFKýLVýDýVSHFLILFýIHDWXUHýRIýWKLVýVXSHUFRQGXFWLQJýDFFHOHUDWRUï



)LJïýìãý7KHý1XFORWURQï
ý$ýQHZýVXSHUFRQGXFWLQJýDFFHOHUDWRUýZKLFKýSHUPLWVýDQýH[WHQVLYHýSURJUDPPH

RIýUHVHDUFKýLQýUHODWLYLVWLFýQXFOHDUýSK\VLFVýWRýEHýSHUIRUPHGï

,QýìäääñýDýVSHFLDOýV\VWHPýIRUýH[WUDFWLRQýRIýDýQXFOHDUýEHDPýIURPýWKHý1XFORWURQýWRýH[WHUQDOýVHWð
XSVý ZDVý FRPSOHWHGïý 7KHý V\VWHPý LVý Dý FRPSOH[ý VWUXFWXUHý EDVHGý RQý VXSHUFRQGXFWLQJý PDJQHWLF
HOHPHQWVñý ZKLFKý GRHVý QRWý KDYHý DQý DQDORJXHý LQý WKHý ZRUOGïý ,Qý 'HFHPEHUý ìäääñý WKHý V\VWHPý ZDV
VXFFHVVIXOO\ýWHVWHGýDQGýWKHýILUVWýH[WUDFWLRQýRIýWKHýSURWRQýEHDPýIURPýWKHý1XFORWURQýZDVýFDUULHGýRXWï
,Qý0DUFKýëíííñýDQýH[SHULPHQWýZDVýFRQGXFWHGýWRýRSWLPL]HýWKHýPRGHVýRIý WKHýVORZýH[WUDFWLRQýEHDP
DQGýUHVHDUFKýDFWLYLW\ýZDVýVWDUWHGýDWýWKHýH[WUDFWHGýEHDPýLQýWKHý/+(ýH[SHULPHQWDOýKDOOï

7ZRýH[SHULPHQWVýDWý WKHý675(/$ýDQGý6&$1ðëýVHWðXSVýKDYHýEHHQýVWDUWHGý WKLVý \HDUýZLWKý WKH
H[WUDFWHGý EHDPïý 7KHý ILUVWý WHVWý PHDVXUHPHQWVý ZLWKý WKHý VORZý H[WUDFWHGý GHXWHURQý EHDPý RIý WKH
1XFORWURQýZHUHý FDUULHGý RXWýZLWKLQý WKHý IUDPHZRUNý RIý UHVHDUFKý RQý WKHý FKDUJHðH[FKDQJHý SURFHVVý LQ
GHXWHURQ¤SURWRQýLQWHUDFWLRQVãýGSýooooýõSSôQïý7KHýJRDOýRIýWKHýPHDVXUHPHQWVýLVýWRýUHJLVWHUýWZRýSURWRQV
PRYLQJý IRUZDUGý LQý Dý QDUURZý FRQHý DWý WKHý ODUJHý EDFNJURXQGý RIý VLQJOHý SURWRQVý IURPý WKHý GHXWHURQ
IUDJPHQWDWLRQý SURFHVVïý 7KHý WZRðSURWRQý HYHQWVý DUHý GLVWLQJXLVKHGý E\ý PHDVXULQJý WKHý &KHUHQNRY
UDGLDWLRQýDPSOLWXGHýõVHHý)LJïýëôï

7KHý6&$1ðëýVHWðXSýLVýFRQVWUXFWHGýWRýVWXG\ýWKHýSURWRQðIRUPDWLRQýOHQJWKýLQ
Gýòý$7ýooooýSìõaaaaíRôýòýSëýõaaaaíRôýòý�

7KHý LQMHFWLRQý FRPSOH[ýXQGHUýGHYHORSPHQWýZLOOý FRQVLVWý RIý Dý ERRVWHUñý OLQDFñý DQGý LRQý VRXUFHVï
7KLVýFRPSOH[ýZLOOýDOORZýRQHýWRýDFFHOHUDWHýQXFOHLýIURPýK\GURJHQýWRýXUDQLXPýZLWKýDQýLQWHQVLW\ýRIýìíìê

WRýìíåýSDUWLFOHVýSHUýSXOVHñýUHVSHFWLYHO\ýõVHHý7DEOHýìôñýLQýWKHýHQHUJ\ýUDQJHýRIýç¤æý*H9ýSHUýQXFOHRQï
3RODUL]HGýGHXWHURQýEHDPVýDUHýIRUHVHHQï



)LJïýëãý7KHýDPSOLWXGHýGLVWULEXWLRQýRIýVLJQDOVýIURPýWKHý&KHUHQNRYýFRXQWHUýDWýWKH
ý]HURðDQJOHýVFDWWHULQJýRIýGHXWHURQVýZLWKýDýPRPHQWXPýRIýéïèý*H9îF

IURPýDýSRO\HWKHOHQHýWDUJHW

7DEOHýìãý7KHý18&/27521ýEHDPV
ýýýýýýýýýýýýýýýýýýýýýýýýýýý

,17(16,7<ýõ3DUWLFOHVýSHUýF\FOHô
%HDP

1XFORWURQ
õDYDLODEOHô

1XFORWURQýò
,RQýVRXUFHV
GHYHORSPHQW

1XFORWURQýò
%RRVWHU

S ë����ìíìí ì����ìíìì ì����ìíìê

G ë����ìíìí è����ìíìí ì����ìíìê
ê+H ë����ìíä aaaaìíìë
é+H å����ìíå è����ìíä ë����ìíìë
æ/L ë����ìíìí è����ìíìë
ìë& ì����ìíå æ����ìíä ë����ìíìë
ëí1H ì����ìíå è����ìíä
ëé0J ê����ìíå è����ìíìì
éí$U ê����ìíæ ë����ìíä
èç)H è����ìíæ ì����ìíìì
åé.U ì����ìíê ë����ìíæ è����ìíå
äç0R ì����ìíìí
ìêì;H ì����ìíæ ë����ìíå
ìåì7D ì����ìíå
ëíä%L ê����ìíç ì����ìíå
ëêå8 ì����ìíå



ëïëýý6\QFKURSKDVRWURQ

7KHý6\QFKURSKDVRWURQýõVHHý)LJïýêôýLVýDQýDFFHOHUDWRUýRIýìíý*H9ýSURWRQVýFRPPLVVLRQHGýLQýìäèæ
õ9ï,ïý9HNVOHUñý$ï/ïý0LQWVýHWýDOïôïý,QýWKHýìäæíVýWKHýDFFHOHUDWLRQýRIýQXFOHLýKHDYLHUýWKDQýK\GURJHQýZDV
DFFRPSOLVKHGýLQýWKHýEURDGýHQHUJ\ýVSHFWUXPýIURPýDýIHZýKXQGUHGý0H9ýWRýéïèý*H9ýSHUýQXFOHRQïý7KH
DYHUDJHý GHQVLWLHVý RIý WKHý EHDPVý UDQJHý IURPý ìíéý WRý ìíììý LRQVý SHUý FPëVý GHSHQGLQJý RQý WKHý DWRPLF
QXPEHUýRIýWKHýDFFHOHUDWHGýQXFOHLýDQGýWKHýH[SHULPHQWDOýUHTXLUHPHQWVï

6\QFKURSKDVRWURQý EHDPVý DWWUDFWý SK\VLFLVWVý IURPý PDQ\ý ODERUDWRULHVý LQý WKHý ZRUOGïý 7KH
FROODERUDWLRQý 63+(5(ý õ-,15ò1DJR\Dý 8QLYHUVLW\ôý SHUIRUPHGý Dý VWXG\ý RIý QXFOHDUý PDWWHUý DWý VKRUW
GLVWDQFHVï

)LJïýêãý6\QFKURSKDVRWURQ

,QýRUGHUýWRýFODULI\ýWKHýPHFKDQLVPýRIýWKHýUHDFWLRQVýDQGýWKHýVWUXFWXUHýRIýWKHýQRQðQXFOHRQýGHJUHHV
RIý IUHHGRPñý DQý H[SHULPHQWý ZLWKý SRODUL]HGý GHXWHURQý IUDJPHQWDWLRQý LQWRý FXPXODWLYHý KDGURQVý ZDV
SHUIRUPHGïý7KHýREVHUYHGýGLIIHUHQFHýEHWZHHQýWKHýPRGHOýDQGýWKHýH[SHULPHQWDOýGDWDýLVýHVSHFLDOO\ýODUJH
IRUý.ý ýíïëý*H9îFñýZKHUHýLWýZRXOGýEHýQDWXUDOýWRýH[SHFWýWKHýPDQLIHVWDWLRQýRIýQRQðQXFOHRQýGHJUHHVýRI
IUHHGRPýLQýWKHýGHXWHURQýZDYHýIXQFWLRQýõVHHý)LJïýéôï

)LJïýéãý63+(5(ý&ROODERUDWLRQïý0HDVXUHPHQWýRIýWKHýWHQVRUýDQDO\]LQJýSRZHUý7ëíýLQ
LQFOXVLYHýSRODUL]HGýGHXWHURQýIUDJPHQWDWLRQýLQWRýSLRQýDWý]HURýDQJOHï



ëïêýý3KDVRWURQ

7KHý3KDVRWURQýLVýDQýDFFHOHUDWRUýRIýçåíý0H9ýSURWRQVýõ0ï*ïý0HVKHU\DNRYñý9ï3ïý']KHOHSRYýHW
DOïôïý,WýFRPPHQFHGýRSHUDWLRQýLQýìäéäñýZDVýUHFRQVWUXFWHGýLQýìäåéñýDQGýLVýWKHýROGHVWýEDVLFýIDFLOLW\ýRI
WKHý-,15ýõVHHý)LJïýèôïý ,Qý'HFHPEHUýìäääýWKHýVWDIIýRIý WKHý-,15©Vý/DERUDWRU\ýRIý1XFOHDUý3UREOHPV
KDVý FHOHEUDWHGý WKHý èíWKý DQQLYHUVDU\ý RIý FRPPLVVLRQLQJý WKHý'XEQDý 6\QFKURF\FORWURQý õIURPý ìäåéý ¤
3KDVRWURQôïý7KHýSHUVRQýZKRý LPPHQVHO\ýFRQWULEXWHGý WRý WKHýFUHDWLRQñýGHYHORSPHQWñý DQGýVXEVHTXHQW
XSJUDGLQJýRIýWKHý6\QFKURF\FORWURQýIRUýDSSOLHGýQXFOHDUýSK\VLFVýDQGýPHGLFRðELRORJLFDOýUHVHDUFKýZDV
3URIHVVRUý9ï3ïý']KHOHSRYñýDQýRXWVWDQGLQJýVFLHQWLVWýDQGýRQHýRIý WKHýIRXQGHUVýRIý WKHý-,15ïý$WýLWVýåæ
VHVVLRQýõ-DQXDU\ýëíííôñýWKHý-,15ý6FLHQWLILFý&RXQFLOýZHOFRPHGýWKHýGHFLVLRQýRIýWKHý-,15ý'LUHFWRUDWH
WRýQDPHýWKHý/DERUDWRU\ýRIý1XFOHDUý3UREOHPVýDIWHUý3URIHVVRUý9ï3ïý']KHOHSRYñýLQýUHFRJQLWLRQýRIýKLV
JUHDWýFRQWULEXWLRQýWRýWKHýDFWLYLWLHVýRIýWKLVý/DERUDWRU\ýDQGýRIýWKHýZKROHý,QVWLWXWHï

,Wý LVý RZLQJý WRý KLVý HQWKXVLDVPý WKDWý DQý RQFRðUDGLRORJLFDOý GHSDUWPHQWý RQý WKHý EDVLVý RIý WKH
3KDVRWURQýZDVýRSHQHGýLQý'XEQDýRQýìý'HFHPEHUýìäääïý7ZHQW\ðIRXUýSDWLHQWVýKDYLQJýVHULRXVýIRUPVýRI
FDQFHUý õéWKý VWDJHôý KDYHý DOUHDG\ý XQGHUJRQHý Dý FRXUVHý RIý WUHDWPHQWý LQý WKHý RQFRðUDGLRORJLFDO
GHSDUWPHQWâýìåýRIý WKHPýUHFHLYHGýDýJDPPD¤SURWRQý WUHDWPHQWñýDQGýçýZHUHýH[SRVHGý WRýJDPPDðUD\Vï
7KHýUHVXOWVýRIýWKHýWUHDWPHQWýZHUHýSRVLWLYHï

)LJïýèãý3KDVRWURQýZLWKýVSDFHýYDULDWLRQýRIýWKHýPDJQHWLFýILHOGñýSURWRQýHQHUJ\ýõççíòêïìô0H9ñ
H[WUDFWHGýEHDPýLQWHQVLW\ýê[ìíìêýSîVñýGXW\ýF\FOHýðýåèø

7HQýEHDPýFKDQQHOVýDUHýDYDLODEOHýDWýWKLVýPDFKLQHýDQGýDUHýXVHGýWRýFDUU\ýRXWýH[SHULPHQWVýZLWK
SLRQVñý PXRQVñý QHXWURQVý DQGý SURWRQVïý )LYHý VHFRQGDU\ý EHDPVý DUHý GHVLJQHGý WRý FDUU\ý RXWý PHGLFDO
LQYHVWLJDWLRQVïý7KHýLQWHQVLW\ýRIýWKHýH[WUDFWHGýSURWRQýEHDPýLVýéýP$ï

7KHý VFLHQWLILFý DFWLYLWLHVý RIý WKHý /DERUDWRU\ý FRYHUý H[SHULPHQWDOý UHVHDUFKý LQý SDUWLFOHý SK\VLFV
õDWý KLJKñý ORZý DQGý LQWHUPHGLDWHý HQHUJLHVôâý LQYHVWLJDWLRQý RIý QXFOHDUý VWUXFWXUHý õLQFOXGLQJ
UHODWLYLVWLFý QXFOHDUý SK\VLFVý DQGý QXFOHDUý VSHFWURVFRS\ôâý VWXG\ý RIý FRQGHQVHGý PDWWHUý SURSHUWLHVâ
ELRORJLFDOýDQGýPHGLFRðELRORJLFDOýLQYHVWLJDWLRQVâýDSSOLHGýUHVHDUFKýLQFOXGLQJýFDQFHUýWKHUDS\ï

7KHUHýLVýDýSURSRVDOýWRýFRQVWUXFWýWKHýH[WHUQDOýLQMHFWLRQýRIýWKHýEHDPýLQWRýWKHýDFFHOHUDWRU©VýFHQWUH
LQýRUGHUýWRýLQFUHDVHýWKHýLQWHQVLW\ýRIýWKHý3KDVRWURQýDFFHOHUDWHGýSURWRQýEHDPýìí¤ëíýWLPHVï



ëïéýý8éííýDQGý8éíí0

$Wý SUHVHQWý WKHý FRPSOH[ý RIý WZRý KHDY\ý LRQý F\FORWURQVý¥ý8éííý DQGý 8éíí0ý ý õ*ï1ïý)OHURYñ
<Xï7Vïý2JDQHVVLDQý HWý DOïôý¥ý LVý WKHýPDLQý H[SHULPHQWDOý EDVHý RIý WKHý )OHURYý /DERUDWRU\ý RIý1XFOHDU
5HDFWLRQVïý$Vý\RXýNQRZñýHOHPHQWýìíèýGLVFRYHUHGýDWýWKLVýODERUDWRU\ýZDVýQDPHGý'XEQLXPýLQýKRQRXU
RIý'XEQDï

7KHý /DERUDWRU\©Vý UHVHDUFKý SURJUDPPHý LQYROYHVý LQYHVWLJDWLRQVý LQý Dý ZLGHý UHJLRQý RI
ORZðýDQGýLQWHUPHGLDWHðHQHUJ\ýKHDY\ðLRQýSK\VLFVïý ,QWHQVHýKHDY\ýLRQýEHDPVýRSHQýXSýQHZýYLVWDVý IRU
WKHýV\QWKHVLVýDQGýVWXG\ýRIýUDGLRDFWLYHýDQGýFKHPLFDOýSURSHUWLHVýRIýKHDY\ýHOHPHQWVñýVWXGLHVýRIýQXFOHL
IDUýIURPýWKHýOLQHýRIýEHWDðVWDELOLW\ïý5HVHDUFKýLVýXQGHUýZD\ýLQýWKHýILHOGýRIýUHDFWLRQVýZLWKýH[RWLFýQXFOHL
DQGýWKHýPHFKDQLVPýRIýIXVLRQýDQGýILVVLRQýSURFHVVHVï

7KHýLVRFKURQRXVý8éííýF\FORWURQýZDVýFRQVWUXFWHGýLQýìäæåýDQGýSURGXFHVýLRQýEHDPVýRIýDWRPLF
PDVVHVý IURPý éý WRý ìííý DQGý PD[LPXPý HQHUJ\ý XSý WRý ëèý 0H9îQXFOHRQïý 7KHý PD[LPXPý LRQý EHDP
LQWHQVLW\ýLVýSUHVHQWO\ýë[ìíìéýLRQîVýIRUý1HñýDQGýGURSVýWRýë[ìíìêýLRQîVýIRUý&Dïý7KHýH[SHULPHQWDOýVHWðXSV
DUHýORFDWHGýDWýìëýH[WUDFWHGýEHDPýFKDQQHOVï

7KHý8éíí0ýLVýDQýLVRFKURQRXVýF\FORWURQýõVHHý)LJïýçôýZKLFKýFRPPHQFHGýRSHUDWLRQýLQýìääìðäë
WRýDFFHOHUDWHýKHDY\ýLRQVïý$WýWKHý8éíí0ýF\FORWURQñýLQWHUQDOýLRQýEHDPVýRIýOLJKWýHOHPHQWVýIURPý+HýWR
$UýZLWKý HQHUJLHVý XSý WRý èíý0H9îQXFOHRQý õWKHýPD[LPXPý HQHUJ\ý LVý ìííý0H9îQXFOHRQôý KDYHý EHHQ
REWDLQHGïý$ýV\VWHPýRIýFKDQQHOVýIRUýH[WUDFWHGýEHDPýWUDQVSRUWDWLRQýLVýEHLQJýGHYHORSHGï

ýýýý)LJïýçãý8éíí0

7RýZLGHQýWKHýUDQJHýRIýDFFHOHUDWHGý LRQVýDWý WKHý8éíí0ýDQGý WRý LQFUHDVHý WKHýHQHUJ\ñý WKHý(&5ð
VRXUFHý'(&5,6ýKDVýEHHQýFRQVWUXFWHGýDWýWKHý/DERUDWRU\ïý$OVRñýDýPRUHýSRZHUIXOý(&5ðVRXUFHýLVýEHLQJ
GHYHORSHGý LQýFROODERUDWLRQýZLWKý WKHý*$1,/ý&HQWUHý õ)UDQFHôïý7KHýXVHýRIý WKHý(&5ðW\SHýKHDY\ðLRQ
VRXUFHVý ZLOOý DOORZý WKHý /DERUDWRU\ý WRý XVHý OHVVý H[SHQVLYHý VHSDUDWHGý LVRWRSHVý LQý UHVHDUFKý RQý WKH
V\QWKHVLVýRIýKHDY\ýHOHPHQWVýRUýH[RWLFýQXFOHLïý ,QýRUGHUý WRýREWDLQýDQGýWUDQVSRUWýVHFRQGDU\ýEHDPVýRI
UDGLRDFWLYHýQXFOHLñýWKHý&20%$6ýIUDJPHQWýVHSDUDWRUýZLWKýDýODUJHýDFFHSWDQFHýDQGýKLJKýUHVROXWLRQýLV
EHLQJý FUHDWHGïý 7KHý SURMHFWý RIý WKHý IXWXUHý GHYHORSPHQWý RIý WKHý /DERUDWRU\ý DFFHOHUDWRUý FRPSOH[ý LV
OLQNHGýZLWKý WKHý SURGXFWLRQý RIý UDGLRDFWLYHý QXFOHDUý EHDPVý LQý WKHý WDQGHPýPRGHýRIý RSHUDWLRQý RIý WKH
8éíí0ý DQGý 8éííý DFFHOHUDWRUVñý DQGý ZLWKý WKHý FUHDWLRQý RIý Dý VWRUDJHý ULQJñý DFWLQJý DVý WKHý WKLUG
VWDJHï



7KHýPRVWýVSHFWDFXODUýUHVXOWýREWDLQHGýDWý8éííýLQýODWHýìääåýZDVýWKHýV\QWKHVLVýRIýDýQHZýORQJð
OLYHGýõêíVôýVXSHUKHDY\ýHOHPHQWýZLWKýDWRPLFýQXPEHUýììéýDQGýPDVVýëåäýDQGý WKXVý WKHýGLVFRYHU\ýRI
DQý LVODQGý RIý QXFOHDUý VWDELOLW\ý IRUý VXSHUKHDY\ý HOHPHQWVïý 7KLVý GLVFRYHU\ý KDVý FURZQHGý WKHý êèð\HDU
HIIRUWVýRIýSK\VLFLVWVýIURPý-,15ñý86$ýDQGý*HUPDQ\ýLQýVHDUFKýIRUýWKLVýVWDELOLW\ýLVODQGï

'XULQJý ìäääñý WKUHHý LVRWRSHVý RIý WKHý QHZý HOHPHQWñý ììéñý KDYLQJýPDVVHVý$ ëåæñý ëååý DQGý ëåä
ZHUHý V\QWKHVL]HGïý$PRQJý WKHLUý GHFD\ý SURGXFWVý WKHUHýZHUHý LGHQWLILHGý WKHý KHDYLHVWý LVRWRSHVý RIý WKH
HOHPHQWVãýììëýZLWKý$ ëåêñýëåéýDQGýëåèñýHOHPHQWýììíýZLWKý$ ëåíýDQGýëåìñýDQGýHOHPHQWýìíåýZLWK
$ ëææï

)LJïýæý VKRZVý WKHý GHFD\ý FKDLQVý RIý WKHý QHZý LVRWRSHVñý LQFOXGLQJý WKHý HQHUJ\ý YDOXHVñý WKHý DOSKDð
GHFD\ýSHULRGVñýDQGýVSRQWDQHRXVýILVVLRQï

)LJïýæãý'HFD\ýFKDLQVýRIýLVRWRSHVýRIýHOHPHQWýììé

2Qýëéý0D\ýëíííý DQý H[SHULPHQWý RQý HOHPHQWý ììçý V\QWKHVLVýZDVý VWDUWHGïý 7KHý XQLTXHý FXULXP
WDUJHWýLVýFUHDWHGýZLWKýWKHýVXSSRUWýRIýWKHý0LQLVWU\ýIRUý$WRPLFý(QHUJ\ýRIýWKHý5XVVLDQý)HGHUDWLRQï

7KHýRWKHUýLQWHQVLYHO\ýGHYHORSLQJýGLUHFWLRQýDWý)/15ýLVýDýUHVHDUFKýSURJUDPPHýZLWKýUDGLRDFWLYH
QXFOHDUý EHDPVñý QDPHO\ý WKHý 'XEQDý 5DGLRDFWLYHý ,RQý %HDPVý õ'5,%Vôý SURMHFWïý 5HDOL]DWLRQý RIý WKH
'5,%Vý SURMHFWý DVVXPHVý VRPHý PRGHUQL]DWLRQý RIý 8éííñý 8éíí0ý DQGý 0LFURWURQý DFFHOHUDWRUVý DQG
FRQVWUXFWLRQýRIýQHZýEHDPýFKDQQHOVýEHWZHHQýWKHVHýWKUHHýDFFHOHUDWRUVïý7KHýQHZýFRPSOH[ýZLOOýSURYLGH
JHQHUDWLRQýDQGýDFFHOHUDWLRQýRIýVHFRQGDU\ýEHDPVýRIýOLJKWHVWýQXFOHLýé+Hý¤ýìé2ýZLWKýWKHýHQHUJ\ýIURPýé
WRýëíý0H9ýSHUýQXFOHRQýDQGýUDGLRDFWLYHýLRQýEHDPVýRIýKHDYLHUýHOHPHQWVýJHQHUDWHGýIURPýWKHýSURGXFWV
RIýILVVLRQýIUDJPHQWVïý,WýZLOOýEHýWKHýILUVWýVRXUFHýRIýLQWHQVHýUDGLRDFWLYHýLRQVýZLWKýXQLTXHýSDUDPHWHUVýLQ
WKHý-,15ý0HPEHUý6WDWHVýIRUýH[SHULPHQWVýZLWKýH[RWLFýQXFOHLï



ëïèýýý7KHý,%5ðëýIDVWýQHXWURQýUHDFWRU

7KHýPDLQýEDVLFýIDFLOLW\ýRIýWKHý)UDQNý/DERUDWRU\ýRIý1HXWURQý3K\VLFVýõ)/13ôýLVýWKHýIDVWýQHXWURQ
SXOVHGýUHDFWRUý ,%5ðëýXVHGýIRUýFRQGHQVHGýPDWWHUý UHVHDUFKý õ'ï,ïý%ORFKLQWVHYñý ,ï0ïý)UDQNýHWýDOïôñý VHH
)LJïýåïý1HXWURQýVFDWWHULQJýLQYHVWLJDWLRQVýLQýWKHýILHOGýRIýFRQGHQVHGýPDWWHUýSK\VLFVýDUHýFRQGXFWHGýDW
,%5ðëý XVLQJý IRXUý PDLQý H[SHULPHQWDOý WHFKQLTXHVãý GLIIUDFWLRQñý VPDOOðDQJOHý VFDWWHULQJñý LQHODVWLF
VFDWWHULQJñýDQGýSRODUL]HGýQHXWURQýRSWLFVï

,%5ðëýLVýDýSXOVHGýUHDFWRUýZLWKýDQýDYHUDJHýWKHUPDOýSRZHUýëý0:ñýSHDNýSRZHUýLQýSXOVHýRIýìñèíí
0:ñýKDOIýZLGWKý RIý WKHý SXOVHý ëìèýPVñý SXOVHý UHSHWLWLRQý UDWHý èý+]ñý WKHUPDOý QHXWURQý IOX[ý GHQVLW\ý LQ
PRGHUDWRUýDWýPD[LPXPýRIýWKHýSXOVHý¤ýë[ìíìçýQîFPëVï

ýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýýý)LJïýåãý,%5ðë

,Qý'HFHPEHUýìäääýWKHýVWDIIýRIý)/13ýFRPSOHWHGýWKHýWHVWVýRIýWKHýXQLTXHýFU\RJHQLFýPRGHUDWRU
RQýVROLGýPHWKDQHýDWýWKHý,%5ðëýUHDFWRUïý7KXVñýWKHýFROGýQHXWURQýIOX[ýWXUQHGýRXWýWRýEHýê¤éýWLPHVýKLJKHU
WKDQýWKHýIOX[ýIURPýWKHýEHVWýIRUýWKHýPRPHQWýFROGýQHXWURQýVRXUFHý,6,6ýLQý%ULWDLQïý1RZýWKHUHýDUHýQHZ
RSSRUWXQLWLHVý IRUý H[SHULPHQWDOý UHVHDUFKý RIý FRPSOH[ý VWUXFWXUHVý LQý ELRORJ\ñý SK\VLFVý RIý SRO\PHUVñ
PDWHULDOVýVFLHQFHñýSKDUPDFRORJ\ñýHWFï

%\ýëííëñýWKHýSULQFLSDOýSDUWVýRIýWKHýUHDFWRUý,%5ðëýZLOOýKDYHýWKHLUýUDGLDWLRQýUHVRXUFHýH[KDXVWHG
DQGýZLOOýKDYHýWRýEHýUHSODFHGïý7KHýSURJUDPPHýIRUýXSJUDGLQJýWKHý,%5ðëýUHDFWRUýZLOOýEHýDFFRPSOLVKHG
RYHUýDýSHULRGýRIýìíý\HDUVýýõìääç¤ëííèôïý7KLVýSURJUDPPHýLQFOXGHVã

ðý LPSURYHPHQWýRIýWKHýUHDFWRUýSDUDPHWHUVñ
ðý LQFUHDVHýLQýQXFOHDUýVDIHW\ýDQGýUHOLDELOLW\ýRIýWKHýUHDFWRUñ
ðý XSGDWLQJýRIýWKHýUHDFWRUýV\VWHPVï

ëïçýý,%5ðêíýòý/8(ðéí

7KHý,%5ðêíò/8(ðéíýLVýDýSXOVHGýQHXWURQýVRXUFHýFRQVLVWLQJýRIýWKHýROGýSXOVHGýUHDFWRUý,%5ðêí
DQGýWKHýHOHFWURQýéíý0H9ýOLQDFý/8(ðéíýõ'ï,ï%ORFKLQWVHYñý,ï0ï)UDQNýHWýDOïôïý7KHýDYHUDJHýKHDWýSRZHU
RIýWKHýUHDFWRUýLVýìíýN:ñýDQGýWKHýLQVWDQWýSXOVHýSRZHUýLVýìèíý0:ïý,WýJHQHUDWHVýQHXWURQýSXOVHVýZLWKýD
IUHTXHQF\ýRIýDERXWýRUýOHVVýWKDQýìííý+]ýDQGýDýGXUDWLRQýRIýéïèPVïý7KHýWRWDOýQHXWURQý\LHOGýLVýè[ìíìéýQîVñ
WKHýIOX[ýRIýIDVWýQHXWURQVýLVýDERXWýìíìëýQîFPëVï



$ý GHYHORSHGý VHWý RIý WLPHðRIðIOLJKWý QHXWURQý VSHFWURPHWHUVý DOORZý Dý ZLGHý VSHFWUXPý RI
LQYHVWLJDWLRQVýWRýEHýFDUULHGýRXWýLQFOXGLQJýWKHýVWXG\ýRIý3ðýDQGý7ðV\PPHWU\ýYLRODWLRQýRIýIXQGDPHQWDO
LQWHUDFWLRQVý LQýQXFOHLñý WKHý HOHFWURPDJQHWLFý VWUXFWXUHýRIý WKHýQHXWURQñý DQGý VRPHýSUREOHPVý UHODWHGý WR
IXQGDPHQWDOýQXFOHDUýSK\VLFVï

ëïæýý,5(1

,5(1ý õ,QWHQVHý 5HVRQDQFHý 1HXWURQý 6RXUFHôý LVý Dý SURMHFWý DLPHGý DWý FRQVWUXFWLQJý Dý KLJKðIOX[
SXOVHGýQHXWURQýVRXUFHýWRýFDUU\ýRXWýLQYHVWLJDWLRQVýZLWKýUHVRQDQFHýQHXWURQVýõ)LJïýäôï

7KHýIDFLOLW\ýZLOOýFRPSULVHýDýPRGHUQýëííý0H9ýHOHFWURQýOLQDFýDQGýVXEFULWLFDOýSOXWRQLXPýERRVWHU
ZLWKýDýQHXWURQýPXOWLSOLFDWLRQýFRHIILFLHQWýêíïý7KHýSXOVHýUDWHýLVýìèíý+]ñýGXUDWLRQýíïéýPVñýDQGýWKHýWRWDO
QHXWURQý \LHOGýaý ìíìèý QîVïý 7KLVý SURMHFWýZDVý VWDUWHGý LQý ìääéý DQGý WKHý ,5(1ý IDFLOLW\ýZLOOý FRPPHQFH
RSHUDWLRQýLQýëííëï

,5(1ýõ,QWHQVHý5(VRQDQWý1HXWURQýVRXUFHô
$ýVNHWFKýRIýWKHýSURMHFW

)LJïýäãý7KHýUHVHDUFKýSURJUDPPHýIRUýWKHý,5(1ýLQFOXGHVýLQYHVWLJDWLRQýRIý3ðýDQGý&3ýðýYLRODWLRQV
LQýVORZýQHXWURQýLQWHUDFWLRQVýZLWKýQXFOHLýDQGýRWKHUýIXQGDPHQWDOýQXFOHDUýSK\VLFVýWRSLFVï



ëïåýý7KHý-,15ýFRPSXWLQJýDQGýQHWZRUNLQJýLQIUDVWUXFWXUH

$FFRUGLQJýWRýWKHýUHFRPPHQGDWLRQýPDGHýE\ýWKHý-,15ý6FLHQWLILFý&RXQFLOýDWýLWVýåèWKýVHVVLRQýLQ
-DQXDU\ýìäääñýWKHý,QVWLWXWH©VýWHOHFRPPXQLFDWLRQýOLQNVñýFRPSXWLQJýDQGýQHWZRUNLQJýLQIUDVWUXFWXUHýDUH
FRQVLGHUHGýWRýEHýDýEDVLFýIDFLOLW\ñýWRRï

,Qý ëíííý WKHý -,15ý 'LUHFWRUDWHý WRRNý Dý GHFLVLRQý WRý UHRUJDQL]Hý WKHý /DERUDWRU\ý RIý &RPSXWLQJ
7HFKQLTXHVýDQGý$XWRPDWLRQñýZKLFKýZDVýUHVSRQVLEOHý IRUý WKLVý LQIUDVWUXFWXUHñý LQWRý WKHý/DERUDWRU\ýRI
,QIRUPDWLRQý7HFKQRORJLHVýõ/,7ôï

7KHýHIIRUWVýRIýWKHý/DERUDWRU\ýRIý,QIRUPDWLRQý7HFKQRORJLHVýDUHýGLUHFWHGýDWýSURYLGLQJýDGHTXDWH
QHWZRUNLQJñýLQIRUPDWLRQñýFRPSXWLQJýDQGýVRIWZDUHýVXSSRUWýRIýWKHýUHVHDUFKýXQGHUýZD\ýDWý-,15ïý7KH
PDLQýDFWLYLWLHVýRIýWKLVýODERUDWRU\ýDUHýVKRZQýLQý)LJïýìíï

¾ý 7HOHFRPPXQLFDWLRQýV\VWHPVã
xý ([WHUQDOýFRPPXQLFDWLRQýFKDQQHOVýõ,17(51(7ô
xý +LJKðVSHHGý-,15ý%DFNERQH

¾ý6\VWHPVý IRUý SRZHUIXOý FRPSXWDWLRQVý DQGý PDVVý GDWD
SURFHVVLQJã

xý *HQHUDOýKLJKðSHUIRUPDQFHýVHUYHU
xý &OXVWHUVý RIý ZRUNVWDWLRQVý RIý -,15ý ODERUDWRULHVý DQG
H[SHULPHQWV

xý &RPSXWLQJýIDUPVýõ3&ðIDUPVô

¾ý'DWDýVWRUDJHýV\VWHPã
xý )LOHýVHUYHUVýV\VWHPýEDVHGýRQý$)6
xý 0DVVýVWRUDJHýV\VWHP
xý ,QIRUPDWLRQýVHUYHUVýDQGýGDWDEDVHýVHUYHUV

¾ý6RIWZDUHýVXSSRUWýV\VWHPVã
xý 9LVXDOL]DWLRQýV\VWHPV

 ý &RPSXWDWLRQDOýSK\VLFV

)LJïýìíãý7KHýPDLQýDFWLYLWLHVýRIýWKHý/DERUDWRU\ýRIý,QIRUPDWLRQý7HFKQRORJLHV



êïýý7+(ý-,15ãý$ý0$-25ý3$571(5ý2)ý:25/'ý+(3ý/$%25$725,(6

êïìý ,QWHUQDWLRQDOýFROODERUDWLRQ
%URDGý LQWHUQDWLRQDOý FRðRSHUDWLRQý LVý RQHý RIý WKHý PRVWý LPSRUWDQWý SULQFLSOHVý RIý WKHý -,15©V

DFWLYLWLHVïý$OPRVWýDOOý LQYHVWLJDWLRQVýDUHý FDUULHGýRXWý LQýFORVHýFROODERUDWLRQýZLWKý WKHý -,15ýPHPEHUð
VWDWHý VFLHQWLILFý FHQWUHVñý DVý ZHOOý DVý LQWHUQDWLRQDOý DQGý QDWLRQDOý LQVWLWXWLRQVý DQGý ODERUDWRULHVý RIý WKH
ZRUOGïý (IIHFWLYHý FRðRSHUDWLRQý LVý DFKLHYHGý ZLWKý LQVWLWXWHVý LQý 5XVVLDý VXFKý DVý ,+(3ý õ3URWYLQRôñ
.XUFKDWRYý ,QVWLWXWHý õ0RVFRZôñý ,QVWLWXWHý RIý1XFOHDUý 3K\VLFVý õ*DWFKLQDý QHDUý 6Wïý 3HWHUVEXUJôñý ,7(3
õ0RVFRZôñý ,15ý õ7URLWVNôñý /HEHGHYý ,QVWLWXWHý RIý 3K\VLFVý õ0RVFRZôñý 0RVFRZý 6WDWHý 8QLYHUVLW\ñ
%XGNHUý,QVWLWXWHýRIý1XFOHDUý3K\VLFVýõ1RYRVLELUVNôñýDQGýRWKHUVï

9HU\ýIUXLWIXOýVFLHQWLILFýFRðRSHUDWLRQýKDVýEHHQýDFKLHYHGýZLWKý&(51ñýHVSHFLDOO\ýLQýUHFHQWý\HDUVñ
DVýZHOOýDVýZLWKýPDQ\ýSK\VLFVýODERUDWRULHVýLQýWKHý86$ñý)UDQFHñý*HUPDQ\ñý,WDO\ñýDQGýRWKHUýFRXQWULHVï
ýýýýýýýýý,Qý ìäääñý DSSUR[LPDWHO\ý ìñëííý -,15ý VSHFLDOLVWVý SDUWLFLSDWHGý LQý MRLQWý H[SHULPHQWVý DQG
LQWHUQDWLRQDOý FRQIHUHQFHVý DQGý V\PSRVLDñý DQGý PRUHý WKDQý ìíííý VFLHQWLVWVý IURPý FROODERUDWLQJ
ODERUDWRULHVýDQGýFHQWUHVýYLVLWHGý'XEQDïý7KHý-,15ýDOVRýRUJDQL]HVýDERXWýèíýFRQIHUHQFHVñýZRUNVKRSV
DQGý RWKHUý PHHWLQJVý DQQXDOO\ïý 6FLHQWLVWVý IURPý'XEQDý SDUWLFLSDWHGý LQý PRUHý WKDQý ìèíý LQWHUQDWLRQDO
FRQIHUHQFHVýLQýìäääï

ýêïëïýý&RðRSHUDWLRQýZLWKý&(51

)RUýPRUHýWKDQýéíý\HDUVýWKHýFRðRSHUDWLRQýEHWZHHQý-,15ýDQGý&(51ýKDVýEHHQýYHU\ýIUXLWIXOýDQG
PXWXDOO\ýEHQHILFLDOïý$ýJHQHUDOýDJUHHPHQWýEHWZHHQýWKHý-,15ýDQGý&(51ýZDVýVLJQHGýLQýìääëñýEXWýFRð
RSHUDWLRQýEHWZHHQýWKHýWZRý LQWHUQDWLRQDOýRUJDQL]DWLRQVýKDVýDýYHU\ý ORQJýDQGýULFKýKLVWRU\ïý7KHý-,15
'LUHFWRUDWHý DWWHQGVý PXFKý DWWHQWLRQý WRý WKHý &(51¤-,15ý FROODERUDWLRQý LQý UHVHDUFKý SURJUDPPHVñ
LQFOXGLQJý WKHRUHWLFDOý VWXGLHVý DQGý HGXFDWLRQý RIý Dý QHZý JHQHUDWLRQý RIý \RXQJý VFLHQWLVWVñý SDUWLFXODUO\
-,15¤&(51ý6FKRROVï

'XEQDý SK\VLFLVWVý DUHý LQYROYHGý LQý Dý ODUJHý SDUWý RIý WKHý &(51ý H[SHULPHQWDOý SURJUDPPHý õVHH
7DEOHýëôïý'XEQDýKDVýPDGHýSURJUHVVýLQýIXOILOOLQJýLWVýREOLJDWLRQVýZLWKýUHVSHFWýWRýWKHý/+&ý3URJUDPPH
õ$7/$6ñý&06ýDQGý$/,&(ýH[SHULPHQWVñýDVýZHOOýDVýWKHý/+&ýPDFKLQHôï

$7/$6ýSURMHFW
$ýJUHDWýDPRXQWýRIýZRUNýIRUýWKHý$7/$6ý%DUUHOý+DGURQý7LOHý&DORULPHWHUýKDVýEHHQýSHUIRUPHGã

LQý FRðRSHUDWLRQý ZLWKý %HODUXVLDQý DQGý 6ORYDNý ,QVWLWXWHVý DQGý LQGXVWU\ý DERXWý êííñíííý XQLWVý RIý VWHHO
DEVRUEHUýSODWHVýZLWKýYHU\ýKLJKýPHFKDQLFDOýWROHUDQFHýõèíýPLFURQVôýZHUHýPDQXIDFWXUHGïý$OOýRIýWKHP
KDYHýEHHQýGHOLYHUHGýWRýFDORULPHWHUýVXEPRGXOHýSURGXFHUVýõ'XEQDñý3UDJXHñý3URWYLQRñý3LVDôï

&06ýSURMHFW
7KHý -,15ý LVý SDUWLFLSDWLQJý LQý WKHý &06ý SURMHFWý LQý WKHý IUDPHZRUNý RIý WKHý 5XVVLDý DQGý 'XEQD

0HPEHUý 6WDWHVý &ROODERUDWLRQý õ5'06ôïý 7KHý LQYROYHPHQWý RIý WKHý 0HPEHUý 6WDWHVý LQý WKLVý DFWLYLW\
WKURXJKý5'06ýKDVýJLYHQýWKHPýDQýRSSRUWXQLW\ýWRýSOD\ýOHDGLQJýUROHVýDQGýWRýFRQWULEXWHýVLJQLILFDQWO\
WRýWKHýSUHSDUDWLRQýRIýWKHýKDGURQýFDORULPHWHUñýHOHFWURPDJQHWLFýFDORULPHWHUýDQGýWKHýPXRQýGHWHFWRUï

%HODUXVLDQý VFLHQWLVWVý DQGý LQGXVWU\ý KDYHý GHYHORSHGý DQGý PDQXIDFWXUHGý Dý VSHFLDOý HOHFWURQLFV
VFKHPHýõIRUýSURSRUWLRQDOýFKDPEHUVôýZKLFKýVXFFHVVIXOO\ýSDVVHGýUDGLDWLRQýWHVWVýDWý&(51ïý%HODUXVýDQG
%XOJDULDý DUHý UHVSRQVLEOHý IRUý &06ý HQGðFDSý FDORULPHWU\ïý 7KH\ý DVVHPEOHGý WKHý YHU\ý ILUVWý IXOOðVFDOH
SURWRW\SHýRIýKðFDOýVHFWRUýõë[ë[ìýPêýLQýGLPHQVLRQVýDQGýZHLJKLQJýêíýWôï

$/,&(ýSURMHFW
7KHý -,15ý FRQWULEXWHVý WRý WKHý ZDUPý GLSROHý PDJQHWñý WKHý SURGXFWLRQý RIý ODUJHðVFDOHý 3HVWRY

FRXQWHUVñýGHWHFWRUýDVVHPEO\ñýGDWDýWDNLQJýUXQVñýDQGýGDWDýSURFHVVLQJý÷ýDQDO\VLVï



7DEOHýëãý([SHULPHQWVýDWý&(51ýLQýZKLFKý'XEQDýLVýLQYROYHG

3URMHFW /RFDWLRQ DôýPDLQýJRDOV
Eôý-,15ýFRQWULEXWLRQ

1$éè 636 Dôý6WXG\ýRIýHOHFWURQ¤SRVLWURQýSDLUýSURGXFWLRQýLQ
UHODWLYLVWLFýQXFOHDUýFROOLVLRQVï
Eôý'HVLJQý÷ýPDQXIDFWXUHýRIýDýQHZýPDJQHWýV\VWHPýIRU
SUHFLVHýVSHFWURVFRS\ïý'HVLJQý÷ýFRQVWUXFWLRQýRIýWKH
WULJJHUýV\VWHPïý'DWDýDQDO\VLVï

1$éå 636 Dôý+LJKHVWýSUHFLVLRQýGLUHFWý&3ýYLRODWLRQýVHDUFKLQJýLQ
QHXWUDOýNDRQVýGHFD\Vï
Eôýý6XEV\VWHPVýGHVLJQý÷ýFRQVWUXFWLRQñýGDWDýWDNLQJýUXQVï
'DWDýDQDO\VLVï

1$éä 636 Dôý6HDUFKýIRUýWKHýSUHGLFWHGýSKDVHýWUDQVLWLRQýIURPýKDGURQV
WRýGHFRQILQHGýTXDUNVýDQGýJOXRQVýLQý3Eò3EýFROOLVLRQVýDW
636ï
EôýäííðFKDQQHOýWLPHðRIðIOLJKWýGHWHFWRUýIRUýLGHQWLILFDWLRQýRI
Krñý.rñýSñýSñýGýDQGýGïý'DWDýDQDO\VLVï

120$' 636 Dôý6HDUFKýIRUýQPoQWýDQGýQPoQHýRVFLOODWLRQVï
Eôý'DWDýWDNLQJý÷ýDQDO\VLVñýQHZýSURSRVDOýSUHSDUDWLRQï

&203$66 636 Dôý+DGURQýVWUXFWXUHýDQGýKDGURQýVSHFWURPHWU\ýRQýKLJKýUDWH
KDGURQýDQGýPXRQýEHDPVâýT÷JýFRQWULEXWLRQýWRýQXFOHRQ
VSLQâýSRODUL]DWLRQýRIýQXFOHRQýVHDýT©VýHWFïý*OXHEDOOVýVHDUFK
IRUýH[RWLFVï
Eôý+DGURQý&DOñýPXRQýGHWHFWRUñýODUJHýDUHDýWUDFNýFKDPEHUVï

',5$& 36 DôýèøýDFFXUDF\ýWHVWýRIýORZýHQHUJ\ý4&'ýE\ýìíøýSUHFLVLRQ
õSòSðôýDWRPýOLIHýWLPHýPHDVXUHPHQWï
Eôý([SHULPHQWýSURSRVHGýE\ý-,15ñýGULIWýFKDPEHUVñ
VHFRQGDU\ýSDUWLFOHVýFKDQQHOñýWULJJHUýGHYHORSPHQWñý0&
VLPXODWLRQý÷ýVRIWZDUHïý'DWDýWDNLQJýUXQVñýGDWDýSURFHVVLQJ
÷ýDQDO\VLVï

'(/3+, /(3 Dôý3UHFLVLRQýPHDVXUHPHQWVýRIýPýõ:ôñýVHDUFKýIRUýQHZ
SDUWLFOHVñýHWFï
Eôý0DLQWHQDQFHýRIýý+DGURQý&DORULPHWHUýDQGý6XUURXQG
0XRQý&KDPEHUVñýSK\VLFVýDQDO\VLVï

$7/$6 /+& Dôý*HQHUDOýSXUSRVHýSSðH[SHULPHQWï
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A brief overview of the history of the Portuguese music is given.
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1. PREVIOUS REMARKS

Presenting a communication on such a vast field as the subject of this work is usually a task for
specialists. Only these are able to smoothly draw a global and coherent picture of their field of
study. So, if you are not a specialist (even if you have a deep interest for the field) and you
occupy your days working in an entirely different subject (say the physics of muonium states in
semiconductors), you are surely in trouble!

There are two possible solutions for this dilemma: a) ask a specialist and b) do it à la
Newton (even if you're not one), climbing in the shoulders of giants. The mountaineering option
was adopted here, and four giants helped me in viewing higher: Rui Vieira Nery and Paulo
Ferreira de Castro with their História da Música [1], João de Freitas Branco with his História da
Música Portuguesa [2] and José Carlos Travassos Cortez with his passioned and illuminating
lessons on the history of Portuguese music that I was lucky to attend in the Conservatório de
Musica de Coimbra [3]. I am very pleased to dedicate this work to his memory.

Apart from Refs. [1-3], which are available in Portuguese only, all the other references are
relative to introductory notes of compact-discs and are generally available in English as well. Of
course these discographic indications are not extensive, but I believe they constitute a basis (surely
not the only one!) for a good start in Portuguese-specialized melomania.

2. MEDIEVAL MUSIC

2.1 Liturgical repertoire

In the first times of the Catholic church, several local liturgies devellop (the galican in the
franc realm, the sarum in England, the antique roman in Rome, the Ambrosian in Milan, etc). In
the visigothic kingdom established in the Iberian Peninsula, the Council of Toledo organizes in
633 the hispanic rite. This liturgy is also known as visigothic rite or mozarab rite.

The main source of study of this particular hispanic liturgy is the León Antifonary (Xth

century), which was most probably copied from an original colected at Beja (now in southern
Portugal). It is also from the Beja region (Mértola) that comes the most ancient reference in
Europe to a musician: there we find reference to the activity of Andre princeps cantorum (Andrew,
prince of the singers) in 489-525.

The oldest manuscript (XIth century) keeping liturgical music in hispanic (toledan) notation
is kept at the General Library of the University of Coimbra. Most of the existing documents have



aquitan notation. From middle XIII th century on, the notation presents tipically portuguese
variations; this portuguese notation is used until the XVth century, when modern notation in staves
is adopted.

However, the church would start worrying soon about the proliferation of liturgies. From
the mixture of the galican liturgy with the antique roman one would result, traditionally under
pope Gregory I (540-604), the modern roman liturgy, also known as gregorian liturgy or
gregorian chant. This would become the official liturgy of the Catholic church (until today!) and
substituted gradually the local ones. In the Iberian Peninsula, the Council of Burgos decreed the
substitution of the hispanic rite by the modern roman one in 1080. This measure was easened by
the fact that, during the christian reconquest, most part of the bishops were french (Gérard,
Maurice Bourdin, Jean Péculier, Bernard, Hughes).

2.2 Profane music

In Portugal, it was cultivated at least since the independence (1143) an aristocratic poetical-musical
genre whose texts are kept in three main collections (Cancioneiros):

- Cancioneiro da Ajuda (XIIIth century)

- Cancioneiro da Biblioteca Nacional (XVIth, on originais from the XIVth)

- Cancioneiro da Vaticana (XVIth, on originais from the XIVth)

The 1680 poems kept in the Cancioneiros are divided in three forms: cantigas de amigo,
cantigas de amor and cantigas de escárnio e maldizer. The intrinsic link to music is well
expressed in the Cancioneiro da Ajuda, where the staves have been drawn, but no melodies have
been writen...

The only known musical source is due to a bookseller in Madrid, who found in the
beginning of the XXth century a parchment with the 7 Cantigas de Amigo by Martin Codax, six of
them with the respective melodies. Codax was a (galecian? portuguese?) troubadour from the
court of King Dinis of Portugal (1261-1325) [4].

3. THE DEVELOPMENT OF POLYPHONY

We know nearly nothing about the introduction of polyphony in Portugal. Of course the
Portuguese musicians were aware of the new polyphonic practices: for example, polyphony was
practiced since early times in Santiago de Compostela, in the near Galicia, a famous pilgrimage
centre in the medieval times. The earliest notice we have reflects already a developed stage of the
polyphonic practice in Portugal. It is related to the presence in the court of king D. Fernando I
(1345-1383) of the soon-to-be famous composer Jehan Simon de Haspre (L'Hasprois), who was a
defender of the extremely sophisticated Ars Subtilior (a complex form of the already complex Ars
Nova).

The new polyphonic practices developed in the main centres of musical activity in Portugal
during the middle ages, Renaissance and Mannerist periods, which were the royal chapel, the royal
court, the main cathedrals (particularly Évora, but also Coimbra and Braga),the main monasteries
(Santa Cruz at Coimbra and Alcobaça) and the University.

3.1 The royal chapel

The royal chapel was founded by D. Dinis in 1299. D. Duarte (1391-1438) elaborated a
Regiment (Ordenaçam) of the Chapel, which indicates that the standard practice was a three-voice



singing. His son, Afonso V (1432-1481), sent the Mestre de Capela (Master of the Chapel), Álvaro
Afonso, to the court of Henry VI of England (1421-1471) in order to get a copy of the statutes,
regiment and liturgy practiced in the English Royal Chapel. The detailed description written by
William Say is still kept at Évora.

3.2 The Court

As with the trovadoresque poetry, we keep important collections of texts of the XVth and XVIth

century (e.g. Cancioneiro Geral, compiled by Garcia de Resende), but the musical documents are
fewer. The main sources of the court music in the Renaissance and Mannerist Periods are:

- Cancioneiro de Elvas (Públia Hortênsia Library, at Elvas)

- Cancioneiro da Biblioteca Nacional (National Library, Lisbon)

- Cancioneiro de Paris (École Nationale Supérieure des Beaux Arts, Paris)

- Cancioneiro de Belém (Museu Nacional de Arqueologia e Etnologia, Lisbon) [5]

The poetical forms are the vilancete (or vilancico), the cantiga and the romance. The first
two, similar to the French virelai and to the Italian ballata (all probably descendants of the Arab
zejel), are generally dedicated to the love thematic, though satire and social criticism are not
excluded. They share a refrain and stanzas structure. The romance is dedicated to celebrate
historical events, applying the same musical text to all the stanzas of the poem.

3.3 The Cathedrals

Cardinal-Princes D. Afonso (1509-1540) and D. Henrique (1512-1580), sons of D. Manuel I
(1469-1521) administrated the main Portuguese dioceses through the XVIth century. Afonso
administrated the Évora and Lisboa dioceses until his death. Henrique was successively
Archbishop of Braga, Lisboa and Évora, as well as head of the Portuguese Inquisition. He became
King of Portugal when his grand-nephew Sebastião I (1554-1578) died at Alcácer-Quibir (1578).
As princes, they had their personal chapels and imposed a magnificent liturgy in the cathedrals
they administrated.

In Évora, D. Afonso attracts high-quality musicians (like Mateus de Aranda, Mestre de
Capela from 1528 to 1544) for the cathedral by establishing significant wages; Pedro do Porto
(also known as Pedro Escobar, El Portugués), Cantor of the chapel of Isabel, the Catholic Queen
and Master of the choir boys at Sevilla, comes as Mestre de Capela to Évora. He is the author of
the most ancient polyphonic piece by a Portuguese author (a three-voice Magnificat), as well as
the most ancient polyphonic treatment of the Requiem in the Iberian Peninsula. D. Afonso also
founds a school for the choir boys, allowing them to study after the voice-change; many of these
boys became professional musicians. This Évora school formed high-standard musicians for more
than 150 years.

Besides Évora, Braga and Coimbra show a particular care in the liturgy. The most ancient
version from a Mass by a Portuguese author is from a Cantor of the Coimbra cathedral, Fernão
Gomes Correia (active 1505-32).

3.4 The Main Monasteries

The most important monasteries kept a solemn liturgy. From these, the Monastery of Santa Cruz,
in Coimbra, had a particular importance. Founded in the XIIth century by D. Afonso Henriques, it
was the first school of superior studies in Portugal (St. Anthony of Lisbon - or of Padova - studied



there). In the XVIth century, several monks distinguished by their musical gifts, as D. Heliodoro de
Paiva and D. Francisco de Santa Maria. The musical performances at Santa Cruz competed with
those at El Escorial, and were praised for their conciliation between polyphony and the respect for
the sacred texts.

3.5 The University

The Portuguese University was founded in Lisbon by D. Dinis in 1290 and had a Music teacher as
early as 1323. After several transfers between Coimbra and Lisbon, King João III (1502-1557)
established it definitively at Coimbra in 1537. The move to Coimbra was followed by a
reorganization in 1544, in which the King himself proposed Mateus de Aranda (Mestre de Capela
at Évora after Pedro do Porto) as music teacher. The music teacher was also Mestre de Capela of
the University.

4. THE MANNERIST PERIOD (2ND HALF XVI TH AND XVII TH CENTURIES)

4.1 Historical context

In the end of the XVIth century, the circumstances lead to the disappearing of profane music in
Portugal and a taking over by religious music. There are economical and political factors, like the
troubles to keep the Portuguese conquests in Morocco and the competition lead by Venetians and
Turks (later by Dutch and English) to the spice trade, which leads to the closing of the Portuguese
feitoria (which was a kind of "spice supermarket") in Antwerp. In cultural terms, the influence of
the Counter-Reformation in Portugal is enormous:

- João III introduces the Inquisition in Portugal in 1536; his brother Henrique will be the first
General Inquisitor;

- The Jesuits come to Portugal in 1540 and soon start teaching in their own colleges in Coimbra
and Lisbon. In 1555, they are in charge of the Arts College in Coimbra (the superior school in
Portugal with most prestige), after the expulsion by the Inquisition of its most reputed teachers
(like André de Gouveia);

- the Portuguese church participated actively in the Trento Council and, in 1564, Portugal
becomes the only catholic country where the council decisions (namely those concerning the
musical practice in the church) are integrally published as laws.

In this context, the profane music declines in the courts of João III and  his grand-son
Sebastião I. In 1578, with the death of Sebastião I, Cardinal Henrique becomes king of Portugal.
After his death in 1580, Portugal loses its independence, as the throne is inherited by Filipe II,
king of Spain (1527-1598). With the disappearance of the court in Lisbon, the aristocracy retires
to their homes in the countryside, and the profane music nearly vanishes. The development of the
Portuguese music in the end of XVIth is thus mainly in the sacred polyphony.

4.2 Climax of the Évora school

In 1575, Cardinal Henrique brings Manuel Mendes (?-1605), Mestre de Capela at Portalegre, to
Évora, where he takes the Mestre de Claustra position. Besides his qualities as a composer, Manuel
Mendes is remarkable as a teacher. He formed the most part of the extremely competent
professional musicians who would have the most reputated musical positions in Portugal in the
next decades. Between his students at Évora, we have the most noted poliphonists of the next



generation: Fr. Manuel Cardoso (1566-1650), Filipe de Magalhães ( - 1652) and Duarte Lobo
(1564/69-1646) [6]. These continued the pedagogical action of their teacher, worthing him
references as «mestre de toda boa musica deste reino» («teacher of every good music in this
kingdom») and «el Mendes Sonoroso que de Musicos llena toda a Europa» («the sound Mendes
who replenishes Europe with musicians»).

4.3 Other centres of musical activity in the XVIIth century

4.3.1 Santa Cruz at Coimbra

The main composers in the XVIIth century are D. Pedro de Cristo, D. Pedro da Esperança and D.
Gabriel de S. João. The manuscripts kept at the General Library of the University of Coimbra
reveal innovative polyphonic practices, such as policorality, accompanied monody and instrument
obligato.

4.3.2 The Royal Chapel

In spite of the absence of the King, it remains an important centre, with Mestres de Capela such as
Francisco Garro, Filipe de Magalhães and Marcos Soares Pereira.

4.3.3 Chapel of the Dukes of Bragança at Vila Viçosa

During the Spanish domination, the dukes of Bragança retired to their palace in Vila Viçosa. The
ducal chapel maintained a magnificent liturgy and, in 1609, Teodósio II founded the Santos Reis
Magos College, working in a similar way to the Évora school. Roberto Tornar, mestre de Capela at
Vila Viçosa, would become the musical instructor of the young Duke of Barcelos, D. João (later
D. João IV, king of Portugal). D. João would become an melomaniac and, after inheriting the
ducal title and even after becoming King of Portugal, would enlarge immensely the musical
library of his father, transforming it in the biggest musical library of the time in Europe. D. João
IV was a composer and a theorist himself, though a limited one. As a patron of the music, D. João
paid a special friendship to his music-classes mate at Vila Viçosa, João Lourenço Rebelo (1610-
1661), whose works he would send for printing at Rome. João Lourenço Rebelo, as the Santa Cruz
friars, composed in an innovative style, making use of an opulent polichoral writing à la Gabrieli
[7].

4.4 Instrumental music

It is in the organ domain, the liturgical instrument par excellence, that is placed the essential of the
instrumental music in the mannerist period. Portuguese organs, as well as the Spanish ones,
characterized for the existence of only one manual, without pedals. The iberian organ has original
characteristics as the meio-registo ("half-stop", dividing the keybord in two distinct parts and
allowing accentuated timbrical contrasts between the two halfs) and the horizontal placing ("em
chamada") of particularly strident pallet stops.

The first printed volume of Portuguese instrumental music is the "Flores de Música para o
instrumento de tecla e harpa" ("Music flowers for the keyboard instrument and harp"), by Manuel
Rodrigues Coelho (1620), which contains only sacred compositions. Coelho worked as an organist
in the Badajoz, Elvas and Lisbon cathedrals and finally in the Royal Chapel [8].



In Braga, appears to have developed a flourishing organ school in the XVII th century,
dominated by Gaspar dos Reis, Mestre de Capela of the cathedral. Other relevant composers are
Pedro de Araújo and Fr. Diogo da Conceição.

In the tipically iberian repertoire, we count the Tento de Meio-Registo (Half-Stop Tento)
and the Batalha (Battle). This last form goes back to one of the most famous pieces by Clément
Jannequin - La bataille de Marignan ou La Guerre, in which are imitated the characteristic sounds
of a battle. The iberian composers tried to use the same effects in sacred works, in an allusion to
the mystical battle between good and evil [9].

5. THE BAROQUE PERIOD AND THE ITALIAN INVASION

5.1 João V, the Magnificent

In the end of the XVIIth, Portuguese composers gradually evolve towards the new musical
language that would result in the modern tonalism. The government of D. João V (1689-1750)
marks a profound transition in the Portuguese society and culture. After the definitive peace with
Spain, the monarch will try to modernize the Portuguese economy and to drive the country to a
development scheme similar to the French Absolutism of Louis XIV. The main originality on D.
João V's absolutism is that he managed, using his influence with the Pope, to face the huge
political, economical and cultural power of the Church, by reorganizing it in order to strength its
unity and discipline and then putting it under the royal authority. In a very clever process, João V
got for his chapel the dignity of Patriarchal Basilica, by dividing the Lisbon archdioceses. The
chaplain became a Cardinal. Then he got the reunification of the dioceses under the command of
the royal chaplain. So, the Cardinal-Patriarch, Archbishop of Lisbon, was merely the chaplain of
the King of Portugal...

João V took a special care with the liturgy in his chapel, with he wanted as monumental as
the Papal chapel in Rome. He got it repeating somehow the formula of Cardinal D. Afonso two
hundred years before: contracting high-standard professional musicians and creating structures
for the adequate formation of Portuguese musicians. As such, he contracted the brilliant Master of
the Capella Giulia, in Rome, Domenico Scarlatti, as Mestre da Capela Real and music teacher of
princess D. Maria Bárbara and founded in 1713 a specialized school annex to the Patriarchal
Basilica: the Patriarchal Seminary, which would become the major music school in Portugal and
form generations of professional musicians of remarkable quality until the foundation of the
National Conservatory in 1835. The most gifted students of the Patriarcal Seminary were sent to
Rome at the King's expenses. Those were the cases, namely, of António Teixeira, João Rodrigues
Esteves and Francisco António de Almeida, who were hence formed in the Roman ecclesiastic
baroque school and had the chance of getting acquainted with the roman operatic tradition.

5.2 The incipient Opera

It is in 1728 that takes place in the Ribeira Royal Palace at Lisbon the first performance of Il Don
Chisciotte della Mancia, with music by Scarlatti. This was the first operatic-style performance in
Portugal and was followed by other opera buffa performances in the Royal Palace in the next
years. However, they had little impact in the music life, not only because the public was extremely
restricted, but also because the King did not pay them much attention. It was in the Trindade
Theatre, in 1735, that the Alessandro Paghetti company had permission to perform the first opera
seria for a wider (aristocratic) audience. The success was enormous and the company kept
performing until 1742, now in the Rua dos Condes Theatre. At the same time, had begun (1733)



in the Bairro Alto Theatre a set of performances in Portuguese of the António José da Silva's (o
Judeu) plays, with music by António Teixeira. The audience of these plays was even wider.
However, D. João V got ill in 1742, and the mysticism in which he fell in the his last years implied
that every theatrical performance was forbidden until his death.

5.3 Instrumental music

Undoubtedly, the most important Portuguese keyboard composer of the time is José António
Carlos de Seixas (1704-1742). Son of Francisco Vaz, organist of the Coimbra Cathedral, Carlos
Seixas comes only with sixteen, but already very famous to Lisbon, where he is appointed as
organist of the Patriarchal Cathedral. There, he would soon be appointed as Vice-Mestre de Capela
(the Mestre de Capela was Scarlatti himself and Seixas was, at the time, the only Portuguese
member of the Royal Chapel). Seixas has left us 105 two-part baroque Sonatas (or Tocatas) for
keyboard. He also wrote religious and orchestral music. However, his most original contribution is
a Concert for harpsichord and strings, one of the first examples of this form in Europe [10].

5.4 Opera and Sacred music under D. José I and D. Maria I

With D. José I (1714-1777), the operatic activity is taken again. The neapolitan David Perez
(1711-1778), one of the most reputed Italian opera composers, is hired in 1752. The climax of
Perez activity would be the inauguration of the monumental Tejo's Opera, in March 1755, with the
opera Alessandro nell'Indie. But the earthquake of the 1st November 1755 destroyed the new
building, together with Lisbon downtown. The royal palace also disappeared, and with it the
musical Library of D. João IV.

After the earthquake, the public theatres like the Rua dos Condes Theatre and the Bairro
Alto Theatre are rebuilt (but not the Tejo's Opera). Already under D. Maria I, would be built the
S. Carlos Theatre, in Lisbon (1792) and the S. João Theatre in Oporto (1798). The neapolitan
influence is enormous and, under D. José and D. Maria, the gifted music students of the
Patriarchal are sent to Santo Onofre Conservatory in Naples. Afterwards, these students
distinguished in the Neapolitan operatic style, as well as in the sacred music. Between these we
have João de Sousa Carvalho(1745-1798), a Vila Viçosa school student and perhaps the most
prominent composer of the 2nd half of the XVIII th century. Besides his operatic and sacred music
production, he may also be considered the most remarkable keyboard composer of the time.

Other relevant portuguese composers of the time are Jerónimo Francisco de Lima, Luciano
Xavier dos Santos, José Joaquim dos Santos, José dos Santos Maurício, António Leal Moreira and,
particularly, Marcos Portugal, perhaps the Portuguese composer with the most international career
ever [11].

6. THE XIX TH CENTURY

With the Napoleonic invasions, the Royal family goes to Brazil and the court establishes in the Rio
de Janeiro. This presence would conduce to the independence of this colony (1822) and would be
benefic as well to the development of Brazilian music (the first significative Brazilian composer is
José Maurício Nunes Garcia, member of the royal chapel at the Rio de Janeiro). Meanwhile, the
constitutional régime is proclaimed (1820) and King D. João VI (1767-1826) is forced to come
back. The activity of the Royal Chamber Orchestra (founded by D. João V), which had been in
the previous century one of the most important chamber orchestras in Europe, declines



irreversibly. However, in the turn of the century, generalizes the tradition of amateur academies
performing the contemporary instrumental music. The generalization of public concerts is due to
João Domingos Bomtempo (1775-1842), the most prominent musical figure of the first half of
the XIXth century.

Bomtempo, son of an Italian musician of the court Orchestra, studied with the Patriarchal
masters. Unlike most of his contemporaries, he was not interested in opera and, in 1801, instead of
going to Italy, he travels to Paris, starting a virtuoso pianist career. He moves to London in 1810
and gets acquainted with the liberal circles. In 1822 he is back to Lisbon, and founds a
Philharmonic Society to promote public concerts of the contemporary music. After the civil war
between liberals and absolutists, Bomtempo becomes music teacher of Queen D. Maria II (1819-
1853) and first Director of the National Conservatory, created in 1835 and which replaced the old
Patriarchal Seminary, extinct by the liberal régime. As a composer, Bomtempo produced a vast
amount of concerti, sonatas, variations and fantasias for the piano. His two known symphonies are
the first to be produced by a Portuguese composer. The master piece of Bomtempo is his Requiem
to the memory of Camões [12].

7. ANTECEDENTS OF THE ACTUALITY

7.1 The turn of the century

All over the XIXth century, there is a proliferation of the concert societies. Bernardo Moreira de Sá
(1853-1924), in Oporto, is the director, among others, of the Quartet Society and forms the
Moreira de Sá Quartet, which will have an international career. He will have a decisive influence in
the Formation of the Oporto Conservatory (1917). However, opera remained as the favourite
activity of Portuguese composers, though the creative activity moved slowly towards the
symphonic and chamber music fields. The two most significative lyric composers are Alfredo Keil
(1850-1907) and Augusto Machado (1845-1924).

José Vianna da Motta (1868-1948) and Luiz de Freitas Branco (1890-1955) have a special
place in the Portuguese musical life in the turn of the century.

7.1.1 Vianna da Motta

Vianna da Motta went to Scharwenka Conservatory in Berlin in 1882 at King Fernando II's
expenses. He also attended Liszt classes at Weimar in 1885, as well as Hans van Bülow's. In
Germany, he started a career as a concertist and exceptional interpret of Bach, Beethoven and
Liszt. During the First World War, he taught at Geneva Conservatory. In 1917, he came back to
Portugal, becoming director of the National Conservatory.  As a composer, he is very close to the
German Romanticism, and dedicates himself to the production of a national style, by including
and recreating the national folklore. His most emblematic work is the A Major Symphony "À
Pátria" (1895) [13].

7.1.2 Luiz de Freitas Branco

Luiz de Freitas Branco (1890-1955) is usually appointed as the «introducer of modernism in
Portugal», by his decisive role in the approximation of Portuguese music to the most innovative
European aesthetics, namely the Schönberg atonalism and the French impressionism. Pupil of
Augusto Machado and Tomás Borba, he studied with the Belgian organist and composer Désiré
Pâque and, in 1910, went to Berlin to study with Humperdinck. There, he attended to a



performance of Debussy's Pélleas et Mélisande, which was determinant in his aesthetic orientation.
In his early work we count the symphonic poems "Váthek" and "Paraísos Artificiais" and several
piano pieces [14]. His prolific production includes five symphonies, a violin concert and
inumerous vocal works.

7.1.3 Other composers

In the turn of the century, other relevant composers are Francisco de Lacerda (1869-1934) [15],
Óscar da Silva (1870-1958), Luiz Costa (1879-1960) and António Fragoso (1897-1918). Lacerda
was as well a famous director specialist in the French and Russian repertoire. He became assistant
of d'Indy at the Schola Cantorum in Paris. His musical language is very close to that of Fauré and
Debussy.

7.2 The Estado Novo régime

The military coup of 1926 installed in Portugal a dictatorship (self-called Estado Novo, "the new
state") which would condition the Portuguese life for near half century. The concept of culture is
substituted, in the main stream of European fascisms, by the concept of propaganda. This
propaganda had its maximum height at the Nationality Centenary in 1940; the S. Carlos Theatre
was then reopened after a restoration with an opera by the regime semi-official composer Ruy
Coelho. Curiously, the most important figure of Portuguese musical life in that period is a
composer who openly contested the régime and its aesthetic orientations and who, consequently,
was forced to do his entire activity outside the institutional circuits: Fernando Lopes Graça.

7.3 Lopes Graça

Fernando Lopes Graça (1906-1995) was student of Tomás Borba, Luiz de Freitas Branco and
Vianna da Motta at the National Conservatory and finished the Superior Course on Composition
in 1931. He tried to get a position at that institution, but was arrested by political reasons and the
place was not conceded to him.

He taught for some time in the Music Academy in Coimbra and, in 1937, went to Paris at
his expenses, where he studied musicology. There he composed the first works of his musical
maturity (2nd Piano Sonata, Quartet for Violin, Viola, Cello and Piano). After coming back to
Portugal in 1939, Lopes Graça taught at the Academia de Amadores de Música at Lisbon. Of his
production, it worth mentioning the numerous harmonizations or adaptations of popular
Portuguese songs for choir or soloist, the songs for voice and piano over the poems of the most
important Portuguese poets, the inumerous political songs, as well as the symphonic music,
chamber music and piano music production. Lopes Graça undertook, with the Corsican
ethnologist Michael Giacometti, a systematic study of Portuguese folk music, which he assimilated
and used thoroughly in his musical speech. His view from the folklore is far from the regime
bucolic or picturesque view, rather strengthening the hard dimensions of rural life [16,17].

The contemporaries of Lopes Graça generally choose a more pacific conservative "neo-
classic" style: these were the cases of Armando José Fernandes (1906-1983), Jorge Croner de
Vasconcelos (1910-1974), Frederico de Freitas (1902-1980), Joly Braga Santos (1924-1988) and
Cláudio Carneyro (1895-1963).



8. WHAT ABOUT NOW?

The coup of April, 25th of 1974 restored the democracy in Portugal. In these last twenty five years
the country knew a great development, particularly since the adhesion to the European Economic
Community (now European Union) in 1986. The intellectual and cultural life had particular
improvements (these seem not to be very cherished areas under dictatorships...). The music has
also benefited from the increasing number of Conservatories and specialized superior schools, in a
freedom context, as well as from the generalization of Music Festivals. The role of Foundation
Calouste Gulbenkian (founded in 1953) has been of outstanding importance in every aspect of
the cultural life, particularly the musical one (the Foundation has been the Portuguese "Ministry of
Culture" for decades...). If, however, Portuguese Physics has already got a solid place in the
international community (this CERN school is an experimental evidence!), Portuguese music still
has a much more fragile situation. There is still much to do... This can be a challenge for
Portuguese musicians and politicians, as they have in their hands the possibility and the
responsibility for a fruitful continuation of this history.
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