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Abstract

A higher syzygy of a module with positive codimension is a maximal Cohen—Macaulay module that
plays an important role in Cohen—Macaulay approximation over Gorenstein rings. We show that every
maximal Cohen—Macaulay module is a higher syzygy of some positive codimensional module if and only
if the ring is an integral domain. Also we discuss the hierarchy of rings with respect to Cohen—Macaulay
approximation by codimensions of modules.
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1. Introduction

Let (R, m, k) be a complete Gorenstein local ring of dim R = d. Auslander and Buchweitz
introduced the notion of Cohen—Macaulay approximation.

Theorem 1.1. (See Auslander and Buchweitz [2].) Every finite R-module M has exact sequences

0—Yy—> Xy LN M — 0 (Cohen—Macaulay approximation),
0—> MM, yM_, xM_, 0 (finite projective hull),

where Yy and YM are of finite projective dimension and Xy, XM are maximal Cohen—
Macaulay modules.
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We may assume that no common summand exists between Y and X™ nor between Y, and
Xy via these maps. We easily observe the following:

o Qi (Xy) = 2%(M) (n > d) where 25 (M) denotes the nth syzygy module of M.
e Ext, (M, R) = Exth, (Y™, R) fori > 0.
o Xy =Q}(XM)and Yy = 24(YM) up to projective summands.

Thus M shares syzygy property with X and homological property with ¥ . Different from
Auslander and Buchweitz’s original motivation, our concern is how to recover M from X M
and Y™ A typical example is given by modules with positive codimension.

Theorem 1.2. (See Kato [5].) Suppose M has a positive codimension. If a finite module N
satisfies XN = XM qnd YN = YM then N = M.

Motivated by this theorem, this paper gives a characterization of a maximal Cohen—Macaulay
module X such that X = X, with some M of a positive codimension. This is not always the
case for any maximal Cohen—Macaulay module.

Example 1.3. Let R = k[x, y]/(xy) and let C = R/xR which is a maximal Cohen—-Macaulay
module. Then C is not isomorphic to X for any M with a positive codimension. Moreover, for
every indecomposable module M with a positive codimension, X 1151 =R/xXR®R/yR.

Our result is the following:

Theorem 3.3. Every maximal Cohen—Macaulay module is isomorphic to Xy with some M of
positive codimension if and only if the ring is an integral domain.

Before going to Theorem 3.3, in Section 2, among X jss with positive codimensional M's, we
give classification in terms of codim M. If every maximal Cohen—Macaulay module C has some
M with codim M = r such that Xy = C, we say that the ring satisfies SC,-condition. Actually,
we show the implication from SC;41-condition to SC,-condition. Thus the SC,-conditions give
hierarchy of rings. From this point of view, Theorem 3.3 says that SC;-condition is equivalent to
being an integral domain. As a preceding result, Yoshino and Isogawa showed that SC;-condition
is equivalent to being UFD [8]. Their original statement is for two-dimensional normal rings,
which we see is valid for general Gorenstein rings. Now finding an equivalent condition for SC3
is a very tempting problem, which is posed by Yoshino. But no results are known for this.

In the last section, we give a method to recollect M from Y™ which explains another reason
for our interest in modules with positive codimensions.

Throughout the paper, R is a complete Gorenstein local ring. A finite R-module is simply
called an R-module. The R-dual Homg( , R) is denoted by ( )*. The category of finite R-
modules is denoted by mod R, that of maximal Cohen—Macaulay modules by CM(R), and that

of finite projective dimensional modules by F(R). Two R-modules M and N are said to be
st
stably isomorphic and denoted as M = N if there are projective modules P and Q such that

M @& P =N & Q. (See [2].) A first syzygy .Q}Q(M) of a module M is a kernel of the projective
cover Py — M, and rth syzygy module is inductively defined as £25(M) = Q}Q(er{l(M ).
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We use the convention that .Qg (M) = M. The Auslander transpose Tr M of an R-module M is

defined as Tr M = Coker §* where P 2> Py — M is a projective presentation of M.
We close the section by a fundamental property of Cohen—Macaulay approximations.

Lemma 1.4. Let 0 - A — B — C — 0 be an exact sequence of R-modules. The following are
commutative diagrams with exact rows and columns:

ey

2

0 0 0
ool
0—Yr—>Yp —>Yc—>0
ool
0—= Xy —Xgp—>Xc—>0
oo
0 A B C 0,
oo
0 0 0

<~y <—0

-
|

QO =<=—0o
()

00— yA—yB — yC —

I

00— xA — xB — xC —0.

(i)ii

0 0

Proof. (1) Let P4,, Pp, and Pc, be projective resolutions of A, B and C, respectively.
Let 0: Pcer1 — Pa, be a chain map that corresponds to the given sequence 0 - A — B —

Pagxoroy

C — 0. Then 6 gives an R-linear map Qfle @): Q;’,H(C) — .Q% (A), which induces a chain map
— Pga(x,), because 2%(Xc) = 24(C) and 24(X ) = 24 (A). From this chain

map we can construct a chain map 6y : Py, s Px,, since X4 and X¢ are maximal Cohen—

Macaulay modules. Hence we have a commutative diagram of chain maps

0
Pcety — Pa,

TSC.H Ti"/&.

Ox
PXC.+1 > PXA.
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where £4 e and &¢, are chain maps with the property £4; =id and &c; = id for i > d. Notice that
Ho(é4,) = &4 and Hyo(éc,) = &c. Now we have a commutative diagram with termwise exact
rows

O PXA. C(QX) PXC. 0
J/EA. l J/SC.
0 Ppe C@) Pc, 0

where C(6) and C (fx) are mapping cones of chain maps 6 and 0y. It is easy to see that C(0) is
a projective resolution of B and C(fy) is that of X p. Thus we have a desired diagram

0 Xa XpB Xc 0
iEA \LSB if?c
0 A B C 0.

(2) Since X 4 is a maximal Cohen—Macaulay module, there is an exact sequence
€Xp 1 /
0> Xy —>Fx, > X -0

with a projective module F )I(A and a maximal Cohen—Macaulay module X’. The finite projective
hull is obtained by a push-out of £4 and ex, [2];

0 0

Vo

0—Y4y —X4——A—=0

| e

()‘>YA‘>F)1(A‘>YA‘>()

|

X' == x4
oo
0 0

Now that we have (1), to show (2) is a matter of diagram-chasing. 0O
2. The SC,-conditions

Definition 2.1. Let r be a positive integer. A maximal Cohen—-Macaulay module X is said to
st

satisfy SC,-condition if there exists M € mod R such that codimM =r and X¢ = X. If every

X € CM(R) satisfies SC,-condition, we say the ring R satisfies SC,-condition.
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We can restrict our attention from all the modules with positive codimension to Cohen—
Macaulay modules with positive codimension. Let us denote the category of Cohen—Macaulay
modules with codimension r as CM,(R), whose object M € CM, is characterized with the
property ExtiR (M,R)=0( #r).

Proposition 2.2. Let X be an object of CM(R), and let r be a positive integer. The following are
equivalent.

st
(1) X satisfies SC,--condition; there is M € mod R with codim M = r such that Xy = X.
st
(2) Thereis C € CM, (R) such that X¢ = X.

The proof is given after the following two lemmata.

Lemma 2.3. For given X € CM(R), if there is M € mod R with positive codimension such that
st st
Xy = X, then there exists C € CM(R) such that X¢ = X where s = codepth M.

Proof. Let us put s = codepth M, r = codim M, and use an induction on s — r. If s = r, then
M € CM,(R). Suppose s > r. Note that Extly (M, R) =0 (i <r).Set E =Extp(M, R) and Pg,
as a projective resolution of E. Since Ext"R (E,R)=0(@ <r),

0— Pgy*— Pg1"— -+ — Pg,*— Tr.Q;_l(E) —0
gives a projective resolution of Y = Tr.Q;e_l(E). We have pd(Y") < r, Ext"R(Y’, R)=0

(0 <i <r),and Extip(Y", R) = E = Ext}, (M, R). Now we want to make a map M — Y" that
induces an isomorphism Ext}y (Y”, R) = Ext}z (M, R). As for a projective resolution of M

d d
e > PMr+1 —r4i> PMr—r> PMrfl — s> PM0—>O,
we have an exact sequence
0 — E — Cokerd} — Imd;_; — 0.

The map E — Cokerd," induces a chain map of projective resolutions

0 Pg, Pg PEgg E 0
0 Puo* Py,_1* —— Py, * —— Cokerd —— 0

whose R-dual gives a map M — Y”, inducing Ext) (Y", R) = Ext}, (M, R). Grade the mapping
cone Cq of Pyre — (Pg)* as

0—> Pg,_1_i* > Ci —> Py; —> 0
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are exact We have H;(C,) =0 (i > 0) and H;(C}) =0 (j <), hence M’ = Cokerdc has
st

QpM’ ) = .Q;e(M) and Ext’ ”(M',R) =0 (i <r+1). Therefore XM/ XM = X, codepth M’ =

codepth M = s and codim M I > codim M. Now we get a conclusion from the inductive hypoth-

esis. O

Lemma 2.4. Let X be an ob]ect of CM(R), and let r be a positive mteger If there is C €

CM,41(R) such that Xc = X then there exists C' € CM,(R) such that X ¢ % X.

Proof. There exist an R-regular sequence ay, ..., a,, ar41 € anng C.Set R = R/(ay,...,a;)R
and take the Cohen—Macaulay approximation of C over R;

0—>YCE—>X§—>C—>0

where YCE € F(R) and Xe R ¢ CM(R). Since YE has a finite projective dimension also as an
St st

R-module, we have X, z = X¢ = X. Obviously, X R is an object of CM,(R). O

XR_

Proof for Proposition 2.2. We have only to show (1) = (2). Suppose there exists a module
M with codim M = r such that XM 2 X. From Lemma 2.3, there is a module D € CM(R)
with s = codepth M such that Xp = X Since s > r, applying Lemma 2.4, we get a module
C eCM,(R) w1thXc—X O

Proposition 2.5. Let X be an object of CM(R), and let r be a positive integer. If X satisfies
SC,41-condition, then X satisfies SCy-condition.

Proof. Straightforward from Proposition 2.2 and Lemma 2.4. O

Lemma 2.6. Let X be an object of CM(R), and let r be a positive integer. If X satisfies SC.-
condition, then Xp is free Rp-module for every prime ideal p with htp <r.

st
Proof. Let ustake C € CM, (R) with X¢ = X. Let p be a prime ideal of height less than r. Take

the Cohen—Macaulay approximation
0—->Yc—>Xc—>C—0

of C, and localize this with p. Then we have (Y¢)p = (X¢)p- In particular (X¢),, is a maximal
Cohen-Macaulay Rp-module with a finite projective dimension hence is an Rp-free module. O

The following is an immediate corollary of Lemma 2.6.

Proposition 2.7. If R satisfies SC,-condition, then Ry is regular for each prime ideal p with
htp <r.

However SC,-condition is stronger than the last condition in Proposition 2.7.
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Theorem 2.8. (See Yoshino and Isogawa [8, Theorem 2.2].) A normal Gorenstein complete local
ring of dimension two satisfies SCa-condition if and only if R is a unique factorization domain.

Actually we do not need the assumption of dimension two.

Theorem 2.9 (Generalized version of Yoshino—Isogawa’s theorem). A complete Gorenstein local
ring satisfies SCa-condition if and only if R is a unique factorization domain.

Proof. We can omit the assumption “normal” by Proposition 2.7. And we need only slight mod-
ifications to their original proof in [8, Theorem 2.2].

For the “if” part, replacing “dim N = depth N = 1" with “codim N = codepth N = 1" on the
fourth line, we can follow the original proof until the last two lines of (a) = (b). If R is a
Gorenstein complete local UFD of any dimension, along their proof we can conclude that each

M € CM(R) has a module L with codim L > 2 such that .(22 (LYEM. ThlS equivalently says
that each X € CM(R) has a module L with CodunL 2 such that X; = X . From Proposi-
tion 2.2, there is L’ € CM,(R) such that X X p with codim L = r > 2, which implies the

existence of L” € CMj3(R) such that X XLu by Lemma 2.4.
For the “only if” part, it is enough to show that c(p) is trivial in the divisor class group of R

for any prime ideal p of height 1. Let d be the dimension of R. A maximal Cohen—Macaulay
st
module X, has some L € CM>(R) such that X; = Xp,. This means SZ"(L) .Qd(p) Since a

locahzatlon L vanishes for any prime ideal q of helght less than two, c¢(L) = 0. Hence we have
c(.Q‘l(p)) = c(.Q‘l(L)) =0 and c(p) = 0 from Proposition 16 of [4]. O

3. SCi-condition
In this section, we shall see the equivalent condition to SC| for the ring.

Lemma 3.1. Let R be a noetherian local ring. If Tr M is of finite projective dimension, then M
has a rank.

Proof. Our assertion is that M), is a free Rp-module of constant rank for every minimal prime
ideal p. Clearly Mp is an Rp-free module, so it remains to show that g, (Mp) is independent of

the choice of p. Let Py 4, Py — M — 0 be a projective presentation of M. Let ¢ be the maxi-
mal size of non-vanishing minors of the matrix corresponding to d, and I;(d) an ideal generated
by the t-minors of the matrix. We state that ht(/;(d)) > 1. Since Tr M = Cokerd* is of finite
projective dimension, we have ht(l;(d*)) > 1 from Buchsbaum—Eisenbud’s theorem [3]. Obvi-
ously I;(d) = I;(d*). Therefore I;(d) ¢ p for any minimal prime ideal p. In other words, some
t-minors of d is a unit in Ry, so that KRy (Mp) = pur(M) —t. O

Lemma 3.2. A maximal Cohen—Macaulay module X has a rank if and only if there exists M €

st
CM(R) such that Xy = X.
Proof. Suppose X has a rank. Then there is an exact sequence

O F—=>X—>M-—0
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with a free module F and a torsion module M. This sequence is a Cohen—Macaulay approxi-

st .
mation of M hence X = X . Dualize this sequence with R, we have Ext}, (M, R) =0 (i > 1).
Since M* =0, M € CM(R).

To show the “if” part, take the Cohen—Macaulay approximation of M:

O—>M-—>Yy—> Xy—0.

Since M* =0, Tr M has a projective dimension not larger than one. Hence from Lemma 3.1,
st
both of Y, and M have ranks, thus so does X = X);,. O

Theorem 3.3. The following conditions are equivalent for a complete Gorenstein local ring R.

(1) R is an integral domain.

(2) Every finitely generated module has a rank.

(3) Every maximal Cohen—Macaulay module has a rank.

(4) Every maximal Cohen—Macaulay module is a higher syzygy of some module with a positive
codimension.

(5) R satisfies SCy-condition; for every maximal Cohen—Macaulay module C, there exists an
st

R-modules M such that Xy = C and codim M = 1.

Proof. (1) < (2). It is well known that the equivalence holds for general noetherian rings.

(2) = (3). It is obvious.

(3) = (2). Let M be a finite R-module. Consider the minimal Cohen—Macaulay approxima-
tion of M

From the assumption, both Yj; and X, have ranks hence so does M.
(3) & (5). It is straightforward from Lemma 3.2 together with Proposition 2.2.
(4) = (3). Let C be any object of CM(R). Let M be a module with positive codimension
st

such that £2% (M) = C for some n > 0. We have an exact sequence
0O->C—->P,_1—>P, o> ---—>Php—>M—0

with projective modules P;s. From Lemma 3.1, M has a rank, hence so does C.

st
(5) = (4). Let C be an object of CM(R). There exists C' € CM(R) such that C = 24(C")
where d = dim R. From the hypothesis, there is an R-module M with a positive codimension

st st st st
such that X = C’. Now we have C = 24(C") = 24 (Xy) = 24(M). O
4. Category determined by YV

In this section, we explain another reason why we insist on positive codimension. For a given

st
Y € F(R), how do we find a non-trivial module M with YM = Y9 We do this by a new method
of getting a maximal Cohen—Macaulay module associated to Y.
First we shall fix the notations.



K. Kato / Journal of Algebra 318 (2007) 25-36 33

Definition 4.1. (See Auslander and Bridger [1].) The projective stabilization mod R is defined as
follows.

e Each object of mod R is an object of mod R.

e For objects A, B of modR, a set of morphisms from A to B is Homg(A, B) =
Hompg (A, B)/P(A, B) where P(A, B) :={f € Homg (A, B) | f factors through some pro-
jective module}. Each element of Homg (A, B) is denoted as f = f mod P(A, B).

For a finite module M, the Auslander transpose Tr M is defined as Tr M = Coker §* where
PSS Py—>Misa projective presentation of M.

A morphism f in mod R is a stable isomorphism if and only if f is an isomorphism in mod R.
(See [1] for example.) B

Both TrM and .Q}és are endo-functors on mod R. And there is a natural map ¢,y : M —
2" Tr 2" Tr M for each non-negative integer r. We call T = 24Tr 29 Tr and oM = @am for
d = dim R. Notice that T M is a maximal Cohen—-Macaulay module, and ¢y : M — T M is the
Auslander transpose of &ty pr: X1ryr — Tr M.

Now we are ready to introduce our method. Let ¥ be a module with a finite projective dimen-
sion. Then together with a projective cover pry : Pry — TY, we have an exact sequence

0= Ny — Y@ Pry 7™, 1y 5 0

which is the finite projective hull of the module Ny. Thus we get a module Ny with the prop-
st st
erty YVY = Y. Moreover, suppose M € mod R satisfies Y™ =

f:YM — XM we get a diagram

Y. Then applying T to the map

i oy l o
Tf

TYM —— 17XxM

which commutes up to projective modules. Since ¢ym is an isomorphism, we may say f =
Tf o gy in mod R.

Theorem 4.2. For a given Y € F(R), there uniquely exists Ny € mod R such that

st
(1) YNrxy.

st
2) For‘any M e mod_R with YM = Y, there exists an R-linear map Ny — M which induces
Extr (M, R) = Exty(Ny, R) fori > 0.

Proof. We shall start with the existence. We have already seen (1). To see (2), let M € mod R
st
have YM =Y and let f: Y™ — XM be a map with Ker f = M. The equation f = Tf o ¢y in
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mod R implies that there exists ¢ :Y — Pxwm such that f =T f o ¢y + pxm o g in mod R. We
have a diagram

0 0
! J
Ny = Nyum

i i

0 —= M® Pryw ® Pyw —= YM @ Pryw @ Pynt —> xM —> 0

l Ja H

™ TYM @ Py ——> TXM — 0

l i

0 0

0

where a = (fTf o prympxm), b= ((p’;M Prytt (1)) and ¢ = (Tf pxm).

The middle row is a finite projective hull of M @ Pryn ® Pym and the middle column is that
of Nyu. Looking at the leftmost column, we get (2).

To show the uniqueness, let N’ be an R-module also satisfying (1) and (2). Then we have
maps h: Ny — N’ and g: N’ — Ny such that Ext’k (h, R) and Extl}e (g, R) are isomorphisms for
i > 0. All we need is to prove that 2 and g are stable isomorphisms, which comes from the
following lemma. O

Lemma 4.3. If an endomorphism f on an R-module M induces isomorphisms Ext"R( f, R) for
i >0, then f is a stable isomorphism.

Proof. Let us take an exact sequence

(fpm)

0—K—> Mo Py M—0

with a projective cover pp : Py — M. From the assumption, we have Ext’k (K,R)=0(@G >0)
hence K is a maximal Cohen—Macaulay module. On the other hand, from Lemma 1.4, finite
projective hulls make a commutative diagram with exact rows and columns.

0 0 0

! / )

0—K-—>M&Py —M—>0

| i

0—K—=YMgppy—Yy"—0

l ’

T

0 0
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Therefore K is of finite projective dimension and maximal Cohen—Macaulay at the same time,
hence is projective.

The module K is what we call a pseudo-kernel Ker f of f (see [6]). By Theorem 4.12 of [6],
since K = Ker f is a first syzygy, there exists an exact sequence

/)
0 0>M-SMapQ0—->K -0

that has the following property:

(1) Q is a projective module.
(2) an R-dual

0> K">M®Q"—> M -0

is exact.
(3) RLK)=K.

We claim that K’ is projective. First, from the assumption and (2), K’ is a maximal Cohen—
Macaulay module. And since 2 Ile(K ") = K is projective, K’ is of finite projective dimension. O

Let Y be an object of F(R). The proof of Theorem 4.2 says that for any M € mod R with
st
YM =y, the map Y™ — XM factors through the canonical map ¥ — T'Y. This motivates us to

characterize maximal Cohen—Macaulay modules of the form 7Y with Y € F(R).
Proposition 4.4. As subcategories of mod R,
{TY |Y e F(R)} = {XxV | W eCM (R)}.

Proof. Set S| ={TY |Y € F(R)}and S = {X" | W € CM(R)). First we claim that S| equals
to {TZ |pd(Z) < 1}. Let Y € F(R). Then from Lemma 3.1, TrY has a rank; there is an exact
sequence

0> F—->TrY—>V—->0

st st st
where F is a free module and V* = 0. This implies that X1,y = Xy hence TY = Tr X1yy =
st
Tr Xy =T TrV. And TrV is of projective dimension at most one.
S, C §;. For a one-codimensional Cohen—Macaulay module W, WY = Ext}e(W, R) also be-

longs to CM(R) hence pd(Tr W) < 1. We shall show

st
xVzrTrwY. 4.1)

-

S

By Herzog—Martsinkovsky’s formula [7], X W Q}Q(Tr Q}Q(WV)). The right-hand side is
TrTr 2L (Tr (W) =Tr Xy =T Tr WV,
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S C S,. Let Z be a module with pd(Z) < 1. Since (Tr Z)* = 0, there exists a non-zero-
divisor x € anng(Tr Z). Set R = R/xR, which is a Gorenstein ring with dim R = dim R — 1.
Since Tr Z € mod R, we have a Cohen-Macaulay approximation of TrZ over R,0—>U—
L — TrZ — 0 where U €eF(R)and L € CM(R) Since U is of finite projective dlmensmn also

as an R- modu]e XL = XTrZ hence T TrL = T Z in mod R. From (4.1) we have TTrL = XL
hence TZ % XL, Obviously L e CM(R). O
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