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Inner Mapping Group

Definitions

In a loop @, the left and right translations by an element x € Q
are the maps

L, :y—~xy and R, : y— yzx

respectively.
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Inner Mapping Group

Definitions

In a loop @, the left and right translations by an element x € Q
are the maps

L, :y—~xy and R, : y— yzx

respectively.

The multiplication group of @, denoted by MIlt(Q), is the group
of permutations generated by all of the left and right
translations.

The inner mapping group of @, denoted by Inn(Q), is the
subgroup of MIt(Q) consisting of all maps that leave the
identity of @) fixed.
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Inner Mapping Group

Lemma [R. Bruck]

For a loop @, Inn(Q) is the subgroup of Mlt(Q) generated by
the left inner maps L(z,y) = LxLyLy_xl,
the right inner maps R(x,y) = RnyR;yl and

the middle inner maps (conjugation maps) T, = R,L;*

where maps are composed from left to right.
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Inner Mapping Group

A subloop of @) is said to be a normal subloop if it is stabilized
by any element of Inn(Q).
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Inner maps of Moufang loops

Lemma [R. Bruck]
For any Moufang loop

i) Lz 'y') = R(z,y) = R(y, )"
i) R(z,y) = R(z,zy) = R(yz,y)
iii) R(z~,y™) = R(ly,2),y) R(z71,y)

1

where [y, z] = y~lo " lya.

Stephen M. Gagola III Generators of certain inner mapping groups



Inner maps of Moufang loops

Let @Q be a Moufang loop. If z,y,u € @ then

(xu3m)<yu3") = ( z)uimton
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Inner maps of Moufang loops

Let @Q be a Moufang loop. If z,y,u € @ then

(xu3m)<yu3") = ( z)uimton

where z € () is dependent on the inner map

f:Q—0Q
1

g —— ugu .

Namely, z = f2mtn (f2m+n($)fm7n (y))
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Inner maps of Moufang loops

Let @Q be a Moufang loop with z,y,u € Q and
f:Q —Q

Observation
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Inner maps of Moufang loops

Proposition

Let @) be a Moufang loop with z,v € Q). If v can be written as
the cube of another element of Q, say v = u3, then R(z,v) can
be written as a product of conjugation maps, namely,

R(m,u3) =1 Tu_l Tu3(:p—1)T3 Tu_Q.

Stephen M. Gagola III Generators of certain inner mapping groups



Inner maps of Moufang loops

Question
Let @Q be a Moufang loop and let

S:{wEQ’R(x,w)E<Ty\y€Q> foralleQ}.

By the previous proposition, S contains all elements that are
cubes of other elements of Q).
Is S is closed under multiplication forming a subloop of Q?
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Inner maps of Moufang loops

Suppose @ is a Moufang loop. Then

R(z,wiwsy) = R(x,w;l) R(xwz_l, (wl)TJ;wg’) R((z(wlwg))wg,wgl)

for any x, wy,ws € Q.
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Inner maps of Moufang loops

Lemma

Suppose @ is a Moufang loop. Then

R(z,wiwsy) = R(x,w;l) R(xw2 , (wl)Tw2 w3) R((x(wlwg))wz,wgl)

for any x, wy,ws € Q.

Lemma

If @ is a Moufang loop then

R(z, (wl)Tq;;wg’) = R(z,w3) Ty R((2)Twy,w1) Ty

w2

for any x, wy,ws € Q.
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Inner mapping groups of Moufang loops

Suppose @ is a Moufang loop (finite or infinite). If Q) can be
generated by elements that are cubes of other elements of Q)
then its inner mapping group can be generated by conjugation

maps.
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Inner mapping groups of Moufang loops

Suppose @ is a Moufang loop (finite or infinite). If Q) can be
generated by elements that are cubes of other elements of Q)
then its inner mapping group can be generated by conjugation

maps.

Let @@ be a Moufang loop that can be generated by elements
which are cubes of other elements of ). Then a subloop of @ is
normal if and only if it is stabilized by conjugation maps.
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Inner mapping groups of Moufang loops

Lemma [R. Bruck]
For any Moufang loop

i) Lz 'y™') = R(z,y) = R(y, )"
i) R(z,y) = R(z,zy) = R(yz,y)
iit) R(z~1,y™) = R(ly,2),y) R(z71,y)

1

where [y, z] = y~lo " lya.
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Inner mapping groups of Moufang loops

Theorem

Let @ be a Moufang loop such that the subloop N = <x3 xS Q> is of
index three. Then the inner mapping group of () is generated by
conjugation maps. Moreover, any subloop of @ is normal if and only
if it is stabilized by conjugation maps.
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Inner mapping groups of Moufang loops

Theorem

Let @ be a Moufang loop such that the subloop N = <x3 |z € Q> is of
index three. Then the inner mapping group of () is generated by
conjugation maps. Moreover, any subloop of @ is normal if and only
if it is stabilized by conjugation maps.

proof

H = {w€Q| R(z,w) e (Ty |y € Q) for aller} is a subloop of
Q@ containing N. If u € Q\ NV then for any x € N and any integer m

R(u™z,u) = R(z,u)
= R(u,z)™*
e(TylyeQ).

Hence, u € H and H = Q.
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