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ABSTRACT 

.. 

in this thesis 'j we present a system cil'"tl.Q~~~~~~~:,iJ tran'3~ 

formations-defined by th~ equation, ~ being the mean of x: 
1 

" 

We make y approximately normal by expanding the expression above and 

th~n sol ving for , the cons~a~ts. al' a
2

, and h, so that the thi~d, fourth 
- ~ 

and possibly the fifth cumulants of y -are made as close ~s possible.to 

zero, the oumulants of tne normal distribution. 
1 

We derive several theorems 

on the .validity of an expansron of y, and prove certain properties of the 

cumulants of y. Numerous comparisons are made with other approximations 

for a variety of distributions. 
t! • 6' 

These seem to establish that the proposed:transformation pro-

vides comparable accuracy in 'the cases of the Negative Binomial, the X2, 

. 
the non-central t, the non-central F, and the correlation coefficient 

~ 

in normal samples, while in 
2 ". . . the ~ase of the non-central X d~strlbut~on, 

,~, t 

than~ny other considered t Finally, in it pro~ides accuraLy better 

~he appendix, a computer program is presented that wjll calcula te the 

• 

,'1 



• , • ", . 
, \, 

'constants al' a
2

, and h; given four or five cumu1ants o~ any r~ndom 

variable, and. will then yeild eitner the appropriate percentile level , 

or the qu~nti1e, , 
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,RESUME ' 

. , 

Dans cette thèse, nous présentons un système de. transformations 

normalisantes défini' par l'équation, ~ étant la moyenne de x: 
~ 

,.-

Nous rendons y approximativement normal en développant-cette expression 

et en solutionnant pour les cons.tailtes al' a
2 

et h, et ainsi le trois

~èmeJ' ie quatrième et possiblement le cinquième cumulant de y est rendu 

aussi près que possible de zér~, ~ cumulant de la distribution normal~. 
\ 

1 \ • 

Nous déduisÔ?s p:,usieur~. théorèmes_sur la validité du. Clével~p~ 

pem!nt de y et nous prouvoris certaines proprjétés des cumulants de y. ' 

Plusieurs comparaisons sont 
\, 

diffèrentes distrlbutions(. 
~ 

1 

faites avec d'autres ~pproximations pour 

\ 
Ces compaiaison& semblent établir que la transformation pro-

posée fournit une aussi ~onne précision pour les distributions suivantes: 
, 

Binomi~~e N~gative, Chi-carré, t non-centré, F non~centré et fe coeffi-

cient de corrélation dans un échantillon normal,'tandis que pour la 
, ~~I 

dis tribut ion du l non-centré (~tte transf orma ti:~_ fourn,i,t. une appro- J 
ximation supérieure ,à toutes les autres. ~ 

ï 
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INTRODUCTION 

In statistics, one is olten confronted with the prob1em 

of d~termifiing the ptobabiiity that the divergence of ,a random ..... .. - . 
variab~e from its expec~edvarue should be due to sampling error. 

We thus require to tabu1ate or coppute values of the distribution . ~ 

functibn of the randJm va~fab1e in question •. In~ecent ~ears, 

especia11y in Monte-Carlo testing and sim~lation, a quick and easy 
. 

method for generating a particulaL random variable has a1so be~n 
.. 

needed'. 

We approath the prob1em by co~sidering~~he following trahs-

formation: " 

(lwl ) 

• 
·where al' a2, and h are.constants and_~= E(x). We then derive the 

~ ... 
,values of a.1'.:2' and h -such that the t.J.ew ;r.?nsformetl random variable 

, 
y 18 apP!oximate1y normal. Thus sinee the normal distribution is .. 
tabulated and normal deviates can easily be gene:rated, a " good " 

apP~O~,.imÙi.on m1iY ~ ob'tained. Our method for deriving 

~lt '-~2' and h is that of equa~ing t~e higher\ cumu1ants (that is, the 

third, fourth, and so on, if feasible) 6f' y to those~ of the norma1-". 

distribution, whieh are zero. . . 
!Dut setup i8 motivated by the papers of Wilson and Hilferty 

l" • 

.' t. . , 
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tf (1931) and @f Haidane. (19 3~) ~which we shà11 r~view in 'Sections 1. 3. and 
Of ~ 

~ 

1.4. Section 1.1 will be &evoted ta a b~ief exposition of SOrne ,,-/ 
~ 

-' o (, 
1 • usefu·l properties of moments and cvmu1~nt~ In Section 1. 2 we shall 

... 
review a transformation by Cbrnish and Fisher (1937) and in .., Section 1:~ 

'some other transformations in the current literature., 

o ~ -
, Chapt~r II sha1l be devoted to the expartsio~ of (ltl) and 

. determining the cumulants of ~ We snall also examin~,~ertain ass~~ptiorts 

to be made and certain 'questi~ns of vtJ.idity. In Chaptei III a general 
j • 

solution tor the constants. in the transformation ("1.1) will be 'presented. 

c t ~ 

In Chaptfr ·IV we shalr 'derive the cumu1:3.Dts of distriootions, or clas"ses 

of distributioThs, which x may ~epresent. 

In Chapte~ V we shall p'resent a solu~ioU-for each of th~:cas~s 
• \ j> 

o~tlined)in Chapter IV, together with,the results and the conclusions' 
, , 

:J.n'each case. In Appendi1 A, ~.,e present several of the extensive fcrIl\ulae 
1 

that we have d.ev,èloped. Appendix B shalL be devoted to a litting of 
... "0 

subrouti«es used whiëh have bee~ develop~d, and may prove to be of 

·interest. 
.. 

. T~ughout the thes!s we will ,use th~~rôllowing notations: 
~~ .. th J th ,- ~ 

Ki will denote the i cumulant of x while Ki(y), th~i cumulant of y. 

2 ~ 
We will use J.l as the 'mean of x, (j as its variance. -In aIl cases w,here 

(J 

ambigu"i~y occurs, (y) sh~ll be suffi~ed t0 tbe approp,riate p,toperty 

'. -always~~ttansformed variable~ -- .. 
:'4' 

approxi!llat'€!ly- . \ 
. \ 

, \ 

normal, x the given no~-normal rando~ variable. and z ls a standardizeq \ 

, n0t11lal ran~ohr'\a~a~,le. 

, 

" ) 
.1.1. Moments sFd Cu~lantsd 

~ 
/, 1 J 

1 

" 
We definê a series of coefficients , CL • t = l, 2, 

r 
... , ~r the 

Il . 

• 

.1 

) 

" 
~ 

(>.lI" 
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1 , -., 
-. >, ., 

'-
relation 

. .'={ il-

(x-a)~df' .~ 
_co 

! 
ar,is called the r

th 
moment of the distribution F(x~ about the point a. 

~ 

In partifular when a = 0, a i8 denoted by ~., and is caHed plainly 
r , r 

the r
th 

moment .of F(xJ. AIsé w~n a = ~i, or more simply~, then 

th ' . 
called the r centraZ.momen~. We may also ar is denoted by ~ ~ and 

, th r, .. 
define the r factor~aZ moment about an arbitrary origin by the 

.equ~tion ).lCr) =foo (X-~) (T)qF where x(r) = x(x-l) (x-2) •.• (x-r+i). 
_00 

The moments are a se't of descriptive constants pertaining : . ,7 
, . 

ta a distributi~n, and. usefuI,' 'tur approp,riate conditions, in 

. JI 1 • 
asc~rtaining~its propertiés ,or c9 . letely specifyin~ i{J They are 

not, however the unique set.of constants with thase properties. There 

16 a~other,series of cgefficients, n3rnely the cumulants, which have 

certain useful theore~ical pro~erties. 

Formally then. we definè a series of coeffici~nts 
~ () 

\ 

K r = l, 2, •••• called the cwnuZants by, the following relat~on in' (it), r 

, .., l + ).l '1{it) + 
1 

.. ··0 (t), x • 

+ lJ' 

r 

,. 

+K 
r 

". 

(it)r 

r !u + 

(it)r 

r! + .... 9'. } 

... (1.2) 

\, 

, . 
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, 
o (t) is denoted as the eharacteristic function of the random variable x , . 
x: Wè then rlefine 1f; (t) = log04t) as the cumul.ant generating function ,x 

of x, sinee it has the propert:( that K i8 the coefficient of 
r 

e (it) r 

r! in its power series expansioz:. Furthermore, K exists whenever" 
r , 

).Ir exists. 

Recursive formu1aelfetween the moments and cumu1ants may 

be obtained by differentiating (1. 2) with "'respect ta (ft). We th en 

have ( 

(i t) 9,-1 (it)R,-l (it)i lX> 00 00 

L: '1 =L: KJ,. exp{ L KR, } 
tel 

11R, (t-1) ! 
R,=1 (t-l) ! 

R,=l t! 

,00 (it) t-l 00 (it)t 
=L K L: l/ , 

R.=;1 t (R.~1) ! 9.,=0 i 'R, ! 

~, 

EXpanding and setting aIl the coeff~cients o~, (~t) r, equal, te have 

') 

'j Kt +1 lJj_t 'II) \ 

.,<. "]+1' j!,t;O t!(j-t)! j = 0.1; 2. .... J.3) 

and 

K .• = l1' 
l 1 

KR,+1~;-i 
i!(j-t)! j = 1, 2, 3, ••• . (1.4) 
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1 
" 

j 

Another intere~ti~g property,ls revealed if we consider the 
~-

1ihe~r transformation of the type 

This leaves the cumulants u~~hanged 50 far as m is concerned, whi1e 

• r 
it multiples the c~ulapt K by Q,. The sole exception is the first 

r 

c#tmulant which besides bei'ng multiplied by Q" is" also increased by m. 
· 4 

Furtl:termore, if m = 0, the moment \l is also multiplied by fr. This 
r 

property is critical to the developT'1ents that follow. In fact, 
, . 

in aIl the transformations to be cons~dered, it is this property that 
... 

assures us of the conv~rgence of 'the expansi?ns under consideration. , 
1 Under 'genera]. conditions,a knowledge of the moments-, when 

\ 
, " 

the y all __ .?xist, or similarly the cumu1ants, is equivalent to a 
,~ • 1 

/4· ... 

knowledge of the disttibution function, that is, that it fs theoretic-ally . " 

possible to exhibit aIl the properties of the di;:;tribution.' In fact, f) 

under app.ropria te cond,i tj.ons, ther~ are thQ Gram-Charlier and,l!the 

Edgeworth expansion of any densÜy"which are in terms of" the moments 

/' 

and cumulants of the distribution. Thus distributions which.have a 

finite number of lower moments or eumulants "in common wlll, in a sense, 
1 

~ -
be approximations of one, ..another, and, in prac t'lee, appr<?ximations of 

this kind often turn out to be remakably good, even when the first three 
"'--' 

01; four moments or 

( 

1.2. ASymptotic Expansions of Distributions 

It gas long been known that in rny cases several importani 



/ 
1 

f 
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theoretical distributions occurring in statistics depend on sorne 

variable n in such a way that the distribution tends to normality when 

n is'large. When n is large, it may be sufficient ta ~ssume the .. 
distribution approximately normal, however for small n, the approximat~on 

may be inadquate. 

However, using the fact that the deYiations from normality 

can sometimes be conveniently exp:ess~y mearts of Hermitian 

polynomia1s, Co~nish and Fisher (1937) developed exp1icit asymptotic 

expansions, expressing any desired percentile point of such distributions 

in terms of lmQwn cufnu1ants. They constructed "the trans~.rmation: 

~1.5) 

where~the orders of the ci decrease for larger i. Wl,en the è i are 

"" chosen appropriately, the distd.bution of y is ma?e ve~ close to 

) 

normality enabling us to fincl the quantile of x from that of y, which 

( lote then assume normal. 

Cornish and Fisher noted~th?t the effect of the operator 

exp{ 
a 

r 
rT 

when acting upon the 

~'by a , but-?therwise 
r -

distribution of x' is to inc~ease ,t1i\r
th 

cum!llant 

leaves the distribution unchanged," his e~bled 
~ . 

them to consider the Edgeworth expansion of the density of x 

K -m K ':'5 
2 

1 + 2' 
D

2 K3 3 K4 '4 
} S (i) (1.6) exp {--D 

2: - -D + 4T D - ... 1: 3: 
0 

>. 
" 

'>< 

" 



.. 

l 
B (x) = ;l2n 

d 
D =-

dx 

i -7-

The constants m, 6
2 are the me an and variance of the Edgeworth 

.. 

, , 
expansion 

2 ;which are not necessarily equal to ~,cr since the approximatiQp may perhapsq 

" be slightly improved by taking them differently. 

1» Letting then 

" SR,1 = KI - m 

• 
2 

K
2 

2 
S R,2 = - s 

.... 

SrR.
r = K fo'r r > 2, r 

• 11 • 
2 and sinee by choice of s, s i8 of order K2' ~we have 

-'/ 1 
R,r O(n -.), 

for r > 2. 

Then, (1.6), the density of x may be writ'ten as 

" 

/ 

... } B(x) • 

. 
Expanding the operator by means of the exponential expansion, and noting 

that 

~ . 
J • 
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• 

~ 

wher~ lJr(x) i8 the Tchebycheff-Hé'rmite polynomial, we obtain the 

distribution function by integrating term ~y term. Then the frequency , 
;; 

1 

Iess than or equal to m + sx', may be' expressed in te1lI16 of the corresponding 
( 

-normal probability Integral and a series of adjustments of decreasing 
f 

d f i cl T d 1 -2 h ~ -or er 0 m~n tu e. 0 or er at east n' ,we ~veJ 

(1. 7) 

1 
2 j 

-x /2 
~, 

, where Ct (x) =--e 

. ) 

1211 

Assuming y to be a normal variate with ~ (y) its distribution 

function, we have, by Taylor 's· theorem 
( 1 ... 

~(y) = Ill{x + (y-x)} 
éI OQ ( )r 

= ~ (x) +. '" y-x 
I....J r! 
r=l 

" . 

00 r 
0:: III (x) + L: (y-x) 

r! r=l 
r 

l' 

/ 
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• 

and this"is equal to (1.7). ~ow by .. ortS'i~ing the terms of each order of 

magnitude in successi~n, anâ \dent~fying the coefficients in (1.5) 

, we develop, in terms of successive polynomia1s in x, 
.. 

3 . 122 1 2 3 • 
10x + 15x) ~ 3~1~3x + 72~2~3(36x - 49x) 

'--
1 2 5 3 l 3 l 5 3' 

- 384~4(5x - 32x + 35x) + 36~1~3~4(1Ix - 2lx) - 360~3~5(7x -48x +51x) 

547x3. + 456x) . ,~ 

3 3628x +,2473x). ·U.8) 

This i8 the required expression of the variate y, in terms of the 

variate x. -2 To order n at least, y will be normally distributed. Also, 

(1.8) may'be inve~ted to express x fh "terms of y, by me-ans of Lagrange's 

inversion fDrmula. 

. 
" 
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:J 

" The importance of the Cornish-Fisher expansion i6 that given 
-

enough terms or adjustments-, y as defined in (1.5). as a polynom\al in 

any other distribution x, can be made as close as orre would want tQ the 
" ~ 

r normal distribution~ Thus if f(x) is any other transofrmation; and 

f(x) admits a Taylor series expansion, a term by terro comparison of the 
, , 

respective orders of mag~itude is possible. In fact, any transformation 

f(x) may be viewed as an atte~pt to simp1ify (1.5) into a concise form, 

w~thout losing too much accuracy in the process. 

, 
1.3. The Wilson-Hi1fertv Transformation 

i. 

The main purpose of 1Vïlson an~ Hilferty' s (1931) transformation 
, 

2 was to find,;tn approx:t.matio1to the X distribution better than Fisher' s." 

~ 2 
~variance stabalizing transformation /2X' Hence, for purposes of this 

2 Section, x will denote a X random variable. 

Consitler the distribution of\ 

• 

(1. 9) 

./ 

where n i5 "the degrees of freedom of the ./ random vari'able x. 
1 

\ ... 
that the mean of x, = n, (1. 9) may be, ~itten (as 

. \ y = r " 

(x-n) 

n 
, . 

n 2!' nt + .• 
=-1 -+ h(x-n) -+ h (h-l) (x-n) 2 (-

Noting 



•• 
'l 

. " 

1) • 

, ~ , 

\ 

1-

~. 
j 
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II. 

by the Taylor or binomial expansion. We note that (1.10) converges when " 

Ix-ni <no 

Taking the expectations of (1.10) and noting that E(x-n)r ~ ~r 

where ~ '~2n 
2 

c 

1l = 8n 3 

~4 "" 12nCn+4) 

II = 32n(Sn+12)' 
5 

II = 4On(3n2+52n+96) 
6 

" 

we find. after sorne reduction • 

É(y) = 1 + h(h-1) ~2 + h(h-l) h-2) 1I3 
2! 2 3! 3' + 

n .jo n 

{ 

( 

-1 1 Q , -2 - l' 2 2' -3 
"" l + h(h-1)n + (;h(h-1) (hj) (3h-1)n + (;h (h-1) (h-2) (h-3)n 

-4 + 0 (n ). (1.11) 

,. 
r We then fipd E(l ) ~y merely substituting rh for h in (1.11). Then • 

. \ 

1 . 
'We- now choose h = '3 s.o that, the J.eading term of K3 (y). the t'~rm of order 
-2 ' 

n ~vanishes. It is interesting ça note that the terms of arder 

. ~ 
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.e 
" 

/ 

, 
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-2 J 
n, in b~th K2(y) and K1 (y) also vanish.' This suggests t~at ta a 

1 considerable degree of accuracy, (1.9) with h = 3 is a1mos~~ormal1y 

distributed with mean 1 - 2 and variarlce 2 
9n 9n. 

\) 1.4· The Ha1dane Transformations 

Baldane (1938) considers a variahle_so distributed that ~n n 
.,-/ 

tends to infinity., the orders, of: magnitude of its cumu1ants are effecti~ely 

as fol10ws: 

1 

for r > 4.' 

He claims ta consider most cumulative and derived cumulative statistics, 
... 

and sorne others. He exc1udes the cases where K3 = 0, and a number of 

distributions which tend to nor~ality~with n. However, he only\xamines twp 
\. . 

cases or applications ,that of the x2 and the binomial distribution. Nowhere 

dees he narne or produce resu1ts for any other.distribution. 
- • 4 

Haldane proceeds similar te Hi1son and Hilferty, he -le~s 

(1.12) 

Then, neting that the mean of'x, ~ = KI' (1.12) reduces to 

+ ••. 

\ 

" , 

.. 
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o , ' 

which c~nverges when Ix-~I < KI' Again taking expectations, we find, 

E(y) = 1 + h(h-l) 
2 

U2 ' h(h-1) (h4 2) ~U3 
z!: .+ 3' + ••• .. . 

1 . - 1 
, , 

(1.13) 

, th 
Expressing the moments in terms of cumulants, and noting tha~ the r 

moment of y'is merely"the exptession (1,13) with h replaced by rh" 
. 

we'derive the following cumulants of y after sorne considerable reduction, 

:E!JCpressed i~ decreasing orders of magnitude: 

() 

-' 

. 

----...,.\ K 

+ h(h-l)~2 + h(h-l) (h-2) 
2K 1 , 

~ 

+ 0 (n -4) \ 

,-

{4KJK3 + 3(h-3)K;J 

24xi ' 
1 

., 
[K1K3 + 3Çh-l)K;1 

h
3 K

3
(y) = 

K4 
1 

[3K~K4 .+ 3 (7h-JO)K1K2K3 :~ .. (17h2_55t:+44)K~] 
+ h 3 (h-l) -...:;....--~-----""§6~..:...1t~,+------:;,---..,;=-

2Kl 

• 

, l' 
l , 

'-' '\ ) 
" ' 
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12 (h-1)K1K2K3 

K6 
1 

+ 4(h-1)(4h-5)~] -4 + O(n ), 

We note that in (1.14) the additiona1 assumption K4 = O(n), 

• K < 0 (nr - 4) d f b was ma e or reasons to ecome apparent. 
r -

This does not 

affect the resu1t be1ow. 

K1K3 
Therefore, if we set h = 1--- then the 'leading term of 

3X; 
K~/y) in 0 ... 14) vanishes. -1hen we that when h 1 

K1K3 
can say = - 3X; 1 

(1.12) i5 a1mo5t'norma11y distrjbuted with mean and variance KI (y) and 

K2(y) , respective1y, as defined in (1.14). Hâ1dane refers to this as 
. ~ 

transformation A. One"shou1d 'note that transformation A i5 equivalent 

to the Wi1son-Hi1ferty approximation when x i6 chi-square. 
'-, , 

At this point, Ha1dane notes that the leading term-in K4(y) 

, \ 
may,he set to zero by adding a su~tab1e con~~ant to/x in (1.12) 50 

,that Ki assume~any desired ~a1ue g, while the o~b1r, cumu1ants remain 

unchanged. So then under the revi~ed &ssumptions, 
.. , 

for r > 4, 

o Ha1dane makes the following transformatiol/.! -"1 

" , 

y. = (1 + x : ~1) h, ,~. " (1 .. 15) 
," 

" " 

The cumu1ants of y then are "those in equation (1.1~) with KI replaced 

-2 by g. Then setting the 1eading term of K
3

(y), the term of order n 

(1.14) 

.. , 

.' 

• 

. -3' and ;~e 1eading te~ of K4(y), the term of or~er n ,equal to zero, we have 

~ 

" 



'. 

., 
.' -

-15- \ 

): 
la ::Ir 1 

/ 

g :: 
12~K3 \ 16X; 9K

2
K

4 

20X; 

c - h OZ 

20K
2 (1.16) 

- 9K2K4 - 9K2K
4 3 

Then y Wil~e S: dist1ibuted tha:its third and fourth cumulants tend to :h -4 ' , 
zero with n and n respeQtive1y. Renee the distribution of (1.15) 

c . 

with g and h as in (1.16) would be v~ry close ta the normal distribution, 
.. - - -

with me an and v~J;iànCe defit:ed-by-S+::1;.4). '" .,Q~hiS t~ral1s/nnation will be 

referred ta as transformation B. ~' . ' /~ 

One shou1d note that in transformation B, Haldané neg1ects to 

make-an assumption of arder on g. Upon inspeétio~ of (1.13) with KI 

rep1aeed by g, we realize-thaf the sefies·wou1d not converge un1ess a 

flpecifi~ arder were to tbe assumed upon g. In faet the solutions (1.16) 

are possible wHh the assumption that g i8 of the same order as K1' 

that i5. g = O(n). 

Ba1dane a1so compntes and compares the fo11owing measures of 

skewness and k~rtosis 

K3 ](4 
(1.17) YI = -;3/2 Y2 =-:z 

e K
2 

« ~ 1 ............ ~... 

which indieates a relative· "proximity" to the no-Finàl~distribution. 
~ 

In .\ 

, : 
the eas~ of the Wilson-Hilferty transformation or Hal~ane's transformation 

A, we have 

Y ... G(n -3/2) 
1 

• In tne case of Ea1dane's transformation B, we have 
.. \ 

.' 

é'9 

,., 
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~ ,., 
,/ 

" I~ï' 

, ... " 

,,' , 

D:(n -2) 
v 

Y2 
..: 

• These measures indiç~te a very good approximation te uormality.' In , .. 
~' -... ...... . ) 

fact, under the a'ssumptions made upon ·th~ cumulants, that K
2 

=K) = K4~"'I·O(n),~; 
~ ~ l 

• we 'have. that for any distribution x, .! .. 
'-

, 
-1 Y

2
< = Q(n ) .. 

Halùane notes that' other transformations are ~ossible. In 
~ ~ 

, . '.-2 
~articular, h and g ma~e cposen su~h ,~hat the terms of order n and 

-3 
n va?ish i? K3 '(y). ,However, he doe~"iàllr~ue the matter fur~he\. 

p In particular,application~f transformations A and'B, HaldaJe 

2 only discusse$ two distributions," the X and the binoIllii.al di~tributions. 

2 In the case of X , 'he finds tha t for n > 10, trans~ormation B is çlecidedly 
i

r 

/" 

superfor to transformation A, ~hich is in turn also v~r~ good. With 

règards te the binomial distributi,bn, -transformation B does not sée~ 

~ be weIl suited, but transformatiorl A shows a considerable degree of accuracy. 

Vle shaH examine thes~ points in greate'r: detail and cl!splay numer~cçü 

resuYts in Chapte~ V : 
" 

... 

1.5. Other Normalizing Transformations 

" 
Trartsfarmati~s of'stati variables were used in statistics 

, 
mainly for two purposes, variance 'sta ilization, and normalization. 

- "'''; 
eStabilization of variance involves the '(Q}lowing. Let .{T }, n = l, 2, 

n 

,'J 

l 



fi 

• 

\ 

-17-

, . r 

be a sequence.\of statis'tics, such that 

... 

2 

/", '1 
In(T -6) ---... Y ...., N(O,</) 

n 

where cr 
" ' 

ia a-function'of e. Then if g :{.s differentiable 

L • '1'} 

~[g(T n) g (e)] • y ~ N(O,[g'(8)0]2), 

ti 1. 

• 
'Now transformations wHich stahalize the variance make· the 

at e with" g'(e),O, 

(1.18) 1 
~ 

variance of 

the transformed variable approximately cons~ant and independent of the 

parameter, for e~ample 8 Then we mUpt choose g su ch that -------

g'(6~ = c or ~ g -= f~ de 

.... , . 

This has Ied to the introduction of the inver~e. sine squarè root transformation 
, 

used on the relative frequency of ?,uccesses in n Bernoulli trials, that 

i8, effectively in the binomial distribution, the s~uare root transformation 

for a Foisson, a gamma, or a ch~-square variate, the inverse hyperbolic 

sine transformat~ofi for a negative binomial random variable, and the 

inversé hyperbolic tang-ent transformation for the corre'1ation coeÙicient 
, f' ' 

in normàl samples. 

How~ver, these transformations intr6duced ,for variance stabilization 
, 

have been applied ~o'normalization, ~hat is, finding the ta il probabi1ities, 

and confidence Iimits~ This i8 due to the,faèt that, as shown in (1.18), 

g(Tn) aiso tends ta normality. 
C? 

In fact, since g(T ) tends to normality 
n 
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with a constant variance, the result~are more stable, and thus in 

stabilizing the variance, we usually succeed in bringing the transfcrmed 

variate closer to no;ma1ity. Empirical tests have a1so shown that the 

t!ansformed random variable i9 usual1y the better approximation. (Sçe, for 

example, Pau1son, 1947; Hald, 1952). Many modifications in order to 

improve the accuracy, have been made ta the transformations cited above, 
1 • 

notably Anstombe (1948), Fr~edman and Tukey(1950) , and Hote~Ùng "(1953). 
rr 

Kendall in his discu;sion on Hotel1ing I,S 'paper presents a general met~od 

fo~ arriving at succes~ive~finements of variance stabalizing transformations. 

'B1om (1954) derives a transformation~h.e--binomial disfiib~i:ion 
, ----- • ---- --------- 2 ' 

____ ---and-theU-appries the same idea to the Poisson, the 'X , and the negative 

binomial distributions, such that tt ~ives the Cornish-Fisher expansion, 

t~e property tha t the term of order n -1 is as lsmall as possihle. The app-
./ .4 • 

. 1ication of this princip1e 1eads ta the -desired transfor.mation as a 

solution of a diffe~ential equation. In 'fact, the differential equations 
\ 

lead to most of the variance stabalizing and normalizing transformations, namely , 

the inverse sine square root, the square root, the Wilson-Hilferty or the cube 

root, and the logarithmic, together with SOrne new, but unworkable, transformations. 

This principle 'however, has a major set-back in that the tërm of order 

-1 ' n contains the normal random va~~able as a parameter, and when trying 
/ 

to evaluate the tail probabilities our main task consists in calcu1ating 

the normal random variable. 
t '0. 1 .. 

In effect~ if g is the requ1~~\ transformation, 
J; 

the Cornish-Fisher inverse expansion i5 of the form 



\ 
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:.~n the case of the binomial and the negatlve binomial 

. where 1 

h(y) 

---~----_3. ____ --:-~ 

, 

--- - . -----and a,S-" ~r~-~~~ters of the distribution of x. Here g has the fe110wing 

sol~ion apart from a.multi?licative constant, ~ 

(1.19) 

2 In the case of the Poisson and X distribu~ions, we have . , 

1 2[ '1 1 
"2 = ï y ag (a) + h(y)g_-'a)], 

(, 
• () 

which has the solution. 
/> , 

1 1-h 
+ cl l-h u lU h g(u) = . y- dy 

/ 

h < 1 

.------

\ 

= 1 ua log u +,c2 h = 1 
l ' 

(1. 20) 

where ua' cl' c2 are constants. 

The solutio~s (1.19) and (1.2b) wer~rived at by'assuming a . , 

o 

û 
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pa~tic~r value upon h(yt qnd treating it as a constant. Thus with . 

sorne prior knowledge or the area of the tail, (1.19) an~ (';'2~) beoofue 

appr.oxfmately soluble. Blom examines threè generA! areas, when y\=.. 1, 2, 

and when y is very large. Then, (1.19) produces no transformation in the, 

first case, the inverse sine transformation in the second case, and an 
\ 

} 
unpractical one in the case when y i8 very large. Simila;~y, (1. 20), 

pro~':lces _no _transformation wh~n y = 1, the square ropt transformation when 
. ~ ,'( 1 l 1 

Y = 2 and the'~ube root transformation when y + 00. One shou1d note that, 

although the motivating principle seems ta insure good transformations, 
, 

, ' 

the method of solving for g may produce an unsatisfactory resu1t. This may 

b b 2 h~ , e seen y the filc t t.!J;3.t, in the cas~ of X ,> t e~ Fils6n-Hilferty or 
, 

the cube root transformation empirica11y i8 better than the, square root 
• 

transformation throughout the range of y (as shawn in th@i~paper), which 

in turn is better than no transfornation at aIl. 

Moor~ (1957) examif the properties 0 f the class of transf omm tions 

r 
y = x where ° < r < 1, x > 0, c 

" w1th the assumptian that the class is designed ta transform the variate 

x into sorne form of normal distribution. Thus instead of .considering=the 

properties of xr ~ salving' for r, he examine~ the normal variate y, and 
1 th 

examines the distribution of -r power of it. ) Finally Moore ca1cu1ates 
1 

, l/r 
YI and Y2 of y as defined in (1.17), for r = 3/4, 2/3, 1/2, 1/3, and 

1/4. These are expressions in terms of a coefficient of variation (defined ., 

as the standard deviation divided by the mean). The power r is then chasen 



.. 

, . 

J 

such that YI and y 2 of -x. .are 

variable h~J. 
h f 1/r.. h t at 0 y 1nsurlng at t e same 

, 1 

time that the of variation by adding 
"-

a constant to the original variable if necessary. Moore considers only 

three cases'and finds that in the case 2 1 
X "r ::: 3 is best (the Wilson-. , 

~ilferty transformation), in the case of the distribution of the range 

, • Ol in 'samples from a normal population, r = 2/3 'is best, and in the 

case of a Pois~n~ y = (x + 1/4)2/3 f the b~st transform~tion. Empirical 
,,'lo. 

tests show that these xa5ults - , '3~1 
Peizer and Pratt (1968). and ratt(1968) construct a new normal 

f 

approximation ~o the beta distribution and its relatives, in particular, the 
... 

binomial, Pascal, negative bingmial, F, t, Poisson, gamma, and X2 

dsitribution~. They construct two sets 'of two transfotmations Yl'çand Y
2 

(a refinement of YI)' 
< $ffIIII! 

For the binomial, Pascal, negative binomial, beta 

and F distributions, they have 

1 + qg[~J + PB [I-J np nq 

1/2 

( . i""1 , 2) , (1.21) 

and for the Poisson, gamma, and x2 distribution 
1/ 

1/2 

= (i==1,2,) , (1. 22) 

where 

g(x) -2 2 
::; (l-x) (l - x + 2x log x) x > O. x :f l 

g(O) = l, gel) = 0, (1.23) 

1 

i 

• 
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and M. p. q~ S, T, dl' and d 2 are constants_or expres6~ons depending on 

each specifie d~6tribution. The transformation for the t distribution 

Is derived from the transformation of F'with equal/degrees of freedom in 
n 

the numerator and the denominator. 
, 
J The motivation of the formulae (1.21) and (1.22) stem from an 

approximation to the binomial distribution. ~e start from the approximation 
• 

":l 

• S-np 

Yo ::--
cr 

.. 
-where cr c:: 

1/2 (npq) , S is the number of sueeesses, and n-l1', i:I the appropriate 

binomial co~stants. - However yo misplaces the median, and asymptotic 

investigation suggeS'ts the,modifications, replacing n by n + 1/6 in cr such-

that 
*' ! 1/2 

cr ,= f (n+I/6)pq] and adding a correction factor to the mean so that 

) wlIich makes Y3 substant~ally morÎl,accurate ta z, the normal deviate, about 
~"\ 

z:~ b. Pratt also notices.that 
n' 

= 
'la 

f (p, ) cr 

~here f is a gently varying function of its arguments. f· is then chosen 
f 

z Yo , 
cr + 00 for p and fixed, 'He then has 

cr as the limit of as 

'. 
~I 

wherli! G 
y 0 • Y~. 

= 1 t pg(l-P"(J) t qg(ltq 0)' 

) 
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, 

and again where g is defined in (1.23). The ,formula i6 then ~enera1ized 

to the beta distribution from ~h:ch ~hey d~rive transforma~ions for the 

binomial, the Pascal, the nega~ive binomial and thé F. The~oisson, 

the gamma and the chi-square dis~ributions are then taken as limiting 

cases. 

Peizer and Pratt are quick to point out the ast~ni~hing accuracy, 
(J 

~ of the transformations, especially in tails where "the relative 

error in approximation 'to z appréaches 

i6 pf'or~er Q(0-3). 

In fact z - YI (or yZ) 

~ 

Many other normalizing transfromations have been constructed for 

speeifiCl'l distributions, however fe", have presentetd\. a s.p.' ecific method to l 
normalize any given distributio~ 

'" 
Final1y, it is~ worthwhile to note that Fisher "5 square \ root ( 

, transformation of the 
2 . 

X random variable, i9 rnerely a specifie case of 

a = l. h 1 transformation (1.1), when a2 '= 0, 1 n' = 2 . However, ~isher 1 s , 

transformation was derived as a v~riancelstabalizing and not a normalizing 

transformation. This' stlggests the, very ïnteresting fact thàt by suitable 

choice of al,aZ' and h, we may e~ploy transformation {l.l) as a variance ~ 

'-
stabi1izing transformation, That is, w~ fBY choose a l ,a2 , and h such 

that the second, the third and the fourth leading terms in the expantion. 

of the second cumulant of y, are zero. 

, / 
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EXPANSION OF THE TRANSFORMATION 

.. 
This chapter will be devoted ta the twofo1d expansion of 

transformation (1.1). We will first take the Taylor series expansion of 

(1.1) abo~t~~ the mean of x, and the~ examine where t~s expansion i8 

valid. By taking the integra1 of thts series, we are then able ta find, 

the moments of y, from which we then ca1cu1ate the first_five èumu1ants. 

Our primary aim is, a~stated earlier, to set y as close as 

possible ta a normal random variable. One way of accomplishing this is 
, 

to equate the higher cumulants, from the'third on, to zero. This is 

hardly possible, since we only have'three parameters al ,a2, an~ h wh~ch 

may be given appropria te values. We therefore choose three lcading terms 
\ 

.~ 

and solve a1gehra.ical1y for al ,a2 , and h, by equating them to zero. A1so, 
~ , 

by noting that the cumulants of y are polynomialp in al ,a2 , and h, we may 

, ' 
use an iterative method for the numerica1 solution of the non-1inear equations. 

However, in a11 cases, an assumption on the arder of the terms in the 

expansion of the cumulants, must be made; a topic which sha1l be 
1 

discussed in the final Section. Sections 3 and 4 are devoted to a 

theoretical :tudy of th\expansion and the c~mulants of y . 

. The series expansions presented in this çhapter are va1id for 

a1l but a few rafdom varibles x. The only restriction is that KS or 

~5' or in another case, K4 or ~4 exist. 'Symmetrica1 distributions, ~uch 

as "Stml.ent' s." t distribution, are, .in constrast to Ha1dane' s transformation, 

included. 
. , 

" 

\ 
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\ 

/ 
'. 

Our tr~nsformation 

\ 

ia a general~~ation of 
~ 

~ldane'~ transformation, which in turn i8 a 

of lu;son \nd Hilf~rtY. We could kave considered generalization of that 

a more general transformation 

* y 
2 

+ b
3 

(x-~) + b 
2 -< 4 

o 

3 
(x-~) 

3 a 

~ 1 : 

, . J: \ (x-~) 3 
Sowever, ~he addition of the last term b4 0 3 

would make the 

* a~ount of algebra involved in the series expansions of y and its cumulants, 

in praatice, insurm.ountab1e. Furthermore, even it the series expansions 

were'calcu~"te~:'-< could not be expressed in terms of a c10sed efession, 

" forcing a numerica1 solution in each case, and even then, b4 might only 

have comp1ex solutions. 
{ l ~ 

In fact} by including only b3" the amount of 

algebra required i8 enormous. The remaining transformation (with b4 = 0) 
, 

iB,not, in fact, a genera1ization of (1.1), since as we noted in Section 1 

of Chapter l, .' " 

• 
(x~ ~ ) = ~ , -1 , (x-~ ) -i for i > 2. 0 ~i and J'i -0- =0 K 

i . i 

We then. have 

* y -b 
0 

b 2 b3 
Y = a = a 3 =-2 

J b
h I blo blo 
1 1 

, , ,-
" 

/" 
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* ' y merely has a differeht mean and variance, but leads,to'an equivalent 

!uantile or p~obability level. 

. ,One should note that our particular forro of transformation is .. 
not unique. ObviouslYJ if one views aIl a~proxirnate norrnalizing transfor

q , 

mations as an a~tempt ta approxi~ate Cornish-Fisher expansions (1.5) 

or (1.8), with as few parameters as possible,.then other types of transfor-

mations or functions are possible. Sorne possibilities may iuelude 

~, " ... 

---- 2 
Y == log {l + al (x-1J) + a2(x-1J) } 

, 
\ ,-

{a + al (x-~) 
2 

y c sin + aZ(x-\.l) } 
0 

, 
which may be viable alternatives ta (1.1). 

ever, as mentioneô' in Chapter l, we were ffi?tivated by the 

results of Wilson and Hilferty, and Haldane, and s!nce 
'\ 

is of the same form J we expect r~sults at least as 

accurate. ~ne sh041d also note that the form of our transformation simpli~ies 

the anplysis sinee E(yr) is readily1available f~9r E(y), while with other 

transformations, this may not hdld. 

2.1. Expansion lnto Moments 

'-. 
Transformation (1.1) may be expanded as an infinite series in 

ft 

terms of XJ ei-ther by tlte binomial or Taylor series expansion. We then 
~ ~ 

have, ùsing the binomial expansion, 
\ 

1 
q 

----~----~--------------...... -
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. . , 

" 

" . \ 

~ h(i) 2 i 
-. 1 + L.J "'11'"':-:""-1' [al (x-Jj) + a 2 (x-JJ) ] 

i=l • 

-' . 
o \. 

.. 
~ h (i) ~ (1) m-i 2i-me )m' 

• 1 + L.J ~ LJ m-i a 2 al ~-U 
i==l • m=i 

~~ 1 + t ~ ( i \m(rn-1) ••• (1+1)' a m-i 2i--m h (m) (x-l1)m 
V=l m=i m-V(h-rn+1) ••• (h-1) 2 al m! 

'----l , 

• 00 { m-l ~ i) . m m(m-1) ••• (i+l) 
• 1 + a0(x-ul + ~;2 al + ~m;lJ ~-i (h-Tl ... (H) } 

(m) m 
2i-m m-i h (x-u) 

al a2 m~ , 

(2.1) 

Q where 

'i • 

h (nt) :; h(h-1) (h-2) (h:"m+1) , 
( 

and [m;l] is defined as the 1acgest integer less than or equa1 to m;l 

The expansion (2.1) may a1so be obtained using the Taylor series e~pansion 

and noting, • 

(m) (m-l)- (m-2) l (m-l) (m-2) 
f (JJ) = al f '(JJ) eh-m+l) + 2a2f (u) (n:-1)h - 2 

(2.2) 
1. 

where \ If" 

y = f(x) and f{m) (x) , . 

.. 



.e 
• 

• 

• Il" 

-28-

However. (2.1) does not conyerge for aIl x. and thus is only 
'- .. 

valid in sorne regiort R. This i5 important sinee in order to obtain 

the expeeted value of y, we must integrate throughau Ithe ranges of x 

and Y. inc1uding possibly sorne set where (2.1) i5 not va1iç. This problem 
--' 

shall be dealt with at length in Section 3. and. under cettain conditions . ~ 

~defined in term by term integration of (2.1). will exist and be 

valid even though (2.1) does pot converge for aIl ~. . . .. 'Integrating (2.1) term by term, we then find 

E(y) = KI (y) 

{2.3) 

~ 

We then use the recursive relati6n (1.3) with ~i = 0 in order to'solve for 

~i in ;erms of Ki' and obtain 

.r 

Substituting in (2.3). we find 

E (y) =~--$l (y) 
2 2a2 h (2) 

= 1 + (al + h-1) '""'2T'" K2 

\ ' 
J 
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, -

, , 

" 

(2.4) 

" 

The r th moment of y, ECyr), is then derived by simply replacing h by 

rh in (2.4). 'The Bame comments concerning validity as with E(y) 1 apply 

here to E(/). 

2.2. Cumulants 

.. 
We then obtain the cumulants of y. The sfmplest formulae ta 

/<.3 (y) = ).1 '(y) -Kl~y)jJ2(Y) 2K1(y)K2(y) 
3 ../ 

" .... ~ . , 
K4(y) = ).14 'y) -: KI (y)w 3(y) - 3Ki~Y) - ~K3(Y)K~(Y) 

== ).l~(Y)'- K1(y)w.l/;G 
1 

- c 4K4 (y) kl-(y~ . -e KS(Y) - 4K2(Y»).l~Cy) ~ 6K3(Y)w~(Y) 
,r' eJ' 

!" 

~ (2.5) 
....... 



" 
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, Ci 
where ~i(Y) = E(y). The a1gebra is elementary, since 'it merely l,)' . 

c6nsists in multlplying series t~gether ~nd~ecting terms, however, 

it 1s very very lo~g and tedious. As ~n (2.4) for c simplic1ty the series 
" 

expa~i~ns for the cumülant.s of y wi11 be written out only to ,~e point 

• 
where Th~e sum of the suffixes in the cumulants 'or i~ al and à2,~quals six. 

Longer expansions will be needed in certain càses, and these are contained 

. in Appendix A. 

Then using (2.4' and (2.5), we have 

l 

h2 4 - ' 2 2 
+ K4 12 [?l (h-l) (7h-ll)+36a1a2(h-l)+12a2] 

. , 

, 
----~ 

, ' 

\-

, 

+ KS .h
2 i~-l) al [ai'(h-2) (3h":S)+4aia 2 (7h-ll)+3~a;] , 

'*' Q 

- -, 2 
+ K

3
K

2
' h (~-1) al[aiCh-2)(7h-l2)T3aia2(22h-35)+84a;1 

11 

• 

. .J , 



! ..... , 1 

. 
V 

. . 

. , , 

-

.. 
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+ ~ h2(~~1) [a~(h-2)(7h2~30h+32)+6aia2(h-2)(17h-29) 
.. 

(2.6) 



-32-

--
• _2 h3 6 2 4 + KJ 1; [al (h-l)(28h -89h+71) + 6al a2(h-l)(39h-55). [ 

2 2 ' 3 + 336a
1

a
2
(h-l) + 40a

2
] 

3 ,-, 
" + ~ \ [a~ (h~1){11h2 -55h+44) + 12aia2 (h-l)(12i1-17) 

ù 
(2.7) 

K '( ) - 4h4K " , 4 Y - al 4, 

'.' 
3424 l' 2 2 + 4K
2

h ~1 [al (h-l) (4h-5) + 18a
1

8 2 (h-l) + 12a2] + ... (2.8) 

-. 

1. 

We note that equations (1.14) are specifie c.,ases of equations (2.4), (2.6)' . - " 

.... _". . , 
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, 

,-

In contrast to., the amount of a1gebra involved, the resulting expressions 

fôr Ki (y) simp1ify notab1y as i gets 1arger. In fact, in 9rder te 

5 5 
obtain mere1y a

1
h KS • the first te~ of K5(y), we must simplify 

"'. 3 2 
5 20a1a 2 60a1a2 ) 4h(4h-l) (4h-2) (4h-3) (4h-4) (K +10K K ) 

(al + 4h-4 + (411.-4) (4h-3) 5! 5 3 2 

.. 

3 ~ 3 2 
5 6a]a 2 2a1a 2 0 12a1a2 4h2 (h-b)(4h-l)(4h-2) K K 

(al + 4h-2. + h-l + (h-1) (4h-2» 2 • 3! 2 3 

- 4K 5 

3 2 
1 6~a2 + 12a1a 2 4h.2 (h-U (h-2) (4h-l\ K 

+ h-2 (h-2) (4h-l» . 2' 3! 2 3 

2 
60a1 a 2 h (h-l)(h-2) (h-3) (h-4) 

+ (h-~)(h-3) ) ~! 

} 

(ai (h-2) (3h-=5) + 4af aph-11) + 36a1 a; ) 

) 
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• ----- ' 1 

o 
,\ 

~/ 
A'very interesting resu1t in the series expansions of Ki (y) 

18 that certain terms cancel out progressively. For examIne, the term 

C~ning IS vanished in K3 (y) and higher 

V~Sh in K4(y) and higher cumu1ants of y, 

! 
the subject of a theorem in Section 4. 

'-

1 t f ' K and l_'22 cumu an s 0 y, 3 ~ 

élnd 50 on. oThis sha11 form 

We now come upon the problem of equating the higher cumu1ants . - . 

of y to zero. In order to do this, however, we mJst assume an order of , . 
magnitude of the terms in 
~ 

thé: expâ~sion of the cumul;~ts. This probÎèm 

shaH be discussed in the final Section. 
Ji' 0 

ThE{ solutiotr shall be preseuted 

in Chapter IJI; 

2.3. Va1idity of Expansions 

\, , 
'", 

'~. 

The power series expansion of y as written in (2.1) has the 

radius of convergence 

{ x 

'This region R may be simplified to R ,= R1UR2 where 

2 [ -a Vai + 4!a2 ! 
~ 4! a 2 ! a'nd --

. 2a~ R -= x al - 21 a21 < 
x -w < 

l 

r 



e-

-a Vai - 41 a21 -a Vai + 41 a21 ] ! . or 2 + 
21 a21 

< x - )..1 
< __ 1 

+ 21 a2 1 2a2 _ 
" 

2a2 

1 ~ ,ai< 41 a21 
[ -a Vaî + 41 a

2 1 

2a~ 
JI! 

R2 = and - 2.l a2 1 
< x - )..1 < 

. 
-a Vai + 41 a21 ] l 
2a2 + 21 a21 

. , 
In bath cases, the "region of convergence always contains the point x = )..1. 

l;) 

Nei ther Wilson and Hilferty, not:. Haldane discuss this pr6bf~ 
• 

However, Wallace (1958) in discussing the general ô-method for asympto'dc 
. " 
moment expansions, finds that the expansions are known ta,pe valii only 

in special cases. Such a case is when Y, the transformed random variable 

is a function of sample moments,-and i8 uniformly bounded by a power of 

the sample size, a theorem proved by Cramér (1963). 

We will show that, under appropriate conditions, for any function 

y = f(x), a valid asymptotic expansion \of the r th moment of Y, in terms 

of the moments of 
.f 
x, exists. Furthermore, this expansion is equal to the 

series.obtained by integrating term by term the Taylor series expan~on of 

VI regar9~ess of the fact that the Taylo~ expansion might not conv~rge for 

aIl x. The prob1em therefore will no longer ge whether the radius of , 

convergence R i5 large enough 50 that the dif~rèn!?e between 1x e: p. yrdF 
~ . 

and' .hx}yrd F is smaU enough, but whether the mo~ènt ,~,eries 
... ~-'L .. '" ....... ~ --

J \ 
" 

1 

. 
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r expansion of y converges. Finally, we will produce a simplified condition . / 

for th~ convergence of tHe expansion of E (/) in the case wh~n y is defined 

as in (1.1). 

Theorern 2.3. 1. Let y be defined as in (1.1). Then Elyrl exists 

if and on1y if Elxl2rh exists. 

for sorne 

( 
constant ~w if -

... . 
r 

.. 
< 1 + la11 IX-lJl + la21 'liC-lJl, 2 l' 

" ... 

'. \ 

• .' -" 

a 
Ifx t, T, and c i9 chosen such that both l...ll c > 1 and 1~21c ~ '1,- then 

" 
al 

'- ,~ 

IYl l
/
h = 1 a21 IX-lJI

2 
Il + 1 + 1 

2 
<'t 2(x -\.1)/a1 a2(x-lJ) 

t 

Air"--'" 1 
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e_ 

, 
1
2rh If E x existe, we have 

) . 1- 1 21 1 rh r rh 1 a 1 rh ( 1 1 rh 
< ( l+c al +c a2 ) '~xcT dF + 3 ,2 ~xiT x-~ dF 

D 

which ex;ists sinee eaeh of the eomponents are bounded. Convers,e1y if Ely 1 r 

exi~Fs. we have •• 

. . 
Then sinee T i8 a bound-ed interval, and, Elylr :las bounded, E Ix_~r2rh' '. 

and hence Elx!2rh exists • ... 
.,- -~---'- ~ 

. , 
TQeorern 2.3.2. If Y = f(~) and its first rn + 1 detivatives are 

~ 
continuous in a elosed interva1 eontaining ~,Elxlm exists, and· 

1 

R = ( R* dF. 
m ~ {x} m 

< 00 (2.10) 

f 



" 

" 
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: where 

* 1 JX R = -m m! 
II 

and where g (x) =' [f (x) ] r" then • 

m (i) lIi 
= g(lI) + l:: g (ll)iT + R 

• i=2 m 
., q.ll) 

, r 
Proof: The fact that f(x) and hence g(x), 'and.its first m + 1 derivatives 

! . 

are'continuous in a closed interval containing lI, ensure a Taylor series 
t 

r expansion of y with remainder. Then 

~ ,,8..<i) (lI) 
1 R:} . "" ;; {g\u) + + (x-j.l') dF • 

i! 1 {xl i==l 

• * tlxl
m But sinee, by assumption, R is integrable and exists, the result 

m .. 
fb11o~s using term by ter-M integration. / 
Theorem ~3.3. Let f(x), g(x), and R be deVined as above. 

m / 
If E Ixl.m . , 

exists for aIl m, and R + 0 as m + 00, therr
l 

m 

00 (i) 1.1 i L g (11)-i'" • 
1=2 • " 

, (2.12) 

Proof: The proof fol1ows immediately from Theorem 2.3.2. 

.. 



" 

e 

" 

• 

/ 
/ 

,1 

• 

" 

~. 

;
r) 

,~ 
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.' ~t' a moment expansion of We note that' (2,11) and (2.12) show 

, * yf may be constructed, even thaugh R may not exist for aIl x. The on1y m . 
, 1 

condit~on that needs ta be verified is that R (or in fact any other form of m 
'\ . 

remainder) tends ta zero for -large m. This condition however mkrely ensures 

nv~rgence of the resu1ting moment expansion, and aryy a~h~r condition 
, 

whic imv1ies convergence may be substituted in Thearem'7.3.2 and Theorem 

2,3.3 .. ' We a1so ~at the condition upon Rm (that it is bounded, or it 

t. * , tle ds ta zero far large m), no longer invo1ves x, as' it did· with Rm' ' . 
l " 

put on1y upon the moments 
1 

ois particularly important 

of x, and à 1 , a2, and h. ~e expansion (2.11) 

with distributions where~he higher moments do 

exist as wLth the t-distribution. 

not 

1 Il h 
Cor-ollary 2.3.1. ~ If Y = { 1 + al (x-V) + a2 (x-\.l)} " and EI~lm exists 

(-for aIl m, a~ ~ 4P2 and 

lim 

then 

].l.
m+l 

\.lm 
< 

x 

,2 
(2.13)' 

m(m-l) ... (i+1) 2i-m j - a m-
(rh-m+ 1) •.• (rh-i) 1. a 2 

(rh) (m) j.I 
m 

m! 
') (2.14) 

Proof: SincE:! y a~d aIl its derivatives are' continuous about \.1, 

. ànd, (2.14) is ere1y (2.12). with f (x) = y as defined above, then applying 

( . 
\. 

" 

/ 
/ \ , 

/ 

'\ 

/ , 
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.. / 
Theorem 2.3.3., it suffices to show that (2.l~) implies that R , as . , r' m 

.defined by (2.10), tends t~ zero as m tends to zero, or equivalently that 
fi 
Ü t(.-: 

\(2.14) converges. Rewriting (2.2) and (2.l4), we havè 1 

an\J 
.. 

where g(x) 

limit 

(m+l) ( ) g 1l 

g(m)(ll) 

00 g (m) ()J) 1l 

E(yr) 1 + L: m = m! 
:: 

m=2 

r Then by d'Alembert'~ 'ô' Y • 

t 0;: 

v 
m~cx> m 

.. 

1 + 

ratio 

00 

~ vi 

(mrh _,m(m-l» 
2 

test-, if there exists 

• 
o " 

\ 
\. 

. 

the 

where Itl<l, then (2.14) is absolutely convergent. If t = 0, the result 
.. 

follows immediately, so we assume t non-zero. Examining the ~tiOJ we ~ave 

, 
Renee 

Vm+l 
- c: 
V 

m 

lim 

1. 

_ { , g (m-l) ().J) mem-l) )'} 
- al (rh-m)+2~? (m) (mrh- 2 

I~ g ()J) 

x 
llm+l 

(m+ 1»)J 
m 

"" t e: (-1,1) 

1 
j 1 



<=> 
1im-- Vm+1 

V m+ oo m 

1im 

= 

f' 
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1im V 
m 

V m -+ cp m-1 

(m-1) mg (~)\J 
m-1 

1im 
<=> t 

m -+ co 

(rh-m)1lm+1 

al (m+1»).J 
m 

Solv~ng for t we obtain 

1f'm 
t ". 

m+'CO 

lim 
Taking 1imits and noting that 

m+ oo 

(2.13) • 

= t e:(-1,1) 

1im 1l 
(mrh _ m(m-1») m+1':. 

2 m(m+l)ll m-+ co 

= 

,r 
< 2 

(rh-m) ).Jm+1 

(m+1)211 m.. 

'J 

" m 

we obtain 

BYothe same argument, (2.14) diver8es whenever 

.> 

lim 2 
> 

n+ CO 

l ' 

A1so, .SOMe very interesting properties are brought Forth hy (2.13). It 
-_.~ 

sho,vs that h does not in any ~ay enter into the convergence of (2.14). 

The forro of (2.13) also tells us somethirtg about the relative orders'of 

... 

E{-l,l) 

magnitude of al and a
2

, and this will be discussed' further in Section' 5:-

\ 
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2.4. Cumu1ants of a Transformed'Variate 

As we mentioned in Section 2, certain terms in the cumulant 

expansion of Ki(y), 

2 
K3 and K2 in Ki(y) 

a1ways see~ to cancel, K2 in Ki(y) when i ~ 3, 

when i ~4, and 50 on. We will now give a genera1 
.. ~., -

! 

, 
proof of the resu1t. First, however, the fol10wing definition. 

Ym K as the number 
m We define the Zevpl of the cumulant .. 

. ':.1(i-1) ,+.8 j (j-1) + +/m(m-l), (Ci i ,6 j ,'Ym are integ:rs'gr~ater or 

equa1 to zero) tha,t 15, the sum, of the suffixes minu~"9,,ne, or equiva1ent1y 

the sum of the suffixes minus the sum of the exponents. Then for example 

2 
K

2 
i9 of 1eve1 one and K4K) is of level seven. The definition has no 

apparent theoreti~a1 significance, but Is used as a means of idéntifying 

and group~ng certain cumulants together. 

in equations (247), (2.8) and (2.9), ~~el 

lev~ls one and two in K4(y), levels one to 

In particuiar as can 

one cumùlants vanish 

three in KS (y) , and 

be 

in 

so 

Theorem 2.4.1. Let R be defined as in (2.10). If Y = f(x) 
Jll 

seen 

K3 (y), 

on. 

and its first ID + 1 derivatives are continuous in a closed int~rval 

containing ~, Elxl_lil exists, and R is bounded, then K (y) where r < m 
~ m r 

. ' 

does not cont~in, in its cumulant expan~ion. cumu1ants of x with 1evel.less 

than (r-l). 

Proof: Since y and its first"m + 1 derivatives a~e continuous about ~. 

* then y has a Taylor expans~on about ~ with remainder R , m 

* +R. 
m 
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Without 108s of gene~lity. we now assume 

ni * 
then write y = E Vi + R , where Vj = 

j=l, m 

<, -
for the corresponding cumulant, we have, using (1.2) 

" 

= O. We 
1 
\ 

(it)K
l 

(y) 

1: 
2 ] (it) fl 2' (y) + 

+ ... + 
--2:::-"::--- E 2 

... log [1 + ~ m 
(it ) ~ '(V) '+ 1:. E 

P P 2! 
(H") (it )~(' ) (V)+ ••• +R .fe::-2] 
. P q pq E: 

p=l 

m 1 
... L (it )K CV) + 2! 

p=l P p 

1 p, q=l 
1 

\ 

m 0 * * 
L (it )(it )K( ) CV) +" ••• + R +E2' 

p,q=l P q pq E 

Then identifying coef1)cients, we have for r : m, 

K (y) = 
r 

(2.15) 
• 

" It i8 therefore suffldeiit toshow-ihat KC' " ) (V) does not contain, 
Pl" .Pr 

in its cumulant expansion, cumulants of x with level less than (r-l). 

"-
To show this

ë 
suppose that xl, .. :,x

s 
is ~a sample of n independent values . 
. s 

from the distribution oL x, and let V = ç (E xj)P. This coincides 
~ P 'P .. j=l n 

with our earlier d~finition of V when s = 1 and Xl = x. th en V can be 
'p. p 

regarded as stati~~ics of the sample xl,.:.xn ' and ~ence, ~~ëh Vp is a 

homogeneous polynomial symmetric function of the sample valuè~ of degree p. 

'} 



f 

-e 

However, James (1955a) has shown that Fisher's rules for obtaining the ' 
~ ~ 

sampling cumulants of the k-statistics, ma)'- be adapç.ed' ta any system of 
~if"" 

statistics V1 'V2 .•. ( if Vp is â homogeneous polynomial s~etric function 

of degree p in the observafions), by simply replacing th~ éolumn factors 

occurrinSoin th.e e,:raluation of the patterm functions by the coefficient 
8' 8- Cl 
1 a in V' - , ( ) of xi xa p L Bj = p • 

j=l 
\ 

1 

,We then apply Fisher's third i~le •. _~\~"a~ that in fin~ 
the V-) stati6tics i~ terms of 

" the cumulants of the k (or in our case 

the population cumulants (in our case x), we are ta neglect every array 
'", 

in which the rtumbers in the body of the array fali into two or more blocks 
, 

each confined to separate rows or columns. Now, any array which do~s not 

fall into bJocks each confine.d to Eicparate rows of columnsi may, be built 

up column by cOlu;n in su~h §i way that al:' each -stap:e, the new column does 

J 

not f~rm an iso1ated black by itse1f. ,Then if ct l , ••• ,a
r 

are the numbers 
1 • 

st· th of non-zero e1ements in the 1 ".,.,r co1umns, and y 15 the total number 
, '1 

__ ..- Pt~ 

of rows in the array, we have 
..---' 

y + .•• + 

Now, if this array i6 one of those 

Kt ... Kt in K (V), where 
1 y (Pl'· . Pr) 

(a -1) = 
r 

r 
La -r+1. 

j=1 j 
(2.16 ) 

contributing ta theJcoefficie~t of 
y r 
[ t = L Pj accorJing to rule 

j;;1 ~ j~1 
y r 

one, then the corresponding terro is of level l Ct -1) = 
j=l j 

):; Pj+ y: 

since 

JI 
4.~ 

each Kt is
P 

of level Ctj'-l), 
j 

j=1 

But (2.16) shows that 

.. 

t , 

. . 

\ 0 
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, . 
" C) 

r r . 
E P + 'Y > E (P j - CLj ). + r - 1 > r - l, 

jal j -j=l 

, ~ 

sinee CL j i8 t~e number of parts in the partition Rf r
j 

and so does not' 
, , 

·exceed r j . Therefore, this particular term of K(, ) (V) has ~eumulant!f 
p.t·· 'Pr . 

of x of level r - 1 or higher and henee' the same is true of K. ' .. (V) 
(Pl· •• ,Pr ) -

itself. Us1ng (2.15), the result follows. 

The proof g1ven above. 15 very similar to the proof of a 

theorem on the order of Ki (y) by J.ames--(1955b). 
\~ " J 

~ for Fisher's k-~tatistics do not 

, \~e however URe the fac t 

that the ru1:es presume any order on any 

of the v~~1ables, 50 that we have terms cancelling indep~ndant of the 

order. ~ames' theorem then e abo~e theorem,, 

Bnd an important corollary. 

Corôllary 2.4 et Rm be defined as in (2.10). If'y = f (~. and a11 Hs 

derivativp.~ are eontinuous in a elosed interval containing ~, K exists and 
r 

l-r 
1a of order n • for '~;ome dominant parameter n, and R is bounded, then 

m 

K (y) 1B of order nl-r or lower. 
r 

Proof:. The proof fo11ows immediately from the fact that level i i p synonymous 

-1 
",ith order n in this cas'e. Henee the remaining terms in Kr~) of level 

.r • 

l-r r-l or higher have order n or less, ". ~ 
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• 
, 2. S. 0 Problem of Order .. . ' 

As mentioned earlier. the method by which we transforrn the 
~ ! 

random variable x to an approximately normal random variable Y. is by 

setting. as much as possible, t~e higher cumulants of y equal tb zero. 

There are se~eral meth~ doing this. Since the expansions of 

K~(y),K4(Y) and KS(y) are po1yno~ial equatlons in the three ppramet~rs, 

a1,a2 , and h, it is theoreticall~ possible to arrive at SOrne solution, 

-* * * Bay a l, a2, and h , b~ use ,of Newton's method (or equivalently by a 

superi?r,numerical technique by Brmm (1969), a quadratically convergent 
.... 

-

Newton-11ke method based on Gaussian 
" 

elimination) . However , not' only 

are the cunlUlant expansions of Ki(y) infinite series in the cumulants pf 

X, ?ut~a1so the amount'of algebra needed to calcu1ate more term~ than we 

have done (as in Appendix~) is overwhelming. Even ... if .. we truncate the 
j 

series àt sorne 'manageabl~ level, we must assume a certain order upon the 

/ 

terrns , or at least, we must decide which terms are larger than the others, 
/ 

60 that they can be inc1uded, and the others, whose magnitude is 

equa1 ta the truncated terms, may-be discarded. 

There is one way, however, ta avoid assigning an 

, 
• 

magnitude to terms. This is using Brpwn's method where the non-1 

~q~ations k3(y), K~(y), KS(y) are calculated using direct numerical 
, 

integration of 

(~,. r 1
.;.. \ 

= ~. Y dF 
{x} 

" 
, . 

This method however wil1/r'é'î'y very heavi1~ upon the simplicity of the 
,/ 

• 1 \ 
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" 

.. 
distribution function, and, in almost every case, the amount of computer 

\ 

time needed i9 enough to prohibit its use. Furthermore, in both cases 

cited ~t unless a very accurate initial guess is known, the routine 

for sorving the non-linear equ,tions will not converge. Also, as with other 

non-linear rnethods, each particular case will demand a separate solution, 
I~ .,. 

and thus will genel'ally be impractical. Another setback is tbat the accuracy .. 
gained will probably Qe wasted because of the-errors caused by the 

interplay of K
6

(y) and the other higher cumulants. Finally, none of 

these m~~hods.guarantee the possiQility of'a noncomp~ex solution. 

If we however limit our scope, and assu~e a certain order of 

magnitude upon the terms, we may then group together terms of equal" orders 

of magnitude ( in K3(y), K4(y) and KS(y)) and th en set three of them 

equal to zero. That is, we may write, 

) 

where b, d, g, c, [,and e,functions ~f a1 ,a2, and h are the grouped 

terms of descending orders of magnitude. The choice~of which three 

functions are to be set equal to zero, is based upon the orders of 

the grouped terms, and the relati~e importance of 

. 
in tl1e distribution of y. Hence two choices s~ 

;:3(Y)' K4(y) an\Ks(y). 

to promise the best 

c:.. 
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result~, b, c, e~ and b, d, c. At this point, one may obtain 

results by using the solution of al,a2~and h, as an initial .~ess and 

using either of the two méthods described above. However, the same 

setbacks apply, and usually the work involved is not compensated by the 

small accuracy gained. 

The fact that an order of magnitude must be assumed is readily 

seen from Corollary 2.3.1. and the comments thereafter. For examp1e, 

2 ( . i-f i6 X with n defgree!s of freedom, 1:i = n 2 (i-l) !, and hence 

o ( ~l») and >ve asstÎme tha t al' aZ' and h' are èonstantJ; th en as lJ C 

i 
r ls -seen by Corollary 2.3.1., the expansion of E(y ) does not converge, and 

~ hence K. (y) do not exist. Even if we were to divide by the standard 
1-

d~on. ( Ki (;l ~ 0 (n
1-

i/2
) and .henee ~i (~) = 0(1) .if i i5 even and" 

0(n-1/2 ) if i is Odd) the expansion of E(yr) may or may not converge. We 
~ 

should note here that, as shown earlier, the result remains unchanged if 

x 18 divided by any number. What does change the result, is the different 

grouping o~ terrns wh!ch a different order of a1 ,a2,h and Kr mJght 

imply. .. 
What 18 important to note at this point, i6 the fact thàt the 

\\ ' 
)\ 

problem of the or~e~~ of m~gnitude,of the terms in the expansions is 

essentially one of choice. Different orders of a l ,a2 , and h imply and 

ls implied by a different groupinB of term8 (a~ will be seen more 

explicitly later). (Corol13r y 2.3.1. gives a necessary-condition and a 

• 
good indication of wh~ders our parameters should be. First. since 

the convergence of E(yr)o i\ independant of h, we have that h = 0(1), 

as otherwise h wouid affect the convergence. Secondly sinee bath al and 
"- 1 

IS2 ,appear simultaneously in the baund (2.13), ft indicates that 

0(a2) = 2 or a2 wou Id be O(al)· If this is not 50, then either al the 
g 

.. 
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~minant parameter in the expansion, whicb would i~ply reBul~s 

very similar to the Haldane B transformation, since then either 

. h 
Y "" (1 + al (x-~) +e:) 

2 h 
or y = (1 + a 2 [ (x- J.l) ] + e:) • The interplay between 

2 (x-~) and (x-J.l) is at its fullest, and hence the results are best, only .. 
2 

w~n one term does not over-shadow the other, that is when al and.a2 are, 

of the same order •. 

Thus, if n is sorne "dop1~nant" parameter of the distribution, 

we muet make an assumption of the form 

p q 
.al a2Ki = O(n(l-ti)Ô) p + 2q = i, i = 2, 3. 4, 5,0 > 0 

(2.17) 

P qK ,O(Jl-6t)ô) " 

and a1a2 1 < i :: 6, 17, •. 2. 

Another equivalent' way of stating the problem i5, by what power of n 

c 

must we divide x, and thus 

orders as ~From 
Ki' such that the expansions contain terms with 

now on, for the sake of simplicity, we assume 

Ô'= 1, and we will omit the factors aiai when r~ferring to the ter~~ 

containing Ki which is of order O(n(l-ti)Ô). We have K~ O(n
2
-
4t

), 

2-5t 3 3-6t K3K2 = O~n ), K
2 

= O(n ). The cumulants with their orders are 

displayed, for different values of ~: in Tabl~ We see immediately from 
~ 

Table 2.1, that in the case t = not only does it not converge in 
, 

certain cases, but also, a ~ro terms of equal orders of magnitude 
-
o 

1s impossible. Also, in t = l, each cumulant has 

t 

a different order and then technically, if aIl the larger orders would be 

. 
set to zero, we would obtain the degenerate case al = a2 = h = O. This 

~ 

problem may be partially solved by srouping the orders thernselves, "in .. 
( ~~ 

some wayl, and then solving • J' 

\ 
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/ . 
Finally, Theorem 2.4.1. and Corollary 2.4 • .1, also give us an 

indication of the orders of~~l,a2' and h. The cancellation of t~rms ia 
• - r 

most efficient (that is, the terms with the largest orders are first to • Z cancel completely) only when t = 1, O(al}~= 0(a2), and h = 0(1). It 

thus seems as (2.17) with t = l, is the'best choice for the order of'~ 

ap a 2, and h. One should no'te from Table 2.b·~that small deviations from 

t~ 1, are irrelevant since, with proper 'grouping, similar equations will 

be derived. 
.~ ~ 

We ShOuld~r~ally rea~ize that the aS8u~tion of order is.not 
<:!:; 
neeessarily needed. In fact, aIl that i8 needed i9 sorne assumption with 

regards to t~e re~ative magnitude of the terms. It should also be pointed 

out, that both iIaldana and Wilson and Hilferty, iI!1plicitly made the ,. 

assumption (2.17) in their arguments. ., 
,;1 

1 
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? 

" ~ 

~ • , 
,Ir f. 

/ ... 
t 0:: 1/2 t"s:)/4 

\ 
Orders Curnulants Orders Cumulants \ 

0 2 3 -1/2 K2 
<c;, 

n K2,K2~K2'" . n 

-1/2 i , -1 K2 
n K3,K3K2 ' ... n 2 
-1 2 i -5/4 

K3 n . K4 ,K3 ,K4K2 ' ... n 

-3/2 3 i -3/2 K3 
n ~§!K4~3tK3~K5K2"" n 

.-' 2 
Jo , ,[ --... .... 

Vi 
n 

-7/4 
K3K2 

\ 
, \ . -2 K4 

n 2 
-5/2 X2 

1 n ' 3 

" 
, 

., 
t = 1 t. 0:: 2 

a~ 
.. 

Orders CUJJlulants Orders Cumu , . 
-1 . , -3 

n KZ n KZ 
-2 2 -5 , 

n K3,K2 ~ n K3 
'" " -3 3 -6 KZ <r_ 

n K4,K2K3,K2 n 2 
-4 2 .r 2 4 -7 '" 

~ - n K5,K~K2,K3,K3K2,K2 n K
4

, 

-8 
K2K3 n 

• • 
-9 

K5 .K~' n 

, , 

• 

TABLE 2.1 

'-...r
t

, 
---(0' 

e ..: 

• \'. 
1 . 
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) CHAPTER III 

GENERAL SOLUTION FOR CON~ANTS 

In this Chapter we will derive a genera1 solution for the 

constants a1,a2, a~d h. We ma~e the assump~ion that t = 1 in the 

orderin~ condition (2.17), which becomes (~being set equal to one ~ithout 

less of generality) . ' • 

~ ü(nl - t ) 
. 

::: i .... 2j ::: t,i = 2, 3' 4, 5 , 
4' 

'\ (3.1) 

i j O(n-S) 
i = 6, j'" a1a2K 9.- < -

This genera1 type of assumption is necessary," as noted in the previous 

chapter. A different assumption w~u1d lead to a different grouping ~f 

terms, and hence a different solution. However, as noted ear1ie~, this 
, 

aecms to be the most 10gical assumption ta make. For example, in the 
" 

that x is X 2 i " 
o Cn), and then. case with n degrees of freed6m, K. = 

1-

ü(n-1) and -2 chapter, we will for al ::: 8 2 ::: Ü (n ).' As in the pr:vious 

the sake of simplicity omit the cons:ants aia1 when referring ta the 

i j • . ~ 
order of the term a 1a2 Kt' We also assume n to be sorne domi~ant parameter 

in the distribution of x. 

Table 3.1. will then give the orders of the terms (which are 
. 

fonctions of the cumulants of x) in the expansions of ~he cumulants, of 

y. This enab1es us to"fuake a precise grouping cf the terms in the expansions 

" 
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Table 3.1 

.~ 
of the cumulan~s y, which may be expressed as follows, in descendinf,' 

sequence of_powers of n, 

-2 -3 -4 5 
= ben ) + den ) + g(n ) + O(n- ) 

(3.2) 

-------
where b,c,d,e,f, and gare functions 

'are those ,indicated in brackets. 

and h and whose orders 

We must nhen choose which three functions ta set equal ta 

zero, thereby solving for a ,a2, and h. Heuristically, setting b'~t and 
. ,1 

L 

e equal to zero (which will henceforth be rQferred ta as case A). and 
.,l.1r 

setting b, c, and' d equal ta zero (hen.ceforth referred to as case B), 

seem ta be the best choice. Thi$ i8 because t~e lower cumulants of y, 

/ 
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. " 

that is those cumulants which have the most effect on the distribution 

of y. are reduced to lower orders...· 
J1. . 

A further rationale for case ~ ~nd case B may be derived 

by considerinst thé. Cornish-Fisher expansion y. Standardizing Y', we 

have 

* y 

l ' 
\ 

and th en . ; 

y - KI (y) 
0:: <, lK

2
(Y) 

* * . Kl (y ) = 0 , K:t (y ) 

for i = 2, 3, 4, ... Setting 

Ki (y) 

:: jJ2 
K

2 
(y), 

'\ 

= 

(3.3) 

< • 

....... 
i.= 3,4, , .•• , we 1\ave from (1.8), when z i8 a standard normal random

o 

j 

variable, 

\ 
1 

1 
1\ 

_.1 * é *2\. 
~KJ (y ) (69y -187y +52) 

. -2 + O(n ). 

) 

/ 

(3.4) 

1 • 
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*" -3/2 . ~ We then note that setting b = 0 we have K3 (y , = O(~ ), setting 
, , -

() "" 0 we have K4(Y*) = O(n-2),"s~ding e = 0 we have KSC/) "" O(n-5(2), 

and setting both band d equal to zero we have K3(Y*) = O(n-5/2~ Then 

with case A we have 

* y - Z .: 

, and with case B, we have 

* 

< . 

y - z 

" 
---/" 

The equation (3.4) sug~~sts a further approxiMation in the 
• 

\ * sense that it provides us wit~ successive refinements of .y~, as defined 

" 
by (3.3). For example, in case A, 

* 1 * *2 2 Y" - z - 6 K3 (y )(y -1) = O(n- ) 

and in case B. 

* y - z 

-~ 

1 * *4 *2 2 
- - KS(Y ).(y -6y +3)?= O(n- ) 120 

'. 
(3.5) 

- (3.6) 

Even better refinements may be arrived at, by including in (3.4) terms 

'of higher orders 'as in {1.8), 

~ 

Section l will be devoted ~o ~he solution of case A, and 
- \ 

Section 2 of case B. ~n Section 3, we wiil consider' the speciai cases 
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(d~noted as case C) when a2 =.0, ~nd which will include the Haldane~ 
\ 

A and B transformations found in Chapter 1. Another case (case D) has 

also been considered.' This consists of solving numerically the 
.. 

simultaneous equations 1 . " 

0 

b(n-2) + d(n-3) -4 + g(n ) = 0 

.) 

b(n -3) + f(n- 4) = 0 (3.7) 

. ' 

-4 e(n ) c 0 

, 
by a Newton-like method based on Gaussian elimination. by Brown (1969), 

using as initial guesses the solutions obtained fromc .. es AIR, and C. The 

numerical results are aIl contained in Chapter 5. 

3.1. Solution of CaSf: A / 
/., 

.-. 

-
Expressing the simultaneous equations ~f case A in full we 

have 

l' 

(h-l)+12a~) = 0 

~ 

( 3.8) 

(3.9) 

.. 

" 
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" 
\ .. , 

\\+ ,5K~ (a~(h-l)(2Sh -6Sh+4Z) + 36aia2(h-l) (Sh-6) + 30oaia; 

'(3.10) 

Th~~st way to solve ~(3.8), (3.9), and (3.10) ana1yticaly seems to be 
~l. . 

solving for aZ in (3.8), fo~ h in (3.9), and last. for al in (3.10). 

We ebtain f~m solving for a2 in (3.B)! 

a~ K3 } a '" - - a (h-l)+--
2 1 "3K2 

, Z 
(3.11) 

Substituting (3.11) inte (3.9),c then simplifies to 

K3 
• ai (h-l) (2h-l) + al (h-l) ~ + 

2 

(3.lZ) 
K4 

- - = o. 
4~ 

This i8 a~quadratic equation in h which has the solution 

_ (a + :2) + 1 le 2 ~ ) 2 2 (8K2 3K K ) 
1 2 - K2 l K2al + ~3 - '3 3 - 4 2 

1 

\ 

h == 1,,+ -=--__ K_2 __ -:2:...-__ --.;.... __________ • (3.13) 

. -"' .... 

We now substitute (3.11) into (3.10), and we obtain 



q 

.{(s 

SK4 -
2 

6~ ~2 . 1 ~ 
- --- a (h-l}(2h-l) +'~l(n-l) I~ 
u~ , 1 • ' 2 

4K~ ), 

+ 9X6 
2 

= 0 

" 

Bal (h-l)~ 

3K
4 
2 o 

• c 

We first use (3.12) to reduce the. power of h a~d then ~ replace h by 
"-

, - -the expression (3.13) to obt~in 
" . • 

. . ' , '2 1 K3 '( e { 4X; , 9K4 }'+ { 151K; 
a - +a --+--
. 1 8K2 1 . 3K4 16K3 . ~ 72K26 

2 2 2 . 
• 11 
~ 

.. 

{ K3 ~~ K4 } = 0 • 
. - Ù;~ .. al +-

8K
6 16K~ 1 .' 2 

(3.14) 

" ,," 

'''Mu1 tip1ying (3.14) by its conjugate, we obtain 
., 

3 ~ K4 K3 

\ 
" - + 

al 3~ 8~ 

~. 
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1 

29K4 2 SK2 Il 

+ 
2 3 47K4K3 

+ 4 + ~ 

al 12K8 - 7 16K6 
2 24K'2 2 

L. , 
1 " 3llX; 995K4~ 

2 2 

! 
, 

" 
,121K4KJ SKSK3 9KSK4 

+a + +0 ! 1 54K1O 
144K; 64K8 • 15K8 40K7 

2 2 2 2 

+ \ 144ZK~ _ 302SK4xj 2 2 ' 3 
79KSK4K3 ·12 

K

2 i 397K4K3 lSlKSKJ li + 5 + ' + 9 I2SK~ "324K1; 432K~1 l44KlO 'IBOXlO .l20K2 25K~ 2 ' 2 
~ 

.. 0 
\ 

(3.15 ) 

: 

,1_ 4 
which i9 a cubic in al since the coeff~cient of al is zero, and may 

thus be so.1ved analyt:ichly using Cardan's formu1ae. 
\ 

. "t.note ~hat (3:11), (3.l:}) , ,and (3.15) imp1y six distinct 

solutions ~f\'?1,a2' and h. However, 't'hree 'Of these are extraneo~s \ due 

to the iact that (3.14) was mu1tip~ied b~ its conjugate. In"practice, 

therefore, one must verify that e = 0 for each solution. To each 
o 

\,solut!on of al' corresponds onli one value of h, and thus the number of 

~utions will depend upon the number of' real roots of (3.1S) or 

equivalent1y, th~ sign of the' discriminant of (3.15). 

3:-2. Solution of Case B 

The first two simu1taneou~ equations of case B ,re equivalent 

to those of case A. The third exprespion then becomes 

,,:. 

o 

( 

ç 
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.. 

d .. 

1 

(h-l) + 16a~} = 0 (3.16 ) 

Our solution~ of a 2 and h are thelbefore the same"as in case A, that ~s 

(3.11) and (3.13). 

In order to solve for al we emp10y the same techniqIJe as in 

case A. VIe obtain 

2 . ... 3a1 (h-l) 11 
3a1 (h-1) (2h-1) + __ 2 

X; 

. l 

+~ 
2 

3 . 2a
1 

(h-l}K
3 

(4h+1) 
'h 3a1 ( -1) (h-3) (2h-1) K

2 
2· 

1 • 

= 0 

by substituting (3.11) into (3.16). Again. we use (3.12) to reduce the 

\1 
power of h and then we substitute for h to obtain 

{) 

" 
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C-

a
2 rK3 ! + al 1 - 4X; + 27K4 ! 

+1 
69SK~ 27K)K4 

1 1 sx2 216K~ 16 x5 
2 K~ 16~ ,2 

..r 
3~ 

+ ~(K~a1 + K )2 ~ (SK;-3K4K2)1- 3K) 
3K4 1 a - +---

3 1 sé sé 16X; 
r;} 2 

~ 

() .17) 

whieh we its ~?njugate to obtain 

/ 

1 
17S'j{4 

. 2 
45K

2 

+ 2 3 243K3K4 4 
al 

9K8 -
16K7 + 

16X6 
2 2 2 

"""'-..... ~'\,- ,,< 

;471K~ 
~ 

3 
387KZK) 

+ + 
413K3K4 

• f- 54x1° 1.6K9 64K
R -1 

2 2 2 

1 

1'59831{6 47K?4 105K;KZ 9K 3 
3 4 (3.18) + + 0 , = 

1458K
12 

4K11 32K
1O 128K~ 2 2 2 

\ J 

"'" 
which again is a cubic in and is sol ved using Cardan' s formulae. -al' 

, '" . 
Just as in case A, the equations (3.11), (3.13), and (3.18) 

____ Of... • \ 

l" 
give six different solutions cf which three are extraneous sinee (3.17) 

was "mu1tip1ied by its conjugate and we are again compelled to verify , 

. 
d = ° for each solution. (" We 'f.;!.na1ly note that in the case that KS = 0 

~ 

(3.15) becomes (3.18), and hence solutions A and B are equivalent. , 

0, 

'" r _ 1 • 
\ ,.' 
,1.')!"", .. , 
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}.3. 

o 
" 

~ -..~J: if,l 

-6~ 

.-' 

Solution of Case C, 

-Case C inv9lves the solution 

-2 -3 \ b (n ) + d (n ) ':::; 0 
\ 
\ . 

-:T a (n ) = 0 

, ~ 

'l 

,1' 

of 

1 
(3.19) 

, ; ~ 

a,1~1imited version of (3.3) or (3.2), in the special case when az;!= 0 

We consider the follow~ng th~ee subcases, Cl, C2, and C3. Subcase l , 
involves setting band c equal to zero and solvin~_ for a'l and h. This 

18, in effect, Haldane 1 s Transformation B. -In subcase C2, we solve for 

. 
al and h by setting band d equal\ to zero. Finally, subcase C3 is a 

special case of Cl and C2 when al = Kî1, ajd thus invJlves solving for h 

by setting b equal to -zero. 

3.3.1. Subcase Cl 
/ 

\ 

We solve the s imul taneous equations 

~ 

) / 

K3 + 3K2 a (h-l) = 0 2 l 

J 

K4 + 12K
S
K

2
a

l 
(h-l) + 4K~ai (h-l)(4h-S) =(1·' 

from which we obtain the solu1:"ion t 

l' 

" 

)' 



3.3.2. Subcase C2 

Setting band d,equal to zero, we have 

- t. 

= O. " 

This leads to the solution 

h = 
... 

(3.21) 

V 95K
2 

1 ' 3 - -
2 27K4 , 2 

3.3.3. Subcase Cr' 

This ls the special case of Cl and C2 when al 
1 = KI • 

--...-
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/ 
w~ th en set J)-equal to zero to obta'in, 

'-.> 

".. 

K3 + 3 
~ (h:"l) 0, :::: 

KI 

which yeilds the solution 

, 
1 

. h a::: (3.22) , 
- This is identical to the solution of Haldane's transformation A. In 

the case x 15 x2
, (3.22) becomes the Wilson-Hilferty transformation, 

which is in turn used to approximate a host of Q~her distributions which 
.~ 

can be related to it. Also, it becom~s the Sankaran (1959) approxima~on 

2 , 
when x i5 non-ce~tral X • , ,) 

1 

3.4. Conclusion t----

We have thus sol~ed for the constants al ,a2 and h in our 

transformation (J .1) in the general cas~ ( for a large class of random 

variables).We therefore have that y i8 almost normally distributed with 
J 

m~an K1(y) an~ variance K2 (y). Ho*ev~r, KlCy) and K2(y) are ratber 

9 
complicated expressions as shown in (2.4) and (2.6), and thus any practical 

\.-
application would demand a simplif~cation of these expressions ta a manageable , 

• 

level. 

1 , 
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We then have from (2.6), 

" 

,1 , 

~hich when uti1izing (3.11) and (3.12) of cases A and B, simplifies te 
c '., 

, 

, 1 

1 

" . 
+ .18a~a:~(56~73)+ 936a~J! .. ' 

. . 



or less 

~ --+ 
12K

3 
2 

. -3'-+ O(n ). 

1 
~ 

Similar~y from (~.4), KI(y) reduces, in cases A and B, to 

6K2 

" 

aîh [.!. 
,,8 3 

"" , -3 + O(n ). 

In case C, K2 (Y) and KI (y) are siMplified to 

K2 Z 3 
a1(h-l) (3h-l)] ~ O(n- ) 

2 ., 5 

\ 
.. 1 1 "~~11 .' " 

" 

• 

1 

(3.23) 

x; J 3K
Z

• (h+3) 

(3.24) 

r 

[1 - . a~K2 (h~Z.) .~;;'.P.,l-)· +·'Oi~"3) 
4 ".,,~' ~ (3.25 ) 

, , 1 , .-
, : 

We finally compare the fellowing measures ,of deviation fr~m 

normality of the randem variable y, 

K1(y) 
y .. 

i 
= 

~2 1/2 (y) 



• 
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These will serve as a good indication of how good the approximations to 

normal.Uy will be. 

Tableo3.2 will display the orders of the Yi (i c 1, 2, 3) 

of t~e transformed variable y in the cases A, B, Cl, C2, and C3, and a 

random variable x w?ose cumulants Ki(y) 

i & 2, 3, 4, and 5 (as for example with 

. ';. 

( 

= O(n)~ for the range of values 

2 the x- distribution ). 

. ., 

, 

. ,~ 

/ 

• 



-6&-

Orders of Yi of y in the cases Cl, C2, C3 t At and B 

Y2 

,A 
-3/2 ,,"2 -5/2 

n Il n 

.. 
,~ 

B 
-5/2 -2 -3/2 

n n n . -
Cl 

-3/2 -2 -3/2 
n n / n 

~, 

C2 '-5/2 .. -1 -3/2 \. 

I~ n n n 

4 

• C3/ -~2 -1 -3/2 
n . n n 

-1ft -3/2 /{ · ... 1 
n n n , • 

) 
, 

\ 

,:; 

Table 3.2. _I!t/. 

. ' 

'"' 

,e " 

.. • 1 



CHAPTER' IV \ 
CUMULANTS OF DISTRIBUTIONS 

This Chapter will be devoted exclusively to a brief exposition 

of a portion of the distributions to which transformation (1.1) may be ~ 

~apPlied. and to a derivation of their cumulants. As is readily seen by 

our norrnalizing principle, a kpowledge of the eumulants of the distribution 

of x, at least numerically, is essential, in arder to solve for the 
. 

constants in our ~ransforrnation. 

Our transforMation (1.1) rnay generally be applied to any 
1 

distribution .that approaches normality as n -+ 00 '! wher'e n is sorne dominant 

parameter. As with lIaldane, this will include an important class of 

statisties known as the cumulative statis~ics. These have the propetty 
• 
that under convoluti~t they are re~roductive, and more importantly, 

. 
that the distribution or the random variable i8 adpitive. That is, for example, 

. 
iJ x • and x 

,~l n Z 
values of the statistie derived from nI members 

(', 
~ 1 .. -

are 

of a·popuiatio~·~or nI 
, ~ 

exper\ments) and n
2 

different members o~- experi~nts 

, 
then x +n 

nI Z 

~. 

"-. th 
The~ if we define K (x ) as the r cumulant of r n . 

..... 
the distribution of x , it is readily seen that K (x ) = nK a'nd therefore n r n r 

K (x ) = O(n).· The best kno~~ examples are the binomial, the,pegative 
r n • '" , 

binomial, the Poisson, the garrrrria (which includ,es .the ,;,.2", distribution 

. as a special case), and the non-centra( x2
• These distributions will 

aIl be considered separately in 

') 
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Another important class of distributipns which are considered, 

a~~ith Haldane" ar~.,t,he der:i1.?ed C!UJm.).Zative statistics. They have the 

)property that when multiplied by some power of n, they become cumul~tive 
.. ./ 
statistics. That i8, x i8 a derived cumulative stati8tic if for sorne y, 

n 

n y K = 0 (n) • 
r The mean of a sample clearly has this property.,i . '" . 

The generality of our ordering condition (2.17), however, 

al10ws UB to consider any distribution with the property 

\ 
~ 

nY K OCn ô) r = 2, 3, 4, 5. 
T .., 

and nYK < o Cn ô) - r = 6, f, ( 4.1) r - " ... , 
, 

-. 

where y ~nd 0>0 
1" are constants. Thus whenever the distribution of x 

* has this pr~erty, the standardized transformed random variable y will 
1 . 

in ca~es A and B, have the follo\o7ing asymptotic property, 

* y .- z (4.2) 

• 
However, following the remarks made in ~he last section of ,Chapter 

II, trans1[ormat ion (1.1) 'inay be applied and will generally normalize 

to,a greater degree any distribution x which already tends ,to normality 
J 

1 
with sorne pumberon, and in practice, approximations of this kind often· 

turn out to be remarkaf.y good, as we shall see in Chapter .~. Section 

2 will thus be. devoteGl to a study of sorne of the pest knmvn distributions 

of this kind, namely the hypergeometric, the beta, tnè F, the t, the \ 
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_~Jl-central F, the non-central t, and the distribution of the c'orrelation 

coefficient in samples from the normal population. For the sake of 

'>' -
simplicity we shall nct distin~ish between the random variable ~nd 

1 I~ 1 
the P9s~ible values it may assume. j / 

~. 
/ l' 

'1 /« 
/ We shall oOQsider a """'b.e~ 'ff well-known distrib:tions of 

4.1. Dis'tributions bf the Cumulative Statistics 

_ /~ cumulative statistics. These are thk binomial, the negative binomial, the 
- /' ' ' '; 

< Poisson, the gamma (which includes the / as a_ special case) and the 

non-central x2. Each distribution' shall be examined separately in a 

4.1.1. The Binomial Distribution 

/ ..", 
The binomial distY'ibution wi th paY'ameteY's n.J P is defined as 

- ! ) 
1 

the distri~ution of a ra~dom variable x for which (0 < P < 1), 

(x = 0 t 1, 2 t ••• t n). (4.3) 

, t 
Th{ characteristic function Qf the distribution is given by 

• 

Taking logarithms and e~pandtng, we have fOr the cu~ulant generating function 
• 

:= n 

.. 
log (1 + P ( it ) + p_ "';( ~ ~ ), 2 

\ 

\. 

" 

. (it)m 
+ ••. + P m! + . .. ) 

, 
\ 
\ · , · · • • 

i 
t 

• , 
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o 

~ -;....J .. 'h. 

Renee, the eurnulants of x are n tirnes the eurnulants~~ Bernoulli 
--.,...., .. ~-- " 

*-distribution B 'whose rno~nts are aIl p. Using (1.4) we have"'-

Renee, 

and 

,i .. 

1 rn_l
lf 

( ) 

n j~O ; 

the first six eumulants.are (- q = l-p) 

K .. np ~ 

npq(q-p) (1-12pq) 
Q 

2 2 
K6 = np~(]-30pq + l20p q ), 

y = ... 9. -"-'P~=-r::-
1 ( ) 1/2 npq 

1 - 6pq 

npq 

" ) 

" t 
--~ ........ 

\ 

1 

-, 
(4-.-4 ) 

-. J 
\) 

= (g-p)(1-12pq) 
y 3 ( ) 172 npq 

o 
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The ,cumulants (4.4) could aiso have been derived 

relation 

dK 
Kr+l .. pq -L 

dp 

4.1. 2. The- Negative Binomial Distribytion 
• • 

~ 

~~ 

~ 

The negative binomial distPibution with paramete:8 nJ p 

16 "deiined as the d'istrihution of a random variable x for which (0 
,,,-< .. , 

(x.~ n. n+l, ••• ). 

~ "'" . " ,-

The' characteristic funetion m~y thén be \-lritten.'As 

= 

c ( 1 -1 'it-n 
1 - - + - e ) 

p p 

1: . . . ) 

Renee, the eumu1ants of x a~e (-n) times the eumu1ants of a random 
" * 

'-n 

1 "~' ' ~ 1 
- -- and even moments .' Again p. ~ 

variable N whose odd mo'ments are 

using (1.4) we have 

Q' 

< • 

r' , 



.. 

." ',... r -- ~--

,-
ù 0 ) 

• ~J 

• . ./ 
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,p 

m-l 

L 
j=o (m) (_l)-ut-j+l l 

j Kj+l ) , Km+l 
n 

"" -

from which we obtain (g = 1 - p) 

. , 
, " 

n . 
K3 = "3 g(l+q) 

P 

K4 ~ n
4 

q(1+4q+q2) 
p.., 

Jo 

K6 : n
6
. q(1+26q+66q2+26q3+q4), 

p 

"-' , 

"( li: _l_+q...l..--..--
1 (nq) 1)2 

~h = (1+4q+q~) . 
, 2 ' l' , 

'" ! 

\. . 

1 

nq 

" 

, . 

1 { : 

.. 

\ 

f 

.... 
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\ \ 

-The cumulants (4.6) could also hàve beefi obtained by using 

Ki-+l = - (l-p) 

, 

dl( 
r 

dp • 

\ 
We note that unlike the binomial distribution, n need~not be ~n\integer, 

\ 
apd when i.t is, (4.5) i8 80metimes called t\e Pù~~al distll~bution 

Also when n = l, (4.5) becomes the gpom~tric dist~ibution. 

5 
4.1.3. The Poisson Distribution 

, 

-.. A random variable i8 said(tô have a Poisson distpibution with 

parame ter À if ~ ~ 

P (x) 
p x! 

\ 

The characteristic,function is 

o (t) == exp 1 À(e
it 

p 

and hence , 
l' 

tPp (t) À(eit - 1) 

00 

À1: it 
c: -;r" 

jel J. , ~ '" 
" / 

~ 

(x = 0, 1 ,~' 2, 

. ' 
i) 

"', 
'. 

'" 
JI. 

. , .. , À > 0). ' (4.7) 

, 
. \ 
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" 

from which we' have 

.and 

4.1.4. 

Kr = À Vr 

!-
-3/2 

Y = À 3, 

2' 
The Gamma Distribution (Includins X ) 

(4.8) 

.) . 

A random variable has a gœnma (iistY'ibution if Hs probability 

density funç'tion is of: the forro 

(ct,p,x > 0) • (4.9) 

The main importance of the gamma distribution in statistical theory i8 

othe fact that if zl' z2' ... , Z. are iridependant unit normal variables, n 
n 2 the distribution of L form (4.9) with ct = ~ and 

n z. is of the p = "2 and 
J 1 

j=l 
18 called a chi-squaY'e' distY'ibution with n degY'ees of freedom. Also, 

if P 18 a positive inter-ger, ~(4. 9) ,is known as an E'rlang dis tribution~ 

and if p = l we have an exponcntial distribution. 
" 

The cha'racteristic function may be cwri tten as 

o (t)=( 
g \0. 

Ci ~P 
- itf · 

1 

,/ from which we obtain the cumulant generating function 

, . 
" 



e, 

'. '\ 

1 

• 

- . 
- IJJ (t) lOg(a .:' it ) = P g 

= _p log [1 - ~t ] 

rit (it)2 
= p - i . 2 Ci. 2a. 

+ ••• + 
ID 

ma. . 

. -

.:J 
Then identify lng coeffici,ents ,.,e obtain the curilulants 

Kr 
-r (r-l)! = P Ci. 

1 
Vr, (4.10) 

r! 
. ,{ 

and Yr = r/2 Vr. 
p , 

4.1.5. 
2 

The Non-Central X Distritution 

If zl' z2' •.• Zv aiF independan~ unit normal variables and 
,1 

"" 0v are constants, then the distribution of 

f.. _ 
v 

= L 
j= l 

( .l: .) 2 z, + u 
J J 

(4.11) 

2 ~ 
is called the non-centrale X distribution with v degrees of freedom ard 

v 2 .. . , 
non-centrality pm'drr.eter À = L <5 ... 

,1 j=l J 

The characteristic function is 

~ (t) 
x 

= (1-2it) -v/2 

and. hence the cumulan~s are 

r-l 
Kr = 2, (v +rÀ) (r-l)! 

itÀ t 
l-2it )' 

Vr 

, ' 

(4.12) 

( 

. , 

/ 
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and 
r /2-1 -

2 CV_HÀ) '(r-l)! 

(Vt 2À) r 12 
Vr 

"4.2. Other Distributions 

In this section we will examine certain other distributions 

to which transformation (1.1) may be applied. We sha1l limit ourselves 
~; 

only to certain better known distributio~s, and therefore only the hyper-

g~ometric, the beta, the F, _the t, the non-central t, the noh-centra1 F, 

and the distribution of th~ correlation coefficient, will be consldered. 

A subsection sha11 be devoted to each distribution. 

With the F, tpe non-central F, and the distribution of the ,. 
correlation co~fficient, we use the widely known technique of appl~ing ,-

our transformation'not directly to the random variable, but to a function 

of the random variable. For the F and non-central F we have Z = ~log(x) 

and for the correlation coefficient we have The tec;:hnique 

is employed since 'p~or results are obtained when:- applying the trans-

. 
formation dlrectly. As shall be seen {n Chapter V, the approximation is 

excellent if applied on Li. This is due ta the fact that our transfo'rma-

tian merely makes a random variable ~.Jhich tends to normali ty, approach 

normality mu ch. faster. In this case, Z approaches normality fas'ter thafl 

x, and hence the tran~foITIlation applied to Z glves better results. 

The problem i's also dnEl of 'convergence. Corrolary 2.3.1 gives 

sufficient conditlons for the conv~rgence of our moment, and hen~e 
. 

cumulant ~pansions, However, in some of the distributions, the condi-, 

tion that ail moments exist, may not hold. Most of aIl, cond'tion 

(2.1~may not h~ld. 

or non-convergence of 

It is thlS condj tion which dictates the convergénce 

our expansions. 1 

\ 

,« 

\ 1 
" 
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" We note here that the distributionsconsidered below are far 

from exhaustive. AmonE the derivea ~umu1ative statistics, we have the 

mean x of a sample of n, sinee 

b 

and hence in nKi (x) = '0 (n) . Similar1y the cumu1ants of n times the second 

moment of a'samp1e of n aIl ,tend ta infinity with n. In fact, it rnay be 

shawn, us~ Fisher's k-statistics, that for any statistic which is 
'~I ,~-

expressible as a sy~etric function of the observations, if K( P ~ )(a) 
1 7f1 ·· '''s 

1-r l contains r parti tians, then every term in i t is of arder n 1. 

, 
Among distributions which tend to no~ality as n 7 00, we have the dis-

", 
~ tributions of the regression, or the sarnple multiple correlation coeffi.. 

cients in normal sarnp1es :--

) 
4.2.1. The Hypergeometri:: Distr,ibution . , 

The hUPI?Y'georr:etY'ic dis tY'ibution wi th pal'arreteY's nJ !J F N 

is defined as the distrlbu·tion of a randorn variable for \.Jhich 

(4.13) 

The characteristic function, in this case, dae~ nat provide us with an 
j , 

\eas~ method of finding the cumulants. The simp1est rnethod ~ through 
, 1 

the fautoria·l rnornent~ \-lh:[,ch may be deterrn~ned by noting- that 



and hence 
N(r) (r) 

1 n 

~ 

N(r) 
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We then have the moments about zero by 

r 
(-i) ~ t = 1; 

Jl(r) B (0) r i=l (r-i) 

fit \ r N(r) (r)/ (-i) 
" - '1 1; 

1 n , 
B(r_i) (0) 

i=l N(r) 

where B(n) (x) is the Bernoulli polynomial of order n and degree r in 
"r 

x. The cumulan~~ are then produced usi~g (1.4), 

" 

nNl (N-N1) (N-n) 
K: = --:::------

2 N
2 (N-l) 

t, " 

o 

nNl (~-Nl)(N-2Nl)(N-n)(N-2n) 
K = -.;;;....--~--~-----,' 

3 N
3 (N-l) (N-2) 

nN
1 

(N-N
1

) (N-n) 

" K4 = N4 (N-l) 2t{N-2) (N-3) { 

, 

, )'[~? 2 + 3N (N-N &-(N-L) (n-2)-N(N-l)n +6n(N-l) (N-n) 
1 l ... :. 

n(N-n)(N-2)(N+3)J} • 

.. 
, 

The remaining cumulants and y. are 'calculated best numericaTIly. 
1 

4.2.2. The Beta Distnhlltion 

A random variable i8 said to have a beta distribution if its :' 

" .' probability density function is of 'the form 
t' ~ 

L 
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1 a-l b-l 
= B(a,b) x (l-x) ~ (.4.15) 

o ' 

If b = 1, the distribution is sometimes ca1led a pow~r ~unction dis tri-

'butian. The moments about zéro, ohtained by direct lntegration are, ~ 

Using 

f(atb) fCa'tr) 
~' = ~..;..,-~~:-......,:
r f(a) f(a+brr) 

(1. 4) , we then derive the 

KI 
a 

- atb 

K2 
ab 

= 2. 
(atb) (atbtl) 

cumulants which are " 

,. 

t~' 

2ab (b-a) (4.16) 
K3 = 3 - '" 

~a-tb) (a-tbtl) (atbt2) Q , 

332 2 2 2 
= 6ab Cb -1 a tb 78 -2ab -2a h-4ab ). 

K4 4' 
(atb) (atbtl) (atbt2) (atbt3) 
<1 . , 

3 2 2 3 2 2 24ab (b-a)(h -4ab t48 bta ~b -lOab+a ) 
5 2 

(atb) (atbtl) (atb"\2) (atb-t3) (atbt4) 

).J ) 

4.2.3. "Student's" Distributit,n 
.' , , 

2 If z and X are indepeodent standard normal and chi-square 
n 

f , 

random variables wit~ n degrees of freedom, then çhe dis:ributidn of 

(4. r7) 

, " 

defin~d ips the t dÙ{tF~bution 1..:ith n degl'eea, of 'fY'eedom. 
) ~ ! 

The ma,ments 
'"-

" 

,> . 
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about zero may be found by 

r/2 - r{i;l} r{n;r} 
r even n 

,r{1} r{~} = 

1'- -L 

0 r odd, <1 

< -. " 
for r < n. The, curnv1ants are then found using (1.4), 

'" 

~i = 0 for i odd , 

n " K = 2. n-2 
/ 

, 
2 6n 

K4 = '2 
(n-2) (n-4) 

'->Jo 

240 n 3 
K6 = 3 -

Ji (n-2) (n-4) (n-6) 

4.2.4. The F Distribution , 

o 

.' 

.' 

(4:18) 

, . 

2 2 
If Xv and Xv are independant chi-sq~are randorn variables 

1 2 

with vi and ,V2 degre~~.of freedorn respect~ve1y, then the distribution 

of 
"1, / e "'2 

"\ X· v
2 ~~ 

\J
1 F = . 

) 
,~ v]!v2 2 vI 
~ Xv' ';' 2 

.. , , 

(4.19) 

~ 

, . 

l' c 
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i8 ~efined.ar the F di~tribution with~J~V2 degrees of freedOm. The 

moments about zero may be obtained using the relation 

r 
)JI = E 

~ 

- ~~-~~------- ----- - ---------

1 

l 

However, sinee we are applying the transfoi'mation to Z = ~ log Fv' - 1,v2 

we need ta find the cumulants of Z. Noting as~'.Jïshart (1947) .'has done 

. 2' 
that the charaeteristic functjon of ~ log. eX ln) i8 

we obtain the 

ht lO{~~] + 

We then obtain 

KI = 

~ TC 

" s. . 
" 
~ , 

where 

rH(ndt)} 
= r an') 

. 

exp {-!it 10g(~~)} 

~ 

i 

.,.., 

cumulant generating f}lnction of Z which i8 • 
~ -~ 

10frOCVltit),} t 10grH(v
2
- it )} logr Ov l ) 

. 
/ ' 

!.. log (!V2) 

the eumulatllts in te,rms of Psi and Zeta funetions, 

~110.g[~~] r . , 

-t 1jJ(~V'l) -~,\V2)·'. 
- ~ (4.20) 

2-r~r-1)~,{ ç(r,~v2) t (-1)s_cCr,iv
1

) } 

- - --, 

..... 

. 
1;; (s, a) and 1jJ(x)= 

"', 
1 
1 

~d~{l~o~g~r=(~x)~l~~-~, __ ~ ____________ ~~ 
. dx 

J 



• 

• 
, 

~-- -.~; ....... --. 

-84-..... 

" 

4.2.5. The Non-Central ,t Distr"ibution 

The distributioFi. of the ratio r 

l 
~-." , 

t U) 'V (4.21) 

2 
wher'e~ and Xv ~re ~nd_ependB:nt ~andom variables distributed as standard 

n~rma1 and _chi-square with v degrees of freedom respec tively, ftind À ~ 
'\ 

constant, i8 ca11ed the non-centrat-t distribution with v~degrees of ' 
" 

fl'eedom and rwn-cent'):'ali ty parœnete!, À. The moments about -zero '~re 

found by 

! 
~' = '0r / 2 E(x 2)-r/2 E(z+A)r 
r v . 

r/2 
_ [.::!.l . r(['0-r]/2) 

",. - 2j ('0/2)' , 

~ 

, r-2 j 
À 

from which we derive the cumulants using (1.4) for r < v, 

['VJ! 1 r(~'0-ll/2) 
KI = 2 A ('0/~) 

'K 4 

-

2 ~21 
(J" 

-,21 '0[ ('0+1)\2+ 3 (3\1-5) 1 
1"1. ('0-2) (v-3) , 

\. 

1 
~ 

---;.-"e .... --__ -----.lT~h""""e remaini'ng cumulants and the 'Yi are then calculated numer~cal1y. 

.. 

(4" 22) 

'. 
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4.2.6. The Non-Central F Distribution 
t t . -, 

2 2 If X (À) and X are independant non-central and central 
\)1 - v2 

"-
chi-square random variables with Vllart~,~~es of freedom respeeti-

----~ . " .. 
vely, then the distribution of 

~ 

(4.23) 

i 

i6 e'alleo' the F distribution 1.Jith v1J v
2 

degrees .of. freedom and'"non-. 
c'entraZity pal'ameter À. Again, the moments about zero are found using 

the rEüa tion 

li' =r V2]r 
r LV 2 

. Kgifrn-;sI-nGe we are applying our transformation (1.1) ~to 

... 
1-1' 

À-

l* = ~ logFv1 'V2(À), we m~st find the cufuul~nts of our new variabl~ z*~ 
ltowever Barton, David, and 'O'Niell~J960) found that the random vari-

2 
able log {~XV (À)} 

1 
is th~ SUll ·of two independant .random variables, 

log (~X~ ) and anotper random variable with erude moments 
1 

where 

J 
" 

M = r! r 

[r] 
a = a(a-tl) ..• (atr-l) 

... 1 

~,s~.J- ~s Stirling's number of ·tbet fir~t Isj.nd in mod;ulus. 
" .' 

. . 

• 1 
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We then have 
,- '. 

l,{ (2) + 2-r R 
-r r (4.24 ) 

where R 
r 

~ ~ 
is the r cumulant of the random variable whose m~m~nts are 

M (using (1',4», and K (2) are gi'f/èn by (4.20). 
r r 

4.2.7. 
\ 

The Distribution of the Sample Correlation'Coefficient in 

N0tyal Samp1es 
" 

, 
The statistic known as the sampl-e cOY'Y'etation coefficient 

~-based on n pairs of observed values (Xi' Yi) ,Ci = ,l, ..• ,n) is 1 

n 
2; (X.-X) (Y ,-Y) 

{4 .. ~ 1=1 
1 1 

r -[n " 2 
~ : 

2: (x._X)2(y._y)2 
\rl 

i=l 1 1 

;.. ,. 

, 
' .. When (y. 'Yi) and Oc. ,Y.) are mutually independant for i ;t j and t,h,e 

.,... ·~·1 J J 

( 

joint di~tribution of Xi and Yi is thé b~vatiate normal distribution 

of aIl i~ the. distribution of the sample correlation coefficient has 
", 

• t 

been explicitly derived. The mcments of r may be ex~ssed in terms , , 

, 'r'i, 
of hypergeome~ric~functions which may then be;expanded as powet serifs 

in 1 (Hote~ling (1953» or in ~6 (Ghosh (1966».\ \ 
n nt \ 1 

.. 1 J 
Here again we. app1y our transformation no 

'" r = 

\ 
The cuulU'lant:s are then obtai'ne,d from -.:he moments of r which 

. ' .. 
. . , . 

... 
i '\ ' . 

t 

.. 
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·derived by)Ruben (1966), that is 

for m odd' 

, - !nt 0 • 

1 Oz: < 1)k' ('ll;-1>~m_k(2~)'<pm-2k 
<n-m-2>~m k=U • 2 

for m 'even 

--- -, 
1.' 

where <a>O =' ,1,_ <a>j = a (a+2) , .• (a+2j -2) for j = 1 t 2 J.' •• 

-', 
t \ r 

j ~' i 
- 1 

1 .. 

'" p 
p = 

~1-p2 

.. 
>~ 

'~ , 
"-

, 

.\, 

~ 

• i ~~ . 

\, 
) 

;/ , 
,1 

t 

.{ 
1 

1. 

.' 

• 
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CHAPTER V, 

RESULTS AND CONCLUSIONS 

In this Chapter, we shall apply the.analytic solutions, obtained 

in Chapter III, to each of 'the distributions examined in Chapt,er IV. 

Numerical solutions of the constants 'and certain points on the distri-

• 
bution function, are obtained for a number of variations in the para-

meters for each distribution. These are summarized into tables and given 
t 

f 

after each distribution is considered. Analytic solutions and results 

shall also<~ presented in certain special cases. 

__ .~~ericèf co~parisons ~hall als6 be made with.certain leading 
.~ . 

approximàtions. In aIl cases, the Gram-Charlier, the Cornish-Fisher, 
, 

and the Haldane A and B transformations shall be .calculated and com-, 

parisons made with ouT values. In addition, certain of the mora suc-

cessful âpproximations made ta each particular distribution shall also 

be considered. However, the scope of our research does not permit an 

• 
exhaus tive study of aIl the competi tive ~pproxima,tions, and~hce, ot,Ir 

choice ~f the lead;mg approxima nons was arbi tr ary. The re~r ~s 
referred to,the th~ee volumes of' Johnson and Kotz (1969 and 197\; for 

an excellent exposition of .the available approximations . . 
When examining the tabl~ in this chapter, the following must 

be kept in m~nd. Firstly, Cases A, B, and C2 aIl may have more than 

one solution. The choice of, the solution to be inserted in the numerical 

comparisons "was made on th,e basis of which' solution cause"cl the higher 

order terms in the cumulants of y }O apvroach zero most rapidly, or 

equivalently, the solution with the smallest ~ximum absolute 'deviation. 
\ 

. \ 1\ -

( , 

/ 
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In certain instances, sorne of our cases may not have any real solutions, 

and are hence o~itted. AlI other approximàtions are those considered here , ~ 

in each subsection. AlI the deviation~ are the result of the subtraction .,. 

of the approximation from the true value. F~nally, it should be noted 
{ 

tha t the maximum and averagf absolute deviations are ~alculated on the 

hasis of a maximum of fifty values of x, and in most·ca~es, only a small 

subset 18 displayed. GC ana CF shall denote the Gram-Charlier and CQ~nish-
CIl ~ 

Fisher approximations. 
,j 

, . 
It shoula be remembered ~ben Qexaminitlg the results that our 

'-. 

approximation, likè the.ones of Gram-Charlier, Cornish-Fisher, and Hal-
, 1 

dane~ is distribution-free, and does not take,into aCFount the p&\ticular 
~ 

form of the distri~ution' function, but only its first few cumulants. 

However, \.,hen the distribution function is unknown, and the f:!.rst few 
~ 

cumU\t.ants may 
, 

be obtained', even numerically, our transformation provides 

/ 

excellent approximations. 

As in Chapter. IV, the distributions pre divided into 'two cate-

gories, the cumula tive statistics and the other's, with each. distribution . . 
considered separately in a subsection. Identical characters and notp-

'1 

<ion "Shall be used as in the equivalent Se(tions in Chapter IV. Section 

l shall deal wüh symmetdc dis,tr ibutions .. Jhil~ in Section 4, we will 

make a final analysis, and/dray,final co~clusions. AlI calculations were 

performed 
\ ' 

on the IBM 360/75 .. computer'a.t., McGill University in double 

pri!ision arithmetL~he 

5.1. Syrrnnetric Dlstribu'tions 

Fortran IV WATFIV compiler. 
.#-

When x is symmetric, our solutio~ for the constants al' a 2 , 
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and h simpiify immensely. Symmetry implies that . '" ~ 

o 

/ 

K! = 0 for.! = 3, 5, 7, ~ •• 

,," ,'/ 
Renee, as obs~ed in Chapter 3, whene~er ~5 = 0, we have'Case A 'redu-

Cing~.B. ~lso we have K
3

'= 0, anà therefore eqU;tio~ (3.8), 
/' . /' 

::(~) , and (3.16) reduce to /' 

(~ 
2 

(h-l) 2a 2 0 al + = 

K4 {4K; 2 
{al (h-l) (2h-l)} =- .0 

~. 

l' 

2h2 
7h + 3 = Q , ç 

" 

0 

from which we obtain, as the only possible solutions, 

p -.' 

K4 "0 

a = ai = ±V-a 2 h = 3 2 
4OK

3 
,2 

" 
, 

(5.1) 

5.2. Resu1ts \for the Cumulative Statistics 

A particu1arly int~resting result fol1ows when there is sorne 

1 factor, say n, eommon to the first few eumu1ants of x (the fi1;st five 

cumulants for Case A, the first Jour for Case B, and the first three 

for Case C) . Then we may".,write " 
J p ,> 

" ~, ~ 

l 

Ki = nt .. i = 2, 3, 4, 5 . 
1. 

By substitution into the derived solutions of a1 / a2~ and h in Cases . '.1 

, 1 • 
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. 
~. , 

" 

-
t 

• ,1 , 

A, B, and C., that is into equations (3.11), (3.13), (3.i5), (3.18), 

(3.20)~ and (3.22), ~e ma; th en write the solutions,~f al' :2" apd h as 

* ~ 
al .. , a+, " -;-/ c' .,;. (5.2) 

,a2 2' 
" Il. 

* " :: h 

/' , . 
* * 'le 

" where al " a
2 

, nd h are' constants dependant galel~ on t i (a
2 

= o in 
D 

0 

Case C). This tact is esp'ecial'ly important, sinee with mast cumulative 
-' 

* * is irdepen~ant of t i , and ther.efor~ al ' a 2 ' and h are stat:i:stics, 

Independant of n. Thus soltltions for different~n may be easily obtained 

r 

from'dne, and thus one dimension i8 reduced from any tabulation. 

5.2.1. The Binomial Distribution 

As a direct result of (5.2), since -the para}l\e~er n g'seperable, 

and Is a cornmon factor to aIl the cumulants~ we are then able to construct 

* * Table 5.1 giving the constants al ,a2 ,and n for diffèrent values' 
,12 , 

of p (from .05 to .95 in ,s teps of' .05) for each of the Cases 1>, B, Cl, 

C2, and C3. 

There are many approximations to' binomial di~tribution. ,First 

there is the classieal normalizing transformation (with continuity cor-

rection) 

x - np + ! 
npq 

(5.3) 

.. 

t 
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TABLE 5.1 

., 

v 
'" 

... 

e 
, 

J 

.. 

SOLUTION OF COt'STAN'I'S FOR THE 'BINOML\L DISTRIBUTION ~n;:. 1) 

p 

.05 

.10 

.15 

.20 

.2"5 

.30 

.35 

.40 

.45 

.50 

.55 
,60 

"--.65 
.70 

.75 

.80 

.85 

.90 

.95 

1\ 

al 

24.196757 
1l.2b6773 

6.957326 
4 75(,.:):5 

14.6S!'{'C!O 

.M.8~3074 

i
· ,~. 965331 

2o.1,5l)~9 

50.703204 

1 t 
1 

1-50. 70'J~J!' 
1-26.t.~13~9 

,-18 9éSJ 3! 
1-15.5~jCl7" 
1 

114 . 654 /,00 
1 -4 .. 756025 
. -6.957326 
-11.2é.6773 
-24.156757 

~ 

Case A 

'" Il '" a 2 h: al 
!T 

126.957784 .30529639 <"1148.18~255 
25.6G7246 .332§~ 26.174025 

8 6J3::97 .38003650 1 19.401732 
2.1.'l~:.:.1 .Slb sc)Yo2 Il H.675050 

54.l.t':146j.43209-!.92 • 15.910479 

63.321503 .4540~072 16.7e7713 
9iJ.613~35' .~72)t.::'0] 1G.571270 

17S.5~7574, .45755658 26.831378 
643.3733S6 o.49c82278 50.8866':'3 

t t t 

6~3 J73~36 

175.~'17574 

9ù.6:3~~5 
63.321503 

54.465146 
2.495141 
8.633297 

.25.667246 
126.957784 

.49632278 ,-50.8è(6+3 
'.487j~f5g \'-26.831370 
.47=)~2C9 :-19.571270 
.45~04~72 '-16.707713 , 
.43209492~ '-15.910479 
.5165S962 :-16.675G50 
.38003650 Il:-19''401732 

... J <of 

.332D1855 -26.174025 

.3.05296'39 :-48.188255 

" 
(0) x n-x Pà(x) = x p (l-p~ x " O. 1. 2. •.• n 

* al 
Then &. ,.-

• J. n 

"-

.
a

2 a :r __ 

2 2 
n 

'" 

Case B 

0}( 

a
2 

594.360204 
175.2/)3716 

96.176737 
70.81:4608 
64. J26~96 

70.6506')6 
%.S::15Gt. 

180.6Jb182 
~j8444 

648.038:':'4 
lSO.6~6182 

96.521564 
70.630056 

o 

64.326496 
7G.S8t.6C3 
96.176787 

175.263716 
v594.360204 

r--

h 

.35702071 

.37513-::16 

.39467714 

.4151.S1S8 

.43590998 

.455~(''J99 

1

·47355703 
.487UJ746 
.4%33135 

.[,9683135 

.487(8746 

.473~:703 

.45580999 

.435<; ()<)9 3 

.4151C158 

.3946771[, 

.3751:;81~ 

.35702071 
1 -

Case. Cl Case C2 Case C3 

1'1 '" - '1- Il -"'-~~1 Il '* . 
1. al h Il al ". h : al h 

1

1119.035088 .66820276 -r-15.70~448T.51J77;;~12o.CCCQOO .68421053 i 
1 10.0231L.8 .70433799 j 7.892920 1.62460495 ; 10.000000 .7037037'0 ~ 

l' 7.175537 .7,,1.".15771 1 5.3CG619 1.65513533 I! 6.6Gv(J67 .725:'90:0 Il 

1 

5.937500 .78947368 4.029195 .6H976~31 ,5.0G~GCO .75C:CCÛO! 
5.44~44>4 .83673469 3.278685 .728ê:0963·: 4.000000 .77777775 ~ 

1 l' 1 1 /1 
'1 ~ 5.4~b031 .88447653 1 2.7952:0 1,772S5:'08 1 ~.333333 .8~9S2J20 Il 
• 6,;'203791 .9~9~0353 ,1 2.463279 .8:1n627 12.857:1.,2 .84(,'..532:' 1 

'J '1 Je,,;" c: .., 1 1 c1 (' r '" Cl:: ... .::: C .. .:i'" ,1 .. " 

1 
8. ~n~8u8 . ""~).J86-,S 1 2. ~ ... 3716 .876 __ )7~5 ~. 50", JO .V~V~, --'j Il 

15.'370370 .99123767 2.092773 .91564513 2.222222 .919~9j"4 , 
1 • _. i'" 1 • '1 lD 

1 

t 't t -:- - 1 -:- . t Il N 
, " , 

-15.370370 .99123767 -2.092773 .9c3:,/i',)13 l.fl81f2 1.07/.07(':)71! 
-8.203%8 .90638\55 -2.243716 • 87 [,1"Cj.745 ~1.6'6""6 1.16CU,66~r 

1 -6.2G",7'll .9::92C353 -2.t',('3:79 .S:l9:'E27 1.5:)°,1,61 1.2';~;l:':( Il 
, -=-10 1 

1 

-5.4'16031 .eB!'47053 -2.75521~ • 77'2::;ji, oJb 1 1.42c571 1.1.1,~f.1.,:')'1, 1; 

-5.41.!.!'44 .836734é9 -3.27!'685 .72288963 1 1.333333 1.66ff>f66' ,1 
!1-5.9J"l5SQ .7890368 -4.029195 .68976431 ,( 1.:r50(;.JQ 2.CCJCC:CO !', 

-7.175537 .74495771 -5.306619 .65513533 1 1.176471 2.55555556 1 

11-10.023148 .70438799 1 -7 .892920 .62460~(j5 i 1.:"11111 3.66tbDÔ67Il 
i-19.035088 .66820276 li-15.701448 .597757~1 \ 1.052632 7.00000000 C 

Note: Cases A, B, and C~ay have mor~ than one solution. 

,'" 

In such cases, the best was chosen, where best 1s 
defined as the one in wh~ch the h1gher orders of terms 
in the cUffiUlsnts of y apP;JaCh ze~ mast rapidl~ 

t No rea1 solution~ 

" 

\ 

" 

-. 

'. 
", 

~ 
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A n~ber of variance stabalizing transforma~ions have also been propos~d. 

Besides' the classical inverse sin, Anscombe (1948) and Freeman and Tukey 

(1950) h~v~ proposed various modifications tQ the inverse sin. Trans-. .. 
, -
formations of this nature, although they are generally better than the 

classical normal, must'be used with caution, when employtng them as .. 
normalizing tra~sfor'tnations. C,amp' (1951'), however'~ produced a very 

satisfactdry transformation developed as a corollary to Pau1son's (1942) 

approxima tion to the F. The varia'te 
. . 

( 

(5~) 

where s = n-x, is approximat~ly standard normal. A1so, as seen in 
1 

Chapter l, Pe,izer and Pra t t (1968) proposed the following excellent 

approx~mation, 

(5.5) 

where dl ::: ?{ + t - (n t -f),P . 

[ q_!] 
cl - d + 02 ....9.- - ....L + --Â 2 - 1 • x'!-l n-x nt1 

ànd 
-2 2 

g (x) = (l-x) l(l-X +2n logx). 

• 
The apprOXimation~bove have been compared for ~veral values of the 

~.-p?~am_et~rs n al p. A p'ortion has ~eell condensed into Table 5.-2 •. It 

may generàll~e conclu~ed that Piezer and Pratt's approximation is 

1 

. 
/ 

i' 
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TABLE 5.2 
'ô... 

BINOMIAL DISTRIBUTION: ACCURACY 0: APPROX~~TIONS (True value-a~proximat1on) 

(1) n = 4, p .2 

X Pr N C pp Ge CF Ca'le A Case B Case Cl Case C2 Case C3 
'IV • i ° .4096 .0558 -.0019 :0037 -.0006.iI" 'n~ -.0111 .0042' -.0135 .0005 -.C935 

1 .8192 .0100 -.0005 "'-COOl - .0132 .0'H4 .0040 .0091 -.0006 .C022 .0010 
2 .9728 -.0104 .oOb9 -.0001 .0050 -.0107 .OC60 .OOSO .00ïO ~~02 ~OC60 
3 • .9984 -.00]2 .0002 -.0001 .0006 -.0016 .0017 .0022 .0021 .G022 .0022 
.:. 1.0C00 .,,0004 ,0003 .0000 .0001 .OC00 .0002 .0003 .C003 .OC03 .eC03 

Mmdc\..::l Abso1ute Dev::.ation .0558 .00'19 .0037 .0132 .0134 .0111 .0091 .01S5 .OC22 l .COS5 J 
~Ave3ag~!,bs~~~t-=-DLv~~t~_n --,--0156 .0007 .00].0 .0039 .0052 .0046 :C0I.7_I.----'0055 .COll .C036 

(2) n = 10, p = .1 

x p~ :;; 1 c 1 pp 

0 .3478 .0496 -.0011 .0038 
l .7361 .0352 -.0022 .0002 , 2 .9298 -.0133 .0006 .0001 
3 . .9072 , -.0086 .OOOS .OC01 
4 • 9Q 84 -.001.5 .0003 .0000 

May-ic~ Absolute D~viat1on .0':'96 .0021 .OG38 
Average Abso1ute DLviat10n .0216 .0010 .Q011 

---

J. 

(3) n = 10. p = .9 

X Pr " C Pi' . 
6 ,- .0123 .GCJi6 -.0003 -.C001 

-7 > .0702 .0133 -.CC06 -.COOI 
8 .2639 -.0352 .0022 -.0002 
9 .6513 .049f> .0ClU -.0033 

10 1. OGCO .299l .oeco .oeoo 

~axi.::lL.::l Abso1L.te Dcviat1cJn .2991 .0022 .0038 
Average Absolute ~~viation .0811 .0009 .0Oll 

Note: N 19 the classicûl no~al a?prox~ation (5.3) 
C 1a C~p's a?proÀimat1on (5.4) 
pp 1a the P1ez~r and Pratt approxLm3tion (5.5) 

GC CF v r Cas2 A Case B 

.0052 -.0019 -.0075 -.0028 

.OC84 .0091 -.0602 .0048 

" .0035 .0020 .C050 .0069 
.0027 -.0122 .. .'0028 .0031 
.OC05 -.C01.6 .0008 .0008 

j .OC84 .0122 .0075 .P069 
.0041 .0054 '.0033 .0037 - -----_. __ .- -- _ .. _--_. -- _._ ... --- - _.-

GC CF C:Ise .\ ! C:J'ic' !l 

-. e027 .. .0122 -.0030 J - .0031 
.0035 -.0020 -.0051 -.0069 .". 
.0084 .-.0091 .0002 -.00t.8 

-.0052 .0019 .0075 .0028 
.021,6 .020~ .0001 .0854 . 
.0246 .0204 .0;)75 

1 

.0854 
.0089 ,DOn .0032 .0:C6 

CC ia the Gr~ Charlier app~oxi=ation using six terms 
4 CF '1a the Cornish Fisher approximation using six adjuatments 

#' 

1 Case Cl 1 Case C2 - Case C3 

-.0086 .C017 -.Q085 
-.0013 .CCC6 -. CCl3 

.0048 .0041 .00:'8 

.0029 .0029 . .0029 

.OC09 ,0010 • CC:) 9' 
---

.OC86 .DCU · C C3 S. 

.0037 .0020 .0037 
- -.. 

1 
i 

1 C::se Cl 1 Care C2 C2!'e C3 

-.0029 -.C029 -.0051 
-:00.,:.8 -.0042 .00:'9 

.OG13 -.C006 .0141 

.00S7 .0017 ':.0:93 

.0189 .'J047 .Cl.236 

.0189 .0047 .0:'93 

.0073 • CC 28 ~ • cr154 

t 
<.0 
+ ,- , 

.... 
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best, followed closely by càmp's appro~imation, with the proposed, 
J 

approximationfollowing third. The variance stabalizing transformatidhs' 

yield poor ~sults and are not included in the tabulêtion. W~th rfgards 
4ft . . 

to the proposed transformation, it is noted that Cases A and B do not 

perform as well'as,Case C2, which seems tb give th~ better tesults. 
1 

This is espeeia11y true as the distribution be~mes less skew. 

5.2.2. The Negative Binomial Distribution 

... 
Again, sinee n is" a separable parameter in aIl the ~umulants 

" l' 

of the Negative Binomial, we may then tabulate (Table 5.3) the re9uired 

"* * eonstants al ' a 2 ~_and h for the range of values of p from .05 ta .95 J 

in steps of ,es. 
~ 

The sum of negative binomial terms can he expressed as a sum 
, l , <,1. 

of bino~ia1 terms, and thus computation of probabi1iti~s can thus be 

reduced to calculation of the correspondin~ binomial probabilities. 

Separ~ te approxima tions: hov.'ever, have been ~eveloped'- Beall (1942) 

propased a variance stabalizing transformation which was la ter màdified -

"by Anscombe (1948). 
. ..) . 

~ulson's or Camp's approx~mat~on may aiso be 

applied here. The variate 

113 t 1 9n r8 _ x]' 
3 n+l (9x-l) P(n-tl) 

(5.6) 

{ 
I [ x J 2 

/ 
3 

l }-l / 
2 

X' p(x+l) t n+l 

1", .. ~ .... 
i8 app~oxjmately standard norma:i\- Piezer and Pratt aiso extend their 

, 
set of approximations to thé negatjve binomial, yielding, \ 
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'l'ABLE S.3 

( 
~ 

SOLUTION OF CONSTA.~S FOR THE ~~GATIVE BL~OXLAL DISTRIBUTION (0-1) 

.. 
CASE A .cASE B CASE Cl CASE C2 

p "" Il" 
1 

.05454616 

.11242639. 

.17449629 

.2HeASc;'S 

.3H:::CSE.9 

.3?22SÇ9J 

.49JJ2,;g~ 

• SC~::: J!.02 
.730737:.2 

'* 8 2 h '* al" " 112 . h J-
• DI 
.000. 

;085385 1 .32989251 .05457169! •• 00006160 .. 1l3173767.1
1 258G8 1 .33323950 .11240571 .000261"73 .33253078, 

.00056727 .3 

.00(,']4279 .3 

.001>233:0 .35378889 

567271.33909567 .17425342 .00063079 .33393859 1 

)4279 1 .347 S9740 .24107271 .00121333 .3360256 .. 1 

233:01.353788891 .314098DO .00207667 .33884490 1 

'* al 

.CG~/~71':'9 .37262283 

.OC::::753 . ~t 3(',(1635 
:.7149 1 .37262283 Il .39':'93'.1'38 .00332607 .34243e'10 i 
2::753 1 .~éSC(,é35 l, .4S"572S59 .OJS13218 .34678576 ii .496:4126 
~:)32 1.1,0751163 Il .58933(' 811 .00778178 .3:;1874591' .60277778 

.05561740 

.11457115 

.17764308 

.24583333 

.32043551 1 

.4031.5:26 

.C::r::J32 .1,0751163 

.OUlfJ7)S .42327756 fJ7)SI.423277561 .709(9927 .00177~84 .35760g9' .72701612 
'" 

h 

.38489536 

.38579~28 

.38740351 

.38983051 

.3931':285 

.397(,0292 

.403::::;592 

.41ClJK25 

.41854.'.35 

• 8S595246 -.00505077 05077 1 .4506:01B Il .85235033 .01301704 .3~3791CO .087500001 .42857143 

l.Qnslf".ol -.OL''}':'9:'7 i .4742J5~6 ''}':'9:'7 1 .4742J5~6 li 1.02533096 .q:r,2'l497 .J70t~S41 1.05557152/ .4~03)9~4 

!! 

il 

.65 1 1 636ï7C31 -.045j~r,r,3 .5:]4:431 l' 1.5:;"7:::S33:' .07illr602 .32139399 1.57:'J9:CG' .4(,972177 1 

."60 1 1.3:Cl3:1é -.02:=~'::541.4'Î3H'9S1 li 1.2!,ClJ7f,97 .d458282Z .27625336 1.282142"51 .45L,fL';JO 

"" a, 

.05408027 

.1113961éi)" 

.17269741 
• 23S9 35'J6 
.3113::946 

.39:50666 

.4iE55C14 

.5é'~J;::S82 

.70367539 

.84511903 

-1.01':>:>5332 
1.2::'j2(,71.1 
1.50373C01 
1.86925b79 .70 1 2.0t,5.',J;E~ -.07'·9cJS9 .54797~4811 r.S3722146j .142148(,6 .38441012 1.9723632':' .467':'9052 i 

.75 12.67441835 _.1L.OC'O<JC2l.57177503 2.4C304894 .28362470 .383081.01 2.53750000 .507389161 2.38242t.72 

.80 3.59903654, -.2515:783 .594275:"2/ 3.2001583b .66023062 .371.05621_ 3.4C000000 .52941176 i 3.15513623 

.85 '5.154[,4900 -.4E285058 .6~:n15 11.20420735 32.04261933 .29562 ... .',4 4.éE. ... 91546 .55.349230 1 4.4.'.64C850 

.90 -1.081.72:'52 .633'14661 1.84474314 86.96717578 .31000428 1.?.~4772727 .579.'.9609 1 7:-.o4513G70 

.95 -3. 78l e:t)97 .64334843; 40.703544241423. 891306!}5 • 325063~~93035 714 • 607214~ Il ~4. 8~9~~~21_ 

" 

h \ 
.36741211 
.36'328997 
.36986009 
.372211)73 
.375:'::340 

.379~e5S0 

.33.',~Jil94 

.3911,~3n 

.39925b12 

.40836737 
~ 

.41837?39 

.430~J296 

.41..',:3''114 

.459CfJ89 

.47532445 

.49289036 

.51168553 

.53159177 

.55244735 

PNUt) =(::i) pO 

'If 

Then l al n 

(~_p)x-n x = 

'If 
4 2 

a 2 " n \ 

n. n~l. 
'> 

• 

Jote: Cases A. B. andC2 ca~ have more than one polution. 
In such cuses, the best .()~,was chosen. where best 
15 dc~ined as the one in wnrch~the higher order of 
terms in the cumulants of y approach zero most 
rapid1y • 

t No solution 

1 
" 

J ~. 

------------------------~--~--. 

e 

CASE C3 

!I 
"" 4

1 
h 

1 

.05000000 .31578947 1 

.10000COO .19629630 1 

.1'5000000 .27450930 1 

.2~QS'JG'JJ 2 ~f'rr '"'lf"' "\ ' 
• .J"''-' ...... -'v,, 

.250:0000 .22222222 Il 

.J:lOO:C')O .19:11.7619 1: 

.35CSC0)Q .15: ~.6151; 
• 4C~CC'JGO • 1111 llll 
.4SC.OOOOO .060éC606 

T - t . 
, 

.5S,JO:iCOO .074074071: 

.'6(;00;)')::;0 .1.6~~ ':6"'7 ; 

.65G::'('~GO -.~4:9 , r. .70CCJOOO • 444L.,t..t..~:. 1 
(,Q , 

.75008000 .6o~ 'Ot6t17 i O'l 

.8COO::'000 -1.0000:'OCO : 
1 

.8500COOO -1.55555556 ' 

.90000000 -2.66U;'~1j671: 

.95000000 -6. 2000COOO Il 

.., 

" 
o 

". 

'", 
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1 

( 
x-n tt%-) '. } (x- ;) 

1 t pg Q,) + qg -x ,;p xp (5.7) 

1/2 , 

[x t !] p(l-p) 

where [x t~J(1-P) 
p--1] 
xt.î . 

and g (x) is as 'givèn earlier. Ié'" 

'-----...~ --.-' . "';) 
\ Comparisons have been made of the approximations for a range 

of values of the parame<f:er's n ~nd p. 'ThE!{ numerica1 results' SUg'g~t 
c 

that the pro'posed ap'prox~m~ tion is of the sarne order· of accuracy as that 

of Peizer and Pratt and Paulsbn-Camp. The Pau1son-Camp approximation 

~ yields ihferior resu16S 'for'sma1ier values of p, whil~ Peizer and Jratt's 
1> , \ 

approximation is not as good for high values of p. A'~mal1 portion of
~ 

the comparisons is present~d in Tables 5.4 and 5.5. 

5.2.3. The Poisson Distrib~tion 
CIo 

r 
'/ 

0-

• With the Poisson di~tribution, ~ince aIl the cumulants are 

'* * 
/ 

equa1 to \, ~l ' a 2 ' and h are constants" Renee à closed solution, 
. 

giv,en below in Table 5.6, is po~sible." 
fi 

1 2 . 
There is a direct relationship bet~een a Poisson and a X 

distribution. This imPties that approximations of one are al?o apprQx-

-
imat{ons'of the ether. This fact can be used to ex tend the Wilson and 

Hilferty approxi'ma tion te the Poisson,' giving us, 

(5.8) 

", 



e 
. ' 

(1.) 0 = 4. p = .1 

1~CATIVE BINOMIAL: 
r 

-- • TABLE 5.4 

ACCURACY OF APPROXIMATIONS 
......... 

t • 
A ~"Pt: N P pp GC CF Case A Case B Case Cl Case C2 Case C3 Cage D 

4 .00010 T< .030-57' -.00005" .oqooo .00SSo. -.00151 _ .00004 .00004 .000H1 .00007 .... OOQ49 .00004 
5 .008'-6, .03405 -.00016 ,,00001 .01J552 -.00215 ~01J009 .00008 .00036 .00012 -.COrc84 .00007 
9 .GOo)3, .0':';;64 -.00069 .0COHr -.Ol020 -:00417 .00')13 .0CCl12 .OCOS8 .00<113 -.00203 .00005 

11 .01853 .O~EOO -.00D79 -.00009 ~.01784 -.00431 .00009 .00003 .00084 .00003 -.00208 -.00001 _ 
...... .. J • 1 

15"; :05555 .04275 ,,:.00047 -.OOO~, -.0291,5 -.00325 -.00002 -.00002 .00047 .00007' -.OOlCO ~.OCC09 
17 .03264 .03520 -.oéori -.00C08 -.03219 -.OO2:l.l'c -.00'.)05 -.00006 .0_<.::6 .OeOI2 -...oC011 -.O~S(17 
20 .)3:::95 .C19::3 '!, -.00046 -.00006 -.·03327 -.00124 -.O~'Jl~ -.(;CO::'O -.0r::.JJ3 .C'}J22 .0Ji2J" -.coen 

• 22 ."17l92 .OCS:~ -. 0079 -.00005 -.03170 -.C807L. . -.00-;:.1 -.Dao-a. -·.~:)'J:7 .œs:S" .OJIY6' .ü"LJ3 
~ ~ • f • 

26 .25"'),5 ,,0:'=',8 ft -.Oc 21 -.OC8.C4 -.0~350 -.0()~}3 -.OC))l1 '-.OOClll' _ -:-lC:l35 .00035 .OfJ2S0 .Q;::12 
28 .305H .03521 .O~ 27 -'.00r:::5 -.p1714 -.00::n:, -.00')09 -.OO~)09 -.000}9 .OyD~4 .00238 .OS016 
31 .37617 .~~909 .00 18 -:00005 i -.00547 -.00007 -,000::8 -.COO~3 -.00042 .Œ::026 .C0263 .00018 
33 .4:30f .057io ... 00 4 -.00086 .00324 -.00005 -.00007 -.OC::D5 -.00042 ...00019 .00230 • .OG018 

37 .51355 .065')7 .CiCO' -.00')08 .0~071 -.00003 -.0C:004 -.6"0084 -.080.'.1 .00JOl .0013'1 .00:)15 
39' :556:'3 .0·}f7~ • ' • 9 -.o~n,)9 .02835 "-.onc')? -.0I'1003· • ':.00003 -.00039 -.CGO'J8 .CC091: .00013 
43 .6352') .or:03 -.OCC04. -.0'101.1 .03370 -.0'1':')2 -,O:::.r:C2 -.OJ[,_02 -.0:)0.,6 -.00026 -.OOCOl' .00C'06 
44 .65345 .0SS')l· ... 0:,014 -.00011 < •• 03994 -.ocon .... 00002 -.\lCG01 ':',O()'}~5 -.coom .. -.pO'e21 .000CAr 

48 .72014 .0 ... 7::1' -.00045 -:0::>012 .' .0337~ -.0')002' "::.OCll'Ol .OO::CO -.0~J031 -.000:'0 -.00:)84 -.00C62 
50 .74(171 .03770 -.00056 -.OU012 .034.',4 -.00003 .00000 .00000

1 
-.on028 .-.0:)043 -.00105 -.00C04 

54 , .80154 .0~3·91 -.00059 -.Ô0013 .02029 -.00-012 .0cr:)1 .00002 -.0()ü23 -.00044 -.00129" -.0:::'003 
5.6 '.82.399 .0'..625" -.00071" -.OOQ13 .01l5~ -.00022 .00001 ;>.00101 -.0'0020 -.00J~3· -.<J0134 -.0(;010 

, .. ~ ~ 

59 .8531j9 .00573' -.00070', -;00012 :-.00186 -.00050 .00001 .0rOOl' -.00016 -.00040 -.00132 -.OC011 
61 .87:03 c -.C::;OJ9 -.0:.1:167· -.C,.:JO:!.l -.009)9 _00073 .00001 .00001 :-.C0013 -.C0036 -.00126 -:C~Gl2 
65 .9C~~4 -.01007 -.00058 -.00CI0 -.02204 -.OO~70 .00001 .osooi -.OUGO .... -.00029. -.00108 -.~G012 
67 ...... .9:.279 -.0135S -.OC052 -.00010 -.02535 -.00236 •• 00001 .00COl -.(~OC06. -.00')25 -.00093 -.00012 

~ ~ 

70 .92877 -.01726 -.000':'2 -.00009' -.02675 -.0035-8 ·.oo'Qcn .OO'JOI -.000')3 -.00019 -.00<110 -.OOC11 
72 .937b9 -.01874 -.G0036 -.Oe003 -.02553 -.00455 .00001 .00001 .onooo -.00014 -.U;068 -.OOÇlO 
76 .95:::'03 -.01978~ -;OCn4 -.00007,., -.01932 -.00676' .ooç"nr .00"00 .00003 -.OC007 -.00046 -.CO:09: 
78 .95924 -.01953 -.00019 -.000%' -.01510· -.00792 .orfoo~ .COOOO .00004. -.00C04 -.00036 -.OeCC8 1 . - ~ 

"82 .969:'6 -.012eO - -.C0009 -.0':'005 -.00634 -.01015 .00000 .00000 .OOt06 ,. .M001 -.00.019 . -,.oOC'l7 J ~ 
83 .9~60 -.01746 -.CG~07 -.00005 -.00431 -.01049 .00000 .00000 .00007 .00002 ~.00015 -.00C07--
87 .9ï8S7 -.G!"'J9 -.C0002 -.00004 .00233 ... 0::'166 .00000 ,.0::;000 '.0:;008 .. 00,006 -.00002 -.00005 
89 .9S1S~ -.01366 .OUOD3 -.00004 .00460 -.01178 .CCOOO .00000 .00009 .00007 .00003 -.00004 

93 .9co5S ~.01104 .Oe007. -.00003 .00700 -.01104 .00000 ~OOOOO .00009 .00009 .00010 -.OOOOY 
95 .9SS46 -.08932 ,. .00003 -.00003 .00728 -.01035 -.OO~Ol -.00001, .00008 ,Ô9009 .00012 -.OOt04 

do\;c'Absc\lut..e De\ ia.tion .0657Cj' .0Jl27. .00013 .04058 .01175 .00013 .00012 .. :00088 .00044 .oons .0eOlS 
~raBe Absolute Deviation .02917 1 .00047 .00008 .01842 .0034& .00003 ~00003 .00024 .00020 .00103 .00008 

\' 

té: N i5 the classical normal approx1reation l 

P i9 the extension of the~aulson-Camp approximation (5.6)
~p 18 the Peizer-~t:att approximation (5.7) 

" 
... ~ -

. , 
, , 

.. 
" 

- g 

'} t 

1 
ln 

• co 
1 



e '" e ,') 
TABLE S.S 

"- <~ 
NE~TlVE ~INOMIAL: A'cCURACY OF, APPROXIMATION 

n = 4 p = .8 .~ ~ 

-, Pr ~ P PP ,1· cc CF Case A Case B . . 
"" .4096 ';~ ,.i.0019 -.0043 ' -.0047 • 6042 -.0047. ,.0020 

.7372 .0 / -.0014 . -.0008 • ~789 .0072 -.0037, .0021 
• 9011 -.0090"-- .0002 -.0001 -.0341 -.0026 .0015 • ü. 0039 .. . 
.96"66 -.0206 - .0005 .0000 -.0128 -.ù3H • .0024 . .0022 
.9895 r-.0095 .0003 .0000 -'~t8 -.0105 .0016 .0007 
. 9~69 -.OO'JO .0001 .0000 .0 4 .,..0031 - .0009- . .0002 , 

- --- -- -- -- -
.0lS§) ~ Abso1ute D~viat1on .0822 .0019 .0043 .0321 .0047 .0038-

e Absolute Deviatio~ .0315 .0007 .0009 .0141, .OO9~ .0024 .001S-. - -- - -, -- -

.n - = 30 " .3 .. ..... 
" 

1 • 
-

1 
-- -

• Pr " 1\ P pp "GC CF .:. C,J.c;~ A Case B . 
~ 

-.ObOO01 -:~COO43 

1 

-.OOOOnJ .0012e4 -'.004576 -.0'}6oQ16 .OG0567 -.000007 
.a'.:.~362 -.00759'3 --.00:J02g -.00C001 " .000459 -.GOO%6 -:00J006 -.000014 
• Ç,O:;S 5t-- , -.01~0~5 -.000033 -.OCC001 .OOÙ163 -.000077 - .(}~oêno -.OOC019 
.023349 -.012557 -.000n8 -,000003 -.000483 -.000032 -.1l0:O18 -.0~OO2S 

.049è43 -.012728 -.000005 -.000004 ::-.001033 :'.t.000077 -.Û00030 . -.000036 

.C7f.i279 -.010')12 .000023 -.CÙ(}()03 -.001294 -.OCo.J&9 -.000037 -.OCOO~O 

.13581.6 -.00i.tê5 .OOSG65 -.000e03 -.001244 -.GOO053 -.OOOO~5 -.0000.3 

.211546 - .00~953 • OG009 3 -.000001 -.OCJ740 -! ode )/.5 -.00::1046 -.oeoo!,O" 

.279267 .012271. ~ .00Ou97 .oc6000 ~.00Cl157 -.000232 -.oaC042 -.OG0034 
• 37C,76.0 .0203 :9':' .000075 .OGCOGO .000690 : -.OQ()()14 .-.OGIJO'31 - . 00 C)') 21 . , 

.OOU59· ~ '::.0(0015 -.000C05 , .4&) 326 .02 .. ~39 .COC031 ·.poooco .OÛIlJ06 
.56332S .02:'.216 -.000006 -.OOOO~ .001595 ·°9°019 -.000002 .000009 

-
.613.0520 .019922 -.00004.9 -.OU)C')I)~ .0014/.2 .000031 .OOC015 < • GO,ICî24 
.74562"g . 012',25 -.OC::'')7 .. -.00Oe03 .000802 .000038 .OCC027_ .000035 

, .7'1i927 • Gor,516 ~. oeuo 79 . -.OJOO05 .000147 .000·)38 .OC;'J033 .000019 . -
.B5912~: ' -.000848 -.00C'J70 • -.008005 -.000666 .000cf32 .000036 .000040 . , , ... 

J \ 

.9C4G95 ",OC6113 , -.000051 - .. 000005 -.001122 .000017 .000035 . .000036 

.9296:'0 -.0;:133'38 -.COoa~3 -.00C005 -.DOll/.4 • 000061 .000033 .000032 
'- . .95"ô96 -.OC9397 -.{))OC'12 -.0.00;:04 -.000820 . -.00C027 .000027 .000025 . 

.~1686 -.OOè717 .()COOO3 -.GOC003, -.000313 -.OOOO5~ .00C022 .OOCOIS . , . 

.9EC!.6f> -.007578 .000Q10 -.000C03 .000035 ,.000080 .00;:'017 • , .000013 

.983373 -.005766 • .0'00020 • - .DOCOn .000331 ,...OCOIOI .000013 -.CJJOù3 
. .5932~6 -loû~045 -;-UCOJl 7 -.000002 .000406 -.000U5 .000008 .cJOOOO~ 

, .995591 - 002961 .OGOQ16 -.000001 .OCi~357 -.000117 .000C07 .000003 
---

l Abaolute Deviation .024681 .000097 .000005 .001'594 .000117 .oooo~ .OÇ0042 
è Ab:;olute Deviation' .OQ9589' .000037 .QOOO02 .000703 .000048 .0000 .000022 

" 
t no 8olution found 

" ,. 

q 

...... 
" .' '. , -'" 

:,. 

-
Case Cl 1 C'a,:;e C2 Case C3 Case D 

. 

\::~~î~ .0036 .0438 t 
-.0001 -.0105 t 

.0025 .0021 -.0130 ' t 0 
~ - < 

.0023 ' .0021 -.0033 .L , . 

.0012 .0012 .0010 t 

.OC05 .0006 .0018 
.., 

t 
- -

.0025 .0036 .0438 t 

.0015 .0016 .0122 t 

--------
- -----.--- ;-----~._- .--

Case Cl Case'C3 Case C3 Case D 

.MOOaL -.C'J0016 -.000138. -.OOOOO5~ 

.DaCOOl -.CCDJ2S -.000231 , -.OC:)j.!.l' 
-.OeOe01 • -.OO~ICJ6 -.000277 -.OeOO15 
-.0ij)C09 -.00001.0 -.00021.8 -.OGJ028 

-.00002:1 -.000032 -.OC'C076 -.000C139 
- .00J033 - .OyOJ16 • 0~32 

. 
-" oc('r;~-4 

, -.000046 .0C'0207 .00O~27 - .. O~OQ-!. 5 
-.000052 .000C26 .OCO~24 -.OSC037 

-.000050 .OC2031 .000U.7 -.00::':;:7 

1 

-.000040. .000024, .00D501 -.0:::'00:0 
·-.O()~25 .CflÇ(JC5 'J.COO214' .OG::OJ7 
-.,0.000\2 -.00GOI0 r -.000026 .OCOO19 

.000005. -.COOO25 -.CC0295 .00C,02"9 . 

.OOOQ20 '-.00;]':130 u-.COO:.44 .000035> 

.000027 -.00')027 -.000470 ;'{70G035 

.000032 -.000016 -.OCOI.10 .OG'C03~ 

.000034 -.000002 -.ocnsl ~OOr:G27 

.000033 .OCO,G09 -.OC0182 .oe'GC23-

.0~030 ) 
. .00f,J20 -.002';57 .000017 

.000025 ' , .000025 .QCû033 . .OC~012 

.000021 .CC(026 .~O(;75 .OCC009 

.0~C017 .CÇOJ26 • OC ::l::.0 3 .Cl.v~J06· 

.0COC12 .000C21 ,000105 , .00:::':'C03 

.000010 .000019 
, 

.000097 .000"03 --
.OC0051 .OC0040 .000652 .000045 
.OOO02e .000020 .000243 .00C020 

. 

• 
'-

" 

, 

. 
~ 

:(7 

, 
<-O. 
tD 
1 
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~. 

'., 

r 

1 

. 
,Case A 

Case B 

Case Cl 

C2 

C3 

1:39413937 

2.25856068 

.• 91666667 ' 

.78280758 

1.0 

•• 

-100-
r, 

h 
" 

.38739637·~ " .28885204 

1. 30552708 •. 34055201 

o 
o 
o 

.63636363 

.57418229 
-

c66666667 

! 

Vari-ànce s tapalfzing transf6rma tions' .have' a1so been proposed by Bar't1ett 

(193n), Freettn and Tukey (1950), and Anscombe (1948). Peizer and,Pratt's 

.ap,proximation is 'a1so extended to the Poisson resu1ting in ~he fo110wing 

\, 

-, 

L 
• 

varia te 

~ 
1 

x -t- 2 
l+g ~ -...) 

,0 ", -/1 (5.9) 
di À 

1 

where dl 
2 

À = x/+ 3 

.02 '" 
d

2 
= dl + xt1 • 

Numerica1 c~mparisons revèa1 that, ,although the proposed approx-

imation gives very good resu1ts, botn the extended.t.Ji1son and Hilferty, 
., 

and the Peizer and Pd:tt approximations are better. The 1a.tter, ln parti-, 

cular, is renthrkably accura te for a11 values of À. The vqrious s tabali-

Z),ng, transfor,tions p,rovide only fair resu1ts, Sorne of the numencal 

comparisons are reproduced in Table S.7. 

We note that,Gase C3 pr~duces the transformation ~.= x
2/3 

which 
, . " . 

nas a]so been .pro,posed, arnong oth.ers, by Moore (1951) and Blem (1954). .' , 
-. 

' ..... 

;.# 
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TAIlLE 5.7 

POISSON DISTRIBUTION: 
~ 

ACCl~CY OF APPROXIY~TIONS 

(1) ~ = 4 
C' 

, 
X .... 1{ pp , œ CF , Fr N 

a .01S3 -.0217 .0003 .0004 :'.0042 -.0031 
1 .0915 -.0141 .0012 .0003 -.0043 -.OO3l 
3 .4334 •. 0321 -.OC04 .CCOI .00:èO .0000 
5 .7S51 .011S -.0009 .OCOO .C028 .0023 
7 .9t.gr -.0111 .0001 .OOCO -.0001 .0001, 
9 .9918 -.0~52 .OCQ2 .0000 .C008 -.0016 

X1~~ Abso1ute Deviation .0321 .0')12 .000 .. .G043 .OC31 
era:;e A!Jsolute De':1at1on .0129 .00)5 .00::10 .0016 .0016 

- ---- ~._.~ 

(2) À =-10 
~ - - - -

X p, ~ "t\~H - pp GC cr 
2 .0027 -.GObl -.CC02 .000:;0 - .Oe01:: -.0004 
4 .0292 -.0117 .0000 , .00C02 -.0012 -.0009 
6 .1301 -.0040 .Ctl05 .o:om -.0013 -. àOll 
8 .3328 .0152 .G'JJ3 • (J'OOOI -.0003 -.C005 

" 
12 .7915 .0061 -.0004 .OOCOO .0010 .OC09 
14 .. 99:65 -.0')61 -.OG01 .p~on .0004 .0007 
16 . .97:9 -.CJ71 .00:1 .0::::00 .0002 .C003 
18 .o?23 -.0036 .0001 .00S00 .0003 .ceoo 

d:o'J.:l Absolute Deviat:!.on. 0:::;7 .0005 .00002 .0014 .0011 
erage Absol"Se De\Jiation .~GSO .0002 .00000 .0005 .0005 

--

(3) À 30 

x ~ Pr " • ('1:j' pp GC CF .' 
.... -r--

15 .00194 -.00211 -.00004 .OOOOCO 
, 

.00.0.00 -.00005 
18 .01293 -.00':'95 -.CC:04 .CCeCOl -r®016 -.0001<'. 
21 .05444 

~ 
-.00590 .CCC05 .00CC02-.... _ f.- :::'.00037 -.00029 

24 .15724 -.0'1~:'1 .CJ-::n7 .000')02 -.OC037 -.00')35 
27 .33::'% .C2233 ... DCC: 10 . cr,'~ JCll -.0'-215 -.000:0 
30 .5~S35 .011 ,) 9 -.000J8 .00,(1000 .00016 .occho 

, 

33 .7t..4!.4 .OCl5SS -.00Jl7 .or::ooo .OC033 .00029 
36 .Sb037 -.eO:J6 -.0'::009 .0O'A'Jl .00026 .00030 
39 .95374 -. C:-";'84 . O<'J('Ol .0jOOOO .000::'2 .00019 
42 .98518 -.OC)}S8 .00085 .000000 .00010 .00009 

i~UJ:l Abso::'ute Devia,tion Q:':03 . CC: 17 .00J002 .000':'0 ' .00035 
~age Ahs",l.ute r:evi<Jti"'''.OO'.::6 .OCOO7 1 .OOCC'OO ·.COOl~ __ ~_QOO17 

Note: N i5 the c1a%lca1 not1:l:11 approxin.1tion 
WH ig the ~11~on-Hilfcrty approxl~ut1on (5.8) 
pp lB the .ai'proximation by' Piezer-Pratt (5.9)' 

Cl'se A C:lse 11 

-.0008 -.0203 
- .0027 -.2035 
-.C019 -.0007 

.0027 .0()20 

.0025 .0015, 

.C008 .2C:'J4 

.0028 .0:03 

.0017 .C029 

1 Ca~l' A 1 C;:<;e B 

-.OOO~ -.OCl2 
-.OC05 -.0010 

o -.0011 -.0010 
-.OOOJ -.C006 

.0009 .0009 

.G8l0 .00J8 
.0(06 .0004 
.0':03 .0-:;02 

.00ll .0019 

.0005 .00J8 

Case A C<J&e ~ 

-·9°003 -.oa007 
-.OOCllO -.00016 
-.00015 - ."00027 

-.02036 -.OOCl33 
-.OC027 -.C2022 

.OC002 .00006 

~O28 .00026 
.00'J34 • OOC 32 

.00023 .00021 

.00013 .0C011 

.OC::'36 J .00033 
1 .0001S .00018 

---- - _.-

Case Cl Case C2 

-~OO04 -.0020 
-.0016 -.0015 
-.0')14 -.0003 

.0015 .COll 

.00lS .0013 

.OC05 .COC6 

.OC19 .0020 

.0010 .0:;08 

J ---
Cast' Cl Case CZ' , 

-.Oe01 -.0004 
-.OC::15 -.0007 
-.0r;09 -.0006 
-.0008 -.C003 

.0008 .OC05 
g .0803 .OC06 

.0·C05 .0005 
.0002 .OG03 

.0009 .0007 

.0004 .0004 

Case C:è Ca~e C2 

-.COC03 -.00007 
-.00010 -.00017 
-.C0024 -.00024 

-.02034 -.aen1 
-.0';J25 -.çr;Dll 

.00C02 .00C03 
.00025 .00015 
.00031 .00022 
.00022 .DOnO 
.00012 .00013 

1 

.00034 .00024 

.000l7 .00014 

1 

Case C3 
.0012 , 

-.0015 
-.0022 

.0018 

.C016 

.0,:::05 

.OC29 

.0012 

Case C3 

.0001 
- .OC03 
-.0:)11 
-.COll 

.0009 

.00::19 

.CC55 

.0002 

.0013 

.G005 

Csse C3 

.00000 
-.00005 
-.00024 

-.OQ042 
-.CC035 

.00002 -, 

.00031 
• oeo 3i> 
.00023 
.00011 

.0:):)43 . 

.00J19 

e 
'" 

Case D 

-.OOIl 
-.0820 

.COll 

.0017 

.0:::04 

.CCC:) 

.C::;:O 

.COC3 

~ 

Case ::l 

-.0002 
-.0007 
-.00C9 

. -.C003 

.CGOS 

.C:;C6 

.OC:)3 

.CCJl 

.0009 

.0004 

Case D 

-.00004 
-.00013 
-.00027 

-.OOQ33 
-.0812'18 
-.00010 

/:0028 
.00028 
.00018 
.00009 

.00033 

.00016 

'" 

1 

1 

1 

1 

1 

1 

1 
1 

1 
f--J 
o 
f-' 
1 
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5.2.4. The Gamma Distribution (Including<x
2

) \ 

1 ~e large majOri~; of work and transformations of the ganuna 

di~tribution~_been developed in cennection with .the specia).. case 

. of the X2 distribution. Generaliza tien to the ganuna is then made tht;ough 
-' , 

the simple t"ransform9 tion x = av. This relationship pro duces ân inter-
.. .' 

esti?g- resu~ for our transformation. As noted i~ the introduct~ry / 

marks in ChaJ'ter II', a 'inear transformation does Itt generalize our 

trans forma tian, and a simple rela tio~ship be tween ~ons tan ts may be 

esbablished. In this case, we have 
, . 

al :: o.' al 
1 

1 
t 

" 2 1 
a 2 = a a

2 

_ Also, as with the previous cumulative dfstribuiions, relationship (5.2) 

( 

, may also be 

* where al ' 

Table 5.8, 

.. f) 

applied. Therr we have, combining with the 'above resu~, 
" 

* a al 
al ;:: ---

p 

i * a
2 

a
2 = 2 .\ 

P 

~ -'-
a

Z 
au 6i~gl;,·t;llitiq~: .... ~:jnst~ts, and h remains upchanged. 

below, ~~id~~ the sJmple -liE1t ~f constants a l *, a2*, and 
, 

h fot each of the cases. \-le note f!nally that in the special case of 

a 'X2 random .variable, CI. :: ~ and p = ~, and the same cons tants may ik 
employad by using (5.10). • • 

l, 

" 



f 

-lQ3-

(' 

TABLE 5.8 

* * al a
2 

~ h 
.. 

Case /1. , 1.062287794 , .024593178 .328836348 
t ' 

Case B 1.062997246 .023363866 .331489204 

Case Cl [/1. 0,83333333 °0.0 ,.338?15385 

C2 1.053415633 0.0 .367138955 

C3 Lü /0.0 .333333333 

2 ' 
Among the bes t known approxima tians ta the X dis tribution 

are Fisher's (1~22) transformation \ / 
1 

. f 

-' 

(5,'11) 

and the Wilson and Htlfertz (1931) transformation l ' 
.) 

I_~-

[ { ~ } ~ -1 + 9~] ~ 92° 
/ 
/' 

/ 

which are both approximate1y s~andard normal: 

(5.12) 

\ 

More recently, approxi---
1 

mations have been proposed by ~ray 1 Thompson, and HcWilliams (1969), 

Wallace (1958) and Peizer and Pratt. The 1a'tter's approximation given 

by 

'" 1 
\. 

[~] 2 / 

d
2 \ (5.13) 

-. x/2 

-1~ ~ ... 
" where d2, = x/2 - n/2 t 1/3 - .04/n 

is extremely accurate. 

The approxima tians have been eva1ued for Ct. = 1 and for a 
.-

range of values of p. IHfferent values of et p"roduce the same results. 

- " 

j 

" , 

• > 

.. 
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The comparisons suggest that the proposed approximation,is of the sàme 
~ , 

order of accuracy as that of Peizer and Pra~t, and ts far ~uperior ~~' 
{Jo" ~ 

the Wi1son-Hi1ferty (special ~ase 93) and Fisher approximations. A 

sample of the numertcal resu~ts r,pr~uced in Tables 5.9 and 5.10, 

demonstrates the remarkable accJacy of the approx'imation. ,For example, 
, . 

for p as Iowa 1, the maximum error i8 .3%fand for p = 10, the maximum 
'. 

error ls .001%. 

5.2.5. 2 
The Non-Centra1\.~ Distribution 

2 Although the non-central X Is a.cumulative diStribution, 
-. 

neither of the reproductive parameters v or À are separable,. and hence 

(5.2) tnay not be applied. 

• Many apP50ximations have been pro~osed to the non-central' 
~ 

2 
X distribution. Among the simplest was one by Patnaik (1949), which 

sought to approximate the 

2 
X with different degrees 

r 

2 
n~~entral X by sorne multiple of the central 

of freedom, that is.. . , 

/ (5.14) 

where v+2À 
V+ À 

. 
Pears6n, (1959) suggested an irnprovernent by introducing an additional 

cons tant b. 2 He then approxim?tes the non-central X with 

b + 2 (5 .. 15) c Xf .; 

1 

À
2 , . (Vtn) 3 

where b v+3À 
f = v+3À' , , c = Vt2À = , 2 

(V-l)À) 
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'fABLE 5.9 

GA..'1MA DISTRIBUTION: ACCURACY OP' APPROXll'.ATIONS 

(1) a = 1, p : l, 

X Pr F .. 11 N rp 
• O.O~OO .07E9 -.0448 -.0078 -.0919 .0:)18 

0.1600 .1479 -.0278 -.0018 -.0526 .0:JlO 
0.3200 .2739 -.ccn .0045 -.0::56 -.C009 
O.':',)JO .3297 .00:15 .COS5 .0554 -.C017 
0.5CCO .4288 .0191 .. 0056 • OC38 -.0028 • 

Û'.E4CJ .4727 .OZS3 .C052 .1133 -.0031 
O.8~:'() .5507 .-> .0320 .00]6 .0799 -.0035 
0.c6CJ .5'352 .0230 .00:28 .1330 -.0036 
1. C"OO • 6465 .0259 .C012 .1306 -.0036 

1.1.!~8 .• 6737 , .0:40-.. .C005 .1~60 -.0036 
1. 2~::'0 .7220 •• 0198 -.OZI7 .1 11 -.0035 
1. 3eOO .7433 .0175 -.orll .1028 -.oon 
1. 5 ~OO .78:3 .0128 -.OC18 .0228 -.C031 

1. 6')00 .7981 .0107 -.0020 .06~4 -.0029 
l.7t:}O .8280 .0::54 -.0024 .0515 -.0027 
1. 8:'C'0 .8i,l2 •• 1.)J~5 -.0025 .0,,16 -..0026 
2.QOCO 

t 
.86:'7 .COll -.0025 .0233 -.0023 

0. 
2.0S00 .8751 -.0:::04 -.0025 .0151 -.0022 
2.Z4UO .8935 -.C028 -.0024 .0010 -.0019 
2. J2JO .9017 -.CJ39 -.0023 -.OO!"S -.o:ns 
2.4:':20 .9:63 

1 
-.OC56 -.0021 -.0143 -.0016 

2.5600 1 .9227 -.OC'S3 -.0020 -.OlBO -.0016 
2.7~~0 • 9 541 -. CO 72 -.0017 -.OU~O -.OC13 
2.8CloO .9 Jal -.(':i77 - .0C17 - .. 0249 -.0013 
2.9lJOO .9!.82 -.OG81 -.0014 -.0~69 -.0011 y"" . .9521. 

-.0'-'32 -.OC13 -.0272 -.0010 
3 ~OCO .9592 -.C233 -.0~10 -.0268 -.0010 
3 :1:00 .9623 -.C033 -.0010- -.0263 -.0009 
3.41.,00 -1 .9679 -.0:;\21 -.0008 -.0247 - •. 0007 

3.5200 ~9704- -.0:)79 -.CO()6 -.0237 ~ 
-.0005 

3.6500 .9748 -.0076 -.0005 -.0216 -.0000 
'3.7éC>O .9767 

1 

-.0073 1 -.0004 -.0204 -.0005 
r· 3.92':'0 .9E::n' -.0::.'69 -.0003 -.0181 -.OC05 

4 ecco .9317 -.CC67 -.CC03 -.0:70 -.0005 

~xio\.:J ,\::sol'lte D.fviation .041.8 

1 
.0078 .1330 .0:J36 

werage Absolute J~viation .0118 .0021 .0507 .0019 -
;ote: F 1~F1sher'8 a??roxi~~tion (5.11) 

~~ 15 'an extension to ~i1son-Bilferty approxication (5.12) 
pp 18 the P~1zer-Pratt!pproxication (5.13) 

GC CF Caqe A Case B 

-.4445 -.0495 .0032 .0036 
-.4281 -.0283 .0018 -. 002.1 
-.3734 -.0086 -.0029 -.C034 
-.3314 -.0049 -.0027 -.0032 
~.2058 -.0023 -.0021 -.a026 

~ 

-.1415 -.0019 -.oq17 -.0022 .... 
.0249 -.0::Jl7 -.Oq13 -.0016 
.1123 -.0015 -.ono -.0013 
.2775 -.0014 -.OC07 -.0G,(J9 

J 

."3431 -.0013 -.0006 -.0007_ 
,41.,94 -.0.013 -.0004 -.acos 
.4756 -.0013 -.con -.OC::13 
.4736 -.C015 -.OJ81 -.0002 

.41,62 -.0017 .OOCO .0000 
': 34 65 -.0034 .0001 .0001 
.2795 --.0050 .0001 .0001 
.1282 -.0).03 ,0001 .0002 

' -.0507 , -.0143 .0002 .0002 ' 
-.0912 -.0251 .0002 - .0003 
-.1504 -.0317 .0002 .0003 
-.2364 -.0455 .0002 .0003 ' 

-.2616 -.0514 .0002 .OC03 
-.2771 -.0574 .oon .0004 
-.2693 -.05il .0002 .0003 
-.2296 -.0479 .0002 .0003 

-.2014 -.0478 .0002 .0003 
-.1371 -.0407 .0002 .0003 
-.1043 -.0376 .0001 .0004 
-.0436 -.0321 .0002 .0003 

-.0177 -.029& .0002 .oor)) 
.0229 -.0253 .000.1 .0002 

.• 0374 -.0233 .0001 .0002 
.0551 -.01'19 .GC01 .CC02 
.0591 -ttl184 .0000 .0001 

.4837 .0827 - .0032 .0036 

.2252 .0225 .0006 ~ .0007 
~ 

.. 

J 

Case Cl Case C2 

.0286 - .0066 
-.0870 -.0020 
-.0151 -.0039 
-.0151 -.CQ37 
-.0133 -.0033 
" 
-.0119 -.0030 
-.0044 -.0024 . 
-.oo~n -.0025 
-. CrJ7S -.0023 

.-.0048 -.0022 
-.0031 -.0020 , 
-.0023 -.0019 
-.0010 -.0017 

-.0004 -.0015 
.0005 -.0013 

- .0009 -.0012 • 
.0015 -.C009 

.0018 -.0008 
".0022 -.0006 
.0024 -.0005 
.0026 -.0003 

.0026 -.0002 

.0028 .0000 

.0027 .0080 

.0028 .00Q2 

.0028 .0002 

.0027 .C004 

.0027 .0004 

.0026 • OC Os-. 

.0026 .ODOS 

.0024 .0005 

.0024 .0006 

.0022 .00'06 

.0021 .0005 

.0266 .0066 

.0048 .0014 

~ 

e 

Case C3 

.0000 

.0080 

.0147 

.0151 

.0132 

.0117 

.0079 
.0060 
.00~6 

.0013 
-.0015 

.0025 
-.0041 

-.0046 : 
-.C055 
-.C058 
-.0061 

:".0062 
-.0051 ~ 

-.0060 
-.0058 

-.0054 
-.0052 
":.0051 
-.004~ 

-.0044 
-.0039 
-.0033 
-.0033 

-.0029 
-.0028 
-.0026 
-.OOD 
-.0022 

.0151 

.0054 

c 

.--.\( 

Case D 

.ooio 
-.0001 

.C023 
.. C·033 

.0041 

.0040 

.C035 

.0031 

.0021 

.0016 

.OC'); 

.C-:;~l 

-.0007 

-.0010 
-.0016 
-.O?lS 
-,0022 

-.0023 
-.0024 
-.0025 
-.0025 

-.0025 
-.0025 
-.00:5 
-.0024 

-.CC23 
-.0021 
-.0021 

--.0019 

-.0018 
-.0011 
-.0016 
-.OC15 
-.0'JI5 

.OC40 

.COLO 

i 

/ 

, 
1-' 
o 
U1 , 

fi, 



• 
" 

(2)-a=1,p=5 

X Pr F \"'l!. N 

.2342 .002004 -.000344 -.OOC013 -. 016526~ 
,9367 .CC;:rli -- .-::.024913 -.000479 -.031317 

,,1 :'Ô~91 .0~59C4 ~;-OlC159 -.08%73 -.0t.0513 
~ 

2.3.'.16 .Og:()'j) -.C':°331 .OC'E39 -.023555 
3 0441 ltj2~Q&- -.O~'C'185 .00:1.J'?4 .001335 
3.7466 .3:21798 :OCS'.J03 .001146 .034238 

~ 4.4':'91 .t.:;~:12 .01:'006 .cn01'93 .055512 . 
5.1516 .525094 .0:~:JG2 .00')111 .058674 
5.8541 é"~c!.O .01GS::O - .. OC2!.t34 .0:'6:34 
6.5566 .78:537 .0::'=537 -.O::;~~'?9 .025751 
i .;S~1 • .81,9359 .(':J9:'9 -.0:;,';709 .005523 . 
7.9616 4S')0~l.6 .. -.OCl:345 -.00)566 .0'19178 
S.I'QU.l .9J25S8 -.OC~lG3 -.OC03b8 -.0:1.',766 
9. J( 56 .950213 -.02'.7:53 -.OOCl13Z -.018J(,4 

lO.C~91 / .97~):6 -.O'J'.SJt! -.OC,OOH -.016277 

.' 10.7715 ,9g~390 -,OC;:~·~6 .COOCJ5 -.012b8S 
11.L.7':'~ ':'éiJ'iO -.003::189 .00OS9S -.OJ9045 

1rnun : .. ::_Jlute c: "!.Jc1on .01'-549 .C01265 .0596:'3 
rage Absc1Jtc D~~lQtion .(85997 .00')454 • 0:5030 

(3) a l, p 10 

:< Pr F WH !1 

1. 2iZ1 1 .O:D)')O .OO::'JJO .OCOOOO .000000 , 
2.1.1llS .CCl02C8 -.000')97 -.C00J45 .007909 
,3.5490 ,C'-'~C48 -.O,)~971 ·.00J204 -.017827 
4. 6b;'':' .0~1:53 -.005::97 

, 
-.CiJ0254 -. 021.1j 25 

5.E::53 .O/:!. 53 - -.0,)5'J91 .OD20S0 -.0:0964 
6.96.'02 :165S93 -.GOJOS9 .080':'69 -,,002634 

8.1026 .29'189 .005706 ~ .000~99 .021 Q 96 
9.2411 .44;318 .0,~,:q:1.6 .CO')357 .. 037153 

10.3795 .5:>~5S9 .OGnr'o -.0('0032 .C4(1'lJ1 
11.5179 .712959 .O,J') ",:) -.0'.'0318 .027773 
12.6563 .810;:{,8 .002979 0 -.OCO'.O.'o .010723 

13.7947 .83C~:O -.C01l25 -.000334 -.OC0334 
14.9332 .917950 -.003104 -.000197 -.012670 
16.0716 .9532C3 -.or)J<:72 -.G:'OG67 -.016363 
17.2100 ~9765 79 -.C03 :144 .0:;00::0 -.012::']7 
18.3484 .987::79 -.00~"04 .0'::0063 -'.0(;8575 
19.4868 .99328: -.001831 '.000074 -.00S:68 

~bsolute Deviation .010331 .000617 .042070 
rage Absolute Deviation .003876 .OG0273 .016113 

. 

~ , 

e 
T~LE 5.10 

~&~ DISTRIBUTION: ACCURACY OF APPROX~ÂTIONS 

, 

pp GC CF Cn<;e'A Cnse B 
, 

.COO?OO .011048 -,000277 .000004 .000004 
-.0':)8006 .OOLSS5 -.001981 .000882 .000095 
-.080012 -.013138 -.002493 .00')0;:6 .00,0038 
-.000014 -.022040 -.OG2234 -,OOCC'j7 -.OCOUJ3 
-.COJ018 -.020065 -,000296 -.000074 -.0000') .. 3 
-.OCIJ828 -.003176 -.000053 -.000048 -.000070 

-.000041 .00n03 -'.OCC030 -.CO:l1)16 -. OSCl,G 34 
-.000052 .023901 -.01)(1027 .Qe')CJ? I-·O')OGOS 
-.000057 .027140 -.OCOCl26, .Or0020 1 .OCé'015 
-.COCCT57 .016320 -.0]('001 .OCC02S .OJC'):4 
-.OOC:052 -.081492 -.000:31 .000025 .000028 

-.000044 -.0153:'.5 -.000952 .00C',021 .000026 
-.OC'OO'36 -.0183b6 -.002::33 .COO"14 .OO')O2~ 
- .. OOC027 -.01213S -.001 21} .OOOSC8 .0:1O'll 
-.0000'21 -.OOJOGg -.OIJG1~O .000n02 .CflC'Ofl9 
-.oolJols .OO3::5~ -.007(,77 -.GCC:1,)3 .OOCIO')', 
-. OO~VllO .OC5226 -.O07~')9 -.00JJ05 .GOC001 

.000057 .027687 .Q078J6 .00G082 .COO095 

.0000:<:8 .012"96 ~O02::'01 .00C025 .000032 
, 

pp CC CF' C.v,:e li. 1 C::!~c B 

.OOOOO~ .00!S74 -.0000J9 .000000 .0:::0000 

.000000 -.003008 -.010147 .C00005 .O'Jr'J06 
-.000C02 .00l976 -.01J0481 .000011 .OC0014 
-.000004 -.002678 -.00()560 .OOD('02 • 00 (>()(; 6 
-.00000:; -.006611 -.000Z~5 -.000013 ~- .i)']1J'J1l 

-.000004 -.006409 -.000072 -.000017 -.O~'O019 

-.0::10003 -.00"953 -.00G010, -.000009 -. G0W1l7 
-.0:J nn05 .004311. -.0')')005 r-r.OOOG00- -.0(.Cl(,09 
- .00O"l08 .008503 -.0000 114 .C'Y;IJ0b - i'=.OGl"JDl 
-.000010 .007385 -.0,1"(105 .COOO::;9 .• 000006 
-.000011 .001568 -.OOOn4 ~.OOOOO8 .OJOOO,) 

-.000011 -.00437"2 -.000120 .0000C6 .801810 
-.OO~)()'10 -.006213 -".000364 .OC'QOQ3 .0('::'088 
-.000807 -.003358 -.OOG767 .00O~01 .000005 
-.{JCOOOS -.OS0360 -.001237 -.080001 .000002 
-.000003 .001654 -.OOlGlS -.000002 .oooeoo 
-.COOO02 .001761 -.001755 -.000002 -.000001 

.000011 .008792 '.001755 
. 

.000022 ,000019 
.000005 .003760 .00040S .000007 .000007 

• ~ 
, 

-0 

C<1"e Cl Case C2 

.09°004 .000004 

.00')410 .000081 

.000321 -.CCOa09 
-.OCOl91 .000034 
-.OGIJS3S .01JJl75 
-.080585 .00Cl199 

-.G00 i.58 • CG0% 7 
-.OOa:82 -.0020123-
-.or~1l8 -.OC02fi2 

• CC'JJU -.000:05 
.0:J:J103 -.OG'I266 

• 00:)1 GQ -.OCOlbO 
.0OOlES -.OC~J34 

.0';0193 -.G~~()03 

.OCJ(118~ .0'JC053 

.C~C>161 .C08C34 

.00')137 .000Cl Q 5 

.00')';95 .000305 

.00\)~36 .000119 

1 Cas(' Cl Ci1~e C2 

.O~~O .C00000 

.oce 7 .0')0002 
.000092 -.OC,)015 
.000084 -.080031 

-.OG0024 .0')0025 
-,000129 .000120 

• 
-.008161 .Cr.n44 
-.on,)133 .OO"r:61 
-.OO~:lS3 -:0~::;:;63 

-.UCG025 -. 00::Jl4 8 
,000005 -,000161 

.00')034 -.000119 

.0(;'J052 - .0000\7 
'-,,080060 -.0;J0002 

.0::'0057 .000032 

.000050 .000046 

.000040 .000046 

.000161 .000164 

.000062 1 .000061 

• 
Case C3 

-.000012 
-.000.'.48 
-.00:)530 
.0GC~10 
.00131j2 
.0015:"2 

.0~OJ36 

.CO'J1l6 
-.0·:J05.'.0 
-.or,:;573 
-.'JOC910 

-.000764 
-.0005':'5 
-,C'QIJ329 
-.008156 
.... 000~j7 

.CG:>G3" 

.0015(1 

.OO05~7 

" 

Cast' C3 

-,OOJC01 
-.00CO~4 
-.000:95 
-.000224 

.Oe0110 

.000545 

.00O~64 

.000389 
-.00CG38 
-.000354 
-.OOC457 

-.0~0J38 

-.CQ0245 
-.000105 
-.000(;07 

.COOO45· 

.000062 

,000677 
.000228 

Case D 

.COO~~ 

.CGC'J55 
-.O~:J25 
-.08Oe':'8 

.000n5 

.GCeCl58 

.OCS'j?-: 

. 0: ;~SO 
• cr' :::j:J 

-.C::OJ7 
-.CCOaS3 

-.0:C054 
~.G~SIJ~5 

-.GC2J3" 
-.GCC'J23 
-.C:~'~~5 

-.01'.:0::9 

•• 000r:::6 
.OOOJ38 . 

Ca"!:! D 1 

.O:OOJO 

. GoCr:::J4 
.000:;05 

-.OCOC,)7 
- .000811 

~~O'JO) 
.CGe018 
.008'::18 
.OCJ':07 

-.OS00(;5 
-.OOeOll 

- .0(')011 
-.G,)C,)~8 

-.OCO':04 
-.0:JC,OG2 

.O'JCC:JO 

.OCCJOQ 

.COD019 

.000006 

, 

1 
1--' 
o 
m 
1 ~ 
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, 
Abde1-Aty (1954) produced a transformation simi1ar to Wilson and Hi1-' 

ferty in attempting to,.stabalize the variance. He proposed 

(5'.16) 

Sankaran (1959 and 1963) proposed a nurnber of approximations, the 1ast 

and most accurate of which w4r obtained from the Haldane,A transfo~a

tien (described tn ~hapter 1). As such, his transformation corresponds 

te Case C3 of the proposed transformation. Johnson (1959) and Bo1'shev 

and Kuz;netzov (1963) suggested other approximatio~s. Th! former's ~ 
approximation is only mo~erately accurate, while the latt~r's proposaI 

. 
although very accurate for very,sma11 À (same order as Patnaik), gives 

•. Î 
very poor results 'for l~rger À. 

---
Tables S.11, 5.12, and 5.13 i11ustrate the accuracy of the 

abeve resu1ts and compare them with the porposed trànsformation. The 

numerica1 resu1ts sugges t that the proposed" approxima tion provides 

-----------better results than any of the above transformations. Moreover, it-
~-~ 

providés rernarkable )l'C-uracy and is far superior to aIl other trans=----____ 

1 fprnrations ,r when the non-centrali ty parameter. À is 1arger. l t shou1d 

fina11y be noted that both Patnaik and Pearson's ap~oximations are 

2 
difficu1t to app1y due to the neecf of the percentiles ofaX distri-

bution Jith non-integra1 degrees of freedom. 

5.3: ~ Resu1ts for Other Distributions 

.. 
In this section, we shall examine the 'results of appiy~ - , 

tran~forma.tion (1.1) to the distrihution whose cumu1ants we have found 



. ~/ 'h, ,r: ~_ _ __ , _ 
' IT~/~ __ , __ ~". ~,--:;-- ~ 
~ , ~" ' , ;--, l' 1 i) .:, -:,. ..... <,. - ÇV' Ir' ~.~-

,-' 
(> 

, ~ 

il Pr Pa 1 Pe 

6993 .03392 .O~OQI -.00297 
3937 .12793 

-.
OC8r -.0030!3 

0980 1 .23780 -.000'8 -.00:31 
4S~ .35121 -.C~': 9- -1.0:1076 

1960 .45'351 -. C 1)0 77 -.00071 
S954 • 55':'91 - . .oC073 -.00012 
29!.1 .6:559 -.OC::-l .00031 
9934 .76337 -.00027 .OC078 

6928 .816fi4 - .CC':lo.- .OC~38 
C;14 .9~=')5 • ü'2,(,t) .CJ02'i 
ï 'J 9 .93178 .CC:31 .00C31 
:'9::;1 .9:' 72l .02033 .00:)73 - " 8528 .9658 . .OV)'):' .00058 
5331 ~97C:l .0':')"32 ,00051' 
~ô75 ;93175 • OC'V 10 .oon:'4 
9368 '19SCC? .00n7 .0::037 ' 

1 
~ Abso1ut~,:,v13tion • CC.J 7/6 .C0303 
e A~solutc ~e\iation .GC)]3 .00J95 

n 10, À .5 

-
Pr Pa Pe 

22e6 .00035'· .00:100 -.coon 
4571 • c:;r,96 .022:)'] -.CC015 
6357 .03314 -.OC:<)2 -.OCC33 
l!, è3 .17203 -. GOJll -.CCJ46 

1 

3714 .27616 -.0:;t;14 -.00038 
5999 .38l46 -.0:'015 -.e0025 
0571 ,6Q,!. (,4 .CG~89 .OC; CJ5Î 
2856 .6J~39 -.OC804, .00015 

5142 .76')C7 .0G~:J0 .OC')21 
9713 .B7560 .0')0':17 . OC025 ' 
19'91\ .91094 .OCC'']3 .OCl023 
:. 264' .93714 .00:;C8' .CCQ-::O 

8356 \ .%984 .000C8 .00;n5 
1141 ' .979~5 .CO-::07 ~ .00012 
3427 .91i1j13 .OCG86 .000lO 
5712 .9:!J72 .OeCe5 .00008 

;::1 ,1bsolute DL\'l<l-tion • GC:O:5 .00046 
;e Absol~te Deviation .OO~06 .0001? 

Pa ls Patrlck's a??rovi~ation (5.14) 
Pe 19 Pe3r~on's 8pprox1nation (5.15) 
!~is Abdel-Aty's 8?proxi=ations (5.16) 

\ A GC 

-.CC0.204 -.09748 
.OC~42 -.10637 
.00-';44 -.09126, 
.00346 -.05522 

. .00233 -.0:)21.5 
.OCJ37 .0:;1'-03 

-.océ.:.O .10361 
-.00~'30 .lH55 

-.00197 .06955 
-.C'02.35 -.0r,S33 
-.00102 -.07707 

~ -,.00072..., -. or, .. 23 

-. C0022 --.01474 
-.00C05 .00467 

.00007 .01591 

.00016 .019U 

.00:1'-5 .12455 t 

.001~6 .05839 
~ 

,j~ 

-
A GC 

-.OCn6 .08783 
-.00C62 -.00312 
-.OC052 -.01507 

.,00100 -.02079 

.00129 -.01278 

.00104 .OCO::9 
-.CO~09 .02500 , 
-.00053 .02668 

\ -.OG076 .01862 
-.e0068 -.00939 
-.OClOSl -.01736 
-.COO14 -.01755 

-.00002 -.00442 
.00005 .00163 
.00011 . .00469 
.OOn3 .00504 

.00129 .02668 

.00G45 .01210 

1 

~ 
- 1\ Case A CF Case B Case Cl 

-.01579 \ .00050 .00872 -.00330 
-.00632 \.00053 -.00:J70 -.00226 _ 
-.001.96 T·OC056 -.08089 -.00387 
-.00062 .,..00035 -.00069 - .00374' 

\ 
1 -.COOH -.COO~6 -.0'1')44 -.00298 

-.0(,835 -.000:)3 , -.00023 -.01::'09 
-.00031 .Ce005 -.0::'0:::8 -.00127 
-.00037 .00009 .00008 -.00('06 

-.08034 .OO'J09 .00012 .00033 
-.Olon .OC:;03 .08012 .00C90 
-.013Z-S .C'JOQ2 .0COll .CO~95 

-.02578 .00000 .00009 .OC035 

-.028'38 -.00003 .00006 .or')37 
-.02370 -.00J04 .000;'4 .OOCSO 
-.01824 -.OC004 .00r;û3 .00073 
-.81390 .... Oe005 .CO'J02 .00:::,55 

t-, .03011 .DCl]55 .CuClOS .00336 
.:: ~'p103S_ .0C013 .00022 .00136 

~-., 

-
CE' Ca'l~ A Cd<;e B Ca'le Cl 

-.C0100 .00005 .00006 .00009 
-.COZ44 .0()1)07 .00010 .OCCt.8 
-.00235 .00000· .00002 .00025 
-.0001,0 -{IYJ07 \ -.OCOI0 -.00051 

-.00009 -.00005 
, 
-.00008 -.OOOCO 

-.06004 -.00002 -.OOOCJ6 -.OC,)33 
-.00083 .00'102 .OODOI -.00025 
-.Oe005 .00003 .00002 -.ooon 
-.00005 .OC003 .00003 .oceeo 
-.OC054 - .000')2 .OCC03 .0')Cn4 
-.00131 .00C02 .00C03 .00018 
-.00256 .0elOCO .00002 .00019 

-.00592~ .00000 .00001 .00019 
-.00729 .00000 .00001 .00017 
-.00779 .00000 .0eOOl .0,,)15 
-.00717 -.OOJOI .0C;000 .0C013 

.00779 .COO07 .00010 .00060 

.002:2 .00002 .00003 . .00023 

't.. 

-""10 

-
Ca!cle C2 Case C3 

.00102 -.Oéll71 
_~OC49 .00269 
-.00050 .00535 
-.00035 .00553 

-.00036 • C04lS 
-.000:'8 .00220 
-.OC061 .OC035 
-.00CJ70 -.00207 

-.CC054 -.00259 
-.00::'26 -.00243 
-.00012 -.00210 
-.00001 -.00175 

.OC016 -.OOllO 

.<lO'J20 -.00SS4 

.00024 -.00062 

. C')'J25 -.00044 

.00101 . .CCJ~53 

.00038 . C0209 

Case c2 Case C) 

.00G07 -.00016 

.C0087 -.08061 
-.00002 -.00045 

.00014 .00127 

.0e021 .00159 

.00030 .00153-
-.00014 .oooeo 
-.00025 -.00054 

-.C0030 -.00S85 
-.00022 -.COeS7. 
-.COO15 -.Oe071 
-.00007 -.00Q53 

.00005 -.00019 

.00C:.18 -.COC07 

.OCOIO .00001 

.00010 .00005 

.00030 .00159 -.000ll .00055 
. 
Q 

• 
Ca'!le D 

.00010 
-.00027 

.00034 

.00079 

.00)05 

.0GOiO 

. o CCI':' 1 
-.00016 

-.O~O35 
-.0:-;054 
-.OÇC51 
-.Oe047 

-.OO~ 
-.0~031 
-.C0026 
-.OC:'21 

'.08:)87 
. .000::8 

Case D 

.00003 

.~,)O':;4 

-.OOC04 
.OOCOI 

.000::18 

.00C09 

.00004 
• COSOO 

-.00C03 
-.OC')05 
-.0:::05 
-.00005 

-.OC002 
-.o'.)c81 -
-.COOOI 

.00000 

.OC009 

.00003 

1 

1 
1 

1 

1 
1 

" 

, 
1-' 
o 
co 
1 
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'(3) n =\ 30"" l. 5 
, 

X Pr 
, , , 

,9.2406 .0::0081 
11. 60::4 .OC::260 
13 9U.6 .02{,836 
18 6ê9~ .047976 

21 0512 .10117. 

Pa 

.OOCOOO 

.OQ'JC'JO 
-.OC0001 
- :'000008 

-.OOS013 
23.4134 .lS~~21 ~C'2CJl7 
28 1] 78 .4l23'l9 -.0~::J15 

30 50'20 .53~~J3 -.C~:'J:J9 

32.8622 • F,:' 73'J 4 -.0':2002 
37.5S~6 .822J15 • Ge':'J1::1 
39.9~e8 .8':,r'7{.6 · C' :;~13 
42.31!0 .92:379 • crJ' :lU 

47.C354 .97S7QI .020:1:0 
4~.J"76 o~,-~-

• ." ~ ... '0i .O::C~3 

SJ.. 7 :'-?8 .99':J56 1 .OCO:S6 
5:'.1:20 .99~~l8 , .OC:')O:. 

ax:r.~ A~s01ute ~c~iat10n .CC~:D17 
VC:-2;;e ,\'·sol.lte De :1a:10n .OCCJ07 

(4) n =- 4, À=5.e 

y 1 - fr Pa 

. 1. 2 .. 37 .016252 ~ .0'J5749 
2.4975 , .06n30 .009135 
3.7312 .145CJG3 :-C'J5G'.'S 
6.2136 .346404 -.003372 

7.1,624 .-450193 -.0')73">7 
8.7::61' .547594 -.C:::37n 

11.1935 .710:'J9 -.00n83 
12.4373 .773)78 -.00511,0 

IT.6810 .825986 -.003122 
16.ES4 .9C:587 .CC,J~~7 

!7 .-t;~22 • .92tCJ72 .0::J1170 
~18.6559 .9:·<552 .00:839 

21. i.L.33 --- ~~24-- 1--- .002309 
22.3871 .97,)32~ .002254 
23.63']8 .985249 .002089 
24.3745 .989545 .00:363 

ax~~~~ Absolute Deviation .009185 
verage A~solute Deviation .003905 

. 

'l -
" TABLE 5.12 

NON CE~~ X2 
DISTRIBUTION: ACCURACY OF APPROXLv~TIO~S " "'\... 

c' 

., 
Pe A GC CI" Cnse A '.r Case B Cilse Cl Case C2 

-.000001 -.eOOO14 .0012-81 -.00:1036 .0aOaOl .0GeCOl .000006 -.000001 
-.OC']'::03 -.00C061 -.000016 -.000119 .000003 .000004 .000024 -.000007 
-.000089" -.000132 .0010~9 -.00J214 .000004 .COQQ06 .000045 -.oooçno 
-:C::C039 -.000042 -.002794 -.00Jl60 .000e05 -.OCOQ04 , .000012 -.000002 . 
-.0:0051 .000163 -.003694 ..).000070 .000007 -.OCJOC09 -.000033 .000050 
-.O~~0j4 .COJJ:'9 -.002890 -.00'2018 .0000C6 -.0C'C009 -.000IJ06 .000897 
-.OCCCl25 .CC'::'::SJ .0020E4 -.0: 'c<) 2 .00C':;01 -.OC:;002 -. COO:)70 .C:;~~IjO 

- .. OCC'2C2 .OC0045 , .0041::4 ' -.0':::802 .002'YJ3 ,02%01 -.000,,53 -.0':,011 

.C:J:JC17 -.000153 .004451 -.0:)CC02 .OQ~OO5 .OCJ';003 -.OOiOJ3 -.00::'076 

.00O'J3Z \-.000.282 -.000073 -.0'":0.012 .00:004 • l'C:,C.Q4 • .l'X,OOl -.000108 

.00(038 -.000227 -.002499 -.000 .. 45 .000(;03 .CenOO4 .00C015 -.0('OC32 

.OCOOJ4 -.000141 -.003333 -.000117 .000002 .00GC03 .000024 -.080C45 

.OC':J~l ' .008204 -.0009:6 -.000370 .000000 .000:;01 .00C831 :000014 
' • CC~10 16 .OCSO~l .OC~032 -.008503 -.COCO,)l .OC,CCOO .OÜC'J29 .00':028 

.08:)(;11 .000056 .0010:2' -.0012.\98 -.OOCCOI .0OGe'(1) .0<:'00:6 .OCC;032 

.000:07 .000ù55 .090 958 -.OnC634 -.or0002 -.000001 .000020 .000030 
-

.(,00,J54 .00J385 .00:'451 .O')CGJ4 .,OuOO07 .OOOlC9 .0rOO77 .OG0108 

.0:JOn3 .OC0137 .001930 .01)'JHO .OCOO02 .OCsr03 .00C031 .0(JOOé,3-
, 

ct-

re A CC c::- Cnse A Case B . 1 C3C;e Cl C!1~e C2 

:005234 
1 

-.006158 .0248:36 -.00%69 ' .000',22 -.OC0507 .OO2~04 -.000134 
-.003673 .010801 -.0'::1461 - .00/.961 j -.000232 .000049 .0(0536 .OCO'-'32 
-.OCO{'64 .010645 -.028665 -.001577 -.00')309 :où0458 -.Oe0783 .OOÜ~96 

.00:;:088 .000197 -.OG6133 .00GOS3 .000077 .000426 -.002%3 .000535 , 

.cn 792 -.001.8:.9 .009860 .0000'34 : .000:::53 ,000228 -.002057 -.OC:::--'176 

.0''1160 -.00EC04 .024394 .0'JC071 .000351 .0:;r'O:::6 -.C017A1 -.000F08 -

.000149 -.OC8794 ' •• Oj~219 .0::;0070. .000323 -.0'10212 -.00.0317 -.001063 
-.000037 -.0:17416 . 024190 .00~33 . .000237 -.OC0260 -.000330 -.001003 

-.0::;0047 -.Oe55EO .007717 -.0':0211, .orJOl34 -.000270 .00C'032 " -.000827 
.0,:'2197 -.0')1933 -.0207(,9 -.00:5:"0 1 

-.(\()l,î56 -.OCJ2lJ .00:)609 .y -.QC0359 
.08::1339 -.0:::JtJ04 -.024229 -.005l44\ -.000127 -... -.000108 .OUl730 -.O':CJ149 
• OO'CJ.:'S3 .000420 -.02024g -.005918 -.000175 -.000121 .000716 · QO:Jno 

.00C560 .001513 -.003364 -.014985 -.008213 -.CC0037 .000718 .000221 

.OC0557 , .00.1.697 .003063 -.01,5482 -.OJd211 -.000C06 .0::;0647 :000261 

.000527 .001721 .006254 -.013327 -.00Q198 .00:;017 .OC0565 .900273 

.00C480 .001.<;39 .00Ui41 -.0:0320 -.00~J.80 .0ocOip .000430 .000265" 

.006158 .010801 .034275 .01.5482 .00Ô422 

1 

.OC0545 .002204 · '01063 
.01699' • '00473 .001149 .004342 i .005010 .009 202 .000191 .OC0921 

• 1 

, 

" 
1 

, 
1 

, 
~ 1; 1 

, '\\. l' 
!. 1: 1 ' .' 

1 

e· 

ClIse CJ Case D, 

-.000014 .000'::01 
-.000060 .000C02 
-.000120 .CCC~Ol 

-.000026 -.000:105 

.0CJOl92 -.OSOJ03 

.OC0330 .0':;':83 

.CO":::S2 .C20:)]> 
O,.,M -6 

• vv'_~ .OSC:'Q~ 

-.000156 -.OCeCOl 
-.OCO}04 -.OCC004 
-.000251 -.OC~G24 

-.000165 -.OCl::n 

-.00:'012 .O')C'')CO 
.00::C23 .oco"u .O~C047 .oce::)! 
.OCC049 .OOOOCO 

.000416 .OCC':07 
1 

.500146 .OC 1:002 

Ca<;c C3 Case ::> 

-.00l495 .C00397 
.000426 -.COO138 
.0('2209 -.O'sOO13 
.002302 .000370 

.00::'Z65 .OC0370 

.00ClS~ .OC')::72 
-.0')1288 -.OC~J:2 
-.001519 -.000128 , 
-.001498 : -.0002C8 
-.001049 -.0('::;;5 
-.0';')767 -.002257 
-.000J06 -.0':0236 

!-.000118 -.OC0174 
1 .000C02 -.OCOH4 
." 

.COCOH -.00C116 

.00:ll25 -.0::10092 

.002788 .000]97 

.000951 .000191 

1 

, 

1 
i-' 
o 
LQ 
1 
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":.. TABLE 5.13 

NON CENTRAI:. X
2 DISTRIBUTIO~; ACCt.'RACY OF APPROXIMATION 

(5) n = 10, À = 5.0 

X Fr Pa Pe A 1 GC CF Case A Case B 
.... . 
1. 6987 .00021 l]OO07 -.00024 .00001 .00603 -.00067 .00005 .00003 
3.3974 .C041)3 • 0072 

. 
':'.00098 .00046 -.00024 -.0018Z -.00007 .00004 

5.0950 .02395 O~170 .: .Oal39 .00174 -.00221 -.00199 -.000:;2 -.00001 
8:4934 .141::8 .00103 -.00035 .00304 -.01298 -.OOO~5 -.00r08 -.00C03 -

10.1921 .23772 -.00:151 .00025 .08178 -.OfJ835 -.00010 -.OCC04 -.OC<)02 
11. :903 .3':'325 -.00218 .OC852 -.00(117- -.00069 -.08::101 .OC003 .COGOa 
15. ::581 .57060 -.00322 .00034 -.00310 .01<'.44 ' .00001 .Oe008 .ooaoo 
16 91:68 .66725 -.00271 .OCa16 -.00341 .01614 .00000 .00007 - .~0002--18.fSSS .7:'907 -.00181 .00007 -.00384 .01188 -.08001 .00006 --: 0002 
22.0e29 .86714 -.QOC02 ,ooon -.00140 -,OeS37 -.Q0829 .00001 -.00002 
23.7316 . .90d2 .00061 1 .08014 -.00059 .~.0,1067 -.00078 .00000 -.00001 
25.{,'3':'2 .93515 .00:)99 .OS020· .OGO:J4 -.0\ ,298 -.00162 -.0000,2 .00000 

\ 

28 E776 • 970;.<1 .00117 .000::: .. .OC069 -.0 ~257 -.00:'00 -.00003 .OCJGOO 
30.5763 .9':0'-5 .00:08 .00:124 .00079 :0 30 -.00504 -.OOCO~ .OC001 
32.:2750 .9è'725 .CCC94 .00222 .00077 .00_ ,6 -.00555 -.000J2 .00001 
33'.9737 . 99178 .0C077 . 00~)l9 .C0069 .00323 -.00531 -.CC003 .OCOOO -

tXr~~~ ;~solute DLvl~tion .00322 .00139 .00340 t .01614 .00555 .00008 .00003 -re~2ge ;~solute Deviation .00')04 .00001 .C0127 .Ol035 .0OI/.0 .00737 .... 00150 
-- ----_._- - -

(~) n = 4. À 50.0 
y Pr Pd Pe A GC CF Çd~e A C~5C B 

15.0500 .0002')5 .OOQI96 -.000.091 .000185 .000642 -.000057 S\.000C04 -.000009 
19.2367 .001/',')2' .000932 -.000238 .00087:' .000687 -.000123 -.000005 -.000015 
23.7134 .007CJ5 .002550 -.CC:C483 .002422 .OC0198 -.0('0167 -.000001 -.OOGCIS 
32.3667 .1J 5 2725 .005544 -.000254 .005551 -.001349 -.COO084 .000J11 .00C017 

36.6!i34 .1C6%6 .004261 .000863 .004520 -.001421 -.000027 :000C07 .000029 
41.02JO .18,-,723 .00Ji59 .. on0351 .001221 -.000834 -.00C001 ':'".00Cù02 .000032 
49.6733 .40(,539 -.0-06926 .Ol'~301 -.-06594 .001039 .. 000002 -.0IjC01~ . COOO11 
54.0080 .. 527372 -.OOSltJl .OS0057 -.008096 .00}624 .000001 -.000U09 -.00e002 

~ 

58.3267 . .641115 -.007230 -.000155 -.007414, .001607 .000001 -.000103 -.OCOa12 
66.9SJJ .8:SCt.l -.ClJ2173 -.OÇJ214 -.002535 -.000157 -.OGeC01 .00J~05 -.OO~:J21 

71.3~66 • eSOi79 .OOJ143 -.000105 -.000160 -.001061 -.OCOO17 .oacaos -.080019 
75.6333 .924250 .OÛ1676 _000017 .001464 -.001347 -.OC0058 .00'J003 --.1100015 

'li!. . 
84.2866 .972799 .00:2 .. 73 .000162 .002436 -.000321 -.000:202 .000001 -.000004 
88.6133 .984565 

. 
.002181 ".OOOUI .002193 .000228 -f~273 .000001 .000001 

92.9.'.00 .991532 .001i)O .000152 .001767 .000:'55 -.000319 .000000 .000004 
972f66 .99SS01 .0012/',9 .000121 .001314 .000[.05 -.on03:;è8 .000001 .000e05 

xic_~ A~solute Deviation .008161 

1 

.000442 .008096 .001624 . '.000327 .0000:'2 1 .000031 
erage A~solute Deviation .003030 .000196 .003036 .000779 ~000092 .000004 l .000012 

.. " .. 

1'-
, 

Cnse Cl • Case C2 

.O~004 .00015 
.00C!'3 .0, 001 
.OOa32 -.Op'l05 

-. CIAJ35 .0D022 

-.00053 .00031 
-.OCO;ï6 .00024 
-.00036 -.00015 
-.00023 -.OOO}l 

-.00009 -.00037 
.0001l - -.C0027 
.60018 ~ - .000 17 
• 0.0031 -'.00007 

.00021 .00CO,6 . 

.00019 " . COO 10 

.00016 .00011 

.00013 .00011 . 

.00055 .00037 

.0::023 .OOQI4 

Cn<;e Cl .cllS(' C2 

.00n007 -. COO020 

.000026 -.oo~~ 

.000044 -.000_ 

.Oe0073 .00:)%8 

.000027 .000170 
-.000047 .000214 
-.000166 .000043 
-.-OÜ0165 -.000093 

-.OG0124 -.000185 
-.OOJCOl -.eC0172 

.00001,4 .CC0106 

.000068 .00C037 

.000068 .000045 

.00C055 .COODS5 

.00C041 .000052 

.000029 .00004:1 

.000166 .000214 

.000063 ,000087 

e 

Case C3 CII!e D 

-.00014 .00'J:)5 
-.00057 ',,-~~S0C6 
-.00Q57 OJO~:' 

.C0108 -.COC'J3 

.00.156 .00004 

.02139 .00C08 

.000l3 .G0:06 
-.00048 .00~01 

-.00083 -.00002 
-.08C88 -.OOCOS 
-.00070 -.00C84 
-.00049 ~ -.00C04 

-.00014 -.00C02 
-.00002 -.CC:GCl1 

.OG004 .CJJCO 

.00008 -.oocn i 

.00156 • 00~'08 1 

.0005':: L-.~C003 ~ 
----

Case C3 -Case D' 

/" .000000 .000002 
.000006 .OCC:004 
.0COO22 .008''::04 
.Oc.o072 .000::01 

.00C067 -. OOCCl 1 

.OC0025 -.000JJ1 
-.000109 .000C07 
-.000144 .000006 

-.000140 .0001)03 
-:000047 -.OC::')04 
-.00'J203 -.C('CJ05 
-.000039 ,.000006 

.000061 -.00C004 

.000055 -.COOe03 

.OC0044 -.OCOO02 

.000032 -.CC:O:1')1 

.000144 .000007 

.000053 •• 000803 

. ,. 

1 
1-' 
1-' 
o 
1 
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in Chapter IV. These-inc1ude the' hypergeometric, the beta, the F, 

the t, the non-central t, the non~cent~a1 F, and the distribution of 
, 

the correlation coefficient. A subsection shal1 be devoted to each 
i' 

distribution. 

As mentioned in Chapter IV, special transformations were made 

on the F, the non-central F, and the distribution of the correlation. 

coefficient. This Is due to the fact that once the solution for ~he 
'-

constants in transforRiftion C1.l/) wa~ f'ound, the terms in the expansion 

of the cumu1ants of y do nct behave as in (3.2). 
f, 

Heuristically, this 
o J 

means that either the expansionsof the cumu1ants of y do no~onverge 
. 

rapidly, or the ordering of the terms as defined in (3.1) does not 

-:". accurately represent the magnitude of th~ leading terms. In effect, 

OUf method of solving for constants 50 that tQe leading terms in' the 

cun'lu1ants of the transformed variate are set to zero, does not reduce -

, • the required cumulants of y to a suffic~ent1y small number. With th~ J' 

special transformation on a11 three distributions, our variate y pro-

vides.èxcellent approximations. , 

5.3.1. The Hypergeometric Distribution 

~ 

The hypergeometric distribution may be approximated by a 

binomié;!l 0,:;- Poisson distribution. However, when the parameters are 
) 

" , "" ' 

large, the terms of the binomial and Poisson are similarly difficult , , 
to calculate. The simp~est approximation i5 the ordinary normal 

approximation 

(5.17) 
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, 
~ Feller (1957) derived a refined but much more complicated formula which 

'" . .'\ 
is later impr~ved by Nicholson (1956). He sugges~s as an approximation 

,~ 
to the distribution function, 

(S.lB} 

"" where R 
S(l-Pl ql) El-st) 2 = + 

3602 . 3(Nt2) f 

2 

~l 
(x-t 1 - (n+ l)Pl)t x+l (n+ 1>1>11 2a a = +- t -"" 

0 cr cr cr 
'1 

~ l 
(;+ l

lP11 
2 

(w - (n+l)Pl) w-
2a 

- -J/2 = Ji) t t-
0 0 

, " , '- N
1
tl 'v 

w = max (0, n+N 1 - N) J Pl = Nt2 ql = l-I? 1 

n+l 
s = Nt2 ' t = l-s 

- '" 
and <p(x) is the normal distribu~ion functio~. 

\, 

' 1 

. , 

, . 

This rather complicated expression is accurate only for very large N 

and when the distribution is hig~ly skewed. W~se (1954) proposed 
, c 

a~~~her approxim~~n in terms of incomplete betas: He approximates 

the distribution func tJon by 

, .... 
\ (5.19) 

". 

1 • 

"" 
r 

) . 

.... 
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where M = N - .! n t 1:. h = {N - N - 1:. nt.! x t .!} lM 2 2 . 1"2 2 2 

12 = (n+l»)t~~-X;X+l) ~·(~~i+l)IR(n-X~2.X+l) 
• ~.> 

(xt2)Ih (n-x,xt1). t 2l~(Ù-X-l,x) 

and l (~,b) is the incomplete beta. f~nctiort. 
,P" • -. 

Numerical comparisons are made of the ab ove approxim~tiQns 

(_:~ith the proposed ~ne. The resu1ts reproduced ,in part'~n.T~bl~·5.14 

i~uggest "that Wise' s appro:dma tiqn provides the best approximation in c 
_" t'" ... , -

mdst case? The proposed tràns'formation however, provides very'; good 
, . J .( 

resql ts "~hroughO~ ;he r"ange. "~n~ fer" ali values" à :he p~;am·Her~. 
It shou1d.be noted, howeve~, .~h~~se's approximation has the dis-

" a'dvan~age that Oit depe~ds heL;.y O~'''''th~ aV~ilabHity ;f ~ab'les ~f the 

, . 
incomplete beta function, ?nd th~s its apP1icabili)7 is limLted. 

,5.3.2. The Beta Dfstribution 

S~nce there is a direct rel~tionship between the ~~the F 
./ " and the binomial distribution i[ a and b are integers, approximations . . . 

. ' , 

, -

of' one are also àpproxima tians of the other. T.herefore only, a few o-~ .. C> 
" . 

the ~ultitudelof approxi~ations are considered. 

approxim~t:i.on may, be exte9ded to give us,' 

, 
'1/3 

. 3 a(l-x) 9b 

l' .. 
_, J \ 

l: {( bX) (1 _.-.l.) 

/ 

The Patllson-Camp 

The Pe{~r Pratt system afs~applies heret and ~e obtain 

J " 

(J 

\. 

(5.20) . 

.. 

... 
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TABLE 5.14 

HYPERGEOMETRIC DISTRIBUTIO~: ACCURACY OF APPROXL"'.ATIONS ' 

-. 
1 1 

X Fr 1 N- F-~ W 
-

1 

· C'J f! 
1 

0 .0'J3 .016 .COO 
1 .133 .012 .052 .009 
2 • 7e 3 

1 .C03 .OS7 .000 
1 

!-"...a.x!..=..!:: Absolute ~c'/:!.at!on .012 ,057 .009 
Averase A~sclute 2c.!ation .007 . .oa .003 

(2) n = 5, ~ 15, 3;1 = 10 

).. ?r ~ F ,. -,. r;.: 

0 .O~J . OG0 -.Oel . .OCO 
1 ' .016 -.CJ3 -.013 -.0:>1 
2 .lt5 -.0']8 - C33 -. 001 
3 · 5 ~5 -.008 -.037. -.014 
4 _ 9: 1) .01.1 -.C:'2 .OCO 

Xax!cuo Absclute ~e\ia:ion .OÙ .C42 

1 

.0:4 
Avera!.;e A~",olt.:te Davia:icn • C J6 .C24 ~C02 

-_._- -- ._---- -- -

(3) n = 20, N 50, 1';1 5 

x '1 . Pr :-; F " -.' ,.; 

>]' 1 
'0 -.009 -.OlS .000 

- 1 .3:5 .009 -.023 .001 
2 (,:;0 .007 -.023 .COI 
3 · ::4 .001 -.032 .on 
4 .9 2 - .çn -.047 - .000 

~:a."{i.=L:::l Absolute Deviation . .009 .0!.7 .on 
Avera~e Absolt.:te 2l\iat!on .C05 .023 .000 

(4)_ n = 50, l~ ::C0, :\1 100 

X Pr 
1 

" F " '..1 . , -.. 
2 .00C8 -.00 :S -.0005 .0000 
4 .Cl43 -.0059 -.C031 .0000 
6 .09è5 -.0':'37 - C058 .0000 
S .' .29°5 -.OJ73 -.0-::'05 .0é'OO 
10 .5~)1 .OU3 -.0'"'64 .0000 
12 S::i4 .0'" 14 -."J70 .CCJO 
14 .9~c9 -. Cil ',1 -.Cc;88 .OOCO 
16 .91::')6 -.OO~6 -.0113 .00\)3. 
18 .9935 -.0007 - 0127 -.0004 

Xaxin'"::J Abso1ute SL'o'iet1on .0:l6 .0127 .0009 
Averavc Abso1ute ~c\iation .00:'3 .00G5 .0001 

Note :; 15 the c1as~ical nOr7'il1 QP?rOXil:liltions (5.17) 
F-N 1a the Fell<!r-:Hchol<,on il?proxi.pation (5.18) 
W 19 the 8pproxi~~tIon by Wi6e (5.19) 

GC CF 
-- -.004 -.004 

-.024 -.019 
.019 .01S 

.024 .019 

.OH .009 

cc c!" 
, 

- 1 

.OCO .oca 
-.C05 -.006 
-.013 -.G12 
-.005 . cn 
.0~2 .012 

.013 , .012 

1 .006 .006 . 

GC J . CF 

-.C06 -.OOB 
-.008 -.006 

.007 • .007 
0 .008 .008 

.002 .OC2 

.008 
1 

.Oe3 
• 004 .004 

C;C CF 

-.COOl 1 -.0001 
-.00:)8 -.OCl07 
-.0012 -.C014 
-.0010 -.GG::"O 

.02"14 .OC00 

.0014 • CCl 13 

.CC09 . OC J9 

.oen .cuo2 

. Den .0'l00 

.0014 .0814 

.0006 , .0006 
0 

-

Case A 

-.Oe5 

~ 

Cilie B 

-:~ -. "9 
-.03 

\ , 

.036 ) .- .O';~) 
.032 .Q21 

C~"c A C.:l~C B 

-.Oé;l -.001 
-.OU8 - .Ca8 
-.012 -.014 

.005 .GQ4 

.O~O .. 0]0 

.030 .030 

.011 .011 
-- ~-- --

Cas" A Ao Case B --.028 -.028 
-.020 -.019 ' 

.005 .004 

.0::'0 .010 

.005 •. 0':;5-; 

.023 , .028 

.019 .009 

Cnse A Ccse B 

-.COOI -.0033 
-.0006 -.0098 
-. G013 -.0034 
-.COl::> - .c'015 

.C;;OO -.eC04 

.0012 .COll 

.0:.',03 .C013 

.OOe2 .e007 

.OGOJ .0002 

.0C13 .0126 

.0006 .0023 

Case Cl 

-.008 
-.C05 
' .033 

.035 

.016 

C2~C Cl 

-.001 
-.G07 
-.007 

.005 

.on 

.021 

.CC9 
- ~~ --

Case Cl 

-.0~3 

-.019 
-.OC7 

.005 

.004 

.023 
•. COS 

Case Cl , 
.0002 

-.0001 
-.0011 
-.0014 

.00ClI . 

.0011 

.COlO 

.0::;04 

.0001 

.0014 

.0006 

e. 

Case C2 Ca"e C3 

-.008 -.011 
-.C10 -.003 

.000 .OC9 ~- -' - ~ 

.010 .015 
\007 " .c-os,.. 

'Case C2 Cas"" C3 1 

-.C02 -.001 ! 

-.007 -.007 
1 

! 
-.005 -.G06 

.0:)1 ....cw. 

.C07 .C07 

· C07-:.r .C07 
.CC4 .00e. 

-- ---- ----L-____ ---

Ca<;e C2 Ca<;e C3 

-.004 -.004 
-.cn -.C02 

.001, .0Cl 

.OC4 .C04 

.004 . 0(J4 

.004 .Je4 ' .. 
• O~J2 .002 

Case C2 Case C3 

-.0002 -. Z'Ol 
-.COOS -.OC06 • 
-.C::129 -.C':10 
-.0204 -.C'.:09 

.0COl .'2=21 

.OC25 .OO~9 

.0009 .OC09 

.0005 .0004 

.'"002 .0001 

· CD09 .0010 
.0005 .0005 

.. 

1 
f-J 
f-J 
+=.' 
1 
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t 
b - lit 

, 2 'l. 
(a+b-l) (l-x) t (l-x)g 1 t xg 

{atb- ~ }X(l-X~ 

where dl = b - 1 - {atb- ~}(l-X) .,., 3 ,.:) 

d d .02 {!' _ l-~' x-l } 
2 = 1 + b a a+b .' 

l 
a r 1 ) 2 

(atb-~)x 
(5.2J) 

The ~es& ,results as shown by Table 5.15 are generelly obtaiije? by the 

Paulson-Camp approximation, wi~h Peizer-Pratt following close behind. 

The proposed di~ibution, however produces valuable results, especlally 

when the ~istribution is very skew. In this case, both-th@Paulson-, 

Camp and the Peizer-Pratt do not perform as weIl, and transformation 

(1.1) gives best results~ {t should aIso be noted that.for large a 

and b, the Cornish-F±sher expansion gives excellent results. 

5.3.3. IJStudent's" Distribution 

Intensecstudy has been conducted into the search of possibfe 

approximations to the t distribution, wit~ the-result that many approx-

imations with very high accuracy have been produced. The first well-

known approximation was given by Fisher (1925), who gave as the cumu
l 

lative distribution, 

"' 1 
" 

t +---
92160n 4 

(5.22) 

" 1 

"'''. 1 
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TABLE 5.15 --

BETA DISTRI~UTION: ACCURACY C~ APPROXD!ATIONS 

(1) a = 1.5, b = 5.0 

X Pr N P-C P-P GC CF Case A CaB~ B Case Cl Case C2 Ce$e C3 

.0133 .014 -.065 ~O05 -.002 . -.033 -.030 -.ll2 -.113 -.039 -.004 -.018 
• C692 .139 -.007 .000 -.008 .005 -.012 -.071 -.071 .022 .006 .004 
.1::':'5 .293 .O:'S 1-- .003 -.010 .025 - .001 -.032 -.033 -.001 .013 : .020 
.3462 .782 .009 -.001 -.006 -.0::.0 .003 -.003 -.002 -.011 -.009 -.009 
.4015 .E53 -.013 .000 -.004 -.001 .000 -.004 -.004 -.010 -.010 -.OlD , 
.4569 .905 .-. r:f24 -.001 -.003 .004 -.om -.004 -.003 U -.008 -.003 -.009 
.5123 .942 -.024 -.000 -.002 .004 -.015 -.002 -.002 -.OCl5 -.005 • -.0')5 
.5U7 .957 -.018 . OGO -.001 .002 '-.020 .. OCO .000 ~/ -.COI -.CS1 -. QJ2 
.6:31 .982 -.012 .CCO -.001 -.001 -.016 :001 .001 "- .COO- .000 .OOD 
.6 7d 5 .992 -.OG6 .001 '1> .000 .000 -.007 .002 .003 .002 .002 .COZ 

X~~~~J, Aosolute )eviation .073 .005 .010 .033 .030 .112 .113 . .044 .013' .020 
Average Abso1ute D(J1atio~ .029 .OCO .ODS' .008 .009 .017 . 017 .008 .006 .COS . 
(2) a = 1.5, b 20.0 

X Fr N P-C P-P GC CF Case A Case B Case Cl Case C2 CasJ Cl 

.COI.6 .0204 -.0921 f -.0054 -.0026 .-.0855 -.0319 -.0924 .0022 .0126' .0161 -.OllS 

.0231 .1856 -.0067 .0016 -.0095 -.0510 -.0099 -.0570 -.0048 -.0026 -.0019 .0510 

.0:'16 .3672 .C(,75 .0038 -.0115 -.0050 - -.0038 -.0731 -.0024 -.0054 -.OC05 .0077 

.0735 .6537 .0892 .0004 -.0094 .0637 -.0004 -.0608 .0009 -.0024 -.0804 ".0025 

.0~70 .7522 .C535 -.0009 -.0076 .0559 .0002 -.0327 .0003 -.0019 -.0012 -.OC07 

.1154 .8~57 .0233 -.0)14 -.0058 .0168 -.0010 -.C057 .0004 =.0018 -.0018 -.C025 

.1339 .87~ -.OJ~S -.0014 •. 0044 -.0258 -.0069 .01~7 ~.OOOI -.0016 -.0019 -.0030 

.1524 .91~ -.0204 -.0012 -.0032 -.04j9 -.0197 .0337 -.0004 -.0013 -.0017 -.0027 

.1709 .~4~6 -.0~54 -.0007 -.0022 -.0331 -.0340 )462 -.0004 -.0009 -.0012 -.0020 

.1093 .9632 -.0237 -.OCQ4 -.0015 -.0102 -.0346 . 550 -.00fr4 -.00J5 -.OG08 -.C013 

.2078 .9759 -.0190 -.0002 -.0010 .0070 -.0240 613 -.0~03 -.0002 -.0003 -.0006 

.2263 .9& .. 4 -.C038 .oeco -.0007 .0122 -.0155 .0660 -.0-:'02 .0000 -.OC01 -.0002 

• ~faxi-::t..~ Absolute Deviation ~b7 .0054 .Oll5 .0855 .0366 .0975 .00~3 .0192 .0161 .01l5 1 

Average Absol11!e D"vi,:_t!o~_.0400 .0013 .0055 .0338 .0137 .0524 .0010 .0022 .0015 .0030' j 

(3) a 15 • O. b = 22. 5 

X Pr " P-c p-p .. 
.1821 . COl07 -,00182 -.00005 -.OJOOI . .2295 • .01103 -.00:'35 -.00009 -.COO02 
.2768 .05574 -.00363 -.OCOOl -.onOO8 
.3242 .17218 .00366 .00015 -.00013 

.4663 .79801 -.001"53 -.00013 -.00008 

.5137 .92055 -.00:'48 -.00Cl05 -.00003 
< .5611 .97656,' -.00276 .OQ002 -.000'01 , 

.6084 .99503 -.00082 .00003 .00000 

Xaxi=~ Absolute ~evlation .00590 .00017 .00014 
Average Absolutc Deviation .0'0277 -.Oe007 .OC006 _ .. -

Note: S ~s the clas~ica1 nornal 3?proximatlùn 
P-C 19 the e~tcnded PaulGon-Camp approxirnatiop (5.20) 
p-p. 19 the n~rroximat1on of Pcitzcr_anJ Pratt (5.21) 

CC 

-.0~007 

-. cc'bn 
.00024 
.000:'3 

.00034 
-.00:::28 
.... 00012 
-.00009 

.00067 

.00024 

-
Case en cr CilS" A C<lse B Case Cl Case C2 

~-.COO07 -.00354 <00353 -.00171 -.00Q32 -.00054 

1 

-.COO11 -.01000 -.01000 -.00321 -.00071 -.00105 
-.00C08 -.01718 - .01719 .0C013 .0O'}32 .00024 

.00001 -.02169 -.02127 -.00002 .00246 .... .00289 . 
-.00002 :.....00011 -.,00016 -.00233 -.00271 -.08297 
-.00004 .0081,6 .00043 -.00056 -.00114 -.00129 
-.00006 .0009Q .00039 .00061 .00047 .00047 
-.00005 .00069 ".000b9 .00065 " .00070 .G0074 

j.- .GOO1.1 .b2257 .02266 .00355 .00276 .00328 
.00005 .00540 .0054.0 .00176 .00116 1 .00135 

• 

'" 

" 

1 
f-J 

. f-' 

m 
1 
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Some simpler but very accurate norma1izing tranSfo~ations were pro-
, 

duced by Hendricks (1936), 

3 7· -2. 
where c = 1- '4 (n-1) - 32 (n. + 1) , 

by Wa1laçe (1959) 

[

• 1 2 
1-~ 

1 
2 

(5.23) 

(5.24) 

by' Peizer Pratt 

1 
2 1 -1 

n - "j'i 10 n ( 
. ).!. 21 2 

iog Cl t t n- ) 
;in - 5/6 0 

, 

(5.25) 

by Elfving (1955), 

* 

"'
and Frankel (1938), and finally by Hill 

(19.69) c 

1 3 -2 
u + 48 (u t3u) a 1 -7 5 3 -4 

23040 (dm t 33u t 240u + 855u) a 

(5.26)' 

where u 
, , 

Table 5.16 demonstrates the relative accuracy of the above 

resul~s; and compares them witW the proposed transfbrmation. Generally 

the following observations may be ma~e. Hill's approximation is by 

* Hill, G.W. (1969) Progress Results on Asymptotic approximation for 
Student' stand chi-squared, Personal Communication found in Johnso.n 
and Kotz, p. 108. .. 

-1 

/ 

J 
;1 
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(1) n '" 7 STUD~'T' S DISTRIBUTION:' ACCURACY OF APPROXH'.ATIONS 

X Pr F H W P-P Iii GC CF Case B 

-3.408 .0.056 -,. -.0001 -.0019 :.0000 -.0001 -.0000003 -.0061" .0056' ':.0284 
-2.982 .0102 -.0001 -.0020 ~OOOO -.0001 -.001'004 -.0103 .0102 -.024i 
-1.845 .0537 -.0001 -.0013 .COOO .COOO -.0008003 -.0345 .0315 -.0066 
-0.710 .2503 -.OeOl -.0001 .0002 .00C2 :".0000002 .2360 -.20t;2 .0103 

1.4~0 .9006 .0000 .0007 -.0001 -.0001 .0QQé;:'14 - .050 .06C6 -.0:'54 
1.938 .9564 .0001 .0016 .0001 .OCOI .0000203 -.0950 n .0357 .0Ce] 
2.414 .9767... .0000 .0019 .coch .OCOI .000,J004 .9023' -.0231 .0175 
3.124 .9916 -.0004 .0020 .0001 .0001 .0000003 .9845 -.0083 .0373 
3.403 .994~ -.0004 .0017 .CCCO .oon .00CCG03 .C061 -.0056 .. 0510 , 

~----------~--------~----------~--------4----------4-----------r----- - ~ 
Y~i~~~ Abêo1ute ~eviation -.0005 .002G .0002 .0002 .0000004 .2360 .2070 .CS54 
Average A~solute Deviation .0001 .0010 .0000 .0000' .0000002 .0959 .0678 .01'50 1 

1 _ __. _ _ f 

(2) n 10 <& 
X Pr F P '1 , 

-3.354 .00J65 -.OCCOI -.00078 -. 00:~'C2 
-2.683 .01148 -.00001 -.00092 -.00(J03 
-2.012 .03593 -.OeOOl -.00079 -.00003 
-1.342 .lC:'69 -.OcrOl -.00033 .00005 -
-0 537 .3J161 . .... OC001. -.OOOQI .: 00CQ9 

. 
o 134 .55203 .08000 .000:'0 -.00003 
0.939 .81JlO .CCCCO .00001 -.00009 
1. 744 .94413 ,.ODOOO .00ûii2 .00000 
2'.415 .98181 .OOCOI .COO92 .00003 

. 3.086 .99,',23 -.CC007 .000'85 .00002 
--

l''...aXl-::t...-:l Aosolute D<èviation .00007 .00092 .000Q9 
Average ~bsolute Deviation .00001 .000:'9 .00004 . 
(3) n 20 (3) n = 20 

\ 
X 0 Pr J r I! , 1\ 

-2.909 .001,33 -.OCOOl -.00019 -.'OCCOl 
-2.277 .016% -.COCOI -.00022 -.00001 • 
-1. 644 .051 86 -.OOJOl -.00014 .00001 
-1.012 .16182 -.00001 - .00004....- .00002 
-0.379 .35~.16 -.00001 .00000 .00002 

1 

0.253 . 59356 .00000 ',ooro -.00002 
0.835 . .c0677 .00000 .00 02 -.09002 
1. 518 .92765 - 'rGeO .00 11 -.OOÔOl 
2.150 .97303 •• 0:100 .00022 J .OCOOI 
2.783 ~.99t.25 . ooce .00020 .00001 

Ma~~uo Abso1ute Deviation .00001 .00022 .COO02 
Averag~ Abso1ute Deviation .00000 .00011 .00001 

Noc.~ F 16 Fi,sher'.s approx1nat1on (5.22)_ 
~ 18 Henarlck'g approxi~tion (5.23)~ 
W 18 the ap?roxi~at1on by Wallace (5.24), 
pp i8 the ~eitzer-Pratt approximation (5.25) 
Hi 18 Hill~8 ~pprox1mation (5.26) 

'- . 
\ " 

p-p fh GC cr Case B 

-.000.03 -.001)0003 -.00213 .00294 -.00534 
-.00J04 -.OOOL~03 .00t.14 .00597 -.00357 
-.00003 - .OOOJ~104 .01221 . .005$9 .OC034 

• .c0004 -.OOOC004 zr ,.-:-CO:'43 .C0834 
.COCQ8 -.OCOCC02 -.02' -.OL~13 

-.OeC03 .OOOC,·OO OS17 -.C('390 .009é1 
-.0C::09 .OCOC003 .01eG6 .01154 -.00346 

.CCOOI .OCO:,004 -.00%7 -:.00251 -.0'1189 

.00J04 .OOCOO04 -.00548 -.00676 ' -.OC279 

.00C04 .00000C4 .OC056 -.00~G9 .00252 
- - --- r------ -

.00009 .00000Q:' .02551 .Ol296 .01203 

.00004 .0000,003 .01030 .00638 .00577 

• , ~-.-

---ll,p Ei r,C . CF Case 3 

-.00001- .0(,eOOOO -.OCC!20 .00038 -.00068 
- .COO~ll .OOOCOOO .00003 .00043 -.00038 

.OOOCO -.OOO~COI .00105 .00014 .00035 

.OC001 .0000000 -.00124 -.OOO~6 . 00214 

.00001 .0000000 -.00197 -.000:'6 .00146 . 
-.00002 .0000001 .00145 .00032 .0{llCl3 
-.00002 .0000')01 .OC175 .00053 -.00226 ,J 

.00000 .OGOQCGO -.00080 -.00G02 -.OOlly! 

.OC001 .OOOGCOI -.00055 -.00041 .00212 • 

.00001 .00OOOûO .00011 -·9°041. .0007,.0 

.00002 .0000001 .00230 .00058 " .OC2.-26 

.00001 .boooooo .00090 .00035 .00104 
.r 

'. 

.;l 

-
'';'''' 
"'~1'" 

" 

L-
\ 

"-., 

~
---- , 

.,. , 
1-' 
1--' 
co 
1 

-
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far'the most accurate approximation availab1e. The maximum error, for 
1 

examp1e, when n = 20 i8 .000 000 001. The transrormations by Waliace 
/ ~ 

and Peizer and Pratt also provide excellent approximations, fo~owed 
1 .... ~ ... ,....... 

closely by Fisher and th en Hendricks. Th~"proposed approximation 

-~ provides only fair resu1ts. 
"\ ' 

As has been ~entioned ear1ier, transfor-
~. , ;} . 

mation (1.1), produèes better results as the distribution is mo~e skew, 

and in this case, when we always have symmetry, poor results are to 

be expect~d. We note here that the proposed transformation has a so-

lution only in Case B. Sirice K3 = 0, ~ .. ase. A reduces to Case B.. and 

Case Chas no solution. 

5.3.4. Tha F DistriHution 

Because of the direct relationship b~tween the F distribution:~ 
the beta distribution an~' the binomial disiribution when the degrees of 

freedorn are, even, approx\7a tions to one rnay be applied to the r 
0 ther • 

. 
Many ap-proximation8, however are not mad~ directly to the "E' ratio (4.'19), 

1 but to Z = ~ log F \1 -as we have done •.. '" , 
L. :v1 ,v 21 
A very simple approximation may be arrived at by us·ing 

,standard normal transformation 'to obtain, 

where 6 
1 1 

= --
vI v2 

, 

,. 
Î 

. 

1 
Z + - 6 

2 

. ~l -y 
2 

and y 1 =:;;-
1 . 

',j""t. ' ... --. 

v 

1 
+ . v2 

the. 

) 
(5.27) 
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of the 

(194 "JI{' Wishart (19,57), and Cochran (1940) aH derived formu1ae 

Cprni~h-Fisher type for tne quantile of Z. These aIL used 
, 1 

approximate formulae for the cumulants of Z, and on~y a fe~ terms in 

the expansion wrre used. Aroian (1947) made a number of numer~ca1 
~ 

comparisons, and showèd that- the one suggested by Pau1soQ (1942) gives 

general1y a better approximation. 
l' j 

Pau1son's approximation, based on 

2 
the Wi1son-Hi1fert~ approximation to the X , mày be written as 

, . f 

( 

2 ' 
..,) 1 - 9\) 
~ ,2 

[
' 2 ~ 2 J" 
9\)2 X t 9V

l .. 

The Peizer-Pratt system a1so applies here,i and'·y:i..e->lds 

'( 1. (v -1) ) . 2 l, 
+v.g [ J \)1 +\)2 

v ) _ 2 - 1 (l-v) 

where v = 

1 
2 

.Y 

~ 
(5.28) 

r 
(5.29) 

The ·above approximations together wi th' the proposed' transformatiox\ have 

aIL been calcu~ated, .aryi cornpari'sonsmade: These revea1, as il1.ustrated 
l' 

in Table 5.17, that the Peizer-Pratt and the Cornish-Fisher expansion 

J 
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TABLE S.l? 

F DISTRIBUTION: ACCt'R.\CY OF APl'ROxtl'AtlONS 

Cl) '\Il 2. \/2 2 13 

y r Pr N P P-P cr CF 

o 1039 .1023 .0549 -.0056 .C013 .0305 -.0019 
o 5443 .4070 -.O24~ .0045 -.0022 - 0536 -.OC02 
o 9797 .5985 -.~75 

- .éon -.Q032 .C80 -.0011 
l 4152 .7220 - 0413 -.COOI -.COJ9 .c~9d -.CC18 
l bS:;6 .8(')37 -.C29 ... -.0011 -.0035 .07 J2 -.CO:1 . 
2 2[f~ • 8539 -.Cl8S -.C014 -.0031 • 0oU -.oon 
2 721 .8970 -.0105 -.0013 ioo -.OC~6 .0:iG9 -.0021 
3 15,&9 .91.37 .0C47 -.0010 -.C021 .0450 -.0020 

3 51:3 .9427 - OCJ7 -.OJ09 -.CC17 
( 

.0332 -.0019 
4.0278 , .9 >64 -.00 J 9 -.0006 -.O:ll7 .0223 - 0017 
4 4'32 .9605 .0036 -.OC:I4 - .0011 .0'..26 -.0015 
4.b9~6 .9740 .tC~6 -.O~~3 -.CCJ9 .0044 <CO<4 
5 33_1 .9i96 .CC51 - .OG13 4".GC08 -.CJ25 - 0012 

1---. 
Y~xl=_~ }bsol~t~OD~vlatioo OS~9 .0'J56 - .0)39 .CE .. 4 • CCl22 , 
Averl~~ Absplute Dc~iac1on .01b9 .0013 .OG21 ) , 0378 .0011 : 

. . , 
'( o. ~ D 1 p-r 1 cc- Cr 

o :.52 .03012 .01Se3 - 00!02 -.0~C09 .. CO.55 - O)c:~ 

o :"JJ4 .ltc~6 .U1123 .00,50 - .CO:>I)6 .. c.C'_ J7 -.CC::4 
0.7,Sb .3~cJ2 -.OlCB .00126 -.CCê'06 -. C~7\)3 -.OC:;20 
o >,C8 . 

.5)[J3 -.0:3')2 .OGO~4 - s Cè012 -.C0354 -.00015 
1 ~25'l .6'.32 -.0!C31 .OC~15 - GOel8 .00202 -.00CC8 
1.4711 • le/dl -.01327 -.oCOi.à -.00C21 .C0503 - COOOO 

"lL85"D. -.OOl02 -.00051 -.0002'" .(.0534 .00004 
1 9-15 .90571 - C0077 .0001.0 - OCG19 .00413 .0~O07 

2.Z~u7 .93703 I.OO~41 -.O~ J26 -.C2016 .C0241 .0JC08 
2.4)~9 .9SCoJ2 .GC'03 -.O:ûlJ -.OL:JJZ .00è30 .00~C)9 

2 6971 .97:,6 .CC'GO -.OCG05 -.00009 -;.COJ~~ .CJ~:8 

2 9~2J' :96194 .00 .. 56 .coen - -.OliGÙ7 -.C0129' .CCC08 
--

Max1-~::J Absol~tc D, vta~ion ~02379 .001)1 

! 
.0G022 .00703 .00020 

Averoge Absol~te Do/1atioo 00925 .'0001.3 .OCOI2 .00286 - .OC006 
L-__ ._ 

(3) VI 15, v2 30 
- - .. 

" 1 Pr P , ' p-p CC CF 

1 

.0516 .C:,C')O .00000 .GOOGO -.oeooo .COOOQ .00000 

.2521 .Gc'385 .00129 -.00021 -.00001 -.00017 .COQ(}') 

• '61,5 .05932 • OÔ ~31 -.cce09 -.00003 .00055 .00~01 

6710 .2S:.-87 • G0208 .00039 -.OCOOO -.OC':;07 -.0000\ 
.87JS .L.Cb.S -.00737 .00032 -.DOCOa· -.00}94 -.00002 

1.7033 .8~S44 -.C0170 -.00C06 - OJClO5 .00)59 . .00001 
1 90'8, .93:02 <.- Cv:C9 - 02 J07 -.CCra4 .(0030 .OC00.1.. 
2.1103 .9 b071 .00070 .OOJOO - OJCC~)02 .COO02 
2.3227 .97590 .OÙ096 .CCO~4 -.00C02. -.00015 .GOO02 
2.5292 .98514 .OOüh .00005 -.CeOOl -.00023 .00C02 _. - - . _. 

X&xicwm Ab~olute Deviation .01000 .0001,2 'OÛ0051 .OC:;94 .00003 
Aver~ôe Absolu_e Deiva_ion .OC371 .00014 .000~5 .GOC01 .00002 

Nota: N h cr.!! ui.:1dard nor-al approxirr.ation ta tha tUllaforœed var1at_, (5.27) 
P 1. PAulson'8 approx1~t1oo (5.28) 
pp i. the Pei tzar-Pratt .~pro~1=&tion (5.29) 

C~qe A Cas~ B 

.oon .0005 
-.0021 -.0016 
-.0037 -.0024 
- 0044 -.0829 

• CJ4 J ' -.C:029 

-.0:)35 -.0025 
-.e023 -.G018 
-.OC09 - 0009 

.C003 -.OC80 

.OC16 ' .OCO 

.O~28 .0015 
:0\)38 .C022 
.OO~7 .00:8 

1 
.OJ'.9 L .OOJO 
.0027 .0017 

-_. - ----- .. "--

Ccse'A CO," B 

.C00G7 - .COO13 

.COJ:2 .OCCl3~ 

.OC] .. 8 .0eGOl.. 

.OeOl0 -.OJJ40 
-.00J28 -.OCClS8 
-.00052 -.00057 

-.00055 -.00043 
-.0001,4 -.00026 
-.OCOJ2 -,08CJ9 
- .00021 CJCOS 
- .GOOll .Ce015 

•. 00022 

•• d0059 .00GbO 
.OGO]) .00027 

L--_._ ~-

Case A CÛ.se E 

.oeooo -.OOCJ 
J .00013 -.00008 

.00009 - ooon 
-.00;120 ;00011 

• -.08038 .00011 

-.GOO15 -.00011 
.020:9. -.CCOOl 
.00030 .OSOOS 
.aCC!'3 .co'nl 
.00050 .00024 

.0005,] .00025 

.00028 .00009 . 
1 

! C •• e Cl 

.0031 

.OC41 
l .0023 

.C0-03 
- 0014 

-.C029 
-.OG!'O 
- 0047 

-.0051 
- 0052 
-.0)51 
-.0').9 

1- .C.O~5 

.0052 

.C037 

Ca'e Cl 

-.or::66 
" .(0112 

.G0155 

.G0161 
00)98 

-'.00J30 

-.00027 
-.OGG68 
-.G00'<2 
-.C0101 
- 0:)101 
-;-(JGG94 

.00186 
\".0o,:89 

----------

C.se Cl 

.OOOCO 
- C0195 
-.00J08 

.00C90 
• 0~lJ5 

.O~·OOl 

-.COO2S 
-.G0045 
-.00051 
-.00G50 

-
.00283 
.00069 

Ca5~ ~ 
, 

.0239 1 

.1329 1 

.1922 , 

.2157 1 

.2367 

.247 .. 

.2507 

.2493 

.2450 

.2390 

.2320 

.2:46 
· tl7l 

2507 
.2100 

Cc e cC) 

.01964 

.10138 

.20218 
• 29!. 21 
.3~i.67 
.36766 

.36e~2 

.35563 
• 33~ 87 
.310;6 
2B4~! 

•. 25923 

.3701,(, 

.25712 
'--

C?S~ C3 . 
.C80~G 

.C0382 

.05815 

.20147 

.38340 

.71006 

.69668 
• éé621 
.62664 
.58265 --
.71066 
.45025 

i 

\ 

, 
..... 
N 
~ , 

e 
.,-

r 

"'" 
~ 

... 

\ 

.. 

~ \ 
,j, , 
\l 
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(to six terms) are of equal order of iiccuracy, and both provide excellent 

approximation thro~ghout th~ range. The proposed'a~d then the ~aulson-

Ca,mp approximations., al though sligh tly less accu;a te as the ones abov.e, 
. 

provide si~ple and very accurate results. Again, transformation (1.1) 

provides excellent approximations which are better th~n aIl '~her when . 
le v . 

1 the di~tribution is very skew, that,is, when -- is very small or very v2 
large. 

5.3.5. The j?n-Central t Distribution 

The ,simplest approximatîon to use is the standard normal 

apptoximation 

(5.30) 

~ 
where }fi' K2 are thé cumulants of-""tv ().') givén by- (4.22). Jennett and 

l 
Welch (1939) introduced further refinements to obtain the following __ ~ ___ ---_.r 

normalizing t~ansformation, 

1 

{l + t
2 -1 a} -2 {1_À + b} "'-..... ' V t 

;\. 

2 where a .='>v(l-b ) 

b ~ [~J1 r [t (Vt 1)} r [I J '--

--' 

Azorin (1953) 'proposed a variance staba1izing transformation, however it 

gives poor results as q normalizing transformation, whi1E' Merrington and 

Pearson (1958) fit a Pearson type IV djstribution using'the first 
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four moments, and thus obtaining the distribution quantiles. \\ 1 .... \ \ 

Many numerical_comparisons reproduced in part,in Table 5~~8 
~ 

have been made of the above approximations with the proposed trans- ~ 

~ 

formation. The comparisons reveal generally that th~Jennett and __ 

Welch approximation produces very accurate ~e~\,llts_ when the non-cen-
1 - - - - ---

- trality parameter {s very small, while the proposed transformation is 

in turn most accurate when the non-centrality parameter is larger. 

This is to be expectved since wh~n _ ~js small 1 ,the d~stjib~fiO·~. i8, close 
'Il .--._-"'--- , ~ 

to the ~gg..L_..t--wtreYëôu·r transf;:>pnaÙol1 produced only marginal ----, ----;--

---------~ ~j1Ue-i-f---; ls large, then the distribution is very skew, 
----------

,.J ---

--

.-
which seems to be_ the condition under \vhich our transformation works 

best. 

------ -------------------:..-
5:3~6 The on-~stribution 

.' Because the non-central F is a ratio of central and non----
_~~ra~ X

2 
randon1 ~~riab1e's, Patnaik (19.49) used his ,approximation 

ta the non-central X2 to ob tain the following approximation ta the 

non-central F , 

(5.32) 

perc~ntile of 
~ 

an F distribution ~i~h_~~~~grees of freedom. Severo and 

1 

~---

.. 
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TABLE 5.18 

NON-C~~RAL T DISTRIBUTIO~: ACCURACY OF APPROXL~TION 

(l) V : 15, A s 2.5 

1 X Pr J-W N CC 

-0.9477 .0003 .0000 -.0010 .C003 
0.4851 , .0219 .0000 -.0140 .0072 
1.9179 .2807 -.0003 .086 5 -.02~ 
3.35:17 .7510 -.0:107 .0252 .0:83 
4.7E36 .9538 .0016 -.0120 -.0186 
6.2164 .9932 .0014 -.0054 -.0049 

:-!ax"r-L':l Absolt.:te I:~v1at1on .0016 .0252 .0335 
Aver~ge Abso1ute ~eviat1on .0006 .0103 .0126 

--
(2) v 30, À 5.0 

X Pr J-,: K GC 

1 4001 .0001 .• 0000 -.0012 .0001 
2.g'119_ .0229 .0001 -.0130 .0011 
4.3335 .2841 -.ocot .0099 -.0047 
5.8754 .7443 -.0009 .0186 .00G8 
7.3672 .9542 .0012 -.0098 -.0048 
e.8589 .9946 .0009 -.0040 .0016 

-' 
~av{-~~ Absolute ~eviation .0012 .0186 .can 
Average Abso1ute Deviation .0006 .00?4 .0034 

-

(3) v 30, À 10.0 

X Fr J-W N GC 

• 5.0912 .ccod .OOCO .0013 .0004 
7.1533 .0173 .0010 -.0186 .0022 
9.2254 .2893 -.0023 .0151 -.0093 

Il. :925 .7 l.95 -.0022 .0237 p .0138 
13.3597 .9514 .0025 -.0126 -.0101 
15.4268 .9972 .0058 -.00::'4 .0035 

Maxi=~~bBolute Deviation .0058 .0237 .0175 
Average Abso1ute Deviation .0023 .0121 • 0067 - ,.. 
Note: J-W i9 th~ approximation by Jennett and Welch ().31) 

N 18 the 8t~dard normal approxicat1on (5.30) 

-,,"; ..... ~ 
H -. -

.... 1 ..... '.1 

~- . 

CF Case A Case 'B 

-.0001 -.0001 -.ooze 
-.0011 .0002 -.OQ12 
-.C029 .0013 ~0043 

.0056 -.0028 -.0032 
-.00-06 .odos -.0010 
-.0022 .. 00è4 .0001 

1 

.0056 

1 

.0028 .0053 
.0024 .0010 •. 0020 

-

1 

--

CF Ca~c A Case B 

.0000 -.OCOI -.Oe02 

.0{)02 -.0001 -.0002 • 
-.0002 .0003 .0008 

.0006 -.0004 -.0007 
-.0002 .0000 -.0001 
-.0001 .0002 .0061 

.0006 • -J]004 .oon,' 

.0002 .0001 .0003 

-------
CF Ca~e A Càse B 

.0000 .0000 .0001 
,-.OeOl -.0001 -.0084 
-.0002 - .0001 .0011 

.0010 -.0004 -,0008 
-.0008 .0001 -.C005 " 

.0002 .0008 .0005 

.0021 .0020 .O{)le 

.0005 • 0003 .0007 • 

Case Cl 

.0003 

.0050 . 
-.0024 
-.0160 -

.0015 

.0047 

.:0161 

.0067 

Case Cl 

.0000 

.0009 
-.0010 
-.0019 

.OG07 

.0009 

" .0021 
.0009 

Ca'ic Cl 

.0000. 

.0005 
-.OOOS· 
-.0011 

.0003 

.0012 

.~~5 

.0007 . 

Cage C3 
" .0000 
.00S2 

- .0159': 
.0073 
.0030 

-.~012 

.0159 

.0053 

Case C3 

.0001 

.002,1 
-.0054 
.~OJO 
.0010 

-.0006 

/" 
> 

--
.0054 
.00lE 

Ca'se C3 

.0000 

.0013 
-.0022 

.on€)4 

.0001 
1 

.0005 

.0022 
• 0009 

;-

l 

1 
1-' 
t'V 
-+= 
1 

.. 

, 

~ 

-\' 
" 

r~ 

................. -----------------------------

f' 
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Zelen (1960) used Pau1son1s approximation to the F distribution to 
'-

obtain 

[ 2 J[v1x r 2(v
1 

+ 2;\) 

1 - 9\>2 VI +À 
- 1 + 9(v

1 
+ À)2 

--' " (5.33) 

{ 2(v
1 

+ 2À) 

~ [vy} 1 
2 , + 9v

2 
\)7>, 3, 

~ 
9(v+ + À) 

~.. ~ 

Tiku (1965) attempted to approximate the non~centra1 F with a linear 

function of a central F with non-integral degrees of freedom, choo8ing 

the constants 50 as ,to make the first threE;. moments lagree. He then 

proposes 

(5.34)1 

, 

Again difficulty i8 encount~red with an F distribution with non-

integral degrees of freedom. 

Tables 5.19 and '5.20 illustrate the accuracy of the proposed 

approximation in comparison ta above transformations. It is 8een that 

othe Severo-Zelen approximation is more accurate when the non-centra1ity 

pararneter is smal1, while the Tiku approximation, in turn, yie1ds th~ 

, 

.( 

• 
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TABLE 5.19 

~7 NON-C~TRAL F DISTRIBUTION: ACCURACY OF APPROX~~TIONS 

(1) vI = 4. v2 = 14, À : 2.5 

X Pr F - s-z T 

.0280 -.0016 .OO)'Q -.0067 _ .,2231 
.6&92 • B25 -.C093 .0065 -.oc1~l 

1.1154 .3E68 ... -.0113 .-0021 .0000 
1.5616 .5:;8 -.CeS7 -.0015 .0003 • 
2.0077 .6536 -.0047 -.0030 .00d3 

1 

2.4539 .7:'71 -.0014 .0031 .0004 
2.9000 .050 .00J8 -.0026 .0004 
.g.3t.62 .8t-41 .0023 -.0019 .OC06 
3.79'24 .8994 .0030 -.C012 , .0006 
4.2235 - .9249 . CC 3-2 -.Ce07 .0005 

4.6847 .91.35 .'0031 -.C003 .0005 
5.1308 .-9572 .OOJO -.0000 .00C6 
5.5770 .9672 .0027 - .0000 .0005 
6.0~32 .97 .. 1- .0024 .0002 .0004 

c 6.4693 .95)) .0021 .0002 .0004 

Hax~-L::. .~:'solute D"viation .Ol13 .0065 .0067 
Aver~gc tbso!ute ~cvlation .0038 .0017 .0009 

'" 
(2) VI = 7,," V 2 =. 14. À = .5 

X J\. Fr' P S-Z T 

.1336 1~0~98 .00]95 -.00075 .00161 

.4C09 · 971-5 .01398 .00012 .01206 

.61:-::2 .27262 .01552 .'eOQ99 - • Q1359 ; 
• 9 ~.s 5 .[,4911 .DOn9 .OOJ&; .OG233 

1. 2027 .59733 .. 00286 .000 .00265 

1. 4700 .70958 -':00151 -.00030 .00193 
1.7373 .79110 -.0~3S3 -.000:'1 .00122 . 
2.0S45 • 8'.9~6 -.OC'.72 -.0003:/ -.00329 
2.2713 .R?):;3 -.OO~89 -.CtJ027 -. "C0411 
2.5391 .91905 -.00444 -:.. 00015 -.00418 

2.S01i4 .94079 -.00392 -.00005 -.00656 
3.07 J6 .95534 -.00338 .00002 .,..00297 

, 3.34'.)9 .96677 -.00264 -,OC::I08 -.00250 
) 3.6082- .97476 -.00237 ,000::'2 " --.00209 

3.8754 .9B%5 -.00198 .0001.5 -.OO17~ 
-, ~ 

Ma-"Xi:::l..::l Absolu te Deviation ,.01 G JO .00099 .01418 
Ave~age Absolute Dev~ation-.00501 .00029 .00433 

- • Note: P i8 Patnaik's ~proxi~ation (5.32) 
S-Z 18 t1e approxiQution by Severo and Zelen (5.33) 
T 1s Tiku's approx1ëat1on (5.34) 

" " 

CG 
, 

CF Case A 

.0054 -.0006 -.0001 

~ 
-.0006 .0006 

-.0,- -.6005 .0006 
-.0037 -.0005 .OC01 
~. C072 -.0005 -:0006 

.0163 -.0004 -.Cl(H2 

.O}g8 -.OC03 -.0015 
-.0173 -.OG01 -.0016 

.0133 -.OC02 • - .0014 

.00')7 -.0001 -. OC 11 

.0057 .0002 -.00')3 

.0022 .C003 - .0004, 
-.00% .0004 -.0001 
-.0028 .0005 .0001 ' 
-.0044 .00C5 .OC03 

.0232 .Cr,06 .0016 

.0095 .0004 > .G007 

"' 
CG CF Case A 

.00063 .00030 -.00019 

.0:1228 -.00003 .00030 
~ .00271 -.00016 .GOOSI 
.0~354 -.00015 .00038 

-.OC09.J. -.OOOQ9 -.00G01 

.0')1(,0 -.O(~ -.00036 

.00282 :00001 -.00056 

.0a293 .00005, -.OC'CIi3 

.00239 .acooe --.00000 

.00U,2 - .0'J011 -.OC052 
-

.00084 .00013 - .000';-1 
•. 000l8 .00014 -.00030 
-.OOG32 ,00015 -.00020 . 
-.0::1067 .OCC1.6 -.00010 
-.00089 .OC017 -.00C03 

-
.00--384' .00030 .08063 
.00151 .00011 .00033 

~ 

Case B Case Cl· 

.0007 .0027 

.C015 .0043 
-.0000 .0062 
-.0013 .0057 
-.OCl22 .00t.2 

-.0025 .0024 
-.0025 .0007 

. -.0021 -.00::16 
-.0017 - -.0016 
-.0011 -.0024 

-.0006 -.d028 
-.0001 -.0030 

.0002 -.0031 

.0005 -.0030 

.OG08 "'".0028 

.0025 .0062 

.0012 .0029 

-. 
Cnse B Ca'lc Cl 

-.CUOI0 .00058 
.00057 , .00J82 
.00045 .O8~55 

-. C(~1]1)9 .00'728 
":.00051 .0(1.59 

"7. 00071 .00205 
-.00073 .00C08 
-.00064 -:.00130 
-.0:r;50 -.0(':::0 
-.00034 .00271 

-;00019 .... • -.00294 
-.00006 -.00297 

.O"CC04 -.OC~88 

.OJ012 -.00271 

.00019 -.00250 

.00074 .0.0855 

.00034 . .00322 

.... 

1... 

Csse C3 
/ 

.0279 

.1501 

.2108 

.1937 

.1413 

.0:)91 

.01.95 

.0229 

.0066 
-.0026 

-.0073 
-.OC94 
-.0098 
-.0094 
--.0086 --

.21CS 

.OC06 
~ 

Case C3 

.00498 

.09715 

.27062 
,44911 ' 
.59733 

.70958 

.79110 

.8t.926 

.$9"'=53 

.91985 . 

.94079 

.05584 

.965.77 
.97476 
.98065 1 

-----1 
.93301 
.68676 

J 

1 
1-' 
N 
m 
1 

-' 
<-

, 

" _____ 1-____ _ 
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(3) V1 = 25, v2 = 14, ~ = 2.5. 
. 

i. Pr P 

- .1125 .00:;00 .00000 
.3375 '.C04$1 .00026 
.5625 .0,6921 .00129 
.7S75 .22.5 29 .0:;147 

1.0l25 .41316 .Oe084 

1. 2376 .57921 .000'-4 
1. 4626 .70S17 .CClO29 
1. 66;6 ~ .796,73 -.OC043 

, 1.9126, .8::;9JQ -.CÙJ52 
2.1376 .90201 ..- .1j~CL.8 . 
2.3026 .93113 -.000:'2 
2.58i6 .95FJ8 -.00035 
2.81:-:r .9:'~S5 -.00')29 
3.0376 .97:'46 -;.00023 
3.2~26 

1 
.9[.:23 -.COJlS 

l".axi=:..::: "t)solute !) ... ;"1at'ion .00153 
Av~raGe Ahso1ute D~viation .000:'6 

(4) v
t 

~ 25, v2 26, À 15.0 

1. 1 Pt: 1 p '1 
, 

~ .12S4 .OC00 .0000 . 
.3851 .GOCl .0000 

1-

~ 

.6H9 .0096 ,0010 

.8987 .0673 .0026 
1.15~4 • 1971 . lie 25 

1.4122 ,.3596 .COll 
1. 6~ 39

0 

.5399 -.0004 
1.9257 .6811 <;1.0011 ' 
2.1e25 .7562 ï· 0013 ( 
2.4392 .8596 ,-.0'J.u .. 

\ 2.6900 .9088 -.0009 
2 9527 .9'-10 -.0007 
3-.2:::95 .9-'.:18 -.OC05 
3 .;1.;63 .5752 -.0004 
3.7230 .9838 -.0003 

-
MaXi::lU::J A'Jso1ute ;)eviatio:l .0023 
Average Abso1ute Deviat~on .0009 

t no solution found 

"\ , 

1 

e 

" 
NON CE~~ F DIS~ISL7~ ON: ACCUPACY Or APP~OXIY~TI~NS 

1 
1 . 

., -, 
s-z T GC CF Case A Case B 

. 
-.000:10 .ocooo -.00 ocra -.00000' -.00000 -.00000 ' 
:".OQC04 -.OOOQS .Oe1018 -.OCe02 -.00,004 -.00007 ; 

.00014 -.00030 )-.00032 -.OOQQ2 .00010 .00007 , 

.00024 -.00033 -.00057 -.0:;000 .C0016 .C001S 
,-.00003' -.00019 .00042 .ooon .00004 .OÔCIO 

-.00034 -.00CQ4 .Oe093 , .00002 -.00C08 -.00002 
".OC:J46 .00006 .00063 • OCC02, - -.00815 -.-OCCl12 

,- • .QC,041 .00010 .00004 .OCJOI -.000:6 -.000::.6 
-.üC1()26 .Q(J)12 -.00041 . OO~OO ' -.00014, -.OCJ216 
-.OCOC9 , .00011 -.0006:1 ".00000 -.OJ011 -.00014 , 

.OC004 .00010 -.00059 -.ou.OOf -.00r07 -.00011 

.00016 ,,00J09 -.00046 -.0(·C02 -.GOO03 -.0')007 

.00023 .OOOU') .000L9' -.000;)3 -.00['01 -.00C04 

.OCO..'8 .OG(>06 -.00012 -.00C03 .GCOCll -.OOQOl 

.OOQJO .00007 .COOOO -.00004 .00002 c .0Cr:UO 

. 0004,6 .00034 .00093 . _.0-0004 .OC016 .00018 

.00020 " .00010 .00036 .00002 .00007 .COO08 . 
~. 

! 
j 

S-Z . T GC Cf' C3se A Case B 
. 

-.{)COO ,00'00 .0000 .0000 .0000 -.0000 
-.OOIJO -,001)1 : .oeoo .0000 • -.CCOO - -.0000 1 

.0000 .0000 -.0003 -.CG03 -.0005 -.OCOl 

.0001 .OQ05 -.0002 -.0002 -.000& .0000 

.OC02 ·°9°7 .0010 . .0103 .0009 .OC()4 , 
-.0016 (0006 .0091 

, .009l 0 .0('21 .0003 , 
-.C020 > .oocn -.CCl31 1"".0031 .0016 -.OÙ'JO 
-.001l -.O'COI -.0113 é -.0114 .0001 ' -.0203 
-.0000 -.C,D03 

.-
-.O)ll : -.OUO ~ -.0012 -.0004 

~.0007 -.0003 -.0061 1 -.0059 -.0019 -.0003 
~ 

.0008 -.0003 -.OQ04 -.0003 ~-.0019 -.0002 

.CO:JS -.0002 .0034 .0035 -.0,n5 -.0001 
",G026 ."..ÇOG2 .C051 .0055 '-.0010 .OOCO • 
.0004 -.OOCil .0852 1 0058 -.00·:!4 .OCGO 
.0002 -.0001 .0044 .0052 -.OOGO ,'\ .0001 

.0008 .0007 .0129 .0129 .0021 .0004 

.0'003 .0002 .0050 .0052 .0009 • 0001 

'~ 

... 

"' . 
V . 

'Case Cl Ca<se C3 

.00000 -.00001 

.00062 -.01331 

.OCl1l9 -.05616 
-.0002.8 -.07621 
";".00208 -.07060 

-.00326 -.05425 
-.00363 -.03735 

. -.00332' ~2476 
-.CQ255 / ::0; -.0(155 

-.'00044 -.00 1 
.00075 -.005 
.002':'4 -.00~2:). 
.(>0341 -.00327 
.00291 -:0')::62 

z"-
.00363 .07621 
.001S.] .02476 

Cpse Cl Case C3 

-.9999 .OOCO 
, 

-.99')8 .0000 
-.9901 .0006 
-.9319 .0002 . 
-.8030 -.0022 

-.6316 -.0022 
-.461'2 -.cr08 . -.3191 .0013 
-.213'1 0 .0026 
-,1393 .0026 

-.0901 .0020 
-.0581 .0012 
-.0376 .OC04 
-.0:;:44 .OGOO 

" -.0161 .0004 

.9999 .0022 

.4174 ~0008 . 

, 

e 

. 

Case D 
-.00000 

:GOO01 
.OQC01 

-.00012 
-.00009 

.COOe2 

.0':':09 

. CJS09 ' 
.. 00005 
.COO03 

.00000 
-.00001 
-.001)03 
-.eCCCl3 
-.0:'::Q3 

.00012 
• '.00004 

Case D 
... 
1 

t .. 
t 
t 
t 

V 
t 
t 
t . 
t 
t 
t 

I~ tt 
t 
t 

ô 

...? 

1 
~ 

'" -...J 
1 
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~---;~ 
better results when the non-centrality parameter i5 large and both are 

- more acculiate ~hen Patnaik' s approximation. The numerical comparisons aiso 

show that the proposed transformation provides excellent results and 

18 consistently more accurate than any of the ~bove approximations 

" throughout the range and for aIl values of the parameters. A surpri-
<. • 

~~ng resuit 1s that the Cornish-Fisher expansion to six terms .very 

often provides the best approximation, better t'han either the proposed 

• 
transformation, or any of the approximations above. 

5.3.7. The Distribution of the Sample Correlation Coefficient in 
Normal Samples 

The distribution- of r is so complicated that i t is very 

difficult ta use without a simple and accurate approximation. 

,The simplest approximation is one suggested by Fishet: ... {-19""iÜ, 
/' 

.1 

where Z = log 

'~ 

~ [ Z - log {î~~}] ~n-3 

Il+r l = 
l-r ~ 

, 
-1 

tanh (r) 

(5.35) 

Thi~ is in fact the variance stabalizing transformation for r ___ Hotel-
'-

lin~ ~~~53) added refinements to Z to improve the variance stabalization, 
, 

and as he conj ec tured, ta imprave' the normality. He prQ~o~ed 

z _ 3Z + r " 
4n 

" 

3 
23Z + 13r - Sr 

96n
2 

\ . 

" ~ 

. , 

~. 

'(.5.36) 

. ,. 



.... 

-129-

Ruben (1966) 'f:und that (5.36) giv~s very good res~~t~ as a iormaliZing 

transformation, and further proposed the following transforrn tion 

where 
r ...... 

r -. / 2 
"l-r 

(5.37) 

p = P 2 ' 
~l-P -

The above approximations, together with the proposed transformation 

have been computed and a compari"son made. As illustra ted in Tables 5.21 

and 5.22, 

ximation, 

Ruben'~ and Hotteling's are far superior ta :r:isher's appro

and prtviJe excellent appro~imations especially 'when pis. 
. , 

small. However, for larger p and n, the proposed approximation seems 

to provide the best accuracy. l.J'hen p is very sT1}all, the distribution 
o 

, • ,. 0 

of r approaches a t aistribution, ,and as He have seen ear1~er, the 

proposed approximation does not provide its ~est results fo~ syrnrne,tric 
, 't 

dis tributions. Again, the Cornish-Fisher expansion to stx,. tertps 

provides excellent approximation of relatively the sarne arder as the 

proposed approxima tian . 

5.4. Final Conclusions 

In the final analysis, i t appears tba t the proposed trans-

forma tian provides excellent. approxima tians for a wicle range of 

'le n 

) 

Ourr calcu,lations of Hot elling' s approximation does not display the same 

accuracy as that shown in Ruben's paper. / 
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TABLE 5.21. 

DISTRIBUTIO~ OF CORRELATION COEFFICIE~T: ACCURACY OF APPROX~ATIO~S 

v Pr F R H GC " ! CF ,. 

-.550 
1 

.ooon .08002 · OOCOO .00002 -.00003 1\ -.COCOl 
-.450 .~OO14 '"'1'*\"- -.0-::201 .00008 • _J 

-. CO",, 1-. "'05 -.350 .0';)39 . OCL_ --. CO CC 2 .OC036 .OOCOO -.0~OC9 

-.250 .O~:.~g .OJJ05 -. 00-03 .00102 .G:::J73 , -.OGJ12 
-.150 .01400 -.0007"5 -.O~OO7. .QC:18 .00:31 -.00J16 

-.050 .04271 -.00314 -.00010 .00314 .00017 - 00025 
.030 .lO~52 -.G0727 -.('J210 • CS 350 ~-.0C;258 f - .O)O~g ,.., 
.150 . Z17:1 -.Oll75 -.C:::07 .OO~;O -.0:1356 i ~.0'2=37 
.25') .3::'52 -.Od21 -.C0201 .CC~?5 .OC022 1 .08004 .-
.350 .59::59 -.01J:;6 .OOCCO -.0'J129 .. 00464 . or 0:; 8 
.450 .73776 -.Cc:~.8 · cc 015 -.00246 . OC 193 .C00:;2 

,~ .550 .9220,7 -.C:)1,,1 

\ 

.CJJSO -.OCI.06 

\ 

-.00297 -.(;O~,21 

:650 .9S3~3 - .C(,::':-'5 · Gee.: a -.002'":.2 -.00208 -.00067 
750 .9é>'372 -.0:::135 .(,0~24 -.OC::;49 . C'102J -.0::;036 

1 
Xaxi:::t;::l ,\:,solute =,,-viation .013::1 

\ 

.(CC)3 l .C:04C~'64 .OO'J67 
Avere.f,C Absoh.êe 1 j.. '~at1on .CG337 .00011 .OQ1~4 .OU114 - .000:2 

-
(2) p .8, n 100 . 

X Pr 1 r R Il CC CF 

.520 .CCC:)l .00001 .GOOOO .OC001 -.0;003 
1 

.O()')OO 
.6JJ .0':::-03 .O:;::,CO .00000 . ccon - -.C~J03 .CfîOIJ'J 
.620 .0001l .0':'::':0 -.C:1001 .C8"02 .OOOCO .00000 
.6:'0 .0~'C7 - .. OJSCZ -.CO:!J3 .OJ006 .00007 .OCOOO 
.6tO .OJ1:'S - .00011 -.00C07 .0C012 .08019 .00200 . .61':0 .00357 -.OC:O .. O -.00015 .ooo~ .0:1029 .CO:::08 

. 700 .01022 -.COl13 -.CC::::4 .000/,1 .CCC23 .0CélCO 

.720 .027:.'1 -.00273 -.OC033 .00% 3 .0:10JO .OOCOO 
:7 ~O .06044 -.COS:35' -.OOC:~2 ~OGC'79 -.0 0 054 .00000 
.760 • .140J3 -.OlG:? -.008:'0 .00,),75 -.00066 -.OOCOI 
.780 .23539 -.0141)2 - oe005 .C0045 -.00027 .OO()')O 

~co .433<:7 -.01613 -.OOOQI. -.00005 .00093 .00G02 
. '.8::0 .70370 -. C!386 .OC003 -.00C61 .08081 • OOOO~-

.8':0 .879J5 -.00625 .0')0:'3 -.08(;)6 -.COO;". .00000 

.860 .9G9J2 -.OV~51 .0'::::-"1 • ~. -.00075 0 -.OC026 .OOO'JO 

.SEO .5?535 -.OO8~S .lJOC19 ),-.000::6 .00020 .00000 

.900 .9~?bj -.OOC:l3 .00002 ~ '...COC>J~ -.00002 .00000 

~axi== Ahso1u::e DC'/iation .01613 .00041 /1) .00096 .00115 .00002 
Avera3e Ahsol,ute Deviation .Q0373 .00012 .00030 .00026 .00000 

Note: F 1s Fishe~aFproxi~dt1dn (5.35) 
R Is the a??rox!~3tion by ~uber (5.37) 
H i8 Hott~11ipg's a?prox~m~tion (5.36) \ 

Case A Case B 

-.00004 - .00C13 
-.0:::212 -.OC024 
-.OC023 -.00844 

~-.O~'J30 -.0\'059 
-.CC017 -.000 .. 5 

.0(1)33 .00020 

.C0101 .001l2 

.00:23 .OCE~9 

.OCC60 .CO'J72 

-.0C:C'71 -.00C63 
-.00]36 -.C0120 
-.GCr;C3 -.00057 
.f)~C;29 .0'1012 
.("0::5 .GC:13 --
.00136 .Q~1/~9 

.000'.0 .(\1)45 

Cnse A C<::r;e B 

.(1('000 .OCC'IJO 

.00')08 .O,~O)O 

.0r:080 .0OCùO 

.00:100 • Cl'OCO 
~ 

.000l0 .O':GOO 
-.OOCOl -.00002 

-.COOOl .... 00002 
.000GO -.GOCi31 
.C,OC' :0 .OJ001 
.0';002 .ooc:s 
.0:'083 .00007 . 
.CCClOl .COO03 

-.00U02 -.00004 
-.000J2 -.00006 

.0;:;000 .O'J':'OO 

.00000 .00000 

.00000 .OOOClO 

.00003 .00007 

.00000 .00001 

~, 

1 

CaCle Cl Case C3 
.00001 .00001 
.00010 .OCC07 
.00047 .00036 
• C,')l 21 .OJ138 
.00190 -.00.'.01 

.00152 .00770 
-.00(,72 -.OC419 
-.OC!.l9 -.01231 
-.0'0756 -.CG'197 

-.009'Jl .00031 
-. (j(16::6 •. 00722 

. .OS;:;12 .OC401 
-.00532 -.OOS99 
-.OOlU -.00066 

--
.O~~Jl .01255 
.00227 .00308 

Ca,;'! Cl Case C3 

.00';00 .00000 , 

.OIj()GO .0')001 

.01COO .00C')3 

.00')()2 .00009 

.00004 .00819 

.OCOC6 .00032 
< • 

.0OOlO .00:144 

.00014 .00035 

.OCOl3 -.00014 

.0.0004 -.000'13 
-.00012 -.00127 

-.OC()26 -.C0043 
-.000::5 .OGGgO 
-.00C05 .00081 

.00')11. • OCOOO 

.oe007 -.OC018 

.00001 1 -.OGC03 

.0:)028 L ,00127 

.00007 .00030 
------- ---_ ..... _---

e 

Case D 
.OOCOO 
.00000 
. OS084 
.CÇ016 
.U024 

.0C011 ~ -.CC032 
-.00057 
-.OCC33 

.00845 

.C0062 

.000')2 
-.08023 
-.00:'J4 

.00067 

.OC018 

Ca~~ D 
.oc:;r)o 
.0("00 
.COOCO 
.00J(0 
.00000 

, .00000 

.000::;0 

.O':)COO 

.CCCSCl 

.00000 
-.ooen 

.OJO,)O 

.CClOG() 

.0COO1 

.03')00 • 

.OOCOO 

.000SCl 

.000Cll 

.{lOOOa 

1 
f-J 
<-ù 
Cl 
1 
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TABLE 5.22 

DISTRIBUTION OF CORRELATION COEFFICIE:;'T: ACCUP.ACY OF APPROXDlATIO:;,S 

(3) p .2, n 200 - l--~ --r-;;C-r-
X Pr F R CF C.,re A C.J.~C B C!l~e Cl 

-.080 .000:140 .COJ'J05 .000C01 .000007 .0000(' .000001 .OS"~C1 , .CO~~Ol .OOJC'J7 
-.O~O .OGCl330 .00':002 -.-coca04 .000021 -.0000' -.CCOOO4 -.0"0005 -.OC:CJ'17 .00C''J21 

.000 .OO2~10 -.0:J:007 .OCOSOO .OCC'é'91 .OOJO :5 .0U:ÛOO -.000'::12 -.0:;OC05 '"" • 0C:C'C76 

.040 .011040 -.0~0152 -.000008 .000222 .OOC 10 -.00C005 ~ .1JQJ008 -.00('']13 ..... 000128 

.080 .0:'2040 -.COClGS5 -.COOO11 .OCJO~SO -.OOuvCS -.000005 -.OJO']02 -.000007 .ooron 

.1~O .1~2220~ .-.OG1624 -.02C002 .CC,:)~:8 -.000033 • OCr.'JO 3 .occn16 .00('012 -.00003 

.160 .272230 -.00::::;20 -.000202 .C"J~G9 -.008013 -.cr-;çn .O'c 0'1::'2 .c~,:,,') 11 -.OC)31-l' 

.200 .497160 -.0023/.0 -.01.':004 -.00-:-'::::8 .OC005~ -.000C03 -.000004 -.CCCL,)3 -.C:;r, '.13 

.240 .7202EG -.CO::51 .00,J003 -.000:82 .OO'J'J24 .000002 -.C~'J,)12 -.OCC010 -.000333 . 

. 28Q • 83~)10 -.001222 .000016 -.OOO~39 -.000036 .OOé'C03 -.0:::007 -.000005 .0'lOJCO 

.320 .964240 -.OOC;:;1j5 .000616 -.000332 -.00é'013 -.OOOOOS - .. OGGC04 -.000C02 .OCC6S9 

.360 .992540 -.000::04 .000814 -.000191 .000011 -.000002 .OJOC02 .orn 205 .OC0544 

.400 .99S9?0 1 -.OCC044 .000012 -.00CO~8 . coono .COOO05 . O=G~ICj .0C;:;Oll -.00(;002 

.41.0 .9;j'H0 1 -.OOG012 - .doe(,r13 -.OCOO13 -.00C005 1- -.000004 -.GOGee3 -.000e03 -.00(;023 
-

Naxiè::,,;n Absolute Dcv~ation .002854 -.000013 .Ou0493 .000052 .000006 .000017 .00(i(J15 .001121 
Ave~agc Absolute Dc~iation .000756 .000006 .000176 .000015 .000002 .000006 .000006 .OC01~2 

-, -

(4) p .9, n = r.oo 
- , 

~ 1 

, 
" Fr F l\ H cr Ca' n A C,l ~ c r:. Co'e Cl 

.858 .OCQG'10 -.0:100']7 -.000006 .00CJ1)3 -.OCOC04 -.CQ00n -.OOCCOl -.,080C01 -.OCOC-:)1 

.863 .OC0350 -.OCCfJ2.'. -.0('OC12 .OUC')17 .OCOO07 .,(l('GCOO .orrC'10 • OC({\8Q . VJCOOl 

.8Sa .0[11370 -.0:10C92 -.00"027 .00'::035 .OC:::02~;-' i-" .000':'01 • 00'](;')1 • OC,)')O 1 • CC'C~':)5 

.873 .OO':'~3,) -.000320 ~.OOOO63 .O'JC":JG8 .~ -.COOOO) -.C:,.cJI'3 :".ocr004 .CSS'J~4 

.878 .015250 -.O(;')~Cg -.OOOlCO .00:):24 ~OOOO17 -.00C004 -.OOCOGS - .ocrJCOS .('OCC07 

.833 .0"~510 -.OG2167 -~C0113 .COOle7 /-.OOO~:,4 •. 00('000 .OC%OO .OSCCCO .00C015 
) 

· C'JJsrll .833 .1033':'0 -.001,302 -.OC(1091 .008206 -.0':0109 -.CCnCOl .02C:0,) .G0,)2')g 
.2°3 .21671,0 -.COG9l9 -.00C042 .0001S5 -.OC,)C6~ -.C00CQS -.cc;-r;J) -.c n '1Cn -.OCOO11 
.893 .3"8:170 -.O:3~O3 ~ OC~017 .OC0843 .OCO"/3 -.OOC012 -.O.~üi)':'l -.00(')09 -.Or'OG36 
.903 • 5~ ')0 1 0 -.OO2(lll -.000012 -.OSC'0'35 .OO:J131 -,O("OClI0 -.OO:;211 -.OCr:.012 -.00:039 
.908 .786450 -.006281 .000030 -.000196 -.000012 -.000005 -.0000,08 -.002010 -.OC0020 

.913 .91S230 -.00J206 .OC0093 -.OCJ741 :.. .000117 -.OCYlOll -.OCOCl12 -.000014 -:0':0{)!)5 

.918 .976:'63 -.001209 .CO~099 -.Oe0181 - .08C826 -.000015 -.OeOO14 -.O:JnClS -.000S,)2 

.92> , .9,95760 -.OQ0293 .oeesso -.00C:;80 .000023 -.000010 -.00'::,009 -.0r;:;009 -.OeOO03 

.928 .9'J~540 -.00C051 .000005 -.OOO02~ ... OJOO08 
, 

-.000010 -.OOC.O::'O -.OrrOOlO -.000008 
.933 .999970 -.000007 -.000002 -.000006 -.000007 -;000004 -.000004 -.00QOO4 -.000004 

Maxic~ Absolute Deviation .009000 .000113 .000241 .000141 .000015 .000015 .000015 .'000039 ' 
Average Abso1ute Deviation .002278 .000041 .000086 .000039 .000004 .000004 .000005 .000009 

~ -

t no solution found ~ 

.. 

Ca~~ C:3 

.OC8019 

.00:J120 

.OOO~'SO 

.000547 
.0:':1158 

- .0,:,:c,12 
-.OJ1237 
- .0'::: Jl 

.0C.O:103 

.000735 
-.002S% 
-.0:a223 
-.O::~JlOO 

-.OC=025 
.001237 
.000357 

C"s~ C3 

.o:r 103 

.O~ ~')lS 

.00'~Cl]5 

.COCQS5 

.OC':'002 
• o 2:::<ll 7 

-:OCClC,3 
-.CS2:2:!.8 
-.Q~G:1)2 

.00C055 

.Oe0182 

.OC"'r:S6 . 
,- .CSCC38 
-.OOCJ49 
-.G8COZ4 
-.000O~6 

.000218 

.000058 

-
-
r"~" Il 

• 0 ~i':~)lll 
-.CÙ:C':4 

.eccc:!o 
-.OC::;OCll 
. no CC)':) 

.0: 1:2:') 
- OC:')}') 

-j0::CJ5 
" ,.... ..... (10 \.le ~II"... \.. ~ 

.00:,C)7 
":,.. O:C:::::: 7 
-.0;:'::J03 

.0:):::;7 
-.CG::'JC4 

.GOGGiO 

.OÛOOO4 

Case D 

t 
t 
t 
t 
t 
t 
t 
t 
t 
t 
t . t 
t 
"-1 

t 
t 

t 
+ 

j 

1 

1 

1 
f-' 
w 
1-' 
1 

. -J 

• 
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distributions. Besides giving veFi a~~urate approximations to every 

distribution considered, it provid~s accuracy comparable to any other 

approximation in the cases of the negative binomial, the gamma, the , . 

non-central t, the non-central F, and the correlation coefficient in 

"normal samples. In fact, it yields an approximation more accurate 

2 
than any othrL considered in the case of the non-central X distribu-

tion. In te~s of accuracy therefore, the approxlmatlon 4>S excellent and 

yields remarkable resu1 ts. 

However, in any evaluation of an approximation, the speed 

and simplicity of an approximation mus t a1so be taken into account. 

Our method irivolves the lenghty task of solving a cubic equation for 

each of Cases A and B. However, this need only be done once for a 
h 

solution of the consta~ts. After this stage, our method is extremely 

• fast and simple. A computer program listed in Appendix B,.is presented 

which will calculate the constants and will either find the probability', 

" or t:he quantile of a random variable given the fi,rst few cumulants. 
• # 

The speed of the routine (without Case D)has been tested, ,,,ith,,the . 
following results. The subroutine which will calcula te the constants 

for every case, and will choose the best solution (this is the one 

where tht higher order terms in the cumulanf> of y approach zero 

quickest) , ·,tak'es 'proximately 3.25 sixtieths of a second- for each 

solution. The function which calcula tes the probability level executes 
1\ 

-in appraximately .04 sixtiettfls pf a second while the one which calcu-

" . 
lates the quantile takes appr;ximately .. 07·sixtieths of a second. 

These execution times would compare very favorably with most 

of the approxima tiqns examined. A few comparisons have been made wi th 

., 
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the Peizer-Pratt approximations, with the result that the praposed 

Ji f ~ ~ 

transformation executes invariably in less than one-fialf the time for 

aIl the distributions in the,Peizer-Pratt system. With rega~ds to the 
, 

hypergeometric distribution, our ,approximation is by far much faster 

than Wise' s approxima tion which involves several time-consuming calcu

l;tions of the incomplete heta function. In (he .case of the non-ce~tral 
X , a comparison of the computer time involved b~n o~r approximation 

of Pearson, i5 quite diffi'cul t. The whole problem centers 

, calculation ofaX2 with non intcgral degrees of freedom~ 
, 

which is difficult and takes an enormous âmount of tjme. EVen inter-

, 2 
polatiotl. of t\oJO central X randem vari$les ls too time consuming, 

since the,mêre calculation of a central X
2 

probability needs more 

1 . 
puter time than a complete computation of our transformatlon, and 

com- .. 

even 

then, ft depends to sorne' extent on the particular routine used. In 

tact most of the time in our approximàtion is consumed by raisi~g the 
a 

quàdrat1c te the pOHer of h, and calculating the n01imal in.tegral, both 
0 . ,] 

of which are very fast. If another approximation is to be faster, it 

~ be extremely simpl~, consisting of at most mu~tiplications or 

divisions, and must preclude at least one of the steps above. 

/,' 
As mentioned before, an important feature of our approx~

( 
. , 

mation is that ft 15 distribution-free. Thus in the case Hhen the . 
distribution of a random variable is unknown .. but the first few cumu-

'-
'lants are known, our transformation provides a very accurate and quick 

me thod for fi ndi ng the pro bab ility tian; ile • It ca n there fore be. 

used to fit a distrlbut~on to any random variable given just the mo-

ments. 

• 1 

1 

1 
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Furthetmore, our transformation may be used with observa-.. "- , 
tionai data. It may be used to give very good representations-Ln 

actual data, besicles being empIoyecl to give percentiles and qua~uiles. 
, t1 

Basically this would involve determining the 'numericai values of ~,he 

first five moments from the data, and hence calculating the cumulants, 
fi 

which are then input into t~e system. 

(J .. 

Finally, sinée the transforma tion is invertible, 'it may be. 

, -----used to ge~erat~ random variables of any, distribution given its cumu-

lari'ts and any uni{orm or no~al random vari~ble.: Several tests were 

macle to validate the accur~cy of the randonr variables generated. \one .. 

2 thousand of these rarlrlom variables were generated fo~-a X with various 
1 ( • 

, " 

degrees of freedom. A ~61omogorov-Smirnov test was then made, and in 

. '. 
none of the instances di~. ft rej cet the, hypothesis tha t the random 

'. 2 
var.iable.s were distributed as X. Horeover, the method i8 extremely 

fast in rela tton to the computer dme involved. 

< • 

1 

" 
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• APPENDIX A 

/ 

We present the expansions of the cumulants of y up to the 
f 

eight cumulant of x. -These are the expressions used to solve for 

~he constants aIt a Z' and,h. They should prove to be of interest i)1 

a grouping d~fferent from that defined by (3.1) is chasen. 

- ---. 
, . 

\~ 

•• 

Il 

• 

" 
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Appendix A.. 
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'y - (1 + al(x-~) + .2Gx-~) } 

" " 
2 2a2 h(2} 

l(y) • 1 + (al + (h-l) ) 2": X2 

3 6a18 Z h(3) 
+ (al + (h-2» ~1(3 

1? 2 2 
4 _il 1a 2 

12a2 
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J 2 
5 20a 1a 2 60a1a2 

+ (al + (h-4) + (h-4)(h-3) 
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6 30a1a Z 180aîa z 
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4~ 5 3 2 
7 -"'1a 2 420a1a? 
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(h-6) ('1-5) 
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9 72ara2 lS12aia; 
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ON APPROXIMATE_NO~~IZING TR~SFORMATIONS 

o \-
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h (4) .!J 

) """4!""" (K4 + 3"2> " 
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, \ 
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3 • 
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r ~ 
Note: l(y) is the expression above with h replaced by rh. 
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Append1x A. 

. " , , 
K4(y)- ~4(Y} : ~1(Y)~3(Y) - 3K2(y)u 2(y) - 3K3(y)u1(y) 
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Appendix A. 

, " , ',,' 
KS(y)- ll.,5(Y) - Ul (Y)1I4 (y) - 4K2(Y)1l 3(y) - 6K3 (y)U2(Y) - 4K4 (y)ll l (y) 

r-
5 S 

- Alh KS )_ ... 

_2 5 6 • 
+ 5(3K6 + 3KJ + 4K4K2)h (al(h-l) 4 

+ 2&1&2 ) 

• 
h

S 
7 S - 3 2 + 5K7 6'"" [al (h-l) (4f1-S) -\r 1,8&1~2 (h-l) + l2al &2] 

• _2 5 7 5 . 3 2 
+ 30K3K2h [a1 (h-1)(Sh-6) + 22a1a 2(h-1) + 16&la2J 

h
5 

8 2 . 6 4 2 ( 2 3 + SKS -r.4 [a1(h-l) (15h -41h+28) + 28ala2(h-l~(4h-5) + lSOa
1

&2(h-1) + 48&1&2] 

+ SK~h5[a~(h-1)(2Sh2_6Sh+42) + 36a~a2 (h-1)(Sh-6) + 300~&~(h-l) + 96a~a~] 

<> 

• 
't 

" .... 

" • 

{-

1 

~ 

-. 

"-

• 

1 

e/ 

C" 

; 

~ 

,.J.. f j 

\, 

1 
...... 
+' 
(]'I 
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> , 'APPENDIX a 

( 
We present a listing of a subroutine and several fu~ctions 

developeQ fur the application of our transformation .. The subroutinel. 

~RANS will solve for the,constantsin our transformation, while the 

. functions PROB, and CENT, or CENTY vlill calcula te the probability or 
" , 

the quantile. k pumber of comment cards have been added to the pro- , 

gram to' make their usage and purpose se1f-explanatory. 

After the programs, a sample output is .given of the sub-

routine YTRANS, which illustrates the effect of our transformation' on 

·e 
"S 2 

the cumulants of y. The example is chosen from the.non-centr:l X 
", 

distribution with parameters n = 10, À ~ 5.0 (see also table 5.13 for 

numerical comparisons). 

? 

! 

, 

) 

\' , / 
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'" 

( 

': 

c 
C 

C 

C 

C 
C 

C 
c 
C 
ç 

C 
C 
ç 

c 
c 
c 
c. 
c 
( 

c 
c 
c 
~ 

c 
c 
C 
c 
c 
c 
C 
( 

C 

C 
C 
C 

c 

~ 
5U8~OUTINE YTRA~S{XK.~CUM.Al.A2.H.EXY.SOy.IE~) -' 

YI. Al ,.. ( ): - U ) • A2 ~ ( X - U ) •• ;1 If", H 

PU~PDSE: 

TO ÇALCU~ATE THij ÇO~STANT5 Al.A2.H IN ThE ECUATrO~ ABOVE 

TOGCTHf;oR v/ITI1 THE MlA"I EXY "I\D STANOA~O CE\lIA'TICN SOY CF y 
GiVLN ~HE CU~uLA~TS CF X 50 THAT THEV (AN SE uSEO tN THE 
FO~La~I~G IU~CTICI\S: 

PARA"1ETE.RS: 
XK 
NeuM 
Al 
A2 
H 

EXY 
SDY 
IEf' 

1. CE N T (P ) 
- CALCULATçS THE PERCENTAGE FCII\TS CF X G1VE~ 

THé PRCOA8ILITY P 
CE/JTY ( y ) 

{' 

C~LCULA1ES T~E PERCENTAGE POll\TS CF X GIVEN~ 
THE CDF."CSPCNOING PC:KCENTAGE FeINT OF A NOf;MAI
h;.F,CCM V.ARI "(kE 

2. PRCt!{x) , 
CALCULA1ES THf;o PROBA01LITY CF THE UNKNOWN 
OISlr.!ë~TlON AT PUINT X 

CU'1ULAr,TS OF X (OIIIEI'oSICNE::.O 

N~ CF Cu~UL.AI'oT~ GF x (MUST 
SOLUTIU~ CC~~TANT 

SOLUTI0~ C~~~TANT 

SULUTIU~ CC~STANT 

ARR.AY" 
OE t~EATER THAN 3' , f' 

50LUTIG~ CL~STANT EXPEeTED VALUE CF y 
- S0LUT10l\ CC~SrANT ~ STANOA~D D~vIATlaN OF y 
-1I\:JICATOF; 
l''P0T V~LUt:: 

o. - F~I~TS NOTH1NG ~ 
1. - PR1"rs A CO~PLETE .A~ALYSIS CF THE CIFFE~EN~ 

~uLUTluNS FUP EACH OF THE FeuR c~ses / . 
OUTI-'LJT VALLE:: 

9. - ~NAeLE TO FI~a SCLuTION 

l Io! PL ICI T Q E AL J rl (A - M • C -II 
DI MSNS ION )(K ( 1 ) • fI.A l ( 3 ) • AH ( 3 ) • A Ac. ( :3) .UA 1 ( 3) • 8h (3 ,. eA 2 ( 3) • (2 A 1 ( 2) • 

(;. E A.!. ( 3 ) .-F A A ( :3 ) • G A A ( 3 ) • e [;!.l ( 3 ) • Cl: E ( :3 1 • D cl '" ( :3 1 • E e e (3 1. F B e ( 3 ) • G B 8 ( 3 ) • 
(, ~ C 2 ( 2 , • CC 2 i ~ 1 • vC 2 ( 2 ) .:; C 2 ( 2 ) • Fe 2 ( 2 ) : Ge 2 ( 2 , • C 2 h ( 2 ) • e A" ( JI. C A A ( :3 ) 

o 1 ", L r,::, 1 eN Y'J A ( JI. y", t: ( :3 ) • y ... C 2 ( 2 l • YS U A ( 3 ) • y 5 C t: ( 3 ) • "1' sec 2 ( 2 ) • 0 A A ( 3 ) • 

YTRAOO10 
Y~~A002 0 
y >;.110030 
YTRACC40 
YTR.A0050 
Y1PAOOoO 
yT;:;I\007C 
YT",>CC::O 
YT~P.H'iO 

"'YT"AùICO 
Y1"A:lI10 
"l'TF;.A0120 
"rl;:;ACI30 
y Tf';;.O 1'4 0 
'rT>;,1:)150 
YTr;"~loO 

YT;:;I\0!70 
Y1f';AC180 
YT;:;,<.Cl<;..o 
YT;:;.A0200 
YTR.A0210 
'1'11'<'''-0220 
Y1;:;.AC~30 

.. 11<A0240 
YT~AO<-SO 

YT;:;AC"'bO 
Y1",<.C270 
"rTF-AOZCO 
YTf;AC290 
YTRA03CO 
YT,,;:'0310 
y,;;,A03<:0 
Y1~.AOJJO 

YTf;.A03ll0 
" T;, ,00 3 50 
YT"A03('0 
YThA0370 
YTf;A(;3BO 
Yl;;.A:lJ~O 

YTf<AO .. OO 

YT.,40410 
yT;;40420 
YT.,404.30 

& y 1-', ~ A ( .3 1 • Y'" -' A"l,..;ll • Y ~ 4 .A ( JI. V ~\ l t:l ( 3 l • v.., 2 C ( 3) • y ... 3 E: ( 3) • y "' .. e ( 3 ) • y V ~A ( 3). y 1 RAO 4 <1 0 
& Y V _'\ ( ., 1 • Y V j A ( ,) • y" .. A ( ~ ) • y V l U ( 3 ) • y V 2. .3 ( 3 l • Y V 3 e ( .3 )_. Y v .. E ( 3 ) • Y"" 1 C.2 (.2 l • "1' T f< .A C '- 5 0 

(, y ... "" C 2 ( 2 ) • i "1 J C _ ( L ) • y", .. <..2 ( :2 ) • y vIC;2 ( 2) • y V 2è 2 ( " ) • y V :! C ;: ( .2 ) • y V 4 C.2 ( 2 l '1 T -:< A 0 4 6 0 

D1"_'L>!(JN Y'-11.\(3).À'=(J'::»"'M(3.10);!'::~F(5). Xt-,'«!:l. '1'1 .... "'0470 
< 

t.. '( .,. ! 1 (::,). y .~ _ r- i 5 ) • y ~ 3 F ( 5 ) • Y~: '- f. ( :, ) • y v 1 F ( 5 J • y Il 2 F ( :: 1 • Y Il 3 f ( 5 ) • y V <4 F ( 5' _ .. T r; A 0 4 50 

& Y 1-11 (:,).Y~\]F('-d.f'tJi:o).FC{?l.FéJ[5).F::(~).FFI=).FG(5) YTk.A0490 
CCl" ,_" 1 / C C I~ / CAl r C A.2 • CH. CE X Y • C S LJ y • S G • u 
Cl>"~LI'\I JO .. ><. 

EXTckNAL fFF 
-\ 

C tNtTIALIL~ a 

"rT~-.LA0~OO 

YTI'-,10::.10 
YH1AOé.20 
YT;;AO:;;30 
Y1"ACé, .. O 
YT<=;,AO~SO 

Y1>;,A);:,60 
y Tf, AO "-'7 0 

Y 1 H.A 0 ') tl 0 

C 
MCUY~'1:~OINCU~.5) 

DO-113I-=1 .... CUM 
133 X"K(1)-xl<.(11 

1 
1 

~;. 

.~ .. 

1 .. 
.:. 1 

1 ,. 
j 1 

~ ~ • 

1 
1 

.. 1 
1 ______ J 

"1 
f-' 
-l=" 
-.J 
1 
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'PPROXIMAT~ NO~~A~IZt~G TR~N~FORMATIONS M./oI.A. _.------D'''VIR~O 

• 

c 
c 
c 

';) 

Al=O.OO 
A2=J.00 

H= 0 .00 

Rc-F=I.[)+70 

NO = 0 
1 f- (ùAOS( XK( 3' ) .GT. 1.0-25 

IF(~CUM.GE.51 GO TC 1 

." A = 0 
II-(r.CUM.EO.4' GO TC 13 
N'J=O 
II-(NCUM.i:C031 GO TC 18 
IF (IE,J.NE.OI IoIRITE(o.150) 

NO=l 

150 FWN~AT('O ~RRCR M. INSUFFICIENT NUMgeR CF CLMUL~NTS') 

VTR/l0590 
YTR/10600 

VHI,A0610 

YTf+-A062.0 

YT~"06:30 

YTf:;AOô4 a 
'rT~ACo50 

YT~AOOÔO 

'rTf:;AOc7C 

'rTf:;AC6BO 

'rTh/lOCÇC 

YTF</l0700 

YT<;A0710 

YTF.A::J7Z0 

YTF."07~O 

yTf;"C,740, 
YH<A0750 
YT;<A0700 
YTf';A0770 

It:N=~ 

RE TU'-<N 

CASE A 

1 IFIOAui;(XJ<IS".LE.1.O-2S) GO TO Il 

~-

,CUN~Tl=- XK(3'(~:3'( 3.00-XK(2).·6'+XK(4'.XK(!)'(S.oo-xk(e,.*s) VTR.::J7~0 
Cur--.~T2= 29.00 ')(1(1.:31""4/( l~.uO' XI\.(2)-'''81- 47.00tXK(4)"XI«3t_J(I« 3'VT ... ,,0790 

f./( 2<o.ùO'X~(2'·"7)+ 5.00"XI\.IA)"-<2/( 16.00,*)l1«2)'·.6)+XI('(5)'" YT~AOrjJO 
[. XI«j)/(20:UO·XK.I·2)·"6) , 'rTf;AO::!10 

CU'\I',T3=- 311.00 )(r(13" 5/( 54.UC-XKC2P·10'+ Ç<;5.DO-XO«4)'.XI«3)'''~YT~''Oa20 
t. / 1 1 .. 4 • CJ 0 4 )( J( (2 ). '9 ) - 1 2 1 • D 0 ~ XI( ( 4 1 • X 1<. (4 ),. XI<. ( 3) / ( (; 4 • D C 1< )( 1( ( 2 ) (r" 8 ) _ tI. 0 0 V T" /1 0 ti 3 0 
[.. ~ )( K. ( ~ ~ • JI. 1( ( 3 ), X K (..3 ) / ( 1 5. • DO' X" ( 2 ) .. ~ 8 , + -} • 00'" X K ( 5 ) • X K ( 4 ) , ( 40 • CO' XI( (2 ) >t 'Y T f; f. Cl 1:l4 0 

t..7) YT~/10H50 
C","-5T4= 1447.CO XK(3) ··6/( 324.CO')(1«2)~~ 121-::02"!:.DO")(K{41"XI«J):t7..YT~AGtJtO 

[.4/( .. 3,,-.DO' "K(2)' ·11 )+J(~7.'iJ0~XK(4) XO«4).'XKI3).)(KI3)/(144.00*XK(2)YTI-</10070 

[. • 1 J ) t- 1 51 .0:1 x r( ( 5 ) • xI(' :: 1 <., 3/ ( 1 e 0 • CO' X K ( 2) ~ .. 1 C ) - X K ( " ) "le" 3 / ( 128. D 0'1< )( K ~ T f; Il Cl t' E: 0 
[. ( ~ ) •• Ç) -7 G. 0) ~ ... " ( 5 ) ... XI( ( 4 1 .. X 1( (..3 ) / C 1,2 0 • DO- 1. K 1 2) * *.;1 )+ XI<. 1 5)" X K ( 51 )( 25 • 'r T" "il ,: ç 0 
[,00 >-K(2). 'dl YT~AO.,.OO 
IF(CC~~Tl.NE.O)GO TQ 10 YT~/10~10 

~3~CUNST~-4.00~CONST2·ÇONST4 
1 r= (:::u'j5T5) 11"N-O.12 

Il ~. t.. = 0 
Gu TO 1..3 

12 A;' 1 ( l ) = ( - cc,,:; T:3 ~O S 
Ahl (2) = (- cc, .... '" T 3-DSC' 
NA=~ 

GJ ,0 14 " 40 AAI (1 )=-ÇCNST~/(2.CO"'CCN5T2' 
Nt..=l 
G~ TO 1 ~ 

10 C~~JT~=CLNST2/CONSTl 

CuN~T3=CU~ST3/CONSTl 

C~~~T4=CC"'5T4/CG~5Tl 

':/(2.D?"ÇONST2) 

• 
Ct..LL DCUOIC(Cü'\lST2.ÇO~ST3.CONST4.AA1(t, •• "1(2).~Al(3,.AOlS' 
Nt..=J • 
u- (A()I~.GT.0.DO)N)/<=1 

YTR.o0920 

YTf;IIOl,/30 

'rTr.,A0940 

YT~"095C 

YTf;/1C9t.0 

YT"IlCc,.7, 
'rTRIIOc,/B 

YT~A0990 

vTRAIOOO 

YT"/lIOio 

"Tf';AIC20 

"TI-< "1 030 

YTRAI040 

,YT;; A 1050 

YT«AI060 

YT~"1070 

YTf.olllCbO 
14 Cu'-TI'JUC . YT ... ,AIOC;O 

Du 7 1=1."A YTFIlIIOO 

CO"ST5=(;K(2)~AK(2)·AA1(I)+XK(!»*~2-.6666666666~6é6éDo.(e.OO*XK(!YT~AIIIO 
[.) • Al'd 3 ) - 3.0 ° ~ XI\ 1 4 ) JO XI( ( 2 ) ) 'Y T kA 1 120 

IF(CG'\I~T~.LT.O.DO) CG TC Il YTF,A1130 
CON~T~~u~QRr(CO~ST5)/(XK(2).~K(2'~4.DO'AA1(I~J YTRAll40 
A ri ( 1 1 = 1 • Ù 0- ( A Al ( t > ~ XI( ( 3 ) / ( X 01. ( :2 ) ~ )(1<, ( 2) ) , , ( 4 .0 c* lA Al ( l , ) .CONS YS y T ~ AIl 50 
J.. ... 2. ( l ) = - • ~U O' A AI ( l )" ( A Al ( 1 ) ~ ( AH ( 1 ) - 1 • DO) + )(1\ 1 :3 ), ( !. DO" X K ( 2 , '" X K ( 2) ) J 'r Tf. Ali cO 

PAGE 
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·1 

1 
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i 
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- /:t' ----------:>PROXIMATE NO::lMALI~,ING TRANSFG~"'ATlCNS I>I./I.A. O'AVIRRO 1 
,~ EAA(! )=E(AAl( 1).AII211 ),AH(!» YT"'A1170. 

/ 

<; 

c 
c 
c 

AH(I) ::1.1)0-(AA1(I)+)(/(I3I/-{)(1«21("XI«2) »./(4.0C*AAI I))-CONST5 YTI'<A1190 
IF(I.)AIJ~:'(E.:A(1 ),).LE.l.O-10) GO TO 2 ,,~-, ,YTI'<;ItolleO 

A A è ( 1 r:: -. Su O· A A 1 ( 1 ) .. ( A A 1 ( 1 )' ( AH ( 1- )-1 .00 J" XI( ( J ) / ( ~. DO. 1( (2 ''')(1( e 2) , ) y Hl A 1200 

IF(I!:"l • .::a.OIGC TO 2 l' YTRA1210 
!:.AA(:)=E(t.A;( I).AA2(!).AHe!» YT"OAJr.220 

-2 Y~1'\'(I)=Y"1(AAI(I1.A;'2(!).~H(I» 
Y'4~A.(: )=Y/>'":(,,AI (1) .AA2( 1) .AH( 1» 
VVI:'( 1) ::VVl (AAI (1). ;'A2 (1). AH( 1» 

, YTRA1230 
r-

v li 2 A ( : , .; y li 2' ( A A 1 ( l , • A A 2 ( l , • AH ( 1 ) ) 

y M A. ( 1 ) = 1 • l, J + Y/>'I ~( 1 ) + y M "- A ( l' ) 
YS.)l)=YV1t,( l '''YV?A( 1) 

1 F ( ys 0 Cl • LE. 0 • GO) YS [) D:: A A 1 ( 1 ). A AI ( 1 ) Il AH ( 1 ) ... A H ( l , * )CI( '2 ,/ 
Y.>'; A ( ! ,.; [) SU" T ( y SD 0 ) \ 

D~~=~A~J(Y~2A(I»+CAES(YV2A(I)3 1 
If (-<Lr.Lë.u_S) <..0 TO 3 

Pt.F=DCS 

Al.:. "": 1 ( 1 1 C> 1 
"<-=A .. 2 ( 1) 

H= '" i( l' 

t.~Y~Y"A(I' " 
~uY=YSJt,(I)-

3 IP( [::.cI ... (;.O) GO TO 7 1 
y" J" ( 1') .; Y/>':3 (.A A 1 ( l ) • Po "2 ( 1) • AH ( l ) ) 

'1' Il 4 A f- 1 ) -= y IJ .. ( fi "A 1 ( l ) • A 'A 2 ( 1 1 • A ... ( 1 ) ) 
~VJA(I'=YV3(AAI(I ),AA2(Il.AH(I» 

v v .. A ( 1 1 = V V 4 ( A A 1 ( l ) • A" 2 ( ! ) , AH ( 1 ) , 
h A A ( l , ... .;.J ( A AI ( l ) • A A 2 ( l , • A lM ( l , 1 

CA" ( l , .; C ( A,... 1 ( 1 1 • A A 2 ( 1 ) • At; ( l ) ) 

Ct " '" ( [,) ;; li ( A" 1 ( ! 1 • A Il:' ( l ) • AH ( l ) ) 

F A A ( 1 ) -= f ( A A : ( ! 1 • A A ;:. ( 1 ) • À ~1 ( 1 ) 1 

~AM(I ).;<..(AAI( 1).AA2(!I.AH(1» 

7 CGNTluuE 

o 

YTf.~1240 

'l'TRAIL.50 
YT-~Ald,O 

'l'1';AI~70 

'l'T,,A1260 

'l'1",AI2<;;0 

yTr:;A1300 
'l'TI'.AI310 

'(TRA1320 

'l'TI'.,., 1 330 

'(TflA1240 

YT"A1350 
'l'T~AI360 

YTflAI370 

YTRI-1380 

'l'TI'.;'13<,.0 

YT"A1400 

YTfdl410 

'l'T''.o1420 
'l'TI''A1420 
'l'TI'. AI 440 
y T RA 1'4 5 0 

yTI-<;'1400 

YTf."1470 

'l'H'A14tlO 

'l'TH''I .. 90 

YTR"1500 

CASE I:j ~: " ,~~~:~~;~ 
13 CO~~.:>Tl.;-3.U)".xr«3) ,·3/XK(2)'-"6+ 9.00~)(K(4)")lKC:!)""( 8.00>1<)(1«2)"''''51 'l'T,,;'1:'30 

Cu .:>T2=l75.uO ·x,",-( 3 )""4/( 9. ~xK(2) '-d)-243 .DO~JCK(~)"'X (3).)(1«4)/ 'l'T'''A1540 

& ( 1 1) • U ') J(,( ( ;:> ) - • 7 ) + 4
/
5 • U C - XI( ( 4 ) .. X '" ( 4 ) / ( 1 6 • DO. X 1< ( "' )';' '" 6 ) , '1' T ~ ,II 1 ~5 0 

Cu '15 T 3 = -1 ,,71 ~ 1) C - X 1<. ( :3 ) 5/ ( 54.00; XKt( 2) .. ~ 0 1 +4 1 ~ .0 C" XI( ( :3 ) 11< .. ~'" XI( ( 4) / ( '1' TI'.;' 1 ~6 0 

&IL.00·)(1«2) .9)-3~7.CO·)(,",-(4)'XK(<')'XK(3)/(64.CC,,)o«2)'.·8) 'l'T''AI570 

C LJ l, ::. T .. .; 1 ::, ç d :3. 0 0 X 1( ( ::! 1 ~ e / ( 1 45 8 , 0 O' X K ( 2 1 • '" 1 2 ) - li 7 • 0 C lt 11< ( 3 ) .. '" li '" X K ( 4 ) Y T)'; A 1 5 f:j 0 
1, / 1 <, • ù 0, ' x r< ( 2) t l"l) .. 1 05 • L.. 0' XI<. ( 3 ) - X K ( :3 , .. X/« li ) '\. X K ( 4 ) / ( :; 2 • D C~' X 1< ( 2 ) ". .. 1 {) 1 y T fo " 1 5 <J 0 

& -CJ.~0·)(K(...')' .3/(1"'2.C(''''''(2P>9) , 'l'F'Albeo 

! r ( Cl. '1::; TI. r. : • 0 • DO) Ge TOI t> • } \ 'r r;; ;'1' b 1 0 

100 CJ,,-.>T'.>=C.:;r-ST3 .C.UJ~T3-4;éo~ CUNST2' CONST4 1 YTfoAl1:>20 
1 F ( C,J'" S T 5 ) 1 1.>. 41 • 1 7 

lb N'J=0 
Gu TC) 1 [} 

17 bAI Il )z(-CON5T3+DSQI-ITCCON5T51 )/(Z.OO"CùNSTZ) 
<J A! (.2 ) = ( - c C /',S T 3 -0 SC;:; T (C ON S T 5) ) / ( 2 .00 • C ON ST 2 ) 
.... 1=2 
GO Tù 19 

41 OAI (l1"'-CC/',STJ/(2.COlloCOl>.STZ) 
N j= 1 
Gu T0 19 

~~ CO/',JT~;CU/',~T2/CGNSTl 

C~N~Tj=CC/',ST3/CGNSTl 

YTflA1630 
'l'T~Alt.,40 

YT"Alt.50 

'YTI'<1I1t>60 
, -

YT,,;llc7C 

YT""1'oI:O 
'l'TR''lG90 

'rTNA1700 

YT':'1<1710 
'l'TRA1720 

YTRA173C 

"l'ThAl 140 

-~r- --,--e PACaE 3 

, 

~ 
~ 
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'PPRCXI~ATE NC~MA~ILING TRANSFù~~ATIONS ".~.A. O'AVIRRO --e--

1 

c 
c 
C 

CO~5T4:CC~5T4"CUN5Tl 
CALL OCUeIC(CUNST2.CC~ST3.CONST~.8Al(1,.BA1(2,.BA1d~,.80IS) 
Nd=3 
If(dDIS.GT.O~DO)N~=l 

YT~~1750 

'l'T~ ... 17150 • 
'l'TRft1770 
YTf;A1780 

19 CÛ,T!NUE ~ Y1H.A17ÇO 
OC 'i 1:101\<1 YTR,.IleCO 
CL ,', S T 5 -= ( X Ki 2 l "' ... "- ( 2 ) • eA 1 ( l 1 +XK ('3 , , ... 2 -.6666(;)(56666 ers e 1:00'" ( €. DO'" XI< ( :3 y T;:; "181 0 

(.1 x,(,(3)-j.ùO A XJ<.(41'xK(21) 'l'Tr;.Alb20 
I~(CUN5T5.LT.O.DO) Ge Tp 16 
C .J t. , T :;" Ll;, (.. kT ( CC" ST 50 ) " ( JI. 1< {2 l ")fil( ( 2 ,~ 4.00 "BA 1 ( 1 , ) 

[JH (1) =1.00- ([JA 1 (1) ... XI< {3}/ (xt« 2 '~XK( 2) ) '/C 4 .0c..-e"'1 (11) +CONST5 

YT;:;PltlJO 
YT;:;A!b40 
'l'1;:;AI850 

E3 ~ .!. ( 1 ) = - • :;.) 0' fj Al ( 1 ) • ( LAI ( 1 ) 'f- ( é H ( 1 1 -1 .00) +- )(K ( 3 , ,,( 3. C 
L ()' ( 1 ) = () ( c~ r,: ( 1 1 • t) A 2 ( 1 ) • ":fI ( ! ) 1 

If(GA~:::;(C"j(l».Li=-.l.C-IOJ GO TC 4 

.. XK ( 2 ) .. )( K ( :1) , ) '0' T" Al" () 0 
'l'T;;Al'170 

b t1 ( 1 1 = 1 • D J- ( C " 1 ( 1 ) ... x" ( .3 ) / ( XK ( 2)J XI<. ( 21 »" C 4 .0 C. 6A 1 ( 1 1 1 -C ON S T5 
L" 2 ( 1 ) = - • tJ.; C ~ E ~ 1 ( !) (tl '" 1 ( 1 J '" ( Ô H ( 1 )-1 .00) +- xl< ( :3 ,,, ( ~. 0 <> .. XK ( 2 ) " X K ( 21 , 
IF([::R.Lu.O) GC TC 4 

U,u U ( 1 1 ;;.J ( tA 1 ( 1 ) • u ;. " ( l ) • Ô t1 ( 1 1 ) 
4. Y'1 1 J ( 1 ) -= y '" • ( tJ A 1 ( 1 ) • t: A ~ ( 1 1 • ut! ( 1 ) ) 

y ., 2 J ( Il=: '( 1" "' ( Ù A 1 ( 1 ) • e A 2 ( : ) • L ti ( 1 J ) 
'1''.11 J( )=YV! (dAI 1 .dA2( 1) .(;H( Il) 
'('.le: J( ) =Yv.'. (uAl (1 • C Â 2 ( 1 ) • u ti ( 1 ) ) i 

1 

y" J ( l') = ... C::l ~y "1 j { 1 1 + Y Il;;: b ( 1 • 1 

Y",C[)"YVld(I)~YV2d(11 ',' l' 
H(Y~J--,.LC.O.COI Y~::;O=~Al(1) .. t:l.A1(I SK'fI).e"'(I).)(1«21 
YS,-,-,(!)=DS-1rlT(YSc..ÔI 1 1 

Ci L ~ = [) :.. u " ( y 'A::' u ( III + C ft b 5 ( Y V 2 (j ( 1 ) , 

If-(~::.~.L2:.vES} Ga TO 5 

RLr=Ù!.....::> 

AI -= JA: ( 1 ) 
.<.2=)A2(1) 

H= LI '"1 ( Il 

1: ... y =Y "G ( 1 ) 
:;':'Y;;YS..JLl( Il 

5 It(I'::',.",0.0' GO TO d 
y 'A _ J ( 1 ) = y" J ( LJ Al ( 1 ) • [3.A 2 ( 1 ) • BH ( 1 ) ) 

y '1 4 1 ( 1 ) '" y "4 ( j A l ( 1 ) • t3 .A 2 ( 1 ) • t:J ~ t ( 1 ) ,. 
y v ; -' ( 1 ) = y" 3 (tl A l ( l , • e A 2 ( 1) • UH ( I ) ) 

YV .. d( 1) =YV4(clI-1 (Il .SA2( 1) .E:lH( [» 
t.h", ,,( 1 1 = u ( c" 1 ( 1 ) • f:j A", ( 1 l • BH ( 1 » : 
Cul l ! 1 -= C ( t Al ( 1 1 • ü A .è. ( 1 ) • eH ( 1 ) ) 
E f '; ( 1 ) = L ( e A 1 ( 1 ) .0 A 2 ( 1 ) • Uri ( 1 ) ) 
F L " ( 1 ) '" F ( f: Al' 1 ) • b A 2 '-l l • tOH ( [ ) ) 
G Cj f ( 1 ) =: G ( t:" 1 ( 1) • 8 A 2 ( 1 ) • cH ( [ » 

8 (.u,'ITINU::. 

.. 

1 

CA!:ë C 
6 i 

18 ~C,=-2 1 

IF('lù.EO.')) Ge Tl,) é9 • • . 1 

1 

.. 
" 

Cl Al=: ~ • lJ 0 'XI<; ( :::) / ( 3 .00 \1 )1 K ( 2 ).,x K ( 2) 1-3 .00"" XI( ( .- ) '" (4 .d 0* XI( ( 3 ) .)(1( (2 ) , 
1 Clh=l.ü:J-XK(J )1'(3.";0 .. )(t«2)~XK(2)"C1Al) 

Y~ICl=Y~l (C1Al.0.CC.Cl~1 

Y""2Cl"'Y'1~(ClA1.0.0C.ClH' 

YVICl=YVl(ClAl.p.D~.Clh) 

'l'V~Cl=YV~(ClA1.0.DC.ClH) 

Y~CI=1.CO~Y~lCI+Y~2Cl 

Y~~O=YVICl+YV,Cl ù 
-..lr...-- __ _ 

YTh .. lrfO 
YTf;,l.ld"O 

)'l'T;:;,\1900 
YTf<A19IG 
'rT~.A1920 

'tTI'<.AI'730 
YTI'<~1",40 

YTf;Al<):,O 
'tTf;AIÇ60 

1'1' 1 hA 1970 
'tTP.> 1 ',!uo 
'rT.kAl "<,0 
YTr;I>2COO 
'l'Tf;I>2010 
YTRA;:020 
YTr.A.20JO 
y Tf, 1>2 04 0 
YTflA2050 
'l'T;:;.A2060 
'l'11'<A2070 
YTflA20!:J0 
'l'Tf; ;'2,090 
YT"/..::IGC\ 
YT~"2110 

'l'TI' 1>;:12"'0 
YThA~13C 

'l'Tf;A~140 

YTf<A2150 
'l'Tf''';:léO 
'tT",>2170 
YT;:<A,160 
'l'T"ft21~0 

YTf<A2200 
'l'T,,,62210 
YTR.A2~~() 

'l'Th A223 0 
""1~ft2240 

YT~A2250 

'l'1,,A22(:0 
''1' TR ... 2270 
'ITRft2280 
YTkft2290 
'1'1"'1>2.300 

YTR.A2310 
YTRA2J20 

~AGE---- -4. 

-:~ -

l' 

'1 

1 
1 

l 1 
If-' 

(J'1 

Cl 
1 

" 

..;....- • 

1 

1 

r 
--- 1 

,. 
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;ROXIM"~E'~"'A1..IZING-TQAN$F-O·R-"'ATICNS--"'-~;.A~-OOAVIRRO---e ~ --'- - -·--·-p;,Ge:-5~-------· 
;.. 

"" 

} 

IF(Y~OO.LE.O.DC' Y50C=YVICl 

Y~~Cl=Dsa~T(Y~O~1 

OLS=OA.JS( 'o'/oI2el l+:>AES(YV2Cl) 
IF(~LF.L[.D~S) GO TO 32 

f,(fF=D:::S 
A:=Cl,,! 
A,-:c) .00 

t"'I=C!.H 

E.)(,(~'f"Cl 

::'u'(='(5u(.1 
JZ 1,"( L::.".[u.()) GU TO 67 

'( ~ Jel=" _3(CIAl.0.00.Cll1) 
Y~~Cl~Y~4(CIA1.O.OO.ClH' 

YV3::1 ='fvJ(C!Al.O.OC.Cl~) 

YV~:I"'fV4(CIAl.0.DC.ClH) 

bCl=j(C1Al.O.DO.C1H) 

CC1=((lAl.O.OO.Clh' 
DL 1 =..J ( LIA 1. 'o. u O. Cl H 1 
EL 1 -' ,. ( '- 1 AI. 0 • L 0 • C. 1 ,.. ) 

F Cl =F ( L! ,,1. <).00. C 1 f-o 1 '-' 

• 

, . 

• 

• VTR.t2J30 
\>TI1)12340 

YTI1.A2.350 

VHl.A2360 
YTR~2J70 

YTqAa.'::;flO 

YTRA2~90 

y T;:; ~2 <. CO 
y HH._.<!IO,. 

YTr.A~42a 

YT;:;A2430 
YT;:<~2440 

YT~.o2 .. 50 
VTR.o24éO 

YTR.A2470 

YTr:<A2 .. tlO 

YThA24YO 

YT".o25CO 
YTR"2510 
YT"I.o2520 

GC!-(,(.!Al.O.D).C1H' YT~1-2::'30 

67 C~'..,TJ- ',/::>.00' xK(3)"XK(3) .... (27.00*XK[2 ) ••• )-2.001ll)C1«4'..,lCl«2, ... :!YTht:,,40 
J C (C ~.,::. T '> 137. 3 e .24 1 y T "1 A 2 ~ ~ 0 

~7 NC~~O YTH~_::.tO 

(,ù TO 25 
38 C2~1( 11=XK(31 /-.(0.00;oXI<.(2'''XI«2'' 

Ne 2= 1 
(,ù' TU 53 

24 CJ:L>T'>=DSUi.:T( CONST~) ... 500 • 
f\.C,-=2 A , 
(ZAlll)= XK(3~~(6.oC.XK(21.iK(2»+CONST5 
C~A~(21= xK(3)/(6.0C~XK(2)~XK(2»-CONST5 

53 (u',Tl"US 
Ou.) 1=1.,~C2 

o C2'HI)=1.OO-XK(J'/(J.DC"XK(2,ItXK(2''''CZA1(1») 
ùJ 1=1.",C2 

Y~l':2( 1 )-=Y .... l( C2Al' 1 I.C.CO.C2H( 1" -, 
y ,~C 2 ( 1 1 = Y" 2 ( c: ~ Al ( 1 ) • 0 .00 • C 2 H ( 1 ) ) 
'0'1/ l C2 ( 1 1 =,'QI 1 ( C 2 A 1 ( 1 ) • 0 • DO • C 2 H ( 1 ) 1 

Yv.:!.C2( 1 ):::yv2(C2Al (1).C.UO~C2H(I') 

Y·~(.:!.( 1 1=1 .L.'(,,"v"lC2( 1 )tYM2C2( 1) 

YSL,,)=YVI C;:;( 1) +Y\l2C2 (II 

IF('f~Ju.L=.~.UOI Y~~C=Y~(I) 
YSJC2( II="'-,,~'<T('o'SCC) 

D _ .;, ::; Li" '-,"S ( y 'A 2 C 2 ( 1 ) ) .. C A E 5 ( y V 2 C 2 ( 1 ) ) 

IF( <t:r=.U::.DL:S) GO TO 54 
F'<I::'=O,,~ 

Al=C2A!(11 

A2=')·9° 
I-=C2,i(11 
["Y-=Y"'C2( 1) 
SJY;;:Y S .. h .. 2 (1) 

5'+ IF( 11..H.;;;O.O) GO TO C; 1 

Y'~JC2( 1 )=YM3(C2Al (1 ,.O.DO.C2~C I)) 
y" ... e2( 1 )='o'''4( C2A1 (1 ).0.00.C2'1( 1» 
y" J': 2 ( 1 1 = 'l'V 3 ( C2.A 1 ( 1 ) .0 .00 • C 2J ( 1 1 1 
y v '+"C 2 ( 1 ) -= y v '" ( C 2 Al ( t 1 • 0 • (\ 0 • C 2 ~ ( 1 ) ) 
B C;:: ( 1 ) ::; U (C 2 Al ( 1 1 • 0 • [j0 • C 2H ( 1 ) ) 

1 

" - ~ 

YT;:;A2570 

YT"'.o2::'!'O 

YTf.I.A2 5" 0 
YT>;~<:cOO 

y T~ ,12 61 C -' 

YTr;,.2t>20 

YTj,~2éJC 

YT ... ~2b40 

......, fYTI'-~2650 

Y1RA2"GC 

YTRA.:o7C 

YT".A20<;0 

Y.fh~,-p,c 
'1'11'<.02700 

). YTI'<~271C 

YTRA272C 

YTR~O 
YT;:;~- ,!O 
VTR:'27~O 

YTR~~700 

Yih.A2770 

YTH~27dO 

YTR.A2790 
YT~.A2élOC 

YT;:;"2él~ 
YTHP2t1 0 
YHlA2t.l~ 

p 'l'1,.,~2b40 

'l'TRA2d50 

YTR.A2tH,O 

YT';~287C 

'rT~~2oo0 

YTR"2t'''1 0 

YTF'~2Ç()0 

L-; "), 

1 .. 

• ~ \ 
1 

"1 

• 



_.-. 
PPROXIMATE NJRMALIZING 

.1 
------~-_._---TR ANS F OR /lA T lieNS PAG-Ë .... · -6- - - \, - -

r-

<: 
<: 
C 

/l, ~.A. D'AV IPRO 

C(2(1)=(1(2"1 (1).0.00.(2H(1)) 
vCZ(I)=O(C<,A,1 (1).0.DO.C2H(I» 

E C 2. ( 1 1 = i.. ( C 2 Al ( 1 1 • 0 • DO. ( 2H ( 1 1 ) 

FC2(1)=F(C2Al (1).0.DO.C2H(I» 

Ge 2 ( 1 ~ = d (.C.< AI ( 1 ) • 0 • DO. ( 2H ( 1 ) ) 
~ (c.:HINUr: 

25 C3H=I.uO-)(,,(31.XI<.(I)/(3.00 r XK(2,>l1<1«2', 
..: .... l=I.D!3/..:"Cll 
y lA 1 C:3 = v ~, 1 ( X" 1 • C .0 C • C ~;- ) 
YM..::C3=v .... ;::(x,(1.Q.OO.CJHI 

YVIC3:=YV~ (XK1.0.O'O.(3H) 
YV":'C:J=YV2CX,,1.0.00.C3HI 

Y"C:l=!.ùC+Y~lC~i'Y"2C3 

'1~uJ=YVIC3+'1V~CJ 

1;-( YSO": .Lt.O.OO) 

'. 

'1SDD=YVIC3 
j', Y50C3=GSQ~T~YSJD) 

IFCIIA+"tJ.r..~.OI GO TC 20 

CES;; 2 • li a· (0 Ao 5 ( '1~9 C 3) + t;ABS ( YV 3e3) ) 

1;-(,«F.Lt::.LJcS,1 <..0 '0_20 

,! {, 

20 

~Lr=LJ~S 

Al :KK 1 
A":: = 1 • ...,0 

HIC JI1 

E}(Y='(~Cj 

5:1'1='1S[.C3 

.... 

11-( lL.-l.CU.OI.,c;O TO 6<; 
Y' JC3=Y"3(XKI'.O.'OO.C~HI 
'1" .. CJ=("'4(l<,,1.·).OO.CJHI 

'1VJc.~=YV..l(J(Kl .0.00.(3H) 

'1V .. ':'3=YV4(X":;1.0.00.e3H) 
!JC ,""H >'Kl.0.00.(3H 1 
(C3=C(}(Kl.0.DO.C2H) 
OCJ=8( )(Kl.0.00.C3HI 

t:.(J=LI xK"l.0.DO .. C3H) 
FC]=F( )(Kl.0.DO.C3HI 

GCJ=G( X"I('"{.0'''0.C3,H) 

CASE 0 

69 NJ=l 

NF::O 

.JJ=l 

NF1=O 
NF T =NA+ 1Io3+NC2 +2 

310 IF( ~FI.GE.N"") GO 1'0 301 

~<Fl=NFl+l 

JI. t' ( 1 .~. J ).: A A 1 ( 1"0 FIl . 
XF(2.NJI=AA2(NFI) 

JI.,.,(.3. NJ1 ff .... (NF11 
GO Tv 30p' 

301 It'O,f 1.GE.I'.A+t\t\) Ge TO 302 
1'.t'1="Fl+1 --.. 
Xf- ( 1. NJ 1 ::bAI { r>.F I--Nl"') 

XF(2.NJI=ùA2(~FI-NA) 

JI.;-(3.NJI=UH(NFl-~AJ 

GU TO 31)0 

:3 1) 2 1 F ( 'IF 1 • GE." A + NO + 1 ) Ge Ta 30.:3 
IF(f>.O.lO.O) GG TO 65 

j 
.a> 

• 

l' 

/ 

" 

• 

\ 
YT~,I2910 

YTR,I2920 
'l'Tf;.A2930 
Y'T,,~2940 

Y1f;~2o~0 

YT':pz<;t.O 
Y1;:;P2970 
YTI-IA2':;AO 
'l'1;:;P,,990 

Y1R.A3000 
YT;:;103010 
'l'TRI>3ù20 

• Y'T~~~O.:O 

YT;::,o:;':;40 
''1T':~3050 

• YTRI>30éO 
YT;:;1>3070 

YT~.A30tlO 

'1Tkl>J':;ÇO 
'l'T,,AJIO? - YTHI-.3110 
'1'1,,1-3120 
YT .. 10313C 
YThA3140 
'11;:;,63/50 
YTJ;I>3160 
YT;:; ,63170 
YT;:;A31tO 
'1TRIoJl"'O 
Y1kA3200 
Y1;:;;'3210 
YT(;10~:'20 

YT.<A3;;3C 
Y1f,"3,è40 

1 

YTHI>::'2~O 

YTf.. .. 3,,!...O 

Y1f.A327.o 

I- YTkl>3,,<lC 

I 
j 
1 

'l'TH 1-32'. 0 
YT;:;'I>3300 
'1T;:<I>.;310 
YTkl>3320 
YTi'lA3330 
Y11':-'3340 
'11F<I>~350 

Y1;:;...,.J360 
YTf..~3370 

YTfO.I>33tlO 
YTRA3390 
YT;:;I>3400 
YTr.I>3410 
YThA:3420 
YT;:;I>3430 
'1TRA3440 
'l'TF<.A34~O 

'é.; 
yr"1>34,-
YTF<.A3470 
YTRA3480 

" 

./ 
\. 

.. 

1 

1 
1 

1 
i 

-. 

\ 

r ----.-

,:1 

1 
jO\\ 
1 

t 
f-! 
(J1 

IV 
1 

\. 
1 " 
1 

1 
1 

1 

1 

, 
1 

1 
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-,< 

J 

-

, . 
NrI=NFI+l 
À, 1"1 • tlJ ) = C 1 Al 
xFC2.NJl=0.OO 
~XF(3.·"Jl=CIH 

Gü ru 300 
3,9 3 ! f. ( '. ,.1 • G L • N A + NO + 1 + III C 2) GO TC ::04 

;--'.F- :;:'~.j F l + 1 

XF(I ... .JI=C2Al C"FI-P\A-t-oE!-11 
Xi- (2. .ru l=C.DO 
xr= ( 1. tU) =C2H( l'.F I-N.a-!'.S-l 1 

G.J ;0 300 

304 IF( JF!.EO ..... FT)GO TC 6S 

1'.1- 1 ='.F 1" 1 
"',(I.N.J)=I<><1 

)( r ( ,! • r" J 1 ~ C • DO 
XF(3.NJI=C3H 

, 
.,.. 

:300 ITVA'=30 ~ 

c 

Z~LL lSY51~(FFF.I0.0-14.13.3.XF(1.Nj).ITMAX.WA.IERF(~j" 

!i-(I<F(!.NJ).GT.l.D-251 GU TD 357 
f If.(I<f.(2.~~I.GT.l.D-251 GO TC 357 

IF( ... f (3.o,JI.ûTol.O-251. GO Tù 357 
GJ Tr) 7,-

• 357 1 r ( l '-,' F l /\ J) .~. E • J) GOT C 79 
1~(o,~.[u.O) GC TO 70 
D'l 72 "-=2.o,J 
(;0 7'1 .J=1.3 
IF(~AHS(xF(J.NJ)-XF(J.K-I)).GT.1.0-0~' GO TC 72 

71 CurHIo,UL ' 
GU ru 79 

72 CuHI'W::: 
70 Nr=,~f-"l 

1~ ( .~ .l>t .S) GO TO 65 

t.J='.r+l 
79 JJ=JJ+l 

GU ru "10 
6~ ll-'{ .F.c::U.O) GC TU 166 

ULJ t:J'> !=l .. r",F 

y 'A l ;: ( 1 ) =- y " 1 ( X F ( 1. 1 1 • li F ( 2. 1 ) • X F ( 3 • 1 ) ) 
'1',1.2" ( ?) =- y" 2 ( X F ( 1 • 1 ) • li F (2. 1 , • XF ( 3. l , , 
'( v 1 ~ 1 ) = '( V 1 ( ... F ( 1 • I ) • X F (2 .. 1 ) • XF ( 3.1 1 ) 
'1'\1 2 ~ 1 ) -= y v 2 ( X F ( 1 • 1 ). 1< F ( 2. 1 ) • XF ( 3. 1 ) ) 

y Mt' ( 1 1 = 1 • CO +Y" 1 F ( l H Y"'.<::F ( l ) 

Y',DJ=YVlf. (11+ YV;:'F (1) 

, 
1 1- ( YS [Jù • L c:: .1 • D -4 0 ) '1' 5 C 0 = DMA X 1 ( 1 .0-40 • YV 1'" ( 1 , ) 
Y",,') F ( 1 ) = ~ ~ '.J ~T ( Y.::."; 0 ) 

DL J = JAu S ( y ri 2F ( 1 ) ) -t l. .. tl:: ( YV2 F ( 1 ) ) 

1 t- ( <:"F. Lt. .D_5 I< .. u TC 28 /' 
f<'::t-=J- 5 
Al=J(F(1.11 

A,=x"'(2.1) 
H =x'(3.1 
E.)o. y =- y \\t- ( 1 
!:> LJ Y -= Y !> G 1° ( 1 ) 

2 8 1 f. ( l '- r< • c: 0 • 0 1 C. C T 0 e.6 
Y'~ J t= ( 1 1 = Y"':;' ( Il F { 1. l ,. x F (2. 1 ) • XF ( :!l. 1 ) ) 
Y~4F(I);r"'4(XF(1.1).XF(2.11.XF(3.I) 

YII3F( 1 )=YV3(XFd.l).XF(2.I, .XFC?.I,) 
y Il 4F ( 1 ) = y V4 (li F (l • 1 ) • x F ( 2._ l , .j<F Ch 1 , 1 

Q ..... 

YTJ;~34Ç,0' 

YT~A3500? 
YTI'<A3510 
VTR~3~20 

YTf;~j53q 

VTf;1I3~40 

VTf;;>j~!:>O 

'1'Tf;1I3S60 
VTR~3:,7C 

YTf;~3,)BO 

'l'TI'<;> 3590 
VTG,03600 
'l'T,,'>3cl0Q 
\'T,,"3b20 
VTf;AJt:>JO 

PAGE 7 

'1' TRI- -., u4 0 
vr",;>..>cso 
'l'T;:(I>3060 

VThA307C 
'1'T,,~3ct!C 

'1'Tf."3L<;C 
YTI.~370C 

'1'T,,1-3710 

'1'Th~3720 

'l'TR1I3730 
'1'Tf.lA.3740 
VTI';.o3750 
'l'T"A3760 
YT';'1-3770 
VTf;I>37HO 
'l'TRI>37<,.0 
YH,I>3ùOO 
YT~~3810 

YTRA3b20 
YTf;,o3030 
VTf;;>3,,40 
VTk'>3h~0 

V11';,AJ060 
"ITP,A';tllO 
VTh,03~eO 

VT~,A:; "1'-0 
'l'T«,o3<,;00 
YTQ~.J910 

'l'Tf; .oY,20 
'l'T;:;A,,''30 
YT"'1'3~40 

'1'Tf;,>J<,.50 
YTI'I,o,3<;."O ," 
YTF.I-3-970 
YT<;~3<;UO 

1 

YT~,A3c.;ÇO 

'l'T",~40:;0 

'l'1,,A4010 
)'TRA4020 
)'Th1-4030 
\'7"A4040 
YTRA4050 
YT ... .A ... OoO 

.. 

, 

---e 

.. 

. , , 

~ 

"" 

/ 

, 

1 
f-I 
(.TI 

w , 
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\~(\ 

~. 

c 

, 

Fô> 1 ! , =8 ( X F Il. 1) • X F (Z. l ) .XF (J. 1) ) 

FC(I)=C(XFIl,II.).,F(2,II.XFIJ .. I») 

F Co( 1 ) =u ( X F ( l , 1 ) , X F ( 2 , 1 l ,Xf- ( 3 , l 1 ) 
FE(l)=c(XF(I. !1.XF(2.!).xFI3.I» 
FF( !)=FlXF(l. !).XF(2.I).xF(3.I» 

F G ( 1 ) = G ( x F ( 1 • 1 ) • x F ( .:.1 l ,xF ( 3. 1 ) ) 
66 Cûr.TIrH .. ::. 

166 CI.l=Al 
1 C;"c ;;;.A2 

CH=H 

U = XI<. ( 1 ) 
SG -=~l 'H 

!~«ë:F.Në.l.0+70) GC TC 160 
IF( I=".NE.OJ WRITE(6.170J 

• • .. 
110 ~JhYATI'O NO SCL~TICN FOUNO IN ANY OP T~E CASES') 

IL"=" 
"c.TU"N 

160 CEXY~[XY 
(:>(,'1'= "DY 
Ir( 1::".tù.OI l'!:TlJR!'< 
... r 1 r c ( t, 01 10)( l • X~ ( Il. l = 1. Ne U/04) 

~ 

,. , , 
110 Fu,","AT('l·///20x.'Y = ( 1 ... Al ~ JI. + A2.f1 X"*2) tt-. H' /// ,:!o. x. 

& x 15 AI'.Y RANUOM VMHAULE' 

[, / / IJ) x • ' C L '~ UL A '" T S 0 F JI' / / ( 1 0 x • ' K ( , • l 2. ' ) = • • F 2 5 • 1 C / 1 ) 
w"ITL(6.l0II 

VTF:.a.07C 
YTIH40eo 

YT"~4090 
'l'TI<'''4100 
YTP"4110 
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YT~A41,o. 

Y T ~ A4 ~3 0 
YT>;A41~O 

YT",A41~C 

yTF<"4160 

'l'T,,''417o. 
'rT>;"41~O 

YTf;,o<'l"O 
y T ~ 1.4 2 C 0 --
'r1>;A .. <'10 

'1',,," .. ,:.::0 
y T:; ,0 4,2 30 
YT"'A .. 240 
YTr.t42S0 
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YT;:;A4~70 
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y T;;' ~ "" ~ (? 0 

YTPA .. JOO 
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!-4) '//T':;'J. '''Y(~) =' .21x.'a (R'~-21 + 0 (R"'-3) + G (R ..... -/ll '//T30 'rT ... "43bC 
&.'1<.'1'(4) ='.j4}(.'C (R,-'-3l + t- (R~"·-4.)'I'/T30,'KY(5) =',41x.'1i! (Rt4YT~t43"C 

1. - 4 ) , ) 0..... J 'y T ... " .. 4 0 C 

,.,k!TL{6.1C21 Y1RA .. 410 
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l I",n T LI {, 01 C j 1 
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(,0 T,j 105 
EOUAT~ONS HAVE ~O RE~L SCLUTICN ') 

10.4 ",F<lT[(b_1C6)N~ 

10.6 Fu~'-IAT(///2'Jx.'THEf';e Af';E·.I3.' SbL~!IO""S (Al.A2.1-1'1 
Vu 10 7 1.: 1 • N~ 
.. R 1 Tt: (t, t! C>l) 1 .AAI II ).AA2( I) .AH( Il 

lOb ru" 'MT(////10x.'(· .11.' J' ,5X.· ('.3F",O.14.· 1') 
1 0. 7 \01 ~ 1 T!::. ( L • 1 C.:) ) y ,. 1 A ( 1 ). y M 2 A CI) • y M 3 A ( 1 ) • y M4A ( 1 1 • y "1 A (1 1 • v v 2 A ( t ) • 
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'1'1>;-"4490 

YTf;,l.4::,OO 
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YTR~4::;20 

VT;:;"4~JO 

'rT>;P4~40 
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&..)=·.FI7.13.· + V4=·.1-17.1J.' ... k'--S'.//.:rt5.,·KY(;;)='.TS1.'S=', YTf."4~tO 

/;. FIJ.14. + u='.F1E.l", + G='.Fld.14. + Rt"-~'//T1S ~,.r;"'45<;O 
& .·"'y(4)=·.T7 ... ·C=·.Fle.14 •. ~+ F=·. FIB.loll. • RI!<O-S'. YTf,"4t,OC~ 
" //TI5.·KY( ,1=·.T97.·L.:'.F18.14. + Rntl-S' YT>'<'4610 

10~ ~~IT~(c.1221 'rTh"4b2C 
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" 

/' 

,...,%F("C.,.,,~.OIGO TO lZ4 
.... H 1 "'-C ( 0 • 1 e 3) . 

G0 T.J 125 
124 ~kITE(0.106INB 

o Cl 1 é. 7 1 = 1 • "-'J 
'" ;;Z Tt: ( 0 • l'e è ) l • tj ""1 ( l 1 • e,A 2 ( 1 ) • B H ( l ) • 

127 ... 1-< l -:- E ( 6 • 1 09 ) V '" 1 B ( l 1 • y,.. <: B ( 1 1 • y M 3 e ( l " • y'" 48 ( 1 •• y ~ LB (1 ) ~ .., V2 B ( 1) • 

(, y V j D ( 1 ) " y V 4El ( l , • BE B ( l ) • D [j U ( Il. Gu B ( 1 ) ." 69 ( 1 ) • F es ( l ) • E B B ( l ) 
1 2 ~ 'tIr~"' 1 i L ( t • l .i.. 2 ) 
14.:°F~,">AT('l'///5X.'C"'SË C SPt:CIAL CASES ... hEN A2 

~ //7x.'Cl (HALOA"-'E TRANSFOR"'ATION BI SETTIN~ 'B = 0 
~, ) 

If ( ,::J.~L.C) GC TG 144 

... .,/JTé.fo.l,,11 

O' 
C • 

121 F~h~Ar(////40X.·Th~ EOLATIONS HAVE NO SOLUTIC~' /)////7k. 
f.. 'C2 : ,SETTlr-.G e = 0 0 = 0·/!//4CX.'T"'E ECLUATICI'\S HAVÊ 
~ r • ..J .3::J LUT 1 C",,' /.; / / / / 7 x • ' C 3: ( hA L 0 A ~ ETH A " S F C R~ A II C 1'\ AIS ET TIN G 

t. é:, ~ 0 Al = l' /' K(1I'////40x,'THE é:OUATIOl\S "'A\lE l'oC SCLUTION' 
Cl) Tt) ! tj4 , , 

1,44 ... h 1 TL ( b, 1 Co 0 ) 

146 "Ch'AT( .... / 2'JX.' THE SCLUTION 15 ~(Al,A2.H)' 

~KITE(o,14~)CIAl,CIH 

1'4 e FU;; "1 A T ( /3:: x .' ( , • F 2 C .14 • 10 x • • 0 • C' , 7 x, F 20. 1 4 , • ) • , 
~~IT[(0.109)Y"'ICl ,y"'2C1,YM3C1,Y~4C1.YV1Çl,Y~2Cl,yV3Çl,yV4Cl. 

& L' Cl, D':: l , l> C ~ • CCl. F Cl. E C 1 
.. <-I!TL(O.l::"I 

152 rw~V~T(//I//7x.'C2 
1F(~':::,~r.0IGC Ta 154 
'tIIrh<ITL-(c.::;3) 

SET.TI NG B = 0 .' C • O') ) 

153 FuhAAT(//I// 

G-.J T0 1:'5 
40X,'THE EUuAT1~NS HAVE ~a RE~L SCLU!ICN -,' 

15~ ~"IT~IL,t~QINC~ 

150 F." ~"T(// ;:'OX,'THERE ARE',I3,' SOLÛTIONS ( .. 1.,62.1-,,) 
U-.J 1~7 !=1.'.C2 
'" f. : T: (b. , b..J) l ,C lA 1 ( 1 ) • C2H ( l 1 

'rT"~4~50 

VTR,A4b6C 

YTRA4b7C 

yTRA46PC 

'tTRA4éC;C 
')'T1=<1'4700 
'l'TI=. 1'471 0 

YTf..ltl4720 

'tTI=.,/I,.730 

"'T~1'4740 

CYTHI'~750 

YT~,o47b.o 

Yl'~,o477C 

YH'1'47EO 
YTI'.tl4790 
\'TI'<1'4LOO 
Y"1;:',o .. '10 

)YT",o .. 120 

YT':;P4c.;30 
yThtl4d40 
Y"1f:;1'4e50 

Y1F<1'4000 

YT,,"'4!::70 
YT~A,.dt-O 

YTR;:' .. J~O 

'lrT;:' A .. "CO 

,<T",/I4'-'10 
ltThI'4<,i?0 

ltTf:;I'''''30 
YTP,lh.'.40 

y T" l' 4 ') '> 0 
yT,,'>4>;éC 

YT~;'4970 

'rTi·;I. .. ',E:O 

"TI=< .. ·,>,>C 
1 5 tJ F LJ'" • A T ( / é. 5 )( .' ( , • \ 1 • r ) , .5 x • ' ( , • f- 20 , lA ,5 X , • 0 • O' • F 2 !: • 1 4 .' 1 • ) \' Th l' '> 00 0 
1 5 7 .. ".: Tc' v , le) ) y ... 1 C 2' ( 1 ) • y ~ 2 C 2 ( ! ) ,y,.,. 3 C 21 !) , y .. 4 C 2 ( 1 , , y V 1 C 2 ( 1 )' • y V 2 C 2 ( 1 ) • y T ;; ~ sel 0 

f.. y Il 3,- c: (- l ) • y Il '" C2 ( l ) ,E C 2 ( l ) ,l) C 2 ( ! 1 , G C ~( l 1 • ç C 2 ( l l ,F C2 ( ! l , E C 2 ( l ) 

155 ~hlrC(~.lt2) ", 
16;:: I--CH'I;.T(/////7x,'C3: (HALOANE TR.ANSF~ATICl\ A1 SETTI"G 

~o : Al = l / ~(1I'1 ~ 
",,,ITl (0.14'0) -,., 

""<ITLC6.14J)XKl.C3h ~-

YTH~,)C20 

'r'Tr.,/I:'03C 

e '" 'yTh1'5C40 

.. ', 1 T r ( b. : C ç ) y '" 1 (3, y 1/2 C3 ,YM 3 C3 ,v "'4 C.3 , v V 1 C3 ,V v2 C3 ,.,v,3(.3, V V4 (3. Be.3. 

Y !l' ;l.sa ~ 0 
y"j::;~:"C00 

y'TPA5C70 

VTf:,,/I~,CPO 

~ [) C j • '-' l. ..: • <.. C j • F C 3. Le 3 " Y T r:."" a 9 (} 
18 ...... hITt.(I,.lÇ2)NF1.r-.F :' ,,1",:,0',100 
192 Fl.J~I,\T('I·/r/5)(.'CASE D'//10x,'w~ us=: BF;OIor-.S MEfHOC CF SCLV(NC'·/YTRt< .. 11-O 

~///10A,'Tr~ FCLLU~rl\G ~ON-LIN~Aq SlMULTANECLS EUlATICNS.//////l$~.YT~tl~r20 
f, '(110 .. C + G = C'/1~}("(2)' C" F ~ O'/1~X • .'(3)·,9X,·E = O·/Y1f,"'~1j'O 
f..///la-<,·u!O:e,G '.12.' lro.IT1AL Gl.ES-SES. ~E C~1Al1\' 012.' SCLl.TICNS·/JYT",;'514Q 

1.=(,,-, .::.u.o) GC TO 1<;.3 

ou 1 .. 4 1=1,""r 
.. h 1 Tt. ( t> •• lOt' ) l • )( F ( l , l ) , )< F ( 2 , l l , X F ( 3 , l 1 

194 .. "ITL(o,lC<;.IVfoIIF( Il.Y,,,,,F(!I.YM3F(I),'tM4F( Il.''I\llFCI "YV2F( Il. 
f.. YlljF(!I.YII4f-(II, Fblll,FO(!I,FG(II.FC([l,FF(!I.FE(!1 
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c 
c 
C 
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FU~CTIC~ ~RC8(X) ·1 
,1 

P~OGABILilY AT X Glv~~ C~LY THE 
PURPlJS::::: 

TO ~INO CU~ULATlvE 

CUMULA~TS. Trie ~ETHCD IS TO APPLY TH~ Tk~~~FO~M~TION 

Y=(l<'Al' (X-UI+A2"("-U)."21",~H. TH:: S,oLLTICl\5 CF THE 
CQ'~TAI\T~ ~l.A2.~ TCG~THéK ~ITH TH~ ~EA~ ~~~ ST~~CA~C 

.. .lLVIATIJ'I Cr- y (f"AS5=') TH'<OUGH T>;E"'f1!"""c/'o. ELGCK CC"') A~e 
.,J Il T A H. c: u F >; ,-:"~ Tt'<;: 5 L. cj ri 0 U T l l'ol Y T" A /1, 5 • 

c PARA""erE~",,: 

ç J( i" ~ ,:> ~;:< ç 1 l' CIl.- t. pel 1'< t AT ' .. /i! C H T t- E P ~ C B .. E; ILl TV 1 S 

C T0 bc EVALULO 
C 

,. 

c 
c 
c 

ç 
ç 
c 
c 
c 
c 
c 
c 

l''lPLlCIT HrA~'d (A-H.a-lI 
CL,","'é.Jr-. /CC"'/kl.A2.f-..t"y.sov.SG.u 
XÀ=,J.-V 
YG=l".)()+'>'l >.X.A,,· )CX)~)< 

y l - ~ -> 1 (, r-. ( .... '"' 1.:, ( Y.) ) h - H. Y C ) 

IF-I" (Al.2 • .))"';""L .. x,()"~G.GT.O,DO) GO TO 1 
XA--Al' .'oC.O/,\2 

-Y_Ll~l.I.-O.Al 'XA.A""'X~"'XA 

Y~~2.00'~~[J~(~A6S(YlZ)~~H.VZZ)-YZ 

YL-"(YL-:",vt/SDY 

~h~J=,5~C.'J~C·ul~F(.7071067811e65475'Yl) 

II- (::.C..L T .0.")0) I-'f,C":=l.CO-PRCB 
J..._ Tu,... .... 
lr.D 

FuNCTlùl'< CENTCPI 
, " 

PURPûSé:: 
TO FIND T~E PERCEI\TPGE POINT OF A OIST~IeUTIO~ 

GI Vc;.N t .- THE PF<.O'3AtlILI 'l'v 

i 

2. A NORMAL hP~DO~ VARI~ELE ~ITH T~E SA~E 

?f;.QClAt'lL11V L::V':.L/ 

AND GlvEI THE CL.:vULA'.TS OF THE:'DIST.J:IELTICJ/\. 
c ~ ~ 

f:"'T~Y Ct:!'.1Y(Y)· USE:O 1/\ 1"'15 CASE 

TH!:. METH USEO IS 1ù Jr"VL~T T .... ::. "ù"'''IALIl!I'.C 1RA/'.~FORM .. TI0N 
c 
c 
~ 

'-

C-

C 

C 

C 
C 

V=-(1+A1' (X-ul+A2,(x-U).'2l"'·H ~H::r;!:O,THE CCI\STIII\jTS ARE 
SuP~Ll[û JY THe ~LL~CUTI~~ YT~A"'S. \ 

PARAME.T!::~S: 

,.> 

IN CAS~ OF 
T.-<o.. P;:'jJ0PEILITY "HOSE Pt:.>-<CENTILE 

c:.I\T>'Y C(.NTY(YI 

y - TH!: NuR".AL VAldATE Cl.J:;F<LS~ONuING 

TU 1H~ HLCulhED RAND(~ VA~IA~LE. 

l'';:>LICIT "ëAL't! (A-H.C-LI 
CO~~uN /CCM/Al.A2.H.c:xY.soY.SG.u 

y ::: ... H 1 N V l P ) .-r-'h 

GO TU .3 
ê."'j T >-l y Ct:: N T Y ( Y 1 
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" 
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1" FR C B AB 1 LIT Y " l 
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y,.~,.5220 

'l'Tf',.S230 
YHI,1524C 
Yl;;'A5250 
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"Tf:; "',~ 70 
'l''R,o.5<.PO 
YT >; 1>~2 'JO 

""lh;J.~~OO 

'1' T;: /l',': la 

'l'T"tS320 
YT'<o.~.o..,O 

'1"1"',0.::;.040 
YTh"~.l50 

'YTh~5:;'.:O 

\,1';;\5,70 
'Y"T~AS-,UO 

y T >-;.- :; 'JO 

"'1f..~~4VO 
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'1'1 ... /.:';420 

YT"'A~430 
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'TH· P, .. t 0 
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't T r~ ~ ~ 4'~ a 
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"\'Tr.,o."720 
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THE FOLLOwl~G A~E FU~CTICNS OF 1hE OIFFE~ENT C~CER~ CF THE 
CIJ/lUI...Ar-.rS CF y 

KY ( 1 ) 1 .. '1'1011 .. '1'''''2 + YM3 + Y~4 
r<y( 2 1 'l'V 1 + 'l'vi:. + YV3 + .JV4 
KYL:" (l ... 0 ... ~G 

KY(4) C .. F 

1('1'(51 E 

FUNCTICN ECAl.A2.HJ 
I~PLICIT fOEAL*8 (A-~.G-Z) 

CO,.,.'1-J'I XI< 

Olr.oC:NSILll> XK(S) 

... 
...J:~ 

B =AlrAl.H~~.H~(Al.XK(3)+3.DO.XKC2)*XK(2).CA1*~1.00) 
(, +2.00 A211 

hE Tuh..·"s 

[,'10 

Fur-.CTIC,. CCAl.AZ.H) 

",,1 M PLI C 1 T R c:. AL' tl ~A - ~ • C - Z ) 
Cw"'~U" XI<. 
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& ) + 2 • [) (1 ,\ l ' • '" -" A 2 (r - 1 • CO). ( e 2. • [., C' ri - 1 ~ 7 • DO) + 2 ~ 2 • De" A 1 ~ A 1 .c. A 2. JO A 2 ~ ( 
f. H-l.uO).4a.LlO-A2"AZ·A2) 
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(;. 5.ùO).4.DO·Al· ... l ... A2"'(7.DO~H-ll.[)01 .. 36.DO .. A2,joA2)/12.CO 
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!. A: ",1 Al· Al' fi 1 r fi ~ - C H - 2 ru C) ,( 1 S::; • C CH' 1, - b b 2. CO 1 H + é ç ~ • CO) .. 2 • 0 C, fi 1 ... Al;' y T ;; /> cl 0 8 0 
f, A2'AZ; (f"-2.DC) ~~C'ri-1<"S7.COI+12.u)<i'2"A2'A2ql16.COtH-lel 'l'TM~t:C90 
/, .uJII/I'.DJ + X"'(.c!)''''''(21~(21~XK(21·H.H,"(I--l.OC)~(A1''.'''''' "TI-o"01CO 

f, (ri -.2 • 'J:) J • ( H- .: .0:) 1 (1::.0:)' H . '~ : f1- 1 l 'j. Q 0 '11 ' 1- + ~ 0 : • [) C' H - ~ DO. DO ) + e • DO '1' : ... ~ cil 0 

!. 'A 1 • 'J. ~':;' (t1 - J • .) C ) ~ ( ri - J .U 0 ), \ ( ~ 2.0 Q , H • H- 2 ;::: • ü C • H .2" 5 • De) + 1 2 • 00" 'r T;; ;. 8 1 20 
t:. Al 'Al Al.Al ;'2rA2'(',-2.ùO)-(2::<::.0') t-',"-10Çl.CC't-+ll.i~.DOJ+192..00 YT<'~blJO 

t:.~-Al''''l A2 A~"';"21(H-2 • .)O)"(31.CO~H-~1.[)O)+4E.DO'/l2')A2rA2""2"'(27.CCYTf-I-;;140 
& ·H-,.~.i."O»/":4.UO YT"l-tll~O 

Nt_ Tlj../ N 

E.,,"U 
<;.,. 

:>Uu{OuTINE QCuuIC(~.8.C.~1.R2.R3.0IS) 

..J 

(:, 
/ 

FINùS.THe R[AL ~CCTS Pl.f'o2.R3. ""C ThE OISCF:I"'I"'~NT CIS 
ùF Trll CUdIC )( .... 3 + A i, X""'2 .. 8 '" )< + C .. 0 

l~~LICIT H~AL~e CA-~.C-Z) 

P=J-..\ A/3.CIJ 

U=\"-,j A/J.OIJ~2.[)O."·A"A/27.DO 

ld S~4 .[10' F .> ·P+27. CO'u a 
Ir (ùlS)3.201 

~=O;:J ... T(OI5/1 Cd.OO) ~ 
~l=CJIG~( 1.u).S-U/2.CC)-DAdS(S-O/2.DO).~ .~:3JJJ3333333333J 
S~=l)C, r (,IJ.( 1. '..JO. - ::;,-C/2. CO )~DABS (-S-O/,z .00 , ...... 33333::!333~:l3::!333 
RI=::.l~~':-"/J.CO 

"2~-.5..Jê (:'l+:::.::)-/l/].CC 

Il j = ( .> '\ - 5 ~ ) '. J c> <.. a 2 5 <. 0 3 7'ê 443 tl6 
~::. T lJ t~ J 

3 Y-'CJl.,T(-CrS/27.DO)/(-C) 

i-' " J -= ( cl '" TAI'< ( '() + ( 1 • Ù C - C SIG N ( 1 • DO. v ) ) .. 1 • ~ 7 ory ç 6 3.2 6. 7 9 4 8 97 ) /3 • 0 0 
T=2.ul) 1):;(.,~T(-P/3.;';CI 

I-Il=T ù(l.,",("HI)-A/].CO 

f.,,,~-T 'UCC:::( 1 •• 0471 <;7~5119c>598-PHI )-A/3.00 

h3~-T'DCCS(1.0~71Ç7=~119b598+PHI'-A/3.DO 

p.....:. TUhr ... 

<-NI) 

-------------

'l'1;</><.11/)0 

'l'T;:;/>dh70 

YTH";;180 
YT",,ael<;O 

Y1 ... A0200 

'r TI< f. "<- 1 0 
y T k P t' 2 2 0 

,\'l'Th.,a~;o,30 

YTf.,oe24C 

'l'Tf'/l.;.:;:'O 

vT"t-:i.::cO 
YT«Atl L 1C 
Ylf.tc2tlO 
YTh/ob29C 

YT~~.6..:00 

'l'Tf..AtJJlO 

'1' T I~ A t3 320 
YTfiAJjJO 

'1'1 f< /oci3 .. 0 

'l'T l, 1- '" J ':.0 

Y T k A~,j":'éO 

~1""U370 

~TP,a·,.iüO 

'l'Tf. "dYJO 
'rTf;~è4CO 

'1' 11-1 "".+1 0 
'rTRI'04;::;0 

YHl~h430 

y T f< ~d44 0 

YTRAtJ4~O 

'1' Tf, ,ae4ù 0 
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f' 

, '" 

-e 
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1 1 
,f-' 
O'l 
f-' 
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.: 

, 



- -----. - -- -- --
~PROxIMAT~ N~~~ALIZI~G TRANSFOR~ArIC~S ~.~.A. O'AV!HRO -.~-_._---

.... 
J' 

'" 

c 
c 
c 

.0 

FUI\CTIUN FFF( X,IO 

FUNCTllJN f<EOUI~ED EV T~E IMSL ~CuTINE ZSVST~ 

I~PLICIT ~~AL~ù (A-~.C-l) 
()l'I=~,<;IUN X~l) 0 

G") ro (1. L • j 1 • K 

• F F f- = j ( x ( 1 1 • x ( 2 ) • x ( ~ ) ) + 0 : X( 1 ) • X ( 2 ) ,.( ( :3 ) , +G ( )( ( 1 ) • X (2 ) • )( ( 3 • ) 
r<~ T Ll.l "1 

ZtfF F=C( x( 11.X( Zl,x(:n )+F(X(11.X(2).x(.3}) 
Ri:. r J.( r~ 

:3 f- F F ",L ( X ( 1 1 • X t 2 ) , )( ( ~ ) 1 

"'::..TURN 
END 

~ 

It 

0. 

" 

,. 

.. 
.. 

l , 
~ 

~J------ -

/-

, 

", 
'-

YTlUB47C 
YT""84t30 
'l'T~jle4C;;0 

YT~ /18500 
YT>=fte510 
'l'TRAd52q 
YTf< .. 8=30 _ 
'l'Tf; ;'654,0 " 
YTRn5~0 
..,T><,,<:>.)oO 
YTK"d~70 
YTRftdfoeo 
YTRA",,'590 

YTN.A~6ÙO 

" 

t -

~ 
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... 

v .. ( 1 + Al. )( + 112 • x •• 2 , •• H 

., 
x, r S A NON-CENTR AL CH! -SQUARE D%STRU!VTION ....... 

PARAMETERS • Nz: 10. 0" 5.00 

CI..MULANTS OF X 
"-

K( 1 )" 15.0()OOOOOOOO 
.". 

K ( 2'= 40.CCCOCCCCOO 

K ( J): 200.0000000000 

K ( 4): 1440. CCCCCCCCCO 
'<, 

K ( 5)= 13440.0000000000 

K.( 6)= 15j6JO.~OCCOCCCOO 

- 1 

ASSU~tNG T~AT THE TERM CCNTAINING Ktl!'- O(~ •• (l-l)' FOR SO~E DOMINANT PARAMETER R 

CR ~UtVALENTLV K(l,=O(R.*!). Al= C(R •• -1). AND A2" Q(R •• -2,) 

~ , 
THEN KVIl) .:: '1.0 + ,..t (R •• -l) + l-i2 (11 •• -2) + MJ (R*.-J) + M4 (R •• -4) 

KY(2) VI (R •• -I' + V2 (R .... -2) + V3 (R •• -3) + V4 (R •• -4) 

Klf() .. 8 (R •• -2) + 0 (R •• -3) + G (q •• -4) 

KY (4) = C (R"'.-3) + F (R •• -4) 

XY(5) .. E (q •• -4) 

./ . 

~ 

-- " 

.? 

(\ 

'\, ; 

<;~-I 

l 

• 

~ 
• 

• 

.. 

. , , 

'b 

1 

1 

.' 

• 1--' 
en 
W 
1 



----= e--------- • 
CASE : A SETf INe> o .. 0 C ,. 0 E~ 

THFRE A~F. 3 SOLurIONS~(A1.A2.H) " 

( .. ) . ( 0.1547983842C561 0.00605680006204 0.27.531029720080) Ci 

T~E CCNST.NTS IN THE CU~ULANTS OF y ARE 

( 2) 

KY(l)~ I.~ + ~1= -C.C20C647249596 + ~22 -C.000~030q304Z9 + M3: 0.0001122509540 + M4-' 0.0001402790555 + R •• -5 

KY(2)= 

KY (3) = 

KY (A) = 

I<Y(~)" 

" 
~Yl= O.04eé5P0744501 + Y2= 0.00087P54P-5é65 + V~= -0.0000482179A08 + V4- -0.OOOI5~0988457 + R**-S 

~ 

0.071734345<l532~ 

8= -O.-~OOCOOOOOOCoOO __ + 0: -0.00001822789910 + G= 0.00009088918272 + U •• -s 

~ .... 

J 

C.OC~0<l68~le414~ 

c~ -0.00000000000000 + F= -0.00002507221354 + R •• -5 

-") 
l 

0.~81.ge5760494e, 

E= -O.OCOOOOOOOOOCOO + R •• -5 

T~E CC~STANTS IN THE CU~ULANTS OF y A~E ~ 

en 

KV(1'~ 1:0 • ~l= -Q.C22PC54S90ZQ2 • ~2= -0.00047321J2149 • MJ~ -0.OOOOI~062753e • M4- -0.0000054237192 + R •• -S 

1<'1'(2)= 

1< '1'( 3)'" 

1<'1'(4)= 

1<'1'(5)= 

" 
p 

V1= 0.0299571241842 + V2=, 0.C00540~?25200 + V3= O.OOOOZzrÇ78262 + Vifs: e~COOOO~?14331? + R •• -5 

B= O.OCOC~OOOOOOOOO + D= -0.00000880~50R03 + G= -O.0000075A31755? + q •• -5 , 
C: -0.09000CCOOOO~OJ + ~= O.00~00300q875j3 + R •• -5 

Ea 0.00000000000000 + R •• -5 

o.oe24e9coeç71~7 O.OCIIZ91ge5~t3" 
~ 

O.162q815~145596) 

II. 
T~E CCNSTANTS IN THE CU~~LANTS or- y ARE 

0.000005t565689 + R •• -5 

i 
KY(I)= 1.0 + ~1= -0.01120~48750e7 + ~2= -C.C002~24723658 + M3= 0.0000175589067 + M4-

l 
I(Y<2~ VI: O.007220e4442Je + v2= 0.C00130S3~8577 + VJ= -0.0000041140337 + V4s -O.OoooO~fe?:521 + R**-S 

, 
1<)'(3)= t:l= -O.CCOCCOCOOOOOOO + D= -0.00000104399319 + G= 

~ 
O.~000019620123~ + R •• -5 

1< Y ( 4 ') " c= -O.CJOCOOOOCOC~OO + F,= -O.OOOC003770?700 + R •• -5 

A 

t= -0.00000000000000 + R •• ~ KY(5)= 

'-
i 

1 
1-' 
cr'> 

,+ 
1 



~------------------
'" - e 

S1:: [! SETTING 8 • 0 C • 0 o .... 0 '~ 
~. 

THE~E A4t- 3 SOLUTIONS (Al.A2.H) 

( 1 , 0.15,f:614'8760213e 0.00621306069123 O.2273494~021634' 

T~E CGNST~NTS IN lHE CU~LLANTS CF y ARE 

~ KY ( 1 ) '" 

KY(Z)= 

KY(3)= 

KY(4)= 

I<Y(5)= 

l-2' 

t.o + ~I= -C.02967t926P53t + MZ= -C.COO~P3eZ26348 + ~3: 0.000t713213630 + M4-

VI= C.05071237P~070 + V2= 0.,OOO?15640172? + V3= -0.0001012947946 + V4: 

0.07138240438951 

e; -O.OOOCCOOQOOOOOO· + 0= -0.00000000000000 + G= 
." 

C= -0.00000000000000 + F= 

E= 

0.00012903016282 O.~6564412135018' 

0.OOO~Otl~85&13 + R •• -5 

-O.000130357e928 +R.·-5 

0.0001,3936539~4 + R •• -S 

-0.OC001640610032 + R •• :S 
0.0000 327e44529 + R •• ~S 

, 

r~E CONSTANTS IN THE CU~VLA~TS CF y ARŒ 

e" 

KY(!)= 1.0 + ~l= -0.0217504631174 + MZ~ -0.0004~79605141 + ~32 -0.0000023520057 +~M4. -0.000001855778& +, R.r-5 

KY(2'~ 

KY{j)= 

KY(4)= 

-K Y {~ ) = 

VI= 0.J272495620SJl + V2= 0.C004920059815 + V3: 0.0000070775708 + V4- 0.0000030947268 + R.~-5 

0.08055746999164 

1 

u= 0.00000000000000 + D= 0.00000000000000 + G= -0.000002043694~9·~ R •• -S 

0.00102212~.!i08.3 

i 1 

C= -0.00000000000000 + Fe OoOCOOOC0092qe~1 + R •• -S 

E= 

0.16776281968626) 

, 
OoOOOOOOb93875J9 + RJ.-S 

1 
1 

! ,,.-
r~E CONSTANTS lN TH~ CU~ULANTS OF y ARE 

,~ 

KY(lla 1.0 • ~l~ -O.011?6212JS9Je + ~2~ -0.000221S9~~096 + MJ: 0.OC0021J79~105 + ~4z 0.0000060412127. R •• -5 

II;Y(2)= Vi= C.CC73CS7206437 + V2= 0.C001319088450 + V3- -0.0000074158479 + VA- -O.COCOC5203836~ + R •• -S 

Ky(J): ~= o.~oocoooooooooo + 0= -0.00000000000000 + G~ O.0000023731?1741 + R •• -5 

KY (4) '" c'" -0.00000000000900 .. Fz -0.OCOOOOS416.SeS71 + R •• -5 

"V(~'. 1'-- o.oOOOOOo.!5t:!?502'. R •• -5 

,. 

1 
1-' 
m 
()"1 

1 

'-,-' 



ASE 

Cl 

C2 

e e~--- e 
C SPEC1ÀL CASES W~=N A2 • 0 " 

(~ALCÀNE TnANsrORWATIC~ e) SETTI!l:G !:!::II 0 • C • 0 

TH!: SOLUTION IS (AI.A2.HI 

~. 07JJJJ3JJ33J3J 
"-.,. 

T~E CC~ST~N'S IN THE CU~~LA~TS CF y AnE 
~ 

~ > 

0.0 0 •• 316tA16181~le' 

KY(I/'" 1.0 + Wl~ -O.OZ6J€fPeeeeb9 + ~2= -0.0006575231461 + M3- -0.0000695372878 + M4- ,-0.000025512e3~9 + R •• -5 

KY(2/" 

KY{J): 

le Y (" / = 

I<.Y('SI~ 

"V l -d V2= 0.~401l11l1{111 +/ 

""-../ Oc: 

SETTI"G .Ii e .. 0 D • 0 

''''CRE AR!': 2 SOLUTIONS (Al.A2.M) 

(l/ 0.0707754~94J435 

'~E CONSTANTS IN T~E CU~ULANTS CF y A~E' 

0.C0072422e~?51 + V~= O.O~106?443?30 + V4= 0.oooe440357l46 + R •• -5 

O.OOOOCOO~OCOOO + 0= -0.000066567112 4 A + G= -0.00004 4 15416565 + R •• -5 
/ 

c= O.OOOOOOOJOOOJOJ + F~ 0.~~00263IC004J6·+ n •• -5 

~: -o.000007076l~599 + R •• -5 

0.0 0.41128344964240) 

'KYIl/: 1.0 + ~l= -0.0242573023064 + ~2~ -0.0004514316133 + M3.--0.0000164047227 + M4. -0.0000070083433 • R •• -S: 

KY(Z)..;: .. VI=> 0.OJ3eC;Z0027Q46 + VZ:S 

KY!::!J'" A= 

1<'1'(4/= 

1<'((5./= 

( 2' -C.02910876276768 

T~C CCNST~NTS (N.fHE CV~ULANTS ~~ y An€ 
1 

0.0004674624964 

O.OO~OOCOOOOOOOO 

C.O 

+ VJ:c 0.0000228376539 + V4- O.0000118ZQ'415 + R •• -5 

+ p: 0.00000000000000 + G: -C.OO:~IC50963495 + R •• -5 

c= -0.0000195see0460 + F= O.OOOOO~J54J9361 + ~ •• -5 

E= o.OOOOOOOO92~?73 + R.·-5 

2.43141317957108J 

KY{l): 1.O.~ ~I=~ 0.05e9795Z~5286 + Ml= -0.0013570174608 + M3= -0.000058Z229502 + M.- -0.0000084.965~6 • R •• -5 

KY(Z)= vl=- 0.2003664564647.+ V2? -O.0305~22052q48 + V3= 0.0033779297436 + V4- -0.0001947391947 + R •• -5 
~ 

IC.Y!3J= 0= -o.OCOCOOOOOOOOOO + 0= 0.00000000000000 + G= -O.000866e333e8~8 + R •• -5 

KY(4'= C= -O.0274180?21H9l~ + F= 0.01596949237912 + R**-5 

K'(5)2 e- O.0~J?4103~92~e3 + R •• -~ .... ::~-
'--

1 
f-' 
01 
01 
1 

-II 



---...1 ~ 8--. --- - __ -1.. ____ _ • .. . . 
CJ (~ALCA~E TRANSFQP~ATtON A) SCTT!NG -0"0 Al-l/K(l) 

THE SOLUTION IS (Al.A2.H) 

O.066~6666666667 0.0 0.37500000000000) 

T~E CONSTANTS IN TH~ C~~uLANTS OF y APE 

/~: KY(l)a'l.O + ~12 -O.020BJ3j3333~J + ~2= -0.OOOlee078io37 + M3-, 0.0000347423161 + ~ •• O.OOOOOSI8t2S26 • R •• -5 
r 1<'1'(2).< , '/1'" 

KY(J): 

1<'1'(4,= ~ 
1<'1'(5)= 

/ 

,----
0.Q250CCOCOCOCO + '12= 0:C001736111111 • V3z -0.0000503150720 + V4- -0.00000e4069439 • R •• -~ 

a 
j 

f 

J 

,. 

~ 

~ 
B:z G.OOOOOOOOOOOOOO + 0= 

(~~ . 
O.00004918981481')~~. O.OOJOO?J979C702 + R**-5 

C:~r# 

C: -0.00002777777778 + F= -O.0000074508101Q + R •• -S 

~ ..... -

1 

! -

} 

" -. 

,,' 

, 
\) of 

1 
E= O.OOOOJJ2118C556 + R •• -5 

\ 

:;:~ 

? 

, .. 

: 

.. 

$ _ marEst-J'Sse' .. " ... ·0··.. ...~ .. 7 .• ___ ._ •• 

\ 

?. 

... 

1 
f-' 
0) 

I-..J 

1 

-', 



-. . ----- - - - ----
-- -. 

CAse 0 
1 .. 

/ 

'OIE ~Sf: eRC_NS ~ErHaO OF SCLVING 

1 
/ <# -T~~ ~CLLC.t~G ~ON-LINEAR St~~LTANEU~S EO~ATIONS 

1 \ " ,~ 

46. 
". 

,(t)e+o+G=o 
(2) C + F = 0 
(3 ) E o 

"-
US1~G Il INITIAL GUESSES. ~E O~TAtN 2 SOLUTIONS 

\. 

( 1 ) O.071»754~Z!9S26 ~~OOQ07715377302 0.38978077716366) 
c' 

(7 

TloC CCN;;TANTS Hl THe Cl.,;fJI.,;LANl'S OF ;t...M~E 
1 

KV(I): 1.0 .. ~I= -u.0231675711843 + ~2= ~a.00046904789~3 + M3= -0.000014e434455 • ~4. -o.oOOOOSe9J6533 • R •• -~ 

J .,6 J t'1 :!3~64C; 104 
1 

KV(ZI= 111= + V2: 0.0005270732129 .. v3= 0.0000230220382 + v,,· 0.0000097512613 1+ R •• -5 
, 

i' 
I<Y(.)= " 0= 0.OCOO1520003:!31 + 0= -0.OOOOO6811?1678 .. G- -0.00OO0838~16653 .. Il •• -5 

/ " " 
I<Y(4)'" ' t c= -0.00000341563778 + F= 0.ocoe03415eJ778 + R~.-5 

KY(';)'" E= -O~OOOOOOOOOOOOOO .. Il •• -5 

( 2' 0.O~074~A0521623 0.OOlQ027A41B232 O. 1\5~6968'559476) 
T~E CCN~ANTS IN THe CU~ULANTS OF y AR~ 

( , 
J' 

KY(I)~ 1.0 + ~1= -0.0118513491643 + ~2: -0.0002570077593 .. MJ. 0.0000152018572 • M4. 0,. ,0000 Cl5112"'&25 +' ~ •• -5 
-" 

KY(Z)= 

KV(:3): 

KY (4 )" 

KY(5)= 

. 
vl= O.OC~C761~5e376'" V2= 0.0001613099037 .. V3= ~0.000004435659J ~ V.z -0.0000050231"29 + R •• -5 

tl= -0.OOCOCO~9860120 + 0= -O.00000177Q85629 + G: O.p000022784~75C + R •• -S 

1 

c= 0.00000040471301 ... fE.--0.'OCOC004e471301 + R •• -S 

;~= 0.00000000000000 + R •• -5 

---- --- ------ ----_ .... ---- - - -~ - .. _. 

/{ 

1 
" 

• e 

1 
l-' 

lm 
co 
1 


