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1982 — ACTA UNIVERSITATIS PALACKIANAE OLOMUCENSIS 
FACULTAS RERUM NATURALIUM — TOM 73 

Katedra matematické analýzy a numerické matematiky 
přírodovědecké fakulty Univerzity Palackého v Olomouci 

Vedoucí katedry: Prof. RNDr. Miroslav Laitoch, CSc. 

ACCOMPANYING SPACES TO A LINEAR 
TWO-DIMENSIONAL SPACE OF C O N T I N U O U S 

F U N C T I O N S WITH A CONTINUOUS FIRST 
DERIVATIVE 

J I T K A K O J E C K A 
(Received March 27, 1981) 

Dedicated to Prof. Miroslav Laitoch on his 60th birthday 

M. Laitoch defined in [2] the n-th accompanying equation (n-natural) to a 2 n d 

order linear differential equation 
y" = Q(t)y (Q) 

(Q < 0 is a continuous function on its definition interval i a Et) with a given basis 
[a, /?], where a, p are given real constants, a 2 + p2 # 0. If u, v are two independent 
integrals of (Q), then the function 

ecu + pu' av + Pv' 

Va 2 - p2Q Va 2 - p2Q 

form a basis of the space of all integrals of the first accompanying equation to (Q). 
The present paper investigates the properties of a linear two-dimensional space 

of continuous functions with the basis (Q(OLU + Pu'), Q(OLV + pv')), where (u, v) is 
the base of a linear two-dimensional space of continuous functions with a continuous 
first derivative, Q > 0 is a continuous function and a, P (a 2 + p2 # 0) are given 
real constants. There are investigated zeros of functions and extremes of phases 
relative to this space and conditions are stated under which this space is of the 0r* 
class, i.e. it has no extreme points. It is referred to [3], [4] and [5] where the 
linear two-dimensional spaces of continuous functions are studied from the point 
of view of Academician O. Boruvka's theory on transformations of solutions of 
the 2nd order linear differential equations and to [6], where the spaces of continuous 
functions with a continuous first derivative are considered. We continue to use the 
results of the works cited at the end of this article. 
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0. In all what follows we are dealing with functions from Ct(i), i c L ^ / e C0(i) 
will always denote the derivative of the function y e C^i). 

Remark 0.1. Three cases arise for the function y e Ci(0> y 9-- constant on 1, 
and its derivative (cf. definition 1.1 [3]): 

1. y, y' are dependent on the interval i, 
2. y, yr are independent on the interval /, 
3. y, y' are neither dependent or independent on the interval 1. 

Theorem 0.1. Let y e Cx(i), y =£ constant on i. The functions y, y' are dependent 
on the interval i exactly if y = kect on the interval i, t e i, where k, c are nonzero 
constants. 

P roof : I. Let y, y' be functions dependent on i. Then there exist real numbers 
a, b (a2 + b2 7- 0) such that ay + by' = 0 on i. If one of the numbers a, b were 
equal to zero, then with respect to the assumption y ^ constant, the other number 
would also be equal to zero, which would, however, contradict the assumption 
a2 + b2 9- 0. Thus it holds in the whole interval i that y' = cy, where c = — ajb. 
Next, it must hold for all t e i that y(t) 9- 0. Namely, if there would exist a point 
to e i such that y(t0) = 0, then y'(t0) = 0 would follow from equation y'(t0) = 
= cy(lo) a n d i n V i e w of this fact the equality y' = cy on i may be satisfied by the 
functions y = 0 and y* = 0 only, which again conflicts with our assumption that 
y 9*= constant. The function y = kccf, where k =£ 0 is a constant, is the solution 
of the equation 

y'(t) = cy(t), t E i. 

II. If y = kecr, t e i, where k, c are nonzero constants, we obtain y' = kcec'. 
Then there exist numbers a, b, for instance a = — c, b = 1, and it holds ay + 
+ by' = 0 on i, hence y and y' are dependent on 1. 

Corollary 0.1. Let y e Ci(0? y 9-= constant on i. The functions y, y' are in­
dependent on i exactly if y •£ kect, t ej, holds on every interval j c i, where k, c 
are nonzero constants. 

Corollary 0.2. Let ye Ci(0, y 9̂  constant on i. The function y,y' are neither 
dependent or independent on i exactly if there exists an interval j cz i,j ^ i, where 
y = kect, t ej, and y =£ kect, t e i \j, on the interval i \j, where k, c are nonzero 
constants. 

1. Zeros of functions of an accompany ing space PD[a, 0] 
to a space S 

Let u, v e Cx(i) and (u, v) be a basis of a linear two-dimensional space S (cf. 
definition 1.2 [3]) whose range of definition is the interval i c Ex. Let (uf, v') be 
a basis of the linear two-dimensional space S', where S' is the set of derivatives 
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of all functions of the space S. By Theorem 1.2 [6] no function y e S is equal to 
a nonzero constant on any interval j c i. 

Convention 1.1. We assume throughout that for every function y e S the functions 
y, y' are independent on interval i. The functions identically equal to zero will be 
excluded from our considerations. 

Theorem 1.1. Let S be a space with a basis (u, v), O(t), t e i, be a function conti­
nuous and positive on the interval i, a, P are given real constants, a2 + j?2 ^ 0. 
Then the set of all functions having the form Q(t) (ocy(t) + py\t)), where t e i and 
y e S, form a two-dimensional space of continuous functions with a basis 
(Q(OCU + pu'), Q(OCV + Pv')) and with a definition interval i. 

Proof : We show first that the functions O(au + Pu') and Q(OCV + Pv') are in­
dependent on i. If they were not independent on i, then there would exist constants 
a, b (a2 + b2 ^ 0) and the interval j a i such that 

aQ(ocu + Pu) + b@(av + Pv') = 0 onj, 

hence 

oc(au + bv) + p(au' + bv') = 0 o n j . 

Because of the independence of functions u, v and because of the independence 
of each function from S and its derivative, the above equality is satisfied for a = 0, 
b = 0 only, whence it follows that Q(OCU + Pu') and Q(OCV + pv') are independent 
on i. 

Let y ( = c!u + c2v) e S be an arbitrary function, ct, c2 be real constants. 
Then Q(ocy + py') = Q(OC(CXU + c2v) + P(cxu + c2v')) = CX(Q(OCU + Pu')) + 
+ c2(.O(av + ,6V)). The set of all functions Q(ocy + py') is thus a set of all linear 
combinations cYQ(au + Pu') + c2^(av + Pv') and by definition 1.2 [3] it is a linear 
two-dimensional space of continuous functions. 

Corollary 1.1. The functions Q(ocyx + Py'x) and Q(ocy2 + Py2), where yt,y2e S, 
are independent (dependent) exactly if yx, y2 are independent (dependent). 

Definition 1.1. The space from Theorem LI of all functions Q(ccy + Py'), where 
yeS, will be called an accompanying space to the space S with respect to the 
number basis [a, {?] with a weight Q and we denote it by PQ[OC, P]. 

Lemma 1.1. To every function xePO[a, /?] there exists exactly one function 
y e S or y' e S such that x = Q(ocy + Py'). 

P r o o f : Let y and y be two functions of the space S for which g(ocy + Py') = 
= x = Q(ocy + Py'). Then oc(y - y) + j5(.y' - y') = 0 and - because of the in­
dependence of each function j ! e 8 and its derivative — the above relation is 
satisfied for y == y only and thus also y' = y'. 
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Theorem 1.2. The mapping of S on the space PQ[U, p] defined by the operator 

D. = Q I oc. + P — . J is an isomorphism of S onto PQ[OC, /?]. 

P roof : By definitionPQ[OC, P~] we have DS = PQ[OC, j8]. With respect to Lemma 1A 

the mapping D is schlicht and it holds for yx, y2 e S: 

D(yx + y2) = Q(oc(yi + y2) + P(y[ + y2)) = 

= O(ayi + py[) + Q(ocy2 + j8^) = Dyt + Dy2, 

-9(cyi) = Q^cy, + jfcy{) = cQ(ay1 + £y() = cDyi . 

Remark 1.1. With reference to Lemma 1.1 [6] we can in analogy prove that 
the mapping of the space S' onto the space PQ[OC, ft] defined by the operator 
D'. = Q(OC$ . dt + p.) is an isomorphism S' onto PQ[OC, /?]. 

Convention 1.2. Since in the main zeros of functions of the space PQ[OC, /?] 
investigated throughout this paper, we shall assume a =?- 0 and p ^ 0. If there 
namely were a = 0 or p = 0, we would investigate in fact the zeros of functions 
of the space S or S', which is the content of [5] and [6]. 

Convention 1.3. Let (u, v) be a basis of the space S, then in all what follows w 
will stand for the Wronskian of functions u, v, i.e. 

I u v I 
w = , , = uv — U V. 

I u v I 

Lemma 1.2. Let t0ei and let for the function Q(ocy + Py') e PQ[OC, p] hold 
Q(h) (ay(*o) + Py'Oo)) = 0. Then there arises exactly one of the possibilities for the 
function y (e S): 

l °y ( ' o ) = 0,y ' ( 'o) = 0, 

2° y(l0) * 0, /(t0) * 0 and ^ = --J-. 

Proof : The assertion follows directly from the equation Q(t0) (
ayOo) + Py'Oo)) = 

= 0 and from the condition a # 0 and /? # 0. 

Definition 1.2. If j ( t 0 ) = 0 and yr(t0) = 0 holds for the function yeS and the 
point t0 e i, then we say that t0 is the zero of the function Q(ay + Py') of the type 1. 

If y(*o) # 0 and ~ - ~ = --~- holds for the function yeS and the point t0 e i, 
y(*o) P 

we say that t0 is the zero of the function Q(ocy + Py') of the type 2. 

Lemma 1.3. Let t0 e i. Then there exists a function . y e S such that t0 is the zero 
of the function Q(ay + Py') of the type 1 exactly if w(t0) = 0. 

P roof : The assertion follows from Theorem 1.7 [6]. 

Theorem 1.3. Let t0 e i be a singular point of the space Pg[a, /?]. Then w(t0) = 0. 
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Proof ; Any two independent functions Q(OLU + Pu')> Q^&v + fiv') of the space 
PQ[&I Pi have at t0 a zero value, thus 

au(to) + pu'(t0) = 0 

av(lo) + M ' o ) = 0. 

With respect of the assumption a # 0, ft ^ 0 the above system of equations has 
a zero determinant, i.e. 

0 = u(t0) v'(t0) - u'(t0) v(t0) = w(t0). 

Corollary 1.2. Let t0 e i and w(t0) ^ 0. Then t0 is a regular point of the space 

PQ[*,0]. * 

Theorem 1.4. Let t0 e i, w(t0) = 0 and let y e S exist such that l0
 lS a zero of the 

function O(ay + /ty') of the type 2. Then t0 i s a singular point of the space Po[a, /?]. 
P roo f : From the assumption w(t0) = 0 now follows by 1.7 [6] that there exists 

a function yte S such that yi(l0) = 0 and yi(l0) = 0- Since yi(*0) = 0 a n (* 
yOo) ^ 0 are j i , j independent and by Corollary 1.1 the functions Q(ocy + py') 
and o(ayi + Py\) are also independent. According to Theorem 1.3 [3] t0 is a singular 
point of the space PO[a, />]. 

Corollary 1.3, Let the assumptions of Theorem 1.4 be satisfied. Then there 
exists a function yx e S independent on y such that t0 is a zero of the function 
#(ayi + jftyi) of the type 1. 

Theorem 1.5. Let t0 e i be a regular point of the spaces S and S\ The point t0 

is a singular point of the space PO[a, /?] exactly if there exist independent functions 
yi ^ y2 e -5 such that t0 i s a z e r o 0I* lhe function ^(a^x + Py[) of the type 1 and t0 is 
a zero of the function g(ocy2 + fiy2) of the type 2. 

P r o o f : I. Let t0 be a singular point of PD[a, /?]. Then by Theorem 1.3 w(t0) = 0 
and thus yx e S such that t0 is a zero of the function Q(ayx + fiy\) of the type 1. 
If the function £(a.y + />y') e PQ\OL9 p\ had at t0 a zero of the type 1, then there 
would j( t0) = 0 and this is because of the assumption on regularity of S possible 
only then, if yx, y are dependent. Hence it follows for a function y2 e S independent 
on yi that the function Q(ocy2 + fiy2) contains a zero of the type 2 at t0. 

II. If to is a zero of the function Q(ayx + fly[) eP@[a, /?] of the type 1 and the 
function Q(ay2 + Py2) e PO[a, /?] of the type 2, then the assertion follows from 
Theorem 1.4 and from Corollary 1.3. 

Corollary 1.4. Let t0 e i be a singular point of the space PO[a, /?]. Then there 
arises exactly one of the possibilities: 

1 ° there exist functions yx, y2 e S such that t0 i s a zero of the function 
e(ayi + M ) of the type 1 and the function g(oty2 + Py'2) of the type 2. 
Then t0 is a regular point of the spaces S and S'. 
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2° l0 is a zero of any function of the space PQ[OC, P] of the type 1. Then t0 is 
a singular point of the spaces S and S'. 

Theorem 1.6. Let t0 e i be a singular point of the space S (S '). Then it holds 
that either t0 is a regular point of the spaces S' and PQ[OC, P] (S and P#[a, /?]) or t0 

is a singular point of the spaces S' and PQ[OC, P] (S and PO[a, /?]). 
P roof : Let t0 be a singular point of the space S. Then it holds for any function 

Q(*y + py')ePQ[oc, 0] that _>(t0) (ocy(t0) + py'(t0)) = Q(t0) py'(t0) whence the 
assertion follows. Entirely analogous is the proof for t0 being a singular point 
of S'. 

Theorem 1.7. Let t0 e i be a regular point of the space P£>[a, /?] and let a function 
/ e s exist such that t0 is a zero of the function Q(ocy + fly') of the type 2. Then 
w(*o) 96 0. 

P roof : Let the function yt e S, y>i(lo) ¥= 0, be independent on y. Then it fol­
lows from 

y'(t0) _ cc y[(t0) _ a 

y(to) ~ P yi(^o) * P ' 

t ha t / ( t 0 ) ^_ ( r 0 ) - y[(to)y(t0) # 0 and because of Lemma 1.2 [6] w(t0) ^ 0. 

Corollary 1.5. Let the assertions of Theorem 1.7 be satisfied. Then no function 
of the space PQ[OC, P] has a zero of the type 1 at t0. 

Theorem 1.8. Let t0 e i be a regular point of the spaces S and S'. Then for any 
function g(ocy + Py') eP#[a, p], for which _>(t0) (ocy(t0) + Py'(t0)) = 0 holds, t0 is 
a zero of the type 1 exactly if t0 is a regular point of the space P^[a, P] and w(t0) = 0. 

P roof : I. Let any function of the space Pg[a, P], having a zero value at t0, 
have a zero of the type 1 at t0. Then by Theorem 1.7 [6] w(t0) - 0 and because 
of Theorem 1.5 t0 is a regular point of PQ[OC, P]. 

II. If t0 is a regular point of the space PQ[OC, P] and w(t0) = 0, then with respect 
to Theorem 1.7 [6] there exists a function of the space PO[a, P] such that t0 is its 
zero of the type 1 and by Theorem 1.5 no function of the space PO[a, P] has a zero 
of the type 2 at t0. 

Theorem 1.9. Let t0 e i be a regular point of the spaces S and S'. The point t0 

is a regular point of the space PQ[OC, P] exactly if there holds one of the assertions 
below: 

1° w(t0) - 0 and for any function _>(ay + Py') e PQ[OL, P] having a zero value 
at t0, t0 is a zero of the type 1. 

2° w(to) * 0 (said otherwise: for any function Q(ocy + py') e PQ[GC, p] having 
a zero value at t0, t0 is a zero of the type 2). 

P roof : The assertion is the corollary of the previous theorems. 
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Theorem 1.10. Let t0 e i be a regular point of the spaces S, S',PQ[CC, ft] and 
w(t0) = 0. Then there exist real constants X, \i, X ^ 0, \i 7-= 0 such that t0 is a singular 
point of the accompanying space Pv[A, //] to the space S, where v > 0 is a function 
continuous on the interval i. 

Proof : According to Theorem 1.9, for any function y e S for which y(t0) 7= 0 

y; i=- - ~ . Let us write - ; °; = . Then t0 is a zero of the function 
y('o) P y(t0) M 
v(Xy + fiy') of the type 2 and by Theorem 1.4 t0 is a singular point of the space 
Pv[X, fi]. 

2. Extreme points of the space PO[a, /?] 

Lemma 2.1. Let t0 e i and y e Cx(i) be such that y(t0) = 0. Let t0 not be a limit 
point of zeros either of the function y nor y'. Then there exists 3 > 0 such that 

for te(t0 - 3, t0) -—I- < 0 and for t e (t0, t0 + (5) -^+y- > 0. 

P roo f : With respect to the assumptions of our Lemma there exists 5 > 0 such 
that y(t) ^ 0 holds for t e(t0 - 3, t0 + S), t # t0 and likewise y'(t) 7- 0. Let for 
te (t0 — 3, to) hold: 

1. y(t) < 0, then j is increasing and thus y'(t) > 0, 
2. X 0 > 0, then y is decreasing and thus ; / (0 < 0, 

whence it follows that ~ - r r - < 0 for t e (t0 - 3, t0). 
yv*/ 

Let for t G (to, l0 + 8) hold: 
1. y(t) < 0, then y is decreasing and thus y'(0 < ,̂ 
2. y(t) > 0, then y is increasing and thus y'(0 > 0, 

whence it follows that y;f > 0 for t e (t0, t0 + 3). 
y(t) 

Theorem 2.1. Let t0 e i and y e Cx(i) such that y(t0) = 0 and y'(t0) ^ 0. Then it 
holds: 

lini y;; = +00 and lim y;; = - c o . 
t->r0+ y(0 f - to - y(0 

Proof : The assertion follows with respect to Lemma 2.1 from the assumption 
of y'(t0) * 0. 

Corollary 2.1. Let tl,t1e i, t1 < t2 , be the neighbouring zeros of the function 

y e Ci(0 and ^et y'(*i) ^ 0 and ^'(^2) =?-= 0 hold. Then the function —- maps the 

interval (ti9 t2) onto the interval ( - 0 0 , +00). 

Theorem 2.2. Let t0 e i and y e Cx(i) such that y(t0) = 0 and / ( ' o ) = 0. Let 
t0 not be a limit point of zeros either of the function y nor y' and let t0 not be a limit 
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point of extremes of the function y'. Then 

lim ,1 = + 0 0 and lim / x = - c o . 
t-*o+ y(0 . - f 0 - y(0 

P r o o f : With respect t o the assumptions of the Theorem there exists 3 > 0 
such that y(t) # 0, y'(t) ^ 0 holds for t e(t0, t0 + 3) and the functions y(t) and 
y'(t) are strictly monotone in the interval (t0, t0 + 3). Let us restrict ourselves 

to the case that y(t) > 0 , / ( t ) > O f o r ( t 0 , t 0 + 3) and let us investigate lim . 
t-+tQ+ y(t) 

The functions j ( t ) , y'(t) are thus increasing on the interval < t 0 , t0 + <5> and the 
function y is strictly convex. Let h be a number, 0 < h < <5, then by the mean 
value theorem there exists t e (t0, t0 + 3) such that 

y('o + h) -y(t0) = y'(t)h. (2.1) 

Because of y being increasing on the interval <t0, t0 + <5>, the point t from (2.1) 
is uniquely determined and it is obviously the function h. Let t = F(h) for h e 
e (0, <5) and F(0) = t 0 . Then for h e (0, <5) we have 

TW = (y')-1(J?0o + / ; ) " X t o ) ) 

lim T(h) = ( / ) - ( iim * ' - + » ) - * . , ) ) = ( / ) - > ( / ( , Q ) ) = 

-+0 + \f»-vO+ " / 

and 

The function T(h) is thus continuous on the interval <0, 3). For any h e (0, <5) 
we have 

y(*o + h) 

and thus 
У(T(Һ)) > 1 

y(t0 + h) ^ J_ 
j(T(h)) h h 

Since lim —- = +oo we have lim —-> ° . x-r- = + o o . In applying (2.1) we 
*-o+ h ft_+0 + y(T(fc))A 

obtain 

+ co = lim K'° t ^ T ^ - = l i m "Si!1 = l i m 4^• M , _ 0 + y(T(h))h A_0+ J>(T(h))h 4 - 0 + y(T(h)) 

Let us now show that the function T(h) is schlicht — increasing on the interval 
<0, 8). If it namely were for hx < h2 T(hi) = T(h2), i.e. tY >, t2, where tx = T(hv), 
t2 = T(h2) e (t0, t0 + <5) and since / ( t i ) = j ' ( t2 ) , then it would be : 

yih + j j l > Xto + h2) 
h, - h2 
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which is impossible with respect to y being strictly convex on the interval (t0, t0 + b). 
Thus there exists an inverse function T~l(t) and we have 

l i m T _ 1 ( t ) = T" 1(t o) = 0. 
f->f0 

Inserting h = T~l(t) into (2.2) we get 

+ oo = l i m - ^ Ш = l i m Ä 
„_»c+ y(T(h)) t^t0+ y(t) ' 

which was to be proved. 
In case of y(t) < 0 and y'(t) < 0 for t e (t0, t0 + 3) let us denote z(t) = -y(t) 

and z'(t) = -y'(t) then for all te(t0,t0 + 3) z;l = y;( which are the 
J w ° ° z(t) y(0 

conditions of the previous case. 

The assertion lim • = -co is to be proved in analogy to lim * 
t-+t0- y(t) t-+t0+ y(0 

= +00 . 

Corollary 2.2. Let the assumptions of Theorem 2.1 or Theorem 2.2 be satisfied. 
Then 

l i m - - - - - - - 0 
t-+t0 y\t) 

holds. 

Theorem 2.3. Let t{, t2 e i, tx < t2, be the neighbouring zeros of the function 
y e Cx(i). Let next the sequence of zeros of the function y' from the interval (tx, t2) 
not have any limit point tx or t2 and in case of y'(tx) = 0 or yr(t2) = 0, let tx or t2 

not be a limit point of extremes of the function y' from the interval (tt, t2). Then 

the function -̂ — maps the interval (tt, t2) onto the interval ( —oo, +oo). 

Proof: The assertion follows from Theorems 2A and 2.2. 

Convention 2.1. We shall concern ourselves in what follows with regular spaces 
of a certain type on i only. It means two independent functions of the space S 
or S' or PO[a, /?] have no zeros in commun and no function of the space S or S' 
or Po[a, ff\ has not any limit point of zeros inside the definition interval i. For 
short we shall call the zero t0 e i of the function £(ay + Py') e ?€>[&, P~\ of type 1 
or type 2 the zero of type 1 or type 2. We shall exclude from our considerations the 
zeros of type 1 which are the limit points of extremes of the function from the space 
S' having at these points a zero value, i.e. we assume that for any t0 e i there exist 

the limits lim . \ and lim ,? , where y e S. 
r->r0+ y(0 e-r0- y(0 

Lemma 2.2. Let tt, t2 e i, tx < t2, be the neighbouring zeros of the function 
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g(ay + fly') ePg[a, ff\. Then the function y has in the interval (tl912) one zero 
at most. 

P roof : Let us assume there exist at least two zeros of the function y in the interval 
(tl9 t2). Let us denote by l3, l4 e (tl9 t2), t3 < l4, the neighbouring zeros of the 

function y. Then by Theorem 2.3 the function —- assumes the value — - on 
y P 

the interval (t3 , t4) and by Lemma 1.2 there exist in (tx, t2) a zero of the function 
q(ay + fiy')9 contrary to our assumption. 

Theorem 2.4. Let tl9t2e i, t1 < t2 , be the neighbouring zeros of the function 
g(ay + /?/) e PO[a, /?]. Let the function y have in the interval (tx , t2) exactly one 
zero, then t1 and t2 are the zeros of type 2. 

P roof : Let us denote by t0 e ( t t , t2) the zero of the function y. If the point tx 

were the zero of type 1, then by Theorem 2.2 lim = +oo and since by 
t-+t*i+ y(0 

Theorem 2.1 lim : / = - c o , the function would assume the value —— 
t->t0- y(t) y P 

on the interval (tl9 t0) and by Lemma 1.2 the zero of the function g(ay + fly') 
would be in the interval ( t j , t0). This, however, contradicts our assumption. The 
proof for the point t2 proceeds similarly. 

Corollary 2.3. Let tl9 t2e i, tx # tl9 be the neighbouring conjugate points of the 
space PO[a, /?]. Then t1 and t2 are not the zeros of type 1 simultaneously. 

Remark 2.1. In the following Lemma 2.3, Theorem 2.5 and in its Corollary 2.4 
the assumption S c Ct(i) is not necessary and S c C0(i) suffices. This assertion 
is true for any two-dimensional regular space of continuous functions of a certain 
type on its definition interval. 

Lemma 2.3. Let (u, v) be a basis of the space S. Let tl9 t2 e i, t t < t2 , be the 
neighbouring zeros of the function u. Let v # 0 in the interval ( t j , t2) or let v have 
at least two zeros in the interval (tl9 t2). Then at least one extreme point of the 
space S lies in the interval (t1, t2). 

P roof : The assertion follows from Theorem 5 [5]. 

Theorem 2.5. The point t0 e i is an extreme point of the space S exactly if the 
function y e S, for which y(t0) = 0, does not change the sign at t0 . 

P roof : According to Lemma 1 [5] every point t0 e i is the zero of a function 
from the space S. Hence, let y(t0) = 0 hold for y e S. With respect to the regularity 
of the space S yi(*0) ^ 0 holds for any function yt e S, independent on y. 

I. Let t0 be an extreme point of the space S. Then by Theorem 3.2 [3] lim = 
(A *-*'° y W 

= +oo or lim- \ = — co. Since yi(lo) 9* 0, there exists a neighbourhood of the 
«-.o XO 
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point t0 at which yx is positive or negative so that, for the above limits to be valid, 
y cannot change its sign at t0. 

II. Let the function y e S not change the sign at its zero t0. Taking the function 

yt e S independent on y, we obtain lim • being equal to + oo or — oo and 
t-+t0 y(0 

by Theorem 3.2 [3] t0 is an extreme point of the space S. 

Corollary 2.4. The point t0 e i is an ordinary point of the space S exactly if the 
function y e S, for which y(t0) = 0, does not change its sign at t0. 

Theorem 2.6. Let there exist a neighbourhood U(l0) of the point t0 e i such that 
w(t0) = 0 and w(t) # 0 holds for all t e U(l0), t ^ t0. Then 

a) if w changes its sign at t0, then t0 is an extreme point of the space S. 
b) if w does not change its sign at t0, then t0 is an extreme point of the space S'. 
Proof: By Theorem 1.10 [6] the first phase A(t), t e i, of the basis (u, v) from 

the space S has the continuous first derivative 

A'(0= " w ( 0 

u\i) + v\t) 

For A(t) to have an extreme at t0 it is necessary that w changes its sign at t0. 
Further, by Lemma 1.4 [6] the point t0, where w(t0) = 0, is either an extreme 
point of the space S or an extreme point of the space S' — thus if w does not 
change its sign at t0, then t0 is an extreme point of the space S'. 

Theorem 2.7. Let w(t0) = 0, where t0 e i. The point t0 is an extreme point of the 
space PO[a, /Tj exactly if t0 is an extreme point of the space S'. 

Proof: Assuming that w(t0) = 0 then, by Lemma 1.3, there exists the function 
y e S such that y(t0) = 0 and yf(t0) = 0. 

I. Let t0 be an extreme point of the space PO[a, /?]. Then it follows, by Lemma 2.5, 
that for the function g(ay + fjy') there exists O\ > 0 such that for te(t0 — 5i, t0 + 8t), 
t ^ t0, we have O(t) (ay(t) + py'(t)) > 0 or O(t) (ay(t) + fiy'(t)) < 0. It suffices to 
assume next O(t) (ay(t) + j3y'(t)) > 0, thus ay(t) + Py'(t) > 0. By Lemma 2.1 there 
exists 52 > 0 such that for t e(t0 — S2, t0) either y'(t) < 0 and y(t) > 0 or 
y'(t) > 0 andy(t) < 0 and for t e(t6,t0 + t>2) there is either y'(t) > 0 and y(t) > 0 
or y'(t) < 0 and y(t) < 0. Let us take 3 = min (O\, 52). 

1. Let P > 0. Then it follows from ay + fly' > 0 that y' > — — y. Since 

lim • , { = —oo, the function —- cannot be lower limited on the interval 
*-*o- y(0 y 
(t0 — O", t0), it must hold there y < 0 and consequently y' > 0. Next it holds 

lim —7--— = +oo, thus the function cannot be upper limited on the interval 
r-,r0 + y(0 y 
(t0, t0 + S) and it must hold there y > 0 and consequently y* > 0. Herefrom we 
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see that the function y changes the sign in its zero t0 and thus t0 is by Corollary 2.4 
an ordinary point of the space S and the function y' does not change the sign in its 
zero t0 and thus t0 is by Theorem 2.5 the extreme point of the space S'. 

2. Let P < 0. Then it follows from ay + Py' > 0 that / < — - y and in 
P 

analogy with part 1. we get y(t) > 0, yr(t) < 0 for t e (t0 — S, t0) and y(t) < 0, 
y'(t) < 0 for t e (t0, t0 + S). With respect to Corollary 2.4 and to Theorem 2.5 
t0 is again an ordinary point of the space S and an extreme point of the space S\ 

II. Let t0 be an extreme point of the space S'. Then by Theorem 2.5 there exists 
for the function y' that 8X > 0 such that y'(t) > 0 or / (*) < 0 for te(t0 — St, t0 + S^, 
t^t0. Next it suffices to assume that y\t) > 0. With respect to Lemma 2A there 
exists S2 > 0 such that y(t) < 0 for t e (t0 — S2, t0) and y(t) > 0 for t e (t0, t0 + S2). 
Let us take S = min (O\, S2). 

1. Let B > 0. Since lim : : = — co, there exists <S3 > 0 such that the ine-
f t-.ro- y(0 

quality -^— < —— is satisfied on the interval (t0 — S3, t0) c (t0 — S, t0) whence 
J r 

it follows that ay + fiy' < 0 on the interval (t0 — S, t0) and consequently the 

function O(t) (ay(t) + Py'(t)) < 0 for t e (t0 - S, t0). Since lim - ~ k ~ = +oo, 
y' a ^t0+ yW 

there exists S4 > 0 such that the inequality > —— is satisfied on the 

interval (t0, t0 + S4) cz (t0, t0 + S) whence it follows that ay + / ? / < 0 on the 
interval (t0, t0 + S), hence the function Q(t)(ay(t) + Py'(t)) < 0 for t e(t0, 
t0 + S). Since O(t0) (ay(t0) + f$y'(t0)) = 0, we get by Theorem 2.5 that t0 is an 
extreme point of the space PO[a, /?]. 

2. Let /? < 0. Then proceeding analogous as in part 1. we get ay(t) + f$y'(t) > 0 
for te(t0 - S, t0) and ay(t) + py'(t) > 0 for te(t0,t0 + S). The function 
Q(ay + py') e PO[a, j5] does not change the sign at its zero t0 so that by Theorem 2.5 
t0 is an extreme point of the space PO[a, /?]. 

Corollary 2.5. Let w(t0) = 0, t0 e i, and t0 is an extreme point of the space S'. 
Then t0 is an extreme point of any accompanying space Pv[X, /x] to the space S, 
where X, \i ^ 0 are arbitrary numbers and v > 0 is a function continuous on the 
interval i. 

Theorem 2.8. Let t0 e i and w(t0) ^ 0. Then t0 is an extreme point of the space 
PQ[<X, J8] if and only if it holds for the function yeS, for which Q(t0) (ay(t0) + 

+ Py'lto)) = Of t n a t — n a s a n extreme at t0. 

P roof : I. Let t0 be an extreme point of the space PO[a, /?]. Then it holds for the 
function Q(ay + py') e PO[a, j8] having the zero value at t0 that y(t0) ¥* 0 and 
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/ ( to) ^ 0, hence it exists 5X > 0 such that y(t) # 0 for t e (t0 - St,t0 + St) and 
it holds further S2 > 0 such that g(f) (aXO + M O ) > 0 or g(t) (ay(t) + M O ) < 0 
for t e (t0 — S2, t0 + <52), t ?- t0. Let us take <5 = min (c>i, S2) and we can next 
assume that g(t) (ay(t) + fiy'(t)) > 0 for t e (t0 - S, t0 + S), t ^ t0. 

1. Let p > 0. From the relation O(ay + />/) > 0 on the interval (t0 — S, t0) u 
u (to? to + «5) we get: if y > 0 on the interval (t0 — S, t0 + (5), then it holds 

^ W > * for t G (t0 - S, t0) u (to, to + S) and since ^ M = _ 4 holds, 
y(0 P v u —u/^v—u - , y{to) p 

——- has its minimum at t0; if y < 0 holds on the interval (t0 - S, t0 + <5), then the 

function ——- has its maximum at t0. 
y 

2. Let p < 0. The proof proceeds analogous to that of part 1. and we get that 

——- has at t0 for y > 0 on (l0 — <5, to + &) its maximum and for y < 0 its minimum. 

II. Let the function — , where O(t0) (aj(to) + jSy'(to)) = 0, have its extrem 

at the point t0; it suffices to assume that it has the maximum. Thus, there exists 

S > 0 such that y(t) # 0 and y;{ < -^- for te(t0 - S, t0 + S), t # t0, 
y(t) P 

where by Lemma 1.2 y; ° == — - . 
y(to) /? 

1. Let jS > 0. If j > 0 ( j < 0) on the interval (t0 - <5, t0 + (5) then O(l)x 

x (aX0 + M O ) < 0 (e(0 («y(0 + M O ) > 0) foi t e (t0 - 5, l0 + S), t * t0, 
and thus the function g(ay + /?/) does not change the sign at its zero t0. By 
Theorem 2.5 t0 is an extreme point of the space PO[a, /?]. 

2. Let /? < 0. If y > 0 (y < 0) on the interval (t0 - 5, l0 + <5) is for t e 

e (t0 - s, to + <5), ^ ^ e(0 («X0 + M 0 ) > o (e(0 («y(0 + M 0 ) < °) a n d 

thus by Theorem 2.5 t0 is an extreme point of the space PO[a, ff\. 

Theorem 2.9. Let t0 e i and w(t0) # 0. Let a function j e S, y(t0) ?- 0, exist 

such that the function --— has the extreme at t0 . Then there exist real constants X, 
y 

/i 7- 0 such that t0 is an extreme point of the accompanying space Pv[A, //] to the 
space S, where v > 0 is a function continuous on /. 

P roof : Since y(t0) ^ 0 the function ——- has its finite value at t0. Let us denote 
X y 

it , where \x ?- 0. By Theorem 2.8 t0 is an extreme point of the space Pv\X, li]. 
H 

# 
Theorem 2.10. Let tl9 t2e i, t1 < t2, be the neighbouring zeros of the function 

Q(ay + /?/) e Pe[a, ff\ and for all t e <t1, t2> let y(t) ^ 0 and w(t) # 0. Then there 
lies at least one extreme point PO[a, /?] in the interval (tx, t2). 
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Proof : Assuming j ^ O o n the interval Oi» h} it follows that — is continuous 

on <tx, t2>, hence also limited on <tx, t2>. Assuming w ?- 0 on the interval <tx, t2> 
it follows that every point on <t1? t2> is a zero of type 2 and for every function 

yx e S independent on y ~ ~ # y)! for all t e <tx, t2> where yt(t) =7- 0. Let 
yi(0 y(0 

/0 e (t!, t2) be a zero of the function Q(ocy2 + /?y2) e PO[a, /?]. If O(aj2 + fiy2) does 
not change its sign at t0, then, by Theorem 2.5, t0 is an extreme point of the space 
PO[a, fi\ and there is nothing more do prove. Thus let the function O(aj2 + fiy2) 

change its sign at l0. Then, because of the fact that for every t e <lx, l2> ~ # 
v'(t) ' yAt) 

& , there must exist at least one point T # t0 , Te (t l 5 t2), such that 

O(F) (ay2(T) + Py'2(T)) =-= 0. By Lemma 2.3 at least one extreme point of the space 
P#[a, /?] exists in the interval (^ , t2). 

Let 2 - i - ^ < ~ l ^ W > —rr I hold for the function y e S, where j( t0) # 0 
JVo) .6 V y(ro) 

Theorem 2.11. Let l0, lt e i, t0 < tx (t0 > tx), be neighbouring conjugate points 
of the space PO[a, /?] and let w(t0) = 0 and w(t) ^ 0 for t e (t0, tx> (l e < ^ , t0)). 

: t) 
Then at least one extreme point of the space PO[a, /?] lies in the interval (t0, tt) 
( ( t i , to))-

Proof : Let t0,tlei, t0 < tx, are the neighbouring zeros of the function 
Q(OLX + fix') GPO[a, /?]. Then t0 is a zero of type 1, ti is a zero of type 2, and by 
Theorem 2.4 and Lemma 2.2, we get x ^ 0 on the interval (t0 , tj>. By Lemma 1 [5] 
there exists to every point Tx e(t0, tx) c i a function O(ayx + Py\) e PO[a, /?] 
such that O(FX) (a^^TJ + jS/^Fi)) =- 0. If Q(ayl + £yi) does not change its sign 
at Fj, then by Theorem 2.5 Tx is an extreme point of the space PO[a, /?]. Let 

OXayx + /3yi) change its sign at Tt. Then, with respect to the ^ °̂  < —— and 
yi(to) P 

w 7- 0 o n ( t 0 , tj>, there exists at least one point T2 e (t0, tj), T2 ^ Tl9 such that 
o(T2) (ayj(T2) + fiy'i(T2)) = 0. By Lemma 2.3 at least one extreme point of the 
space PO[a, /?] lies in the interval (t0, tA ,. x 

v (t ) a 
Completely analogous proceeds the proof for t0 > tx and ; °x > — -—. 

y(t0) P 
Corollary 2.6. Let t0 e i and w(t0) = 0. Let next w(t) ^ 0 for all t e i, t =£ t0. 

Then there exist the constants A, lx ^ 0 such that at least one extreme point of the 
accompanying space Pv[/L, /x] to the space S lies in the interval i, being different 
from t0 , where v > 0 is a function continuous on i. 

Convention 2.2. The two-dimensional space of continuous functions whose 
definition interval does not contain any extreme point will be called a space of the 
0th class on its definition domain. 
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Theorem 2.12. Let w # 0 on the interval i = (a, b). The space PO[a, p] is the 
y' 

space of the 0th class on the interval (a, b) if and only if every function , where 

y e S, takes on the value —— exactly once between the neighbouring zeros of the 

function y and, so far the smallest zero tx e (a, b) or the greatest zero t2 e (a, b) of 

y_ 
y 

the function y exists, then -^— takes on the value —-r once at most in the interval 

(a, tj) or ( l 2 , b ) . 

Proof : With respect to Lemma 1.2 and to Corollary 2.1, the assertion follows 
from Theorems 3, 4, 5 [5]. 

Theorem 2.13. Let w ^ 0 on the interval i. Every space Pv[A, /*], where 2, /J 
(22 + //2 ^ 0) are arbitrary constants and v > 0 is a function continuous on i, 

is a space of the 0th class on i if and only if every function ----, y e S, is monotone 

on every interval j c i where it is defined. 
Proof : The assertion follows from Theorem 2.9. 

Remark 2.2. If the function ----is monotone in j <z i, then in view of Corollary 2.1, 

it is obviously decreasing. 

Remark 2.3. Evidently, the set of all integrals of the 2nd order differential 
equation of the Jacobi type 

y" = Q(t)y, (Q) 

where Q(t), t e i, is a continuous function on the interval i, forms a two-dimensional 
space of continuous functions with a definition interval i (in the sense of definition 
1.2 [3]). By Theorem 1.16 [6] the set of derivatives of all integrals of (Q) forms 
a two-dimensional space with a definition interval i if and only if Q ^ 0 on every 
interval j c i. 

Lemma 2.4. Let Q be continuous on i and Q =£ 0 on every interval j cz i. Then 
there exists a solution u of (Q) for which u, u' are dependent on i exactly if Q = k 
on i, where k > 0 is a constant. 

Proof : I. Let u, u be dependent on i. Then by Theorem 0A u = cxe
c\ t e i, 

where c1, c are nonzero constants. Let for the solution v of (Q) hold that u, v are 
independent on i. Then we obtain for v from the equation for differentiation of the 
Wronskian of the functions u, v the equation 

whence it follows that Q = c2 on i. 
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II. The function e*kt, t e i, is the solution of the differential equation 

y" = ky 

on the interval i, where k > 0 is a constant. The assertion follows directly from this 
with respect to Theorem 0.1. 

Theorem 2.14. Let Q be continuous on i and Q =£ 0 on every interval j c i. It 
holds for every solution y of (Q) that y, y' are independent on i exactly if Q ^ k 
on every interval j c i, where k > 0 is a constant. 

P roof : The assertion follows from Lemma 2.4 with respect to Corollary 0.1. 

Remark 2.4. M. Laitoch defined in [2] the first accompanying equation 

y" = Qyy (QO 

corresponding to a basis [a, ff\ of the equation (Q), where Q < 0 is a continuous 
function on i, and a, j5 are arbitrary constants satisfying the condition a2 -f- P2 ^ 0, 
the carrier being of the form 

fil = c + __** + v?3Fs (-7-L-.Y. 
*2-/*2e Wa2-i52e/ 

By appealing to Theorem 4.1 [2] it holds that if u is a solution of (Q), then the 
solution 

au + 3u 
u! = — 

Va2 - £2Q 
is a solution of (Qx). 

Theorem 2.15. The set of all integrals of the first accompanying equation (Qx) 
corresponding to the [a, /?] of (Q) forms a two-dimensional accompanying space 
PO[a, jS] to the space S of the integrals of the equation (Q), where 

1 

Va2 - /?2Q 

Proof : Because of the assumption Q < 0 on i, it holds (by Theorem 2.14) for 
every solution of (Q) that y, y' are independent on i. Obviously a2 - j52 Q > 0 
and consequently Q is continuous and positive on i. Let u, v be two independent 
solution of (Q). Then, with respect to Theorem 4.1 [2] 

u! = D(au -f- fiu'), vl = D(av + /?v') 

are two independent solution of (Qi) whence (with respect to Theorem 1.1) the 
assertion follows. 
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Souhrn 

PRŮVODNÍ PROSTORY K L I N E Á R N Í M U 
D V O J R O Z M Ě R N É M U PROSTORU SPOJITÝCH 

F U N K C Í SE SPOJITOU PRVNÍ DERIVACÍ 

J I T K A K O J E C K Á 

Nechť S c Cx(i) je dvojrozměrný prostor spojitých funkcí a nechť pro každou 
funkci y e S platí, že funkce y a y', kde y' je derivace funkce y, jsou nezávislé na in­
tervalu i. Pak množina všech funkcí tvaru q((xy + fiy'), y e S, kde Q > 0 je spojitá 
funkce na intervalu i a a, /? jsou dané reálné konstanty (a2 + P2 ^ 0) tvoří dvoj­
rozměrný prostor spojitých funkcí s definičním intervalem i. Nazýváme ho průvodní 
prostor k prostoru S vzhledem k číselné bázi [a, /?] s váhou Q a značíme ho 
PQ[*,PI 

V části 1 jsou zkoumány nulové body funkcí prostoru PQ\CL, /?] a singulárnost 
a regulárnost prostoru PO [a, /?]. 

V části 2 je předpokládáno, že prostory S, S' (množina derivací všech funkcí 
prostoru S) a PO[a, /?] jsou regulární prostory určitého typu na intervalu i (viz [3]). 
Jsou vyšetřovány extrémní body prostoru PO[a, {f\ (tj. body intervalu /, ve kterých 
má fáze prostoru PO[a, /?] extrém). Nechť w je wronskián funkcí báze (u, v) pro­
storu S, pak dostáváme tyto výsledky: 

Věta 2.7. Nechť w(t0) = 0, kde t0 e i. Bod t0 je extrémní bod prostoru PO[a, /Tj 
právě tehdy, když je t0 extrémní bod prostoru S'. 

Věta 2.8. Buď t0 e i a w(t0) ^ 0. Bod t0 je extrémní bod prostoru PO[a, /?] 

59 



právě tehdy, když pгo funkci y e S, pгo kteгou je g(tQ) (ay('o) + ß ifo)) = °> 

platí, že funkce --— má v t0 extrém. 
y 

Dále je uvedeno, za jakých předpokladů nemá prostor PQ[X, f\ extrémní bodу, 
tj. PQ[OL, ß] je nulté třídу na intervalu i (v ta 2.12) a za jakých předpokladů je každ 
průvodní prostor Pv[Å, џ] k prostoru S nulté třídу na intervalu i (v ta 2.13). 

V záv ru práce je ukázána souvislost průvodního prostoru P0[a, jS] a prostoru 
všech integrálů první pґůvodní rovnice y" = Qxy při bázi [a, /?] k diferenciální 
rovnici y" = Qy, kde Q < 0 je funkce spojitá na inteґvalu i (viz [2]). Platí následu-
jící: 

Věta 2.15. Množina všech integrálů první průvodní rovnice (Qл) při bázi [a, />] 
k rovnici (Q) tvoří dvojrozm rn průvodní prostor PO[a, /?] k prostoru S integrálů 
rovnice (Q), kde 

1 
Q = - . 

Va2 - ß2Q 

Резюме 

СОПРОВОЖДАЮЩИЕ ПРОСТРАНСТВА 
К Л И Н Е Й Н О М У ДВУХРАЗМЕРНОМУ 

ПРОСТРАНСТВУ Н Е П Р Е Р Ы В Н Ы Х Ф У Н К Ц И Й 
С Н Е П Р Е Р Ы В Н О Й П Р О И З В О Д Н О Й 

ПЕРВОГО П О Р Я Д К А 

ЙИТКА К О Й Е Ц К А 

Пусть 5 с: Сг(1) есть двухразмерное пространство непрерывных функций 
и пусть для каждой функции у е 8 имеет место, что у и у' независимы на интер­
вале I. Тогда множество функции вида ^(о^у + /?/), у е 8, где ^ > О есть непре­
рывная функция на интервале г и а, /? данные вещественные постоянные, обра­
зует двухразмерное пространство непрерывных функций, определенных на 

интервале г. Это пространство называем сопровождающим к пространству 5 
по отношении к базису [а, р] с весом ^ и обозначаем Р^[&, /?]. 

В первой части исследуются нулевые точки функций пространства Р^[а, /?] 
и сингулярность и регулярность пространства Р^[<x, /?]. 

Во второй части предполагается, что пространства 5, 8' (множество про­
изводных функций пространства 5) и Р^[о^, /?] регулярные пространства опре­
деленного типа на интервале 1 (см. [3]). Исследуются экстремальные точки 
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пpocтpaнcтвa PQ[OÍ, ß] т.e. тoчки интepвaлa /, в кoтopыx имeeт фaзa пpocтpaн-
cтвa PQ[CC, ß] экcтpeм. Пycть w ecть oпpeдeлитeль Bpoнcкoгo фyнкций бaзиca 
(u, v) пpocтpaнcтвa £, тoгдa пoлyчaeм cлeдyющиe тeopeмы: 

Teopeмa 2.7. Пycть w(t0) = 0, гдe t0 є /. Toчкa t0 экcтpeмaльнaя тoчкa пpo-
cтpaнcтвa PQ[U, ß] тoгдa и тoлькo тoгдa, кoгдa t0 являeтcя экcтpeмaльнoй 
тoчкoй пpocтpaнcтвa S". 

Teopeмa 2.8. Пycть t0 є / и w(t0) Ф 0. Toчкa t0 ecть экcтpeмaльнaя тoчкa 
пpocтpaнcтвa PQ[OC, ß] тoгдa и тoлькo тoгдa, кoгдa для фyнкции yeS, yдoвлe-

твopяющeй paвeнcтвy ø(t0) (ay(t0) + ßy(t0)) = 0 имeeт мecтo, чтo ---— дocтигaeт 

в тoчкe t0 экcтpeмaльнoe знaчeниe. 
Дaлee пpивЪдятcя ycлoвия, пpи кoтopыx пpocтpaнcтвo PQ[QC, ß] нe имeeт 

экcтpeмaльныe тoчки, т.e. PQ[<X, ß] нyлeвoгo клacca нa интepвaлe / (тeopeмa 
2.12). 

B зaключeниe paбoты пoкaзaнa зaвиcимocть coпpoвoждaющeгo пpocтpaн-
cтвa PQ[OL, ß] и пpocтpaнcтвa вcex интeгpaлoв пepвoгo coпpoвoждaющeгo 
ypaвнeния y" = QÍУ c бaзиcoм [a, ß] ypaвнeния y" = Qy, гдe Q < 0 являeтcя 
нeпpepывнoй фyнкциeй нa интepвaлe / (cм. [2]). 

Имeeт мecтo cлeдyющee: 

Teopeмa 2.5. Mнoжecтвo вcex интeгpaлoв пepвoгo coпpoвoждaющeгo ypaв-
нeния (Ôi) c бaзиcoм [a, ß] к ypaвнeнию (Q) oбpaзyeт двyxpaзмepнoe пpocтpaн-
cтвo PQ[CL, ß] к пpocтpaнcтвy ^ интeгpaлoв ypaвнeния (Q), гдe 

-= 1 

V?"- ß2Q ' 
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