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Summary 

The influence of a wavy surface on thermal convection of 
Rayleigh-B6nard type in a Boussinesq fluid is investigated 
by direct numerical simulations. The surface height varies 
sinusoidally in one direction. The wave amplitude amounts 
up to 10% of the fluid layer height and the wavelength equals 
about the critical wavelength of Rayleigh-B6nard convection. 
The horizontal size of the computational domain equals this 
wavelength. For isothermal no-slip boundaries, two-dimen- 
sional convection sets in at subcritical Rayleigh numbers in 
close agreement with linear theory. The heat-transfer rate 
grows almost with the square of the surface-wave amplitude. 
Convection in a fluid layer over a no-slip surface with pre- 
scribed heat flux and an adiabatic free-slip boundary at the 
top is investigated for supercritical Rayleigh numbers and a 
Prandtl number of 0.7 in two and three dimensions. Two- 
dimensional simulations show oscillatory roll convection 
which becomes almost stationary if the Rayleigh number is 
of order 7000 or less. The two-dimensional convection is 
unstable with respect to three-dimensional disturbances and 
a cross-role pattern evolves even over a surface which is 
undulated in one direction only. For Rayleigh numbers ex- 
ceeding about 15 000, the flow becomes turbulent. The results 
exhibit little sensitivity of the convection to the wavy surface 
for a 10% amplitude. 

1. Introduction 

As a first step towards the understanding of  the 
influence of  hilly terrain on convection in the at- 
mospheric boundary  layer we investigate in this 
paper the convection at small and moderate Ray- 

leigh numbers and a Prandtl  numbers near unity 
over a wavy surface with zero mean horizontal 
motion. Except for the surface wave the problem 
corresponds to the Rayleigh-B6nard convection 
case in an infinitely extended Boussinesq fluid- 
layer with constant material properties heated 
from below. Thus, we consider a model problem 
which cannot be compared to real atmospheric 
conditions directly. However, it should provide 
some understanding on the potential effect of  
wavy terrain on atmospheric convection and some 
guidelines for future case studies. In particular, 
we will show that the direct forcing of  convection 
by wavy terrain may get reduced by turbulent 
motions. 

With regard to convection over plane surfaces, 
many studies have considered classical "Rayleigh- 
B6nard convection (RBC)" as described in Chan- 
drasekhar (1961) for a fluid layer between two no- 
slip, plane, horizontal, and infinite walls each with 
uniform but different temperatures. Linear sta- 
bility analysis shows that convection starts in the 
form of  two-dimensional rolls at a critical (finite) 
wavelength if the Rayleigh number exceeds a crit- 
ical value. Chandrasekhar  (1961), Sparrow et al. 
(1963) and Sasaki (1970) have also considered 
other types of  boundary conditions including cases 
with prescribed heat flux at both boundaries. 
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However, the case of a fluid layer heated from a 
no-slip lower surface and topped by an adiabatic 
free-slip boundary has not yet been considered in 
the literature. In this case of a "convective bound- 
ary layer (CBL)" the heat flux decays linearly from 
the value at the lower boundary to zero at the top 
of the layer while the heat flux is constant in the 
RBC case, and this difference is important with 
respect to the buoyancy forcing of motions. There- 
fore, the CBL is more relevant than the RBC to 
atmospheric conditions. From a linear stability 
analysis (Krettenauer and Schumann, 1989) we 
found that the critical Rayleigh number is smaller 
in the CBL case than in the classical RBC case 
and convection sets in first at infinitely large wave- 
length. 

Busse (1978) has reviewed the behaviour of 
nonlinear convection over a plane surface. In the 
RBC case for increasing Rayleigh number at 
Prandtl numbers of order unity the roll-convection 
becomes unstable with respect to three-dimen- 
sional disturbances and first an oscillatory type of 
motion and then non-periodic "turbulent" mo- 
tions arise for Rayleigh numbers which are about 
one order of magnitude larger than the critical 
value (Krishnamurti, 1970). With increasing com- 
puter capacities, direct numerical simulations of 
laminar and turbulent convection became feasible 
and have been performed by Gr6tzbach (1982) 
and (1983). Among others, these studies have con- 
firmed earlier investigations showing an increase 
of turbulent heat-transfer rate between the two 
smooth walls in terms of the Nusselt number with 
the third root of the Rayleigh number. Direct sim- 
ulations resolve all scales of motion without any 
subgrid-parametrization but are limited to a finite 
Rayleigh number of order hundred times the crit- 
ical value because of limited computer resources. 
For very large Rayleigh numbers the fully tur- 
bulent convection can be investigated by large- 
eddy simulations as has been done for the at- 
mospheric convective boundary layer over a plane 
homogeneous surface by Schmidt and Schumann 
(1989). 

Relatively little is known about the impact of 
heterogeneity of the bounding surfaces. The prob- 
lem of periodic horizontal disturbances has been 
investigated analytically for laminar flow by Kelly 
and Pal (1978) and Pal and Kelly (1978 and 1979). 
The former showed that the linear analysis of a 
case with periodic temperature variation at flat 

walls is closely related to the constant temperature 
but undulated surface problem. They consider 
small two-dimensional "resonant" perturbations 
at a wavelength which equals the critical wave- 
length of the unperturbated Rayleigh-B6nard 
problem. The heat-transfer rate increases with the 
square of the perturbation amplitude. Pal and 
Kelly (1978) further investigated the problem of 
non-resonant wavelength exitation due to tem- 
perature perturbation. It turned out that sharp 
bifurcation from conduction to convection at the 
critical Rayleigh number changes into smooth 
transition in case of resonant wavelength excita- 
tion. Another sharp bifurcation from weak to 
strong convection occurs for nonresonant exci- 
tation as shown by Tavantzis et al. (1978). Pal 
and Kelly (1979) further considered three-dimen- 
sional convection. They found that the two-di- 
mensional flow pattern produced by two-dimen- 
sional thermal forcing becomes unstable with re- 
spect to three-dimensional disturbances, consist- 
ing of two sets of oblique rolls. Hadfleld (1988), 
Schmidt (1988) and Hechtel (1988) have investi- 
gated the effects of inhomogeneous surface heat- 
ing on the turbulent CBL over a flat surface by 
means of large-eddy simulations. Hadfield (1988) 
observed a general increase of velocity fluctuations 
due to an idealized one-dimensional surface heat- 
flux perturbation. Schmidt (1988) found consid- 
erable increase of horizontal velocity fluctuations 
with increasing inhomogeneity but little effects on 
the vertical velocity component. Hechtel (1988) 
simulated an observed case of the CBL with weak 
mean wind including moisture effects; she found 
little influence of inhomogeneity on the turbulence 
statistics. 

In this paper, we apply the method of direct 
numerical simulation to convection over a surface 
which is sinusoidally undulated in one direction. 
The wavelength equals approximately the critical 
wavelength of the plane RBC case. In order to 
limit the computational effort, the simulation cov- 
ers just one mode, i.e. the computational domain 
size corresponds to this wavelength. We consider 
two types of boundary conditions. The first type 
corresponds to the classical RBC case with no- 
slip walls and prescribed uniform temperatures, 
the lower being warmer than the upper (plane) 
boundary. The results are compared with the pre- 
dictions of Kelly and Pal (1978) and this com- 
parison serves to verify the numerical approach 
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and to confirm older findings on subcritical con- 
vection. The method and model parameters are 
described in chapter 2 and the results are reported 
in chapter 3. Thereafter, we study boundary con- 
ditions which we consider as a fair approximation 
to the boundary conditions in a CBL as explained 
above. For this case we do not know of previous 
investigations to which one could compare the 
results. In chapter 4, we study the CBL case first 
two-dimensionally. An interesting question is 
whether the uni-directional surface height mod- 
ulation enforces the convection to remain two- 
dimensional with increasing heat flux. Therefore 
we consider the same case in three dimensions 
starting from initial conditions containing small 
random perturbations. The results for this three- 
dimensional study are also reported in chapter 4. 
Chapter 5 summarizes and discusses the results. 

Z 

/ /  / /  

2. Method and Parameters 

We consider the flow in a computational domain 
as shown in Fig. 1. In the two-dimensional case, 
the flow is invariant with respect to the coordinate 
y. In the three-dimensional case, the surface height 
is still invariant in this direction but the flow de- 
pends on all coordinates because of small three- 
dimensional initial disturbances. The flow is 
bounded from below by a wavy surface with height 

z~ -- h cos (2 rc x / L )  , (1) 

where h and L specify the wave's amplitude and 
length, respectively. The fluid-layer is topped by 
a plane horizontal surface at height H. The domain 
spans horizontally over the length L (in one or 
two directions) with cyclic boundary conditions. 
The basic equations describe incompressible flow 
of  a fluid with constant mean density p, constant 
diffusivities v and/~ for momentum and heat, re- 
spectively, and constant volumetric expansion co- 
efficient/~= - (@/~? T)/p. The Oberbeck-Boussi- 
nesq approximation implies constant density ex- 
cept for buoyancy accelerations due to gravity g. 
We investigate two sets of cases which both include 
runs with wavy surface but differ in the type of 
boundary conditions. 

The flow is driven in case "RBC" by a pre- 
scribed temperature difference A T between the 
upper and lower surface and in case "CBL" by a 
prescribed kinematic heat flux Q~ from the lower 
surface while the top surface is adiabatic. The ve- 

Fig. 1. Perspective sketch of the computational domain in 
three dimensions showing the sinusoidal surface-wave in x- 
direction; the surface height is constant in the y-direction 

locity is zero at the lower surface (no-slip). The 
top surface represents a no-slip boundary in case 
RBC but a free-slip boundary in case CBL. 

In order to reduce the number of independent 
parameters one introduces nondimensional fields 
using suitable reference scales. As length scale, the 
mean height H is selected. With respect to velocity 
and temperature we have to choose between sev- 
eral alternatives. In the classical RBC, A T is the 
appropriate reference value for temperature. For 
prescribed heat flux, however, A T is an internal 
parameter and not known a priori. For laminar 
convection it is common practice to define a tem- 
perature scale as a function of the prescribed heat 
flux, the layer height and the thermal conductivity. 
However, such a scaling is not suitable for very 
high Rayleigh numbers where the molecular con- 
ductivity becomes unimportant.  For the CBL, 
Deardorff (1970) has identified convective scales 
which characterize velocity and temperature fluc- 
tuations in the fully turbulent situation. We follow 
this proposal and make all fields non-dimensional 
by reference to the height H and the velocity and 
temperature scales which are 

w . = ( g f l A T H )  v~, T . = A T ,  incaseRBC, (2) 

w, = (g f lQ~g)  v3, T, = Qs/w,, incaseCBL. (3) 

In terms of these scales of reference, the non-di- 
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mensional conservation equations for mass, mo- 
mentum and internal energy (temperature) are 

~?uJ = O, 
0xj 

~? ui ~ ui 
_ _  - J f -  

~ t uJ ~? xj  

~ T  ~T  - - + u j - -  - 
~ t ~? xj  

(4) 

c3p + 1 62ui T~i3 , 
~3 xi Re  ~3 xj 2 

i = 1,2,3, (5) 

1 92 T 
R e  Pr  c3 xj 2 " (6) 

Here, b/i = (U,  1~, W), are the Cartesian velocity com- 
ponents, and T, p denote temperature and pressure 
deviations from an isothermal and hydrostatic ref- 
erence state, respectively. These non-dimensional 
fields are functions of the coordinates xi = (x, y ,  z) 
and time t. The coordinate x3 = z counts vertically 
upwards and c~ij is the Kronecker delta. As a con- 
sequence of the selected reference scales these 
equations contain the Reynolds and Prandtl num- 
bers 

w . H  v 
R e -  , P r -  (7) 

v It 

as independent characteristic numbers. Additional 
numbers characterize the relative amplitude of the 
wavy surface, 6 = h /H,  and its wavelength, L / H .  

Other reference scales would result in different 
but related characteristic numbers. Of particular 
importance is the Rayleigh number 

Ra  g i l T * H 3  - - Re  2 Pr , (8) 
VlZ 

which determines the critical conditions for the 
onset of convection for arbitrary Prandtl numbers 
in the classical RBC case. For prescribed heat flux 
as in the CBL case the critical conditions depend 
on another Rayleigh number 

g fl QsH4 = Re  3 Pr  2, (9) 
Raa  = vfl 2 

again for arbitrary Prandtl numbers (Krettenauer 
and Schumann, 1989). Thus, for our simulations, 
Re  and Pr are input parameters whereas Ra  and 
Raa  will be used as dependent numbers in the 
discussion. 

The initial conditions assume zero velocity; the 
initial mean temperature decreases linearly with 
height from the bot tom to the top surface in case 
RBC but is constant in case CBL. Random num- 

bers of order 10 - 37'. are added to the temperature 
field to initiate disturbances. 

The equations are integrated numerically using 
the method described in Schumann et al. (1987, 
the MESOSCOP program, version B). In this 
method the equations are solved using a coordi- 
nate transformation with respect to the vertical 
coordinate which maps the computational domain 
on a rectangular one as proposed by Clark (1977). 
The numerical scheme is based on a staggered grid 
and finite difference approximations. The mo- 
mentum and continuity equations are approxi- 
mated by second-order central differences in space 
which conserve mass, momentum and energy very 
accurately. Time integration is performed using 
the Adams-Bashforth scheme. Advection of tem- 
perature is approximated by the second-order up- 
wind-scheme of Smolarkiewicz (1984). This 
method has been validated by reference to various 
test cases as described in Schumann et al. (1987). 

3. Subcritical Two-Dimensional Rayleigh-B6nard 
Convection 

This chapter reports the results of the simulations 
of the RBC case which we can compare to the 
analysis of Kelly and Pal (1978). The selected 
wavelength of the surface undulation equals the 
critical wavelength L = 2 . 0 1 6 H  of the classical 
Rayleigh-B6nard problem for plane surfaces with 
no-slip conditions on both horizontal walls. The 
critical Rayleigh number is R a  = 1 708. Here we 
consider the subcritical range or "quasi-conduc- 
tion regime" of Rayleigh numbers between 800 
and 1 200. The analytical solution for the wavy 
surface given by Kelly and Pal uses a power series 
expansion in terms of c~ = h/H.  For small relative 
amplitude of the surface elevation (6~<0.1), the 
series contains terms up to second order in 3. The 
results are found to be independent of the Prandtl 
number; we choose Pr  = 1 in the numerical sim- 
ulations. 

For comparison, we evaluate the mean heat- 
flux across either the lower or upper surface, 

Qs = ([. - ( R e P r ) -  l(c? T/~3n)ds)/([. d s )  , (10) 

where n and s denote dimensionless normal and 
tangential surface coordinates respectively. The 
upper and lower surface heat fluxes equal each 
other in the steady state. The ratio of the actual 
average heat-flux Qs relative to the purely con- 
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ductive flux in case of zero fluid motion, Qcone, 
defines the Nusselt number 

N u  - --- Q~ with N u  ~ 1 for R a  ~ 0 . (11) 
Q cond 

The purely conductive heat flux (~co,d is computed 
by integrating the equations for given geometry 
with zero buoyancy forces until steady state. Kelly 
and Pal (1978) found that the increased heat flux 
due to convective motion scales with the square 
of the surface-wave amplitude so that ( N u -  1)/62 
is a pure function of the Rayleigh number. 

Subsequently, we compare the numerical results 
for various values of the Rayleigh number Ra with 
the corresponding analytical values which are ob- 
tained from Fig. 2 b of Kelly and Pal (1978). From 
Table 1 one can identify the influence of integra- 
tion time, grid resolution (horizontal times vertical 
grid-cell numbers), and relative amplitude of the 
surface variation. For R a = 8 0 0 ,  the integration 
results get stationary after t = 6. At that stage the 
relative increase of total kinetic energy of fluid 
motion amounts to about 0.5% per time unit. 
From theory, ( N u -  1)/62 should be independent 
of 6 if6 is taken sufficiently small. In the numerical 
scheme, we found that too small values of 6 below 
0.05 induce round-off errors due to small gradi- 
ents. Therefore, we limited the numerical study to 
cases with 6=0.05 and 0.1. It is found that a too 
coarse resolution overestimates the heat transfer. 

A large value of 6 results in a reduced value of 
this heat transfer. Due to these opposing effects 
we find that even with poor grid resolution 
(10 x 20) the numerical results are in fair agree- 
ment with the analytical solution [-entry (1) in 
Table 1]. At doubled grid resolution (20 x 40) for 
the same 8, entry (2), the numerical results on 
(Nu-1) /62  are smaller than the analytical ones. 
A value of 6 = 0.1 is about the maximum for which 
the analytical solution applies. For the same grid 
resolution and 6 = 0.05, entry (3), the Nusselt num- 
bers approach the analytical solution again. Re- 
sults at various integration times, entry (4) and 
(5) with doubled grid resolution (40 x 80) show 
that the discretization effect on the final result is 
small but the convergence with time towards sta- 
tionarity declines with increasing Rayleigh num- 
ber. Such a tendency is to be expected, because 
the limiting viscous and conductive contributions 
decay with increasing Rayleigh numbers. Each of 
these high-resolution calculations took about 1 
hour of computer time on a CRAY-XMP. Figure 
2 depicts the analytical results together with our 
"best" numerical data for various values of 8. 
From this figure, the sensitivity on 6 is obvious. 

In summary, we find that the computer simu- 
lation yields numerical results which are close to 
the analytical solution of the linear wavy-surface 
problem. Moreover, we find that the linear so- 
lution is limited to small values of 6 where the 

Table 1. Resu#s for Two-Dimensional Subcritical Convection 

No. Discreti- c~= Total  time Number  of  Ra (Nu-1)/62 Analyt. 
zation h/H time steps computed value 

(1) 10 x 20 0.1 6.0 1 200 800 0.34 0.3 
10 x 20 0.1 6.0 1 200 1 000 0.85 0.9 
10 x 20 0.1 6.0 1 200 1 200 2.21 2.4 

(2) 20 x 40 0.1 6.0 4 800 800 0.30 0.3 
20 x 40 0.1 12.0 9 600 1 000 0.73 0.9 
20 x 40 0.1 12.0 9 600 1 200 1.86 2.4 

(3) 20 x 40 0.05 6.0 4 800 800 0.30 0.3 
20 x 40 0.05 6.0 4 800 1 000 0.82 0.9 
20 x 40 0.05 6.0 4 800 1 200 2.14 2.4 

(4) 40 x 80 0.05 3.0 9 600 800 0.29 0.3 
40 x 80 0.05 6.0 19 200 800 0.30 0.3 
40 x 80 0.05 I2.0 38 400 800 0.30 0.3 

(5) 40 x 80 0.05 3.0 9 600 1 200 1.48 2.4 
40 x 80 0.05 6.0 19 200 1 200 2.01 2.4 
40 x 80 0.05 12.0 38 400 1 200 2.12 2.4 
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Fig. 2. Rayleigh-number dependence of Nusselt numbers nor- 
malized by a function of the surface amplitude ~ = h/H, an- 
alytical (solid curve) and numerical results (symbols: calcu- 
lated values, broken lines: estimated values). The numbers in 
brackets refer to entries in Table 1 

actual limit decreases with increasing Rayleigh 
number but can be estimated to be of order 0.1. 
For larger values of & the linear theory overesti- 
mates the heat flux. 

The results of this chapter can also be regarded 
as a validation of the computer code. Other ref- 
erence data are not available to which we could 
compare the results of the remainder of this paper. 
However, the test applies for small Rayleigh num- 
bers only where advective fluxes are small. On the 
other hand, successful tests with dominant advec- 
tive fluxes have been reported in Schumann et al. 
(1987). 

4. Supercritical Two and Three-Dimensional 
Convection 

In this chapter we investigate the model of a con- 
vective boundary layer driven by constant heat 
flux from a wavy lower surface. Independent pa- 
rameters are: Re, Pr, L/H, and ~=h/H for the 
two-dimensional problems plus the length of the 
computational domain in the y-direction for the 
three-dimensional case studies. The rather large 
computing time for each run with a particular set 
of parameters, specially for three-dimensional sim- 
ulations, restricts the range of parameter varia- 
tions. For the Prandtl number we choose the value 

Pr = 0.7 of air, and fix the lateral domain size and 
wavelengths at L/H= 2.0 (in both directions) for 
which we expect large effects of the surface un- 
dulation, The effect of wavy terrain is identified 
by comparing cases with & = 0.1 and & = 0. Also 
the numerical resolution is generally kept constant 
for all the two and three-dimensional cases: 
32 • (16 • )40 grid cells in x, (y,) z-direction, re- 
spectively. The finer vertical resolution is taken to 
resolve the narrow viscous/conductive layer at the 
lower surface. The coarse grid in y-direction was 
selected in order to save computer-time because 
we expected an almost two-dimensional flow pat- 
tern. The parameter Re is varied in the range of 
100 to 400 and two and three-dimensional cases 
are considered. Convection sets in for c~ = 0 if the 
Rayleigh number RaQ exceeds the value 720 (Kret- 
tenauer and Schumann, 1989), which corresponds 
to the values of Recrit = 11.4, and Racrit=90.5. 
Thus, we treat supercritical cases and expect to 
find turbulent flow (in three dimensions). The up- 
per limit of the Reynolds number range considered 
is about the maximum which can be treated by 
direct simulations. Gr6tzbach (1983) discusses the 
resolution requirements of direct simulations of 
RBC. He finds that at least three grid points are 
required within the viscous sublayer for direct nu- 
merical simulations. We will show that this re- 
quirement is fulfilled in the simulations presented 
here. 

The fluid layer is heated continuously from be- 
low and topped by an adiabatic lid. As a conse- 
quence the flow approaches a quasi steady-state 
in which the shape of the horizontal mean tem- 
perature profile gets constant after a while whereas 
the mean temperature increases continously with 
time. After a transient initial period, the mean 
motion field becomes stationary when dissipation 
and buoyancy production of kinetic energy bal- 
ance each other. For large Reynolds numbers we 
expect turbulent flow where we can reach station- 
arity at best in its statistical sense. 

It should be pointed out that the lower bound- 
ary condition prescribes a heat flux Qs which is 
constant and uniform per horizontally projected 
unit area. As a consequence of this definition the 
actual surface-specific heat-flux at the inclined sur- 
face is less on inclined surface elements that it is 
on horizontal ones (at most 5% in our case for 
c~ = 0.1 and L/H= 2). This method mimics the heat 
transfer induced by insolation from the nadir. 
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4.1 General Description of Two and Three-Dimen- 
sional Results 

In this chapter we describe the results from two 
and three-dimensional simulations for the fixed 
Reynolds number of Re = 150. Exceptions will be 
indicated and the effects of higher Reynolds num- 
bers will be reported later. 

4.1.1 The Two-Dimensional Case 

Figures 3 and 4 show the temperature and veloc- 
ity-fields as obtained from the two-dimensional 
simulation at time t = 30. At this time, the circu- 
lation has reached a quasi-steady state. The flow 
pattern consists of two counterrotating rolls with 
their upward branches centred above the surface 
summit. The heat flux at the inclined surface cre- 
ates baroclinicity and causes upslope motions 
symmetrically towards the summit of the surface 
wave. The fluid near the surface gets heated and 
reaches maximum temperature at the point of sep- 
aration from the surface, which coincides with the 
summit at least initially. The rising fluid reaches 
maximum vertical velocity little above the middle 
of the layer. A stagnation point forms above the 
surface summit at the top boundary where the 
flow turns aside horizontally. The magnitude of 
velocity stays approximately constant below the 
freeslip upper wall because of little internal fric- 
tion. At the lateral boundaries the flow turns 
downwards because of the neighbouring cells in 
the periodic system. Viscous forces in the interior 
and viscous wall friction at the bottom prevent 
the flow field from further acceleration. The roll 
centres are close to points of minimum tempera- 
ture because they receive heat (at least in steady 
state) only by lateral diffusion from the main cir- 
culation. The equally spaced temperature con- 
tours aligned with the surface are consequences 
of the prescribed conductive heat flux at this 
boundary. At the top, the contour lines enter per- 
pendicular to the wall because of the adiabatic 
condition. 

Figure 5 shows mean temperature profiles at a 
sequence of times. These profiles are obtained by 
averaging along curves rl = (~ -  z~)/(H- z,) = const 
(the tilde denotes the dimensional quantity). Av- 
erages along z=cons t  are not usefull near the 
lower boundary because the coordinate cuts 
through the terrain and typical features of the 
boundary-layer cannot be resolved in that way. 

z 1.0 

0.0 

0.0 x 2.0 

Fig. 3. The temperature field for Re = 150, two-dimensional 
cases at time t = 30; the contour-line increment is 0.4 
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Fig. 4. Velocity field at time t = 30 for Re = 150; two-dimen- 
sional calculation; the maximum vector length is 2.3 w,; the 
posit ion of the roll centres are marked at times t = 20.0, 20.25, 
. . . ,  22 

The profiles show that a quasi-steady shape is 
achieved after about t=  10 with constant increase 
of mean temperature thereafter. In this limit, the 
q-averaged vertical heat-flux decreases linearly 
with height from Qs at the bottom to zero at the 
top. Near the surface, the steep normal gradient 
reflects the purely conductive heat flux Qs, i.e. 
c~T/Sn=-RePr. The conductive layer extends 
over about 10% of the entire layer. For a Prandtl 
number near unity this corresponds to the viscous 
layer. The depth of this layer should be resolved 
by at least three grid points to ensure appropriate 
direct numerical simulation as reported by Gr6tz- 
bach (1983). Above this viscous layer, the tem- 
perature profile is more or less constant with 
height but the mean temperature rises again in the 
upper quarter of the fluid layer. Thus heat is trans- 
ported upwards counter the (positive) gradient of 
the mean temperature. The physical mechanism 
of this phenomenon can be clearly understood 
from the motion pattern shown in Fig. 4. Warm 
fluid is convected first to the upper boundary and 
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Fig. 5. Mean temperature profiles versus transformed vertical 
coordinate ~l = ((z .  H ) -  z , ) / ( H - z , )  for R e  = 150 in the two- 
dimensional case (solid line) and three-dimensional case 
(dashed line) at non-dimensional  times t = 0, 3, 6 . . . . .  27. 
A iPw denotes the mean temperature difference which enters 
the Nusselt number  

thereafter contributes to diffusive heating of the 
fluid inside the rolls. Thus the minimum mean 
temperature inside the mixed layer is related to 
the temperature minima in the roll's centres. In 
contrast to the classical Rayleigh-B6nard convec- 
tion case, the temperature difference between the 
two walls is a self adjusting quantity. Its inverse 
magnitude determines the effective Nusselt num- 
ber which will bediscussed later. 

The time dependence of the convection is re- 
flected by Fig. 6 which shows the mean kinetic 
energy (entire volume average) of the flow field 
versus time. The graph indicates increase of kinetic 
energy from zero at the beginning during an ac- 
celeration phase until about t = 2.5. Thereafter, 
kinetic energy oscillates vigorously with a time 
period of about 2 time units. This time period is 
numerically well resolved by about 500 time steps. 
The oscillations decay slowly with time while the 
mean level increases monotonically and reaches 
an asymptotic height. 

From an analysis of a time-sequence of plots 
as shown in Figs. 3 and 4 we found that the energy 
oscillation is related to a revolution of the roll's 
centre position along a circle in the rotation sense 
of the proper roll. The roll's centre at a sequence 
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Fig. 6. Mean kinetic energy of the flow field for R e =  150 as 
a function of time for the two-dimensional case (solid line) 
and the three-dimensional case (dashed line) 

of non-dimensional times from 20 to 22 is indi- 
cated in Fig. 4. This time period corresponds to 
about one oscillation period. The energy maxi- 
mum is associated with the upward directed mo- 
tion of the roll's centre. This oscillation originates 
from the onset of convection. Initially the motion 
velocity is small and the fluid layer adjacent to 
the surface achieves rather high temperature due 
to the surface heat flux. This fluid layer starts 
moving upwards departing from the surface's 
summit and forms two symmetrical small-size ed- 
dies initially. When the rather warm fluid volume 
which originates from the surface layer enters the 
downward branch it decelerates the whole circu- 
lation and accelerates again when entering the up- 
ward branch. This results in the main portion of 
the observed energy oscillation in the initial pe- 
riod. The small-sized initial eddies grow in size 
and their centres are dragged along with the flow. 
After some time, the initial disturbances are 
smoothed out and the rolls finally approach their 
asymptotic position. A secondary type of oscil- 
lation is connected with a small reciprocating mo- 
tion of the stagnation point at the lid. It occurs 
only if small random initial disturbances induce 
asymmetries in the initial conditions. Otherwise, 
the simulations result in totally symmetric flow 
patterns but still showing the first type of oscil- 
lation. 
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Fig. 7. Mean wall-temperature of the upper (T,) and the lower 
(T3 wall and temperature difference A Tw versus time for 
Re = 150 (two-dimensional case: solid line; three-dimensional 
case: dashed line) 
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Fig. 8. M e a n  kinet ic  energy  versus  t ime  in the  t w o - d i m e n -  
s ional  case  (solid curve:  6 = 0.1, d o t t e d  curve:  6 =  0, i.e. p l a n e  
surface) and three-dimensional case (dashed curve: 6 = 0.1), 
for Re = 100. Note the sudden decrease of kinetic energy at 
time t = 35 (dashed curve) indicating the transition from two 
to a three-dimensional convection pattern 

The time-dependence of  the convection is also 
reflected by Fig. 7. The mean temperature T l at 
the lower surface increases first. The mean tem- 
perature at the upper surface 5P, follows when 
warm fluid reaches the upper boundary.  There- 
after, the temperature difference A Tw and the 
mean temperatures at the surfaces reflect the de- 
caying oscillations of  the flow pattern. Finally, the 
temperature difference approaches a constant and 
the mean temperature increases with unit rate in 
the present system of  reference scales as required 
by the thermal energy budget. 

The effect of  the surface wave on the resulting 
kinetic energy is illustrated in Fig. 8 in which the 
full curve represents the results of  a case with 
surface undulat ion for Re  = 100 while the dot ted 
curve belongs to a plane surface. For  a plane sur- 
face, the convective motion sets in later and at 
lower rate because the initial baroclinicity due to 
the random disturbances is smaller compared to 
the undulated case. However,  the asymptotic  value 
of  the kinetic energy in the plane case is less than 
10% higher than in the case with a finite surface 
wave. Also, the flow pattern in the plane case has 
been found to exhibit the same type of  roll-motion 
as for a wavy surface and the rolls now take fixed 

but  randomly selected lateral positions within the 
computat ional  domain. 

4.1.2 The Three-Dimensional Case 

The three-dimensional simulation was carried out  
with exactly the same parameters as in the two- 
dimensional case. Only the y-direction was en- 
larged to the same periodicity-length as the x- 
direction. Because of  the two-dimensional forcing 
one would expect close similarities between the 
three and the two-dimensional results. The tem- 
perature profiles in Fig. 5 for the three-dimen- 
sional case show rather small differences with re- 
spect to the two-dimensional results. The region 
of  an almost uniform mean-temperature is now 
extended to the lid and the thickness of  the thermal 
boundary  layer decreased from 10% to about  7% 
of the height. This is the effect of  increased con- 
vective mixing in the fluid layer. However,  the 
mean wall-temperature difference remains almost 
unchanged for small Reynolds numbers (see 
Fig. 7). Therefore we expect small differences be- 
tween two and three-dimensional results for the 
Nusselt numbers. However,  there are striking dif- 
ferences concerning the behaviour of  the flow field 
as Fig. 6 exhibits. 
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The result shown in Fig. 6 indicates that the 
two cases develop very similarly until non-dimen- 
sional time 10. Thereafter the two-dimensional in- 
itial flow gets unstable with respect to the small 
three-dimensional disturbances which had been 
added initially. The transition from the two to the 
three-dimensional flow state can occur very sud- 
denly. Figure 8 shows this clearly for the smaller 
Reynolds number, R e  = 100. Obviously, the two- 
dimensional flow tends to reach an asymptotic 
state when the three-dimensional instability suc- 
ceeded in changing the flow pattern at time t-- 35. 
Test simulations showed no such transition when 
the random disturbances are set to zero. Moreo- 
ver, we found that these transitions occur for both 
free-slip and no-slip top boundary conditions. 
Thus, the type of top boundary condition is not 
essential for this instability. 

The transition from two to three-dimensional 
flow is illustrated by Fig. 9 which applies to 
R e  = 100 and shows the flow field in the top plane. 
Initially the two-dimensional rolls form a stag- 
nation line along the y-direction above the summit 
of the surface wave. An instability seems to start 
from this stagnation line (the actual y-position 
must be a consequence of the random initial 
fields). At later times we see that a secondary roll 
has been formed with axis perpendicular to the 
original two-dimensional roll. At t = 55, the stag- 
nation line has turned into a stagnation point. The 
final square pattern shows two rolls of about equal 
velocity amplitude with little indication of the un- 
derlying surface wave. Figure 10 shows contour 
plots of the vertical velocity on a terrain-following 
coordinate surface-level r/= 0.75 for selected times 
and Reynolds numbers. For R e  = 100 it again 
clearly reflects the transition from the two-dimen- 
sional roll mode to cross-role convection. The re- 
sults for higher Reynolds numbers will be dis- 
cussed in the following section. 

Figures 6 and 8 show that the mean kinetic 
energy in the three-dimensional case approaches 
an asymptotic level which is about half the two- 
dimensional one. This fact can be explained as 
follows: The mean buoyancy forcing of energy 
equals the mean value of w T  in non-dimensional 
units. If the convective heat flux dominates relative 
to conductive parts, this mean value approaches 
the same value both in two and three dimensions 
because of prescribed surface heat flux. The mean 
buoyancy forcing is actually close to 0.5 because 
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Fig. 9. Velocity-vector plots for Re = 100 in horizontal planes 
near the top surface at three subsequent times. The maximum 
vector length corresponds to 2.4 w,. The line-convection be- 
comes unstable and the square-pattern convection sets in 
between t=  30 and 35 

the heat flux decreases linearly from the surface 
to the upper boundary. Thus, this forcing is in- 
dependent of details of the motion field. On the 
other hand, the amount  of viscous dissipation for 
given energy increases when more than just one 
basic mode of motion is excited. For the cross- 
role convection, two modes contribute to dissi- 
pation while only one mode dominates in two 
dimensions. Therefore the energy in this three- 
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Fig. 10. Contour plots of vertical velocity at r/---0.75 for different Reynolds numbers and times; contour interval 0.3 w, 

dimensional case is about half the value in two 
dimensions. This ratio will decrease when the flow 
gets more complicated. 

4.2 Effect of Reynolds-Number Variation 

4.2.1 The Two-Dimensional Case 

In two dimensions, the main effect of increasing 
the Reynolds number is a reduced damping of the 
oscillating solutions. The simulations approach a 

virtually non-oscillating case only for Re= 100 
where a small (0.5%) remaining amplitude of ki- 
netic energy oscillations is observable in Fig. 8. 
For higher Reynolds numbers, the flow oscilla- 
tions grow in amplitude and frequency and the 
solutions do not seem to approach a steady state 
in the strict sense. 

Results for various Reynolds numbers are sum- 
marized in Table 2 for the two-dimensional cases. 
The given values for maximum velocity, kinetic 
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energy and temperature difference are averages 
over the final quasi-steady period of  the simula- 
tions which is identified with the last 1 000 times- 
teps of  the simulations (about  5 time units). 

Table 2 contains also results on the Nusselt  
number  which is defined as before by the ratio of  
the actual heat flux to that one of  the purely con- 
ductive situation (with the same mean-tempera- 
ture difference), 

Qs Qs H c Re Pr 
Uu - Qco.~ - cr tA 7"w - A Tw (12) 

The tilde denotes dimensional quantities. The co- 
efficient c = c (6) accounts for the relationship be- 
tween the purely conductive heat flux and the 
mean temperature difference, Q~ond = #A Tw/(cH). 
For  flat surfaces, its value is c(0)=0.5 as can be 
seen easily from the analytical asymptotic solution 
for the conductive case, 

Qsl -H(1  17) 2 , iP (~  = 2P 0 + Q s t ' +  - (13) 
H 2 / t \  

which yields 

A ~ w =  ~ l e = o -  ~ ] e = H = O . 5 Q s H / I z .  (14) 

For  the undulated surface case, the value of  c (8) 
had to be determined numerically by applying the 
code without  gravity forces. This resulted in 

c (0.1)= 0.4977 for the given surface-wave ampli- 
tude of  8-- 0.1. The inclusion of  c in the definition 
of  Nu ensures that Nu --+ 1 for Ra --+ O. 

Table 2 contains results from two-dimensional 
simulations for the standard resolution and results 
for two runs (Re = 150 and 400) with doubled res- 
olution. The differences between the standard grid 
and the refined grid simulations are small for 
Re= 150. Somewhat  larger differences are ob- 
served for Re= 400 which shows about  20% in- 
crease in both  kinetic energy and wall tempera- 
ture-difference compared to the coarse grid-res- 
olution results. These differences are still suffi- 
ciently small so that the numerical results can be 
assumed to be only little influenced by numerical 
approximation errors. 

The mean wall-temperature difference A Tw in- 
ceases with the Reynolds number  but  less than 
linear because of  enhanced convective heat trans- 
fer. This trend is also reflected in the variation of  
the Nusselt number as plotted in Fig. 11. The final 
values of  the mean kinetic energy and the maxi- 
mum vertical velocity of  the flow field rises with 
increasing Reynolds numbers, but  slowly. 

Table 2 and Fig. 11 contain a few results for a 
plane lower surface. In this case the Nusselt num- 
bers are smaller but  only litte (about  10%). As 
shown in Fig. 8, the kinetic energy of  the plane 

Table 2. Results oof Two-Dimensional Simulations (bracketed values for fine grid) 

Two-dimensional calculations with discretization 40 x 32 (80 x 64) 

Reynolds number 100 150 200 250 
Re 
Raleigh number 7 000 15 750 28 000 43 750 
Ra 
Number of time- 12 000 6 000 6 000 9 000 
steps (12 000) 
Total time (units 15 30 30 28.125 
H/w.) 
CPU-time (rain) 20 10 10 15 
CRAY-XMP (60) 
Maximum vertical 2.3 2.5 2.7 2.9 
velocity Wm~x (2.6) 
Kinetic energy 0.53 0.76 0.93 1.07 

(0.79) 
Mean temperature 6.81 +0.37 7.72• 8.854-0.63 9.70+ 1.04 
difference A 7~w (7.90 4- 0.34) 
Nusselt number 5.11 4-0.26 6.774-0.30 7.874-0.52 8.99+0.83 
Nu = e Re Pr/A f'w (6.56 4- 0.28) 
Nusselt number 4.81 4- 0.34 7.304- 0.61 
for ~=0 

300 

63 000 

9 450 

29.53 

15 

3.3 

1.19 

10.33 4- 1.42 

10.124- 1.08 

9.00 + 1.03 

4O0 

112 000 

9 000 
(18 000) 
28.125 

15 
(60) 
3.3 

(3.7) 
1.42 

(1.76) 
10.394-2.15 

(12.43 4- 1.93) 
13.41 4- 2.75 

(11.20 + 1.59) 
11.80 4- 2.25 
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Fig. 11. Nusselt number  versus third root of Rayleigh number  
Ra as obtained from two-dimensional simulations with 
c~ = 0.1 (solid line) and with 6 = 0 (dotted line) and from three- 
dimensional simulations with c~ = 0.1 (dashed line). The "error 
bars" measure the amplitude of the oscillating results in the 
final period of the simulations. The two single full dots cor- 
respond to refined-grid solutions & t h e  two-dimensional case. 
The single open circle is the result of  a three-dimensional 
simulation for a flat surface (~= 0) 

surface cases is about 10% larger (for R e =  100) 
than for & = 0.1. 

4.2.2 The Three Dimensional Case 

Figure 10 shows dearly that a very irregular flow 
state is approached in three dimensions, at least 
for Re>~ 150. This state appears to be non-re- 
peating and thus turbulent. 

Table 3 shows various results of the three-di- 

mensional calculations. Only a few cases are con- 
sidered because such runs are rather expensive in 
computer time. The Nusselt numbers, see Fig. 11, 
are somewhat larger than the corresponding two- 
dimensional values because of an increased heat 
transfer associated with the turbulent three-di- 
mensional flow. Both the two and the three-di- 
mensional results support a relationship 
N u  ~ R a  w . The correspondent graphs of the two- 
dimensional simulations could be extrapolated lin- 
early to R a  = 0 giving approximately the expected 
value N u  = 1. Extrapolation to the laminar R a -  

number range is not suitable for the three-dimen- 
sional results. The case with plane surface in three 
dimensions shows even smaller differences to the 
corresponding undulated surface result than in 
two dimensions. The maximum vertical velocity 
and in particular the specific kinetic energy remain 
considerably smaller than the two-dimensional re- 
sults, especially at high Reynolds numbers. This 
is obviously a consequence of  the more efficient 
dissipation in the turbulent three-dimensional 
flow. The velocity and the kinetic energy values 
are only very little dependent on the Reynolds 
number. This shows, that the flow field is suitably 
scaled in turbulent convection by means of the 
convective velocity w, even at these moderate Rey- 
nolds numbers. 

5. Summary and Conclusions 

We have studied subcritical convection between 
two isothermal no-slip surfaces (RBC) in two di- 
mensions and supercritical convection over a no- 
slip surface with prescribed heat flux (CBL) in two 
and three dimensions over wavy and plane sur- 
faces. The surface-height varies sinusoidally in one 

Table 3. Results of Three-Dimensional Simulations 

Three-dimensional calculations with discretization 40 x 16 x 32 

Reynolds number  Re 100 
Rayleigh number  Ra 7 000 
Number  of timesteps t6 000 
Total time (unit H/w.) 80 
CPU-time (hours) 4 
Maximum vertical velocity w .. . .  2.4 
Kinetic energy 0.34 
Mean wall-temperature difference A T w 6.85 • 0.79 
Nusselt number  Nu = c Re Pr/A Tw 5.08 4- 0.49 
Nusselt number  for & = 0 

150 250 
15 750 43 750 
6 000 6 000 

30 30 
2 2 
2.4 2.3 
0.34 0.38 
7.01 + 0.70 7.50 • 0.33 
7.45 • 0.60 11.61 + 0.43 

10.88 :k 0.74 
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direction and the simulation covers only one wave 
with a wavelength of  about twice the layer-height. 
The main findings of the present study are as fol- 
lows: 

The numerical results for subcritical RBC are 
in accordance with analytical predictions of  Kelly 
and Pal (1978). Convection sets in over a wavy 
surface at small Rayleigh numbers and the heat 
transfer grows with 32 as long as 6 ~  1. For  finite 
surface waves, the increase is smaller than sug- 
gested by linear theory. 

Two-dimensional convection at supercritical 
Rayleigh numbers in the CBL initiates in an os- 
cillatory manner.  Two types of oscillations have 
been identified, a symmetric one connected with 
a revolution of the roll centres and an asymmetric 
one due to sideward oscillation of  the upward 
motion. These oscillations decay and the flow be- 
comes stationary for Re ~ 100 for the parameters 
Pr  = 0.7, 6 = 0.1, L / H =  2 investigated in this study. 
For  larger Reynolds numbers it is not clear 
whether a steady state is achieved in two dimen- 
sions because that requires very long integration 
times. 

The primary rolls are unstable with respect to 
three-dimensional disturbances even at a Rey- 
nolds number  Re = 100, and a square-roll pattern 
develops where the rolls in both directions have 
about equal velocity amplitude. The instability 
seems to originate from the stagnation line at the 
top surface. Pal and Kelly (1979) observed a sim- 
ilar instability over a plane surface when the tem- 
perature at the lower wall varies periodically in 
one direction. 

For  a Reynolds number above about 200, the 
square-pattern convection develops into an irreg- 
ular motion pattern which can be classified as 
being turbulent. This pattern has little resemblence 
of  the underlying two-dimensional surface-wave, 
at least for 3 ~< 0.1 and L / H  = 2. 

In the supercritical regime, the effective Nusselt 
number grows about with the third root  of  the 
Rayleigh number. This result is typical for con- 
vection over smooth surfaces while other rela- 
tionships are to be expected for rough surfaces 
(Schumann, 1988). The three-dimensional mo- 
tions are more effective in transporting heat than 
the two-dimensional ones. The effect of  the wavy 
surface on heat transfer is, however, rather small 
for supercritical convection and the selected sur- 
face parameters. This finding is in accordance with 

results of  Hechtel (1988) who found little effect of  
variable surface heating rates on the CBL over 
flat terrain. The velocity magnitude is closely re- 
lated to the convective velocity scale proposed by 
Deardorff  (1970) even for rather moderate  Ray- 
leigh numbers, in particular in the three-dimen- 
sional (turbulent) flow state. 

As a whole, we find strong effects of  wavy ter- 
rain for small Rayleigh numbers. However, the 
present study shows that a 10% height variation 
has little effects on the turbulent convective 
boundary  layer. This seems to be a consequence 
of  the fact that the thermal energy-input is the 
same over the plane and the undulated surface. 
The surface heat flux controls the buoyancy forc- 
ing. The turbulent convective flow appears to be 
efficient in converting the buoyancy forcing into 
kinetic energy even for plane surfaces and the ef- 
fect of  the wavy surface on kinetic energy dissi- 
pation is small. 

In a future study we plan to examine the influ- 
ence of  other terrain shapes and to extend the 
simulations to higher Rayleigh numbers by means 
of large-eddy simulations. 
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