
358 Longitudinal Movement of Glaciers

We shall write this relationship as follows

AT=\CzL^lL^. (7.23-1)

Here, C is a constant which was experimentally found to be equal to

7.4 •
10“ ® deg/(dynes • cm“ ^).

The speed of sliding of a glacier is equal to the volume of ice

melted per unit time in front of an obstacle divided by the cross-sectional

area of the obstacle. The melting process, however, will be caused by

heat-flow across each obstacle at which the difference in temperature AT
exists as calculated above. Thus

DL tCD /L'\2

3HpL \L)
(7.23-2)

where D is the coefficient of heat conductivity of the rock, H is the heat

of fusion of the ice and p is its density.

If there is a whole spectrum of protuberances present in the glacier

bed (L'/L being constant), then it becomes obvious that the larger the

obstacle, the less likely it is that sliding by the above mechanism can

take place.

Fortunately, it can be shown that the second effect (that of stress

concentration) can precisely account for the sliding of glaciers over large

obstacles. Stress concentrations will again be of the order of x{LILf.

Using the power law of creep for ice (cf. Sec. 2.33), the creep rate K due

to this stress concentration will be
2n

(7.23-3)K = const t'

"(I

Furthermore, it stands to reason that this creep rate is effective over

the distance L; hence the sliding velocity due to the stress concen-

tration is (writing the constant somewhat differently)

(7.23-4)

This vanishes for very small obstacles. Weertman now argues that the

sliding will take place with just such a speed which is the same for the

two types of sliding, because for each type, the speed is controlled by

the most unfavorable obstacle size. Thus, setting = and eliminat-

ing L (assuming the ratio L'/L as given), Weertman obtained for the

sliding velocity S
. ^ -rs. ^ ^-r/%1-Ln

(7.23-5)S= S, = S„=
/IBCDy
\ 3Hp I

The main result of the above analysis is that sliding of glaciers can

and will indeed take place. Weertman, using reasonable values {viz.
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To my Parents



Preface

The surface features of the Earth are commonly split into two cate-

gories, the first of which comprises those features that are due to

processes occurring inside the solid Earth (endogenetic features) and the

second those that are due to processes occurring outside the solid Earth

(exogenetic features). Specifically, the endogenetic features are treated

in the science of geodynamics, the exogenetic features in the science of

geomorphology.

I have treated the theoretical aspects of the endogenetic features in

my '"Principles of Geodynamics", and it is my aim to supplement my
earlier book with a discussion of the theory of the exogenetic features.

It is my hope that the two books will together present a reasonably

coherent, if necessarily incomplete, account of theoretical geology.

Contrary to endogenetic phenomena, exogenetic processes can often

be directly observed as they occur: the action of a river, the development
of a slope and the evolution of a shore platform are all sufficiently rapid
so that they can be seen as they take place. This has the result that in

geomorphology one is generally on much less speculative ground regard-
ing the mechanics of the processes at work than one is in geodynamics.

The book follows a pattern which is, mutatis mutandis, analogous to
that of my "Principles of Geodynamics". First, a brief description is

given of the physiographic facts of geomorphology, after which some of
the basic physics is reviewed which is necessary for the understanding of
the subsequent exposition. Then, the body of the book presents in se-
quence the pertinent subjects which are (i) the mechanics of slope forma-
tion, (ii) the theory of river action, (iii) drainage basin and large scale
landscape development, (iv) the theory of subaquatic effects, (v) niveal
effects and (vi) some special features.

The present edition is the second of this book. A comparison with the
first edition svill show that some sections have been extensively rewritten.
Chapter V on basin development is completely new, inasmuch as the
past eight years have brought an entirely new approach to the problem
based upon statistical mechanics.

Some of the sections in the present book are based upon articles ofmy own which appeared in the Bulletin of the Geological Society ofm the Journal of the Alberta Society of Petroleum Geologists, in
Oeofisica Pura e Applicata, in Geologic und Bauwesen, in the Bulletin
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I. Physical Geomorphology

1.1. Introduction

Geomorphology, in its widest sense, is that branch of the geosciences

which concerns itself with the development of the surface features of the

Earth. In a more restrictive sense, geomorphology is the science of those

surface features whose shape is determined by the action of exogenetic

processes, i. e. of processes which originate outside the solid Earth, It is

with this latter concept ofgeomorphology that we shall concern ourselves.

Any discussion of the mechanical and physical processes active in the

shaping of the Earth’s surface features has to start with a discussion of

the physiography of these features. This is what we propose to do in this

first chapter of our monograph.

The basic constituents of any landscape are slopes. The term “slope”

may refer to a mountain side, to a river bed, or to a cliff on a coast line.

If the development of individual slopes is understood, the development

of a landscape can be synthesized.

Some of the most striking features in geomorphology are linear, i.e.

they are formed by curved lines. One therefore must discuss the means

by which such linear features can be described.

Such linear features may be caused by the work of rivers. A brief

description of the physiography of river erosion, including river bed

processes and meander formation, will therefore be provided.

Making the transition from one river to many rivers, one arrives at an
analysis of whole drainage basins,—

a

description of which rounds out

the discussion of features caused by the action of water on the land

surface of the Earth.

Most of the Earth’s surface (about 71 per cent) is covered by the sea.

Processes connected with the motion of large bodies of water are there-

fore ofgreat importance with regard to the evolution ofgeomorphological
features. Accordingly, we shall give a brief review of coastal and sub-
marine geomorphology.

Subsequently, we shall turn to features caused by some specific

exogenetic agents: this includes niveal features caused by the action of
ice and snow and aeolian features created by the direct action of wind.
I Schcideggcr, Theoretical Gcomorphology, 2nd Ed
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Agents in Slope Formation 3

have been formed by endogenetic processes, such as by the thrusting up

of a mountain range or by the opening up of a rift valley. However, the

“primary” slopes, if one whishes to call them thus, will soon be acted

upon by external (“exogenetic”) agents such as wind, water ice, and

residual stresses, so that their shape will change. If it can be understood

how slopes change under the influence of exogenetic processes, then it is

obviously possible to explain physical geography.

1.22. Quantitative Description of Slopes. As always when quantitative

methods of analysis are contemplated, it is necessary to describe the field

data in quantitative terms as well. Slopes are fundamentally inclined

surfaces, and as such one might think that all one has to do is to give the

equation describing the surface in question in, say, Cartesian co-ordinates.

Needless to say, this would be a very difficult undertaking; The surfaces

in question are extremely irregular; this becomes obvious if one thinks of

the individual pebbles etc. that might comprise it. However, one is

generally only interested in the average properties of a hill-side, not in

all of its intricate details. Thus, the true hillside is approximated by a

smooth surface passing through such points as have been measured. Of
this approximate surface it is then possible to determine characteristic

parameters.

Moreover, one is generally not concerned with the entire hillside,

but only with its profile. In order to obtain a profile, a horizontal straight

base line is chosen more or less parallel to the general declivity of the area

in question (there is a certain amount of arbitrariness in choosing this

line). Common parameters that are listed are then the elevation H of the

slope profile above the base line, the distance L along the base line from
an arbitrarily chosen initial point thereon, and the (local or average)

gradient given by

G=JH/^L.
( 1 .22- 1)

1.23. Agents in Slope Formation. As noted, slopes change under the

influence of exogenetic agents. The net effect is called denudation.

Depending on climate and season, it may occur rather rapidly^’

A

compilation of the various agents that might cause the shapes of slopes

to change, has been given, for instance, by Penck Accordingly, the

processes that are effective in slope formation can be classified as follows:

(p
reduction of rocks, (ii) spontaneous mass movement, (lii) corrasion,

(iv) erosion, (v) transport ofmass and (vi) accumulation. The terminology
used by Penck is somewhat different from that in other writings on

1. SCHUMM, S. A.; Z, Geomorphol., Suppl. 5, 215 (1964)
2. Gerber, E.: Mitt. Aargauischen Naturforsch. Ges. 26, 86 (1961)
3. Penck, W.: Geomorphologische Analyse. Stuttgart; J. Engelhorn’s Nachf. 1924.
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Differential Development of Slopes 5

appearance of a carrying medium is of prime importance. A case in point

is represented by rivers. The latter, however, have only an indirect effect

on slope formation by making space for more debris to form. On the

slopes themselves, running water or blowing wind may directly affect

the shape and thus have a far more direct effect. The end stage of trans-

port of mass is accumulation. The transporting agents (water, wind, ice)

may dump material in some areas which by its very presence forms a

slope. This occurs not only in alluvial plains and in sheet-floods, but also

in any place where the material is transported by external agents. Thus,

Fig. 1. Alluvial fan; top cross section; bottom: view in plan

near mountains, material might for instance be deposited in the form of

alluvial fans which occur at the edge of hills and mountains. Their slopes

are from 1 — 10 degrees, the finest deposits are always found at the peri-

phery (Fig. 1). The opposite arrangement with regard to the grading of

deposits is found in alluvial cones and talus accumulations. Here the

slopes are from 10 to 50 degrees. Boulders are found at the base, sand and

gravel at the top (Fig. 2). These features are caused by small intermittent

streams.

1.24. Differential Development of Slopes. The discussion given earlier

sets the agents which act upon the shape of slopes entirely apart from
those processes that caused uplifted areas on the Earth’s crust in the

first place. It would therefore appear that one could treat the develop-
ment ofa landscape in terms of a cycle in which uplift and planation alter-

nate. In fact, this is the old classic view amongst geomorphologists and
will be treated in detail in Sec. 1.51. However, a somewhat different point
of view has been taken by Penck^ Accordingly, there is little reason to

1. Penck, W.: Die geomorphologische Analyse. Stuttgart; J. Engelhorn’s Nachf 1929.
English translation by H. Czech and K. C. Boswell. London: Macmillan 1953.
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The Length ofWiggly Lines 7

L in ft

Fig. 3. Sample profiles of slope profile near Dayton, Ohio Note smoothness and similar

form, but contrasting size, gradient, and shape. After White

1.3. Curved Lines in Geomorphology

1.31. General Remarks. Many features in geomorphology are rep-

resented, on a map at least, by lines.

The most obvious of such “linear” features are rivers, although, in

faqt, a river has actually a finite width and is therefore, in nature, not the
realization of a mathematical line.

A true linear feature is the course of each bank of a given river (for,

say, mean water level). The course of the water’s edge represents, in fact,

a mathematical line. A similar true linear feature is a coastline. Here the
natural feature is again a mathematical line; the course of the water’s
edge at mean sea level. This line represents, in effect, an isohypse; all

oAer isohypses also^gpjresent_ggom^rphic “lines”. Another linear. fea-
ture IS the course of a mountain-crest, or of any other watershed. This is

again a mathematical line.

All the above geomorphic lines have an obvious characteristic: They
are “wiggly”. While the general trend of these lines is very often quite
straight, the details, if one cares to look closely, are extremely complex
and difficult to ascertain. It is the purpose of this chapter to touch upon
some problems, old and new, which are caused by the “wiggliness” of
geomorphic lines and by the task of quantitatively describing such lines.

1.32. The Length of Wiggly Lines, The problem of measuring the
ength of a line is an old one. In general, not much thought is given to
this problem by geomorphologists, inasmuch as it is simply assumed
that the length be measured by some type of integrating device.
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The Length of Wiggly Lines 9

Britain; in the other cases only over that of a factor of 10) with rather

large (10 km in the case of Great Britain and 100 km in the other cases)

minimum /. It seems physically absurd to postulate the validity of

Richardson’s law for all 1. In the limit, one arrives at the size of the pebbles

on the coasts in question and at the molecular interstices of those pebbles,

etc. To postulate the validity of self-similarity for all these size-ranges of 1

seems absurd.

Thus, in practice, if the “length” of a geomorphic feature is to be

determined, the length / of the polygon by which it was measured should

be stated. In the case of a river, / should obviously not be smaller than

the width of that river. If it is empirically found that Richardson’s law

holds, the Richardson parameter a may be given, and the range over

which the validity of Richardson’s law was verified. It is doubtful that,

in general, a will be the same for small scale (/< 1 km) and large scale

(/>10km) “wiggles”. At least there is no obvious reason why there

should be self-similarity over such ranges.

A different approach to the problem of length from that described

above has been taken by Steinhaus^ Steinhaus bases his argument on
ideas of measure theory and Lebesgue integration, and goes back to the

possibility of defining the “length” of a point-set by a double integral"

as the mean of the lengths of all projections of the set. Crofton ^ de-

scribed this idea by using an infinite sum which permitted a probabilistic

interpretation. This leads to a practical way of measuring lengths of a

geomorphic curve. Without going into the details and the proof of the

method, which the reader may ascertain in Steinhaus ‘ article, we simply
describe it here.

One takes a transparent sheet with a family of equidistant parallels

Li (/=..., -2, - 1, 0, 1, 2, ...). Any arc A whose length is to be measured
cuts L^ in ai points. One denotes the number of all intersections by

So=Efli. (1.32-3)

Then one turns the transparent sheet through an angle nk/m {k~
0, 1, ...,in-l); we get 5* intersections; the number of all intersections is

then

(1.32-4)

Ml— 1

Z
k=* 0

If the distance between the parallel lines be d, the approximate lenath
1^1 1

of A is given by

1, SiLis'iuus, IL: Coll. Math. 3, No. J, 1 (1954).
2, Cauchv, L. a.; Oe\rcs Corapl. Ser. 1 , 2, 167 (1S32).
3, Crofton, M. W.: Phil. Trans. Roy. Soc. 158, 181 (1868).
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General Remarks II

tionship between two variables c, >/, say (e.g., the Cartesian coordinates

of the arbitrary point on the curve) such that

FiU])=0. (1.33-2)

However, this representation will not generally be univalued for ^ as a

function of >/ nor >/ as a function of c, so that it is unsuitable for calculating

spectra.

One will therefore have to choose a parameter other than ^ ox t] for

use as independent parameter t for the spectrum analysis. As such, the

arc length along the curve, measured from a fixed point 0, comes to one’s

mind. However, here the difficulties enter which were encountered in

defining “length” along geomorphic curves, discussed in the last section.

Thus, we choose a polygon length /, as described in the last section,

and define measurement-points along the curve by giving the distance

t„=n I along the polygon, assuming that only measurement points with

H=integer are admissible. Then, n will be our independent variable.

At each point thus defined, we define as dependent variable the angle

(p„ which a straight line drawn through the points n I and {n~ 1) / forms

with a given datum-line. The measured pairs of variables are thus (n, (p„),

for n= 1,2, ,..,iV. On the sequence of values <pi ... (p„ ... tpjv the customary

types of spectral analyses can then be made^

Thus, we first define the correlation function C^{r)

[N-r

C<pir]= -l^^(Pn(Pn+rr -{N-x) (p (1.33-3)

The spectral function X{k) is then

^(/c)= (0)+ 5 (r)
1
1 + cos“j cos (1.33-4)

where m is the number of frequency-bands of interest. Naturally, the

above quantities depend very much on the polygon-length /. If they are

found not to depend on /, at least for a certain range of /, then the curve
is self-similar (in a statistical sense) over that range.

1.4. River Erosion

1.41. General Remarks. Rivers are very powerful agents in shaping
our globe’s surface. They act in essentially two fashions: by removing
material from its confines, and by transporting it.

1. Blackman, R. B , and J, W. TuKEy:The Measurement ofPower Spectra. New York:
Dover 1958.
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Sideways Erosion 13

Analyses of the pertinent mass transport data for various rivers have

been reported on many occasions; a convenient summary of the earlier

literature has been given by Holeman^ Corbel^ investigated the

dependence of denudation rates on climatic and relief conditions; his

results are given in Table 2. In this table, the first column of numbers

Table 2. Table of total denudation rates. (After Corbel

inm/1,000 years % in

solution

A. Lowlands

Climate with cold winter 29 93

Intermediate maritime climate (lower Rhine, Seine) 27 83

Hot dry climate (Mediterranean, New Mexico) 12 10

Hot-moist climate with dry season 32 34

Equatorial climate (dense rain forest) 22 70

B. Mountains

Semi-humid periglacial climate 604 34

Extreme niveal climate (South-East Alaska) 800 24

Climate of Mediterranean, high mountain chains 449 18

Hot-dry climate (South-East U.S.A , Tunesia) 177 4

Hot-moist climate 92 33

represents the denudation in millimeters per thousand years, the second

column the percentage that is being carried off in solution. From this

table one may see that the denudation rates in mountainous areas are

very substantial indeed. This, in turn, signifies that the sum total of the

exogenetic processes in geodynamics is anything but negligible and that

there might even be an interaction of the latter with endogenetic processes.

An estimate of the total material lost by erosion from the entirety of

the non-submerged areas of the world has been made by Fournier^ who
arrived at a value of 400mm per thousand years. Schumm'*' notes that

this is about one-eighth of the present day rates of orogenesis.

1.44. Sideways Erosion. As noted earlier, rivers not only have a tend-
ency to deepen their channels (under certain circumstances), but also to

scour sideways.

It has been observed that the course ofa river is almost never straight.

Close to the source, there are V-shaped gorges with a sinuous course.
Similarly curved courses occur in plains where rivers have a definite

1. HOLE.NUN, J. N. : Water Resources Res. 4, 737 (1968).

2. Corbel, J.: Z Geomorphol. 3, 1 (1959).

3. Fournier, R; Debif soJide des cours d’eau. Paper presented at the I2th General
Assembly, Association of Scientific Hydrology, U.G.G.I., Helsinki, I960.

4. ScHUM-M, S. A.: U.S. Geol Survey Profess. Papers 454, H I (1963),



iL96l)

3-Z9Z sjgdBtj -sssjojd ^SAjns -iosq ’STl :aiOdoai -g "i puB ‘ q -y^ ‘nvwio/a 01

•(0961) 69/, ‘IL 'JsuiV 'SOS ’loao 'lina :NVi'iaoAv r
; puu ‘-g -j ‘aiodoai ’6

(/.S6T)

Q-Z8Z sJsdBd sssjojg yCsAjns ‘loao -S'n :nvimioav ‘O 'JAI puB ‘-g -q ‘aiodoaq '8

•(e96T) Y-Z8Z sJadBj -ssajojg XaAjng 'loao ‘S'll -g q puB “g -q ‘aiodoaq •/.

•(eS6T) ZS,Z sJadBj -sssjoig XsAing -loso 'STl ::M3oa'T«'j^ -q puB “g -q ‘aaodoaq ‘9

(/.96T) 6KI ‘/.SI aousps "V "S ‘wwnHOS '9

(6£6I) 618 ‘OI- ‘Jaiuv 'dos ’Ioso png -.-g -g ‘saxvg ’V

'61^61 BUOOg ‘UOIJBJS qOJBOSOg UOIJBSlABfq pUB UOIJbSuJI ‘j3A\odJ3JByV\,

•JJU33 -qng sag •sibub3 puB sjsAig jo ioj}uo3 puB jnouBqag aqq - ^ -3 ‘snONi £

(686T)

‘6P‘6€6I oj se6T (^ipui) P P^cog [bjiuoo ‘('UMa^l) ‘Jdag -uuv "3 0 ‘snoNi 'Z

(Z06l) ZLZ ‘€I 3biaj -Sosq -jB^q -ja} ‘NOSB3ddaf ‘i

uj 'saiBJS pajiufl sj3au Xubui poibSiissaui oqA\ (Q^aiOdOHl pua

MvwiOAV ‘g .g NvivioM puB aiodOHi \ aaiiipsi pu^ aiodoaq \ iHOoaaviA^

puB aiOdOHi) SJ35IJOAA-O0 puB aiodosq /(q X]jBin3UJBd puc givi^nHOS

‘^saivg ‘g.jSnONi ‘^NOSHSddaf Xq aouBjsui joj ‘suop ussq SBq siqx

•spBUi aq UBD sdooj jspuBaui jo saipnis iBDUiaiuoag ‘auop si siip sduq
•3[qBijjp3J puB aiqBiiuajajjip si qoiqAv ^^gsAviBj,, papBO ‘sAJno

qioouis B /Cq pajBuiixojddB si J3au aqj ‘/^iguipjooDy -qdBjgouom siqi jO

£‘\ ’oas Uj passnasip uaaq aABq uoipauuoa siqi ui suopsanb luauipad

sqi '^u?/ oiqdJOUioaS b aqijasap oj guiABq jo uiajqojd aqi qjiM paoBj pB

JO isjij SI auo ‘sjapuBaui JO saipms aAijBqiuBnb ajjBui oi saqsiAv auo jj

jjo jno uaaq suq luqj japuBom b siuosojdoj aqu] siiji ;jaAU SuuapuBaui

aqj UI ..0>jB| A\oqxo„ aqj aiOM -jaMJ (q) papinjq puB (b) SupapuBaj/V -q puB Bt^-Stj

•(Bt? •gij ’ja) sa>/u; Moqxo papBo ajB

qaiqAv sa){Bj uijoj uaqj sdooj „pn3p„ sqi ^.laqjo qaua iinajja-yoqs oj puB

qanoj 01 sjapuBaui sasnua siqi ‘uoiSBaao uq ’oaBid a>iBi UBa (Suianoas)

uoisoja s/^BMapis jaqiinj ou jBqj Sjq os auioaaq Xaqi jpun XjqBUinsajd

‘japuBA\ oj puB a\oj3 oj Xauopuoj n aABq sjapuBaui aqx ‘Jo)

spiBjq UIJOJ OJ JO (uf 'Sjd 'JO tsdooj uijoj oj 'a'l) japuBaui oj Xauapuaj

i’luoisojg jaAig



Sideways Erosion 15

characteri2ing a meander, it is common to use its length L, its amplitude A,

its talweg T, its sinuosity P {P=T/L) and its radius of curvature R. The

meaning ofsome ofthese quantities is illustrated in Fig. 5. The aim is, then,

to correlate these geometrical quantities with the channel width vv, with

Fig. 5. Geometrical characteristics of a meander

the (average) depth d (or the width-to-depth ratio F— w/d) with the bank-

ful discharge Q and with the bed sloped. In this instance, some of the

formulas that have been proposed are the following

(i) by Inglis* (English units; everything in feet)

L==6.6w^-^^ (1.44-1)

A=i8.6w^-^^ (1.44-2)

(ii) by Leopold and Wolman^ (English units; everything in feet)

L= 10.9w‘«^ (1.44-3)

*-t
C";

CNII (1.44-4)

L=4.7 (1.44-5)

(iii) by Zeller^ (metric units)

A=4.5w^-°^ (1.44-6)

(1.44-7)

1 Incus, C. C : The Behaviour and Control of Rivers and Canals Res Pub. Centr.
Waterpower, Irrigation and Navigation Research Station, Poona 1949.

2. Leopold, L. B., and M. G. Wolman: U.S. Geol. Survey. Profess. Papers 282-B (1957).
3. Zeller,!.: Int. Assoc. Sci. Hydro!., Symposium on River Morphology, Gen. Ass.

Bern, Trans p. 174 (1967).
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Morphometry of Particles 17

Fig. 7, Plan and profile of a meandering reach of the Popo Agie River near Hudson, Wyo.
After Leopold and Wolman ‘

Some of the above-mentioned empirical relations introduce the

depth d of the meandering river. However, this depth is not very well

defined either, inasmuch as there is a sequence of shallow “riffles” and
deeper “pools” along a meandering river stretch. Much of the pertinent
data in this regard has been summarized by Leopold and Wolman L
The riffles occur generally in the more straight parts of a meander reach,
but this relation is not entirely unequivocal, as is seen from an inspection
of Fig. 7.

1.45. Morphometry of Particles, Since the river action is essentially

concerned with the direct entrainment and deposition of particles, it may
be well at this point to mention a few concepts which are of importance
with the description of particles. This is useful not only in connection
with the discussion of river action, but whenever individual particles are
tnvolved in geomorphic features (such as sandy deserts and beaches).

1 . Leopold, L. B., and M. G. VVouman: U.S. Geol. Survey Profess. Papers 282-B ( 1 957).
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and detrition begins to act on the uplifted area and gradually proceeds to

reduce it to a base level. This completes the cycle. A new cycle starts when

a new endogenetic diastrophism occurs.

Davis recognizes three distinct stages in the geomorphological

cycle which may be termed youth, maturity, and old age. In a humid

climate, these are as follows:

In youth, one has some trunk streams but not many large tributaries.

The valleys are strongly V-shaped, their depth depends on their height

above sea level. Lithologic variations cause waterfalls and rapids for

which there has not been sufficient time to disappear.

In maturity, the drainage system becomes more integrated. Any water-

falls and rapids evident in youth have disappeared and most of the rivers

are in a dynamic equilibrium condition. The extent of the relief represents

the maximum that is possible. In a fully matured river, one discerns

(see e.g. Holmes a sequence of three tracts. At its head is the mountain

(or: torrent) tract which is either a gorge or V-shaped with slope angles

from 30 to 90 degrees. In the middle of its course is the valley tract: the

gorge has opened up, the slopes are gentler and the valley is wider. This

opens up into a plain tract, at the bottom of the valley there is now a

“flood plain” which, as its name implies, gets flooded whenever there

is a high discharge of water. A cross-section of a flood plain shows fine,

essentially horizontally stratified deposits. Often the rivers in flood

plains are braided, representing bifurcating flow with islands in between
or they meander (form loops, cf. Sec. 1.44).

In old age, valleys become very broad, most of the relief has dis-

appeared due to continental planation. The level of the drainage basin

approaches the base level of erosion. The final stage of the cycle is

reached when all relief has been reduced to the base level, leading to a
gently undulating plain which Davis called a “peneplain”.

The above interpretation of the development of a drainage basin in

terms of a geomorphological cycle has been widely accepted. An illus-

tration of the cycle, after Holmes S is shown in Fig. 8. Objections against
the cycle theory and different interpretations of the development of
drainage basis will be presented in Sec. 1.54.

1.52. Climatic Effects. In the development of a drainage basin, climate
obviously plays a major role. The most commonly encountered climate
in inhabited land areas is a humid one which consequently has been
called “normal”. In its effect on a drainage basin, it leads to a normal
geomorphological cycle. The latter corresponds to the conditions as they
have been described in the last section (1.51). However, in addition to
the normal cycle, Davis considered an arid and a glacial cycle. In these

1. Holmes, A.: Principles of Physical Geology. London: T. Nelson & Sons 1944.
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in old age, the central depression becomes shallower and wider to form a

playa. The gorges and the debris become worn down; instead of rivers,

sheet floods take over the agency ofmass transport and, with the wearing

down of the differences in elevation, wind erosion takes on significance

by producing shifting dunes.

B. Glacial Cycle. Corresponding to the arid cycle, Davis also men-

tioned a glacial geomorphic cycle. A true glacial cycle would occur if in a

certain locality the glacial climate would reach to the very surface of the

sea, so that after an endogenetic uplift, all the landforms would be caused

solely by glacial erosion. Davis notes that it may be possible through

induction to infer what the typical forms of youth, maturity, and old age

in such a glacial landscape would look like, but that it would hardly ever

be possible to find actual examples thereof in nature.

The general procedure is therefore one of investigating glacial effects

that have occurred at one stage or another during the course of an other-

wise “ normal ” (i.e. humid) geomorphic cycle. This seems to correspond
to actual natural conditions where it has been noted that at one time or

another the climate may have changed for a relatively brief period from
a normal humid one to a glacial one. This is particularly evident in the

effects that have been left in many parts of the world by the Pleistocene
ice ages. However, the details of the morphological forms that have thus
been created will be discussed in a different section of this book.

1.53. Quantitative Description of Drainage Basins. In order to proceed
with a rational explanation of the development of a drainage basin, it is

necessary to describe its features in numerical terms. Thus, one can
define a series of parameters which are characteristic of a drainage
system:

(i) The order of a river segment. In order to define this fundamental
term, one first has to introduce a series of concepts. The stream net is the
interrelated drainage pattern formed by a set of streams in a certain area
(omitting the possible downstream splitting of channels). A junction is the
point where two channels meet. The source of a river is the beginning of
the blue line on a map (in nature there may be some ambiguity in defining
this term), a link is any unbroken stretch of river between two junctions
(interior link) or between a source and the first junction (exterior link).

We then define the Strahler^ order of a link as follows; We assign
the order I to all the exterior links in the net. When two first order links
meet, they form a second order link; when two second order links meet,
they form a third order link etc. However, when a A-th order link meets
a link of order P<N, the resulting link will have order N, i.e. the lower-
order link gets “swallowed up”. The formation of Strahler orders of

1. Strahler, A. N.: Trans. Amer. Geophys. Un 38, 913 (1957)
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The basic property of stream-order numbers is that if two orders N
be combined (operation denoted by an asterisk as above), the resulting

stream is of order N-f 1. Hence

N*N=N+l. (1.53-3)

In order that the distributive law be valid, it is postulated

[iV*(iV-l)]*(iV-l)=iV*[(iV~l)*(Ar-l)] (1.53.4)

and so that the commutative law be satisfied, it is required

N*P=P*N. (1.53-5)

The above postulates completely define an algebra of consistent stream
order numbers. Any integral N can be expressed in terms of smaller
orders:

N=(iV-l)*(iV-l)=(iV-2)*(iV-2)*(JV-2)*(Ar-2)

—P*P*P*"'*P
(1.53-6)

where the number of “factors” P is equal to 2^“^. Thus we may write

where the asterisk in the “exponent” indicates that the “multiplications”
refer to junctions. Continuing the algebraic analysis to the hypothetical
zero-order streams (which do not exist in nature), we have

and
(1.53-8)

iV *P= 0* 0* 0 *

Hence, setting

(1.53-9)

X=N*P (1.53-10)

we have from a combination of the three previous relations

2^=2"+2^=/
or

(1.53-11)

• (1.53-12)

The quantity I has been called “ associated integer” ofthe link in question •

it is evidently simply double the number M of sources which feed into’mat hnk. This number M has been called “magnitude”^ of that link.The consistent stream ordering system is demonstrated in Fig. Qr*

I. Shreve, R. L.: J. Geol. 75, 178 (1967).
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by the area drained by the streams up to that order, the quotient is called

“channel frequency”.

It turns out that the channel frequency F is not independent of the

drainage density D. Melton \ for mature drainage basins, established

the following dimensionally homogeneous relation (any consistent

F= 0.694 (1.53-13)

The principle of measuring the various quantities introduced above

has been applied to a variety ofdrainage basins by Melton ^ Chorley*^,

Coates^ and others In the course of these studies, various statistical

relationships between the quantities introduced above, valid for certain

conditions, have been deduced.

In addition to the various parameters introduced above for a quanti-

tative characterization of river nets, this is the place to mention attempts

that have been made at setting up systems ofstream coding. A comparison
of such systems has been made, e.g., by Ranalli and Scheidegger^^.

Accordingly, such coding systems have as their aim the assignment of
code numbers (and/or letters) to stream segments and junctions in such
a fashion that each segment in the net is given a unique label.

One such method of labeling stream segments is due to Milton and
Ollier^'^: In a given net or subnet, the main river is labeled by assigning

1. Melton, M. A.; J. Geol. 66, 35 (1958).

2. Melton, M. A : List ofsample parameters of quantitative properties of landforms;
T. R. No. 16, Proj. ONR-NR-389-042, Columbia Univ. New York 1958.

3. Melton, M. A.; Bull. Geol. Soc. Amer. 71, 133 {I960).

4. Chorley, R. J.: J. Geol 65, 628 (1957)

5 Coates, D. R.: Quantitative geomorphology of small drainage basins of southern
Indiana. T. R. No. 10, Proj. ONR-NR-389-042, Columbia University, New York 1958.

6. Peltier, L. C.: Paper No. I, 3, Sympos. Quant. Terr. Stud., Chicago (Amer. Assoc.
Adv. Sci.), 1959.

7. Snell, J. B ; Paper No. II, 1, Sympos. Quant. Terr. Stud., Chicago (Amer. Assoc.
Adv. Sci.) 1959.

8. Tanner, W. F.; Amer. J. Sci. 257, 458 (1959).

9. Tanner, W. F.: Bull. Geol. Soc. Amer. 70, 1813 (1959).
10. Tanner, W. F.: Paper No. 1, 5, Sympos. Quant. Terr. Stud., Chicago (Amer. Assoc

Adv. Sci ) 1959.

11. Tanner, W. F.; Science 131, No. 3412, 1525 (1960).
12. Thompson, W.F.: Paper No. I, 2, Sympos. Quant. Terr. Stud., Chicago (Amer.

Assoc. Adv. Sci.) 1959.

Adv.^LTSS^'

Sei 1
(Amer. Assoc. Adv.

15. Strahler, a. N.; Trans. Amer. Geophys. Union 38, 913 (1957)

142
(^968)^"'^"'''’ ^ Assoc. Sci.’ Hydrol. 13, No.2,

17. Milton, L. E., and C. D. Ollier; J. Hydrol 3, 66 (1965)
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Fig. 12 gives an example of Storet location coding: The code is given as

a fraction whose numerator gives the stream level (first digit) and the

stream index numbers as defined above (remaining digits), and whose

•denominator gives the mileage to the nearest junction downstream.

1.54. Possible Interpretations of Landscape Development. As already

stated in Sec. 1.24, the interpretation of the development of landscapes

in terms of a cycle is not the only one that is possible. Criticisms of the

cycle theory have appeared immediately after its invention (see e.g.

Tarr^ and Shaler^); however, they have become more numerous only

recently. An outstanding critic of the cycle theory has been Penck ^ who
viewed the development of a whole drainage basin as the result of the

development of each individual slope it contains (cf. Sec. 1.24). It is to

the credit of Penck to have emphasized that slope recession might be an
ubiquitous phenomenon which could be basic to the understanding of

1. Tarr, R. S.; Amer. Geologist 21, 341 (1898).

2. Shaler, N. S.: Bull Geol. Soc. Amer. 10, 263 (1899).

3. Penck, W.; Die morphologische Analyse. Stuttgart: Verl. von Engelhorn’s Nachf.
1924.
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The cycle theory of Davis is to-date probably still the most widely

accepted one, but we shall try to investigate the dynamics of all four

possibilities.

1.6. Subaquatic Effects

1.61. General Remarks. Most of the surface of the Earth is covered

by water. It stands to reason, therefore, that a knowledge of the processes

that are active below the water tine is extremely important for an under-

standing of the evolution of the morphology of our globe.

Knowledge of the morphology of water-covered areas has been accu-

mulated only very recently. Whereas the physiography of the land areas

has been the object of the study of geologists for hundreds of years, the

investigation of the water-covered areas had to await the advent of

refined measuring techniques, such as echo-sounding, deep sea coring,

underwater photography and others.

During the course ofmodern investigations it turned out that the deep
sea is not just a bottomless abyss as was originally thought, but that

there is a rather varied topography. Many of the observed features are

due to endogenetic processes and will not be discussed here, but others

are properly dealt with in a study of geomorphology.
Apart from the development of truly submarine phenomena, the

dynamics of the sea has also had a pronounced effect upon some land
areas as seen in the evolution of coasts and river mouths.

We shall give below a review of some of the pertinent facts borne out
by the study of the morphology of subaquatic features. This refers to
coasts (Sec. 1.62), to river mouths (Sec. 1.63) and to truly submarine
features (Sec. 1.64). Finally, we shall discuss some morphological aspects
of turbidity currents which have been advocated as a powerful agent in
shaping submarine features (Sec. 1.65).

The facts thus compiled will form the basis for our further theoretical
studies.

1.62. Coastal Geomorphology. We first turn to a discussion of the
physical geomorphology of coasts. In the present section (1.62) we shall
confine ourselves to those parts of a coastline which are not obviously
influenced by a river. The morphology of river mouths will be discussed
separately in Sec. 1.63.

First, we have to clarify the term coast somewhat, since the line
between the water and the land (owing to tides, storms etc.) is not entirely
definite. Thus, the coast proper is that part near the water’s edge which
never gets wet. The part which is affected by the action of the water
(generally this may be above or below the water line) is properly called
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'i

Fig 14. Cliff recession and formation of a shore platform. After Holmes '

commonly break. The sand in beaches appears to be graded, although no
general empirical laws can be established regarding the grading. Beaches
may change their shape due to a variety of factors, not all of which are
understood as of yet. For the hydrodynamic conditions prevailing in any
one area, there exists an equilibrium state for the beach which, if disturbed,
will re-instate itself.

Beaches are commonly found on coasts where the land gently dips
toward the sea. On steep coasts, beaches may or may not form. The
principal action of the waves in this case is one of undercutting the coastal
slope. If the material is hard rock, cliffs are formed which are gradually
receding. Below the cliffs there may be a beach (as implied above) or a
shore platform consisting of solid rock. The process of cliff development
IS schematically shown in Fig. 14. On coasts of emergence, a series of
former shore platforms may often be observed high above the oresent
water level.

On flat, sandy coasts, spits and hooks may be formed, presumably
by the a^ion of currents in the water. An example of a hook is shown in

S A
are barrier islands (often

called offshore bars). These are low islands which occur on many shallow
1. Holmes, A.: Principles of Physical Geology. London: T. Nelson & Sons 1944- Zenkovich, V. P.: Trudy Inst. Okeanologii Akad. Nauk SSSR 21, 3 (1957).
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a delta the land protrudes into the sea. A physiographic study of river

mouths has been made e.g. by Samoilov ^

Geomorphologists discern various regions on a river mouth. For the

two basic types of the latter (i.e. deltas and estuaries), the various regions

are shown in Fig. 17. The general river mouth region comprises the area

between the first widening or division of the river channel and the under-

water step some distance away from the mouth, in the sea. Under certain

circumstances, a river may give rise to a land spit.

Fig. 17. Morphology of a river mouth. After Samoilov^

Whether a delta or an estuary is formed depends on the presence or
absence of lateral currents in the sea: if the currents in the sea are weak,
the river will dump its load near its mouth and thus form a delta. Other-
wise, the sediments introduced may be removed from the area and an
estuary is the result. It has been observed that two types of deltas are
possible which have been called arcuate deltas (example: Nile Delta) and
birds foot deltas (example: Mississippi Delta). The two types of deltas are
illustrated in Fig. 18. The steeper the slopes of a delta are, or the smaller
It is, the coarser are usually the materials of which it consists.

Attempts have been made to apply Davis’ geomorphological cycle
theory (cf. Sec. 1.51) to the development of deltas. The stages of youth,
maturity, and old age for delta development (after Barrell and Clark^)
are shown in Fig. 19. However, as with regard to the geomorphological
cycle theory in general, corresponding objections have also been raised
against the application of the cycle theory in the development of deltas.

p Geografgiz 1954. German translation by

•)

under the title: Die FluBmilndungen. Gotha: Herm. Haack Veriag 1956- barrell, J
, and G. N. Clark; Bull. Geol. Soc. Amer. 23, 377 (1912)

' Thcorcncal Gcomorphology, 2nd Ed.
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Fig. 21. Mid-Ocean Canyon. After Elmendorf and Heezen*. Contour intervals in kilo-

meters

A further prominent physiographic feature of the sea bottom is the

existence of submarine canyon^’^. These canyons are in appearance

very similar to subaerial valleys'^ and may have deltas at their mouths^.

Most ofthem are found on the continental shelf; many appear as continu-

ations of rivers. The largest canyons stretch over an entire ocean such

as the recently discovered Mid-Ocean Canyon in the Northwest Atlantic

Ocean (see Fig. 21).

In summary, it may be said that many features of submarine geo-

morphology have a great resemblance with subaerial features®. Since

it is impossible to concede that the oceans at one time were empty of

water for these features to develop by subaerial erosion, a different

explanation has to be sought after.

1.65. Morphology of Turbidity Currents. We have noted above
(Sec. 1.64) that in submarine topography there exist features that look
just like erosional features on land. It has been postulated that such
features have been carved out by a type of current which is called turbidity
current. Such turbidity currents are assumed to be currents of dense fluid

1. Elmendorf, C. H , and B. C. Heezen; Bell System Techn. J. 36, 1047 (1957).
2. Shepa^, F. R.andR. F. DiLL:SubmarineCanyonsandOtherSeaValIeys.ChicaEO-

Rand McNally & Co. 1966.
v-un-agu.

3. Laughton, A. S.: Deep Sea Res. 15, 2 (1968).
4. See e g. Dietz, R. S.: New Scientist 4, 946 (1958)

p.595 (S^’^’
Oceanogr. Congr. Washington,

6. Heezen, B. C.: Geophys. J. Roy. Astron. Soc. 2, 142 (1959).
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Fig. 23. Cable breaks and profile after the Grand Banks earthquake in 1929. After Heezen,

Ericson and Ewing ‘

b) Broken Telegraph Wires. After the earthquake on November 18,

1929, on the continental shelf South of Newfoundland, many telegraph

cables went dead. Heezen, Ericson and Ewing ^ made an analysis of the

times at which these breakdowns occurred and correlated them with the

position of the cables from the epicenter of the earthquake. The picture

that was found is shown in Fig. 23. This picture is in good agreement with

the hypothesis that the cables were broken by a turbidity current gener-

ated by the earthquake. The velocity of the current as it travelled down
the continental slope and into the abyssal plain could be calculated. The
result is also shown in Fig. 23.

c) Direct Observation. Turbidity currents have actually been observed
in Lake Mead. Lake Mead is an artificial reservoir which has been created
on the Colorado River (U.S.A.) by the erection of Hoover Dam. A con-
venient summary of the turbidity currents observed over the years has
been given by Gould Accordingly, whenever the density of the turbid
river water entering the lake is greater than that of the lake water, the
former follows a course along the bottom of the lake. Such turbid water
has been observed to travel distances of up to 125 km. The average
velocity of the largest underflows has been estimated as of the order of
25.2 cm/sec. The velocity of the underflows that do not reach so far is

considerably less, of the order of 9 cm/sec. The underflows are generally
only a few feet thick, a typical measured density distribution is shown
in Fig. 24.

1. Heezen, B. C , D. B. Ericson, and M. Ewing’ Deep Sea Res. 1, 193 (1954).1 Gould, H. R.: Soc. Econ. Paleon. Min. Spec Pub. 2, 34 (1951)
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Tables. Summary of the earth’s glacial epochs, their ages, and the affected areas. (After

Emiliani and Geiss'^)

Glacial Epoch Time (10® years) Main glaciated areas

Pleistocene 0.6 to 0 North America; central and northern Europe;

northern Siberia; Alps; Himalaya; Andes; Pata-

gonia; New Zealand; Tasmania; Antarctica

Upper Paleozoic 250-200 South America; central and South Africa;

Madagascar; India; southern Australia

Late Pre-Cambrian 550 Spitzbergen; Greenland, Scandinavia; southern

Australia; Yang-tze, China (?)

TiansvaaUNatna-

Katanga

6CfO South-West Africa; Angola; Republic of the

Congo; Rhodesia; Transvaal; Simla, India (?);

Broken Hill, Nevv South Wales (?)

Huronian 800 Cobalt, Ontario; Witwatersrand, Transvaal

Bothnian 1,000 Finland; Western Australia (?)

Damara 1,200 (?) Chuos District, South-West Africa

(No name) 1,500 (?) Medicine Bow Mountains, Wyoming

Finally, we shall discuss some peculiar features which also have

been ascribed to the action of ice: niveal solifluction, the upheaval of

pingos, and the formation of pressure ridges. These features are peculiar

to specific areas of the world as they require the presence of permafrost

in the ground. They will be described in Sec. 1.75. Finally we discuss the

phenomenon of varves (Sec. 1.76).

Before starting with a description of the various geomorphological
features caused by ice and snow, it may be well to note that the abundance
of these substances upon the Earth’s surface has been much greater

during certain earlier periods during the Earth’s evolution than it is at

present. Such periods are called ice ages. Geologists have noted ice ages
at various epochs; a suggested time table thereof (after Emiliani and
Geiss^) is shown in Table 3.

During an ice age, some of the water originally in oceans is locked up
in continental ice sheets. Hence sea-level fluctuations may occur.

Cotton^ quotes sea-levels 139 m below the present sea level during the
Pleistocene ice age.

Of the various ice ages, the most recent one, i.e. the Pleistocene ice
age, has been studied best. It turns out that this last ice age consisted of
a sequence of glacial and interglacial cycles of a duration of about

1. Emiliani, C, and J. Geks: Geol. Rdsch. 46, 576 (1957).
2. Cotton, C. A.; Trans. Roy. Soc. New Zealand, Geology 1, No. 16, 249 (1962).
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1.73. Effects of Glacier Scouring. Glaciers move and thereby scour

out their bed. There are several large-scale effects due to this scouring

that have been noted by geomorphologists.

The first such effect is the development of a step-shaped longitudinal

profile of a glaciated valley. The situation is described in most textbooks

of geomorphology (see e.g. Machatschek^) and has been analyzed in

great detail by Gerber^. It is illustrated in Fig. 25. It appears that at

Fig. 25. Step-shaped longitudinal profile of a glaciated valley. After Machatschek*

least some of the steps were present before the existence of a glacier and
that the glacier accentuated the structure. However, it should be noted
that Barker ^ disclaims the action of glaciers in such cases, likening

step-shaped valleys to pluvial preglacial conditions.

The second effect due to the scouring of a glacier is the characteristic

transverse profile of a valley that was carved out by the glaciers of the ice

ages. Such valleys are generally U-shaped with broad shoulders (see
Fig. 26). Geomorphologists have been unable to reconstruct the glacial

processes that led to the profile described above. The most satisfactory

physiographic interpretation of the observed facts is probably that of
Distel'^ according to whom the profile was created in two stages. The
first stage, purely due to water erosion, was responsible for the broad
valley (at this stage the “shoulders” are assumed as connected together);

1. Machatschek, F.; Geomorphologie 5th ed. Leipzig: Teubner 1952.
2. Gerber, E : Geograph Helvet. 11, 160 (1956).
3. Barker, J.P.: Z. Geomorphol. 9, 18 (1965).
4. Distel, L.: Mitt Geogr. Ges. Miinchen 7, 1 (1912).
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Let us begin with drumlins. These are features which have been de-

scribed by a variety of authors such as Alden^ Aronow^, Chorley^

and Zollinger‘S. Alden^ stated that one may regard as a typical

drumlin a hill ofglacial drift which approximates the form ofan elongated

ovoid. The highest point coincides with the center of the greatest breadth.

Thus, a typical (lengthwise) cross section is that ofa drumlin near Gossau

in Switzerland shown in Fig. 28"*. As noted above, drumlins are somehow
connected with former glaciers: They occur in areas that have been

glaciated; their long axes are parallel to the flow direction of the glacier

and their steep sides face upstream.

r
^som.

i S£

Fig 28. Longitudinal profile of a drumlin. After Zollinger

The next phenomena to be discussed are eskers. Eskers are gravel

walls of more or less straight strike, parallel or orthogonal to the edge

of a former glacier. Eskers are long features that may stretch over some
20 km. In cross-section, they appear irregularly layered.

Finally, we mention moraines which are heaps of debris that are left

by glaciers after their retreat. Most conspicuous are terminal moraines

consisting of material that a glacier had accumulated on its tongue and
which was left in an arcuate position after its melting. Terminal moraines
often cause the formation of a lake. Of interest are also longitudinal

moraines which may have left along the walls of a formerly glaciated

valley, creating several parallel valleys.

1.75. Pingos, Solifluction, Pressure Ridges. Finally, we shall discuss

some types of geomorphological features which are presumably due to

frost action and thus are properly considered together with other niveal

features.

The first of these features are pingos. Pingos, sometimes also called

hydrolaccoliths, are ground-ice mounts which occur in areas whereperma-
frost is prevalent. They have been described, e.g. by Sharp Pihlainen
ct al.^, Maarleveld^, Mackay®, and, in a very extensive study, by

1. Alden.W. C: U.S. Geol. Surv. Bull. 273, 18 (1905).

2. Aronow, S.: Amer. J. Sci. 257, 191 (1959)
3. Chorley, R. L; J. Glaciol. 25, 339 (1959).
4. Zollinger,!.: Leben u. Umwelt 15, 145 (1959)
5. Sharp, R. p.; Geograph. Rev. 32, 417 (1942).
6. Pihlainen, J. A., R. J. E. Brown, and R. F. Legget: Bull. Geol. Soc. Amer 67

1119(1956).
’

7. Maarleveld, G. C.: Meded. Geol. Stich., N. S No. 17 (1965).
8. Mackay, J. R.: Proc Permafrost Int. Conf., Lafayette, 71 (1963).
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Fig. 30. Distribution ofice-pushed ridges in Europe 1 Ice pushed ridges
;
2 Drainage direction

during Riss glaciation. After Rutten^

of the solifluction phenomenon, measured displacements of 20 cm in one

spring season on a slope of slope angle of 19°. The movements reached

to a depth of 75 cm. Niveal solifluction should be distinguished from

aqueous solifluction which also refers to soil creep, but without the pres-

ence of frost action in water-logged soils. The two phenomena, although

superficially similar, are genetically different.

Another phenomenon to be discussed in the present section is that of

ice-pushed pressure ridges which are conspicuous features in the plains

of Europe and northwestern Canada ^ (cf. Fig. 30). They are structures

of considerable dimensions. Their height may reach from 50— 200 m
above their surroundings and their linear extent may attain 100 km.
They have often been confounded with moraines. It stands to reason that

they are due to a combination of glacier pressure and freezing of the soil.

Features related to ice-pressure ridges may be polygons of patterned

ground found in periglacial areas. Such polygons are cracks in the ground
or may be manifest simply by a consistent sorting of the gravel. A de-

scription of such features from many parts of the world was given e.g.

1. Rotten, M. G.; Amer J. Sci. 258, 293 (I960).
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Desert Features 49

The action of the wind consists in the transportation of loose dust or

sand particles. It is important to distinguish between “dust” and “sand”;

the former is lifted by the turbulence of the air like suspended sediment

in rivers, whereas the latter is dragged along like the bed load in a water

stream. In the two cases, the morphological effects are entirely different.

Considering first the movement of sand, we note that the latter is

particularly significant in deserts. Sand ripples, dunes and corrasive

features are caused in this fashion. We shall discuss the morphology of

such features in some greater detail in Sec. 1.82.

We shall then proceed to a discussion of dust movement. Soil erosion

and the deposition of loess are probably the best known effects thereof.

This will be described in Sec. 1.83.

Wind-borne features are also created after a volcanic eruption:

Material is ejected from the volcano and then travels through the air.

We shall discuss this in Sec. 1.84.

The best summary of aeolian features known to the author is a book
by Bagnold^ Another, somewhat descriptive treatise of desert features

has been written by Cornish^. Most textbooks of geomorphology men-
tioned in Sec. 1.1 also contain chapters on wind action.

1.82. Desert Features. As noted above, the action of wind in a desert
causes a variety of phenomena.

Thus, winds of varying strength and direction may cause ripples on
a sand surface. These ripples are entirely ephemeral; they change their
size and direction with the wind that happens to be blowing. They are
distinguished from larger features not only by their impermanence, but
also by the fact that the fine sand particles are always found in the troughs
between the ripples, the coarse particles at the crests. This type of particle
size grading is reverse to that observed in larger scale features. The
ratio of height to wave length in ripples ranges from 1:10 to 1:70
(cf. Bagnold^) depending on the range of the grain size distribution of
the sand; the ratio of height to wavelength of the ripples increases with
the range of the grain size distribution of the sand. If ripples become large,
they are called sand ridges. Bagnold* quotes cases where such ridges
have been found in the Libyan Desert with wavelengths exceeding 20m
and with heights of over 60 cm. Ripples and ridges are genetically
Identical; there is no sharp distinction between the two types of features

The above-mentioned features answer to the criteria ofimpermanence
and sorting of the fine grains into the troughs, coarse grains onto the
crests. With the so-called large-scale features, the reverse is true. These

& Co London: Methuen

2. Cornish, V.: Waves of Sand and Snow. London: T. Fisher Unwin 1914
4 Scheidegger, Theoretical Geomorphology, 2nd Ed
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Dust Movement 51

Finally, one may note that blowing sand can act as a corrasive agent

on tectonic features in a desert. The result of this action is a sometimes

weird pillar-like structure ofthe typeknown, for instance, fromMonument
Valley in Utah. The island mounts (“Inselberge”) sometimes found in the

tropics {particularly in Mozambique) are generally thought to be the

remnants of the sandblasting action when the area was a desert.^’
^

1.83. Dust Movement. The desert features discussed in the last

Section (1.82) are caused by the movement of sand. The finer particles,

commonly called dust, also occur in deserts but they do not seem to be

prominently involved in the formation of desert features.

However, the movement of dust has great significance in the plains

areas of the world. It may become significant in two possible mani-
festations; the first representing removal of materia] and the second
deposition.

The removal of dust from the surface of the earth is particularly

evident where the phenomenon of soil erosion occurs. If the plant cover
is destroyed by some means (such as human activity), the Earth is laid

open to attack by the wind and great quantities of material may be
removed. Dust removal, of course, also occurs in deserts but it is not so
conspicuous there.

The deposition of dust may lead to a very characteristic phenomenon:
the deposition of loess. It matters little whence the dust was taken, from
a desert or from the rock flour of glacial deposits; the result of massive
deposition in a plains area is in each case a blanket of loess. The dust is

Fjg.34.The extent of loess coverage (shaded) in China (modified after Holmes")

1. Ollier, C I> and W. G. Tvttenham: 2. Geomorphol. 5, No. 4. 257 (1962)~ Twindale, C. R.; Trans. Inst. Bnt. Geogr. 34, 91 (1964).
. OLJfEs, A. : Principles of Physical Geology. London : T. Nelson & Sons 1944.
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1.92. Badland Erosion. In semi-arid, sandy or clayey areas where there

is not enough moisture and time available between cloudbursts to allow

vegetation to grow profusely, the water washes gulleys and valleys into

otherwise undisturbed, flat strata. Due to the lack of vegetation, the

sides of the guiieys remain bare of plant growth although the more level

parts show some cover with such low-lying plants as prairie grass and
cactus. The whole area thus takes on a bleak appearance; the type of

landscape it represents is therefore referred to as “badlands”.

Since erosion in badlands does not proceed at the same pace in all

localities, characteristic and sometimes fantastic features result. At
times, strata are encountered which present slightly more resistance to

ablation and dissolution by water than others so that “islands” are

formed around which erosion takes place at a faster pace. The water now
collects even more in the deeper places and the more resistive top of the

developing feature acts as a protection. Thus, a series of features will

eventually stand out in an area which all around has been eroded to a
lower level. In general, the features thus created are pyramidal structures

and are referred to as mesas or buttes.

In addition to the pyramidal structures just mentioned, one occasion-
ally finds clusters of more unusual structures which have a strange,

mushroom-shaped form. Instead of being pyramidal, they have an
overhanging “hat” so that they have the general appearance of giant
mushrooms. Such structures are called hoodoos.

Table 5. Measurements of three hoodoos

No. Height

m
Waist

m
Overhang

m

1 30 0.6 0.4

1.5 0.5

2 2.4 0.8 0.3

1.4 0
3 1.6 0.8 0.2

1.4

The writer* took measurements on three hoodoos in the Alberta
Badlands (near Drumheller); the result is shown in Table 5. On in-
specting this table, it will be noted that in some instances, there are two
numbers given. These indicate the maximum and minimum values for
various cross-sections of the hoodoo in question. The most striking

overhanging hat; the overhang may reach up

1. ScHEiDEGGER, A. E : Geofis. Pura e Appl, 4l, 101 (1958).
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Fig. 36. Schematic drawing of a cave. After Kuznetsov ‘

Originally small surface openings become gradually enlarged. As the
leaching process continues, the openings begin to fuse fogether and a
mountainous relief results. Finally, the peaks become worn down and the

karst surface becomes level with the ground water niveau. Thus, the

development ofa karst region can be described in terms ofa geomorpho-
logical cycle Its main features are shown in Fig. 35.

One of the most striking karst features are caves. Such caves are gener-
ally long, winding passages, but they may also be in the form ofbig rooms.
One section in the Carlsbad Cavern in New Mexico is almost 1.2 km
long with walls 180 m apart and a ceiling 90 m high. A schematic drawing
of a cave is shown in Fig. 36.

1. Kuznetsov.S.S.: reoaoriiH (flUHaMOTeCKaH). 2nd ed. Moscow :Uchpedgiz 1959.
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Principles of the Statistical Theory of Turbulence 57

It has been observed that the flow pattern of a fluid becomes transient

at high flow velocities although the boundary conditions remain steady:

eddies are formed which proceed into the fluid at intervals. The transient

flow pattern is termed “turbulent". It appears that, for any one flow

system, a transition velocity exists at which the flow becomes turbulent;

at lower velocities the flow remains steady (“laminar"). The best-known

criterion for this transition velocity is based on the Reynolds number Re
which is defined as follows

Re
pvd

n
(2 .12-2)

where d denotes a characteristic diameter of the flow system. The crite-

rion states that turbulence will occur if the Reynolds number reaches a

critical value, commonly quoted as in the neighborhood of 2,200. How-
ever, this criterion is strictly applicable to straight tubes only; in other
types of flow systems the critical Reynolds number may be different.

For further details regarding the hydrodynamics of viscous fluids, the
reader is referred to standard textbooks.

2.13. Rheology. As noted in the Introduction to this chapter (Sec. 2.1 1),

of the materials affecting the surface of the Earth exogenetically, ice

must be treated as a general rheological substance. Ice is a solid, but it

can flow
;
its flow is described by some non-viscous flow law.

The general theory of rheological substances has ably been described
in a textbook by Reiner ^ In it is shown that the various possible rheo-
logical conditions (equations of state) which, in essence, comprise stress-
strain relationships, can be arrived at in a systematic fashion. A brief
review ofReiner’s procedures has also been given by the present writer^;
the reader is reffered to the quoted references for details.

With regard to the physics of ice, we shall discuss in Sec. 2.33 some
ofthe rheological conditions (“flow laws”) that have been proposed in the
hterature. For geomorphological applications, this will suffice.

2.2. Dynamics of Flowing Water

2.21. Principles of the Statistical Theory of Turbulence. Fluids that
cause hydraulic actions which have an effect upon geodynamics, are
usually in a state of turbulence. The investigation of the dynamics of
turbulent flow is therefore of utmost importance.

Pub. cflS Theoretical Rheology. Amsterdam: North Holland

2. SCHEIDEGGHR, A. E.: Principles of Geodynamics. 2nd ed. Berhn-Gottinsen-Heidelberg: Springer 1963. See p. 132ff. therein.
vjoumgen-ineidel-
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Prandtl’s Theory of Turbulence 59

consequently, the force per unit area (i.e. the shearing stress) is given by

(2.22- 1
)

This is the general expression for the turbulent shearing stress.

In an ordinary, viscous fluid in lanainar motion, the viscosity is

defined in terms of the velocity gradient

dU^
P=n-~- (2.22-2)

If, therefore, the turbulent shearing stress is expressed in terms of the

average velocity gradient, then it can be said to be due to an ‘"eddy vis-

cosity". This “eddy viscosity” is a fictitious quantity; it can be used,

however, to indicate the relationship between the turbulent stresses and
the (average) velocity gradient.

The form (2.22-1) of the stress formula suggests that the drag R (a

force) experienced by an object of linear dimension d immersed in

turbulent flow is proportional to (for the x-component)

R^^d^pul.
(2 .22-3)

The drag formula is commonly written as follows

(2.22-4)

where contains the correlation. The coefiicient Cn is called “drag
coefficient

2.23. Prandtl’s Theory of Turbulence. Prandtl^-^ approached the
problem of turbulent momentum exchange from a dilTerent angle. He
introduced a mixing length I which he regarded as the mean distance
which a small volume of fluid may travel normal to the main stream until
it loses its idenfity by mixing. Assuming two-dimensional flow with the
mean velocity u being parallel to, say, the x-direction, but with a velocity
gradient du/dy being present in the y-direction, then the velocity of a
mass of fluid arriving at_a certain position will be proportional, in the
first approximation, to u±lduldy, because I is precisely that (average)
distance which it can travel without losing its identity. Hence the average
velocity fluctuation u' will be proportional to I du/dy. In isotropic tur-
bulence, the lateral velocity fluctuation a' will, ab hypothesi, be propor-
tional to the same quantity. Hence one obtains for the stress according

Ziirich^rS^Si)'
ausgebildete Turbulenz. Trans. 2nd Int. Congr. Appl. Mech.,

M
DRYDEN.H.L., F.D.Murnaghan. and H. Bateman; HydrodynamicsNew York: Dover Publ. 1956; particularly, p, 396ir.
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Boundary Layer Theory 61

may be written as follows _
u'^= const, t (2.24-2)

where

m= 1 for the “initial range”, (2.24-3)

ni= I for the “ terminal ” range
.

(2.24-4)

Numerical values for the instant when the “initial” time range ends

and the “terminal” range begins, cannot easily be given. For turbulence

created by obstacles of linear dimensionM in a stream ofmean velocity a,

it was found that for the initial range

~<100 (2.24-5)

and for the terminal range

4^ >500. (2.24-6)

Writing the above relations yield, together with some laws for

the generation of turbulence, that the turbulent velocity fluctuations

behind an obstacle are given by ’

(2.24-7)

where a and p are constants; P is a small number.

2.25. Boundary Layer Theory. If there are boundaries in a (viscous)

fluid which is in turbulent motion, then it has been noted long ago by
Prandtl that the amount of turbulence present in any one region of the
fluid must be affected by the proximity of such a boundary.

In fact, the boundary condition usually applied in the case of a vis-

cous fluid is that the latter must stick to the walls. Hence, the velocity of
the fluid near the boundary must be reduced by viscous drag. One usually
defines as “boundary layer” that region near the boundary in which the
velocity differs by one per cent, from the mean fluid velocity.

The motion in the boundary layer may be either turbulent or laminar,
depending on the velocity of the fluid. If it be turbulent, then it is clear
that there must be a sublayer very close to the wall in which the velocity
is so small that the Reynolds number is smaller than the critical Reynolds
number necessary for the maintenance of turbulence. This region is then
called the “laminar sublayer”.

The existence of these various types of boundary layers has a certain
significance in theoretical geomorphology.

1 . Hinze,J.O..-

T

urbulence NewYork.-McGraw-HillBookCo. 1959.Seepp.216-217
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Dynamics of Flowing Water 63

where Apis the difference in density. An the difference in velocity be-

tween the top and bottom layers, and p is the mean density in the transi-

tion layer.

If the density in the transition layer is assumed to be constant and

equal to the mean of the densities above and below, and if the velocity

is assumed to change linearly with height, and if, furthermore, the effect

of the change in density upon inertia is neglected, then it can be shown

that instability exists for

— (2.26-4)

l + e-“ 1-C-*

The region of instability is that between the full line curves in Fig. 37.

A correction to this result is obtained ifthe effect of the density change on

inertia is not neglected. When the densities of the fluids are in ratio 1 :f

,

then the region of instability is that between the broken line curves in

Fig. 37.

Fig. yi. Region of instability in stratified flows

The most significant feature of the above results is that there is always

a region of instability.

The above investigations are valid for laminar flow. One might well

ask himself what modifications are necessary if one of the fluids is in

turbulent flow. This problem has been studied by Keulegan^’^. The
latter author noted that if one fluid is at rest, then there must be a
laminar sublayer in the turbulent fluid at the boundary between the two

1. Kbulegan, G. H.: J. Res. U.S. Nat. Bur. Stand. 32, 303 (1944).

2. Kbulegan, G. H.; J. Res. U.S. Nat. Bur. Stand 43, 487 (1949).
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An inspection of Fig. 38 shows that the flow behavior of ice cannot be

characterized in any simple fashion. It is possible to define a pseudo-vis-

cosity value (denoted by t] in Fig. 38), but it may be preferable to describe

the rheological behavior differently by empirical flow laws. Some of these

will be discussed in the Section below.

It has been found that ice also develops cracks during flow. An exten-

sive study of this phenomenon has been reported by Gold^ It appears

that part of the creep-time curve for ice (and hence also the form of the

flow laws to be discussed below) is due to internal cracking.

Fig. 38. Typical deformation-recovery curve for polycrystalline ice for a tension a starting

at zero and ending at 60 min. After Jellinek and Brill ^

2.33. Variou.s Flow Laws. We now turn to the rheological properties
of ice upon which one might base the law of flow of bulk masses of that

substance. A description of the historical development of ice flow laws
has been given by Finsterwalder^ and a review of various attempts
has been published by Glen'*’.

The simplest attempt to describe the flow of ice is by means of the
Nayier-Stokes equations, i.e. by treating it as a viscous liquid. Upon this
basis, the flow of glaciers has been studied, for instance, by Somigliana^.

However, it soon became apparent that a viscous law does not really
describe the flow properties of ice very well. Reference has therefore been
made to the theory of plasticity^. In this theory, the stress conditions of
Mises or Tresca are assumed to hold for the flowing ice (for a des-
cription of the theory of plasticity, see loc. cit.®).

1. Gold, L. W.: Canad. J. Phys. 38, 1137 (1960).
2. Jellinek, H. H. G , and R. Brill: J. Appl. Physics 27, 1198 (1956).
3. Finsterwalder, R.: Publ. Assoc. Inl. Hydrol. Sclent. 47, 5 (1958).
4. Glen, J. W.; Phil. Mag. Suppl. 7, 254 (1958).

323 360°1921^)^''’
^ Lincei, Rend. Cl. Sci. fis., mat. e nat. 30, (5) 291,

6. Hill,R.: The Mathematical Theory of Plasticity. Oxford; Clarendon Press 1950.
5 Scheidcgger. Theoretical Geomotphology, 2nd Ed
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Statics of the Atmosphere 67

phology. Our main concern will be with climatic effects near the ground,

i.e, with “micrometeorology”, as this is of utmost geomorphological

significance. Comprehensive treatises on this subject have been written

by Sutton^ and by Geiger^.

Beginning with the statics of the atmosphere, we first of all note its

chemical composition which is approximately that shown in Table 6.

Table 6. Chemical composition of the atmosphere (volume per cent). After Paneth^

Nitrogen (Nj) 78 08 % Argon 0.93 %
Oxygen (Oj) 20,95 % Carbon dioxide 0.03%
Others (Ne, Kr, He, X, O3) 0.01%

For most practical purposes, the air forming the atmosphere can be
regarded as an ideal gas. We have then the following well-known equa-
tion of state:

~=RT (2.41-1)

P

where p is the pressure, p the density, T the absolute temperature (in

degrees Kelvin) and R the universal gas constant divided by the molec-
ular weight of the gas. For dry air we have ~2.87 x 10® cm^ sec'^deg"^
Since in a column of fluid in the gravity field (with acceleration g) the

condition of static equilibrium yields

dp
17= -Pg (2.41-2)

(2 being a coordinate which is counted positive upward), one obtains the
following expression for the pressure distribution

dp _ p

dz ^ RT
and hence

(2.41-3)

lognatp=:
j

rfz+lognatpo (2.41-4)

(2.41-5)

similarly, one obtains for the density distribution

/j=Poexp-|- f

—

-— dz>. (2.41-6)

1. Sutton, 0. G.; Micrometeorology, New York; McGraw Hill
2. Geiger, R.; Das Klima der bodennahen Luftschicht, 3d.ed.
3. Paneth, F. A.: Sci. J. Roy. Coll. Sci. 6, 120 (1933).

Book Co. 1953.

Braunschweig 1950.
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obtained only in the simplest of cases. One of the best known of these

cases is the quasistatic approximation, in which the vertical acceleration

is ignored in the motion and the horizontal component of the angular

velocity-vector of the Earth is neglected.

A particular case of the quasistatic approximation is represented by

geostrophic flow in which friction is also neglected. Then, the flow is

subject essentially to two forces. One is the Coriolis force (per unit

mass) which is always normal to the (horizontal) wind velocity vector, to

the right in the Northern hemisphere and to the left in the Southern.

Its magnitude is

F^=2a>vsm(p (2.42-1)

where cp is the angular velocity of the Earth, v the wind speed and tp the

latitude. The other force is caused by horizontal pressure differences;

denoting the pressure gradient normal to the isobaric lines by dp/dn, the

force per unit mass (Fp) in question is

(2.42-2)

where p is the density of the air.

In quasistatic equilibrium, the two forces must balance each other,

which shows that the geostrophic wind will blow parallel to the isobaric

lines with a velocity

1 dp

2p(osin(p dn'
(2.42-3)

In particular cases of the quasistatic theory, it becomes possible to

regard the air flow as potential flow. Consider two dimensions only and
introduce a velocity potential i/^ with

VV:
d\j/

sx’ -T.
where u and w represent the horizontal and vertical velocity, respectively,
and X, z the coordinates, z vertically upward. Then the continuity condi-
tion requires .

-^(pu)+—(pw)^0.

If p varies with the vertical coordinate (z) only, we obtain

(2.42-5)

\ap\}/=
1 dp dij/

p dz dz
(2.42-6)

This is the equation for the velocity potential. Choosing the following
density variation

p=Poexp(-gz), (2.42-7)
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this boundary layer. This has been done by Prandtl in his investigations

of turbulence (cf. Sec. 2.25). In the present context, we are interested only

in the laminar boundary layer which corresponds to the laminar sublayer

in the theory of turbulent flow. Prandtl obtained his “boundary layer

equations” by writing down the pertinent equations for a viscous fluid

(cf. Sec. 2.12) in two dimensions (x, z) and consistently neglecting terms

of an order higher than the first. He then obtained

.

du du du 1

dx'^^ dz'' p dx dz^

dz
0

du

dx
+

dz

(2.42-13)

As usual, in the above equations «, w signify the velocities in the x, z

directions, respectively, t is time, p is the pressure, p is the density and v

is the kinematic viscosity. The boundary conditions require that

»=iv=0 (2.42-14)

at the boundary surface and that

u=v, iv=0

1. Lyra, G.: Z. angew. Math. Mech. 23, 1 (1943).

(2.42-15)
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III. Mechanics of Slope Formation

3.1. Principles

Any cursory inspection of the shape of the surface of the Earth shows

that slopes are the basic constituents of many features of interest. We
therefore start the main part ofour treatise on theoretical geomorphology

with a description of what is known regarding the theory of slope evo-

lution.

The exogenetic deformation of any slope starts with the reduction (i.e.

decay) of the constituent material. This reduction may be chemical

(corrosion), physical or even biological. The various possibilities will be

discussed in Sec. 3.2.

After the material on a slope has been loosened up, further develop-

ment takes place by the removal of the loose pieces from their original

position. This removal may occur spontaneously (Sec. 3.3) or it may be
due to the action of various agents. The agents that are able to remove
material from a slope will be discussed in Sec. 3.4. The combined effect of
all these agents upon a slope produces slope denudation. It is here that

mathematical analysis has been most widely employed. The Section in

question (3.5) will therefore be the most interesting one in the present

Chapter (3) for the theorist.

Finally, endogenetic effects upon the development of slopes will be
briefly discussed (Sec. 3.6). However, problems of mountain building,

folding etc. will not be described here as they belong into a treatise on
geodynamics rather than into one on geomorphology.

3.2. Reduction of Rocks

3.21. General Remarks. The effect of exogenetic agents upon the
shaping of the Earth’s surface is mostly a destructive one: Features built
up by endogenetic processes are worn down and destroyed.

The destructive action of the exogenetic forces begins with the
reduction of rocks. By “reduction” we mean the breaking up of the solid
material of the Earth’s surface into small particles which are subsequently
susceptible to removal by a variety of transporting agents.

The processes that bring about the reduction of the rocks may be
of diverse natures. Most effective are probably chemical processes which
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tassium) is thereby removed from the feldspars and only the silicium and

aluminium are left in the end product. The latter is clay.

(iii) 71te Oxydation and Chemical Hydration of many minerals. The

phenomenon of serpentinization belongs into this category. Granites

and other igneous rocks ^ may decay in this fashion.

In addition to the above reactions there are many others that involve

the reaction between water (containing impurities) and minerals. Many

of these reactions have been studied e.g. by Roy and co-workers'*. The

details of these reactions are of little importance here as we are only

concerned with the general effect ofthe chemical weathering phenomenon

upon the morphology of the Earth’s surface.

In this connection, one may note that the geological effect of chemical

weathering is to loosen up the rock so that it can be further attacked by

physical agents. In some instances, chemical weathering alone can directly

produce large-scale geomorphologica! effects as witness the karst pheno-

mena which are solely due to the dissolution of limestones. Chemical

weathering may also have a pronounced effect upon shaping the flanks of

mountain ranges as was shown by studies of Hembree and Rainwater^ .

3.23. Physical Drag. Some materials of which the surface of the

Earth is composed are so loose as to be almost without cohesion. In such

cases, the physical drag of water flowing over these materials is by itself

sufficient to separate the individual particles. This induces reduction of

these materials.

The theory of the drag exercised by flowing water upon individual

particles will be discussed in full in Sec. 4.43, in connection with an
analysis of river bed processes, where it is of utmost importance.

If the physical drag is exercised by debris moving over a substratum
it has been termed corrosion. This occurs mostly on mountain sides where
rubble moves over rock strata below. The physical action of the rubble
upon the rock is destructive as material is being abraded and the rock thus
is being reduced.

3.24. Splattering of Drops. A notable denudational effect, particularly

in soils, is caused by the impact and splattering of raindrops. This pheno-
menon has been studied by agricultural engineers and people connected

1. Bakkcr, J. P.: Z. Geomorphol , Suppf. 1 , 69 (1965).

2. Bakker, J. P.: In: L’evolution des versants, ed. P. Macar, vol. 1 of Symposium
internal, de geomorphologie, Liege, 1967, p. 51.

3. Nossin, j. j., and T. W. M. Levelt: Z. Geomorphol. 1 1, 14 (1967).
4. See e.g. Nelson, B. W., and R. Roy: Amer. Mineral. 43, 707 (1958); where further

references may be found.

5. Hlmbree, C. and F. H. Rainwater: Chemical Degradation on Opposite Flanks
of the Wind River Range, Wyoming. Pap. Symp. Quantitative Terrain Studies, Chicago
(Amer. Assoc. Adv. Sci ) (1959).
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The above results are altered by the emergence of additional effects.

The soil erosion can be slowed down by the formation ofsurface crusts

which are harder than the material below. The formation of such crusts is

due to the washing-in of fine particles into the pores of the soil and to

surface-compaction ofthe latter. Similarly, if the rain is strong enough for

a surface film of water to form upon the soil, the impact of the raindrops

will no longer be directly affecting the soil below, but set up turbulent

Fig. 40. Correlation between rainfall momentum and erosion for a particular soil. After

Rose ‘

motions in the water film already present. This will again cause soil

erosion but ofa different type than that considered above. A preliminary

study of this process has been reported by Kuron and Steinmetz"^.

Unfortunately no quantitative estimates of this effect are as yet available.

As may be seen from an inspection of the above remarks, the pheno-
menon of soil erosion due to raindrop splattering is only qualitatively

understood. For every type of soil, a different diagram of the type shown
in Fig. 40 is required. The results quoted above were obtained on small
scale experiments. In order to obtain a more trustworthy picture, Illner^
laid out plots of land of various sizes, with and without vegetation, upon
an inclined slope and measured the denudation during natural and arti-

1. Rose, C. W.: Soil Sci. 89, 28 (1960).

2 McIntyre, D. S.: Soil Sci. 85, 185 (1958).

3. McIntyre, D. S.: Soil Sci. 85, 261 (1958).

4. Kuron, H., and H. J.Steinmetz: C. R. Assemb. Gen. Toronto, Assoc. Hydrol.
Sciem. 1, 115 (1957).

5. Illner, K.. Wiss. Z. Humboldt-Univ. Berlin 6, No. 4, 417 (1956).
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This equation must be valid along any streamline if one neglects energy

dissipation due to turbulence or bottom friction. In (3.25-1) is the flow

velocity, Pj the pressure, the height of the stream line above an

(arbitrary) datum level and U2 > P 2 - 2 > corresponding values at the

cavitation point. In the latter, one has P2 equal to the vapor pressure

(Po) of the water. Let us now consider (with Hjulmstrom) a case where the

water at one point is at rest (aj =0) and the corresponding pressure is the

atmospheric pressure (pj =Pa,n,)- These conditions will apply to the sur-

face element of a puddle of water. If we neglect gravity, cavitation will

occur if a, reaches the value

(3.25-2)

From this, Hjulstrom calculated that Uj must equal 14.3 m/sec for

Paim=’^60mmHg at 0°C. A similar calculation was made by Barnes
who considered streamlines in which the maximum flow velocity V2 is

2ai, a^ denoting the initial flow velocity on the streamline. Again taking

Pi=Patm as initial pressure, he then calculated the initial flow velocity

ai required to produce cavitation and obtained from (3.25-1), discount-
ing gravity:

ai = 8.1 m/sec. (3.25-3)

The result of the above investigation is that the flow velocity of water
has to be rather high in order to produce cavitation. Such flow velocities

can be realized in waterfalls and in rapids. Potholes near glacier margins
may have been caused by miniature waterfalls. Since the erosive action
of cavitation is very great, such waterfalls need not exist for a very long
time to start the holes.

Since most water flow in nature is turbulent and not laminar, the use
of the Bernoulli equation (3.25-1) is, strictly speaking, not justified.
However, as long as only orders ofmagnitude are involved in the velocity
estimates, it stands to reason that the latter are acceptable in spite of the
obvious energy dissipation.

3.26. Temperature Effects. If water invades surface cracks and pores
o roc s and freezes therein, the latter become very quickly destroyed.
Ihis IS due to the fact that ice occupies a greater volume than the same
mass o \vater which results in tremendous pressures being built up within
the invaded rock.

It turns out that in many instances, the actual displacements caused
y wa er reezmg in the surface material of the Earth are much greater

cnM
^ ®^pl^ined simply by assuming that the volume expansion is

mat
volume increase undergone by the water contained in the

materialm question when it becomes ice. This phenomenon is particularly
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In a porous medium which may be regarded as an assemblage of

capillaries, freezing will not be initiated until the temperature T* is

reached. Once this has happened, a nucleus will form which will rapidly

grow to an ice lens, since T* is below the equilibrium freezing temperature

7^— i.e. since the water in the system is supercooled. Water will be drawn
from wherever it is available to let the ice lens grow. Thus, volume ex-

pansions much greater than those corresponding to the freezing of the

water originally contained in the pores, may occur.

The reasoning of Gold to explain the occurrence of frost heaving is

similar to that of Jackson and Chalmers, but the role of the freezing-

temperature depression due to the prevention of nucleation is replaced

by a direct shifting of the freezing-temperature due to capillary forces. It

Fig. 41. Ice-water interface in a porous medium. After Gold*

turns out that parts of the ice-water interface in the pores which are
convex toward the water with a large radius of curvature will grow more
rapidly than parts with a smaller radius of curvature. Thus, a picture as
shown in Fig. 41 will result. This represents frost heaving.

Temperature changes may also cause a reduction ofrocks without the
help of the action of frost. The thermal expansion and contraction caused
by extreme temperature variations may be sufficient to have a deleterious
effect, although at a lower rate than if frost occurs. One may thus get
actual thermal fragmentation of rocks ^ or be faced with dirt-cracking^.

3.27. Other Physical Effects. In addition to the physical effects
mentioned above, there are other such effects. An important one is

aeolian abrasion in which rocks are blasted by windborne particles
(usudly sand) and thereby destroyed. This is the well-known sand-
blasting action occurring mostly in' deserts.

Another physical process is weathering by impact of extra-planetary
objects . As a landscape-forming process this is rather insignificant on

1. Gold, L. W.; BuJJ. Highway Res. 168, 65 (1958).
2. Marovelu, R., T. S. Chen, and K. F. Veith: Trans. Soc. Mining Eng. 235 l 0066)
3. Ollier, CD.: Austral. J.Sci. 27, 236 (1965).

’ ^

4. Kuenen, P. H., and W. G. Perdok. Proc. Koninkl. Akad. Wetenschap. AmsterdamB 64, 343 (1961).
^‘“steraam

5. Kuenen, P. h , and W. G Perdok: J. Geol. 70, 648 (1962).
6. Roberts, W. A. : Icarus 5, 459 (1966).

6 Scheidegger, Theoretical Geomorphology, 2nd Ed
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sin S(n,l)

Fig. 42. Mohr circle for a two-dtmenstonal stress state

where c is indicative of the cohesion of the material, cr signifies the normal
stress and is commonly called the angle of internal friction.

The stress state at any one point in a material can easily be expressed
by means of Mohr’s circled For a two-dimensional stress state, Mohr’s
circle is shown in Fig. 42. In this Figure, it is assumed that the l-direction
corresponds to a principal stress direction (shear stress t zero, normal
stress ffi). Ifthe normal stress in a direction normal to 1 be 0-2

, then Mohr’s
circle is defined and can be drawn as shown in Fig. 42. The normal stress
a and shear stress t acting on a surface element which forms the angle
(n, 1) with the direction 1, are then read off from Mohr’s circle as demon-
strated in Fig. 42.

The limiting shear stress condition (3.31-1) ofCoulomb is representedm Mohr’s diagram by two lines (see Fig. 43). So long as the stress state
ts such that the corresponding Mohr circle does not touch these lines, the

6’
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independently of the height of the slope, which is what was to be demon-

strated.

For compacted sand or packed gravel the above relationship is no

longer true because the formula for friction (3.31-2) does not hold for

packed materials. I'he resistance to shearing motion in this case depends

on the packing. It is then possible for two angles of repose to exist: One

which corresponds to the slope angle at which sliding masses come to

rest, and another, larger one, which corresponds to the slope at which

stacked masses begin to slide.

As noted, the above remarks refer to cohesionless substances. The
other extreme case, mentioned earlier, is obtained if in Eq. (3.31-1) ^ is

set equal to zero. This leads to the classical theory of plasticity^; the

envelopes of the critical Mohr circles in the two-dimensional case are

then straight lines parallel to the 1-axis. Wet clays show a behavior which

fits this kind of description very well.

3.32. Stability of Slopes. The general principles of the stability of
masses will now be applied to a discussion of the stability of slopes. Thus
let us consider a slope bank of slope angle P and height h consisting of
some material having certain values for the parameters c and The
question is :What are the conditions for such a slope to become unstable

An excellent review of the possible methods to obtain answers to the
above question has been given by Carillo^. Accordingly, it has been

1. The Mathematical Theory of Plasticity. Oxford: Clarendon Press 1950.
2. The practical implications of this problem have been discussed, for instance, by

MOller, L.; Geologic u. Bauw. 25, 203 (1960).

3. Carillo,N.- Investigations on Stability of Slopes and Foundations. D. Sc. Thesis,
Cambridge, Mass.: Harvard Univ. 1942
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The equilibrium condition for failure (Coulomb’s equation, cf. 3.31-1)

yields

(«+t)

Inserting the value for Wand making an algebraic transformation yields

for the critical height h„ at which the bank becomes unstable

h„=~ tan (45° 4- $/2)
,

(3.32-5)

As noted above, the theory leading to (3.32-5) is somewhat crude. It

has, in fact, been observed that the surface of sliding is not plane but
curved. As heuristic approximation, one might therefore assume it as

cylindrical with a circular cross section ^ This leads to the picture shown
in Fig. 46. The potential circle of sliding is given by the chord angle a and
the center angle 2 0. The equations for stability are then determined by
formulating the equilibrium conditions for the moments around the

Fig. 46. Slope failure along a critical toe circle

point 0 (in Fig. 46). Assuming the angle of friction to be zero, the only
force opposing sliding is that due to the cohesion c. The equilibrium
condition is then^

WL-clar-=0 (3.32-6)

where is the length of the arc. One can solve this for c which yields

(3.32-7)

1. Petterson, K. E.; Tekn. Tidskr. 46, 289 (1916).
2. Terzaghi, K.: Theoretical Soil Mechanics. New York; J. Wiley & Sons 1943. See
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Landslides
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Fig. 47. Stability factors as a function of slope angle for various values of <p

Sicpf Angleff

Fig. 48. The angles a and 0 of the critical toe circle for <P= 0. After Fellenhjs‘

In conclusion of the present Section on slope stability, we may men-
tion some work by Trollope and co-workers^’ ^ who approached the
stability problem from a microscopic standpoint. They considered the
arching effect in regular piles of spherical grains.

333. Landslides. The considerations about the stability of slopes
which were presented in the last Section (3.32) lend themselves to an
application to the phenomenon of landslides. Landslides are a type of

1. Fu.u;.sius.W.; Erdstaiische Bcrcchnuiigcn. Berlin; W. Ernst & Sohn 1927.
2. rHOLtopi, D. H.: Proc, 4th Conf Soil Mcch. & Found. Eng. 2, 387 (1957).

Ko. t
^

'’'“stralia. Civ. Eng. Tnins. CE 1,
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The external causes create an increase ofthe shearing stresses in the slope.

They include e.g. the undercutting of the slope by a river, the effect of an

earthquake shock and the deposition of material at the upper edge of the

slope. Internal causes are those that create a decrease of the shearing

resistance of the material. This may occur without a visible change of the

conditions affecting the slope (hence their name) and may be due to an

increase of the pore-water pressure or to a progressive decrease of the

cohesion of the slope material.

Terzaghi^ discusses the various possibilities as follows.

A. Increase of Slope Steepness. A river undercutting a slope bank will

generally cause the slope to collapse. This is simply due to an overall

increase in slope angle which eventuallymay reach such a value so that the

Fig. 50. Schematic drawing of the final result of a landslide. After Terzaghi ^

Stability criterion is no longer satisfied. A similar situation occurs if

material is deposited at the upper edge of the slope, but this is rare under
natural conditions although it is common enough in bad engineering
practice. As soon as the stability condition is no longer satisfied, a slide will

occur. According to earlier remarks the slide will consist in a slippage
along the critical toe circle and the result will be as shown in Fig. 50.

R Earthquakes. Another external cause of landslides may be repre-
sented by earthquakes The equilibrium condition for a slope has been
given in Eq. (3.32-6). One can define a “safety factor” G for the slope by
forming the quotient of resisting moment and driving moment (for an
explanation of the symbols, cf. Fig. 46);

(3.33-1)

A slide will occur if G< 1 in conformity with the equilibrium condition
(3.32-6).

Geology Volume (Berkey Vol.) 83

1 Terzaghi, K.; Theoretical Soil Mechanics New York; J. Wiley & Sons 1943

(1959)

Glgkhov.LG.; Vcstnik Moskovsk. Un-ta No. 4, 143

4. Seed. H. B.; Proc. Anier. Civ. Eng. 93, SM 4 (J. Soil Mecb. Found. Div ) 299 (1967).
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of the ground in rainstorms^ However, since such rainstorms occur

regularly, a slope that has been stable for thousands of years, cannot

suddenly fail due to this cause alone. Other progressive changes may be

present, and the slope then fails at a time when the pore water pressure

assumes one of its periodic maxima. As such possible progressive changes

Terzaghi mentions a gradual tectonic increase of the slope angle, a

gradual decrease ofthe cohesion c (due to chemical or mechanical weather-

ing) and human activity.

A peculiar instance of the failure of slopes due to piezometric effects

is encountered if an originally submerged slope is suddenly laid bare to

the air. This causes a rapid drawdown of the hydraulic head which can

be shown to lead to the possibility of a slide. However, the phenomenon

is of importance mainly with regard to man-made structures and thus

of little importance in geomorphological problems.

D. Other Internal Causes. A mounting pore pressure is the most

common cause ofan internal change ofthe shear resistance of the material

forming a slope. However, we have already stated above that structural

changes may gradually occur in the slope material. These structural

changes affect the cohesion of the material and may be due to chemical

and physical weathering. Into a similar category belongs the phenomenon
of “spontaneous liquefaction which may occur due to the change of

the arrangement of the grains in water-logged fine sand or coarse silt.

In all these cases, the shearing resistance is lowered to such an extent that

the safety factor (cf, 3.33-1)

becomes smaller than 1, and hence a slide results. Sometimes, the slow
progressive changes are confined to the base upon which the slope rests;

this too will lead to a slide.

3.34. Decay ofRock Walls and Mountain Peaks. An additional pattern
of spontaneous decay may be observed in exposed rock masses, such as
on a steep rock wall or on a mountain peak. In such cases, the decay is

very often caused by the presence of tectonic stresses (see Sec. 3.27).

A tectonic stress field is present everywhere^. It is a tensor field like
any other stress field (see Sec. 3.31). Thus, at any point in a medium, there

1. ScHUMM, S. A , and Chorley, R J.: Amer. J. Sci. 262, 1041 (1964).
2. McCrone, a W.; j. Sed. Petrol. 36, 270 (1960).

3. Bazant, Z.: Proc. S'* World Conf. Earthq. Eng. 1, J 6 (1966).
4. Kekt, P. E.- j. Geol 74, 79 (1966).

5 See SCHEiDEGGER, A. E. ; Principles of Geodynamics, 2nd ed. Berlin-Gdttingen-
Heidelberg; Springer 1963. See p. 75ir.
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Fig. 51. Lines of equal maximum stress near a wall. At infinity, a unit stress normal to the
wall is assumed After Sturgvl and Scheidegcer ^

compression (parallel to the wall) which is exactly what is observed in
nature; It is the well-known phenomenon of a “couloir”.

Furthermore, it has been found that rock walls basically decay
( recede

) at the bottom. This may be due to stress-concentrations
which are always present at the foot of a walF. Numerical calculations
of the stresses near a wall, based on elasticity theory, have been made
by Sturgul and Scheidegger^ Fig. 51 reproduces the maximum
st^ress values obtained by Sturgul and Scheidegger^ near a wall when
the stress at infinity is a sole compression, acting normal to the wall
Naturally the stresses only produce the tendency for cracks to form at
he foot of the wall, but this enables other secondary agents, like freezing

1. Gerber, E. K., and A. E Scheidegger. Eel. Geol. Helv. 62, No. 9 (m9)- STURGUL, J R., and A. E. Scheidegger. Rock Mech. Eng. Geol. 5, 137 (1967).



(Z.96T) \£Z tS aaijDnniAj -sao -JSoar) -nijM ‘hhhdsij

•(ec6l) sec ‘€ SuH -punoH -qoapi ijos 'juo^ pe 'ooid "H ‘najHVH 'S a aag '9

•(6961) 2 ‘ON ‘Z9 'APH ’loaD ‘I^H :^3DDHaiHHOs 'h 'V pu^^ ‘->1 ‘H ‘MaflMHO -c

(i96l) 6^ ‘89 -s^Mdoao 'iddy aJnj :>iH003ai3H3S 'H 'V puc ‘'H T ‘inonnis
't-

(Z.96I) 9£ '£ '(ddns ‘'loao 'gui -qaamsiaj :-h ‘ANZJaa £

•(W61) eOl ‘1 '(ddns ‘-loao 'Sui -qaamsiaj :-yVv‘aMJJiA\ •<;

(W6l) SLi’ ‘I ‘(OS SuiujiAi •qoapv f -jui -q ‘MHiiniAj •]

.^133J AV3J B JO qjd3p B oj qjJBg 3qj jo sj3yCB{ 33q}jns 3qi

^JUO SP3JJB J •lO IPS JO }U3UI3AOm 3dOlSUMOp MOp B UI SJSISU03 JI

‘auiq JO poiJ3d Suoj b j3ao p3AJ3sqo jou si jr ji 3iqpd33J3duii jsouqB

SI 3§bmou a\o(s qons ’dSoMOj/ mojs jo uijoj oqj ui jnooo os{b ^Cbui ju3m

.gAOUi ssBUi ‘J3A3M0H 'sopqs JO UIJOJ 3qj UI S3SSBUI qjjB3 JO 1U3UI3A0UI qiq

-UA\Op pidBJ B Xq p3ZrJ3J0BJBq3 3JB 3AOqB p3SSnDSip 3J3AV JBqj JU3m3AOUI

SSBUI JO BU3Ui0U3qd 3qx quauiSAOi/VI ss^jAl snoauBjuods aaojs •§£*£

•ss330jd 3qj JO pnpojd pU3 3qj sq qiM puBiJ3zjTMS ui ujoqj3pBj/\[ 3qj

9)jlj SUIJOJ JBpiUlBlAd ‘sinooo UOpOB p33T\pU\-S83J1S JO sdAj Siqj JI ‘/Lj1B3|3

•aJIipaj 3qj gUI/{jISU3JUI J3}JB3J3qj 33I JO UOpOB 3q} XpBJtpBU !p30npui

-sssps jnq ‘(£L'l P) 11^ «l^uoisoj3„ /CpiBuiud jou si onbip jBpB|g

BJO siS3U3g 3qj jBqj 3{qissod 3jinb si ji ‘jdbj uj ‘zg 'Sig ui y Xq p3jB3ipui

‘jnDOO 01 sjnoqB3jq osubo Xbui siqx qBopjoA oqj oj o5t7-0£: Jo 91§ub

j^3DD3ai3HDS puB «3aMHO JSJJV ureiunoui b uo AjiauioaS ssajjs ‘ZS ’^Fd

UB JB p3UlpUI pUB ‘UOp03S-SSOJD 3qj OJ |BUIJOU 3JB Ji)[ S3DBJjnS OJipOBJJ

qraoino3-jqoiAi 3qi ‘uoiqsBj siqi uj 'gig 33s) 5[doj 3qj jo jqgpA\

sqi 01 3np yH UOpS3jduiOO B si SS3J1S |B0pJ3A 3qi pUB [l UOpU31 B SI

qBsd 3qi JO 33Bjjns 3qi oi sssjjs sqi sb qonmsBUi ‘ss3Jis 3iBip3ui

-J31UI 3qi SI j 01 jBmjou ss3Jis jBiuoziJoq oqi qoiqAA ui ^oiBis ss3Jis b

suiBiqo snqi 3uo ‘jjBod uiBiunoui b ssojdb j uopsojdiuoD jBuoigoj uinm

-IXBUI 3qi 01 ]31|BJBd UOp03S B gUT^lBX ’dol Oqi IB Sinooo ]BSJ3A3J SS3J1S B

IBqi (qgnou3 qgiq 3JB Xsqi pspiAOjd) si suoisnjioid jo ssiniBSj opsuspB

-jBqo isoui 3qi jo 3uo iBqi uAvoqs sABq ^^oonaiaHOS pu^ inomxs ^q

SUOpBinOJBO IBqi pBJO ISjp 310U 3M ‘SJJBSd UIBlUnOUI 01 XpBUp guiujnx

•^_^m3iqojd qnoijjip Xj3a b pps 3iBpoi si ssdop X>{doj jo

KiqiqBis 3qi jo uopB|nojBD |BnpB sqi ‘sps^o XjBpuooss 3S3qi jo 3snB03g

qpAV 3qi uo 3J3qA\3Sp UBqi lOOJ sqi 1B XpAp03^3 3JOUI PB 01 ‘‘OP J31BAV

luauiaAoj/^ ssBj^ snoauBiuodg 96



Slow Spontaneous Mass Movement 97

There are several types of slow flowage that may be discerned ^
. These

depend to an extent on the climate that is prevalent. In temperate and
tropical climates, one encounters rock-creep, talus-creep and soil-creep;

in niveal climates, one has solifluction.

The most commonly encountered flowage phenomenon is soil-creep

where the moving mass is top-soil, often including the vegetation thereon.

It is believed that weathering, frost heaving and thermal expansion are

all factors contributing to the creep.

If the moving masses consist of screes, one speaks of talus-creep.

Talus-creep may be aided by freezing and thawing, but it occurs also in

climates where the temperature never falls below the freezing-point of
water. It stands to reason, therefore, that the daily temperature-changes
are sufficient to induce rock movement. This is particularly evident in

arid areas An indication that temperature changes might indeed be
sufficient to cause creep, has been provided by Moseley^ who experi-

mented with a sheet of lead moving down an inclined board. Similar ex-
periments have been performed by Davison'^ using brick and rock slabs.

If the moving masses are even larger than the screes considered above,
one has rock creep.

In niveal climates, solifluction is an ubiquitous phenomenon. This is

a slow flowing from higher to lower ground of masses of waste saturated
with water. Frost action is playing a fundamental role in its occurrence.

In all the above cases, it can probably be said that the movement on
the slope is due to the existence of a Rankine state (cf. Sec. 3.31) in the
material in question. Thus, the slow spontaneous mass movement is

essentially plastic flow^ The theory is entirely analogous to the flow of a
glacier; it will be presented in detail in that context.

SoucHEz, in later papers^' ^ also proposed the occurrence of viscous,
rather than plastic flow on a slope. Viscous flow is characterized by the
property that displacements take place as long as there is a shearing stress
present in the material. The final equilibrium configuration, thus, is al-
ways a level distribution of material. Based upon the assumption of
viscous flow, SoucHEZ ended up with a dilfusivity equation for the slope
profile.

Landslides and Related Phenomena. New York; Columbia
1. Sharpe, C. F. S..

University Press 1938.

2. Such as in the California Deserts. Cf. Anderson. H.W., G.B. Coleman, and P JZWKE- Summer Slides and Winter Scour. Berkeley. U.S. Dept Aerie Forest ServirV
Pactf. Southwest Exp. Stn. Tech Paper. No. 36. 1959

‘

3. Mosley, H.; Phil. Mag. (4) 38, 99 (1869).
4. Davison, C.: Quart. J. Geolog Soc London 44, 232 (1888).
5. SoucHEZ, R.; Rev. Beige Geogr. 97, No. 1, 9 (1963).
6. SOUCHEZ, R.; Ciel et Terre 80, Nos. II - 12, 3 (1964).
7. SouCHEZ, R.; Bull. Soc. Beige Geologic 74, 189 (1965).

7 SdiciEcggcr. Theorclical Gcomorphology, 2nd Ed.
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ness D>D^ is unstable, a thickness D< is stable. Material will therefore

accumulate until £)=/)<. and then will begin to slide by means ofminiature

landslides.

It has been noted that most scree slopes are concave upward. Since,

in a cohesionless material the slope angle should be equal to the angle

of repose which is independent of the height of the slope (cf. Sec. 3.31),

one is faced with the problem of explaining this fact.

Machatschek (cf. Sec. 1.23) has ventured the opinion that the

concavity of slopes of screes is due to the grading of material which is

generally observed thereupon. However, it appears that the angle of

repose, which would generally be believed to determine the slope angle,

does not depend on the size of the screes, but rather on their angularity.

A somewhat more convincing explanation has been advanced by Sharpe^
who noted that there are, in fact, two angles of repose: one at which the

material begins to slide, and another at which it is being deposited. The
former angle is always greater than the latter. If the formation ofthe slope

is due to talus creep, one would expect that at the top, the slope angle is

close to the angle of repose for incipient sliding and at the bottom close

to the angle of repose for deposition. This would at least partially explain

the observed concavity, but no numerical comparisons are available. It

would appear, however, that the two angles of repose do not differ suf-

ficiently to account for all of the observed change in steepness.

A considerably greater difference in angle than that accounted for
above may be caused by the fact that the packing of the screes becomes
looser the further the material has moved from its source. We have
noted in Sec. 3.31 that the customary angle of repose in a cohesionless
material is reached for the loosest possible packing only. If the packing
is denser than the loosest one possible, a slope of greatly increased slope
angle is attained. This increase may be very substantial and can easily
account for any increase ofslope-angle with height that may be observed.

3.4. Discussion of Agents in Slope Formation

3.41. General Remarks. The weathering agents discussed thus far are
concerned with the reduction and transportation of material If the
reduction and transportation takes place on a mountain side, the con-
tiguration of the latter will be affected.

Thus slope development occurs only if weathering and removal takes
place. There are several agents that may bring about slope development
Onei^asion (Sec. 3.42) which changes a slope by the abrasion initiated

Press
Phenomena. New York. Columbia Univ.
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Dry Creep of Rock lOI

Let US now calculate the amount of displacement taking place during

one temperature cycle. The original volume ofABCD is

V=V^BCD= 'i^^xAh (3.43-1)

where W represents the width of the slope and the explanation of the

other symbols is evident from an inspection of Fig. 54.

Fig. 54 Geometry of constrained thermal expansion

If the temperature cycle produces a maximum temperature increase
by the amount dT, then the new volume will be

V'=V^.s>cD^ Vil+3KST) (3.43-2)

where k is the coefficient of linear thermal expansion of the material. Thus

AA'^{V'-V)/iWAx)=^3Ah k dT. (3.43-3)
Hence we have

AA"=AA' tan ^=3AhKdT tan fi. (3 .43 .4)

This represents the average increase in surface displacement if one pro-
ceeds through a layer of thickness Ah. Taking the limit and integrating
gives the surface displacement per cycle in an infinitely deep slope:

00

-
J 3K3T(h) tan p dh (3.43-5)

where dT{h) is the maximum temperature difference that is reached at
the depth h during the cycle. Assuming that the cycle has the period t
the average surface velocity v turns out to be

s 1 °°

J 3KST{h)tanpdh.T T 0
(3.43-6)
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in the direction of h. The net effect is thus an elongation of the layer in the

x-direction. The latter is

Sr{h)=8TiKdx=Kx5Tih). (3.43-14)

The surface velocity, thus, increases with increasing distance from the top

of the slope. Using again the earlier value for k (8.3 • lO”^ deg“^), and a

cycle of 1 day duration with a maximum temperature difference of 30° C,

we obtain
w=x 30 -8.3 '10-®- 360

= 8.96- 10-2 L per year
(3.43-15)

where L is the length of the slope. For L~ 100 meters we have

a= 8.96 metres per year

,

at the bottom of the slope.

(3.43-16)

Fig 55. Geometry of unconstrained thermal expansion

According to the above model, the velocity of the surface layer
depends on the length of the slope. Thus, if the slope be infinitely long
the velocity at the bottom becomes infinitely great. This, also, is obviously
an unrealistic result.

It stands to reason that a reasonable model lies somewhere in between
the two extremes: Only part of the slope can be effective in the downward
push; if the strength limit of the screes is exceeded, the material will pileup vertically as envisaged in the first model considered.
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Integrating, this yields (with proper constants)

Oi=gpiL-x)a
with „ ^ pa=cos p tan ^— sm p.

The stress normal to the bed (0
-

2) at the point x is

o’2=g p h[cos p tan $+cos j8] =g p h y

with „ ^ n
y =cos p tan #+ cos p

and the shearing stress, due to the friction, is

(3.43-22)

(3.43-23)

(3.43-24)

(3.43-25)

Xi=pgh cos P tan cP
.

(3.43-26)

The quantities cti, ^2 and t at the point (x, h) determine a stress state;

the corresponding Mohr circle is drawn in Fig. 56. The material will slide

downhill if the Mohr circle lies inside the two straight lines that go
through the origin and subtend an angle ±(P with the 1-axis, i.e. as long
as R<N in Fig. 56. If i?=iV the material will be in a Rankine state and
move vertically. Thus, R—N is the limiting condition for which the

material will be able to slide downhill as envisaged.

We have N=M sin (P =^((Ti -f 0
-

2) sin $ (3.43-27)

(3.43-28)
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It can then be shown that the second instability condition is satisfied. We
have

7 cos //(tan 0+1) tan 0+1 _
T~ cos//tan0-sin/J tan0-tan//

with

F(0)-
1

tan 0— tan ^

It is obvious that

so that

F(0)=tan0+I.

/(0)>F(0)

c>-^.

(3.43-39)

(3.43-40)

(3.43-41)

(3.43-42)

This is the second instability condition and we see that we have indeed a

true instability if the larger root is chosen in (3.43-36).

Summarizing, we note that instability occurs if

L-x
h
>m 1

tan0-tan/9’
(3.43-43)

if 0=/A one can make the slope as long as he likes.

For /?<0, /(0) is some given quantity. The slope then can have the

following maximum length

(L-x).„,,=/(0)
h

tan 0— tan//
’ (3.43-44)

However, h is the depth to which the temperature change is felt. We have
seen earlier that (cf. 3,43-7/8)

5T{h)=STo (3.43-45)

Thus, the lengthwise displacement s-j- per cycle is [for the definition of k
see (3,43-2)]

ST=><iL~x)„^STih)==KiL-x)^^^5TQ (3.43-46)

and therefore we have

Sr{h)=:Khf(^)
1

tan 0- tan//
e-'"''<5Tn (3.43-47)

During the above
any given depth li acts

deduction, it has been assumed that each layer at
independently of ail others, except that it is impli-
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Geomorphologists usually term as “solifluction” something that is

different from the phenomenon discussed here; hence we have added the

qualifying adjective “aqueous”. Unqualified “solifluction” generally

refers to an effect caused by freezing and thawing and will be discussed

in connection with other niveal phenomena.

3.45. Slope Development by Water Erosion. The process of erosion

can have a direct effect upon slope development. This is particularly

evident if the slope consists of the very material which the eroding agent
carries, i.e. in alluvial slopes if the carrying agent is water.

Let us briefly discuss the mechanism of the slope recession that is

directly induced by erosion. Water, carrying material, is moving over a
slope consisting of the same material. In general, there will be a relation-

ship between the speed of flow and the carrying capacity of the water.
If the water happens to carry less material than is its capacity, it will

take on more material from the slope underneath and thus erode it. Con-
versely, if the flow gets slowed down, the carrying capacity will decrease
and therefore material will be deposited. It is thus apparent that there
exists a dynamic equilibrium between an alluvial slope and water flowing
over it. If there is any deviation from such an equilibrium, the slope will
be eroded or will be built up.

It becomes evident thus, that the process of water erosion cannot be
treated separately from the process of accumulation of eroded material
further downhill: on a steep part of the slope, one will generally find that
mass-removal is taking place, whereas on a less steep part accumulation
occurs. After an initial phase, a quasistationary process will develop in
which material is being transferred from the steep to the flat parts of the
slope at a quasi-steady rate (i.e. a rate which changes only very slowly
with time under constant external conditions). Concurrently, the slope
will slowly change its shape.

It will be necessary to put the above intuitive arguments onto a more
analytical basis. Whereas it is intuitively quite clear that the slowing
down of a carrying medium which is originally in dynamic equilibrium
with regard to mass transport, will cause some of this mass to be deposited
one would like to know just how the slowing down will affect the slope!

PurTu ^’i

assume that the mass-transporting medium be water.
rther, let us assume that the water hits a flat part of ground with a

rn?r unit'v

water carries with it a certain amount ofmaterialc per unit volume Due to its being slowed down it will start building upadope^the originally flat ground. It is dear that the ntass-ca“r?ing
I ScHEiDEGGER, A. E.: Geol. u. Bauw. 25, 3 (1959).
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Differentiating with regard to x

d^y d^

dxdt dx^ \dx)
(3.45-6)

and setting

C=~-^^ dx
(3.45-7)

yields

ac a^c^

dt dx^
(3.45-8)

or, written as an equality

ac_^ a^c^

dt ^ dx^
(3.45-9)

where a is some constant. The above differential equation has to be

solved for the following boundary condition implicit in our assumptions;

0)= Cl= const (3.45-10)

and the initial condition

C(0,x)=Co=0 (3.45-11)

since ( is proportional to the velocity.

The differential equation (3.45-9) is nonlinear and is thus difficult to

solve. However, it is the same differential equation that occurs in the

description of the flow of gas through porous media. It has received a

great amount of attention since it describes the flow, say, of natural gas

into a well. The equation cannot be integrated in closed form, but can be
solved by an approximation method on a computer. Various undertakings

along these lines have been collected by the writer T Unfortunately, how-
ever, these solutions cannot be used for our problem because, in studies of
flow through porous media, the initial value is different from zero. How-
ever, Green and Wilts ^ have suggested a way to linearize the equation
so that it will read;

_ , a^c^

dt ^ dx^
(3.45-12)

where a' is a new constant depending on the old constant a and on an
intermediate value C' between Co and Ci

:

a’=a/C'. (3.45-13)

1. SCHEIDEGGER, A. E.; The Physics of Flow Through Porous Media Second edition.
Toronto; University of Toronto Press, 1960 Seep. 108.

2 Green, L , and C H. Wilts. Proc 1st U S Nat. Congr. Appl Mech
, p 777 (1952).
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Fig. 60. Solutions of the diflusivity equation

which, qualitatively, leads to the picture shown in Fig. 61. The figure

indicates that a lowering of the slope is taking place on one side of the

axis of symmetry, a rising on the other side. The equation of the slope,

being given by the negative integral of the expression (3.45-19), is always

an error function complement. The transport ofmass, thus, effects erosion

on one side of the center of the slope and accretion on the other side.

X

Fig. 61. Slope development by accumulation and erosion. After Scheidegger*

Some of the difficulties inherent in the above discussion are due to the
nonlinear character of the basic Eq. (3.45-9). Although the latter can
be linearized, as shown above, it may also be possible to justify physically
the assumption of a linear differential equation in the first place, viz. of

dy _ d^y

dt ^ dx^
’ (3.45-20)

This, in fact, has been proposed by Culling^ by assuming (a) that the
mass flow velocity (and not the velocity of the mass-carrying water as
assumed above) is proportional to the slope dy/dx and, (b) that the
deposition is proportional to the mass flow velocity gradient. This im-
mediately yields Eq. (3.45-20). The solutions of this equation are the
well-known solutions of the heat conductivity equation as they have been
discussed above in the analysis of the linearized Eq. (3.45-12).

It remains to compare the analytically predicted slope-shapes of
•^ccura^ons with observations in nature. In this connection, we note

1. SCHEIDEGGER.A. E.;BulI. GeoLSoc, Amcr. 72, No 1 37 0961)
2. CumNG,W.E.H.:J.Geol. 68

, 336(1960).
’

S Schcidcggcr, 'nicorctical Geomorpholoij), 2nd Ed.
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plains and alluvial fans. The reason for this sequence to be seemingly

reversed in alluvial cones and talus accumulations lies in the observation

that these features are being accumulated by intermittent streams. The
largest flash floods reach furthest over the heap of debris until they get

slowed down. However, these are the floods that carry the largest boul-

ders. Hence the boulders are found at the base of the accumulation.

It may therefore be said that the analytical theory of slopes formed

by mass accumulation explains the observed facts reasonably well. The
application of the above ideas to the slope of river beds will be discussed

further in Sec. 4.7.

In conclusion of the present section on water erosion, one may
mention that such erosion can also be caused by a groundwater stream
on a surface of seepage^. A surface of seepage is a surface which is

intersected by the streamlines of the groundwater flow and from which,

therefore, water is seeping out. During the process of seepage, the

flowing water exerts a force upon the soil particles. Using the notion
that it is the “effective pressure” which causes the deformation of the
soil, as was already discussed in Sec. 3.33 in connection with piezometric
landslides (quo vide), we note that the effective pressure may become such
that the shearing limit of the soil (see Eq. 3.33-4) becomes zero. In this

case, the emerging groundwater stream will carry away soil particles from
the surface of seepage. This represents a special type of water erosion.

3.46. Alluvial Fan. Alluvial fans are quasi-conical structures, as
described in Sec. 1.23. Because of this, they can no longer be described by
simply giving their profile. The agents which cause fans to be deposited
may be braided streams as well as periodic sheet-floods.

It is dilflcult to describe the genesis ofan alluvial fan theoretically, and
therefore semi-empirical studies have been made2~‘^. Bull^ and Denny ^

came up with the following relationship between the fan area Af and the
drainage-basin area

Af^cAS (3.46-1)

where c and n are constants; Hooke-* found for the mean value of n

«=0.90. (3.46-2)

A study by Hooke* suggested that the relationship (3.46-1) may
be due to the establishment of a steady state between deposition and
erosion m a fan. However, actual calculations of the steady state con-
diiions do not seem to have been made.

1. Sec Brinch Hansen. J, and H.Lunogren; Hauptprobleme der Bodenmechanilc
Btrlin-GoiUngen-Heidelberg; Springer 1960. (Esp. p.lOZff. therein

)

- Bolu W. B.: U.S. Geol. Surv. Prof. Pap. 437A, A 1(19^
3. Dcn.vy. C.S.; U.S. Geol. Surv. Prof. Pap. 466 (1965).
4. Hooke, R. L.: Amer. J. Sei. 266, 609 (1968).
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and the scaling relations (a^ denoting the ratio ofthe variable i in prototype

and model) are

(3.47-7)

= (3.47-8)

(3.47-9)

Next, we turn to spontaneous mass transport. We have to go to the

fundamental equation given as (3.32-10). The transformation to make
this dimensionless is (see Sec. 3.32 for the definition of the symbols
involved)

K^Kpg(c, (3.47-10)

(3.47-11)

Then, indeed, (3.32-10) becomes

(3.47-12)

and we obtain the scaling conditions:

“ftc=«c/(apag) (3.47-13)

aiv,= l. (3.47-14)

Finally, the slope development by water erosion was given by
(3.45-5) which may be written as follows:

dt ^ dx \dxj
(3.47-15)

where c is a constant and the other symbols have been defined in Sec. 3.45.
This constant is connected with the erodibility of the material over
which the water flows and with the quantity of water that is available.
The latter is best measured as the water volume that flows per unit time
across a slope profile ofunit width. We shall denote this quantity by Q ; the
dimensions are obviously L^T~K The relation is then,

c=Q/r (3.47-16)

where r defines the resistance to erosion of the material on the slope, the
quantity r is dimensionless (note, however, that Q and r are not the same
quantities as in the previous paragraph).

Substituting this value of c in the basic equation results in

2
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3.5. Combined Effect: Denudation

3.51. Models ofSlope Recession. The various agents ofmass transport

have a combined effect upon the development of a slope which is com-

monly called “denudation”. Microscopically, such denudation may
occur, for instance, by the effect of rain. Little rivulets and gulleys may
form which carry material away. The way in which this might happen

Slope sections

I "Onsinol’Surface

Weather

Light rain

1 Sullies clearedbysurface run-off

M Bullies filledinbywash andmassmovement

Heavyram

Lightrain

Oriqinal Surface

W Bullies ogamflusheddean

Fig. 62. Diagrammatic representation of slope retreat by gullying. After Beaty*

Slope

Secession

'monecyde

Heavy rain

has for instance been discussed by Beaty^ whose diagrammatic repre-
sentation of slope retreat is shown in Fig. 62. However, in spite of the
rather complicated aspects of such “microscopic” processes, the develop-
ment of a slope bank can usually be treated in a macroscopic fashion by
simply considering its over-all cross-section.

The development of this over-all cross-section has been phenomeno-
logically studied and the observed patterns have been classified by
many people. Thus, Takeshita" and Schumm^ discussed various pos-
ŝ bilmes, distinguishing between mountain, hill, and valley slopes; and

1. Be/\ty, C. B.: Bull. Geol. Soc. Amer. 70, 1479 (1959)
2. Takeshita, K : Bull. Fukuoka-Ken Forest Exp, Stn. 17 1
3. ScHUM.M, A.: J. Geolog. Educ. 14, 98 (1966),

(1964).
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An attempt in this direction has been made by Lehmann ^ who en-

visaged the following model of a receding slope (cf. Fig. 63): A steep slope

of angle ^ is bounded by two horizontal planes which are the (vertical)

distance h apart. Each individual amount weathering off the slope will

pile up at the bottom, the pile forming a screes angle a. Some of the

material, however, may get lost during the transfer, or else its volume

SUM R

Fig. 63. Building up of a pile of debris at the bottom of a steep slope. After Lehmann ‘

might increase since the density of the debris may be less than that of
the slope-material. Hence one has to set

Fr/Fd=1-c (3.52-1)

where Vr is the volume of slope material removed and the correspond-
ing volume of debris piling up at the bottom of the slope. Expressing the
condition (3.52-1) for each infinitesimal amount of slope recession, one
obtains (from a inspection of Fig. 64)

{dx~dy cot li)ih-y)=il-c) ycota (3.52-2)

or

dx /icot)5+(cota-ccota-cot 6) V

dy h— cy '
(3.52-3)

This is a differential equation which may easily be integrated. One
obtains (choosing as a suitable boundary condition y=0 for x=0);

x=fc(i-i-m)lognat—^ ky (3.52-4)

1 Lehmann, O.; Viertelj.schr. Natf. Ges, Zurich 78, 83 (1933)
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Fig. 65, The influence of the original slope angle on the shape of the slope underneath the

debris for c= ’/s nnd Vs >
— 30®. After Bakkhr and Le Heux ^

Fig. 66. The influence of the constant c on the shape of the slope underneath the debris.

After Barker and Le Heux'

Barker and LeHeux^ also provided physiographic examples to

show that their law is indeed obeyed in nature. The end-result of the

process envisaged by them had, in fact, been known for some time as

“Richter’s^ slope of denudation”.

It is rather difficult to visualize the curves that are represented by
the Eqs. (3.52-4/7) for general values of the parameters. Points on the

curves can be calculated, but there is equally the possibility of construct-

ing them graphically. Such a method has also been described by Barker
and LeHeux*. The detailed technique to do this will not be described
here, we only show some of the results that have been obtained. Thus,
Fig. 65 demonstrates the influence of the original slope angle p on the
curvature of the convex slope underneath the debris, and Fig. 66 demon-
strates the influence of the constant c.

The above discussion deals only with the denudation ofa slope bound-
ed by two plateaux. One can extend the theory to the weathering of a

1 Barker, J. P , and J W. N. LEHEUx.Proc KoninkI Akad.Wetenschap. Amsterdam
49, 533 (1946).

2. Barker, J. P., and J. W. N. LeHeux: Proc. KoninkI. Akad. Wetenschap. Amster-
dam B 55, 399, 554 (1952).

3 Richter, E.: Petermann’s Geograph. Mitt., Erganzungsbd. 24, l (1901),
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Hence

y^_i-x'+C=-— (/c-x)+C
a a

(3.52-16)

where C is a constant of integration. If one requires y=0 for x=0, this

yields .

y=~x. (3.52-17)
a

(ii) Ifc= — 00 ,
one has also

dy _ 1

a

'

(3.52-18)

Hence, with the usual boundary condition, again:

1
(3.52-19)

Thus, in the two special cases considered above, the crest develops into

straight slopes of slope angle a.

In the general case, a more elaborate discussion is required. Setting

i(= y/x'

dy=iidx'+x' dti

yields from (3.52-13):

dx’ ,
l-f(l— c)ciu— —dll—

—+ (2— c)M-f(l — C)fl«^
b

(3.52-20)

(3.52-21)

(3.52-22)

which is a differential equation with separated variables. It can therefore

be integrated. Depending on the sign of the discriminant

(i) -V>o. (3.52-23)

(ii) (3.52-24)

(iii) -V=o (3.52-25)

one has three possible solutions. Transforming back to the old coordinate
system and using the usual boundary condition, these solutions are for
the three cases (i), (ii), (iii) (according to VanDijk and LeHeux^):

1. VanDuk,\V., and J.W.N.LeHeux; Proc. KoninkL Akad. Wetenschap Amster-
dam B 55, 115, 123 (1952).
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Pig 68. Two successive stages of the weathering of a symmetrical plateau of finite width.

After Van Duk and LeHeux^

(iii) In case (iii) the curves are affine transformations of

y~xloglx}; (3.52-31)

hence projective representations of the logarithmic line.

The proof of these statements is rather cumbersome and will there-

fore not be repeated here.

Van Duk and Le Heux^ also combined their theory of weathering

of a plateau with that of a crest. Thus, suppose that one starts with a
symmetrical plateau of finite width. Eventually, a stage will be reached
where the two weathering edges meet at the top (Fig. 68a). The further

progress will be by symmetrical crest recession, but without a plateau
being present at the level RQ (Fig. 68). Thus, the development is supposed
to be somewhat as it is shown in Fig. 68 b.

3.53. Central Rectilinear Slope Recession. The theory of parallel
rectilinear slope recession discussed above has certain unsatisfactory
aspects. It stands to reason that the amount of denudation at the top is

greater than the amount of denudation at the bottom and that one should
take such variations into account. This has been done by Barker and
Le Heux ^ by their postulate of central rectilinear slope recession.

The postulates basic to central rectilinear slope recession can best
be seen by inspecting Fig. 69 representing the case of a steep slope of

1 15 123 (19^)

^

Wetenschap. AmMerdam B 55,

damsons U54U947f
Wotenschap. Amster-
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But

IloCn:FCB=(h~yf:y\ (3.53-4)

IIo CII:iidy-bdy)y={h-yf-y, (3.53-5)

IIQ C II [dx- b dy)
2y

(3.53-6)

and hence

{l-c)y{ady-dx)-{dx-bdy){h y)|l+
|-

(3.53-7)

Using the fact that the variable slope angle ^ can be expressed as follows

cot 5=6=

—

y
(3.53-8)

one has finally

dx (F— y^ 2a{l-c)y^
(3.53-9)

dy [6^+(l-2c)y^]y ^ 6^ + (l-2c)y^

as the final differential equation for the slope. One may immediately

solve it for the special case c= — oo. One has then

dxjdy—a (3.53-10)

or

y=xtana (3.53-11)

which means that in this limit one again approaches Richter’s slope of

denudation (cf. Sec. 3.52).

In the general case, the differential equation (3.53-9) is of the form

dx

dy
+-^^)^=2(y) (3.53-12)

whose solution is well known:

^ g PM dy
IJ Q gj P(y) dy dy+C}. (3.53-13)

Thus, the solution of (3.53-9) is

(i) for

x=ay-{a-bo)y —U—
(3.53-14)

(ii) for c=2

x=ay-{a-bo)yexp (3.53-15)

9 Schndeggcr, Theorcucal Geomorphology, 2nd Ed
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The integration of this differential equation has been performed by

Logman ‘ who noted that it can be done by the following substitution of

variables;

v=a^y^/k^, (3.53-18)

t~x/(ay). (3.53-19)

This leads to

dv _ 1 — 2c V 1

dt 1 — c l—t ^ (1 — c)P(l — t)

(3.53-20)

which is linear in v. Integration with the initial condition y=0 for t—bo/a
yields the solution:

v=il-t)
1 1 (l-A)-^/<'-^>

1 bola

dX, (3.53-21)

or, in the old coordinates x, y:

(ay)‘-"(ay~x)
l-2c k2 x/(ay) (1 _

J
^^--2 dX. (3.53-22)

1 —

c

1—

C

bo/a

A particular curve of this type is shown in Fig. 73. This curve had been
obtained by Barker and Le Heux utilizing a graphical method before
Logman integrated the differential equation in closed form.

Fig. 73. Central rectilinear recession ofa symmetrical crest for jSo=45°>*=22°,a=2.5 c=0
After Barker and Le Heux^

An interesting observation regarding the integral curves in central
rectilinear slope recession theory concerns the occurrence of kinks. Let
us consider the case of plateau recession. Because of the symmetry of the
solution (3.p-14 or 15) with regard to the origin (x=0, y=0), all the
corresponding curves must have an inflexion point, and therefore zero

1. LooNtVN, H.; Proc. Koninkl. Akad. Wetenschap Amsterdam B 59. 259 (1956)

53,
Wetenschap Amsterdam
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sure of the slope. The steeper the slope, the faster will the debris be

removed. Thus, the steeper slopes will generally be more exposed than

less steep ones.

Let us investigate how the denudation affects the shape of slopes in

the above three cases. In order to do this, we assume that the lowering

of the slope per unit time at any given point is proportional to a constant

(case 1), to the height of the slope (case 2) or to the slope (case 3). Thus,

denoting the height by y, the location by x, we have (cf. Fig. 74)

11 —const cP (3.54-1)

case 1

;

(3.54-2)

case 2: (3.54-3)

case 3

;

0=5y/5x. (3.54-4)

It is obviously always possible to change the time scale in such a fash-
ion that the constant in (3.54-1) can be set equal to 1. Thus, one has a
partial differential equation to solve; the shape of the original slope
represents the arbitrary function that enters into the solution of every
partial differential equation. In the three cases under consideration, the
solution is very easily obtained.

Case 1. The differential equation is

dt
= -l

with the initial condition y=/(j(x). The solution is

y=fo(x)-t.

(3.54-5)

(3.54-6)
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Fig. 77. Slope recession in case 3 of the linear theory

central slope recession. The latter has, thus, been given a clear physical

justification.

Case S. The differential equation is

dy _ dy

dt dx ’

Using the usual initial condition yo^f^ix), the solution is

(3.54-9)

y=/o(x~£). (3.54-10)

This solution signifies that any given slope profile will wander to the
right with time (see Fig. 77). If the slope is rectilinear, this means parallel
slope recession as in case 1. One has thus the interesting fact that parallel
rectilinear slope recession can occur in case 1 as well as in case 3.

The various cases discussed above are in fact those that have been
treated in the earlier work ofBarker and followers. During its recession,
a rectilinear slope remains rectilinear j the development is either parallel
or central, depending on the model that is chosen. One may note that the
physical conditions leading to central slope recession are, in fact, not very
satisfactory, as it appears as very artificial indeed to assume that weather-
ing is proportional to the height of the slope above a certain base level.
It is much more natural to assume that the rapidity of weathering is
proportional to the slope itself which, according to the above discussion
leads to parallel slope recession.

’

The basic shape of the slope remains unaltered in all three cases
treated above. The hope that a variation of exposure would change the
slope-shapes is therefore not fulfilled in the above mathematical models.

f
changes, one still has to take recourse to the idea

ot building up and afterwards destroying piles of screes.
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transformation for case 2 and the theory of characteristics for cases I and

3) one ends up with a system of equations which can be written down in

a reasonably simple form only for the case of an infinitely long straight

slope as initial condition. The latter has not much relation to conditions

in nature. If one wishes to have actual numerical results that have a

visualizable meaning, it is best to solve the equations directly by means

05 10
X

Fig. 79. Original slope step

of an electronic computer. As always with nonlinear hyperbolic partial

differential equations, the choice of the steps in the approximation proce-
dure is critical. The steps for Ax and At have to be consistent with the
domain ofinfluence defined by thenet ofcharacteristics (see e.g. Collatz ^),

but this is merely a necessary, not a sufficient condition for achieving
stability for the solution.

In all cases considered, the development of a slope step was studied
(in profile). The original height of the step was assumed as equal to 0.5
(arbitrary) scale units of y, the original slope at one end of the slope as
equal to 2. The coordinate x varies from 0 to 1 in 100 steps. The original
slope, thus, has the shape shown in Fig. 79. Then, the procedure adopted
in the individual cases was as follows.

Case 1. The differential equation is

n U fotJ-Arz, L.: Numensche Behandlung von Diflerentialgleichungen. Berlm-Gottm-
gen-Heidelberg: Springer 1951.

'Jowm
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Table 7. Slope recession in case 1 of the nonlinear theory

10 15 20 25 30 35 40 45

000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0 00000 0.00000 0 00000

0.02 0.00000 0.00000 0.00000 0.00000 0.00000 0,00000 0.00000 0.00000 0.00000

0.04 0.00000 0.00000 0 00000 0.00000 0.00000 0,00000 0.00000 0.00000 0.00000

0.06 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000

008 0.04820 0.00000 0.00000 0.00000 0.00000 0.00000 0 00000 0.00000 0 00000

0.10 0 08820 0.00000 0 00000 0 00000 0.00000 0,00000 0.00000 0.00000 0.00000

012 012820 0 01639 0 00000 0.00000 0 00000 0.00000 0 00000 0.00000 0.00000

014 016820 0 05639 0 00000 0 00000 0.00000 0.00000 0.00000 0.00000 0 00000

0.16 0.20820 0.09639 0.00000 0.00000 0 00000 0.00000 0 00000 0.00000 0 00000

018 0 24820 013639 0.02458 0 00000 0.00000 0.00000 0 00000 0.00000 0.00000

020 0.28820 0.17639 0.06458 0 00000 0 00000 0.00000 0.00000 0.00000 0 00000

0.22 0.32820 0.21639 0.10458 0.00000 0.00000 0,00000 0.00000 0.00000 0.00000

024 0.36820 0.25639 0.14458 0.03278 0 00000 0.00000 0.00000 0.00000 0.00000

0.26 0 40820 0.29639 0 18458 0.07278 0 00000 0.00000 0.00000 0 00000 0.00000

0.28 0 42811 0 33639 0.22458 011278 0.00098 0.00000 0 00000 0.00000 0.00000

0,30 0.45000 0.37630 0 26458 0.15278 004098 0.00000 0.00000 000000 0.00000

0 32 0 45000 0.39999 0.30458 0 19278 0.08098 0.00000 0.00000 0.00000 0.00000

0.34 0.45000 0.40000 0.34302 0.23278 0.12098 0.00917 0.00000 0.00000 0 00000

0 36 0 45000 0.40000 0 35000 0 27273 0.16098 0.04917 0 00000 0 00000 0.00000

0.38 0 45000 0 40000 0.35000 0.29994 0.20097 0.08917 0 00000 0.00000 0.00000

0.40 0.45000 0.40000 0 35000 0.30000 0 24006 0.12917 0 01736 0.00000 0 00000

0.42 0 45000 0.40000 0.35000 0.30000 0.25000 0.16914 0.05736 0.00000 0 00000

044 0.45000 0.40000 0.35000 0 30000 0 25000 0.19969 0 09736 0.00000 0 00000

0.46 0.45000 0 40000 0 35000 0.30000 0.25000 0.20000 0.13684 0.02556 0.00000

048 0 45000 0.40000 0 35000 0 30000 0 25000 0.20000 0.15000 0.06554 0.00000

0.50 0 45000 0.40000 0.35000 0.30000 0.25000 0.20000 0.15000 0.09900 0.00000

0 52 0 45000 0 40000 0.35000 0.30000 0.25000 0.20000 0.15000 0.10000 0.00355

0 54 0 45000 0.40000 0.35000 0.30000 0.25000 0.20000 0.15000 0.10000 0.05000

longer straight downward, but partly sideways. At the same time, the sharp

edge becomes rounded.

Case 2. The differential equation is

The difference equation approximating this is
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Table 8. Slope recession in case 2 of the nonlinear theory

.X Time

20 40 60 80 100 120 140 160

000 0.00000 0.00000 0.00000 000000 0.00000 0.00000 0.00000 0.00000

002 0.02705 001983 0.01518 0.01188 0.00944 0.00758 0.00612 0 00496

0.04 0.05410 0.03968 0.03036 0,02366 0.01889 0.01516 0 01224 0.00992

0.06 0.08115 005952 0.04554 0.03565 0.02833 0 02274 0.01836 001488

0.08 0.10820 0.07936 0.06073 0.04753 003778 0.03032 0.02448 0.01985

O.IO 0.13525 0.09920 007591 0.05941 0.04722 0.03790 0.03060 0.02481

0.12 0.16230 0.11904 0.09109 007130 0.05667 0.04547 0.03672 002977

014 0.18935 0.13888 0.10627 008318 0.06611 0.05305 0.04284 0.03473

0.16 0.21640 0.15718 012145 0.09506 0.07555 0 06063 0.04896 003969

0.18 0.24345 0.17856 0.13664 0 10695 0.08500 0.06821 0.05508 0.04465

0.20 0.27050 0 19840 0.15182 0 11883 0 09444 0.07579 0.06120 004961

022 0.29755 0 21824 0.16700 0.13071 0.10389 0.08337 0.06732 0.05458

0.24 0.32460 0.23808 0.18218 0 14259 0.11333 009095 007344 005954

0.26 0.3S16S 0.25792 0.19736 015447 0.12278 0.09853 007956 0.06450

0.28 0.37854 0.27778 0.21254 0.16636 0.13222 0.10611 008568 0.06946

0.30 0.40242 0.29757 0.22773 0.17824 0.14166 0.11368 0.09180 0.07442

0.32 0.40895 0.31706 0 24289 0.19012 015111 012126 0.09792 0.07938

0 34 0.40895 0.32434 0.25790 0.20199 0.16055 0.12884 0.10404 008434

0.36 0.40895 0.33449 0.27075 0.21367 0.16996 0.13641 0.11015 0.08930

0.38 0.40895 033449 027358 0.22265 0.17884 0.14382 0.11620 0.09423

0.40 0.40895 0.33449 0.27358 0.22353 0.18262 0.14893 012117 0.09857

0.42 040895 0.33449 0.27358 0.22353 0 18264 0.14923 0.12193 0.09963

0.44 0.40895 0.33449 0.27358 0.22353 0.18264 0.14923 0.12193 0.09963

The equations for the characteristics are

dt/ds= 1

ds ]/ \5x/ ^i->r{dy/dxf

which yields the condition

At^-
Ax

1 +m' + {dyldxf

Yl +^yjd^

(3 .55- 16)

(3 .55-17)

(3 .55 -18)

The machine was programmed to have the last condition always satisfied.
Starting with At- Ax, the computer would keep halving the time steps
until the inequality was satisfied and then it would proceed with the
calculation. It was found, at the beginning, that it was necessary to use

(3 .55-19)
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Fig. 84. Denudation of a valley side, the debris filling in the valley. (After Scheidegger*)

slope now becomes steeper as time goes on and reaches asymptotically

an inclination determined by the rapidity of the two types of erosion that

are involved. The development in its latter stages is essentially a parallel

slope recession.

It thus turns out that, if an undercutting river be involved in the

development of a slope, parallel slope recession is the ultimate outcome.
Some slopes will exhibit more resistance to surface denudation than
others, in which cases the absence ofan undercutting river may well bring
about stagnation ofdevelopment. In other slopes this may not be the case.

B. Deposition of Debris as Aprons^. The above slope-development
models assume that all debris is completely carried away from the slope
during its development; — which is evidently an oversimplification of
what occurs in nature. Thus, we shall now investigate the case where all

the debris from the lowering of the slope is deposited in a horizontal
apron in front of the slope bank. This case may occur if a V-shaped valley
is being filled up by the debris.

The above case can be investigated on the basis of Eq. (3.55-14) where
now, however, the conditions are arranged in the numerical solution that
the total volume of material which is taken off the slope during each
time step is calculated and then spread horizontally between the zero
abscissa and the slope. The results of this calculation, starting with a
straight original slope bank (see Fig. 79), are shown in Fig. 84. As the
valley fills up, part of the slope becomes covered by debris and is therefore
protected from further attack by the weathering agents. This may give

1. SCHEIDEGGER, A. E.: Geophys. J. Roy. Asiron. Soc. 7, 40 (1962).

JO Schetdcgsec, Theorettcal Geomomhcvlncrv pa
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Fig. 86. Original slope bank for the calculation of the influence of lithologic variations

Then, choosing suitable values for a(y) models the influence of lithologic
conditions.

Thus, starting with a slope bank of the form shown in Fig. 86, one
can choose

a— 1.0 for 0 <j/<0.9

a=0.1 for 0.9<>/<1.0. (3.56-6)

This represents a slope with a cap-rock which is ten times more resistant
to erosion than the parts below. The solution is shown in Fig. 87. The

1. ScHEiDEGGER, A. E.: U.S. Geolog. Survey Circ. No. 485 (1964)

to*
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Fig. 89. Graph showing slope with soft layer. Fig. 90. Graph showing slope with soft

(After Scheideoger') bottom. (After Scheidegger *)

3.57. Modifications of Nonlinear Slope Development Theory. The non-

linear theory discussed above can evidently be modified by choosing

functions ^ in Eq. (3.55-1) which are different from those given in the

preceding sections.

Thus, Esin^ discussed various possibilities. In particular, he considered

the expression
0.26

y+7
(3.57-1)

which he applied to underwater slopes.

Another possibility was considered by Takeshita^ and by Young
who both assumed the proportionality (s is the arc length)

ds
(3.57-2)

which implies that the “weathering” action normal to the slope is

proportional to the curvature of the slope. Solutions of the basic non-
linear slope equations (3.55-1), using the expression (3.57-2) for cP have
been calculated; we present an example of the results of Takeshita^ in
Fig. 91.

1. ScHEiDEGGER, A. E.: U.S. Geolog Survey Qrc. No, 485 (1964).
2. Esin, N V.; Izv. Akad. Nauk SSSR, Ser. Geogr. No. 3, 126 (1968).
3. Takeshita, K.: Bull. Fukuoka-ken Forest Exp. Stn. 16, 115 (1963),
4 Young, A.; Nachr. Akad. Wiss. Gottingen, II. Math -Phys. Kl. No. 5, 45 (1963)
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by flowing water (Sec. 3.45). The latter also may act on mountain sides

and shape the slopes involved if sheet flooding is common in the area.

It appears that the theoretically postulated slope types have actually

been observed in nature. In natural slopes, the various agents, must be

assumed to occur all at the same time *. Thus, undercutting by rivers may
cause landslides whose faces then may be directly affected by surface

action of slope-changing agents. Therefore, landscapes characteristic of

the various processes discussed above have been found, depending on
which agent has been the most powerful one.

3.6. Endogenetic Effects in Slope Development

3.61. General Remarks. The various mathematical models of slope

development that have been discussed in Sec. 3.5 do not take any endo-
genetic movements into account. They thus fit into the Davisian concept

of a geomorphic cycle: It is assumed that an original slope bank is some-
how created by a diastrophic process and that for ever thereafter the

denudation proceeds at a steady pace. If one wishes to introduce Penck-
ian ideas which postulate that endogenetic and exogenetic geodynamic
processes occur simultaneously, then endogenetic movements have to be
superimposed upon the exogenetic development patterns.

In other words, we shall now study the modifications that are required
in the various models of slope recession discussed earlier, if endogenetic
effects are assumed to occur simultaneously with exogenetic phenomena.

3.62. Surface Action and Endogenetic Effects^. The models of slope
development due to surface action that have been discussed in Sec. 3.55
lend themselves easily to a modification so as to describe external effects,

simply by introducing an additional function F into the basic differential
Eq. (3.55-1). The latter then becomes

It is at once apparent that there exist many possibilities for the choice
of F. We assume that E is a function ofx and y and thus set

F=Fix,y). (3.62-2)

In the present context, two cases can easily be investigated. In the
first case one may assume an endogenetic decrease of the slope and there-
fore one may set

E= -const j;. (3.62-3)

T
W. F.; Trans Amer. Geophys. Union 37, 605 (1956)

2. Thjs section is after Scheidegger, A. E.: Bull. Geoi. Soc. Amer. 72, 37 (1961).
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perhaps correspond to conditions obtaining in recent orogenetic belts

that are still active. At the beginning of the calculation, one could choose

the same time steps as in (3.62-5), but as the computation went along, these

had to be shortened so as to fulfill the conditions for stability imposed by

the characteristics. Of course, only the possibility for ^ represented by

Eq. (3.62-4) was considered. The results obtained are shown graphically

Fig. 93. Development of an endogenetically increasing slope

in Fig. 93. In these presentations, time is measured in units A t as given
in (3.62-5) although the steps, as mentioned above, were shortened in
the latter stages of the computation.

It appears from the results obtained above that the superposition of
an endogenetic displacement does not materially affect the character of
the slope that will develop. An originally straight slope bank will become
concave at the toe, convex at the head, with the toe being much broader
than the head.

Similar calculations as those reported above have also been made by
Devdariani^ but using a much simpler model for the “erosion” viz
one of the type considered in Sec. 3.45. Thus, Devdariani had to solve a

1. Devdariani, A. S : Izv. Akad. Nauk SSSR, Ser. Geograf. No. 3, 7 (1966).
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IV. Theory of River Action

4.1. General Remarks

On the land areas of the world, rivers are undoubtedly some of the

most important geomorphological agents. Rivers act geomorphologically

in fundamentally two fashions: first by interaction with their bed, i.e.

downwards (this type of action is usually referred to as “river bed

process”) and second, by interaction with their banks (sideways erosion).

It is the purpose of this Chapter (IV) to present the theories of these

processes.

4.2. Flow in Open Channels

4,21. General Principles. In order to understand the mechanics of

river action properly, it is first of all necessary to acquaint oneself with
the fundamentals of open channel flow.

Flow in rivers is basically turbulent, but reasonable approximations
can often be obtained by considering laminar flow, treating the ever-

present turbulence as a “perturbation”. Thus, turning first to (frictionless)

laminar flow, we note that it is characterized by the existence of stream
lines. The flow along each streamline is determined by the well-known
Bernoulli equation;

„ pH =z+—+_=const, (4.21-1)

where z is the vertical co-ordinate, p the pressure, p the fluid density,
u the flow velocity and g the gravity acceleration. The Bernoulli equation
is an expression of the principle of conservation of energy. H represents
the energy content at the point under consideration expressed as a height
(hydraulic head).

It is often convenient to write the Bernoulli equation for the bottom-
streamline in a stream of depth /i; then, assuming static pressure distribu-
tion, (4.21-1) becomes (with 2=0);
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Fig. 95. Velocity fluctuations in an open channel. After Velikanov*

If

the flow is termed ''critical".

V=ll, (4.21-9)

It is possible to build the whole structure of flow theory upon the

Bernoulli equation. However, as noted above, it turns out that most
river flow is turbulent. Measured turbulent velocity fluctuations in a
channel are shown in Fig. 95. Thestudy ofturbulent flow in open channels
is of particular interest with regard to a solution of the problem as to

how sediment is being transported in rivers. There are several mono-
graphs bearing upon this subject

In the present context, we shall study only (quasi-) stationary flow
in open channels. If “stationary” flows are under investigation, one has
to average out all the velocity fluctuations that characterize the turbu-

1 . Velikanov. M. A • ^nnaMiiKa pycjiOBUX noTOKOB.ToM. I ; CtpyKTypa noTona.
Moscow: Gos. Izd. Tekh. Teoret Lit. 1954

2. Chow, V. T.: Open-Channel Hydraulics New York. McGraw-Hill Book Co 1959.
3. Homma, M.: Hydraulics, Tokyo: Maruzen Book Co. 1952.

4. IWAGAKi, Y.: Theory of Flow in Open Channels. Congress of Modern Hydraulics
Chap. 1, Jap Soc. Civ. Eng. (1953).

5. Levi.I. I.; ^HBaMHKa pycJiOBHX noTOKOB. Moscow; Gosenergoizdat 1958.
6. Minskii. E. M.: TypSyjieHTHocTB pycJiOBOro noTOKa. Moscow: Gidrometeo-

nzdat 1953.

7. Mostkov, A.W.: Handbuch der Hydrauhk (transl. from Russian). Berlin- Verlae
Technik 1960.

' ^

8. Rouse, H.: Engineering Hydraulics. New York: J. Wiley & Sons 1950.
9. Schmidt, M.: Gerinnehydraulik. Wiesbaden; Bauverlag 1957.

to. ScHOKLrrscH, A.: Handbuch des Wasserbaues. 2 Vols. Vienna: Springer 1950.
11. Velikanov, M. A.; )lHflaMHKa pycJiOBHx hotokob. 2 Vols. Moscow: Gos

Izdat. Tekh.-Teoret. Lit. 1954.

12. Wechamnn. A.. Hydraulik. Wiesbaden - Bauverlag 1960.
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constant, and the energy line H (s) (where H is measured from the river

bottom) will be a curved line running roughly parallel to the surface of

the river. Our main emphasis will be on turbulent flow in open channels,

but on occasions we shall mention investigations based upon the

Bernoulli equation.

4.22. Empirical Formulas. In our discussion of flow in open channels,

we shall first turn towards empirical flow formulas. Such formulas are

commonly quoted in the form

u= const (4.22-1)

where v is the average flow velocity in the channel, h„, its mean depth

and S the bed slope. The quantities a and b, as well as the “const”, are

empirical constants. Instead of h^, it is often convenient to introduce a

hydraulic radius R, defined as follows:

(4.22-2)

whereA denotes the cross-sectional area and P the wetted perimeter ofthe

section under consideration. For large rivers, R evidently becomes equal
to h^. With a slight change of constants, it is usually possible to write

the empirical formulas to be discussed here, in terms of either h„, or R.
Various values have been suggested in the literature for the constants

a and b occurring in (4.22-1). A well-known relationship is of the form

v^R^S^/n (4.22-3)

which is called Manning ^ formula.

In the Manning formula (4.22-3), the quantity n is a constant (the
‘ roughness” of the channel), whose value varies from river stretch to
river stretch. A catalog of representative values of n, with many colored
pictures illustrating the river reaches in question, has been published by
Barnes^. Accordingly, the values of n found vary between 0.029 and
0.075 (metric units).

A more elaborate form of Eq. (4.22-1) has been suggested by Bes-
SREBRENNIKOV^. It is

u"= const If'

S

(4.22-4)

where n and m are supposedly connected in such a fashion that

m+ n=3. (4.22-5)

1. Manning, R.; Trans. Inst. Civ. Eng. Ireland, 20, 161 (1890). See also Schmidt M.-
Gerinnehydrauhk, p 53. Wiesbaden: Bauverlag 1957.

2. Barnes, H. H.: Roughness Characteristics of Natural Channels. U.S Geolog Surv.
Water Supply Paper No. 1849. Washington: U.S. Government Printing Office 1967.

3. Bessrebrennikov, N.K.: Dokl. Akad. Nauk Belorussk. SSR 2, No. 1, 30 (1958).
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where the last approximation holds for wide rivers. The Manning

formula, and hence also Eq. (4.23-13), are based upon observational data.

Tables giving values for the constant k for various cases are available^

and can also be calculated from values of the Manning n mentioned

above.

A different presentation of Chezy’s formula is the so-called Darcy-

Weisbach equation^ which reads

t;= X]//rs (4.22-14)

where the factor K contains everything which was written ont explicitely

in (4.22-10). This factor is commonly written as follows

(4.22-15)

where g is the gravity acceleration and / the Darcy-Weisbach friction

factor. If the appropriate dependence of / on h is inserted, one ends up
with the Chezv or Manning equation.

It has been pointed out by Francis^ that formulas of the type of

(4.22-1) can be shown to be approximations to the theoretical formulas

(logarithmic laws) which we shall deduce in the next section (4.23).

4.23. Turbulent Flow in Clean Channels. Turning now to the theory
of open channel flow, we may remark that the latter has been developed
by Keulegan'^ in analogy with investigations of the theory of flow in

pipes. Such investigations had been undertaken by Karman^, Ni-
KURADSE^ and others around 1930. Accordingly^ the expression of
Prandtl’ (cf. Sec, 2.23) for the turbulent shear stress a at any point
in a fluid moving past a solid wall is (cf. Eq. 2.23-2)

-/^^Idujdy (4.23-1)

where p is the density of the fluid, ii the (time-averaged) velocity in
question, y the distance from the wail, and / is the turbulent mixing
length. The last equation can also be written

o’m .
dii-

* p dy y a
(4.23-2)

I Cf. Schmidt, M.: Gerinnehydraulik. Wiesbaden: Bauverlag 1957.
2. See Chow.V.T.; Open Channel Hydraulics New York: McGraw-Hill 1959 See

p. 8 therein.

3 Francis, J. R. O.; Engineer 203, No. 5280, 519 (1957).
4. Keulegan, G. H.; J. Res. Natl. Bur. Standards 21, 707 (1938).
5. Karman,T.. Nachr. Ges. Wiss. Gottingen, Math.-phys. Kl. 1930,58 (1930).
6 Nikuradse, J.: Forsch.h Ver. Deut. Ing. No 356 (1932).
7. Prandtl, L.: Trans. 2nd Int. Congr. Appl. Mech. Zurich, p. 62 (1926).

It Scheidegger, Theoretical Geomorphology, 2nd Ed
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Again using experimental data, one obtains for water ^

:

-L„8.5+llognat(f). (4.23-11)

11^ k \kj

In order to obtain expressions for the average flow velocity in the

channel, the above expressions must be integrated from 5 to K where R

is again a hydraulic radius

(4.23-12)

(with >1= cross-sectional area and P the wetted perimeter) and 5 the

thickness of the laminar sublayer. This thickness 5, from dimensional

reasoning, must be proportional to v/u^; Keulegan* quotes the follow-

ing relationship as determined from experiments

:

5= 11.5-^. (4.23-13)

One then obtains for the average channel velocity v (after Keulegan^)

(a) for smooth channels

-^=3.5+ 5.75 logic (-^) (4.23-14)

(b) for rough channels

-=6.25+ 5.75 (4.23-15)

The expressions for smooth and rough channels can be taken together

if one writes

-^=5.75 logic (l2.27^)s5.751ogio (l2.27^) (4.23-16)

where x is a correction factor shown in Fig. 98 and A is simply

(4.23-17)

As noted in Sec. 4.22, it can be shown that the Chezy formula (4.22-10)

is an approximation to (4.23-16).

The above formulas are valid for open channels with a smooth or
rough bottom, as the case may be. However, in many natural rivers there

1. See Keulegan, G. H.; J. Res. Natl. Bur. Standards 21, 707 (1938).

11 *
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and by Vanoni and covvorkers^"^. In aJl these studies it turned out that

the formulas for clean channel flow are indeed no longer valid. Liu and
Hwang‘S started with the assumption of a formula of the type of (4.22-1)

and gave empirical correlation curves for the constants occurring therein.

Vanoni and Brooks made special studies*’^ to determine the influence

of the sediment load upon the discharge. Their data are best represented

by the introduction of a friction factor/ defined as follows:

f^HuJvf (4.24-1)

where is the shear velocity (cf. 4.23-2) and v the average velocity in

the river. This friction factor does not vary in accordance with the ideas

of Gilbert, in that it does not increase with sediment load. In fact, it

turned out that there is no single-valued relationship between the

velocity and any combination of depth and slope of the river. The
results of Vanoni and coworkers in this regard, however, are purely

empirical and no theoretical explanation could be given. It also turned

out that Karman’s “universal constant” (cf. 4.23-3) is not, in fact, a
constant but varies with sediment load.

4.25. Non-Uniform Flow. The formulas deduced thus far refer to

uniform flow in channels in which the cross-section of the flow is assumed
as constant along the whole length of the channel. It is of interest to

investigate the changes in these formulas that are necessary if the flow
is assumed to be non-uniform.

The problem has been treated by many authors, for instance by
Ovsepyan^ and in a book by Rouse®. A physically most satisfactory
deduction of the relevant formulas has been given by Liu’, based upon
the Bernoulli equation with turbulent energy dissipation treated as a
perturbation. Accordingly, we envisage the geometry of the flow as
shown in Fig. 99. The theory can best be represented if we introduce the
hydraulic head H at every section (located by giving x); the former is

given by
iP"

H^-j^+h+z (4.25-1)

1.

Vanoni, V. A, and N.H. Brooks: Laboratory Studies of the Roughness and
Suspended Load of Alluvial Streams. Report, Sedimentation Laboratory, California
Institute of Technology, Pasadena, 1957 (121 pp.)

2. Brooks, N. H.; Trans Amer Soc. Civ. Eng. i23, 526 (1958)

(I960)

G.N.Nomicos: Trans. Amer. Soc Civ. Eng. 125, pt. I, 1140

65 (1959^’
^ ^ 85, Hy 11, (J. Hydr. Div.)

5. OvsEPYAN, V. M.. Sb. Nauchn. Trud Erevansk. Politekhn. In-ta No 9 81 (1955)
6. Rouse, H.: Engineering Hydraulics. New York: J. Wiley & Sons (19501
7. Liu, H. K.: Trans. Amer. Geophys. Union 39, 939 (1958).
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4.3. Motion in River Bends

4.31. The Problem. Up to now, we have regarded a river as straight.

However, in the development of drainage basins, the lateral action of

rivers is of extreme importance. The latter is mostly connected with flow

in river bends which, therefore, will form our present topic of study.

Much information on water movement in curved channels may be

found in the general textbooks on open channel hydraulics already

mentioned in Sec. 4.21. In addition, Wittmann and Boss* wrote a

monograph on water and bed load movement in curved river reaches and

Rozovskii^ as well as Ananyan^ published books on water movement
in a curved channel. References to specific investigations will be given

in their proper context.

As a very crude approximation, the flow in curved channels can be
described as a two-dimensional process. This leads to the discussion of

“primary” currents in river bends (Sec. 4.32). This is generally done by
treating the two-dimensional flow as potential flow, the (turbulent) energy

dissipation being considered as a perturbation. Whereas the potential-

flow-type ofan approximation might lead to acceptable results in straight

river reaches, this is not the case in curved reaches. In the latter case,

helicoidal cross-currents (“secondary” currents) are ofgreat importance.
Some aspects and a few of the standard theories for the explanation of
such secondary currents will be discussed in Sec. 4.33. However, it will

also be shown that these “standard” explanations are really inadequate.
Therefore, in Sec. 4.34, we shall present some attempts to explain the
existence of the helicoidal cross-currents in terms ofmore basic principles.

Finally, we shall discuss (Sec. 4.35) some shock phenomena that may
occur in very rapid flow around corners in curved channels.

4.32. Primary Currents in River Bends. As mentioned above, the flow
in a river, in a first approximation, may be treated as two-dimensional,
and, furthermore, the energy dissipation may be neglected. We have
noted in the section on general principles of flow in open channels (4.21)
that frictionless laminar flow is characterized by the existence of stream-
lines. If the flow is also irrotational, then it can be represented by the
introduction ofa velocity potential 0. It is well known that, ifone restricts
himself of two dimensions, the streamlines can be represented as the
equipotential curves of a stream function W which is connected with the
velocity potential by the Cauchy-Riemann differential equations.

1. WimiANN, H., and P. Boss: Wasser- und Geschiebebewegung in gckrummten FluB-
strecken. Berlin: Springer 1938.

AkadNaS.'^Ukr. SSR
noBopoTe OTKpuroro pycjia. Kiev:Izd

AV I'
HtHRKOcTii Ha noBpoTe BOAQBORa. Erevan: IzdatAkad. Nauk Armyan SSR 1957.
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Fig. 101. Superelevation and velocity in a river bend (comparison between calculated and

observed values). After Wittmann and Bbss'

Thus, the primary-current velocity is greatest on the inside of the curved
river stretch, smallest on the outside. The stream lines are concentric

circles, the lines of equal velocity potentials are radial lines.

The above simple pattern of stream lines is somewhat distorted if

the river does not form a complete circle. In Fig. 100, we show the stream-
lines in a 90° bend as calculated by Wittmann and B6ss^

The decrease of velocity from the inner to the outer bank has the
effect that a superelevation of water occurs at the outer bank. If one
assumes that the energy is constant and equal to H along any one radius
in a curve, then the water depth can be calculated by means of the
Bernoulli equation (4.21-2). Thus

h=H-~ (4.32-5)

which yields with (4.32-4);

/j=H— const (4.32-6)

The last formula gives the water height (above a datum) as a function
of r. One can also set up similar formulas for velocity distributions that
are more complicated. In Fig. 101, we present the water depth (and the

l. Wittmann, H. P., and P. Boss: Wasser- und Geschiebebewegung in gckrummlen
rluOstrecken. Berlin: Springer 1938.
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and hence

AH:, a ^fb

AH^~ R

The total loss in a curved river is then

AH=AH^ + AH2-=P
h

(4.33-3)

(4.33-4)

Boussinesq then reasons that in a river composed of straight and

curved stretches, the head-loss per unit distance must be the same. Hence

or

(4.33-5)

(4.33-6)

This gives a correlation between the depth of water in straight and in

curved stretches of the river. It is obvious from the structure of the

formula that the depth increases if the radius of curvature decreases.

Boussinesq concludes that, the deeper the charmel, the more effective

must be the cross-currents.

The Boussinesq formulas are serai-empirical because they are based

upon a rather tenuous analogy with empirical formulas found for curved

pipes. It would be desirable to devise a more analytical theory describing

secondary currents in a curved channel.

Such an analytical theory may be based on the hypothesis that the

flow in a river may be described by a velocity potential (cf. Sec. 4.32).

According to the potential flow theory, the flow is fastest at the inner
(convex) side of the river (see Sec. 4,32). However, such a distribution of
flow cannot exist if the drag force at the bottom of the river is considered.
The latter will cause the velocity to decrease from the surface to the
bottom in a vertical column of water. The individual fluid particles

moving with their individual velocities v (cf. Eq. 4.32-4) are forced around
their circular paths with a radius of curvature r by a radial pressure drop
of dpfdr (centrifugal force) across the channel which is given by the
following equation:

dpldr^pv^r
(4 .33-7)

where p is the density of the water. In a slow-moving river, the radial
pressure gradient dp/dr will not change along a vertical line’ and hence
us value is too great to keep the slow-moving bottom fluid (which is
retarded by the drag) on the same curvature as the fast moving fluid
particles at the surface. Hence, the fluid at the bottom of the river is
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with

dq
, ,

dC
- 0 , (4.34-2)

dx dy d2

Here xyz are Cartesian co-ordinates, wi; iv are the velocity components.

The Navier-Stokes equations then read as follows (cf. Lamb ^ p. 578)

„ dll du . .

(4.34-3)

where D/Dt is the total time derivative moving with the fluid and v is

the kinematic viscosity. One now introduces the concept of mean and

fluctuating velocity components

(4.34-4)

where

^=^=0. (4.34-5)

This is introduced into the Navier-Stokes equations, the average is taken,

and one then ends up with

dt

02

(4.34-6)

The last Eq. (4.34-6) shows that in turbulent flow, the x-component of

the vorticity need not necessarily vanish and therewith that secondary

currents are possible. True, the terms on the right-hand-side of (4.34-6)

add up to zero in isotropic turbulence, but in a river, particularly near

its bed, the turbulence is not isotropic. Hence, Einstein, and Li conclude
that secondary currents must be expected even in straight channels.

The above theory does not have a bearing upon the initiation of
secondary currents in straight channels. However, it has been shown by
Delleur and McManus* that the boundary-shear in a straight open
channel can initiate the secondary flow.

A very interesting analysis of the origin of cross-currents based upon
the basic equations of turbulent flow, has also been made by Ananyan ^

who actually carried out calculations of the turbulent instability for
flow in curved open channels. Ananyan started with a set of fundamental
flow equations which are based upon Reynolds’"^ equations for the

1. Lamb, H.: Hydrodynamics. New York: Dover Publications 1945.
2. DH.LEiiR,J. W., and D. S. McMa.nus: Proc. 6th Midwest Conf. Fluid Mechanics

Austin. Texas, p.8I (1959).

3. Ananyan, .A. K.: ^(BiiHtenue muaKoexu iia noBopore nonoBona. Erevan -Iz-
vo .Akad. Nauk Army an. SSR 1957.

4. Reynolds, O.: Phil. Trans. Roy. Soc. Lend. A 186. 123 (1894).
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Because of the difficulty in describing secondary flows analytically,

methods ofdimensional analysis and experimental correlations have also

been tried. A lengthy review of such investigations has been published

by KolAr^ As usual with such investigations, these do not explain the

physical facts but only make them more accessible to observation.

4.35. Shooting Flow Around Corners. Peculiar phenomena occur in

shooting (supercritical) flow around river bends. In shooting flow, the

wave propagation velocity u with which disturbances travel, is smaller

than the flow velocity t>. The behavior of such a flow in a curved channel

has, for instance, been analyzed by Knapp

0

Fig. 103. Geometry of shooting How at the beginning of a river bend

Thu.s, let us consider the beginning of a channel bend containing

shooting flow. (See Fig. 103). If the flow is smooth in the straight section

above the bend, the first disturbance due to the bend will start at the

points A and A^. At A, a pilling up of water will be created, at A^, a
lowering of the level. The disturbance travels with the wave velocity z/,

and hence it cannot make itself felt above the point B (see Fig. 103) where

sin
lit

vt

» j/gh

V V
(4.35-1)

Here, the shallow water formula (6.22-28) has been used for the wave
velocity; t denotes some arbitrary time and h the river depth. The
disturbances will reach the opposite bank at the points M and which
lie approximately on the radius 0 C. For the angle 0q determining the

1. koLAft, V.: Ro^pravy Ceskoslov. Akad. V6d. flada Technic. Ved 66, 105 (1956).
2. K.sapp, R. T.; Trans. Amer. Soc. Civ. Eng. 116, 296 (1951).
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Owing to the gravity force, a submerged particle has the tendency to

settle towards the bottom, regardless of whether the liquid be at rest

or whether it be flowing. During the settling process, the resistance that

the particle has to overcome may either be caused by viscous drag or

by turbulence, depending on the relative velocity of fluid and particle.

We shall investigate these two possibilities in turn.

A. Viscous Drag. In case the resistance is due to viscous forces, the

settling velocity can easily be calculated from Stokes’ law. As is well

known, the resistance ofa sphere ofradius a to flowing liquid is given

by
Fg^=6Ttatjv

where ?/ is the viscosity of the fluid and v the relative velocity between

fluid and sphere. Setting this equal to the underwater weight W of the

sphere (cf. 4.42- la)

W=^na^g{5-p) (4.42-lb)

yields the following settling velocity of the particle

2 a^{d-p)g

9 t\

(4.42-2)

If the particles are not spherical, one has to introduce a shape factor k,

and one then has
Fj^=6KKt]v. (4.42-3)

The length k can be calculated theoretically for various simple shapes.

In the case of a circular disk of radius c moving broadside on, one has^

K= 0.85 c (4.42-4)

and in the case of a disk moving edgewise ^

K= 0.556 c. (4.42-5)

The viscous drag formulas are good for particles settling in water on
the Earth of a radius up to about 0.114 mm. For larger particles, the
formulas given under (B) and (C) of this Section have to be used.

The gravity and inertial forces acting upon a spherical particle in a
moving fluid can be combined and an equation ofmotion can be deduced.
This has been done by Tchen^ who started with a discussion of the
problem of slow motion of a spherical particle under the influence of
gravity in a fluid at rest. The latter problem had been studied previously

1. Cf. Lamb, H.: Hydrodynamics, 6th ed., p. 605. New York: Dover Pub. Co. 1945.
2. Tchen, C. M.; Mean Value and Correlation Problems Connected with the Motion

ofSmall Particles Suspended in a Turbulent Fluid. Diss., Tech. Hoogesch Delft The Haeue
M.Nijhofri947. See p.73(r.

’ ^

12 Scheideggcr. TheorcUcal Geomorphology, 2nd Ed
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The settling velocity in purely turbulent flow can be calculated in the

same fashion as that for laminar flow by setting the underwater weight

of the particle (cf. 4.42-1 a) equal to the well-known expression for turbu-

lent drag :
(cf. 2.22-4) ,

(4.42-9)

(cf. also Eq. 4.43-1 in the next section), where Cq is some drag coefficient

equaE to about 0.79 for spherical particles. We then obtain

Cd Tt ^

or for the settling velocity

:

v=aI— (4.42-10)

y 3 p Cq

C. Intermediate Flow Regime. Recently, Shifrin^ gave a general

formula for the settling rate of a sphere in a fluid, which encompasses

both, the turbulent and the viscous settling formulas into one expression.

Shifrin assumes that, for low Reynolds numbers, the factor is a

function of the Reynolds number

C^=/(Re). (4.42-11)

Then, setting the drag equal to the underwater weight, one obtains^ the

following relation under steady state conditions

(4.42-12)

with

p{d~p)g
(4.42-13)

where {5-p) is the difference between the density of the sphere and that

of the fluid. We then set

F{Re)i
24

Re^fiRe). (4.42-14)

The determination of the settling velocity (or of the corresponding Rey-

nolds number) is then accomplished by a solution of the equation

F(Re)-'aa^= 0. (4.42-15)

1. See Leliavsky, S.: An Introduction to Fluvial Hydraulics, p. 36. London: Constable

&Son 1955.

2. Shifrin. K. S ; Izv Akad. Nauk SSSR, Ser. Geofiz. 1958, 280 (1958).

3. Shifrin, K.S.: The Kinetics of Precipitation. Trudy Obshch. Geofiz Obs. No. 31

(1951).
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The above investigations refer to the settling velocity of a single

particle. If there are many particles present, it may be expected that an

interaction effect occurs. The interaction between several particles

following each other whilst they are settling, has received some attention

in the literature; convenient reviews of the theory have recently been

given by Happel and coworkers^’^. In general, it is found that two

particles will fall faster than one. Experiments seem to bear out this

prediction.

4.43. Scouring Force. Another type of force of flowing fluids whose

existence is intuitively well known is the scouring force. It acts upon

particles sitting at the bottom of a stream bed.

A simple theory for the scouring force can be obtained by regarding

a particle as sitting alone on the bottom ofan otherwise smooth container

with the fluid streaming by it. It is well known that such a particle offers

a resistance to the fluid that varies with the square of the velocity (provided

the Reynolds number is high enough), as this is implicit in the momentum
transfer theory (cf. Sec. 2.22). By the principle of action and reaction this

is also the force experienced by the particle. Thus, the scouring force

acting upon the particle can be expressed as follows

F = (4.43-1)

In this equation, d is the diameter of the particle, pp is the density of the

fluid, V is the fluid velocity at the particle level and C^, is a drag coefficient,

depending on the size of the particle and on the Reynolds number.

Expression (4.43-1) is the well-known expression for turbulent drag
(cf. 4.42-9). As noted in Sec. 4.42, in the case of the particle being spherical,

the drag coefficient is given by Cp,=0.79 at high Reynolds numbers.

The scouring force will be able to move a (spherical) particle if it is

large enough to overcome the frictional resistance Fj-

Ff=^£(.Ps-pF)gh^d^

where e is the coefficient of friction, p^ the density of the particle, g the

gravity acceleration and the other symbols have the previously defined
meaning.

Equating the two forces and solving for v yields an expression for the
critical velocity of the stream which will just be able to move bottom

1. Happel, J., and R. Pfeiffer: J. Amer. Inst. Chem. Eng, 6, 129 (1960).
2. Happel,!., and H. Brenner: Low Reynolds Number Hydrodynamics. Englewood

Cliffs; Prentice-Hall (1965).
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Weightedmenn size ofgroin

Fig 105. Chart showing critical drag (ordinate) in g/m^ as function of grain diameter

(abscissa) in mm compared with experimental results (circles) from various laboratories.

After Leliavsky^

interaction between fluid elements within an eddy and the sediment

grains^. Phenomenologically, Shields^ postulated a general relation for

the critical drag force £!•,„= fforu

gcrit ^ r

\ V /
(4.43-4)

where is the sediment density, p^ the water density, the shear

velocity (cf. Eq. 4.23-2), d the grain diameter, v the kinematic viscosity

of the water and / denotes a universal function.

Measurements have been made of for various types ofsedimentary
particles. These measurements, originating from various laboratories,

have been collected byLEUAVSKY^ and the result is shown in Fig. 105.

This figure bears out a definite correlation (the circles are the values
measured by various laboratories). From Leliavsky’s graph, one takes
the following formula for the critical drag force

c7„,i=const-d (4.43-5)

where d is the particle diameter. A variety of formulas of this type has
been suggested in the literature, most of which, if dimensionally correct,
can be reduced to the form‘d (being a simplified version of 4.43-4)

giPs-pF)d
(4.43-6)

Leliavsky,S.: An Introduction to Fluvial Hydraulics. London: Constable & Sons

2. Sutherland, A. J.: J. Geophys. Res. 72, 6183 (1967).
3. Shields, A.: Mitt. Preuss. Vers. Anst. Wasserbau & Schifibau, No. 26 (1936).
4. Carter, A. C.: Critical Tractive Forces Which Start Movement of Sediment in aChannel. U.S. Bureau of Reclamation, Hyd. Lab. Rept. HYD-296 (1950).
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Pp is the fluid density and the fluid viscosity), then the resistance Fj-

is given by Stokes’ law which may be written as follows, to allow for

the various shapes of the particles (cf. 4.42-3):

Fj-=-f{Up-Up). (4.44-3)

In addition to this resistance, the particle will be subject to a force

because of the pressure gradient in its vicinity. If the Reynolds number

is high, then the Stokesian force can be neglected and one has (by

Newton’s law of motion; p is pressure):

(4.44-4)

The force F^ is then given by (mp being the mass of the displaced fluid)

F,= mpap (4.44-5)

so that the force balance equation yields {trip being the mass of the

particle)
mpap=mpap-fiUp-Up) (4.44-6)

or

dUf

dt
+^Up=pup+y

dup

dt
(4.44-7)

where ^ is some coefficient (depending on / and the particle inertia) and

y=PF/Pp- (4.44-8)

Friedlander now obtains the rate ofeddy diffusion qfthe suspended

particles by expressing their mean square displacement Xp as a function

of time. The distance travelled by a particle which at t=0 is at the posi-

tion x= 0, is obtained by integrating equation (4.44-7):

f UpiT) (4.44-9)
P 0 P

Squaring and averaging this yields

^P+^lup{T) lup{t)- upol
P 0 P

~ J J ^f(^) ^^2
0 0

-l ^ J Uf (TlfUf (t)— Wfo] dT
P 0

.
yHiip-Upof

+ j,
.

(4.44-10)
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function for small particles able to follow the fluid, and the Eulerian func-

tion for particles which remain almost fixed.

At any rate, the existence of diffusion in turbulent flow provides a

means for keeping particles in suspension against gravity.

4.5. Sediment Transportation

4.51. General Remarks. Sediments in a river are mixtures of particles

of various kinds, sizes and shapes. Mechanically, the “kind” of particle

expresses itself in the grain density p^, the size by its largest diameter d

and the shape by some measure of ellipticity. Measurements of these

properties consist in sieve analyses leading to weight-fractions etc.^

The particles making up the sediment-mixture in a river are often

subject to Rosin’s ^ law, expressible by the equation

R = me-^^” (4.51-1)

which can be directly obtained from probability considerations^. In

Eq. (4.51-1) R is the weight percent retained on a sieve of mesh x, and b
and n are constants for any given material. For the study of sedimentary

structures, the orientation of grains relative to each other and in space

is ofimportance, but in the present context, this is not ofmuch significance.

There are two fundamentally different modes by which sediment can
be transported in a river. These modes are called suspended sediment

transportation and bottom sediment transportation. In the former, the

particles in transit are in suspension within the river, whereas in the

latter they are dragged along at the bottom. The transitional stage

between these two modes of sediment transportation has been called

saltation; in it particles perform jumping motions.

The characteristics ofsediment transportation have been described in

various places in the literature. Much information is contained in

general textbooks on river bed processes In addition, the problem

1955

1. a. e.g. Griffith, J. C.: I Geol. 69, 487 (1961).

2. Rosin, P, O., and E. Rammler; Kolloid-Z. 67, 16 (1934).

3. Krumbein, W. C, and F. W. Tisdel: Amer. J. Sci. 238, 296 (1940).

4. Hjulstrom, F.: Bull. Geol. Inst. Uppsala 25, 221 (1935)
5 Meinzer, O. E. (ed.): Hydrology. New York: McGraw-Hill Book Co. 1942.
6 Leuavsky, S.: An Introduction to Fluvial Hydraulics. London; Constable & Son

7. Bliznyak, E. V.. and A. Yufin. TajppoBwm coopymeaaH a RHHaMHKa
petHHx pyceJi. Moscow: Iz-vo Akad. Nauk SSSR (1959).

8. Kondrat’ev, N. E., A. N. Lyapin, and I. V. Popov: PycJiOBOil nponecc. Lenin-
grad; Gidrometeoizdat (1959).

9. Velikanov, M. A.; HiiHaMHKa pycJiOBUx noTOKOB. 2 Vols. Moscow; Gos Iz-vo
Tekh. Teoret. Lit. 1954- 55.

10. Velikanov, M. A.; PyaioBoii npoaecc. Moscow: Gos. Iz-vo Fiz.-Mat. Lit. 1958.
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and that the vertical concentration of the particles is therefore subject to

a diffusivity equation. This leads to the diffusivity theory of suspended

sediment transportation. The second theory is based directly upon the

dynamics of the supporting stream. This leads to the gravitational theory

ofsuspended sediment transportation. We shall discuss these two theories

in their turn.

Let us discuss first the diffusivity theory. As noted above, the mass

exchange in turbulent flow may be regarded as analogous to diffusion

(cf Sec. 4.44). We therefore start with a suitable diffusivity equation for

the vertical particle density which might be written as follows:

dn d

dt dz
(4.52-1)

Here, n is the particle number per unit volume, (pis a. suitable diffusivity

factor, f is time and z is the vertical co-ordinate. Every particle, if left

alone, will tend to settle downward with the settling velocity w; hence

the above diffusivity equation should apply only in a system which is

moving downward with the velocity w (assuming that all particles have

the same settling velocity). Hence, in a rest system (co-ordinates y,t),

the diffusivity equation becomes

where

dn d / dn\ dn

dt dy V dyj'^^ dy
(4.52-2)

y—z—wt. (4.52-3)

Eq. (4.52-2) is the well-known diffusivity equation with a mass trans-

port term.

Seeking a steady state solution, one obtains

dn
(p-^+nw=0. (4.52-4)

An inspection of the last equation shows that it can be interpreted as a
continuity equation: in a steady state, the rate of particle settling (nvv)

must be exactly balanced by some quantity which must be equal to the
rate of particles being transferred upward by the turbulence. Hence, (p

must be the turbulent transfer coeflicient for the particles.

One could have arrived at the above relationship also directly by
writing down the balance equation for the particles^

dn
(4.52-5)

1. Vanoni, V. A.: Trans. Amer. Geophys. Union 22, 608 (1941).
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of the Stream^ The above equation applies to a suspended load where
the particles are characterized by the settling velocity tv. In a mi,xture of
particles, one has to sort out the individual fractions.

A similar relation was obtained by Conover and Matalas employing
a statistical model of sediment transport

In an attempt at checking Eq. (4.52-1 1) experimentally, Vanoni found
that, in absolute terms, the agreement is not very good. However, the
general shape of the curves found experimentally agrees reasonably well
with that postulated by the theory.

From a practical standpoint, it is extremely important to proceed
from the above formulas (which explain the distribution of sediment
with height in a stream) to a quantitative expression of the carrying
capacity of streams with regard to given sediment sizes. An attempt in
this direction has been made by Einstein^, simply by integrating the
last equation over the vertical, assuming that in the horizontal direction,
the speed of the particles is identical to that of the surrounding fluid
corresponding to Eq. (4.52-10). He obtained

:

where r/, is the sought-after sediment flux. This integral cannot be
expressed in closed form, it can only be evaluated numerically. For this
purpose, tables supplied by Einstein^ must be applied. Furthermore, the
mtegral cannot be valid down to the bottom of the bed but must be
broken off at the “laminar sublayer” since it becomes infinite.

inspection of the above formula immediately shows up the
auhculttes that are inherent in the method. First of all, the integral is
extremely sensitive to the lower limit of integration. Second, the concen-
ration of sediment at the level enters as a parameter into the formulas
It IS therefore impossible to calculate, say, the total amount of sediment
suspended m a particular stream: one must always have at least onevalue that is measured.

The “diirusivity" theory of suspended sediment transportation is
hypothesis that an exchange coefficient exists

860 Gcolog. Survey Profess. Papers 575-B,

CluidSZ’u Transportation in Openoxvs, U.S. Dept. Agrte. Soil Cons. Serv. Tech. Bull. No. 1026, 71 pp. (I 950).
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has for instance been given by Chien ^
. There are essentially three theories

of bottom sediment transportation which may be called the drag theory,

the bedload function theory and the Meyer-Peter theory. We shall discuss

these theories in their turn below.

A. Drag Theory. It is expectable that the scouring force discussed in

Sec. 4.43 would cause movement of bottom sediment. Theories of bot-

tom sediment transportation based upon this scouring force are called

drag theories.

Accordingly, the forces acting upon a bottom particle are

(i) The gravity force as given in (4.42-1), acting vertically downward

W={M,-M^)g (4.53-1)

where denotes the mass of the particle under consideration and My
the mass of the displaced fluid.

(ii) The scouring force from (4.43-1):

(4.53-2)

where vy denotes the fluid velocity and the velocity of the sediment
particle. The scouring force acts parallel to the stream bed.

(iii) The bottom friction force due to the friction of the particle at the

bottom, acting parallel to the stream bed. This can be represented most
easily in terms of a frictional coefficient e (cf. Sec. 4.43)

Fj-=—eW cos a (4.53-3)

where a denotes the angle of the stream bed with the horizontal.

According to the drag theory, these are all the forces that act upon
the sedimentary particles, provided forces due to the acceleration of the
flowing water are neglected.

The equation of motion for the particle can be obtained in the usual
fashion by equating all the forces acting in the direction of the stream
bed to the product ofmass and acceleration of the particle;

— (Mj—My) eg cos a.

For the steady-state case one postulates dvldt=Q, and hence one has

(Mi-Mf) (sin a- e cos oc)

.

(4.53-5)

l. Chien, N.; Proc Amer. Soc. Civ Eng. 80, No. 565 (1954)

13 Scheidcgger, Theoretical Geomorphology, 2nd Ed
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The rate at which particles of a given size are eroded from the stream

bed is proportional to the number of such particles present and to the

probability of each particle being eroded. If i* denote the fraction of

(resting) bed sediment of the size range considered (characterized by the

“diameter” d), then the number of particles per unit area is

where is a corrective coefficient so that Ay d} is the exposed cross-

section. Ifwe denote by p the probability of erosion of a particle, and by ty

the time necessary to replace a bed particle by a similar one {exchange

time), then the number of particles eroded per unit time and area is

Ne

=

ib pKA h) (4.53-8)

The exchange time may be assumed to be proportional to the time

necessary for a particle to fall in the fluid through a distance equal to

its own diameter; thus (with w=settling velocity; cf. 4.42-10)

w

dp.

giPs-Pf)
(4.53-9)

(where Pj. is the density of the fluid and p^ that of the particle) so that the

number Ne referred to above becomes

Nr
Ayd^Aj 1/
hP \ SiPs-^

dp.
(4.53-10)

If there be dynamic equilibrium in the stream, then the number of

particles eroded per unit time (Ne) must be equal to the number deposited

(iNTj). The latter number can be calculated as follows.

The rate at which particles of the given size move through the unit

width of the stream is ig where qg equals the rate at which the bed

moves per unit width and ig is the fraction of particles of the given

size in the tnoving bed. All the particles of the given size (diameter d) per-

form “jumps” of length d. When these particles pass through a parti-

cular cross-section of the stream, it is not known where in its “jump ” each

of the particles is. It must be assumed, therefore, that a particular particle

may be deposited anywhere in an area of length Ag d and unit width

downstream from the cross-section under consideration. Ifqg is measured

in dry weight per unit time and width, and ifA2 d^ is the volume of each

particle, then

(4.53-11)
9b *b

AgdA2d^ p,g

Equating Ng to Nj yields the bed load equation:

^b9b

Ps^i^Lgd* A^Ayd^
jfcP \/ gjps-pf)

do.
(4.53-12)

13*
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Eq. (4.53-18) represents the average lift. The instantaneous lift is

subject to random fluctuations which can be expressed as follows:

A„st.=4veJI+^) (4.53-20)

where tj is some random function. The last equation can be further evalu-

ated by introducing the value for u from the various theories presented

earlier, in terms of the (energy) slope S and the hydraulic radius R.

—ss
Fig. 106. Einstein’s ‘ relationship between 'F and 0 (note W is essentially l/v^ with v mean

river velocity; is bed load velocity)

Einstein assumes that tj follows a Gaussian distribution where the

standard deviation i/q is a universal constant. Then the probability p is

equal to the probability of W/L to be smaller than unity. What one ends
up with, thus, is a relationship between

(note that ¥ is essentially 1/v^ with v equal to the mean river velocity)

and (or 0) in which some constants enter. It is

1 \ e dt
A^0

1 0
(4.53-22)

This relationship, in essence, represents a relationship between bedload
movement and flow intensity. Einstein’s plot of it is shown in Fig. 106.

The constants are ^

A^=43.5

5* =1/7 (4.53-23)

»?o=l/2.

1. Einstein, H. A.: The Bed-Load Function for Sediment Transportation in Open
Channel Flows. U.S. Dept. Agric. Soil Cons. Serv. Tech. Bull. No. 1026, 71 pp. (1950).

1 The equation (4.53-22) and the values for the constants are given here as corrected
by Chien, N.; Proc. Amer. Assoc. Civil. Eng. 80, No. 565 (1954).



(SMi) I ‘Z xipusddv ‘uiioqjjoois ‘‘ss-a

•iDnJJS
'oossv 'JUi ‘SupsspM pu^ ‘subjx ;HHnniAi -3 puB ‘-g ‘BHing-^Aap^i 'z

•(i^eei)

l^pi
‘£r°N ‘^01 SjznBg -zisMqDS iNiaiSNig-H puB aBAvg’H ‘ H ‘^aiag-HHAapM ’I

(K-£J-t') •

i^-)
ff+P("''--‘^K=S

^(1)
y'd

spBSJ usq} BinuiJOj aqx 'SSsuqSnoj puuBqo joj junooDB oj os^b

puB Aisusp jusiuipss JO 103JJ3 sqj opnpui oj sjsaj iBouiduis jsqjjnj uiojj

Qoipnba sAoqB sqj pszipjouoS oABq jSJ93{joa\oo puB H3X3ti--aaA3iAi

'V0= q

(/,3'SSb) ^_09S ^_iu^Syf ij =v

3JB SJUB1SU03 aqj JO san]BA aqj ‘uisjs/Cs s-if-iu sqj uj -(^-aanniAI

puB HaX3(I-^I3A3JAI J3JJB) LQ\ ui pSJBJJSUOUISp SI uoijBiqis sqx

(92-es>)
-p/isq+v=p/ibs

/(q u3Aig 3uq jqSrejjs

B JB3U qB qsj ssojnos snoiJBA uiojj sjuiod guijjnssj sqx 'puooss jsd puB

paqjo qjpiA\ jiun jad pajJodsuBJj pBojpsq sqj jo ssbui y{jp sqj si 9J3qA\

(S3-£?t) P/P=D

£) jsuibSb 5 XjpuBnb aqj pspo^d sisqjoMoo puB

Haiad-HHAajAI '(auip pun jad puB paq jo qjpiM pun jad guiAvoq jajBM jo

ssbui) XpjuBnb agjBqosip oijpads aqj si puB sapijJBd aqj jo japuiBip

aqj SI p ‘adois aqj si s 'P^^n ajBos aqj jo juapuadapui aq ppoqs

(t^r-est) P/Sib=^

Q i(}ijUBnb aqj jBqj pajaadxa aq y^Bui ji ‘aping

B SB XjiJBfimis JO MBi s.aanoHj Suisfj ’sjuauiuadxa jJodsuBJj uodn pasBq

SI qoiqM ifjoaqj |BDiJiduiaiuias b si jj \ .^sjaqjoMoa puB H3X3(j-'aaAaiAi i(q

padopAap jBqj si XjUBjndodjo junouiB ajqBjapisuoa b pauiBjjB SBq qaiqM

uoijBjJodsuBJj pBoj paq JO Xjoaqj pjiqj aqx 'vpniuoj Adjdj-d3/(dp^ j

•sanjBA ]B0uauinu

1D3JJOO aqj jB aAiJJB oj jpoqjip y^joA aaijOBid ui si ji ‘soijsuajDBJBqa sji

UIOJJ jaAij B JO jJodsuBJj pBoj paq aqj ajBfnojBo oj ajqissod ajdpuiid ui

Sj ji qgnoqjp ‘snqx 'panijap ipA\ XiaA jou ajB sjubjsuod

jBSjaAiun aqj ‘pjiqx '/h ui pajBjodioaui aq Xbui qaiq/A ‘‘oja ‘sauo

3§JBi pmqaq guipiq sapijJBd qBuis jo jaajja aqj ‘sjuqpuBS aqj jo joajja

aqj JOJ junoooB oj sjojdbj uoijoajjoa snoiJBA saAig NiaxsNig ‘puoaag

•JOAiJ aqj JO snipBj oijnBjpXq aqj si ajaqj qB jo jsjig -ji ui sjajauiBJBd

snoiJBA ajB ajaqj jBqj pajou aq pjnoqs ji ‘jo]d s,Mi3XSNig guisn uaqyw

uoijBjjodsuBJX juauiipas 86T



Fig. 107. The Meyer-Peter line in comparison with a series of experimental results. After

Meyer-Peter and Muller*

Here, all the symbols have the previously defined meaning; in addition

R is the hydraulic radius of the channel, Ps,Pf are the densities of sedi-

ments and fluid, respectively, and g is the gravity acceleration. A and B
are constants, and the ratio kjk^ is indicative of the roughness of the

channel (the ratio decreases with increasing roughness). The modified

Meyer-Peter formula (4.53-28) is dimensionally homogeneous so that A
and B are dimensionless constants. Their values are^

/I =0.047

5=0.25.
(4.53-29)

It has been shown by Chien^ that the empirical (modified) Meyer
Peter formula, in fact, gives results which are in excellent agreement witl
the Einstein bed load theory. A comparison of the results is shown ir

1. Meyer-Peter, E , and R. Muller; Trans. 2nd Meet., Int. Assoc. Hydraul. Struct
Res. Stockholm, Appendix 2, 1 (1948).

2. Chien, N.; Proc. Amer. Soc. Civ. Eng. 80, No. 565 (1954).
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—’-Appliedstress

Fig 110. Relation between transport rate, frequency of occurrence, and effectiveness of an

erosional process. After Wolman and Miller*

the bed; in order to obtain the total sediment load composition, an

appropriate summation over each fraction has to be performed.

Based upon the above empirical relationship, Laursen was able to

predict, at least within an order of magnitude, the composition and the

amount of sediment load in various creeks in the United States.

Another semi-empirical attempt at finding the total load in a river

is by establishing a relationship between total load and the apparent bed
load; the latter being more easily measurable. Flume experiments to

achieve this have been reported by Stein
At this juncture, it might be attempted to deduce theoretically the

cumulative erosion taking place in a drainage basin over a long period of
time. The discussion by Laursen gives only the total load as a function
of discharge; however, the discharge changes with time. It is thus neces-
sary to obtain a frequency curve for discharge values that may be observed
in a drainage basin, as it is apparent that the frequency of occurrence of
an erosive process is just as important as its magnitude. This has been
pointed out, for instance, by Wolman and MillerL The situation is

illustrated in Fig. 110. The total of the erosive processes in an area can be
determined if one combines the frequency distribution of each discharge
rate with the corresponding carrying capacity. No tests, however, seem
ever to have been made to investigate whether the total denudation rates
listed in Sec. 1.43 are reasonable in terms of the observed discharge rates
of the streams in the corresponding areas.

I Wolman, M. G
, and J. P. Miller; J Geol. 68, 54 (1960)

2. Stein, R. a.: J. Geophys. Res. 70, 1831 (1965)
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Liu was not able to substantiate his claims by an actual calculation

of the size of the ripples as a function of the size of the bed-particles and

the flow velocity. His explanation of the bottom ripples in rivers must

therefore be regarded as a conjecture.

A similar approach, treating the formation of sediment ripples as an

instability phenomenon, has been reported by Kennedy L This analysis

led Kennedy to the hypothesis that ripples result from a perturbation

of the bed load movement, whereas the larger dunes result from a

perturbation in the movement of the suspended sediment load.

Another theory of ripple formation has been proposed by Anderson^
who assumed a resonance effect between the river bed with waves on the

surface of the water. The surface waves were assumed as corresponding

to those found by the laminar flow theory. Anderson’s theory is there-

fore similar to the theory of particle movement on beaches to be dis-

cussed in Sec. 6.43. A similar attempt was made by Kondrat’ev^.
However, the application oflaminar flow theory to sediment ripple forma-

tion in a river is questionable, since it stands to reason that the ripples are

intimately connected with the turbulence of the water.

Another approach to the problem of sediment ripple formation has
been taken by Velikanov'^. The latter author assumes that there is a

connection between the bottom ripples and the large-scale turbulence
in a river. Commonly, the statistical theory of homogeneous turbulence
is applied to the turbulence which is present in a river only in the high-

frequency end of the spectrum. The low-frequency part is not homo-
genous and it stands to reason that the velocity fluctuations will come
into resonance with the walls. Unfortunately, the statistical theory of
turbulence has not been develped to such an extent where the question
as to the form of turbulence could be posed. However, it has been shown
by Velikanov and Mikhailov^ by direct measurements that the periods
of the fluctuation of the turbidities are very close to the periods of the
large-scale velocity fluctuations and these in turn to the periods of the
sand ripples just when the latter begin to be formed.
A completely different approach to the problem of ripple formation

has been taken by Langbein and Leopold® who noted that during the
downstream movement of sediment, individual particles will tend to

1. Kennedy.J.F;! Geophys Res. 69, 1517(1964).
2. Anderson, A. G.; Proc. Third Midwest. Conf. Fluid Mechanics, Univ. Minnesota

P- 379 (1953).

3. Kondrat'ev, N. E : Trudy Gos. Gidrol. In-ta No. 116, 3 (1964)
4. Seee.g.VEUKANOv,M.A.Tzv.Akad.Nauk,SSSR,Ser Geofiz 1957,No. 1,71(1957).
5. Velikanov, M. A., and N. A. Mikhailov: Izv. Akad. Nauk, SSSR, Ser Geoer

Geofiz. 1950, No. 5 (1950).

'
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where v is the mean flow velocity, R the hydraulic radius of the river and

Ki, K2 are constants. Henceforth R will be assumed as equal to 1 (i.e.

the river “depth” is approximately taken as unit length), so that H
represents the “relative” roughness; it is a number H 1.

An obstacle of height H creates turbulent velocity fluctuations u' of

magnitude (cf. Eq. 2.24-7
;
neglecting /?)

const w' — H. (4.63-3)

Furthermore, the carrying capacity of a river must be constant over

the whole rippled bed; an inspection of (4.52-6) shows that for this to be

the case, the ratio of the settling velocity vv to the turbulent diffusion q)

must be constant. However, from Eq. (4.42-2) we have

(4.63-4)

where d is the grain diameter, and from Eq. (4.44-1) we have

(4.63-5)

Therefore, we have a constant carrying capacity if

(4.63-6)

Thus, taking (4.63-2), (4.63-3) and (4.63-6) together, we obtain

d (log H)^+small terms~H^ (4.63-7)

where the last proportionality results if the upper bound is taken instead

of the logarithm of H. Thus, the empirical relation (4.63-1) has been

explained.

4.64. Concept of Graded River. From the above discussion of the

mutual interaction between a river bed, the total flow and the sediment

transported therein, it becomes obvious that the problem of finding the

correct relationship between these phenomena is a very difficult one.

People have therefore tried to at least establish the conditions for

channel-equilibrium empirically.

Thus, the notion has been introduced of a river being “at grade”. By
this term one understands a condition of dynamic equilibrium in river

flow in which just as much material is being deposited in the river bed
as is being eroded (in the average over several seasons). In engineering
use, this condition is often referred to by saying that the river is “in
regime” rather than “at grade”. The concept itselfgoes back to Gilbert^
and Davis who worked before the turn of the century^.

1 Gildert, G. K. ; Report on the Geology ofthe Henry Mountains, Washington (1877).
2. See for instance: Mackin, J. H.: Bull Geol Soc, Amer. 59, 463 (1948).
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terms of the total discharge Q, and the constants c, s, B. The values of

these constants pose some problem. From the wealth of data pertaining

to canals in the alluvial plains of India, Blench concluded that, in British

engineering units, the value of cg/v^ averages 2080 when v equals 10~®

(water in British engineering units). The lowest value of B found in

Indian canals is about 0.6, the highest 1.25 with 5=1.00 representing

a good average. Finally, the value for s turns out to be equal to 0.3 for

glacial till, 0.2 for silty clay-loam material, and 0.1 for material with

little cohesion.

It may be remarked that the first equation of regime theory (i.e.

Eq. 4.64-1) is equivalent to the statement that stable flow is only possible

if the Froude number

(where R is the hydraulic radius of the river, equal to h for wide rivers)

is less than a certain critical value. This is a condition of the regime
theory which has often been used by geologists. It is then generally said
that for Froude numbers below a certain critical value (in the neigh-
borhood of /), one has turbulent flow in which stable conditions are pos-
sible; for Froude numbers above the critical value, one has turbulent
flow in which stable conditions are no longer possible. Bottom slopes
that produce flow at a subcritical Froude number are then termed mild,
otherwise they are termed steep.

The regime theory, as is evident from the discussion above, only
establishes conditions for the existence of equilibrium. It does not’ how-
ever, specify how this equilibrium is being attained ifone starts with non-
equilibrium conditions.

4,65. Longitudinal Profile of a River. One may now ask himself what
the general form of the river bed slope would be from source to mouth
or, at least, from the beginning to the end of a given limited reach.
Since the river bed is very much like an erosional “slope”, it may be
permissi^ble to postulate a similar law for the slope angle as was done
in Sec. 3.45. Thus, using the general principles employed in Sec 3 45
one again ends up with a slope equation of diffusivity-type identical to
that given as formula (3,45-12). Unfortunately, this equation cannot be
^sily handled since its solution contains an error function complement
However, we have already mentioned in Sec. 3.45 that its main significance
IS that It predicts that the (accumulative part of the) slope decreases with
increasing distance. In analogy with the procedure of Sec. 3.45, one might

mo^s^
postulate an exponential law which may be written as

•S'=5oexp(-aL).
(4.65-1)

H Schcidcgger. Thcoretiiyl Georaorphology, 2ad Ed
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ences and subject to external constraints generally leads to equations

of this type. The theory in question is of utmost importance with regard

to the evolution of drainage basins and will therefore be developed in

the latter context. The reader is referred to Sec. 5.83 of this book for

further details of the application of the general theory to river profiles.

Peculiar phenomena occur if there are abrupt changes (“knick-

points”) in the bed-slope of a river. In this case, the flow is nonuniform

(cf. Sec. 4.25). The conditions obtaining in such cases can be discussed

in terms of the regime theory. Above a knick-point, the river slopes are

“mild” (in the sense of Sec. 4.64), below it, “steep”. Hence, no equilibrium

Fig, 112. Recession and disappearance of a knick-point in an experiment representing a

river bed After Brush and Wolman '

is possible below the knick-point and the latter must wander upstream.

Experiments to demonstrate this have been reported by Brush and
Wolman ^ A typical result obtained by these authors is shown in Fig. 112.

In every experiment, the knick-point wandered upstream and eventually

disappeared.

4.66. Transverse Profile of a River. We now come to a discussion of
the development of the transverse profile in a stable river. This question
is tied up with the cross-circulation across the river bed.

The problem of the development of the transverse profile in a stable

river has been analyzed some 40 years ago by Koechlin^, and some-
what more recently in investigations by Ibad-Zade^, Pokhsraryan'^
and Bretting^. In these investigations, a force-balance equation was

1. Brush, L. M., and M. G. Wolman: Bull. Geol. Soc. Amer. 71, 59 (1960)
2. Koechlin, R.: Mecamsme de I’eau et principes generaux pour I’etablissement

d’usines hydroelectriques. Paris 1924.

3. Ibad-Zade, Yu. A.: Gidrotekh. Stroitel. 1952, No. 12 (1952).
4. PoKHSRARyAN,M. S.: Izv. Akad. Nauk Armyan SSR, Ser Tekh Nauk 10 No 6

85 (1957);U,No.6,31 (1958).
’ ' ’

5. Broting, A E.. Acta Polyt. Scand. Ci 1 (245/1958) (1958).

14*
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(b) the “transverse drag force” V (cf. Fig. 113) which is perpendicular

to the flow velocity and perpendicular to the profile-cross-section

(4.66-2)

where c, is a “transverse drag coefficient”;

(c) the underwater weight P of a particle

P=s(S-p)~ (4.66-3)

where d is the density of the particle and g the gravity acceleration;

(d) and finally the frictional force (cf. Eq. 4.43-2)

F—siP„—V cos Ip) (4.66-4)

where P„ is the component of P normal to the bed

P„~Pcosci (4.66-5)

(a being the bed slope angle, cf. Fig. 1 14) and ip is an angle as shown in

Fig. 113. Furthermore, e is a coefficient of friction.

Fig. 1 14. Geometry of the bottom-profile of a river. After Pokhsraryan ‘

One can now express the condition of force balance for a particle on
the surface of the bed which must obviously be satisfied in a stable

channel. This yields

[( IFcos t/t- Fsin 1^)cos^3
-

-}- [(IKcos (A
- Fsin ^^) sin^ -f i?] ^= p- (4.66-6)

where is the tangential component of the underwater weight:

P sin a. (4.66-7)

I Pokhsraryan. .M.S.; Izv. Akad. Nauk Armyan. SSR, Ser. Tckh. Nauk 10 No 6
S5 (1957); 11. No. 6. 31 (1958).

’ ' ’
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Hence:

(466-15)

Using now an analogy with Chezy’s relationship (cf. 4.22-10) em-
bodying

D^^c/hS, (4.66-16)

(4.66-17)

and employing formula (4.22-13) for c, Pokhsraryan sets

(466-18)

Inserting this into (4.66-15) yields an equation for a and hence the bottom
profile can be found theoretically by an integration. Neglecting the
factor c,/(cj-mo) (no transverse drag force), Pokhsraryan obtained the
following approximate expression

(4.66-19)

In this equation, h' and x' are relative coordinates, both varying from
0 to 1 (b being the width of the river).

An approximation integral of this is

=Wo j^arccos (arccos b' -f /i' j/l-h'^)

~
64mf

/f+ 3/j' 2 2 b'
^-/u^)

j

.

(4.66-20)

A comparison of the calculated values with experimental observations
is shown in Fig. 115.

The above analysis is valid only for a straight stretch of river where
P^^sent. The analysis, however, can beextended to river bends where such a circulation is present - in which
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supplies a series of tables giving the numerical results which he obtained.

He claims good agreement with tests; a representative result obtained

by him is shown in Fig. 117.

I

I

Fig. 117. Comparison of measured values of a river profile with those calculated according

to Bretting’s theory. After Bretting ’

4.67. Scaling of River Bed Processes. An inspection of the discussion

of river bed processes presented up to this point makes one recognize

that it is possible only in a very few cases to give an actual physical theory

of the phenomena that have been observed. Even if such a theory can

be given, it is usually found that it involves many constants which have

to be determined empirically. As usual in circumstances where the

available theories are inadequate, it is useful to take recourse to model

experiments. The problem therefore arises how best to scale river-bed

processes.

In order to develop suitable scaling laws, one may assume as a first

approximation that gravity forces and turbulent forces are the only

forces that are acting in river bed processes. This leads immediately to

the condition that the Froude numbers F,

(4.67-1)

(svhere u is a characteristic velocity, I a characteristic length and g the

gravity acceleration) must be equal in the prototype and in the model.

One can prove this easily as follows. In order to scale any force /,

Newton’s law of motion (?« denotes mass, v velocity, t time)

/=m
do

dt
(4.67-2)

has to be satisfied equally in the model as in the prototype. This implies

the following conditions for the scaling ratios of force {(tf), mass (a,„),

length (a,), lime (a,) and velocity (a„):

am ar- = ay.

Bretting, a. E.: Acta Polytech. Scand. Ci I (245/1958) (1958).

(4.67-3)
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present. Thus, in addition to Froude’s criterion, other conditions,

corresponding to the various sediment transportation formulas, have to

be used. Investigations into various possibilities have been made by

numerous people. Nazaryan^ and coworkers based their scaling law on

a generalized Manning (cf. 4.22-3) relationship

v^fS (4)"vsM (4.67-15)

where, as usual, v is the average velocity, h the river depth, d the particle

diameter and S the slope. The quantities n and p are empirical constants.

This leads immediately to the following scaling law:

(4.67-16)

where the a’s again denote the scaling ratios of the quantities indicated

in their indices. In addition, Kazaryan et al.^ based further scaling laws

upon some morphometric formulas of Velikanov^.

Similarly, Einstein and Chien^’*^ also used the above generalized

Manning formula, but, in addition, based further scaling laws upon the

bed load function theory outlined in Sec, 4.53 (e,g. the condition that

the dimensionless functions and 'P introduced in Sec. 4.53 remain the

same in model and prototype, immediately yields two scaling laws).

All in all, Einstein and Chien ended up with 9 conditions for 10 in-

dependent scaling ratios, which were later modified somewhat by

Bogardi^.

Other attempts at setting up scaling relations for special conditions

have been reported by various authors

As with all model experiments, the latter never explain any physical

facts but only make their characteristics accessible to laboratory in-

vestigations.

1. Nazaryan, a. G., M. S. Pokhsraryan, and M.I. Ter-Astabatsatryan; Izv. Akad.
Nauk Armyan. SSR. Ser. Tekh. Nauk 12, No. 5, 60 (1959).

2. Velikanov, M. A.; J(HHaMHKa pycaOBHX dotokob. Gos. Izd. Tekh. Teoret Lit.

(1955).

3. Einstein, H. A., and N. Chien: Trans. Amer. Soc. Civ. Eng 121, Pap. 2805, 440
(1956).

4. Chien, N.: Academia Sinica, Bulletin No. 1 (1957).

5. Bogardi,!.: Acta Tech. Acad. Sci. Hung. 24, No. 3- 4, 417(1959).
6. Razumikin, N. V.: Vestn. Leningr. Un-ta No. 24, 93 (1960).

7. Yalin, S.: Dtsch. Wasserwirtsch, 50, 244 (1960).

8. Chauvin, J. L.: Bull Centre Rech. Essais Chaton. No. 1, 64 (1962).

9. Amorocho, J., and W. E. Hart: J. Hydrol. 3, 106 (1965).

10. Zeller,;.: Schweiz. Bauztg. 83, No. 42 (1965).

11. Znamenskaya, N. S.: Trudy Gos. Gidrol. In-ta, No. 136, 45 (1966).
12. Bruun, P.- Bull. Geolog Soc. Amer. 77, 959 (1966).
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Fig 118 Fig 119

Fig 118. Loss of length correlated with loss of diameter of a spheroidal pebble during

contrition. After Lord Rayleigh ‘

Fig. 119. Ultimate shape of a block of marble (shown on top) being contriturated by steel

fragments (center) and by an artificial pot-hole mill (bottom) One-half of natural size

After Lord Rayleigh^

mostly interested in the shape that pebbles adopt during their contrition.

For this purpose, he made artificial pebbles of chalk and contriturated

them by placing them into a metal box together with various kinds of
abrasive particles (such as hexagon nuts). The box was kept in slow
rotation. The result was that, if a spheroidal shape of pebbles was used
to begin with, the shape did not change very much during the experiment.
A curve of one of Rayleigh’s runs is shown in Fig. 118. The cross in that
figure indicates the direction of a straight line which would correspond
to the pebble retaining its original length-to-diameter ratio. Not all

experimental runs of Rayleigh’s gave such a result; in most cases it

was found that the pebbles became more spherical.

In his second paper. Lord Rayleigh repeated the experiments with
a block of marble being contriturated by steel fragments. A typical

1. Rayleigh, Lord: Proc. Roy. Soc A 181, 107 (1942)
2. Rayleigh, Lord: Proc. Roy. Soc. A 182, 321 (1944).
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there, has been provided by Lokhtin^ In this approach, it has been

assumed that for any single river, there exists a constant coefficient of

fixation Cp defined as follows:

Cp=^d/S (4.73-2)

where d is the diameter of the pebbles and S the corresponding slope.

The reason that this coefficient is assumed to be constant is that, by its

definition, it represents the ratio of two forces: (i) of the resistance of a
pebble to being moved which is proportional to its weight and hence
to d^ (cf. 4.43-2) and (ii) of the scouring force which tends to propel the

pebble which is proportional to d^v^ (cf. 4.43-1) and, in view of the

Chezy relation (4.22-10) to d^S. If a river is in any sort of dynamic
equilibrium, Lokhtin reasons that the ratio of these two forces, and
hence the coefficient of fixation Cp, must be constant.

Equation (4.73-2), if the left hand side be assumed as constant, yields

a law for the size distribution of pebbles in rivers. Taking again the

weight W instead of the diameter d as the criterion of pebble size,

Lokhtin’s relationship yields:

IF=const S^. (4.73-3)

This becomes a relation for the pebble gradation with distance L from
the source of the river, if S is inserted as a function of L. Lokhtin
assumed that this would be done empirically. However, we have noted
in Sec. 4.65 that Shulits postulated a general law for the decrease of
slope angle in a graded river which he writes as follows (cf. 4.65-1):

S^Soe-^^. (4.73-4)

Using Shulits’ equation, Lokhtin’s formula becomes

W— const (4.73-5)

where a is a new constant (equal to 3 a). It should be noted that this has
the same form as the Sternberg formula, but the physical explanation
of this equation is totally different.

4.74. Gradation by Differentia) Transportation. The theory of pebble
gradation given above is essentially a heuristic one. It would appear as
desirable to set the same basic idea upon a sounder mechanical basis.

This has been attempted by Sundborg^ who showed how a sedi-
mentation formula can be deduced in the following fashion. Let (p(w)
denote the ratio of the number of particles in a certain interval of grain

L LokhtiKe), V.; Sur ie mecanisme du In fluvial. St. Petersburg 1897.
2 SUNDBORG.A.. C.R. Ass. Toronto, Assoc. Hydrol. Sci, U.G.G.I., 1, 249

(1957).
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independence of 5,j,(0) and (p{w) of w constitutes a great oversimplifica-

tion. SuNDBORG* has given graphical curves for the determination of

these quantities which are based upon observational data.

4.75. Evaluation of Theories of Pebble Gradation. It remains to give

an evaluation of the various theories of pebble gradation presented

above.

Starting with Sternberg’s formula, we note that the latter describes

the facts accurately enough. A comparison of observational data with

Sternberg’s formula has been given, for instance, by Leliavsky^ for

Fig 120. Relation of pebble weight IF with distance L from source for the river Rhine,
as plotted by Leliavsky ^

the river Rhine. The measured points (pebble weight VV as a function of
distance L from source) fall fairly well onto a straight line on semi-
logarithmic paper (see Fig. 120) which indicates the phenomenological
validity of Sternberg’s formula. In the particular case of the Rhine,
one obtains from Fig. 120:

a=0.01km"‘. (4.75-1)

However, it is not at all certain whether the physical postulates usedm the deduction of STawBERG’s formula, are acceptable, particularly in
view of the fact that LoKmiN's theory, which is based upon an entirely
different physical model, leads to an identical theoretical result. Whether
Sternbergs physical model is acceptable depends on whether the
asbumption that the contrition of a pebble is proportional to its size is

1955.

1. SuNDBORo, /V: Gcografibka Ann. 38, 127 (1956)
1 Leliavsky, S.: An Introduction of Fluvial Hjdraulics. London: Constable & Co.

tS St.*., Thcircticjl GcomorrLolo;\. i'*! Ed,
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The percentage weight loss over 16 km corresponding to the Rhine

river data (using Eq. 4.75-1) works out to 16 %. This value falls within

the range acceptable according to Kuenen’s experiments (see Fig. 121)

so that the main objection to Sternberg’s model is the experimentally

observed variation of the relative abrasion with pebble size. However,

this objection is serious. Thus, in view of the fact that Lokhtin’s model

(see Sec. 4.73) yields the same phenomenological result as Sternberg’s,

and that there is therefore an alternative explanation of the observed

data, Sternberg’s model ought to be rejected. No doubt, pebble abrasion

plays some role in establishing the observed gradation patterns, but it

cannot be the sole reason thereof.

Turning now to the second model, viz. to the hypothesis that the

observed pebble gradation is the result of a differential sorting process

rather than that of an abrasion of the pebbles, we note that the theory

of Lokhtin yields an acceptable result. A possible objection here lies in

the definition of the coefficient of fixation which may vary widely from
river to river. Nevertheless, the theory is most appealing in its simplicity,

and has now also been experimentally verified The final model discussed

(Sundborg’s) represents basically the same idea as that adopted by
Lokhtin, but the treatment is much more sophisticated and also physi-

cally more satisfactory. Unfortunately, using some simple boundary and
initial conditions, it does not yield the correct exponential law of grada-
tion, but in view of the indeterminancy of the coefficients used, this is

not too serious.

Therefore the most likely mechanism of pebble gradation in rivers

consists of pebbles becoming contriturated due to the action of frictional

forces, but being assigned their position along the stream bed by a
sorting process due to differential transportation.

4.8. Meanders in Alluvial Channels

4.81. General Remarks. We have remarked earlier that, in general,
rivers do not flow in a straight course. Intuitively, it would appear that
the most natural course for a river to take on an incline would be along
a straight line in the direction of steepest descent. If this were the case,
nobody, presumably, would ask for any further explanations.

However, the course of rivers is not straight, but sinuous. It forms
meanders and sometimes, braids, and this fact needs an explanation. In
general terms, the problem of finding such an explanation has been
discussed, e. g. by Prus-Chacinski^ and by Leopold and Wolman^.

1. Jopling.A V.. J. Geophys. Res 69, 3403 (1964).
2. Prus-Chacinski, T. M . New Scientist 4, No. 79, 16 (1958).
3. Leopold, L. B., and M G. Wolman; Bull. Geol. Soc. Amer 71, 769 (I960)

15*
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may be ascertained from the principles of the drag theory of fluvial

erosion. The shape of the meander loop, thus, depends on both the flow

conditions and on the material constituting the river bed.

The fact, mentioned in Sec. 1.44, that the ratio of the radius of cur-

vature R over the channel width w tends to lie around 2 or 3, has been

explained by Bagnold * by noting that the resistance to flow in a channel

falls sharply in the above range of the value of R/w.

Unfortunately, our present knowledge is not sufficient to exploit

the above remarks any further.

Fig, 122 Erosion at the outer and deposition at the inner bank in a meander coil. (Darker

shades; deeper) After Leliavsky^

4.83. Helicoidal Flow. An explanation of the origin ofmeanders which

is different from that attempted in the previous Section, may be based

upon the existence of secondary flows in river bends.

According to the theories outlined in Sec. 4.33/4, helicoidal currents

exist in river bends which have the form shown in Fig. 102. It stands to

reason that such currents will cause erosion at the outer bank of a river

bend and deposition at the inner bank (see Fig. 122), simply because there

is a tendency to push high-velocity water towards the outer bank. Hence,

the process of meandering, once it is initiated, is seen to intensify

itself^.

Unfortunately, no exact mathematical theory based upon a proper
analysis of the effect of the helicoidal currents can be given which would
correlate the size of meanders with other dynamical variables charac-
terizing the river. However, a theory for the initiation of meanders has
been given by Werner who based his considerations upon the assump-
tion that the start of the cross currents might be connected with the
propagation of a disturbance across the width b of the river. Referring

1 Bagnold, R. A ; US Geolog. Surv. Profess Paper 282-E, 135 (1960).

2. Leliavsky, S : An Introduction to Fluvial Hydraulics London: Constable & Co
1955.

3 See also Tanner,W F.; J. Geophys. Res. 65, 993 (1960).
4. Werner,?. W.. Trans Amer Geophys. Union 32, 898 (1951)
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seem to have been achieved as of yet. Thus, Werner’s theory, crude as

it is, seems to be the best one available to-date to correlate meander

length X with other quantities characterizing the river flow.

4.84. Stochastic Theory of Meander Formation. A completely different

approach to explaining meanders has been taken by Leopold and

Langbein^’^ who assumed that a river follows the general proclivity of

the area in question, but then, that random “wiggles” are superposed on
the geologically conditioned course. Although these “wiggles”, if con-

sidered in detail, are presumably caused by local physical conditions,

they are so numerous and irregular that they cannot be followed in

detail. The best way to deal with the “wiggles” is, therefore, to consider

them as stochastic deviations from the geologically set trend.

Leopold and Langbein then proposed that the actual course of a

river is the most frequent random walk of the set of random walks under
the given geological constraints. It should be noted, however, that this

line of reasoning is not in conformity with the commonly accepted

principles of statistical mechanics (cf. Sec. 5.1); usually, the expectation

value of an observable (the latter may be the “wiggly line” under con-
sideration) is taken as its average over all the configurations of the

ensemble in question. In Leopold’s and Langbein’s meander theory,

however, the “characteristic” pattern is taken as that pattern of the
observable which occurs in the most probable configuration of the
ensemble. This is generally not satisfactory. Nevertheless, some interest-

ing indications can be obtained from a consideration of such most
frequent random walks in the meander case.

Thus, let us assume that, in a Cartesian coordinate system (x,y),

a particle starts a random walk at the origin (0, 0). Each step has the
(constant) length /; there are a total of j steps after which the particle
arrives at the point J{Xj,yj). The total length given of the walk is L=jL
Each step (number /) is a straight-line segment, whose angle with the
+x axis is tp,.

One can then ask various types of questions: (a) Assume that the
frequency distribution of angles <p, be /[tp,), what is the most probable
path (under the assumed constraints) from 0 to 7? (b) Assume that the
frequency distribution of the first differences d(p = (pi—(pi j is f(A(p),
what is the most probable path (under the assumed constraints) from
OtoJ?

We turn first to the case where the probability distribution /'(<p.) of
the angles (p^ is given.

‘

1. Leotold, L. B , and W. B. Langbein: Scient. Amer. 214, No. 6, 60 (1966)

H 1 (1966r“"‘'‘’
^2-H.
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random walk is given. This case has been solved by VoN Schelling^’^.

The auxiliary conditions are now

F==cosA(Pi+cosiAcp^+A(p2)+ —+cosiA(py + --A(Pj)-Xj=0

G=sin 2l^,-+sin(di}?i4-2j^2)‘l |-sin(zl^£)i-l

—

A(Pj)—yj=0.

We again write the frequency distribution as an exponential

fiA(p)^Ce-^^^‘f\ (4.84-10)

The probability of a particular random walk is

P=f{Acp,)f(A(p.) ...f[Acp) (4.84-11)

which is a maximum if

2=logP=/log C-^g(zl(p,) (4.84-12)

is a maximum. However, one has the auxiliary conditions (4.84-9) which

can be taken into account by using Lagrange multipliers, A, n, and thus

by maximizing the expression

H=<2+ AF-f/iG. (4.84-13)

This yields

- g\A (p,)~XY, sin
( f A(p'\ + /i ^ cos ( f zl = 0

.
(4.84-14)

U=i > u=s \>=1
'

We have

(p{s)= A(p^ + A<P2^— A(p^. (4.84-15)

Going to the limit of l/L= ds-*oo, jl-*L, s=arc length yields

L L
— A J

sin (p(i{)du+ [i
J cos(p(ii)du= 0 (4.84-16)

and after some transformation (differentiation with regard to s, multi-

plying by d(p/ds, and integration)

d(p

ds
+ [A cos (pis)+fi sin q) (s)] + cos 2m= 0 (4.84-17)

where co is a constant of integration. The term in square brackets can
be written as vcos((p-a), where v and a are two new constants; it is

clear that setting a= 0, v= l is no restriction of generality. Thus, one

1. ScHELLiNG, H V.: Trans Amer Geophys. Un. 32, 222 (1951)
2 ScHELLiNG, H. v.. General Electric Report, No. 64GL92, Schenectady, N. Y. (1964)
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4.85. Experimental Investigations. The difficulty of giving a satis-

factory theoretical description of meander formation has prompted
investigators to try empirical methods. This, it may be expected, will at

least produce an indication of the factors involved in meander formation

if not a true explanation of the origin of the former in terms of basic

physical principles. Such experimental studies have been performed, for

instance, by Tiffany and Nelson', Fedorov-, Leopold and Wolman^,
JoGLEKAR^ Friedkin^ and Shew and Komura®. Of these investigations,

that by Tiffany and Nelson ' is particularly noteworthy. Accordingly,

it is possible to reproduce in flume experiments the meander develop-

jSisIsnce:fiet

Fig. 125. Progressive changes of a channel in an experiment After Tiffany and Nelson*

ment ofalluvial rivers. The progressive changes in location of the channels
as obtained by Tiffany and Nelson is shown in Fig. 125. It was also
noted that the rate ofintroduction ofsuspended material in to the flowing
water materially affected the development-pattern of the meanders.

Furthermore, experimental investigations and field studies have
shown that the formation of meanders is not the only possibility by
which rivers may adjust to external conditions. It is also possible that
braided channels are formed. An analysis ofnatural channels led Leopold
and Wolman to postulate that there is a dividing line between conditions
producing braided and meandering channels. The results of these authors
are reproduced in Fig. 126. Analytically, the dividing line between
braids and meanders can be described by the equation

=0.06 Q-
(4.85-1)

I Tiffany,!. B, and G. A. Nelson- Trans. Amer. Geophys. Union 20 644 09391
2. Fedorov, N. N . Trudy Gos. Gidrolog In-ta 44, 14 (1954),

'

3. Leopold, L. B,, and M, G. Wolman; U.S Geol Surv. Prof Pap. No. 282-B (19571
4. JoGLEKAR, D. V.; J. Instn Eng India 39, No 7, Part I, 709 (1959)
5 FR'edkin, J. F : A Laboratory Study of the Meandering of Alluvial Rivers Vicks-burg, Miss.; U.S. Wways Exp Sta. 1945.

(19681
C.v Eng 94, J. Hydr Div. HY4, 997
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that ordinarily, no net removal takes place of material from an alluvial

plain: The river dumps debris here and there and also erodes from here

and there. In order to have net erosion, endogenetic effects must be

involved; If a gradual uplift of the area occurs, then a river can maintain

its general course only if it removes material from the region. Stepped

erosion surfaces are the result.

4.9. Valley Formation

4.91. Requirements ofa Physical Theory. Our next task is to investigate

the formation of valleys. By “valleys” we mean river valleys which are

primarily caused by flowing water. Some of the problems that are involved

in this connection have been discussed in general terms e.g. by Hol^
The course of rivers at the bottom ofa valley is generally very sinuous.

This appears to be a characteristic feature of rivers which is evident not

only in the meanders (as discussed in Sec. 4.8) that may be observed in

an alluvial plain, but is a completely ubiquitous phenomenon. Thus, it

is almost impossible to find a natural flow channel which is straight for

any appreciable distance. It is this observation which, above all, calls

for an explanation.

We have given earlier (Sec. 4.8) reasons for the sinuous course of
graded river reaches, but it is doubtful whether the same explanation
obtains under non-equilibrium conditions such as may occur in mountain
streams. It is possible that the causes for the sinuosity are different in

this case. This problem will be discussed first, in Sec. 4.92.

The reasons advanced for the explanation ofmeanders, however, may
be applicable to those effects upon the course of rivers which have been
ascribed to the rotation of the Earth. It appears that the Coriolis force
is able to induce helicoidal currents in a river and thus affect the me-
anders. This question will be dealt with in Sec. 4.93.

4.92. MountainValleys. The most difficult problem in the development
of valleys is to account for the shapes of mountain valleys. The latter
are in a transient state which cannot be regarded as even remotely
equilibriated. The flow of mountain streams is swift and generally of the
shooting (supercritical) variety (cf. Sec. 4.21).

As with streams meandering in flood plains, it is again the sinuosity
of the river courses in mountain areas which is a most striking feature
Interestingly enough, there seem to be no mathematical attempts in the
literature to explain this feature. It is not possible to account for the bends
in mountain streams in terms of cross currents of the type that have
been advocated as the cause of alluvial meanders. We have shown in

I. Hot, J. B. L ; Rev. Quest. Sd. 128, 195 (1957).
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Fig. 128. Effect of a kink in the valley slope upon the development of a mountain valley.

Modified after Gerber ‘

But

Hence, in the limit

ji=xtan a— /t=A
Ah

Ax

,
dh

A — X
dx

tana+h— 0.

(4.92-3)

(4.92-4)

This is a differential equation whose solution is

h =X tan a—2 tan a (4.92-5)

which is what was to be demonstrated.

Gerber also investigated the influence of a kink in the original

mountain side upon the slope developing beneath the debris (cf. Fig. 128).

Introducing the origin of the co-ordinate system (h, x) at that point on
the lower slope (i. e. on the slope developing beneath the debris) which is

exactly below the kink, we have from an inspection of Fig. 128:

and
AM^^kAh

AM2 =Ax(ai'\rX tan aj — /i).

Hence one obtains the differential equation

dh
k
dx

ai—xtana2 + /i=0.

(4.92-6)

(4.92-7)

(4.92-8)

1. Gerber, E.; Geograph. Helv 14,117(1959)
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meander. Accordingly, the Coriolis acceleration in a river is given by

a^=2vcosia(p (4.93-1)

where v is the flow velocity, o) the angular velocity of rotation of the

Earth, and (p the geographic latitude. Ifnow the Coriolis force is balanced

by a pressure drop across the width of a (straight) river, this can only be

achieved for a given velocity v. From the surface to the bottom of the

flowing water, however, the flow velocity of the river decreases, and thus

the magnitude of will decrease towards the bottom. In a slow-moving

river, the local pressure is only conditioned by the height of the water

above the point under consideration, and hence any lateral pressure

differentials must be independent of the depth below the stream surface.

Thus, the surface particles are forced towards one side more than the

bottom ones. This should give rise to helicoidal cross-currents just as in

the case of flow in a river bend discussed earlier. The theory of Einstein,
thus, appears to account for phenomena corresponding to Baer’s law.

It should be remarked, however, that the very existence of Baer’s
law, i. e, the validity of the observation that the right hand bank of rivers

is eroded more than the left hand bank on the Northern hemisphere, has
been questioned by Schmidt^ who based his criticism not upon actual

observations in nature, but upon a series of experiments in which a
stream of water was established upon a rotating sand bed. Subsequently,
the propriety of Schmidt’s experiments was questioned by Exner^
because the bed slope in Schmidt’s experiments was much greater than
what would correspond to nature. Thus, Exner undertook to repeat
Schmidt’s experiments with some modifications. He took a basin filled

with a mixture of sand and clay of 100 cm diameter which he rotated anti-
clockwise once in 7 sec. In it was carved the channel of a river with a bed
slope of 0.01. The flow velocity was chosen as a= 50 cm/sec. This yields a
Coriolis acceleration in Exner’s experiments equal to about 90cm/sec^
which is about 36 times larger than the Coriolis acceleration of, say, the
Danube near Vienna. If anything, it would thus appear that the effect
of the Coriolis force is larger in Exner’s experiments than in nature. A
typical result of Exner’s experiments is shown in Fig. 129.

It thus turns out that Exner’s experiments show a behavior of rivers
which would correspond to Baer’s law. Exner proceeded to calculate
the difference of erosive power at the two banks of the river, but these
estimates do not seem to be based upon the helicoidal cross-currents
postulated by Einstein. For an establishment of the tatter it would
appear that the ratio of depth to width in the river must be of sufficient

1 Schmidt, W.; Festschr. Zentr Anst. Met. Geodyn. Vienna 1926.
2 E.xner, F. M : Geografiska Ann. 9, 173 (1926)

16 Scheidegger, Theoretical Gcomorphology, 2iid Ed
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V. Drainage Basins

and Large Scale Landscape Development

5.1. General Remarks

The phenomena discussed thus far refer only to single features

present on the Earth’s surface. It is now time to consider the combined

effect of the development of slopes and rivers, i.e. the development of

whole landscapes. This leads us to the theory of the development of

drainage basins and to the theory of large scale landscape development.

When investigating such large-scale features, it is no longer possible

to follow in detail the development of each constituent (slope, river, etc.)

in the systems under consideration, inasmuch as the various phenomena

are so complex and complicated that a detailed follow-up of the indi-

vidual microscopic events is simply beyond the capability of the human
brain. As is often the case under such circumstances, progress can be

made only by considering average properties of the systems under

consideration using probabilistic concepts, i.e. by using the apparatus

of statistical mechanics. The first to apply this idea, in entirely general

terms, to landscape development appear to have been Leopold and

Langbein^ using a very simple analogy with thermodynamics. However,

the procedure can be justified on a much deeper physical basis (cf.

Sec. 5.8).

The basic philosophy of the statistical theory of the evolution of

landscapes is that one assumes that there are innumerable influences

which affect the form of the latter. Although each of these influences

may be entirely deterministic (eddies around a stone in a river, scattered

geological controls etc.), their combined effect is as if they had been
acting “at random”. This can be expressed mathematically by consid-

ering, instead of a particular system, a whole “ensemble” of systems
which, within the limits of one’s ignorance, one must regard as identical.

The expected behavior of a particular system with regard to a given
“observable” is then given by the expectation value (calculated as
average) of that observable over the ensemble.

1. Leopold, L. B ,
and W B. Langbein- U.S. Geol. Survey Profess Papers 500-A, A 1

16*
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The Law of Stream Numbers 245

5.2. Empirical Relationships

5.21. The Law of Stream Numbers. Before proceeding with the

theory of landscape development, we have to state some empirical

relationships about drainage networks in regions where there is only

little geological control, which turned out to have a fundamental sig-

nificance in landscape theory.

The first of these relationships is Horton’s law of stream numbers^

Accordingly, if we denote by n, the number of (Strahler) segments of

order i in a given network, then the numbers form (on the

average) a geometric sequence:

(5.21-1)

The inverse of the coefficient a, i.e. 1/a, is called the “bifurcation ratio”;

it is often denoted by Rj,. For the rivers in the United States of America,

one finds approximately^

l/a= i?^= 3.5. (5.21-2)

Horton’s law was stated above in terms of Strahler segments.

However, one can show^ that, in a system in which the law of stream

numbers is satisfied in the Strahler sense, it is also satisfied in the Horton
sense and vice versa. We have (the superscript H stands for “Horton”,

the superscript S for “Strahler”):

«"= «f-nf+i (5.21-3)

since exactly nf_^j of the «f Strahler segments have been relabelled to

get Horton rivers. Thus

(5.21-4)

but
'*f+l

(5.21-5)

because one is assuming the validity of Horton’s law. Thus

nf— anf nf(l-a) «f(l-a) 1

(5.21-6)
anf-a^nf a«f— anf(l—a) a

_

«f+i

which leads to the same bifurcation ratio for Horton and Strahler streams.
Thus it is seen that it does not matter whether one uses Horton rivers or
Strahler segments to state Horton’s law of stream numbers.

1. Horton, R E.; Bull. Geolog. Soc. Amer. 56, 275 (1945).
2 Leopold, L. B., M. G. Wolman, and J. P. Miller; Fluvial Processes inGeomorpho-

logy. San Francisco: Freeman & Co, 1964. See p. 138.

3. ScHEiDEGGER, A. E,: Water Resources Res. 4, 167 (1968)
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The lengths L,- of (Strahler) segments of order i in a given drainage

basin form, on the average, a geometric sequence, so that

L,^,=j8L,. (5.22-1)

The factor /? is called the “length ratio”; it turns out^ that in nature, the

length ratio is on the order of 2.1 to 2.9. Again, it does not really matter

whether Horton lengths I? or Strahler lengths are used; if the length

law is satisfied in terms of Strahler segments, then it is also satisfied in

terms of Horton rivers^. One has evidently in approximation (this is

only an approximation, because Horton renumbers the longest, not the

average streams):

(5.22-2)

j=i

Then, assuming the length law to be valid for Strahler segments, one

obtains:

+ + i bA')

(^‘-l)/(/5-l) P'-l 1

for i>l.

(5.22-3)

The validity of the length-law can again be tested by making a corre-

sponding “Horton-analysis”: one plots the logarithm of the (average)

length of (Strahler) segments in a river net versus the order; the result is

generally more or less a straight line, implying the validity of Horton’s
law of stream lengths (Fig. 130).

5.23. The Law of Drainage Areas. A logical extension of the relation-

ships discussed heretofore is obtained if one considers drainage areas.

This extension leads to the following law^: The areas A,- drained by
streams of Strahler order i in a given drainage basin form, on the average,

a geometric sequence, so that

(5.23-1)

The factor y is called the area-ratio. For its value, Leopold et aL*^ found,
in the United States, approximately 4.8.

1 Strahler, A. N.: Quantitative geomorphology. In; Handbook of Applied Hydro-
logy (ed. V T Chow), see p 4-46 (1964).

2. SCHEiDEGGER, A. E ; Water Resources Res. 4, 1015 (1968).

3 SCHUMM,S A.- Bull. Geolog. Soc. Amer. 67, 597 (1956)
4. Leopold, L. B , M. C. Wolman, and J. P. Miller: Fluvial Processes m Geomorpho-

logy. San Francisco: Freeman & Co See p. 142 (1964).
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be multiplied together with arbitrary exponents to yield a relationship of

the required form.

It is thus evident that there must exist 4 independent dimensionless

numbers in the present case. The latter may be chosen as follows

(i) R„=HD (5.24-3)

which is called the ruggedness number;

(ii) H^=QK (5-24-4)

which is called the Horton number;

(iii) R,=-^ (5.24-5)

which is the well-known Reynolds number; and

(iv) (5.24-6)
ii g

which is the Froude number.

The drainage-density equation must therefore be of the following

form:
^

f)=-^/(Ho,R,,iv). (5.24-7)

The four dimensionless products introduced above establish the

criteria for scaling erosional patterns. As usual, scaling does not “explain”

what is happening, but it does at least yield a means of determining the

course of natural events by providing the means for making model
experiments.

An interesting remark which may be made in connection with what
was said above, is that Horton noted that the ruggedness number R„
cannot assume entirely arbitrary values. If S denote the average slope

(tangent of slope angle) in the drainage basin under consideration, it

turns out that for natural conditions

9 8 T' (5.24-8)

Here is a dimensionless number which has often been called "'geometry
number''. The factor 1/2 denotes an order of magnitude only; the actual
values of vary from about 0.38 to 1.00.

The relative constancy of the geometry number in natural basins is

significant. It indicates, for instance, that if in a given drainage basin the
drainage density be increased through removal of the plant cover, the
slopes must also become steeper; this will produce the appearance of
badlands.
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Fig 131 Two river nets with 9 first-order streams, 3 second-order streams, and 1 third-

order stream, so that the bifurcation ratio is constant and equal to 3. However, (a) is

structurally Hortonian, (b) is not. After Scheidegger^

nets should all be completely regular, i.e. structurally hortonian with

constant bifurcation ratio R^. The network then consists of entirely self-

similar cycles. In such regular networks, there is a unique connection

between the various characterizations of stream orders, at least for

stream links that complete the cycles. Accordingly, Woldenberg^
introduced an “absolute” stream order x

(5.32-1)

where N is the Strahler order and Rf, the bifurcation ratio. Obviously

(5.32-2)

where M is the magnitude and I the associated integer to the consistent

order (see Sec. 153). It should be emphasized again, however, that the

absolute stream order ofWoldenberg can only be defined for structurally

Hortonian networks.

Any deviations from complete structural regularity in a river net are,

in the present model, explained away as spurious (“adventitious”
streams); -a procedure which is evidently not satisfactory, inasmuch as
Ranalli and Scheidegger ^ have shown, by a careful analysis of the
Wabash River basin, that “adventitious streams” form a characteristic
part of drainage basins.

5.33. Random Graph Models. As outlined above, it is not at all
a priori clear that networks grow as has been hypothesized in the cyclic
models discussed in Sec. 5.32. “Adventitious” streams seem to be an
integral part of river networks and no cyclic models can account for

1 Scheidegger, A. E.: Water Resources Res 4, 655 (1968)
2. Woldenberg, M.J.: Bull. Geolog. Soc Amer 77, 431 (1966).
3. Ranalli, G., and A. E Scheidegger; Bull. Internal Assoc. Scient HvdrolNo 2, 142 (1968)

^ 13,
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Fig 134. Graphs of arborescences with 5 free vertices

It is evident that the number N gets rapidly very large as the number
n of first order streams increases. It is therefore not easily possible to

enumerate the ensembles in question for the calculation of expectation

values of observables. However, it is possible to random-generate

(Monte Carlo technique) a representative sample of the ensembles
required on a computer and to calculate the necessary expectation values

thcreform'. In order to do this, a representation of the graphs in question
that is suitable for a computer is required. For this purpose, one best

uses the Lukasiewicz representation of arborescences", in which a bi-

furcating arborescence, with its root at the top, is “read” from the top
to the bottom and left to right, setting 1 for each junction and 0 for each
first order stream (Fig. 136). Thus, a graph of n free ends is uniquely
represented by a “word ” consisting of n zeros and /i— 1 ones. Conversely,
any word of n zeros and n—l ones represents a rooted, bifurcating

arborescence; in order to get the direct correspondence with the
Lukasiewicz representation, a cyclic permutation in the word may be
required. Thus, by random-generating words of the above type, river
nets can be computer-generated.

t. Liao, K. H , and A. E. Scheidegger: Bull. Internal. Assoc. Sci. Hvdrol 13 No 1

5(1968).

1 Berge,C,: Thcoric des graphes et ses applications. Paris: Dunod 1958.
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5J4. OiIk't Models. Revievving the .stochastic models proposed for

the c.xplanalion of the law of stream numbers, one might sseli a.sk himself

ulvcthcr incHlels other than tltc two di.scuv.ed are also possible. Thi,s

question can be answered as follows.

lissentially, what one ha.s for riser nets U a "growth’* proccs.s that

leads to the final configuration which, then, is oh.served in nature. The
“inlluenccs*' that affect the final configuration are mans fold. What are

iuv,v the possibilities for the .structure of the final configuration? Clearly,

either there arc substructures rcclls'* or "cscles”) or there are none. In

piinciplc. the probability distribution in eacli cell could be ans thing.

Hossever. if one a.ssuincs many fluctuating innuences that are fat Ica.st

assmptolically) independent and addilise. then the central limit theorem

of probabilit) tjjcory a,scertain.s that the s>.stcm will base a Gauvsian
distribution; a .speci.il ca.sc thereof is a constant distribution. Modifica-

tions are jAwsible onl> by intioducing autocorrelation,

,\n ins|scetion of the rber net models given aboveshows that the two
b.isic povsibilitic-s of constructing models have indeed been Used up.

i*o;db!e modificalions arc vsnly obtained if one assumes that the pro'iv

abihi) disifibutiop. is Gaussian rather th.m constant in each (or the onlyj

e>s.!c. oj the possibility of a change of the mean lautocorrelaiion) from
cvele to cvetc.

Unis It Is clcvif th.U the two tvpes of mcHlels discusicd a'nove for the
cvplsnaiam of Hwi jus's law of strcvun numbers arc essentially the only
.'nc. th.jt asc pt.ssihle. cvvcpi for minor modirtc.itusiK.

I’vsi uf .Models with Nature. The lheoric.% given above purport-
t.s evplain ?us.\ Ijvv t<f ofc.sm lUimbcr . give correct results, j.e,

tie si-’JiCvt bifuteaiu'si ratio. However, befiirc accepliivg any of these

5 I!.. ,y \l i5..nvi J5. Ma I sIV.'Vi
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Finally, a test for the randomness of interconnections in subbasins

with 4 ends was made. The five possibilities denoted by (I) to (5) in Fig. 1 33

occur with the following relative frequencies; (1) 18.92%, (2) 21.62%,

(3) 21.62%, (4) 18.92%, (5) 18.92%. This clearly indicates topological

randomness, as assumed in the random graph theory.

m

Fig. 139, Wabash river system, number of junctions per constant change in consistent

order vs, consistent order. After Ranalli and Scheideggcr '

Thus, the investigation of the Wabash River net by Ranalli and
ScHEiDEGGER shows that the random-topology explanation of Horton’s
law of stream numbers is correct in at least that case. On the other hand,
the cyclic model does not seem to be applicable, inasmuch as river nets,

in nature, do not seem to be structurally Hortonian: Adventitious
stream appear to be part and parcel of natural networks and cannot be
ignored.

5.4. Theoretical Explanations of the Law of Stream Lengths

5.41. General Remarks. We turn now to the possibilities of giving a
rational explanation to Horton’s law of stream lengths. One attempts,
ofcourse, to use analogous models as before, but now one has to introduce
at some stage or other a metric assumption; previously, one was dealing
with topology alone.

Thus, the explanation will be based on the previous possibilities: cycle
theory and random graph theory, p/its some metric assumption.

1. Ranalu.G.. and .A. E. Scheidegger; Bull. Iniernar. Assoc. Sci Hydro! 13 No ">

n*
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values on such samples. The problem was solved by Liao and Sciieideg-

gerM the result, up to networks with 1000 first order streams, is shown

in Table 11.

It is clear that Horton’s law of stream lengths is approximately

satisfied, but only in the headwater region. In the lowest orders, the

stream length ratio starts from an asymptotic value of two which had

already been found by Shreve^ for “infinite” networks, increases some-

what, and then decreases to values well below one.

5.44. Comparison with Nature. We have already shown with regard

to the law of stream numbers that the cycle theory does not conform

to the facts of nature. Hence it cannot be expected to be adequate with

regard to stream lengths cither, and one must concentrate on the random
graph theory. This was done by Ghosh and Scheidegger^, who found

that the metric assumptions made above are evidently too simple. There

are two ways by which one can change the metric assumption; first, by

assuming that the mean link lengths in all orders are the same, but that

Tabic 11. Tlworftical stream lengtiui ami dmhuige areas in Horton nets of various orders

(after LiaO ami SCHElDCCiGCiG

Order Av. length Ratio Av. drainage area Ratio

Number of free vertices 20

1 1.00 1.00

2.04 5.09

2 2.04 5.09

2.38 4.80

3 4.85 24.45

0.60 1.60

4 2.92 39.00

Number of free vertices 30

1

2

3

4

5

1.00 1.00

2.03 5.06

2.03 5.06

2.34 4.74

4,74 23.99

1,00 2.44

4.74 58.52

0.44 I.OI

2.08 59.00

1. Liao.K.H., and A. E-SciimDCGGiiR; Water Resources Res. 5, 744(1969).
2. SiiREVB, R. L.: J. Gcol. 75, 178 (1967).

3. Gnosit, A. K., and A. E, SciUiinwiGER: Water Resources Res. 6, No. 1 (1970).
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Table 11 (continued)

Order Av length Ratio Av. drainage area Ratio

Number of free vertices 500

1 1.00 1.00

1.99 4.99

2 1.99

2.00

4.99

4.19

3 4.00

2.03

2097
4.19

4 8.14

2 24

87.97

421

5 18 29

096

37003
2 67

6 17.58

0 06

987.63

101

7 1.00 999 00

Number of free vertices 1000

1 1.00

199

100
4.98

2 1.99

200

4.98

4.20

3 4.00

2.03

2100
4.12

4 8 13

2.04

86 60

400

5 16.57

2.08

346 35

4 29

6 34.98

0.54

1486.47

1.34

7 19 11 1999.00

they are drawn from a somewhat lopsided population. Thus Shreve^

assumed that the link-lengths are subject to a log-normal distribution,

but he also took different distributions for “exterior” and “interior”

links. A more consistent application of this idea leads to the second

possibility, which is to presuppose that the link lengths depend on Strahler

order. This was consistently carried through byGhosh and Scheidegger^
who analyzed a series of networks on this basis and found that there is a

definite increase of link length with Strahler order. This seems to be a

natural law. The analysis was carried out by comparing the observed

lengths of Strahler segments in natural networks with the theoretical

values given in Table 11. Then, a matching of the observed and theoreti-

cal results can only be obtained by increasing the link lengths with order,

1 Shreve, R. L.: J. Geol. 75, 178 (1967)

2. Ghosh, A K, and A. E. Scheidegger- Water Resources Res 6, No. 1 (1970).
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geometrical similarity, one has to have

(5.52-1)

where, as before, y is the area-ratio and fi the length ratio. The above

relation is not borne in nature. Smart and Surkan^ found

— with n>\. (5.52-2)

This is again an indication of the inadequacy of the cycle theory.

5.53. Random Graph Theory. In order to extend the random graph

theory to the law of drainage areas, one needs again a metric assumption.

The simplest such assumption is again that each link (of length L) drains

an area proportional to II. One does not now have the simple relation-

ship (5.52-1) above, but must figure out the actual relationship from the

ensemble of graphs in question. The problem was again solved by Liao

and ScHEiDEGGER" by using a Monte Carlo technique; the results are

shown in Table 11. As is seen, the law of drainage areas comes approxi-

mately out of the theory.

However, as with the length law, it is seen that the area law as well is

only satisfied in the headwater region of a large, finite, network. The
drainage area starts around 5 and then decreases towards 1.

Table 13. Relation between areas drained F, by a Link and Stream order i (After Ghosh and

SCHEIDEGGER^j

Name of the basin F2 ^-3 F, Fs Fe F^

Perth Amboy 1 081 1.36 1.95 104
Chileno Canyon 1 1.04 109 1.19 1.39

Mill Dam Run 1 0.65 0.71 1.05 0.66

Tar Hollow 1 0.76 1.12 1.36

Home Creek 1 0.58 062 0 39 0.78

Mill Creek 1 097 1.08 1.07

Green Lick 1 0.59 1.16 1.11

Beech Creek 1 0.63 0.57 0.52 0 76
Piney Creek 1 0.97 1.02 0.76 187
Casselman River 1 0.89 094 0.70 1.40 1.37

Emory River 1.00 0.99 0.90 157 0 87 0 80
Youghiogheny River 1.00 0.94 0.52 2.09 1.62
Daddy’s Creek 1.00 0.67 0.95 1.60 1.67
Little Mahoning 1 0.99 095 1.07 127 2.09
Allegheny River 100 1.41 1.86 3.15 1J2
Clear Creek 1.00 089 1.26 0.90
Old Man Creek 1.00 1.18 091 1 16

1 Smart, J. S
, and A J. Surkan: Water Resources Res. 3, 963 (1967)

2. Liao, K H., and A. E. Scheidegger: Water Resources Res. 5, 744 (1969)
3. Ghosh, A. K,, and A E. Scheidegger; Water Resources Res 6, No. 1 (1970).
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the average over this ensemble. In this connection, the ergodic hypothesis

implies that, in a steady state, the ensemble of all possible configurations

of the system at a given time is identical to the ensemble obtained by

watching the system evolve through all times r, , . , . , r,-, . . . . The ergodic

hypothesis is justifiable under very broad conditions.

5.63. Brownian Conditions. We assume now that the influences that

cause the fluctuations of the system are many, independent and additive.

These assumptions are said to produce “Brownian” conditions, from the

analogous case occurring in Brownian motion. The random variable

(the observable) is denoted by X(t) as above. One can then introduce the

cumulative random variable:

x(t)= I X{t)dt. (5.63-1)

const

Then, under Brownian conditions, the distribution of X is Gaussian

around some mean, and for the cumulative variable x the following

relation holds: ^

(x-x)" = £)t (5.63-2)

where D is some constant.

5.64. Correlation. The above scheme can be modified by assuming

that the influences are not independent, but are correlated. Then one
can introduce the correlation function C(s) for the random variable X:

C{s)=~Jxit)Xit + s)dt.

0

The correlation time is then defined as follows:

(5.64-1)

L,= J Cis)ds (5.64-2)
0

assuming that the integral converges. Then, one has the following

results:

(i) The original random variable X is still Gaussian (ultimate inde-

pendence of the “influences”, if one waits long enough).

(ii) For the cumulative variable x one has the following relations:

x^(r) proportional to r for t|>L, (5.64-3)

X' (t) proportional to f" for t<^L,. (5.64-4)

Thus, the behavior of the “cumulative” dispersion is bracketed
between proportionality to t- (short times) and proportionality to t

(long times).
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5.7. The Stochastic Simulation of Landscapes

5.71. The Idea. We have seen above that stochastic models have been

very useful in explaining landscape evolution. The schemes presented

let one actually predict the expectation values for certain observables.

The schemes can be further exploited by actually simulating numeric-

ally the evolution of the various systems in question instead of only

predicting average values^. Some examples will illustrate this.

5.72. Random Model of a Stream Network. Beginning with a series

of points 1 inch apart on a sheet of paper, Leopold and Langbein^
constructed random walks by restricting the motion to steps to the

right, left and forward (with equal probability). The several random
walks were continued until junctions, representing confluences of rivers,

were obtained. The random walk of thejoined rivers was then continued;

llnilarm spicing at Origin

Fig- 140. Random-walk model of stream network. After Leopold and Langbein^

1. Seginer,!.: Water Resources Res 5, 591 (1969).

W, B. Langbein; U.S. Geolog. Survey Profess Papers 500A,



•(Z.96I) 9T ‘I 'ON ‘Zl 'lOJP^H 'PS 'oossy -jEUisjui -nng :-g -y ‘-aHOOHaiHHOS ‘S

iPP6l) roN ‘Jsai -jgosr) -qav ‘qspoz

’

h ’J, ‘H '-CuSnaBiAj

n pjBAUsqO
usq^siMz jEjauoqg uii usSunqDnsiajun sqosiSoioqdjopq :-g ‘aaa-aao 'p

^ i£96l) 6£LS ‘89 'ss'a •s-^qdo^o T "H ‘soNaHOg '£

' '(6961) 169 ‘S ‘sa-a ssoinoss-g jajBAv "raaNioas Z
(Z.96T) 88 'd ‘../tSoioqdjoui jsaij uo„ qoA ‘mag ‘-lOjp/CH 'Jusps

•oossv -lEUJSjui ‘Aiquisssv lajausQ raNiaiSNOo -j g pus ‘N'ranns T 'V ‘’S T ‘i^vws '1

U0B9JO agBUiBJp sqj iO^ -MOJ J3UIJOJ aqj oj pj^Saj souBjsip

aqj JO y(q sX^Msprs paoBjdsip si moj juanbssqns qoBa ajaqM

SMOJ UI psSuBJJB 9JB sjUTod sqj Jsjuiod JO pug y(q dujs paurejp sqj

jgpoui oj aiqissod si ji ‘snqx •jqSp oqj oj jo jjay aqj oj jiun jj^q-suo og

XjuiopuBJ Xbui ji jBqj jnq ‘(yCsHBA ureui oqj pj^/woj) „pjBMJOj„ s/{bavib si

([BAJ9JUI guiij) dajs jiun v ui sgBurejp aqj j^qj snqj d/^ -qjBM mopuBJ b jo

jguaBUi gqj ui sjnooo sgBuimp sqj jBqj ssoddns Jsqjjnj 3/^^ -uoisojs

[BiAnu OJ onp Xpjos si suuojpuBj jo uoijbuijoj aqj jnqj aiunssB sm

p9A|OAUi 9JB jBqj S9ss330jd jBDis/(qd 3qj JO ppom joBJjsqB m sy

•j {9poin opsqiqBqojd b jo suijsj ui sisXjuub ub squiu oj sjqissod

SI ji ‘sJ9qmnu ssaqi qpAV ‘SJOjoas /Csjiba gj puB suisBq sgBuiBjp jspjo

.qp’noj z ‘japjo-pjiqj Z ‘Jopjo-puooas 9 ‘jgpjopsjij 5 9jb sjaqj ‘puBpazpAAg

‘sni^AV JO OHJ UI /CoilOA auoq-g aqj jo spis qjjou sqj uq

„sjojo3S XajiEA,, aqi ajc XaucA uiciu sqi Suiqonoi

s3|SuBUi jsaipuis aqi -ssajE ofnuiBjp jo Suuapjo oqi joj auisqos ^ s.^aanao gt^i -gig

psqsjaj SM

Xai/EA UISJa/

[•uopBoijissBp ^s.^iatraeo] '(ibl 'Sid) „sJop9s XapBA,,

qjIAA guipu9 ‘„SB9JB„ J9pJO ••• pUOD9S ‘JSJIJ OJUl popiAipqUS 9q UB9 B9JB

9§BuiBjp {Bjoj 9qj ‘9piAip |BjU9upuoD B OJ {oqBJBd /Cjqgnoj sum /{gqBA

bmud ‘jqgiBJjs ;{qBpu9ss9 ub uaqAV 'qouo-iX oubjuouibjjui '£1;^

•^:aoN3HDS /^q puB j^HNioas /^q ‘^sj9>ijoa\oo puB i-aviMS

jfq J9}ndmo9 b uo paDupojd osjb 9J9a\ sujgpBd ggBuiBjp jbjiuiis

•9jnp990jd guqapoui
aqj JO 9Joj9J9qj puB saab[ s^noxhoh JO /(jipqBA oqj jno JB9q J9JJBi aqj

isujgpBd p9AJ9sqo aqj joj suiBjgBip uojjojj A\Bjp ubo ouq 'qJOAApu
iaB9J}S [BJnjBU B JO JU9DSIUIUI9J /(j9A SI UJOPBd 9qj ‘yCpU9plAg ‘Qt;! ‘Sid
u| 9j9q paonpojdaj si NiaaoNvq puB aioaoaq Xq pauiBjqo ujajjBd aqj

sodEDspunq jo uojiGjnuiis ojiscqoois aqi OLZ



Intramontane Trench 271

grid point there are two possibilities; to the nearest downward point

to the left or to the right. The choice as to which of the two possibilities

actually takes place is completely random. The grid, the “down” direc-

tion, and the possible choices (these may take place at each point) are

illustrated in Fig. 142.

o o o o o

o

o

o o

o o

o o o o

Fig. 141 The model grid showing the possibilities for each drainage point.

After SCHEIDEGGER

'

The simplest way for a deduction of the drainage patterns induced

by the stochastic process described above is by simulating the latter

directly on a computer (Monte Carlo method). Accordingly, random
numbers were generated on a computer. The computer was instructed

to print “1” when the number was larger that the mean, “0” when it

was smaller. Twenty rows of 50 numbers each were printed, subsequent

rows were staggered by one character so as to make the correspondence

with the grid of Fig. 142 evident. The result is shown in Table 14.

Tabic 14 . Random numbers for model of trench. (After Scheidegoer'7

0 0101 lOOIOOO l OlOlOllllOOllOlOlOllOOOOllOlOilOllllO
lOOllOlOlOllOlllOOlOllllOllllIOOOOlllOlIOlOOIOOOOO

Jj I 1 0 0 OOOIOOIOIOIIOOIIIIIOIIIOOIIIOOIIIIIOOOOOOOI
0 10 1 IlIOOOOOOIlOIIOOIlOOOOlOlOIOIIIllIIOOlIOIOIlll

‘ ‘ O ' 0*0111110 OllOlOOOOOIOlllOOOlOlIlOIIllOIllOOOOl
OOllOlIllOlllOJIOOllOIOOOlOlllllMlIOIOlOOl

0 * OIOOIQOIOOIO 1 lOlOl lOOlOOOOI 101 1 1001 I 100001 I 1000

OOllOlllOlOOOOlIlIlOOllOIOllllOlllOIlOllOOl
UIIOOIIOIOIIOIIOIIOIIIIOOOIOIIOOOOIIOOOIIOIOOIIIOI

OOlOOOlOlOOOllllllOOlllIllOOOOlOIOOlOOOllOl
-—J-® J lOOOOoOOlOQl 1 lOOlOlOl 1 101 10100101 1 100010100

1 1 1 1 1 1 1 0 I

0010111101
*'*110000010110100110110010011100

‘J^lllioioil 1 101 10100001000101001 1 1 101 1 1 1 11

1°10I01 101 10000001 1000101 1 10101000010001 1“ * * 1001010001 100101 101 1 101 1 101 1 1 101001 100100001 1

lOOllOllllOOOOOOlOlOOllOllllOlOlOlOOO
* * 00 1 000 1000001001 11 1 1001 1 1 1 lOOlOOlOOOOOOOl 1 1 1

01110110011100101101100111100110011000
**®'*1*00001010000I01 101 1 10101 101 1001 10001

'1*101 1001 10001 lOlOlOI 1 1 1 lOQlQOlOOlQlQOl 1001

1. ScimiuGGiR, A. E.; Bull. Internat. Assoc. Scicnt. Hydrol. 12, No. 1, 15 (1967).
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If we are essentially interested in an “average” geographic cross

section across a landscape, we have only one space-coordinate (x);

denoting the total length of the section by L, we have (denoting the

constant by a)

Plandscape=COnSt—=— (5.81-13)

The analog of work is then

W= - \pdV=-
I
oL{h/L) dL. (5.81-14)

5.82. The Diffusivity Equation of Landscape Decay. Because of the

thermodynamic analogy, one must have similar equations for the anal-

ogous quantities in landscape theory as for the corresponding quantities

in thermodynamics. As is well known, in heat conduction the temper-

ature T in a thermodynamic system is subject to a diffusivity equation

{D is some constant):

ST _ rd^T d^T l

St L Sx^ ^ dy^ J
’ (5.82-1)

Correspondingly, the same equation must hold for the height h in a

landscape-.

dt L dx^ dy
(5.82-2)

For the diffusivity equation, one has the following well known
solutions (in 1 dimension)

These formulas represent a decay of initial structures; the first of an
idealized mountain range (Fig. 145), the second of an idealized slope
bank (Fig. 146). It is seen, thus, that based upon entirely general principles.

18*

Fig. 145. Decay of an idealized mountain range (Eq. 5.82-3)
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where /, being proportional to mass flow, represents sediment transport.

Choosing intuitively J-J(h') leads to the following Euler-Lagrange

equation for the minimization:

7.^ (5.83-4)

Choosing specifically

J=clt' (5.83-5)

one obtains

"'-0
h' h

(5.83-6)

which yields when solved

h= Ci (5.83-7)

with Cl and C2 as constants of integration.

This formula is analogous to that obtained by a deterministic model.

The above theory may be modified by choosing

j={-qh'f (5.83-8)

where q is the discharge volume per unit river width and a a constant.

One may further assume that q is proportional to x (distance from
source in the river basin), for the drainage area is roughly proportional

to x^, the river width proportional to x, hence q to x. This yields

(5.83-9)

Then, the solution of the corresponding Euler-Lagrange equation for

the minimization of the entropy production rate (see Eq. 5.83-3) yields

/i= [c-^^ln/:xj’^ (5.83-10)

where c and k are again constants of integration. Thus

2

/i'=c/i‘+7x. (5.83-11)

A regression analysis on 153—221 streams yields

0=1.5.

This is an excellent confirmation of the theory.

(5.83-12)
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generation of waves on a body of water as we simply assume that waves

exist and that they travel into a shoreline at a given angle. The main

problem is to account for the changes in wave action due to the presence

of a bottom relief. Comprehensive treatises on waves have been written

by Stoker S Schuleikin^ and by Tricker^ who discussed all aspects

of the problem. Other, brief expositions of the wave problem have been

given e.g. by and by Pierson^.

Fig 147. Geometry of water waves

Accordingly, one can describe the fluid motion in two dimensions

(in X, 2-space; z upward; w,w are the velocity components; cf. Fig. 147)

by a velocity potential (p so that

vv=

d(p

dx
(6.22-1)

dcp

dz
(6.22-2)

The velocity potential satisfies a Laplace equation (continuity equation)

d^(p d^(p

dx^
"**

dz^
(6.22-3)

ifthe motion is assumed to be irrotational. The equations ofmotion reduce
to Bernoulli’s equation if the external forces (gravity) have a potential

:

d(p

dt

1. Stoker, J.J.- Water Waves Interscience Publ Inc. New York 1957.
2 ScHUEEiKiN, W.. Theorie der MeeresweJlen. (Transl from Russian by E. Bruns.)

Berlin: Akademie-Verlag 1959
3. Tricker, R. A. R.. Bores, Breakers, Waves and Wakes (263 pp) Amsterdam’

Elsevier (1965).

4. Roll, H. U : Encycl. Phys. 48, 671 (1957).
5. Pierson,!. D.: Appl Mech Revs. 14, 1 (1961)
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Eliminating i] from (6.22-11/12) yields

1 dcp

g dt^ dz
for ^=0. (6.22-13)

One may now seek solutions of the above system which represent pro-

gressive waves. The best-known of these solutions is (its correctness may
be verified directly by substituting it into the above system):

(p= — ucoshm(z+ fi)cos(mx±t7t+ 6) (6.22-14)

with m and a satisfying

a^=gm tanh m h

.

(6.22-1 5)

The frequency v and the wave length X of the waves are

(6.22-16a)

X=2n/m. (6.22-16b)

Furthermore, a and 8 are arbitrary constants. The phase velocity c of
the waves is (Stokes formula):

a X
c=/lv=— =-

m 2 tc

gX
^ ^ Xnh

|_tanh—Y-
2n X

(6.22-17)

If 2'^2/j, one has tanh
2jt h

i 1, and hence one obtains the following

formula for waves in deep water:

(6.22-18)

'2fTZ h 2 TT /z
Conversely, if A>/j, one has tanh

—

-—w— and hence one has for
waves in shallow water:

^ ^

c=i/gli. (6.22-19)

The displacements Ax, Ay corresponding to the above solution
also be calculated (simply by integrating the velocities over time),
obtains

can

One

am
^ imx+ at+S), (6,22-20 a)

, am
. ,

(m X+ a t
-f- 6) (6.22-20 b)

thnf
motion is elliptical. Of particular interest is

at the tangential motion parallel to the bottom does not vanish for
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The two first-order differential Eqs. (6.22-23) and (6.22-24) are the

differential equations of the shallow water theory; they are sufficient to

determine the two functions and u.

If we now linearize the shallow water theory by assuming that u and

II are so small that square terms can be neglected, we end up with

dll
__

dr]
(6.22-25)

(6.22-26)

Assuming that the depth h is constant, we find the wave equation

d~t] 1 d^t]

dx^ gh dt^
(6.22-27)

which has solutions representing waves progressing with the speed c

given by

c=|/p. (6.22-28)

This is the same result as was obtained from the “small amplitude

theory” if it was applied to shallow water.

The nonlinearized shallow water theory has solutions corresponding

to shock fronts as this is usually the case with nonlinear hyperbolic

partial differential equations^ A corresponding situation occurs in gas

dynamics; in water wave theory the shock fronts correspond to breakers.

The analogy of the nonlinear water-wave theory with the equations of

gas dynamics is complete. Introducing a ficticious density p

p= p{t]+h) (6.22-29)

and a ficticious pressure p
n

P= J
pdy (6.22-30)

the hydrostatic pressure law yields

- g

2p
(6.22-31)

and the equations of motion become

_

/

du\ dp dh
(6.22-32)

a
,

ap
(6.22-33)

t- See e.g Stoker, J. J.; Water Waves. New York: Intcrscience Pub Co. 1957.
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On any characteristic of the family C2 we have then (note that />i=:0):

«(t)-2c(t)=»o— 2co. (6,22-41)

Hence, the slope ofany straight characteristic of the family Cj is given by

dx 1

[3n(T)~no3 + (6-22-42)

dx
or

dt
:3c(t)-2co+ i<o- (6.22-43)

The values with the index 0 refer to the area where there is no disturbance,

Co=l/Fh. (6.22-44)

We have then for the Cj family:

.V= (t-T)[3c(T)-2Co + Uo]- (6.22-45)

As noted above, breaking occurs when the characteristics of one, say

the Cl family, intersect each other. This occurs on the points forming an
envelope to the family. The latter is obtained by differentiation of the

Ci-equation (6.22-45) with regard to the parameter (t). The result is

^env ^

[3c(r)-2co + no]^

3c'(t)

3c(T)-2co-hHo

3c'(t)

(6.22-46)

Corresponding to our assumption for >/, we have

c=\/g{b+A sin cor). (6.22-47)

Taking the first characteristic (t= 0), we obtain the first breaking point

2co(co-mo)-

3gy4<U

2cq(cq+Uq)

3gAco

(6.22-48)

This shows that for higher frequencies, the breaking point occurs earlier.

« .

point relation can be improved upon by using solitary

been done by Munk* and by Sverdrup and

1- Musk. W. H.; Proc. K. Y. Acad. Sci. 5J. 376 (19-J9).
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Upon further investigation it becomes obvious that turbidity currents

cannot possibly represent laminar flow. Such currents consist of a sus-

pension of various kinds of particles in water and it has been remarked

earlier (in Sec. 4.44) that the lifting force keeping such particles in suspen-

sion, must of necessity be due to prevailing turbulence. Measurements

of the Reynolds number in turbidity currents of Lake Mead have sub-

sequently yielded the result that this number is of the order of 100,000,

which is much higher than the critical Reynolds number at which

turbulence is commonly thought to set in. Thus turbidity currents may
safely be assumed to be highly turbulent, and it turns out that, physically,

turbidity currents are “slugs” of fairly confined turbulent water mixed
with debris which move downslope for a long distance until they come
to rest.

If it is assumed that each turbidity flow is triggered by some external

cause (earthquake, collapse of a pile of loose material etc.) which is of

no interest for the intrinsic mechanics of a turbidity current, there remain

three basic problems to be investigated; (A) Why does the turbulence

remain confined in a steady-state slug; (B) how does the turbulent slug

move; and (C) how does the turbulence decay after the slug has come
to rest?

A complete solution of the above problems should be based on a

solution of the Navier-Stokes differential equations for a viscous liquid

with the appropriate boundary conditions. Needless to say, it is impossible

to achieve such an exact solution. Nevertheless, it is possible to get at

least partial solutions to the three fundamental problems mentioned
above. We shall discuss these below.

Turning to thefirst problem, we note that a solution has been proposed
by Einstein^ who ventured the opinion that the macroscopic rheological
state of a sediment-laden stream is similar to that in a plastic substance.
There are some indications that this might be so, particularly if the
sediment is flocculated. The turbulence, thus, might be somehow confined
inside the current, and the latter would move like a plastic body through
the surrounding water. Naturally, Einstein’s plasticity assumption is

purely heuristic. It does not explain why the turbulence does not get
dissipated into the surrounding fluid, but simply assumes this as a fact
and tries to give a semi-theoretical description of what happens in con-
sequence of this assumption.

Thus, following Einstein, let us consider a prismatic turbidity current
of height ho, viscosity // and density p. The corresponding values for the
still water are rjo and po (see Fig. 148). If the material ofwhich the turbidity
current consists is uniform and “plastic”, then the internal shear stress

1. Einstein, H, A. - Trans. Amer. Geophys. Union 22, 597 (1941).
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Thus', ouc would expect for a turbidity current, assuming that it acts

like a river

i>~ cotisl \fR S fif {6.23'2)

where u is the velocity of the slug, R is a “hydraulic radius ” (the thickness

of the current), s the (sine of the) slope, and />,. the elTcctivc density (i,e.

the difference between the density of the current and that of the surround-

ing water). A somewhat more elaborate relationship is due to BLANCttirr

and ViLLArrn" who take into account that there is friction not only at

the bottom of the turbidity current (against the bed) but also at the top

(against the still water; in a river no friction against the atmosphere is

assumed). Further refinements can be made'' by directly applying

boundary layer theory to the turbulent slug.

Experiments aimed at checking out Eq. (6.23-2) are not entirely

conclusive. KnuLiiCAN'' and Middli-'ion', from tank type experiments,

came up with the result that a relation of the following type should be

iKsed:

(6.23-3)

Here, v is the velocity of the head of the density current, is the density

dilTerence between current and surrounding water, R the thickne.ss and p
the density of the current, and g is the gravity acceleration. If the Che/y
relation were valid, the viilue of C in (6.23-3) should be proportional to

the square root of the slope S\ however, KiiULiiOAN’' found that C is

largely independent of the slope, numerically equal to 0.7; Middluton •*'

found similarly that only a very slight incrca.se of C with increasing slope
takes place; his experimental value for C is 0.75 for 0.005 <S <0.04.

However, the above research of KiiUMiCMN'^ and Middi.uion'^
concerns the velocity of the /lend of a turbidity current over short dis-
tances. Over longer distances (as e.g. in the Grand Banks event)
MiDDLinoN^ still a.ssumes that “uniform flow” is established for which
he expects a Chezy-type relation to be valid. MiODLtrroN’s" general
conclusion is, therefore, that large turbidity flows travelling a long
distance over the sea floor experience very little resistance and are in a

1. KiJiiNiiN, n. tt.: Soc. Hcon. Pal. Ntin. Spec. Pub, 2, 14 (1951).
2 . ULANCiii.r, C„ and ll. Vii,i.Anii; CenranCs dc denbili. Confer, lechnique rC'iiionalc

liikyo 1954.

^

3. liATA. G. L,: Internal. Asboc. Itydr.iul. Rcb.. 8tli Congr., Montreal, Proe. 2. 12CI

4. Kiiui w!an, 0, 11.: Uepts, U.S. National lUireau of Siandard.s Nos, 5168 (1957) and
5831 (1958).

5. MtDuii.iON.G. V.: Cannd. J. Parth Sei. 3, 523 (1966),
6. MiDDOiro.v, 0. V.: Canad. J. Parili Sti. 3, 627 (1966),

IS
II.CisrclK.it Jihl f a
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rithmic law of Karman (cf. Eq. 4.23-6), viz:

v^-^y lognat~ (6.24-1)
k V p Zo

where z denotes the height, k the Karman constant (=0.4), and Zq the

bottom roughness. Furthermore p is as usual the density, and a,„ the

bottom shearing stress By a least squares solution using near-bottom
data, a„, and Zq can be determined for a tidal cycle. The variation of
bottom stress which corresponds to the velocity measurements given
in Fig. 150, is shown in Fig. 151.

1 Schott, G.; Geographic des Atlantischen Ozeans. Hamburg; Boysen 1942.
2. Regarding tidal bottom friction cf. also Charnock, H.: Geophys, J. Rov Astron

Soc. 2, 215 (1959)
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Fig. 151 Variation of bottom stress in a tidal current between 2 Vj hours before and 3 hours
after high water: drawn from data supplied by Bowden et al.'

6.25. Ocean Currents. The existence of currents in the ocean is well
known from observations of mariners; the Gulf Stream, the Labrador
current, and the Antarctic circulation are perhaps the most famous
examples. The dynamical theory of such currents is fairly well es-

tablished; it has been reviewed, for instance, by Sverdrup et al.^ and
by Dietrich and Kalle^ However, what is commonly referred to as
“ocean currents”, are currents at the surface of the sea, and it may be
expected that such surface currents can have but little geomorphological
significance. What is required is a knowledge of the bottom circulation
in the sea, and here, unfortunately, our knowledge is rather scanty.

A short discussion of what is known about the bottom water cir-
culation, has been ^ven by Sverdrup et al.^ and by Sverdrup‘S.
Accordingly, conclusions regarding deep currents are based upon the
temperature distribution, taking differences of oxygen content and
other variable constituents into account. It is needless to say that, in

988
P- Hughes: Geophys. J. Roy. Astron. Soc. 2,

Clifr^
and R.H. Fleming; The Oceans. Englewood

ciiiis, N.J.: Prentice-Hall, revised ed. 1946.
3. Dietrich, G., and K. Kalle: AlJgemeine Meereskunde. Berlin: Bomtraeer 1947
4. Sverdrup, H. U.; Encycl Phys. 48, 608 (1957).
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6.3. Factors Acting in Subaquatic Geomorphology

6.31. General Review. The subaquatic features of the Earth’s surface

are affected by a variety of agents. These agents may be of a physical,

chemical or biological nature. In addition, one perhaps ought to consider

separately changes of the sea level {eustatic changes) which, although they

are of a physical origin, are of a different nature than what is commonly

included with the other physical agents in connection with geomor-

phology.

Summaries of the various aspects of the factors effective in shaping

submarine features may be found in the general treatises on submarine

geology which were already mentioned in Sec. 1.64. References to specific

investigations will be given in their proper context.

We shall discuss below the various agents affecting submarine geo-

morphology in somewhat greater detail.

6.32. Physical Factors. The most important physical factors acting on

coasts and on the ocean bottom are those connected with the movements

of large bodies of water as discussed in Sec. 6.2. Thus, shoaling waves

will displace material near the shore and large storm surges can directly

erode pieces of the shore-rock through hydraulic action. It should be

noted, however, that the presence of a large beach can often effectively

protect the coast from attack by the sea.

Shoaling waves can only move material normal to the shore and are

thus relatively ineffective in affecting the topography. However, long-

shore currents, even comparatively weak ones, always have a pronounced

effect upon the topography, as they are capable of moving material out

of the area. They often prevent the establishment of a beach and thus

strip the coast of its protection against incoming waves. This, naturally

enhances coastal erosion.

The tides also have a great effect upon coasts, particularly upon
estuaries. The tidal action corresponds to that of a wave with a very

great wave-length. Currents induced by the tides may be longshore
currents or manifest themselves in the form of tidal “bores”, bearing

inshore and upstream in the estuary of a river.

Some of the most effective agents in the formation of submarine
topography are turbidity currents. The latter seem to be the chief factors
causing erosion and deposition in underwater areas.

Finally, of the movements in large bodies of water, it is vertical
currents which can also cause changes in the sea-bottom topography.

The movements in large bodies of water, through their hydraulic
action, are not the only physical agents that can affect the morphology
of the Earth’s surface. One of these other physical effects is corrosion
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difficulty in explaining the observed corrosion. However, it has been

noted that in most instances, the basin water in which the dissolution of

the calcium carbonate is supposed to take place, is in fact, supersaturated

with that substance Therefore, the corrosion of limestone by sea

water in the manner supposed above, poses somewhat of a puzzle.

The problem was analysed by Revelle and Emery ^ who discussed

various attempts at an explanation which were based upon phenomena

which are not chemical. However, they came to the conclusion that none

of these explanations is satisfactory and that the cause of the rock-

corrosion is in fact chemical. It appears that the mechanism ofdissolution

of calcium carbonate under the presence of other salts (sodium chloride

etc.) and possibly organic matter, is not very well understood. There-

fore, the possibility exists of complexing reactions*^ and hydration taking

place which might explain the high rate of corrosion observed in inter-

tidal limestone rocks^’®.

6.34. Biological Factors. We have already mentioned earlier that

biological agents have been advocated as geomorphologically effective.

We shall investigate some of these agents somewhat further.

The best-known biological agents active in the formation of the

Earth’s surface are undoubtedly corals and calcareous algae. The limits

for the environmental conditions under which corals can exist are

rather narrow. The temperature of the water must never fall below
18° C or rise above 36° C with 25 to 30° C being most favorable. Light

is also essential which restricts the depth at which reef building corals

can grow to about 30 meters. Salinity must be between 27 and 40 parts

per thousand. Much wind and sand are unfavorable^.

Other biological factors in the formation of coastal morphology
include animals burrowing into the rocks algae growing below the

rock surface “ and snails ingesting sand. In addition, it also appears that

some fish eat coral, crabs and some gastropods may enter fissures in

coastal rock and thereby help disintegrate it, and, acting in a fashion

I. Williams, J. E Geogr. Rev. 39, 129 (1949).

2 Kuenen, P. H ; Marine Geology, New York: J. Wiley & Sons 1950.

3 Revelle, R., and K. O. Emery: U S Geol. Surv. Prof. Pap. 260-T, 699 (1957).

4. Garrels, a. M
, et al : Amer. J. Sci 259, 24 (1961)

5. Hodgkin, E. P • Z. Geomorph. 8, 385 (1964).

6. Coleman, J. M., et al.: Bull. Geolog. Soc. Amer. 77, 205 (1966).

7. See e.g. Guilcher, A.: Coastal and Submarine Geomorphology. Transl. from
Freneh London: Methuen and Co. 1958.

8. Duerden, J E.: Bull. Amer. Mus. Nat. Hist. 16, 326 (1902)

9. Gardiner, J. S : Proc. Linnean Soc. London 1930/1, 65.

10 Ginsburg, R. N : Bull. Marine Sci. Gulf and Caribbean 3, 59 (1953)
II. Nadson, G.: C. R. Acad. Sci. (Pans) 184, 896, 1015 (1927)
12. North, W. L: Biol. Bull. 106, 185 (1954).
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Monographs on the dynamics of coasts have recently been published

by King\ Zenkovich^’^ and Ippen"''. An older book, almost a classic,

has been authored by Johnson^. Much pertinent information may also

be found in the general treatises on geomorphology and physical geology

which have been mentioned in Sec. I.l.

The background for a study of the dynamics of coasts is supplied

by an investigation of the nearshore circulation system (Sec. 6.42). It will

then be possible to discuss the dynamics of beaches (Sec. 6.43) and of

other characteristics of gently dipping shore lines (Sec. 6.44). Then, we

shall analyze the dynamics of steep coasts such as of cliffs and shore

terraces (Sec. 6.45). Finally, we shall discuss the possible explanations

of large-scale features of shore lines (Sec. 6.46).

An inspection of the theories which will be presented below, shows

that many individual traits of coast lines have been satisfactorily ex-

plained. However, most of these explanations are rather qualitative. In

several instances, conditions for the equilibrium of a shore line have been

devised; the process of the evolution of the various coastal features,

assuming that there is no equilibrium, is frequently only very poorly

understood.

6.42. The Nearshore Circulation System. We turn now our attention

toward the general dynamic processes which occur on and near coasts.

The incoming swell is modified (refracted) by the bottom topography;

at the same time, since there is a net mass transport in a wave in the

direction of its propagation, currents are set up. These effects give rise

to the establishment of a near-shore circulation system.

From Stokes’ analysis of water waves, summarized in Sec. 6.22, it

is seen that the velocity of water waves depends on the depth of the

water. The Stokesian formula for the wave velocity c can be written as

follows (cf 6.22-17)

2 gX
,
2nhc=„|_,anh^ (6.42-1)

where It is the water depth, X the wave length of the waves and g the
gravity acceleration. If ocean swell is striking a coast, it stands to reason

1. King, CAM.: Beaches and Coasts. London. E. Arnold & Co. 1959.

2. Zenkovich, V. P.;/IiiHaMiiKa ir Mop$o;iorHH siopcKiix Geperos. Moscow. Izd.
Morsk. Transp. (1946)

3. Zenkovich, V. P.: Processes of Coastal Development, 738 pp Translated from
Russian by D. G. Fry. London: Oliver & Boyd 1967.

4. Ippen,A.T. (ed): Estuarine and Coastline Hydrodynamics. 744 pp. New York:
McGraw-Hill 1966.

5. Johnson, D. W : Shore Processes and Shoreline Development. New York • J Wilev& Sons 1919.
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direction of WNW. After Munk and Trayi,or'

Where the last value is for the c.g.s.-system. Thus, the critical depth at
which wave refraction becomes important, is from (6.42-3):

/, =.1 cm
.

(6.42-6)

Ocean swell has seldom a period of more than 14 sec, hence the depth
at which it becomes refracted is approximately

/t= 160 meters. (6.42-7)

1. Munk, W. H., and iM. A. Traylor; J. Geol. 55, 1 (1947).
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Fig 155. Geometry of waves breaking at an angle: top, view m section; bottom, view m
plan After Putnam et al'

Writing down the force balance equation yields an equation for v

- ~ sin a cos a dx—- cos adx— kp v^ldx=0. (6.42-14)
/t A

Solving for v yields

a r
, -if. 7 c sin a]

with

geos a

In the above equations, one can replace the value ofQ by a relationship

obtained from wave theory (cf. Eq. 6.22-49). Then, the formula (6.42-15)

contains only one constant (k) which must be adjusted a posteriori.

The theory of Putnam et al. given above has been modified, still

based on the assumption of momentum conservation, by various people
(for a summary see the review of Galvin^). Thus a modification of
Eq. (6.42-15) introduced by Galvin” is commonly used for engineering
purposes. However, Galvin^ noted that the momentum theory implicitly
requires that the longshore component of the speed of the breaking

337
(1949™"^'’ ^ Monk, and M. A. Traylor: Trans. Amer. Geophys. Union 30,

2 Galvin, C. J.- Revs. Geophys. 5, 287 (1967).

(6.42-15)

(6.42-16)
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In effect, it may be argued that rip currents are not independent

facets of the nearshore circulation system, but are intimately tied up

with wave refraction and longshore currents. Thus, Bruun^ assumes

that, as a wave breaks at an angle towards the shore, it contributes

water to the surf zone which, because of mass conservation, creates

alternate longshore and rip currents behind and across a system of bars

(Fig. 157). Introducing a Chezy-type of friction for the longshore current,

Fig. 157. System of rip and longshore currents. (After Bruun*)

Galvin^ deduced from Bruun’s^ theory the following formula for the

average velocity of the induced longshore current:

y= q- IHi, p (sin 2 a)/T]^ (6.42-18)

where Cj- is a Chezy-type of friction factor and the other symbols have
the same meaning as in the equation before. Thus, introducing mass
conservation and a rip current system, a new theory of the origination
of longshore currents is in fact arrived at.

The nearshore circulation system gives rise to littoral drift of sedi-

mentary material. Attempts to calculate theoretically the amount of
littoral drift from the wave pattern have been reported by Shvartsman
and Makarova^, but many assumptions regarding carrying capacity
ofcertain types ofcurrents etc. have to be made. Inman and Frautschy*^
state that the sediment transport rate along most oceanic beaches is

rom about 45,900 to 764,500 m^ of sand per year, the average being
near 153,000 m^ of sand per year.

l. Bruun, P.; J. Geophys. Res. 68, 1065 (1963).
2 Galvin, C. J.; Revs. Geophys. 5, 287 (1967).
3. Shvartoian, a. Ya., and A. 1. Makarova: Trudy Gos. Gidrol. In-ta 132, 57 (1966).

Pn. . in'’' - .

’ 3.D.FRAUTSCHY: Proc. Santa Barbara Coastal Eng. Conf„
Coastal Eng. all (1966).

^
Tlicorctical Ccomorpliolog>, 2nd Ed
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With regard to sandy beaches, it has been noted that the action of

the surface waves causes a certain amount of sorting of the grains.

Detailed field observations of this phenomenon have been carried out,

for instance, by Trask and Johnson S by Trask^ and by Griesseier

and Vollbrecht^. The grain size distribution pattern on beaches was

found to vary with the seasons because the prevailing wave patterns

vary with the seasons.

On a beach there are several dynamic zones which are illustrated in

Fig. 158. Most of the studies of sorting of grains are concerned with the

zone of shoaling waves. We shall first discuss the sorting of the grains

due to shoaling waves and later examine the other dynamic zones.

Breaker

Fig 158. Schematic representation of the dynamic zones on a beach

The mechanism that is presumably responsible for the sorting of

grains by wave action on a beach in the zone of shoaling waves has been

discussed by Kolp"^ in qualitative terms. Accordingly, the sorting is

due to the differential motion of individual grains, depending on their

size, as they are being dragged along at the bottom by the orbital motion
of the water caused by the waves.

A discussion of the phenomenon under consideration which can be
regarded somewhat more justifiably as a “theory” has been given long
ago by CoRNAGLiA^. Accordingly, the crest velocity in a wave is greater

than the trough velocity in shallow water. Hence the force moving a
sand grain will tend to move the grain in the direction in which the

crests are moving, a distance proportional to the difference between crest

and through velocities. The difference between crest and trough velocities

becomes less as the water depth increases, and at the same time the

1. Trask, P. D , and C. A Johnson. Sand Variations at Point Rayes, California. Beach
Erosion Board Tech. Mem 65 (1955).

2. Trask, P. D . Change in Configuration at Point Rayes Beach, California. Beach
Erosion Board Tech. Mem. 91 (1956)

3. Griesseier, H , and K. Vollbrecht; Acta Hydrophys. 2, No. 3, 87 (1955).
4 Kolp, 0.: Petermann’s Geogr. Mitt. 102, No. 3, 173 (1958)
5 Cornaglia, P.: Sul regime delle spaggie e sulJa regoJazione dei porti Torino (J 891)

20«
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Fig. 159 Plot of resistance coefficient versus Reynolds number. After Eagleson et al.
‘

Eagle50n et al. made experiments to check this equation. Since

is only an empirical factor, the particular assumption made for the

bottom friction force is really immaterial. It could equally well have
been neglected entirely.

Using a special assumption for the shoaling wave form, Eagleson
et al. then showed that the average in Eq. (6.43-4) can also be written

C)3-|-^f^/0{5/-i5s)^=(A'4-M^)gsin a. (6.43-5)

The reason that this can be done lies in the fact that, if the wave motion
is quasi-oscillatory, the sediment motion is also quasi-oscillatory, with-
out any phase shift. This immediately allows one to form the averages
as indicated above.

The last Eq. (6.43-5) was also investigated experimentally by
Eagleson et al. This was done by plotting the “coefficient” Cp, as
found experimentally by measuring all remaining quantities in Eq. (6.43-5),
against a Reynolds number

RM^f-v,)cl/v (6.43-6)

where v is as usual the kinematic viscosity. The result obtained is that
shown in Fig. 159. In that figure, the result is then compared with an
empirical curve obtained by Carty^ (solid line in Fig. 159) giving the

1- Eagleson, P. S., R. G. Dean, .ind L. A. Peralta: The Mechanics of the Motion of
Uvscfcie Spherical Bottom Sediment Particles Due to Shoaling Waves. Cambridge: M.I.T.
iiydrodjn. Lab. Tech, Repu No. 26 (1957).

-. Carty. J. J.: Resistance Coefficients for Spheres on a Plane Boundary. B. Sc Thesis
•Massachusetts Inst. Techn.. 1957.
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Theory of Beaches 311

As was noted earlier, the above discussion referred to the sorting

of grains in the wave zone only: most investigations reported in the

literature are concerned with the wave zone only. The paper by Miller
and Zeigler cited above, forms a notable exception in this regard as it

contains at least a qualitative discussion of the phenomena occurring in

the breaker zone and in the swash zone.

Turning first to the breaker zone, we note that the inshore velocity of

the sediment is zero because in this zone the wave is met by the back-

wash. This is the reason for a step to form. Furthermore, it is in this zone

where the coarsest sediments on a beach are found. Unfortunately, not

much more can be said theoretically regarding the behavior of grains in

the breaker zone.

A somewhat more elaborate study has been made of the swash zone,

for which Miller and Zeigler suggested a rather elaborate theoretical

model. Their model consists of the following elements:

(i) an assumption regarding the size distribution left just at the end
of any individual upswash. This size distribution is taken as graded with
the finest particles being found near the top of the swash;

(ii) an assumption regarding the minimum velocity required to drag
a given particle downslope by the backwash and

(iii) an assumption regarding the velocity distribution during the
backwash.

Miller and Zeigler use empirical relationships for (ii) and (iii)

whose reliability is perhaps somewhat questionable. It is then possible
to find the “theoretical” size gradation that should be left by a given
backwash. Miller and Zeigler claim reasonable agreement with ob-
servations, but in view of the many empirical relationships and indeter-
mined constants employed by them, the problem of devising a completely
satisfactory theory of the observed size distributions in the breaker and
swash zones on a beach cannot be regarded as entirely solved as of yet.

So far, we have dealt with the sorting of grains on sandy beaches.
However, not all beaches consist of sand, some consist of shingle. By
the term “shingle” we mean as noted earlier, pebbles of about a centi-
meter or more in diameter.

It IS an interesting observation that there are no beaches intermediate
between shingle beaches and sandy beaches; in other words, the size
distribution function of beach detritus is bimodal. This is a fact which
requires an explanation in terms of physical principles.

The contrition of the original material to pebbles presumably takes
place by the Rayleigh process which also applies to river pebbles; in the
latter connection it was discussed in Sec. 4.72. The action of the waves
upon the shingle is very similar to the action of the rotating can in
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Theory of Beaches 313

ascribe cusp formation to cellular flow patterns connected with the

nearshore circulation system.

Turning now to ripple marks, we note that we have met such features

already in the case of river beds. One can, therefore, regard the origin of

beach ripples as due to essentially the same causes as river-bed ripples.

However, there is one difference: On a beach, the motion of the water

is oscillatory, whereas on a river bed it is uniderectional. Nevertheless,

this difference may not be essential; the “traffic-jam” idea (cf. Sec. 4.62)

could evidently still be applied, inasmuch as kinematic interference

between particles must be expected in oscillatory as well as in uni-

directional flow.

A more specific approach has been taken by Kennedy and Falc6n-
Ascanio^ who based their theory on a theoretical model involving a

sediment-transport relation and a continuity condition for sediment

transport. In this fashion, changes in the local bed deviation can be related

to the local fluid velocity. This leads to a kinematic “feed-back” effect

which leads to ripple-type of instabilities. It is seen that this is, in effect,

nothing but a specific mechanical model for the traffic-jam idea.

Finally, we are now turning toward the large scale changes that may
be expected in the course of the life of beach. A convenient general

summary of the problem has been given by Bascom".
Let us first investigate the conditions under which a beach will

remain relatively stable. One may reckon that it will then be easy after-

ward to determine the changes that occur, simply by considering cases
where conditions are such that a beach cannot be stable.

Of the theoretical attempts to calculate the equilibrium shore-profile,

an investigation by Wells ^ is noteworthy, who tried to get direct

stability conditions from second-order gravity-wave theory. More
macroscopic approaches have been made by Nagata"^ who investigated
the water-mass and sediment balance equations required for equilibrium,
and by Pit/WOTOROV^ who looked at the composite energy flux.

There is a great number ofsurveys of beaches that have been made to
ascertain the standard form. However, it is very difficult to bring all

these surveys to a common denominator. In this connection, it has been
noted by Tanner® that the concepts of regime theory of rivers (cf.

Sec. 4.64) can also be applied to beaches. Accordingly, there are certain

1 Kennedy, J.F., and M. FalcOn-Ascanio; Mass Inst. Technol, Hydrodynamics
Lab. Staff Pub!. No. 99 (1964).

2. BASCO.vt.W,: Sci. Amcr. 203, No. 2, SO (1960).
3 Wells, D. R.; J. Geophys. Res- 72. 497 (1967).
4. Nagata, Y.: Rec. Occanogr. Wks, Japan 6. No. 1, 53 (1961).
5. PftAVOTORov, I. A.: Okeanologiya 5, No. 3, 473 (1965).
6 Tanner, W. F.: Trans. Amer. Geophys. Union 39, 889 (1958)
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Theory of Beaches 315

The effect of diffusion is generally considered as small although no
quantitative evaluations regarding its significance seem ever to have been

undertaken. However, there is another way in which some direct action

can be exercised by the swell upon the beach : this is direct erosion by the

bottom drag of the waves. According to Davies^ steep waves produce

erosion and flat waves produce deposition. Elaborate experimental

studies to ascertain the direct effect of the swell upon various types of

sand have been reported by Vincent and Ruellan^ and by Larras^.

The last author arrived at numerical formulas for

(i) the smallest instantaneous (alternating) bottom velocity at

which erosion leads to the initiation of slight furrows after a (practically)

infinite length of time; he obtained in the c.g.s.-system

‘^s
= vv+9.5-^^^ (6.43-11)

where w is the settling velocity of the grains, p the density of the grains

and T the period of oscillation;

(ii) the depth of erosion pits in the vicinity of obstacles; he found
that the ultimate depth d of the erosion pits was sensibly unaffected by
the shape of the obstacle and given by

d= const (6.43-12)

where H is the height of the waves, p again the sediment density and the
constant depends on the other parameters;

(lii) the time in which the erosion gradually reaches its maximum. The
erosion ))roceeds according to an experimental law for whose halflife 0
Larras found (c.g.s.-system) independently of the sand:

0 = 36O(p-l)2. (6.43-13)

As is seen from the various remarks above, the direct action of the
swell is rather small and insignificant. The secondary currents set up
by the swell seem to be of much greater importance inasmuch as they
may cause large scale convection. These secondary currents which have
already been discussed above, are longshore currents and rip currents
which are directed from shore to sea; the latter are most pronounced if
the waves come straight toward the shore. It turns out that it is impossible

1- Davies,!. L : Austral. J. Sci. 20, 105 (1957)
2. Vincent, G , and F Ruellan: Houille Blanche 12, No. B, 693 (1957).
3. Larras, J.- Ann. Fonts et Chaussees 127, No 5, 599 (1957).
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Fig. 162. Creation of an offshore bar on a submerging coast line. After Zcnkovicii

develop at the youthful stage of the emergence of the coast line, owing to
a process of transfer of bottom material from the shallow water towards
the sea. First, a submerged bar is formed which later grows owing to the
lowering of the sea level.

Although Johnson’s theory has met with general acceptance, it has
been pointed out by Zenkovich' that bars are found on submerging
coasts as well as on emerging ones. A mechanism different from that
suggested by Johnson must be advocated in coasts of submergence.
ZuNKOviCH suggested such a mechanism; it is illustrated in Fig. 162. In
order for this mechanism to be operative, two elements are required: the
c^tence of a rise above the water on the shore and the existence of an

1- Holm£.s,.-\.; Principles of Physical Geology. London: T. Nelson & Sons 1944.
1 Zi:xKovicii,V. P.: Trudy Inst. Okeanologii Akad. N.iuk, SSSR 21, 3 (1957).
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to a depth of 1.5 cm at the center and mounted into a corresponding

opening of a wind tunnel. Nakano investigated the circulation by insert-

ing into the water about 12 grams of coal grains (p= 1.42 gram/cm“^)

of a diameter of 1—2 mm. The wind velocity in the tunnel was arranged

to be about 7 m/sec. The result ofthe experiment showed that a circulation

as indicated in Fig. 163 became indeed established by which the coal

grains were transported little by little towards the side from which the

wind blew until a certain equilibrium condition was reached.

In general, wave action will tend to accumulate material at a beach
so that it would appear that beaches should grow indefinitely. However,
the “vertical” circulation set up by prevailing onshore winds counteracts
this so that the existence of stable beaches becomes possible.

The above model experiments demonstrating vertical circulation do
not make allowance for the Coriolis force. The latter will cause a deflec-
tion in the circulation so that the bottom circulation will not be exactly
antiparallel to the direction of wind flow. However, it stands to reason
that in shallow bodies ofwater, the Coriolis force is relatively unimportant.

The above vertical circulation theory has been applied by Nakano '

to the bay-problem.

Thus, let us consider a bay (cf. Fig. 164) which is sufficiently shallow
so that the Coriolis force can be neglected. We take an arbitrary point P

1. Nakano, M.; Rcc. Oceanogr. Works of Japan 2, No. 2, 68 (1955)
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is given by^ (z represents the vertical co-ordinate):

0 (x z t)~— sin m a e"'^' [sin (m x+ tr f)] -H 0 (1/r) (6.45-6)

^ pgm

where 0(1//-) is a function which behaves like 1/x at infinity. The surface

z=); is then given by (6.22-9).

Sea

\x

Fig 166. Waves travelling against a cliff

The amplitude A of the surface elevation t] at infinity is given, from

(6.22-11) and (6.45-6), by

A = sin m a. (6.45-7)

PS

It is obvious that P becomes infinite if sin m a is zero. This shows that,

in the present model at least, conditions occur where the pressure fluc-

tuations needed to absorb the wave energy must be infinitely great.

The absorption mechanism introduced here is only a simple model,

but the treatment does show that waves beating against a cliff may

exert very great pressures upon the latter.

The amount of energy expended toward the destruction of a surf-

beaten cliff depends on how much of the wave energy is reflected. It

has been argued by Russell and Macmillan^ that the reflection is

least (and thus the destruction greatest) if the waves break against a

cliff in such a fashion that a pocket of air is trapped between the water

and the cliff at impact time (cf. Fig. 167). No mathematical theory of the

reflection coefficient can as yet be given. For a wave 3 m (10 feet) high

and 46 m (150 feet) long, pressures of 7.25 • 10^ dynes/cm^ (1210 Ibs/sq. in)

1 See Stoker, loc. cit,; particularly on p. 67 thereof

2 Russell, R. C. H., and D.H Macmillan: Water Waves and Tides. New York.

Hutchinson 1952.

21
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lowering ofsea level is constant and claimed that a series of terraces may
be created. Again, it is seen, thus, that there is some controversy as to

whether or not a series of shore platforms can result from a steady

eustatic change. What is needed is evidently a theory of the creation of

shore platforms and of their evolution.

Such a theory can be obtained^ by considering the erosion on a

shore profile as a form of slope recession. Thus, referring to Fig. 168,

Fig. 168. Geometry of a shore profile. (After Scheidegger ')

as exhibiting the general geometry of a cross-section of a coast, we can
start with the fundamental equation of slope development (3.55-1)

-^-\/].+{dyldxf (6.45-8)

adding suitable boundary conditions: In order to describe the erosive

action on a shore, we assume that it becomes less and less the deeper
we go below the surface of the water. We denote the height of the water
surface above some base line by T(r); this may be a function of time.

We then take our erosional function (p proportional to an exponential
and the sine of (p :

=asin rpexpf— a(]K— y)~] (6.45-9)

where a and a are some constants. This function has indeed the property
that the erosion decreases with distance downward from the water level,

and it also increases with increasing declivity of the slope. Expressing
sin (p in terms of dy/dx and inserting (6.45-9) into (6.45-8) yields the
fundamental equation of shore development:

dt
= -aexpl-a{Y-y)-}‘

dx
‘

1. Scheidegger, A. E.: Geofis. Pura Appl. 52, 69 (1962).

(6.45-10)
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Fig. 170. Effect of a sinking sea level (a= 1.0, a= 64 0, = 2.0, ^0 = 1.01).

(After SCHEIDEGGER ')

elaborate calculations by Esin^ who investigated slightly different ex-
pressions for the function ^ in Eq. (6.45-8).

6.46. Large-Scale Features on Coasts. Finally, one may look at coasts
from a more macroscopic standpoint. One finds generally that a coast
consists typically of a sequence of headlands and bays, the former

L SCHHIDEGGER, A E.. Geofis Pura Appl 52, 69 (1962)
2. Esin, N.V.; In. Hccji. rjispofliiH. ii Mop^OflimaM. npoir. Oeperosoli aoHii

MOpn. Izdatelstvo “Nauka”, Moscow, p. 170 (1966).
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6.52. General Hydrodynamic Conditions in a River Mouth. Where a

river enters the sea, two agents act both at the same time: first, there is

the influence of the river and second, there is the influence of the sea.

The combination of these two influences has the result that the hydro-

dynamic conditions in a river mouth become very complicated.

The dynamics of a river has already been discussed in Chap. 4. It

may be reckoned that the arguments presented there are still valid in

the vicinity of a river’s mouth. Since the dynamics of rivers has already

been discussed, it is primarily the influence of the sea which deserves our

attention in the present context. This influence is mostly due to the

effect of the tides upon a river mouth. What one has to consider is the

Posilivedmltcn

ofxandy

Lmgitudinal sschon Cms sctfim

Fig. 172. Geometry of a river channel. After Scholer and Germanis’

unsteady-state problem of the motion of water in a channel under given

time-dependent boundary conditions at its mouth. Combining the non-
linear shallow water wave theory (cf. Eq. 6.22-23) with Manning’s
friction formula (4.22-3), one obtains as equation of motion (see e.g.

ScHOLER and Germanis')

dx
iy+Ii)+—

S

dv V dv

g dx
const—T-=0 (6.52-1)

where the meaning of most of the symbols is evident from an inspection
of Fig. 172. In addition, v denotes the mean flow velocity in the channel.
Further to the equation of motion, one requires a continuity condition.
The latter can be written as follows:

dx dt
(6.52-2)

^7 (19
‘9^''°^ ^'^“stralia. Civ. Eng. Trans. CEI, No. 1,
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Because of the many variables involved, it is difficult to make general

statements regarding the tidal currents that may be expected in any

particular estuary. The calculations, preferably by means of electronic

computers, have to be carried out separately for each case under consi-

deration.

The tides are the principal influences induced by the sea in a river

mouth. However, there are also other ones. Of some importance may be

the direct wind drag ^ upon the water. The action of a strong upstream

wind can be very similar to that of the tide entering the river mouth
(cf. Fig. 173). In other cases, strong secondary currents may be set up

Fig. 173. Velocity distribution (heavy lines) and wave caused by wind 1: Level without wind.

After Samoilov'

which may form rather well defined solenoidal convection cells whose
axes are parallel to the wind direction. The Coriolis force also may be
of some significance

The hydrodynamic conditions in a river mouth are also affected by
the swell. However, the latter can be of geomorphological importance
only if the river mouth is very wide indeed.

For a theoretical explanation of the development of the various types
of river mouths, the hydraulics of the river and the effect of the tides are
the most important factors. It is probably safe to neglect the other
influences, at least in a first approximation.

Sec. 6.52 makes
of the mechanics

^ ^
J--— Wi h* 1. A V WJL JL VXlC hydrodynamic

regime (taking into account the river flow and the tides) at a specified
time t has to be calculated. Then, the effect of the resulting currents
upon the bottom and the sides of the estuary (using the methods of

I. Cf. Samoilov, I. V.; ycTBH pen. Moscow: Geografgiz 1954

(igj“j^‘^’^^''ZH-2EN'KOViCH,T.YA.: Izv. Akad. Nauk, SSSR, Ser. Geofiz. No. 10, 1460

3. Labeish, V. G.: Izv. Akad. Nauk SSSR, Ser. Geofiz. No. 1 1, 1714 (1959).

6.53. River Estuaries. The background supplied in
it clear what would be required to set up an exact theory
of the develonmont of a Olvpn ftAfAr #»ctiiQri/* T7ircf- f-Jn
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where p is the density of the water, g the gravity acceleration, R the

hydraulic radius and S the slope. We also have (from 4.22-3)

S=c^v^ (6.53-5)

and thus

q,=Cs v^. (6.53-6)

Let us assume that the velocity in the estuary due to the tides is

(valid for one half-cycle)

(6.53-7)

with 0}=2n/T (T being the tidal period). Then, the total amount of

material dislodged during a tidal half-cycle is

T/2

J
(sincur)^dr

0

= c.
1.432

2k
T.‘'max ^ ‘

(6.53-8)

It is convenient now to introduce the tidal prism Q which represents

the total amount of water that flows into (and out of, if there is no river

discharge) the estuary during one flood or ebb period. One obviously

has a relationship of the form

Thus,

and, with (6.53-2)

A= cf
c

I

—

—A^ » const
Cl J

(6.53-9)

(6.53-10)

(6.53-11)

This is the equilibrium condition over one-half of a tidal cycle according
to the shoal theory. As is noted, no modification can be made for the
effect of the river. The shoal theory is thus restricted in its applicability
to river mouths but does apply to tidal estuaries.

The gorge theory mentioned above (which is also due to Bruun and
Gerritsen), however, lends itself to a modification to take the river
discharge into account. As mentioned above, the gorge theory considers
only the flow through the entrance of the estuary. Following Bruun
and Gerritsen, we investigate a section dx of a gorge (see Fig. 174) and
we denote by Q^dt the total amount of sand passing through that section
wring the time element dt. The mass erosion on the distance dx is then
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where 2„vcr is the total river discharge. Hence, (6.53-16) becomes

Q.=‘:,[^+Ct~cos'’<ot'j". (6.53-19)

Thus, it is obvious that stability is achieved if

^Qrivcr'b^’^ (tZ K-X nCW— = const, (6.53-20)
.- AT

or if

Q 0 T
^4=constT- - (6.53-21)
A A

where ^ is a certain coefficient which originates from the integration with

regard to time in the stability Eq. (6.53-12). Relationship (6.53-21) is

exact for «=1 and approximate otherwise.

The shoal theory as well as the gorge theory yield semi-theoretical

criteria indicating the conditions under which a river estuary ought to

remain stable. The same is true for the entirely empirical regime theory

of Blench who, from an analysis of data, comes up with an equation

similar to (6.53-11).

The various stability criteria discussed above have been tested

’

with

regard to actual observations. It turns out that the linear relationship

of the gorge theory (6.53-17) with

const= 1.56 • 10"^ meters= 1.17 acres/foot (6.53-22)

fits the observed data best. Results from a series of estuaries (after Bruun
and Gerritsen‘ are shown in Fig. 175.

A consideration of the above remarks shows that there are sufficiently

accurate relationships available which enable one to decide whether a
certain estuary-configuration is stable or not. This, in fact, is sufficient for

engineering purposes (harbor improvements etc.) for which these rela-

tionships have been developed. Unfortunately, they represent only the

first step of an analysis that would be to the satisfaction of a theoretical

geomorphologist. Although it is, of course, of some importance to know
whether a certain estuary is stable or not, it would be of much more
interest to know how an unstable estuary will change its shape. This prob-
lem has obviously not yet been solved.

Finally, it should be mentioned that a systems-type of approach to
the problem ofexplaining the geometry of an estuary, has also been tried ^
This approach is based on the principle of minimum variance (cf.

Sec. 5.1). The discussion of this principle given in Sec. 5.1 applies also to

it^ppli^a^ion to estuarine geometry.
l. Brlun, P, and F. GeRRiTiiCN: J. Waterways and Harbors Div , Proc. Amcr. Soe.

< ‘V. Eng. 84, No. 3, 1641-1 (1958)
-loiiNs. B,; Gcophys. J. Roy. Asir. Soc. 13. 377 (1967).
l-ANGanN\ \V. B.; BuIK rmcrnai. Asboc. Sci. Hydro!. 8. No. 3, 84 (1963).
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be regarded as a turbulent jet of fluid entering still fluid from a nozzle.

There are two types of flow that can occur: either one has an axial jet or

one has a planar jet. These two types of jets simply refer to the three-

dimensional and to the two-dimensional case, respectively. In their

appearance, it turns out that the axial jet gets slowed down by mixing

much more rapidly than the planar jet. Thus a certain fraction of the

original velocity (say one-tenth) is reached 10 times sooner in the axial jet

than in the planar jet. Furthermore, the planar jet always stays much
narrower than the axial jet. There is a significant drop of velocity from

the center line of the planar jet towards the sides, whereas in the axial

jet this effect is small if it be compared with the slowing down of the jet

as a function of a distance from the mouth.

If the density of the river water (including the suspension) is about
the same as that of the still water which it is entering, then there is every

reason to expect the jet to be an axial one. However, if the river water is

considerably less dense than the still water (for instance if the latter is

highly saline), then the jet will stay at the surface of the still water and
one will have the characteristics of a planar jet. Similarly, if the river

water is much denser than the still water, it will follow the bottom and
one obtains a turbidity current (see Sec. 6.23).

Bates ^ now assumes that the two types of jets give rise to the two
types of deltas, respectively: In an axial jet, the decrease of velocity is so
rapid that sediments are deposited in an arc around the mouth of the
river. Thus, the river constantly blocks its way, forces new channels and
builds up a delta by adding new arcs. This, according to Bates, leads to
an arcuate delta.

Contrariwise, in a planar jet, the decrease of velocity with distance
from the river mouth is fairly small, but there is a significant velocity
decrease sideways from the jet. Thus, sediments are deposited in lines

paralleling the flow of the jet and the result is a birds foot delta.

The above theory of Bates has been criticized by Crickmay^ who
maintained that jet diffusion will have a plane (two-dimensional)
pattern, no matter whether the density of the inflow is the same as that
0 the surrounding water or not. This view seems to be, in effect, correct
he type of delta, then, which results would have something to do with

t e type and quantity of sediment transported by the river.

Assuining the delta formation to be connected with the diffusion of
^ p anar jet, theoretical calculations of the attendant flow patterns and
gtUmg of sediments have been made by Bonham-Carter and Suther-

1- Bates, C. C : Bull. Amer. Assoc. Petrol. Geol. 37. 2119 (1953).
" CRICK.MAY, C. H.: Buil. Amer. Assoc, Petrol. Geol. 39, 1 (1955)

- Axelsson. V.: Geografiska Annaler 49A, 1 (1967).

Theoretical Geoniorphology, 2nd Ed
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Ltfons/Mff^

Fig 178. Bypassing of a river mouth by sand moving across a bar. After Bruun and

Gerritsen^

The formation of deltas has also been studied in flume experiments

by JoPLiNG^'^ who was able to produce “deltaic” type structures.

6.55. Barred River Mouths. If there is a strong longshore drift along
a coast line, it is possible that sand accumulations develop off a river

mouth causing the latter to be barred. The process by which this occurs
is not quite clear although its general phenomenology appears explain-

able. A study has been reported by Bruun and Gerritsen^ bearing upon
the bar problem, in which an investigation was made regarding how the

sand bypasses the river mouth over the bar. The contention is that the

offshore bars are not solid features but exist only owing to a delicate

balance between the sand which is deposited and the sand which is

removed. This causes sand to “bypass” the river mouth from the updrift
to the downdrift side. The general mechanics of the process is illustrated in

Fig. 178.

From an analysis of observational data, Bruun and Gerritsen
derived an empirical relationship expressing the conditions when bar-
bypassing of the litoral drift can take place by an inlet. Involved is the
ratio between the amount of tidal flow through the gorge of the inlet and
the magnitude of the litoral drift. If this ratio is below a certain critical
value, no bar can develop as the tides will sweep the channel clean.

Unfortunately, no further analyses of the mechanics of bar formation
in terms of basic physics seem to be available.

1. Jqpung, a. V. ; An E.xperimental Study on the Mechanics of Bedding Ph. D. Diss,
Harvard Univ

. Cambridge, Mass. 1960.
-•f0PLiNG,A.V.; Sedimentology 2, 115 (1963)

p oi-
Gerritsen: J Waterways & Harbors. Div., Proc, Amer. Soc, Civ.

Eng 85. No. WW4, 75 (1959).
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Graded Beds 341

also arrive there through the air: dust from the Sahara was found far out

in the Atlantic. It obviously got there by the action of winds carrying it

over large distances.

Finally, the deposition ofmaterial on the sea floor occurs by the trans-

porting agent, whichever it may be, losing its carrying capacity : Turbidity

currents coming to a halt, the wind letting the dust settle out, or ocean
bottom currents slowing down.

In general, it may be stated that, although subaerial and submarine
features are similar in many regards, erosion is the decisive factor on land,

but deposition below the water level.

6.63. Graded Beds. Some of the features ofsubmarine geomorphology
that are amenable to a theoretical explanation are graded beds. The
morphology of such beds was discussed at large in Sec. 1.65; they are

generally thought to be laid down by turbidity currents. The mechanics
of such currents was explained in Sec. 6.23; what remains to be done
here is to discuss the mechanics of the actual deposition of the sediments.

This problem is a difficult one. Two types of approaches have been
used to tackle it: Theoretical models and scaled experiments.

Turning first to the theoretical approach, we note that Scheidegger
and Potter^’ ^ have set up a model based on the following assumptions:
(i) A turbidity current represents a slug of turbulent water moving
downslope. It contains a size-distribution of sediment which is given by
the sediment-source, (ii) When the current comes to rest, it decays
according to standard laws, (iii) The sediment carrying capacity of the
turbulent water is like that of a river.

The reason why a graded bed is deposited is that a sorting takes
place during the decay-period of the turbulence: The coarse grains fall

out first, then smaller and smaller ones and lastly the finest ones. The
actual calculations for this process are rather tedious and the reader is

referred to the original papers for the details. However, the final result
can be stated by the following simple formula:

(6.63-1)

b^ri

^ constant, d^^^ is the maximum grain size (a diameter) in the
c

. m is the mean grain size found at the height H above the bottom
® ^ c graded bed in question, and p is a parameter connected with the
grmn size distribution of the source material. Eq. (6.63-1) is a relation
e ween grain size and the level H in the bed, i.e. it is a grading relation,

^
^sees that for — 1 > p> — 2 this relation is convex upward, for p= — 2

2.

A. E.. and P. E. Potter: Sedimentology 5, 289 (1965).
tter, P. and ^ £ Scheidegger: Sedimentology 7, 233 (1966).
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Thus, an explanation different from subaerial erosion had to be sought

after. Some of the proposals that have been advanced border on the

fantastic (see reviews by Kuenen^ and by Shepard^); at present it is

generally agreed that it is turbidity currents which are responsible for the

scouring agreed that it is turbidity currents which are responsible for the

scouring out of least of the deeper submarine canyons. The first to

propose this explanation was probably Daly ^
; the idea was later taken

up by Kuenen^ who made experiments to substantiate it.

There is little doubt that turbidity currents do exist (cf. Sec. 6.23)

and also that they have some erosive power. The problem, therefore, is to

investigate whether a reasonable number of turbidity flows can account

for the size and shapes of the submarine canyons as the latter have been

observed. Kuenen, in the paper mentioned aboveS makes some estimates

in this regard; but they do not seem to be too well founded either upon
theoretical or experimental considerations. In a later paper. Kuenen*^

notes that in any experiments he performed, the “velocity was never

sufficient for the initial erosion to exceed the subsequent deposition”.

This would mean that all the material moving down a canyon would have

to come from the collapse ofa canyon wall or such like, with no net erosion

taking place at all. However, Kuenen also notes that, if the scale of the

experiment were enlarged, the reverse might be true. Thus, it must be
held that to this date no satisfactory check of the supposed erosive power
of turbidity currents with the actual size of submarine canyons has been
obtained. Although the hypothesis of turbidity currents scouring out the

submarine canyons appears as reasonable, it cannot really be accepted
as proven until a quantitative check is produced.

6.65. Effects of Bottom Currents. The circulation in the sea at large
has the effect that, in addition to the well-known surface currents, there
also are bottom currents (cf. Sec. 6.25) in the deep ocean.

In very general terms, Hansen^ discussed the influence of the bottom
relief of the ocean upon the currents and the reactions of the latter upon
the former. However, aside from stating that ripple marks might be due
to currents and noting that the velocities of the currents (up to 20 cm/sec)
are sufficient to cause mass transport, he made no quantitative state-
ments. Cartwright® studied the wave formation in a bottom current
ehind an obstacle; he obtained a result similar to that of Lyra for air
waves behind an obstacle (see Fig. 39; Sec. 2.42). If the ocean floor con-

1. Kuenen, P. H.. Leidse Geol. Med. 8, 327 (1937)
2. Shepard, F P • Proc 8th Pac Sci. Congr. 2A, 820 (1956)
2- Daly, R a ; Amer J. Sci. 31, 401 (1936)
+ Kuenen, P. H.: Spec. Pub. Soc. Econ. Paleont. Min. 2, 14 (1951).
3. Hansen, W.. Geol. Rdsch 47, 177 (1958)
Cartwright, D. E.; Proc. Roy. Soc. A 253, 218 (1959)
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where /?(=3) is the density of the substratum and g is the acceleration

due to gravity. Hence for a guyot:

t|S2.M0“c.g.s. (6.67-2)

Some guyots have a radius close to 20 km. Similarly, the assumed rate

of subsidence may be of too low an order of magnitude. Together, these

factors could raise the required value for the viscosity up to 10^^ c.g.s. The

first-quoted, low-viscosity value of approximately 10^^ c.g.s is of the

right order of magnitude, although it is somewhat high compared with

the value for the viscosity which is obtained in a similar fashion by study-

ing the uplift of Fennoscandia; i.e. the sinking rate of the guyots is

“too slow”. The same thing can also be expressed^ by stating that the

calculated time in which a large guyot would attain isostatic equilibrium

is too fast in comparison with the observed time. Saito ^ suggested that

the presence of a yield strength in the Earth might counteract this.

Nevertheless, it would appear that the proposed explanation for the

formation and subsidence of guyots is entirely reasonable. If the high

viscosity value is used, it may not be reasonable to advocate isosatic

forces as the cause of the subsidence. One of the reasons for the high

value of t] might be that the rate of subsidence for guyots has been under-

estimated. This rate has been obtained by an investigation of the sub-

sidence rate of atolls. The latter rate however, may be smaller than the

rate for guyots since it is possible that atolls are close to isostatic equilib-

rium. Their rate of subsidence would therefore be small and this could
be the reason that coral growth can keep up with the sinking.

1 Saito, Y ; J. Oceanogr. Soc. Japan 20th Ariv. Vol., 25 (1962)
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and interglacial stages) during any one ice age. For the Pleistocene ice

age, the period in question was found to be about 40,000 years. It is

possible that the Present Time represents an interglacial stage.

The theories that have been advanced for an explanation of these

phenomena have sought the causes either in astronomical or else in

endogenetic effects. A combination of these two types of effects has also

been advocated. We shall discuss the various proposals in their turn.

Asti-onomical Causes, (a) Irradiation Fluctuations. The best known
atronomical hypothesis of the origin of ice ages is that based upon
irradiation fluctuations which had been postulated by Milankovitch^
This theory is based on the fact that, because of the varying gravitational

effects of the Moon, Sun and Planets upon the Earth (due to the different

relative position of these heavenly bodies), the position of the equinoxes

with respect to the perihelion, the obliquity of the plane of the Earth’s

ecliptic and the eccentricity ofthe Earth’s orbit around the Sun vary in an
oscillatory fashion with periods of roughly 21,000, 41,000 and 97,000
years, respectively. In the middle and high latitudes, this leads to a
variation of insolation with a period of 41,000 years, in the low latitudes

to a variation of insolation with a period of 21,000 years. The total

insolation over one year stays approximately constant, as summer and
winter effects vary in an opposite manner. However, it may be argued
that a low summer insolation will generally favor the origination of an
ice age, since the snow that has fallen in winter tends to remain perma-
nently. In comparison with this, the extremities of cold reached in
winter seem to be of little importance (this had been pointed out earlier
by Koppen and Wegener^). Of greatest importance are the insolation
fluctuations at middle and high latitudes; at these latitudes, they have
a periodicity, as noted above, of41,000 years. These could trigger climatic
changes, assuming that the Earth’s ocean-atmosphere system has two
stable states (i.e. induce a “flip-flop” mechanism)^. The period of
41,000 years for climatic changes is of the right order of magnitude in
comparison with the periodicity of glacial and interglacial stages during
the Pleistocene. Thus, Milankovitch fits the known record of glacial
and interglacial stages with the insolation cycle.

The “Milankovitch theory” has been heavily criticized, but no fun-
damental argument against it has ever been produced. It is clear, how-

1. See particularly: Milankovitch, M.: Kanon der Erdbestrahlung und seme Anwendungaufdas Eiszeitenproblem. Ed. Spec. Acad. Roy. Serbe Tome 133, Belgrade
( 1941 )

ages had beenpublished earlier (starting 1920) in separate publications.

3 Broecker, W. S.. Science 151, 299 (1966),
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could produce an ice age. However, the rhythm of ice ages is again

difficult to explain in this manner.

(c) Polar Wandering Theory. It is well known ^ that it has been

postulated that the axis of rotation of the Earth may have had different

positions with regard to the continents at various times during geologic

history. This phenomenon has been called “polar wandering”. Then,

Ewing and Donn^"”^ argue that every time the axis of rotation is such

that one of the poles falls into a (nearly) enclosed sea (such as presently

into the Arctic Ocean), a series of ice ages will be the result. The reason

for this is that an enclosed sea at either pole, according to Ewing and
Donn, represents an unstable system. If the polar sea is frozen over, the

supply of moisture in the polar areas is limited and existing glaciers

recede. This, in turn, leads to a rise of sea level so that circulation in the

oceans becomes such that a ready exchange of water and heat takes

place between the polar and warmer seas. At this instant, the polar sea

will thaw out. However, with an open polar sea, a ready supply of

moisture is present which will accumulate in high latitudes as snow and
give rise to glaciations. The process continues until so much snow is

locked up in land areas that the sea level is sufficiently lowered to

prevent an effective interchange of water between the polar and warm
seas. At that stage, the polar sea suddenly freezes over and a new inter-

glacial cycle starts.

The “pluvial” polar wandering theory described above has been
criticized on the grounds that the temporal correspondence between the
decrease of glaciation and the icing up of the Arctic Ocean has by no
means been established Furthermore, Cox ’ pointed out that, accord-
ing to paleomagnetic evidence, the polar axis has been in its present
position for an interval at least 10 times longer than the interval of
recurrent glaciations.

A modification of the “pluvial” polar wandering theory has been
proposed by Wilson® who assumed that the trigger in the flip-flop
mechanism is not provided by the freezing and unfreezing of the Arctic
Ocean, but by the build-up and decrease of the Antarctic ice sheet.

(d) Greenhouse Vieory. Another theory ofice ages which is based upon
phenomena taking place upon the Earth itself, has recently been pro-

•

* SenuDEGGER. A E.: Principles of Geodynamics. Second Ed. Bcrlin-Gdt-
Iingen-Hcidclberg: Springer 1963.

2. Ewing. M.. and W. L. Donn; Science 123. 1061 (1956). Second Ed.
3. Ewing. M., and \V'. L. Donn: Science 127, 1159 (1958),
4. Ewing. .M.; J, Alberta Soc, Petrol. Geol. 8, 191 (I960).
5. ScltWAR^BACH, M : Z. Deutsche Geol. Gcsclisch. 112. 309 (1960).
6. Counvaux. a. P. ; Science 145. 707 ( 1964).
7. Cox. A.; Mcieorolog. Monogr. 8, No. 30, 1 12 (1968)
X Wilson, A. T.; Nature 201, 147 (1964).
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{c) An Eclectic Theory. A theory in which many of the possible

causes of ice ages discussed above have been combined, has been pro-

posed by Fairbridge'. Accordingly, polar wandering would put the

Earth’s poles into the Arctic Ocean and into the Antarctic Continent,

Tertiary tectonism would close the Tethys Sea and cause high mountains

(with attendant effects on the atmospheric circulation), the ice-build-up

in Antarctica would increase the Earth’s albedo, Milankovitch-lype

irradiation fluctuations would introduce cyclic changes in the heat

available, solar radiation fluctuations would also be active, and the

combination of all these factors would produce the characteristics of

the present ice age.

One cannot decide to-date which is the correct theory of the origin

of ice ages. However, it is seen that there are several, presently equally

possible, hypotheses. We shall concern ourselves here mainly with the

effects of ice action upon geomorphology and refer the reader interested

in the details of ice ages theories, to the papers listed in the foot-notes.

7.2. Longitudinal Movement of Glaciers

7.21. General Remarks. The study of the movement of glaciers is an

involved discipline into which much effort has been expended by various

research workers. In connection with theoretical geomorphology, we are

interested in glacier flow insofar as it has a bearing upon the land forms

that have been affected by it. Unfortunately, when it comes to a study

of the interaction of a glacier with its bed and the valley walls, studies

available are very rare and incomplete indeed.

Of the various theories of glacier flow available at the present time,

one of the variants of Nye’s theories, based upon plasticity theory, is the

most suitable for our purpose. It will be presented in Sec. 7.22. Nye’s
theory explains the internal flow of a glacier only, it does not account
for the sliding of a glacier over its bed. Questions concerned with the
latter problem will be discussed in Sec. 7.23. Subsequently, we shall

turn our attention to some special problems, viz. to the formation of
glacier snouts and crevasses. Finally, some of the geomorphological
implications of the above phenomena will be discussed.

All the discussions in these chapters are concerned with the longi-
tudinal movement of glaciers only. If the three-dimensional movement of
ice is under consideration, the mathematics involved becomes much
more complicated. This will be investigated in Chap. 7.3.

I. Faiubridge. R. W.; Ann. New York AcacL Sci. 95, 542 (1961).
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where a and t are normal and shear stresses, respectively, p is the density

of the ice, g the gravitational acceleration and +x is taken parallel to

the slope, pointing downhill. To the above equation one must add the

yield criterion {k being a constant):

(ffr-s)^+4T^j,=4/c^

If the velocity of flow is sought, one also has to heed the condition of

incompressibility and the condition that the principal axes of stress and
strain coincide. This will be dealt with below (cf. 7.22-8 and 7.22-9).

Assuming that the boundary conditions imply {k a positive number)

'C^y=-k

at the bed, that the velocity at the bed is zero, and that the shear stress

vanishes at the surface of the glacier iy=h), the two possible stress

solutions to the problem are:

(^-~+ pgsin aj+j;pgcosa±2/c

(-•|-+Pgsina)-l-ypgcosa+a (7.22-3)

Here, a is a constant which must be set equal to

a=-/ipgcosa (7.22-4)

in order to have a free surface for y=h. Furthermore, for the same
reason, the following condition must be imposed upon h

with

(7.22-5)

(7.22-6)

p g sm a sin a

/io= k/(p g)

for then cr^ and will also vanish on y=h.
Provided the condition (7.22-5) is satisfied, the possible stress solu-

tions for glacier flow are therefore

y-h
k h,

— cos a
‘0

y-h
cos a

'0
(7.22-7)

Txy

k
— 1+ _y

h

23 Scheidcgger, Theoretical Geomorphology, 2nd Ed
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a

b

Fig. 181 a and b. The slip line fields and fault planes (a) in active flow and (b) in passive flow.

After Nye^

tend to suck debris into the ice from the bottom, whereas in the case of

a slip line of the type A'A, it would merely roll debris along. Thus, it

might be expected that it is passive flow which causes erosion.

Thus, the picture of a glacier moving over a slope of varying slope

angle might be envisaged as shown in Fig. 182 (after Nye). The places

where erosion occurs are denoted by E.

The above theory is for a cross-section of an infinitely wide glacier.

Nye^ has also produced solutions of the basic equations for glacier

flow in channels of rectangular, elliptic and parabolic cross-sections.

MacKay^ has made analog-models for the solution of glacier flow
problems.

As was noted earlier, the above theory has been extended to the use
of flow laws different from that adopted in plasticity theory. However,
the results obtained are very similar to those presented above and since
our interest is essentially in the geomorphological effects of glacier
flow, an improved theory is of little significance for us. Similarly, very
interesting investigations into the propagation of surges'^’® into wave
formation on glaciers® and into travelling waves on glaciers'^ are pre-
sumably of little importance in connection with questions regarding the
origin of the Earth’s surface features.

1. Nye, J. F.; Proc. Roy. Soc. A 207, 554 (1951).

2.

Nye,J.F.:J Glaciol. 5, 661 (1965).

3 MacKay, J. R.; Geogr. Bull. 7, No. 1, 1 (1965).
4 Nye, J. F.: Nature (Loud.) 181, 1450 (1958).
5. Nye, J. F.: Proc. Roy. Soc. A275, 81 (1963).
6. Nye, J. F.; Pub. Ass. Int. Hydrol. Sci. 47, 139 (1958).
7. Weertman, j.; Pub. Ass. Int. Hydro!. Sci. 47, 162 (1958).
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7.23. Theory of Longitudinal Sliding of Glaciers. The theory of glacier

movement described above assumes as boundary condition that the

velocity of the glacier vanishes at the bed. This is almost certainly an

oversimplification, as it may be expected that a certain amount of

sliding will always take place. The bed of a glacier is very uneven so that

there are only two effects that can contribute much to sliding: the first

is pressure melting, the second stress concentrations. A theory of glacier

sliding based upon these two effects has been proposed by Weertman

In order to set up his theory, Weertman had to assume an idealized
glacier bed (see Fig. 183). Such a bed consists of cubical protuberances
of edge length L which are centered on a square grid with grid length L'.

From the above model, it is first of all possible to calculate the differ-
ence dTin melting point temperature in front and behind an obstacle.
If T be the macroscopic shear stress at the glacier bottom, the average
normal stress on one side of an obstacle is equal to xE^/L~ if no hydro-
static pressure is present. If a hydrostatic pressure is present, then the
stress increase caused by the obstacle must be proportional to the above
value. Since the change of melting point zlT is proportional to the
stress change^ we have the result that the latter will also be pronor-
tional to

1. Weertman, J.: J. Glaciol. 3, 33 (t957).
2. WEERTAfAN, J.; J. GlacioL 5. 287 (1964).
3. Fermi, E.: Thermodynamics. New York: Prentice-Hall 1937.
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whose value is

(7.23-16)

The power flow law for the ice yields then (cf. Eq. 2.33-1):

2S,
r~ = B

f V
1”

(7.23-17)
a ln]/3 r]

^B~
Ba r

2r^ L

2 T-J"

nY3 .

J
(7.23-18)

Taking now again a whole spectrum of protuberances, and requiring

(with Weertman) that the glacier speed due to process A equals that

due to process B, Lliboutry obtained a sliding velocity 5^=5^ of

4 m/year (setting n = 3, 5 = 0.18, t=1.83, r=0.1, CD/iH p) = 0.00l6 in

the system meter-bar-year). This is still too little. Of interest may be

the observation that the protuberances required to produce the shear

stress have a height of 0.7 mm. This indicates that the type of glacier

sliding embodied in processes A and 5 applies only to very small obstacles.

It represents a process which might produce glacial polish.

Since the combination of processes^ and 5, either in Weertman’s or
in LLiBOUTRY’sform, cannot possibly produce the high sliding velocities of
30— 3000 metres per year (cf. Sec. 1.72) observed in glaciers, Lliboutry
searched for a modification which might produce higher velocities. He
found such a modification in the possibility that the glacier might detach
itself from its bed. The picture would then be that represented in Fig. 185.

This means, in effect, that the glacier bed is rough in only one direction.

According to Formula (7.23-8), the minimum normal pressure of the
glacier bed is

,
A<7

,
2t—~^pgh . (7.23-19)

X nr

1. Lliboutry, L.; Ann. Geophys. (Paris) 15, 250 (1959).
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The contact force between the ice and the solid bed forms an angle

x/(2i?s) with the vertical whose tangent is the coefficient of friction. The

average effective normal pressure is pgh—p, hence the frictional force

is (since x/2R^ is small):

{pgh-p)x
(pgh-p)

ax

2R, P •

Inserting this into the equation for the shear rate, yields

n-aipgh-p)-

On the protuberance, the effective stresses are

a. = {pgh-p)X/x,

<r^=(Ty=pgh~p.

If as assumed earlier, a, is the dominating stress and one obtains

for the yield stress k (cf. 7.23-15).

(7.23-28)

(7.23-29)

(7.23-30)

(7.23-31)

pgh-p X (pgh-pfn^a

/3 -X ^^X^^^

With the power law of flow, this yields

{pgh-pyn^ay2S,t;

n^a{pgh-p)-
B

r,2]/3 ]

(7.23-32)

(7.23-33)

It is obvious that increases if the friction decreases. This is

entirely different from what we had for the earlier processes. We now
have a process in which the sliding becomes easier, the faster it occurs.

As representative values, Lliboutry claims that, if one assumes

p g h—p=6.5 bars,
then the set

r=0.1

T^=1.0 bar

«= 3 (7.23-34)

n= 0.21 m
5^=100 m/year

forms a consistent set of numbers, provided a suitable value is chosen
for B. Thus, “Process C” at last represents a process in which high
sliding velocities are possible.
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picture is based on the heuristic assumption that the ice velocity is

' v=K0" (7.24-2)

where k depends on the bed slope of the glacier and n is a constant

having a value between ^ and

A numerical integration of the differential Eq. (7.24-1) has been

given by CollatzS choosing n—\, ic=0.075, a=j. The result obtained

is shown in Fig. 187.

Fig. 187. Profile of glacier snout as a function of time. After Collatz ^

The approach of Finsterwalder was put upon a somewhat more
solid basis by Nye"’^ (apparently entirely independently). Accordingly,
the advance and retreat of a glacier snout is but a special case of a general
theory of the response of a glacier to climatic variations. The theory of
such variations has to be primarily based on a mass balance equation.
In addition, the central assumption is made that the rate of discharge
in the glacier at a point is a definite function of the thickness of the
glacier and of the slope of its surface at that point [this is a generalization
of Eq. (7.24-2)]. The actual response of the glacier to changes in the
rate of nourishment and wastage can then be studied by means of a
linearized perturbation theory; it turns out that the behavior of the
perturbation is given by a diffusivity equation with a source term and
a mass transport term. This can then be applied to a hypothetical reason-

1. Collatz, L Numerische Behandlung von Differentialgleichungen. 2nd Ed. Berlin-
Gbttingen-Heidelberg' Springer 1955. See p 288

2. Nye, J F.; Proc. Roy. Soc A 275, 87 (1963)
3. Nye, J. F.; Geophys. J. Roy. Astron. Soc. 7, 431 (1963).
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obvious that this will result in crevasses in the case of active flow. These

crevasses will again be transverse as we are dealing here with linear

geometry.

7.26. Geomorphological Effects of Longitudinal Glacier Motion. It

remains to discuss the effects of longitudinal glacier movement on the

terrain, with a view of possibly explaining the various features whose

origin geomorphologists ascribe to the action of glaciers (cf. Secs. 1.73

and 1.74).

It stands to reason that the longitudinal profile of Alpine valleys

can be explained by the longitudinal motion of glaciers. This concerns the

step-shaped longitudinal profile ofsuch valleys. With regard to the latter,

we note that Nye’s theory (Sec. 7.22) predicts that erosion should occur

at places in the bed where the latter is concave. It thus appears that a

glacier tends to deepen any existing hollows in its bed and thus to

accentuate the existing relief. This view has been supported by Rothlis-

BERGER^ . It is obvious that the end result of such a process will be a

succession of pronounced hollows and steep steps. After the melting

of the glacier, the hollows will be filled in by debris and the characteristic

longitudinal profile of an Alpine valley results. Nye’s theory may
therefore be said to explain this profile.

Another effect of “longitudinal glacier erosion’’ is the scooping out

of fjords As far as such fjords are drowned valleys, it simply is the

glacial erosion as described above that might contribute to their deepen-

ing. However, the “glacier” may often, in effect, be a floating ice-sheet,

and then the abrasion will occur at the sides of the inlet. A theory for

this process was supplied by Crary^.

Another feature that might possibly be explained by reference to the

longitudinal motion ofa glacier is the existence ofdrumlins (see Sec. 1.74).

It has been noted that the form of drumlins is very close to that of a

streamlined body Chorley® has elaborated upon this supposition; he
made comparisons of shapes of drumlins with that of aerofoils and found
a good correspondence. He noted that the base contours of drumlins can
be fitted rather well with lemniscate loops. An example of this fit is shown
in Figs. 189 and 190. The lemniscate loops have the following equation

L RQthlisberger, H.; Proc General Ass. Bern, Int. Ass Sci. Hydrol, Vol. “Snow
and Ice”, p. 87 (1967)

2 . Holtedahl, H.: Geografiska Annaler 49A, 188 (1967).
3. Crary, a. P.: Bull. Geolog. Soc. Amer. 77, 911 (1966).
4. Flint, R.F.- Glacial and Pleistocene Geology. New York: J. Wiley & Sons 1957.
5. CUARLESWORTH, J. K. : The Quaternary Era with Special Reference to its Glaciation

London: E. Arnold & Co. 1957,

6. Chorley, R. j.: j. Glaciol. 3, No. 25, 339 (1959).
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Theories of Three-Dimensional lee Movement 369

who showed that the drumlin distribution is simply the result of random

emplacement.

Finally, it may be assumed that the general bottom drag of glaciers

is sufficient to produce the glacier ice-thrust features mentioned in

Sec. 1.73.

7.3. Three-Dimensional Movement of Ice

7.31. Theories of Three-Dimensional Ice Movement. Thus far, we
have only dealt with the longitudinal movement of glaciers. However,

the three-dimensional motion of ice is also of particular geomorphological

significance. Thus, one would like to know what happens at the valley

wall of a glacier valley, how a glacial cirque is excavated and how ice

caps spread at their edges. All these problems are three-dimensional.

In order to describe three-dimensional ice movement, one’s first

thoughts would be to try to generalize Nye’s theory of plasticity to this

case. However, it becomes obvious that one soon ends up in great

mathematical difficulties. Unless the geometry is very simple (such as in

circular ice caps where the problem, essentially, reduces itself again to

a two-dimensional one), no solutions can be obtained on the basis of
plasticity theory or a related theory.

Therefore, a different approach has been sought after by Mat-
schinskF who attempted to arrive at a differential equation of ice flow
from purely logistic considerations. Thus, Matschinski postulated that

any useful equation must be linear. Secondly, all functions of the co-
ordinates must be invariants of co-ordinate transformations. Thirdly,
the irreversibility of the ice How process suggests that only odd-order
time-derivatives are permitted. Finally, no space derivatives of a higher
order than the second should occur.

The above four conditions suffice to set up an equation of ice flow.
Let us denote the vertical co-ordinate of the ice surface by 0, the position
co-ordinates by .x and y. Then it is possible to show that the only possible
combination of derivatives satisfying the four assumptions is:

80

dt
-fe

5 lap 0
dt

— h lap 0 + F (7.31-1)

where h and e are constants, and F is a function of t, x and y indicating
external conditions.

It will be noted that the above equation is somewhat different from
t at of FinsterwALDER (cf. Sec. 7.24) which was used for the discussion
o a glacier snout. Finsterwalder’s equation is non-lincfU'. However, it

1- MATscHiNSKf, M.: Pub. . 47, 213 (1958).
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glacier flow (cf. Sec. 7.22), the stress at the surface of the glacier may
be compressive (passive flow) or tensile (active flow). In either case, the

theory of plasticity predicts that any normal stress Uj caused by the valley

wall will be subject to the following inequality^

:

0<ksl<ikxl- (7.34-1)

The only shear component at the surface of the glacier is which is zero

in the center and increases (in absolute value) towards the sides. If all

these stresses are taken together, one obtains for the surface-lines across

which the greatest tensile stress occurs, the lines shown in Fig. 192.

>

tQt <X
-
/-//////

Fig 192. Theoretical positions of crevasses in a glacier for three possible cases. After Nye^

The possible stress states at the margin of the glacier are shown in the

small diagrams on top of each main drawing. Which stress state is

realized, of course, depends on the interaction between the valley wall
and the glacier.

7.35. Geomorphological Effects. After having discussed the theory of
three-dimensional glacier flow, it remains for us to examine the possibili-
ties by which such flow can explain the glacial effects noted by geomorpho-
logists (see Secs. 1.73 and 1.74). Part of these phenomena (viz. the longi-
tudinal profile of Alpine valleys and the shape of drumlins) has already
been explained by the theory of longitudinal glacier flow; here we shall
investigate what can be said about the remaining features. These are
(i) the transverse profile of glaciated valleys, (ii) glacial cirques, (iii) eskers
and (iv) moraines. We shall discuss these features one by one.

(i) 77ie Transverse Profile of Glaciated Valleys. Referring the reader
to Sec. 1.73, we note that the task is to explain two phenomena: first the
existence of a shoulder, and second the U-shape of the central trough,
nfortunately, it must be said that no satisfactory theory of either of

1950*
• Mathematical Theory of Plasticity, p. 129; Oxford: Clarendon Press

2. Nye, J. F.. J Glaciol. 2, No. 12, 82 (1952).
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7.4. Other Niveal Effects

7.41. General Remarks. Finally, we shall discuss the mechanics of

some peculiar features which are due to frost action and which may there-

fore be considered in conjunction with niveal effects: This includes the

genesis ofpingos (Sec. 7.42), the occurrence ofniveal solifluction (Sec. 7.43),

ice-included stress features (Sec. 7.44) and the deposition of varves

(Sec. 7.45).

There is a variety of theories which have been proposed for an ex-

planation of the occurrence of the phenomena under discussion. Un-
fortunately, as will be demonstrated below, these theories are only very

qualitative and no numerical tests for their predictions seem ever to have
been undertaken. The investigation of niveal effects has thus obviously

not yet been brought to a close.

7.42. Pingos. Although the physiography of any one pmgo appears
superficially as very much the same (cf. Sec. 1.75) as that of any other,

there are indications that one must, in fact, discern between two ge-

netically different types. This point has been particularly stressed by
Muller^ who published a very extensive study of pingos.

According to MiIller, the first pingo type which occurs mainly in

Greenland (and hence has been called “Greenland type”) is an open ice-

water system. Besides an ice lens, the interior of the pingo may contain
unfrozen water. Isotopic analyses have yielded the result that the water is

neither juvenile nor ancient, but identical to surface water. Therefore,
Muller reasoned that pingos ofthe Greenland type are primarily caused
by an artesian effect. The forces active in the genesis of a Greenland type
pingo (as envisaged by Muller) are shown in Fig. 193.

The presence of springs in pingos certainly lends some credulity to
Muller’s artesian hypothesis. However, it is not certain whether the
suggested mechanism is thermodynamically sound. Since pingos occur
only above permanently frozen ground, and since the melting temperature
of ice is lower in a porous system (the soil) than in a large container, an
artesian tube containing water cannot exist side by side with frozen
ground. Drillings do not seem to have disclosed any water chambers
below the ice lens in a pingo, since the water appears to have been found
somewhere near the top. The mechanism suggested by Muller, therefore,
appears as physically questionable.

The same may be said for other attempts at an explanation of the
genesis of Greenland type pingos. Svetosarov^ thought that pingos are
claused by the emergence ofjuvenile water and Gussow ^ proposed that

1- MOller, F.: Medd. GronJand 153, No. 3 (J959).
-- SVETOSAROV, I. M.: Probl. So vet. Geol. 4, No. 10, 119 (1934).
3. Gussow, W. C : Bull. Amer. Assoc. Petrol. Geol. 38, 2225 (1954)
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Pingos

Sediments liiil.li Permafrost
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—Impermeable tajer

Direction offorces

Fig. 194 Development of a Mackenzie type pingo. After Muller‘

The second type of pingos observed by MOller^ has been termed

Mackenzie type by him. The structure of these pingos (with a central ice

lens) is almost identical to that of the Greenland type pingos, but there is

evidence that the ice lens was formed at a definite time, up to 28,000 years

ago. There is also evidence that the ice was at one time water which

contained vegetation. This prompted Muller, who followed ideas sug-

gested earlier by Porsild", to postulate that these pingos developed at

places where there was a lake at one time. In general, permafrost cannot

l. MOller, F.; Medd. Gronland 153, No. 3, 1 (1959).

2 PoRSSLo, A. E.: Geogr. Rev. 28, No, 1, 46 (1938)



(6881) '9Z {£)Sri\f -Soiosq "v ‘3 ‘NOSi.wa c

(Z.S6I) tt- '£11 r ‘jSoso i-f ‘sTivmiAv x
(6S61) ISt'LSt 'PS 'f ‘Jsuiv £ 'd ‘si':vmiA\ i

-.KOSiAva Aq HOS p9Dnpm-isojj jo uoip3ui3idx9 oqj aoj ‘saiiPddt’

Jt ‘?iuu ISJIJ 9in JOJ ps^tOAUi SCAV ’33$ "1 psssno

-sjp d99J9 /(jp JO 01 snoSoi^UT’ si msiu^qaaiu sup inqj p91ou

3q Acui n •C6T ui UA\oqs sn jsuirciu b ui uoipn|jiios iB9Ani jo lusiu

-T:qo?ui sqj p^ScsiAus scq _si':vmiA\ •uopoB sABsq-isojj oj anp uotssqoa

?qi JO oUiJ?A\o] 3qi Xq pssntio j^psoui snqj si ‘uononpqos oj osu ssaiS

.SKViT]iA\ -i^yv 'uouDnutios pun uonon o\n3ii jsojj -cei -Sid

ipiqA\ uoipnpgj qjSuajjs sqx 'oiiqoiu sdop aqj sifuiu ‘japAV aiuoosq 3Ai3q

qorqAi sssusi 30i sqj
(

,
pos gqi jo sjbjs p9A\yqj gqi ojui sjsisjsd uopipuoo

p3Ai33q gqx 'uopoin 3do|suA\op sqi oj ssjnqLpuoD qDiqA\ (9^'£ 'Oss jo)

jios SuiAOui 9qi UI aaoai/ jso.if sonpui ]|ia\ siqx ’uoipnuqos iusaiu m |T2p

-U9SS3 SI oUiAVuqj puu §uiz99Jj JO 30U9Jjnooo gqi ‘jgqjug pgjou suav sy
ssgoojd gqj jo sDiuBqogiu gqj inoqu ua\ou?| si

pqA\ iu9S9Jd 01 ijsui ino a\ou si ij Xi'\ 'dos ui passnosip 9J9A\ uoipnpqos

IB9AIU JO SP9dsi3 p39loOIOU9lUOU9qd oqx ’UOipniJIlOS ‘£p'l

•S9uiop i|us SB qons ‘sojupnijs yBoiJiduip uavouij

i9ipq 01 SB soSuid 0} ui§uo JBpmp b 9inqiJiiB oi Xjbss999u lou ‘snqi

‘si II -UISUldBip JO puill B llI9S9Jd9J[ Op S9IJ09qi 9S9qi SB 9A0qB pauipno

S9U09qi 9qi iCq joj pajunoooB si soSuid jo aouBJBoddB {B9i.ndBip oqx
•(aHnnjAj Joiju) 1761 ‘Sij ui uAvoqs si luom

-do[9A9p JO 9d/(i siqi JO giipqos |BJ9U9§ gqx 'Ooiiid b sosubd j91BA\ §uiz99Jj

9qi JO uoisuBdx9 oranjOA oqx ’Joao s9Z99JJ oijbi oqi puB ‘Avopq isixa ubo

lS0JJBUI19d 9J9qA\ luiod B 01 S9SB9J99P J9pUIBlp SJl ‘91IB| 9qi Ul plj UOllBJ

-9§9A puB j|is sy ‘jgpiuBip Ul 9Jom ao lu 00£ si^aos jo 9qB| b A\oi9q isixo

spsjja psAM U£



Nivcal SoUfluctlon
379

TIk line A-B need not necessarily be straight. The increments dl of

downslope movement (of. Fig. 1961 are proportional to the increment of

frost heave AE and to the tangent of the slope; hence

A l = tan /] AE.
in n

Fig. 196. Details of frost action in solifluction. After Williams'

However, the increment of frost heave AE is proportional to the time

taken for dx to freeze times the water flowing in during that time, Thus.

AE^J{x)Ax, (7.43-2)

where /(.\-) is the quotient of water inflow rate over rate of freezing.

Hence, by integration

I (x)= tan P j fix) dx

.

(7.43-3)

0

This yields the equation of the curve AB, Because of the conservation of

mass, /(.v) must equal the amount of excess water present in the soil at

the level It can thus be measured. Hence, the shape of the curve AB
can be calculated in any practical case.

A somewhat more elaborate theory of essentially the same model of

•^lifluction has been given by Kirkjjy".

1- WIULAMS, P. Gcogr. J. 123. 42 (1957).
- Kirkby.M. J.: J. Gcol. 75. 359 (1967).
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Fig. 197. Schematic representation of the evolution of an ice wedge according to the
contraction-crack theory (width of crack exaggerated for illustrative purposes) After

Lachenbruch'

The above qualitative physical model has been put upon a quanti-
iiUive basis by Scheidegger". Accordingly, one assumes a basin of
constant depth to be filled with water in a turbulent state. The basin,
assumed as subject to a plane geometry, may extend to one side into

opposite side is a sediment source of constant strength

!y.'
j retreats into the opposite direction with a constant velocity.

dhin the basin itself there is a current with a constant offshore velocity
component carrying water (and therewith sediment) away from the

sediment-carrying water is turbulent. It is assumed
k UciiENBRUcu, A. H.; Spec. Pap. Geolog. Soc. Amer. No. 70 (1962).

CHUDEGGER. A. E.; Bull. Iniernnt. Assoc. Scieat. Hydrol. 10, No 1, 6S (1965).
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VIII. Theory of Aeolian Features

8.1. The Significance of Wind Action

The present Chapter (VIII) will deal with the theory of the geo-

morphological action of wind. This action is caused by the fact that

wind is able to pick up and transport loose particles over very large

distances.

There are in essence two modes of transportation of particles by the

wind: Some particles may be held in suspension for long periods by the

turbulence of the wind alone, others have to return to the ground at short

intervals. Particles which remain suspended in the air for long periods

of time are commonly referred to as dust particles, the others as sand

particles.

The two modes of transportation by wind are fundamentally different

and it will thus be necessary to treat them separately.

Wind action is particularly important in deserts where a variety of

features is caused by it. After studying the physics of particle movement
by wind, it will be our endeavor to present the theories of the origin

of the various features in question, as they exist to-date.

8.2. The Physics of Sand Movement

8.21. General Remarks. We shall first turn our attention to the motion
of sand (as contrasted with dust). The classical investigations on this

subject have been undertaken by Bagnold * who described them in a
monograph. Consequently, the present exposition can be held brief, the
reader being referred to Bagnold’s excellent book for most details.

However, we shall describe (in Sec. 8.24) some effects which were not
considered by Bagnold and which may have a geomorphological signi-

ficance: This concerns the creation of static electricity when sand is

being acted upon by wind. Otherwise we shall generally follow Bagnold’s
thoughts (but not his exposition), adding references to newer work
wherever feasible.

8.22. Wind Velocity Near the Ground. In order to study the motion
® lown sand, it will first of all be necessary to obtain an idea about the

1. Bagnold, R. a.: The Physics of Blown Sand and Desert Dunes London: Methuen
^Co. 1941 (reprinted 1954).
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8.23. Grain Movement. Just like the bottom particles in a river, the

sand grains acted upon by wind are subject to essentially two forces:

first to the gravity force and second to the drag force caused by the wind.

In order to start the sand grains moving, the drag exerted by the wind

must achieve a critical value. Corresponding to Eq. (4.43-2) for water,

the fundamental equation of the drag theory for the sand grains may be

written as follows .

^ /5-p
-gd (8.23-1)

where b is the density of the sand (2.65 g cm" ^ for quartz), p the density

of air, g the gravity acceleration, and d the diameter of the grains. The

quantity ^4 is a constant approximately equal to 0.1. Furthermore, is

the critical drag velocity which will just start the grains moving. Accord-

ing to Bagnold, the above Eq. (8.23-1) holds for sand grains in air

exceeding 0.2mm diameter. The deduction of Eq. (8.23-1) can be per-

formed in the same fashion as the deduction of the corresponding

equation for the movement of bottom particles in rivers (cf. Eq. 4.43-2),

The above equation can be made valid for sand grains with a diameter

smaller than 0.2mm provided the “constant” A is adjusted accordingly:

the smaller the grains, the larger the constant.

Once grain movement is started by the wind, it can be maintained by
a wind velocity below the critical value which would be necessary to dis-

lodge resting particles. This is due to the fact that sand grains move by
sflltation caused by impact. When grains strike the ground, their momen-
tum may be sufficient to start other particles moving. Thus, in addition
to a critical drag velocity of the wind, there is also an impact threshold

velocity u, which is sufficient to keep the above-mentioned “impact”
inechanisra operative indefinitely. Upon being struck, a grain may rise

from the ground at any angle, usually almost vertically if it is to rise to

any height at all. Its terminal forward velocity will be close to that of the
Wind its terminal downward velocity will be close to its settling velocity
(cf. Sec. 4.42) v^. Hence, the angle /? by which it will strike the ground is

tan/3=-^. (8.23-2)

T^ypical grain paths (after Bagnold) are shown in Fig. 198.

For the impact threshold velocity Bagnold gives the following
equation

'

.,=5.75.4l/2=Z^Iog,„.^ (8.23-3)

This equation has been obtained from the drag equation
)> inserting the latter (v^r denoting a shear velocity) into (8.22-1)

• Thccrcucal Gwimorphology, 2nd Ed.
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Electrical Effects 387

loss ofmomentum from the air to move a sand mass per unit time and

width is q^v, where v is the velocity attained by the grains. The loss of

momentum is distributed over the length / where I is the length of a

saltation jump so that the loss of momentum per unit time and area

equals q^v/i However, this quantity must be equal to the boundary

stress a,„; hence
^= (8.23-4)

Using (8.22-2), this yields

(8.23-5)

Bagnold now makes the arbitrary assumption that

l/v=BiiJg

where B is a constant which depends on the surface. It then follows

The formula can be modified by writing it'^ (corresponding to 8.22-3

embodying the reaction of the sand-load onto the wind velocity) instead

of 11^. The constant B can be adjusted in such a manner as to express that

only I of the sand are transported in saltation, the rest in reptation. Since

reptation and saltation are proportional to each other, a formula of the

type of (8.23-6) can be written down to express the total sand movement.
A slight modification of Bagnold’s formula was given by Kawa-

MURA ^ who wrote

p (u^ - u^,) («* + (8.23-7)

o

where is the threshold shear velocity. The two formulas, evidently,

do not differ much from each other.

8.24. Electrical Effects. In addition to the physical phenomena con-
nected with the motion of blown sand, which have already been discussed
above, there is evidence"’^ that electrical effects may also occur. A
significant set of experiments has been reported by who claims
1 lat, when sand grains are rubbing against one another, the smallest
particles become positively charged and the larger ones negatively
charged. Gill claims that the actual sand grains in a sand storm are
a ways negatively charged; the positive charges are carried in the dust

above the sand.

h Kawamura, R.: Rept. Inst. Sci. Technol., Univ. Tokyo 5, Nos 3/4 (1951).
-• Boning, P..- Z. tech. Phys. 8, 385 (1927).

,

“CAVERS, A. N.: Science 126, 1285 (1957).
iJiLE, E. W. B.: Nature (Lond

) 162, 568 (1948).
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Disinbution ofSand Concentration in a Storm 389

The average height is generally much less, of the order of 10 or 20 cm.

The top of the sand cloud appears to have a rather sharp edge.

One would like to explain the distribution of sand concentration with

height above the ground in terms of the physics of grain movement

discussed in Sec. 8.23. Unfortunately, no complete theory of the concen-

tration distributions seems to be available, and it is only possible to

explain some of the features that are being observed.

Above all, there is the occurrence of the sharp edge of the sand cloud

which can be explained by the fact that sand grains travelling in a wind

of velocity v, will reach a terminal velocity equal to c

(8.32-1)

where w is the terminal settling velocity in question. Thus, the velocity

by which a sand grain strikes the ground on its path is c. If it bounces off

the ground, the maximum height it can reach is obviously attained if it

leaves the ground in a vertical direction. The maximum initial velocity

will be equal to c if the impact is completely elastic. Thus, sand grains

(of a given size) can only reach a finite maximum height in a sand storm;

this explains the existence of a sharp upper surface of a sand cloud. The
exact height of this upper surface depends on the terminal falling velocity

of the grains, on the wind velocity and also on the air resistance offered

to the grains bouncing upwards. Numerical checks seem to give values

for the height reached by the sand grains which are in reasonable agree-

ment with that observed in sand storms. These numerical checks are

empirical because the air resistance of sand grains cannot be determined

mathematically. The procedure is thus one of taking sand grains of a

certain size and actually measuring the height attained (or else measuring
the resistance encountered at various speeds and integrating) if they are

shot upward into the air with an initial velocity c.

The above discussion can be expanded somewhat if a more detailed

analysis is made of the saltating motion of the single grains.

The path of a grain leaving the ground with velocity c at a certain

angle can be calculated approximately by the use of semi-empirical

relationships. Bagnold^ writes that the air resistance p to a grain
travelling with the velocity « relative to the air is given by

p=C|p(ur (8.32-2)

where p is the density of the air and a the cross-sectional area of the grain.
Unfortunately, C depends on the Reynolds number Re and thus on the
velocity //. Tables of C(Rc) are available.

1. Baqnold, R. a.: The Physics of Blown Sand and Desert Dunes. London* Methuen
& Co. 1941.
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Grading of Grain Size Distribution 391

From a series of such paths it is, in principle, possible to calculate the

distribution ofconcentration ofsand as a function ofheight aboveground.

If it be assumed that many grains are leaving the ground at a certain

angle, say a, then the total time percentage spent in any height interval

(say y,y+dy) is proportional to the concentration of these grains. If the

calculation be repeated for all possible angles a (varying from 0 to

180 degrees), assuming that these angles are evenly and randomly attained

by the grains, and averaging the results, one ought to obtain a theoretical

grain density distribution. Although the calculation could be made in

principle, this does not seem to have been carried out owing to the

large amount of computation involved.

8.33. Grading of Grain Size Distribution. It stands to reason that the

prevailing wind strength will have an effect upon the grain size distri-

bution on the surface of a sandy area. Unfortunately, it has not been

possible to-date to devise an exact analytical theory for determining the

grain size distribution that is to be expected in a given area under the

prevailing climatic conditions. It has only been possible to make more

or less qualitative statements regarding the general processes that are

at work.

Thus, according to Bagnold \ during the evolution of a sand storm,

there is a definite sequence (or “cycle”) of the events which are taking

place. As the wind increases at the beginning of a storm, the fine particles

are picked up. This leaves a certain surface roughness of the ground.

Trikalinos^ referred to a surface in such a state as being in a “state

of flocculation”. In a wind of steady strength, the intensity of sand flow

increases downward until equilibrium is reached. This means that grains

can be picked up only from a limited area. At a given wind strength,

grains only up to a certain size can be picked up as was shown in the

discussion of Sec. 8.23. Thus, the area from which sand is removed
moves continually downwind.

At the end of the cycle the sand picked up by the wind will have to

be deposited somewhere. If this occurs due to the wind losing its strength,

one speaks of true sedimentation: the falling grains have no longer the

strength to keep up their saltating motion. There are, however, other

possibilities by which deposition can take place. One of them is accretion

which is due to the surface becoming so irregular that the local wind
strength in the lee of the irregularities is too small to carry the grains
forward. This causes obstacles to grow larger by the accretion of sand

1. Bagnold, R. a.: The Physics of Blown Sand and Desert Dunes. London: Methuen
& Co. 1941.

2. Trikalinos, J.: Peterm. Geogr. Mitt. 74, No. 9-10, 226 (1928).
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Large Scale Effects 393

tal resemblance between the rippling of a water surface and the rippling

of a sand surface by wind. However, it can again be shown that this

resemblance is merely superficial and cannot be used as basis for an

explanation of the phenomenon of sand ripples. If a very uniform sand

is taken, no sand ripples will form although, if the phenomenon were

analogous to the creation of water waves, this should be the case. An
attempt by Exner ^ to treat the origin of ripples as an instability pheno-

menon in a layered fluid in which the density increases downward, suffers

from the same deficiency as the attempts by Baschin and Solger.

It remains to try to explain the formation of desert ripples by assum-

ing that they are a phenomenon which is truly due to the differential

movability of grains of various sizes. This is an assumption which has

been advanced byTRiKALiNOS. It was later also maintained, independent-

ly ofTrikalinos (as it appears) by Bagnold. Thus, ripples can form only

if there is a spread in grain sizes in the sand. Ripples are ephemeral

phenomena which change their shape, size and orientation with the pre-

vailing wind direction. Unfortunately, as noted at the beginning of this

Section, no quantitative theory based upon the above hypothesis is

available as of yet. Its qualitative aspects, however, have been confirmed

by observations in wind tunnels and deserts.

8.35. Large Scale Effects. We now turn our attention to the large-

scale geomorphological effects caused by the motion of desert sand. In

this connection, it is particularly the phenomenon of wandering dunes

which captures one’s imagination. However, in order to explain this

phenomenon, it will first of all be necessary to have a close look at the

mechanism of deposition of sand under conditions in which the direction

and the strength of the wind vary. This will yield a possibility of explain-

ing the two types of dunes (barchan dunes and seif dunes; cf. Sec. 1.82)

which have been observed in nature. Finally, the slip face on a barchan
dune will be discussed. Most of the pertinent investigations into the

mechanism of formation of dunes have been undertaken by Bagnold ^

who gives an extensive description thereof in his book.

Starting with the mechanism of sand deposition we note that the

intensity q of sand flow was given earlier (cf. 8.23-6) as equal to

^ = (8.35-1)

o

where B is a constant which depends on the surface, p is the density of
the air, g is the gravity acceleration and u^ is the drag velocity. If for

1 Exner, F. M.. Geografiska Annaler 9, 80 (1927).

2 Bagnold, R. A.. The Physics of Blown Sand and Desert Dunes. London; Methuen
& Co. 1941.
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It is convenient to separate the total sand flow into flow caused by

gentle winds and flow caused by strong winds since the effects

of the two wind types are somewhat different. It then appears as logical

to hypothesize (Bagnold^) that longitudinal (or seif) dunes occur if the

directions of 2*^^ and 2*®^ differ, and that barchan dunes occur if the

directions of 2^"*^ and 2^®^ nearly coincide. In this connection, however,

the terms “gentle” and “strong” refer to a surface studded with dunes:

a gentle wind is one whose strength is such that the corresponding

intensity of sand movement is less than that required to give the surface

an equivalent roughness equal to the actual roughness of the surrounding

Fig. 201. Cross section of a dune

area. In a “strong” wind the reverse is true. The hypothesis regarding

dune shapes and wind direction enounced above cannot be proven

mathematically. One can convince himself only qualitatively that it is

reasonable as will be seen from the arguments that follow below.

Turing first to the longitudinal profile of a dune, we note that its

leeward side is generally steeper than its windward side. If a dune is

progressing downwind with a velocity c without changing its shape, the

horizontal component of the sand removal at any point must exactly

correspond to the velocity c, which yields

-^=dV=cdtdh (8 .35 -12)
Pbs

where dO is the mass (and dV the volume) per unit width of sand re-

moved during the time dt, Pgg is the bulk density of the sand and dh is

the height increase of the original dune corresponding to a shift by the

distance dx=cdt at the bottom (cf. Fig. 201). Hence the rate of sand
removal per unit time (and width) must be

dq=~=cpssdh (8 .35-13 )

1. Bagnold, R. a.: The Physics of Blown Sand and Desert Dunes. London: Methuen
&Co. 1941.
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exact mathematical theory can be given of the development. It has, in

fact, been questioned by Verstappen^ who assumed seif dunes to be

due to different earlier climatic conditions.

8.36. Corrasive Action of Sand. We have noted on Sec. 1.82 that

blown sand may have a pronounced corrasive action upon rocks which

happen to rise above the general level in a desert. In this instance the

sand attacks the rocks directly in a manner which is similar to the

action of a sandblasting apparatus. It is known that weird, pillar- or

mushroom-like structures may be the result of the corrasion caused by

the blown sand.

Because of the distribution of the sand concentration in a sand

storm (discussed in Sec. 8.32), which indicates that more sand is trans-

ported near the bottom than higher up, the corrasion of desert features

is more pronounced at the base than at the top. This explains the

mushroom-shaped rocks that have been observed in deserts.

Unfortunately, no calculations seem to exist which would endeavor

to determine, by analytical means, the corrasive effect of blown sand

upon desert features and the evolution of the shape of the latter.

Aeolian corrasion is also effective with regard to the grains them-

selves which constitute the sand. Experimental investigations of this

effect have been made by Kuenen^ who was able to show that aeolian

abrasion of sand is far more effective than the aqueous abrasion of

pebbles (for the latter, see Sec. 4.75). As in aqueous abrasion, there is

also a lower limit for aeolian abrasion below which aeolian corrasion

ceases to be effective. This limit, however, is much smaller than in

aqueous abrasion; for aeolian abrasion it has been shown to occur at

grain diameters of about 0.05 mm. It stands to reason that grains below
that size move in suspension as “dust”.

8.4. Physics of Dust Movement

8.41. Basic Principles. Dust particles, by definition, are so fine that

their transport in the air occurs by suspension.

Natural dust is very similar to many man-made pollutants and
therefore the movement of such particles has been studied fairly ex-

tensively by sanitary engineers

1 Verstappen, H • Z. Geomorph 12, 200 (1968)
2 Kuenen, P. H.: J. Geol. 68, 427 (1960).

3 Magill, P. L., et al.: Air Pollution Handbook, New York: McGraw-Hill Book Co.
1956

4. Frenkiel, F N., and P A. Sheppard (ed.): Atmospheric Diffusion and Air Pollution
(Adv in Geophysics, Vol. 6). New York: Academic Press 1959.

5. McCabe, L (ed ): Air Pollution. New York’ McGraw-Hill Book Co. 1952.
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Theory of Longitudinal Sliding of Glaciers 359

E/L = 4, iir=80cal-g~\ D = 0.005 cal deg~^ sec~^ cm t = 1 bar,

5=0.017 bar'’'^-^ year~\ ;j= 4.2) for the constants in (7.23-5), obtained a

value of about 1 m/year. This is far less than what is observed in natural

glaciers. The situation can be improved by slightly changing the rough-

ness-value (L'/L), because of the high value of n attached to the latter.

Modifications of the above theory have been attempted by

Lliboutry^’^ who noted that the idealized glacier bed considered by

Weertman (Fig. 183) represents too gross an oversimplification. Thus,

Lliboutry suggested that, instead of a bed with square obstacles, one

should consider a bed made up of parallel sine waves, as shown in

Fig 184. Lliboutry’s model of an idealized glacier bed. After Lliboutry'

Fig. 184. The equation of the glacier bed (in the co-ordinate system
indicated in Fig. 184) is then

z= (7.23-6)

In order to approach reality, one can allow different phase angles cp for

different intervals on the y-axis. The quantity r

a
(7.23-7)

may be called the rugosity of the bed.

The ice exerts a pressure upon the bed which will be greater in front
of the waves than behind; thus Lliboutry assumes a harmonic variation
for this pressure:

do- / 2nx \a,=pg}7+~cos\~^
(pj (7.23-8)

1 Lliboutry, L ; Ann Geophys. (Paris) 15, No 2, 250 (1959)
2. Lliboutry, L.: Pub Assoc. Int. Hydrol. Sci. 79, 33 (1967).


