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1 Introduction

The purpose of this paper is to systematically understand the mechanism by which gauge
theories!' defined on spaces with boundaries (either at finite distance or asymptotic) are
found to host local degrees confined to the boundary. These boundary degrees of freedom
are governed by a boundary action and we aim to develop general and efficient methods
for calculating it. The simplest and most familiar example is provided by the Chern-
Simons/WZW correspondence [1, 2].

The existence of boundary modes is tied to the crucial distinction between those gauge
symmetries that act nontrivially at the boundary versus those which are suitably localized
away from the boundary. The former take the system from one point in phase space (or
from one quantum state) to another, while the latter do not. We refer to these as large and
small gauge transformations respectively. For example, in the case of General Relativity in
asymptotically flat spacetime two black hole configurations, one at rest and one in uniform
motion, are related by a large coordinate transformation. Large gauge transformations are
generated by nontrivial conserved charges, and the large versus small distinction implies
that such charges can be expressed as boundary integrals. This fact has as its most ele-
mentary incarnation the flux integral expression for charge in electrodynamics, and finds
its most general expression in the covariant phase space formalism [3].

Of interest to us in this work are cases in which the large gauge transformations are
associated to physical degrees of freedom localized at the boundary. In a canonical formu-
lation, physical degrees of freedom are nonzero modes of the symplectic form. In a gauge
theory the symplectic form breaks up into bulk and boundary pieces. Boundary degrees of
freedom are zero modes of the bulk part of the symplectic form, but not of the boundary
part. The boundary modes are furthermore governed by a boundary action. Particularly
interesting is the case in which the group of large gauge transformations, i.e the asymptotic
symmetry group, is infinite dimensional, in which case there is a boundary field theory. One
motivation for our work is that these boundary field theory degrees of freedom are every bit

'We use the term “gauge symmetry” to denote any local symmetry, including Yang-Mills and diffeomor-
phisms.



as physical as any other and so should be understood. Although we do not discuss it here,
boundary modes also play an import role in attempts to formulate entanglement entropy
in gauge theory and gravity; a few references include [4-7]. Discussions of boundary modes
in various other contexts include [8-12].

In the case of Chern-Simons (CS) theory there is a simple well known procedure for
obtaining the WZW boundary action [2]. In CS theory the Gauss law constraint is the
statement that the spatial components of the field strength vanish. The general solution
to this constraint is obtained by writing the gauge fields as a gauge transformation of a
given flat connection. Inserting this back into the action the CS Lagrangian becomes a
total derivative and the resulting boundary term is the WZW action.?

This strategy is not necessarily so easy to carry out in other theories, in particular if
there is no easy way to find the general solution of the constraints. A main objective of
this paper is to develop more widely applicable methods for deducing boundary actions,
illustrated by explicit examples. To this end we primarily work in a covariant phase space
framework [3, 13, 14], where the main actors are the symplectic form and the boundary
charges. We take as examples three-dimensional gravity, possibly supplemented with a
gravitational CS term, subject to various boundary conditions. As is well known [15, 16],
pure 3D gravity with AdS3 boundary conditions admits a CS formulation to which the basic
CS/WZW procedure above can be applied (with some modifications due to the change
of boundary conditions), and one obtains a theory of boundary gravitons [17-19]. The
metric formulation version of this procedure was worked out in [20, 21], and extended
to the case of a finite cutoff boundary. Here we illustrate our more general methods by
considering non-AdS boundary conditions, including those of warped AdSs [22] supported
by the gravitational CS term [23]; note that in general the addition of the gravitational CS
term breaks the correspondence with the usual SL(2,R) x SL(2,R) CS formulation.

We now briefly summarize our various approaches to deriving boundary actions. In the
canonical approach followed here, the boundary action is built out of a canonical 1-form
O, whose exterior variation yields the symplectic form €2, and the boundary Hamiltonian.
These objects are defined on a phase space which consists of a particular gauge orbit,
obtained by acting on a chosen background solution with all possible boundary condition
preserving gauge transformations. The basic point is that on a given orbit the symplectic
form as well as the charges generating the large gauge transformations (i.e. asymptotic
symmetries) all localize to the boundary. If the boundary charges Qv associated to large
gauge transformations V can be computed, the symplectic form may in principle be found
by solving the equation iy = —dQy. Solving this can be quite laborious, and one still
needs to compute the potential © for 2. For the class of examples that arise in AdSs
gravity with various boundary conditions, it is possible to bypass all this and pass directly
from the conserved (angular)momentum and Hamiltonian to the boundary action, as was
employed in the example of cutoff AdS3 gravity in [21] leading to a boundary Nambu-Goto
action, whose origin was clarified in [24].

2To get a fully explicit two-dimensional boundary action one needs to choose an explicit parametrization
of the gauge group elements, as we review in appendix D.



As this approach may not always be possible, we also develop more general methods
for computing 2. These are based on identifying a phase space 1-form valued vector field
W, which we refer to as the transfer field, which obeys the relation d¢ = iy d¢p when d¢ is
restricted to a single gauge orbit. Given knowledge of W and of the charges @) we show how
one can use these to read off the boundary symplectic form. Furthermore, we demonstrate
another technique which is somewhat less efficient for computing €2, but has the advantage
of allowing one to sometimes obtain expressions for the boundary contributions to €2 in-
dependent of the chosen boundary conditions. We describe when this can be done, most
notably for diffeomorphisms. As an example, the Einstein-Hilbert action in any dimension
with any cosmological constant always produces the contribution (3.66) to the boundary
symplectic form, independent of the boundary conditions.

The main example we use to illustrate our general methods is warped AdSs [22, 25, 26].
This is a well-studied solution of topologically massive gravity (TMG) [23]. The warped
asymptotics make it less obvious a priori on what surface the boundary action should be
thought of as living. We will work out the boundary action in detail, and also show how
the same results may be obtained via “lower spin gravity” [27] which is a CS formulation
that can be used to describe a subsector of the full TMG phase space.

These boundary actions are important inasmuch as the boundary modes are part of
the dynamical degrees of freedom of the theory. For example the boundary photons and
gravitons arising in the CS and AdSj3 gravity theories contribute to the thermal partition
function [28]. However, at first sight the physical relevance of these modes may seem
elusive, given that they are generated by performing gauge transformations. This point is
clarified by coupling another system to the theory containing the boundary modes. We
give a simple example of this in which a boundary scalar couples to a CS theory defined on
a spatial disk, showing how correlators of the boundary scalar are modified by the coupling
to the boundary photons.

Another situation occurs when the boundary is not the true “end” of the spacetime,
but rather an interface marking a transition between two different regions with distinct
asymptotics. It is interesting to ask whether and how the modes that “would have been
there” had the interface been an actual boundary manifest themselves in the full system.
One can think of this as a version of the setup described in the previous paragraph, where
one side of the transition region now functions as the additional system. This situation
arises very naturally in gravity. For example, one can have a solution with a near horizon
AdS3 region, which by itself supports boundary modes, embedded inside an asymptotically
AdSp~3 solution. The latter solution has a finite dimensional asymptotic symmetry group,
so one may wonder whether the near horizon boundary modes are detectable at the asymp-
totic boundary. We answer this question in the affirmative, showing how the pure gauge
modes in the near horizon are promoted to non-pure gauge modes in the full spacetime.

It is worthwhile to clarify our usage of certain terminology in what follows. In par-
ticular, when we refer to a gauge transformation, depending on context we may or may
not distinguish whether we mean small or large gauge transformations, and likewise for
diffeomorphisms. When this matters, which is often, we will distinguish the two. Re-
call that small gauge transformations/diffeomorphisms describe redundancies, and in a



canonical framework are zero modes of the symplectic form. Large gauge transforma-
tions/diffeomorphisms instead move us between distinct points in phase space, and are
nonzero modes of the symplectic form. Finally, we occasionally use the term “local sym-
metry”, which is meant to encompasses both gauge and diffeomorphism symmetry, whether
small or large. The usage should always be clear from the context.

The rest of this paper is organized as follows. In section 2, after quickly reviewing the
standard approach to U(1) CS theory on a disk and the physical relevance of boundary
modes, we go on to a general discussion of the origin and identification of boundary modes
within the framework of the covariant phase space. In section 3 we develop specific methods
for computing boundary actions, illustrated through particular examples. In section 4 we
consider the case of warped AdSs asymptotics in topologically massive gravity, which is a
useful and nontrivial example to illustrate various issues. We obtain the boundary action in
both the metric formulation and in the so-called lower spin gravity formulations. Section 5
discusses how boundary modes can appear in the IR. A series of appendices lay out some
conventions, review an important theorem regarding identically closed forms, review the
proper method for handling non-diffeomorphism invariant actions in the Wald formalism,
review non-Abelian CS theory and apply our methods to it, and explain the connection of
our 3D gravity results to 2D JT gravity.

2 Review of boundary actions

In this section we discuss general aspects of boundary modes, their origin in terms of large
gauge transformations, and the construction of an action that describes them.

2.1 U(1) CS theoryon M =D xR

To get oriented, we first quickly review the simple and classic example of Chern-Simons
theory on a spatial disk and the corresponding boundary gauge modes, following the original
Lagrangian approach [2]. This approach is based on solving the Gauss law constraint and
substituting back into the action, yielding a total derivative. While this method works well
here, it is not so easy to adapt to other examples such as gravity in the metric description.
For this reason we go on to develop more flexible methods based on a covariant phase space
analysis.
The action for Abelian CS theory on a spatial disk cross time is

S:k/ ANdA+ Spoay
M
— K / Br(A0 Ay — Agdr Ay + 2A,F ) + Sy (2.1)
M

where we integrated by parts and absorbed the boundary term into Sl/mdy' We choose
boundary conditions §(A; — Ag)|anr = 0.

Specializing to the case (A; — Ag)|om = 0, a good variational principle is achieved by
taking

Sinay =0, Shay ==k [ e (2.2)



A; is a Lagrange multiplier enforcing the constraint Fy, = 0, which is solved by writing
Ay = 0pa, Ap=0rax, (2.3)

with a(r,t,¢ + 27) = a(r,t, ¢). Plugging this back into the action, the bulk terms become
a total derivative, and we arrive at the chiral boson action

S=k /8M dtdg(0padior — Opadgpar) . (2.4)
The basic equal time Poisson-Dirac bracket is
(), 9yal8)} = 52606~ 9) (25)
The Hamiltonian and charges generating infinitesimal gauge transformations by A are
Hy =k /0 2W(8¢a)2d¢, H[\ = 2k 0% Adpade . (2.6)

The theory describes a U(1) current J = kdya whose Fourier modes obey a U(1) current
algebra. The current-current-correlator is

k

47 sin? (%) ’

Grr(w) = (J(w)J(0)) = w=¢+t, W=¢—t. (2.7)

2.1.1 Physical relevance of boundary modes

Inasmuch as the preceding analysis shows that boundary modes can carry nonzero energy
and momentum, they are established as being nontrivial physical states. Nonetheless, their
“pure gauge” character leads one to wonder, at least upon first hearing, whether they might
be ignorable in some sense, for example by decoupling from the rest of the physical system
in which they are embedded. However, it is not hard to show that the boundary modes do
have measurable consequences on other observables.

To expose these effects we can think of coupling the theory in the disk region to some
external system comprised of charged matter that couples to the CS gauge field at the
boundary of the disk. In the simplest incarnation we can take the system to live on the
boundary of the disk, and to be completely explicit we consider a charged scalar field
example,

S = k/ ANdA+ | d*x(DF®)*D,® . (2.8)
M oM

The covariant derivative is taken to correspond to a gauging of the scalar shift symmetry,
D, ® = 0,® —igA,. This is convenient, since the associated current, JE =i(0,P — 0,9*)
decomposes into dimension (1,0) and (0, 1) operators, which is not the case for the current
associated to phase rotations of the scalar.? Repeating the previous steps we arrive at the
action

S = / 2 [~ 2kD00pa + 40, Fp® + 2iqdsa(O5® — Ogd)] (2.9)

3The non-invariance of this current under large gauge transformations is not a concern since such trans-
formations are to be viewed as global symmetries.



with 8y = 3(9p + &), Oz = 5(9s — 8;). The coupling of a to ® has no effect on the energy
spectrum of the theory, as follows from the fact that the coupling can be removed by a
redefinition of ®. There is a nontrivial effect on scalar correlators, in particular on the
two-point function of the current Jg. This effect reflects the fluctuating phase acquired by
a charged particle on traveling between the two operator insertion points on the boundary.
Treating g as a perturbation, we can readily sum up contributing diagrams by performing
Wick contractions, resulting in

G o (p) = (J2(p)J2(~p))q

= > (—46*)™(G yo o (0)]" T [Gaa (p)]™
m=0
G Je g (p)
_ , 2.10
14+ 4q2GJ<I>Jq> (p)Gaa (p) ( )
where the ¢ = 0 correlators are
Pw
G oo (®) = (T () Ty (p) ~ =
Gaa(p) = (Dp(p)dg(—p)) ~ . (2.11)
At g = 0 the correlator behaves as pg/p, corresponding to 1/ sing(%) in position space.
As g—oo the correlator tends to zero, with leading behavior q%%; being polynomial in p;,

this vanishes for unequal times.
The point to be emphasized here is that the boundary modes leave a detectable imprint
on the scalar correlators, and so are clearly “real.”

2.2 Review of covariant phase space formalism

We begin with a brief review of the covariant phase space formalism, which will also serve
to establish notation for the remainder of this paper. Along the way, we make comments
about precisely where boundary conditions enter the formalism, as these will be useful to
keep in mind later. For a more detailed review, see for example [3, 13, 29, 30].

2.2.1 Action and covariant phase space

We consider a theory defined on a D = d 4+ 1 dimensional spacetime M which admits a
foliation by codimension-1 slices which we will generally denote by . The, potentially
asymptotic, boundary structure of M can then be decomposed into OM = ¥, UT'UX_
where ¥ are the slices in the asymptotically far future and past and I' is formed by
unioning the boundaries of all the slices. On this spacetime we consider a theory with
fields ¢ whose dynamics are described by an action

S[e] :/ML+ ¢ (2.12)

oM



where L is the D-form Lagrangian and ¢ is some allowed d-form boundary contribution,*
which we assume to be local functionals of the fields.

Throughout we will use d to denote the exterior variational derivative, which we refer
to as the variation. Particular infinitesimal transformations of the fields will be thought of
as vector fields V on field space. The action of a vector V on a field ¢ will then be denoted
by the contraction® iy d¢. By integrating by parts, the variation of the Lagrangian may
always be written

5L =EN6p+do (2.13)

for some 0. Setting £ = 0 will be our equations of motion. We note that 6 is always
ambiguous up to addition of a d-closed form which we will return to shortly.%
Using this identity, the variation of the action is given by

55:/ME/\5¢+/2 _E_(9+5e)+/r(9+5£). (2.14)

In order to have a good variational principle we require that the on-shell variation have no
support on I' which then requires

(0 +d0)|r =dB (2.15)

for some B. Of course, this B can always be absorbed into a redefinition of . However,
we note that for a generic theory, the Lh.s. above will not automatically take the form
of a total derivative. Instead, there will be terms which only vanish upon the imposition
of boundary conditions. This means that the B here generally depends on the boundary
conditions we choose for our theory, and the existence of B may impose conditions on what
we choose for £.7 As a simple example, starting from the action (2.1) we find

0=—kANSA, B=0 (2.16)

with chiral boundary conditions.

It will be useful later to keep explicit which objects depend on the boundary conditions
and which do not. So while it is possible to absorb B into a redefinition of 6, we will refrain
from doing so in order to avoid reference to boundary conditions when writing 6.

4Though we use the same symbol ¢ for the boundary contribution over all of M, there need be no
relation between £ on I and ¢ on ¥ . Shifts in this £ on either always produce shifts in the canonical 1-form
by something ¢ exact and so do not change the symplectic structure.

5Though here we prefer the contraction on variation notation to denote infinitesimal transformation, the
reader may find it helpful to recall that the following are equivalent: ivdF[¢] = Lv F[¢] = V(F|[¢]) where
Ly denotes the Lie derivative on field space and V (F[¢]) is the action of the vector field V' on the function
F on field space.

SIn the literature, e.g. [3], it is often mentioned that @ is also ambiguous up to addition of a d-closed
form. While this is true, any such shift in 0 is equivalent to shifting ¢. So we take the perspective that 6
has no § ambiguity, but £ remains to be chosen.

"A standard example of this would be the need to include the Gibbons-Hawking-York term in the
Einstein-Hilbert action with Dirichlet boundary conditions, though in that case we may choose B = 0
depending on our gauge fixing, see e.g. [30] for details.



It’s also useful to observe that having a good variational principle is equivalent to slice
independence of the symplectic form. The potential for the symplectic form is always found
by extracting what remains of the action’s variation from the initial and final time slices;
we write A to denote this. Here we have

0S = A= (0 +0¢—dB) (2.17)
pI > T-3

after the imposition of (2.15). This means we should choose our symplectic form to be®

Q- /w_/cSA /59 dB). (2.18)

Though the ultimate argument for using this object as our symplectic form will be that it
produces the desired Poisson brackets, we can see an immediate benefit by taking a second
variation of (2.17), which implies that this € is independent of the slice we choose.

It is, however, useful to observe that we can show more directly that the slice indepen-
dence of  is precisely equivalent to the demand (2.15), and hence the demand for a good
variational principle. To see this we take a second variation of (2.13) to find

—5(E A 6¢) = o0 = dw (2.19)

so the symplectic current is closed on-shell. Hence Q(X) is independent of the slice ¥
if and only if the pullback of w to I' vanishes. This demand can be rewritten as w|r =
d(0lr —dB) = §[(6 + 6¢)|r — dB] so the condition (2.15), obtained from demanding a good
variational principle, is equivalent? to the slice independence of the symplectic form.

As a final comment about this definition for the symplectic form, we should discuss the
distinction between the phase space and prephase space. We will generally take prephase
space to consist of all configurations of the fields which obey the boundary conditions and
the equations of motion. On this space the quantity (2.18) will generally be degenerate
and hence cannot be a proper symplectic form.'9 For this reason, it’s often referred to as
the presymplectic form.

To form the actual phase space, we need to perform a symplectic quotient and mod out
the null directions of the symplectic form. This is a matter of viewing the prephase space
as a bundle whose fibers are the null directions and whose base space is our true phase
space. The mathematical details were laid out in [14], but in practice the result is that
is a non-degenerate 2-form on the base space and so working on the true phase space is a

matter is ignoring those variables whose variation lies along the pure gauge directions.!

8Throughout this work we ignore the complications that come from the possibility of non-trivial phase
space topology, including the possibility of a symplectic form with non-trivial De Rahm cohomology.

9Strictly speaking, the slice independence of the symplectic form only implies (2.15) up to a d-closed
form, but locally on phase space such a form can be written as exact and absorbed into a redefinition of £.

10This is closely related to the lack of deterministic evolution on prephase space; specifying the fields
and some number of their derivatives on a Cauchy slice may not uniquely determine the same data on a
later time slice. The most common way to exhibit this non-uniqueness is by specifying a configuration and
applying to it a gauge transformation which differs from the identity only at times later than the first slice.
We would thus have two solutions to the equations of motion whose data agree on one slice but disagree
on another.

11f we are being strict, this is the statement that, at least locally, a section of the bundle is diffeomorphic
to the base space.



2.2.2 Symmetries and charges

With the covariant phase space framework now in place, it will be important for us to
review how symmetries enter the picture. A vector field V on phase space is typically
defined to be a symmetry if its action on the Lagrangian is a total derivative:

iyoL = dky (2.20)
for some ky . Contracting V onto (2.13) it now follows that
dJy = d(Zve — kv) = FE Niydo. (2.21)

So Jy = iy 0 — ky is the conserved Noether current associated to V.

Though any vector field V' satisfying (2.20) admits a conserved Noether current, con-
structing the Noether charge is not always as a simple as integrating the current over a
time slice. There may be non-trivial boundary contributions to the true Noether charge
Hy in order for it to satisfy

ivQ = —6Hy. (2.22)

For general symmetries, one must directly evaluate the contraction on the symplectic
form, but for gauge symmetries we may find the charges by another, sometimes more
efficient, method. This was pointed out in [31] for the special case of diffeomorphism
charges in diffeomorphism invariant theories, but with the Theorem 1 of appendix B it’s
simple to generalize this calculation to any gauge transformation, as we review now.'?

We suppose V) generates a gauge transformation with gauge parameter A, defined
such that Vp = 0 so A = 0 is the identity transformation. Taking an additional variation

of (2.21) it follows that, on-shell,
d(Ly,0 — ky) =0 (2.23)

where we have abbreviated ky, = kx. Thus we have a form closed for all free functions A
and Theorem 1 tells us that there must exist a phase space 1-form IIy, constructed locally
from the fields and A, such that

Ly, 0 — oky = dII,. (2.24)
With this, it now follows from (2.18) that
dJy = —iy,w + d(II — iy, 0B). (2.25)
Thus if there exists a function C) such that

I\ — iy, 0B = 6C)y, (2.26)

12Some additional simplifications that can help in computations are possible in the special case of dif-
feomorphisms even when the theory is not diffeomorphism invariant, as when gravitational Chern-Simons
terms are included in the action. This still makes use of Theorem 1 and was pointed out in [32]. We review
it in appendix C.



(2.25) implies
in:—d/QA—dCQ. (2.27)
)

We note that the existence of C\ is not guaranteed and will typically depend on the
boundary conditions chosen for the theory.!> The expression (2.27) now identifies the
correct boundary Noether charge as being the integral of Jy with some additional boundary
contributions.

Since Jy is closed for all A, and is linear in A\, we can go further and compute a local
functional, referred to as the Noether-Wald charge, (25 such that J), = d@Q,. With this the
Noether charge may be written

H[N = /82(Q>\ —Cy) (2.28)

which has support only on the boundary of our Cauchy slice. Furthermore, we note that
the only place the boundary conditions enter into this expression is through C), as Jy and
@» depend only on the Lagrangian of the theory.

Since the charges (2.28) have support only on the boundary, it follows immediately that
any gauge transform whose parameters A have compact support away from any boundaries
must produce vanishing Noether charge. The vector fields generating these transformations
are thus identified from (2.27) as null directions of the presymplectic form which need to be
modded out in the symplectic quotient. The non-zero Noether charges generate the large
gauge transformations of the theory and are evidently localized to the boundaries of the
spacetime. In the case these boundaries are asymptotic, the large gauge transformations
are said to be asymptotic symmetries.

2.3 Where boundary actions come from

Using the machinery of the covariant phase space we can understand the, rather weak,
sufficient conditions for producing boundary modes and gain some insight into the condi-
tions under which the action for the theory is supported exclusively on the boundary. To
transform this question into one which is easier to work with we first recall the phase space
action. Writing the symplectic form for the theory as 2 = §O, the phase space action is
given by

sm:A@_Lma (2.29)

where ~ is some path through phase space parametrized by t. To orient ourselves it’s useful
to recall that for point particles ® = pdx so

s5ﬂm—/m&=ﬂm—mw (2.30)

where the dot denotes the derivative along the path.

Y3The insufficiency of (2.20) alone to ensure the existence of a charge satisfying (2.22) is pointed out
many placed in the literature. In e.g. [3, 29], integrability conditions are required as we see here and in [30]
an auxiliary condition, there eq. (4.16), is required.

10Of course, © is not unique. Different © correspond to holding different data fixed in the initial and
final configurations. For a point particle, © = pdx is the correct potential for varying with the initial and
final position of the particle held fixed.

~10 -



If time translation is a local symmetry, as it is in a diffeomorphism invariant theory,
then by Theorem 1 the Hamiltonian generating time translation H; is supported on the
boundary. While this gives a boundary contribution to the action, we would still be left
asking about when we receive boundary contributions from © and about what happens
when time translation is not a local symmetry. We can obtain a better characterization
of boundary contributions to the action which will help answer both of these questions by
first introducing some notation.

Consider a generic theory with fields ¢ and some gauge group. We denote the action
of a gauge group element with gauge parameters'® o on ¢ by T,[¢]. For example, if ¢ is
a complex scalar field of charge g, To[@] = €4%¢. If ¢ is a U(1) connection we would have
To[¢] = ¢ + da.

Now, we are always free to consider the field redefinition to gauge orbit variables
where we pick a class of gauge-fixed configurations ¢ so a general configuration is in the
gauge orbit of some ¢: ¢ = T, [¢]. This separates the prephase space into gauge directions,
parametrized by the «, and non-gauge directions, parametrized by the gauge inequivalent ¢.

In these variables if we write'® H; = [y, J;, Ji[$, o] is a local function of a. Since J;
is closed for all functions «, Theorem 1 tells us that we can construct a local potential

Q¢[¢, a] such that

Jt[a, OZ] = Jt [5, O] + th [5, Oé]. (231)

That is to say the current separates into a component we would find if we had immediately
fixed the gauge, and a boundary contribution which contains all the effects of the gauge
modes «, though it’s notably also free to depend upon boundary excitations in the gauge
fixed ¢ directions. We note that J;[¢,0] = 0 when time translation is a gauge symmetry.

A similar argument works on the symplectic form. There are only three types of
components that can appear in the symplectic form when we go to gauge orbit variables.
This fixes the generic form of the symplectic form to be

w= W%[a’ alép Ao + W3, [}, A)dd A S + waa @, a]da A da (2.32)

where the coefficients should generally be understood to contract on any indices we have
suppressed in ¢ and da, and may also contain derivatives that operate on the field varia-
tions.

Since the da are completely free function in the bulk and dw = 0 on-shell by (2.19),
we may again apply theorem 1 but now using d« instead of « as our free functions. We
thus conclude!”

w= w%[a, alép A 8p + dap[, a] (2.33)

5For later convenience we assume that o = 0 is the identity transformation and that these o are free
functions on spacetime as might be obtained by exponentiating a Lie algebra about the identity.

16Tn this section only we assume for convenience that J; has been defined to include all necessary boundary
contributions already so H; is the full Noether charge satisfying (2.22).

"Less formally, one can understand that there ultimately cannot be any da components appearing in
the bulk or 2 would have non-zero contractions on small gauge transformations.
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where we have put a tilde on @ because it will not be the complete contribution to the
boundary symplectic form. Importantly, @y is a local functional of the fields.

We can go further by invoking theorem 1, this time on the o dependence of %[5, a)SpN
d¢. The result is evaluating wyg at = 0 and an additional, locally constructed contribu-
tion to the boundary symplectic form:

w= w%[& 0106 A §¢ + dwy[o, a. (2.34)

Like with H, the symplectic form separates into a bulk component that we would have
found by gauge fixing from the very beginning and a boundary term which encapsulates
the entire effect of the gauge symmetry.

We can choose both of these terms to be & closed on phase space separately.'® It then
follows that we can find separate potentials and the symplectic potential current A breaks
up into two terms,

Alg, a] = Anld] + dAan(o, al. (2.35)

Our arguments about the Hamiltonian and symplectic form together imply that the
action must also break up into two terms, one supported on the bulk obtained from gauge
fixing, and one supported only on the boundary:

5= [at [ (vAul@ - 20.0)+ [t [ (ivAomol-QfE.a))  (230)

where V' generates the path the action is evaluated on. So all gauge theories will reduce
to a bulk component which is gauge fixed, and a boundary term which contains all the
dynamics of the boundary gauge modes. Importantly, this boundary action may contain
interactions not only among the boundary fields «, but also with the boundary values of
the bulk gauge fixed fields ¢.

2.4 Discussion

The result (2.36) establishes boundary contributions to the action as a generic feature of
gauge theory independent of whether we are able to solve constraints and directly reduce
the action to the boundary as in 3d CS theory. But the nature of this boundary action
varies from case to case, the main controlling factor being the structure of the asymptotic
symmetry group. For example, Einstein gravity in AdSpss with standard asymptoti-
cally AdS boundary conditions has a finite dimensional asymptotic symmetry given by the
SO(D — 1,2) isometry group of the global AdS vacuum. Thus instead of a boundary field

18T see this, suppose to the contrary that the variation of the bulk term in (2.34) is not & closed but
varies to something spacetime exact, (5(0.1%@7 0]6¢ A 66) = dwar, which then cancels against part of ddws.
This was cannot contain any dependence on « or da, so if a cancellation occurs it’s sufficient to consider
a = da = 0. But our use of theorem 1 implies wp = 0 in this case, so no cancellation can occur, requiring
dwpr = 0, and the terms in (2.34) are separately closed.

190ne should be careful to take the orientation of % in these integrals to be the one induced by writing
Vol(M) = 7 An A Vol(9X) where 7 is the normal form to the slices ¥ and n is the (outward) normal form
to I'. This is a convention consistent with Stokes theorem, see [30] for more details.

- 12 —



theory we have a boundary quantum mechanics, with one quantum mechanical degree of
freedom corresponding to each generator.

To illustrate this we consider the even simpler case of pure Maxwell theory in asymptot-
ically flat space. The phase space variables are (ﬁf, E) subject to the Gauss law constraint
V-E = 0, and we impose that these vanish at spatial infinity. The symplectic form is
Q~ 5 SE-ASA. This symplectic form together with the boundary conditions require that
the gauge parameters «(Z) become spatially constant at infinity. Writing A= i—i— ﬁa, we
have

Qn~ [ @-6EAda~6Q A Sa (2.37)
>
where () is the total electric charge. As the Hamiltonian has no dependence on «, the
boundary action is simply S, = [dtQd, whose equation of motion is simply charge con-
servation. This boundary contribution is actually familiar in another guise. In particular,
consider the Euclidean theory with periodic imaginary time, ¢t = t 4 5. Since @ is constant
on-shell we have S, = @ [dta = fuQ, which identifies the boundary mode « as being
proportional to the chemical potential.

Turning now to the case of an infinite dimensional asymptotic symmetry group, here
we do expect to get a boundary field theory. This boundary field theory may either be
a free theory, as in U(1) CS theory, or interacting, as in non-Abelian CS theory or 3D
gravity. In general, it’s clear that the existence of interactions is closely tied to the bulk
theory having a non-Abelian asymptotic symmetry group.

We may also ask more practically how to compute (2.36). In principle, once we go
to gauge orbit variables all stages of the calculation here are algorithmic as reviewed in
appendix B. But to use the gauge orbit variables we would first need to classify the gauge-
inequivalent solutions. Since we are working in a canonical formulation it would be sufficient
to find all gauge-inequivalent initial data, but that would still mean solving the constraints
of the theory explicitly.

Instead, one could imagine taking ¢ to be some perhaps incomplete class of initial
data solving the constraints and consider the dynamics of this subspace of the full phase
space. For example by considering a special subspace such as a moduli space of black hole
solutions.

The logical extreme of these ideas would be to take ¢ to be a single solution, so we
are looking at the gauge orbits about a background configuration. In this case d¢ = 0 and
Apr = 0 so the entire symplectic form lives on the boundary. This simplification allows
more efficient computational methods than the gauge orbit variable strategy described
above. Three such methods are described in the next section.

3 Computing gauge orbit actions

As discussed in section 2.4, we may have reason to consider only certain sectors of a theory.
The particular case of interest here is where we consider a single gauge fixed configuration
¢ and orbits around it. This means 6¢ = 0 and Ay; = 0. The remainder of the bulk
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term in the action (2.36) then integrates to some constant and we are left with only the
boundary contribution to the action and more efficient methods of calculation are available
to us. This section is concerned with describing three such methods.

The first is less generically applicable, but very efficient when it applies as it directly
computes Ayys instead of the boundary symplectic form wy. The other two methods are
concerned with computing wy and are based on the existence of a particular 1-form valued
vector field on phase space.

It’s important to note that as d¢ = 0 suggests, these methods treat ¢ as a background
field so any components Agys might have had in the ¢ directions will not be captured by
these computations.

3.1 The momentum method

For all the 3D gravity examples considered in this work there exists a very efficient method
for deducing the boundary action [21]. We describe it here in general terms.

Supposing that expressions for boundary charges H¢ are known, to write down the
boundary action we require knowledge of the boundary symplectic potential ©, defined via
1 = §0. A direct approach to obtaining it is to first extract (2 via the relation iy, Q = -6 H,
and then compute © by solving §0© = 2. We now discuss how, under suitable assumptions,
we can write down the solution for © directly, bypassing the laborious procedure just
mentioned. This method was used in the case of cutoff AdSs gravity [21].

We consider a boundary with a single spatial dimension with coordinate x, which may
live either on the circle or line. The boundary field theory variables are written as (®, V),
where ¥ could stand for a collection of fields. On the circle or line, these fields are taken
to obey periodic boundary conditions or vanish at infinity respectively. Under phase space
vector fields V¢, which we can think of as reparametrizations of x, the fields transform as

0¢® = ivg(SCI) =+ D¢
0V = Z'VE(S\I/ =23 (3.1)

where ' = 9,. The inhomogeneous term in J:® corresponds to ® being the field associated
with z-reparametrizations. Now suppose that the charge corresponding to constant & (we
take £ = 1 and denote this charge by P) is constrained to take the form

P= /dl’ [K@@@Q + /iq;q;(IDI\I// + /1\1;\1/\1//2 + P&,(I)/ + P&,\I’I} (32)

where the k’s are constant and the functions (Pgp,Py) are local functions of
(@, ®",..; 0 W .. ie. do not depend on undifferentiated fields. The basic result
is that up to a d-exact term, the unique © which solves

i, =—-0P, §=1 (3.3)
is given by

0= /dx [I{@@(I),(Sq) + qupq)/(s\lf + Ii\p\y\lﬂ(s\l/ + P&,&CI) + P\/I,5\I’] . (3.4)
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To prove this, we first note that it is straightforward to verify that (3.3) is satisfied, so only
the question of uniqueness remains. To analyze uniqueness we consider a correction to the
symplectic form,

AQ = / dz [6X), A 6B + 5X0, A SV] (3.5)

where the functions (Xg, Xy) are constrained to obey the same general properties of
(Pg, Py). We compute

v, AQ = 5/daz [(X3®" + Xy V']
=9 /d:c (X3P + Xq V] (3.6)

We need this to vanish in order not to spoil (3.3). Vanishing of the integrand in the second
line of (3.6) requires X7 = X[, = 0, since the two terms cannot cancel each other under
the assumed form of (X4, Xy). However, this implies that (X}, X,) are constants, which
implies that 0Xj = 6X{ = 0, so that AQ = 0. The remaining possibility is that the
integrand in (3.6) is a total derivative. This requires X} = % and X}, = g—f; for some F'.
However, this leads to AQ = [dzd%2F = 0, so we again get no contribution.

The upshot is that just from consideration of P we are led to a unique result for {2
and an explicit result for its potential ©. It follows, assuming that our underlying theory
is consistent, that this {2 will solve iy, = —dH¢ for all large gauge transformations Vg, as
can of course be checked in specific examples.

We conclude this section with comments on the assumed structure (3.2), which follows
from a particular gauge invariance. To make the discussion concrete we consider the
boundary theory in the context of pure gravity in AdSs. Setting k = 0 corresponds to
the orbit built on a pure AdS3 background. This background is invariant under isometries
that act as translations, boosts, and dilatations on the boundary coordinates. Taking the
functions (®, V) to be general linear functions of « corresponds to acting on the background
by one of these isometries; since this does nothing to the background such functions are pure
gauge, and so all charges must vanish for such functions. This implies that only derivatives
of such functions can appear in P, and that each term must contain at least one second
derivative. This leads to (3.2), possibly after integrating by parts. The same comments
apply to AQ. Turning on x, which corresponds to a nonzero mass AdSs background, breaks
some of the isometries, allowing the quadratic terms like kpe®'? to appear. In fact, a more
general expression like kpe®™ for some n > 2 might also be anticipated, but only the
n = 2 case will arise in our examples. This is important, since the logic leading to (3.4)
no longer holds for the n > 2 case. In fact, given the simple form of the x dependent part
of that charges will arise, it’s easy to write down the corresponding contribution to the
boundary action by inspection.

3.2 The transfer field

Consider a variation of our fields in the gauge orbit variables ¢ = T, [¢], as in section 2.3.
Since we are taking ¢ to be fixed, the variation can only change . But since ¢ is constructed
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by applying a gauge group element to the configuration ¢, this variation must be equivalent
to the action of some Lie algebra element on ¢.

The situation is essentially identical to the story which comes up when studying sponta-
neous symmetry breaking, in particular the broken part of the symmetry group’s non-linear
action on Nambu-Goldstone bosons when studying spontaneous symmetry breaking, see
for example [33, 34]. The idea is that da defines a Lie algebra element at the origin of the
gauge group while ¢ has been transported to g. So to perform the variation of ¢ we need
to transport da to the tangent space at g. Schematically, we can think of this as inserting
the identity in the action on ¢ to write

3¢ = (Ty)[9] = (6T, T, (4] (3.7)

so the variation of ¢ is equivalent to the action of this Lie algebra element valued as a
1-form on phase space.

Since Lie algebra elements are the generators of group transformations, there must
exist some W which implements the action of this Lie algebra element. Because the algebra
element is valued as a 1-form on phase space, W must be a (1,1) tensor on phase space,
which we think of as a 1-form valued vector field and refer to as the transfer field. This
gives W the very special defining property

5 = iw 6. (3.8)

While the property (3.8) is ultimately the formal property we will exploit to compute
the boundary symplectic form, we will also need to explicitly compute the transfer field.
So it will be useful to see how the rather abstract discussion above can be realized in some
simple examples.

The simplest example is of a U(1) connection A = A + da. Here we have explicitly
0A = dda = iy, 0A (3.9)

so W = Vs, implements the gauge transformation with gauge parameter do, as might be
expected for an Abelian group where translating d« is trivial.

The next simplest case is where A is a connection for some non-Abelian group. Now
the gauge orbit is A = g71Ag + g~ 'dg. Here g = g(«) is defined by the exponential map.
For simplicity we could take g = exp(«) with « valued in the Lie algebra. We may now
write

§A =[A,g~og] +d(g~'d9) = iv_,, 0A (3.10)

so W = V15, generates a gauge transformation with 1-form valued gauge parameter
g 10g. We also note that this examples gives a concrete realization of the schematic
manipulation (3.7).

As a final example of W for this section, we consider diffeomorphisms. Take the
diffeomorphism to be y* = f*(z) and consider for simplicity the diffeomorphism orbit of
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a scalar field ¢(x) = ¢(f(x)). Taking the variation of this scalar field,

29(y) ’
oy® ly=f(z)

N d9(f(x))
=07 (x)aya’yzﬂx) Dt

= Leg (3.11)

6¢ =6/ (x)

so the variation is equivalent to the action of the Lie derivative with respect to the 1-form
valued (spacetime) vector field?’

o(f—Hr

&= ‘f(m)

51 (). (3.12)
Hence W = V¢. This fact was also noted in [30] where it was used to circumvent some
technical difficulties in JT gravity.

With these examples in mind, there is one additional property of W which will be
important going forward. Denote by w the Lie algebra element whose action W generates.
In our examples we have w = da for the U(1) gauge group, w = g~ 1dg for the non-Abelian
gauge group, and for diffeomorphisms we have (3.12).

Importantly, this w is some functional of da. Equally as important, this functional
need not be invertible as can be seen in the non-Abelian example.?! This will be important
going forward because to apply Theorem 1 we need free functions. In our setup da are
free, but w may or may not be, depending on the details of the gauge group. For example,
the relation between df and £ in (3.12) remains invertible despite diffeomorphisms being
non-Abelian.

While the relation between w and d« is not invertible, it is injective, and hence is
invertible on the image of all da. This means dw may always be expressed in terms of only
w again. We can see this in our examples. The U(1) case is uninteresting because jw = 0,
but in the non-Abelian case we find

dw = (g~ "0g) = —(g7'89) A (g7 10g) = —w Aw, (3.13)

so the general invertibility of w(da) is unimportant to this rewriting of dw, as claimed.
The example of diffeomorphisms is slightly more complicated, but nonetheless can be
worked out to find

SEH = €Y AV, €M, (3.14)

assuming we are working with a torsionless connection so the affine part of the covariant
derivative does not contribute to this expression.

20In practical calculations, it is much simpler to move the Jacobian factor to the left and compute the
variation of f by a diffeomorphism, then defining £ by inverting the Jacobian. This is the approach taken
in the examples of sections 3.5.2 and 3.5.3.

nvertibility fails for the same reason A = ¢~ 'dg is not invertible for de: if A is not flat no such da
exists.
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3.3 The transfer field method

Now that we have an understanding of the transfer field W, we can give a technique for
computing the boundary symplectic form. From the definition (2.18), it would clearly be
sufficient to show that the bulk 66 term is a total derivative. We may use the transfer field
to write

0 = iy0 (3.15)

since in every term of 6, the 1-form factor can be replaced as in (3.8).
Since W generates the action of the Lie algebra element w, it follows that

0 =il = Juy+ ky (3.16)

where J,, is the Noether current (2.21) associated to the gauge transformation generated
by w and k,, is defined by (2.20).
But as discussed in section 2.2, J,, = dQ,, and hence

w =60 — d6B = 6ky + d6(Qu — B). (3.17)

So to find wy it is sufficient to find a potential for §k,, by solving dk,, = dky, .

Since by (2.19) we have dw = 0 on-shell, we must also have ddk, = 0.2 Now &k,
depends on the free functions?® da so we may apply theorem 1 to conclude the existence
of a locally constructed k.

It should be commented that while dc, and the fact that dao = 0 corresponds to the
identity, ensures the existence of ky, it would be more computationally efficient to use w
as the free function whenever possible. This can be done when the relation between w
and da is invertible, as discussed in the previous section. The invertibility in the case of
diffeomorphisms will be leveraged in section 3.5.2.

Hence we have found

wy = ky + 6(Qu — B) (3.18)

which has the advantage of cleanly separating the boundary condition dependence of wy,
into the 6B term since ky, and Q,, depend only on the Lagrangian.

This technique is straightforward to apply to U(1) CS theory on D x R with chiral
boundary conditions. We recall for this theory (2.16), note ky = kAdA, and consider a
solution A to the equations of motion, so dA = 0. The gauge orbit around this solution is
then A = A + da. As discussed in the previous section we have w = da.

22We could also argue more directly that ddk,, = diwdL = 6%2L = 0 since iwdL = 6L by (3.8).

23In general, the imposition of boundary conditions will restrict what functions a we allow ourselves to
consider near the boundary. However, the only place the boundary conditions enter in these arguments is
through B, and in particular the closure of §k,, requires no reference to boundary conditions. So we should
imagine performing these manipulations before imposing any boundary conditions which would then restrict
the allowed da.
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Since ky = 0 on-shell in this theory, we have k, = 0. Then following (3.18), the
boundary symplectic form must be

wp = 0Qw = kIA N S (3.19)

where we have used B = 0. This integrates to

2
Q=Fk | dgdssanda (3.20)
0

and produces the usual Kac-Moody algebra (2.5) expected for U(1) CS theory on the disk.
Using the Hamiltonian (2.6) and the phase space action (2.36) we reproduce the expected
boundary action (2.4).

3.4 Computing  from the Noether charges

In the previous section we were able to leverage the transfer field to write (3.15). It’s
simple to see that this generalizes to any 1-form on the gauge orbit, not just . With some
additional though we can go beyond 1-forms and obtain a similar result for any p-form on
the orbit.

To see how this works, consider iy (6¢% A §¢?) where we have restored the indices a

and b labeling our fields. Computing the contraction we find

iw (60" A 3¢%) = (iwd¢™) A dg” + 56" A (iwd¢?)
= 200" A 6¢° (3.21)

where in the second line we have used the defining relation (3.8) for W. It’s important
to keep track of the sign on the second term because W is 1-form valued and must be
commuted past the first factor.

With this sign understood, the generalization to a form of any degree is immediate:
we simply march through the factors in the wedge product to perform the contraction and
then use the definition of W to rewrite the contraction back in terms of the original form.
Hence, for any p-form Z on phase space we have the generalized identity

iwZ =pZ. (3.22)

We can leverage this to very efficiently compute the boundary symplectic form wy
on the gauge orbit directly from the Noether charges. The key is to observe that the
contraction on an arbitrary 2-form may be rewritten into the form

iw (56 A 3¢") = — [66" A (iwd0") — 36" A (iwdg")] . (3.23)

That is, if we make sure to commute the contracted part to the right of the expression,
we obtain the negative of the expression we would have found if W was not valued as a
1-form.

It follows that if we compute 7172 and make sure to commute all the contractions to
the right, we must obtain

iwQ = +(6H[F])| g—uw (3.24)
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since we have already argued that W generates the action of a Lie algebra element. Note
that on the right hand side we compute the variation of H before evaluating at the gauge
parameter w. This is because w enters through the contraction on the right and so clearly
cannot have a variation applied to it.

Combining this with our general observation (3.22) it follows that the symplectic form
on the gauge orbit is given by

0 = 3 (GH) o= (3.25)

where the expression on the right should be understood as placing all factors of w to the
right of any variations, and the variation taken treating @ as an arbitrary, but not 1-form
valued, Lie algebra element. One must be cautious not to interpret (3.25) as meaning
0 = %H [w]. The order in which the variation and the evaluation at @ = w occur are
important for this result, as will be seen our examples in section 3.5.

We may again revisit our U(1) CS example to demonstrate this approach. Indeed,
looking at (3.19) we can already see the basic structure of (3.25) since B = 0 with our
chiral boundary conditions. But going through the details to make sure the coefficients
come out correct, particularly since (3.19) uses the Noether current and not the complete
Noether charge, we start with the charges (2.6). Then (3.25) tells us to vary the charge,
treating W as any large gauge parameter in the theory, which generally may mean it’s state-
independent or some state-dependent function of some other parameters determining the
large gauge transformations. Here there are no such complications as  is state-independent
and we find

1 2
JOH[@] =k | @04, (3.26)
0

The final step in computing (3.25) is to evaluate this charge at @ = w = da. But when we
do so, we must make sure that we first move all w factors to the right of 0A4. Doing so,

27 27
Q=k / d6As Nba=Fk | dédssa Aba (3.27)
0 0

which again matches the expected Kac-Moody expression (2.4).

3.5 Examples

Here we apply our methods to three examples. First we consider U(1) CS theory in D = 5.
This theory, with our chosen boundary conditions, is only marginally more complex than
the example of U(1) CS theory in D = 3 that we have been considering. It is also simple
enough that we are able to implement the manipulations in section 2.3 to find (2.34) with
non-gauge directions included.

In sections 3.5.2 and 3.5.3 we consider Einstein-Hilbert gravity in D = 3 with two
different sets of boundary conditions. First we consider standard asymptotically AdSs
boundary conditions and then the boundary conditions described in [35]. The latter are
designed to produce a theory similar to what we will see in topologically massive gravity,
considered in section 4.
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Finally, we mention that the example of SU(2) CS theory in D = 3 is considered in
appendix D. There we also show that the results of our methods match the standard results
expected from the CS/WZW correspondence.

35.1 U()CSinD=5

As a first example which isn’t quite as trivial as U(1) CS in D = 3 we consider U(1) CS in
D = 5. Since we work near the boundary the details of the bulk geometry are irrelevant.
We fix the boundary geometry, though the details of this geometry will not be paramount
to most of our manipulations, to be R x S x S2. On the boundary we choose coordinates
z', i =1,2,3,4 with 2! the coordinate on the R, which we think of as time, 22 the angular

4 some coordinates on the S2. To make contact with the D = 3

CS theory, it will sometimes be useful to write t = 2! and ¢ = 22.

coordinate on S', and z3, =

For this example we choose our boundary conditions to fix As and A4 to be arbitrary
functions of 2% and 2* on the boundary while we fix A; = A, to be an arbitrary function
of ! and x2. This will allow us to draw parallels to U(1) CS in D = 3 on the cylinder in
the final result. It is useful to note that with these boundary conditions the only non-zero
boundary components of F' are Fja, which depends dynamically on A; (and hence Aj),
and F3, which is a fixed function of only 2% and z*.

The Lagrangian for this theory is

L=AANFAF (3.28)
which varies to produce
OL=3FANFN6A—2d(FNANGA). (3.29)

Thus the equations of motion, FAF = 0, do not imply that all solutions are flat connections.
Considering the condition (2.15), we see that our chosen boundary conditions allow us to
choose ¢ = B = 0.

Since B = 0, the full symplectic current for the theory is given by

w=—25(F A A) AGA. (3.30)

Now, this theory is sufficiently simple that we are able to explicitly carry out the gauge-orbit
described in section 2.3. We suppose A is some solution to the equations of motion and we
consider the gauge orbits around this configuration, A = A + da. It’s straightforward to
find

w=—-20(FANA)ANSA—-2d[6(aF) ANdda + §(aF) ANFA — §(F A A) Ada] (3.31)

so we realize the expected split into the gauge-fixed part and the boundary part depending
on the large gauge transformations parametrizing the orbit. Here we can also see that the
boundary component of the symplectic form supports components which mix variations
in the gauge-fixed configuration with variations along the orbit. Indeed, there is even a
component which involves no variations of c.
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But here we are interested only in the components along the orbit directions, so we
take A = 0 to find

wp = —2Fda A dda. (3.32)

Integrating this over the boundary and using our boundary conditions the full symplectic
form on the orbit is given by

Q= —2/ Fsda A ddadx® A dzd A da?
)

2T
_9 ( / F) ds60 A Sade. (3.33)
S2 0

Because we have chosen our boundary conditions to factor the S? from the R x S, we
obtain the same Kac-Moody symplectic form as would be expected from the U(1) CS
theory on the cylinder, but now with an effective level set by our boundary conditions via
the magnetic flux through the S2.

Using that the Hamiltonian generating time evolution is

H, =2 / FauAlda? A da® A dat
ox

=2 (/SQ F) /02W(A¢ + dga)?do. (3.34)

Constructing the phase space action via (2.36) we thus find

S=2 (/SQ F> / [0gax (Ouer — Dy — 24, ) — Ay dtd. (3.35)

Since we have restricted ourselves to the gauge orbit, « is our only dynamical variable in
this action and, in particular, this means the final Zz term can be dropped as an additive
constant to the action. In this example it’s possible to observe explicitly from (3.31) that,
had we not restricted to the gauge orbit of some fixed A, the Zd) terms here would represent
an explicit coupling between the bulk, A, and boundary, «, degrees of freedom.

This result can, of course, also be obtained by the techniques introduced in the previous
sections. Taking first the approach of section 3.3 we note that

iv,0L=dAANFANF =d(AF A\ F) (3.36)
so k) vanishes on-shell and will make no contribution. For the other ingredient, we calculate
Iy =iy, 0 —ky =2d(ANANAF). (3.37)
Thus, since B = 0 with our chosen boundary conditions, we find from (3.19)
wp =25(ANF)ASa=2dSa A F Ada (3.38)

since w = da for the U(1) orbit, matching (3.32). From this point, imposing the bound-
ary conditions to find the true symplectic form (3.33), and hence the action (3.35), is
unchanged.
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If we instead took the route of section 3.4 we would need to compute the full Noether
charges

H[\ =4 (/52 F) e (3.39)

which requires that we use the boundary conditions to obtain. For example, that we fix
As and A4 completely on the boundary tells us that A = A(x!, 22). The formulation (3.25)

now tells us to write
Q:2</2F>/5A/\5a. (3.40)
S

Writing this explicitly in coordinates and with § A = dda this clearly reproduces (3.33) and
the rest of the boundary action story follows.

3.5.2 Asymptotically AdS3 Einstein-Hilbert gravity
As a second example, we can derive the Alekseev-Shatashvili symplectic form [36] for
asymptotically AdSs Einstein-Hilbert gravity. All three approaches can be worked out in
this example. We start by recalling some facts this theory.

The action and canonical 1-form for this theory are given by

1 1
L= = 2)d3 =
TongV 9B+, 0 =107

Where expressions are more conventionally expressed in terms of the Brown-Henneaux

\% _g(v,}&g)\u - QWVA5QW)(d2x))‘. (341)

central charge we write ¢ = 3/2G. We will also need later that

1

ke = iel = —R\/jgﬁ“(d%)u (3.42)

where we have used the equations of motion to simplify things.
In Fefferman-Graham coordinates the asymptotically AdS3 solutions to the equations
of motion are given by the Baniados metrics [37]

_ag

2
ds® = 12

1 _
+ —(dw + pL(w)dw)(dw + pL(w)dw) (3.43)
p
where w = ¢ +t and W = ¢ — t are convenient coordinates on the boundary and p > 0 is
the radial coordinate such that the boundary is located at p = 0. Note that @ is not the
complex conjugate of w as we are working in Lorentzian signature. The boundary stress
tensor associated to these metrics is given by

1 1
gl =g

The asymptotic vector fields which preserve the boundary conditions are

T = — L, Ty =0. (3.44)

£ = e(w) — 52E(@)p +O(F) (3.45)
€ =2(w) ~ 5 e(w)p+O(F) (3.46)
€ = (Oue(w) + Oxe(®)) p+ O(p0), (3.47)

~ 93 -



where €(w) and €(w) are free functions labeling the vector field. While these vector fields
do not change the conformal metric on the boundary, they do change the components
subleading in p, and hence the stress tensor by

. Cc
iV 0T = 2T e + Tp€ + Ee'” (3.48)
. &
ng 5TW = 2TW€/ + T,L/iné + E€I”. (349)

The charges associated with the diffeomorphisms are then easily constructed by

1 2m
H[¢) = ~5- (Tywe — Tgwe)do. (3.50)
™Jo
Going to the gauge orbit means integrating up the variations (3.48) under an infinitesi-
mal diffeomorphism to a finite one. If the finite diffeomorphism on the boundary is given by

w' = f(w), w = f(w) (3.51)
then we have
_ o (Em . _ (g
Tow= 15 (574 (0}), Tew= 5 (577 + 7)) (3.52)
where the Schwarzian derivative is
f/// 3 f//2
{f,w} = g (3.53)

In this orbit, the diffeomorphism f(w) = w and f(w) = W evidently produces constant
Tww, Tww- The k and ® parametrize what this constant value is, and thereby parametrize
the diffeomorphism inequivalent metrics (3.43). The case k = % = 1 produces global AdS.

At p = 0, (3.45) defines a diffeomorphism on the boundary which acts on the f and

f as
iv.of = fle, i of = fe (3.54)

This can be obtained by composing two diffeomorphisms and we may also verify that
this transformation rule is compatible with (3.48) and (3.52) together. Since we have the
momentum written down now as

P = H[0,) = 5 02” a [(;f -3 (;)) 7 (;f' -3 (;)) f’] (3.55)

1
2
observe that it takes the form (3.2) required for the momentum method.

"
where we have used that {f,w} = — (%) f" up to addition of total derivatives, we may

It therefore follows that the canonical 1-form is given by

o= Moo (5r-3 (3o~ (57-5(3) )1 wao
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The variational of this potential can indeed be massaged into the more standard form

AN TN N (5 AST
Q——E/O [(fa—méf/\éf>—<f mifAéf)] (3.57)

of the Alekseev-Shatashvili symplectic form.
Using the canonical 1-form (3.56) in (2.29) together with the Hamiltonian H[0;] pro-
duces the Alekseev-Shatashvili action

1
S = _L/d% [/{f’aﬁf - <1>” Owf —Ff Owf — (1,> awf] ) (3.58)
24w f! f
We may also obtain these results by the technique in section 3.4. Since we already
know the charges, the only ingredient still needed in (3.25) is the 1-form valued gauge
parameter w. Since we are working with diffeomorphisms this means we need to work
out (3.12). In this case things are simplified somewhat because we evidently only require
the vector field £ evaluated at p = 0 since the subleading components of (3.45) are not
needed to compute the charge H.
Now, (3.54) gives the variations of f and f under an arbitrary asymptotic diffeomor-
phism, the 1-form valued vector field with parameters €5 and €5 must satisfy

5f\ _(f0 €5
D

This is evidently (3.12) evaluated on the boundary and with the Jacobian factor moved to
the other side of the equality.
It now follows that (3.25) gives

Q- —ﬁ /O%(aTww A e — 5T A €5)deb
:_LL;T/O%l ( f’2+{f,w})A—5<“f’2+{f, }) ‘;Jf] (3.60)

Integrating by parts this expression can be shown to equal (3.57).

We can also obtain this result by computing (3.18). For this computation we will
need the potential Q¢ for the Noether current Je and the potential l%g for 0k¢. Much of
this discussion is independent of the choice A = —1 and D = 3, so we will leave these
undetermined until they are actually needed to simplify our expressions. The Noether-
Wald charge is well known as the so-called Komar term [29, 38],

— pwev(3D—2 1
Qe = 1o VIV e (AP0 (3.61)
The computation of ke is straightforward from (3.42) if we use (3.14). With this we
find
4A B af K D-1
167Goke = _T oEt\/—g + \/ 99*70gap NEF| (A7 ),
= m\/ —gVA(E A M) (AP M), (3.62)
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From this we identify

. 1 vii1D—-2
ST 167TGD Fﬁ#w(d R (369

The boundary symplectic form is therefore given by (3.18) to find

wp = 5@5 + Eiﬁ
A
- _ﬁf [v N AVHE 4 5(VHEY) + —— 25“ A g”] (dP22) . (3.64)
Computing
(VI 2a) = = [V AV = SR NE | (@ (36)

the boundary symplectic form becomes

wbz—m\/ [v@/\v“g” V)‘ﬁ"/\v,\ﬁ”—fRaﬁW&O‘/\ﬁB §“A§ } (dP~%2) .
(3.66)

If we now specialize to D = 3 where

v 12 v v v 1 v v

Raﬁ" = 0L Rj — (5aRg — 5‘5Ra + 05 RE — §R(5’;55 — 50455) (3.67)

and use the equations of motion to write
R, =2Ag,,, R=6A, (3.68)

(3.66) can be simplified to
c

W= =5 V=g VAE A THEY = VA AVAE + A AL (d' ) (3.69)

It’s straightforward to evaluate (3.69) on the metric (3.43) on the computer. We restrict
the vector field € to take the form (3.45), where now e and € should be understood as the
1-form valued €5 and €5 we used earlier and introduced in (3.59). Doing so we find the
¢ = 3(w + W) component of (3.69) to be

wb|az = 8¢(6 AN E)dgb

24
+E [4Le Ne—4LEé Ne+E AN+ ANe — ”'/\e—i—é”’/\E} d¢ + O(p).
(3.70)

Since we will integrate this over the circle to form the symplectic form we are free to
drop total derivatives. In particular this means the divergent term above may be dropped.
Furthermore, in the O(p") term the two terms which mix e and € combine to a total
derivative. So the symplectic form factorizes into a holomorphic and antiholomorphic term
as expected,

2m o
_ ﬁ / (4L — ") N e — (4TE — ") ne] do. (3.71)
0
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But recalling (3.44) and (3.48) we have
1
OLNe= 5(4.[/6/ " Nne (3.72)

and similarly for L. Of course, we identify the r.h.s. here as being precisely the factor
which appears in (3.71). Making the replacement we recover the first line of (3.60).

3.5.3 New AdS boundary conditions

Here we again consider the Einstein-Hilbert Lagrangian (3.41) in D = 3, but this time we
consider the modified boundary conditions described in [35]. Many of the details in the
calculations here are similar to those which appear in topologically massive gravity, to be
discussed in section 4, so the manipulations here will be useful as a warmup in addition to
a demonstration of the techniques in section 3. We write an arbitrary Fefferman-Graham
gauge metric as

dp 1 1
ds* = 705+ (9 + pgay) +0(p")) dada? (3.73)
where again p > 0 is the radial coordinate with asymptotic boundary at p and z% = (¢, ¢)
are the coordinate on the boundary with ¢ ~ ¢+ 27. As before we will use the coordinates
w=t+ ¢ and W= —t + ¢ for convenience.?*

The boundary conditions considered in [35] can be phrased as fixing the components

0 1 1
g =0, Owgll =0, gim=3, g =40A (3.74)
with A a fixed constant. Importantly, one can check that, while it is slightly modified
from the Gibbons-Hawking-York boundary term, there indeed exists a choice of ¢ such
that B =0 in (2.15).
The Einstein equations can be solved exactly for metrics obeying these boundary con-
ditions. The analog of the Banados metrics for this case are
, dp? 1 _ 2 — 2
ds =17 + dw(dw + Oy Pdw) + 4G[Ldw* + A(dw + 9 Pdw)~]
p
(4G) ApLdw(dw + 0y, Pdw) (3.75)

where P = P(w) and L = L(w) are free functions parametrizing the solutions.
Furthermore, the asymptotic vector fields which preserve these boundary conditions
are given by

&P = pe
€ =e+0(p?)
€7 =0 — 2pd + O(p?) (3.76)

2

where €(w) and o(w) are free functions parametrizing the diffeomorphism.

24These coordinates relate to the coordinates (r,t™, t~) which appear in [35] by p = 1/7"2 and tT = w
t~ = —w. Later we will meet a pair of functions (P, L) which were (P, L) in [35].
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These diffeomorphisms act on the parameters P and L by
iy, 0P =0+ Ple,

1
iv,0L = 2L + €L’ — @em. (3.77)

The charges associated to these diffeomorphisms can be computed to be
7 do 2 /
Hle,0] = /0 Cl(ar?—1)e+a(1+2P)o]. (3.78)

From (3.77) it’s clear that the e part of the transformation acts just like (3.48) on
L while the o part of the transformations acts to shift P. This means we can integrate
up (3.77) to find

P=gw), L= —%{f,w}. (3.79)

This can be done explicitly by applying the finite diffeomorphism

112
P =f'p+GA—-p*+ O(p"),

f/
w' = f+2GAf"p* + O(p%),
1 f// 3
@’:@+g—§7p+0(p ), (3.80)

where f(w) and g(w) are free functions, to the background metric, which we choose to be
an extremal BTZ black hole,

2 dPQ 1 ! 1=t _9
ds + —dw'dw +4GAdw*. (3.81)

= 4p? ;
Diffeomorphisms act on the orbit parameters by
i, 0f = fle, iy 09 =0+d'e, (3.82)

which can be found by composing diffeomorphisms or deducing the transformation rule
from (3.77) and (3.79). Using (3.79) we may also write the momentum as

27
P = HJ[1,1] :A+/O % [A(2+g’)g’+81G{f,w}]

27 d¢p 11 /1\"
—A 599 - 556 (7) 7] 3.83
+/0 27r{gg 523G \ F f (3.83)
where in the second line we have used that {f,w} = —% (%)” /" up to the addition of

total derivatives. As was the case in (3.55), this momentum is of the form (3.2) for the
momentum method. The canonical 1-form is given by

o— /027r % [Ag’ég _ % (;)” 5f] . (3.84)
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From this and the Hamiltonian H; = H[1, —1] we obtain the phase space action
dtd¢ 1 "
= —|AJ(G—¢)— — .
S / o [ 94 —4d) 16G<f,) (f - f)} (3.85)

To instead apply our other techniques, (3.82) supplies the analog of (3.59), now taking

SF\ (£ 0\ (e
()= (1) (2) oo

With all of these expressions for this theory we are well positioned to compute the

the form

boundary symplectic form via the methods in sections 3.3 and 3.4. To make things even
easier, we may note that (3.69) applies for any theory governed by the Einstein-Hilbert
Lagrangian, independent of the boundary conditions we impose, so long as B = 0, which
happens to be the case for this theory.

Performing the evaluation we find that again the divergent 1/p term is a total derivative
as it was for asymptotically Dirichlet boundary conditions while the finite term can be
massaged to yield

2m d¢ 2 /
- / B(L — AP?) A s — 200F Aoy (3.87)

which one may check has canonical 1-form (3.84). Furthermore, comparing this expression
to the charges (3.78) it’s immediately clear that the prescription (3.25) reproduces (3.87)
as well. Thus both the techniques of sections 3.3 and 3.4 lead to the same phase space
action (3.85).

3.6 Comparison of techniques

We have presented several techniques for computing actions governing boundary modes.
It is useful to discuss the computational advantages offered by each approach.

When applicable, the momentum method is the most efficient approach. As presented,
it applies to D = 3 diffeomorphism orbits built on bulk solutions that are translationally
invariant in the boundary directions. The needed inputs are simply expressions for the
boundary Hamiltonian and momentum charges written in terms of the orbit variables.
The prescription involves using integration by parts to write the momentum in a canonical
form, after which the canonical 1-form © can be read off. Together with the expression for
the Hamiltonian, the boundary action follows. A great advantage here is that one gets ©
directly, bypassing the need to solve §© = Q. Also noteworthy is that it can be applied
order by order in perturbation theory, for example by expanding in powers of the boundary
fluctuations. This method proved very effective in [21].

The other methods we discussed are less efficient but have a wider range of applicability.
Using the transfer vector to invert iy,/{2 = —§ Hy requires that we have computed all of the
Noether charges, rather than just the momentum. Of course this has the advantage that
it is applicable in any dimension and with any type of gauge orbit. Additionally, while the
computation of the Noether charges will generally be sensitive to the boundary conditions
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of the theory, once the charges are computed the actual computation (3.25) is immediate.
As seen in the examples (3.60) and (3.87), the resulting form for 2 may not make solving
00 = Q immediate.

The transfer field method is likely the most computationally involved of the three ap-
proaches, but has the unique advantage of offering a clean separation between contributions
depending on the Lagrangian of the theory and the boundary conditions imposed. In the
case one wishes to study a Lagrangian under a variety of boundary conditions, this method
could become more efficient than the others which would require that we recompute the
Noether charges with each set of boundary conditions. For example, once (3.69) was known
for D = 3 Einstein-Hilbert theory, there was essentially no additional computation required
to apply it in the example in section 3.5.3 beyond working out the new class of asymptotic
vector fields.

As a final point here, we note that while computing the Noether charges generally
involves solving a condition (2.26) to obtain the charges, each step in the transfer field
method can in principle be completed algorithmically. This opens the possibility that,
given 0 and ky, for the theory, the computation of both Q,, and &, can be automated on
the computer, leaving only the computation of B to obtain an expression for (3.18).

4 Application to topologically massive gravity

Topologically massive gravity [23] is described by the Einstein-Hilbert action supplemented
with a gravitational CS term,

1 l

S = —Sgy — S 4.1
™G 167G 967GL 70 (1)
with??
3 2
Segg = dx\/ﬁ R+ﬁ +Sbndy
2
S(;g:/Tr(F/\dFJFSF/\F/\F) . (4.2)
Here the connection 1-form is I'Y; = g#dx“, where I'3, are the usual Christoffel symbols

built out of the metric. We take v > 1 and henceforth set [ = 1. Our interest in applying
our general techniques to this theory is to illustrate various issues that are not present in
simpler examples, in particular the non-diffeomorphism invariance of the action and the
existence of solutions with relatively exotic “warped” asymptotics. We find that these pose
no obstacle to implementing our general procedure to find the boundary action.

We will be particularly interested in solutions [22] that are the warped analog of the
more familiar Banados geometries [37],

dr? . . 2 .
ds? = L2| T+ u? (At + Kdp + (r+ 77 £)d) — (r —r7'£)%d¢?| . 6= g+ 2n
.

(4.3)

251t is straightforward to check that the boundary action may be chosen such that B = 0 in (2.15).
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where

1 e
2:T+3’ u2:m. (4.4)
(4 3) is a solution to Srpsq for any functions K = K(¢) and £ = /:'(d)) Setting K =
L = 0 gives the analog of Poincaré AdSs; constant values of (K E) can be obtained
by quotienting the vacuum solution (analogous to how one obtains BTZ); (K, L) with
nontrivial dependence on ¢ (analogous to the Banados geometries) are obtained by applying
asymptotic symmetry transformations to the solutions with constant values.
The solutions (4.3) live in a phase space defined by boundary conditions that are
preserved by the asymptotic coordinate transformations z#—x# + x* which have the large
r behavior

1
X? = €04 50560 +
1
X' =€ - a3 +
T
X" = —r0s? + ... (4.5)

Here £6¢ = ¢49(¢) are arbitrary periodic functions of ¢. Under an infinitesimal diffeomor-
phism of the form (4.5) we have

A 1 A A
6L = —iaj’;@ + 2L048% + 0,LE°
SR = 9y¢" + 95(K¢€?) (4.6)
Associated to any boundary preserving vector field £ = £#0,, is a charge H[{]. For example,

the charges associated with rigid time and angular translations, i.e energy and angular
momentum, are

1 27

J = H[dy] = GﬂGuL /27r [( ) L— if(ﬂ do (4.7)

as will be derived below.26

To derive the charges we can consider Sgg and Sc¢g independently of each other. That
is, the action S = C1Sgy + CaScs yields charges Q' = C1Qy + C2Qfg, S0 we can extract
Q'py and Qpg by setting one of Cy 2 = 0. This is allowed because the procedure to obtain
Q is linear, and the current Jgp is conserved in the Sgy theory, and likewise for Jeog.

4.1 Einstein-Hilbert contribution
As in (3.61) we have

QP = —e%0 Y x5dg, (4.8)

26Qriginal references for the derivation of the charges and asymptotic symmetry algebras include [39-43].
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where ¢ is defined in appendix A. Evaluating this on (4.3) gives
QEH = {Lu(u2 — 1)r%¢% + 2Lu(u® — 1)Kre® + Ludre!
+ Lulu?(2£ + K?) = 6£]¢° + Lu*K¢' + O(r™) }do (4.9)

The term proportional to r? is constant on the phase space and so will be omitted in what
follows. The same goes for the last term on the first line. On the other hand, there is a
linearly diverging term in the first line which is not constant on phase space; this term will
cancel a similar term in the CS contribution, yielding a finite result as r—oo.

Following the comments in appendix C,

CoM =i\ 0" = —PLKE g+ O(r 1) (4.10)
where 0% is given by (3.41).

4.2 CS contribution

The Lagrangian 3-form Leg = Tr(I' AdD + 2I'%) has variation
SLcs = E5g,,/—gd3x + d09° (4.11)
with

E"? = —V 3R M = —2C7"
09 = Tr(6T AT) — 209,y R sdz™ A da® (4.12)

where C7 is the Cotton tensor and the Ricci tensor R, is formed from the Riemann
tensor R =dl'+ 2% as Ry, = R0~ We also recall that in D = 3 the Riemann tensor can
be expressed in terms of the Ricci tensor; in terms of the Riemann two-form this amounts
to the identity

1
R = |05 Rap — gy R% — 5 R85 g5 | da” A dz? (4.13)

Following the discussion in appendix C to compute the charges, the Noether current
corresponding to the bulk vector field y is

JES =iy 0% —iyLes — Yy (4.14)
where Y, defined via

dYX = 5XLCS — LXLCS
= Tr(dv AdT') (4.15)

with v% = dax*. We take

Yy =—-Tr(dvAT) . (4.16)
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We also have

v, 099 = VgV x*da? AT, + Te(iy RAT) — 2(Vix, + Vpxe) Rida" A da?
ZXLCS = Tr(i, IdI' = T' A iy R) (4.17)

Using these relations along with (4.13), some algebra leads to

I8 =dQS$® (4.18)
with
Q%5 = 0 X T + Vo XTI + X°[ = 4Ras + Rgas]da’ . (4.19)
The full charge is
HES = /8E (e (4.20)

where Cfg 9 is obtained by solving 5C’$ S = i, 0, which can be written explicitly as
50T = (aT,T5  — 6T5,08 )X dz® — 289, R’s — 8gspRP, ) x"da’ (4.21)

To proceed further we need to specify the asymptotic form of the solutions of interest.
Taking the solutions to be of the form (4.3) it is straightforward to compute

QCY = {Lu(u? — 1)r%” + 2u(u? — 1) LKr¢? + u(u? — 1) Lr¢'

—i—L{u (u2 — 3) K%+ (2u3 — 13—0u+ 38u) ﬁ]f¢ + Lu (u2 - ?)) Ket+ O(r_l)}dqﬁ

¢S = { —u <u2 _ §> LEe + 00 }do (4.22)

Again, we can ignore terms that are constant on phase space. In writing these expressions
we have also restored the 1/6v appearing in (4.1).

4.3 Total charge

The total charge is

1
H., =
X 167G Jox

(@ —cPm) — (¥ —c¢9)] . (4.23)

Noting the cancellation between (non-constant) diverging term, we arrive at a finite result
in the large r limit,

H, = IG;G [ LK&t—iuL<< 2>ﬁ % )gﬁ] de . (4.24)
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4.4 Lower spin gravity formulation

While Einstein gravity in three dimensions can be recast as a CS theory (with gauge
group SL(2,R) x SL(2,R)), this no longer holds in the presence of a gravitational CS
term because the theory is no longer topological. However, the subsector of the theory
described by the solutions (4.3) can be described by a CS theory, namely one with gauge
group SL(2,R) x U(1), so-called “lower spin gravity” [27, 44]. The choice of gauge group
is dictated by the isometry group of the warped vacuum solution. In particular, there is
a fairly simple relation such that the charges and symplectic form of the two theories are
mapped to each other. Since the equations of CS theory are much easier to deal with than
those of TMG, this provides a simpler route to isolating the boundary degrees of freedom.
The simplification arises essentially because the bulk degrees of freedom have been omitted.
The action is

k 2 k [—
S:/Tr(A/\dA+A/\A/\A>+/A/\dA (4.25)
4 3 8w
Here A is an SL(2,R) connection and A is a U(1) connection. The SL(2,R) generators
obey [Ly,, Lp] = (m — n)Ly,4, and we use the two-dimensional representation, for which
Tr L1L71 =—1.

a= (L1 —LL_1)d¢ + (wiLo +wyL_1)dt
Kdg +dt . (4.26)

a

Here, as is standard, the boundary connections (a, @) are related to bulk connections (A4, A)
by a gauge transformation that encodes the radial dependence,

A=b"ltab+b1db, A=tbab '+ bdb !, (4.27)
where b = e~ 2Lolnr, Gauge transformations act as
da =de+[a,e], da=de (4.28)

with € = €1L1 4+ €9Lo + €_1L_1. The form of (4.26) is preserved by taking eg = —0z€;
and e_; = %83)61 — Ley, To connect to the metric description we trade (e, €) for (€2, &)
according to

a=¢, e=¢ +K¢?, (4.29)
with
K=—=K. (4.30)
The gauge transformations then act as
oL = —%85;545 +2L056% + 0 L9
SR = 9y¢' + 05(K€?) (4.31)

reproducing (4.6).
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We can now apply relations reviewed in appendix D for CS theory. Letting V de-
note the phase space vector field implementing an infinitesimal gauge transformation with
parameters (¢,€) we have iy Q) = —dH [¢, €] with

k _
= o Jow T

o (kA F e F o
_/0 dgb[(%[,—k&rK)f +EK€

Hle, € Tr(ea)

2
= [ de(cet + K¢, (4.32)
0
where we have defined £ according to
s 27 27
L="(L-FK?. 4.33
T (- T K?) (43
The second line of (4.32) agrees with (4.24) under the identification
ul 1 — ul
k=—|(1+— k=——. 4.34
3G ( * u2> ’ 3G (4.34)
We conclude that there is a simple relation between the canonical structure of lower spin
gravity and the class of solutions (4.3) to TMG.

One can also build the metrics (4.3) out of the SL(2,R) x U(1) connection, in analogy
with the corresponding relation in ordinary 3D gravity. See [27] for details. Gauge trans-
formations in the CS theory will map to diffs in the metric formulation, as follows from
the fact that we have already mapped the transformations on the phase space variables
(L, K).

4.5 Boundary action for warped AdSj

To compute the boundary action our first task is to obtain expressions for the charges
evaluated on a given orbit. The finite diff functions are written as (®,7") with

d=¢p+&, T=t+¢. (4.35)

The infinitesimal transformations are given in (4.31). The first expression is familiar and
exponentiates via the Schwarzian derivative and the second expression is easily handled to
yield

N

£(6) = (058)*Lo ~ 3{2(6),9)
K(¢) = 9,0 K¢ + 05T (D) (4.36)

where the constant values (ﬁO,KO) serve as parameters labelling the orbit under con-
sideration. Translating to unhatted variables, as appear in the charge expression ) =
[de(LE? + KEY) we have

k k
L(¢) = (6¢(I))2£0 — E{‘I’, CZ)} + 8¢(I)8¢TK0 + §(8¢T)2

K(¢) = 0,PKo + £8¢T . (4.37)
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To extract the boundary symplectic potential © we use the momentum method. The
momentum, i.e. generator of ¢ translations, is

2
P=Hig =0 = [ £io)s. (4.38)
To apply the momentum method we are instructed to write P in the form
P= /(P¢<I>’ + PrT")d¢ (4.39)

which is achieved by taking?”

k 1 1
Pq> = ﬁoq)/ + — ()

8t \ P’
/ E /
Pr=Ky® +—T". (4.40)
8
The symplectic potential is then
@—/d¢ (ﬁ <I>’+k(1)ﬂ)5c1>+ K<I>’+£T’ 6T (4.41)
- 07 T er @ " T8 ' '
The Hamiltonian corresponding to time translations is
H = Qe =0 = [ Kdo=2rKo. (4.42)

so the kinetic term in the action is obtained by making the replacements (6®, 67)—(®, T).
The fact that this H is a constant on phase space reflects the fact the solutions in this theory
are time independent. More interesting dynamics are obtained by choosing a Hamiltonian
that generates translations along the vector field 9;+€0,. This is appropriate for computing

(H+QP) - Qych partition functions are the appropriate

a partition function of the form Tre=?
ones to consider for two reasons [45]. First, unitary representations of the warped current
algebra have H unbounded from below while P is positive definite, so 2 > 0 is required for
convergence. Second, the black hole solutions (4.3) (with constant (£, K)) have horizon

Killing vector field (defined to be the vector field that vanishes at the bifurcation surface)
Eg =0 + Q@d)
Op (4.43)

() must be positive for a smooth horizon, as can be seen from the expression for the surface
gravity

_ V£
VE+ K2

As in all of our examples, the boundary action captures all of the information regarding

K (4.44)

the warped spacetimes that is dictated by symmetry. For instance, it can be used to
compute correlators of the currents, as well one loop corrections to the partition function
coming from the boundary modes.

2"We should note that £(¢) has several terms which contain only first derivatives; as discussed in
section (3.1), since they are purely quadratic their contribution to 2 is easily found by directly solving
ivQ = —0Qv for such terms.
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5 Emergent boundary modes

As developed so far, boundary field theories arise due to the imposition of boundary con-
ditions that are preserved by some infinite dimensional group of transformations that act
nontrivially at the boundary. However, situations can arise in which the boundary in ques-
tion is not a sharp boundary in the sense of terminating the space on which the theory lives,
but rather an interface that connects the original region to an “outer region”. The question
is whether or not the boundary modes survive; that is, are they effectively transported to
the outer region?

This situation arises naturally in the AdS/CFT context. For example, one might have
an AdSs solution which appears as the near horizon limit of some non-asymptotically AdSg
solution M. Is the asymptotic symmetry group of the AdS3 region visible at the boundary
of the larger spacetime M? From the dual CFT point of view, the AdS3 region encodes
physics in the deep IR, so one is asking about how to these IR degrees of freedom are
realized in terms of the UV description.

We will flesh out how this works in a particular example. Five-dimensional Einstein-
Maxwell theory (with A < 0) admits an asymptotically AdSs solution that has a near
horizon AdS3 x R? factor which we compactify to 72 [46]. The T2 is supported by a
nonzero Maxwell field strength. We show how the boundary graviton phase space is visible
at the AdSs boundary. Including also a CS term A A F' A F', the AdS3 region supports
boundary photons, and we again show how these appear in the full description. These
results are consistent with the low energy correlators computed in [47], which are sensitive
to the emergent boundary modes. For related work see [48, 49].

5.1 Background solution

We first briefly summarize the relevant features of the solution; more details may be found
in [46]. The action is

5= _1671G5 /d%‘/g (B F¥N Faay = 12) + 127]:G5 /A nEAE (5.1)
We consider a solution of the form
ds? = d77"2 +2L(r)dztdz™ + 2V (Mdaids?, i=1,2
L(r)?
F = bda!' A da? (5.2)

The function L can be found in terms of V| but numerics are required to find V. We will
only need the asymptotics. As r—o0o we have AdSs; asymptotics,

Liry=2r+..., &0 =cpr+... (5.3)

for some constant cy .
As r—0 we have AdSs x T2 asymptotics,

Liry=2br+..., &V =14 . (5.4)
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Fluctuations of the metric and gauge field with polarizations and spacetime dependence
restricted to the AdSs directions are governed by an effective 3d Einstein-CS theory, so
if we place a boundary in this region we will find the usual 2d boundary photons and
gravitons. On the other hand, the asymptotic symmetry group at the AdSs boundary is
finite dimensional, which leads to the aforementioned question of how the near horizon
boundary modes are visible in terms of observables computed at the AdSs; boundary.

5.2 Boundary photons
5.2.1 Linearized solutions

We considered a linearized gauge field perturbation of the form

A =ay(r,zT)da™ . (5.5)
It obeys
oy 004
Le*" — + —2kbay =0 (5.6)
or
The solution which is smooth at the origin (assuming k£ > 0) is
.
ai(r,xt) =e(zh)e - L()e2V () (5.7)
This has asymptotics:
r—0: ay(rzt) =e(@M)rF 4+ ...
kb
r—00 : ay(r,z) =e(x™) (1 ——+.. ) . (5.8)
cyr

The 1/r falloff term implies a nonzero boundary current J, ~ e(z™). This solution is
not quite what we want however, since normalizable solutions, corresponding to vanish-
ing source in the dual CFT, should vanish in the large r limit. We can remedy this by
performing a gauge transformation. We first of all write

e(xt) = -0\ (z™) (5.9)
and then perform a gauge transformation with parameter A(r,z") = f(r)\(z+) where

lim f(r) =0, lim f(r)=1. (5.10)

r—0 r—00

After the gauge transformation we have

- o dr!
ay + 040 = 0.\ (") (f(m _ R Lmew(r'>>

ar + 0xA = Xz 1)0, f(r)
a_+0-A=0 (5.11)

such that all components vanish at both small and large r, as desired. It is apparent that
these modes are not pure gauge, as they carry a nonzero field strength.
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5.2.2 Symplectic form

We now wish to compute the symplectic form restricted to the space of these linearized
solutions. In particular, we compute the full D = 4+ 1 symplectic form for these non-pure
gauge solutions. We will see that the result agrees with what we would get by considering
pure gauge modes living in the near horizon AdSs, with a boundary imposed in that region.

Since all polarizations and spacetime dependence of the fluctuations is confined to
three dimensions it is convenient to dimensionally reduce the action (5.1). Keeping the
gauge field terms, after integrating over the T2 the action can be written as

bVa
= L 5.12
4Gy J s (5.12)
where V5 is the coordinate volume of T2 and
1
L= 5<I>FA*F+I<:AAF (5.13)

where ® = b~ 1e?V. We will consider S = [ L and tack on the 45’:25 prefactor at the end.
Proceeding as usual, we vary the action with respect to the gauge field and write the result
as in (2.13), 0L = E40A + df yielding the field equation

d[®*dA+2kA] =0 (5.14)
and the symplectic form Q = [y, w with
w=00=—PIAN*dOA — k6ANJA (5.15)
The fluctuation (5.11) takes the form A = a + dA where a obeys
¢ xda+2ka=0. (5.16)

Using this we have
0= k:/ (60 A ba — dSA A d6A) . (5.17)
¥

In the case of interest a = a;dx™ and so the first term vanishes, while the second terms is
an exact form. Restoring the prefactor, we then obtain the symplectic form

kEbVa
Q=- OA A dOA . 1
4G5 Jox A (5.18)

This symplectic form lives on the AdS5; boundary. However, and this is the main point, the
form of the result is precisely the same as would have been obtained by just considering the
pure CS action % J ANF defined on the near horizon AdSs region. It is furthermore easy
to verify that the boundary currents take the same form as well. This shows very explicitly
how the near horizon boundary photon degrees of freedom are effectively transported to the
AdSs boundary. The mechanism for this is not entirely trivial; in particular, note that the
fluctuation modes we used in this analysis are not pure gauge in the near horizon region,
yet the symplectic form defined on them agrees with that of pure gauge modes in AdSs.
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5.3 Boundary gravitons
5.3.1 Linearized solutions

We now consider a fluctuation around the metric in (5.2) by considering

dr?

2
ds" =75

+ 2Ldztdz™ + M(dzt)? 4 2V da'da’ (5.19)
where we will work to linear order in M = M (r,x1). For r < 1 background metric contains
the AdSs factor ds3 = % +4brdztdz~. In this near horizon region, a boundary graviton
is obtained by applying a diff z#—z* + £* with

1
E=e(xT)0y — Ore(z)ro, — %—Sraie(ﬁ)a_ . (5.20)

This yields a fluctuation of the form

1

M=——
252

Re(zt) . (5.21)
The fluctuation (5.21) is not a solution of the linearized Einstein equations outside the near
horizon region. Our task is to extend (5.21) to a solution in the full spacetime that respects

the AdSs asymptotics. As shown in [47] such a solution is obtained by multiplying (5.21)
by —2bL¢(r), where

Lo(r) = L(r) / _ (5.22)

oo L(r")2e2V (")

The asymptotics of this function are

r—0 6(r) ~ —%
r—00 L§(r) ~ —4;” . (5.23)
So the desired fluctuation mode is
M =b"1Le(r)03e(x™) . (5.24)

This non-pure gauge solution carries a nonzero AdSs boundary stress tensor (¢ = 3/2G3 is
the near horizon Brown-Henneaux central charge),

_ WVl o+
T, ., =— 2
++ 967r8+6($ ) (5.25)

which is the same form as the contribution to the AdSs boundary stress tensor coming
from the pure gauge mode (5.21).
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5.3.2 Symplectic form

The fluctuation modes found above are not yet in a form suitable for computing the sym-
plectic form. Indeed, contracting two such perturbations with the general gravitational
symplectic form will give zero; this follows from symmetry considerations, as each per-
turbation carries two lower + indices and there are no available upper + indices to soak
these up. The issue is that the perturbation is singular at » = 0 due to the breakdown of
coordinates there. We can fix this by performing a compensating diff that zeroes out the
perturbation as r—0 but acts trivially at large r. Let f(r) interpolate smoothly between
—1 and 0 in going from small to large . We then act with a diff of the form (5.20) except
with €(zT) replaced by f(r)e(z™). We write the combined perturbation as

o+ oy . (5.26)

By construction, it vanishes as 7—0 and is equivalent to our original perturbation at large

r. The symplectic form contracted against two such perturbations is?®

Q1 + b1y, P2 + d2y) - (5.27)

Now, Q(¢1,¢2) = 0 as already noted. Also Q(¢1f, p2 + ¢2) = 0. This follows since ¢qy is
a pure diff mode, and 2 contracted against a pure diff mode localizes to the boundary of
2, but ¢2 + ¢o¢ vanishes as r—0 and ¢ vanishes as r—o00, so both boundary terms are
zZero.

All that survives is therefore Q(¢1, ¢2¢). This again localizes to the boundary, but now
we get a nonzero boundary term at small r, Since ¢1 = —¢1 at small 7, this boundary
term is precisely the same expression as appears in the symplectic form of pure diff modes
in AdS3.2? So we once again find that the perturbations defined on the full spacetime carry
the same symplectic form as the pure gauge near horizon modes.
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A Forms conventions

For convenience we collect some conventions and useful expressions involving forms which
are used elsewhere in this work. For a general p-form,

1 1
w= Ewul...updm“l Ao ANdatr, dw = Haywm..‘“pdm” Adzht A A datr
1
= —'Vywm...updx” AdzH*r A - dgte (A.1)
p!

28Here we are using the notation Q(¢1, ¢2) = ivyiv, 2, where V; denotes the phase space vector field
corresponding to the linearized perturbation ¢;.

9This relative minus sign is cancelled by the minus sign that occurs when we switch from taking the
boundary to be inner versus outer.
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so long as the connection V is torsionless. This also implies

1 1
H@[unl...up] = m(d&))yul...up (AQ)

where the antisymmetrization is defined to include a division by the order of the symmetric
group.? The contraction is defined by

W = ' Wopg At Ao AN dTHP (W) gy = § Wopg oy - (A.3)

1
(p—1)!
We often find it useful to define

1
(dP~Pz) T€usppurvp_p 4T A A dat P (A.4)

we = T )

and it is useful to note
ie(AP7Px) oy = E(APTO ) (A.5)

With these notations the Hodge star is defined by

9] 9] D—p_ -
* W = mwul upelil"'Hpr+1"‘VDdep+1 VANERRIA dI'VD = Twlil"'ﬂp (d px)ul Hp
(A.6)
where €,,...,,, is the totally antisymmetric numeric array with entries +1. With this
definition *x?> = sgn(g)(—1)?P~P). Tt is sometimes also convenient to define &,..,., =

VIgleuup-

One may also show, assuming torsionless connection, that for p+ 1 # D

1
V, X ”D_(p“)y(dp+1$)u1~~up—<p+1) =d (WXM uD_(p+1)V(dp$)u1~~uD(p+1)”>'
(A7)

Note there is no factorial in the coefficient. A useful special case of this is p = D — 2 (so
dw is a (D — 1)-form current) is

1
V., X (dP1z), =d <2X“"(dD_2x)W) . (A.8)

For the special case p = D, if w = Vuj“\/|g|de, then w = dJ with J = *xj =

% |g|ju(dD_lx)u-
Finally, suppose ¥ is a codimension-1 (non-null) surface in M and let ¢* be the pullback
to X, as would appear in an integral over X. Then

¢ {\/@ (lex)pl — iy, Vol () (A.9)

where 7, is the unit normal to ¥ and o = n#f, depends on whether ¥ is timelike or
lightlike. The orientation choice here is Vol(M) = f A Vol(X).

30For example these conventions imply (dw)as = Gaws — Opwa.
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B Identically closed forms

The Poincaré lemma ensures that if J is any closed form on spacetime then, at least locally,
there exists a potential @ satisfying J = d@. Though such conserved currents are common
in physics due to Noether’s theorem, the Poincaré lemma is not typically useful because it
carries no guarantee that () can be constructed locally from the fields in our theory. Indeed,
for a general current J, @ will indeed be non-local. The exception to this, of course, are
the Noether currents associated to gauge symmetries. These are currents J¢ which are
closed for every possible set of free functions £ parametrizing the gauge transformation.
This additional ingredient, closure despite depending on an arbitrary function, is what we
need to ensure the potential ()¢ can be constructed as a local functional of £ and the other
fields in the theory, assuming J¢ was local to begin with.

This result has appeared in the physics literature in [50] and [51, 52], the latter referring
to the older mathematical literature on the bivariational complex®! where this result is
established by finding a homotopy operator. While [50] is clear on the recursive algorithm
for constructing the potential ()¢, insights from the more mathematical literature on the
utility of higher Euler operators allow us solve the recursion explicitly in a natural way.>?

As most of this work only relies on the existence of an algorithm to compute a local

Q¢ and not on its details, we state the result as a theorem here:33

Theorem 1 As elsewhere, suppose M is a D-dimensional spacetime, ¢ is some collection
of fields over M, and & are some functions over M. Let J be a p-form over M (p < D)
and a local functional of ¢ and &, meaning at each point x € M it depends on only ¢ and
&, and finitely many of their derivatives, at x. Suppose further that dJ = 0 for all free
functions & and that J = Jo when & = 0. Then there exists a local functional Q of ¢ and &
such that J = Jy + dQ.

For the interested reader, we have included a short but pedagogical review of how the
algorithm can be derived, by way of a simple example, in section B.1. The statement of the
algorithmic procedure can be found in section B.2, along with a small notational dictionary
to some other locations in the literature.

B.1 Motivation

The idea underlying this algorithm, in this presentation, relies on a simple observation
which can be demonstrated by considering the special case where J is a 2-form which
depends only linearly on the functions £ up to the first derivative. It is also conceptually
simpler to start with a potential for J, say @, rather than J itself.>* Writing Q as an

31See [53, 54] for textbook treatments on this perspective.

32This is essentially deriving the homotopy operator, though we will only show that it constructs local
potentials and not that it obeys the stronger property of defining a homotopy operator.

33The original statement in [50] is slightly more general as the £ are allowed to be sections of an arbitrary
bundle rather than functions, but this is all we will require and allows us to include the statement about
&=0.

34This Q will be related to the potential @ we construct in the end, but in general will be different.
The actual algorithm makes no reference to this Q, so it’s only purpose here is as a useful intermediary to
motivate the key ideas.
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expansion in the derivative order of £ we have

Q = |Qrad® + Q08" da”
= [ Br(Qa) + 9ul¢" B (Qu)]] da® (B.1)

where in the second line we have integrated by parts until no derivatives act directly on
the £F. We will refer to the coefficients E4' " (Qq) as the Euler coefficients.?® Here we
would have

Ek(Qa) = Qka - a,u,ngu E]/:(Qa) = an- (B.2)

Since the & are free functions, the coefficients in the derivative expansion are unique.
Since there are only finitely many derivatives present we can always convert between the
derivative and Euler expansions by integration by parts identities, so the Euler expansion
must also be unique.>®

Of course, this is merely a rewriting of @, but it’s a rewriting with the advantage that

when we take the differential of Q we find
dQ = — | 0 +  9,"Er(Qn)] + 0,0ul* B (Qq)]]da” A da®

= il Q) + 0EBLAQ)] + 00E B (AQp)]]de? Adi” (B3)
where in the second line we have written the generic Euler expansion for dQ = J. But
because the Euler expansion is unique, the aligned terms must match so

1 1 ~
aEk(Jpa) =0, EE]’?(JPG) = ‘%Ek(Qa]):

B Upa) = S4B Q). (BA)
Throughout this section, antisymmetrization will not include the k index as it’s generically
of a different type. If we were able to invert these equations for the Euler coefficients of Q,
we would have determined Q in terms of J.

Unfortunately, we cannot invert these equations, but we don’t need to because J
doesn’t have a unique potential. So really since our goal is to construct a potential for J,
we only need to reconstruct @ up to a closed form. To do this we want to eliminate the

Kronecker deltas, and we may do so by taking a trace between u and p in (B.4). We find

S B U = o7 (DEW(@a) — Bu(Qa).
B () = o1 (DEUQa) ~ EYQo) + E{(@o) — 84EL(Q) . (B5)

The overall factors come from the (anti-)symmetrization and we see that we can classify
the types of terms which appear. If either u or p (or both) appear on the delta, we obtain a

35This language is inherited from the mathematical literature where the EyH would be called the
higher Euler operators as they are generalizations of the Euler-Lagrange operator which produces the
equations of motion from a Lagrangian.

36This is the step which requires the “finite derivative order” part of locality. In [50] it was that the
recursion started with the highest derivative order.
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term proportional to an Euler coefficient of Q. If both indices do not appear on the delta,
then we obtain a term which still contains a delta. In the case both p and p appear on
the delta we find the coefficient to be the dimension. If only p is on the delta we obtain a
minus sign,” if only p is on the delta then we obtain a plus sign.

We may rewrite (B.5) in the form

1

Ek(Qa) = mEIQL(‘]/Aa)-
~ 2 1 ~
ElZ(Qa) = EE;:V(Jua) + BégEll:(Qu) (B'G)

The second equation does not specify the Euler coefficient®® of Q in terms of only J, but
observe that if we try to build Q back from these expressions we find

G= |- erpr(r.)+a, (g’f [;E,Q‘”(JW) + 25;E5(Q“)m Ao (BT

D -1
So the term preventing us from completely determining the Euler coefficients of Q in terms
of those of J has collected itself into an exact form! Furthermore, we can see that this
will be a generic conclusion because all of the upper spacetime indices (besides p which is
already contracted) have to contract on derivatives when we construct the form from the
Euler coefficients. In the “delta type” terms, at least one of these derivatives will therefore
contract on the delta and hence on a form index, making the term a total differential.

This means we can always write Q = Q + da where « is constructed from all of the
“delta type” terms. Since ), which is thus constructed entirely from the Euler coefficients
of J, is related to Q by an exact form, both are equally good potentials for J and so there
is no loss in taking Q over Q.

The generalization to higher form degrees and arbitrary derivative orders in £ is now
mostly a matter of making sure we get the coefficients on the various terms in the contrac-
tion correct. This is not completely trivial, but a straightforward combinatorics problem,
the main difficulty resting with the result mentioned in Footnote 37.

B.2 General algorithm

Suppose that J is an identically closed p-form (p < D) depending on a set of free functions
€% and finitely many derivatives thereof. We give the algorithm in three steps. First we
state it for the special case where J depends only linearly on £ and its derivatives. We
then point out the simple generalization to other derivative operators. Finally, we state
how the algorithm for the linear case also gives the solution to the non-linear case.

37That this observation generalizes to higher forms and more derivatives of & is not completely obvious,
but is nonetheless true. The proof is essentially an exercise in combinatorics.

38In fact, the inability to invert these equations is related to the fact that we are really defining a homotopy
operator. If the homotopy operator is denoted h, then Q = hdQ + dhQ = hJ + dhQ. The “delta terms”
in our organization of the contraction collects into the second term here as we argue shortly. See e.g. [53]
for a proof that these terms organize into the particular form dhQ. These extra terms are not important
to our particular application.
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Since J is linear in £ and its derivatives, it can always be written in the form

J—[Jkal ap§k+ ko -ayp #§k+"']d$a1/\"'/\d$ap

- [g Er(Jaya,) + Ol B (Jayay)] + - ] Az A o A da® (B.8)

where in the second line we have integrated by parts to remove all derivatives from £. The

Euler coefficients, E,ﬁfl'"“r(Jal...%), are all the data we need to construct a local potential

for J. Note that the upper indices of the Euler coefficients are assumed to be symmetrized.
With this, the potential is given by

1 r+1 » . o o
=50 Z()D_pﬂﬂam.. O [ B (Jyageay)]da® A -+ -da®  (B.9)

where the upper bound on the sum over r depends on the derivative order J as it’s a sum
over all of J’s Euler coefficients. We also take the convention where r = 0 indicates no
derivatives should be taken. The factor of (p — 1)! can be absorbed into a contraction
against the vector 0, to write

r+1 kU] e /-
Q=2 5y rrailn Ol B o, ) (B.10)

This formula appears elsewhere in the literature using slightly different notation. In [52,
55] a multi-index notation is used (multi-index notation is also employed in [53, 54], but
the conventions are slightly different which makes coefficients look different) wherein (u)
is a tuple of indices, || is its length, and ((u)v) is the concatenation of the tuple (u) with
the additional index v. If we further denote E}*"" = and ip,J = 5% then (B.10)

)
6'561)
may be written compactly as

] +1 g 0 0J
= — B.11
@= D—p+p/+1 Uy | 555(@) odzv (B.11)

where a summation over the length of the tuple (u) is to be understood. For example, this
is equation (A36) in [55].

The generalization from partial derivatives to covariant derivatives of arbitrary type
is described in [50]. In the proof of (B.9) the only property of the derivatives used is
that they obey the product rule and that the upper indices of the Euler coefficients are
completely symmetric. Symmetry of the indices follows trivially for partial derivatives,
but for covariant derivatives we can always work with the symmetrized derivatives at the
cost of introducing field strengths. So if we assume that all derivatives have first been
symmetrized, we can write?’

J = [ E(Jar ) + VA€ B (Jaya,)] + -+ | do® A= A da® (B.12)

39Though we use the same symbol for the Euler coefficient, the Euler coefficients computed using sym-
metrized covariant derivatives and using partial derivatives will, of course, not generally be the same.
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with potential

1
(p—

1 ity e
@= ) Z o Vi -+ vur [EkEl(c & ur)(Juozz---ap)]dZEa2 A Adz®r.

l=D—-p+r+1 H
(B.13)

For the generalization to non-linear dependence of J on £ we consider an arbitrary
1-parameter path £(\) through &-space. Denote by Jy the evaluation of J on &(\). This
J) is still identically closed and so it’s A derivative is as well:

dJy =0 (B.14)

where we have denoted the A derivative by a dot.

Now Jy is an identically closed form which depends only linearly on &, which is arbitrary
and independent of £()\). Hence we may apply the (B.13) for the linear case to J using &
as our free function to find

r—+1 e (Vi) £
A=) 57—V VulE} (io,J)] (B.15)
= D-p+r+1 "

which satisfies Jy = d@». The Euler coefficients now, of course, must be understood to
have been computed from integrating by parts on &F.
Taking the A integral we find

1
Ji=Jo+ d/ QxdA. (B.16)
0

If we choose the flow £() such that £(0) = 0 and £ = £(1), then theorem 1 is an immediate
consequence.

A useful choice of path is the contracting flow*® £(\) = A¢. In this case the potential
for J is

a=[ DY G T VB i, J00) (37

where it should be understood that the Euler coefficients used here should be those of .J )
Making the notational changes described above (B.11), we see that this expression is (A.9)
in [52].

B.3 Examples

As a simple first example we may derive the Komar term (3.61). Using (3.41) and (3.42)
we find

- @; (V,,(V“gl’ + VVgﬂ) _ QV“V,,g”) (ddx)# . iﬁL. (B.18)

4OMuch like the Poincaré contracting homotopy, this choice is not invariant under redefinitions of the

&. Furthermore, there may be cases where this path is not suitable. We refer the reader to the discussion
in [50] for some considerations in this direction. The contracting flow is always possible when the ¢ are
functions on spacetime.

47 —



The potential is simple to compute in this case without using the heavy machinery intro-
duced above. We need only write

VAV, €Y = —RHEY + YV, VHEY (B.19)
SO
o= (Qli’ﬁf”(ddw)u - Z‘sL> * ﬁwwu — VHE) (%) (B.20)

The first pair of terms, linear in ¢ with no derivatives thereof, vanish on the equations of
motion. The latter pair of terms can be identified as yielding the Komar term via (A.8).

To demonstrate the heavy machinery, note first that we only need the linear case (B.10)
and that only Euler derivatives with at least one upper index (meaning at least one deriva-
tive in the Euler expansion of Jg¢) contribute. So any terms linear in £ with no derivatives,
after putting J¢ in Euler form, will not contribute. Indeed, we can see in the example (B.4)
that these terms must vanish when J¢ is closed.*! In particular, this means the el term
will not contribute to Q¢, which we also found in (3.67).

Since only the 4y, 60 terms in J¢ will contribute. In the remaining terms we need
to symmetrize the covariant derivatives so the Euler coefficients will have symmetrized
upper derivatives. Here the derivatives are all 2nd order, so the anti-symmetrization will
produce Riemann curvatures with no additional derivatives on £. These terms will again
not contribute. The result is now

_ \/jg Bu s aff gl ap B\ ¢k d k
Je = 22V Ve [ (970 + 9770 — 29757 ) €] (d'w) + (- " (B.21)
The relevant Euler coefficients are then
o (87 1 (07 o (0%
B (Je) =0, E7(Je) = 5 (20°°0% — g°5) — g™s¢) (&), (B.22)

The reconstruction (B.10) now produces

_ x/—TJ{ 141 s }
QS— 167G O+D_(D_l)+1+1va {5 Ek (Zaﬁjg)}
—521 . i o
N fé;:gzv‘l € (92781 — g™ — g™oF) (a* 1) 5] (B.23)

which is again the Komar term, though this algorithm is obviously not unnecessary for this
example.

Another example, this time non-linear in £, would be the calculation (3.62). This
example is again simple enough that we can simply obtain the result (3.63) without applying
the general algorithm. To do this we need only (3.14) to find

167G ke = D47/_X2\/Tg € AVLEP + V,6° A e (da),, (B.24)

which is (3.63) upon collecting the total derivative and using (A.8).

“1This is actually a familiar statement. Note that the zeroth Euler coefficient is precisely the Euler-
Lagrange operator acting on J¢. This is then the standard statement that the Euler-Lagrange equations
annihilate total derivatives.
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To find this result using the general algorithm, we first take a derivative of dk¢ to

obtain
} 4A ‘v v . d
167Goke = 5> v/=gV, (g NGRS gﬂ) (d%z),
4A . y Y
= 55V 9V [ A (01 - 5] (d),. (B.25)
From this we extract the Euler coeflicient
. 1 4A
v — — Vep  SHev d
E}(0ke) 16:G D — 2\/ g A (6% 6. & ) (d ) (B.26)

where we have included a dangling wedge to remind ourselves that when we perform the
potential reconstruction the 5 appears to the left of this coefficient.

Since dk¢ = 0 when £ = 0, we have (B.16) with Jy = 0 if we use the contracting
flow (B.17). The reconstruction (B.17) then yields

- 1 0+1 4A
1 _ — ¢k vep _ shevyogd—1 5
6rGRe = | g a1 p oY 9 AAGLE —afe ),

A
= VTR AL (A ), (B.27)

as we have already shown should be the case.

C Diffeomorphism charges for generally non-covariant lagrangians

In section 2.2.2, we reviewed a general procedure for computing the Noether charge associ-
ated to an arbitrary gauge symmetry. In the special case where the gauge transformation
is a diffeomorphism, additional simplifications are possible [32].

The transformation of the Lagrangian under a diffeomorphism £ can generally be
separated into covariant and non-covariant pieces as

ke =il + Y. (C.1)
We may do the same for the action of the diffeomorphism on 6:
Ly, = Le0 +TI¢. (C.2)
With these separations together, (2.24) becomes

ng = d’i&(g + (Hg — (5Y§) (C?))

That is, the covariant part of the transformations collect automatically into a total deriva-
tive, so the task of computing Il is reduced to just finding a potential ¥¢ satisfying

A% = T — 6Ye. (C.4)
The computation of C¢ in (2.26) is now
(505 =gl + X¢ — ivg(sB. (C.5)

These considerations only alter the computations we need to find C¢ and do not change
the identification of the charge in (2.27) as (2.28).
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D Non-Abelian CS

Here we consider a non-Abelian CS theory in D = 3. This is an important example and
stress test of our techniques because of the CS/WZW correspondence which, at first glance,
might seem to be in tension with our methods. In particular, recall the well known fact
that one must supply an explicit parametrization in order to reduce a WZW model to an
explicit boundary theory, and in particular the theory cannot be reduced explicitly to the
boundary in terms of the gauge element g.

On the other hand, the charges for CS theory can be explicitly constructed on the
boundary from ¢ and its derivatives. The construction (3.25) would then seem to suggest
that €2 can also be constructed explicitly from g, and we will see that this is indeed the
case. In order for our construction (2.29) of the boundary action to be consistent with
this known property of WZW models, it must be the case that while {2 can be explicitly
constructed from g, the canonical 1-form © cannot. This is a non-trivial requirement and
we will see that it is indeed the case.

So then to define the theory we take the background manifold to be M = R x D where
the spatial slices are disks. The Lagrangian and some useful quantities are

L=tr <A AdA + §A3) , E=2F 0= —tr(AAGA), ky=tr(\d4). (D.1)

We choose the chiral boundary conditions A; = Ay so there is no need for a boundary
contribution to the action, B = ¢ = 0, in light of (2.15).
The Noether current associated to gauge transformations is

Ty = tr[d(AA) — 20F] = d tr(\A) (D.2)

so Q) = tr(AA). Thus one may check that the full Noether charges are

HN =2 [ dst0A), Hi= [ dot(A2). (D.3)
0 0

Before attempting to apply our techniques to this theory, we should use the WZW
correspondence to see that the boundary action produced by standard techniques should
be. Since we will need an explicit parametrization, and hence gauge group, we wil choose
for simplicity SU(2) with the parametrization

1101

g=e 122610393 5 — 95in(2ag) (D.4)

where o), are the Pauli matrices and z turns out to be a convenient definition.
By solving the Lagrange multiplier constraint, the action produced by the Lagran-
gian (D.1) becomes the WZW model

_ 1 —14\3 g 0 1 2
S = -3 /M tr [(g dg) ] — /tr [g 0rgg 8(159} dt Ado + /8M tr [AdJ dt Ade. (D.5)
Using —31 tr(g~'dg)? = d(2dey A dag) the boundary action may be written

S=-2 dtde [ (61 — o)) + ab(de — af) + (a5 — za) ) (ds — of)] (D.6)
oM
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where the minus sign comes from identifying the boundary orientation to be d¢ A dt, as
commented on in footnote 19.

With this result in mind, since we already have the full Noether charges in hand, the
simplest approach is to compute the symplectic form via (3.25). This produces

Q= /027r tr {5A¢ A g_lég} do = /027r tr {(5(9‘18¢g) A g_ldg} do. (D.7)

As promised at the beginning of this section, due to the ¢g~! factor, this cannot be written
as 0 of something directly in terms of g. Instead we must go to the explicit parametriza-
tion (D.4) in order to find the canonical 1-form.

But this is a straightforward calculation to perform, the result being

2m
0= —26/ [@}dan + ahdas + (o — za))dag] do. (D.8)
0

Together with

27r
= —2/ o+ a4 (af — za’l)ag} do (D.9)
we find the phase space action
S = —2/dt de [o (@1 — o)) + ah(de — ab) + (a5 — za))(ds — of)] . (D.10)
ox

We could also find this result by the methods in section 3.3. Since we already have
Q) from (D.2), we only need to compute the potential for 6k, with w = g~'dg. In the
case of diffeomorphisms it’s simple to use (3.12) as our free function with respect to which
the potential k,, can be constructed. Here, however, w = g~ g is not a completely free
function and we must use da as our free function instead. This unfortunately means that
we cannot write down a potential k,, without specifying the gauge group.

Using the parametrization (D.4) we find

kw = 02 A dasdaq + dag A dagdz + dag A dzdas. (D.11)
Furthermore we may compute

0Qyw = 0z A (dagdag + dajdas) + z(ddas A daq + ddag A das)
-+ 2(50[1 Addaq + dag A ddag + dag A d(;()ég). (D12)

Adding these forms we find
0Qu + ky = =28 [dayday 4 dagdas + (das — zdag)das] + d(26az A day ). (D.13)

Integrating this over the ¢ circle the total derivative term does not contribute and we
evidently reproduce (D.8), from which the phase space action (D.10) follows.
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E Relation to Schwazrzian action for JT gravity

From the perspective of the current paper, it is most illuminating to view JT gravity and
its Schwarzian action description [56] as a special case of our approach to 3D gravity. The
3D origin of the JT/Schwarzian is discussed in [57].

In 3D we have the Euclidean action

= d3z./g3( 2 d2 Vh3(K3 —1) E.1
%=~ 16xG / TVos(Bs+2) — o G oV hs(Ks (E-1)
The 3D class of metrics we consider are
dz2 1 22 _ 1 1—
2 _ 2~ I — & 2 1T a2
ds3 = 2 + <22 + 1 LL) dwdw 2de 2de (E.2)

with w = ¢ +it, w = ¢ — it, (L, L) are functions of (¢,t) that take the form
L={F(6,t),6} + 5 F"
— — K—r2

where (k,%) are constants and ' = dp. At fixed ¢, the functions (F,F) are elements of
diff(S'). In general, the metrics (E.2) are off-shell; to be on-shell the functions (F, F') must
be, respectively, holomorphic and anti-holomorphic in w.

It is rather tricky to obtain the off-shell action governing (E.2) by direct substitution
into (E.1), in part because the coordinates are not globally smooth. Instead, we apply
phase space methods, viewing (F, F) at fixed time as points on phase space and building
an action out of the gravitational symplectic form and Hamiltonian on this phase space.
This procedure [20] leads to the Alekseev-Shatashvili action [36],

1\" - 1
— 2 Fo-F — () 4+ RE! F—(_)
Sas 16G/d$l/€ Ow ; OgF + KF' 0y y

We now turn to the 2D story. Omne approach is to KK reduce the 3D action by

17

awF] ) (E.4)

considering metrics
ds? = ds2 + ®2dt?, t=t+2n (E.5)

taking the metric components to be ¢ independent. Using

/ B /G5(Rs — A) = / Cr@®(Ry —A)—2 [ devhntd,®  (ES6)
Ms Mo

OM>

where the metric on the 2d boundary is h and n* is the outward pointing unit normal to
the boundary, along with

Vi3 K3 = VhOKy + Vhn' 9, (E.7)

we find that the 3D action (E.2) reduces to the JT action

Sy = — /d2xf<1>R2+2

/dﬁb\f@ (K2 —1) (E.8)

167TG2 8T GQ

with Gy = G/27.
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Coming back to our 3D picture, to be in accordance with (E.5) we should take F' =
F(¢) and F = F(¢), along with k = . We are thus considering 3D metrics (generically
off-shell) of the form

dz?2 1 L22\" 1 L2\’
2 _ 2 2

with L(¢) = {F(¢), ¢} + 5F". For this restricted class of off-shell metrics it is straightfor-

ward to evaluate the 3D action S3 on the form (E.9). In particular, we have Ry = —2 so

-1

only the boundary term survives. Cutting off the space at z = z, and taking ®|,—,. = z. ",

we find the action as z.—0,
1
881Gy

S3 = — /L((b)d(b + constant (E.10)

which is the Schwarzian action (supplemented with the x term).*?> Alternatively, we can
apply the reduction to the AS action (E.4). After integrating over ¢ and doing some
integration by parts, we find that (E.4) is equal to (E.10).
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