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ABSTRACT 

The effects of torsional coupling on the earthquake response of simple 
one-story structures in both elastic and inelastic ranges of behavior are 
analyzed. The structures considered are symmetrical about one principal 
axis of resistance, resulting in coupling only between lateral displacement 
along the perpendicular principal axis and the torsional displacement. Tor­
sional coupling arising only from eccentricity between centers of mass and 
elastic resistance is considered. Systems with several resisting elements, 
columns and walls are idealized by a single-element model. Responses of 
such a model to a selected earthquake ground motion are presented for a wide 
range of the basic structural parameters. The results presented include 
maximum lateral and torsional deformations of the system as well as maximum 
deformations of individual columns. It is shown that the inelastic response 
is affected by torsional coupling to generally a lesser degree than elastic 
response. Procedures for estimating, to a useful degree of approximation, 
the maximum responses of elastic and inelastic systems from the corresponding 
response spectra and the maximum deformations of individual columns from the 
displacements at the center of mass are presented. 





TABLE OF CONTENTS 

ABSTRACT . . . . . 

TABLE OF CONTENTS 

1. INTRODUCTION 

2. SINGLE-ELEMENT MODEL: LINEAR SYSTEM 

2.1 One-Story System 
2.2 Equations of Motion 
2.3 Vibration Frequencies and Mode Shapes 
2.4 Basic System Parameters 
2.5 Single-Element Model ...... . 

3. SINGLE-ELEMENT MODEL: NONLINEAR SYSTEM 

3.1 One-Story System 
3.2 Multi-Element System: 
3.3 Single-Element Model: 
3.4 Single-Element Model: 

Equations of Motion 
Yield Surface ... 
Equations of Motion 

3.5 Systems, Ground Motions and Method of Analysis 
3.5.1 Systems ..... . 
3.5.2 Ground Motion ....... . 
3.5.3 Method of Analysis .... . 

3.6 Evaluation of Single-Element Models 
3.7 Single-Element Model: Yield Shear and Torque 
3.8 Single-Element Model: Summary ..... 

4. EFFECTS OF TORSIONAL COUPLING ON DEFORMATIONS 

4.1 Introductory Note ... 
4.2 System Properties 
4.3 Response Characteristics 
4.4 Maximum Deformations .. 

5. EFFECTS OF TORSIONAL COUPLING ON COLUMN DEFORMATIONS 

i 

i i 

1 

3 

3 

5 

5 

6 

6 

7 

7 

7 

10 

15 
16 

16 

17 

20 
20 
23 
25 

26 

26 

26 

27 

29 

40 

5.1 Introductory Note " . . . . . . . . . . . . . 40 
5.2 Column Deformations and Displacements at Center of Mass 40 

i i 



Table of Contents (cont1d) 

5.3 Response to Static Lateral Force 
5.4 Earthquake Responses . . . 

6. ESTIMATION OF MAXIMUM COLUMN DEFOR~1ATIONS 

6. 1 Introductory Note 
6.2 Upper Bounds .. 
6.3 Estimated Values. 

7. ESTIMATION OF MAXIMUM RESPONSES FROM RESPONSE SPECTRA 

7.1 Linear Systems .. 
7.2 Nonlinear Systems 

8. CONCLUSIONS..... 

APPENDIX I - REFERENCES 

APPENDIX II - NOTATION . 

APPENDIX III - MATHEMATICAL AND NUMERICAL DETAILS 

iii 

Page 
-'-

42 

42 

51 

51 

51 

52 

56 

56 

58 

66 

69 

72 

75 



1. INTRODUCTION 

The lateral and torsional motions are coupled in the response of 
buildings to earthquake ground motion if the centers of story resistance do 
not coincide with the centers of floor masses. Assuming linearly elastic 
force-deformation relations, the earthquake response of buildings with 
eccentric centers of mass and resistance has been the subject of many studies 
[1-13,15-22,29-33J. For such systems, the controlling parameters have been 
identified, the influence of these parameters on response has been studied, 
the effects of torsional coupling on response have been evaluated, and 
simple approximate rules have been developed to relate the maximum shears 
and torques in a torsionally coupled system to the shear forces in the cor­
responding torsionally uncoupled system -- a system with all properties same 
except that centers of mass and resistance are coincident [17-20J. 

Results of these studies of linear response are not applicable directly 
to calculation of the design forces for buildings because they are usually 
designed to deform significantly beyond the yield limit during moderate to 
very intense ground shaking. Thus, there is need to study the response of 
torsionally coupled buildings beyond the linearly elastic range of behavior. 
Previous studies [9,31,33J have been concerned with one-story models with 
each resisting element idealized by two springs acting independently in two 
perpendicular, lateral directions and each spring having an elastic-perfectly­
plastic force-deformation relationship. How well this simple system models 
the response of complex, real structures is a question that apparently has 
not been studied. Although these studies have provided valuable information 
concerning the response of particular systems that were analyzed, because of 
the many parameters affecting the behavior of such systems, on the whole it 
has not been possible to generalize the results and to arrive at conclusions 
that are widely applicable. 

The objectives of this study of earthquake response of torsionally 
coupled systems in both elastic and inelastic ranges of behavior are (1) to 
identify the basic system parameters that control the response, with the 
aim of developing a simple model to approximate the response of one-story 
buildings; (2) to investigate the influence of the basic system parameters 
on the response; (3) to evaluate the effects of torsional coupling on lateral 



and torsional deformations of the system and on deformations of individual 
resisting elements; and (4) to present and evaluate approximate procedures 
for calculation of yield shear and torque from inelastic response spectra. 

This study is concerned with systems in which torsional coupling arises 
only from eccentricity between center of mass and center of resistance in 
the linearly elastic range of behavior and input ground motions that are 
uniform over the base of the structure and contain no rotational components. 
However, unsymmetric yielding may create eccentricity even in structures with 
coincident centers of mass and elastic resistance. Torsional coupling may 
also be induced in such systems with nonlinear force-deformation properties 
if the uncoupled torsional and translational frequencies of low amplitude 
vibration are nearly equal; a small perturbation, such as a small accidental 
torque, to such systems can lead to magnified torque [34,35]. Furthermore, 
if the horizontal ground motion is not uniform over the base, torsional 
motions occur, even in buildings with coincident centers of mass and resis­
tance [9,11,21,25,37]. But all these other sources of torsional coupling 
and response are not considered in this study. 
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2. SINGLE-ELEMENT MODEL: LINEAR SYSTEM 

2.1 One-Story System 

Consider the idealized one-story structure in Fig. 2.1, which consists 
of a rigid deck supported on massless, axially inextensible columns and 
walls. The three degrees of freedom of the system are lateral displacements 
u and u of the center of mass (C.M.) of the deck, relative to the ground, x y 
along the principal axes of resistance of the structure, x and y, and the 
torsional displacement (rotation) Us of the deck about the vertical axis. 

Let k. and k. represent the lateral stiffnesses of the i-th resisting 
1X1Y 

element (column and wall) along the principal axes of resistance x and y, 
respectively. Then 

and ( 2.1) 

are the lateral stiffnesses of the structure in the x and y directions, 
respectively. With the origin at the center of mass, let (xi'Yi) define 
the location of the i-th resisting element (Fig. 2.1). Then 

~ k. y~ + L: k. x~ 
. 1X 1 • 1y 1 
1 1 

(2.2) 

is the torsional stiffness of the structure defined at the center of mass. 
The torsional stiffnesses of the individual resisting elements are not 
included because they are negligible. 

The center of resistance is the point in the plan of the rigid deck 
through which a horizontal force must be applied in order that it may cause 
translation without torsion. For a system with discrete resisting elements, 
the center of resistance is located at distances e and e , the static x y 
eccentricities, where 

1 ex = K ~ x.k. and 
y i 1 1Y 

_ 1 
ey - K ~ y.k. 

x i 1 1X 

measured from the center of mass along the x and y axes. 

(2.3) 

The structure is assumed to be symmetric with respect to one of the 
principal axes of resistance, the y-axis (Fig. 2.1); consequently, ex = a 
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and translational motions of the structure in the y direction are not coupled 
with the torsional motions and may be considered separately. The two degrees 
of freedom in which coupling occurs are: lateral displacement Ux and torsional 
displacement ue. 

2.2 Equations of Motion 

Within the range of linear behavior, the equations of motion for coupled 
lateral-torsional response of the system of Fig. 2.1 to ground acceleration 
Ug(t) along the x-axis, written in normalized form are 

2 e 2 
U w -- w u x r x x g 

+ = (2.4) 
e 2 2 

0 -- w we rUe r x 

in which e = ey ' r = radius of gyration of the deck about a vertical axis 
through the center of mass; 

and (2.5) 

in which m = mass of the deck. The two frequency parameters Wx and we may be 
interpreted as uncoupled frequencies of the system, the natural circular fre­
quencies of the system if it were torsionally uncoupled (e=O). 

Eq. 2.4 is for an undamped system. Damping is defined directly in each 
of the two natural modes of vibration of the system. The viscous damping 
ratio ~, expressed as a fraction of critical damping, is assumed to be the 
same in each mode of vibration. 

2.3 Vibration Frequencies and Mode Shapes 

Consider the eigenvalue problem: 

2 2 e 2 'a (wx - w ) -- w r x x 

e 2 2 -- w (we - w ) a e r x 

- 5 -
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The solution of Eq. 2.6 leads to the natural frequencies of vibration of the 
one-story system, wl and w2' given by 

(2.7) 

and the corresponding mode shapes of vibration a , where aT = <a ae >, -n -n xn n 
n = 1,2. 

2.4 Basic System Parameters 

It is apparent from the equations of motion (Eq. 2.4) that the displace­
ment response Ux and ue at the C.M. of the idealized one-story system to 
specified ground acceleration U (t) along the x-principal axis of resistance 

. 9 
depends on the following system parameters: wx' we' e/r and ~ but not inde-
pendently on the number, location and stiffness of the individual resisting 
elements nor on the plan geometry. 

2.5 Single-Element Model 

In particular, the single-element model of Fig. 2.2 and a multi-element 
system are equivalent for purposes of calculating the displacement response 
Ux and ue at C.M. and the associated total shear and torque, provided the 
values far the parameters wx' (Ue , e/r and ~ are the same for the two systems. 

- 6 -



3. SINGLE-ELEMENT MODEL: NONLINEAR SYSTEM 

3.1 One-Story System 

Consider the idealized one-story system of Fig. 2.1, whose properties 
in the linearly elastic range were described in the preceding section, sub­
jected to the component of ground motion along the x-axis. Because of 
coupled lateral-torsional motion of the deck, the i-th resisting element 
will experience not only the shear force V. in the direction of the excita-

lX 
tion but also the shear force in the transverse direction Viy ' Generally, 
the torque acting on the element is relatively small and need not be con­
sidered. 

The resisting elements in the system are assumed to be elastic-perfectly 
plastic. When the i-th element is subjected only to a shear force along one 
of the principal axes of resistance, the relations between shear force and 
deformation -- V. and u. in the x direction and V. and u. in the y direc-

lX lX lY lY 
tion -- are shown in Fig. 3.1a. The yield or plastic shear forces in the x 
and y directions Vixp and Viyp are considered to be equal in the two -- posi­
tive and negative -- directions of deformation. Unloading from regions of 
inelastic deformations is assumed to take place along lines parallel to the 
initial elastic portion of the diagram. Under the combined action of Vix and 
Viy ' the criteria of yielding and plasticity is defined by the yield surface 
(Fig. 3.1b), assumed to be circular in terms of normalized forces. The 
element i is elastic when the forces are defined by a point within the yield 
surface and plastic when they represent a point on the yield surface. When­
ever yielding is initiated, the locus of the member forces (Vix ' Viy) must 
remain on the yield surface until unloading occurs; it may not go beyond the 
yield surface. 

3.2 Multi-Element System: Equations of Motion 

The equations of motion for nonlinear response of the system of Fig. 2.1 
to ground acceleration Ug(t) along the x-axis may be written as 

+ F = ~I (3.1) 
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where £ is the vector of restoring forces associated with stiffness of the 

structure. The restoring forces and deformations are related by the fol­
lowing incremental equation: 

dF = 1 K 
m -t 

where It = tangent stiffness matrix of the structure. 

(3.2) 

The tangent stiffness matrix of the structure in any deformation state 

may be expressed as 

It = K - K -e -{: (3.3) 

where 2 e 2 w -- w x r 

~ = m (3.4) 

e 2 2 
-- w r x we 

is the elastic stiffness matrix of the one-story torsionally coupled system 
(Eq. 2.4) and 

~ = 1: k. 
-1C 

i 
(3.5) 

represents the modification to K due to elements that are in plastic condi­-e 
tion (Appendix III-B). The matrix k. , the modification due to element i, 

-1C 

is a zero matrix if the element is elastic. If the element is in plastic 

condition, for the yield surface of Fig. 3.lb, ~ic is given by 

k. 
-1C 

= 1 
G. 

1 

B~ 
lX 

B. B. 
lX lY 

- 9 -
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in which 

G. k. h~ 2 = + k. h. 
1 1 X 1 X lY 1Y 

Bix = k. h. , x 1 X 
(3.6b) 

B,.y = (x./r) k. h. - (y./r) k. h. , ,y ,y , 1 X , X 

and 

hix 
2 = V i/V ixp 

h. 2 = V. IV. ,y ,y lYP 

Eq. 3.1 is for an undamped nonlinear system. Damping is defined as 
described earlier for a linear system by damping ratios for the natural modes 
of low amplitude linear vibration. 

3.3 Single-Element Model: Yield Surface 

As shown earlier, in the linear range of behavior, the single-element 
model of Fig. 2.2 is equivalent to a system with several resisting elements, 
provided the values of the parameters wx' we' e/r and ~ are the same for the 
model and system. However, after initiation of yielding, the stiffness pro­
perties of the mUlti-element system depend on the number, location, stiffness 
and yield strength of all the resisting elements that are in yield condition 
(Eqs. 3.5-3.6). A single-element model could therefore not be strictly equi­
valent to a multi-element system. The purpose of this section is to develop 
the yielding properties of a single-element model so that it is equivalent, 
in approximate sense, to a mUlti-element system. 

In order to develop an appropriate yield surface for the single-element 
model, it is instructive to examine first the initial and limit yield surfaces 
for one of the simpler multi-element systems. Consider the system of Fig. 3.2 
consisting of a rigid deck, square in plan, supported on four columns located 
at the corners. The system is symmetric with respect to the y-axis and 
eccentricity between centers of mass and resistance is due to difference in 
stiffnesses of columns on two sides of the x-axis. The columns are assumed 
to have yield strengths proportional to their stiffnesses and yield surfaces 

- 10 -



as shown in Fig. 3.lb. The initial yield surface is defined by combinations 
of total forces for the system, shear Vx in the x-direction and torque TR 
defined at the center of resistance (shear Vy in y-direction = 0), at which 
yielding of the system is initiated, and the limit yield surface by force 
combinations at which the system becomes a mechanism. Yield surfaces for the 
system of Fig. 3.2, with the above mentioned properties, were derived 
(Appendix III-C) and are presented in Fig. 3.3 for two values of e/r. The 

forces Vxp and TRp ' used for normalization of the shear Vx and torque TR, are 
the fully plastic shear and torque for the system. The system will become 
a mechanism under the separate action of V at the C.R. and TR about the xp p 
C.R. 

The yield surfaces are symmetrical with respect to both the shear and 
torque axes for systems with e/r = 0, but not when e/r 1 o. Because of the 
eccentricity, the initial yield surface is significantly skewed but the limit 
yield surface is only slightly affected. For systems with e/r not large, it 
may be reasonable to ignore the skew and approximate the yield surface by 

(3.7) 

where the scalar c has the same absolute value for all four quadrants, but 
positive in the first and third quadrants and negative in the second and 
fourth. A yield surface described by Eq. 3.7 is symmetrical with respect to 
both the shear and torque axes and varies from a circle for c = 0 to a set 
of straight lines for c = 2 (Fig. 3.4). 

The initial yield surface for the system of Fig. 3.2 with e/r = 0 is 
defined exactly by Eq. 3.7 with c = /2', and the limit yield surface for the 
same system is between the curves defined by Eq. 3.7 with c = 0.25 and 0.5 
(Fig. 3.4). Thus, Eq. 3.7 with an appropriate value of the parameter c can 
approximate either yield surface of the system of Fig. 3.2 with e/r = O. It 
is also apparent from Fig. 3.5 that yield surfaces of systems with e/r dif­
ferent than zero, but not large, can be approximated by Eq. 3.7 with an 
appropriate value of c and TRp . 

Consistent with simplicity of the single-element model of Fig. 2.2, 
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differences between initial and limit yield surfaces of multi-element systems 
will be ignored and a single yield surface will be employed to define the 
boundary between elastic and plastic states. Such an idealization of the 
single-element model is equivalent to the assumption of elastic-perfectly­
plastic behavior. If an appropriate single yield surface lying between the 
initial and limit yield surfaces is selected, based on earlier work [27J, the 
response of the single-element model is expected to provide a satisfactory 
approximation to the response of multi-element systems. 

3.4 Single-Element Model: Equations of Motion 

The equations of motion of the single-element model defined in its 
linear range of behavior as shown in Fig. 2.2 and having a yield surface 
given by Eq. 3.7 are the same as for the multi-element system (Eqs. 3.1-3.4) 
except that ~ is no longer given by Eq. 3.5. For the single-element model 
in the linearly elastic state, ~ is a zero matrix; in the plastic state it 
is given by Eq. 3.8 (Appendix III-B): 

in which 

= 

= 

where 

( V = 1 2 x 
Vxp Vxp 

( T r 2 R = 
T Rp T Rp 

(e/r) K H x x 

+ c TR ) 
TRP 

+ c Vx ) 
Vxp 

- 15 -
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3.5 Systems, Ground Motions and Method of Analysis 

Numerical results of earthquake responses of four-element systems and 
corresponding single-element models are presented in the next section with 
the purpose of evaluating the single-element models. In this section, pro­
perties of these systems and the method of analysis employed in analyzing 
them are summarized. 

3.5.1 Systems. The four-element systems selected have the following 
properties: Elastic stiffness Kx = (4~2/T~) m, where Tx = 2~/wx is the 
uncoupled period of lateral vibration. Yield shear Vxp = mSa , where Sa is 
obtained from the response spectrum of Fig. 3.7 for elastic-perfectly-plastic 
systems, corresponding to the selected ductility factor of ~ = 5. Values for 
Vxp are listed in Table 1 for several values of Tx' For each column, the 
stiffnesses in the x and y directions are the same, i.e., kix = kiy ' 
Columns located symmetrically about the y-axis are assumed to have the same 
stiffness so that the C.R. is on the y-axis but the unsymmetric distribution 
of stiffness about the x-axis depends on e/r. The yield shears of each 
column in the x and y directions are assumed the same, i.e., VixP = Viyp ' 
Yield shears of individual columns are proportional to their stiffnesses. 
Yielding properties including the yield surface of individual columns were 
described in Sec. 3.1. 

The specific parameter values chosen are: we/wx = 131, which is con­
sistent with what was implied above: the system has equal stiffness in the 
x and y directions; e/r = 0.4, which represents an eccentricity of 16.3% of 
the plan dimension in the y direction; and ~ = 0.02; several values for 
Tx = 2~/wx in the range 0.5 to 2.5 sec. are considered. 

The single-element model to be compared with a four-element system is 
assigned the same values of we/w , e/r, T and~. Two different yield x x 
surfaces are considered: (1) Eq. 3.7 for c = 0.5 with yield shear Vxp and 
yield torque TRP same as that for the four-element system; (2) Eq. 3.7 for 
c = 0 with the same yield shear Vxp but yield torque TRP/(rVxp ) = 1.3. 
Both the yield surfaces are potentially appropriate as they lie between the 
initial and limit yield surfaces of the four-element system (Fig. 3.5). 

In the latter yield surface, the yield shear is the same as for the 
four-element system, whereas the yield torque is smaller. This reduction 
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Table 1. Yield Shears for Inelastic Systems 

Uncoupled Period Yield Shear, 
T x' sec. V -;- mg xp 

0.5 0.1381 
0.6 0.1634 
0.7 0.1752 
0.8 0.1551 
0.9 0.1187 
1.0 0.0913 
1.2 0.0685 
1.4 0.0543 
1.6 0.0466 
1.8 0.0424 
2.0 0.0390 
2.25 0.0305 
2.5 0.0240 

in yield torque was necessary to have a yield surface intermediate between 
the initial and limit yield surface (Fig. 3.5). Alternatively, the yield 
shear could have been reduced to achieve a similar effect; however, that 
would not be appropriate because yielding in torsionally coupled systems is 
controlled primarily by the yield shear. This was confirmed by examining 
the history of responses of four-element systems, indicating that yielding 
occurs predominantly on portions of the yield surface in the neighborhood 
of Vx/Vxp = 1 or -1 (Fig. 3.8). 

3.5.2 Ground Motion. The ground motion considered is the first 30 
seconds of the SOOE component of the E1 Centro record obtained during the 
Imperial Valley earthquake of May 18, 1940. The ground acceleration history 
presented in Fig. 3.6 is the most recent digitization with "standard" base 
line correction [14J. However, the response spectra of Fig. 3.7 from which 
the yield shears were obtained (Sec. 3.5.1) is based on an earlier digitiza­
tion of the record with parabolic base line correction. 
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3.5.3 Method of Analysis. Earthquake responses of each four-element 
system and corresponding single-element models are determined by solving 
the equations of motion presented in Sec. 3.2 and Sec. 3.4 by a numerical 
integration procedure (Appendix III-D). The time scale is discretized into 
equal time intervals, small enough (0.02 sec. or less) to define the earth­
quake acce1erogram accurately and no more than a small fraction (1/20th) of 
the shorter natural period of linearly elastic vibration of the system. 
Within each small time interval, the lateral and torsional accelerations of 
the deck were assumed to vary linearly. For the time intervals during which 
transition from elastic to plastic state or from one plastic state to 
another occurred, the tangent stiffness was re-eva1uated and a predictor­
corrector iteration procedure was used to reduce force unbalances created 
by the numerical approximation to an acceptably small value. Analysis of 
the four-element system and single-element model differ mainly in the for­
mulation of the tangent stiffness in the plastic state, Eq. 3.5 vs. Eq. 3.8. 

3.6 Evaluation of Single-Element Models 

The response of a four-element system and the two corresponding sing1e­
element models to the E1 Centro ground motion record are presented in Fig. 3.9. 
Responses of the three systems are very simi1iar, except for different plastic 
drifts and maximum deformations. These differences are the result of slightly 
different yielding properties of single-element models compared to the multi­
element systems. When considered over a wide range of periods, the differ­
ences in maximum deformations. uxm in translation and uem in rotation, how­
ever, are not large (Fig. 3.10). Based on these results, and additional 
results -- not included here -- for systems with different parameters, both 
single-element models may be suitable for studying inelastic response of 
four-element systems. 

It is apparent from Figs. 3.9 and 3.10 that response of the single­
element model is relatively insensitive to differences in the two yield 
surfaces. Note that the second yield surface is circular in the normalized 
coordinate system: Vx/Vxp ' TR/TRP ' Considering that it offers computation 
advantages -- simpler expression for K and hence for the tangent stiffness 

~ . 

matrix (Eq. 3.8) and slope is continuous across the two coordinate axes 
(Fig. 3.5) -- a circular yield surface is chosen for the single-element model. 
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The principal disparity between a multi-element system and the corres­
ponding single-element model is in their yielding properties. Force com­
binations between the initial and limit yielding surfaces imply yielding of 
some of the resisting elements, resulting in migration of the center of 
resistance; a phenomenon which is not present in the single-element model. 
The center of resistance migrates most abruptly and through greatest distance 
in the four-element system of Fig. 3.2, compared to systems of Fig. 2.1 with 
larger number of resisting elements. Consequently, the single-element 
system, shown to be a suitable model for four-element systems, should be 
even more appropriate for systems with larger number of resisting elements. 

3.7 Single-Element Model: Yield Shear and Torgue 

Having selected for the single-element model a yield surface that is 
circular in the normalized coordinate system: Vx/Vxp and TR/TRP ' only the 
yield shear Vxp and yield torque TRp remain to be specified. Values for 
these should be selected so that the resulting yield surface lies between 
the initial and limit yield surfaces of the original multi-element system. 

Consider a multi-element system with eight identical columns located 
in plan as shown in Fig. 3.11. The initial and limit yield surfaces for this 
multi-element system were determined (Appendix III-E) and are presented in 
the first quadrant (Fig. 3.11); they are symmetrical about both shear and 
torque axes. The initial yield surface (in the first quadrant) is almost 
a straight line; for systems with more elements, it would be even closer to 
a straight line. The limit yield surface is similar to and enclosed by a 
circle. If the yield displacements for all the resisting elements are the 
same, which was the case for the system of Fig. 3.11, the initial yield 
shear is identical to the limit yield shear. Thus, it is appropriate to 
assign the same value to the yield shear of the single-element model. In 
contrast to what was observed for a four-column system (Fig. 3.4), the initial 
yield torque is different from the limit yield torque (Fig. 3.11). The yield 
torque for the single-element model should be chosen as intermediate between 
those two values so that the yield surface would lie between the initial and 
limit yield surfaces. 

Consider the four-element system of Fig. 3.2 with the yield displacement 
for all resisting elements assumed to be the same. The stiffness properties 
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of individual elements of such a system can be determined from the yield 
shear Vxp for the system, the frequency ratio we/wx and eccentricity ratio 
e/r. The initial and limit yield torques are identical; they can be 
determined from these element properties, and hence are related only to Vxp ' 
wx/ws ' and e/r. The initial and limit yield torques for systems with more 
than four resisting elements are not identical but each of them is related 
to Vxp ' wx/we , and e/r in a manner similar to the four-element system. 
This relationship may be expressed empirically in the following dimensionless 
form: 

(3.9) 

where q is a coefficient that depends on the number, type and location of 
resisting elements in the structure. 

It can be shown (see Appendix III-F) that for systems with rectangular 
plans, Eq. 3.9 with q = 1//3: = 0.577 provides a lower bound for the initial 
yield torque; with q = 0.86 it leads to an upper bound (valid for systems 
with 100 resisting elements or less) for the limit yield torque. A value of 
q between the bounds of 0.577 and 0.86 is, therefore, appropriate to define 
the yield torque in the circular yield surface for the single-element model. 

3.8 Single-Element Model: Summary 

The inelastic response of a multi-element system, with same yield 
displacements for all resisting elements, can be determined to a useful 
degree of approximation by analyzing a single-element system with the 
following properties: parameters wx' we' e/r and ~ in the linearly elastic 
range of behavior are the same as for the multi-element system; a single 
yield surface, circular in the normalized coordinate system, with yield 
shear same as for the multi-element system and yield torque given by Eq. 3.9 
with q having a value between 0.577 and 0.86. This range of q is appropriate 
for systems with eight or more resisting elements. 
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4. EFFECTS OF TORSIONAL COUPLING ON DEFORMATIONS 

4.1 Introductory Note 

The effects of torsional coupling are studied by comparing deformation 
responses of single-element models (Chapter 3) of torsionally coupled (e f 0) 

and corresponding torsionally uncoupled (e = 0) one-story systems. Results 
obtained by the procedures described are presented for systems analyzed under 
the assumption of linear and nonlinear behavior. The excitation selected is 
the first 30 sec. of the SOOE component of the El Centro record obtained 
during the Imperial Valley earthquake of May 18, 1940 (Fig. 3.6). 

4.2 System Properties 

The basic parameters controlling linear response of idealized one-story 
systems (Fig. 2.1) are Wx (or Tx = 2n/wx)' we/wx' e/r and~. The following 
values were selected for these parameters: Tx = several values in the range 
0.5 to 2.0 sec.; we/wx = 0.8, 0.9, 1.0, 1.25, 1.5 and 2.0; e/r = 0, 0.2 and 
0.4, and ~ = 0.02. The first of the e/r values indicates no torsional 
coupling and provides a basis for evaluating the effects of torsional coupling. 

The selected values for Tx span a range of vibration periods which would 
include many multi-story buildings. Measured natural frequencies of vibration 
of buildings [11] indicate that the ratio of the natural frequency of the 
lowest torsion-dominant mode to that of the lowest translation-dominant mode 
of vibration varies between 1.0 and 1.8. If these measurements were for the 
system of Fig. 2.1, based on Eq. 2.7 it could be concluded that we/wx values 
would be within the range of 1.0 and 1.8. Considering the one-story system 
of Fig. 2.1 to be a three degree-of-freedom model to represent the three 
lowest vibration modes of a multi-story building. the above conclusion forms 
the basis for the chosen range of values for we/wx. Because we/wx < 1 is 
uncommon unless the major resistance to lateral loads is provided by a 
central core, and we/wx > 2 implies negligible torsional coupling [18J, values 
for we/wx were chosen in the range 0.8 to 2.0. The chosen eccentricity ratios 
e/r = 0.2 and 0.4 represent significant eccentricities between the centers 
of mass and resistance (for a rectangular building plan, e/r = 0.4 represents 
eccentricity of 11.5 to 16.3% of the longer plan dimension) and e/r = 0 
represents the corresponding torsionally uncoupled system. Because effects 
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of torsional coupling decrease as damping increases [18J, the damping ratio 
was assigned a value which is on the low side but yet reasonable for many 
buildings. 

Corresponding to each 
W (or T = 2TI/w ), we/w , x x x x 

linearly elastic system with specified parameters 
e/r and ~, an inelastic system is defined to have 

the same properties in its linear range of behavior. The yield shear in 
translation is specified in Table 1 as the base shear determined from Fig. 
corresponding to the natural period Tx of the corresponding torsionally­
uncoupled system and ductility factor ~ = 5. Yield torque for a system is 
specified as the torque determined from Eq. 3.9 with q = 0.75. 

4.3 Response Characteristics 

3.7, 

Response histories for a torsionally-coupled system and the corresponding 
system with no torsional coupling, analyzed for two different assumptions, 
linearly elastic and elastic-perfectly-plastic, of force-deformation behavior, 
are presented in Fig. 4.1. 

Whereas systems, elastic or inelastic, with no torsional coupling 
respond only in translation, torsionally-coupled systems deform in translation 
as well as in torsion. Deformations of elastic systems, with or without tor­
sional coupling, are oscillators about the initial equilibrium position. On 
the other hand, responses of inelastic systems are characterized by several 
increments in the plastic part of the deformation, each causing a shift in 
the equilibrium position about which the system oscillates until the next 
increment in plastic part of the deformation occurs. The oscillatory part 
of the lateral deformation as well as drift of the equilibrium position due 
to plastic deformation are affected by torsional coupling. 

Torsional coupling affects the response of elastic systems to a greater 
degree compared to corresponding inelastic systems. It modifies the natural 
vibration periods and hence response amplitude and predominant frequencies 
of elastic systems. In the latter case, the response is strongly influenced 
by yielding properties of the system, and even with torsional coupling, 
yielding of the system is controlled primarily by the yield shear because 
the response is primarily in translation and the system is relatively strong 
in torsion. Consequently, after initial yielding, the system has a tendency 
to yield further primarily in translation and behave more and more like an 
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inelastic, single degree-of-freedom (SDOF) system, responding primarily in 
translation; thus, torsional deformations and effects of torsional coupling 
on translational deformations are not as large as they were for elastic 
systems. 

4.4 Maximum Deformations 

For each single-element system defined in Sec. 4.2, a complete set of 
results, including variation of response with time, were obtained by numer­
ical integration of the equations of motion. However, only the maximum 
lateral and torsional deformations are presented. They are presented as a 
function of Tx for the three values of elr in Figs. 4.2-4.7; each figure is 
for systems with fixed values of we/wx' In Figs. 4.8-4.9 they are presented 
as functions of T for varying values of we/w but a fixed value of e/r. x x 

In order to interpret these results, it is useful to summarize selected 
conclusions from an earlier study based on maximum responses of linearly 
elastic systems determined for two idealized response spectra, flat (or 
period independent) pseudo-acceleration spectrum and hyperbolic pseudo­
acceleration spectrum (or flat pseudo-velocity spectrum) [18]: 

1. Torsional coupling results in torque (and torsional deforma­
tion); and smaller values for base shear (and lateral defor­
mation). 

2. As elr increases, torsional coupling has increased effect: 
shear (and lateral deformation) decreases, torque (and tor­
sional deformation) increases. 

3. The effects of torsional coupling depend strongly on we/wx' 
the ratio of uncoupled frequencies of the system. For 
systems with smaller values of elr (less than 0.4), this 
effect is most pronounced when we = wx' 

4. For systems with uncoupled frequency in torsion much hiqher 
than in translation, we > 2wx' torsional coupling results 
in essentially no reduction in base shear; furthermore the 
torque is essentially proportional to elr, indicating little 
dynamic amplification. 

When actual ground motions, instead of idealized response spectra, are 
considered, responses of elastic as well as inelastic systems exhibit some, 
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but not all, of the results summarized above: 

1. Torsional coupling causes torsional deformations and modifies 
lateral deformations, reduction for some values of T but . x 
increase for others (Figs. 4.2-4.7). 

2. As e/r increases, the effects of torsional coupling mayor 
may not increase; lateral deformations decrease for some 
values of Tx but increase for other values; torsional defor­
mations increase for all, except very few, values of Tx 
(Figs. 4.2-4.7). 

3. For systems with we/wx = 2, torsional coupling produces little 
modification in the lateral deformation and the torsional defor­
mation is essentially proportional to e/r, indicating no dynamic 
amplification (Fig. 4.7). 

4. The effects of torsional coupling --- change in lateral deforma-
tion and increase in torsional deformation depend on we/wx 
(Fig. 4.8-4.9) but not as strongly, nor in as simple a manner, 
as was mentioned above for idealized response spectra. As 
we/wx approaches 1 from above, the torsional deformation of 
elastic systems, and almost all inelastic systems, increases 
over 'the entire range of Tx considered; however, there is no 
consistent variation in the lateral deformation, decreasing for 
some values of T x and i ncreas i ng for others .. As we/wx approaches 
1 from below, the effects of torsional coupling vary with we/wx 
in not a simple manner. 

The general impression that emerges from the above results is that effects 
of torsional coupling on earthquake response are similar but not as simple as 
were observed from maximum responses determined for idealized response spectra. 
Complications arise basically because the response spectrum of an actual ground 
motion is rather irregular compared to the flat or hyperbolic shapes assumed 
for the idealized acceleration response spectrum. Torsional coupling affects 
the natural periods of vibration of the system and hence the corresponding 
spectrum ordinates. Depending on the variation of the response spectrum in the 
neighborhood of Tx' these ordinates may increase or decrease by varying degrees, 
resulting in another factor influencing the differences between the responses 
of torsionally coupled and uncoupled systems. 
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Torsional coupling influences the maximum defo~mation response of 
inelastic systems to a lesser degree compared to linearly elastic systems 
(Figs. 4.2-4.9), for reasons mentioned in Sec. 4.3. Except for that one 
difference, inelastic and elastic systems are affected similarly by tor­
sional coupling. 
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5. EFPECTSOF TORSIONAL COupLING ON COLUMN DEFORMATIDNS 

5.1 Introductory Note 

The deformation of a resisting ele~ent res'ults from the combined effect 
of lateral and torsional displacements at the C.M. Having studied in Chapter 
4 the effects of torsional coupling on displacement response at the C.M., 
results for the deformations of corner columns are presented and interpreted 
in this section. Recall that the displacements at the C.M. of a torsionally 
coupled system were determined from analysis of a single-element model of the 
system. For a specified set of system parameters, the plan geometry does not 
affect these results but, of course, influences the deformations of corner 
columns. 

5.2 Column Deformations and Displacements at Center of Mass 

Considering rectangular plans with several resisting elements, including 
columns at the four corners (Fig. 5.1), uix and uiy ' the x and y components 
of the deformation of column i (displacement of the top of the column relative 
to its bottom) can be expressed in terms of ux and ue' the lateral and tor­
sional displacements at the C.M., simply from the geometry of displacement 
(Fig.5.l): 

u. 
- ~ (UUxe) lX = ux 

i = 1,2 

uix = 1 + ~ (ru:e) Ux (5.1) 

~ = ~ (rUe) 
ux r \ Ux 

i = 1,4 

~ = -~tu~) ux 
= 2,3 

The total vector-deformation of the column i 

(5.2) 
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FIG. 5.1 RECTANGULAR PLAN AND ITS DISPLACED CONFIGURATION 
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It is necessary to examine the results for only two columns, say 1 and 4, 
because from Eqs. 5.1 and 5.2 

Column 1 is located closer to C.R. compared to column 4. 

5.3 Response to Static Lateral Force 

(5.3) 

To aid in interpreting the results to be presented later for column 
deformations in torsionally-coupled systems subjected to earthquake ground 
motion, it will be useful to consider first the effects of a static lateral 
force, Vx' applied at theC.M. The deformations ui of the four columns 
expressed as ratios with u are given by Eqs. 5.1 and 5.2, wherein (it can x 
be easily shown) 

(5.4 ) 

Furthermore, for rectangular plans 

and Q = Q (~) r a r (5.5) 

Consequently, ratios ui/ux depend only on the dimensionless parameters e/r, 
we/wx' and a/b. They are presented as functions of we/wx for selected values 
of e/r and alb (Fig. 5.2). If the system is torsionally uncoupled ui/ux = 1; 
differences between this value and those presented in Fig. 5.2 may, therefore, 
be interpreted as effects of torsional coupling on column deformations. Tor­
sional coupling causes an increase in the deformation in the column farthest 
from the C.R. but generally a decrease in the deformation of the column nearest 
the C.R. Torsional coupling has increased effects, i.e., u4/ux increases and 
ul/ux decreases, with increasing e/r for fixed alb; and with increasing alb for 
fixed e/r. 

5.4 Earthquake Responses 

Responses of an elastic and corresponding inelastic single-element system 
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to the El Centro earthquake acting along the x-axis were obtained in 
Chapter 4 for several values of the system parameters: Tx' we/wx' and e/r. 
From the history of displacements at C.M. of each system (specified Tx' 
we/wx and e/r) deformations of corner columns were determined by applying 
Eqs. 5.1 and 5.2 at each instant of time. Ratios uim/uxm ' where uim and 
uxm are respectively the maximum values of displacements during the earth­
quake at column i and at C.M., were then computed for several different 
values of the aspect ratio alb of the rectangular plan. 

Results for systems with we/wx = 2 are presented as functions of Tx 
for a fixed value of alb but two values of e/r (Fig. 5.3) and for a fixed 
value of e/r but three values of alb (Fig. 5.4). Also shown superimposed 
for elastic systems are the ui/ux values from Fig. 5.2 associated with a 
static lateral force acting at the C.M. Whereas these are independent of 
Tx' the uim/uxm values obtained from response to earthquake ground motion 
are not. This dependence on Tx is, however, weak and is associated with 
changes in earthquake responses due to changes in vibration periods caused 
by torsional coupling. Similar to the conclusions for systems subjected 
to static force, torsional coupling causes increase and decrease in the 
deformations of columns farthest and nearest, respectively, from the C.R. 
(Figs. 5.3 and 5.4); and effects of torsional coupling increase with 
increasing e/r (Fig. 5.3) and increasing alb (Fig. 5.4). It is therefore 
concluded that for systems with we/wx = 2 the effects of torsional coupling 
on column deformations are similar whether the deformations are induced by 
earthquake motion or static lateral force. This observation is consistent 
with the one of Sec. 4.4, indicating that for systems with we/wx ~ 2 effects 
of torsional coupling on displacements at C.M. are similar whether they are 
due to earthquake motion or static lateral force. 

In Figs. 5.3-5.4, the effects of torsional coupling on deformations of 
corner columns are less for inelastic systems than for elastic systems. 
Because the yield torque increases with the square of we/wx (Eq. 3.9), 
systems with we/wx = 2 are relatively strong in torsion. As a result, it 
is the yield shear that controls the initial yielding, and subsequently the 
system has a tendency to yield further primarily in translation and behave 
more and more like an inelastic, single degree-of-freedom system, responding 
primarily in translation; thus the effects of torsional coupling on column 
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deformations are not as large as they are for elastic systems. 

The deformation ratios u. /u are presented for systems with we/w = 1 1m xm x 
as functions of Tx for a fixed value of alb but two values of e/r (Fig. 5.5) 
and for a fixed value of e/r but several values of alb (Fig. 5.6). As 
discussed in Sec. 4.4, the effects of torsional coupling are especially pro­
nounced for systems with we = wx' and this is reflected in the results for 
column deformations: u. /u are considerably different than 1, the value 1m xm 
with no torsional coupling. It is of interest to compare the ratio u./u 

1 x 
obtained from deformations due to (1) a static lateral force through the C.M. 
(Fig. 5.2) and (2) earthquake ground motion (Figs. 5.5-5.6). Whereas in the 
former case the ul/ux ratio is typically smaller than 1 and u4 > u1 (Fig. 5.2), 
in the latter case ul/ux > 1 and for some systems u4 < ul ' a consequence of 
the large earthquake-induced torques in systems with we/wx = 1. The deforma­
tion ratios uim/uxm tend to increase with e/r (Fig. 5.5) and also have some, 
but not consistent, tendency to increase with alb (Fig. 5.6). 

For systems with parameter values we/wx = 1 and e/r = 0.2, torsional 
coupling affects column deformations in inelastic systems to a lesser degree 
compared to elastic systems (Fig. 5.5). This result is similar to the one 
observed earlier for systems with we/wx = 2 (Figs. 5.3-5.4). However, 
inelastic systems can be affected to a greater degree; witness the large 
peak in the neighborhood of Tx = 1.6 sec. for systems with e/r = 0.4. This 
very pronounced effect of torsional coupling is a consequence of especially 
unfavorable phasing of Ux and ue resulting in their maximum values to occur 
almost simultaneously. 

As discussed in Sec. 4.4, the effects of torsional coupling on Ux and 
ue' the lateral and torsional displacements of C.M., depend on we/wx in a 
complicated manner. Because column deformations ui depend on Ux and ue' 
variation of deformation ratios uim/uxm with we/wx is similarly complicated 
(Fig. 5.7). Because of torsional coupling, column deformations can be con­
siderably amplified, by a factor as large as 2 to 3 for systems with we/wx = 1 

(Fig. 5.7). 
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6. ESTIMATION OF MAXIMUM COLUMN DEFORMATIONS 

6.1 Introductory Note 

The deformation of a resisting element, such as a column, results from 
the combined effect of lateral and torsional displacements at the C.M., and 
it will be largest for an element at a corner. At any instant of time, uix 
and uiy ' the x and y components of the deformation of column i, can be 
expressed in terms of Ux and ue ' the lateral and torsional displacements at 
the C.M., at the same time, simply from the geometry of displacement (Eq. 5.1). 
Thus, the complete history of Ux and ue is needed to calculate the history 
and, subsequently, the maximum values of column deformations. As will be 
seen in Chapter 7, u and ue ' the maximum values of u (t) and ue(t), can xm m x 
be estimated for elastic as well as inelastic systems by using the appropriate 
response spectrum. Presented in this chapter is a procedure for estimating 
the maximum value of deformation in a column directly from the maximum values 
of displacements, u and ue ' at the C.M. xm m 
6.2 Upper Bounds 

An upper bound for maximum column deformations may be obtained by 
assuming that the maximum lateral and torsional displacements at the C.M. 
occur simultaneously. If u and ue denote the absolute value of these xm m 
maxima, and the building plan is rectangular (Fig. 5.1), an upper bound for 
the x-component of the deformation of any column is 

(6.1) 

and the maximum value of the y-component of the deformation of any column is 

U = (Q) ru 
y r em (6.2) 

Thus, an upper bound estimate for the total vector-deformation of any column 

is 

U = (6.3) 
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This is an upper bound for the largest of the maximum deformations of 
individual columns. 

An estimate obtained from Eq. 6.3 is compared with the larger of the 
"exact" maximum deformations in columns 1 and 4 obtained in Chapter 5 from 
a complete response history analysis. The "exact" values of uxm and ruem , 
obtained in Chapter 4 from a response history analysis of the single-element 
model, were substituted in Eq. 6.3 to obtain the estimate. The ratio of 
estimated to "exact" values of maximum column deformation is presented for 
several elastic and inelastic systems as a function of Tx; alb = 1, i.e., 
the plan is square, and elr = 0.4 for all systems but several different 
values of we/wx are considered (Fig. 6.1). This ratio is always greater 
than 1 because the estimate obtained from Eq. 6.3 is an upper bound value. 
The quality of the estimate is about the same, independent of whether the 
system is elastic or inelastic. The estimated values are close to the "exact" 
values in many cases, but they may be larger by as much as 50% (Fig. 6.1). 

6.3 Estimated Values 

With the aim of improving the quality of the estimates, Eq. 6.3 is 
modified by dropping the least significant of the three terms on the right 
side. The contribution of the first term, uxm ' is always significant, but, 
depending on the ratio alb of plan dimensions, the second or third term may 
be relatively insignificant. Between the two terms, the second term is 
less significant if alb is much smaller than 1; whereas the third term is 
less significant if alb is much larger than 1. Thus, the maximum value of 
total vector deformation of any column may be estimated from 

U = uxm + (air) rUem ; f alb 2 1 (6.4) 

and 

if alb < 1 (6.5) 

The ratios of estimates obtained from Eq. 6.4 to the "exact" values of 
maximum column deformations are also presented (Fig. 6.1). Eq. 6.4 provides 
better -- compared to Eq. 6.3 -- estimates for maximum column deformations 
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in systems with alb = 1 for most of the system parameters considered. 
Improvements in the estimated values are similar for elastic and inelastic 
systems. 

Similar results are presented for building plans with alb = 3 and 1/3. 

The ratios of estimated values, obtained from Eq. 6.4 when alb = 3 and 
Eq. 6.5 when alb = 1/3, to the "exact ll values are presented in Fig. 6.2. 
It is apparent from Figs. 6.1 and 6.2 that Eqs. 6.4 and 6.5 can provide 
useful estimates for maximum column deformation. The quality of these 
estimates appears to deteriorate for systems with alb much larger than 1. 
These estimates are usually conservative and, when they are nonconservative, 
the errors do not exceed 20%. The quality of these estimates is similar for 
elastic and inelastic systems. 

Based on the results presented above, the maximum values of column 
deformations may be estimated to a useful degree of approximation from 
Eqs. 6.4 and 6.5. In addition to the dimensions a and b of the rectangular 
plan, the maximum values of lateral and torsional displacements at the C.M. 
are required in computing column deformations. A procedure for estimation 
of displacements at C.M. for linearly elastic and for inelastic systems is 
presented in Chapter 7. 
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7. ESTIMATION OF MAXIMUM RESPONSES FROM RESPONSE SPECTRA 

7.1 Linear Systems 

Consider the one-story torsionally-coupled system of Fig. 2.1 with 
linearly elastic properties subjected to earthquake ground motion along the 
x-principal axis of resistance. For this two degree-of-freedom system, an 
estimate of the maximum value of any response quantity ~ may be obtained by 

combining the modal maximum ~l and ~2 -- determined from the modal equations 
and the elastic response spectrum for the excitation -- according to [26J 

where 

~~ 

= ~ 2 + ~ 2 + 2 1 2 
1 2 1 + E: 2 (7.1) 

(7.2) 

and ~n is to be taken with a proper sign, the sign that its unit impulse 
response function has when it attains its maximum numerical value. The first 
two terms in Eq. 7.1 represent the more commonly used combination rule: square 
root of the sum of the squares of the modal maxima. The third term is impor­
tant under certain conditions, in particular when the two natural frequencies 
of the structure are close. As this is often the case for the torsionally 
coupled system considered here, the third term is included in the analysis. 

For the one-story system, the two force responses of interest are: base 

shear in x-direction Vx' and torque T defined at the C.M. or TR at C.R. It 
can be shown that V and T , the maximum values -- with proper signs for use 

xn n th 
in Eq. 7.1 -- of V and T in the n mode of vibration, are [17J: 

x 

(7.3) 

wherein the mode shapes (Eq. 2.6) have been normalized so that ~nT 2':.n = 1 
and Sa(wn'~) is the ordinate of the pseudo-acceleration response spectrum at 
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natural circular frequency W for damping ratio~. By statics, the maximum 
n 

value of the torque TR at the C.R. in the nth mode of vibration is 

(7.4) 

Similarly, the modal maxima, with proper signs, for displacements u x 
and ue at the C.M. are 

= a 2 
Sa(wn,t,;) 

uxn xn w2 

n (7.5) 

rUen 
::: 

Sa (wn,t,;) 
a a xn en 2 

Wn 

The sequence of steps in the modal analysis procedure for estimation of 
maximum responses of the one-story system (Fig. 2.1) to ground motion along 
the x-principal axis of resistance are summarized: 

1. Analyze the vibration frequencies wn and mode shapes a of -n 
the two natural modes by solving the eigenvalue problem of 
Eq. 2.6. 

2. Corresponding to the vibration frequencies wn obtained in 
Step 1 and assumed damping ratio t,;, obtain Sa(wn'~) from 
the response spectrum for the ground motion. 

3. From the mode shapes determined in Step 1 and the spectrum 
ordinates in Step 2, compute for each mode of vibration the 
maximum value of each force from Eqs. 7.3 and 7.4 and each 
displacement from" Eq. 7.5. 

4. Compute the total value of any response quantity -- force 
or displacement -- from the modal maxima obtained in Step 3 
in accordance with Eqs. 7.1-7.2. 

The accuracy of this approximate procedure may be evaluated by comparing 
the resulting estimate of maximum response with the "exact" values, obtained 
from complete response history analysis presented in Sec. 4.4. The estimates 
were obtained from Eqs. 7.3-7.5 and the elastic response spectrum of Fig. 3.7 
for ~ = 2%. The ratio of estimated and "exact" values of maximum responses, 
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force and displacements, is presented as a function of Tx for four values 
of we/wx (Figs. 7.1-7.2). The approximate procedure overestimates the 
displacements for the system parameters considered, underestimates the 
base shear from some values of the system parameters, and overestimates it 
for others. The relation between estimated and lIexact" values of torque 
depends strongly on we/wx with the estimated value being relatively small 

if we/wx = 0.8, about the same if we/wx = 1, somewhat larger if we/wx = 1.25 
and substantially large if we/wx = 1.5. The approximate procedure generally 
underestimates the torque for systems with we/wx S 1 but overestimates it 
for systems with we/wx > 1. The differences between estimated and lIexactll 
values generally increase as we/wx decreases below or increases above 
we/wx = 1. The differences between estimated and lIexact" values of responses 
observed in Figs. 7.1-7.2 are similar in magnitude to those reported in 
earlier studies [25J of multi-degree-of-freedom systems. 

7.2 Nonlinear Systems 

Strictly speaking, the modal analysis procedure described in Sec. 7.1, 
which is applicable only to analysis of linear response, cannot be used for 
calculation of maximum responses of nonlinear systems. However, it has been 
suggested [25J that satisfactory approximations to the design forces and 
deformations can be obtained from the modal method by using the response 
spectrum for nonlinear systems instead of the elastic response spectrum. 
For elastic-perfectly-plastic systems, response spectra have been obtained 
that define the yield resistance required to limit the maximum deformation 
to a prescribed ductility factor ~, the ratio of the maximum earthquake-induced 
deformation to the yield displacement (Fig. 3.7). 

Thus, with the following modifications, the modal analysis procedure of 
Sec. 7.1 may be employed as an approximate procedure for analysis of non­
linear responses: 

1. In Eq. 7.3, replace Sa(wn'~)' the ordinate of the pseudo­
acceleration spectrum for a linearly elastic system with 

vibration frequency wn and damping ratio ~n' by S~(wn'~)' 
the corresponding value for a nonlinear system with the 
same frequency of small amplitude vibration and damping 
ratio, determined from the inelastic response spectrum 
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(e.g., Fig. 3.7) for the specified ~: 

(7.6) 

2. Multiply displacements calculated from Eq. 7.5 by ~: 

uxn = ~ a2 
S~(wn';;) 

xn 2 
Wn 

(7.7) 

rUen = 
S~(Wn';;) 

~ axnaen 2 
W n 

The following approach was used to evaluate the accuracy of this approxi­
mate procedure for analysis of torsionally-coupled systems. Yield forces were 
determined from Eq. 7.6 for several systems all having e/r = 0.4, damping 
ratio;; = 2%, four different values for we/wx: 0.8, 1.0, 1.25, and 1.5, and 
several values for Tx in the range 0.5 to 2.5 secs. For each set of system 
properties, the yield forces were determined for two selected values of 
ductility factor: ~ = 3 and 5, from Eq. 7.6 and the inelastic response spec­
trum of Fig. 3.7. Each system so defined was analyzed by the procedures of 
Sec. 3.5.3 to obtain its displacement response-history for the El Centro 
ground motion, and the "exact" values of the maximum displacements were deter­
mined. Estimates were also obtained for these quantities from Eq. 7.7 and 
the inelastic response spectrum of Fig. 3.7. The ratio of estimated to 
"exact" values of maximum displacements is presented as a function of Tx 
(Figs. 7.3 and 7.4). The approximate procedure overestimates or underestimates 
the displacements, depending in no apparently systematic wayan the system 
parameters. Discrepancies are larger in the estimated values of torsional 
displacements and they may be as much as twice the "exact" values. Although 
the errors in the approximate procedure may be significant, the results 
suggest that the design forces may be calculated from Eq. 7.6, corresponding 
to the allowable ductility factor~. The structure should then be designed 
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to withstand these forces within allowable stresses and to be capable of 
mobilizing the assumed level of ductility. The design displacements may 
be roughly estimated by Eq. 7.7. 

In evaluating discrepancies between estimated and "exact" values of 
maximum displacements of inelastic systems, it should be noted that four 
sources of approximation are involved in the estimation procedure. Firstly, 
the inelastic response spectrum of Fig. 3.7 is not precise because it could 
not be obtained directly and was the result of interpolation of responses 
of systems with different yield strengths. Secondly, errors are inherent 
in reading from Fig. 3.7 the spectrum ordinates used in Eqs. 7.6 and 7.7. 
The "exact" ductility factors (maximum deformation from response history 
analysis + yield displacement) for an elastic-perfectly-plastic SDOF system 
with yield shears listed in Table 1 are presented in Fig. 7.5. Since these 
yield shears were obtained from Fig. 3.7 for ~ = 5, the differences between 
jJ = 5 and the "exact" values of jJ indicate the combined effect of the two 
sources of approximation mentioned above. These approximations, according 
to Fig. 7.5, appear to be the source of a significant part of the errors 
in results from the approximate procedure presented in Figs. 7.3 and 7.4. 
Combining modal maxima by Eq. 7.1 is the third source of approximation 
which introduces significant errors even in the response of elastic systems 
(Figs. 7.1 and 7.2). Lastly, the application of modal analysis procedures 
to computation of response of inelastic systems is strictly not valid and is 
another source of discrepancy. It is because of these several sources of 
approximation that the analysis procedure provides estimates of maximum 
response of inelastic systems (Figs. 7.3 and 7.4) considerably worse than 
those for linearly elastic systems (Figs. 7.1 and 7.2). 
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8. CONCLUSIONS 

The principal conclusions of this study concerned with coupled lateral 
(x) - torsional (e) response of one-story structures, symmetric about the 
y-principal axis of resistance, to ground motion along the x-axis may be 
summarized as follows. 

The linear response -- lateral and torsional deformations (displacements 
of the center of mass relative to the ground) and associated total shear and 
torque -- depends on the system parameters wx' we' e/r and ~ but not indepen­
dently on the number, location and stiffness of the individual resisting 
elements, nor the plan geometry. 

Response in the inelastic range of behavior is controlled by the yield 
shear and torque in addition to the basic parameters of the corresponding 
linear system. The inelastic response of a multi-element system, with yield 
displacements same for all resisting elements, can be determined to a useful 
degree of approximation by analyzing a single-element model with the following 
properties: parameters wx' we' e/r and ~ in the linearly elastic range of 
behavior same as for the multi-element system, a single yield surface with 
the yield shear same as for the multi-element system and the yield torque 
such that the yield surface is intermediate between the initial and limit 
yield surfaces of that multi-element system. 

The effects of torsional coupling on the maximum deformation response of 
inelastic systems are, in general qualitative terms, similar to those for 
elastic systems. These effects depend in a complicated manner on the system 
parameters with few apparent systematic trends. The more important of these 
effects may be summarized as follows: 

1. Torsional coupling causes torsional deformation in the system and 
modifies, increases or decreases, the lateral deformation of the 
system. Deformation of an individual column is also modified com­
pared to the lateral deformation of the system, the column deforma­
tion in torsionally uncoupled systems. 

2. The effects of torsional coupling depend significantly on we/wx' 

being most pronounced for systems with this ratio close to 1. 
Variation of these effects with we/wx is rather complicated in a 
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neighborhood of we/wx = 1, representative of properties of many 
buildings, and generalizations do not appear possible. It is 
only for the relatively larger values of we/wx that these effects 
are rather simple and easily generalized. For systems with 
we/wx ~ 2, lateral deformation is essentially unaffected, torsional 
deformation is essentially proportional to e/r, indicating no 
dynamic amplifications; deformations are increased and decreased, 
respectively, in columns farthest and nearest from the center of 
resistance. 

3. For systems with we/wx C 2, these effects of torsional coupling 
on system and column deformations increase with increasing e/r 
and alb. For systems with smaller values of we/wx' the effects 
of torsional coupling depend on these parameters in a complicated 
manner with no apparent systematic trends. 

Because the response is primarily in translation and most buildings are 
strong in torsion, yielding of the system is controlled primarily by the yield 
shear; after initial yielding the system has a tendency to yield further pri­
marily in translation and behave more and more like an inelastic single-degree­
of-freedom system, responding primarily in translation. Thus, torsional coup­
ling generally affects maximum deformations in inelastic systems to a lesser 
degree compared to corresponding linearly elastic systems. 

The maximum response of a linear system can be estimated to a useful 
degree of approximation by combining the modal maxima, computed from the 
response spectrum for the ground motion, in accordance with Eqs. 7.1 and 7.2. 
As is well known, such estimates of response may err on either -- conservative 
or unconservative -- side, depending on the system parameters, in particular 
on we/wx. The errors are similar in magnitude to those reported in earlier 
studies of multi-degree-of-freedom systems without torsional coupling. 

Using an inelastic response spectrum, this estimation procedure may be 
employed to determine estimates of maximum response of inelastic systems. 
The errors in these results depend in no apparent systematic way on the system 
parameters. The errors are significantly larger than those for linear systems. 

The maximum column deformations may be estimated to a useful degree of 
approximation from Eqs. 6.4 and 6.5 requiring, in addition to the plan dimensions, 
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the maximum lateral and torsional displacements at the C.M. of the system. 
As mentioned above, the latter can be estimated from the modal properties 
and the response spectrum, elastic or inelastic, as appropriate. 
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APPENDIX II - NOTATION 

The following symbols are used in this paper: 

a,b 

c 

e 

F 

G 

G. 
1 

g 

Hx,Ht 

h. ,h. 
lX lY 

~ 

~ 
Kt 

KtR 

Kx 

Ke 

k. ,k. 
lX lY 

dimensions of the rectangular building plan 

parameters defined in Eq. 3.8b 

parameters defined in Eq. 3.6b 

scalar defining shape of the yield surface for the single­
element model 

static eccentricity, the distance measured from the center 
of mass to the center of resistance 

static eccentricities, distances measured from the center of 
mass along the x and y axes to the center of resistance 

vector of restoring forces 

parameter defined in Eq. 3.8b 

parameter defined in Eq. 3.6b 

gravitational constant 

parameters defined in Eq. 3.8c 

parameters defined in Eq. 3.6c 

contribution to the tangent stiffness matrix due to yielding 

elastic stiffness matrix 

tangent stiffness matrix 

KeR/r2 

translational stiffness of the structure in the x direction 

torsional stiffness of the structure defined at the center of 
mass 

torsional stiffness of the structure defined at the center of 
resistance 

contribution of member i to the matrix ~ 

lateral stiffnesses of the i-th resisting element in the x and y 
directions 
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m 

q 

r 

S' a 

T 

U. 
1 

uey 

V. ,V. 
1 X lY 

Vixp,ViYP 

mass of the deck 

coefficient relating yield torque to yield shear (Eq. 3.9) 

radius of gyration of the deck 

response quantity 

pseudo-acceleration for an elastic system 

pseudo-acceleration for an inelastic system 

torque defined at the center of mass 

torque defined at the center of mass due to the n-th mode alone 

torque defined at the center of resistance 

torque defined at the center of resistance due to the n-th mode 

plastic torque defined at the center of resistance 

uncoupled translational period in the x direction 

estimate of the largest maximum deformation of individual columns 

upper bound for the x component of column deformations 

upper bound for the y component of column deformations 

ground acceleration along the x axis 

displacement of column i 

displacements of column i in the x and y directions 

horizontal displacement of the center of mass, relative to the 
ground, in the x direction 

maximum value of Ux 
yield displacement in translation 

rotation of the deck about the vertical axis 

maximum value of ue 
yield displacement in rotation 

shear forces on member i in the x and y directions 

plastic shear forces of member i in the x and y directions 
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x. ,y. 
1 1 

Subscripts: 

i 

m 

n 

p 

x,y 

e 

base shear of the structure in the x direction 

base shear due to the n-th mode 

plastic shear of the structure 

distances of the i-th resisting element from the mass center 

n-th mode shape 

coefficients in the n-th mode shape 

parameter defined in Eq. 7.2 

ductil Hy factor 

viscous damping factor 

natural circular frequency of the n-th mode 

uncoupled translational circular frequency 

uncoupled torsional circular frequency 

column or resisting element number 

maximum 

mode number 

plastic 

principal axes of resistance 

rotation 
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A. Individual Element Properties for Four-Element System 

B. Inelastic Tangent Stiffness Matrices 

B.l General Formulation for an Elasto-Plastic Member 

B.2 Multi-Element Systems 

B.3 Single-Element Model 

C. Yield Surfaces for Four-Element System 

C.l Displacement Relationships 

C.2 Initial Yield Surface 

C.3 Limit Yield Surface 

D. Numerical Integration of Equations of Motion 

0.1 Discretized Differential Equations 

0.2 State Transitions 

0.2.1 Plastic to Plastic State 

0.2.2 Elastic to Plastic State 

0.2.3 Plastic to Elastic State 

E. Yield Surfaces for Eight-Element System 

Ll Initial Yield Surface 

E.2 Limit Yield Surface 

F. Yield Torques for Multi-Element Systems 

F. 1 I n it i a 1 Y i e 1 d To rq ue 

F.2 Limit Yield Torque 

- 75 -



A. INDIVIDUAL ELEMENT PROPERTIES FOR FOUR-ELEMENT SYSTEM 

Consider the system in Fig. 3.2, which consists of a square deck 
supported by four elements, one at each corner. When the ratio of the 
translational stiffnesses of each element in the y and x directions 

k. /k. = y ,y ,x (A-l) 

is assumed to be independent of the element number i, the stiffnesses of 
the individual elements are given by 

klx = k = ~ (1 +~~) ·2x 

k3x = k4x = ~ (1 -/;~) 

t (::)' 
(A-2) 

y = - 1 

k. = yk. ,y ,x 

Assume also that the yield displacements of all the elements in both the x and 
y directions to be the same, given by u where p 

u = V /K , P xp x (A-3) 

Then the yield shears of element i are 

V. = k. u = (k,.x/Kx)Vxp , xp , x p 
(A-4) 

V. = k. u = YV,.xp ,yp ,y P 

It should be noted from Eq. (A-2) that when we/wx is /3/2, y, and hence 
k. , become zero. The parameter we/w cannot have a value less than /3/2 for ,y x 
the four-element system; this is one of the major restrictions of the four-
element system. 
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B. INELASTIC TANGENT STIFFNESS MATRICES 

B.l General Formulation for an Elasto-Plastic Member 

The force-deformation relationship of an elastic-perfectly-plastic 
member i may be expressed, in the member coordinate system, by 

dS. 
-1 

= k. t dv. 
-1 -1 

where dS. is the vector of incremental member forces, dv. the vector of 
-1 -1 

(B-1) 

incremental member displacements, and k. t the tangent stiffness of the elasto­
-1 

plastic member. Furthermore, the yield surface of the member may be written 

as 

<p.(S.) = 1 
1 1 

(B-2) 

where <Pi is a function of the member forces Si. 

Then, according to Ref. 28, the tangent stiffness of the member may be 

written as 

k. t = k. - k. -1 -le -lP (B-3) 

where k. is the conventional elastic stiffness matrix for the member, and -le 
k. represents the modification to the stiffness due to yielding of the -lP 
member. If the element is elastic, k. is a zero matrix. If the element is -lP 
in a plastic condition, then k. is given by (Ref. 28) 

-lP 

where 

k. = 
-lP 

T -1 D. E. O. 
-1 -1 -1 

O. 
-1 

E. 
-1 

T = cp. S k. 
-1, -le 

T 
= ii,S kie ii,S 

(B-4a) 

(B-4b) 

and <Pi,S is a vector of partial derivatives of CPi(Si) with respect to the 

forces Si. 
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It should be noted that Eqs. (B-1) to (B-4) are expressed in the member 
coordinate system. The stiffness k' t when obtained should be transformed to 

-1 

the global coordinates and assembled into the structure stiffness. 

B.2 Multi-Element Systems 

Consider the multi-element system in Fig. 2.1, where each element has a 
yield surface, as shown in Fig. 3.1, given by 

cp.(V. ,V. ) 
1 1 X 1Y 

2 

(~:~p) (B-5) 

When the member forces are given by 

(B-6) 

and the displacements by 

(B-7) 

the elastic stiffness matrix of the member is 

[
k. 0] 

lie = 1X 

o kiy 
(B-8) 

and the vector of partial derivatives ii,S is given by 

1· s = 1 , 
(B-9) 

where 
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where 

h. = 
1X 

V. 
1X 

V~ 
1XP 

and h. 
1Y 

Substitution of Eqs. (B-8) and (B-9) into Eq. (B-4) gives 

B~ B. C. 
1 1X 1X 1Y 

k. = G. -lP 
1 

B. C. C~ 
1X 1Y 1Y 

G. = k. h~ + k. h~ 
1 1X 1X 1Y 1Y 

B. = k. h. 
1X 1 X 1 X 

C. 
1Y 

= k. h. 
1Y 1Y 

(B-10) 

(B-11a) 

(B-11 b) 

Now the tangent stiffness matrix of the whole structure is given by 

(B-12) 

where the coordinate transformation matrix A. (from member coordinates to 
-1 

global coordinates) for member i is 

(B- 13) 

Substitution of Eqs. (B-8) and (B-11) into Eq. (B-3), and the resulting 

expression for k' t with Eq. (B-13) into Eq. (B-12) gives 
-1 

K = K - K -t ~-c 
(B-14) 

where fe is given by Eq. (3.4) and ~ by Eqs. (3.5) and (3.6). 
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B.3 Single-Element Model 

Consider the single-element system in Fig. 2.2, where the yield surface, 
according to Eg. (3.7), is given by 

(B-15) 

The forces on the single member may be written as 

S = (B-16) 

The corresponding displacements are 

v = ( B-l7) 

and the elastic stiffness of the member, with respect to the center of resis­
tance, is 

a 
(B-18) 

a 

where 

and the vector of partial derivatives 1,s is given by 

1,s = :: \ (B-19a) 

where 
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H := _1 ~~+cl) x v V T xp xp Rp 
(B-19b) 

~ TR V) Ht 
:= T~p 2 TRp + C V:p 

Substitution of Eqs. (B-18) and (B-19) into Eq. (B-4) gi ves 

[B2 Bh] 1 x 
~ = 

G BxC
t 

(B-20a) 
C2 
t 

where 

G := K H2 + 
x x KtRH~ 

Bx := K H x x (B-20b) 

Ct 
:= KtRHt 

and the subscript i has been dropped from Eq. (B-4) since there is only one 
element. 

Now the tangent stiffness matrix of the structure with respect to the 
center of mass is 

f t = AT k A 
- -t- (B- 21 ) 

where tt = k - k 
--e -p (B-22) 

and 

[: 
-e/:] A = (B-23) 

Substitution of Eqs. (B-18) and (B-20) into Eq. (B-22), and the resulting 
expression for tt with Eq. (B-23) into Eq. (B-21) gives 
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K = K - K -t -e-c (8-24) 

where ~ is given by Eq. (3.4) and ~ by Eq. (3.8). 
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C. YIELD SURFACES FOR FOUR-ELEMENT SYSTEM 

The equations of the yield surfaces, initial yield and limit yield are 
derived for the four-element system (Fig. 3.2) for which kiy = kix (i = 1, 
2,3,4) or y = 1. Furthermore, each element i is assumed to have equal stiff­
ness kix and the same plastic yield displacement up in any horizontal direc­
tion. These assumptions are equivalent to assuming that each element consists 
of a thin tube with similar properties in any horizontal direction. 

C.l Displacement Relationships 

For the square deck of Fig. 3.2, the dimension a is related to the 
radius of gyration of the deck by 

a = (C-l) 

and uix and uiy ' the x and y components of the deformation of element i, are 
related to the displacements at the C.M. by 

ulx = u2x = Ux - aUe 

u3x = u4x = Ux + aUe 
(C-2) 

uly = u4y = aUe 

u2y = u3y = -au e 

The total vector-displacement of element i is 

u. = ~ u~ + u~ 1 lX lY 
( C-3) 

It is clear from Eqs. (C-2) and (C-3) that 

ul = u2 and u3 = u4 (C-4) 

Element 2 yields or unloads from a plastic state at the same time as element 
1; and element 3 yields or unloads simultaneously with element 4. So in 
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describing yi el di ngi n the system, it is sufficient to describe it only in 
terms of ul and u4 instead of the di spl acements of a 11 the el ements. 

C.2 Initial Yield Surface 

Yielding in the four-element system is initiated when ul or u4 first 
reaches a value equal to up' Whether ul or u4 first reaches that value 
depends on the relative signs of Ux and us. 

(a) If Ux and Us both have the same sign, u4' according to Eqs. (C-2) and 
(C-3), is larger than ul . So yielding is initiated when 

u = u 4 p 

Substitution of Eqs. (C-2) and (C-3) into Eq. (C-5) gives 

where 

Eq. (C-6) may be reduced further to 

o < s < 1 - x-

(b) If Ux and ue have opposite signs, yielding is initiated when 

= u p 

Substitution of Eqs. (C-2) and (C-3) into Eq. (C-9) gives 

S2 - 2s s + 2S2 = 1 x x t t 

which may be reduced further to 
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(C-7) 

(C-8) 

(C-9) 

(C-10) 



-1 < s < 0 x (C-11 ) 

Now, in the linear range, the forces on the structure are related to the 
displacements at the C.M. by 

V [K x x 

T/r = -(e/r)K
x 

(C-12) 

and 

T /r = T/r + (e/r)V . R x 

And, for the assumption that y = 1, 

(C-l3) 

Substitution of Eqs. (A-3), (C-1), (C-7), and (C-13) into Eq. (C-12) gives 

V/Vxp = Sx -~ (e/r)St 

T/(V r) = -(e/r)sx + /6 St (C-14) xp 

TR/(VXpr) = T/(V pr) + (e/r)(V /V p) x x x 

The initial yield surface of the four-element system is then given by the 
parametric equations (C-8), (C-ll), and (C-14). 

C.3 Limit Yield Surface 

The system reaches limit yield when all its elements have yielded, i.e. 
when both ul and u4 are equal to or greater than up. Whether element 1 or 
element 4 is the last element to yield under a certain displacement configura­
tion depends on the relative sings of Ux and ue. 

(a) If Ux and ue both have the same sign, u4 is always greater than ul ; and 
the structure may be considered to have reached limit yield when 
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= u p 

Substitution of Eqs. (C-2) and (C-3) into Eq. (C-1S) gives 

which may be reduced to 

O<s <ff - x-

(C-1S) 

(C-16) 

( C-l7) 

(b) If Ux and ue have opposite signs, the structure reaches limit yield when 

u = u 4 p (C-18) 

Substitution of Eqs. (C-2) and (C-3) into Eq. (C-19) gives 

S2 + S S + 2S2 = 1 x x t t (C-19) 

which may be reduced to 

s = 1 (-s + ""2 - S2) -/2 < s < 0 t 2 x ~ x' - x- (C-20) 

When all the members have yielded, the vector shear force on each element 
is 

v. = k. u = V. 
1 1 X P 1 xp 

( C-2l) 

and V. and V. , the x and y components of the shear force on element i are 
1X 1Y 

V. = (u. /u.)V. 
1X 1X 1 1 

and V. = (u. /u.)V. 
1y 1Y 1 1 

(C-22) 

Now, by statics, the forces on the whole structure are given by 

(C-23) 
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Substitution of Eq. (C-l) into Eq. (C-23) gives 

2(V1 + V4 )/V x x xp 

where, according to Eqs. (C-21), (C-22), and (A-4), 

and 

where 

V. IV 
lX xp 

V. /V 
ly xp 

= (u. /u.)(k. /K ) 
lX 1 lX X 

= (u. /u.)(k. /K ) 
ly 1 lX X 

(C-24) 

(C-25) 

(C-26) 

( C-27) 

The limit yield surface of the system is then given by the parametric 
equations (C-17) and (C-20), together with Eqs. (C-24) to (C-27). 

It should be noted that for cases in which k. is not equal to kix it 
lY . 

becomes very difficult to obtain close-form equations for the limit yield 
surface of the system, and upper and lower bound theories have to be resorted 
to. It is for this reason that the yield surfaces are illustrated here only 
for the case in which kiy = kix . 
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D. NUMERICAL INTEGRATION OF EQUATIONS OF MOTION 

0.1 Discretized Differential Equations 

The equations of motion (Eq. 3.1) of the torsionally coupled system may 
be written as 

-U + C u + F = -u -g (0-1) 

where 

u = I ::J and U = \;\ -g ( 0-2) 

The damping matrix ~ is given by 

C = (0-3) 

-(e/r)w~ 

and the force vector f by Eq. (3.2). 

Assuming accelerations to vary linearly within each time increment ~t, 
the differential equations of Eq. (0-1) may be discretized (Ref. 23) as 

K ~u = ~p (0-4) 

where 

K 6 3 1 = ~ t 2 1 + ~ t ~ + m It 
(0-5) 

~p -u 1 = +A+CB--F -g - - - m-t 

in which 

A = 6 
~ t '!!t + 2!!t 

(0-6) 

B = 2- ~t ., 
'!!t + "2 '!!t 
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and I is an identity matrix, and £t is the force vector £ at time t. 

With the displacements, velocities, accelerations, and forces known at 
time t, Eq. (0-4) may be solved numerically for the incremental displacements 
~u, from which the displacements, velocities, and accelerations at time t+~t 
may be obtained: 

.!!t+~t = '!!t + ~u 

. 3 

.!!t+~ t = - ~u - B 
~t - - (0-7) 

Qt+~t 
6 = ~tz ~u - !l 

The solution is started by the initial conditions at time t = 0: 

. 
.!!(t==O) = .!!(t=O) = 0 

(0-8) 

}l(t==O) == -}lg(t=O) 

0.2 State Transitions 

In solving Eq. (D-4), the tangent stiffness matrix is assumed to be 
constant during each time step. However, when one or more elements in the 
system pass from an elastic to a plastic state or from one plastic state 
to another, the stiffness of the system varies within the time step, dynamic 
equilibrium is violated, and unbalanced forces are introduced. The treatment 
of such state transitions together with the iterative schemes used are des­
cribed below. 

0.2.1 Plastic-to-Plastic State 

An element is considered to be plastic when the element forces lie on 
its yield surface, i.e. ¢. = 1, where 

1 

for an element in the multi-element model (Fig. 2.1), and 
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(0-10) 

for the element in the single-element model (Fig. 2.2). 

With the forces known at time t, the tangent stiffness matrix of the 
structure may be obtained from Eqs. (3.3) to (3.6) for the multi-element 
system or Eq. (3.8) for the single-element model. With this tangent stiff­
ness matrix KtO (in Eq. 0-5), Eq. (0-4) may be solved for the incremental 
displacements~. The corresponding unadjusted incremental forces for the 
system may be calculated from 

(0-11 ) 

If the system is found to be elastic both at the beginning and end of the 
time step, ~ and ~ are indeed the true incremental displacements and 
forces. But if an element in the system is already plastic at the beginning 
of the time step or passes to another plastic state at the end of the time 
step, ~ and QfD are first guesses for the incremental displacements and 
forces and should be corrected. The element forces obtained through the 
incremental forces of Eq. (0-11) may very well be found to lie outside the 
element yield surface (i.e. ¢i > 1) and are therefore inadmissible. However, 
if the element forces are pulled back onto the yield surface, unbalanced 
forces are introduced. Different iterative schemes may be used for the 
reduction of such unbalanced forces. In the course of this study, three 
different procedures were examined and are described below. 

(a) Newton-Raphson Iteration Scheme 

(1) The state determination (finding the force increments when given 
the deformation increments) is performed by subdividing the incre­
mental displacement ~ into subincrements aU, which are applied 
one at a time to the system. The displacement subincrement ~ is 
computed as a fraction of ~: 

QU = 1 flu 
n .::::..::.0 
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(Values used for n varied from 1 to 5. If n=l, no subdivision 
is made.) 

Before each subincrement of displacement ~ is applied to 
the system, the tangent stiffness matrix f t is re-evaluated and 
the corresponding subincrement in force is calculated as 

of = f t ou (0-l3) 

which is then added to the force vector of the system. After 
adding each force subincrement, the element forces S. are 

-1 

re-evaluated. If, for an element that should be in a plastic 
state (i.e. unloading from plasticity is not detected), the 
element forces are not found to be on the yield surface, they 
are pulled back onto the yield surface. The element forces after 
such a pull-back are given by 

SI. 
-1 

1 = -So 
~-1 

1 

(0-14 ) 

where ¢. is obtained from Eq. (0-9) or (0-10) with S., the forces 
1 -1 

before the pull-back. The force vector on the system £ is then 
re-evaluated by summing up the element forces. 

(2) After finding the force vector £ (after applying all the ~IS), 
the unbalanced loads on the system are computed by 

where 

R = F - F 4) - (0-15) 

is the sum of the force vector at the beginning of the time step 
(at time t) and the unadjusted incremental forces (Eq. 0-11). 
Convergence is then checked according to the following criteria: 

IIRll/llm.!!g(t+lIt)11 < tolerance 
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(Depending on the value of n, a tolerance of 0.0005 or less 
was used.) 

(3) If the convergence criteria is not satisfied, ~ul' the displace­
ment corresponding to the unbalanced loads R, is calculated from 

~ ~ul = R (0-16) 

The tangent stiffness It for forming K is evaluated for the forces 
£ obtained at the end of step (1). Steps (1) and (2) are then 
repeated with ~ul instead of ~, and with ~u2 and so on if neces­
sary until the convergence criteria is satisfied. (For convergence 
within a reasonably small number of iterations, it may sometimes 
be necessary to reduce the time step increment ~t.) 

(4) After the convergence criteria is satisfied, the total displacement 
increment for that time step is calculated as 

6U = ~ + 6u l + 6U2 + .... ( D-l7) 

Displacements, velocities and accelerations are then obtained from 
Eq. (D-7). 

(b) Average-Stiffness Predictor-Corrector Scheme 

(1) After the first guess of the incremental displacements ~ and 
incremental forces ~ are obtained, the new forces are estimated 
as 

F' = £t + ~FO (D-18) 

where £t is the force vector at time t, i.e. at the beginning of 
the time step. 

(2) The tangent stiffness matrix ~t associated with .the forces £' 
(without pull-back of element forces onto yield surfaces) is 
evaluated according to Eqs. (3.3) to (3.6) or Eq. (3.8). Then 
an average tangent stiffness matrix, ~ta' is formed by averaging 
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the tangent stiffness matrices at the beginning of the time step 
and from the first guess: 

( 0-19) 

where f tO is the tangent stiffness of the system at the beginning 
of the time step. 

(3) The incremental displacements for this time step are then re-eval­
uated from Eq. (0-4), with Kta as the tangent stiffness in Eq. (D-5). 
Oenoting these updated incremental displacements as ~ul' the corres­
ponding incremental forces ~Fl may be calculated as 

(4) 

(5) 

L1F 1 = Kt ~ul -a - (D-20) 

The above procedure is repeated, each time with a new Kt which is -a 
the average of f tO and the tangent stiffness at the end of the last 
guess, until certain convergence criteria are satisfied: 

III ~F i+ 1 II - II~F i "I ~ force tolerance 

and (0-21) 

111~ui+lll - II~ui III ~ displacement tolerance 

When the convergence criteria of Eq. (0-21) are satisfied, the 
element forces S. are evaluated. If, for an element that should 

-1 

be plastic, the element forces are not in the yield surface, they 
are pulled back. The element forces after such a pull-back are 
given by 

S~ = _l_S 
-1 ~-i 

1 

(0-22) 

where ¢. is calculated from Eq. (0-9) or (0-10) from S., the forces 
1 -1 

before pull-back. The force vector on the system F is then re-eval-
uated by summing up the element forces. 

- 93 -



(c) Average-Stiffness Predictor-Corrector Scheme No.2 

This scheme is completely identical to the preceding one, except that 
Kta , instead of being evaluated from Eq. (0-19), is evaluated as the tangent 
stiffness matrix associated with the forces given by 

-aF = 1 (F' + F ) 2 - -t ( 0-23) 

The first scheme, the Newton-Raphson procedure, is well established in 
the literature (Ref. 23). But through numerical experiments for this problem, 
the last two procedures (both equivalents of a second order Runge-Kutta 
predictor-corrector scheme) have been found to be more accurate (than the 
Newton-Raphson scheme with n=4) as well as simpler and time-efficient in 
computation. Little differences were found between the numerical results 
from the last two schemes, although the last scheme appears to be slightly, 
almost imperceptibly, better. However, for the single-element model where c 
is not zero in Eq. (3.7) and there are discontinuities in the slope of the 
yield surface, the last two schemes may sometimes fail to converge. In such 
cases, the Newton-Raphson scheme was resorted to. Otherwise, almost all the 
numerical results were generated using the last predictor-corrector scheme. 

0.2.2 Elastic-to-P1astic State 

If the system is elastic at the beginning of a time step and during the 
time step one or more elements pass from an elastic to a plastic state, the 
computations are restarted for that time increment and the procedure of 
determining the incremental displacements ~u and the corresponding incremental 
forces is carried out in two steps: 

(a) An elastic displacement increment, ~, is obtained as a fraction 
of the displacement increment ~ that was originally calculated: 

~u = a ~u --e e -0 

where ae is a scalar (less than 1) such that the system just 
reaches inelasticity. 

(0-24) 

(b) The inelastic displacement increment, ~, corresponding to an 
effective load (l-ae) ~p on the right side of Eq. (0-4) is then 
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calculated as described in 0.2.1 for transition from one plastic 
state to another. 

The total incremental displacement 6u for the time step is then the sum of 
~ and~. And the displacements~ velocities and accelerations may be 
computed from Eq. (0-7). 

0.2.3 Plastic-to-Elastic State 

Let the forces on element i be given by ~i and its displacements by ~i' 
The element is considered to have unloaded from a plastic state if the plastic 
work increment 6VJ~ is negative for that time step. The plastic work increment 
is given by 

(0-25) 

where 6v~, the plastic displacement increment of element i, is given in turn 
-1 

by 

p _ -1 
6V. - 6v. - k. 6$. 
-1 -1 -le-1 

(0-26) 

in which 6v. is the total displacement increment of element i in that time 
-1 

step, and k. is the elastic stiffness matrix of the element. -le 

When an element is found to have unloaded from plasticity, its stiffness 
within that time step is assumed to be the same as its elastic stiffness. 
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E. YIELD SURFACES FOR EIGHT-ELEMENT SYSTEM 

Consider the system in Fig. 3.11 which consists of a square deck 
supported on eight identical columns located on its plan perimeter. The 
system is symmetrical with respect to both the x and y axes, and the 
dimensions of the square deck are 2a by 2a. Each column is assumed (as 
in Appendix III-C) to have equal translational stiffness and plastic yield 
displacement in any horizontal direction. 

E.l Initial Yield Surface 

Let the system be subjected to a shear Vx and a torque TR. Yielding 
is initiated in the system when one of the corner columns yields. This 
condition, also the expression for the yield surface, is given by 

(
Vx )2 + 1. (1 + 12)(VX ~(TR \ + £ (3 + 2/2)(TR )2 := 1 (E-1) 
Vxp 3 Vx~J TR~J 9 TRP 

where the yield torque TRp is related to the yield shear by 

: Rp r = if (1 +2 /2) 
xp 

E.2 Limit Yield Surface 

(E-2) 

It is found that the eight-element system reaches limit yield under two 
different conditions: (i) when all its elements have become plastic and (ii) 
when the system is no longer stable, although one or more members ;s still 
elastic. 
(a) Limit yield with full plastification of all eight elements is reached 

when the least stressed element finally yields. This condition is 
given by the following parametric equations: 

v x := 

Vxp 

s - s ] x t 
f5 

TR 
:= 

(E-3) 

T
RP 
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where f2 = (sx - St)2 + S2 
1 t 

f2 
2 = (sx + St)2 + S2 

t 

f2 = S2 + S2 
3 X t (E-4 ) 

f2 = (s .+ s )2 4 x t 

f2 
5 = (sx - St)2 

and it is specified that 

5 - s = ±l x t (E-5) 

where Sx and St must have the same numerical sign. 

(b) The bounds on the forces imposed by considerations of stability are 
given by 

and (E-6) 

where R = 2(1 ~ 12) (2 + 12 + 15) 

The limit yield surface of the system is given in part by Eq. (E-3) 
and in part by Eq. (E-6). When there is overlap between the two sets 
of equations, the limit yield is given by the lower bound. 
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F. YIELD TORQUES FOR MULTI-ELEMENT SYSTEMS 

The yield torques in a multi-element system should be expected to 
increase with the yield strength in shear of the system. It should also 
increase with the ratio of torsional to translational stiffnesses of the 
structure. Such a relationship may be expressed dimensionlessly by 

where 

~= V r xp 
(F -1 ) 

(F-2) 

is the torsional stiffness of the structure with respect to the center of 
resistance. (Substitution of Eq. (2.5) into Eq. (F-l) gives Eq. (3.9). 
The coefficient q depends on the type and number of the resisting elements 
in the structure, and whether TRP in Eq. (F-l) is used to represent the 
torque at initial yield or limit yield. The range of values over which the 
coefficient q varies, the upper and lower bounds in particular, may be 
determined by examining the initial and limit yield torque for a number of 
basic representative structural systems. 

F.l Initial Yield Torgue 

Consider the rectangular plan in Fig. F-l, a system with elements 
located at the corners of the plan. Assume that all the elements have 
the same yield displacement in shear, up. This yield displacement is 
then given by 

(F-3) 

Then, regardless of the number of elements within the perimeter of the plan, 
the initial torque is defined by the value at which the corner elements 
begin to yield. With the plan being symmetrical, yielding in the corner 
columns occurs when 

(F-4 ) 
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FIG. F-l SYMMETRICAL RECTANGULAR PLAN 

(a) UNIFORMLY DISTRIBUTED 
COLUMNS 

(c) PERIPHERAL SHEAR 
WALLS 

(b) COLUMNS WITH A SHEAR 
CORE 

(d) COLUMNS WITH PERIPHERAL 
SHEAR WALLS 

FIG. F-2 SYSTEMS WITH DIFFERENT RESISTING ELEMENTS 
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And since the radius of gyration r is given by 

Eq. (F-4), after substituti on of Eq. (F-3), gi ves 

V 
= 1 2Q 

ue 13 Kxr 

Now, the initial yield torque TRi is given by 

(F-5) 

(F-6) 

(F-7) 

Substitution of Eq. (F-6) into Eq. (F-7) and recalling that for a symmetric 
system Ke is identical to KeR gives 

1 K R 
= 13 Kxr2 

( F-8) 

If no elements were located at the corners, the coefficient in Eq. (F-8) will 
always be greater than 1/1:3. And since the torque in Eq. (F-8) is the initial 
yield torque,. 1/13 may be considered the lower bound of the coefficient q 
(Eq. F-l). 

F.2 Limit Yield Torgue 

When T
RP 

in Eq. (F-l) represents the limit yield torque of a system, the 
coefficient q varies with building plan as well as the number and types of 
resisting elements. Square plans and then rectangular plans are considered 
below. And three types of resisting elements are considered: (1) columns, 
(2) shear cores, and (3) shear walls (which are assumed to present resistance 
only along their longitudinal directions). 

(a) Square Plans 

Consider first structural systems where the resisting elements consist 
only of columns uniformly distributed over the building plan (Fig. F-2a). 
For such systems, the value of the coefficient q increases with the 
number of columns in the system, as illustrated in Table F-l, but levels 
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off rapidly. Since most buildings have less than 100 columns, a 
value of 0.85 may be considered a fair upper bound for q from 
Table F-l. 

Next consider the addition of a shear core to the system, which 
is located near the center of the building (Fig. F-2b). The 
addition of such a shear core, while increasing the translational 
stiffness Kx by a certain factor, will also increase the yield 
shear by approximately the same factor. By being located near the 
center of the building, the addition of the shear core contributes 
relatively little to the torsional stiffness of the structure KeR . 
The result of all these is that the coefficient q in Eq. (F-l) is 
not affected much by the addition of such a shear core. 

Next consider systems where the resisting elements consist only of 
shear walls located on the perimeter of the building plan (Fig. F-2c). 
For the square plan, the limit yield torque is given by q = /2/3 = 
0.817 (Eq. F-l), regardless of the relative stiffnesses of the longi­
tudinal walls to that of the transverse walls. Now, if the system 
consists of both peripheral shear walls and uniformly distributed 
columns (Fig. F-2d), the limit yield torque is defined by a value of 
q between 0.817 and the value of q if there were only the columns. 
For example, if there were 100 columns beside the shear walls, the 
limit yield torque would be defined by a value between 0.817 and 
0.849; and the exact value will depend on the strengths of the shear 
walls relative to those of the columns. So a value of 0.85 may also 
be considered a practical upper bound for q for such systems. Addi­
tion of a shear core will again change the value of q very little. 

(b) Rectangular Plans 

For a rectangular plan, the radius of gyration r is always larger 
than that for a square plan with the same area. Hence, the value 
of q defining the limit yield torque for a rectangular plan is 
usually slightly smaller than that for a square plan with equal 
surface area. The difference, however, is generally not large. 
But if the elements in the rectangular plan are more crowded 
together than in the square plan, the value of q may be somewhat 
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larger. In any case, a fairly practical upper bound for the coeffi­
cient with up to 100 elements may be considered to be given by 0.86. 

TABLE F-l. Values of Coefficient q for 
Systems with Square Plans and 
Uniformly Distributed Columns 

No. of Columns q 

4 0.5774 

9 0.6570 

16 0.7337 

25 0.7652 

36 0.7954 

49 0.8122 

64 0.8285 

81 0.8388 

100 0.8489 

400 0.8917 
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