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Point Groups

Read
Ott Chapter 9 (9.2, 9.6, 9.7 X 2|, Fig 9.4 Z3&})
Hammond Chapter 2.1 ~ 2.4; 3.1 ~ 3.3; 41 ~ 43,45;51 ~ 56
Sherwood & Cooper Chapter 3.7
Krawitz Chapter 1.1 ~ 1.6; 2.1 ~ 2.4
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Lattice, Basis
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> Lattice — an array of points in space in which the environment

of each point is identical

» Basis (motif) — repeating unit of pattern

> Lattice + basis > crystal structure

R R R R R R R R
L] ® ® ®
R R R R LA R R R
R R R R /A R R R

(a) (b)

®
(© unit cell

Fig.2.1.  (a) A pattern with the motif R, (b) with the lattice points indicated and (c) the lattice and a unit
cell outlined (Drawn by K. M. Crennell).
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» Ten 2-D point groups (plane point groups)
v 1,2,3,4,6, m 2mm, 3m, 4mm, 6mm

v" Only these combinations of axes & mirror lines can occur in regular repeating patterns in two dimensions
(Hammond 2.3)

» 5 lattices in 2-D (5 plane lattices) (Hammond 2.4)
> A basis (motif) can possess one of 10 point group symmetries in 2-D

» There are only 10 different types of 2-D patterns, distributed among the 5 plane lattices (10 plane point
groups)
» 7 more 2-D patterns from glide lines > 17 plane groups (Hammond 2.5)

v pl, p2, p3, p4, p6, pm, pg, cm, p2mm, p2mg, c2mm, p2gg, p4mm, p4gm, p31m, p3m1, p6mm

3-D, 14 possible lattices, 7 different axis systems

» The application and permutation of all symmetry elements to patterns in space give rise to 230 space
groups (instead of 17 plane groups) distributed among 14 space lattices (instead of 5 plane lattices)

and 32 point group symmetries (instead of 10 plane point group symmetries)

» Space group symmetry — the way things are packed together and fill space

» Space group — translational component = point group

Intro to Crystallography, 2021 3

Ten 2D (plane) point groups
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The oblique p-lattice

The rectangular p-lattice

The rectangular c-lattice

Chan Park, MSE-SNU Intro to Crystallography, 2021

p2

p2mm

5 plane lattices
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|

pdmm
The square p-lattice
The hexagonal p-lattice
Hammond Chap 2 5

17 plane groups
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Fig. 2.6.  (0) The sevemteen plane groups ifrom Point and Plane Gronps by K. M, Crennell). The numbering 1-17 is that which is arbitranly assigned in the
Intemnational Tables. Note that the “thorthand’ symbols do not necessanily indicate all the symmetry clements which are present in the pattems. (b) The
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symmetry elements outlined within (conventional ) unit ceils of the seventeen plane groups, heavy solid lines and dashed lines represent mirmor and glide lines
respectively {from Mamuel af Miserafogy 21k ¢dn, by ©. Klein and . 5. Hurlbur, Ir., John Wiley, 1999),
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Plane groups vs. Space groups
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Rotation
Reflection
Inversion

\d

10 plane point groups | 5 plane lattices

32 point groups 14 space lattices

s/

¢ Glide (translation + reflection) >

}

17 plane space groups

Intro to Crystallography, 2021
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Screw (translation + rotation)

}

230 space groups

Krawitz page 25, page 28 7

Point group
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» A group of point symmetry operations whose operation leaves at least

one point unmoved

v Lattice translation is not considered in the point group.

> A Point Group describes all the symmetry operations that can be

performed on a molecule that result in a conformation

indistinguishable from the original.

» 32 unique combination of symmetry operations about a point in space

> 32 point groups (32 3D point groups; ten 2D point groups)

Intro to Crystallography, 2021

Ott Chap 9




Combination > X/m
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» a mirror plane is added normal to the rotation axis, i
m

/]
1 2
m< " ‘

12 e

3 =
E(=6)

Intro to Crystallography, 2021 9

Combination > Xm
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> a mirror plane is added parallel to the rotation axis, Xm

O~ 2M(Z 2Zmm, mm2)

/ generated

o
1

6mM(= 6mm)

Intro to Crystallography, 2021 10




Combination of rotation axes — should be mutually consistent

Allowed sets of simultaneous rotational symmetries passing thru a point

= ) =
-

—pe— e T T

222 223 224 226

224 226

222 223

35°16'

45° 54° 44

24

Spatial arrangements for the six permissible combinations of
3 rotational symmetry axes passing through a point in crystals

Page 149, Allen & Thomas, The Structure of Materials (MIT Series in Materials Science and Engineering) (1999)
Page 43, Buerger, Elementary Crystallography: An introduction to the fundamental geometric features of crystals (1978)

Intro to Crystallography, 2021 11

Combination of rotation axes
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Spatial arrangements for the 6 permissible combinations of rotational symmetry
axes passing through a point in crystals after allowing all rotational repetitions

Page 150, Allen & Thomas, The Structure of Materials (MIT Series in Materials Science and Engineering) (1999)
Page 44, Buerger, Elementary Crystallography: An introduction to the fundamental geometric features of crystals (1978)
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Combination of rotation axes
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/

223

Intro to Crystallography, 2021

Combination of rotation axes > n2

12

222

Intro to Crystallography, 2021
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Combination of rotation axes

432
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E5mZ B

» 3-fold rotation axes are in non-orthogonal directions

» body-diagonal directions in cubes (see page 14 of Krawitz)

Intro to Crystallography, 2021 15
Combination of rotation axes > N2 :
-, 2 e
m
2 4 ?
A4l
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3 1 el N
42(= 42m) 62(= 62m = 6m2)
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Symmetry directions & Characteristic symmetry elements
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Xtal systems Symmetry directions Charactglrei)sr;c]ig:émmetry
Triclinic 1 or1only
Monoclionic b 2 and/or m in one direction
o | 4 " c 2 and/or (;?reirgt?or?gthogonal
Tetragonal C <a> | <110> Tl or1
Trigonal @ <a> 1A
Hexagonal C > <210> ‘ U @
Cubic 90 L SN A A

Intro to Crystallography, 2021
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Notations in the “International Tables for Crystallography”

Table 1.1. Notation for Asymmetric Units Used to Represent Point Group Symmetry

Notation Description
O Asymmetric unit in the plane of the page
O + O - Asymmetric unit above (+) or below (—) the plane of the
page
@ Apostrophe indicating a left-handed asymmetric unit and

clear circle indicating righthandedness.

Two asymmetric units directly on top of one another, with
= @ + the “+” meaning above the plane and the “—" meaning
below the plane.

@ Two asymmetric units directly on top of one another, one lefi-
handed and the other right-handed

Note: The notation derives from the International Tables for Crystallography.

Krawitz page 10 e down

O up

Black & Red; enantiomorphs

e down, left

O up, right
Intro to Crystallography, 2021 Rl 21
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E 1.7. Rotoinversion point groups (with equivalent rolorellection operations ing

1/m

FIGURE 1.8. Point groups resulting from mirror planes normal to rotation axes

Intro to Crystallography, 2021 Krawitz page 11,12 22
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FIGURE 1.9. Point groups resulting from mirror planes parallel to rotation axes

Intro to Crystallography, 2021 Krawitz page 12 23
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FIGURE 1.10. Point groups resulting from combined rotation axes.

Krawitz page 13
Intro to Crystallography, 2021 pag 24
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miminm

FIGURE 1.11. Point groups resulting from multiple n/m axes combined with rotation.

Krawitz page 15
Intro to Crystallography, 2021 pag 25
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FIGURE 1.12. Point groups resulting from rotoinversion combined with rotation.

Intro to Crystallography, 2021 Krawitz page 15 26




32 point groups

» The point groups are made up from point symmetry operation and

combinations of them (translation is excluded)
> X : x-fold rotation axis
» m : mirror plane

» 1:inversion centre

» X : rotoinversion axis

> X2 : X-fold rotation axis + 2-fold rotation axis (X_L2)

> Xmm): X + m (X//m)
> X2(2) : X + 2-fold axis (XL2)

>Xm: X +m(X// m)

X
>Bm:X+m1 +m2(X L ml X/ m2)

Intro to Crystallography, 2021
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32 point group > Schénflies symbol vs. International (

C,: n-fold rotation axis; identical with X

Hermann-Mauguin) symbol

SEDUL NATIDNAL UNIVERSITY

C, . (o8 C, C; C, Cs
X 1 2 3 4 6
Cp; odd-order rotation axis and inversion centre i =X (odd)
C;: (s for German Spiegelebene) = mirror plane;
S, n-fold rotoreflection axis {only S, and S¢ used)
G G Cy=35s S4
_ = 2=) = -
X 1 m 3 4
C.n: n-fold axis normal to mirror plane = X/m
Con Co Cam Can Cen
X/m 2/m 3/m=) 4/m 6/m
Intro to Crystallography, 2021 Ott Chap 9 28




32 point group > Schénflies symbol vs

C,»: n-fold axis parallel to n mirror planes = Xm

. International (Hermann-Mauguin) symbol

SFDUL NATIDNAL UNIVERSITY

Cnv C2v C3v C4v Cﬁ\"
Xm mimn2 Im 4mm 6mm
Dy: n-fold axis normal to n 2-fold axes = X2
D, D; D; Dy Dy
X2 222 32 422 622
D4t as D, plus mirror planes bisecting 2-fold axes
Dnd DZA:I D3d
Xm 42m 3m
Dyn: as D, plus mirror plane normal to n-fold axis
Do Dy Dy Dy Dgy
X/mm mmm @/ ét:nné = 4/mmm 6/ mmm
T (tetrahedral) and O (octahedral) groups
T Th O Td Oh
23 m3 432 43m m3m
Intro to Crystallography, 2021 Ott Chap 9 29
Symmetry directions
Xtal systems | Symmetry directions
Triclinic al#a2#a3 a#pzyz 900
Monoclionic b al#a2#a3, a=y=90 #p
Orthorhombic a b C al # a2 # a3yor = p=y=190°
Tetragonal C <a> <G> al =a2#a3, a=p=y=90°
Trigonal C < aF’ al =a2=a3, o =p=y<1200# 90°
Hexagonal C e s <210> |al =a2#a3 a=p=90°,y= 1200
Cubic 2e> A <SS (e 0= al =a2=a3, a=B=y=90°

Intro to Crystallography, 2021
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Table 8.2. The 32 point

SEDUL NATIDNAL UNIVERSITY

groups

Crystal system Point groups

Triclinic i 1 2

Monoclinic 2/m m, 2 3

: 2/m 2/m 2/m (mm2)222
homb

Orthorhombic (mmm) 3l symbols
4/m 2/m 2/m 42m, 4mm, 422 hort symbols

Tetragonal (4/mmm) 4fm. 3, 4 7 (S y )

: 32/m 3m, 32, 3,3 5

Trigonal (Gm)
6/m 2/m 2/m 6m2, 6mm, 622

Hexagonal (6/mmm)  6/m, 5,6 i

Cubic 4/m32/m  A3m,432,2/m3,23 | § Total 32
(m3m) (m3)

Intro to Crystallography, 2021 Ott Chap 9 31

Laue class, Laue group; 11 point groups with center of symmetry

SEDUL NATIDNAL UNIVERSITY

Table 2.9 The 11 Laue classes and six “powder” Laue classes.

Crystal system Laue class “Powder” Laue class Point groups
Triclinic 1 1 1,1
Monoclinic 2/m 2/m 2, m, 2/m
Orthorhombic mmm mmm 222, mm?2, mmm
Tetragonal 4/m 4/mmm 4,4.4/m
11| 4/mmm 4/mmm 32 422, 4Amm, 4m?2, 4/mmm

Trigonal 3 6/mmm 3,3

3m 6/mmm 32, 3m, 3m
Hexagonal 6/m 6/mmm 6, 6, 6/m

6/mmm 6/mmm 622, 6mm, 6m2, 6/mmm
Cubic m3 m3m 23, m3

m3m m3m 432, 43m, m3m

Table 2.10 Lattice symmetry and unit cell shapes.

Crystal family

Unit cell symmetry

Unit cell shape/parameters

Triclinic 1 a#£b#c,o#pA£yH#90°
Monoclinic 2/m a+#b#co=y=090°p#90°
Orthorhombic mmm a#b#c,a=pF=y=90°
Tetragonal 4/mmm a=b#cia=p=7=90°
Hexagonal and Trigonal 6/mmm a=b#c,a=p=90°7y=120°
Cubic m3m a=b=c 0=p=y=90°

Intro to Crystallography, 2021

Pecharsky Chap 2 32




32 point groups
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X/m

Xm (m)

Intro to Crystallography, 2021 33

32 point groups
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X2(2) | 12=2
- 12=2/m
X2 o0rXm Tne 2/
1fm 2/m2/m
Xim2m2/m " Ié_;'m o

/ ' (SEE £, |
X3 St - 13F)

Geometric relationships between the symmetry elements in the 32 point groups. 34




1 Crystallographic point

groups & their subgroups

2t

Number of faces in the general crystal form

SREN
wl
3N

subgroups of either

or EEE or both.
mmm

Ott Chap 9 35
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Fig The 32 crystallographic point group. Each parn of stereograms shows
(left) the poles of a general form |, {righr) the symmetry elements of the point group




Crystal symmetry
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> galena (PbS)

ma

Intro to Crystallography, 2021 Ott Chap 9 37

Crystal Symmetry

SEDUL NATIDNAL UNIVERSITY

» Crystal form (family of planes): a set of equivalent faces

» General form : a set of equivalent faces, each of which has symmetry 1

» Special form : a set of equivalent faces, each of which has symmetry higher than
1

> Limiting form : A special case of either a general or a special form. It has the
same number of faces, each of which has the same face symmetry, but the

faces are differently arranged.

» Asymmetry face unit : The smallest part of the surface of the sphere which, by
the application of the symmetry operations, will generate the entire surface of
the sphere

Intro to Crystallography, 2021 Ott Chap 9 38




Crystal forms in 4/mmm (tetragonal) & their face symmetries
1 Special
<c> <a> <110> form
General form
Lmm P
/ \ /
2 I\ A /I ‘\® i \ )
1% T ~
Ml N 8 | %
b)lDite{lt;Eog;mal ((:i) Tetragonal d) Tetragonal
: prism id {ho! i i
a) Ditetragonal Asymmetric o ATl {ho1} d‘Pyr"’ff“U‘,d thh1}
dlpyl‘a}?ld {hkl} face unit
n ‘\ |
LU N
L S |
e) Tetragonal ) Tetragonal g) Pinacoid {001}
I} prism {110} 4mm
Asymmetric Special forms General and Special and limiting forms m.m2
Point group | face unit and limiting forms
face symmetry {hhl} {hot) (hkl) {hk0} {100} {110} ‘ {001)
i
4m2m2m | 0T"MCRT | Tetragonal | Tetragonal Ditetragonal | Ditetragonal | Tetragonal | Tetragonal | Pinacoid
(@/mmom) | M / dipyramid | dipyramid dipyramid prism prism prism 4mm
s ml . 1 m.. m2n, m.m2
nim.

Intro to Crystallography, 2021

Ott Chap 9 /39

Crystal forms in tetragonal system & their face symmetries
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Table 8.4, Crystal forms in the tetragonal system and their face symmetries

Asymmetric Special forms General and Special and limiting forms
Point group face unit and limiting forms
face symmetry {hhi} {hO1} {hkl} {hk0} {100} {110} {001}
Amm
4/m2/m2/m | TTTTW T Tetragonal | Tetragonal Ditetragonal Ditetragonal | Tetragonal | Tetragonal Pinacoid
\ .My 8 ¢
(4/mmm) \ 0 g 2 dipyramid dipyramid dipyramid prism prism prism 4mm
- UL ..m .m. 1 m.. m2m. m.m2
mZm
4mm : |
pentill Tetragonal | Tetragonal Ditetragonal Tetragonal
4mm o BT/ pyramid pyramid pyramid I prism Pedion
P i ..m .m. 1 | .m. 4mm
& | Tetragonal
‘ prism
2.mm | 3 2w
» SR T Tetragonal Tetragonal | Ditetragonal
2m \ o disphenoid | scalenohedron |  prism Pinacoid
} ..m I 1 | 1 2.mm
i | | Tctragonal
prism
& | | i
f;" & T Tetragonal I Tetragonal | Tetragonal Pinacoid
422 Wlﬂ I]hj/ P dipyramid | trapezohedron | prism 4..
= w2
& : ! ; |
| L

Intro to Crystallography, 2021

Ott Chap 9 <40




H,O molecule
mm?2

Benzene
6/mmm

mmm

mmm
Intro to Crystallography, 2021

Molecular symmetry

SEDUL NATIDNAL UNIVERSITY

Fig. 8.18a-e. Equivalence within mol-
ecules. Equivalent atoms have the
same letter symbols; equivalent bonds
have the same pair of letters. a Ben-
zene and b coronene (6/mmm - Dgy,);

a ¢ naphthalene and d pyrene (mmm -

Ds;,); e phenanthrene (mm2 - C,,)

Ott Chap 9 /41

Molecular symmetry

benzene(CgHg)

1M mirror plane

2 inversion

SEDUL NATIDNAL UNIVERSITY

/3
<,

§ 2-fold axis
@ s-fold rotation axis

| mirror plane

http://www.gh.wits.ac.za/craig/diagrams/benze.qgif

Intro to Crystallography, 2021
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Molecular symmetry

Fig.8.20a-d. Conformations of ethane. a Eclipsed: ¢
b Skew: 0<g<60° 120 <@ <180° or 240 <@ <300°:
:|(3m

180 or 300° L Dsy). d Skew: 60 < <120°,180 < ¢ <24
conformations in b and d are enantiomorphs

Intro to Crystallography, 2021

SEDUL NATIDNAL UNIVERSITY

=0 or 120 or 240°[(6m2] Dy).
32I-D;). ¢ Staggered: ¢ =00 or
0°or 300 <@ <360% (32 { D3). The

Ott Chap9 /43

Molecular symmetry

Thiourea

mm?2

M mirror plane

§ O-fold axis

SEDUL NATIDNAL UNIVERSITY

http://www.gh.wits.ac.za/craig/diagrams/thiou.gif

Check other examples in the Table 9.11, Ott

44
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Determination of point groups
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»>all rotation axes are polar, which can be destroyed by the presence of certain symmetry

r >
elements !
7 Table 8.9. Characteristic symmetry elements of the seven crystal systems
Crystal Point i Characteristic
S'V!:‘L‘m ke symmelry elements
. 4/m32/m
feipbie 43m, 432, 2/m3, 23 A
6/m2/m2/m
Hexagonal 6m2, 6mm, 622, Q9o @
6/m, 6.6
Il <1 a)
N_/ 4/m2/m 2/m I Morl @
> which one of the 7 crystal system? Ttigenat 52";/%:“};122' (3 Wor 3@ = cubic)
& characteristic symmetry o 1
Trigonal =S (remember that m normal
ele ments 3m, 32,3, 3 to 3 gives 6 = hexagonal
g i, i 2/m 2/m 2/m 2 and/or m
> Are rotation axes higher than 2 e mm2, 222 in three orthogonal directions
present? > 3, 4 or 67 i i 2/m _ 2and/orm
m, 2 in one direction
> Are these axes polar? Or is there an 3 4
Triclinic I 1or 1 only
inversion center? :

* Characteric symmetry elements are underlined.

Must see examples in Ott Chap 9.4

Intro to Crystallography, 2021 Ott Chap 9 / 45

todos
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» Movies and images of 32 point groups >
http://neon.mems.cmu.edu/degraef/pg/pg.html#AGM

> Table 9.11 of Ott

v' Spend a lot of time to understand point groups of molecules & crystals

v Need to be able to determine point groups of most molecules & crystals
> Read

v Ott Chapter 9 (9.2, 9.6, 9.7 X 2|, Fig 9.4 Z&}

v Hammond Chapter 2.1 ~ 2.4; 3.1 ~ 3.3;4.1 ~ 43,45;51 ~ 5.6

v Sherwood & Cooper Chapter 3.7

v' Krawitz Chapter 1.1 ~ 1.6; 2.1 ~ 2.4

» Point group HW (due in 1 week)

v Ott chapter 9 --- 1, 2,3,4,5,89,10,11 (1,2, 3,4,5,6,7,8,9,10, 11,12, 13, 14, 15, 16, 17, 18,
22, 23, 35, 36, 37, 38), 15(exclude c & d)(exclude figure 17~20)

Intro to Crystallography, 2021 46






