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connected with the problem of Yompleteness in gvaiur:d 3

. ANSY 34D |

is well known [1], one of the ways of solving the completencss problem is the determination
es of a given finite -valued logic P/.' In 1921 there appeared a report
hich was published in detail only in 1941 [2]. P

0st constiucted, in particu-
complete classes for PZ' In 1054

» all precomplete classes in PS were described in a paper
pproximately the same time, A. V. Kuznecov pointed out the theoretical
lete classes in P/'; and established that the nuwber 7{(4) of

1. In this Conucction, the problem arcse of giving an explicit
pe Yarious sets of precomplete classes were constructed !
Kuznecov and Jablonskif and were described in detail in [1]. Other sets of precomplete
artynjuk (4] in 1959, by L C¥u-ka¥, Pan Jun-cze, Van Sjan-hao
E. Ju. Zaharova [11] in 1965. In 1965 there appeared a
h it was reported that all precomplete classes in Pk coasisted of
completely known and rwo were partially known (the proof of
s theorem has ot yet been published).

same time therr n-oco (- provicin 06 a bound on the number of precomplete classes,  In b
» where €5 0 as & — oo, which was reported in

ver, it subscqucntly became clear thar Kuznecov did not have a proof of this facrt,

esent pote is devoted to bounds on the number of precomplete classes in f’k. The proofs

bascd upon Rosenberg’s Theorem, which the authors have been

able tu prove,

2. We introduce the following notation for f

the family

B the {

quenees all

¢ €8¢ apd arbitrary «
called central, .
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of classes of monotonic functions, S of sclf-du
Serving a partition of the ser f’fk ={0, 1, e~ 1}
amily of classes of functions w
preserving elementary predicates.
Plays an important role in our reasoning,.

p(}"ly e yh) defined on /2’

*All conteprs not defined here can he found in [1],

,: ** The problen was poscd by Jablon
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amilies of precomplete classes described in [12]: M is
al functions, L of quasilincar functions pre-
» C of functions preserving central predicates, and
hich are homomorphic inversc images of classes of functions {
Let us recall the definition of an h-place central predicate which

Let us consider a completely symmetric predicate

and possessing the property of reflexivity, i.e. p becomes ] on all se-
terms of which are the same. A nonenpty ser € C Ek is called the center of p if, for all

22"t 4, € Ek’ ple, LPTRRR ah) = 1. A predicate possessing a center is
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Theorem 1. w(k) ~ 8UNE2 h=1 , where &) = 1 if kois odd and Sfk) = fj_ L is even.

Proof. One can show that different precomplete classes are classes feserving different predi-
cates; hence, the problem reduces to a bound on the number of predicatesffor the families ¥~ B. A
fough calculation gives an upper bound (k) ~ the number of predicates defining the families M, S, [,
U, B, — equal to 2k%., Tor ¢ (k), the number of central predicates, one cfablishes an asymptotic
bound. Comparison of the asymptotic bound ¢ (£) and the upper bound k) shows that (k) ~ ¢ (k).

Upper bound. Every central A-plane predicate is completely determfned by the subser of those

combinations of £ elements taken h ata time which occur in the truth fer of the predicate. For ex-

o g o
1tain CA -, sequences; the

l‘ullll‘ ]i’:

ample, a predicate, the center of which contains an element @, must ¢
Tortal

.' A 5 p U C B
L 5 ! Number
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18 1 1 13 40— 7
2 2 1 1 3 7 2 16—
/ : .
{ g 190 24 12 50 35— 36 - )
4 R 5 19 \ 4 34
13285 | i l f ' i
g | 11 0 190 11490~ 171 1520
67 12 2 0 g 77 7 107 ~42 A
5‘135 1 -QB-éSJS.- 700 360 o17 | 775955 7854 &
Wit L . 4 s
vf“\j 7 39 / 1 13 > 1500 269340

* The upper figure in a square is the number of classes; the lower figu is the number of types.

A 2%‘733‘! (u*frc-;? uen 'a;f"DF

other sequences can vary. The number of these other combinations is eqwal to Ck~1' rom
this we find the number of h-place predicates with center 2, and raking into account the

bounds on the variation of & and @, we obrain

k—1
¢ (k) <k D 2% <o () k2 K
h=1

Lower bound. As we have noted, the number of h-place predicares, the center of which contains
an element o and possibly other elements, is cqual to 2€F71 | The number of h-place predicates, the
. . . . h i
center of which contains @, 8 and possibly other elements, is equal to 2€%k-2. From this, the number

of /i-place predicates, the center of which contains only @, is not less than

ke h ch
}_‘, (2Ck~-1__(k )2 k)

h=1

Taking into account the fact that & can assume & valucs, we obtain the result that the number of all

predicates, the center of which consists of one ¢lement, is not less than
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Thus, “almost all” precomplete classes are determined by central predicates.

We denote by 7(k) the maximal number of pairwise nonisomorphic [1] precomplete classes in P/;
(i.c. the number of types of precomplete classes),

Theorem 2. +{) ~ (k) It

The proof of this assertion is a further development of the idea of the proof of Theorem 1.

3. Let us evaluate the effectiveness of tests of completeness formulated in terms of precomplete
classcs, for small values of . A detailed study of familics of precomplete classes permits us to cog-
struct Table 1. We remark that all precomplete classes for k = 4 were known before the appearance of
Rosenberg’s paper.™ From Table 1 it is evident that a test for completeness in terms of precomplete
classes is practicable for & <4 and impractical for k 25, and, in terms of p ecomplete classes, re-
spectively, for k <G and k 2 7. We note that Theorems Land 2 for k= § stjl] permit us to compure
7(k) and 7(k) with a relative crror of 107° M

In conclusion we give lists of predicates characterizing the types of précompletc classes for
k=4 5 Yor weiting the predicates, we use the logical operations » &, =, the predicates <, <,

& (y) = s_g;_l_z_—iﬂ, and the function x + y (mod &), (Sometimes we shall omit the symbol &.) For each :
type of precomplete classes we write a predicate determining one class of the type. i
k= d Vamily M. p (y 1y ) = 0y <y 0,07, = by <9, & (5,6 )V E, ), |

Family S. |

03(Y1y2) = g0(¥1) &4 (y2) V go(y2) g1 (y1) V 82(y1) g3 (y2) \V/ g2(y2)8(y1)-

Family L. ps(yiyoysys) = (y, = Y2) (¥s = y4) & (y) == Ya)

R —

Ve = v (ue = 1) (o = 3y \/ & ous= g
B L i<
Family 77 00002520 = Soy1) go(yz) Lg(ys) V 82040V ¢5(11) [ gy (¥2) \V g2(ys) \/ gs(y) 1,
o6 (y1y2) = [go(v1) g1y Hgoly2) V1 (y2) 1 [g2(y1) V 3(y1) 1182(ys) V gs(y2) 1,

P1(Y192) = g0 (1) go () V&(y)e(y) [82(44) \V/ &5 (ys) 12 (v2) V gs(ws)]. ;
Family C. pg(y,) — o(11), 0o (y1) = go(11) V &1 (1), ;’
010(¥1) = go(ys) \/ g1 (1) V g (y), ,5
P (i) = (y; = y,) \/ So(u1) V go(ys), . ' |
012 (y1y2) = (y1 = o) \/ 8o(y1) V 20(y2) V g1(ys) 2 (y) \V g, (v2) g2 (),
P13(y192) = (y) = ) \/ 8o (¥1) V go(y2) \V g1 (1) \/ g1(y2), i
Pu(Yataya) == (y1 = ) \/ (y, = yo) \/ W2 =12) V g0 (y1) \/ golya) \V 20(s). | "
Family B. 015 (y192ys) = (41 = y2) \/ (4, — ys) V (y2 = ya) i
V L82(v1) V g2(92) V ga(ys) ][ 8s(31) V/ 83(y2) V g3(ys)],
(16 (Yo ) = \/ (¥ = y5). _ |
I<i< j<4 !
|
— , v o |
*In 1966 A. 1. Mal'cey reporced to one of the authors that he had a proof of completeness of the indicated |
list of precomplete classes for k =4, . . . E
** For k =8 the number of classes in ¢ is equal ro 549,758,283,756. X L*r\' & {ll :
|
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k=5. Family M. p1(yiy2) = (y1 << 12), palyaye) = (< yo) (@ () V 2(v2) 1,

ps(yye) = (U < Ve ety V g (y2)gau) s
ps(y1y2) = (y1 << yo) [ &1 (v4) \/é (y2) 23 (12) 1,
p(yp) = (1 < yz)lu Y1) &2 (r/a) v 21(y3) &3 (f/z) V& (y1) gs ()]
Family S. ps(yiy2) -5’0(?/1) Hp2) Vg1 (y1) g2(y2) V g2(y1) €8 (y2)

V g3(y1)ga(ye2) \V g4(11) o).
Family L. pa(yxyzyz) = (2y) = yo + Ys) -
Family U. 07(41y2) = go(y1)ge(y2) V [g1(v1) V g2(1) V gs(1) V gelu

& [gi(y2) V g2(y2) V g3(y2) V galy2)]. ’ Sh
0s (Y1y2) = lg((Ji) V gi(ya) ] [go(y2) V g1(y2)]

V [ga(ys) V gs(y4) \/ gi(y) e (v2) V g:(y2) V au(y2) ],
P (Y1y2) = go(y1) go(ye) \/ V gu(y1) g1 (1)

VIg:(y:) V es(y1) V gy [1ga(w2) V g3(y2) V ga(i)],

p1o(y1h2) = go(y1)go(ya) Ly \/ ; o, /
\Mmmbmwniwvjﬁ?mw>Vg@H

p1s (y1y2) = Go(y1)go(y2) \V g le)gt(?/? ) Vg2 (y1) g2 (y2)
V [gs(y1) V ga(pn) ] [ea(y2) gs(y2) ],

Family C P12 (Y1) = goly1), ps() = ge(yi) \V 61
p1.(yq) == == o (1) V gi(y{) V ga (1), W),
o () = goly) V g1lys) V g2(ys) V g5(1),
piﬁ(yiyz) = (y1 == Y2) V go(y1) V %o (1 )
17 (raye) = (V1= 12) V 2o(y1) V 8o(y2) Vg () ealye) \V eu(y)g(vy),
0ss(y1y2) = (y: = y2) V golw1) V 8oy )\\/ g1(y1)g2(y2)
g1(y2) g2 () \V ga{y ) gu(y2) V gs(ys) 2u(ys),
919(y1y2) = (yy = y2) V go(y1) \V go(y2) V g1 (y1) g2 (y2)
V gi(y2) g2 (ya) \V g1 (ye) g2(ys) V g1 (y2) ga(yy),
p20(¥1y2) (1 = y2)V 2o (y1) V gelpe) Vg1 (y1) g2(y2) V &1 (y9) €2 (1)
V g (y)gs(ye) V g1(y2) ga(yn) V g2 (y1) gs(y2) V 2{ya)ga(),
oo (i) = (pr = )V gy Ve w)V oy g2 () V@i (ye) g:.5)
WV 5"2(91)54\92\/ N gzl Esiy Y 510/1) s3tg2) V 51 \'/z}szx),
pa2(y1ys) = (y1 = y2) \V &o(y1) \ goly2) V lgi(ys) \V gs(y) 1 ga(w2)
\ g(ya) 1V Lg:(y2) V gs(y2) ] [g2 (1) \/ gu(y1) ],
093 (yae) = (1= y2) V 2o(ys) \/ go(y2) V g1(ys) V g1(y2),
pu(yiyz) = (Y1 =12) \V £oly 0V gal(y2) V g(ya) V g1(ys)
V 22(y1)g:(y2) V g2 (y2) gz (ys),
p2s(y1y2) = (y1 = y2) \V 2o(y1) V go(y2) Veu(y1) V g1(y2)
s — (o — 1\ (= 1)V (v Vg
peeslYil2ys) — (Y1 = Ye Yi = Ys Yo = Y3 goly
V go(y2) V golys),
Pa7 (Y1Yays) = (Y1 = %) V (Y1 = Ys) y (3?1’2 = y3) \V/ 8o (¥1) V &0 (¥2)

vm%v&V&w
928(y1y2y3) =(h=1)V (y1 = yq) \/ Yo = Ya) \/ g0 (11) \V %o (¥2)
\/ 8o (¥s) \/& \/ gm(y;)\/ & \/ g (¥),

2 wys) = (g = 2)\/( —yB)\/(yz—y:i)\/“O( 1)
pro () ey \/yE,:O(yz) \ 2o(y3) V gy V gi(y2) V gi(us),

Ps0 (Y1Y2YsYs) = é&/j (y: = ¥3) \/ 8o (Y1) \/ 8o (Y¥2) \V £0(¥3) \V/ &0 (Ye).
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Family B.

01 (Yatays) = (W1 = ¥2) V (1= U8) \V (e = ¥s)
\V4 ¥, Lga () \/ €2 (00 \/ 8a (u))Lg2 () V 82 () V e ()]s

Do (Ya¥als) = (11 = Y2) V (41 = %) V (Y2 = ¥s)
\V4 {\; (gy (1) €2 (3) \V Es(¥s) Ea ()]s

0as (Y1Y2Ysla) =i\£j Wi=uy)\V \7{ 83 (49) 8a (Y3): Paa D) Z¥_ (%: = 15)-
Al is&)
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