
Plasma Sources Science and Technology

PAPER

Model for the dependence of cathode voltage in a Hall thruster on facility
pressure
To cite this article: B A Jorns and M P Byrne 2021 Plasma Sources Sci. Technol. 30 015012

 

View the article online for updates and enhancements.

This content was downloaded from IP address 141.213.168.11 on 13/01/2021 at 18:37

https://doi.org/10.1088/1361-6595/abd3b6
https://googleads.g.doubleclick.net/pcs/click?xai=AKAOjsvGKbQukh87tQPk4ob-cmt4fmUeRIw_36hxEHwRXxNE_S-YDNLg7F510HjW94IV9qq64kR2WcJFkX-0FtFk3sMEWpIXmn-adbIJk2nKcYcLU8hCNyxt4bQGVnayWPfD_wXxpsHqtPtvbB7mgqVpZCJEihytGMfVEhyd0Zj2VoKP4kdY5lWv1B_LYgFJryDXc-seIm0nY8T70XttleHXoVvx0G58V7xZHhfne6fuiZ7hsQt_oa1aeZjFSmIRpD77v5SDU0NpCyPad8eJH7yT3i2F&sig=Cg0ArKJSzMqLileI_j5U&adurl=http://iopscience.org/books


Plasma Sources Science and Technology

Plasma Sources Sci. Technol. 30 (2021) 015012 (18pp) https://doi.org/10.1088/1361-6595/abd3b6

Model for the dependence of cathode
voltage in a Hall thruster on facility pressure

B A Jorns∗ and M P Byrne

Department of Aerospace Engineering, University of Michigan, Ann Arbor, MI 48109, United States of
America

E-mail: bjorns@umich.edu

Received 30 August 2020, revised 7 December 2020
Accepted for publication 15 December 2020
Published 12 January 2021

Abstract
An analytical model for the dependence of the cathode coupling voltage in a Hall thruster on
facility pressure is derived and investigated. The expression for the coupling voltage is
determined by performing a line integral of the generalized Ohm’s law from the cathode
emitter to the thruster’s main plume. The effects of pressure as well as non-classical resistance
due to ion acoustic turbulence are included. The resulting model is applied to datasets from 12
different Hall thruster configurations and is shown in all cases to match the trends in the data
within experimental uncertainty. The model in turn is used to extrapolate the experimental
datasets to on-orbit conditions, and the confidence in these predictions is quantified through
the lens of Bayesian parameter estimation. The derived model is discussed in the context of the
underlying assumptions as well as previous models that have been proposed for this facility
effect.
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1. Introduction

The problem of facility effects in Hall thruster testing poses
a critical challenge for the future development of this technol-
ogy. The evaluation and qualification of these systems for flight
requires a ground-based test environment capable of main-
taining a high quality vacuum. While there are a number of
facilities that historically have been available for this purpose
[1], there are aspects of ground tests—such as the presence of
finite background gas and electrically conducting walls—that
are known to impact assessments of lifetime, performance, and
stability [1–32]. This raises the possibility that ground test
results may not be representative of on-orbit behavior.

In light of this operational risk, there are a number of
techniques and methodologies that have been proposed to
correct for facility effects. Most commonly, to compensate
for the presence of residual background gas in the facility
[4, 6, 11, 14, 15, 17, 20, 26], operators will measure key aspects
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of the thruster operation while systematically decreasing the
facility pressure to the lowest value achievable. A function
then will be fit to this dataset and extrapolated to zero back-
ground pressure. While simple in principle, the challenge in
this approach lies in identifying which function is appropriate
to use to fit the data and make the extrapolation.

Model selection to date largely has been empirically-
driven—informed by the shape of the trends in data—with
proposed models varying in complexity from linear
[4, 6, 11, 14, 17, 20] to transcendental functions [15].
While most of these proposed functions have been shown to
yield agreement with datasets over the measured domain, the
fact that these models are empirical raises concerns about
their validity outside the range of the experimental data. For
example, transcendental functions may match a given dataset
with a high degree of accuracy [15], but these functions may
not correctly describe physical trends at pressures lower than
can be achieved in the facility. If this is the case, the highly
nonlinear nature of this function could lead to large errors in
the extrapolation to orbit.
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The problem of extrapolation error that stems from model
selection in principle could be overcome by rooting fitting
functions in a physics-based understanding of the facility
effects [19, 30–33]. This ensures that the model will be exten-
sible outside the dataset against which it is matched. The
challenge in applying this physics-based approach to date,
however, has been that the fundamental processes driving
many facility effects are insufficiently understood to derive
appropriate fitting models.

The cathode coupling voltage’s response to facility pressure
is a notable example of a facility effect with poorly under-
stood governing processes. The cathode coupling voltage is
the increase in electrical potential from the hollow cathode,
the electron source for the thruster, to the plume of the main
discharge. It has a direct bearing on the efficiency and overall
thrust. While there have been previous efforts to predict the
dependence of this coupling voltage on background pressure
[19, 30, 31, 33], the physics-based modeling of this facility
effect has proved difficult to date. This largely stems from
the challenge in self-consistently representing non-classical
processes in the cathode plume that are known to impact the
electron resistivity [34–43].

With that said, recent experimental work has offered new
insight into how this electron resistivity might be modeled. It
was shown through direct experimental measurements in the
cathode plume of a Hall thurster that the non-classical electron
dynamics can be described with simplified algebraic expres-
sions that depend on the local plasma properties [42]. The
goal of our study is to leverage this experimentally-validated
finding to derive and evaluate a simplified, physics-based scal-
ing law for the dependence of cathode coupling voltage on
background pressure.

This paper is organized in the following way. In the first
section, we present the underlying theory of the model and
the governing assumptions. This yields an algebraic expres-
sion for the coupling voltage that has three adjustable model
parameters. In the second section, we review the method of
Bayesian parameter estimation and how this is applied to infer
the model parameters from experimental datasets. In the third
section, we summarize existing datasets—drawn from previ-
ous studies of several different Hall thrusters—of cathode cou-
pling voltage as a function of pressure. For the fourth section,
we present the results of applying the model to these datasets
including estimates for uncertainty in the model parameters
and the extrapolation of the model to space like conditions. In
the fifth and final section, we discuss the physical implications
of our results, examine the limitations and applications of the
model, and compare our findings to previous efforts to model
this effect.

2. Theory

2.1. Definition of cathode coupling voltage

We show in figure 1 an image of a Hall thruster and a cross-
sectional view of the canonical geometry of the thruster chan-
nel. As depicted here, Hall thrusters are comprised of an
axisymmetric annular chamber that supports crossed electric

Figure 1. (a) Image of Hall thruster operating with a hollow cathode
mounted external to the discharge. (b) Cross-sectional view of Hall
thruster channel with notional magnetic field topography and
coordinate convention in the near field of the cathode exit.

Figure 2. Schematic illustrating the spatial variation of plasma
potential along the channel centerline of the Hall thruster.

and magnetic fields. The electric field is provided by a voltage
drop of VD applied between an upstream anode and down-
stream cathode. Gas flows through the anode to the discharge
channel where it is ionized and accelerated downstream by
the electric field. The hollow cathode serves as the terminal
point for the potential drop as well as the electron source for
the Hall thruster. It provides the charge carriers that ionize the
propellant in the discharge and neutralize it once it has been
expelled.

We show in figure 2 an illustration of the spatial variation
of electrical potential along the channel centerline of a Hall
thruster. Ions born in the upstream region near the anode accel-
erate down the potential well and out of the geometry. Ideally,
the ions gain a kinetic energy equivalent to the total potential
drop, VD. In practice, however, only a fraction of the potential
is available for this process [44]. A portion of the acceler-
ating voltage, the so-called cathode coupling voltage, Vcc, is
devoted to drawing electrons out of the cathode and into the
main discharge. This electric potential does not contribute to
the acceleration of the propellant and consequently lowers the
generated thrust [44, 45]. It is in this way that variations in the
cathode coupling voltage with facility pressure can result in
changes in overall thruster performance.
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2.2. Application of generalized Ohm’s law to cathode plume

To motivate a model for the dependence of cathode coupling
voltage on facility pressure, we consider the canonical geom-
etry in figure 1(b) where we show the 2D plane the cathode
shares with the thruster mid-plane. As illustrated here, the
cathode plasma environment is subject to an applied magnetic
field originating from the thruster body. We use this field to
define a coordinate convention where ‖̂ denotes the local direc-
tion parallel to the magnetic field, ⊥̂ is perpendicular to the
field, and ‖̂ × ⊥̂ is the cross-field direction, out of the plane.

The generalized Ohm’s law for the electrons in this plane
is given by

�E = ¯̄η ·�je −
1

qne
∇ [Tene] , (1)

where �E denotes the local electric field,�je is the electron cur-
rent density in the plane, q is fundamental charge, ne is the elec-
tron density, Te is the electron temperature in units of energy
and ¯̄η is a resistivity tensor of the plasma. By symmetry, we
make the assumption that we can neglect electric fields and
pressure gradients in the ‖̂ × ⊥̂ direction. We therefore have
in the thruster mid-plane �je = ( je(‖), je(⊥)), and the resistivity
tensor becomes

¯̄η =
me

q2ne

⎛
⎝νe(‖) 0

0 νe(⊥) +
q2B2

0

m2
eνe(‖×⊥)

⎞
⎠ , (2)

where νe() denotes the effective electron collision frequency
acting on the species in each direction and B0 is the magnitude
of the magnetic field. The anisotropic nature of the resistivity
stems from the fact that the electron dynamics and the effec-
tive drag induced on this species by collisional or non-classical
effects varies depending on the direction with respect to the
magnetic field [42].

We find the cathode coupling potential by integrating
equation (1) along a line segment (red line in figure 1(b)) that
begins at the cathode surface, denoted point S, passes through
the cathode orifice, denoted point 0, and connects to the main
discharge plume of the thruster at point P. This yields

Vcc = Vint + Vplume

Vint =

∫ 0

S

(
− ¯̄η ·�je +

1
qne

∇ [Tene]

)
· d�r

Vplume =

∫ P

0

(
− ¯̄η ·�je +

1
qne

∇ [Tene]

)
· d�r, (3)

where we have divided the path integral into two contributions.
V int denotes the voltage change from the line integral inside the
cathode to the exit orifice. It is the voltage necessary to draw
the current from the internal cathode emitter out into the cath-
ode plume. As the neutral density inside the cathode and its
orifice are several orders of magnitude higher than the changes
in neutral density that result from varying facility pressure, we
assume that V int is independent of this facility effect. Vplume is
the potential change along the segment from the cathode exit
to the main plume. This is the potential that drives electrons

to connect to the main discharge. Since the neutral and plasma
density originating from the cathode decrease precipitously as
the plume expands from the orifice, we assume Vplume will
be susceptible to changes in facility pressure. Our subsequent
discussion thus focuses on this term.

To motivate an expression for Vplume, we invoke two key
assumptions. First, we assume that the electrons are isother-
mal. The approximate isothermality of the cathode plume has
been remarked upon in previous experimental studies of hol-
low cathodes in a Hall thruster [37, 42] and is frequently
invoked in the model of thruster far-field plumes [46]. Sec-
ond, we introduce a demarcation between the near-field and
far-field of the cathode plume, denoted point L, where we
assume the far-field region is current free. This is consistent
with the treatment of previous simplified far-field plume mod-
els [46] and derivations of scaling laws [31]. Subject to these
two assumptions, we can express the plume cathode coupling
voltage from equation (3) as

Vplume = Vresistive + VBoltzmann

Vresistive = −
∫ L

0

(
¯̄η ·�je

)
· d�r

VBoltzmann = −Te ln

(
ne(0)

ne(P)

)
, (4)

where ne(0) is the electron density at the exit of the cathode
and ne(P) is the electron density at the connection point to the
main plume. Here we have introduced V resistive, which repre-
sents the voltage increase that stems from electrical resistance
as current flows through the near-field plasma. The second
term, VBoltzmann, is the Boltzmann contribution to the change
in potential that is the consequence of the variation in density
from the cathode exit to the connection point in the plume.
We motivate in the following expressions for each of these
contributions in terms of background plasma properties.

2.3. Boltzmann contribution to cathode coupling voltage

To simplify the Boltzmann term in equation (4), we consider
in more detail the contributions to the plasma density at points
0 and P. Following reference [31], there are three sources
for the plasma density at the connection point to the plume,
ne(P) = nT

e(P) + nC
e(P) + nF

e(P), where nT
e(P) is the contribution of

plasma from the thruster main discharge at ideal vacuum con-
ditions, nC

e(P) is from the cathode plasma, and nF
e(P) is the plasma

density that results from ionization of neutral background gas
in the facility. Given that the cathode plume expands, lead-
ing to a precipitous drop in density at point P, we assume
that the plasma from the cathode density is negligible com-
pared to the other two components. We therefore approximate
ne(P) ≈ nT

e(P) + c′nB where c′ < 1 is a constant of proportion-
ality and nB is the background neutral gas density from the
facility.

There are also three contributions to the plasma density at
the cathode exit (location 0): ne(0) = nT

e(0) + nC
e(0) + nF

e(0). Here
nT

e(0) is the density from the thruster main discharge at ideal
vacuum conditions, nC

e(0) denotes the contribution from the
cathode, and nF

e(0) stems from the plasma density that exists
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when there is finite background neutral pressure. As the plasma
density at the exit of the cathode is the highest density in the
entire thruster, comparable to 1018 to 1020 m−3, we assume
it dominates the other two sources. This allows us to sim-
plify the expression for plasma density at the cathode exit to
ne(0) ≈ nC

e(0), which is independent of facility pressure.
Armed with these expressions for the densities at P and 0,

we can reduce VBoltzmann in equation (4) to

VBoltzmann = Vb(0) + Te ln

(
1 +

P̄B

P̄T

)
. (5)

Here we have defined a normalized facility pressure
P̄B = PB/Pref where Pref is a constant reference value. We also
have introduced two constants, Vb(0) = Te ln(nT

e(P)/ne(0)) and
P̄T = (kBTFnT

e(P))/(c′Pref), were TF is the temperature of
facility neutrals and kB is the Boltzmann constant. The former
corresponds to the voltage that results from the Boltzmann
effect at zero background pressure. The latter is the ratio at
point P of the plasma density originating from the thruster
to the plasma density from the facility at the reference
pressure. In this form, we see from equation (5) that at zero
background pressure, the Boltzmann contribution will be
VBoltzmann = Vb(0) < 0 since the cathode density will exceed
the density of plasma at the connection point P. The coupling
voltage then will increase with facility pressure, as captured
by the second term. Notably, this is opposite the trend posited
by Mikellides et al [31] and stems from differences in the
assumptions we make about the plasma densities at the loca-
tions 0 and P. We return to a discussion of this discrepancy in
section 6.

2.4. Resistive contribution to cathode coupling voltage

In order to evaluate the resistive term in equation (4), we
choose an integral path that is co-aligned with the local mag-
netic field. The expression thus can be replaced with an integral
with respect to one coordinate, x, that denotes distance along
the field line:

Vresistive = −
∫ L

0

meνe(‖)

q2ne
je(‖) dx. (6)

To evaluate this expression, we need to estimate the par-
allel current density, je(‖), the parallel collision frequency,
νe(‖), and the local electron density, ne. For the collision fre-
quency, previous work has shown that the electron transport
is non-classical in the near-field plume of the hollow cathode
[35, 36, 42]. Instead of interparticle collisions, the effective
drag on electrons in this direction is dominated by the onset
of kinetically-driven ion acoustic turbulence (IAT). References
[42, 47] demonstrated experimentally and numerically that the
effect of the growth of this IAT can be represented with a sim-
plified expression that depends on the local plasma properties:

νe(‖) = αωpiMe(‖), (7)

where ωpi is the ion plasma frequency, Me = je(‖)/(neq)/vte is
the parallel electron Mach number, vte is the electron thermal
speed, and α is a proportionality constant on order of unity.

To estimate the current density in equation (6), we make
the assumption that no current in the near-field is conducted
across field lines (in the ⊥̂ direction). We justify this in the
context of equation (2) where we see that for a magnetized
plasma, η‖/η⊥ ≈ (νe(‖)νe(‖×⊥))/ω2

ce, where ωce denotes the
electron cyclotron frequency. For the near-field hollow cath-
ode plume, we assume the magnetic field is sufficiently large
that νe(‖×⊥), νe(‖) � ωce. This claim is supported by experi-
mental measurements that have been performed in the cathode
plume operating with a Hall thruster [42] and is an assumption
employed in high-fidelity cathode plume simulations [38]. In
this limit, the resistivity in the parallel direction is negligible
compared to the resistivity perpendicular to the applied field,
i.e. η‖ � η⊥. The current in the near field therefore will flow
primarily in the parallel direction, and since the magnetic field
lines are all oriented in one direction at this location, we can
use electron continuity to make the approximation:

je(‖) = ID/(πr2), (8)

where ID denotes the discharge current, r is the radius of the
cathode orifice, and we have neglected ionization in the near-
field plume.

For the plasma density in the near field in equation (6), we
make the simplification—as is consistent with the 1D models
that have been employed to date for cathode plumes—that the
plume expands conically [44] from the orifice. We thus can
write

ne =
ne(0)(

x
r + tan θ

)2 + ne(c), (9)

where θ is the half angle of expansion and ne(c) = nT
e(c) + nF

e(c)
denotes the plasma density in the plume between points 0 and
L originating from sources other than the cathode. Following
the discussion in section 2.3, nT

e(c) denotes plasma density orig-
inating from the thruster and nF

e(c) is the plasma density from
ionization of ambient neutral gas. We again assume this lat-
ter density scales linearly with the background neutral density:
nF

e(c) = c′nB, where c′ is a constant of proportionality.
As a final simplification, we note that for typical properties

of the cathode plume, tan θ ≈ 1 and r/L � 1 (the ratio of
cathode exit radius to coupling length). We also recall that
the plasma density at the cathode exit plane is higher than
the densities that originate from the facility and thruster,
ne(0) 	 ne(c). These simplifying assumptions allow us
to reduce the expression that results from substituting
equations (7)–(9) into equation (6) to

Vresistive = Vplume(0)

(
2

c1 + c2P̄B

)2

×
[

2 + c1 + c2P̄B(
1 + c1 + c2P̄B

)1/2 − 2

]
, (10)

where we have introduced a constant with units of voltage:

Vplume(0) = α

(
ID

2πr2

)2 (L4

r3

)
1

n3/2
e(0)

me

q2

√
me

qε0miTe
. (11)

This parameter is assumed to be constant as ID is typically held
constant during Hall thruster facility pressure studies. We sim-
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ilarly have defined constants given by c1 = nT
e(c)/ne(0)(L/r)2 >

0 and c2 = c′Pref/(kBTFne(0))(L/r)2 > 0.
Equation (10) shows that the resistive contribution to the

coupling voltage monotonically decreases with pressure, and
at P̄B → 0, V resistive = Vplume(0). This trend reflects the fact that
increasing density from facility pressure reduces the resistance
in the plume. We also note that although the ratio of back-
ground density from the thruster and facility to the cathode
orifice density is assumed to be low, ne(c)/ne(0) � 1, the con-
tribution of this background density to the overall resistivity
of the plume is amplified by the geometric factor L/r. This
is reflected by the scaling of the coefficients c1 and c2 with
(L/r)2 and physically results in the ability of small changes in
background gas to have a pronounced impact on the resistive
term.

2.5. Simplified model for cathode coupling voltage

Equations (3), (5), and (10) combined yield a model for the
cathode coupling voltage as a function of facility pressure.
The resulting expression, however, is complex with seven free
model parameters, Te, Vint, Vb(0), Vplume(0), P̄T, c1, c2, that repre-
sent physical quantities that we do not know a priori. While
in principle these parameters could be inferred by fitting the
model to datasets of coupling voltage as a function of pressure,
the parameter space is too large to determine the values with
accuracy given the limited size of datasets available (typically
5–10 data points). With this in mind, we make the additional
simplifying assumption c1, c2 � 1 (see appendix A). In this
limit, we can expand equation (10) around the small quan-
tity c1 + c2P̄B � 1 and combine with equation (5) to write
equation (3) in the final form

Vcc = Vvac + Te ln

[
1 +

P̄B

P̄T

]
−
[

Te

P̄T + P̄∗

]
P̄B, (12)

where we have introduced two additional model parameters,
Vvac and P̄∗. The first, Vvac, represents the cathode coupling
voltage in the absence of neutral gas originating from the facil-
ity (P̄B → 0). It thus corresponds to the predicted voltage on
orbit. The term P̄∗ corresponds to the facility pressure where
there is a turning point in the coupling voltage. The exis-
tence of this maximum is the result of the balance between
the Boltzmann contribution (second term in equation (12)) and
the resistive contribution (third term) that have opposite trends
with facility pressure. These counteracting trends can result in
a coupling voltage that is non-monotonic with facility pres-
sure, exhibiting a maximum at P̄∗. Expressing equation (12) in
terms of this maximum pressure allows us to leverage observed
trends in experimental data to restrict the range of possible
values for this parameter. We elaborate on this point in the
following section.

As a final simplifying step, we make the assumption that
Te = 5 eV. This choice eliminates another free parameter
in equation (12) and is consistent with the typical range
of values reported in previous experimental and numerical
studies of hollow cathodes intended for electric propulsion
[31, 34, 38, 42]. With this last substitution, we now have

reduced the number of free model parameters in equation (12)
to three.

In summary, we have presented in this section a model,
equation (12), that is grounded in a first principles analysis of
the cathode plume. This result thus provides a physics-based,
functional form that can be calibrated against data and applied
to make extrapolations to space-like conditions. With this in
mind, we turn in the next section to discussing rigorous meth-
ods for determining the model parameters and performing the
extrapolation.

3. Bayesian parameter estimation

We adopt a probabilistic analysis based on Bayesian statistics
to infer the model parameters of equation (12). The advantage
of this method is that it rigorously quantifies the uncertainty in
the model parameters as well as the credibility in the extrapola-
tion of the model to space-like conditions (P̄B = 0). Following
the standard formulation of Bayesian inference, we express
the model parameters in vector form as Θ = (Vvac, P̄T, P̄∗)
and the set of measurements (cathode coupling voltage as a
function of pressure) as d = {(P̄(1)

B , V (1)
cc ), (P̄(2)

B , V (2)
cc ), . . }. The

model parameters are treated as random variables, and the
goal is to determine the posterior probability distribution,
P(Θ|d), of these model parameters given the measured data.
The expression for this probability distribution stems from
Bayes theorem:

P(Θ|d) =
P(d|Θ) · P(Θ)

P(d)
, (13)

where P(d) is the Bayesian evidence, P(Θ) =
P(Vvac)P(P̄T)P(P̄∗) is the prior probability distribution of
the model parameters (assumed to be independent), and
P(d|Θ) is the likelihood.

The prior probability reflects previous knowledge about the
distribution of the model fit coefficients. We assume in this
work that all the priors are uniform over a prescribed range.
For Vvac, we use 0–60 V as none of the thrusters we exam-
ine exhibited cathode coupling voltages exceeding this range.
For the prior distribution of P̄∗, we inspect the dataset for the
location of the turning point to inform the appropriate range.
For example, for datasets that show an evident maximum, we
set the prior for P̄∗ to be centered on this value with a range
of ±20%. For datasets that show a monotonically increasing
trend in cathode coupling voltage with pressure, we place a
lower bound on the prior equal to the maximum pressure at
which the data was collected. This reflects the prior belief
that, per our model, the maximum occurs at pressures beyond
the measured domain. For datasets that show a monotonically
decreasing trend with facility pressure, we set the upperbound
for the prior distribution as the lowest pressure point that was
measured. This encodes the belief that the turning point lies
to the left of the dataset—or possibly that there is no turning
point for positive pressures. The lower bound on the prior for
P̄∗ extends to negative values in this latter case. For the prior
distribution of P̄T, we recall from the previous section that
this parameter represents the ratio of the plasma density from
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the thruster to the plasma density originating from the facility
at the reference pressure. Depending on the thruster configu-
ration and choice of reference pressure, this coefficient may
have a wide range of possible values. We encode this believe
by adopting a typical range of 0–50. In order to avoid non-
physical results, we set the lower bound on the range of P̄T to
ensure that P̄T + P̄∗ > 0.

If we assume that the model with fit parametersΘ is correct,
the likelihood function in equation (13) indicates the probabil-
ity that measurements would yield the dataset, d [48]. To this
end, we have chosen an unbiased Gaussian likelihood:

P(d|Θ) =
N∏

j=1

1

σ
√

2π
· exp

⎡
⎣−1

2

(
V j

cc − Vcc(P̄ j
B,Θ)

σ

)2
⎤
⎦ ,

(14)
where (P̄ j

B, V j
cc) denotes the jth element of the experimentally

measured dataset, d; N is the number of points in the dataset;
Vcc(P̄

j
B,Θ) is the model from equation (12) with argument P̄ j

B
for the pressure and model coefficients, Θ; and the parame-
ter σ is the standard error in the experimental measurement.
The choice of Gaussian likelihood reflects our assumption that
experimental measurements of the cathode coupling voltage
are normally distributed around the true value.

In this work, we used a nested Markov chain Monte
Carlo (MCMC) technique [49] with 10 000 live points iter-
ated 200 000 times to yield a dataset of sampled Θ from
equation (13). From this set of parameter values, we gener-
ated posteriors for each model parameter by marginalizing the
sample distribution. From these marginals, we in turn report
the median value of each model parameter and its uncertainty
to 95% credibility. To assess the role of the model parameter
uncertainty in the fit to data, we evaluated equation (12) for
all values of Θ to yield a set of predicted values of Vcc as a
function of P̄B. We plot the median of the model predictions
as well as credible intervals that contain 95% of the generated
values.

4. Overview of datasets and thrusters

In order to evaluate the proposed model for cathode coupling,
we have identified datasets from several previous experimen-
tal studies where this voltage was measured as a function of
facility pressure (appendix B). In each case, the values for
cathode coupling are based on measurements of the plasma
potential performed close to the thruster centerline in the far-
field and referenced electrically with respect to the cathode.
The potential at this location is particularly relevant for assess-
ing the impact on coupling voltage on performance as it best
captures the loss to the beam acceleration voltage (figure 2).
Before proceeding, we note that we do not consider results
from studies that only report cathode to ground voltage as a
function of pressure [17, 25, 50, 51].1 While this is commonly
used as a qualitative indication of the cathode coupling volt-
age, it is not a quantitative measure. This is because there are
factors beyond the coupling voltage that can impact the cath-
ode to ground measurement such as sheath potentials and the
facility’s electrical configuration. With this in mind, in this

section we overview the thrusters we examined, each dataset
that we used, and how we extracted the data.

4.1. SPT-100

The SPT-100 is a 1.35 kW Hall thruster developed by the Fakel
Experimental and Design Bureau that operates at a discharge
voltage of 300 V and with the cathode mounted external to
the main discharge. The dataset we use for analysis is from
reference [15] in which far-field radial sweeps at a distance
of 1 m were performed to measure the plasma potential with
respect to facility ground as a function of facility pressure. We
have converted these data to cathode coupling voltage by sub-
tracting measurements of the cathode to ground voltage that
also were made during this campaign1. The uncertainty on the
reported data was estimated as 2 V. Reference [15] reports the
same set of measurements for two different facilities, the L3
chamber and the Aerospace corporation chamber. We consider
both datasets in this work.

4.2. PPS 1350-G

The PPS 1350-G is a 1.35 kW Hall thruster from Snecma
that operates at a discharge voltage of 300 V with a cathode
mounted external to the main discharge. We use for our anal-
ysis the dataset of coupling voltage versus facility pressure as
reported in reference [52]. These measurements were collected
in the same way and in the same locations as for the SPT-100,
but the authors directly report the plasma potential with respect
to cathode potential. There thus is no need to correct for the
cathode to ground potential. The uncertainty on the reported
data was 2 V.

4.3. BHT-1500

The BHT-1500 is a 2 kW class Hall thruster developed by the
Busek Corporation that can operate with a cathode either in
an internal, center-mounted position or in a location external
to the discharge. Reference [53] reports measurements of the
BHT-1500’s response to variations in facility pressure for both
cathode configurations at the operating condition of 300 V and
1.8 kW. In this work, radial sweeps were performed with a
Langmuir probe in the thruster far-field at a distance of 1 m.
These measurements were used to infer plasma potential as
measured with respect to the cathode with an uncertainty of
0.2 V.

4.4. H9

The H9 is a 9 kW class magnetically-shielded thruster that
was jointly developed by the University of Michigan, the Jet
Propulsion Laboratory, and the Air Force Research Labora-
tory. The thruster employs a center-mounted, internal cathode
in its default configuration. We use in our analysis the dataset
from reference [54] where a Langmuir probe was employed to
measure the H9’s plasma potential referenced with respect to

1 The cathode to ground voltage was measured for the experiment described in
reference [15] but not reported. K Diamant has provided these measurements
through personal correspondence.
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the cathode as a function of facility pressure. The measurement
location was on thruster channel centerline, 40 cm downstream
of the exit plane. The measurement error was reported with
values ranging from 0.5 and 2 V.

4.5. HERMeS

The Hall effect rocket with magnetic shielding (HERMeS) is
a 12.5 kW class thruster with an internally mounted cathode
developed by the Jet Propulsion Laboratory and the NASA
Glenn Research Center. We use in our analysis data from ref-
erence [20] in which a Langmuir probe was employed to make
local measurements of the plasma potential with respect to
ground in the far field. As with the dataset from the SPT-100,
we converted these reported values to cathode coupling voltage
by subtracting the cathode to ground voltage.2 The reported
uncertainty in these measurements was ±4 V. Several volt-
ages and operating conditions were considered in this previous
study, though we only examine representative results for a low
voltage, low power condition (300 V and 4.5 kW) and a high
voltage, high power condition (500 V and 12.5 kW).

4.6. HiHVAc

The high-voltage Hall accelerator (HiVHAc) is a 3.9 kW class
Hall thruster designed by the NASA Glenn Research Cen-
ter that employs an externally-mounted cathode. Reference
[18] reports measurements of this thruster’s plasma potential
with respect to cathode as a function of pressure at a location
10 cm downstream of the thruster exit. We use for our anal-
ysis the results from two operating conditions investigated in
this study, 300 and 500 V at 3 kW. As the error in these mea-
surements was not reported in reference [18], we assign an
uncertainty based on the nearest significant figure of the data,
±1 V.

4.7. NASA-173M

The NASA-173M is a 5 kW class laboratory Hall thruster
designed by the NASA Glenn Research Center and the Uni-
versity of Michigan. Its cathode is located external to the main
discharge. We use for our analysis the results from reference
[55] in which a Langmuir probe was swept at a 1 m radius
to measure the plasma potential in the thruster far field with
respect to the cathode at the 4.5 kW and 300 V condition.
The measurement uncertainty is reported as±0.2 V. Reference
[55] includes datasets for the cathode in its nominal position
(Y = 0) with respect to the thruster and moved laterally 6′′

away from the thruster centerline (Y = 6). We consider both
datasets in our analysis.

5. Results

We present in the following the results of applying the model
for cathode coupling voltage to experimental data. We first

2 The potential and cathode to ground voltage were measured for the study in
reference [20] but not reported. W Huang has provided these measurements
through personal correspondence.

show examples of the posterior distributions resulting from
Bayesian parameter estimation. We then compare model fits
directly to each dataset described in the preceding section,
reporting the corresponding model parameters and our con-
fidence in these parameters. For each dataset, we use the
reference pressure Pref = 10−5 Torr-xenon. This value is the
historical standard proposed by Randolph [2] for the maximum
allowable facility pressure in order for thruster performance
measurements to be indicative of on-orbit behavior.

5.1. Sampled posterior distribution

Figure 3 shows the posterior distributions generated for
the model parameters of equation (12) when applied to the
SPT-100 (L3) dataset with a reference pressure of Pref = 10−5

Torr-xenon. The figure includes the one-dimensional
marginal distributions (P(Vvac|d), P(P̄T|d), P(P̄∗|d))
as well as the two-dimensional joint distributions,
(P(Vvac, P̄T|d), P(Vvac, P̄∗|d), P(P̄T, P̄∗|d)). The marginal
distributions are normalized to unity while the contours in the
joint distributions represent the total percentage of samples
that are contained below the contour. We note that figure 3
is a representative example, exhibiting the same qualitative
features as found in the other cases.

The shapes of these distributions for each model param-
eter can be interpreted through the definitions introduced in
the previous section. For example, the most probable value
of Vvac = 31.1 V, which corresponds to the peak in this
distribution, is the most probable prediction for the cathode
coupling voltage under space-like conditions. The relatively
narrow width of the distribution compared to the most probable
value suggests a high confidence in this prediction. The most
probable value of P̄T = 1.5 indicates that at the connection
point, P, the plasma density from the thruster is approximately
150% of the plasma originating from the facility at the refer-
ence background pressure. The comparatively larger width of
the distribution relative to the magnitude of the most probable
value indicates less confidence in this estimate, though the dis-
tribution still exhibits a well-defined peak. The median value of
P̄∗ ≈ 2.6 indicates the normalized pressure that corresponds to
the maximum cathode coupling voltage, i.e. where the resistive
effects start to overcome the Boltzmann contribution.

The joint distribution functions in figure 3 represent graph-
ically the correlations between the model parameters. The fact
that the contours generally follow non zero slopes suggests
that the parameters may be physically linked. This result is
not unexpected given that all the coefficients are related to
local plasma properties that stem from the same sources, the
thruster and cathode. With that said, while further exploring
the physical underpinnings of these correlations is beyond the
scope of this investigation, we note the fact that these param-
eters are correlated means the posteriors cannot be treated as
statistically independent.

5.2. Model comparison to data

We show in figure 4 the model fits compared to the data for
each configuration discussed in section 4. As described in
section 3, we generated these plots by employing an MCMC
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Figure 3. Posterior distributions of the model parameters for the SPT-100. This dataset corresponds to the test performed in the L3 facility.
Results are based on 10 000 samples. The reference pressure is Pref = 10−5 Torr-xenon.

algorithm to sample from the posterior of each distribution
10 000 times. At each pressure, we then calculated the median
(black line) and 95% credible interval (dashed lines) from the
samples. These trends are superimposed on the experimental
data. We also have extrapolated the curves to zero normalized
pressure, P̄B = 0, to illustrate the model predictions and con-
fidence for on-orbit behavior. The expansion of the credible
intervals at this extrapolated point in each case reflects the fact
that in the absence of data in this region, our confidence in the
model decreases. The magnitude of the spread in the intervals
is a direct function of the uncertainty in the reported data.

Although the coupling voltage in each case is less than
40 V, the trends of the cathode voltage with facility pres-
sure vary substantially. This precludes us from making a
broad generalization about how coupling voltage responds in
all thrusters, i.e. we cannot uniformly state coupling voltage
improves or worsens with pressure. However, we do find our
proposed model is able to fit the indicated trends in all cases.
This speaks not only to the versatility of the scaling law but
provides qualitative validation of our governing hypothesis
that there are two disparate effects—the Boltzmann and resis-
tive terms—that drive the coupling. The fact that there are
different trends in coupling voltage with pressure suggests
that each thruster environment facilitates a different balance
between these two processes.

To this point, figures 4(a)–(c) show the results for the PPS
1350-G, H9, and BHT-1500 with internal cathode where in
each case, the cathode coupling voltage increases with facil-
ity pressure. In the context of the proposed model, this sug-
gests that the Boltzmann contribution to the coupling voltage
is dominant. On the other hand, figures 4(d)–(h) show the
datastets for the BHT-1500 external cathode configuration, the
NASA-173M, and the HiHVAc thruster. In each case, the cou-
pling voltage decreases with facility pressure. This indicates
that the resistive contribution to the coupling voltage drives the
coupling response. We note here as well that the credible inter-
vals for the NASA-173M are narrower than any other dataset
and in some cases do not enclose the data. This stems directly
from the fact that the reported uncertainty on these measure-
ments was the lowest of all the datasets. Figures 4(i) and (j)
show measurements and model fits for the HERMeS thruster
with its center mounted cathode. In a departure from the other
results, these plots exhibit a coupling voltage that is nearly con-
stant with changing facility pressure. This might indicate that
there is higher confidence that the ground test results are more
representative of an in-space environment, though this conclu-
sion is tempered by the fact that the uncertainty in this data
is higher compared to the other results. Finally, figures 4(k)
and (l) show the datasets and model fits for the SPT-100
from measurements performed in the L3 and Aerospace
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Figure 4. Median model fits (black solid line) bounded by 95% credible intervals (dashed lines) for 12 thruster configurations. All pressures
have been normalized to the same reference, Pref = 10−5 Torr-xenon.

Corporation facilities. Unlike the trends for the other
thrusters, the SPT-100 data shows an evident turning point at
P̄B = 2 − 3.5. This is consistent with the marginal distribu-
tions presented in figure 3. In keeping with the physical under-
pinnings of our model, this trend indicates that in the SPT-100
there is a transition from when the Boltzmann contribution
dominates at lower pressures to the resistive term driving the
coupling voltage at higher pressures.

Beyond the evident trends with pressure, figure 4 also
affords qualitative insight into the role of cathode placement
and facility. For example, the results from the BHT-1500 illus-
trate the fact that cathode placement in the same thruster
can lead to a fundamentally different response to the facility
environment (figures 4(c) versus (d)). Our model is able to

capture this transition, once properly calibrated against the
data. Similarly, figures 4(e) versus (f) for the NASA-173M
illustrate the impact of translating the cathode away from the
thruster. Although the trend with pressure remains the same,
the cathode that is farther from the discharge (Y = 6) exhibits
a more sensitive dependence on pressure, decreasing by a fac-
tor of 50%. This is contrasted with the 17% reduction exhib-
ited by the cathode located at Y = 0. Finally, the SPT-100
datasets, which were taken at two different facilities, exhibit
quantitative agreement in magnitude and trends. This sug-
gests that differences in the test facilities appear to have little
impact on the sensitivity of this parameter to facility pressure.
We discuss this result as well as the other trends in more detail
in section 6.
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Table 1. Median and the 2.5th and 97.5th percentiles of the marginal posterior distributions for the model parameters for each
dataset. The same reference pressure of P̄ref = 10−5 Torr-xenon was used in each case. VD denotes discharge voltage and PD is
discharge power in kilowatts.

Thruster/cathode VD/PD

P̄∗ P̄T Vvac

P2.5 P50 P97.5 P2.5 P50 P97.5 P2.5 P50 P97.5

PPS 1350-G/Ext. 300/1.35 4.6 7.8 9.9 3.2 5.6 11.5 32.2 32.7 33.3
H9/Int. 300/4.5 4.0 7.4 9.8 0.6 1.3 2.9 21.5 23.5 25.3
BHT-1500/Int. 300/1.8 2.3 3.2 3.9 1.3 2.3 5.0 14.0 14.6 15.2
BHT-1500/Ext. 300/1.8 −0.9 −0.3 0.6 1.4 2.8 3.8 28.0 28.5 28.9
NASA-173M (Y = 0)/Ext. 300/4.5 −2.0 −1.5 −0.7 2.2 3.2 3.7 30.0 30.5 30.9
NASA-173M/Ext. (Y = 6)/Ext. 300/4.5 −2.0 −1.8 −1.2 2.2 2.8 3.1 23.3 23.7 24.1
HiVHAc/Ext. 300/3 −0.5 −0.1 0.7 0.7 1.6 8.6 19.6 21.2 22.8
HiVHAc/Ext. 500/3 −0.2 −0.1 0.0 0.3 0.5 0.5 36.5 38.3 39.8
HERMeS/Int. 300/4.7 1.6 3.3 4.9 0.7 5.2 9.7 15.3 19.4 22.9
HERMeS/Int. 500/12.5 1.6 3.3 4.9 0.6 5.3 9.7 15.0 19.2 22.8
SPT-100 (L3)/Ext. 300/1.35 2.2 2.6 3.3 1.0 1.5 2.7 30.5 31.1 31.7
SPT-100 (Aerospace)/Ext. 300/1.35 3.2 3.7 4.6 1.2 1.8 3.3 30.1 30.7 31.3

5.3. Model parameters and predictions for on-orbit
conditions

We summarize in table 1 the statistical properties of the model
fits shown in figure 4. Here we list the operating condition, the
median value of the model parameter, and the bounds, denoted
P2.5 and P97.5, that contain the most probable 95% of the sam-
ples. We employed these latter metrics to represent the relative
skewness of the distributions.

From this table, we see the median value of P̄T varies
between 0.5 and 5.6. In light of the definition of this param-
eter, this result suggests that in all of these devices, the plasma
density originating from the thruster is within an order of mag-
nitude of the plasma density that comes from the facility at
the reference pressure. This result is not unexpected given the
provenance of the reference pressure, Pref , which was chosen
by Randolph et al [2] to represent a threshold density where
the flux of neutrals into the thruster from the facility becomes
commensurate with the flux of neutrals originating from the
thruster. For most of these reported values, the variance in the
parameter (as represented by the credible intervals) is smaller
than the median.

The trends in P̄∗ mirror the trends in coupling voltage with
pressure shown in figure 4. Smaller values of P̄∗ denote con-
ditions where the data decreases with facility pressure and
resistive effects dominate. Higher values of P̄∗ correspond to
the opposite trend where Boltzmann effects govern the cou-
pling voltage. The cases with intermediate values of this model
parameter (SPT-100) indicate the existence of turning points in
the data.

The vacuum voltages, Vvac, in table 1 represent the expected
coupling voltage at zero facility pressure, i.e. a space-like envi-
ronment. In general, the confidence in these predictions, as
represented by the variance compared to the median value,
is high. The projected values similarly have a relatively nar-
row range, 15–40 V. Notably, the thrusters with internal cath-
odes appear generally to exhibit lower vacuum coupling volt-
ages than the thrusters with externally-mounted cathodes.
Physically, this suggests that these thrusters have a better

electrical connection to the main thruster discharge. We return
to this point in section 6

We conclude this section by remarking on the practical sig-
nificance of these results. We have demonstrated the ability to
use a physics-based model combined with data to not only gen-
erate predictions for coupling voltage on orbit but to quantify
our confidence in these predictions. This has practical impli-
cations for thruster testing programs. Provided operators can
generate the types of parametric datasets shown in figure 4
for their thrusters, our approach offers the capability to make
physics-based, rigorous assessments of on-orbit behavior for
this particular aspect of thruster operation.

6. Discussion

We have shown in the previous section the efficacy of our
simplified model to describe experimental data for cathode
coupling voltage as a function of pressure. We similarly have
rigorously quantified the uncertainty in the model parameters
and in turn how this impacts predictions for zero background
pressure. We expand upon these results here by examining the
validity of the underlying assumptions of the model, the phys-
ical significance of the trends in the model parameters, how
our result compares to previous work, and the application of
our model for predicting thruster performance on-orbit and for
identifying strategies to mitigate this facility effect.

6.1. Implications of relaxing the model assumptions

There were a number of assumptions we invoked in the deriva-
tion of equation (12). The most critical include constant elec-
tron temperature, the simplified model for the expansion of
the plume, and the neglect of cross-field transport. We dis-
cuss in the following the implications of relaxing each of these
assumptions.

6.1.1. Constant electron temperature. The assumption that
the electron temperature is constant with facility pressure is
not strictly self-consistent with the model we have presented.
In particular, we argued in section 2.4 that with decreasing
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facility pressure, the electron resistivity will increase. This
stems from the form of the anomalous collision frequency we
invoked from reference [42]. While this increase in resistiv-
ity will result in a higher contribution to the coupling voltage
from the resistive component, it also will lead to increased
Ohmic heating in the near-field cathode plume. The electron
temperature therefore may increase at lower facility pressure.

Estimating the change in electron temperature self-
consistently and how it impacts the model for coupling volt-
age would in principle require an equation for the electron
energy. The addition of such an equation would destroy the
simplicity of the algebraic functional form we have derived in
this approach. Bearing this in mind, we can point to indirect
evidence that the variation in near-field electron temperature
may be a weak effect. Numerical simulations and experimental
measurements have shown over a wide range of thruster and
facility configurations that electron temperatures range from
Te = 2–6 eV. This relatively narrow range suggests indirectly
that this quantity may not depend strongly on the facility envi-
ronment. As an additional consideration, we note that although
the temperature’s dependence on pressure is not known a pri-
ori, in the limit that it is a weak dependence, it can be approxi-
mated to first order with a linear term, i.e. ΔTe ∝ −ΔP̄B. The
temperature dependence thus in part can be captured by the
linear relationship already exhibited in equation (12).

6.1.2. Cathode plume expansion model. Another key
assumption we have employed in our analysis is that the
plume expands conically from the cathode exit (equation (9)).
While this simplification has been invoked in previous
1D models and validated against measurements of plasma
properties along cathode centerline [44], there is a possi-
ble ambiguity in this simplification that stems from θ, the
assumed angle of expansion. This model parameter depends
on the cathode operating condition, and in principle, it will
impact the form of the resistive term in equation (12). In our
approach, we have eliminated this model parameter implicitly
by expanding equation (9) under the dual assumptions that
r/L � 1 and that the plasma density from the thruster in the
cathode plume and the facility background are both small
compared to the density in the cathode exit.

These assumptions could be relaxed by using the full form
of equation (9) in equation (6) when evaluating the integral.
However, this will have the consequence of introducing an
additional model parameter, θ, which must be inferred against
data. As we discussed in section 2.5, the limited size of avail-
able datasets has driven us to eliminate as many model param-
eters as possible. With that said, given that we anticipate both
of the assumptions we have invoked to remove θ will be uni-
versal across thruster types, the neglect of this free parameter
can be employed without a loss in model fidelity.

6.1.3. Cross-field transport. We have assumed in the preced-
ing discussion that the electron dynamics in the cathode near
field are parallel to the applied magnetic field. This is justi-
fied provided the electrons remain sufficiently magnetized that
the path of least resistance is along the field lines. In practice,

for cathodes placed farther from the thruster body where the
magnetic field is lower, it may be possible for finite current
to cross field lines, thus changing the form of equation (6).
With that said, even in this limiting case, we anticipate
that the form of equation (12) will still capture the correct
behavior.

To illustrate this, we re-examine equation (2) for the case
when crossed-field transport is permitted. As this equation
shows, the resistivity in the cross-field direction depends
inversely on the collision frequency in the ‖̂ × ⊥̂ direction. As
was found in reference [42], however, the collision frequency
in this direction scales linearly with neutral density. We there-
fore anticipate that qualitatively, even allowing for cross-field
transport, the resistivity in the near-field will vary inversely
with facility pressure. Thus, while including cross-field effects
may ultimately lead to a more complex dependence of the
resistive term in equation (12) on facility pressure, at least
qualitatively, the trend of decreasing resistance with facility
pressure is still anticipated and represented by our simplified
model.

The preceding argument applies to the case where the mag-
netic field is sufficiently weak that electrons emerging from the
cathode immediately can cross field lines. However, we note
that in some thrusters with external cathodes, the cathode is
located in a region of strong magnetic field that is outside the
so-called thruster ‘separatrix.’ The BHT-1500 in the external
configuration, for example, conforms to this design [53]. In
this case, the electrons are confined to field lines, but there are
no lines that directly connect the cathode plume to the thruster.
This would suggest that for the current path to be completed,
there must be a point downstream of the cathode plume where
cross-field transport, i.e. across the separatrix, does occur.

The necessity of this cross-field transport does not invali-
date the model we have proposed here. Indeed, although we
have illustrated in figure 1 a case where there is a well-defined
field line that connects to the main plume, in practice we only
assume in our model that the electron dynamics in the near-
field region of the cathode must be parallel to the field lines.
The resistive term only captures the effect of the resistivity of
the electrons as they initially follow the applied field. Down-
stream of this region, i.e. characteristic length L, we assume
that the anomalous resistivity is negligible and the plume
dynamics are strictly Boltzmann. Implicit in this assumption
is that electrons have sufficient mobility along and across
field lines to maintain a Boltzmann relationship between
density and potential in the far-field region. If this indeed the
case for a cathode located outside the separatrix, the model still
applies.

To this point, qualitatively, the results in reference [53]
for the cathode located outside the separatrix show that the
electron plume appears to follow field lines by moving away
from the thruster. This would be the region where resistive
effects occur per our model. Presumably, connection to the
main plume occurs further downstream where the plasma may
be more Boltzmann. The ability of equation (12) to capture
the pressure dependence of the coupling voltage for this case
(figure 4d) is a correlational indication of its validity.
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6.2. The need for anomalous collision frequency to explain
observed trends

We discuss here how anomalous collision frequency is neces-
sary in order for the resistive term in equation (12) to show
improved coupling (lower voltage) with facility pressure. To
illustrate this, we consider the parallel component of resistiv-
ity in equation (2) in the limit where only classical collisions
dominate:

η‖ =
me

q2ne
[νei + νen] , (15)

where νei is the electron–ion collision frequency and νen is the
electron–neutral frequency given by (cf reference [44])

νei = 2.9 × 10−12ne
ln Λ

T3/2
e

νen = 6.6 × 10−19

[
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4

)1.6

]
nn

√
8Te

πme
. (16)

Here Λ denotes the Coulomb logarithm, nn is the local neu-
tral density, and Te is given units of energy. Assuming that the
background neutral density will scale with the local electron
density and that the temperatures remains approximately con-
stant, we see that in the limit of classical collisions, η‖ will
be constant. This would suggest that resistive contribution to
the cathode coupling voltage would be independent of facility
pressure, which is not reflected by the data (figures 4(d)–(h)).
Rather, it is the unique form of the anomalous collision fre-
quency and its dependence on density that has yielded a model
that captures the experimentally observed trends.

6.3. Impact of cathode placement and facility configuration
on trends in coupling voltage

Interpreted in the context of our model, three of the datasets
shown in figure 4 can provide insight into the impact of cathode
environment on the response to facility pressure. The first set
consists of the plots from the BHT-1500 (figures 4(c) and (d)).
In this case, the thruster was operated at the same operating
condition but with the cathode located at two locations, inter-
nally mounted and externally mounted. Evidently, the different
locations yield disparate trends in facility pressure. In the con-
text of our model, the internal cathode appears to be dominated
by Boltzmann effects (coupling voltage increases with facility
pressure) while the external cathode configuration’s response
is driven by resistive effects (coupling voltage decreases with
pressure).

This disparity in trends may be attributed to local changes
in the cathode environment between the two configurations.
For example, since the external cathode is located outside the
magnetic field separatrix for the BHT-1500, the electrons must
follow a more divergent path to reach the discharge. This may
contribute to a longer effective electrical path and therefore
resistance. To this point, looking to the results reported in
table 1, we see that the internal cathode is projected to have
a vacuum voltage that is 14 V lower than the external configu-
ration. Qualitatively, this suggests that the external cathode has
a more tenuous electrical connection to the main discharge. A

similar difference between external and internal cathodes was
noted in the parametric study Hofer and Anderson performed
on a 6 kW class device [17].

Figures 4(e) and (f) show the results for the NASA 173M
at the same operating condition but with the cathode at two
different radial locations. In both configurations, we see that
the coupling voltage trends down with facility pressure. This
suggests in light of our proposed model that resistive effects
dominate. With that said, there are two salient differences:
the cathode closer to the thruster has a higher vacuum cou-
pling voltage (∼ 30 V versus 24 V), but the cathode farther
from the thruster exhibits a more drastic change in voltage
with pressure. These results indicate that the more radially dis-
tant cathode is positioned to better couple electrically couple
to the main discharge; however, its position renders it more
susceptible to facility changes. One potential explanation for
this discrepancy is that the more radially distant cathode may
intercept fewer particles originating from the main discharge.
The baseline density in the cathode plume therefore will be
lower. This translates to a smaller value of P̄T and therefore a
steeper slope for the dependence of coupling voltage on pres-
sure. This hypothesis is supported by the median values of the
coefficients shown in table 1.

Figures 4(k) and (l) show the cathode coupling voltage for
the SPT-100 at the same operating condition but in two differ-
ent facilities. The quantitative agreement between the results
suggests that the cathode coupling response to facility pres-
sure, at least for this thruster, is not a function of the facility
boundary conditions (e.g. the electrical coupling to the walls).
Rather, it is a localized effect. This is consistent with the phys-
ical interpretation underlying our model. We have stipulated
that it is the local resistivity in the cathode plume and local
disparity between the cathode plume density and the plasma
density originating from the thruster that drive the coupling’s
response to the facility environment.

6.4. Comparison to previous cathode coupling models

The analytical model we have presented in the preceding dis-
cussion is based on a number of key assumptions consistent
with experimental measurements of cathode and Hall thruster
plasmas. With that said, there have been at least three previ-
ous attempts to derive simplified models for the dependence
of cathode coupling voltage on pressure [19, 31, 33]. In each
case, the underlying assumptions of the models differed from
the ones we have proposed here, and yet, they were able to re-
create experimental trends. This begs the question as to which
model, if any, correctly represents the physical processes in
the plasma. With this in mind, we briefly discuss the previous
models, their underlying assumptions, and how these compare
with our physical interpretation.

6.4.1. Spektor model. Spektor et al [19] employed a 1D
numerical model to determine the cathode coupling voltage of
the SPT-100 as a function of facility pressure. Their approach
differed from ours in that they assumed the electron collisions
were classical and that the current path could cross the applied
field. Per our discussion in section 6.1, this latter assumption is
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not consistent with typical cathode plasma conditions. Indeed,
the electron resistivity across field lines is orders of magnitude
higher than in the parallel direction, which should thus direct
the current along the applied field.

As the authors point out in reference [19], they are able to
artificially promote cross-field current by lowering the mag-
netic field strength by an order of magnitude compared to
typical conditions. This was necessary as it is the inverse
dependence of cross-field mobility on the collision frequency
(equation (2)) that allowed the authors to capture the correct
trends in coupling voltage with density (the parallel resis-
tivity for classical collisions is independent of facility pres-
sure—section 6.2). The authors note that the choice to lower
the magnetic field was driven by expedience and remark that
the presence of anomalous collisions could be another possi-
ble mechanism for enabling cross-field transport. However, as
we have shown in this study, experimentally, the anomalous
collision frequency in the cross-field direction is still too low
to allow for significant current to flow locally in this direc-
tion. With that said, finite current could flow azimuthally if the
effective area through which the current couples to the main
discharge is assumed to be larger than just the local area sub-
tended by the cathode plume. This effect is not included in
the Spektor model, but it is an assumption employed in the
approached adopted by Mikellides (section 6.4.3).

6.4.2. Cusson and Jorns model. Cusson and Jorns [33]
derived a model for cathode coupling voltage based on the
assumption that the electron transport was non-classical and
dominated by resistivity driven by IAT. Although our approach
is predicated on the same assumption, we differ from this
previous work in two ways: this earlier study neglected the
Boltzmann contribution and it treated the effect of the IAT
differently. Cusson and Jorns assumed the IAT grew as it con-
vected without saturating in the plume. Our model, on the other
hand, is based on the assumption that the waves are saturated,
thus giving rise to the simple closure expression for collision
frequency we have adopted (equation (7)). Ultimately, both
models are able to be tuned to match experimental trends in
cathode coupling voltage with pressure. However, the fact that
our model for the IAT has been validated against a cathode
plume, [42] lends additional support to the approach we have
presented here.

6.4.3. Mikellides model. The final model for comparison was
proposed by Mikellides et al [31]. This work was motivated
by the need to explain experimental trends for the cathode
coupling voltage in the 4.5 kW-class SPT-140 thruster. The
derivation of this model was informed by high-fidelity numer-
ical simulations of the SPT-140 that had been benchmarked
against experimental data [32]. The final algebraic model pre-
sented in reference [35] has the same form as equation (12)
with two exceptions: the resistive term is absent and the sign
of the Boltzmann term is reversed.

The differences in the models stem from the underlying
assumptions about the electron coupling. Instead of restricting
the coupling to the localized near-field of the cathode plume,

Mikellides et al assume electrons from the cathode can flow
in both the axial and azimuthal directions. Some electrons
sourced from the cathode can cross the magnetic field and then
turn axially toward the main discharge. The net effect is that the
current from the cathode can be represented as electrons cou-
pling axially to the main discharge along the entire annulus the
cathode subtends. Mikellides et al assume that the variations
in the coupling voltage can be attributed to azimuthal asymme-
tries in this current that result from changes in facility pressure.
As a consequence, even though the authors in reference [31]
note that electron coupling to the discharge occurs along field
lines and that non-classical electron resistivity along field lines
can develop in cathode plumes, they assume that the response
of these effects to facility pressure can be neglected compared
to the changes that result from pressure-induced variations
in the azimuthal distribution of current. This dependence is
represented with a Boltzmann-like scaling.

The electron coupling through the entire annulus subtended
by the cathode is modeled in the numerical axisymmetric sim-
ulations that were used to guide the Mikellides approach by
scaling the plasma density at the cathode by the ratio of the
area of the cathode exit to the area of the annulus. This scal-
ing conserves the total current from the cathode while reduc-
ing the effective density at the radius of the cathode such that
the inequality nT

e(P) 	 ne(0) is satisfied. This latter assumption
explains why the Boltzmann contribution to the plasma poten-
tial is positive in the Mikellides model (in contrast to our form
where we assume the opposite inequality for the density). It is
ultimately because of this sign change that the coupling volt-
age improves with facility pressure in the Mikellides model.
Mikellides et al similarly introduce a coefficientα to represent
the change in the voltage drop due to azimuthal asymmetry
in the axial current density. This functionally allows for an
adjustable parameter to better match experimental trends in
voltage with facility pressure.

Practically, both our result and the Mikellides model (when
properly tuned with fit coefficients) are able to represent exper-
imental trends in the cathode coupling voltage for thrusters
with external cathodes. However, the physical reasons for the
decrease in coupling voltage with pressure are fundamentally
different: our model attributes it to a change in parallel resis-
tivity while the Mikellides approach ascribes the change to
a Boltzmann-like effect. While the ambiguity about which
description is valid may only be resolved through direct exper-
imental measurements of the electron transport properties, the
arguments we have made in our comparison to the Spektor
model about the high-resistivity in the cross-field direction
favoring local transport of electrons along field lines still per-
tains. Similarly, we remark that qualitatively, external cath-
ode plumes (as denoted by the region of high luminescence)
typically follow the applied field structure (cf long exposure
images from reference [53] for the BHT-1500). This lends cor-
relational support to our assumption that the connection to
the plume is a localized process. With that said, luminosity
in plasma is a qualitative metric at best, and this observation
does not discount the possibility the electron dynamics could
be connecting to the plume at other azimuthal locations.
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As a final comment, we remark that models from reference
[31] as well as from [19, 33] all uniformly predict that the
cathode coupling voltage should decrease with facility pres-
sure. There are experimental cases, however, where the oppo-
site trend occurs (figures 4(a)–(c)) or there is non-monotonic
behavior (figures 4(k) and (l)). The limitation of these pre-
vious approaches to capture these trends may be attributed
to the fact that the assumptions underpinning these mod-
els are only valid for the particular thruster that was stud-
ied. Indeed, in each of these previous cases, the data from
only one thruster was considered and used to evaluate the
model in question. Our approach in principle has expanded
versatility as we have included terms that represent two dis-
parate physical processes—the resistive and Boltzmann con-
tributions—that can be varied in magnitude by changing the
model coefficients. This allows us to represent different cath-
ode environments where one may effect may dominate over
another. We therefore are able to capture with a high degree of
confidence the varying trends exhibited by different cathode
configurations.

6.5. Implications for thruster performance models

As we have discussed in the introduction, the guiding goal of
developing a physics-based model for the coupling voltage is
to be able to predict key properties of the thruster on orbit.
To this end, we consider here our result in the context of a
performance model for the thruster where following reference
[44], we can express thrust as a product of scalar terms:

T = cos θD

√
2ηbηvηmη0ṁpPin. (17)

Here Pin denotes the input power to the thruster, ṁp is the mass
flow rate through the thruster and cathode, θD is the diver-
gence angle of the plume, ηb is the beam current utilization
efficiency that indicates the fraction of the supplied discharge
current that is converted to accelerated ion current, ηm is the
mass utilization efficiency, η0 is an electrical conversion effi-
ciency from the power supply to the thruster, and ηv is the
voltage utilization efficiency which represents the fact that not
all of the applied electrostatic potential energy for accelerating
the exhaust is converted to ion kinetic energy (figure 2).

For most facility pressure studies, the discharge cur-
rent—and by extension—power is held constant. The depen-
dence on facility pressure thus stems from the other terms in
equation (17), e.g. θD(P̄B), ηb(P̄B), ηv(P̄B), etc. Our effort in
this work has informed a physics-based model for one of these
efficiencies:

ηv = 1 − Vcc(P̄B) +ΔV
VD

, (18)

where Vcc(P̄B) is given by equation (12) and ΔV denotes
other contributions to losses in the discharge voltage such as
spatially-distributed ionization and sheath formation. In light
of the experimental data shown in figure 4 and our model-
based extrapolations to space (Vvac in table 1), equation (18)
would indicate that the change in cathode coupling voltage can
lead to 1%–5% variations in thrust from the highest pressure
conditions.

Ultimately, to predict the thrust in space, it is necessary
to determine physics-based models for the other terms in
equation (17), and indeed, there are active efforts explor-
ing these other effects [30, 31]. With that said, it has been
suggested [31] that at least for some thrusters such as the SPT-
140, the variation in the cathode coupling may be one of the
dominant factors impacting thrust.

6.6. Facility effect mitigation

As a final discussion point, we comment on how the depen-
dencies in equation (12) may be leveraged to identify methods
for mitigating this facility effect. In this context, mitigation
means the thruster’s coupling voltage is rendered insensitive to
facility pressure such that parametric studies of coupling volt-
age (figure 4) would yield a horizontal line. We in turn would
be confident that the measured value in the facility would be
representative of an on-orbit value.

Reviewing the model parameters in equation (12), we see
that P̄T depends linearly on the plasma density originating
from the thruster. If for a given operating condition, this
density could be raised, then the sensitivity of the model to
facility pressure would be weaker. One possible method for
achieving this end is to artificially increase the plasma den-
sity in the near field. This could be accomplished by raising
the flow fraction of gas through the cathode, for example,
or with an auxiliary injector mounted on the thruster. Such a
method has recently been explored in the work by Cusson et al
[26] in the context of mitigating another facility effect—the
movement of acceleration zone with pressure. With that said,
while in principle this method may help reduce the sensitiv-
ity of the cathode coupling voltage, the benefits gained by the
reduced risk for the ground to flight transition must be weighed
against the wasted propellant devoted to this mitigation
method.

7. Conclusion

In this work, we have derived an analytical model for the
dependence of the cathode coupling voltage in a Hall thruster
on facility pressure. We arrived at this result from a general-
ized Ohm’s law for the electron dynamics subject to a number
of simplifying assumptions informed by recent experimen-
tal measurements. Most notably, we assumed that the elec-
tron current primarily flows along magnetic field lines in the
near-field of the cathode plume, that the electron collision fre-
quency is non-classical, and that downstream of the main cath-
ode plume, the thruster electron dynamics are approximately
Boltzmann. We have shown there are two contributions to the
coupling voltage that depend on facility pressure: a Boltzmann
effect that leads to worsening in cathode coupling with pres-
sure and a resistive-driven term that has the opposite effect.
The final result we have derived has three model parameters
that must be inferred from data.

We have applied the new model to 12 different thruster
configurations and operating conditions and shown that it can
match—within experimental uncertainty—measured trends in
coupling voltage. We similarly have quantified our confidence
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in each model prediction through the lens of Bayesian infer-
ence. This approach has allowed us to incorporate physical
intuition about the appropriate bounds for the model parame-
ters as well as to quantify explicitly the impact of experimental
uncertainty. Most notably, we have demonstrated that while it
is possible to extrapolate to on-orbit conditions with the model,
the confidence in these extrapolations is directly linked to the
uncertainty in ground-based measurements.

We have discussed in this work the limitations of our under-
lying assumptions and as well as their physical significance.
We in turn have used our physics-based model to interpret the
impact of cathode placement on the coupling voltage, to iden-
tify how the model may be used to project the impact of cou-
pling voltage on overall thruster performance when transition-
ing from ground to space, and to motivate potential techniques
for reducing the coupling voltage’s sensitivity to pressure. We
also examined our result in the context of previous studies that
have derived similar models for coupling voltage, outlining
key similarities and differences that stem from the underlying
assumptions.

Ultimately, this work has been motivated by a need to
address a major challenge in the field of electric propulsion:
how to translate ground tests to an on-orbit environment. Our
approach here complements the current practice of systemati-
cally decreasing facility pressure to the lowest value supported
by a facility and then using a best-fit function to the data to
extrapolate to space-like conditions. By rooting the function
used to extrapolate the data in a first-principles analysis and
applying rigorous Bayesian inference, we are able to increase
confidence in the projections of cathode coupling voltage to
orbit. This combination of physics-based, data-driven analy-
sis may serve as a future template to address other outstanding
facility related effects.
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Appendix A

We draw examples from previous experimental studies to
justify the assumption outlined in section 2.5 that the coef-
ficients c1, c2 � 1. In reference [42], the typical coupling
length was found to be L ≈ 5 cm (inferred from the plume
lengthscale), while cathode orifice radii typically range from
2–5 mm. We therefore anticipate L/r ∼ O[10]. On the other
hand, while the plasma density at the cathode orifice exit is
the highest in the entire thruster geometry, ne(0) ∼ 1020 m−3,
the background density of plasma from the facility and
from the thruster plume near the cathode drop are orders of
magnitude lower. For example, for a reference pressure of
Pref = 10−5 Torr-xenon (a typical maximum working pres-
sure) at room temperature, the corresponding neutral density is
Pref/(kBTF) = 3.2 × 1017 m−3. Assuming a generous ioniza-
tion fraction of c′ = 0.1, we thus would find c2 ∼ O[10−2].
Working then under the assumption that O[c1] = O[c2] and
using our typical value of L/r, we can conclude that both
coefficients are less than unity.

Appendix B

We show in this section the values plotted in figure 4 in tabular
form.
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SPT-100 (L3) SPT-100 (Aerospace)

Pb (μTorr) Vcc (V) Verror (V) Pb (μTorr) Vcc (V) Verror (V)

1.67 31.20 0.3 3.45 31.12 0.3
4.11 31.95 0.3 4.27 31.29 0.3
6.97 32.02 0.3 8.04 31.89 0.3
12.3 32.84 0.3 14.4 32.30 0.3
15.8 32.83 0.3 24.9 33.11 0.3
25.1 33.09 0.3 49.1 32.46 0.3
38.2 32.58 0.3 73.7 32.13 0.3
55.1 32.10 0.3

PPS 1350-G H9

Pb (μTorr) Vcc (V) Verror (V) Pb (μTorr) Vcc (V) Verror (V)

3.9 32.67 0.2 7.1 24.99 0.5
7.9 33.27 0.2 12 25.96 2
13 33.33 0.2 16 26.65 0.5
26 33.69 0.2 21 26.97 0.5
37 33.67 0.2 26 27.55 0.5
54 34.38 0.2 30 27.94 0.5

BHT-1500 internal BHT-1500 external

Pb (μTorr) Vcc (V) Verror (V) Pb (μTorr) Vcc (V) Verror (V)

4.2 14.98 0.2 4.8 28.41 0.2
8.8 15.46 0.2 10 28.03 0.2
30 16.14 0.2 30 26.13 0.2

NASA-173M (Y = 0) NASA-173M (Y = 6)

Pb (μTorr) Vcc (V) Verror (V) Pb (μTorr) Vcc (V) Verror (V)

8.7 29.60 0.2 8.7 21.99 0.2
13 27.95 0.2 13 19.36 0.2
18 26.78 0.2 18 16.63 0.2
33 24.12 0.2 33 12.79 0.2

HiVHAc 300 V–3.0 kW HiVHAc 500 V–3.0 kW

Pb (μTorr) Vcc (V) Verror (V) Pb (μTorr) Vcc (V) Verror (V)

1.9 23 1 1.9 40 1
5.6 20 1 5.6 33 1
19 18 1 9.4 27 1

19 20 1

HERMeS 300 V–4.7 kW HERMeS 500 V–12.5 kW

Pb (μTorr) Vcc (V) Verror (V) Pb (μTorr) Vcc (V) Verror (V)

4.0 18.9 4 5.3 19.1 4
6.0 19.5 4 8.0 19.3 4
7.8 19.8 4 10.6 19.4 4
11.6 20.1 4 15.5 20.0 4
19.1 21.0 4 28.9 21.1 4
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