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A B S T R A C T

B rouw er's c o n tr ib u tio n  to  the study  o f fou n d a tio n s  o f m athem atics 

i s  g e n e ra lly  c e p te d , y e t th e  g r e a te r  p a r t  o f h is  work has rem ained 
in a c c e s s ib le  because o f  language and fo r  la c k  o f a b ib lio g ra p h y .

In  th i s  s tudy  of the  fundam ental concepts o f  Brouw er's 

in tu i t io n is m  and ph ilosophy  use has been made o f a l l  B rouw er's 
p u b lish ed  p ap e rs .

C hapter I

Some re le v a n t  b io g ra p h ic a l d e t a i l s  a re  g iv e n , as w ell as a survey 

o f B rouw er's fo u n d a tio n a l works, A la rg e ly  fo rg o tte n  work, Leven. 

K unst en M y stiek . has been in c lu d ed  as a u s e fu l source o f in fo rm atio n  

on B rouw er's c h a ra c te r ,  h is  g e n e ra l v iew s, and h is  m y s tic a l te n d e n c ie s .
A b ib lio g ra p h y  o f a l l  B rouw er's vmrk has been com piled, and is  

in c lu d ed .

C hapter I I

An a n a ly s is  i s  made o f  B rouw er's p h ilo so p h y , which determ ined 

h is  in tu i t io n is m  as e a r ly  as 1905 .

The c e n t r a l  p lace  in  th is  ph ilosophy  i s  tak en  by B rouw er's theo ry  

o f i n t u i t i o n  and m athem atics : i n t u i t i o n  as the  human mind a c t in g

independen tly  o f  a l l  d a ta  o f e x p e rie n c e , and m athem atics as n o th in g  

e ls e  bu t th i s  in t u i t i v e  m ental a c t i v i t y .

I t  i s  shovm th a t  th i s  ph ilosophy  i s  th e  fo u n d a tio n  o f B rouw er's 

in tu it io n is m ; a l l  h is  i n t u i t i o n i s t  th e o r ie s  and p ra c t ic e s  u l t im a te ly  

stem from h is  concep tion  o f  m athem atics.

C hapter I I I
In  p a r t i c u l a r ,  B rouw er's c r i t i c i s m  o f c l a s s i c a l  m athem atics, 

lo g ic ism , form alism , and Poincare^' s n e o - in tu it io n is m  i s  based on h is  

a b so lu te  d i s t i n c t i o n  betw een m athem atics and lan g u ag e , i . e .  e x p re ss io n  

o f  th i s  m ental a c t i v i t y  in  sounds o r  symbols. N e ith e r language nor
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lo g ic ,  tho p o s t-fac tu m  a n a ly s is  o f th i s  language can c o n tr ib u te  

any th ing  to  m athem atics; any d e v ic e , such as th e  P r in c ip le  o f  th e  

Excluded Middle which claim s to  produce m athem atical r e s u l t s  from 
a p u re ly  v e rb a l s t r u c tu r e ,  i s  su sp e c t.

C hapter IV

B rouw er's concep tio n  o f  m athem atics p la c e s  g re a te r  em phasis on 

the a c t iv e  human ro le ;  th i s  le a d s  to  an e n t i r e ly  nev/ concept o f the 

i n f i n i t e  sequence, o f s e t s ,  and o f th e  continuum,

A survey  i s  g iven of th e se  fundam ental n o tions  o f  B rouw er's 

a n a ly s is ,  e s p e c ia l ly  in  as f a r  they  d iv e rg e  from c l a s s i c a l  

m athem atics.

C hapter V summarizes the  main co n c lu sio n s dravm in  th i s  work.



-  5 -

C O N T E N T S

CHAPTER

CHAPTER I I

CHAPTER I I I

BROIMER'S LIEE AND WORK 7

B ib liog raphy  L .E .J ,  Brouwer 41

BROWffiR’S PHILOSOPHY 59

B rouw er's 'e g o ism '; consciousness and the 
' s e l f ;  c a u s a l i ty  and ' the  cunning a c t ' ;  

tho s o c ia l  phase; m athem atical v iew ing and 
pure m athem atics.

I n tu i t io n ;  French p h ilo so p h ic a l 73

in tu it io n is m  (B ergson); F rench  m athem atical 
in tu it io n is m  (P o incare^  B oro l, Lebesgue);

K a n t 's  in tu i t i o n ;  B rouw er's i n t u i t i o n ,  the  

p rim o rd ia l i n t u i t i o n  o f  tim e; B rouw er's 

g en e ra l concep tion  o f  in tu i t i o n .

The n a tu re  o f  m athem atics; c o n s tru c t iv e 

n ess ; in t e r s u b je c t iv i t y ;  ex ac tn ess  and the  

'c r e a t in g  s u b je c t ';  ap p lied  m athem atics.

The fo u n d a tio n s  o f m athem atics 
Brouw er's programme

LANGUAGE AND LOGIC 

Communication and the  n a tu re  o f  language as 

a s ig n ; the  inadequacy o f language in  communicat

ing  m athem atics; th e  s e p a ra tio n  o f  m athem atics 

and i t s  reco rd in g ; P o p p e r 's  th i r d  w orld.
Logic; B rouw er's concep tion  o f  lo g ic ,  123

in t u i t i v e  lo g ic a l  re a so n in g , th e o r e t ic a l  lo g ic  
and lo g ic ism ; m athem atics and lo g ic .

T ru th  and n o n -c o n tra d ic to r i ty ;  c o n tra -  I 36
d ic t io n ;  n o n -c o n tra d ic to r i ty  b e fo re  and 

a f t e r  1923.

90

104
108

112



-  6 -

The P r in c ip le  o f  th e  E xclu d ed  M id d le , 141

b e fo r e  and a f t e r  1 9 2 3 ; cou n terexam p les  

r e f u t in g  the PEM; th e  c o n tr o v e r sy  co n cern in g  

th e  Brouwer l o g i c ;  th e  PEM in  Brouwer’ s p o s t 

war c o n tr ib u t io n s .

Symbolic n o ta t io n  and fo rm a liz a tio n ; 155

B rouw er's lo g ic ;  H e y tin g 's  fo rm a liz a tio n  o f 

i n t u i t i o n i s t  lo g ic  and m athem atics; o th e r  

f  o rm aliz a t  io n s .

CHAPTER IV THEORY OP SETS AM) THE COMTIMJUIVI 164

B rouw er's th eo r y  o f  s e t s  b e fo r e  1918; th e  

n a tu re  o f  th e e lem en ts  o f  s e t s ;  fo r m a tio n  o f  

s e t s ;  Axiom o f  Com prehension and Axiom o f  

C h oice; power o f  s e t s .

The continuum b efo re  I 918; th e  in t u i t i v e  173

continuum; the  m easurable continuum; th e  

power o f  the  continuum; 'com ple ting  in to  
a con tinuum '.

Theory o f s e ts  and the  continuum a f t e r  1917; I 8O

s e ts  and the Brouwer continuum as 'medium o f  f r e e  

becom ing ',
The Brouwer s e t ;  f i n i t e n e s s ;  th eo r y  o f  s e t s ;  I 86

th e  n o t io n  o f  s p e c ie s ;  th eo r y  o f  s p e c ie s ;  com ple

m entary s p e c ie s ;  the p r in c ip le  o f  r e c ip r o c i t y  o f  

com plem entary s p e c ie s .

The s p l i t t i n g  o f  eq u ip o te n c y ; e q u ip o t e n c ie s , 200

in e q u a l i t i e s  and ' den u m e r a b i l i t ie s ' ,

O rder and v i r t u a l  o rd e r ; v i r t u a l  o rd e r in g  205

o f th e  continuum; w e ll o rd e rin g .

The Brouwer continuum  and th e  r e a l  numbers; 211

p o in t  o f  th e  continuum ; c o in c id e n c e ,  a p a r tn e ss  

and d e v ia t io n ;  th e  Brouwer cu t ( i n t e r c a l a t i o n  

e le m e n t) ; th e  reduced  continuum  and th e  f u l l  con

tinuum; p r o p e r t ie s  o f  th e  continuum .

CHAPTER V CONCLUSIONS



-  7  -

C H A P T E R  I

BROIMER'S LIRE AND WORK

L u itz e n  E gbertus Jan  Brouwer v/as born  on F ebruary  2 7 th , I 88I  a t  

O versoL ie, th e  e ld e s t  son o f  E gbertus Brouwer, a sch o o lm aste r, and 

H endrika Poutsma. He a tten d ed  prim ary schoo ls a t  Medemblik and Hoorn 

and re c e iv e d  h is  secondary educa tio n  a t  the  H^B«S. a t  Hoorn and the  
Gymnasium a t  Haarlem.

On 27th  Septem ber, 1897, a t  th e  age o f  s ix te e n ,  Brouwer was r e g is te r e d  
a t  th e  U n iv e rs ity  o f  Amsterdam to  s tudy  m athem atics and science* His 

m arriage to  E l iz a b e th  de H olle  on 3 1 s t A ugust, I 904 b rough t him an 

income th a t  enabled him to  devote a l l  h is  tim e and energy to  h is  

s tu d ie s .  He com pleted h is  academic s tu d ie s  a t  th e  U n iv e rs ity  o f 

Amsterdam w ith  th e  p u b l ic a t io n  o f  h is  d i s s e r t a t io n  Over de C rondsla^en 

d e r  Wiskunde (The Foundations o f  M athem atics) and th e  p u b lic  defence 

o f 21 th e se s  on 19th  F eb ru ary , 1907.^ He was awarded th e  d o c to ra l 

degree 'cum la u d e ' .  He had e a r l i e r  (19O5 ) p u b lish ed  h is  r a th e r  c o n tro 
v e r s i a l  book Leven. K unst en M ystiek ( L i f e ,  A rt and M ysticism ).

These two p u b lic a tio n s  a re  the  only  works o f  Brouwer th a t  can be 

d e sc rib e d  as books,^ T ogether w ith  h is  o th e r  p u b l i a a t i o n s  b efo re  

1907 , which in d ic a te  h is  to p o lo g ic a l te n d e n c ie s , they  g ive a  c le a r  

in s ig h t  in to  B rouw er's complex p e r s o n a l i ty  and th e  wide range o f  h is  

i n t e r e s t s ,

Leven. K unst en M ystiek ( 19O5) proves an em barrassm ent to  B rouw er's 

s e r io u s  i n t u i t i o n i s t  fo llo w e rs , who d ism iss  i t  as a r id ic u lo u s  joke o f  a 

man o f g e n iu s , w r i t te n  in  a p e rio d  o f  a d o le sc en t i n s t a b i l i t y  and 
d e p re s s io n , and co n v en ien tly  fo rg e t  i t  i n  t h e i r  b ib l io g ra p h ie s .  I t  i s  

c e r ta in ly  no t d i r e c t ly  m athem atical bu t i t  throw s l i g h t  on many a sp ec ts  

o f  B rouw er's l i f e  and v iew s, in c lu d in g  h is  views on m athem atics, 

i n t u i t i o n ,  and sc ien ce  in  g e n e ra l.

 ̂ T h is  p e r io d  o f  t e n  y e a r s  i s  n o t e x c e s s iv e ly  lo n g  by D utch s ta n d a rd s;  
th e  minimum, p e r io d  o f  und ergrad uate s tu d y  i s  about s i x  y e a r s .  The 
w r it in g  o f  a d i s s e r t a t io n  fo l lo w s  th e  d o c to r a l  ex a m in a tio n ,

 ̂ O ther in d ep en d en t p u b l ic a t io n s  such  as .19Q9A, 1912A . 1928C e t c , , are  
p r in t s  o f  s in g le  l e c t u r e s ;  1919B a r e p r in t  o f  I 9O8B . 19094 and 1912A.



Most o f  th e  views expressed  in  Leven . K unst en M ystiek rem ained 
w ith  him f o r  th e  r e s t  o f h is  l i f e .  H is m ajor s ta tem en ts  on the  

fo u n d a tio n s  o f  m athem atics, such as 1953 and 1948C. c o n ta in

passages v e ry  rem in iscen t o f  those  expressed  in  th i s  hook. At the 

h e ig h t o f h is  fame Brouv/er h im se lf  recommended i t s  re a d in g , and tov/ards 

the  end o f h is  l i f e  he made v a r io u s  a ttem p ts  to  have i t  t r a n s la te d  in to  
E n g lish  and rep u b lish ed .^

Brouwer pub lished  i t  a t  th e  age o f 24, e ig h t  y ea rs  a f t e r  he had 

s ta r te d  h is  m athem atical s tu d ie s  a t  the U n iv e rs ity  o f Amsterdam and le s s  
than  one and a h a l f  y ea rs  b efo re  th e  p u b lic a tio n  o f h is  d i s s e r t a t io n .

In  f a c t  he worked f o r  some tim e on b oth  p u b l ic a t io n s  s im u lta n e o u s ly .

At f i r s t  s ig h t ,  i t  seems alm ost u n b e liev ab le  th a t  t h i s  was 

w r i t te n  by Brouwer a t  the  same tim e th a t  he was working on h is  

Grondslaæen. I t  i s  a confused , h a l f -p h i lo s o p h ic a l ,  h a l f -m y s t ic a l ,  

rom antic agg lom eration  o f  pam phlet-type a r t i c l e s  on a whole range o f su b je c ts  

v a ry in g  from l i f e ,  i n t e l l e c t ,  s c ie n c e , t r u t h ,  and language to  p o l i t i c s ,  

the  debasem ent o f so c ie ty  by so c ia lism , and th e  i n f e r i o r i t y  o f women 

compared to  men, a p p a re n tly  w r i t te n  by someone w ith  an axe to  g rind  

a g a in s t s o c ie ty  and e s p e c ia l ly  those  engaged in  s tu d y , w r i t te n  some

tim es in  th e  most f a n a t i c a l  and coarse language. His main theme i s  

th a t  man has b e tray ed  h is  noble anim al n a tu re ,  th a t  h is  w orst f a c u l ty  

i s  h is  i n t e l l e c t ,  which he has used to  in t e r f e r e  w ith  n a tu re  (even  th e  

Dutch a re  condemned f o r  b u ild in g  dykes), Man i s  compared to  a b i r d ,  

'a r ro g a n tly  g u lp ing  up i t s  own n e s t ,  in t e r f e r in g  w ith  m other e a r th ,  

gnawing, m u ti la t in g  h e r ,  making h e r  c re a tiv e  power s t e r i l e  u n t i l  a l l  

l i f e  has been devoured ' (p .lO ) ,  Schopenhauer's p e s s im is t ic  ou tlook  on 

l i f e  can be tra c e d  on alm ost every  page; pages 47 -  6$ a re  a Brouwer 

v e rs io n  o f Schopenhauer's rn iso g y n is tic  E ssay  on Women in  P a re r^ a  and 

Paraldnom ena. 'T h a t u n d e rs iz e d , narrow -shou ldered , b road-h ipped  and 

sh o r t- le g g e d  ra c e , the  number two o f th e  human r a c e ') :  'Between a

1 His h o u se k e e p e r-se c re ta ry , A,.W;. Vermey, v/rote to  a p ro sp e c tiv e  
p u b lis h e r  on h is  b e h a lf :  'As to  A r t .  L ife  and M ysticism , th i s  i s  a 
y o u th fu l s e r ie s  o f  le c tu r e s  f o r  th re e -q u a r te r s  e e r io u s ,  one q u a r te r  
b la g u e . . b u t c e r ta in ly  g iv in g  an im pression  o f th e  c h a ra c te r  and 
o r ig i n a l i t y  o f h is  way o f  th in k in g . One c h a p te r  about language 
could perhaps g ive you an im pression  o f t h i s  pap er and P ro fe s so r  
Brouwer agreed  th a t  I  should  t r y  and t r a n s l a te  i t  in to  E n g lish , 
which I  s h a l l  g la d ly  d o . . ' L e t te r  A J L  Vermey to  A. H i l l  o f 
6 th  Septem ber, I 964.



^

woman in  h e r  innerm ost n a tu re  and an anim al such as a l io n e s s  th e re  i s  

l e s s  d if fe re n c e  th an  between two tw in  b r o th e r s ’ (p . 52) .« 'She must 

be humble and humbly take  from h is  hands a l l  ignob le work to  leave  him 

to  en joy  th e  f a c u l t i e s  o f  the  body in  which he v/alks t h i s  e a r t h . . , . , .  

W ithout an 'Augenzucken' she w all g ive h e r  l i f e  in  o rd e r  to  save h is  

e q u ilib r iu m ' (p . 53) «■ One cannot he lp  r e f l e c t i n g  on B rouw er's own 

l i f e  o f  s tu d y , one y e a r  a f t e r  h is  m arriage supported  by h is  w ife and 

th e  income from h e r  chem ist shops, e s p e c ia l ly  when he w r i te s :  'T h a t 

money f o r  o n e 's  l iv e l ih o o d  i s  u su a lly  earned  by th e  man i s  o f as l i t t l e  

im portance as money i t s e l f ;  th i s  happens to  be so a t  p re s e n t when 

ea rn in g  money goes hand in  hand w ith  doing noble work; to  th e  o ld  

Germanic t r i b e s ,  t i l l i n g  the  land v;as regarded  as ignob le  work and th e re 

fo re  done by women; when a l l  p ro d u c tiv e  la b o u r has been  made d u l l  and 

ignob le  i t  w i l l  be done e x c lu s iv e ly  by women; in  the  meantim e, men w i l l  

occupy t h e i r  time acco rd ing  to  t h e i r  a b i l i t y  and a p t itu d e  in  s p o r t ,  

gym nastics , f ig h t in g ,  s tud y in g  p h ilo so p h y , g a rden ing , wood c a rv in g , 

t r a v e l l i n g ,  t r a in in g  anim als and any th ing  th a t  a t  the tim e i s  regarded  

as noble work, even g-'mbling away v/hat t h e i r  wives have earned ; and 

th i s  i s  r e a l l y  much n o b le r  than  b u ild in g  b r id g e s  o r  d ig g in g  m ines'

(pp. 55 -  56) .
A lthough Leven . Kuns t .  Gn M ystiek can h a rd ly  be d e sc r ib e d  as an 

an tho logy  o f  p o e try ^ , a p p re c ia tio n  o f p o e try  i s  e v id e n t from many 

q u o ta tio n s  from G oethe, Z o la , Sophocles, Shakespeare and o th e r s ,  as 

w e ll as from th e  long-w inded defence o f a r t  as th e  u lt im a te  t r u th  

(c h a p te r  V I, 'Immanent T ru th ’) ,  Brouwer made a t te n p ts  a t  p o e try  him- 

seU.f th roughou t h is  l i f e  and l a t e r  moved f re q u e n tly  in  l i t e r a r y  c i r c l e s .^  

Leven . Kuns t  en Mys t i e k  le a v e s  no doubt about h is  t a s t e s ;  w ith  h is  u su a l 

uncompromising v ig o u r he condemn.s what he does no t l ik e  : 'T ran scen d e n ta l 

t r u th  cannot be found excep t in  a  few a r t i s t s :  Bach, Leonardo. 

Inflam m atory and a n a rc h ic a l in  th e  w orst sense i s  p r a c t i c a l ly  every 

th in g  in  fa sh io n a b le  and p o p u la r music and th e  a r t s :  B eethoven, Wagner,

Rubens, R aphael, R em brandt.' (p . 66)

2

As r e fe r r e d  to  by G. K r e i s e l ,  B io g r a p h ic a l M em oirs, R oyal S o c ie t y ,
p. 39.
Brouwer was a r e g u la r  p a r t ic ip a n t  in  th e  m eetin g s  o f  th e  l i t e r a r y  
s e c t io n  o f  th e  D utch R oyal Academy (KAW) .
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S tro n g e s t i s  the  in f lu e n c e  o f  the  m ediaeval m y s tic s , M eis te r 

E ck h art -  f a v o u r ite  o f  the German rom antic movement -  and Jacob BBhme, 

as w ell as th e  e a s te rn  s e m i- re l ig io u s , m ystic  t r a d i t i o n ;  th i s  i s  

ev id en t from th e  g en era l tendency in  the  whole o f Leven , K unst en 

M ystiek . and th e  len g th y  q u o ta tio n s  from t h e i r  works and from the  
Bhagavad G îta .^

Though many o f the  views expressed  in  Leven. K unst en M ystiek 

can be d ism issed  as i r r e le v a n t  to  B rouw er's m athem atical th in k in g , 

o th e r s ,  and in  p a r t i c u la r  h is  m y s tic a l le a n in g s , have p e n e tra te d  in to  

h is  p h ilo so p h ic a l and m athem atical th in k in g ; h is  p e rso n a l and 

p a s s io n a te  involvem ent in  bo th  f i e l d s  o f m ysticism  and fo u n d a tio n s  o f 

m athem atics made co n p le te  detachm ent im p o ssib le . In  p a r t i c u la r  h is  

view s on language and lo g ic ,  m athem atical e x is te n c e , and in t u i t i o n  

which form the b a s is  o f  the i n t u i t i o n i s t  ph ilosophy  of m athem atics, 

f in d  t h e i r  u lt im a te  m o tiv a tio n  in  B rouw er's m y s tic a l b e l i e f s .

H is v iew s on s c ie n c e ,  as e x p r e sse d  in  L even . Ku n s t  en  M ysti e k .  

seem p r e p o s te r o u s  and im p o ss ib le  in  a m athem atic ian  and s c h o la r .

C hapter I I I ,  'M an's f a l l  through the  i n t e l l e c t ' ,  condemns c a u s a l i ty  

which in  h is  Grond s la ^ e n he claim s to  be th e  b a s is  o f  m athem atical 

th in k in g : ' I n t e l l e c t  has done mankind a d e v i l 's  s e rv ic e  through lin k in g

th e  two p h a n ta s ie s  o f means and e n d , ' (p . 1 9 ).^  On m edical sc ie n c e :

'The m edical in d u s try  was w ith  b a rb e rs  and quacks in  good hands; 

p r a c t is e d  w ith in  th e  co n fin es  of the  i n t e l l e c t ,  as m edical sc ien ce  i t  

i s  f a r  l e s s  e f f e c t iv e ' (p . I 9) .  On sc ience  in  g e n e ra l,  ( th e  Dutch 

word 'w etenschap ' does no t ju s t  cover p h y s ic a l .s c ie n c e s  b u t a l l  sy stem atic  
study  o r  knowledge, in c lu d in g  m athem atics, p h ilo sophy , and even the  a r t s ) :  

' i t  does no t s to p  w ith  sc ien ce  se rv in g  in d u s try ; the  means becomes an 

end in  i t s  own r ig h t  and -  h o r r ib i lo  d ie tu  -  i s  even p r a c t is e d  f o r  i t s  
ô vn sake ' (p . 2 l ) .  I n te r e s t in g  i s  B rouw er's in te r p r e ta t io n  on the  

contem porary ep is te m o lo g ic a l debate  and h is  views on fo u n d a tio n  study :
'A s c i e n t i f i c  t r u th  i s  no more than  a c e r ta in  in f a tu a t io n  o f d e s i r e ,  

l i v in g  e x c lu s iv e ly  in  th e  human mind. Every b ranch  o f sc ien ce  g e ts  

in to  more tro u b le  as i t  clim bs h ig iie r . I t  even clim bs so h igh  th a t

 ̂ Cf. a lso  1 9 4 8 c . p. 1241.
 ̂ L a te r  c a l le d  't h e  cunning a c t '  (l^4§Sf P* I 236) ;  see f u r th e r  p . 68,
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’ s c i e n t i f i c  thought i s  taken  as som ething independent o u ts id e  man.

Some even s t a r t  sea rch in g  f o r  the  fou n d a tio n s  o f  t h e i r  sc ien ce  and th a t  

soon oecomes a sc ience  in  i t s  own r ig h t  and they p r a c t i s e  "a theo ry  o f 

knowledge". As they  climb h ig h e r, tro u b le  in c re a se s  and they  go 

com plete ly  c razy . Some in  the end q u ie tly  g ive up. Having thought 

f o r  a long  time about th e  e lu s iv e  l in k  between th e  i n t u i t i n g  co nsc ious

ness -  which i t s e l f  develops from th e  world o f  phenomena -  and th i s  

world o f phenomena (which ag a in  i t s e l f  e x is t s  on ly  through and in  th e  form 
o f the i n t u i t i n g  consciousness) -  a confusion  which o r ig in a te d  in  a 

s in fu l, fo u n d a tio n  o f tho world o f i n t u i t i o n ,  they  th en  p lu g  the ho le  

w ith  the  concept o f th e  "I" which was s e l f - c r e a te d  w ith  and a t  the  same 

time as the  phenomenal w orld. And then  they  say , "Yes, o f co u rse , 

som ething must rem ain incom prehensible and th a t  som ething i s  th e  " I ” 

th a t  com prehends... But th e re  a re  o th e rs  v/ho do n o t know vdien to  s to p , 

who keep on and on u n t i l  they go mad; they  grow b a ld , s h o r t- s ig h te d  

and f a t ,  t h e i r  stomachs stop  w orking, and moaning w ith  asthma and g a s t r i c  
tr o u b le ,  they  fancy  th a t  in  th i s  way e q u ilib r iu m  i s  w ith in  reach  and 

alm ost r e a c h e d . . . ’ He concludes th e  passage w ith : 'So much fo r  s c ie n c e ,

th e  l a s t  flo w er and o s s i f ic a t io n  o f c u l tu r e ' (p . 22).

T his d isagreem ent o r  even c o n tra d ic t io n  between B rouw er's in n e r  

f e e l in g s  and b e l i e f s  and what he was p r a c t i s in g  p ro fe s s io n a l ly  as a 

m athem atic ian , i s  so lved in  Leven. K unst en M ystiek by a f a t a l i s t i c  

accep tance o f the  in e v i ta b le ,^  On the o th e r  hand, th e  dominant theme 

o f th e  whole work i s  the  ex ce lle n ce  o f in n e r  v is io n  and c o n v ic tio n  

( ' i n s i g h t ' )  and m is tru s t  o f o v e r - r a t io n a l iz a t io n ,  which made him in  h is  

ph ilosophy  o f m athem atics move to  in tu i t io n is m , made him lo se  i n t e r e s t  

in  topology when i t  became in c re a s in g ly  more a lg e b ra ic ,  and caused h is  

com plete s ile n c e  on fo undations  w ith  the  fo rm a liz a tio n  o f i n t u i t i o n i s t  

lo g ic  towards the end o f the tw e n tie s .
C hapter V I I I ,  'The F reed L i f e ' ,  sees th e  s o lu tio n  in  d is s e n s io n  

and escape from the  world in to  th e  s o l i t a r y  ' S e l f :  'A f te r  th i s  f i r s t

e scap e , he w i l l  n o t f e e l  a t  home among o th e r  p eo p le , whom he beg ins to  

i r r i t a t e  through h is  e c c e n t r i c i t i e s  which u n w ittin g ly  fo llo w  from th i s  

l i b e r a t i o n ' (p , 8 4 ). I t  i s  th i s  re a d in e ss  to  d iv e rg e  from the  u su a l

'The i n e v i t a b i l i t y  o f o n e 's  K arm a', p , 65; th e  whole of 
C hapter IV, 'A ppeasem ent'.
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and to  q u e s t io n  what was commonly a c c e p te d ^ , th a t  i s  so  c h a r a c t e r i s t i c  

o f  B rouw er's a t t i t u d e  in  h is  work on th e  fo u n d a tio n s  o f  m athem atics and 

th a t  gave him th e  courage to  oppose v/uch fo rm id a b le  and e s t a b l i s h e d  

m ath em atic ian s as H i lb e r t ,  C an tor, and Z erm elo, e s p e c i a l l y  s in c e  t h e i r  

v iew s  ran  so much co u n ter  to  B rouw er's deep c o n v ic t io n s  and em o tio n a l 

i n c l in a t i o n .

B oth  h is  ten d en cy  to  m y stic ism , h i s  em phasis on ' in n e r  v i s i o n ' ,  

and h i s  r e a d in e s s  to  d is a g r e e ,  d eterm in ed  th e road he was to  tak e in  h is  

d i s s e r t a t i o n ,  Gro n d sla g en  d er  Wiskunde (1 9 0 ? ) (F o u n d a tio n s o f  M athem atics), 

In  th e  th en  cu rr en t c o n tr o v e r sy  co n cern in g  th e  fo u n d a t io n s  o f  m a th em a tics , 

Brouwer r e a c te d  s t r o n g ly  a g a in s t  th e  d e d u c t iv e - lo g ic a l  d ir e c t io n  in  

w hich contem porary m ath em atic ian s were m oving, in  d ir e c t  o p p o s it io n  to  

th e  im portance he a tta c h e d  to  in n e r  v i s i o n .  There i s  a c e r t a in  sen se  

o f  r e g r e t  when Brouwer in  h is  h i s t o r i c a l  surveys^  r e p o r ts  on the d e fe a t  

o f  E u c lid e a n  Geometry as th e  b a s ic  d i s c i p l i n e  in  m athem atics a s a 

r e s u l t  o f  th e  d is c o v e r ie s  o f  n o n -E u clid ea n  g e o m e tr ie s . R ath er  th an  

f o l lo w  th o se  who were lo o k in g  tow ards a x io m a tic  s e t  th e o r y  o r  l o g i c  to  

f i l l  th e  vacuum, Brouwer wanted somehow to  p re se r v e  th e  c e n t r a l  r o le  

o f  geom etry,^  W hile a c c e p t in g  D e s c a r te s 's  and K ro n eck er 's  a r ith m e t-  

i z a t i o n  o f  sp a c e , Brouwer cou ld  n o t be s a t i s f i e d  w ith  K ro n eck er 's  

fo u n d a t io n  o f  th e  number sy stem . In  t h i s  he found a l l i e s  in  th e  

F rench  m ath em atica l i n t u i t i o n i s t s  and e s p e c ia l l y  Poincard^, who in  th e  

p r in c ip le  o f  con g)lete  in d u c t io n  had r e fu te d  t h i s  and o th e r  a ttem p ts  a t  

fo u n d in g  m athem atics w ith o u t a p p ea l to  s y n t h e t ic a l  a p r i o r i  judgm ents 

b u t who had n ot p ro v id ed  a co h eren t a l t e r n a t iv e  th e o r y  o f  fo u n d a tio n s  

o f  m ath em atics. N e ith e r  was Bromver s a t i s f i e d  w ith  t h e i r  p reo c c u p a tio n

1 I t  would be an o v e r - s im p l i f i c a t io n ,  f o l lo w in g  W ilhelm  O stw a ld t's  
a n a ly s i s  o f  g e n iu s ,  to  a t t r ib u t e  B rouw er's g r e a tn e s s  s o l e l y  to  o r  
to  m easure i t  in  term s o f  t h i s  r e a d in e s s  to  d iv e r g e  from  th e  u su a l  
o r  th e  e x p e c te d . I t  has c e r t a in ly  c o n tr ib u te d  and i s  more s i g n i f i 
c a n t a t  a tim e v/hen tho s p i r i t  o f  r e b e l l i o n  was n o t so  fa s h io n a b le .  
N e ith e r  i s  i t  c o r r e c t  to  p o r tr a y  Brouwer as a d eta ch ed  m a th em a tic ia n , 
c l i n i c a l l y  and o b j e c t iv e ly  s tu d y in g  contem porary m athem atics and 
d is c o v e r in g  f la w s .  The im p ress io n  i s  r a th e r  th a t  o f  someone who, 
d is a g r e e in g  w ith  o r  even  d i s l i k i n g  t h e i r  f in d in g s ,  s e t s  o u t to  prove  
them wrong.

C f. i g o z ,  1206B,, 1 ^ ,  I 2 i 2 à ,  1 2 5 ^ ,  1221 .

C f. Tho N ature o f  Geometry (1 9 0 9 B ), fu r t h e r  d is c u s s e d  on p ages | o  f f .
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w ith  d e f in a b i l i ty  o f axioms and freedom from c o n tra d ic t io n . Search ing  

f o r  a s e a t o f m athem atical r e a l i t y ,  n e i th e r  e m p ir ic a l no r p u re ly  v e rb a l ,  

Brouwer was n a tu ra l ly  a t t r a c te d  to  the  k ind  o f  in tu i t io n is m  as 

p resen te d  by B ergson, vAo p laced  t r u th  in  'c o n s c io u s n e s s ',  i n t u i t i o n ,  

th a t  p a r t  o f th e  human mind which tran scen d s  the  a n a ly t ic a l  i n t e l l e c t  
and grasps i t s  o b je c t from w ith in .^

Do Grondslagen d e r  Wiskunde (The Foundations o f M athem atics)

As we s h a l l  c o n s id e r  B rouw er's views on the  fou n d a tio n s  o f 

m athem atics more in  d e t a i l ,  i t  w i l l  be s u f f ic ie n t  here to  give only  a 

b r i e f  o u tl in e  o f  h is  d i s s e r t a t i o n ,  and c o n s id e r  th e  circum stances which 
c o n tr ib u te d  to  h is  choice of s u b je c t ,

Tho end o f  th e  n in e te e n th  cen tu ry  marks a p e rio d  o f  fundam ental 

c r i s i s  in  ph ilosophy  as w e ll as m athem atics,

K antian ism  was rev iv ed  in  Germany and H olland in  re a c t io n  a g a in s t 

n in e te e n th  cen tu ry  m a te ria lism  and in te l le c tu a l is m , ag a in  r e je c t i n g  

m etaphysics and c o n c e n tra tin g  on th e  o r ig in  o f  knowledge and ep istem o- 

logy . By the  tu rn  o f  the  cen tu ry  the  ro le  o f ph ilosophy  i t s e l f  was 
in  q u es tio n  and i t s  p lace  c o n te s te d  by the r a p id ly  advancing s c ie n c e s .

Cf. a lso  p. 73 f f .
Note on Leven. K unst en M ystiek : ■

Brouvfer' s in f lu e n c e  in  g en e ra l and th a t  o f  Levon. K unst en M ystiek 
in  p a r t i c u l a r ,  extended a lso  in to  the f i e l d  o f a r t .  J o o s t B a lje u ,
(The Problem of  R e a l i ty  w ith  Suprem atism . C o n s tru c tiv ism . P roun. 
N eop lastic ism  and E lem entarism , p . 114-) , claim s th a t  th e  movement known 

f.aB. N eop lastic ism  was la rg e ly  in s p ire d  by B rouw er's Leven. K unst 
on M y stiek . and th a t  the  v /r itin g s  o f  B rouw er's f r i e n d ,  th e  mathe
m a tic ian  Dr. H .J , Schoenm aokers, (The Nev/ Ima#e o f  the  World ( 1915) 
and The P r in c ip le s  o f P la s t i c  Mathema t ic s  ( l9 l6 )  ) .  were e n t i r e ly  
based on th i s  v/ork by Brouwer. Both Brouwer and Schoenmaekers 
l iv e d  a t  L aren and w ith  the  famous Dutch po e t F rc d o rik  van Ecden and 
a r t i s t s  l ik e  P ie k llo n d r ia a n , formed a c i r c l e  which o f te n  mot.
Mondriaan has indeed m odelled h is  scenery  a f t e r  Brouwer; e .g .  Scene I  
(M ondriaan 1919/ 1920) i s  taken  from Leven. K unst en M y stiek . p . 6I :  
'A liv e  in  v is u a l iz a t io n  as one p a r t  o f t h i s  p o l a r i t y , i t  ( i ,  e. invfard- 
ness o f in t ro sp e c tio n )  w i l l  no t lo o sen  i t s  t i e s  w ith  th a t  o th e r  p a r t  
which p rov id es  e te r n a l  c e r t a in ty ,  repose and wisdom. Thus, i t  w i l l  
experience  th e  v a s t  b lu e  sky as the  ex ac t c o u n te rp a r t o f  i t s  own 
h u m ility  and con tem pla tion ; tho  immutable course o f  s ta r s  as the  
c o u n te rp a r t o f tho  o th e r  co lou rs  and tho flow  o f p ass io n s  in  i t s  ovm
blood ............... . t h i s  in t ro s p e c t io n  sees the g iven env ironm enta l world
as the  karma which has to  blame i t s e l f ,  and th e  con fusion  produced 
in  the  environm ental world through thought and a c t io n  as th i s  karm a's 
f r iv o lo u s  bu rden , which i s  why i t  w i l l  v/ithdraw i t s e l f  from the  l a t t e r  
and no lo n g e r  occupy i t s e l f  w ith  those phenomena in  n a tu re  v/hich came 
in to  e x is te n c e  th rough the arrogance o f contem porary sc ie n c e , th ese  
b e ing  i t s  main s u b j e c t , ' .
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W hile e a r l i e r  p h ilo so p h e r s  had made t h e i r  mark in  th e  m ain ly  s o c i a l  

and p s y c h o lo g ic a l  s c ie n c e s ^ , tov/ards tho end o f  th e  ce n tu r y  p r a c t i 

t io n e r s  o f  d iv e r s e  s c ie n c e s  tu rn ed  p h i lo s o p h e r s ,  a n x io u s to  p ro p a g a te  

t h e i r  th in lc in g  and th e  methods o f  t h e i r  d i s c i p l i n e s ,  as v /e ll  as  

s e a r c h in g  f o r  j u s t i f i c a t i o n  o f  t h e i r  b a s ic  a s s e r t io n s ,  (Eo H a eck e l,  

H elm holtz , L o tze  -  m ed ic in e; B erg so n , P earson  -  b io lo g y ;  K ir c h o f f ,  

Mach, M eyerson , H e r tz , E in s t e in  and E d d in gton  -  p h y s ic s ;  H u s s e r l ,  

R u s s e l l ,  W hitehead , Mannoury -  m a th em a tics). The predom inance o f  

m ath em atic ian s and e s p e c ia l l y  m a th em a tica l lo g i c ia n s  among th o se  

'n a tu r a l '  p h ilo s o p h e r s  i s  p a r t ly  due to  t h e i r  t r a d i t io n a l  a f f i n i t y  w ith  

p h ilo so p h y ; i t  a ls o  r e f l e c t s  th e  grow ing aw areness among m ath em atic ian s  

o f  th e  s p e c ia l  problem  o f  th e  fo u n d a tio n s  o f  m ath em atics.

The e v o lu t io n  o f  m a th em a tica l l o g i c  s in c e  B o o le  and de Morgan 

p la c ed  th e  b a s is  o f  m athem atics c o n f id e n t ly  in  l o g i c  i t s e l f ,  t h i s  w ith  

v a r y in g  d e g r e e s  o f  em phasis to  th e  p o in t  o f  a c tu a l  i d e n t i f i c a t i o n  o f  

m athem atics and l o g i c .  O thers improved and ex ten d ed  th e  more t r a d i 

t i o n a l  m a th em a tica l method o f  a x io m a tiz a t io n  to  co v er  number th eo r y  

and o th e r  fundam ental t h e o r ie s  o f  m ath em atics. U n d er ly in g  b o th  tren d s  

v;as th e  i d e a l i s t i c  c o n v ic t io n  o f  a P la to n ic  ' r e a l '  w o r ld , w hich  had 

found new e x p r e s s io n  in  a x io m a tic  s e t  th e o r y . Even H i lb e r t ' s  programme 

o f  th e  form al a x io m a tic  method (a s  ex p r e sse d  in  G rundlagen d er  

Geomet r i c  (l899) ) ,  r e ta in e d  t h i s  i d e a l i s t i c  e lem en t and a r e l ia n c e  on  

l o g i c ,  a lth o u g h  th e  em phasis was on in t e r n a l  c o n s is t e n c y  as th e  f i n a l  

m a th em a tica l a r b i t e r .

The c o n fid e n c e  o f  m ath em atic ian s who had th o u g h t th a t  in  t h i s  way 

th e  q u e s t io n  o f  th e  u lt im a te  b a s i s  o f  m athem atics had f i n a l l y  b een  

s e t t l e d  . was s h a tte r e d  by th e  p u b l ic a t io n  o f  R u s s e l l ' s  p aradox.

The a t t e n t io n  o f  m ath em atic ian s a l l  o v er  th e  vrorld was drawn to  t h i s  

c r i s i s  in  fo u n d a tio n  s tu d y . '

In  H o lla n d , i t  was B rouw er's s u p e r v is o r .  P r o fe s s o r  D .J , K ortew eg , 

who promoted an i n t e r e s t  in  t h i s  cu r r e n t c o n tr o v e r s y . A lth ou gh  

h im s e lf  an a p p lie d  m a th em a tic ia n , he encouraged  r e s e a r c h  in  fo u n d a tio n  

stu d y  and h e lp ed  to  c r e a te  a c h a ir  in  'm athem atics and th e  p h ilo so p h y  

o f  m ath em atics' a t  th e  u n iv e r s i t y  o f  Amsterdam. T h is  c h a ir  was 

o ccu p ied  by G. Mannoury, a l i f e l o n g  f r ie n d  o f  Brouw er, and a s s o c ia t e

 ̂ H egel -  l e g a l  th eo r y ; Schopenhauer, N ie tz s c h e  -  d ep th  p sy ch o lo g y ;  
A u gu ste Compte -  s o c io lo g y .
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in  many o f h is  fo u n d a tio n a l and 's i g n i f i e '  a c t i v i t i e s /

A part from those  e x te rn a l c ircum stances which in flu en ced  Brouwer 

in  choosing the fo u n d a tio n s  o f m athem atics as th e  s u b je c t o f  h is  

d i s s e r t a t i o n ,  th e re  i s  a c e r ta in  p e rso n a l p re fe re n c e . Any even super

f i c i a l  re a d e r  o f  B rouw er's work must be aware o f  the  marked c o n tra s t  

between th e  te c h n ic a l ,  alm ost c l i n i c a l  approach o f h is  to p o lo g ic a l 

papers and th e  em otional involvem ent so ap paren t in  h is  fo u n d a tio n a l 

work. T his p e rso n a l p re fe ren c e  i s  shovm in  h is  choice o f  to p ic  when

ev er he spoke o r  w rote a t  an im portan t occasion  in  h is  c a re e r :  h is  

d i s s e r t a t io n  ( 190?) , a t  l e a s t  17 o f  th e  21 th e se s  f o r  p u b lic  defence 

on 19th  F eb ru ary , 1907, h is  f i r s t  p u b lic  le c tu r e  ( 19O9A) . h is  in a u g u ra l 

ad d ress  ( 1912A) , and numerous le c tu r e s  abroad o r  a t  in te r n a t io n a l  

co n fe ren ces . While h is  i n t e r e s t  in  topology o r s ig n i f i e s  was tem porary , 

h is  i n t e r e s t  in  fo u n d a tio n  study  rem ained w ith  him th roughout h is  l i f e ,  

even d u rin g  the most p r o l i f i c  p e rio d  o f to p o lo g ic a l a c t i v i t y  ( 19O9 -  1913)

There i s  a s tro n g  elem ent o f common i n t e r e s t  in  language, lo g ic  and 
m athem atics. Comparison between B rouw er's G rondslagen and 
M annoury's f i r s t  p u b lic  l e c tu r e ,  Over de B eteekonis d e r  Wiskundige 
Logica voor do P h ilo so p h ic  (On the  S ig n if ic a n c e  o f  M athem atical 
Logic f o r  P h ilo so p h y ), Rotterdam  I 9O5 , re v e a ls  a s tr i lc in g  s im i la r i ty  
o f  to p ic s  and su ggests  some in flu en ce  on Brouwer, i f  on ly  by 
in v i t in g  c r i t ic i s m  and fo cu s in g  a t te n t io n  on c e r ta in  to p ic s .
F requen t d isc u ss io n s  between Brouwer and Mannoury helped  to  sharpen 
and co lo u r Brouw er's o p p o s itio n  to  m athem atical lo g ic .  T h e ir  views 
a re  s u f f i c i e n t ly  d iv e rg e n t no t to  pursue th e  p o in t o f m utual 
in f lu e n c e  any f u r th e r  in  th i s  p re se n t work.

T hat f e e l in g s  between bo th  men wore sometimes s tr a in e d  i s  
shown in  19080. which i s  a sharp re p ly  to  M annoury's c r i t ic i s m  o f 
B rouw er's G rondslagen, p u b lished  in  Nieuw A rch io f voor W iskunde, 
v o l. V I I I ,  pp. 175 -  180.

F o r f u r th e r  comment on S ig n i f i e s ,  c f . p .113.
G. Mannou r y . in  h is  f i r s t  p u b lic  l e c tu r e ,  d e a ls  w ith  the development 
o f  ax iom atics  o f geometry and a r i th m e t ic ,  tho work by Peano and h is  
school on m athem atical lo g ic ,  and w ith  ax iom atics in  g e n e ra l. He 
defends th e ,  a t  the  tim e , h ig h ly  p ro v o ca tiv e  view th a t  ph ilosophy  
o r ig in a te s  in  l i n g u i s t i c  problem s, th a t  n e i th e r  lo g ic  no r ph ilosophy  
can c o n tr ib u te  any th ing  to  our knowledge th a t  had n o t p re v io u s ly  
been su p p lied  by 's c ie n c e s  o f o b s e rv a t io n ',  p h y s ic s , soc io lo g y  and 
psychology.

G. Mannoury became p ro fe s s o r  e x tra o rd in a ry  in  1917, and in  I 918 
succeeded p ro fe s s o r  D .J . Korteweg in  tho c h a ir  o f 'geom etry , mechanics 
and th e  ph ilosophy  o f m a th em a tic s '.

Ho r e t i r e d  in  1937 and d ied  in  1956.
A B ib lio g rap h y  o f M annoury's work can be found in  S y n th èse . 

v o l. X a ,  which co n ta in s  a lso  v a rio u s  c o n tr ib u tio n s  on Mannoury and 
h is  work, by A. H ey ting , E, B oth, D. van D an tz ig , J .C . D estouches.
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Over do Grondslag en  d e r  Wiskunde i s  d iv id ed  in to  th re e  c h a p te rs :

C hapter I  -  The C o n stru c tio n  o f M athem atics (De Opbouw d e r Wiskunde) ,
pp. 3 -  78;

C hapter I I  -  M athem atics and E xperience (Wiskunde en E rv a r in g ) ,
pp. 81 -  123;

C hapter I I I  -  M athem atics and Logic (Wiskunde en L o g ic a ) , pp. 125 -  180, 

Ch a p te r  I  suppo rts  the view o f those  'c o n s t r u c t iv e ' m athem aticians 

who -  i f  no t contemptuous o f fo u n d a tio n a l theo ry  -  m a in ta in  th a t  t h i s  

adds p rec io u s  l i t t l e  to  t h e i r  m athem atical p r a c t ic e  and th a t  B rouw er's 

c o n tr ib u tio n  to c o n s tru c tiv e  m athem atics can be seen as q u ite  s e p a ra te  

from h is  th eo ry  on m athem atical f o u n d a t io n s /  A part from some m inor 
p h ilo so p h ic a l d eg re ss io n s  on the  union o f the con tinuous and the  d i s c r e t e ,  

and a p re fe ren c e  f o r  H elm ho ltz 's  p h ilo so p h ic a l a n a ly s is  o f space over 

H i lb e r t 's  naive tre a tm e n t, C hapter I  i s  an e le m e n ta ry -c o n s tru c tiv e  

tre a tm e n t o f some fundam ental p a r ts  o f a r ith m e tic  and geom etry. W ithout 

any sp e c u la tio n  on th e  n a tu re  o f number, Brouwer s t a r t s  w ith  the n a tu ra l  

numbers as known and g iven , and proceeds to  c o n s tru c t th e  o rd e r  ty p es  qj 

• and 7̂. and the elem entary  p ro p o s itio n s  o f a lg e b ra  and geometry, o f i  th e  

opening l in e s  o f C hapter I :  'One, two, th r e e ,  . . .  wo a l l  know by h e a r t  

th e  sequence o f  those  sounds (spoken o rd in a l numbers) as a sequence 

w ithou t end, i . e .  a sequence which w i l l  f o r  over proceed acco rd ing  to  a 

known f ix e d  r u le .  A part from th i s  sequence o f  sounds, wo know o th e r  

in t u i t i v e  sequences (Du. V o o rs te ll in g s re e k se n )  which proceed acco rd ing  

to  a c e r ta in  r u le ,  e .g .  th e  sequence o f w r i t te n  symbols 1 , 2 , 3 , . . .  

( w r i t te n  o rd in a l num bers). These a re  i n t u i t i v e ly  c le a r .
At th e  end o f C hapter I ,  Brouwer e x p la in s  what t h i s  c o n s tru c tiv e  

' i n t u i t i v e '  trea tm e n t e n t a i l s :
1) S ta r t in g  w ith  u n i t s  g iven in  i n t u i t i o n ,  and w ith  th e se  c o n s tru c tin g  

new ones;
2) C a re fu lly  o b serv ing  which th e se s  a re  allow ed by i n t u i t i o n  and which 

a re  n o t.^  I t  i s  here (page 77) th a t  Brouwer ex p la in s  th e  whole

 ̂ Cf. E, B ishop, Foundations o f C o n stru c tiv e  A n a ly s is . C hapter I ,
'A C o n stru c tiv e  M a n ife s to '; a lso  K r e is e l , 'B io g ra p h ic a l  Memoirs » 
L .E .J ,  Brouwer, R ;S. , p . 54 e t  f f , .

'  i m ,  p .
® Brouwer d id  no t e la b o ra te  f u r th e r  on tho  grounds o r  guide l in e s

f o r  such a d e c is io n . T hat he r e l i e s  on some in t u i t i v e  common sense 
i s  supported  by what ho w rote in  1921A p . 798, quoted here  on p . 2.3.
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programme and. aim o f h is  Grond s la g e n: C hapter I  shows hov7 th e  funda

m ental p a r ts  o f m athem atics ' can be co n stru c ted  from th e  u n i ts  o f 

in tu i t io n * ;  C hapter I I I  w i l l  show th a t  ' t h i s  i s  the only  p o s s ib le  way 

th a t  m athem atics can bo c o n s tru c te d ; th a t  no m athem atics can e x i s t  u n le ss  

i t  has in  th i s  way been in t u i t i v e ly  co n s tru c te d  , , ,  and th a t  every  o th e r  
way o f founding  m athem atics i s  bound to  f a i l ' /
Ch a p te r  I I

While C hapter I  could be d esc rib e d  as an example o f i n t u i t i o n i s t  

m athem atics, b o th  C hapters I I  and I I I  a re  B rouw er's f i r s t  c o n tr ib u tio n s  

to  th e  i n t u i t i o n i s t  philosophy o f  m athem atics, uo tam athem atica l in  th e  
sense th a t  they  r e f l e c t  on the system  i t s e l f  and i t s  fundam ental 

a s s e r t io n s .  S ig n if ic a n t  i s  B rouw er's p la c in g  o f  i n t u i t i o n i s t  mathe

m atics (C hapter l )  b e fo re  th ese  p h ilo so p h ic a l r e f l e c t i o n s .  Whereas 

C hapter I I I  i s  la rg e ly  p o lem ica l, and c r i t i c a l  o f th e  then  c u r re n t 

a n a ly t ic a l  a t te m p ts , which co n c e n tra te  on the  m athem atical rea so n in g  

i t s e l f ,  in  C hapter I I ,  Brouwer expounds h is  own views on the  n a tu re  o f 

m athem atics, i t s  r e l a t io n  to  the  n a tu ra l  s c ie n c e s , o b je c t iv i ty  o f 

m athem atical knowledge, and the  problem s o f tim e and space.

True to  the K an tian  t r a d i t i o n ,  Brouwer conducts h is  sea rch  f o r  

th e  o r ig in  o f  m athem atical t r u th  w ith in  the p ro cess  o f knowledge 

i t s e l f .  He sees h is  ovm c o n tr ib u tio n  as a b r in g in g -u p - to -d a te  o f 

K a n t 's  te a c in g  on a p r io r i t y  o f tim e and sp ace , fo llo w in g  e a r l i e r  

a ttem p ts  by Riemann and H elm holtz^, and l a t e r  by R u s s e ll  in  h is  E ssay  

on the  Foundations o f Geom etry. ^
He summarizes h is  own views and those  o f  Kant and R u sse ll a t  the  

end of C hapter I I  ( p . l 2 l )  in  the  fo llo w in g  way:

" m z ,  p . 777, 

'  12P2, p . 9 4 ,  

® Cf. p . 125.
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As quoted above, Brouwer’s o b je c t in  C hapter I I I  was to  show th a t  

th e  c o n s tru c tiv e  methods o f  i n t u i t i o n i s t  m athem atics, as p ra c t is e d  in  

C hapter I ,  based on a ph ilosophy  v/hich s t a r t s  from the  m ental a c t i v i t y  

p ro p er to  m athem atics (C hapter I I ) , a re  e s s e n t i a l  to  a l l  mathem atics 

and ' t h a t  every  o th e r  a ttem p t i s  bound to  f a i l ' .  A f te r  d ism iss in g  
lo g ic  as a p o s t-fac tu m  anaJ_ysis o f the  'language o f m athem atics' and 

p ro c la im in g  the independence o f m athem atics from lo g ic ,  Brouwer subm its 

to  a  sea rch in g  c r i t ic i s m :
1) The fo u n d a tio n  o f m athem atics based on ax io m a tiz a tio n  (p p .133 -  142),
2) C a n to r 's  th eo ry  o f s e ts  and f i n i t e  numbers (pp. 142 -  1 59 ),
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3) Peano-R usso ll a ttem p t a t  founding  m athem atics on lo g ic  (p p .159 -  I 69) ,

4) The lo g ic o -fo rm a l fo u n d a tio n s  o f  m athem atics accord ing  to  H ilb e r t
(pp . 169 -  175) .

Commentators g e n e ra lly  ag ree  on a c e r t a in  im m aturity  in  the  

G rondslagen.^ B rouw er's a ttem p t in  C hapter I  a t  c o n s tru c tiv e  m athem atics 

has on ly  h i s t o r i c a l  i n t e r e s t .  But most o f h is  views and c r i t ic i s m s  in  

C hapters I I  and I I I  (even i f  l a t e r  f u r th e r  developed o r  sometimes 

a l t e r e d ) ,  have l a t e r  been proved r ig h t  and have been u n iv e rs a l ly  
accep ted .

P r a c t i c a l ly  a l l  h is  l a t e r  c r i t i c a l  views can be tra c e d  back to  h is  

G rondslagen, even those  on tho P r in c ip le  o f  th e  Excluded Middle and 

cho ice sequences.^  In  h is  l a t e r  fo u n d a tio n  p a p e rs , Brouv/er always 

r e f e r s  to  h is  d i s s e r t a t io n  and w ith  some p r id e  uses i t  to  prove the 

a u th e n t ic i ty  o f h is  view s.^  'Addenda en C orrigenda over de Grondslagen 

d o r Wiskunde' ( 1917A). p u b lish ed  te n  y ea rs  l a t e r ,  i s  la rg e ly  a l i s t  o f 

re fe re n c e s  to  f u r th e r  developm ents in  l a t e r  p ap ers ; on ly  on two p o in ts  
does Brouwer want to  withdraw sta tem en ts  made in  th e  Grondslagen.4

P erio d  of to p o lo g ic a l a c t i v i t y
The y ea rs  fo llo w in g  th e  Grondslag en  and e s p e c ia l ly  th e  p e rio d  

1909 -  1913 , a re  u su a lly  regarded  (by to p o lo g is ts )  as the  most f r u i t f u l  

o f B rouw er's l i f e .  The e a r ly  appointm ent as 'p r iv a a t- d o c e n t '

(u n s a la r ie d  le c tu r e r )  a t  the  U n iv e rs ity  o f  Amsterdam was in  re c o g n itio n  

o f  h is  more orthodox m athem atical a b i l i t i e s .  He was 'l i c e n s e d ' to  

te ach  geometry and a p p ro p r ia te ly  s ta r t e d  h is  course  on geometry w ith  

a p u b lic  l e c tu r e ,  'H ot Wezen d e r  Meetkunde' (The N ature o f  Geometry, 

1909A).
In  c o n t ra s t  to  h is  p u b lic a t io n s ,  h is  le c tu r e s  were v ery  orthodox 

and remained so throughout h is  u n iv e r s i ty  c a r e e r . - His re v o lu tio n a ry  

views in  th e  f i e l d s  o f fo u n d a tio n s  and oven topology were no t r e f le c te d  

in  h is  l e c tu r e s .  H eyting adm itted  ' th a t  he v ery  seldom le c tu re d  a t  

tho  U n iv e rs ity  on those  p a r ts  of m athem atics th a t  he h im se lf  had helped

SrcLdenthal and H eyting , 'L ev en sb o rich t L .E .'J , Brouwer' , Jaa rb o ek 
d e r  K oninkli.ike Akadomio  van W etenschappen. 1966 -  1967, p . 1 .

B oth, The Foundations o f M athem atics, p . 410.

C f.pp , / 4 4  and 177.

E s p e c ia l ly  1928A.
On th e  PEM, and on lo g ic a l  o p e ra tio n s .
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to  c ro a to . T his i s  why ho had only  few d i r e c t  f o l lo w e r s ',^  And even

more s tro n g ly : 'He never le c tu re d  on h is  own in v e s t ig a t io n s ;  on 

topology — as f a r  as I  know -  he has never done i t ,  on in tu i t io n is m  
only  in  h is  l a t e r  y e a rs ' /

Even w ith in  th e  more r e s t r i c t e d  Dutch academic t r a d i t i o n  o f a 

n a t io n a l ly  p ro sc rib ed  sy lla b u s  fo r  undergraduate  co u rse s , th e re  would 

have been ample o p p o rtu n ity  to  d ig re s s  in to  a rea s  so c lo se  to  h is  

mandate. But Brouwer was v ery  shy by n a tu re , he hated  te a c h in g  and 

l e c t u r i n g /  I t  i s  in  h is  w r it in g s  th a t  B rouw er's views have to bo 
found.

Hot Wezen d e r  Meetkunde (The N ature o f  G eom etry '), 1.9024, i s  im portan t 

as a f u r th e r  e x te n s io n  o f B rouw er's in v e s t ig a t io n  in to  th e  fo undations 

o f  m athem atics, h is  views on geom etry and e s p e c ia l ly  those  on topo logy . 

I t  i s  a s ta tem en t o f p o lic y  and a programme, and p ro v id es  a l in t :  between 
the two a rea s  o f h is  work u s u a lly  seen  in  com plete i s o la t io n .

I t e r a t i n g  h is  co n c lu sio n  o f I 9O7 th a t  th e  only  a p r i o r i  on th e  
b a s is  o f experience  is  th e  i n t u i t i o n  o f  tim e, he ex p resses  h is  f irm  

co n v ic tio n  th a t  w ith  th e  a r i th m e t iz a t io n  o f  space th e  a p r i o r i  v a l id i t y  
o f  geometry i s  no problem any more: 'The exac tness  o f  co o rd in a te

geom etry i s  no t a m ystery any more, s in ce  i t  i s  now com plete ly  exp la in ed  

by the  ex ac tn ess  o f the  o p e ra tio n so f  number' (p . 6 ) . The com plete 

freedom  o f geom etry, e a r l i e r  proclaim ed by H. von Helmholtz^^ i s  based  

by Brouwer on th e  absence o f  any a p r i o r i  elem ent o th e r  than  the  

in t u i t i o n  o f  tim e. A f te r  q u es tio n in g  w hether th e re  i s  s t i l l  a case 

f o r  s e p a ra tin g  ou t a branch  o f m athem atics under th e  name 'geom etry* .

H. F reu d o n th a l and A. H ey ting , op. c i t .  , p . 6.

A. H ey ting , Memorial add ress to  Royal Dutch Academy on 24th  F eb ru ary , 
1968. Cf. a lso  'I n  memoriam L .E .J .  B rouw er', Algemeen N ederlands 
T i.id s c h r i f t  voor Y/i.jsbogeerte  on Psych o lo g ic , v o l.  59, A p r il  1967; 
a ls o :  'L u itz e n  E gbertus Jan B rouw er', Yeajj)Ook o f t he American 
P h ilo so p h ic a l S o c ie ty . 1967, pp. U 6  -  119«
A ttem pts to  o b ta in  le c tu r e  n o te s  o f Brouwer have been u n su c c e ss fu l, 
b u t a l l  s tu d e n ts  approached agreed th a t  Brouwer had never le c tu re d  
on th e se  two to p ic s .
Cf. H ey ting , op. c i t .
'On th e  o r ig in  and S ig n if ic a n c e  o f Geometric Axioms ( 1870) , r e p r in te d  
in  The World o f Mathem a tic s . ( od, J« R, Nownan ) London 195^ 
Helm holtz i s  n o t quoted o r m entioned hero by Brouwer.
His r o je c t io h  o f p h y s ic a l a p r i o r i t y  based on accuracy  o f  m easuring 
i s  a lso  rem in isc e n t o f von H elm holtz, ( p . 9)
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Brouwer su ggests  a d e f in i t i o n  o f geometry as th e  in v a r ia n t  th eo ry  of 

a tra n s fo rm a tio n  group, very  much on th e  l in e s  o f F e l ix  K le in 's  

E r la n g e r  Programm o f 18?2^: ' Geometry i s  concerned w ith  the  p ro p e r t ie s

o f spaces o f one o r  more dim ensions; in  p a r t i c u la r  i t  examines and 

c l a s s i f i e s  p o ss ib le  p o in t s e t s ,  tra n s fo rm a tio n s , and tra n s fo rm a tio n  
groups in  th e se  s p a c e s ',  ( p .1 3 ). The re fe re n c e  to  'p o in t  s e t s '^  here 

does n o t imply th a t  Brouwer saxr p o in ts  as sim plexes o f g eo m etrie s ,

( i . e .  l i n e s  o r  su rfa c e s  made up o f an i n f i n i t e  number o f p o in ts  as 

'a to m ic ' e lem en ts, as i n  p o in t s e t  to p o lo g y ); spaces to  him are 

c o n tin u a , h is  sim plexes a re  p a ra l le le p ip e d s .^

Brouwer s p e c i f i c a l ly  excludes from ' geom etry' ' f i n i t e  and denumer- 
ab le  s e ts  o f p o in t s ' as w e ll as 'th e  more a b s t r a c t  spaces o f Veronese 

and H i lb e r t '  (p . I 4)* On the  o th e r  hand, he reg a rd s  o p e ra tio n s  o f 

r e a l  and complex numbers as p a r t  o f  geom etry (p . 14) .

Most o f h is  argument f o r  c l a s s i f i c a t i o n  o f geom etries on th e  b a s is  

o f tra n s fo rm a tio n  groups i s  in  l i n e  w ith  c u r re n t tre n d s . His 

d e f in i t i o n  o f a n a ly s is  s i tu s  as the geometry in v a r ia n t  under th e  group 

of con tinuous one-one tran sfo rm a tio n s  (p . I 6) -  w ith  th e  r e s t r i c t i o n  as 

to  th e  fundam ental elem ents app ly ing  to  a l l  geom etries -  p o in ts  

tow ards B rouw er's 'c o m b in a to r ia l ' l i n e  o f approach to  topology as 

d i s t i n c t  from s e t - t h e o r e t i c a l  topo logy .

He advocates th e  use o f  to p o lo g ic a l methods in  o th e r  branches o f 

m athem atics, as had been done by von S tau d t in  p ro je c t iv e  geometry; 

in  p a r t i c u l a r ,  he m entions th e  p o s s i b i l i t y  o f s t a r t i n g  fu n c tio n - th e o ry  
from topology once a way has been found to  e lim in a te  th e  d i f f i c u l t y  o f  

the  m e tr ic ,, ( 'u n d e r  continuous one-one tra n s fo rm a tio n s  o f tho p la n e , 

f i n i t e  le n g th s  and a rea s  (Du. le n g tc n  en inhouden) can become in f i n i t e  

o r  reduced to  z e r o ',  p ,2 0 ) .  I t  i s ,  however, tho v is u a l-p e rc e p tiv e  

s im p l ic i ty  o f th i s  geom etric topology th a t  Brouwer wanted to  em phasize.

1 'A geometry i s  the s tudy  o f  those  p ro p e r t ie s  o f a s e t  S which rem ain 
in v a r ia n t  when the elem ents o f  the  s e t  S are  su b je c te d  to  tho 
tra n s fo rm a tio n s  o f some tran sfo rm a tio n -g ro u p  T ' .
F or th e  use o f th e  word ' s e t '  (D u ,■verzam eling , Germ. • Menge) by 
Brouwer, see f u r th e r  C hapter IV,
'T hese spaces a re  b u i l t  up from one o r  more connected C a rte s ia n  
p a ra le l le p ip e d s ' (p . 14)
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In  th e  f i n a l  l i n e s  he e q u a te s  ' t o p o lo g ic a l '  to  'g e o m e tr ic ' and 'fo r m u la -  

l e s s  ' :

'T h e re fo r e  a ls o  in  o th e r  th e o r ie s  ( i . e .  b e s id e s  p r o j e c t iv e  

geom etry) -  even  i f  one su cceed s  in  fo u n d in g  them on a n a ly s i s  s i t u s  -  

c o o r d in a te s  and form u lae need n o t e n t i r e l y  be banned; b u t th e  

" fo r m u la - le s s ^ , th e  "geom etric" trea tm en t w il .l  be th e  s t a r t in g  p o in t ,  

w h ile  th e  a n a ly t ic  trea tm en t becom es a d is p e n s a b le  e x p e d ie n t . I t  i s  

to  th e p o s s i b i l i t y  and th e  d e s i r a b i l i t y  o f  th e  p r io r i t y  o f  th e  g eo m etr ic  

tr ea tm en t -  a l s o  in  p a r ts  o f  m athem atics where t h i s  i s  n o t y e t  done -  

th a t  I  have wanted to  draw you r a t t e n t io n '  (p„ 20)^ The e le g a n c e  and 

s im p l i c i t y  o f  h is  l a t e r  t o p o lo g ic a l  f in d in g s  and p r o o f s ,  such  as th e  

f ix e d  p o in t  theorem , th e  in v a r ia n c e  o f  d im en sion  and dom ain, are la r g e ly  

due to  t h i s  g eo m etr ic  approach .

A part from b e in g  a rem arkable exposed o f  B rouw er's g e n e r a l v iew s on 

geom etry and to p o lo g y  and t h e i r  p la c e  in  m a th em a tics . Hot Wez e n _der 

Meetkunde c o n ta in s  many s u g g e s t io n s  he was to  f o l lo w  up d u r in g  th e  

coming y e a r s  such as th e  e x te n s io n  o f  th e  Jordan Theorem (p . l 8 ) , and 

a ls o  h is  r e s e r v a t io n s  as to  th e  s u f f i c i e n c y  o f  S c h o e n f l ie s '  co n cep t o f  

a c c e s s i b i l i t y  (p . I 9 ) .

In  h i s  many t o p o lo g ic a l  p u b l ic a t io n s  in  t h i s  sh o r t  p e r io d  o f  

1909 -  1 9 1 3 , Brouwer showed h is  o r i g i n a l i t y  and proved h is  m ath em atica l 

m a stery , (An e x c e l l e n t  a n a ly s i s  o f  th e s e  works i s  g iv e n  by M,H,A. Newman 

in  Bio g r a p h ic a l  Memoirs o f  L .E .J ,  B rouw er. R oyal S o c i e t y ,  1 9 7 0 , 

pp. 46 -  3 3 ) .  They gave Brouwer in t e r n a t io n a l  fam e.

He to o k  p a r t in  th e  1 7 th  I n te r n a t io n a l  C ongress o f  M athem atics in  

Rome in  I 9O8 , where he c o n tr ib u te d  'D ie  T h eorio  d er  e n d lic h e n  

k o n t in u ie r l ic h e n  Gruppen unabhhngig von den Axiomen von  L ie '  ( 1908B) .

He o f t e n  v i s i t e d  P a r is  a f t e r  1909 and had fr e q u e n t c o n ta c t s  w ith  

P o in c a r e , B o re l and L ebosguo,

A f t e r  1 9 1 1 , he r e g u la r ly  v i s i t e d  G B ttin gen . He to o k  p a r t  in  th e  

I n te r n a t io n a l  C ongress o f  M athem atician s in  Cambridge in  1912 ( 1912B) .  

th e  D eu tsch en  N atu rforsch erversam m lun g , and th e  co n g ress  o f  th e  

D eutsche M athem atiker V e rc in ig u n g  a t  K a rlsru h e  in  th a t  same y e a r . He 

d ev e lo p ed  a fr ie n d s h ip  w ith  S c h o e n f l ie s ,  who w ith  B rouw er's h e lp  r e v is e d  

h is  e a r l i e r  B e r ic h t  über d i e  Punktmanni f f a l t i ^ k e i t e n ,^

 ̂ C f. 1913B
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In  ré c o g n itio n  o f  h is  o u ts ta n d in g  a b i l i t i e s ,  a new c h a ir  was 

c re a te d  a t  th e  U n iv e rs ity  o f iinsterdam  in  s e t  th e o ry , fu n c tio n  th e o ry  

and a x io m a tic s , which he occupied from 1912 u n t i l  h is  re tire m e n t in  1951-

Loss o f i n t e r e s t  in  Topology?

F reu d en th a l and H eyting blame n a t io n a l i s o la t io n  d u rin g  World War I  
f o r  Brouwer’s ’ lo s s  o f  i n t e r e s t  in  topo logy ’ /

O ther im portan t f a c to r s  a re :  the  in c re a s in g  need fo r  i n t r i c a t e  

a lg e b ra  in  th e  development o f h ig h e r-d im en sio n a l topo logy , q u ite  out of 

s te p  w ith  the  ’v is io n a l-p e rc e p t io n a l ' s im p lic i ty  o f th e  geom etric 

trea tm e n t so much emphasized by Brouwer in  19094; th e  im pact of
s e t  th eo ry  on the  n o tio n  o f  geometry i t s e l f  fo llo w in g  M aurice F re c h e t 's  

in tro d u c tio n  o f a b s t r a c t  spaces which no lo n g e r f i t t e d  n e a t ly  in  Brouw er's 

c l a s s i f i c a t i o n  on tho b a s is  o f tran sfo rm a tio n -g ro u p s .

B rouw er's a t t i t u d e  to  topology a f t e r  1913, o r even a f t e r  1919, can 
h a rd ly  be d esc rib e d  as d e s e r t io n  o r lo s s  o f i n t e r e s t .  I t  i s  the 

growing aw areness o f those  developm ents th a t  made Brouwer co n ce n tra te  

h is  e f f o r t s  on th e  more fundam ental n o tio n s  of s e t s ,  th e  continuum , and 
fu n c t io n ,  which u n d e r lie  topology as w ell as the  whole o f  m athem atics.

The f i r s t  m ajor p u b lic a t io n  o f th e se  e f f o r t s  i s  'Bogründung d e r 

M engenlehre unabhhngig vom Logischen Satz vom ausgesch lo ssenen  B r i t t e n '^ ,  

p re sen te d  to  th e  KAW in  November 1917. His con tinued  in t e r e s t  in  what 

to p o lo g is ts  vfould reg a rd  as 'to p o lo g y  p ro p e r ' i s  shovm in  h is  v/ork w ith  

h is  s tu d en ts  ( a s s i s t a n t s ) ,  even a f t e r  1925, (P. A lex an d ro ff, K. Mengor, 

V ie to r i s ,  H. Hopf, H. F reu d en th a l, and W. H urow icz), as w e ll as in  some 

l a t e r  p u b lic a t io n s .  I t  v/ould bo an o v e rs im p lif ic a t io n  to  draw a sharp  

d i s t i n c t io n  between th e se  two a rea s  o f B rouw er's a c t i v i t i e s ,  i f  such 

a d i s t i n c t i o n  in  the g en era l m athem atical scene a t  the  time is  a t  a l l  

j u s t i f i e d .
His 'p ro p e r ' to p o lo g ic a l work -  even i f  i t  i s  a p p re c ia te d  and 

a cc ep tab le  to  to p o lo g is ts  o f v a rio u s  schoo ls -  i s  p a r t ly  th e  r e s u l t  o f 

some se lf-im posed  fundam ental r e s t r i c t i o n s ,  as t e s t i f i e d  by Brouwer in
Het Wezen d e r Meetkunde and l a t e r  in  1 9.2IA: ' -----  in  my n o n -p h ilo so p h i-

c a l m athem atical papers I  have r e g u la r ly  used o ld e r  m ethods, b u t always

 ̂ Op. c i t .  p . 4. 

 ̂ 1918A.
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' c a r e f u l  to  d e r iv e  o n ly  such  r e s u l t s  as co u ld  he e x p ec ted  to  f in d  t h e i r  

p la c e  in  th e  new sy stem  a f t e r  the s y s te m a tic  c o n s tr u c t io n  o f  an i n t u i 

t i o n i s t  s e t  th e o r y .'^

'Do ohbetrouw baarheid  d er  lo g is c h o  p r i n c i p e s ' ,  p u b lish e d  in  I 9O6 , 

and th e  in a u g u ra l a d d r e s s ,  ' I n t u i t ion ism e en  Form alism e' o f  1 9 1 2 , are  

p r o o f o f  B rouw er's deep in v o lv em en t in  fo u n d a t io n  stu d y  r ig h t  through  

th e  p e r io d  o f  t o p o lo g ic a l  a c t i v i t y .

The e x tr a o r d in a r y  com b in ation  o f  ' s o t  th e o r y , fu n c t io n  th eo ry  and 

a x io m a tic s '  f o r  h is  c h a ir  in  m athem atics ( h i s  own agreed  c h o ic e ) ,  

in d ic a t e s  th e  p r in c ip le  a rea  o f  a c t i v i t y  as Brouwer saw i t  a lrea d y  in

1912.
Founda t io n s  a f t e r  1907

B rou w er's in c r e a se d  p r e s t ig e ,  h is  p roven  m ath em atica l w orth in  

1 9 1 2 , added g r e a t  w e ig h t to  h is  i n t u i t i o n i s t  v iew s and drew a t t e n t io n  to  

h is  e a r l i e r  work on th e  fo u n d a tio n s  o f  m athem atics -  h is  t h e s i s  and 

I 9O8B -  w hich  had p a ssed  a lm ost u n n o tic e d .

The m ost r e v o lu t io n a r y  c o n c lu s io n  from  h i s  g e n e r a l v iew s  on l o g i c  

as e x p r e sse d  in  G rondslagon was ta lien  in  De O nbetrpuwba^rheid dor  

L o g isch o  P r in c ip es . ('^̂ '  ̂ U n tru stw o r th in e ss  o f  th e L o g ic a l  P r in c ip le s )

( 1908b) . an a r t i c l e  in  a p h i lo s o p h ic a l  jo u r n a l , and concerned  th e  

p r in c ip le  o f  th e  ex c lu d ed  m id d le (EEM), I n  th e co u rse  o f  th e  g e n e r a l  

argument on th e  l im it e d  r o le  o f  l o g i c  in  p h ilo s o p h y , s c ie n c e  and 

m ath em atics^ , Brouwer c la im ed :

1° The i d e n t i f i c a t i o n  o f  th e  problem  o f  th e  s o l v a b i l i t y  o f  e v e ry  

m ath em atica l problem  and th e  PEM;

2° That th e  PEM i s  n o t a  r e l i a b l e  p r in c ip le  in  an i n f i n i t e  system ;

3° T h a t, s in c e  ev en  im proper u se  o f  th e  PEM d o es n o t le a d  to  c o n tr a 

d i c t i o n ,  n o n -c o n tr a d ic to r ity  i s  no gu a ra n tee  o f  tr u th .

A lso  m entioned  f o r  th e  f i r s t  tim e i s  B rouw er's d e f i n i t i o n  o f  n e g a tio n  

in  term s o f  a c o n tr a d ic t io n .

m m ,  p . 7 9 8 .
 ̂ I n  tho f i n a l  summary, th o  PEM i s  n ot m ention ed : 'Sum m arizing:

I n  wisdom th e r e  i s  no l o g i c .
In  s c ie n c e :  l o g i c  i s  o f t e n  b u t n ot perm anently  e f f e c t i v e .
In  M athem atics : i t  i s  n o t c e r t a in  w h eth er or  n o t l o g i c  i s  
p e r m is s ib le ,  n e i th e r  i s  i t  c e r t a in  w hether i t  can be d ec id ed  
w h eth er a l l  l o g i c  i s  p e r m is s ib le  or n o t . ' (p . 1 2 ) .
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T hat Brouwer was n o t f u l l y  awaro o f  th e  im p l ic a t io n s  o f  h is  

r e j e c t i o n  o f  th e EEM and h is  s tr o n g e r  d e f i n i t i o n  o f  n e g a t io n  (o r  v/as 

n o t f u l l y  c o n f id e n t )  i s  shown by th e  f a c t  th a t  n e i t h e r  a re  m entioned  

in  h is  in a u g u ra l a d d r ess .

I n t u i t  i o n i sme en gorroalism c ( l ^ l ^ ,  1^1 ^ )

In  th e  in a u g u ra l a d d ress in t u i t io n is m  i s  p rese n ted  as a s c h o o l o f  

m ath em atica l p h ilo so p h y  fu n d a m en ta lly  opposed to  fo rm a lism  in  i t s  

v iew s  on m ath em atica l e x is t e n c e  and th e p la c e  o f  i n t u i t i o n .  I t  i s  th e  

f i r s t  tim e th a t  Brouwer u s e s  th e  term s ’ in t u i t io n i s m ’ and ’ i n t u i t i o n i s t ’^.

To a g r e a t  e x t e n t  i t  r e p e a ts  or  summarizes th e  v iew s  a lr e a d y  ex p re ssed  

in  1 9 0 7 . th e r e v is io n  o f  K a n t’ s v iew  on i n t u i t i o n ,  the n a tu re  o f  

lan gu age and i t s  r o le  in  m ath em atics, th e  r e j e c t i o n  o f  C an tor’ s s e t  

th eo r y  and t r a n s f i n i t e  numbers.

No sharp d i s t in c t i o n  i s  made betw een  l o g i c i s t s ,  a x io m a t ic i s t s  and 

f o r m a l i s t s .  The g r e a te r  p a r t o f  th e  o f f e n s iv e  i s  d ir e c t e d  a t  Z orm elo’ s 

a x io m a tic  tr ea tm en t o f  s e t  th e o r y  in  ’d ie  G rundlagen dor M engen leh re’ ^. 

Whereas in  1907 Brouwer^s a t ta c k  on a x io m a tic s  was b ased  on i t s  g e n e r a l  

la c k  o f  i n t u i t i v e  c o n te n t ,  X ^ tu it ion ism e en Form alism e s i n g l e s  ou t two 

o f  Z erm elo’ s ax iom s, ’A usw ahl’ and ’A u ssond eruh g’ to  w hich  Brouwer 

r e f e r s  a s  th e  axiom o f  c h o ic e  and th e  axiom  o f  com prehension® . He 

shows th a t  in  p a r t ic u la r ,  th e axiom  o f  com prehension  lo a d s  to  c o n tr a 

d ic t io n  (B u r a li  -  F o r t i  p a ra d o x ), and c la im s  t h a t ,  even  in  i t s  m o d ified  

form ^, w hich  a v o id s  known p a ra d o x es , i t  form s th e  b a s is  o f  a t o t a l l y  

m e a n in g le ss  and u n a ccep ta b le  th e o r y  o f  p o te n c ie s  o f  s e t s ,  o f  numbers 

and the continuum .

In  ’D ie  I n t u i t io n i s t i s c h e  M engenlohre’ ( 1920B) and 1921A) Brouwer 

cla im ed  th a t  th e  r e j e c t io n  o f  th e EEM ( o f  19Q8 b ) and o f  th e  axiom  

o f  com prehension  ( o f  1912A) had b een  th e  two g u id in g  p r in c ip le s  in  h is  

s y s te m a tic  c o n s tr u c t io n  o f  an i n t u i t i o n i s t  s e t  th e o r y .

See fu r t h e r  p p .73 f f .

MA, v o l ,  65 ( 19O8 ) ,  pp. 261 -  281; a l s o ,^ ’Sur l e s  en sem b les
f i n i s  e t  l e  p r in c ip e  de l ’ in d u c t io n  co m p lè te , Acta  Mathema t i c a .
v o l .  3 2 , pp. 183 -  1 9 3 .
T r a n s la te d  by P r o fe s s o r  A. D resden  ( 1913A) in t o  ’ axiom  o f  s e l e c t i o n ’
and ’axiom  o f  i n c lu s io n ’ .

Z orm elo, op. c i t .  p . 263.
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Bogründung de r  Mengenlohre  unabhhngig  vom lo g isc h c n  S atz  vom 

ausgOGchloasenen D r i t to n  (Foundations o f Set Theory independent o f the 
lo g ic a l  P r in c ip le  o f  th e  Excluded M idd le),

(P a r t  I  ( 1918A.) p resen te d  to  the  Royal Dutch Academy in  November 1917 

and p u b lish ed  in  I 918 , P a r t  I I  ( l ^ ^ )  p re sen te d  to  th e  Royal Dutch 

Academy in  O ctober I 9I 8 and pub lished  in  1919).

The p u b lic a tio n  o f ’Begrhndung d e r  M engenlehre' not on ly  marks the  

beg inn ing  o f  a decade o f in te n t  so a c t i v i t y  by Brouv/er in  fo u n d a tio n  

study b u t a lso  an im portan t s h i f t  in  h is  g en e ra l approach and in  h is  

trea tm e n t o f s e t  th e o ry . The f i r s t  p a r t  o f  Brouwer’ s programme^,

't h e  f i r s t  a c t  o f  in tu i t i o n i s m ',  was tire l i b e r a t i o n  o f m athem atics from 

th e  sh ack les  o f language and lo g ic ;  most o f  h is  e a r l i e r  work, 

a c c o rd in g ly , was n e g a tiv e , c r i t i c a l  o f the  c l a s s i c a l  t r a d i t i o n  and o f  
the p re v a le n t tre n d s  o f lo g ic ism  and form alism .

S et th e o ry , which had e a r l i e r  been d ism issed  as t r i v i a l  and non- 

m athem atica l, now becomes the fo u n d a tio n  o f  an i n t u i t i o n i s t  m athem atics; 
in  i t s  s p e c ia l  form i t  i s  l a t e r  r e fe r re d  to  by Brouwer as ’ the second 

a c t o f  in tu i t io n is m ’®.
In  s p i te  o f  the t i t l e ,  the P r in c ip le  o f the  Excluded Middle i s  

no t m entioned anywhere in  e i th e r  P a r t  I  o r P a r t  I I ,  nor i s  th e re  any 

re fe re n c e  to  c l a s s i c a l  m athem atics. 'Bogriindung do r M engenlohre’ i s  

not an e x e rc is e  in  r e -w r i t in g  C an to rian  s e t  th e o ry , c a r e fu l ly  avo id ing  

the use o f  th e  PEM and the  axiom o f ch o ice . I t  i s  a p o s i t i v e ,  non- 

po len iica l a ttem p t to  f in d  a f irm  b a s is  f o r  the  'n o n -se p a ra b le  p a r ts  
o f  m athem atics’®, an a ttem p t to  r id  m athem atics o f the  C antor s e t  and 

re p la c e  i t  by a com plete ly  new concep t. The C antor so t no t only  

p rovided  a fo u n d a tio n  fo r  th e  n a tu ra l  numbers, i t  claim ed to  b rid g e  the  

g u lf  between the  d is c r e te  and the  continuum by the r e l a t i o n  elem ent 

and s e t .  The p rim o rd ia l i n t u i t i o n  o f time had provided  Brouwer w ith  

an a l t e r n a t iv e  b a s is  f o r  th e  n a tu ra l  numbers; h is  views as  to  the 

im p o s s ib i l i ty  of r e p re s e n tin g  the continuum as a t o t a l i t y  o f  d is c r e te  

elem ents had a lso  been s tro n g ly  expressed  in  1907. 1908A. 1912A (1913A). 
Ho now g ives up conform ity  w ith  th e  g en e ra l d e f in i t io n  o f a s e t  as a 

t o t a l i t y  o f elem ents ( s t i l l  accep ted  in  19O8A) and re s e rv e s  the  word

 ̂ 1952B . p . 140; o f . a lso  p . 108.
2® Inidera. 

® Ib idem.
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s e t  (Germ. Mongo) f o r  a novel to o l  in  th e  trea tm e n t o f  th e  continuum.

The Brouwer se t  i s  a g e n e ra l iz a tio n  o f the o rg an ic  s t ru c tu re  o f 

the  continuum in  which th e re  i s  no d i s c r e te  and where the e lem en ts , even 

i f  r e f e r r e d  to  as p o in ts  o f  th e  continuum , can never be t r e a te d  as 

E u c lid e a n , f in ish e d  d is c r e te  p o in ts .  The elem ents o f th e  Brouwer s e t  

are  e s s e n t i a l ly  u n f in ish e d , 'becom ing*, as i s  the  Brouwer s e t  i t s e l f ,  

i n f i n i t e  sequences in  t h e i r  most g en e ra l form , p roceed ing  in  tim e w ith  
o r  w ithou t r e s t r i c t i o n .

The a lle g e d  in co m p reh en sib ility ^  o f B rouw er's trea tm e n t and 

d e f in i t io n  o f s e ts  in  'Begründung' (b u t a lso  in  _12%&, 1921A and 1925D1 
is  m ainly due to  h is  a ttem p t to  in c o rp o ra te  w ith in  one d e f in i t io n  

(and one sen tence) th e  complex c h a ra c te r  o f  th e  s e t  and i t s  elem ents 

as w e ll as t h e i r  g e n e ra tio n , and th a t  w ithou t in t ro d u c tio n  o r  f u r th e r  

e x p la n a tio n  and w ith o u t re fe re n c e  to  the purpose i t  was to  serve 
( i . e .  th e  continuum ).

The n e a re s t  e q u iv a le n t to  th e  c l a s s i c a l  s e t ,  th e  sp ec ie s  

(Du. s o o r t ) , i s  in tro d u ced  in  one l i n e  as 'a  p ro p e r ty  o f  m athem atical 

e n t i t i e s  p re v io u s ly  acqu ired '® . Both th e  Brouwer s e t  and the  sp ec ie s  
w i l l  be d iscu ssed  in  more d e t a i l  in  C hapter IV.

P a r t  I  (1918A) . 'G enera l Theory o f S e t s ' ,  i s  d iv id ed  in to  th re e  

s e c t io n s :  the c a rd in a l  numbers, the  o rd in a l numbers, and the w e ll-

o rdered  o rd in a l numbers. Even i f  o rd in a l  numbers a re  t r e a te d  a f t e r  

the  c a rd in a l numbers, c a r d in a l i ty  i s  d e fin ed  in  term s o f the o rdered  
sequence o f  n a tu ra l  numbers whose e x is te n c e  i s  presupposed in  th e  v ery  
f i r s t  l i n e  of 'Begründung' (a ls o  1̂ 2^ ) .®

The d i s t i n c t io n  between v a rio u s  degrees o f  eq u ip o ten cy , to  which 

Brouwer a tta c h e d  g re a t im portance a t  th e  tim e^ , i s  ju s t  one example o f 

h is  c r i t i c a l  a n a ly s is  o f concepts which in  language a re  covered by

1 A. F raen k e l and Y. B a r - H il le l ,  Foundations o f  S et Theo ry , p . 250; 
a lso  B.C. K leene and R.E. V eslcy , The Foundatio n s  o f  I n t u i t i o n i s t i c  
M athem atics. p . 43.

m m ,  p. 3; of. 2325k, p- 245.
The r e l a t i o n  o f equ ipo tency  i s  defined  as a one-one correspondence 
(see  f u r th e r  'S p l i t t i n g  o f eq u ip o ten cy ')  |  the c a rd in a l  numbers a re  
in tro d u ced  a f t e r  what Brouwer c a l l s  'The Fundamental P ro p e rty  o f 
F in i te  s p e c ie s ':  'F o r  any r e p re s e n ta t io n  o f the  one-one correspond
ence betw een a f i n i t e  sp ec ie s  E and th e  s e t  o f num erals o f an i n i t a l  
segment o f % , in  s h o r t ,  f o r  any way o f coun ting  E (Zühlungsw eise 
von E) , th e  same i n i t i a l  segment o f ^  i s  used ' (p . 5) .
Cf. 1220B, p . 205; 1221Â  p . 799.
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a s in g le  word.

With P a r t  I I  ( 1919a ) . 'Theory o f  P o in t S e ts ' , a beg inn ing  v/as 

made w ith  the  c o n s tru c tio n  o f an i n t u i t i o n i s t  a n a ly s is  on the b a s is  
o f the Brouwer s e t  and sp e c ie s .

A ccep ting  the  p o s s i b i l i ty  o f a trea tm e n t o f p o in t s e ts  o f  o th e r  
d im ensions, p lane p o in t s e ts  a re  s in g le d  out f o r  tre a tm e n t th roughou t.

The s t a r t in g  p o in t  i s  the 's e t  % o f squares (Q uadrate) in  a re c ta n g u la r  

co o rd in a te  system , whose co rn er p o in ts  a rc  the co o rd in a te s  — and —

and s id e s  ( p a r a l l e l  to  the axes) a re  o f le n g th  -or A p o in t

o f  the p lane  i s  an in d e f in i t e ly  p roceed ing  sequence o f squares o f Q, each 

o f which i s  con ta ined  in  th e  i n t e r i o r  o f i t s  p re d e c e ss o r '^ .
A th eo ry  o f p o in t s e ts  i s  th en  developed w ith in  th e  r e s t r i c t i o n s  

imposed through avoidance o f the  EEM and the  axiom o f com prehension, 

f u r th e r  com plicated  by B rouw er's ovm d i s t i n c t i o n  between s e ts  and sp e c ie s .

S ec tio n  3 o f P a r t  I I  in tro d u ces  th e  concept o f measure ( In h a l t )  and 

m e a su ra b ili ty  o f p o in t sp ec ie s  w ith in  the  u n i t  square . M e a su ra b ility  is  

f i r s t  d e fin ed  f o r  o u te r  l im i t in g  species® , and a n ecessa ry  and s u f f i c i e n t  

c o n d itio n  i s  given f o r  m e a su ra b ili ty  o f a r b i t r a r y  s p e c ie s :  ' I f  f o r  a

p o in t sp ec ie s  Q th e re  e x i s t  two m easurable o u te r  l im i t in g  sp ec ie s  Aq 

and Aq o f re sp . co n ten t i  and 1 -  i ,  such th a t  an a r b i t r a r y  p o in t o f
I II

Aq belongs to  Q and an a r b i t r a r y  p o in t o f Ag cannot p o s s ib ly  belong 

to  Q, then  Q i s  m easurable and i t s  co n ten t i s  i ' . ^

" 1919A . p. 3; l i 20B, p . 206; .lg23A , p . 800.
® E .g . th a t  the in te r s e c t io n  o f tv;o s e ts  i s  no t n e c e s s a r i ly  a s e t .

See f u r th e r  ; S e ts ,  C hapter IV.
® F i r s t  a l i m i t ing  s equence ( l i m i t i e r t e  Folge) i s  d e fin e d  as a funda

m ental sequence i j . , i s ,  i s ,  . . .  where each iy  = f o r  p o s it iv e

in te g r a l  v a lu es  a^  , suen th a t  f o r  every V th e re  i s  p o s it iv e  whole

number 4  and | iy+x — iyj| < f o r  every  non n eg a tiv e  X.
' I f  the co n ten t of the f i r s t  V squares o f a domain /3 (B ere ich ) i s

denoted by and i ^ , i g , i s ,  . . .  form a l im i t in g  sequence th en  ^ is

measurable  and i  the  co n ten t o f ' (p . 26).
'L e t My be a f i n i t e  s e t  o f squares x ( f o r  every  v ) .  I f  th en  every  
M y^i . belongs to  My , and the  co n ten ts  i^  o f th e  î/'îy form a 

l im i t in g  sequence then  k =n(M±^ Mg, . . , )  (das Beroichkomplcment) i s  

sa id  to  be m easurable and i  i s  the co n ten t o f k . ' (p . 26).

' I f  f o r  an o u te r  l im i t in g  sp ec ie s  A = U (k^^ k g , . . . ) ,  every  k  i s  

m easurable and th e  co n ten ts  i y  o f the  ky» 'fo rm  a l im i t in g  
sequence i ,  th en  A i s  measu rab le  and the co n ten t o f A i s  i . ' ( p .28) .

 ̂ 1919A . p . 31.
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F in i te  a d d i t iv i ty  i s  p roved , and coun tab le  a d d i t iv i ty  i n t u i t i o n i s t -  
i c a l l y  fo rm ulated  a s :  * If  F i s  a  fundam ental sequence of a m easurable 

p o in t sp ec ie s  such th a t  the  co n ten ts  o f th e  anions o f t h e i r  i n i t i a l  

segments form a l im i t in g  sequence i ,  th en  the  union  o f F i s  
m easurable and i t s  co n ten t equal to  i ' ^ .

The f i r s t  fov/ y e a rs  fo llo w in g  the  p u b lic a tio n  o f  ’Begründung d e r 

M engenlehre' were p robab ly  the  b e s t  in  Brouwer’s l i f e .  His to p o lo g ic a l 

work had g iven  him a p lace  among th e  le a d in g  m athem aticians o f the  tim e , 

now h is  c o n tr ib u tio n s  on the fo u n d a tio n s  o f m athem atics wore acclaim ed 

as c l a s s i c s ,  Hermann Weyl, one o f H i lb e r t ’ s most d is tin g u ish e d  

s tu d e n ts ,  d ra m a tic a lly  renounced h is  ovm e a r l i e r  a ttem p t ’Das K ontinuum ', 

and h a i le d  Brouwer as the r e v o lu t io n : ( ’ . . .  und Brouwer -  das i s t  d ie  

R evolu tion! ’) ,  th e  one m athem atic ian  who a t  l a s t  had so lved  the  

problem o f the  continuum which s in ce  a n c ie n t tim es had d e fea ted  even 

the g r e a te s t  minds.® In  a s e r ie s  o f le c tu r e s  'On th e  new c r i s i s  in  

th e  fo u n d a tio n s  o f m a th em a tic s ', g iven  in  th e  M athem atical Colloquium a t  

Z urich  in  May 1920, (p u b lish e d  in  1921®) Weyl expounded B rouw er's 

views on th e  continuum , the EEM and s e t  th e o ry  and pronounced a c r i s i s  

in  m athem atics o f which th e  an tinom ies had only  been symptom atic. In  

Ar:ierica th e se  views were s im ila r ly  acclaim ed by A rnold D resden in  

'B rouw er's  C o n tr ib u tio n  to  th e  Foundations of M athem atics '^ . As a 

r e s u l t  o f the f i r s t  w orld w ar, th e  G B ttingen S o c ie ty  had been disbanded 

and H ilb e r t  was now approaching  60; i t  now seemed n a tu ra l  th a t  Brouwer 

should  tak e  over th e  le a d  and Amsterdam become the  c e n tre  o f  founda
tio n a l  a c t i v i t y .

1 miA, p. 33.
A lthough Weyl recogn ized  th a t  h is  own a to m is tic  continuum d id  no t 
f a i t h f u l l y  r e f l e c t  the  in t u i t i v e  continuum (op. c i t .  p . 47) ,  he was 
s a t i s f i e d  th a t  f o r  the purpose o f  a n a ly s is  i t  would be s u f f i c i e n t .  
More a larm ing  to  him was B rouw er's re v e a lin g  th e  weakness of th e  
n o tio n  'T here i s '  (EEM): 'An e x i s t e n t i a l  s ta tem en t such as " th e re
i s  a number" i s  indeed no t a p ro p o s itio n  in  the  s t r i c t  sense . . .  
"There i s  a number" i s  on ly  a p re p o s i t io n a l  a b s t r a c t  (U r te i ls a b -  
s t r a k t )  ' p . 34 .

Mathem. Z e i t s c h r i f t . v o l. 10 ( l 9 2 l ) , pp. 39 -  79 .

B u l le t in  o f th e  American M athem atical S o c ie ty , (1 9 2 4 ), pp. 31 -  40. 
(P resen ted  to  th e  S o c ie ty  1923).
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’Begründung do r Funkionenloh ro  unabhüngig vom lo g isch o n  Satz vom 

ausgosohlossünon D r i t to n * ( l 22^ )  (P a r t  l )

I t  bocomos a lre ad y  apparen t in  'Begründung d e r  F u n k io n en leh re ' 

th a t  r e c o n s tru c tio n  o f m athem atics w ith in  Brouw er's r e s t r i c t i o n s  and 

on the  b a s is  o f the Brouwer so t and sp ec ie s  no t only  caused c o n s id e ra b le  

l im i ta t io n s  b u t a lso  produced r e s u l t s  w idely  d i f f e r e n t  from orthodox 
a n a ly s is .

A f te r  g iv in g  h is  d e f in i t io n s  o f r e a l  fu n c tio n s  on Brouwer s e t s ,

c o n t in u ity  a t  a p o in t and continuous fu n c tio n s ,  Brouwer alm ost

im m ediately d e r iv e s  h is  uniform  c o n tin u ity  theorem fo r  a l l  f u l l  
fu n c tio n s .

'By a r e a l  f u n c t io n o r  j u s t  fu n c tio n  we understand  a ru le  which 

c o r r e la te s  to  c e r t a in  x  ̂ , (w hich we denote by X which form the 
"domain o f  d e f in i t io n "  o f the  fu n c tio n  (D e f in it io n s b e re ic h )  ) always 

one y ^ , which v;e v /i l l  denote by 27. = f  ( x  ) which in  th i s  way 

u s u a lly  g en e ra te s  a p lane p o in t sp e c ie s . We l im i t  o u rse lv es  to  those 

r e a l  fu n c tio n s  f (x )  where x  belongs to  th e  c lo sed  u n i t  i n t e r v a l '  ( p .3 ) .

'A fu n c tio n  i s  sa id  to  be continuous f o r  th e  va lue  Xo ( s t e t i g  f ü r  don 

Wort Xo ) continuous in  the p o in t ( Xd •? iP  f o r  every  € an «g- 
can be in d ic a te d ,  (and th e re fo re  a p o s i t iv e  r a t i o n a l  %  ) ,  such th a t  

f o r  I X -  Xo I < «gthe in e q u a l i ty  | f ( x  ) “ f(X o ) I < ^ Bolds '

'A fu n c tio n  which i s  continuous f o r  every  x  i s  r e f e r r e d  to  in

sh o r t as a continuous fu n c tio n ' ( p . 3 ).

'A fu n c tio n  i s  sa id  to  be un ifo rm ly  co n tin u o u s , i f  f o r  every  € 

a p o s i t iv e  can be in d ic a te d  such th a t  f o r  | Xs -  Xi | < cc e

the in e q u a l i ty  | f ( ; \ ^ )  -  f  ( Xi ) I < 6 always holds ' .  (p . 4 ) .
'A f u l l  fu n c tio n  i s  a fu n c tio n  Tfhoso domain o f d e f in i t io n  i s  the

7/hole o f the c losed  u n i t  in te r v a l  ' .  ( p .3 ) .

Uniform c o n tin u ity  theorem

'E very  f u l l  fu n c tio n  i s  uniform ly  co n tin u o u s ' ( p .3) .

A p ro o f i s  h a rd ly  g iven  a t  t h i s  s ta g e . Brouwer confessed  in  1927î 

'T h is  theorem  has s in ce  I918 f re q u e n tly  been mentioned by me in  my 
le c tu r e s  and co n v ersa tio n s  . . .  I  d id  n o t ,  however, succeed in  p rov ing  

i t  u n t i l  much l a t e r  ( 1924Ii.

 ̂ X : the  p o in t co res  of th e  X ax is  ' ;  y : the  p o in t co res o f the
Y a x i s ' .

 ̂ 1927B . p .  62.
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A p ro o f v/as attem pted  in  1924H 'B ew ijs d a t ie d e re  v o i le  fu n c tie  

g e lijk m a tig  co n tin u  i s ' ,  ( Germ, v e rs io n  I9241) and ag a in  in  1927B.
(See f u r th e r  p . 34 ) .

With th e  p u b l ic  a. t io n  of P a r t  I  o f  'Begründung d e r  F unk tionen leh re  ' 

the  programme o f  sy stem a tic  re c o n s tru c tio n  o f  m athem atics on i n t u i t i o n i s t i c  

l i n e s  v i r t u a l l y  ended; P a r t  I I  never appeared. At a m eeting in  Hamburg 

in  1922, H ilb e r t  s ta r t e d  the defense  o f the EEM and C a n to r 's  s e t  th e o iy  

and t r a n s f in i t e  numbers, 'What Weyl and Brouwer do comes to  the same 

th in g  as to  fo llow  in  the fo o ts te p s  o f K ronecker! They seek to  save 

m athem atics by throw ing overboard a l l  th a t  which i s  troublesom e . . .  I f  

wo would fo llo w  such a reform  as th e  one they  su g g e s t, we 7/ould run  

th e  r i s k  o f lo s in g  a g re a t p a r t  o f our most v a lu ab le  t r e a s u r e s ', ^

Brouwer answered in  'O ver de r o l  van h o t p rin c ip iu m  t e r t i i  e x c lu s i in  

do w iskundo, in  ho t b ijz o n d e r  in  do f u n c t ie th e o r ie ' ( 1923B) ( On the 
ro le  o f  the PEM, e s p e c ia l ly  in  the th eo ry  o f fu n c tio n s )  (Germ, v e rs io n  

I924A; c f .  a lso  1925A ). He aga in  s ta t e s  h is  case o f I9O8B: th e

P r in c ip le  of th e  Excluded Middle i s  acc ep tab le  f o r  f i n i t e  domains because 
o f i t s  v e r i f i a b i l i t y  b u t has no a p r io r i  v a l i d i t y .  A p r i o r i  v a l id i t y  

was presumed by c l a s s i c a l  lo g ic  and th e  v a l id i t y  o f th e  EEM was 

extended in  m athem atics to  i n f i n i t e  domains, B rouw er's main concern  

in  I923B. however, i s  w ith  the im pact o f the  EEM on c l a s s i c a l  m athem atics 

and th e  consequences o f r e je c t in g  the  EEM f o r  m athem atics and the 

th eo ry  o f fu n c tio n s  in  p a r t i c u la r .  B rouw er's r e a l  number, d e fin ed  as 

a convergent sequence dependent on th e  occurrence o f  a g iven  f i n i t e  

sequence in  th e  decim al expansion  o f 7T , in troduced  f o r  the  f i r s t  tim e 

in  192IR as an example o f  a r e a l  number which has no decim al expansion®, 

made him r e a l iz e  th a t  the continuum cannot be o rdered  ( t h i s  had been 

presumed in  I918A . Because o f t h i s ,  and because o f the  s p l i t t i n g  o f

 ̂ 'NeubegrÜndung d e r M athem atik ', Abhandlungen d e r Hamburgischen
U n iv e r s i tü t . v o l. 1 ( l 922) ,  p . 137; a lso  'D ie lo g isc h e n  Grundlagen 
d e r  M athem atik, v o l.  80 (1922 ), pp. I31 f f .
Cf, C. R eid , H i lb e r t . L ondon,H eidelberg , Ne;v York 1970 , p . 135.

® 1921B. p.  811; T his r e a l  number becomes Brouwer’ s c l a s s i c  example 
r e f u t in g  a l l  cases  o f the use o f  the  EEM; see f u r th e r
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the  n o tio n  o f  co nvergence ,a lso  in tro d u ced  in  th i s  a r t i c l e

th e  whole o f  the c l a s s i c a l  th eo ry  o f fu n c tio n s ,  in c lu d in g  th e  n o tio n  

o f  the  Lehesgue in t e g r a l ,  is  now c a l le d  in to  doubt: 'W ith th i s  f i r s t

fundam ental p ro p e rty  ( i . e .  th a t  the  p o in ts  of the  continuum form an 

o rdered  p o in t sp e c ie s)  f a l l s  th e  u se fu ln e ss  of the  n o tio n  o f  th e  

in te g r a l  o f th e  P a r is  School, th e  s o -c a lle d  L in t e g r a l ,  i t  cannot even 

be a p p lie d  to  a c o n s ta n t fu n c tio n '® . A lso r e je c te d  a re :  the theorem

th a t  every  m athem atical sp ec ie s  ( c l a s s i c a l  s e t)  is  e i t h e r  f i n i t e  o r 

i n f i n i t e ;  the  Bolzano W e ie rs tra ss  theorem  and th e  Heine B orel covering  
theorem .

The lo g ic a l  consequences of the  r e je c t io n  o f the EEM were drawn 

in  'I n tu i t i o n i s t i s c h e  s p l i t s i n g  van m athem atische grondbegrippen ' 

( 1923c)(The " s p l i t t i n g "  o f  fundam ental n o tio n s  o f m athem atics in  
in tu it io n is m )  (Germ, v e rs io n  1923B) .  As a ' s p e c ia l  case  of th e  EEM 

th e  p r in c ip le  o f  r e c ip r o c i ty  o f complementary sp ec ie s ' was r e je c te d ,  

' t h e  p r in c ip le  which f o r  an a r b i t r a r y  m athem atical system  d e r iv e s  t r u th  
drcm the  a b su rd ity  o f the  a b s u r d i ty o f  a p ro p e rty '® . . A c a lc u lu s  o f 

a b s u rd i t ie s  was s e t  up which s ta r te d  an in te r n a t io n a l  debate  on 'th e  

Brouwer L o g ic ',  which went on u n t i l  the end o f  the  decade.^  Brouwer 

h im se lf , however, stood a lo o f  from th e  debate and was f a r  more 

concerned w ith  the  growing c r i s i s  in  in tu it io n is m  i t s e l f .
Enthusiasm  f o r  B rouw er's in tu i t io n is m  began to  wane; i t  became 

more and more apparen t how much of c l a s s i c a l  m athem atics had to  be 

s a c r i f ic e d  and how com plicated  a r e c o n s tru c tio n  o f m athem atics on 

i n t u i t i o n i s t  l in e s  proved to  be. E a r l i e r  v is io n s  o f a c l e a r ,  con

s t r u c t iv e  m athem atics, f re e d  from language and lo g ic ,  g ra d u a lly  

van ish ed . Weyl w rote l a t e r :  ' I t  cannot be d en ied , however, th a t

1 P o s it iv e  and neg a tiv e  convergence, see f u r th e r  p . 219.
B rouw er's s tu d e n t , M .J. B e l in fa n te ,  showed th a t  th i s  d i s t i n c t io n  
le a d s  to  d i f f e r e n t  th e o r ie s ,  p o s i t iv e  d ivergence le a d in g  to  a theo ry  
s im ila r  to  th e  c l a s s i c a l .  (M .J. B e l in fa n te ,  'Z u r in tu i t i o n i s t i s c h e n  
T heorie  d e r  unendlichon R e ih e n ', S itz u n g sb e r. der  p re u ss . Akadpm ie, 
Phys. Math. K la s se , 1929, pp. 639 -  66Ô); c f .  a lso  J.G . Dijkman,
' Convorgentio en Dive rg e n tie  in  do I n tu i t i o n i s t i sche Wiskundo,
' s Gravenhago 1952.

1923c. p . 877; p . 251.
For the debate  on the  Brouwer Logic, see f u r th e r  p , I5 0 .
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* advancing to  h ig h e r and more g en e ra l th e o r ie s ,  the in a p p l ic a b i l i ty  o f  

the  sim ple laws o f  c l a s s i c a l  lo g ic  e v e n tu a lly  r e s u l t s  in  an alm ost 

u nbearab le  awkwardness. And the  m athem atician w atches w ith  p a in  the  

la r g e r  p a r t  o f h is  tow ering  e d i f ic e  which he b e lie v e d  to  be b u i l t  of 

co n cre te  b lo c k s , d is s o lv e  in to  m ist b e fo re  h is  e y e s '.^

Growing i s o la t io n  was p a r t ly  se lf-im p o sed . Brouwer v/as not an 

easy  man to  work w ith ; he was an am bitious man and id e n t i f i e d  h im se lf  

com plete ly  w ith  in tu it io n is m ; h is  re fe re n c e s  to  o th e rs  a re  u su a lly  

c r i t i c a l ,  and v a lu a b le  c o n tr ib u tio n s  o f even h is  most ded ica ted  

c o l la b o ra to rs  were never p u b lic ly  acknowledged.

In  o rd e r to  r e t a i n  support f o r  th e  i n t u i t i o n i s t  cause and p re se n t 

in tu i t io n is m  as a v ia b le  a l t e r n a t iv e ,  Brouwer needed to  show how much 

o f  c l a s s i c a l  m athem atics can be re ta in e d  w ith in  i n t u i t i o n i s t  mathe

m a tic s , A more p o s i t iv e  approach can bo seen in  1924F ( 1924G ). 

• I n t u i t i o n i s t i c  P roof of the Fundamental Theorem o f A lg e b ra ',  1924J  

( l 92JjK) supplem ent to  _ig%F, 1̂2%C 'I n t u i t i o n i s t i c  p ro o f o f Jo rd a n 's  

Theorem o f  C u rv e s ',  1926E ( 1^ 2̂ f J  'The i n t u i t i o n i s t i c  form o f  the 

H eine-B orel theo rem '; ( c f .  a lso  the i n t u i t i o n i s t  analogues o f  the 

c l a s s i c a l  p ro p e r t ie s  o f th e  continuum of 19280®).

Meanv/hile, Brouwer p repared  a re v ise d  v e rs io n  o f P a r t  I  o f 

'Begründung d e r M engenlehre' which appeared as 'Z u r Begründung dor 
I n tu i t io n i s t i s c h e n  M athem atik' ( 1925D. 1926A and I 927A ). A dd itions 

and a l t e r a t io n s  m ainly r e f l e c t  h is  changes o f  view concern ing  o rd e rin g  

and w e ll-o rd e r in g  and th e  development o f  h is  th eo ry  o f fu n c tio n s ,

' d b er D e f in it io n sb e re ic h e  von Funktionen ' (1927B) (On th e  domains 

o f  d e f in i t i o n  o f  fu n c tio n s )  i s  B rouw er's l a s t  c o n tr ib u t io n  in  the  

M athem atische A nnalen. I t  summarizes h is  th eo ry  o f fu n c tio n s  and 

a t te n ^ ts  to  'p rove  as lu c id ly  as p o s s ib le ' what Brouwer regarded  as 

th e  most fundam ental theorem  o f i n t u i t i o n i s t  fu n c tio n  th e o ry , i . e .  the  
uniform  c o n t in u ity  theorem . An im portan t s tep  in  th e  p ro o f i s  the

 ̂ P h ilosophy o f M athem atics and N a tu ra l S c ie n c e . P r in c e to n  1949, p .54. 

® Seé f u r th e r  p . 223.
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Bar theorom and tho .Fan AheqxQn^, which p la y  a m ajor ro lo  in  l a t o r  
i n t u i t i o n i s t i c  analysis® .

Brouwer’ s main argument of J^gBTB, (as  in  1923A and 192Z|A) f o r  h is  

uniform  c o n tin u ity  o f  a l l  f u l l  fu n c tio n s  u lt im a te ly  c e n tre s  round h is  

d e f in i t io n  o f  fu n c tio n  and c o n tin u ity  (se e  above p . 3 l ) ,  and fo llow s 

from Brouwer’s n o tio n  o f  m athem atical e x is te n c e . This re q u ire s  f o r  

a fu n c tio n  e f f e c t iv e  c a l c u la b i l i ty ,  V/e could s im p lify  t h i s  argument 
in  the fo llo w in g  way:

Lot f  be a f u l l  fu n c tio n , and be a p o in t o f th e  u n i t  continuum

whose decim al expansion  i s  .k i  k^ ka . . . ;  l e t  f u r th e r  f (x ^ ) = y^ 

and th e  decim al expansion  o f y© be «.mq m2 m3 . . .  For an e f f e c t iv e  

c a lc u la t io n  o f f (x e )  to  any f i n i t e  decim al p la ce  (say  • m̂  mg m3 ...m ^ ) 

a f i n i t e  i n i t a l  segment • k^ k g  ka . . . k g  o f the decomal expansion of 
Xo must s u f f ic e .  I t  th en  fo llo w s th a t  f o r  any x± whose decim al 

expansion  has the  same i n i t a l  segment • k i kg kg . . . k g ,  f(x&) w i l l  
have the same i n i t a l  segment * m̂  mg nig ...n ip  in  i t s  decim al 
expansion  as f (x b ) .  The c o n tin u ity  requ irem en t i s  th e re fo re  a lre a d y

im plied  in  th e  d e f in i t i o n  o f function:®

i f  jx i  -  Xo! < .000 . . . k  • th en  ! f ( x i )  -  f (x o )  j<  .0 0 0 . . .  m.̂
I I q + X ' > P + 1 ,

The Bar theorem a s s e r t s :  ' I f  w ith  each elem ent o f a s e t  M ( i . e .  a
Brouwer s e t)  a n a tu ra l  number jS i s  a s s o c ia te d , th en  through th i s  
a s s o c ia t io n  M i s  s p l i t  in to  a w e ll-o rd e re d  sp ec ie s  S o f su b se ts
Mq;, each determ ined by a f i n i t e  i n i t i a l  segment o f ch o ices . With
a l l  elem ents o f each 1.1̂  the  same n a tu ra l  number i s  a s s o c ia te d '
(a s  g iven  in  1924H. p . I9 1 ).
In  the  (E n g lish ) term inology o f  1953 . 'Every crude b a r  co n ta in s  a 
wdL-ordered b lo c k ' (p . I 4 ) .
The Fan t heo rem ( s o -c a l le d  in  p. 15)* ' I f  w ith  each elem ent
e o f a f i n i t e  se t  M a n a tu ra l  number (Sq i s  a s s o c ia te d , th en  a 
n a tu ra l  number z can be in d ic a te d  such th a t  i s  com pletely
determ ined by the  f i r s t  z cho ices g e n e ra tin g  e ' ( 19.24H, pp. 191-192).

A d e ta i le d  a n a ly s is  o f B rouw er's Bar Theorem and i t s  lo g ic a l  
im p lic a tio n s  i s  g iven  in  K leene and V esley , The Foun d a tiq n s  jpf 
I n t u i t i o n i s t i c  M athem atics, iimsterdam I965 , pp. 43 -  89 ; o f . a lso  
C harles  P a rso n s, In tro d u c t io n  to  a r e p r in t  o f I927B in  J .  van 
H eyenoort, .JErege^Jkq^.Gedx^, H.U.P. I967 , pp. 446 -  463;
0 . S p ec to r, 'P ro v ab le  re c u rs iv e  fu n c tio n s  o f a n a ly s is ;  a co n s is te n c y
p ro o f by an e x te n s io n  o f p r in c ip le s  fo rm ulated  in  c u r re n t i n t u i t i o n i s t i c  
m a th em a tic s '. R ecu rs ive F unction  Theory, P roc. Symp. Pure M athem atics, 
v o l. V, Jm, Math. Soc, H I, pp. 1 -  27; G. K r e is e l ,  'Consequences 
o f B rouw er's Bar Theorem ', Journ . Syinb. L o g ic , v o l. 27 (1962 ),
pp. 380 -  381.

Continuous fu n c tio n s  in  th i s  sense a re  e q u iv a le n t to  B ish o p 's  
weakly con tinuous fu n c tio n s .  (Cf. E. B ishop, Foundations o f 
C o n stru c tiv e  A n a ly s is , New York -  London,
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A c l a s s i c a l l y  d isco n tin u o u s  fu n c tio n , such as f  dofinod  by 

f ( x )  = 0 f o r  0 < X < I  , f ( x )  = 1 f o r  |  <_ x <_ 1 , would sim ply no t 

q u a lify  as a fu n c tio n  dofinod on tho u n i t  continuum,

Tho Brouwer -  H ilb o r t C ontroversy

Towards 1927, support f o r  Brouwor’s i n t u i t i o n i s t  cause had dw indled, 
B rouw er's a ttem p t to  re p la c e  c l a s s i c a l  mathem atics by an i n t u i t i v e ,  c le a r  

c o n s tru c t iv e  system had f a i l e d  and became a s tru g g le  f o r  s u rv iv a l .

The sim ple a l t e r n a t iv e  p resen ted  by th e  fo rm a lis t  programme proved 
more a t t r a c t i v e  to  most m athem atic ians. H ilb e r t  had succeeded in  r e 

e s ta b l is h in g  G Bttingen as the c e n tre  o f the  m athem atical w orld , g a th e r in g  

round him such d is tin g u is h e d  m athem aticians as C ourant, von Neumann, Nord- 

hoim, Landau, N oether, B ernays, van dor Wacrden, A lexandro ff and A r tin .
B rouw er's e a r l i e r  o v e rtu re s  (a s  e a r ly  as 1909^) had f a i l e d  to  make 

any im pression  on H ilb o r t ,  who claim ed never to  have read  any o f  Brouw er's 

p ap ers . A f te r  W eyl's 'd e f e c t io n ',  H ilb e r t  could no lo n g e r ignore 

in tu it io n is m ; i r r i t a t e d ,  he l e f t  th e  f i e l d  o f m athem atical p hysics  

' t o  so lve  the problem o f fo u n d a tio n s  once and f o r  a l l ' .  While Brouwer 

w ith  the  m iss iona ry  zea l o f a p ro p h e t of dc^m,preached the hard and 

u n p leasan t t r u t h ,  H i lb e r t 's  programme v/as p rag m a tic , in s p ire d  by the  

d e te rm in a tio n  no t to  give up any o f  the  't r e a s u r e s  acquired*: 'The

d e s ire s  and a t t i t u d e s  which w i l l  shov/ us what d i r e c t io n  to  take  a re  

th e se : w herever th e re  i s  any hope o f  sa lv a g e , we w i l l  c a r e fu l ly

in v e s t ig a te  f r u t i f u l  d e f in i t io n s  and d eductive  methods. We w il l  nurse 
them, s tre n g th e n  them and make them u s e fu l .  No one s h a l l  d r iv e  us out 

o f  th e  p a ra d ise  which Cantor has c rea ted  f o r  us . '®
The co n tro v e rsy  between form alism  and in tu it io n is m  in  th i s  p eriod  

tu rned  in to  a b i t t e r  p e rso n a l feud w ith  u n d ig n if ie d  re c r im in a tio n s  on 

b o th  s id e s  . H ilb e r t  was ex trem ely  i r r i t a t e d  by ' t h a t  man f u l l  o f 
temperament and in v e n tiv e n e s s ',  and regarded  B rouw er's c r i t ic i s m s  as 

a p e rso n a l a f f r o n t :  'N ot even the sk e tch  o f my p ro o f o f C a n to r 's
continuum hypo thesis  ha.s remained u n c r i t ic iz e d . '®  B rouw er's resen tm ent

 ̂ 1928A. p . 375 r e f e r s  to  a m eeting w ith  H ilb o r t ' i n  th e  autumn o f 1909 ' ,
v/here th e  p o in t o f m athem atics and motamathematics was r a is e d  by Brouwer,

® 'Ubor das U n c d lic h e ', lA  v o l. 95 ( l 926) ,  r e p r in te d  in  B enaccrraf and
Putnam, Philosophy o f Mathemat i c s ,  pp. 134 -  151. An address on the
o ccasio n  o f  the c e le b ra t io n  in  honour o f W e ie rs tra s s , M unster,
4th  June, 1925. The re fe re n c e  here i s  to  B enacerraf and Putnam, p. 141.

® D, H i lb e r t ,  'G rundlagen d e r  M athem atik ', as r e p r in te d  in  
van H e ije n o o rt, From Prego to  GBdel, H.U.P. I967 , p. 47^.
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was the  r e s u l t  o f f r u s t r a t i o n  and n o n -re c o g n itio n ; Brouwer was v/ell 

aware o f  th e  r e s t r ic t iv e n e s s  and awkv/ardness o f h is  i n t u i t i o n i s t  

m athem atics ( 'u n fo r tu n a te ly  m athem atics had to  lo se  much of i t s  e le g a n t 

c h a ra c te r  and had to  assume much s t i f f e n  (Du. s t r o e v e r ) , awkward and 

com plicated  fo rm s .’^) M ainly because o f  t h i s ,  su p p o rte rs  such as Weyl 

had l e f t  him and jo in ed  ' the fo rm a l is t  camp' :  'T h a t from th i s  p o in t

of view only  a p a r t ,  perhaps only  a w retched p a r t ,  o f  c l a s s i c a l  mathe

m atics i s  te n a b le ,  i s  a b i t t e r  bu t in e v i ta b le  f a c t . ' ®  Above a l l ,  th e  

h ig h ly  p r iz e d  re c o g n itio n  by H ilb e r t  had no t been forthcom ing .

B rouw er's v i s i t  to  the G Bttingen M athem atics Club a t  the  time i s  

sym bolic: H ilb e r t  l i s t e n e d  in  s ile n c e  to  B rouw er's e x p o s it io n  o f the

d o c tr in e  o f  th e  EEM and the ensu ing  d eb a te . When he f i n a l l y  stood 

up, he c lo sed  th e  debate  w ith  th e  rem ark: 'W ith your methods most o f

JiLDdern m athem atics would have to  be abandoned and to  me th e  im portan t 

th in g  i s  not to  g e t few er r e s u l t s ,  bu t to  g e t more r e s u l t s , '®  The 

e n th u s ia s t ic  applause th a t  fo llow ed th e se  remarks by H ilb e r t  sounded 

a h u m ilia tin g  d e fe a t o f B rouw er's g re a t am bition . D is i l lu s io n e d  and 

e m b itte re d , he went back to  H olland. .
The p e t ty  in c id e n ts  o f th e se  y e a r s ,  B rouw er's po lem ica l c o n tr ib u tio n s  

and h is  u ltim a te  t r a g ic  w ithdraw al from p u b lic  l i f e , re v e a l the  weaker 

s id e s  o f  a proud and am bitious c h a ra c te r ;  they  a lso  show h is  p a ss io n a te  

involvem ent in  h is  cau se , alm ost to  the p o in t o f p a th o lo g ic a l o b sessio n , 

G Bttingen became the ' enemy cam p', H i lb e r t 's  name so much anathema th a t  

Brouwer s ta lk e d  out o f  a s o c ia l  g a th e r in g  in  Amsterdam when van d e r  

Waerden m entioned H ilb e r t  and Courant as h is  f r ie n d s .

On th e  e d i to r i a l  board  o f th e  M athem atische A nnalen . Brouwer 

demanded so le  r e s p o n s ib i l i ty  f o r  a l l  to p o lo g ic a l c o n tr ib u tio n s  and f o r  

a l l  papers subm itted  by Dutch m athem atic ians; he vetoed  c o n tr ib u tio n s  

in  which use was made o f th e  EEM, At the su g g es tio n  o f C aratheodory , 
H ilb e r t  d ism issed  the whole o f the  e d i t o r i a l  board ; E in s te in  unlcindly 

spoke o f ' t h i s  f ro g  and mouse b a t t l e '  and re s ig n ed  h is  p o s t as p r in c ip a l  
e d i to r  in  d is g u s t .^  . The D utch government so re se n te d  th i s  s l ig h t  on

p . 60.
W eyl's comment on H i lb e r t 's  second le c tu r e  ( l 927, ' G rundlagen d e r 
M athem atik ', as p r in te d  in  J .  van H e ije n o o rt, op. c i t .  p . 483. ) .

C. R e id , H i lb e r t ,  B e r l in  -  H e ide lberg  -  New York 1970, p , l 84 .
C f, th e  covers of v o ls  100 and 101 , which m ention only the 
names o f H i lb e r t ,  Hecke a id  B lum enthal.
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t h e i r  le a d in g  m athem atician  th a t  they  founded a r i v a l  m athem atical 

jo u rn a l w ith  Brouwer in  charge ,^  (B rouw er's campaign to  p rev en t 

H ilb e r t  and the  whole o f  the German d e le g a tio n  from a t te n d in g  the f i r s t  

in te r n a t io n a l  congress a f t e r  the  f i r s t  world war (Bologna 1928) was 

more p o l i t i c a l l y  in s p ir e d ) .  The l a s t  phase in  the  u n ed ify in g  sp e c ta c le  

o f  t h i s  p erso n a l feud  between two g re a t  bu t in to le r a n t  and a rro g a n t 
m athem aticians came in  tv/o c o n tr ib u tio n s .

In  Grundlagen dor M athematik ( in  i t s  o r ig in a l  v e rs io n  o f 1927®), 

H ilb e r t  p re sen te d  the  re v ise d  v e rs io n  o f h is  p ro o f th e o ry  and a n g r ily  

defended: 'E x is te n c e  theorems . . .  which to  him (Brouwer) aro w orth less

s c r ip ,  t h e i r  use cau sin g  m athem atics to  d egenera te  in to  a game . . . '

'The form ula gamo th a t  Brouwer so d e p re c a te s  . . . ’

and th e  P r in c ip le  o f the Excluded M iddle: 'T ak ing  the  EEM from the

m athem atic ian  would be the  same, say , as p ro s c r ib in g  th e  te le sc o p e  to  

th e  astronom er o r  to  the  boxer th e  use o f  h is  f i s t s .  To p ro h ib i t  

ex is te n c e  s ta tem en ts  and the  P r in c ip le  o f th e  Excluded M iddle, i s  
tantam ount to  re l in q u is h in g  the sc ien ce  o f m athem atics a l to g e th e r .

F o r, compared w ith  tho  immense expanse o f modern m athem atics, what would 
th e  w retched rem nants mean, 'the few is o la te d  r e s u l t s ,  incom plete and 

u n re la te d ,  th a t  the  i n t u i t i o n i s t s  have obtained?'®

A s im ila r  po lem ica l f la v o u r  can be found in  B rouw er's 

I n tu i t io n i s t i s c h e  B etrach tu naen Über den Formalismus ( 1928A) 

( i n t u i t i o n i s t i c  R e f le c tio n s  on Form alism ), an ad d ress  g iven  a t  the  

Royal Dutch Academy on 17th  December, 1927.^
In  the  opening l i n o s ,  Brouwer ex p resses  h is  c o n v ic tio n  th a t  

'th e  d isagreem ent over which i s  c o r r e c t ,  the  f o r m a l is t ic  way of 

founding  m athem atics o r the i n t u i t i o n i s t i c  way of r e c o n s tru c tin g  i t ,  

w i l l  v an ish  and the choice between tho  two a c t i v i t i e s  be reduced to  

a m a tte r  o f  t a s t e '  . The d if fe re n c e  between th e  two schools a re  

l i s t e d  in  fo u r  ' i n s i g h t s ' :

 ̂ R .L. G oodstein . E ssays in  the  Philosophy o f M athem atics.
L e ic e s te r  1965, P* 5 .

® P resen ted  a t  th e  Hamburg M athem atical Seminar in  Ju ly  1927. In  
i t s  o r ig in a l  v e rs io n  given  in  J . van H e ije n o o rt, op. c i t .  p . 464 f f .

® Ibidem , p . 476.
A lso d e l iv e re d , in  a s im ila r  form , a t  the  B e r l in  Academy o f 
S ciences on l6 th  F ebruary , 1920.
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1° The fo rm a l is t ic  d i f f e r e n t i a t io n  between the  c o n s tru c t io n  o f 

'th e  in v en to ry  o f m athem atical fo rm u las ' and an ' i n t u i t i v e  
(c o n to n tu a l)  theo ry  o f laws o f th i s  c o n s tru c tio n  f o r  which the  
n a tu ra l  numbers aro in d isp e n sa b le ;

2° The l im ite d  v a l id i t y  o f the  EEM;

3° The id e n t i f i c a t i o n  o f  tho EIĵ M w ith  th e  p r in c ip le  o f the s o lv a b i l i ty  
o f every  m athem atical problem;

4*̂ R eco g n itio n  o f the  f a c t  th a t  the ( co n to n tu a l)  j u s t i f i c a t i o n  o f

f o rm a l is t ic  m athem atics by means o f  a p ro o f o f i t s  co n s is te n cy

co n ta in s  a v ic io u s  c i r c l e .

The rem ainder o f  the  a r t i c l e  i s  concerned w ith  e s ta b l is h in g

a u th e n t ic i ty  o f those  i n t u i t i o n i s t i c  in s ig h ts  by re fe re n c e  to  e a r l i e r

w orks,and w ith  B rouw er's c laim  th a t  some of th e se  in s ig h ts  have been 

adopted by fo rm a l is ts  w ithou t m entioning  a u th o rsh ip : ' . . .  form alism

has rece iv ed  n o th ing  b u t b e n e fa c tio n s  from in tu i t io n is m  and may expect 
f u r th e r  b e n e fa c tio n s . The f o rm a l is t ic  school shou ld , th e re fo re ,  

accord some re c o g n itio n  to  in tu i t io n is m , in s te a d  of p o lem ic iz in g  a g a in s t 

i t  in  sn ee rin g  to n e s , w hile n o t even observ ing  p ro p er m ention o f 

a u th o rsh ip . M oreover, th e  fo rm a lis t  school should ponder the  f a c t  

th a t  in  the  framework o f  fo rm alism , n o th in#  o f  m athem atics p ro p er has 

been secured up to  nov; ( s in c e ,  a f t e r  a l l ,  th e  m etam athem atical p ro o f 
o f  th e  co n s is te n cy  o f  the  axiom system  is  s t i l l  la c k in g , now as b e fo re ) ,  

whereas in tu i t io n is m , on the  b a s is  o f i t s  c o n s tru c tiv e  d e f in i t i o n  o f 

s e ts  and the  fundamcnt-al p ro p e rty  i t  has e x h ib ite d  f o r  f i n i t e  s e t s ,  

has a lre a d y  e re c te d  anew se v e ra l o f the th e o r ie s  o f m athem atics p ro p er 
in  unshakeable c e r ta in ty .  I f , t h e r e f o r e ,  the fo rm a l is t ic  school 

(acco rd in g  to  i t s  u tte ra n c e s  in  H i lb e r t ,  I5b e r  das U nendliche p . l 80) 
has d e te c te d  modesty on the p a r t  o f in tu i t io n is m , i t  should se iz e  the  

o p p o rtu n ity  not to  la g  behind in tu it io n is m  w ith  re s p e c t to  th i s  

v i r t u e , ' ^
B rouw er's Vienna l e c tu r e s ,  M athem atik. W issonschaft und S p rache . 

(1929A. M athem atics, Science and Language, 10th  March, 1928) and 
Die S tru k tu r  des K ontinuuLis. ( 1928C. The S tru c tu re  o f  tho Continuum,

14 th  March, 1928) ,  a re  b o th  s ta tem en ts  on the  two m ajor is su e s  of

 ̂ 1928A. p. 377.
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B rouw er's in tu it io n is m , tho ro lo  o f language and lo g ic  in  m athem atics 
and the  n a tu re  o f  the  continuum. They co n ta in  l i t t l e  o f tho c lah o ra to  

d e t a i l  o f  B rouw er's sy s te m a tiz a tio n  of i n t u i t i o n i s t  m athem atics.

^ n s Çh c ^  und Sprachc is  c h ie f ly  p h ilo so p h ic a l and 
r e i t e r a t e s  B rouw er's e a r l i e r  views o f  the  l im ite d  ro lo  o f  language.
In  keeping  w ith  B rouw er's mood a t  the  tim e , th e  in flu en ce  o f  Schopen

h a u e r 's  p e s s im is t ic  view o f the  human w i l l  i s  more marked than  anywhere 

e lse^  in  B rouw er's work; m athem atics, sc ience and language are  
d esc rib e d  as the prim ary fu n c tio n s  of the human wdJA.®

Die S tru k tu r  des K-ontinuums summarizes B rouw er's c r i t ic i s m  of 
the  c l a s s i c a l  and ' o l d - i n t u i t i o n i s t ' trea tm en t o f  the continuum and 

b r i e f ly  d e sc rib e s  the  ' i n t u i t i o n i s t  continuum '. The c l a s s i c a l  

p ro p e r t ie s  a rc  re fu te d  one by one and rep laced  by i n t u i t i o n i s t  
analogues where a p p lic a b le .

Having lo s t  the  g en era l support o f the  m athem atical w orld, Brouwer 

in  th e se  Vienna le c tu r e s  could s t i l l  rouse  the  en thusiasm  o f p h ilo so p h ers  

f o r  h is  grand v is io n s .  They in sp ire d  W ittg e n s te in  to  r e tu r n  to  
p h ilo so p h ic a l a c t iv i t y .

At the  time when H ilb e r t  r e t i r e d ,  Brouwer ( in  h is  l a t e  f o r t i e s )  

l o f t  the  pub lic  (m athem atical) scene, le a v in g  th e  i n t u i t i o n i s t  le ad  
in  the hands o f h is  s tu d e n t, Arcnd H eyting , who w ith  B rouw er's help®, 
was about to  p u b lish  h is  fo rm a liz a tio n  o f i n t u i t i o n i s t  lo g ic  and 
m athem atics.

There was a tem porarj’- r e tu rn  to  p u b lic  m athem atical a c t i v i t y  a f t e r  

the  second world war. Most of B rouw er's pub lished  c o n tr ib u tio n s  of 
th e se  y e a rs ,  however, a re  sh o rt and c o n ta in  l i t t l e  new. I n te r e s t in g  
is  h is  r e je c t io n  ( 1948A) o f  van D antzig  and G r is s 's  r a d ic a l  c o n s tru c tiv e  
a ttem p t to  e lim in a te  n eg a tio n  a l to g e th e r  from i n t u i t i o n i s t  m athem atics, 

which would ob v ia te  Brouw er's theo ry  o f  a b s u rd i t ie s .^

1 The only d i r e c t  m ention o f Schopenhauer i s  made in  the  o th e r  Vienna 
le c tu r e ;  see f u r th e r  p . 65.
1933 is  la rg e ly  a t r a n s la t io n  o f 1929A.

A lthough Brouwer had h is  doubts about the  va lu e  o f such a fo rm a liza 
t io n ,  he helped H eyting to  have i t  pub lished  in  S itz u n g sb e ric h tc  
d e r p reusz ischon  Akadomie. fo llo w in g  h is  e je c t io n  from the board o f 
the IvIA.
G.F.C. G ris s , 'N egatie looze  in t u i t i o n i s t i c h e  Wiskundo' HAW v o r s l . 
v o l ,  53 (1944), p . 26I; 'N og a tio n lo ss  i n t u i t i o n i s t i c  M athem atics ', 
KAW proc. v o l. 49 ( 1946) ,  p . 1127.
P. van D an tzig , 'On the p r in c ip le s  o f i n t u i t i o n i s t i c  and a f f irm a tiv e  
m a th em a tic s ', KAW p roc. v o l.  50 ( l 947) ,  p . 918 and p . 1092.
Cf. E. B eth , The Foundations o f M athematic s , Amsterdam I96G,
pp. 436 -  442. ——
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At th e  age of sev en ty , Brouv/er r e t i r e d  as p ro fe s so r  o f  mathem- 

m atics ( l 95l ) .  The f i r s t  few y ea rs  o f re tire m e n t were devoted to  

v i s i t s  and le c tu r e s  a t  o th e r  u n iv e r s i t i e s .  These le c tu re s  helped  a 

re v iv a l  o f i n t e r e s t  in  in tu itio n is m ; l ik e  h is  e a r l i e r  work on 

fo u n d a tio n s , they  co n cen tra ted  on the broader p h ilo so p h ic a l is s u e s  

o f language and lo g ic  in  m athem atics (l^JtSC) (where th e re  i s  a  r e tu rn  

to  the m y s tica l ten d en c ies  of .l^O^) , o r  summarized h is  views on the 
PEM, sequences and the  continuum ( 19_5?B. 1953) .

Follow ing the  dea th  o f h is  w ife in  I9 6 I ,  Brouw er's time was 

la rg e ly  taken  up w ith  le g a l  problem s; h is  housekeeper w rite s  in  1964, 

'H is p e rso n a l c ircum stances a re  so i n t r i c a t e  and muddled , , ,  he s t i l l  

does v ery  much to  t r y  to  g e t h is  d i f f i c u l t i e s  ( f in a n c ia l  and in h e ri ta n c e  
d i f f i c u l t i e s )  s e t l le d  . . . ' ^

Honours had been bestowed on him e a r l i e r  in  l i f e ;  he was e le c te d  
a member of th e  Royal Dutch Academy (K on ink lijke  Akademie van We te n 

se happen) in  1912, and was kn igh ted  in  1932 (R idder in  de N ederlandse 
Leeuw). In  1948, he was e le c te d  a member o f th e  Royal S o c ie ty ,

On 2nd December, I9 6 6 , w hile c ro ss in g  a road  n ea r h is  home, he 

was knocked down by a c a r  and k i l l e d .  He v/as 85 y e a rs  o ld .

L e t te r  A.W. Vermey to  A. H i l l ,  6th  September, I964,
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B ib liog raphy

T his b ib lio g rap h y  was p resen te d  a t  a mathem atics sem inar a t  

Bedford College in  May I969. I t  i s  inc luded  in  th i s  v/ork s in ce  no 

com plete b ib lio g rap h y  o f Brouw er's vrork i s  y e t a v a i la b le ^ , and as a 
guide to  Brouw er's a c t i v i t i e s  and in t e r e s t s .

A ll B rouw er's works are  given in  the  ch ro n o lo g ica l o rd e r of 
t h e i r  p u b lic a tio n .

No a ttem p t i s  made to  c l a s s i f y  them in to  m athem atical and non- 

m athem atical, o r  to  d is t in g u is h  between books and papers; e i th e r  

d i s t i n c t io n  i s  in  many cases d i f f i c u t l  to  make. In c lu s io n  o f re fe re n c e  

to  r e p r in t s  and re p u b lic a t io n s  seems a p p ro p ria te  as the  complete 

works o f  Brouv/er have not as y e t been p u b lish ed .
R ep u b lica tio n s  and t r a n s la t io n s  du rin g  Brouv/er's l i f e t im e  are  

given s e p a ra te ly ,  as some c o n ta in  a d d itio n s  o r a l te r a t io n s  ( e .g .  1912A 

and I915A; I g m  and Ü 2J D , and I g Z g ) .  In d iv id u a l
c o n tr ib u tio n s  o f a s e r ie s  a re  a lso  given s e p a ra te ly ,  as some extend 
over a co n sid e rab le  p e rio d  and, as t h e i r  t i t l e - i n d i c a t e s ,  are  no t 

always continued in  the same language ( e .g .  1910C. 1910D. 1911D. 1911E : 
Dutch -  E n g lish , b u t 19200 : German).

L i t e r a l  t r a n s la t io n s  of p rev io u s p u b lic a tio n s  are  in d ic a te d  by 

an a s te r i s k .

A comprehensive b ib lio g rap h y  o f Brouv/er's work v/as re c e n tly  
p ub lished  by the  Royal S o c ie ty , London, (B io g rap h ica l Memoirs. 
G. K re is e l  and M.H.A. Newman).
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I B L I O G R A P H Y

L u i t z e n  E. g b e r t u s -  J a n  B ^ r o u v / e r  

A bb rev ia tio n s-:

KAW v e r s l .  KoninkltLjBs. Akademie van W etenschappen te  Amsterdam

(K on ink lijke  N ederlandse Akademie van W etenschappen), 

V e rs lag  d e r gewone vergaderingen  der w is-en  
natuurkundige a fd ee lin g en .

KAW verh , K o n in k lijk e  Alcade mi e van Wetenschappen te  Amsterdam, 

V erhandelingen ,

KAW proc. K o n in k lijk e  Akademie van Wetenschappen te  Amsterdam, 

Proceedings o f the S ec tio n  o f S c ien ces .

MA M athematische Annalen.

* T ra n s la tio n  o f

1904 A Over de s p l i t s i n g  van de con tinue beweging om een  v a s t

punt 0 van R4 in  twee con tinue bewingen om 0 van R3 ’ s ,

KAW v e r s l  . ,  v o l. 12 (19O4), pp. 819 -  838.

1904 Bl' On a decom position o f a continuous m otion about a f ix e d
p o in t 0 o f S4 in to  tv/o continuous motions about 0 o f  S3 * s , 

KAW p ro c . ,  v o l. 6 (1904 ), pp. 7l 6 -  735. ( 'C 1904 A)

1904 0 Over symmetrische tra n s fo rm a tie  van R4 in  verb and met Rr

en R i , KAW v e r s l ,  , v o l.  12 (19O4) , pp. 926 -  928.

1904 D On symmetric tran sfo rm a tio n  o f 8.4 in  connection  w ith

and E l, KAW p ro c . ,  v o l. 6 (1904) , pp. 785 -  787'. ( » 1904 C ).

1904 E A lgebraische a f le id in g  van de s p l i t s  b aa rh e id  d e r  con tinue 

beweging om een v a s t  punt van R4 in  d ie  van tv/ee R ^ ' s ,

KAW v e r s l . ,  v o l. 12 (19O4), pp. 941 -  947.

1904 F A lgeb ra ic  deduction  o f th e  decom posab ility  o f th e  continuous- 

m otion about a f ix e d  p o in t o f 84̂  in to  th o se -o f  tv/o E3 ' s ,

KAW p r o c . ,  v o l. 6 (1904), pp. 832 -  838. ( * I904 F ) .
1905. Il e v e n , K unst en M y stie k , Waltman, D e l f t  1905, 99 pages  

( L i f e ,  A rt and M y stic ism ).
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1906 A M eerim ensionale V e c to r d is t r ib u t ie s ,  KAW v e r s l . ,  v o l. 15
(1906), pp. 14 -  26.

1906 B Polydim ensional V e o to r^ d is tr ib u t io n s ,  KAW p ro c . ,  v o l. 9 
(1906 ), pp. 66 -  78. ( * 1 9 0 6  A)

1906 C Het k rach tv e ld  d e r n ie t-E u c l id is c h e , n e g a t ie f  ^ekromde 

ru im ten , KAW v e r s l . . ,  v o l. 15 (19O6) , pp. 75 -  94.

1906 D The fo rce  f i e l d  o f the  non-E uclidean spaces w ith  neg a tiv e  

c u rv a tu re , KAW p ro c . ,  v o l. 9 (19O6), pp. 116 -  133.
( * 1906 C)

1906 E Het k ra c h tv e ld  der n ie t-E u c lid is c h e  p o s i t i e f  gekromde 

ru im ten , KAW v e r s l . ,  v o l. 15 (19O6), pp. 293 -  310.

1906 F The fo rc e  f i e l d  o f the  non-E uclidean spaces w ith  p o s it iv e

c u rv a tu re , KAW p ro c . ,  v o l. 9 (19O6), pp. 25O -  266.
( ^ 1906 E)

1907 Over de Grondslagen d e r Wiskunde, Maas en van S u ch te len , 
Amsterdam -  L e ip z ig ; N oordhoff, Groningen I907 , 182 pages, 

(d o c to ra l th e s is )  (The Foundations o f M athematics)

1908 A Die môgliche M üchtigkeiten , A t t i  d e l IV Congresso I n te r 

n a tio n a le  de M atem atici, v o l. 3 , pp. 5^9 -  571.

I9O8 B De onbetrouw baarheid d e r  lo g isc h e  p r in c ip e s ,  T i jd s c h r i f t  

voor W ijsb eg eerte , v o l.  2 (19O8), pp. 152 -  158.

(The u n tru s tw o rth in ess  o f  th e  p r in c ip le s  o f  lo g ic )

1908 C Over de g rondslagen  d e r Wiskunde, Nieuw A rch ie f voor 

Wiskunde, v o l. 2 (19O8), pp. 326 -  328.

1908 D Over d if f e re n t ie q u o t ie n te n  en d if f e r e n t ia a lq u o t ie n te n ,

KAW v e r s l . ,  v o l. 17 (19O8), pp. 38 -  45.

1908 E About d if fe re n c e  q u o tie n ts  and d i f f e r e n t i a l  q u o tie n ts ,

KAW p r o c . , v o l. 11 (19O8), pp. 59 ~ 66. ( * 1908 D)

1909 A Het wezen d e r  meetkunde, C lausen, Amsterdam I9O9, 20 pages.
(The essence o f geom etry, p u b lic  l e c tu r e ,  12 O ctober, I9O9)

1909 B. Die T heorie d e r  end lichen  k o n tin u ie r l ic h e n  Gruppen,

unabhângig von den Axiomen von L ie , P a r t  I ,  IvlA Vol. 67

(1909), pp. 246 -  267; A t t i  IV Congr. I n te rn .  M at.; 
v o l. 2 , pp. 296 -  303, B erich tig u n g  h ie rz u , M  v o l. 69, 

p. 180.
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1909 C Over èèn -een d u id ig e , continue tra ïasfo rm aties  van opper-

v lakken in  z ich  z e l f ,  E e rs te  b ijd ra g e ,  KilW v e r s l . ,  v o l 17
(1 9 0 9 ), pp. 741 -  752.

1.909 D Continuous one-one tran sfo rm a tio n s  o f su rfaces  in  them

s e lv e s ,  1s t  communication, lUiW p ro c . ,  v o l. 11 (19O9),
pp. 788 -  798. ( * 1909 c )

1909 E Over de n ie t-E u c lid is c h e  meetkunde, Nieuw A rch ie f voor 

Wiskunde, s e r ie s  2 , v o l.  9 (19O9), pp. 72 -  74.

1909 F Over continue v e c to r d is t r ib u t ie s  op oppervlakken, e e r s te  
b i jd ra g e ,  KilW v e r s l . ,  v o l. 17 (19O9), pp. 896 -  904.

1909 G On continuous v e c to r - d is t r ib u t io n s  on su rfa c e s , f i r s t

communication, KAW p r o c . ,  v o l. 11 (1909), pp. 85O -  858.

( * 1909 F)

1909 H Over èen-eV nduidige, con tinue tra n s fo rm a tie s  van opper

v lakken in  z ich  z e l f ,  tweede b i jd ra g e ,  KAW v e r s l . ,  v o l . 18
(1 9 0 9 ), pp . 106 -  117 .

1909 I  Continuous one-one tran sfo rm a tio n s  o f su rfaces  in  them

s e lv e s ,  KAW p ro c . ,  v o l.  12 (1909 ), pp. 286 -  297.

( * 1 9 0 9  H)

1909 J  K a ra lc te r isee rin g  d e r E u c lid isch e  en n ie t-E u c lid is c h e
bew egingsgroepen, H andelingen van h e t N ederlands N atuur- 

kundig en Geneeskundig Congres, v o l. 12 , pp. 189 ~ 199.

1910 A Over continue v e c to r - d i s t r ib u t ie s  op opperwlakken, tweede

m ededeeling, KAW v e r s l . ,  v o l. 18 (19IO) , pp. 702 -  721.

1910 E On continuous v e c to r  d is t r ib u t io n s  on s u r fa c e s ,
2nd communication, Iv/iW p r o c . ,  v o l. 12 (19IO) , 

p p . 7 1 6  -  7 3 4 .  ( * 1 9 1 0  A)

1910 C Over de s tru c tu u r  d e r p e rfe k te  puntverzam elingen , e e r s te  

m ededeeling. KAW v e r s l .  , v o l. 18 (19IO) , pp. 833 -  842.

1910 B On the  s tru c tu re  o f  p e r fe c t  s e ts  o f p o in ts ,  f i r s t  com

m unication , KAW p r o c . ,  v o l. 12 (1 9 1 0 ), pp. 785 -  794.

( * 1910 C)

1910 E ZiUr A nalysis  S i tu s ,  IvA v o l. 68 (1910), pp. 422 -  434.
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1910 F Beweis des Jo rdansohen K urvensatzes , MA, v o l. 69

(1910 ), pp. 169 -  175.

1910 G Über e in -e in d e u t ig e , s te t ig e  T ransform ationen  yon F laohen 

in  s ic h ,  m ,  v o l. 69 (19IO ), pp. 176 -  I8O.

B erich tig u n g  h ie rz u  MiV, v o l. 69, p . 592 and M , v o l. 79 
p. 4-03 .

1910 H Die T heorie d e r en d lich en  k o n tin u ie r l ic h e n  Gruppen unab— 

hüngig von den Axioraen von L ie ,  P a r t  2 , M , v o l. 69,
pp. 181 -  203.

1910 I  Over con tinue v e c to r d is t r ib u t ie s  op oppervlakken, derde 

m ededeeling, KiW v e r s l . , v o l. 19 (19IO) , pp. 36 -  51.

1910 J  On continuous v e c to r  d i s t r ib u t io n s  on s u rfa c e s , 3rd

communication, 10\W p r o c . , v o l.  I3  (19 IO ), pp. 171 -  I86 .

( * 1910 l ) .

1910 K Sur le s  con tinus i r r é d u c t ib le s  de M. Z o r e t t i ,  Annales

de 1 ' éco le  normale s u p é r ie u re , v o l. 27 (19IO ), pp.565 -  566.

1910 L B eoordeling  van Mannoury, 'M ethodologisches mnd P h ilo -
sophisches zur Elem entarm athem atik^ Nieuw A rch ie f  voor 

Wiskunde, v o l. 2 (19IO)

1911 A Beweis d e r  In v a rian z  d e r D im ensionenzahl, JVIA, v o l.  70

(1911) pp. 161 -  165.

1911 B. Over éen -een d u id ig e , continue tra n s fo rm a tie s  van oppervlakken 

in  z ich  z e l f ,  derde m ededeeling, KAW v e r s l . , v o l. 19

(1911) pp. 737 -  747.

1911 C Continuous ..one-one tran sfo rm a tio n s  o f su rfaces  in  them
s e lv e s ,  th i rd  communication, KiiW p r o c . ,  v o l. 13 ( l 9H )

pp. 767 -  777. ( * 1911 b )

1911 D Over de s tru c tu u r  d e r p e rfe c te  puntverzam elingen , tweede 

m ededeeling, KAW v e r s l ,  , v o l. 19 ( l 9H ) , pp. 14-16 -  14-26.

1911, E On the s tru c tu re  o f p e r fe c t  s e ts  o f  p o in ts ,  2nd communi

c a t io n ,  KiVW p ro c . ,  v o l.  14 (1911), pp. 137 -  147 ( * 1911 D)

1911 F Over een -een d u id ig e , continue tra n s fo rm a tie s  van opper

v lakken in  z ich  z e l f ,  v ie rd e  m ededeeling, KAW v e r s l . , 

v o l. 20 (1911), pp. 24 -  34.
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19H  G Continuous one-one tran sfo rm a tio n s  o f  su rfaces  in  them selves, 
4 th  communication , lUiW p ro c . ,  v o l. 14 (1 9 I1 ) , 
pp. 300 -  310. ( << 1911 f )

1911 H Sur une th e o rie  de l a  mesure. L ’enseignem ent m athém atique,

v o l. 13 (1911), pp. 377 -  380.

1911 I  tfber A hhildung vqn H a n n ig fa l tig k e ite n , IViA, v o l. 71 ( l 9H ) ,

pp. 97 -  115, B erich tig u n g  dazu, M , v o l. 71 (1 9 II)  p .598..

1911 J Beweis d e r In v a rian z  des n-d im ensionalen  G eh ie ts ,

MA, v o l. 71 (1911) pp. 305 -  313.

1911 K Beweis des Jordanschen S atzes f ü r  den n-d im ensionalen  Raum,

MA, v o l. 71 (1911), pp. 314 -  319.

1.911 L Über Jordansche M a n n ig fa ltig k e ite n , lÆA, v o l. 71 (1 9 II)

pp. 320 -  327. Bernerkung dazu, M , v o l.  71 , p. 598.

1911. M Sur le  théorème de M. Jordan  dans l 'e s p a c e  a n d im ensions. 

Comptes rendus de l ’Académie des S c ien ces , v o l. 153 (1 9 II)  
pp. 542 -  544.

1912 A In tu itio n is ra e  en form alism e (in au g u a l a d d re s s ) , C lausen ,

Amsterdam 1912, 32 pages; a lso  pub lished  in  Wiskundig 

T i jd s c h r i f t ,  v o l. 9 ( l 913) ,  pp. I8O -  I88 .

1912 B Sur l a  n o tio n  de "c la sse "  de tran sfo rm a tio n s  d 'une m u l t ip l i c i t é .  

Proceedings o f the  In te rn a t io n a l  Congress o f M athem atics, 

Cambridge 1912, v o l. 2 , pp. 9 -  10.

1912 C Over om lo o p sco effic ien ten , KAW v e r s l . , v o l. 20 (19 1 2 ),

pp.. 1049 -  1057.

1912 D On loop ing  c o e f f ic ie n ts ,  KAW p r o c . ,  v o l. 15 (1912), 

pp. 113 -  122 ( » 1912 C)

1.912 E Over een-eenduid ige tra n s fo rm a tie s  van oppervlakken in  z ich

z e l f ,  v i j f d e  m ededeeling, KAW v e r s l . , v o l. 21 (1912) ,

pp. 300 -  309^

1912 F Continuous one-one tran sfo rm a tio n s  o f su rfaces  in  them selves, 

5th  communication^ KAW p r o c . , v o l. 15 ( l 912) , pp. 352 -  360.

( 1912 e )
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1912 G Über den kontinuitë.i;sbev/eis f ü r  das Fundamentaltheorem der 

automorphen Funktionen im G re n z k re is fa l le , J a h re s b e r ic h t 

d er ■ deutschen  M athornatiker V erein igung , v o l. 21 (1912) ,
pp. 154. -  157.

1912 H Über d ie  topo log ischon  S chw ierigke iten  des K o n tin u i tâ ts -  
bew eises d e r Existenztheorem e e in d e u tig  unüœhrbaror po ly

morphe r  Funktionen au f Riemannschen F lâchen  ( e x tr a c t  from 
a l e t t e r  to  R, F r ic k e ) , GBttingen N achrich ten  Ges. W iss. 
math, phys. K la sse , v o l. 1912, pp. 6O3 -  6O6).

1912 I  Über d ie  S in g u la r i tü te n f ro ih e i t  der M odu lm an n ig fa ltig k e it,
G Bttingen N achrich ten  Ges. W iss. Math. phys. K la sse , v o l. 1912
pp. 803 -  806,

1912 J  Beweis des Ebonon T ra n s la t io n s s a tz e s , IvIA, v o l. 72 (1912), 

pp. 37 -  34.

1912 K Zur In v a rian z  des n -d im ensionalen  G e b ie ts , IvA, v o l. 72
(1912), pp. 55 -  56.

1912 L Beweis der In v arian z  d e r gesch lossenen  K urve, M/j., v o l. 72
(1912), pp. 422 -  425.

1913 A In tu i tio n ism  and Form alism , B u lle t in  o f the  American-

M athem atical S o c ie ty , v o l. 20 (1913), pp. 8l  -  96. (*  1912 A)

1913 B. Review of Schoenflios and Hahn (Die Entw ickelung d e r 
Mengenlehre und ih r e r  Anwendungen), J a h re s b e r ic h t der 

deu tschen  M athcm atiker V erein igung , v o l. 23, 2nd s e c tio n ,

pp. 78 -  83.

1913 0 Über den n a tü rlic h o n  D im en sio n sb eg riff, Jou rn a l f ü r  d ie  re in e  

und angewandte M athem atik, v o l. 142 (1913 ), pp. I46 -  132.

1913 D Enige opmerkingen over h e t samenhangstype?7 KiiW v e r s l .  ,

v o l. 21 (1913), pp. 1412 -  1419.

1913 E Some remarks on the  coherence type q K77 p ro c . ,  v o l. 15

(1913 ), pp. 1256 -  1263. ( * 1913 d)

1915 A Opmerkingen over inv/endige grensvorzam elingen, -KAW v e r s l .

v o l. 23 (1915), p p . ,1525 -  132Ê.
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1915 B. Remark on in n e r l im it in g  s e t s ,  KAW p r o c . ,  v o l. 18 (1915), 
pp. 4 8 - 49, ( 1915 A)

1915 0 Over de lood rech te  tra jec to rfen  der baankrommen eener vlakke 

een led ige  p ro je c tie v e  g roep , Nieuw A rch ie f v o o r Wiskunde, 

v o l. 11 (1915), pp. 265 -  290, (on the  o rthogonal t r a j e c 
to r i e s  o f curves of the plane p ro je c tiv e  group).

1917 A Addenda en co rrigenda over de grondslagen der wiskunde,

KAW v e r s l . ,  v o l. 25 ( l 917) ,  pp. 1418 -  1423; a lso  Nieuw 
A rch ie f voor V/iskunde, 2nd s e r ie s ,  v o l. 12 (1 9 I8 ) , 

pp. 439 -  445.

1917 B Over l in é a i r e  inwendige grensverzam elingen, KAW v e r s l .  , 

v o l. 25 (1917)5 pp. 1424 -  1426.

1917 0 Over l in e a r  in n e r , l im it in g  s e t s ,  KAW p r o c . ,  v o l ,  20
(1917)5 pp. 1192 -  1194. ( 1917 b)

1918 A Begründung d e r Mengenlehre unabhüngig vom lo g isch en  S a tz
vom ausgeschlossenen  B r i t te n ,  E r s te r  T e i l ,  A llgemeine 

M engenlehre, KAW v e rh . ,  1s t  s e c t io n , no. 5 , pp. 1 -  45.

1918 B Beweging van een m a te rie e l punt op den bodem eener draaiende 

vaas onder den inv loed  der zw aartek rach t, Nieuw A rch ie f 

voor Wisl-ainde, 2nd s e r ie s ,  v o l. 12 (19I8) , pp. 487 -  417. 

(M otion under the in flu en ce  o f g ra v ity  o f a p o in t mass a t  

the bottom of a sp inn ing  v e s s e l) .

1918 0 Opmerking over de vlaklce t r a n s l a t i e s t e l l i n g ,  KAW v e r s l . ,

v o l.  27 (1918), pp. 848 -  841.

1918 D Remark on the  plane t r a n s la t io n  theorem , KAW proc . ,

v o l.  21 (1918), pp. 935 -  936. ( * 1918 C)

I9 I8  E Über e in e in d e u tig e , s te t ig e  T ransform ationen von F lücheïi 

in  s ic h ,  sech ste  M itte ilu n g , KAW v e r s l . ,  v o l. 27 (1 9 I8 ) , 

pp. 609 -  612; KAW p ro c . ,  v o l. 21 (1 9 I9 ) , pp. 787 -  718.^

A lthough d if f e r e n t  in  co n te n t, bo th  1918 E and 1928 D 
are  given by Brouwer as the 6th  communication in  th i s  
s e r ie s ,  resumed a f te r  6 y ears
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1919 A Begründung dor Mengenlehre unabhüngig vom lo g isc h en  Satz 

vom ausgeschlossenen  D r itto n , Z w eiter T e i l ;  T heorie d e r 
Punktmengen, KAW v e rh . ,  1s t  s e c tio n , p a r t  12 , No. 5 ,
pp. 1 -  33.

1919 B Wiskunde, w aarheid, l. 'o rk e lijk h e id , Noordhoff Groningen, I919. 

(M athem atics, T ru th , R e a lity  . Contains I9O8 B., I9O9 A and 
1912 A)

1919 C Over topologischo in v o lu t ie s ,  KAW v e r s l . ,  27 (1919), 
pp. 1201 -  1203.

1919 D Über topologischo  In v o lu tio n en , KAW p r o c . , v o l. 21 (1919),

pp. 1143 -  1145. ( * 1919 c)

1919 E Opsomming der perio d isch e  tran fo rm atie s  van do to ru s ,

KAV/ v o r s l . ,  v o l. 2? (1919), pp. 1363 -  1367.

1919 E Aufzühlung dor po riod ischen  Transform ationen des T orus,

Kii’rt p r o c . ,  v o l. 21 (1919), pp. 1352 -  1356. ( » 1919 E)

1919 G Enum eration des su rfaces  do Riemann ré g u liè re s  de genre un. 

Comptes rendus hebdomadaires de l 'Académie des S c ien ces , 

P a r is ,  v o l. 168 (1919), pp. 677 -  678.

1919 H Enum eration des groupes f i n i s  de tran fo rm atio n s to p o l

ogiques du to r e .  Comptes rendus hebdomadaires de 

l 'Académie des S ciences, P a r is ,  v o l. I68 (1 9 I9 ) ,

pp. 845 -  848; 1168.

1919 I  Über d ie  Erv/eiterung des D e fin itio n sb e re ic h e s  e in e r

s te t ig e n  Eunktion, VA vol.- 79 (1919), pp. 209 -  211; 403.

1919 J  Lebesguesches Mass und A nalysis S i tu s ,  MA, v o l. 79 ( l 919) ,

pp. 212 -  222.

1919 K Sur le s  p o in ts  in v a r ia n ts  des tran sfo rm a tio n s  topo log iques 

des s u r fa c e s . Comptes rendus hebdomadaires des séances de 

l ’Académie des S ciences, P a r i s ,  v o l. I68 (19 1 9 ), 

pp. 1042 -  1044.

1919 L Über d ie  perio d isch en  Transform ationen d e r K ugel, M ,

v o l. 80 (1919)5 pp. 39 -  4L.

1919 M L u ch tv aart en photogram m etrie, P a r t I ,  Nieu\/ T i jd s c h r i f t

voor V/iskundo, v o l. 7 (1919) ,  PP- 311 - . 331. .(A v ia tio n  . 

and photographie survey)
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1919 N Sur l a  c l a s s i f i c a t io n  des ensembles fermes s i tu e s  su r une 

s u r fa c e , Comptes fendus hebdomadaires de séances de 

l ’Académie des S ciences, P a r is ,  v o l. I69 (1919 ), p p .953 -  954.

1919 0 Opmerking over meervoudige in te g ra le n , KAW v e r s l .  , v o l. 28
(1919), pp. 116 -  120.

1920 A Remark on m u ltip le  in te g r a ls ,  KAW proc. , v o l. 22 (1920),
pp. 150 -  154. (iK 1919 0)

1920 B I n tu i t io n i s t i s c h e  Mengenlehre, J a h re sb e ric h t der deutschen 

M athem atiker V ereinigung, v o l. 28 (192O.), 1 s t s e c t io n , 
pp. 203 -  208; re p r in te d  in  KAW p ro c .,  v o l. 23 ( l 922) ,  

pp. 949 -  954.

1920 G Über d ie  S tru k tu r  der p e rfek ten  Punktmengen, d r i t t e  M i t te i l -  

ung, KAW v e r s l . ,  v o l. 28 (1920), pp. 373 -  375; KAV/ p ro c . ,  

v o l. 471 -  474.

1920 D Über e in e in d e u tîg e , s te t ig e  T ransform ationen von F lüchen in  

s ic h ,  sech ste  M itte ilu n g , KAW v e r s l . ,  v o l. 28 (1920), 

pp. 1186 II9O; KAW p ro c . ,  v o l. 22 (1920), pp. 811 -  814.

1920 E S ieben te  M itte ilu n g , KAW v e r s l . ,  v o l. 29 ( l 920) ,  pp.64O -  

642; KAW p ro c .,  v o l, 23 ( l 920) ,  pp. 232 -  234.

1920 F Über d ie  M inimalzahl der Fixpunkte b e i den K lassen  von 

e in d e u tig e n , s te t ig e n  Transform ationen d e r R ingflüchen ,

MA., v o l. 82 (1920), pp. 94 -  96.

1920 G L u ch tv aart en photogram m etrie, p a r t  I I ,  Nieuw T i jd s c h r i f t  

voor Wiskunde, v o l .8 (1920), pp. 300 -  307.

1920 H Enum eration des c la sse s  de tran sfo rm a tio n s  du p lan  p r o j e c t i f .  
Comptes rendus hebdomadaires des seances de l ’Académie des 

S c ien ces , P a r is ,  v o l, 170, pp. 834 -  835; 1295.

1920 I  Enum eration des c la sse s  de re p ré se n ta tio n s  d ’une su rface

su r  une au tre  su rfa c e . Comptes rendus hebdomadaires des 
séances dé l 'Académie des S ciences, P a r is ,  v o l. 171 ( l 920) ,

pp. 89 -  91; 830.

1921 A I n t u i t i o n i s t i s c h e  v e r z a m e l i n g s l e e r ,  KAW v e r s l . , v o l .  29

(1921), pp. 797 -  802. ( 1920 B)
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1921 B B e s i tz t  jede re e le  ùaKL e ine Bezimalbruchenent'vvicklung?

KAW v e r s l . ,  v o l, 29 ( l 92l ) ,  pp. 803 -  812; r e p r in te d  in

v o l. 83 (1921), pp. 201 -  210, and KAVf p r o c . ,  v o l.  23
(1922), pp. 955 _ 964.

1921 C A ufzühlung d er A b b ild u n g sk la ssen  e n d lic h fa c h  zusammen- 

hângender Flâchen, m  v o l. 82 ( l 92l ) ,  pp. 280 -  286.

1921 D Opmerking over de bepaling  van a i le  complexe fu n c tie s  voor

vrelke I f ( z )  j = f  ( j z| ) . (remark on the  d e te rm in a tio n  
o f a l l  fu n c tio n s  o f a complex v a r ia b le  fo r  which 

j f ( z ) l  = f ( I z: I ) ,  C h ris tia a n  Huygens, v o l. 1 (1921), 

p. 354.

1923 A Begriindung d e r Funktionenlehre unabhÜngig vom lo g isc h en  Satz 

vom ausgeschlossenen D r i t t e ,  KAW v e r h . , 1s t  s e c tio n , p a r t  13 ,  
no 2 , pp. 1 -  24.

1923 B Over de r o l  van h e t princip ium  t e r t i i  e x c lu s i in  de wiskunde, 

in  h e t b ijzo n d e r in  de fu n c t ie th e o r ie , W is-en Natuurkundig 

T i jd s c h r i f t ,  v o l. 2 (1923), pp. 1 - 7 . (On the ro le  o f the 
P r in c ip le  o f  the excluded th i rd  in  M athem atics, e s p e c ia lly  

in  the  theory  o f fu n c tio n s , r e p r in te d  in  J . van H eyenoort, 

From Frege to  CBdel, H.U.P. I967 , pp. 334 -  44l )

1923 C I n tu i t io n i s t i s c h e  s p l i t s in g  van mathematische grondbegrippen , 

KAW v e r s l . ,  v o l. 32 (1923), pp. 877 -  880. ( i n t u i t i o n i s t i c  

a n a ly s is  o f the fundamental concepts of m athem atics)

1923 D Over h e t n a tu u r l i jk e  d im ensiebegrip , KAW v e r s l .  , v o l. 32

(1923 ), pp. 881 -  886.

1923 E Über den n a tü rlic h e n  D im ensionsbegriff, KAW p ro c . ,  v o l.  26

(1923 ), pp. 795 -  800. ( ■* 1923 D)

1924 A Über d ie  Bedeutung des Satzes vom ausgeschlossenen  B r i t te n

in  d e r M athematik, insbesondere in  der F u n k tio n e n th eo rie , 

Jo u rn a l fÜr d ie  re in e  und angewandte M athematik, v o l. 154

(1924), pp. 1 - 7 . ( * 1923 B)

1924 B Over de to e la t in g  van oneindige waarden voor h e t fu n c t ie -  

b e g rip , KAW v e r s l . , v o l. 33 ( l 924) ,  p. 41. ,

1924 C Über d ie  Zulassung unend licher Werte f ü r  den F u n k tio n b e g r if f ,  

KAW p r o c . , v o l. 27 ( l 924) , p. 248, ( 1924 b)
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1924 B P e rfe c ts  puntversajnelingen met p o s i t i e f  i r r a t io n e e le  

a fs tan d e n , KAW v e r g l . , v o l. 33 (1924), p. 81.

1924 E P e rfe c t s e ts  o f p o in ts  w ith p o s i t iv e ly  i r r a t i o n a l  d is ta n c e s ,  

KAW p ro c . ,  v o l. 2? (1924), p. 487. ( # 1924 D)

1924 F L .E .J , Brouv/er and B. de L oor, I n t u i t io n i s t i s c h  h e w ijs  van  

de h o o f d s t e l l in g  d er  a lg e b r a , KAW v e r s l . ,  v o l .  33 (1924),
pp. 82 -  84.

1924 G I n tu i t io n i s t i s c h e r  Beweis des Fundam entalsatzes d e r A lgebra, 

KAW p r o c . , v o l. 27 (1924), pp. 186 -  I88. ( » I924 f )

1 924  H B ew ijs d at ie d e r e  v o i l e  fu n c t ie  g e l ijk m a tig  co n tin u  i s ,

I W  v e r s l . ,  v o l. 33 (1924), pp. I89 -  193.

1924 I  Beweis dasz jede v o ile  Funktion gleichm âszig  s t e t i g  i s t ,

KA.W p r o c . ,  v o l .  27 ( l 9 2 4 ) ,  pp. I 89 -  I 9 3 . ( 19 24 H).

1924 K I n tu i t io n i s t i s c h e  Ergânzung des Fundam entalsatzes der 

A lgebra , KAV/ proc. , v o l. 27 (1924), pp. 631 -  634.

( < 1924 j ) .

1924 L Opmerkingen over h e t n a tu u r l i jk  d im ensiebegrip , KAW v e r s l . ,

v o l. 33 (1924), pp. 47S -  478.

1924 M Bemerkungen zum n a tü rlic h e n  B im ensionsbeg riff, KAW p ro c . ,

v o l. 27 (1924), pp. 635 -  638. ( » 1924 L)

1924 N Bewijs van de onafh an k e lijk e id  der o n tt r e k k in g s re la t ie  van 

de v e rs m e lt in g s re la t ie ,  KAW v e r s l . ,  v o l. 33 ( l 924) ,  
pp. 479 -  480. (P roof o f the  independence o f the  r e la t io n  

o f d is jo in tn e s s  from c o n f lu e n c e ,)

1924 0 Opmerkingen aangaande h e t bew ijs der g e lijk m atig e  c o n tin u i-  

t e i t  van v o ile  fu n c tie s ,  KAW v e r s l . ,  v o l. 33 ( 1924) ,

pp. 646 -  648.

1924 P Bemerkungen zum Beweis der gleichmBszigen S te t ig k e i t  v o i le r  

Funktionen , KAW p ro c . ,  v o l. 27 ( l 924) ,  pp. 644- -  646.

( *  1924 0)

1924 Q On th e  n-dim ensional simplex stair in  R^, KAW proc. , v o l. 27
(1924), pp. 778 -  78O; (sh o r t note and announcement 

KAW v e r s l . ,  v o l. 33 ( 1924) ,  p . 1008 )
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1924 R Z.um n a tü rlic h e n  B im ensionsbegriff, Mathematische Z e i t s c i i r i f t , 
v o l. 21 (1924), pp. 512 -  314.

1924 S Z u sc h r if t  an der H erausgeber, J a h re sb e ric h t d e r deutschen

M athem atiker V ereiningung, v o l. 33 (1924), p . 124.

1925 A Bie R olle  des Satzes vom ausgeschlossenen

M athematik, Ja h re sb e ric h t der deutschen M athem atiker 
V erein igung , v o l. 33 ( l 925) ,  pp. 6? -  68.

1925 B I n tu i t io n i s t i s c h e  Zerlegung m athem atischer Grundbeg r i f f e ,

J a h re sb e r ic h t der deutschen M athematiker V erein igung, v o l. 33
(1925), 1s t  s e c tio n , pp. 25I -  256. (of .  1923 C)

1925 C I n tu i t io n i s t i s c h e r  Be'weis des Jordanschen K u rv en sa tzes ,

ICAW proc. , v o l. 28 (1925), pp. 503 -  508; a b s t r a c t  and 
announcement, KA.W v e r s l . ,  v o l. 34 (I925) , p. 657.

1925 B Zur Begriindung der in tu i t io n is t is c h e n  M athematik, E r s te r

T e i l ,  m ,  v o l. 93 (1925), pp. 244 -  257.
1926 A Z w eiter T e i l ,  I'iA, v o l. 95 (1926), pp. 4-53 -  4-72.

1926 B Over tra n s fo rm a tie s  van p ro je c tie v e  ru im ten , KAW v e r s l .  ,

v o l. 35 (1926), pp. 643 -  644.

1926 C On tran sfo rm a tio n s  o f p ro je c tiv e  spaces , KAW p ro c . ,  v o l.  29

(1926), pp. 864 -  865. ( * 1926 b)

1926 B I n tu i t io n i s t i s c h e  Einführung des B im en sio n sb eg riffes ,

KAW p r o c . ,  v o l. 29 (1926), pp. 855 -  863.

1926 E Be in tu i t io n is t i s c h e  vorm van h e t theorama van H eine-B ore l, 

KAW v e r s l . , v o l. 35 ( l 926) , pp. 677 -  678 ..

1926 F Bie in tu i t io n is t i s c h e  Form des H eine-B ore l'schen  Theorems,

KAW p ro c . ,  v o l. 29 ( 1926) ,  pp. 866 -  867. ( * 1926 E)

1927 A Zur Begründung der in tu i t io n is t is c h e n  M athematik, B r i t t e r

T e i l ,  IvIA, v o l. 96 ( l 927) ,  PP. 451 -  488.

1927 B Über B e fin itio n sb e re ic h e  von Funktionen, MA, v o l. 97
(1927), pp. 60 -  75; re p r in te d  in  J . van H eyenoort, 

op. c i t . , pp. 446 -  463.

1927 C V ir tu e l le  Ordnung und unerv /eiterbare Ordnung, Jo u rn a l f ü r  

d ie  re in e  und angev/andte Mathematik, v o l. 157 ( l 927) ,

pp. 255 -  257. -
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1927 D Zur in tu i t io n i s t i s c h e n  Zerlegung m athem atischer G ru ndheg riffe ,

J a h re s b e r ic h t d e r deutschen  M athematiker V erein igung, 
v o l, 36 (1927), pp. 127 -  129.

1928 A I n tu i t io n i s t i s c h e  B etrachtungen über den Formalismus,

KAW p r o c . , v o l. 31 ( l 92o ) , pp. 374 -  379; r e p r in te d  w ith  

some v a r ia t io n s  in  S itz u n g sb e rich te  der p reusz ischen  Akademie 

von W issenschaften , Physikalisch-m athem atische K lasse , 1928, 
pp. 48 -  52; a lso  p a r t l y ,  in  J .  van H eyenoort, op. c i t . ,  

pp. 490 -  492; a b s t r a c t  and announcement KA'W v e r s l . ,  v o l. 36
(1927 ), p. 1189.

1928 B Beweis dasz jede Menge in  e in e r  in d iv id u a l is ie r te n  Menge 

e n th a lte n  i s t ,  lOW p ro c . ,  v o l. 31 (1928), pp. 38O -  38I; 

a b s t r a c t  and announcement KAW v e r s l . ,  v o l. 36 (1927), p . II8 9 .

1928 C Die S tru k tu r  des Kontinuums, G is te l  V ienna, 1928, 14 pages. 
(L e c tu re , V ienna, 14th  March, 1928)

1928 D Z-ur Gcschichtschreibung d e r  D im ensionstheorie , KAW proc. ,

v o l.  31 (1928), pp. 953 -  957.

1929 A M athem atik, W issenschaft und Sprache, M onatshefte fü r

M athematik und P hysik , v o l ,  36 (1929) p a r t  I ,  pp. 153 -  I64 . 
(L e c tu re , V ienna, 10th  March, 1928)

1931 Über f r e i e  Umschliessungen im Raume, KAW p ro c . ,  v o l. 34

(1 9 3 1 ), pp. 100 - 1 0 1 .

1933 De u itd ru k k in g su d jze  d e r We tens chap, Ke nn i s t  he ore t  i  s che v o o r- 

d rach ten  door L .E .J . Brouwer e . a . , Groningen -  B atav ia  1933. 
(Language in  S cience, E p istem o log ica l Essays by Brouv/er and 

o th e rs ) .  Brouw er's c o n tr ib u tio n  i s  'W illen , Weten, Spreken' 

(V /ill, Knov/ledge, Language), pp. 45 -  63; ( le c tu re  a t  

Amsterdam U n iv e rs ity  12 December, 1932) ;  re p r in te d  in  

E u c lid e s , v o l. 9 ( l 944) , pp. 177 -  193. ( la rg e ly  a t r a n s la t io n  

o f 1929 A ). 1)

1 ) The p u b lic a t io n  d ate  i s  g iv e n  on the fr o n t  page as 1933 . I t
i s ,  how ever, s t i l l  p o s s ib le  th a t i t  was p u b lish ed  in  1944  
s in c e  i t  m entions 'p r io r  p u b lic a t io n  in  E u c lid e s  in  1944  .
T h is  d isc rep a n cy  may be due to  d e l ib e r a te  l a l s i f i c a t i o n  o f  the  
d a te  o f  p u b lic a t io n  d u rin g  the German o ccu p a tio n  o f  H o lla n d , 
e s p e c ia l l y  in  v iew  o f  th e  c r i t i c a l  co n te n t o f  some S ig n i f i e  
A r t i c l e s ,
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1939 A S ig n if isc h e  d ia logen  door Brouwer, F re d e r ik  van Eeden
G . a i . , U trech t 1939.

1939 B Z.um T riangu la tionsprob lem , KAW p ro c . ,  v o l. 42 ( l 939) ,  
pp. 701 -  706.

1942 A Zum f r e ie n  Werden von Mengen und Funktionen, KAW proc. ,
v o l.  45 (1942), pp. 322 -  323.

1942 B Die rep râ sen tie ren d e  Menge der s te t ig e n  Funktionen def 

E inheitskon tinuum s, KAW, p ro c .,  v o l. 45 (1942), p. 443; 

a lso  Indagationes M athomaticae, v o l. 4 ( l9 4 2 ) , p . 154.

1942 C Beweis dasz der B o g riff  der Menge hBherer Ordnung n ic h t a ls  

G rundbegriff der in tu i t io n is t is c h e n  Mathematik in  B e trach t 

kommt, KAW p ro c .,  v o l. 45 ( l 942) ,  pp. 791 -  793; a lso  
In dagationes  M athem aticae, v o l. 4 ( l 942) .

1946 Synopsis o f the S ig n if ie  Movement in  the N eth erlan d s, 

P ro sp ec ts  o f the S ig n if ie  Movement, Synthèse, v o l. 5
(1 9 4 6 ), pp. 201 -  208.

1947 A Address to  P ro fesso r G. Mannoury, Synthèse, v o l. 6 ( l 947) ,

pp. 190 -  194.

1947 B R ic h t l i jn e n  der in tu i t io n is t i s c h e  wiskunde, KAW p ro c . ,

v o l. 50 (1947), p. 339; a lso  Indagationes M athem aticae, 
v o l. 9 (1947), p. 197. (Guide to  i n t u i t i o n i s t i c  m athem atics)

1948 A E s s e n tie e l  negatieve eigenschappen, KAW proc. , v o l. 51
( l 92|8 ) ,  pp. 963 -  964; a lso  In dagationes M athem aticae, 

v o l. 10 (1948), pp. 322 -  323. (E s s e n tia l ly  negative  

p r o p e r t i e s ) .

1948 B Opmerkingen over h e t b eg in se l van h e t u i tg e s lo te n  derde 

en over negatieve a s s o r t ie s ,  KAW p r o c . , v o l. 51 ( l 948) , 
pp. 1239 -  1244; a lso  Indagationes M athem aticae, v o l.  10
(1948), pp. 383 -  387, (Remarks on the P rin c ip le  o f the  

Excluded Middle and on negative  a s s e r t io n s ) .

1948 C C onsciousness, Philosophy and M athem atics, Proceedings of 
the lO the In te rn a tio n a l  Congress o f Philosophy (Amsterdam,

11 -  18 August, 1948), North Holland Amsterdam 1949, 

pp. 1235 -  1249; a lso  w ith some v a r ia t io n s  in  D ata, 

ed. A. H i l l ,  London i960 .
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1949 A De n o n -e q u iv a le n t ie  van de cons tru c  t i e v e  en n e g a tie v e  o rd e -  

r e l a t i e  in  h e t continuum , KAW p r o c . ,  v o l .  52 (1949), 

pp. 122 -  124; a ls o  In d a g a tio n es  M athem aticae, v o l ,  11

( 1949) ,  pp. 37 -  39. (The non-eq u ivalen ce, o f  th e co n stru c 

t i v e  and n e g a t iv e  order r e la t io n  in  th e continuum ),

1949 B C o n t r a d ic t o r i t e i t  d er  e lem en ta ire  meetkunde, KAW p r o c . ,

v o l .  52 ( 1949) ,  pp« 315 -  316; a ls o  In d a g a tio n es  Mathe

m a t ic a e , v o l .  11 ( 1949) ,  pp. 89 -  90* (C o n tr a d ic to r i ly  o f  

e lem en ta ry  geom etry),

1950 A Remarques su r  l a  n o tio n  d ’o rd re , Comptes rendus hebdom adaires

d es séa n ce s  de l ’Académie des S c ie n c e s , P a r is ,  v o l .  23O

( 1950) ,  pp. 263 -  265.

1950 B Sur l a  p o s s i b i l i t é  d ’ordonner l e  c o n tin u , Comptes rendus

hebdom adaires des séa n ces de l ’Académie d es S c ie n c e s ,  P a r i s ,  

v o l .  230 ( 1950) ,  pp. 349 -  350.

1951 On o rd er  in  th e continuum and the r e la t io n  o f  tr u th  to  non- 

c o n t r a d ic t o r i t y ,  IW  p r o c . ,  v o l .  5 4  ( l 9 5 l ) ,  PP« 357 -  358; 

a ls o  In d a g a tio n es  M athem aticae, v o l .  13 ( l 9 5 l ) ,  pp* 357 -  358 .

1952 A An i n t u i t i o n i s t  c o r r e c t io n  o f  th e  f ix e d -p o in t  theorem  on the,

sp h e r e . P roceed in gs o f  the R oyal S o c ie ty  o f  London, 

s e r i e s  A , v o l .  213 ( l 9 5 2 ) ,  pp. 1 - 2 .

1952 B H is t o r ic a l  background, p r in c ip le s  and methods o f  in t u i t io n is m .

South A fr ic a n  Jou rn al o f  S c ie n c e , v o l .  49 ( l 9 5 2 ) ,  pp. 139 -  147

1952 C Over a ccumulat ie k e r n e n  van o n ein d ig e  k e m s o o r te n , KAW p ro c . ,

s e r ie s  A , v o l .  55 ( 1952), pp. 439 -  441; a ls o  In d a g a tio n es  

M athem aticae., v o l .  1 4  ( l 9 5 2 ) ,  pp. 439 -  441. (A ccum ulation  

p o in ts  o f  i n f i n i t e  s p e c ie s  o f  p o in t s ) .

1952 D Door k la s s ie k e  theorama* s g e s ig n a le e r d e  p in k e m e n , d ie  o n v in d -

baar z l j n ,  KA17 p r o c . , s e r ie s  A , v o l .  55 (1 9 5 2 ) ,  pp. 443 -  445 . 

(F ix e d  p o in t s  su g g ested  by c l a s s i c a l  theorem s which cannot 

be lo c a t e d ) ;  a ls o  In d a g a tio n es  M athem aticae, v o l .  1 4  (1 9 5 2 ) ,

pp. 443 -  445 .

1 9 5 3  P o in ts  and s p a c e s , Canadian Journal o f  M athem atics, 

v o l .  6. ( 1 954) ,  PP* 1 - 7 .
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1954 A Addenda en co rrigenda over de ro l  van h e t princip ium  

t e r t i i  exclusi- in  de wiskunde, KAW p r o c . , s e r ie s  A, 

v o l. 57 (1954), pp. 104 -  105; a lso  in  Indagationes 
M athem aticae, v o l. I6 ( 1954) ,  pp. 104 -  105 and in  

J . van H eyenoort, op. c i t . ,  pp. 34I -  342. (Addenda and 
co rrig en d a  on the ro le  o f the p r in c ip le  of the excluded 
middle in  m athem atics).

1954 B Nadere addenda on corrigenda over de r o l  van h e t p rincip ium  

t e r t i i  e x c lu s i in  de v^iskunde, KAW p ro c . ,  s e r ie s  A, v o l.  57 
(1954), pp. 109 -  111; a lso  Indagationes M athem aticae, 

v o l. 16 (1954), pp. 109 ~ 111 and in  J . van H eyenoort, 
op. c i t . , pp. 342 -  345.

1954 C OrdnungSY/echsel in  Bezug a u f e in e  co u p ie fb a re  g e sc h lo s se n e  

s t e t i g e  K urve, KAW p r o c . ,  s e r ie s  A, v o l .  57 (1954) ,  

pp. 112 -  114; a ls o  In d a g a tio n es  M athem aticae, v o l .  I6

( 1954) ,  pp. 112 -  114 .

1 9 5 4 1  I n tu i t io n i s t i s c h e  d i f f è r e n-Hserbaarheid, KAW p ro c . ,  s e r ie s  A, 

v o l. 57 (1954), pp. 201 -  204; a lso  Indagationes 
M athem aticae, v o l. I6  ( 1954) ,  pp. 201 -  204. ( i n t u i t i o n i s t i c  

d i f f e r e n t i a b i l i t y )

1954 E An example o f o o n tra d ic to r i ty  in  the c la s s ic a l  theo ry  o f

fu n c tio n s ,  KAW p ro c .,  s e r ie s  A, v o l. 57 ( l 954) ,
pp. 204 -  206; a lso  In d a g a tio n es  M athem aticae, v o l .  I6

( 1954 , pp. 204 -  206.)

1955 The e f f e c t  o f in tu itio n ism  on C la ss ic a l A lgebra o f L ogic, 

Proceedings o f the Royal I r i s h  Academy, v o l.  A 57 ( l 955) , 

p p . 1 1 3  -  1 1 6 .
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C H A P T SIR I I  

BROUVffiR’ S PHILOSOPHY

1 ,1  I f  ph ilosophy is  defined  as the su sta in ed  process o f r e f le c t io n

d ire c te d  towards u ltim a te  understand ing , Brouwer can claim  to  he a 

p h ilo so p h e r. He was, however, not an academic, system atic  p h ilo sopher 

7/ho l e f t  in  h is  w ritin g s  a coherent body of th e o rie s  concerning a l l  
im portan t is su e s  o f human l i f e  and i t s  r e la t io n s  to  the e x te r io r  v/orld. 
A part from Levon, Kun s t en Myst ie k ,  h is  ph ilosoph ic  thoughts have only 

been fra g m e n ta r ily  rep o rted  in  h is  m athem atical v /ritin g s  such as :

Over de Grondslagen der Wiskunde (190? )
'D ie mBgliche M âch ti^ceiten ' ( I9O8A)

*De onb e t  rouv/b aarhe id  der lo g is  che principes*  (1908b)
Het Wezen d e r meetkunde ( 1909A)

In tu itio n is ra e  en Formalisme ( l912A and 1913A) 

'I n tu i t io n i s t i s c h e  Betrachtungen über den Form alism us' (1928A)

D ie S tr u k tu r des Kontinuums ( I9 28C)

'M athem atik, W issenschaft und Sprache' ( 1929A)

'W ille n , w eten en upreken' ( l 93i )
'C onsciousness, philosophy and m athem atics' ( l 948C)

'H is to r ic a l  background, p r in c ip le s  and methods o f in tu i t io n is m '

'P o in ts  and sp aces ' ( 1953)
'The e f f e c t  of in tu itio n ism  on c la s s ic a l  a lg eb ra  o f l o g i c ' ( 1955)

The f a c t  th a t  Brouwer c o n s is te n tly  b rin g s  h is  ph ilo so p h ic  sp e c u la tio n  

in to  h is  m athem atical v /ritings in d ic a te s  h is  concern w ith  the deeper 
q u es tio n s  o f  the  n a tu re  o f m athem atics, i t s  j u s t i f i c a t i o n  and purpose.

Vie have a lread y  remarked^ how Brouwer's p re -o ccu p a tio n  w ith  the 
fo u n d a tio n s  o f mathematics i s  shov/n in  h is  p reference  a t  th e  most 

im portan t occasions of h is  l i f e  and c a re e r  and in  h is  em otional and 

p a ss io n a te  s ty le  o f w ritin g  in  marked c o n tra s t  w ith  the so b er, alm ost 

c l i n i c a l  approach in  h is  purely  m athem atical w ritin g ,
Leven, K unst en M ystiek (j^O^) -  and to  some e x te n t a lso  h is  

V ienna L ec tu re  ( l 929A) and 1948Ç -  re v e a ls  no t only an obsession  w ith  
w ith  the  moral j u s t i f i c a t i o n  o f s c ie n t i f i c  a c t iv i t y  bu t a lso  a nagging

See above, p . 15 .
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su sp ic io n  o f I t s  t r u th .  In  h is  fu r th e r  p h ilo so p h ica l w ritin g s  an 

a ttem p t i s  made to  ju s t i f y  and redeem m athem atical a c t iv i t y  and to  f in d  

a b a s is  f o r  m athem atical t r u th  in  accordance w ith  h is  sp e c u la tiv e  b e l ie f s .

How very  much th ese  specu la tive  b e l ie f s  have en te red  in to  h is  th in k in g  
and w r itin g  i s  c le a r ly  shown in  the in tro d u c to ry  paragraphs o f h is  w e ll-  

known De c b e t  rouv/b aarhe id  d e rlo .g isc h e  p r in c ip e s ’ (The u n tru s  tv /orth ine s s 
o f the P r in c ip le s  of deg ic) ( !^ 08B) , in  which he launched h is  a t ta c k  on 

the  P r in c ip le  o f th e  Excluded Middle. I t  a lso  i l l u s t r a t e s  Brouwer’s 
e x tra o rd in a ry  use o f language (which a lso  in  Dutch i s  d i f f i c u l t  to  grasp 
and even more d i f f i c u l t  to  t r a n s la te )  :

’Science co n sid e rs  r e p e t i t io n  in  time of sequence, q u a l i ta t iv e ly  

d i f f e r e n t  b u t supposably equal. This red u c tio n  (Du. vereenzamen, 

l i t e r a l l y  is o la t io n )  o f idea  to  p e r c e p t ib i l i ty  and as such to  r e p e a ta b i l i ty  

appears a f t e r  the  i r r e l ig io u s  sep a ra tio n  o f su b jec t and n o n -re a liz e d  

r e a l i z a b i l i t y  v/hich ha.s become something  e lse  (a  f a c u l ty  which o r ig in a te s  
in  the p rim o rd ia l s in s  o f f e a r  and d e s ire  bu t which a lso  re tu rn s  w ithou t 

l iv in g  f e a r  o r  d e s ir e ) .

' ’The urge to  r e a l iz e  these  r e a l i z a b i l i t i e s  i s  guided in  the  i n t e l l e c t

v ia  immediate r e a l iz a t io n s  according to  a m athem atical system o f 

supposable su p p o sitio n s  born from a b s tra c tio n  o f  r e p e t i t io n  and 

r e p e a t a b i l i t i e s ,
'E v ery th in g  th a t  can appear as u n rea lized  r e a l i z a b i l i t y  can be 

conceived in  systems o f su p p o sitio n s , th e re fo re  a lso  r e l ig io n ;  b u t then  

r e l ig io u s  sc ience  a lso  becomes i r r e l ig io u s  : soo th ing  o n e 's  conscience

o r id le  p la y , o r has only s ig n if ican ce  as means to  an end,
'And l ik e  a l l  i r r e l ig io u s n e s s ,  science has no r e l ig io u s  r e l i a b i l i t y ,  

nor any r e l i a b i l i t y  in  i t s e l f .  L east o f a l l ,  can a m athem atical 
system  o f su p p o s itio n s , f re e  from the p ercep tions rece iv ed  and continued  

in d e fin ite ly ^ re m a in  r e l i a b le  in  guiding according  to  th e se  p e rc e p tio n s . 

E t c . i '

Reading Brouwer, one meets s tr ilc in g  resem blances to  F ic h te 's  extreme 

s o l i p s i s t i c  in te r p r e ta t io n  of K an t's  su b jec tiv ism , to  Schopenhauer's 

pessim ism , and to  B ergson 's in tu itio n ism . Yet Brouw er's philosophy i s

I9O8B pp. 5 -  6, The quoted passage takes up more than  one page 
o f  th i s  a r t i c l e  which is  only seven pages.
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unique. Not only by assim ila,t in g  c e r ta in  p a r ts  o f v a rio u s  forms of 

Idealism  b u t a lso  by p re ss in g  f o r  a predom inant ro le  f o r  m athem atics in  

th e  gen era l process of human th in k in g , he has c rea ted  a ph ilosophy 

which i s  s t r i c t l y  h is  own. I t  i s  th is  philosophy which Brouw er's 

i n t u i t i o n i s t  supporters  have re fu sed  to  adopt b u t which i s  th e  o r ig in  

and in s p ir a t io n  o f h is  p a r t i c u la r  brand o f m athem atics. W ithout i t ,  

in tu it io n is m  has only h i s to r i c a l  s ig n if ic a n c e  because o f i t s  u se fu l bu t 

n eg a tiv e  c o n tr ib u tio n  in  i t s  c r i t ic i s m  of c l a s s i c a l  m athem atics, o r i t  

becomes a m athem atical school w ith  c e r ta in  unquestioned t r a d i t io n s  and 
dogmatic p ra c tic e s  and a b s ten tio n s .

We s h a l l  not attem pt to  re c o n s tru c t a complete and coheren t 

philosophy from the fragm ents l e f t  in  Brouwer's w r it in g s . We s h a l l  

d ea l w ith  some main d o c trin es  which dominate h is  w r it in g  and a re  d i r e c t ly  

re le v a n t to  h is  philosophy of m athem atics, and v/e s h a l l  comment on the 
in flu en ce  o f K ant, Schopenhauer and Bergson a t  th e  a p p ro p ria te  p la c e s .

1 .2  Kant

Brouwer l ik e s  to  tra c e  the lin eag e  o f in tu it io n is m  r ig h t  back to  

K ant.  ̂ In  h is  inaugural address he s ta te s  th a t  w ith  some adjustm ents 
K a n t's  philosophy of the a p r io r i  and o f sy n th e tic  judgments could be 

accepted  as the  u ltim a te  b a s is  fo r  the v a l id i t y  o f m athem atics:

'However weak the p o s it io n  of in tu itio n is m  seemed to  be a f t e r  th i s  

p e rio d  o f m athem atical development, i t  has recovered  by abandoning 

K a n t's  a p r io r i ty  of space bu t adhering the more re s o lu te ly  to  the  

a p r io r i ty  of tim e. The g re a te r  p a r t  of C hapter I I  o f th e  Grondslagen 

i s  devoted to  an exam ination of the adjustm ents needed in  K a n t's  
pb ilosophy to  accommodate the non—N uclidean geometries». Commentators 

have not f a i l e d  to  ch a ra c te riz e  Brouv/er’s philosophy as e s s e n t i a l ly  
K a n tia n ',  although Heyting q u a l if ie s  th i s  by saying  th a t  ' t h i s  in t e r 

p r e ta t io n  o f K a n t's  theory  o f knowledge was r a th e r  s p e c ia l ' .4

^ ' I n  K ant we f in d  an old  form o f in tu i t io n is m ',  Ig lgA jP . 8;
of.  a lso  1907. P. 94; .1^ 1 , p. 5; 12124, pp. 10 f f  ; 1228C, p .6.

“ 1212A, PP- -  12-
 ̂ See above pp. 17 -  18.

v in g tièm e  s i è c l e , F iren ze  1958, p. 10.
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The Romantic r e v o lt  a g a in s t  the Age o f  Reason had -  to  some e x te n t  -  

b een  i n i t i a t e d  by Kant; he had p la ced  the b a s is  o f  th e  v a l i d i t y  o f  

m athem atics f ir m ly  in  the human mind i t s e l f  w hich he saw as th e  a c t i v e , 

s y t h e s iz in g  agen t in  the form ation  o f  co n c e p ts . In  t h i s  r e s p e c t  

Brouwer s p h ilo so p h y  can be c a l le d  K a n tia n , as can indeed  th a t  o f  most 

n in e te e n th -c e n tu r y  p h ilo so p h e r s . But ap art from t h i s  most g e n e r a l b a s is  

o f  agreem ent, and a more d e ta i le d  account o f  tim e as th e  a p r io r i  form  

o f  i n t u i t i o n  fundam ental to  m athem atics, B rouw er's p h ilo so p h y  can  o n ly  

be r e la t e d  to  th a t  o f  Kant as the extrem e consequence o f  some o f  K a n t's  

d o c t r in e s ,  such as the s u b je c t iv e  te n d en c ie s  in  th e  p r o ce ss  o f  human 

c o g n it io n  and th e primacy o f  th e  human w i l l .  Here Brouv/er fo llo w e d  a 

co u rse  more in  l i n e  w ith  the extrem e v iew s o f  F ic h te  and Schopenhauer  

than  o f  the v iew s o f  t h e ir  m aster K ant,

Kant presupposed the a p r io r i  ch a ra c ter  o f  m athem atics and i t s  

c o n s t r u c t iv e ,  i . e .  s y n t h e t ic , c h a r a c te r , u s in g  i t  to  i l l u s t r a t e  h is  more 

g e n e r a l m eta p h y sica l t h e s i s  f o r  which he needed an e la b o r a te  and com plex  

system  o f  co n cep ts  and d i s t in c t io n s ,  Brouwer avoided  th e  g e n e r a l  

problem  o f  m etap hysics and th a t o f  knowledge o f  th e  e x t e r io r  w o r ld , and 

c o u ld , t h e r e fo r e ,  p rese n t a more s tr a ig h tfo n v a r d  c o n s is t e n t  and 

s im p l i f ie d  p h ilo so p h y  o f  l i f e .  H is prime concern  was w ith  m athem atics  

and m athem atica l o b je c ts  v/hich, b ecau se o f  t h e ir  s p e c ia l  a b s tr a c t  

n a tu r e , can be more e a s i l y  accommodated v /ith in  th e s o l i p s i s t i c  i s o l a t i o n  

o f  th e in d iv id u a l mind. To t h i s  r e s t r i c t i v e  co n ce p tio n  o f  human 

know ledge Brouwer was a lread y  in c l in e d  on account o f  h i s  m y stic  b e l i e f s ;  

th e s e  u lt im a te ly  determ ined the c e n tr a l  theme and p o in t  o f  d ep artu re  fo r  

th e  w hole o f  Brouwer's th in k in g , (C f, F ic h t e 's  maxim th a t  p h i lo s o p h ic a l  

commitments in  th e l a s t  a n a ly s is  are made on tem peram ental r a th e r  than  

e v id e n t ia l  grou n ds).

1 .3  B rouw er's eg o ism

B rouw er's p h ilo so p h y  i s  nore than  j u s t  id e a lis m  (B e th ) ,  or even  

m e ta p h y s ic a l s o l ip s is m . D e sc a r te s ' q u e stio n  w hether our knowledge o f  

th e  e x te r n a l  w orld i s  ju s t  an in v e n tio n  o f  our nind^ had h een  answered  

p o s i t i v e l y  hy Looke= and F ich te® , n e g a t iv e ly  hy K a n t, who in  h is

 ̂ M edit a t i o n s ,
 ̂ E ssa y  con cern in g  human unde^llg il^ in g . Ch. IV . 

 ̂ V o c a tio n  o f  man. Ch. V.



-  63 —

s e t out to  remove so lip s ism , ' t h i s  scandal 
to  ph ilosophy ' . These s o l ip s is t s  and th e i r  modem c o u n te rp a r ts , 

such as Santayana and S c h il le r ,  were p rim a rily  concerned w ith  the 

d i s to r t io n  of our knowledge of the e x te r io r  world through sen se -p e rcep tio n s , 

Brouv/er in  n is  m athem atical ivorks, confines h im se lf alm ost 

com pletely  to  m athem atical e n t i t i e s ,  and here he takes a much s tro n g e r  

s o l i p s i s t i c  p o s it io n  than any of the m etaphysical s o l i p s i s t s ,  hy denying  ̂
th e  p o s s ib i l i ty  o f any r e a l  communication, With more r ig h t  than  

Schopenhauer he could say: 'The world is  my id e a '^ .

Moreover, Brouwer's so lip sism  is  more than  a Humean scep tic ism  
which simply questions the v a l id i ty  o f knov/ledge as an accu ra te  m irro r 

o f e x te r io r  r e a l i ty ;  Brouwer views e x te rn a l sense p e rc e p tio n  w ith  moral 

su sp ic io n , r e je c ts  i t  and shuns i t .  There is  an elem ent o f ' s e l f -  

seek in g ' in  Brouwer's so lipsism  v/hich can th e re fo re  be b e t t e r  d esc rib ed  

as 'eg o ism ', 'Turning in to  o n e s e l f  in  search  o f r e a l i t y  and s a lv a t io n  

i s  a dom inating theme throughout Levon. K unst en M ystiek,^ I t  i s  a lso  
apparen t in  Grondslagen and o th e r v/orks on fo u n d a tio n s4 where 'in t r o 

s p e c tio n ' and 'in s ig h t '  become the v a l id  and u ltim a te  c r i t e r i a  f o r  

m athem atical t r u th ,

1 .4  Conscio u sness and the 's e l f '

To D esca rte s , knowledge of the ' s e l f  v/as su p e r io r  to  knowledge of 

m a te r ia l  o b je c ts  and the o r ig in  o f a l l  Imowledge, the  ' s e l f  be ing  
apprehended by an a c t o f ' in t ro s p e c t io n ', Kant in troduced  an 'in n e r  

s e n s e ',  thereby  o b v ia ting  space as an a p r io r i  form o f in tu i t i o n  f o r  a l l  

knov/ledgo  ̂ Avoiding the com plications o f F ic h te 's  tra n sc e n d e n ta l Ego,

P reface  to  2nd e d itio n .
The very  f i r s t  words of Schopenhauer's The World as W ill and Idea  . 

E s p e c ia lly  Chapter I I  which is  named 'T urn ing  in to  o n e s e l f ' .

e .g .  1928A; 1948Ç;
K ant a s s e r te d  th a t  knowledge o f th e  's e l f , ' l ik e  a l l  knowledge, 
i s  g iven by a f fe c tio n  of s e n s ib i l i ty .  He then  ( E. 152) 
in tro d u ces  th e  inner sense through which we o u rse lv es  a re  
rep re sen ted  to  consciousness as wo appear to  o u rse lv es  not as 
W6 a re  in  ou rse lv es .
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Brouwer admits sim ply: 'What th i s  ' s e l f '  i s  we cannot f u r th e r  say ,

wo cannot even reason  about i t ,  s ince  -  as we know -  a l l  speaking and

reason ing  is  an a t t i tu d e  a t  a g re a t d is ta n ce  from the ' s e l f ’ ; we cannot 

gc>t near i t  by reason ing  o r by words bu t only by " tu rn in g  in to  the s e lf "  

as i s  given to  us . L a te r ,  the ' s e l f  becomes alm ost id e n t i f ie d  w ith  

consciousness in  i t s  deepest hom e', the 's u b je c t ' o r ' l i f e  in  the mind' .  ̂

This consciousness is  a s trange rom antic m ixture o f the  s p i r i t u a l i t y  
o f the  C h r is tia n , in d iv id u a l soul in  the s tro n g ly  p opu la rized  v e rs io n  of 

the m ediaeval mystics, Jaicob Bbiime and Me is  t e r  Eckhart, and the u n iv e rs a l 
Hindu sou l of the Bhagavad G îta , in  i t s  exodus and r e tu rn  to  Nirwana.^

Nuns t  en My^stielc d escrib e s  l i f e  as the journey  of the  e x i le d ,  
s p i r i t u a l  soul through th is  vale  of te a r s ;  p u re ly  s p i r i t u a l  by n a tu re ,  

i t  i s  imprisoned in  a body and i t s  peace, ' s t i l l n e s s ' ,  i s  d is tu rb e d  by 

s e n sa tio n s . I t s  own v is io n  in  accordance w ith  i t s  s p i r i t u a l  n a tu re  is  
d i r e c t ,  tim eless  contem plation , such as theo log ians  a sc r ib e  to  the god
head, the  angels and the  soul in  l i f e  h e re a f te r ;  i n t u i t i o n  (Anschauung) 

in  i t s  p u re s t form. In  th is  m ystic v is io n ,  a l l  i s  seen d i r e c t ly ,  no t 

in te rco n n ec ted  through c a u s a l i ty ,^  Our b o d ily  senses fo rc e  t h e i r

1^ ,  p. 13.
. 1 ^ :  p . 1235.
Jalcob BBhme : A German shoemaker who liv e d  in  the l6 th  and f i r s t
q u a r te r  o f the 17th century .
Brouwer shows a p p rec ia tio n  of C h r is tia n  a s c e t ic s  ( l 9Q5 . p . 76) ,  b u t 
the  le s s  dynamic c h a ra c te r  of Hinduism and Buddhism, i t s  p assive  
s to ic  acceptance and i t s  aw aiting  d e liv e ran ce  from th i s  b o d ily  
e x is te n c e  is  more ak in  to  Brouwer's philosophy o f l i f e ;  more so 
than  the C h ris tia n  outlook of s a lv a t io n  and e le v a tio n  o f human 
b o d ily  l i f e  through God's in c a rn a tio n  ( c f .  a lso  Schopenhauer, 
op. c i t a ,  I ,  p. 494) .
In  s p i t e  o f  fr eq u en t re fer en ce  to  'G od ', 'P r o v id e n c e ' ,  'th e  S a v io u r ' ,  
m ain ly  in  q u o ta tio n s , Brouwer's r e l ig io n  i s  p a n th e is t ic .  T ryin g  
to  id e n t i f y  the ‘ s e l f ,  he quotes Me is  t e r  E ckhart ( l 905 , p. 25) :
'When a l l  images have departed from the s o u l ,  and th e  so u l a lo n e  
co n tem p la tes the o n ly  One, the naked b e in g  o f  th e  so u l w i l l  f in d  
th e  fo r m -le s s  being o f  d iv in e  u n ity  v/hich i s  p r e se n t  in  a tr a n s 
c e n d en ta l b e in g ', and Jaliob Bbhme : 'When you are s i l e n t ,  you are
what God was b efo re  c r e a t io n . '
O rganized r e l ig io n  Brouwer regarded as a ' morphine in d u s tr y ' .
( ]o q c  25) U su a lly  when ho speaks o f  r e l i g i o n ,  he means th e  
w h o ie ’area  o f  ( h i s )  p h ilosop h y  con cern in g  human n atu re and l i f e .
F or th e m y stic  th ere  i s  no l o g i c :  'Nowhere in  m y stic ism  i s  th er e
a tliread  or a s u ita b le  seq u en ce, every  sen ten ce  sta n d s by i t s e l f  
and does not need another sen ten ce  as i t s  p re d e c e s s o r ',  (1205, P- 76); 
and 'To th e i n t e l l e c t  m ystic ism  may sound in c o h e r e n t , o r a c u la r ,  
sometimes bom bastic, even f u l l  o f c o n tra d io tio n s ' (p . 77) .
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im pressions upon the s o u l, b lu r  th i s  immediate v is io n ,  they  in^ose 

th e  chains of p lu r a l i t y ,  se p a ra tio n , tim e, space . . . .  and c a u s a l i ty '

The phenomena fo llow  each o th e r in  tim e, bound through c a u s a l i ty  because 

you y o u rs e lf  want to  see those phenomena clouded in  th i s  r e g u la r i ty ;  bu t 

f o r  the  f re e  and en lig h ten ed , "m iracles" c o n s ta n tly  p e n e tra te  the w alls  
o f c a u s a l i ty  and flow th ro u g h '.

This immediate v is io n  i s  sometimes achieved through contem plation  
o f  works o f  art,®

Even i f  w ith  d i f f i c u l ty  ( ' I n  tu rn in g  in to  one e l f  one w il l  expereince 
d i f f i c u l ty ;  i t  seems as i f  some in e r t i a  has to  be surm ounted' man can 

through h is  w i l l  transcend  the  v/orld of p e rc e p tio n s : 'You recogn ise  your

'F re e  W i l l ' ,  in  so f a r  as i t  is  f r e e ,  to  v/ithdraw from th i s  w orld , in  

which th e re  is  cau sa lity , *4 The whole o f Brouwer's e th ic s  i s  an a ttem pt 

to  f r e e  o n ese lf  (C hapter V I I I ,  The fre e d  life )^ f ro m  th e  e f f e c t s  the  

phenomenal world has on the sou l. These e f f e c ts  cannot be avoided , 
they  arc  'i r r e v e r s ib l e ',^  and f a t a l i s t i c a l l y  Brouwer accep ts  th i s  's a d ' 
and ' t r a g i c '  world. Like Schopenhauer's, so Brouw er's pessimism is  

m etaphysica l; i t  does no t ju s t  c o n s is t in  em p irica l o b se rv a tio n  o f  p a in  
and s u f fe r in g ,  bu t i t  i s  a m etaphysical b e l i e f  based on th e  na tu re  o f 
human r e a l i t y .  ® L ife  in  th is  w orld , m athem atical and p e rc e p tu a l 
c o g n itio n  and s o c ia l  l i f e  are seen by Brouwer as consciousness g rad u a lly

" 1225, p . 15.
® i b i d , , p , 48.

® i b i d . , p . 14-.

 ̂ i b i d . ,  p. 1 5 .
5 A lso in  Chapters IV 'A ppeasem ent', VI ' Immanent t r u t h ' ,

V II 'T ranscenden ta l t r u t h ' ,  and IX 'Economy'.

® 1948C. p . 1235.

e .g . 1225, pp. 11, 1 6 , e tc .
8 SCHOPENHAUER. P re-occupation  w ith  m ysticism , f a ta l is m , a n t i - r a t io n a 

lism  b ack -to -th e-s im p le  l i f e ,  are c e r ta in ly  gen era l f e a tu re s  o f  the 
c o n tin e n ta l rom antic movement towards the  end o f the 19th  cen tu ry . 
However the  s im i la r i t ie s  between Schopenhauer's and Brouw er's 
philosophy arc  too many and too s tr ik in g  to  be m erely a c c id e n ta l .  
Schopenhauer's appea l, e sp e c ia lly  to  amateur p h ilo so p h e rs , was common, 
e g W ittg e n s te in 's  T rac ta tu s  (W ittg en s te in  was tr a in e d  as an e n g in e e r) , 
a lso  E. von Hartmann, Philosophy of the U nconscious, and Freud.

Brouwer only tw ice mentions Schopenhauer by name, 1225., p . 61, 
and 1928C. p . 1 , in  both  cases r e f e r r in g  approvingly  to  h is  in tu i t iv e  
approach to  knowledge.
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moving f a r th e r  av/ay from i t s  s p i r i t u a l  n a tu re , ’the  exodus o f conscious
ness from, i t s  deepest home’ .  ̂ In  'C onsciousness, philosophy and 

m athem atics ( l 2à§C) Brouwer d esc rib es  th is  t r a n s i t io n  o f consciousness 

from i t s  deepest home to  the e x te r io r  world® as ta k in g  p lace  in  th re e  

p h a se s . l )  The naive phase; the c re a tio n  o f the world o f se n sa tio n s ;

2) the is o la te d  causa l phase; cau sa l a c t iv i ty  s e t t in g  in ; 3) the  

s o c ia l  phase: involvement in  coopera tion  w ith  o th e r  in d iv id u a ls ,"

Prom the o r ig in a l ,  pure s ta te  o f s t i l l n e s s ,  o f b e ing  u n a ffec ted  

by se n s a tio n s , w ithout a, v / i l l ,  consciousness passes to  the  i n i t i a l  s tage  

o f sim ply having sen sa tio n s . At th i s  stage aw areness of time i s  b o rn , 

th e  p rim o rd ia l phenomenon, the move of time® to  which Brouwer c o n s ta n tly  

r e f e r s  : ' Consciousness in  i t s  deepest home seems to  o s c i l l a t e  s low ly ,

w i l l - l e s s ly ,  and ro v e rs ib ly  betv/een s t i l l n e s s  and se n sa tio n . And i t  

seems th a t  only the s ta tu s  o f sen sa tio n  allow s the  i n i t i a l  phenomenon 
o f the  sa id  t r a n s i t io n .  This i n i t i a l  phenomenon is  a move o f tim e, '

1 ,5  The a b i l i t y  to  see sequences in  time i s  th e  b a s is  o f  a l l  human

knowledge, 'T hings' are nothing bu t ' i t e r a t i v e  complexes o f sen sa tio n s  
whose elem ents are perm utable in  p o in t o f tim e' and so are  ' in d iv id u a ls , 

i , e ,  human b o d ie s, the home body of the  su b je c t included '.®

There is  a s tro n g  resemblance on main is su es  such a s :  the
dominant ro le  of the human w ill  ( in  Brouv/er esp . 1913A. p . 82; 
1929A.PP. 153 f f ;  I948C. pp. 1235 f f . ) ,  a  f a t a l i s t i c  acceptance 
and d isap p ro v a l of c a u s a l i ty ,  a r e je c t io n  o f  any philosophy based 
on lo g ic a l  system s, an emphasis on in tu i t io n ;  bu t a lso  in  a common 
d is l ik o  o f in te l le c tu a lis m , of the power of^ th e  s ta t e  and o f 
o rg an iz a tio n s  ( c f .  Brouwer 1948C, p.^ 1241 - ' th e r e f o r e  one w i l l  only 
r e lu c ta n t ly  jo in  a c lique  o r a u n io n ), o f women (c f .  above pp. 8 -  9) ,  
a d is l ik e  Brouv/er shared w ith h is  a r t i s t  f r ie n d  P ie t  M ondriaan, an 
in c a p a c ity  fo r  lo v e , only sympathy; an emphasis on a e s th e t ic  
contem plation  in  ap p re c ia tio n  of the a r t s  where th e re  i s  ag a in  a 
rem arkable agreement in  personal t a s t e s , and f i n a l ly  an enthusiasm  
f o r  E a s te rn  ph ilosoph ies and mediaeval m y stic s , and a s p e c ia l  
p re fe ren ce  f o r  Me is  t e r  E ckhart, shared by Goethe, who was a t  one time 
Schopenhauer's f r ie n d .

1948C. p, 1233.
® ibidem ,

® see f u r th e r  p, 81, 

“ 1948C^.p>1255.
® ib id cp *
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Up to  th i s  p o in t Brouv/er* fo llow s Schopenhauer, who d is t in g u is h e s  
between 1 V erstand ' (mind) -  the fa c u l ty  of p e rc e iv in g  o b je c ts ,  

to  man and animal and 2® 'U issen ' (reason ing) -  r a t io n a l  knowledge, 

a b s tr a c t  consciousness ' , the fa c u l ty  o f con cep tu a l, r e f le c t iv e  th ough t, 
d is t in c t iv e  bo man. That Brouwer does not want to  a sc r ib e  mind to  

anim als fo llow s only from h is  s o l ip s i s t i c  r e fu s a l  to  accep t even o th e r  

human minds , ' a p lu r a l i ty  of m in d s ', :  's o  th a t  as a consequence o f the
p lu r a l i t y  o f mind, a mind would have to  be assigned  to  anim als as w e l l '4, 

I he main d iffe re n c e  between Schopenhauer and Brouwer concerns 

jG a u s a li^ , h he re  as Schopenhauer in  a sc r ib in g  mind to  anim als a ss ig n s

to  them a lso  'knowledge of c a u s a l i ty ' ® c a u s a l i ty  accord ing  to  Brouwer 

o r ig in a te s  in  the  human mind, i s  a human c re a t io n ,  super-im posed on the 

world by the human mind. Both Schopenhauer's and Brouw er's pessimism 

is  based on tho viev/ o f mankind possessed  by d e lu s io n  o f c a u s a l i ty ,  

s l id in g  away in  a d e te r io ra t iv e  p rocess. But w hile Schopenhauer's w i l l  

i s  no t f r e e ,  bu t i s  unconscious i n s t i n c t ,  id e n t i f ie d  w ith  the u n iv e rs a l 

fo rc e s  and energ ies of natu re  and in e v ita b le  : ( ' t h e  fo rc e  th a t  germ inates 

and v eg e ta te s  in  the p l a n t s . . .  th a t  by which th e  magnet tu rn s  to  the 

n o r t h 'B r o u w e r 's  c a u sa lity  is  e s s e n t ia l ly  human, the  e v i l  e f f e c t  o f

 ̂ Schopenhauer, op. c i t ,  Cliaj o r I ,  p , 26, In  the Supplem ent,
Schopenhauer exp lains th a t  by 'V erstand ' he means what Kant had c a lle d  
'p u re  s e n s i b i l i t y ' .

® Op, c i t .  Chapter I ,  p. 66.
® the su b jec t in  i t s  s c ie n t i f i c  th in k in g  i s  induced to  p lace  in

each in d iv id u a l a mind w ith  f re e  w il l  dependent on th i s  in d iv id u a l ,  
thus e le v a tin g  i t s e l f  to  a mind of second o rd e r experienc ing  
incogn izab le  a l ie n  consciousnesses as se n sa tio n s ' ( 1948Ç. p . 1239) .

 ̂ 19430. p , 1240.
® Schopenhauer, however, d id  accept 'd e g re e s ' o f cau sa l knowledge:

' t h e  degree of i t s  acu ten ess , and the ex ten sio n  o f the  sphere o f i t s  
knowledge, v a r ie s  enormously w ith  innumerable g rad a tio n s  from the 
lov/est form which is  only conscious of the cau sa l connection  between 
the immediate o b jec t and o b jec ts  a f f e c t in g  i t ,  to  the h ig h e r p a d e s  
o f knowledge of the causal connection among o b je c ts  knov/n i n d i r e c t l y . . . ,  
(op. c i t .  Chapter I ,  p . 26) .

6 Op. c i t . , p , 142.
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the human w i l l ' ,  'T h is causa l connection in  the  v/orld is  a dark  fo rce  

of human thought in  the se rv ice  o f a dark fu n c tio n  o f w il l  o f mankind, 

v/ho through i t  -  as by endoud ing  of a nerve gas -  t r i e s  to  make the  

in tu i t iv e  world powerless and r ip e  f o r  h e r d e s i r e s . ' C a u s a l  

a t te n t io n  is  a f r e e v i l l  phenomenon ' ® and ' . . . t h i s  (causal) a t t i tu d e  is  

no t n e c e ss ity  b u t a phenomenon of l i f e  su b je c t to  th e  f re e  w i l l ;  th i s  
everyone can a s c e r ta in  through in n e r experience '.®  I t  goes one s tep  
fu r th e r  (av/ay from the in tu i t iv e  deepest home) than  the p u re ly  

m athem atical awareness o f tim e, i t  is  th e  fa c u l ty  ( 'o r ig in a t in g  in  the 

p rim o rd ia l s in s  of f e a r  and d e s i r e ')  of 's e e in g  r e p e t i t io n  o f  sequences, 

q u a l i ta t iv e ly  d if f e r e n t  bu t supposably e q u a l '4̂  r e l a t io n  o f  cause

and e f f e c t  is  n o t one th a t e x is t s  in  the e x te r io r  w orld , i t  i s  reduced 

to  pu re ly  a m a tte r of temporal o rder bctv/een elem ents o f sequences, 

w illed  by man: 'An i t e r a t iv e  complex o f s e n sa tio n s , whoso elem ents have
an in v a ria b le  o rder of succession  in  tim e, v /h ils t i f  one o f  i t s  elem ents 

o ccu rs , a l l  fo llow ing  elements a re  expected to  occur l ik e w is e , in  the  

r ig h t  o rd e r o f succession , is  c a lle d  a cau sa l sequence,' s

Cunning a c t

I t  i s  the  most powerful to o l in  the human armoury, i t  g ives man 

the  power to  p re d ic t  the fu tu re .®  Brouwer's continued m oral d isap p ro v a l 

o f  c a u s a l i ty  i s  ev iden t from h is  re fe ren ce  to  'th e  cunning a c t ' ,  defin ed  

in  I948C as : 'The cunning a c t c o n s is ts  in  t h i s ,  th a t  in  a cau sa l 
sequence o f  e v e n tu a l i t ie s ,  a l a t e r  element not co n a tiv e ly  a t ta in a b le  in  

a spontaneous way bu t n ev erth e less  ^ s i r e ü ,  ( th e  a im ), i s  r e a l iz e d  

in d i r e c t ly  by b rin g in g  about an in  i t s e l f  perhaps n o n -d es irab le  b u t 

co n a tiv e ly  a t ta in a b le  e a r l i e r  elem ent o f the sequence ( th e  means ) , and 

in  i t s  wake o b ta in in g  the d es ired  element as i t s  consequence '. ^ S im ila r

4

13J Ù ,  P ' ^7.
" p . 1235.
» 1929A. pp, 153 -  154; a lso  121: ,  P* 46.

1908B. p . 5 ; f o r  f u l l  q uo ta tions soo p . 2.

6 l 9Jt8C. p . 1235.
6 i q o J  n 21; o f . I948C, p . 1 236 :'C ausal a t te n t io n  allow s the

â îv tlopD on t o f the oonative a c t iv i ty  of the su b je c t from spontaneous 
e f f o r t  to  fo re th in k in g  e n te r p r i s e ';  a lso  1222, P* ° 2.

7 1948c. p . 1236.
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d e f in i t io n s  o r  d e sc r ip tio n s  o f the cunning a c t  are  given in  , 1 9 ^ ,  p . 154, 

P .46 , and a lso  in  Grondslagen  ( p .8 2 ). S tro n g es t i s  Brouw er's 
d isap p ro v a l in  B o v o n ^ n n s i i^ n  : ‘The I n t e l l e c t  in  the  L ife  o f

D esire  has done mankind a d e v i l 's  se rv ice  hy lin k in g  two p h a n ta s ie s  as 

means and end. Chained in  the d e s ire s  f o r  one th in g  i t  causes the 
i n t e l l e c t  to  s t r iv e  a f t e r  one th in g  as the  means to  th i s  e n d ',^

At th e  ro o t of a l l  science l i e s  th i s  'd e s i r e  to  p re d ic t '® , the 

presumed n e c e ss ity  of the causa l sequence extended hy i s o la t in g  
d is tu rb in g  ir r e g u la r i t ie s '®  and by ' com plem entation '4,

1 .6  S o c ia l phase

F u r th e s t away from the in tu i t iv e  world o f  the  deepest home is  

consciousness in  the so c ia l phase: 'th e r e  i s  sadness when in  a reced ing

d is ta n c e  n a iv e ty  vanishes f o r  e v e r 'A  At th i s  s tag e  man com pletely 

lo se s  h is  co n cen tra tio n  w ith in  h is  in n e r sou l and a c ts  on th e  assum ption 

of the ex is ten ce  o f o th e r  minds.  ̂ A part from the m oral doubt about 

human in te n tio n s  in  'co o p era tiv e  a c t in g ' , th e re  is  t o t a l  dependence on 

experience and the physica l senses in  a l l  a sp ec ts  o f th i s  world of 
coopera tion ,

I t  i s  only a t  th is  s tage th a t  .language beg ins to  develop , merely as 

a means of communication in  the  p rocess of 'c o o p e ra tiv e  ca u sa l a c t in g ';

'a  w ire -n e ttin g  of w ill- tra n sm iss io n ' ® the  th i r d  phase o f 2333A  

45-15 : ' im position  of w ill  through sounds o r symbols' .9
The emphasis on language as 'w i l l - t r a n s m is s io n ',  e s p e c ia l ly  in  

1 2 ^ A , 1255 and l^+gC is  in d ic a tiv e  o f an in c reased  in t e r e s t  in  'S ig n i f i e s ' 

du ring  th i s  p e rio d , and i t s  s o c ia l concern f o r  man a t  th e  re c e iv in g  end 
o f such im position  of w i l l ,  very much under th e  in flu en ce  o f h is  co lleague 

and fr ie n d  G. Mannoury °whose s ig n if ie  views were s tro n g ly  s o c ia l .

" 1205. ,  p . 19.

'  1 2 0 5 , -F. 21.
'  1° 07 ,  p .  82 .

'  m z ,  p . 83.
® 19480 . p . 1242.
6 'The su b jec t in  i t s  s c ie n t i f i c  th in k in g  i s  induced to  p la ce  in

each in d iv id u a l a mind w ith  f re e  w il l  dependent on th i s  in d iv id u a l
thus e le v a tin g  i t s e l f  to a mind o f second o rd e r ex p erien c in g  
incognizab le  a l ie n  consciousnesses as s e n s a tio n s ' ( 1948C, p . 1239) .

Chapter I I  o f  G r o n d ^ g o n  (1 9 0 ? ) .

8 MASS, P' ^̂ 57.
9 igiggA, p. 153; 1255 , P* ^5 .

10 Cf. ab o v e , p. 15.
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Brouw er's s ig n i f i e  te n d e n c ie s , however, were n o t s o c ia l ly  in sp ire d ; 

they  o r ig in a te d  in  a low esteem  o f language i t s e l f  and a d e n ia l  o f i t s  t r u th .  

U ltim a te ly  i t  i s  no t m o tiv a tio n  in  the use o f language th a t  i s  

questioned  and condemned; the  m etaphysical b e l i e f  in  the primacy and 

tho s p i r i t u a l  n a tu re  o f the  in d iv id u a l consc io u sn ess , le a d in g  to  the  

im p o s s ib i l i ty  o f  r e a l ,  i . e .  d i r e c t  communication, made Brouwer r e j e c t  

language as second-hand, w hile h is  s o l ip s i s t i c  r e fu s a l  to  accep t 

p lu r a l i t y  o f  mind undermined th e  m eaningfu llncss o f and need f o r  any 

communication w hatsoever. T his b e l i e f  remained w ith  Brouwer through

ou t h is  l i f e ;  i t  i s  the main theme o f C hapter V of Leven. K unst en

M ystiek . i t  can be found in  1222, and a lso  in  1929A. 1933 and

1948C. e .g .  p . 1240: 'By s o -c a lle d  exchange o f thought w ith  an o th er b e in g ,

th e  s u b je c t only touches the o u te r  w all o f an au tom aton '. Page 1242
( 1948c) d esc rib e s  th e  p o s s ib i l i ty  o f throw ing o f f  the shack les o f 

co o p era tiv e  c a u s a l i ty :  'R ecogn ition  o f a coop era tiv e  world cap tu red  in

the d e lu s io n  o f c a u s a l i ty  as a r e f le x  o f man's g u i l t ,  does no t imply 

e te rn a l  bondage to  th a t  w o rld .. .  i f  the  d e lu s io n  of c a u s a l i ty  could be 
thrown o f f ,  n a tu re  g rad u a lly  resuming her r ig h ts  would be generous and 

fo rg iv in g  to  a mankind d ocausa lized  and su b sid in g  to  more modest and more 

harmonious p r o p o r t io n s . . .  and perhaps a t  th e  end of the  journey  the 

d eep est home vaguely b eck o n s ',^
I t  i s  th i s  degree o f  be ing  removed from the d eep est home th a t  fo r  

Brouwer e s ta b lis h e d  the  h ie ra rch y  : m athem atics, s c ie n c e , language,®

and so the  a p r io r i t y  o f m athem atics,

1,7  M athem atical 'viewing*

I t  was Schopenhauer's perso n a l tragedy  th a t  the  w i l l ,  which he had 

ra is e d  to  such a prom inent p la ce  in  h is  ph ilosophy , became id e n t i f ie d  

w ith  c a u s a l i ty  and u lt im a te ly  re sp o n s ib le  f o r  a l l  human m isery . There 

i s  a s im ila r  irony  in  Brouw er's id e n t i f i c a t io n  o f m athem atical th in k in g  

and ca u sa l th in k in g .
In  1928 Brouwer seems to  come very  c lo se  to  Schopenhauer's views by 

alm ost id e n t ify in g  m athem atical a c t iv i t y  and w i l l .  The opening l in e s  of 

h is  V ienna L ec tu re  ( 1929A) analyse the 'in d iv id u a l 's  w i l l  to  l i v e '  in to .

 ̂ 1948C. p . 1242; c f .  a lso  1905. p . 15 as quoted above p . 65. 

® The t i t l e  and f i r s t  words o f 1929A.
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l )  m athem atical view ing (German: B o trach tu n g ), 2) m athem atical 

a b s tr a c t io n ,  and 3) im p o sitio n  of w il l  through sounds.^ In  ’W illen , 
woten, sp reken ' ( j ^ j )  , which i s  la rg e ly  a t r a n s la t io n  o f I929A.

Brouwer c o r re c ts  the im pression  th a t  m athem atics and w il l  should be 
id e n t i f i e d ;  he adds to  the f i r s t  paragraph: 'A l l  these  th re e  a re

su b je c t to  the f r e e  w il l  in  e x te n t as w ell as m odality '.®  Even i f  

mathem atics and c a u s a l i ty  are  a c ts  of the f re e  w i l l  and in  t h e i r  th ree  

asp ec ts  c o n s t i tu te  ' the in d iv id u a l 's  (and m ankind's (1933) ) v /i ll  to  
l i v e ' ,  the human f re e  w il l  can v/ithdraw from the cau sa l world and t r a n s 
cend i t .

The p a r a l l e l  w ith  Schopenhauer l i e s  in  t h e i r  common moral d isapp roval 

o f  c a u s a l i ty  and Brouw er's id e n t i f i c a t i o n  o f cau sa l th in k in g  and 
m athem atical th in k in g .

E s p e c ia lly  a g a in s t those  who made language and lo g ic  the s ta r t in g  

p o in t f o r  m athem atics, Brouwer wanted to  show independence o f 

mathem atics from language and log ic® , a p r io r i ty  o f m athem atics to  a l l  
sc ie n c e , by p la c in g  'm athem atical th in k in g ' a t  the ro o t and beg inn ing  
o f a l l  human, m ental a c t iv i t y .

A b il i ty  to  see sequences in  time i s  the m athem atical a b i l i t y .
C hapter I I  o f G rondslagen (19O7) b e g in s : 'Man has th e  f a c u l ty  -

accompanying a l l  h is  in te ra c t io n s  w ith  n a tu re  -  to  view h is  l i f e  
m a th em a tic a lly . to  sec in  the world r e p e t i t i o n  o f sequences,

1 The opening l i n e s :  'M athem atics, sc ience  and language form the  main 
fu n c tio n s  o f human a c t iv i t y  by means o f which man dominates n a tu re  
and p rese rv es  o rd e r . These fu n c tio n s  f in d  th e i r  o r ig in  in  the th re e  
forms in  which the w i l l  to  l i v e  o p era te s  in  in d iv id u a l m a n .,..
I d e n t i f ic a t io n  of m athem atics and w il l  seems im plied in  th e  t i t l e s  o f 
I929A and 1933: M athematik, V ,issensehaft und Sprache (M athem atics,
Science and Language) becomes W illen , w eten, spreken  ( l i t .  W anting, 
knowing, sp eak in g ).

Close com parison o f .I229A and however, shews th a t  e x a c tly
those  passages o r exp ress ions o f 1929A which could be in te rp re te d  as 
id e n t i f i c a t i o n  o f m athem atics and w il l  have been changed in  1933.
A part from the a d d itio n  m entioned, the  opening l in e s  o f 1933 leave  
o u t m athem atics: 'Knowing and speaking are  forms o f a c t iv i t y  by means
of which in d iv id u a l man and mankind hold t h e i r  own and inpose t h e i r  
w i l l .  They f in d  th e i r  o r ig in  in  the th re e  phenomena of human l i f e ,
( I929A: in  the w il l  to  l i v e ) .

While the second paragraph  of I929A s t a r t s :  'M athem atical view ing
comes in to  be ing  as an a c t of the w i l l ,  (Germ. W ille n s a k t) ' ,  tho 
correspond ing  parag raph  o f 1933 sim ply states* 'M athem atical view ing 
i s  an a t t i t u d e  o f  l i f e ' ,
1907, pp. 123 -  133; see f u r th e r  Chapter I I I  e s p e c ia l ly  2. 4 .
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* i . G ,  cau sa l system s*.^ S im ila r  views are expressed  in^lgOSB®, 1912A®̂  

and e s p e c ia l ly  1929A. By reducing  c a u s a l i ty  to  mere r e p e t i t i o n  of 
sequences, Brouwer succeeded in  e s ta b l is h in g  dependence o f  a l l  forms o f 
sc ience  on m athem atics; by id e n tify in g  lo g ic  w ith  r e g u la r i ty  in  

language, he p laced  lo g ic  in  the sphere o f 's o c ia l  a c t in g ' and removed 

i t  a l to g e th e r  from the fundam ental a rea  o f  human th in k in g , t h i s ,  however, 
a t  th e  co s t of a s s o c ia t in g  c a u s a l i ty ,  th e  ro o t o f a l l  human e v i l ,  w ith  

m athem atics alm ost to  the p o in t o f complete id e n t i f i c a t io n .

Brouwer never succaded in  conplitcly  d is s o c ia t in g  mathem atics from 
c a u s a l i ty ,  bu t he moved to  a s o lu tio n  whereby th e re  i s  a b ranch ing  o f f  
in  the 'm athem atica l a t t i t u d e '  a t  a p o in t as n ear as p o ss ib le  to  the 

in tu i t i v e  'd e e p e s t homeof co n sc io u sn ess ' in to :  l )  mere awareness o f
t i n e ,  th e  p rim o rd ia l in tu i t i o n  o f time which -  w ithou t f u r th e r  re fe re n c e  

to  experience -  through a p rocess o f  pure m ental c o n s tru c tio n  le ad s  to  

pure m athem atics; 2) tho  cau sa l a t t i t u d e ,  based on th e  fundam ental b u t 

sim ple m athem atical concept o f sequence, and le a d in g  to  the  accepted  

ex is te n c e  o f a world o f phenomenal o b je c ts ,  to  in d iv id u a l and s o c ia l  
c au sa l a c t in g , and to  sc ience  and la n g u a g e .^

By making tho d i s t in c t io n  between 'm athem atical v iew ing '

(m athem atical a t t i t u d e ,  m athem atical th in k in g ) on the  one hand, and 

pure mathem atics on tho o th e r ,  Brouwer could uphold tho a p r io r i t y  of 

m athem atics and a t  th e  same tim e redeem m athem atics to  such an e x te n t 

th a t  to  m athem atics he could a t t r ib u te  b eau ty , wisdom and t r u t h ,  

't r a n s c e n d e n ta l ' v a lu es  e x c lu s iv e ly  found in  the  in t u i t i v e  world of the 

deep est home: 'The f u l l e s t  c o n s tru c t io n a l beau ty  i s  the in t ro s p e c t iv e
beau ty  o f m athem atics, where in s te a d  o f  elem ents o f p la y fu l cau sa l 

a c t in g ,  th e  b a s ic  in tu i t i o n  o f mathem atics i s  l e f t  to  f r e e  u n fo ld in g .

T his u n fo ld in g  i s  no t bound to  th e  e x te r io r  w orld , and thereby  to  
f in i te n e s s  and r e s p o n s ib i l i ty ;  consequently  i t s  in tro s p e c tiv e  harmonies 
can a t t a i n  any degree o f r ic h n e ss  and c l e a r n e s s . ' ® But: 'S earch in g  fo r

1 1222, p . 81.
1908B . p . 5 .

1912A. p . 5 .

'The m athem atical 'B o trach tu n g ' (view ing) comes in to  being  in  two 
'p h ase s : l )  tem poral a t t i t u d e  ( z e i t l i c h e  E in s te l lu n g ) , 2) cau sa l 
a t t i t u d e . '  ( 1929A. p . 153) .

1948C. p . 1239.
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' w isdom, wo may f in d  i t  in  knowing th a t  cau sa l th in k in g  and a c tin g  i s  

n o n -b o au tifu l and hard to  j u s t i f y , . . ’  ̂ (C f. to  1908B: 'I n  wisdom th e re
is  no l o g i c ' p.  12).

As to  t r u th :  ‘T ru th  i s  on ly  in  r e a l i t y ' ;  observ ing  Brouw er's

r e s t r i c t io n s  on m athem atical e x is te n c e , t r u th  can be found in  i n t u i t i o n i s t  
mathematics.®

2.1 I n t u i t i on

In  h is  in a u g u ra l ad d re ss , Brouwer d esc rib e s  the con troversy  

concerning the p h ilo so p h ic  fo u n d a tio n s  o f m athem atics as between th e  
French I n t u i t i o n i s t  School and the predom inantly  German F o rm alist  

School.® In  s p ite  of many d isagreem ents on d e t a i l  e s p e c ia l ly  on the  ro le  

o f language and lo g i ^^ ho le av es  no doubt about h is  fundam ental lo y a lty  

to  the  cause o f  the i n t u i t i o n i s t  r e v iv a l ,  to  which he r e f e r s  as neoy 
in tu itionism ,®  When l a t e r  Brouwer had e s ta b l is h e d  h im se lf as 'th e

f a th e r  o f  in tu it io n is m ' he used in  h is  h i s to r i c a l  review s to  r e f e r  to  

th ese  n e o - in tu i t io n is t s  as the 'p r o - i n t u i t i o n i s t  sch o o l, m ainly le d  by 

P o in ca re , B orel and Lebesguo.

French p h ilo s ophic i n t u it io n ism

Proceeding  and u n d erly in g  the  r e v iv a l in  French m athem atical 

in tu it io n is m  th e re  is  a long  and steady  t r a d i t i o n  o f p h ilo so p h ic  

in tu it io n is m  -  going back to  P asca l -  le a d in g , through Maine de B iran , 

B a c h e lie r , R avaisson and B outroux, to  the p h ilo so p h ic  in tu it io n is m  of 

i t s  most em inent re p re s e n ta tiv e  H enri Bergson, a b io lo g is t  as w ell as 

a p h ilo so p h e r and m ystic . His views on co n sc io u sn ess , i n t u i t i o n  and 

time a re  expounded in : E s s a i su r le s  données immédiates de l a
conscience ( 1889)7  h is  fumous a r t i c l e  'In d ro ô u c tio n  a l a  m é taphysique '. 

Revue de M étaphysique e t  de Morale® v o l. I I  (19O3) , and L 'E vo lu tio n  

C réat r i c e ( l 907) ,^

1948G. p . 1240.

Op. c i t . ,  p . 1243 
1212A, p . 7 ; c f .  I215A, p . 82.

See f u r th e r  Chapter I I I  •

® 1112A, p . 12; 1913A. p. 85.
® 1932B. p . 140; a lso  ] ^ ,  p . 1 .
^ In  an au th o rized  t r a n s la t io n  ' Time and F re e W il l . London- New York

' ■ 1910,

® T ra n s la te d  by T.E.. Hulme: An In tro d u c tio n  to  M etaphysic s .  London-New York
1912,

® In  an au th o rized  t r a n s l a t io n ,  C rea tiv e  Evo lu t io n . Mow "York:, 1911
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Vnhilo Kant s t a r t s  w ith  phenomenal knowledge and u l t im a te ly  decides 

th a t  knowledge of th in g s-in -th em se lv o s  is  im p o ssib le , B ergson 's  

s ta r t in g  p o in t i s  the c o n v ic tio n  of our knowledge of r e a l i t y  ( i . e .  l i f e  

movement and c o n tin u ity )  and the in p o s s ib i l i ty  o f g rasp ing  th i s  r e a l i t y  

as a compound o f  re p re s e n ta tio n s  through se n se -p e rc e p tio n s . He 
d is t in g u is h e s  in  human in te l l ig e n c e :

1) Ijpluitio^n, derived  from i n s t i n c t ,  the i n t e l l e c t  

e n te r in g  in to  i t s  o b je c t ,  g rasp in g  r e a l i t y  v/ithout 

re fe ren c e  to  experience o r  le a rn in g , producing 

knowledge v/hicli i s  sim ple , a b s o lu te , and la n g u a g e -le ss .
2) The ana l y t i c a l  mind, which ga th ers  in fo rm atio n

from sense p e rc e p tio n  and reaso n in g , acq u ire s  knowledge 

which i s  d is c u r s iv e ,  compound, r e la t iv e  and 
e x p re s s ib le  in  symbols.

A n a ly tic a l knowledge only touches on the  o u ts id e , ' i t  moves round 
the  o b je c t ,  i s  r e l a t i v e ;^ i t  b reaks up the o u te r  s h e l l  o f th e  o b je c t 

from which r e a l i t y  can never be re c o n s tru c te d . In  B ergson 's  term inology 

the  a n a ly tic  in c lu d es  K a n t's  s y n th e t ic .  Drawing on h is  experience as 

a b io lo g i s t ,  Bergson sees th e  im p o s s ib i l i ty  o f  g rasp in g  l i f e  s ta r t in g  
from th e  e x te rn a l symptoms o r re b u ild in g  r e a l i t y  from components.

Any a ttem p t a t  d e s c r ib in g  r e a l i t y  in  words o r  symbols i s  a n a ly tic  

in  th i s  sense and, th e re fo re ,  any form o f sc ience  is  a n a ly tic  : ' I t  is

easy  to  see th a t  the o rd in a ry  fu n c tio n  o f  p o s it iv e  sc ience  i s  a n a ly s is . 

P o s it iv e  sc ience  works above a l l  w ith  symbols'®. Science adopts th e se  

symbols f o r  reasons o f economy and convenience b u t runs tho danger o f 

re p la c in g  in  our minds the  o r ig in a l  by i t s  symbols®. The inadequacy of 

language to  d e sc rib e  ' r e a l i t y ' ,  anyth ing  l i v e ,  was a fa v o u r ite  to p ic  

o f B erg so n 's ,^
I n tu i t io n  tran scen d s a l l  those im p erfec tio n s  o f  a n a ly s is ;  through 

th e  'v e i l s '  o f  phenomena i t  sees r e a l i t y  d i r e c t ly .  I t  y ie ld s  knov/ledge 

o f the  s e l f  'th ro u g h  an immersion in  the  in d iv is ib le  flow  of c o n sc io u sn e ss '.

Very much under th e  in flu en ce  o f  D arw in 's theo ry  of e v o lu tio n .

 ̂ In tro d u c tio n  to  Metaphy s i c s , p . 1 .

® Op. c i t .  p . 8 .

® Op. c i t .  pp. 11 -  17.
Concours G eneral, D is tr ib u t io n  des p r ix  1893; D ela lan  B ros, 
U n iv e rs ity  P r in te r s ,  pp. 6 -  12.



-  75 -
Bergson socs in tu i t io n  as dorivod fro n  and akin  to  in s t i n c t ;  

in s t i n c t  which i s  n a tu ra l  knowledge, not acqu ired  through ex p erien ce , 

prom pting to  d i r e c t  a c t io n  w ithout any t in e  f o r  d e l ib e r a t io n  o r cho ice .

In  nan, in s t i n c t  i s  ra is e d  to  in tu i t io n .  L ike i n s t i n c t ,  i n t u i t i o n  

i s  d i r e c t  in s ig h t ,  a sym pathetic a t t i tu d e  to  r e a l i t y  by which one p la ces  
o n e se lf  in s id e  an o b je c t ,  p a r t i c ip a te s  w ith  i t  and id e n t i f i e s  o n e s e lf  

w ith  i t .  But u n lik e  i n s t i n c t ,  in t u i t i o n  in te r a c t s  w ith  the  a n a ly tic  

in te l l ig e n c e ;  i t  i s  i n t e l l e c t :  the f a c u l ty  o f 'v iew ing  the th in g  from

w ith in ' ( in tu e r i )  o r 're a d in g  in s id e  i t '  ( in t e l l ig e n c e ) ^ ,  o r 

' i n t e l l e c tu a l  sympathy'®.

Bergson i s  sometimes c a l le d  a n t i - s c i e n t i f i c  because o f  h is  a t t i tu d e  
to  a n a ly t ic a l  knowledge. Ho does n o t ,  hov/ever, condoLin the d is c u rs iv e  

methods o f  a n a ly t ic a l  s c ie n c e , on ly  i t s  claim s of s u f f ic ie n c y  in  under

s tan d in g  r e a l i t y .  He does not d isp en se  v/ith rea so n in g , b u t su b o rd in a tes  
a n a ly s is  and d is c u rs iv e  thought to  in tu itio n .®  The t o t a l i t y  of reason ing  

and proving does not c o n s t i tu te  ' r e a l '  knowledge; reaso n in g  may o f te n  
be a n ecessa ry  p re lim in a ry  b u t u lt im a te ly  i t  i s  i n t u i t i o n  which through 

i t  a l l  and beyond i t  sees r e a l i t y .

L a te r ,  e s p e c ia l ly  in  h is  Creat iv e  E v o lu tio n  (19O7), Bergson in  
h is  concern w ith  the dynamic continuum o f l i f e ,  tim e and movement, 

developed h is  theo ry  o f 'becom ing '. As in  cinam atography, the o p tic a l  

i l lu s io n  of movement may be given  through a su ccession  o f s t i l l s ,  b u t 
movement i t s e l f  can never be analyzed . Movement i t s e l f  i s  n o t produced 

by the ju x ta p o s it io n  o f pause and pause* b u t a continuous p rocess of 

becoming, only  grasped by i n t u i t i o n . 4

2,2 F rench math e m a tic a l in tu it io n is m

The F rench m athem atical i n t u i t i o n i s t s  show f a r  le s s  concern w ith  

the p h ilo so p h ic a l problem of hov/ the human mind can grasp m athem atical 

t r u th  o r even w ith  th e  n a tu re  o f m athem atical r e a l i t y .
A gainst a ttem p ts to  base th e  whole o f  m athem atics on lo g ic ,  o r on 

the  co n s is te n cy  of a r i th m e t ic ,  they  m a in ta in  th a t  m athem atics has more 
than  form al s ig n if ic a n c e ,  has what H eyting would c a l l :  ' in h a l t l ie h e  
B e d eu tin g '. ® They a l l  -  P o in ca ré , B o re l, B a ire , Lebesgue and the

 ̂ In tro d u c tio n  to  Metaphysi c s ,  p . 6.

® Ibidem , p . 7 .
® C rea tiv e  E v o lu tio n , p . 177.

See f u r th e r  pp. I83  f f .
® H e y tin g , M athem atische G ru nd lagen fersch un g . I n tu it io n is m u s .

Bew eisthe o r ie ; E rgebn isso  d e r  Mathematik und i l i r e r  G renzgeb ie te , 
v o l. m ,  p a r t  4 , p . 3 , (B e r lin  1934) .
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R ussian  Lusin  -  agrco th a t  n a th o a a tic s  i s  a d e s c r ip t io n  o f  sone 

n a th e n a tic a l  r e a l i ty ,^  For th is  rea so n , they  are  sonctixies r e fe r re d  
to  as r e a l i s t s ;  Brouwer c a l l s  i t  'a  n o d ifio d  o h se rv a tio n a l standpoint'^ . 

E qually  coanon to  then  a l l  i s  a r e s o r t  to  in tu i t io n  in  sone f o m , as is  

indeed a vagueness as to  what c o n s t i tu te s  th is  in tu i t io n  and th i s  r e a l i ty .

P o incare ' i s  a ln o s t as ambiguous on in tu i t io n  as Kant h im se lf.

A part from in tu i t i o n  in  the  sense o f  K a n t's  em p irica l i n t u i t i o n  -  in  the  

senses o r  th e  im agination^ -  o r as a simple m ental g e n e ra liz a tio n  

through some kind  of in d u c tio n ^ , he u su a lly  speaks of in t u i t i o n  in  the 

sense o f  a p u re ly  m ental g rasp ing  o f fundam ental p r in c ip le s  o r of 
reaso n in g  as a whole. More than  R u s s e l l 's  o r C o u tu ra t’ s in t u i t i o n ,  

neede f o r  the i n i t i a l  p r in c ip le s  and axioms o f lo g ic  b u t d ispensed w ith  
a t  l a t e r  s ta g e s ,  Poincare'' i n s i s t s  on the need fo r  i n t u i t i o n ,  as a guide 

a t  a l l  s ta g e s  in  s e le c t in g  axioms as w ell as the  sequences in  a lo g ic a l  

argument : 'Which o f a l l  th ese  p o ss ib le  ro u te s  i s  the  b e s t  way to  our

f i n a l  o b je c t?  Who w i l l  t e l l  us which to  choose? We need a f a c u l ty  

th a t  w i l l  show us from a f a r  the f i n a l  goal and th a t  f a c u l ty  i s  in tu i t io n .  
I t  i s  necessary  to  the  d isc o v e re r  in  h e lp in g  him to  choose the w ay.' s 
Sometimes in tu i t i o n  becomes id e n t i f ie d  w ith  s y n th e tic  a p r io r i  judgments 

b a s ic  to  m athem atics (fundam ental m athem atical t r u t h s ,  im mediately 
c le a r  to  the  mind, which cannot be proved a n a ly t ic a l l y , i . e .  reduced to  

lo g ic ,  o r  be a sc e r ta in e d  from e x p e rien ce ). Such an a p r io r i  sy n th e tic  

judgment i s  the p r in c ip le  o f complete in d u c tio n  ^ b u t a lso  th e  axiom o f 
ch o ice . ®

The l i n g u i s t i c  ex p ress io n  is  an e s s e n t i a l  p a r t  o f m athem atics^quite in  
c o n tra s t  w ith Brouwer; see f u r th e r  p. 118,

 ̂ I 952B. p . 140; 'observational*  to  Brouwer i s  id e n t ic a l  w ith  'e m p ir ic ';
'th e  o b se rv a tio n a l s ta n d p o in t ' i s  the  e a r ly  c l a s s i c a l  philosophy of 
m athem atics which deduced axioms from p h y s ic a l r e a l i t y ,  ( 1952B. p . 139  ̂
a lso  1 2 ^ ,  p. l ) .

 ̂ P o in ca re , La va le u r  de l a  S cience, P a r is  I9O3 Ch. I ;  c f .  a lso  
'Du ro le  de l ' i n t u i t i o n  e t  de l a  log ique en m athém atique ', Cqmpj^ 
rendu du 2e C ontres In te rn a tio n a le  des M athém aticiens. P a r is ,  I9OO.

 ̂ E .g . by ex tend ing  the v is u a l  image o f a sim ple geom etric f ig u re  in  the
im ag ina tion  to  a more complex one, o r g e n e ra liz a tio n .

® La v a le u r  de l a  S c ien ce , p. 2é.

® La Science e t  L 'H ypothèse, P a r is  1902.

^ Ibidem ,
® 'Les mathématiques e t  l a  log ique'. Revue de M étaphysique e t  _de,■Mo r a l e , 

v o l. 14 (1 906 ), p . 313.
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M athem atical r e a l i t y  as 'th e  deeper geom etry' is  a lso  id e n t i f i e d  
w ith  in t u i t i o n  i t s e l f . ^

“ There are  many re fe ren c es  in  B o re l 's  work to  i n t u i t i o n ,  bu t 
none th a t  ex p la in s  the exac t n a tu re  o f in tu i t io n .  He s t r e s s e s ,  as did 
P o in ca re , th e  n e c e s s ity  o f  in tu i t i o n  in  m athem atics, and seems to  

id e n t i fy  i n t u i t i o n  w ith  ' the deeper m athem atical r e a l i t y ' :  'th e  n egative

"freedom from c o n tra d ic tio n "  i s  no t s u f f ic ie n t  fo r  mathematics which must 
be founded on the 'd eep e r m athem atical r e a l i t y '  and 'p u re ly  lo g ic a l  

argum ents, such as H i lb e r t 's ,  have only v e rb a l v a lue ; the co n s tru c ted  

e d if ic e  does no t f o r  the moment b ea r any r e la t io n  to  r e a l i ty * ^ ;  these  
lo g ic a l  arguments a re  ' symbols which do not correspond to  any in tu i t i o n '

In  h is  l a t e r  works the demand fo r  r e a l i t y  becomes the co n d itio n  

th a t  the m athem atical o b je c t can be thought in  the concre te  human mind 

and can be expressed  in  a f i n i t e  number o f words. (A lso Lebesg u e : noramable),

Sometimes in tu i t io n  i s  lin k e d  to  s o -c a lle d  "no tions c la i r e s "  vihlchy ■ 
a g a in , a re  no t f u r th e r  c l a r i f i e d .

2.3 K a n t 's in t u i t i o n

The s t a r t in g  p o in t and only  a u th o r i ty  o f Brouw er's c e n t r a l  th e s is  
concerning the in tu i t i o n  o f time in  h is  Gronds lag en  and elsew here is  

K a n t's  th eo ry  o f time and space as a p r io r i  in tu i t io n s .

Kant uses the word 'A nschauung ', which covers a range o f meanings 
d i f f e r e n t  from th a t  covered by i t s  u su a l t r a n s la t io n  ' i n t u i t i o n ' .

(Brouwer uses in  Dutch bo th  ' aanschouwing' and ' i n t u i t i e ' ) .  While the  

prim ary meaning o f ' i n t u i t i o n '  i s  : immediate apprehension , and im plies 

in s t in c t iv e  knowledge, th e  German 'Anschauung' means p r im a r ily  : contem
p la t io n ,  view , d i r e c t  in n e r v is io n .

K an t '8  K r i t ik  d e r  re in e n  V ernunft i s  an attem pt to  prove the 
p o s s i b i l i ty  o f r e a l  knowledge. A nalyzing th e  p rocess o f c o g n itio n ,

Kant recogn izes a t  some stage th e  need f o r  some d i r e c t  c o n tac t w ith  the  
o b je c t knov/n. The opening l in e s  o f the T ranscenden ta l A es th e tic  r e f e r

P o in c a re . Du Role de l ' I n t u i t i o n  e t  de l a Logique.
B o re l, Leçons su r  l a  The^or ie  des F o n c tio n s , ed. 1928, p. 222,

Op. c i t .  p . 176.

Op. c i t .  p . 181.
5 , /

'S u r  l ' i l l u s i o n  des d e f in i t io n s  num ériques '. Comptes rendus
hebdomadaires des Seances de 1 'Académie des S cien ces , P a r is  ( l 94?)
t .  224, p . 7 6 5 . ..................

6 ‘Les paradoxes de l ' i n f i n i ' ,  L'Aveni r  de l a  S c ie n ce , n r . 25, P a r is  1946. 

^ Leçons su r  l a  Théorie des Fonct i o n s , p . I60 .
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to  th i s  d i r e c t  l in k  as 'Anschauung*, a g e n e ra liz a tio n  o f what i s  p r im a rily  

v is u a l  : 'I n  w hatever manner and by w hatever means a mode o f  knowledge
may r e l a t e  to  o b je c ts ,  in tu i t io n  is  th a t  through which i t  i s  in  immediate 

r e l a t io n  to  them, and from which a l l  thought gains i t s  m a te r ia l '^ .

Most commentators agree th a t  th e re  i s  h ard ly  any o th e r  term  about which 
Kant makes more c o n f l ic t in g  s ta tem en ts ,^

He uses the word 'Anschauung' m ainly in  two meanings:

1) Em piric a l  in tu i t i o n ,  a lso  p e rce p tio n  o r  se n s ib le  in tu i t io n .^  The 

p ro cess  o f  human co g n itio n  s t a r t s  w ith  (n o t from) sense im pressions.
The s p e c i f i c ,  d i r e c t  way in  which human beings are a f fe c te d  by ou tside  

o b je c ts  and rece iv e  re p re s e n ta tio n s  ho c a l l s  ' sens ib i l i t y ' , a kind of 

p assiv e  re c e p tiv e n e ss , an openness to  the  e x te r io r  w orld , a cap ac ity  fo r  

g a th e r in g  in  m a te r ia l f o r  r e a l  knowledge.^ 'O b jec ts  come to  us through 

th i s  s e n s ib i l i t y ,  and s e n s ib i l i ty  alone p rov ides us wi t h  in t u i t i o n s . ' ®

T his e m p irica l i n t u i t i o n  i s  no t y e t knowledge : by synth e s i s ,  the

u n ify in g  a c t  of the  mind, 'many d i f f e r e n t  in tu i t io n s  a re  u n ite d  in to  one 
consciousness ',®  Kant here (B IO 4), r e f e r s  in d isc r im in a te ly  to  the 

p lu r a l i t y  o r manfold o f sense-im pressions and the m anifold of in tu i t io n .  

W ithin th i s  em p irica l in tu i t i o n  Kant d is t in g u is h e s :  

a . a m a te r ia l  elem ent: the  se n sa tio n s ;
13, a form al elem ent: the  sp a tio -tem p o ra l o rd erin g  o f se n sa tio n s . ^

2) Pure in t u i t i o n .  T his has l i t t l e  in  common w ith  em p irica l in tu i t i o n  

save the term . I t  is  'th e  pure form o f s e n s ib le  in tu i t io n !  ®

1 A I9, B 33. T ra n s la tio n  Kemp-Smith. ' t h a t  through w hich' must here 
r e f e r  to  'mode' and 'm an n e r ', c f .  the  o r ig in a l :  Auf welche A rt und 
durch welche M itte l  auch immer c ine  E rk en n tn is  auf Gegenstënde 
boziehen  mag, so i s t  doch d ie je n ig e  wodurch s ie  s ic h  . . . .  e tc .

P .P . W olff, K a n t's  Theory of M ental A c t iv i ty , p . 2l 8 ;
N. Kemp-Smith, A Commentary  to  Ka n t 's  C ritiq u e  of Pure Reason.

C rit iq u e  o f Pure R eason. B 33. ^

'The c a p a c ity  ( r e c e p t iv i ty )  fo r  re c e iv in g  re p re s e n ta tio n s  through 
the  mode in  which we are  a f fe c te d  by o b je c ts ,  i s  e n t i t l e d  s e n s i b i l i t y * . 
(A 1 9 , B 3 3 ).
Ib idem.

B 104.

B 34.

B 35.
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Kant a r r iv e s  a t  th i s  pure form through a b s te n tio n  from i t s  m a tte r 
s e n sa tio n . A b s tra c tio n  here is  not to  be taken  in  the sense o f 

A r i s to t l e ,  as p rov id ing  us v/ith a g enera l n o tio n  in h e re n t in  the o b je c ts  

them selves, i t  is  more a la y in g  bare of th e  c o n tr ib u tio n  o f the human 

mind, a p r i o r i  to  sen sa tio n : 'Pure in tu i t i o n  which even w ithou t any

a c tu a l o b je c t of the senses o r  of se n sa tio n , e x is t s  in  the mind a p r i o r i ,  
as a mere form o f s e n s ib i l i t y '^ .

I t  i s  e x ac tly  on th i s  p o in t -  most re le v a n t to  Brouw er's in tu i t io n  
of time -  th a t  Kant i s  most confusing  and s e lf - c o n tra d ic to ry .  In  h is  

M etaphysical Deduction^ space and time a re  rep resen ted  not m erely as 

forms o f  se n s ib le  in tu i t i o n s ,  b u t as them selves in tu i t io n s  which co n ta in  
a m anifo ld .

A ccording to  K an t, no p e rcep tio n s  a t  a l l  a re  req u ire d  f o r  a system 

of pure geom etry, and th e re fo re  pure in t u i t i o n  must e x i s t  as an a c tu a l i ty  
p r io r  to  ex perience .^

In  none of those m eanings, however, does K a n t's  i n t u i t i o n  re p re se n t 
the  u l t im a te ,  c l e a r ,  d i r e c t ,  in t e l l e c tu a l  v is io n  as in te rp re te d  by 

Bergson, r a th e r  i t  re p re se n ts  the  i n i t i a l  s tag es  o f the complex process 

of c o g n itio n . The 'p u re  concepts of the  u n d erstand ing ' -  which inc lude 
u n i ty ,  p l u r a l i t y ,  t o t a l i t y  -  a re  the r e s u l t  o f sy n th e s is : ' What must

f i r s t  be given -  w ith  a view to  a p r io r i  knowledge of a l l  o b je c ts  -  is  

the m anifold  o f  pure i n t u i t i o n , , the second f a c to r  involved is  the s y n th e s is of 

th i s  m a n ifo ld ,. ,  and even th a t  does not y e t  y ie ld  knowledge. '

Kant m ain tained  th a t  th e re  a re  'two pure forms o f s e n s ib le  in tu i t i o n ' 
se rv in g  as p r in c ip le s  of a p r io r i  knowledge, namely time and space;^ they  

a re  c o n tr ib u tio n s  of the  human mind sin ce  they  are  no t found in  o b je c ts  

them selves; they  a re  a p r i o r i ,  not in  the  sense th a t  they e x is t  independ

e n t ly  o f a knowing s u b je c t , bu t as a n ecessary  c o n d itio n  f o r  a l l  ex perience: 

a l l  our knowledge i s  sp a tio -tem p o ra l.

Space. The d iscovery  of non-Euclidean geom etries c e r ta in ly  d id  d isprove 

K a n t 's  c la im  of the a p r io r i t y  of space as s e t out in  A 23 -  29 and 
B 37 -  45; i t  does not d isp rove h is  g en era l argument th a t  th e re  i s  an

B 35.
B 102; c f .  B l 60; c f .  a lso  '. /o lf f 's  comment, op. c i t j  p . 74.
B 120; c f .  a lso  B 147: 'llirough  the  d e te rm in a tio n  o f pure in tu i t io n  we
can acq u ire  a pr i o r i  knov/ledge o f o b je c ts ,  as in  m athem atics, b u t only 
in  regard  to  t h e i r  form, as appearances; w hether th e re  can be th in g s  
which must be in tu i te d  in  th i s  form, i s  s t i l l  l e f t  undecided. Mathe
m a tic a l concepts are  n o t, th e re fo re ,  by them selves know ledge.. . '

B 104 , A 79.
A 22 , B 36.
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a p r i o r i  m athematics ; he simply uses E uclidean  geometry as an example 

to  prove th i s  more gen era l p ro p o s itio n .^  When he speaks o f knov/ledge 

o f th e  s e l f  and the in n e r  sense , Kant even adm its th e  p o s s ib i l i ty  o f 

knowledge not depending on the a p r i o r i  in tu i t io n  o f space.^

Pure in tu i t i o n  o f tim e. While space i s  'th e  pure form o f a l l  o u te r 

i n t u i t i o n ' ,  time is  an a p r io r i  c o n d itio n  f o r  _eac_h and every re p re s e n ta tio n . 

Time i s  a c o n tr ib u tio n  of the human mind, a pure form o f s e n s ib i l i ty :

'Time i s  not something which e x is ts  of i t s e l f  o r  which in h e re s  in  th in g s 

-  nnd does n o t, th e re fo re ,  remain when a b s tr a c t io n  i s  made o f a l l  

s u b je c tiv e  co n d itio n s  of in tu it io n " ^  and 'we deny to  time a l l  claim  to  

a b so lu te  r e a l i t y ' ,  f o r  'p ro p e r t ie s  th a t  belong to  th in g s  in  them selves can 

never bo g iven to  us through the senses. T his is  what c o n s ti tu te s  the 
t r a n s cenden ta l  i d e a l i t y o f tim e ' . ®

N e ith e r  i s  time the o b jec t o f knowledge: 'Time i t s e l f  cannot be 

p e rc e iv e d '.  (T h is is  emphasized in  many p la c e s ,  e .g .  B 219, B 225, B 233.)  
A lso , tim e must be d is tin g u ish e d  from a l t e r a t io n  o r change, which re q u ire s  

sy n th e s is :  ' I  p e rce iv e  tinat appearances fo llow  one a n o th e r . . .  Thus I

am r e a l ly  connecting  two p e rcep tio n s  in  tim e. Noxv connection  is  not th e  

v/ork o f mere sense and in t u i t i o n ,  b u t i s  here the  p roduct o f  a sy n th e tic  
f a c u l ty  o f im ag ination ' .7  The category  substance is  the p r in c ip le  of 

permanence in  change, (u n lik e  the view o f Brouv/er, who id e n t i f i e s  

permanence in  change 'w ith  the p rim o rd ia l in tu i t io n  o f tim e ')®  F in a l ly ,  

a lso  the  concept of number re q u ire s  more than  time as a pure in tu it io n *  

i t  a r i s e s  through sy n th e s is : 'Number i s  th e re fo re  simply th e  u n ity  o f

the s y n th e s is  o f  the  m anifold o f  a homogeneous in tu i t io n  in  g e n e ra l ' ^

A 34.
Cf. W olff, op. c i t .  p . 293, p. 231.

Of. above p . 63.
C r it iq u e  o f Pure Reason, B 52.

A 34 , B 51.

B 49.
B 52.

B 233.
® K ant: See whole o f F i r s t  Analogy: 'S u b stan ce , P r in c ip le  o f Perm anence',

A 182 -  189, B 225 -  233.
Brouwer: 'M athem atics develops from one s in g le  a p r io r i  p rim o rd ia l

in tu i t i o n  which can be c a lle d  permanence in  change, o r u n ity  
in  p l u r a l i t y ' , .liQ2 , p . 179.

® A 143.
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2 .4  Brouwer* s i n t u i t io n

The g en e ra l f e e l in g  o f confusion  as reg ard s  the  meaning o f in tu i t i o n  

in  the w ritin g s  o f  K ant, as w ell as of Poincare and B o re l, rem ains w ith  

us when we proceed to  co n sid e r in tu i t io n  as understood by Brouwer, Even 

i f  Brouwer in  h is  d e f in i t io n  of the  'p r im o rd ia l in tu i t io n  o f  tim e ' 
rem ains rem arkably c o n s is te n t ,  h is  appeal to  in tu i t i o n  a t  d i f f e r e n t  

s tag es  o f  h is  system o f m athem atical foundations and h is  f u r th e r  remarks 

on ' i n t u i t i o n ' and ' in tu i t iv e ' in d ic a te  a concept of in tu i t i o n  w ell 

beyond the sim ple d e f in i t io n  o f 'aw areness o f  a move o f tim e ' and imply 

elem ents o f the  k ind  o f in tu i t i o n  as understood by the  French in t u i t i o n i s t  

p h ilo so p h e rs . N e ith e r can Brouw er's in tu itio n is m  be wholly understood 

as a system  of c o n s tru c tiv e  m athem atics, d i f f e r in g  from th a t  o f  K roneeker 

o r  o f E, Bishop only in  a f u r th e r  a ttem pt to  e x p la in  the n a tu ra l  numbers,

2.5  D e f in it io n  o f th e  primord i a l  in tu i t io n  o f tim e. B rouw er's account of 
i n t u i t i o n  in  h is  Grondslagen  is  r a th e r  vague and obscure. This could 

a lso  be sa id  o f  some of h is  te c h n ic a l ex p lan a tio n s  o f h is  a l te r n a t iv e  
a n a ly s is  such as the  continuum, the  P r in c ip le  o f th e  Excluded Middle (PEM), 

and h is  choice sequences. But whereas in  l a t e r  works he develops h is  
ideas  on the l a t t e r  and shows more c le a r ly  h is  o r ig in a l  in te n t io n ,  h is  
th in k in g  on in tu i t i o n  has remained s t a t i c . ’ From the  language used we 

can s t i l l  d e te c t  Brouw er's em otional involvem ent, bu t he anx iously  uses 

th e  same wording in  d e fin in g  th i s  p rim o rd ia l in t u i t i o n  w ithou t g iv in g  

f u r th e r  ex p lan a tio n .

In  1907* 'Man has the  fa c u l ty  -  which accompanies a l l  h is  in t e r 
a c tio n s  w ith  n a tu re  -  o f viewing h is  l i f e  m a them atica lly , the  a b i l i t y  to  

see in  the  world r e p e t i t io n s  o f sequences o r  c au sa l sequences in  tim e.
The p rim o rd ia l phenomenon hero i s  the in tu i t io n  o f time through v/hich 

r e p e t i t io n  o f "som ething in  time and again  something" i s  made p o s s ib le . 
Because o f  t h i s ,  l i f e ’ s moments f a l l  a p a r t  as sequences o f q u a l i ta t iv e ly  

d i f f e r e n t  th in g s ,  co ncen tra ted  in  the  mind as m athem atical sequences, 
n o t sensed (Du. g ev o e ld ), b u t perce ived  (Du. waargenomen, i . e .  made aware 
o f ) ; '^  a ls o :  ' th e  p rim o rd ia l in tu i t io n  i s  id e n t ic a l  w ith  awareness of

tim e as no th ing  b u t ch an g e '’ .

^ 1222 , p . 83. 
“ 1222. p . 98.



-  82 -

In  1912 : ‘This n o o -in tu itio n ism  co n sid ers  the  f a l l i n g  a p a r t  o f 

moments o f l i f e  in to  q u a l i ta t iv e ly  d i f f e r e n t  p a r t s ,  to  be re u n ite d  only 
w hile rem aining sep a ra ted  by tim e, as the fundam ental phenomenon o f 

m athem atical th in k in g , the in tu i t io n  of bare tw o -o n e n e s s '/

In  192s  (and 1933)• ‘The becoming aware o f time i s  the p rim o rd ia l 
happening of the i n t e l l e c t :  th e  f a l l i n g  a p a rt o f a l i f e ’ s moment in to

two q u a l i ta t iv e ly  d i f f e r e n t  th in g s ,  o f which the one makes room f o r  the 
o th e r ,  b u t in  s p i te  o f  t h i s ,  i s  re ta in e d  by m em ory ...'^ .

In  1948: 'By a move o f time a p re se n t sen sa tio n  gives way to  

an o th e r p re se n t se n sa tio n  in  such a way th a t  consciousness r e ta in s  the  
form er one as a p a s t s e n s a t io n . , . , '® .

In  1952 : a move o f tim e, i . e .  the f a l l i n g  a p a r t o f  a l i f e

moment in to  two d i s t i n c t  th in g s , one o f  which gives way to  an o th e r , bu t 
i s  r e ta in e d  by memory. I f  the  tw o -ity  thus born  i s  d iv e sted  of a l l  

q u a l i ty ,  th e re  rem ains the empty form o f  th e  common substratum  of a l l  

tw o - i t ie s .  I t  i s  th i s  common substra tum , th is  empty form , which i s  
the  b a s ic  in tu i t i o n  of m ath em atic s .'4

2 .6  In  s p i te  o f Brouw er's claim  th a t  a l l  in tu i t i o n  d id ,o r  had to  do,was
to  s tre n g th e n  K a n t's  a p r io r i  in tu i t i o n  o f time® -  (1909A. p . 5 r e f e r s  to  
i t  even as 'th e  form of i n t u i t i o n ')  -  Brouw er's in tu i t i o n  o f time d i f f e r s  

e s s e n t i a l ly  and in  a l l  re sp e c ts  from K a n t's  a p r io r i  form o f in tu i t io n .  
C hapter I I  o f G rondslagen . a p a r t from re fu tin g  K a n t's  a p r io r i ty  o f space, 

l i s t s  d if fe re n c e s  o f opin ion  as to  th e  l in k  between experience and the
6

i n t u i t i o n  o f time : no th ing  i s  sa id  about the in tu i t i o n  o f time i t s e l f .

Whereas K a n t's  a p r io r i  form o f in tu i t io n  i s  a p ass iv e  and h igh ly  

a b s t r a c t  element in  a m etaphysical a n a ly s is  o f the p rocess o f c o g n itio n , 

v ery  much in te rtw in ed  w ith  the  more a c t iv e  schemata and c a te g o r ie s  o f  the 
sy n th e s iz in g  mind, Brouw er's in tu i t io n  i s  a p sy ch o lo g ica l f i r s t  s te p , a 

sim ple awareness ç f  tiraéu 'th e  p rim o rd ia l in tu i t i o n  i s  id e n t ic a l  w ith  

th e  aw areness (consciousness) o f  tim e as noth ing  b u t c h a n g e '. ’̂

 ̂ 1912A. p. 12; 1913&. p. 85.

' msà, p. 153; 1213., p- 45.
° 1948C. p. 1235.

" .1952B. p . 140; a lso  in  P- 5; 12280, p . 6; 1242Ê, P* 339;
1251,' p :  2.

® 1912A.. p . 12; 19134. p. 85.

® For a summary see above p. 18.

’  Ü Q Z, p . 98.



-  83 -

R e f le c tin g  on in d iv id u a l human th in k in g , search ing  w ith in  the  

in d iv id u a l mind, Brouwer d isco v ers  what happened a t  the o r ig in  o f a l l  

human th in k in g . S ig n if ic a n t ly ,  ho speaks o f the ' p rim o rd ia l happening’ 
(Dui oer-g o h eu ro n ). Consciousness in  i t s  s ta te  o f s t i l l n e s s  -  as 

d esc rib e d  e a r l i e r  -  becomes a f fe c te d  by an e x te r io r  se n sa tio n  and -  what 
i s  e s s e n t i a l  f o r  the in tu i t io n  of time -  by ano ther s e n sa tio n . (K ant’ s 

consciousness does no t e x is t  p r io r  to  any sensation^  and h is  pure 

in t u i t i o n  o f time i s  a p r io r i  to  each s in g le  re p re s e n ta tio n , i s  'a  form 
o f our in n e r  s t a t e ’ , (see  above p . 80) ,

In  every  accoun t, Brouwer s tr e s s e s  the need fo r  some A r is to te l ia n  

a r i th m e t ic a l  a b s tr a c t io n  ( ’d iv ested  o f a l l  q u a l i ty ')  from the  con ten t 
o f s e n sa tio n .

The 'move of tim e' c o n s is ts  in  th e  consciousness lin k in g  a p a s t 

s e n sa tio n  -  r e ta in e d  by memory -  to  a p re sen t s e n sa tio n ; a sim ultaneous 

p resence o f tv/o s e n sa tio n s , one o f which i s  recognized  as p a s t:  ' in

such a way th a t  consciousness r e ta in s  the form er one as a p a s t s e n sa tio n , 
and m oreover, through th i s  d i s t in c t io n  between p re se n t and p a s t ,  recedes 
from b o th  and from s t i l l n e s s ,  and becomes mind. As mind i t  tekios the 
fu n c tio n  o f a su b je c t experiencing  the p re se n t as w ell as the p a s t 
se n sa tio n  as o b je c t . '^  There seems to  be here some re c o g n itio n  o f the  
sy n th e s iz in g  ro le  o f  the mind -  which Kant anx iously  re se rv e s  f o r  the 
' u n d ers tan d in g ' (v e r s ta n d ) . But Brouwer is  a t  g re a t pains to  p o in t out 

th a t  th i s  elem ent o f l in k in g , th i s  s y n th e s is , i s  an e s s e n t ia l  p a r t  o f the 

i n t u i t i o n ,  as ' p r im o rd ia l ' as ( coequal w ith ')  the elem ent of d is c r e te 
n ess . In  th i s  way, he b rin g s  the continuous w ith in  the p rim o rd ia l 

i n t u i t i o n  o f tim e. ' . . .  the p rim o rd ia l in tu i t i o n  . . .  v/hich i s  a u n ity  o f 

continuous and d i s c r e t e ,  the f a c u l ty  o f th in k in g  to g e th e r  d i f f e r e n t  

e n t i t i e s ,  l in k e d  by a "betv/oen" th a t  never oxliausts i t s e l f .  Where, 

th e re fo r e ,  in  th i s  p rim o rd ia l in tu i t i o n  continuous and d is c r e te  appear 

as in se p a ra b le  complements, bo th  coequal and eq u a lly  c le a r ,  i t  i s  
im possib le  to  t r e a t  e i th e r  of them as the  only o r ig in a l  and to  c o n s tru c t 

the o th e r  from i t ' ^ .  In  the summing up of h is  G rondslagen. Brouv/er

 ̂ P re face  to  second e d i t io n ,  fo o tn o te  a to  B x l;  time as the form of 
in n e r  sense : A 33.

' . i s m ,  p. 1235.
'  .1 2 0 2 , p .  a .
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again  id e n t i f i e s  the l in k in g  elem ent w ith  the p rim o rd ia l in t u i t i o n  i t s e l f  

in  th e  form o f 'perm anence ': 'M athem atics is  developed from one s in g le
a p r i o r i  p rim o rd ia l i n t u i t i o n  which can be c a lle d  permanence in  change o r 
u n ity  in  p l u r a l i t y ' . ^

How f a r  removed from K a n t's  a p r io r i  i n tu i t i o n  o f  time such a 

lin k in g  o f  p a s t  and p re se n t se n sa tio n  i s  may be seen from th i s  passage 

o f  K a n t 's  C r it iq u e  : ' I n t e l l e c t u a l  sy n th e s is  i s  c a rr ie d  ou t by the under
s tan d in g  alone w ithou t the a id  o f  the im ag ination . In  so f a r  as 

im ag ination  i s  sp o n ta n e ity , I  sometimes a lso  e n t i t l e  i t  £ £ o d u a^ v e  

im ag ination  to  d is t in g u is h  i t  from the  rep ro d u c tiv e  im agination , whose 

sy n th e s is  i s  e n t i r e ly  s u b je c t to  e m p iric a l law s, th e  laws namely of 

a s s o c ia t io n ,  and which th e re fo re  c o n tr ib u te s  no th ing  to  th e  e x p lan a tio n  

o f the p o s s i b i l i t y  o f a p r i o r i  knowledge. The rep ro d u c tiv e  sy n th e s is  

f a l l s  w ith in  the  domain no t o f tra n sc e n d e n ta l ph ilo so p h y , b u t o f 
p sy c h o lo g y '. ^

Brouw er's a p r io r i  i s  th e  a p r i o r i  of m athem atics w ith  re sp e c t to  

lo g ic  and a l l  o th e r  s c ie n c e s , a c o n d itio  -  s in e  -  qua -  non.® By reducing  

c a u s a l i ty  to  mere r e p e t i t i o n  o f sequences*, and so to  number, he shov/ed 
dependence o f  a l l  sc ien c es  on m athem atics;®  by re v e a lin g  th e  use o f  

'a g a in ' in  the l o g i c i s t  atomic concepts and id e n t ify in g  th i s  'a g a in ' w ith  

th e  concep tion  o f number® he succeeded in  showing ' independence of 

m athem atics from lo g ic  and dependence o f lo g ic  on m a th em a tic s '. B rouw er's 

i n t u i t i o n i s t  m athem atics i s  an a ttem p t to  prove the  s u f f i c iency  o f the 

i n t u i t i o n  o f tim e in  the c o n s tru c tio n  o f th e  whole of m athem atics. But 
no a ttem p t i s  made to  prove th a t  the i n t u i t i o n  of tim e , as understood  by

1907 , p . 179; c f .  what has boon sa id  on change and permanence 
acco rd in g  to  K an t, p. 80.

B 152 .

122Z, p . 98.

'R e p e t i t io n  o f sequences invo lves th e  p rim o rd ia l i n t u i t i o n  o f time 
tw ic e , in d ep en d en tly ' ( l9Q7 p . IO6) .
A gain , c a u s a l i ty  in  K ant is ' more th an  r e p e t i t io n  o f sequences; a p a r t  
from m entioning  s im u lta e ity  o f many in s ta n c e s  o f  cause and e f f e c t ,
(B 248) K ant s t r e s s e s  'n e c e s s i ty  and u n iv e r s a l i ty ' (B 233 -  236;

A 190 -  211) .
1 9 0 7 . pp. 81 f f ;  I g o æ , p . 5; 1 % ^ , p . 5; 1322A, p. 153;
c f .  a lso  p. 71 .
1 9 0 7 , p,  168; B rouw er's more pow erful argument f o r  dependence o f  lo g ic
r e s t s  on the  p u re ly  l i n g u i s t i c  n a tu re  o f  lo g ic '.
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Brouv/er, i . e .  a necessary  c o n d itio n  f o r  the concep tion  o f
number.

In  Gron d s la gen awareness o f  th e  d is c r e te  in  time i s  sim ply given 

as the only  and the necessary  m ental p rocess le a d in g  to  the number 

con cep t, o r  sim ply id e n t i f ie d  w ith  i t :  ’We cannot c a l l  any th ing

a p r io r i  excep t th a t  which is  on th e  one hand common to  a l l  m athem atics 

and on the o th e r  hand i s  s u f f ic ie n t  to  c o n s tru c t the  whole of 

m athem atics: the i n t u i t i o n  o f m u l t ip l ic i ty  -  u n i ty ,  the  p rim o rd ia l

i n t u i t i o n  o f m athem atics. And sin ce  th i s  i n tu i t i o n  i s  id e n t ic a l  

w ith  (Du. sam envalt, i . e .  c o in c id es)  th e  consciousness o f time as 

n o th in g  b u t change, wo can a lso  say th a t  t he only a p r i o r i  element 

in  sc ien c e  i s  tim e . '  ̂ In  f u r th e r  accounts^ th i s  id e n t i f i c a t i o n  is  

ag a in  s ta t e d ,  no t proved.

On the  b a s is  o f such v a ry in g  in te r p r e ta t io n s  o f th e  i n t u i t i o n  of 

time by K ant and Brouwer, we can h a rd ly  use K a n t 's  p o s i t iv e  p ro o f o f 

th e  i n t u i t i o n  o f tim e as an a p r i o r i  form o f i n t u i t i o n  o f a l l  know

le d g e , in c lu d in g  m a th em atics,to  supplement Brouwer’ s p roof o f the 

a p r io r i t y  o f h is  i n t u i t i o n  o f  tim e in  m athem atics. Brouwer d id  

indeed show th a t  a ttem pts to  d a te ,  p u re ly  on th e  b a s is  of axioms o r 

lan g u ag e , had f a i l e d  and must f a i l  to  p rov ide  an  adequate foun d a tio n  

f o r  m athem atics; he a lso  gave a p la u s ib le  a n a ly s is  of a p o s s ib le  way 

th a t  one may a r r iv e  a t  the concept o f number, b u t he d id  no t prove th a t  

t h i s  is  the  only way,, and th a t  any o th e r  p rocess o f concep tion  o f 

number n e c e s s a r i ly  invo lves aw areness o f tim e .

In  a fo o tn o te  to  the above q u o ta tio n   ̂  ̂ Brouwer r e f e r s  to  a 

d i s t i n c t i o n  between ’ i n t u i t i v e ’ tim e and ’s c i e n t i f i c ’ tim e : ’Of

course I  mean here  in t u i t i v e  tim e, to  be d is tin g u is h e d  from s c i e n t i f i c  

tim e , which i s  indeed a p o s t e r i o r i ’®. This d i s t i n c t io n  ha been 

developed in  Time and^yee_W i l l  ( 1889)* by B ergson, who a lso  r e f e r s  to  

th i s  d i s t i n c t i o n  as between ’r e a l ’ time (o r  ’tim e as change’ o r  ’time 
as i t  appears to  co n sc io u sn ess’) ,  and ’m easurab le’ time (o r  f i c t i t i o u s  

tim e ’ o r  ’m ech an is tic  tim e ’) .  A nalyzing in tu i t i v e  tim e in

 ̂ l iS Z ,  pp. 98 -  99 .
 ̂ E .g . 3 ^ 2 ^ ,  p . 155; c f .  a lso  re fe re n c e s  g iven  above p . 82.

 ̂ 12SZ, p. 99.
 ̂ ’E s s a i  su r  l e s  données immédiates de l a  co n sc ien ce ’ ( 1889) ,  

see a lso  above p . 73 ,
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’Durée e t  s im u l ta n é i té ’  ̂ and ’M atière  e t  mémoire’ ® (1897) , Bergson 

s t r e s s e s  the fundam ental dichotomy o f memory and p re se n t consc iousness. 

But whereas th i s  becomes the  b a s is  f o r  Brouwer’s concept o f  number, 

Bergson m ain ta in s th a t  number i s  s t a t i c  and n e c e s s a r i ly  s p a t i a l :

’In  space a lone i s  a ju x ta p o s it io n  o f  th i s  kind p o s s ib le ,  because 

space a lo n e , b e ing  homogeneous, perm its u n its  to  be d i f f e r e n t ia t e d  

and id e n t i f i e d  a t  the same tim e, th a t  i s ,  to  be added to g e th e r ’®.

A lso , Bergson sees number connected w ith  m easurable tim e r a th e r  than  
w ith  i n t u i t i v e  tim e.

But a g a in s t the  background o f French in tu it io n is m  -  e s p e c ia l ly  

B ergson’s id e n t i f i c a t i o n  o f su b je c tiv e  time w ith  l i f e  and r e a l i t y  -  

Brouwer’ s id e n t i f i c a t i o n  o f  i n t u i t i v e  tim e and number and h is  f a i l u r e  

to  g ive adequate p ro o f fo r  the a p r i o r i t y  o f tim e w ith  re sp e c t to  

number can be understood . His aim was -  co u n te r to  th e  claim  of 

l o g i c i s t s  and fo rm a lis ts  -  to  f in d  a b a s is  f o r  m athem atics anchored 
in  r e a l i t y ,  which to  him was the in n e r l i f e  o f  th e  mind, the r e a l i t y  

o f  con sc io u sn ess . H is p rim o rd ia l i n t u i t i o n  ’p rovided  th i s  anchor 
in  r e a l i t y ’ ; a l s o ,  i f  we accep t the  B ergsonian one and only r e a l i t y  

o f  su b je c tiv e  tim e , th i s  p rim o rd ia l in tu i t i o n  i s  a p r i o r i .
F in a l ly ,  B rouw er's claim  o f a p r io r i t y  i s  no t f o r  tim e i t s e l f ,  

b u t f o r  awareness o f tim e, the s in g le  a c t  o f  consciousness a t  the 

ro o t o f  ’a l l  i n tu i t i v e  th in k in g ’ .

2.7 Brouwer’ s g en era l concept o f in t u i t io n

As a g e n e ra liz a tio n  o f the p rim o rd ia l i n t u i t i o n ,  B rouw er's 

i n t u i t i o n  in  the v/ider sense is  : consciou sness a c t in g  w ithou t

A lthough th e re  a rc  some re fe re n c e s  in  Brouwer’ s e a r l i e r  work to  
’ i n s t i n c t '  and ’ i n s t i n c t i v e ’*, i n t u i t i o n  can in  no way be id e n t i f ie d  
w ith  in s t i n c t  in  the sense o f knowledge c o l le c t iv e ly  in h e re n t in  the

1 pp. 61 f f .  

a pp. 177 f f .

® Time and Friqq.W ill, p . 77; c f .  whole passage pp. 73 -  8 5 ,

* E .g , 1907 . p . 81; a lso  such expressions as ’ i t  i s  i n t u i t i v e ly  
c l e a r ’ , as in  1907 , p . 3 , might be road in  th i s  way.
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human ra c e ,  o r in d iv id u a l loiowlodge which d ispenses w ith  a l l  montai 

a c t i v i t y ,  a k ind  o f hunch, a knowing 'o f f -h a n d '.  B rouw er's 

' i n t u i t i v e '  i s  not to  he id e n t i f ie d  w ith  's e l f - e v i d e n t ' ,  as i s  

suggested  by S. K Brner^, i f  s e lf - e v id e n t im p lies  com plete e lim in a tio n  

o f  e f f o r t  on the p a r t  o f the s u b je c t ,  the evidence be ing  supp lied  by 
and in t r i n s i c  in  the known o b je c t i t s e l f .  A part from the f a c t  th a t  

Brouwer never uses the word s e l f - e v id e n t ,  he d id  not recogn ize  ' t r u t h s -  

in - th e m se lv e s ’ . ® Any ancily tic  sta tem en ts  which could claim  such 

s e lf -e v id e n c e , Brouwer d ism isses  as non-sta tem en ts o r  as 'm e a n in g le s s '.  

As to  the r o le  o f hmuan consciousness in  in tu i t i o n ,  th i s  is  not one o f  
p a s s iv e , e f f o r t l e s s  undergoing o f inescapab le  t r u th s ;  even the  

p rim o rd ia l in tu i t i o n  i s  a c r e a tiv e  a c t  o f the human mind. S e lf -  

ev id en t in  t h i s  sense c e r ta in ly  does not apply  to  Brouw er's ' i n t u i t i v e ' 

m athem atics, which re q u ire s  c o n s tru c tio n s  more complex and rig o ro u s  

th an  c l a s s i c a l  m athem atics. N e ith e r  has th e  ' i n t u i t i v e '  any th ing  
to  do w ith  common-sensical th in k in g , which Brouwer t r e a te d  w ith  g re a t 
suspicion.®

I t  i s  the r e s t r i c t i o n  imposed on the conscious mind a c tin g  

i n t u i t i v e ly  which p rov ides the r e a l  key to  u n d ers tan d in g  Brouw er's 
i n tu i t i o n :  th e  com plete independence from ex p e rien ce , except f o r
't h e  f a c t  o f having a sense im p re ss io n '. I n tu i t io n  i s  'in t r o s p e c t iv e '*  

inw ard -look ing , ( tu rn in g - in to - th e  s e l f ) ,  com pletely  a b s tr a c t in g  from 
experience  through sense p e rc e p tio n . I n tu i t iv e  a c t in g  becomes 

opposed to  'c a u s a l  a c t i n g ',  which i s  m ental a c t iv i t y  on the  su p p o sitio n  

o r  'd e lu s io n ' o f an e x te rn a l w orld. B rouw er's i n t u i t i o n  i s  the 

a c t i v i t y  o f the  human mind, r e s t r i c t e d  e x c lu s iv e ly  to  the d a ta  of 

consciousness i t s e l f  and the  to o ls  provided  by i t .  In  the  prime 3rd i a l  

i n t u i t i o n ,  which i s  independent o f ex p erien ce , the fundam ental d a ta  

and to o ls  can be found : 'th e y  are  the elem ents o f  c o n s tru c tio n  which

can be read  from the p rim o rd ia l in tu i t i o n ,  concepts such as con tinuous, 

u n i ty ,  a g a in , ” a n d -s o - fo r th ” , . . ^ and in c lude  the p r in c ip le  of

The P h ilo so phy o f M athem atics, pp. 136 -  139.

Cf. 1907, p . 177; 11A8C, p . 1243! 1955. p. 113; see f u r th e r  
C hapter I I I ,'L a n g u a g e  and l o g i c ' .

1 2 ^ ,  p . 113.
Frequen t re fe re n c e s  in  ^ J j8 C,_

ia.qz, p . 180.
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complote i n d u c t io n /  Brouwer d a im s  th a t  ^ 1  elem ents o f a p r io r i  

in t u i t i v e  th in k in g  can u lt im a te ly  ho found in  the p rim o rd ia l in t u i t i o n ,  

indoed th a t  the whole o f mathem atics can he co n s tru c ted  from the 
elem ents o f  the p rim o rd ia l in tu i t i o n :  'From the p rim o rd ia l in tu i t i o n

a l l  m athem atical system s, in c lu d in g  spaces and th e i r  g eom etries, can 
be c o n s tru c te d  independently  o f experience*;®  'm athem atics i s  a f r e e  

c re a t io n  o f th e  mind, independent o f experience; i t  develops from one 

s in g le  a p r io r i  p rim o rd ia l in tu itio n * ;®  and /M athem atics comes in to  

be ing  when . . .  th e  b a s ic  in tu i t i o n  of m athem atics i s  l e f t  to  an 

u n lim ited  u n fo ld in g , c re a tin g  new m athem atical e n t i t ie s *  This 

r e s t r i c t i o n ,  the independence o f ex p erien ce , o r a c t in g  w ith in  the  

a p r i o r i  d a ta  and to o ls  o f  co n sc io u sn ess , i s  the u lt im a te  c r i t e r io n  

fo r  i n t u i t i v e  m athem atics (which f o r  Brouwer was m athem atics); 

'M athem atics r ig o ro u s ly  tr e a te d  from th i s  p o in t of vieW; and deducing 

theorem s e x c lu s iv e ly  by means o f  in t ro s p e c t iv e  c o n s tru c tio n , i s  c a l le d  

i n t u i t i o n i s t i c  m athem atics' ® I n tu i t io n  in  th i s  w ider sense: the

e x c lu siv e  demand f o r  in tro s p e c tio n  throughout the whole c o n s tru c tio n  

o f  m athem atics, a com plete and ex c lu siv e  re l ia n c e  on the elem ents 

found in  co n sc io u sn ess , c h a ra c te r iz e s  and d e lim its  B rouw er's in tu i t i v e  
m athem atics. The q u es tio n  w hether the  p rim o rd ia l i n t u i t i o n  of time 
co n ta in s  j l l  the elem ents to  be found in  human co n sc io u sn ess , o r 

w hether Brouwer had in  e f f e c t  l i s t e d  a l l  those  e lem en ts, i s  of 

secondary im portance. M athematics defined  in  term s o f in tu i t i o n  in  
th i s  w ider sense i s  on the one hand r e s t r i c t e d  and debarred  from u sing  

'e x tra n e o u s ' elem ents such as language and lo g ic ,  on the o th e r  hand 
i t  has com plete freedom to  a c t w ith in  th i s  domain of the  'a  p r i o r i '  

co n sc io u sn ess , f r e e  from th e  r e s t r i c t i o n s  imposed by such ex traneous 

e lem en ts, f r e e  a ls o  from the  a r b i t r a r y  r e s t r i c t i o n s  se lf-im posed  by 
fo rm a liz a tio n ; the complete freedom which Brouwer claim s f o r  mathe
m atics and d en ies  to  lo g ic .  But an o b lig a tio n  i s  imposed on the 

m athem atic ian , e s p e c ia l ly  when working w ith in  the media o f language

 ̂ E .g . T h esis  I I ,  'Complete in d u c tio n  i s  an a c t o f  m athem atical 
c o n s tru c tio n  a lre ad y  j u s t i f i e d  by th e  p rim o rd ia l i n t u i t i o n ' ,

'  12224, p . 5.
® 122Z, P .179.

" 1948C. p . 1237; o f . l ^ o a ,  p . 8 ; 19124. p . 13; li&gA, p . 154;
12itffi, p . 339.

® I S m ,  p . 1243.
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and sym bols, to  bo c o n s ta n tly  awaro of the ’ in tu it iv e *  n a tu re  of 

m athem atics and guard h im se lf a g a in s t in t ru s io n  o f ex traneous 

e lem en ts: the only  p o ss ib le  fou n d a tio n  o f m athem atics i s  to  be

found in  t h i s  ( in t u i t i v e )  c o n s tru c tio n , o r in  the  o b lig a tio n  to  observe 
c a r e fu l ly  what th e  in t u i t i o n  allow s and what i t  does n o t '^ .

I n tu i t io n  does n o t ,  th e re fo re ,  serve us only in  the i n i t i a l  s tag es  

o f the  concep tion  o f th e  n a tu ra l numbers, bu t i s  a co n stan t guide and 
de term ines the s tru c tu re  o f  mathem atics a t  every s tag e . I t  made 

p o s s ib le  ’a second in s ig h t  o f in tu i t io n is m ’ a t  a l a t e r  s tag e  in  

Brouw er's career® which was not im m ediately c le a r  from th e  p rim o rd ia l 
i n t u i t i o n .  T his in tu i t i o n  i s  immed i a t e , l ik e  B ergson 's  in tu i t i o n ,  

b u t the immediacy o f B rouw er's i n t u i t i o n  i s  noth ing  e lse  bu t the 

ex c lu s io n  of e x te rn a l  ex p erien ce , th e  absence o f any in te rm e d ia r ie s  

in  the p ro cess  o f in tu itio n ,®  Both Bergson and Brouwer a re  e q u s lly  

adamant in  t h e i r  in s is te n c e  on th e  lan g u ag e less  n a tu re  o f  in tu i t i o n :  

Brouwer, because he regards language as one of those  ex traneous 

e lem en ts , be long ing  to  the e x te rn a l ,  c au sa l v/orld o f co o p era tio n , 

Bergson, because o f the d is c u r s iv e ,  a n a ly tic  c h a ra c te r  o f  language.

T h e ir  in te r p r e ta t io n s  o f in t u i t i o n  vary  in  emphasis and depend la rg e ly  

on th e i r  d i f f e r e n t  o r ie n ta t io n .  Bergson as a b io lo g is t  needed the 

p h y s ic a l o b se rv a tio n ; h is  problem was the ro le  o f experience and 

d is c u rs iv e  thought in  the  p rocess o f u n d erstand ing  and g rasp ing  the 

r e a l i t y  o f  l i f e ,  a n ecessary  p re lim in a ry  b u t no t a c o n s ti tu e n t  elem ent 

o f th e  f i n a l ,  i n t e l l e c tu a l  i n tu i t i o n .  The moment a man ' i n t u i t s '  he 

abandons th e  'v e i l '  o f p h y s ica l p e rc e p tio n  and d is c u rs iv e  th o u g h t, 

and th rough i t  sees simply and d i r e c t ly .
Brouwer, a m athem atic ian , could ignore the  ' a p o s te r io r i '  in tu i t i o n  

( i . e .  p o s t ex p erien ce ); c o n c e n tra tin g  on tho a p r i o r i  i n t u i t i o n ,  he 
sav/ th e  p o s s i b i l i t y  of r e s t r i c t i n g  o n e se lf  to  the  'im m ediate d a ta  o f

1
1222, p . 77.
See C hapter IV ,'T h e  Continuum a f t e r  1 917 '.
H eyting d e f in e s  in tu i t i o n  as immediate knowledge and sees 

'independence from ex p erien ce ' as flow ing  from i t  : 'The o b je c ts
o f m athem atical knowledge a re  immcdia.tely grasped by the mind; 
hence m athem atical knowledge i s  independent from e x p e r ie n c e '.  
(M athem atischo G rundlagenforschung I n t u i t ion ism us. B ew eisthqq rie , 

E rg eb n isse  d e r  Mathematik  und ih r e r  G renzgeb ie te . B e r l in ,  
v o l. I l l ,  p a r t  4 , p . jT ) .
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co n sc io u sn ess ' and c o n s tru c tin g  the  whole complex o f m athem atics w ith  

them. In  th i s  sense h is  in tu i t io n  i s  sy n th e tic  and c r e a t iv e ,  h u t i t  

la ck s  the s im p l ic i ty  o f B ergson 's  in tu i t io n .  Indeed , i t s  s t r in g e n t  

r e s t r i c t i o n s  demand an alm ost superhuman power o f memory and made 

Brouwer d e s p a ir  o f the exac tness o f m athem atics: 'P ure m athem atics

V70uld indeed be ex ac t p rovided  i t  were p ra c t is e d  in  s o l i tu d e ,  w ithou t 

the  use o f  l i n g u i s t i c  symbols by a human mind endowed w ith  u n lim ited  
power o f m em o ry '/

Those r e s t r i c t i o n s  and the freedom of in tu i t i o n  com pletely  d e lim it 

the  domain o f B rouw er's m athem atics .and i t s  methods; they  d ic ta te  

Brouw er's views on m athem atical e x is te n c e , language and lo g ic ,  as 

w ell as h is  a t t i t u d e  towards form alism , In tu i t io n is m  i s  th e re fo re  

an ap t d e s c r ip t io n  o f h is  m athem atics and h is  philosophy o f 
m athem atics.

3 ,1  M athem atics

By the tu rn  o f the c e n tu ry . Krone eke r '  s c o n s tru c tiv e  demand fo r  

the  e x is te n c e  o f  mathomatica.l o b je c ts  had been s ile n c e d . H i lb e r t 's  
e x is te n c e -p ro o f  and the form al axiom atic method of h is  ' Grundlagen dor 
G oom etrie' had been g e n e ra lly  recognized  and accep ted , even by Poincare,®  

The an tinom ies in  s e t  th eo ry  im m ediately c a lle d  in to  q u es tio n  the 

l o g i c i s t  a ttem p t to  base the  whole o f m athem atics on lo g ic ,  b u t t h e i r  
im p lic a tio n s  f o r  the  form al .axioma.tic method were no t f u l l y  r e a l iz e d ,  

H ilb e r t  was n o t to  concern h im se lf s e r io u s ly  w ith  the  problem o f the 

n a tu re  o f  m athem atics u n t i l  1917. But the  c e n t r a l  is su e  o f B rouw er's 

work on fo u n d a tio n s , as e a r ly  as 1907 , was th e  n a tu re  o f m athem atics 

and m athem atical e x is te n c e , th e  ro le  o f  ax iom atics and fo rm a liz a tio n  

in  m athem atics. He showed, indeed , g re a t courage in  defending in  

h is  d i s s e r t a t io n  a p o s it io n  p a r t ly  in  l in o  w ith  th e  d is c re d i te d

 ̂ 1933 ■ p . 58 . T his i s  an a d d itio n  no t found in  1929A.
Brouv/er only  g ra d u a lly  came to  r e a l iz e  th a t  i n t u i t i o n i s t  demands 
d id  no t s im p lify  m athem atics. In  h is  e a r l i e r  w orks, the 
s im p lic i ty  o f d i r e c t  v is io n  is  more o f te n  em phasized, e .g ,  12P / ,  
p . 126: 'T h a t in  more complex s i tu a t io n s  a theorem i s  not
d i r e c t ly  c l e a r ,  b u t only a f t e r  a sequence o f ta u to lo g ie s ,  only  
proves th a t  we have made our co n s tru c tio n s  too com plicated to  be 
grasped a t  o n c e , '

® A lthough w ith  some re se rv a tio n s  as to  the  fo undations o f  those  
axioms them selves; c f , a lso  p . I I 9 .
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c o n s tru c tiv e  demands o f  K roneckor, and com pletely  a g a in s t the c u r re n tly  

accep ted  tre n d s  o f lo g ic ism  and form alism , in  d e fian ce  o f the unshaken 

a u th o r i ty  o f H ilb e r t .  I t  i s  n o t s u rp r is in g  th a t  in  the m athem atical 

c i r c l e s  o f  Vimsterdam U n iv e rs ity  'one d id  n o t know what to  make o f 

B rouw er's d is s e r ta t io n .^  Brouwer claimed in  1927® th a t  he d iscu ssed  

h is  views on the n a tu re  o f  m athem atics w ith  H ilb e r t  in  I 9O9 , bu t 

h is .  ch a llen g e  became v/idely known and ap p rec ia te d  only a f t e r  the  

f i r s t  world w ar, when i t  s ta r te d  what V/eyl would c a l l  ’ the second 

c r i s i s  in  the fo undations  o f m athem atics'® . I t  th en  roused H ilb e r t  

to  renewed a c t iv i t y  in  the f i e l d  o f  fo u n d a tio n s , and caused him to  
make co n s id e ra b le  ad ju stm en ts .*

At the tim e o f h is  d i s s e r t a t io n ,  Brouwer v/as w ell awaro o f 

c u r re n t m athem atical tre n d s . F requen t re fe re n c e s  re v e a l th a t  he 

had road p r a c t ic a l ly  a l l  th a t  H ilb e r t  had w r i t te n  to  d a te . Notably 

ab sen t i s  any re fe re n c e  to  K ronecker,

The s t a r t in g  p o in t in  B rouw er's d i s s e r ta t io n  and h is  f u r th e r  

fo u n d a tio n a l work i s  a simple p h ilo so p h ic a lly -b a se d  concep tion  o f tho 

n a tu re  o f  m athem atics, o f language and lo g ic ;  those  a re  c a r r ie d  to  

t h e i r  u lt im a te  conclu sions w ith  a- ty p ic a l  d is re g a rd  fo r  cuarrent 

p r a c t ic e .

3 .2  The n a tu re  o f m athem atics

'M athem atics i s  a  f re e  c re a t io n ,  independent o f ex p erien ce , 

which develops from one s in g le  a p r io r i  p rim o rd ia l i n t u i t i o n ’ ,®

The problem o f  the  r e la t io n  between knowledge w ith in  a p a r t i c u la r  

sp h e re , a c tu a l ly  in  the human mind, and the c o l le c t iv e  body o f loiow- 

ledge to  d a te  w ith in  th a t  sphere , systom dizedand reco rd ed , i s  no t 

p e c u l ia r  nor w holly confined  to  m athem atics. T h is double a sp ec t

1 A. H eyting , and H. F rcu d en th a l, 'L o v en sb erich t L .E .J . Brouwer' p . 1.

I 926A. fo o tn o te  p . 375 ; 'An o ra l  d isc u ss io n  of tho f i r s t  in s ig h t  
took, p lace  in  s e v e ra l co n v ersa tio n s  I  had w ith  H ilb e r t  in  the 
autumn o f 1909 ' .
H. Wcyl, 'U ber d ie  noue Grundlagen k r is e  d e r M athem atik '.

Cf, H. Woyl, 'David H ilb e r t and h is  m athem atical w o rk '. B u lle t i n  
o f the  American Mathem atical S o c ie ty , v o l. 50 (1944-), pp. 612 -  654; 
re p r in te d  in  Constance Rcicf, H i lb e r t , pp. 245-284.

19.0 7 . p . 179 .
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o f any knowledge i s  g e n e ra lly  understood and does no t e n te r  u su a lly  

in to  the  d e f in i t io n  o f the  d is c ip l in e  concerned.

Brouwer’s d e f in i t io n  o f mathematics is  not ju s t  the m athem atical 

case o f a more g en era l s o l ip s i s t i c  claim  f o r  the s u b je c t iv i ty  of a l l  
knowledge. He claim s a p lace  fo r  mathem atics com pletely  o u ts id e  

the main d iv is io n  o f the  sc iences ( in  the more g en era l sense o f any 

sy stem a tized  knowledge); a human a c t iv i t y  more ak in  to  the  a r t i s t i c  
endeavours of a m usical composer o r o f any o th e r  a r t i s t .

The whole o f ch ap te r  I I  of Grondslagen i s  devoted to  the na tu re  

o f  m athem atics and i t s  r e la t io n  to  experience . I t  d e a ls  w ith  the 

n e c e ssa ry , a  p r io r i  ro le  of m athematics in  a l l  sc ie n c e s , and c l a r i f i e s  

the  n a tu re  o f mathem atics and m athem atical o b je c ts  by comparing and 
c o n tra s t in g  them to  sc ien c e .

1® D e f in it io n s  o f branches of sc ience  confine them selves to  t h e i r  

s p e c if ic  o b je c ts  and methods. They a l l  concern th e  e x te r io r  world as 
seen  under one p a r t i c u la r  asp ec t; t h e i r  o b je c ts  a re  a b s tra c t io n s  from 

the  phenomenal w orld. Even lo g ic  comes in to  th i s  c a teg o ry , s ince  i t  

concerns i t s e l f  w ith  s ta tem en ts . M athem atical o b je c ts  a re  no t 

a b s tr a c t io n s  in  th i s  sense: in  a l l  t h e i r  a sp ec ts  and a t  every s tage

o f t h e i r  c o n s tru c tio n  they  are  cre a t io n s  of the human mind, only 

e x is t in g  in  the  mind. At the ro o t o f mathem atics th e re  i s  no e x te r io r  

o b je c t;  in  the  p rim o rd ia l happening the  mind c re a te s  i t s  pure 
m athem atical o b je c t ,  the  concept o f tw o - ity ,  and w ith  th e  o b je c ts  and 

to o ls  o f i t s  own c re a tio n  th e  mind can go on c re a tin g  new m athem atical 

o b je c ts .
2? The f i r s t  phase o f s c ie n t i f i c  a c t i v i t y ,  p h y s ic a l o b se rv a tio n , 

i s  fo llow ed  by ’c au sa l a c t i v i t y ' ,  and f i n a l ly  (w ith in  the s o c ia l  phase) 

by reco rd in g . T h is  a n a ly s is  o f scientifSc a c t iv i t y  i s  ty p ic a l  o f 

B rouw er's low regard  f o r  sc ien ce , so e lo q u en tly  expressed  in  19Q5.

The c a u sa l a c t i v i t y  o f sc ience  has a l l  the a sp ec ts  o f im m orality  
(cunning a c t)^  and a r b i t r a r in e s s :  'I n  o rd e r  to  m a in ta in  the observed

iBguLarity as long  as p o s s ib le ,  one t r i e s  to  i s o la te  system s, i . e .  
to  remove th a t  which in te r f e r e s  w ith  the  r e g u la r i ty ;  in  th i s  way, man 

makes f a r  more r e g u la r i ty  in  n a tu re  than  occurs in  i t  o r ig in a l ly  and 
spon taneously ; he want s  th i s  r e g u la r i ty  because i t  s tren g th en s  him in  

h is  s tru g g le  f o r  e x is te n c e  by enab lin g  him to  p re d ic t  and a c t 
acc o rd in g ly '.®  The essence of cau sa l a c tin g  ' i s  a r e g u la r i ty  which

 ̂ See above, p . 68.

'  1292, p . 82; a lso  p . 6.
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i s  w il le d ,  superim posed by man. Even i f  m athem atics i s  a p re re q u is i te  

o f  ca u sa l a c t in g ,  to  which Brouwer sometimes r e f e r s  as 'm athem atica l 

o b se rv a tio n ' o r 'm athem atica l v ie w in g ',  i t  i s  the  s c i e n t i f i c  system 

a t i z a t io n  ( i . e .  c au sa l a c tin g ) which Brouv/er wanted to  e lim in a te  

com pletely  from pure m athem atics, to g e th e r  w ith  the o th e r  two a sp ec ts  

o f s c i e n t i f i c  a c t i v i t y ,  o b se rv a tio n  and reco rd in g . He went even as 

f a r  as to  say: 'The e d i f ic e  o f i n t u i t i v e  mathematics i s  an a c t

no t a s c ie n c e '^ . Causal a c t iv i t y  can a lso  be app lied  to  th i s  pure 

m athem atics, subsequent sy s te m a tiz a tio n  can load  to  a 'm athem atical 

s c ie n c e ',  b u t th i s  i s  no t B rouw er's pure m athem atics. He co n tin u es:

' I t  (m athem atics) only  becomes a sc ie n c e , i . e .  a summary of cau sa l 

sequences re p e a ta b le  in  tim e ,a s  m athem atics o f th e  second o rd e r which 

i s  th e  m athem atical c o n s id e ra tio n  of m athem atics o r of the l a nguage of 

F iathqm atics; only here do v/e f in d  cau sa l r e la t io n s  in  which m athem atical 

systems o r words and symbols fo llow  one an o th er; b u t ,  as in  the case 

o f th e o r e t ic a l  lo g ic ,  th i s  i s  an a p p l ic a t io n  o f m athem atics, an 

ex p erience-based  sc ien ce ',®  S im ila r ly , v/hen r e f e r r in g  to  sy n th e tic  

a p r i o r i  judgments ( i . e .  'p o s s i b i l i t i e s  o f  m athem atical c o n s tru c tio n  

on th e  b a s is  o f th e  p rim o rd ia l i n t u i t i o n ') ,  Brouwer warns: 'One

shou ld , however, no t t r y  to  malce th e se  judgments the  fo undations of 

m athem atics o r  o f ex p erien ce , they a re  a r e s u l t  o f m athem atical 
o b se rv a tio n  o f th e  p rim o rd ia l i n t u i t i o n ,  th e re fo re  presuppose the  

p rim o rd ia l i n tu i t i o n ,  in  the o b se rv a tio n  as w e ll as the  observed; they 

belong  to  what we c a l l  mathem atics o f tho second o rd e r '.®  In  h is  

a n a ly s is  o f fo rm a liz a tio n  of m athem atics,^  Brouwer w i l l  again  make 

th i s  d i s t i n c t io n  and s t r e s s  th e  non-pure-m athem atical a sp e c t o f th i s  
second o rd e r  m athem atics. L a te r ,  in  h is  debate w ith  H ilb e r t ,  he w i l l  

r e f e r  back to  the above quoted passages o f h is  G rondslagen. and 
id e n t i f y  the  second o rd e r  m athematics w ith  metamathem atics : 'The

f i r s t  in s ig h t  f i r s t  appeared in  tho l i t e r a t u r e  in  Brouwer 19QZ. where 

on pp. 173 -  174 the term s m atlpm atical l anguage and mathem atics of 
th e  second o rd e r a re  used to  d is t in g u is h  between the  p a r ts  o f fo rm a l is t ic

'  120%, p. 98, .
® Ibidem .

° 1222, p- 119.
* 11Q2, p. 173 ; t h i s  a n a ly s is  w i l l  be fu r th e r  d iscu ssed  

on. p. 337.
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m athem atics mentioned above. T his in s ig h t  p e n e tra te d  in to  tho 

fo rm a l is t ic  l i t o r a t u r o  w ith  H ilb e r t  1922^; (see  in  p a r t i c u la r  p . I 65 
and p . 174 , where m athem atics o f the second o rd e r was given the name 

' n n trm athem atics ' ®), G ranting tho in t u i t i v e  c h a ra c te r  o f tho second 

o rd e r  m athem atics o r !;am athem atics, o r  as Brouwer pu t i t :

'Recogn? ing  tJaat f o r  the  l a t t e r  theo ry  the  i n t u i t i o n i s t i c  mathem atics 
o f tho s o t o f  n a tu ra l  number i s  in d isp e n sa b le '® , does no t amount to  

r a is in g  H i lb e r t ’ s metamathematics to  the  le v e l  of B rouw er's pure 
m athem atics as has been suggested .

As to  the  d e f in i t io n  o f pure m athem atics as proposed by the 
fo rm a l is t  schoo l: 'M athem atics i s  the  sc ience of form al sy stem s'* ,

th i s  f a l l s  o u ts id e  the  scope of B rouw er's pure m athem atics on every 

accoun t. B rouw er's pure m athem atics o r  in tu i t i v e  m athem atics is  
no th ing  e ls e  b u t i n t u i t i o n  in  tho w ider sense as d iscu ssed  above : the

whole o f s y n th e t ic ,  c o n s tru c tiv e  a c t i v i t y  o f the mind w ith in  the 
a p r i o r i  l im i t s  o f com plete independence from th e  co n ten t o f ex perience . 

To t h i s  concept o f  m athem atics and h is  d e f in i t io n  g iven  in  h is  
G rondslagen Brouwer remained tru e  fo r  the r e s t  o f h is  l i f e :  

e .g .  ' I n t u i t i o n i s t  m athem atics i s  an e s s e n t ia l ly  la n g u ag e le ss  m ental 
s t ru c tu re  which comes in to  be ing  by the  s e lf -u n fo ld in g  o f the 

a b s t r a c t io n  o f tw o -ity  as tho m athem atical p rim o rd ia l i n t u i t i o n ' .  ® 
'M athem atics comes in to  b e in g , when the tw o -ity  c re a te d  by a move o f  

tim e i s  d iv e s te d  o f a l l  q u a l i ty  by the s u b je c t ,  and when th e  rem aining 

empty form o f  the  common substratum  of a l l  tw o - i t i e s ,  as b a s ic  
i n t u i t i o n  o f m athem atics, i s  l e f t  to  an u n lim ited  un fo ld ing* . ® 
'M athem atics, deducing theorems e x c lu s iv e ly  by means o f in tro sp e c tiv e  

c o n s tru c tio n , i s  c a l le d  i n t u i t i o n i s t i c  m athem atics’ . ?

'M athem atics i s  in n e r  a rc h i te c tu re  . . . '  ®

 ̂ 'leubegrtlndung d e r Ilathum atilc’ , Hamburger math. Seminarabhandlungen 
I  (1922)

 ̂ 19284. p . 375.
® Ibidem .
* H akkell B. C urry , O u tlin es  of a F o rm alis t P h ilo sophy , p . .56 ,

® 124ZB. p. 339.
® 19480. p . 1237 .

 ̂ Ib idem , p . 1243.

® Ibidem , p . 1249.
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ïh ü  domain of pure m athem atics i s  d e lim ited  by the a p r io r i  

r e s t r i c t i o n  and w e l l - d i s t in c t  from th a t  o f any o th e r  branch  o f know

le d g e , even i f  in tu i t i o n  does p lay  a ro le  th e re ,^  M athem atical o b je c ts  

-  elem ents as w ell as ' t o o l s ' ,  a re  a l l  co n cep ts , th o u g h t, no t 

p roceed ing  from experience b u t as be ing  syn thesized  from elem ents 

w ith in  the  a p r i o r i  in tu i t i o n :  'By mathem atical  wo always understand :

ly in g  w ith in  the domain o f what can bo thought in  in tu i t i o n ' (Du. i n t u i -  
t ie v e  denkbaarhedon)®.

3 .3  Cons t r ue t  iv  one s_s

R e fe rr in g  to  th i s  p u re ly  m ental a c t i v i t y ,  Brouwer f re q u e n tly  

uses th e  Dutch word 'bouwen' o r  'opbouwen' (reap , ' t o  b u i ld ' and 

' t o  b u ild  u p ').®  T his metaphor perhaps expresses more adequa te ly  the  

' upward' ,  s y n th e tic  and dynamic c h a ra c te r  o f  tho m athem atical a c t iv i t y  

tlian  the u su a l t r a n s la t io n  'c o n s tru c t io n * , o r th e  even more s t a t i c  

' s t r u c t u r e ' .  E s p e c ia lly  w ith  th e  p re se n t p r o l i f e r a t i o n  o f  n o tio n s  of 

c o n s tru c t iv e n e s s ,  even w ith in  th e  i n t u i t i o n i s t  camp"^, B rouw er's naive 
concep tion  o f  c o n s tru c tio n  cannot bo overem phasized. They a re  no th ing  

e ls e  b u t th e  m athem atical a c t iv i t y  i t s e l f  in  the s t r i c t e s t  sense: 
i n t u i t i v e c o n s tru c t io n s , tak in g  p lace  in  the  human mind w ith in  tho 

a p r i o r i  l i m i t s ,  a b u ild in g  upwards, s tep  by s te p ,  w ith  the  s e lf - c re a te d  
elem ents and to o l s ,  so c re a tin g  ever more new m athem atical e n t i t i e s  
and to o ls  as one p ro g resses  in  an 'u n lim ite d  s e l f - u n f o ld in g '. These 

i n t u i t i v e  c o n s tru c tio n s  a re  not n e c e s s a r i ly  sim ple o r im m ediately 

c le a r :  ' . . .  some c o n s tru c tio n s  th a t  we b u ild  a re  so complex ti ia t  we

cannot grasp  th e n  a t  o n c e . ' ®
Any symbolic o r  l i n g u i s t i c  reco rd in g  o f t h i s  m en ta l, c o n s tru c tiv e  

p rocess w i l l  -  though im p erfec tly  -  r e f l e c t  i t s  p ro g re ss iv e  coherence

Cf. e .g .  B ergson 's  a  p o s te r io r i  in tu i t i o n  as mentioned on 
p . 89.

1292, p. 151.
There a re  a g re a t many re fe re n c e s : e .g . in  G rondslagen: The t i t l e  
o f C hapter I  ('D e opbouw d er w iskunde), a lso  pp. 37, 62, 63, 64 , 67 ,
9 8 , 1 1 9 , 1 2 6 , 1 2 8 , 1 4 1 , 1 4 7 , 1 4 8 , 1 4 9 , 1 5 1 , 1 5 2 , 1 6 5 , 1 6 7 , 1 7 0 , 1 7 3 ,  
175 , 177 , 180, o tc .
Seo Co n s t r u c t iv i ty  in  Kathcn a t i c s . ed. A. Hoyt in g , A jnsterdan, 1959; 
o f  a lso  Kleono "and V osloy, The Foundations o f I n t u i t i o n i s t i c  
M athem atic s . Amsterdam, I 965.

1222, p . 126.
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b u t ,  be ing  o u ts id e  tho domain of f i r s t - o r d e r ,  pure m athem atics, 

no a c t iv e  ro le  can be asc rib e d  to  i t  in  the a c tu a l m athem atical 

c o n s tru c tio n  i t s e l f . 'M athem atics i s  an autonomic in t e r io r  

c o n s tru c t io n a l  a c t i v i t y , which although  i t  has found extrem ely  u se fu l 

l i n g u i s t i c  e x p re ss io n  .and can be app lied  to  an e x te r io r  w orld , never

th e le s s  n e i th e r  in  i t s  o r ig in  nor in  th e  essence o f i t s  method has 

any th ing  to  do w ith  language o r an e x te r io r  w o r l d . B r o u w e r  does 

use tho word 'bouwen' and 'gebouw' ( i . e .  to  b u i ld ,  c o n s tru c t ,  and 

e d i f i c e ,  c o n s tru c tio n )  w ith  re fe re n c e  to  lo g ic ,  bu t only to  emphasize 

how lo g i c i s t s  and fo rm a lis ts  -  unaware of the ro le  o f language as a p o s t 

factum  reco rd in g  o f  a p roceed ing  m athem atical c o n s tru c tio n  -  are 

working com plete ly  w ith in  a non-m athem atical medium, are  'b u ild in g  

w ith  w ords'.®  Brouw er's m athem atical co n s tru e tiv o n e ss  excludes any 

re fe re n c e  to  lo g ic ,  i t  i s  a demand f o r  an i n tu i t i v e  c o n s tru c tio n , a 

complete  in t u i t i v e  a n c e s try  fo r  every m athem atical o b je c t and o p era tio n ; 

i t  can , th e re fo re ,  not bo equated w ith  'd e r i v a b i l i t y ' , no r does i t  

seem p o s s ib le  to  r e f e r  to  H ilb e r t and Brouwer as 'c o n s t r u c t iv i s t s '  in  

th e  same sense,® (B e th 's  id e n t i f i c a t io n  of the c o n s tru c tiv e  element 

in  B rouw er's m athem atics v/ith the  cau sa l ' cunning a c t '*  seems a l to g e th e r  

ou t o f l i n e  w ith  Brouw er's th in k in g , and is  no t supported  by any 

evidence from h is  w r i t in g s .)
The s tr in g e n c y  of th i s  c o n s tru c tiv e  demand became apparen t to  

Brouwer very  e a r ly  on in  h is  am bitious programme of c o n s tru c tin g  a 

pure m athem atics, f r e e  from the p o llu tio n s  o f c l a s s i c a l  m athem atics.

Even i f  Brouwer was prepared  to  abandon a g re a t p a r t  o f c l a s s i c a l  
m athem atics, ho never wanted to  p a r t  com pletely  w ith  the  'n e g a t iv e ', s

1
p . 115.

1907 . p . 132 ; a lso  pp. 141 and 173.
K r e is e l ,  op, c i t .  p . 43; K hrner, The Philosophy of Mathem atic s .

E, B oth, The Foundations of M athem atics, p . 636. Beth here l in k s  
c o n s tr u c t iv i ty  w ith  a concept o f i n t u i t i o n  of th e  kind  proposed 
by P o incare  (see  p . 7 6 ) . Cf. P o incare : 'M athem atical c r e a t io n ',  
pubTw^ied ^in The Foundations o f S cience, p. 387: ' I n  f a c t  what
i s  m athem atical c re a tio n ?  I t  does not c o n s is t  in  making new 
com binations w ith  m athom atical e n t i t i e s  a lre ad y  known. Anyone 
could do th a t  . . .  To c re a te  c o n s is ts  p re c is e ly  in  no t making u se
le s s  com binations and in  making those which a re  u se fu l and which 
a re  only  a sm all m in o rity . In v en tio n  is  d iscernm en t, c h o ic e . '

'E s s e n t ie e l  negatievo  eigenscliappen ' (1948A) ; Also 12h2è:*
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S earch in g  f o r  an in t u i t i v e  c o n s tru c tio n  o f the n e g a t iv e , he made a 

v a lu a b le  and w idely  acclaim ed d i s t i n c t io n  between pure absence o f a 

c o n s tru c t io n  and ’a b s u rd i ty ’ o f a c o n s tru c tio n . However, even th i s  

s tro n g  Brouwer n eg a tio n  con tained  elem ents o f  h y p o th esis  and could no t 

avo id  a l l  appeal to  lo g ic ,^  In  i t s  s im p le s t b u t most extrem e form , 

th e  c o n s tru c t iv e  demand is  f o r  a m athem atical o b je c t to  ’have been 

constructed*® . In  such a com pleted c o n s tru c tio n  th e re  i s  no room f o r  

h y p o th e s is , f o r  c o n tra d ic t io n , an i n f i n i t e  in  any se n se , no r f o r  

n e g a tio n . A lready in  1907, Brouwer accep ted  a seem ingly weaker form 

o f c o n s t r u c t iv i ty  : tho p o s s ib i l i ty  o f a c o n s tru c tio n ; p o s s i b i l i t y ,

how ever, no t in  the  sense o f  a vague p ro b a b i l i ty  o r u n te s te d  h y p o th e s is , 

n o t even as an ex tra -m a th em atica l pronouncement o f i t s  n o n -c o n tra -  

d i c t o r i t y .  I n  o rd e r  to  be acc ep tab le  to  Brouwer as a to o l  w ith in  

m athem atics, c o n s trm c tib i l i ty  liad to  bo based on i n t u i t i o n ,  must have 

a c o n s tru c t iv e  meaning i t s e l f .  He regarded  in t u i t i v e  o p e ra tio n s  -  th e  

i n t u i t i v e  to o ls  -  as much as m athem atical e n t i t i e s  as concepts such as 

number. The in t u i t i v e  e x is te n c e  o f  those  o p e ra t io n s ,  f i n i t e  s t r in g s  

o f  o p e ra tio n s  founded in  in t u i t i o n ,  p rov ided  th e  c o n s tru c t iv e  b a s is  

f o r  Brouwer’ s c o n s t r u e t ib i l i t y .  P o s s ib i l i ty  o f  a  c o n s tru c t io n  i s  on ly

a ’manner o f speech’ , a s ta tem en t th a t  a method has been c o n s tru c te d , 

an  a lg o rith m . Speaking of h is  ’donumerably u n fin ish e d  s e t s ’ , Brouwer 

say S t  ’we could in tro d u ce  th e se  s e ts  b u t we th en  r e f e r  to  a method, 

no t a s e t ’® a n d :’we can in tro d u ce  th e se  words as an a r b i t r a r y  e x p re ss io n  

f o r  a knov/n in te n t io n '.*  C o n s tr u c t ib i l i iy  o f an o b je c t  in  t h i s  sense 

r e f e r s  p r im a r ily  to  the  completed c o n s tru c t io n  o f a method, which i s  

th e re fo re  an e x p l i c i t  and f i n i t e  p rocedure . I t  forms th e  b a s is  of 

B rouw er's th e o ry  o f s e ts  and fu n c tio n s ,  which w i l l  be d isc u sse d  in  

C hap ter IV .
Brouwer does not p re sen t a com plete th eo ry  o f  c o n s tru c tio n s  no r 

c la im  to  do so; we quoted above (p . 93) h is  w arning th a t  any th eo ry

^ See f u r th e r  'T ru th  and n o n -c o n tra d ic to r i ty ’ , p . 136.

" 1 2 9 1 ,  p . 177.

 ̂ 12S8A, p. 571.
4 pgQ7 148; c f ,  a lso  Brouwer’ s d iv is io n  o f s ta tem en ts  quoted on 

p . 154: 'a  has no t been proved to  be tru e  no r to  be absu rd  b u t  an
a lg o rith m  i s  known . . . ’ 12 2 2 , P* H4-.
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S earch in g  f o r  an in tu i t i v e  c o n s tru c tio n  o f the  n e g a t iv e , ho made a 

v a lu a b le  and w idely  acclaim ed d i s t i n c t io n  between pure  absence o f a 

c o n s tru c t io n  and ’a b s u rd i ty ’ of a c o n s tru c tio n . However, even th i s  

s tro n g  Brouwer n eg a tio n  con tained  elem ents o f  h y p o th esis  and could  no t 

avo id  a l l  appeal to  lo g ic ,   ̂ I n  i t s  s im p les t b u t most extrem e form , 

th e  c o n s tru c t iv e  demand is  f o r  a m athem atical o b je c t to  ’have been 

c o n s tru c te d ’ ®. In  such a com pleted c o n s tru c tio n  th e re  i s  no room f o r  

h y p o th e s is ,  f o r  c o n tra d ic t io n , an i n f i n i t e  in  any se n se , nor f o r  

n e g a tio n . A lready in  1907, Brouwer accep ted  a seem ingly weaker form 

o f  c o n s t r u c t iv i ty  : the p o s s ib i l i ty  o f  a c o n s tru c tio n ; p o s s i b i l i t y ,

however, no t in  the sense o f  a vague p ro b a b i l i ty  o r u n te s te d  h y p o th e s is , 

n o t even as an ex tra -m a th em atica l pronouncement o f i t s  n o n -co n tra 

d i c t o r i t y ,  I n  o rd e r to  be acc ep tab le  to  Brouwer as a to o l  w ith in  

m athem atics, cons tru e  t i b i l i t y  had to  be based on i n t u i t i o n ,  must have 

a c o n s tru c t iv e  meaning i t s e l f .  He regarded  i n t u i t i v e  o p e ra tio n s  -  the  

i n t u i t i v e  to o ls  -  as much as m athem atical e n t i t i e s  as concep ts such as 

number. The in t u i t i v e  e x is te n c e  o f those  o p e ra t io n s ,  f i n i t e  s t r in g s  

o f  o p e ra tio n s  founded in  i n t u i t i o n ,  p rov ided  th e  c o n s tru c t iv e  b a s is  

f o r  Brouwer’ s co n s tru e  t i b i l i t y .  P o s s ib i l i ty  o f  a c o n s tru c t io n  i s  on ly

a ’manner o f speech’ , a s ta tem en t th a t  a method, has been c o n s tru c te d , 

an a lg o rith m . Speaking o f h is  ’donumerably u n fin ish e d  s o t s ’ , Brouv/er 

say St ’we could in tro d u ce  th ese  s e ts  b u t we th e n  r e f e r  to  a m ethod. 

no t a s e t ’® and*.’v/e can in tro d u ce  th e se  words as an a r b i t r a r y  ex p re ss io n  

f o r  a knov/n in t e n t io n ’ . * Construe t i b i l i t y  o f an o b je c t  in  t h i s  sense 

r e f e r s  p r im a r ily  to  the completed c o n s tru c t io n  o f a m ethod, which i s  

th e re fo re  an e x p l i c i t  and f i n i t e  p rocedure . I t  forms th e  b a s is  o f 

B rouw er's  th e o ry  o f s e ts  and fu n c tio n s ,  which w i l l  be d isc u sse d  in  

C hap ter IV .
Brouv/er does not p re se n t a com plete th eo ry  o f  c o n s tru c tio n s  no r 

c la im  to  do so; we quoted above (p . 93) h is  w arning th a t  any th eo ry

1 See f u r th e r  'T ru th  and n o n -c o n tra d ic to r i ty ’ , p . l 3 é .

1 9 0 7 . p . 177.

1208A, p . 571.
P9Q7 148; o f . a lso  Brouwer’ s d iv is io n  o f s ta tem en ts  quoted on 
p . 154 : 'a  has no t been proved to  be tru e  no r to  be absurd  b u t an
a lg o rith m  i s  known 1 2 2 2 , P*
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o f  c o n s t r u e t ib i l i t o s (Du. 'bouwinogelijkhodon' , i . e .  p o s s i b i l i t i e s  o f 

b u i ld in g ) ,  w hich ho c a l l s  *a p r i o r i  ju d g m en ts ', be longs to  mathe

m a tic s  o f the  second o rd e r . Such p o s s i b i l i t i e s  o f c o n s tru c t io n  to  

bo read  o f f  x m e d ia te ly  from th e  prim ary i n t u i t i o n  a re :

1) The p o s s i b i l i t y  o f m athem atical sy n th e s is  -  th e  ' th in k in g  to g e th e r ' 

in  tho co n ce p tio n  o f tv /o - ity  and i t s  r e p e t i t i o n  in  f u r th e r  p l u r a l i t y -  
u n i t i e s ,

2) The p o s s i b i l i t y  o f in s e r t io n  (continuum ),

3 ) The p o s s i b i l i t y  o f  p ro ceed in g  ad in f in itu m  (axiom  o f com plete 

in d u c tio n ) 2

In  the  c lo s in g  l in e s  o f h is  Grond s la g e n , he names some fundam ental 

elem ents o f m athem atical c o n s tru c t io n ,  atom ic in  tho sense th a t  they  

a re  no t them selves c o n s tru c tio n s  o f more fundam ental c o n s tru c t io n s  and 

't h e r e f o r e  in  any com munication can only be ex p ressed  in  a  s in g le  

word, sound o r  symbol: they  a re  th e  c o n s tru c t io n a l  elem ents th a t  can

be read  from th e  p r im o rd ia l i n t u i t i o n  o r  from th e  i n t u i t i o n  o f  th e  

continuum , concep ts  such as co n tin u o u s , u n i ty ,  a g a in , a n d -so -o n '^ . 

M oreover, com pleteness would be ou t o f th e  q u e s tio n  in  view  o f th e  

f reedom o f m athem atics w ith in  i n t u i t i o n  to  c o n s tru c t  ev e r more new 

m athem atica l e n t i t i e s  (which in c lu d e  c o n s t r u c t io n s ) : 'M athem atics

develops i t s e l f  in  a s e lf -u n fo ld in g  (Du. z c lfv e rm c n ig v u ld ig in g , i . e .  

s e l f - m u l t i p l i c a t i o n ) ,  guided by a f r e e  a r b i t r a r in e s s  (Du. w illek eu r)® ; 

an " a r b i t r a r in e s s "  o r freedom  on the p a r t  o f m athem atics i t s e l f ,  which 

s e ts  i t s  ovm r u le s  and i s  th e re fo re  com plete ly  autonomous, independen t 

o f  any elem ent o u ts id e  th e  f i r s t - o r d e r  pure m athem atics; f r e e  o f  th e  

non-m athem atica l r e s t r i c t i o n s  o f lo g ic  and f r e e  from the  a r b i t r a r y  

r e s t r i c t i o n s  o f  any fo rm al system .* Because o f t h i s  freedom , 
m athem atics can nev er be exhausted  in  any one system , 5

3 .4  I n te r s u b je c t i v i t y

I n t u i t i v e  m athem atics i s  in  every  re s p e c t  n o n -o b je c tiv e , i f  

o b je c tiv e  i s  d e f in e d  as 'b e lo n g in g  no t to  th e  con sc io u sn ess  o r  th e

1
1 2 0 Z , p .  1 1 9 .

1222, p . 180,

122Z, p . 119 .
1222g, p .  m ) .
C f, a ls o  C arnap, Die A ntinom ien  und d ie  Unv o l l s t d n d i ^ e i t  _der 
M athem atik. Mona ts h e f tq q f t ^  Mathem atik  und P hy^ih , 1934.
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p e rc e iv in g  o r  th in k in g  s u b je c t b u t to  what i s  p re se n te d  to  t h i s ,  o r  

th e  non-ego , e x te rn a l  to  the mind* (COD), In d eed , no o b je c t iv i ty  i s  

claim ed f o r  m athem atics by Brouwer, The o b je c t iv i ty  he i s  p rep a red  

to  a s c r ib e  to  p h y s ic a l sc ie n c e s  i s  only  ’ in v a ria n c e  in  o u r image o f 

n a tu re  r e l a t i v e i n ^ o r t a n t  group o f  phenomena’ .^ (C f, th e s i s  V II 

subm itted  f o r  p u b lic  defence on the  o ccasion  o f h is  d o c to ra l  g rad u a tio n : 

’A t t r ib u t io n  o f  o b je c t iv i ty  to  p h y s ic a l e n t i t i e s  such as mass and 

number o r ig in a te s  in  a c e r t a in  in v a ria n c e  r e l a t i v e  to  an im p o rtan t 

group o f  phenomena in  the m athem atical image o f n a t u r e ') .  O b je c t iv i ty  

i s  a ' g rad u a l p r o p e r ty ',  which ’p h y s ic a l tim e and space p o sse ss  to  

perhaps a h ig h e r  degree th a n  any o th e r  p h y s ic a l e n t i t y ’®.

KBrner i n s i s t s  th a t  ' i n t u i t i o n i s t s  do reg a rd  m athem atical 

c o n s tru c t io n s  as in te r s u b je c t iv e  e x p e rie n c e ’®. T h is Brouwer has 

n ev er s ta t e d ;  th e re  i s  in  f a c t  l i t t l e  room f o r  i n t e r s u b je c t iv i t y  in  

B rouw er's g e n e ra l s o l i p s i s t  p h ilo so p h y , and in  p a r t i c u l a r  in  h is  

concep t o f m athem atics. A bso lu te  in t e r s u b je c t iv i t y  would r e q u ire  a 

p h ilo sophy  o f  human n a tu re  which l )  accep ts  th e  e x is te n c e  o f  o th e r  

m inds, and 2) g u a ran tees  a c e r t a in  sameness o f  th e  p r im o rd ia l i n t u i t i o n  

in  a l l  minds; f u r th e r  3) a p e r f e c t  medium o f com m unication which 

a ssu red  th a t  th e  same c o n s tru c t io n  were e f fe c te d  by d i f f e r e n t  s u b je c ts .  

In  a l l  i t s  a s p e c ts  i n t e r s u b je c t iv i t y  concerns th e  's o c i a l  s p h e r e ',  

and on every  one o f  th e se  a sp e c ts  Brouwer e x p re sse s  h is  grave d o u b ts .

W hile 'o th e r  in d iv id u a ls ,  i . e .  human b o d ie s ,  "a re  only" i t e r a t i v e  

complexes o f  s e n sa tio n s  v;hose e lem ents a re  perm utab le  in  t im e '* ,  the 
e x is te n c e  o f  o th e r  minds i s  a pure h y p o th e s is , Brouwer s tro n g ly  

r e j e c t s  what he c a l l s  'p l u r a l i t y  o f  m in d s ': 'T here  i s  no p l u r a l i t y

o f m ind, so much the le s s  i s  th e re  a sc ien ce  o f th e  p lu r a l  mind ; '  ® 

and ' i n  p resu p p o sin g  o th e r  m inds, the  mind e le v a te s  i t s e l f  to  a  mind o f 

second o rd e r ,  e x p e rie n c in g  in co g n izab le  a l i e n  co n sc io u sn esses  as 

s e n s a tio n s ; quod non e s t  ®
The a p r i o r i t y  ( i . e .  the n e c e s s ity )  o f  th e  p r im o rd ia l i n t u i t i o n  

f o r  a l l  th in k in g  a p p lie s  in d iv id u a l ly .  In  c a u sa l a c t i v i t y  th e

129Z, p . 95.
l i P l ,  p . 96.
S. K ô rn e r, The P h i lo sophy o f M athem atics. London I9 6 0 , p . 136,

 ̂ 1^480. p . 1235.
® Op. c i t ,  p . 1240 .

® Op, c i t ,  p . 1239 .



-  100 -

s u p p o s i tio n  o f  sameness o f  th e  p r im o rd ia l i n t u i t i o n  i s  v e ry  im p o rtan t, 

even e s s e n t i a l ,  b u t rem ains a h y p o th esis  : 'A v e ry  e s s e n t i a l  h y p o th esis

in  the  m athem atica l v iew ing o f fellow -m en i s ,  f o r  in s ta n c e ,  the  

s u p p o s itio n  o f th e  p resence  in  each o f them o f a m a th e m a tic a l- s c ie n t i f ic  

mechanism o f i n t u i t i o n ,  a c t in g ,  and r e f l e c t i o n  s im i la r  to  o n e 's  own . '  ̂

B rouw er's views on th e  im p o s s ib i l i ty  o f  r e a l  com m unication betw een men 

and th e  inadequacy o f  language w i l l  be d e a l t  w ith  in  C hapter I I I  

on Language and lo g ic .  One o f ' th e  reaso n s  g iven  in  1907 f o r  th e  

need f o r  p o s t-fa c tu m  v e r i f i c a t i o n  o f  ' v e rb a l r e s u l t s '  i s  t h a t  v/orxis 

may r e f l e c t  d i f f e r e n t  m athem atical system s in  d i f f e r e n t  in d iv id u a ls :

'T h is  v e r i f i c a t i o n  can in  d i f f e r e n t  in d iv id u a ls  le a d  to  d i f f e r e n t  

r e s u l t s ,  because they  r e l a t e  th e  words o f th e se  co n c lu sio n s  to  

d i f f e r e n t  m athem atical system s in  t h e i r  minds which co rrespond  to  

th e se  w o r d s , I n  B rouw er's ph ilo sophy  o f the s o l i t a r y  m athem atical 

mind th e re  i s  no p la ce  f o r  i n t e r s u b je c t iv i t y  (a lth o u g h  he d id  not 

always l i v e  up to  th e se  b e l i e f s  in  p r a c t ic e ,  as i s  shown in  h is  deep 

re sen tm en t a t  b e in g  m is in te rp re te d

3• 5 E x a c tn e ss and th e  'c r e a tin g _ s^ u ^ jec t'

D en ia l o f i n t e r s u b je c t iv i t y  does no t c a l l  in to  doubt th e  'e x a c tn e s s ' 

o f  pure m athem atics, on ly  o f i t s  s o c ia l  p r a c t ic e  on the b a s is  o f 

lan g u ag e . Pure f i r s t - o r d e r  m athem atics, d e fin e d  as m ental c o n s tru c t iv e  

a c t i v i t y  w ith in  i t s  own r u l e s ,  excludes a l l  e r r o r .  As i s  im plied  by 

th e  D utch word 'v /iskunde ' (w is = c e r t a in ,  s u r e ) e x a c t n e s s  i s  an 

e s s e n t i a l  elem ent o f m athem atics s in ce  i t  avoids a l l  re fe re n c e  to  an 

e x t e r io r  vforld. LdJcc m athem atics i t s e l f ,  i t s  e x ac tn ess  i s  in  th e  

mind: 'The q u e s tio n  where m athem atical ex ac tn ess  does e x i s t  i s

answ ered d i f f e r e n t ly :  th e  i n t u i t i o n i s t  say s: in  th e  human i n t e l l e c t . '  ®

I t  was c e r t a in ly  p a r t  o f  B rouw er's programme ' t o  fo rm u la te  i n t u i t i o n i s t  

m athem atics as ad eq u a te ly  as p o s s ib le '*  ^ B rouw er's i n t u i t i v e

1
1 2 ^ ,  p . 48.

120.Z, p. 136 .
See f u r th e r  p . 117; a lso  above p . 39.
Brouwer comments on th e  t r u s t  expressed  by th e  word ' w iskundo' — 

' t l i a t  th e  e x ac tn ess  o f a r ith m e tic  and geometry w i l l  nev er be 
d is tu rb e d  by e x p e r im e n t. ' P* 7 ) .

1912A. p . 7; p . S3.

1947B. p . 339.
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m athem atics, how ever, can h a rd ly 'b e  id e n t i f i e d  w ith  e x a c t and p re c is e  

fo rm u la tio n o f  th o u g h t ',  as L a rg u ie r  m a in ta in s .^  'The la n g u a g e le ss  

c o n s tru c t io n s  o r ig in a t in g  in  the  s e lf -u n fo ld in g  o f  th e  p r im o rd ia l 

i n t u i t i o n  a re  ex ac t and t r u e  as f a r  as th ey  a re  p re s e n t in  the  human 

memory.'2  Brouwer, however, reco g n ised  human f a l l i b i l i t y  oven in  

th e  in d iv id u a l  p r a c t ic e  o f m athem atics th rough  th e  l i m i t s  o f memory:

'The power o f human memory whicn has to  tak e  in  th e se  c o n s tru c t io n s  i s  

l im ite d  and f a l l i b l e .  F or a human mind w ith  an u n lim ited  power o f 

memory, pure m athem atics, p r a c t is e d  in  s o li tu d e  and w ith o u t the  use 

o f  l i n g u i s t i c  symbols would bo e x a c t . '  ̂ T h is re c o g n it io n  le a d s  to  

th e  u l t im a te  consequence o f B rouw er's co n cep tio n  o f pure m athem atics 

as m ental a c t i v i t y :  the h y p o th e tic a l n a tu re  no t on ly  o f m athem atical 

e x a c tn e ss  b u t a lso  th a t  o f  pure m athem atics i t s e l f .  T h is  co n c lu sio n  

was c l e a r ly  drawn in  1933 where Brouwer speaks o f ' h y p o th e tic a l  human 

bein g s empowered w ith  u n lim ite d  memory In  h is  subsequen t

w r i t in g s ,  Brouwer r e f e r s  to  t h i s  id e a liz e d  m athem atic ian  as 'th e  

s u b je c t ' o r  'th e  c r e a t in g  s u b je c t '.^

K lee ne cla im s th a t  w ith  the  in t ro d u c t io n  o f  the  'c r e a t in g  s u b je c t ' 

Brouwer 'd eveloped  a now method a f t e r  1948 ','^  In  u s in g  the  term  

'c r e a t iv e  s u b j e c t ' ,  I  b e l ie v e ,  Brouwer has n o t developed a nevf method 

o r  th e o ry , b u t sim ply c l a r i f i e d  th e  n a tu re  o f pure m athem atics, which 

i s  n o t on ly  la n g u a g e le ss  b u t a lso  f r e e  from the  l im i ta t io n s  o f  memory 

in  a p a r t i c u l a r  in d iv id u a l .  In  any fo rm u la tio n  o f  i n t u i t i v e  m athem atics 

-  which has e x ac tn ess  only  to  a degreç-, ( ' a s  adequate as p o s s ib le ')  -  

a t te n d is  should  be made to  e lim in a te  as much as p o s s ib le  b o th  th e  

d e f ic ie n c y  on account o f language and th a t  o f th e  in d iv id u a l  memory; 

B rouw er's  c r e a t in g  s u b je c t i s  ' a h y p o th e tic a l human b e in g  w ith  u n lim ite d  

power o f  memory v/ho uses words on ly  as in v a r ia n t  s ig n s  f o r  d e f in i t e

1 E v e re t t  H. L a r m ie r  in  ' Brouw erian P h ilo s o p h y ',  S c ri p t a  M athem atica. 
v o l .  V II ( 1948) ,  pp. 69 -  78 , s t a t e s  on p . 72: 'A ccording  to
Brouwer, m athem atics i s  id e n t i f i e d  w ith  ex ac t and p re c is e  f o r m u la t io n '< 
He does no t g iv e  any r e fe re n c e , nor have I  found any such s ta tem en t 
in  B rouw er's w r i t in g s ;  m oreover, i t  seems com ple te ly  out o f 
c h a ra c te r  w ith  B rouw er's views on language.

1 2 1 2 , p . 58.
'S u b j e c t ' ,  e .g .  1948C. p 1235 and 1236.
'The c r e a t iv e  s u b je c t ' , e .g .  1948A. p . 963; 1948C. p . I 246.

S .C ; K leene and R.E. V esley , The Foun d a tio n s  .o f^ I n tu i t io n  
Mathematic.s^ Amsterdam I 965 , p . i f ^ T  A fo rm a liz a tio n  o f  B rouw er's 
th e o ry  o f  't h e  c r e a t iv e  s u b je c t ' was a ls o  developed by A .S. T r o e l s t r a ,  
P r in c ip le s  o f  I n tu i t io n is m , S p rin g e r V o rlag , B e rlin -H o id o lb e rg - 
New York, p r e -p u b l ic a t io n  v e rs io n  I 6 . I .
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elem ents and d e f in i t e  r e la t io n s  between th e se  elem ents o f pure-m athe— ’ ’ 

m a tic a l system s c re a te d  by h im ',^  No nev/ elem ent i s  in tro d u ced  w ith  

' t h e  c r e a t in g  s u b je c t ' :  av/areness i s  expressed  o f the  d i s t i n c t i o n

betw een pure m athem atics -  w hich, a lth o u g h  e x ac t and p e r f e c t ,  i s  s t i l l  

s u b je c t iv e  -  and th e  m athem atics p r a c t is e d  by th e  p a r t i c u l a r  in d iv id u a l  
w ith  a l l  th e  l im i ta t io n s  o f  memory, tim e , e t c .

A now elem ent had indeed been in tro d u c e d , b u t t h i s  as e a r ly  as 

1918 w ith  th e  e x te n s io n  o f sequences to  'c h o ic e  se q u e n c e s ',  w holly  

dependent in  t h e i r  c o n s t i tu t io n  on th e  f r e e  w i l l  o f  th e  a c t in g  mathe

m a tic ia n , Because o f th e  a r b i t r a r in e s s  o f t h i s  c h o ic e , the a c t iv e  

r o le  o f  th e  m athem atic ian  may seem more prom inent; a l s o ,  the  

l im i ta t io n s  o f  the  p a r t i c u l a r  in d iv id u a l  were here  s tro n g ly  f e l t ,  

e s p e c ia l ly  in  r e l a t i o n  to  th e  'p ro ceed in g  ad in f i tu r n '.  ̂ The 

s u p p o s i t io n , how ever, o f th e  s u b je c t  c r e a t in g  a l l  m athem atics, oven 

th e  n a tu r a l  num bers, i s  a b so lu te  and forms th e  b a s is  and s t a r t i n g  

p o in t  o f  B rouw er's  ph ilo sophy  o f m athem atics as e a r ly  as I 9O7 . The 

p h rase  't h e  c r e a t in g 's u b je c t ' c o u ld , w ith o u t change o f  m eaning, re p la c e  

th e  words ' I '  o r  'w e' o r  a p a s s iv e  v o ice  c o n s tru c t io n ,  found in  e a r l i e r  

a ttem p ts  a t  c o n s tru c t iv e  m athem atics,^

3 ,6 A pplied  mathem a tics

The e s s e n t i a l  requ irem en t o f com plete independence from ex p erien ce  

le a v e s  no room f o r  an a p p lie d  m athem atics as m athem atics in  th e  s t r i c t  

Brouwer sen se . U nlike K an t, who reg a rd s  'p u re  m athem atics as  knowledge 

only  in  so f a r  as i t  can be a p p lie d  to  o b je c ts  o f e x p e r ie n c e '^  and

1222 , p . 58.
193JBA, p . 3 , ( c o r re c t io n s  ad 1919A  ̂ p . 34) : e in e r  unbeg renz ten  
W ahifolge; c f .  fo o tn o te  p . 243, a lso  1932B. p . 142.

Compare e .g .  the  v e ry  beg in n in g  o f  G-rondslagen: ' I f  I  b reak  o f f
t h i s  sequence a t  23 , and I  w r ite  down th i s  same sequence ag a in  under 
th e  p rev io u s  o n e , th e re  th en  e x i s t s  a o n e-to -one  correspondence 
betw een th e  two rows. I f  I  in te rch an g e  two o f  th e  numbers in  the 
top  l i n e ,  th e  o n e-to -o n e  correspondence s t i l l  rem ains. I  can make
su re  ( 1907 , p . 3) ,  On page 4 (on th e  c o n s tru c t io n  o f a d d i t io n ) :
'By 3 + 4 1  u n d e rs ta n d : I  count to  3 f i r s t  and th e n  con tinue  c o u n tin g ,
b u t make th e  subsequent elem ents correspond  to  the  sequence o f 
o rd in a l  numbers 1 . . . 4 ' .  A p ass iv e  vo ice  sen tence e .g .  in  I 9I 8A, 
p . 3 : 'A s e t  (Germ. Menge) i s  a r u l e ,  on th e  b a s is  o f  w hich, whenever
an a r b i t r a r y  num eral-com plex o f th e  sequence i s  chosen , every  one o f 
th e se  ch o ices  produces a d e f in i te  symbol o r  n o t h i n g . . . '

C r i t iq u e . B. 147.
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o th e rw ise  ’a p la y in g  w ith  a mere figm ent o f  th e  b r a i n ' B r o u w e r  

t r e a t s  a p p lie d  m athem atics as seco n d -o rd er m athem atics, ' c a u sa l a c t i n g ' ,  

s c ie n c e , w ith  a l l  th e  im p lic a tio n s  o f  im m o rality , a r b i t r a r in e s s  and 

in a c c u ra c y . One o f  the  fo u r  co n c lu sio n s  o f  h is  d i s s e r t a t i o n  concerns 

a p p lie d  m athem atics and sums up h is  v iew s: 'T h is  p ro je c t io n  o f

m athem atical system s on ex p erien ce  i s  a f r e e  a c t ,  which appears to  be 

e f f e c t iv e  in  our s tru g g le  f o r  e x is te n c e ; one m athem atical system  may 

appear more p r a c t i c a l  o r  economic than  a n o th e r , a t  l e a s t  in  r e l a t i o n  

to  a c e r t a in  c a teg o ry  o f  aims we hope to  ach ieve by means o f th e se  

system s; a b s o lu te ly  e f f e c ie n t  none of them a r e . I n  i t s  v a r io u s  

fo rm s, a p p lie d  m athem atics p resupposes th e  e x is te n c e  o f  an  e x t e r io r  

w orld: th e  p h y s ic a l w orld , language , and even a com pleted m athem atical
system .°

The p ro c e ss  of a p p l ic a t io n  i s  seen as an a r b i t r a r y  su p e rim p o sitio n  

o f  a pure m athem atical system  on a phenomenal, non-m athem atical medium 

f o r  m an's conven ience, a 'p r o j e c t i o n ' .  A pp lied  m athem atics i s  

' an th rop o m o rp h iza tio n  o f n a tu re ^ , c a u sa l a c t in g  in  i t s  v a r io u s  s ta g e s ,  

analyzed  by Brouwer in  Gronds lag en  as :

1° 'The se e in g  o f r e g u la r i ty  in to  n a tu re ' (p . 8 l)  ;

2° I s o la t in g  th i s  r e g u la r i ty  by ' removing what d is tu rb s  r e g u la r i ty '

(p . 82 );

3° ' Complementing th e  phenomena w ith  what man h im se lf  has b rough t 

ab o u t' (p . 8 3 ) ,  and 'e x te n d in g  r e a l i t y  to  p o s s i b i l i t y  th rough  

in d u c tiv e  g e n e ra l iz a t io n ' (p . 84) . ^  I n  t h i s  p ro c e s s , m athem atics 

i s  reduced  to  'p ro v id in g  a supply  o f  ready-made "u n rea l"  c a u sa l 

sequences w hich a re  w a itin g  f o r  an o p p o rtu n ity  to  be p ro je c te d  

upon r e a l i t y ' .®

A. 157 .

1 2 2 2 , p p . 179 -  1 8 0 .

See above, p . 93, q u o ta tio n

1 9 0 7 . p . 8 5 .

Cf. 1933 . p . 48; c f .  a lso  1.9_48C, p . 1237: 'The s ig n if ic a n c e  o f  
m athem atics w ith  re g a rd  to  s c i e n t i f i c  th in k in g  m ainly c o n s is ts  in  
t h i s ,  t h a t  a group o f  observed c au sa l sequences can o f te n  be 
m an ipu la ted  more e a s i ly  by ex tend ing  i t s  o f - q u a l i ty -d iv e s te d  mathe
m a tic a l su b stra tu m  to  a hypothe s i s . i . e .  a more com prehensive and 
more su rv ey ab le  m athem atical sy s te m ,'

1 2 2 2 , p . 8 3 .
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The p ro je c t io n  o f a pu re-m athem atica l system  on a phenomenal 

medium i s  p u re ly  a r b i t r a r y ,  the  r e g u la r i ty  observed and extended i s  

no t in h e re n t  in  the  medium in  q u e s tio n ^ , and no p a r t i c u l a r  m athem atical 

system  i s  n ece ssa ry : '# h ic h  m athem atical system s a re  chosen i s  l a rg e ly

a m a tte r  o f  conven ience, t a s t e  and h a b i t ’

A lthough the  a p p l ic a t io n  o f m athem atics i s  ’a source  o f power f o r  

man^, and u s u a lly  e f f e c t iv e ,  f a i l u r e  to  d is t in g u is h  betw een the p u re -  

m a them atica l system  and i t s  p r o je c t io n  can le a d  to  co n fu s io n  o f  p ro p e r t ie s  

and co n c lu sio n s  e i t h e r  way: the  n e c e s s i ty  and e x a c tn e s s , p ro p er to  

pure m athem atics i s  t r a n s f e r r e d  to  the 'm athem atica l image^ and becomes 

’lav ;’ in  th e  h y p o th e sis  o f th e  s o -c a lle d  s c i e n t i f i c  th e o rie s '.®  On 

th e  o th e r  hand -  and th i s  a p p lie s  e s p e c ia l ly  to  lo g ic  -  co n c lu sio n s 

w ith in  th e  medium o f p ro je c t io n  a rc  a p p lie d  to  th e  m athem atical system  

which u n d e r l ie s  i t .  T h is  i s  B rouw er's main argument f o r  independence 

o f  m athem atics from lo g ic  a g a in s t l o g i c i s t s  'who make th i s  jump once 

and th e n  move a l t e r n a t e ly  in  b o th  dom ains'.®

4 .1  The fo u n d a tio n o f m athem atics

'R e se a rc h  in  fo u n d a tio n s  o f m athem atics i s  in n e r  in q u iry  w ith  

r e v e a lin g  and l i b e r a t i n g  consequences, a ls o  in  non-m athem atical 

domains o f though t ' .

I n  th e  s tu d y  o f th e  fo u n d a tio n s  o f  m athem atics two main b ranches 

can  be c o n s id e re d :

1° The a c tu a l  m athem atical a c t i v i t y  in  i t s  i n i t i a l  and fundam ental 

s ta g e s  o f  c o n s tru c t io n ;

2° r e f l e c t i o n  on th e  n a tu re  o f  m athem atics, i t s  o r ig in ,  i t s  funda

m ental p r in c ip le s  and co n ce p ts , and i t s  r e l a t i o n  to  o th e r  human 

a c t i v i t i e s .

 ̂ 'C au sa l a t t e n t io n  i s  an im agining (Du. fa n ta z e e r in g )  of th e  id e n t i 
f i c a t i o n  o f  d i f f e r e n t  sequences o f  phen o m en a ...' ( i g J J ,  P« 4-6).

 ̂ I 9O9A, p . 13; o f . a lso  I 907 , p . 120: 'E xperience  a p o s t e r i o r i
cannot te a c h  us an y th in g  about the  n e c e s s i ty  o f c e r t a in  m athem atical 
system s in  ex p erim en ta l sc ien c e . ' See a lso  p . 18.

® See above p . 68.

Examples g iv en  in  1222, P* 85 a re  th e  d i f f e r e n t i a b i l i t y  and 
c o n t in u i ty  o f  the  'p h y s ic a l  f u n c t io n s '.

® 1 2 i j ,  p . 48.
6 1222, p . 172 ,

1 2 W ,  p. 1249.
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Much o f Brouw er’s work in  the fo u n d a tio n s  o f  m athem atics f a l l s  in  

the  f i r s t  c a te g o ry , and can th e re fo re  r ig h t ly  he c a l le d  i n t u i t i v e  o r  

i n t u i t i o n i s t i c  m athem atics. As such , vie must c o n s id e r  h is  c o n s tru c t io n  

o f  number sy stem s, th e  m easurable continuum , th e o ry  o f s e ts  and fu n c tio n s ,  

m ain ly  found in :  C hap ter I  o f Grondslagon ( 19O7 ) , ’The fo u n d a tio n s  o f

s e t  th e o ry  independen t from th e  lo g ic a l  p r in c ip le  o f  th e  excluded  

m idd le ' , p a r t s  I  and I I  ( 19I 0A and I 919A) and 'The fo u n d a tio n s  o f 

i n t u i t i o n i s t  m athem atics ' ( 1925D , 1^26A and 1^ 27A) . Some o f  h is  work 

i s  o f th e  second k in d , e .g .  C hapters I I  and I I I  o f  1907. The U ntrus t -  

m S Ë l ia o 38 , The N ature  o f j^ o m e try
(T292A ), in a u g u ra l ad d ress  I n t u i t ionism e on Formalisme ( 1912A ), 

h is  V ienna l e c tu r e s  (and ,1 2 ^ ) , and most o f h is  l e c tu r e s  abroad a f t e r  
th e  second w orld war.

More o f te n  the d i s t i n c t i o n  i s  no t so c le a r ;  many o f h is  c o n tr ib u 

t io n s  on the  fo u n d a tio n  o f m athem atics a re  a m ix tu re  o f c o n s tru c t iv e  

m athem atics and s ta tem en ts  about h is  own m athem atics and th a t  o f  o th e rs .

4 ,2  R efl e c t i o n  on  th e  n a tu re  o f  m athem atics

In  t h i s  p re s e n t  c h a p te r  we have t r i e d  to  g ive a co h eren t survey 

and a n a ly s is  o f  B reuw er's  views on m athem atics, s t a r t i n g  from h is  

s p e c u la t iv e  b e l i e f s  on the n a tu re  o f  man, co n sc iousness and i n t u i t i o n ,  

sum m arizing t h i s  in  th e  t i t l e  'B rouw er's  p h ilo so p h y ’ .

A ccording  to  E v e r t B oth, B rouw er's co lleag u e  and f r ie n d ,  th e  

fu n d a m e n ta l p h ilo so p h ic a l problem s o f m athem atics can be approached 

from w ith o u t o r  from w ith in : 'They a re  approached from w ith o u t when 

s t a r t i n g  from p h i lo s o p h ic a l ,  p sy c h o lo g ic a l, s o c io lo g ic a l  o r  psycho- 

l i n g u i s t i c  p r in c i p le s ,  we tr^r to  p e n e tra te  the more s p e c ia l iz e d  s u b je c t  

m a tte r  o f  e x ta n t m athem atical th e o r ie s .  They a re  approached from 

w ith in  when wo s t a r t  from the study  o f  contem porary m athem atics and 

p ro g re s s  tow ards th o se  problems w hich, th rough t h e i r  g en e ra l and 

p rofound n a tu re  and t h e i r  im portance f o r  o th e r  f i e l d s  o f  s c ie n c e , 

assume a p h i lo s o p h ic a l  c h a ra c te r ;  t h i s  second l i n e  of approach i s  

c u r r e n t ly  adopted  by th o se  w orkers in  re s e a rc h  on fo u n d a tio n s  who a re  

known as c a n t o r i s t s ,  l o g i c i s t s ,  fo rm a l is ts  o r  i n t u i t i o n i s t s ' .

E,W. B oth , T ^  F q u n d a t^ n s ^ ^ J ^ c ^ ^  Amsterdam 1968, p . X.
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In  h is  ^ t i j : g l ^ _ T h q ^  ,  ̂ th e  pragm atic  c h a ra c te r  o f  th i s  d i s t i n c 

t io n  ap pears  more c l e a r ly  vhen.h3expresses concern  about th e  a l ie n a t io n  

betw een p h ilo so p h e rs  and m athem aticians in v e s t ig a t in g  th e  problem  o f  

fo u n d a tio n s  o f m athem atics. E lsew here^ , he made a s im i la r  d i s t i n c 

t io n :  betw een th e  'p h ilo so p h y  o f m athem atics' and the 'p h i lo s o p h ic a l

p r a c t ic e  o f m athem atics ' ( i . e .  ' c r i t i c a l  in v e s t ig a t io n  o f  m athem atics 
w ith o u t le a v in g  th e  domain o f m a th e m a tic s ') .

D i f f e r e n t i a t i o n  betw een p ro fe s s io n a l  m athem aticians and p h ilo so p h e rs  
i s  f a i r l y  modern ( i . e .  p o s t 1800) and has a r is e n  from th e  need f o r  

s p e c ia l i z a t io n  and d iv i s io n  o f la b o u r. While th e re  w i l l  c l e a r ly  be a 

d if f e r e n c e  in  em phasis in  t h e i r  r e s p e c t iv e  tre a tm e n ts ,  r e f l e c t i n g  on 

th e  n a tu re  o f  m athem atics, i s  p r im a r ily  a p h ilo so p h ic a l a c t i v i t y  which 

i s  e s s e n t i a l l y  the same f o r  b o th  m athem atic ians and p h ilo so p h e rs .

I t  r e q u ir e s  a c e r t a in  con^rehensive knowledge o f m athem atics, 

a g rasp  o f  th e  e s s e n t i a l  and fundam ental m athem atical a c t i v i t i e s ;  

in d e e d , a fo rm id ab le  demand vmich d i s q u a l i f i e s  many a g i f t e d  p h ilo so p h e r . 

As re fd p c t i o n .  i t  r e q u ire s  an o u ts id e  vantage p o in t from which mathe

m a tic a l a c t i v i t y  and i t s  fundam ental concep ts and p r in c ip le s  may be 

seen  in  r e l a t i o n  to  o th e r  a rea s  o f human l i f e  and a c t i v i t y  and be 

d e l im ite d .  Such fundam ental q u es tio n s  as the n a tu re  o f  m athem atics 

and m athem atica l e x is te n c e ,  the  c r i t e r i a  f o r  m athem atical t r u t h ,  and 

th e  r e l a t i o n  o f m athem atics to  a phenomenal v/orld cannot f in d  an answer 

w ith in  th e  domain o f m athem atics i t s e l f  and u l t im a te ly  re q u ire  a  s e t  of 

c o n v ic tio n s  to  which wo e a r l i e r  r e f e r r e d  as s p e c u la tiv e  b e l i e f s .  How 

th e  answ ers to  th e se  q u es tio n s  have profound re p e rc u ss io n s  on th e  

p r a c t ic e  o f  m athem atics i s  e s p e c ia l ly  c l e a r  from B rouw er's programme, 

w hich i s  in s p ir e d ,  no t so much by m athem atical c o n s id e ra tio n s  as by a 

much w id e r ph ilo sophy  co v erin g  man and th e  v,-orld.

S ince p h ilo sophy  has no d i s t i n c t i v e  su b je c t m a tte r ,  i t  cannot be 

p la ced  s id e  by s id e  w ith  m athem atics o r any p h y s ic ia l  s c ie n c e . A 

c l e a r - c u t  d i s t i n c t i o n  between p h ilo so p h ic a l and m athem atical can on ly  

be made in  so f a r  as m athem atics, i t s  su b je c t m a tte r ,  p r in c ip le s  an! 

methods a re  d e f in e d . R esearch in to  the fo u n d a tio n s  o f m athem atics i s  

p a r t  o f  a  more g e n e ra l inqu iry ' in to  th e  u lt im a te  n a tu re  o f  th in g s .

E.W. B e th , M athem atical Thought, D ordrecht 1965, p . 2 f f .

E.W. B e th , I p l o i d i j H l T o  W ijsbogppr te _ d q r  m skundo, 
A ntw erpen-B russo l 1940, p . 6.
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which c o n s t i tu te s  ph ilo so p h y . In s id e  knowledge o f  m athem atics, and 

t r a in in g  in  th e  use o f i t s  m ethods, a re  a d i s t i n c t  advantage to  th e  

m a th e m a tic ia n -re se a rc h e r  in to  the fo u n d a tio n s  o f m athem atics; p o s s ib le  

dangers  a re : o v ercon fidence  in  th e  s e l f - s u f f ic i e n c y  o f  i t s  p r in c ip le s

and m ethods, and u n w illin g n ess  to  c ro ss  th e  b o u n d arie s  o f m athem atics 

in  h is  in v e s t ig a t io n  o f  i t s  fundam ental concep ts and p r in c ip le s ,  w ith  

a consequent r i s k  o f  c i r c u l a r i t y  and s e l f - r e f e r e n c e .

Brouwer was w ell aware th a t  in  h is  in v e s t ig a t io n  o f  th e  fo u n d a tio n s  

o f m athem atics ho was going beyond what he h im se lf  regard ed  as  pure 

m athem atics, and he recogn ized  th e  p h ilo so p h ic a l c h a ra c te r  of much o f 

h is  work. He d is t in g u is h e d  betw een h is  v/ork on th e  fo u n d a tio n s  o f 

m athem atics and ’c o n tr ib u tio n s  f r e e  o f p h ilo so p h y ’ (Du. f i l o s o f i e v r i j e ) ^ ; 

some o f h is  m ajor c o n tr ib u tio n s  -  such as l^OGB, 1213 and 194SC -  
appeared  in  pure  p h ilo so p h ic a l jo u rn a ls .

Nov/here in  h is  vnritings i s  th e re  a t r a c e  o f  f e a r  th a t  th e  autonomy 

o f  m athem atics i s  th re a te n e d  by p h ilo so p h ic a l c o n s id e ra t io n s ,  a lth o u g h  

no one v/as more anx ious th an  was Brouwer to  sa feg u ard  the  independence 

and autonomy o f  m athem atics a g a in s t  th e  in t r u s io n  o f  a l ie n  p r in c ip le s  

o f  such phenomenal sc ie n c e s  as lo g ic .  The vague re fe re n c e  to  ’ in n e r  

in q u i r y ’ ( in t r o s p e c t io n )  in  d e f in in g  the  s tudy  o f fo u n d a tio n s  o f  

m athem atics i s  an in d ic a t io n  o f  B rouw er's c r i t e r i o n  f o r  a d m ittin g  o th e r ,  

sup ra -m ath o m atica l spheres in to  th e  in q u iry .

Not on ly  has B rouw er's id e o lo g ic a l  concep tio n  o f  consc iousness 

determ ined  th e  n a tu re  o f  h is  i n t u i t i v e  m athem atics, in  th i s  in q u iry  

th e  m athem atica l a c t i v i t y  as a whole i s  su b je c te d  to  a p ro b in g  and 

ju d g in g  on a o s th e t ic a l  and e th ic a l  gnounds. Concern f o r  i t s  iiioral 

j u s t i f i c a t i o n  i s  v ery  much in  ev idence in  1222, 1222> 1929A and 19480. 

E s p e c ia l ly ,  19480 ( 'C o n sc io u sn e ss , P h ilosophy  and M athem atics ') i s  

an in t r o s p e c t iv e  se a rc h  f o r  th e  ' tra n sc e n d e n ta l v a lu e s '^  o f 'b e a u ty ,  

wisdom and t r u t h '  in  m athem atics^.
I t  fu rth e rm o re  a f fe c te d  the  b a s ic  p r in c ip le s  and co n c e p ts , c o n te n t 

and methods o f i n t u i t i v e  m athem atics. D is s o c ia t io n  o f  m athem atics from 

sc ie n c e  ( a p p lie d  m athem atics) i s  v ery  much in s p ire d  by m oral c o n s id e ra 

tio n *  and th e  la c k  o f  beau ty  and wisdom: ' I n  c a u sa l th in k in g  and

 ̂ 1921A . p . 7 9 8 .

'  1225.
® 1948C . p . 1 2 3 8 ,

* see above p . 72 .
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’ a c t in g  b eau ty  w i l l  h a rd ly  be f o u n d a n d  'S e a rc h in g  f o r  wisdom we 

may f in d  i t  in  knowing th a t  c a u sa l th in k in g  i s  n o n -b e a u tifu l and Jriard 

to  j u s t i f y '  . Logic i s  r e je c te d  because o f i t s  ' l a c k  in  wisdom'

( ' I n  wisdom th e re  i s  no l o g i c ' a n d  i t s  dependence on language ( 'w h ere  

tra n s c e n d e n ta l  t r u t h  i s  no t found e i t h e r ' . * ) ,

Ztl2re__is b eau ty  in  c o n s tru c t iv e  m athem atics: 'The f u l l e s t
c o n s tru c t io n a l  b e a u ty ',®  «

Whereas B rouw er's f r ie n d s  and fo llo w e rs  t r i e d  to  e l im in a te  

p h ilo s o p h ic a l  elem ents from in tu i t io n is m , Brouwer h im se lf  saw the 

deeper is s u e s  in e x tr ic a b ly  linlcod w ith  h is  m athem atical v;ork and 

r id ic u le d  'th o s e  who wear p h ilo sophy  l i k e  a Sunday s u i t '  ®.

B e th 's  d i s t i n c t i o n  in  approach to  the  fundam ental problem s o f 

m athem atics betw een 'fro m  the  in s id e ' and ' from  the  o u ts id e ' does not 

c o in c id e  w ith  a d i s t i n c t i o n  betw een 1° th e  p h ilo so p h ic a l r e f l e c t i o n  on 

th e  n a tu re  o f  m athem atics and 2° B rouw er's 'm ath em atica l c o n s id e ra tio n  

o f  m a th e m a tic s ', as d isc u sse d  above pp 93 f f ;  T his seco n d -o rd e r 

m athem atics o r  m etcjnathem atics i s  no t what B eth vaguely  d e s c r ib e s  as 

' s t a r t i n g  from th e  s tudy  o f  contem porary m athem atics and p ro g re ss in g  

tow ards th o se  problem s w hich, th rough  t h e i r  g e n e ra l and profound n a tu re  

and t h e i r  im portance f o r  o th e r  f i e l d s  o f  s c ie n c e , assume a  p h ilo so p h ic a l 

c h a r a c te r ' , b u t c a u sa l a c t in g  on the c o n s tru c te d  system  o f pure 

m ath em atic s , a s y s te m a tiz a tio n  o f  m athem atics in to  a s c ie n c e .^

5. B rouw er's  programme

P reo ccu p a tio n  w ith  th e  p h ilo s o p h ic a l  a sp e c ts  o f  th e  fo u n d a tio n s  

o f  m athem atics marks B rouw er's v/ork b e fo re  1917. D uring th a t  tim e , 

ho shaped h is  id e a s  on th e  n a tu re  of m athem atics and i t s  r e l a t i o n  to  

e x p e rien ce  and to  sc ie n c e  in  accordance w ith  h is  m y s tic a l and p h ilo 

s o p h ic a l b e l i e f s .  Complete d ive rg en ce  o f  th e se  id e a s  from th e  c u r re n t  

t re n d s  o f  lo g ic ism  and fo rm alism , coupled w ith  B rouw er's p a s s io n a te

" M W S , p. 1238.

 ̂ 194BC. p . 1240.

® 1908B . p. 12 .

'  .1205 , p . 66.
® 1948c. p . 1239.

® 1225, p. 41. 
 ̂ Soo above p. 102.
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c o n v ic tio n  th a t  h is  was no t ju s t  an o th e r  view b u t th e  o n ly  r ig h t  one, 

accoun ts  f o r  the  p redom inan tly  c r i t i c a l  c h a ra c te r  o f  most o f B rouw er's 
e a r l i e r  w o rk ..

In  th e  developm ent o f  pure i n t u i t i v e  m athem atics, language and 

lo g ic  do no t p la y  any p a r t .  C o n cen tra tio n  on th e se  non-m athem atical 

a c t i v i t i e s  v/as n e c e s s i ta te d  by th e  dominant ro le  th ey  p layed  in  lo g i c i s 't  

and f o r m a l is t  p r a c t ic e  o f  m athem atics and by B rouw er's d e s ir e  to  convince 

o th e r s ,  m ainly by se a rc h in g  f o r  and exposing in ad eq u ac ies  in  t h e i r  

system s as symptoms o f a much deeper ly in g  d is e a s e ,  namely the in t r o 

d u c tio n  o f  such ex tran eo u s elem ents as language , lo g ic  and form al 

system s in to  m athem atics i t s e l f .  T h is c r i t i c a l ,  negative  trea tm e n t 

dom inates th e  whole o f  c h a p te r  I I I  o f Gro n d slag en . where su c c e s s iv e ly  

1*̂  a x io m a tiz a tio n  o f  m athem atics (pp , 133 -  1 4 2 ), 2® C a n to r 's  naive  

s e t  th e o ry  and t r a n s f i n i t c  numbers (pp . 142 -  159), 3® P oano 's  and

R u s s e l l 's  lo g ic ism  (pp . 159 -  I 69) ,  4° H i lb e r t 's  fo rm a liz a t io n  

(pp . 169 -  175) ,  a re  exposed and c r i t i z e d  f o r  t h e i r  com plete r e l ia n c e  

on language and lo g ic .

F u r th e r  s to p s  in  th i s  programme o f ' l i b e r a t i n g  m athem atics' were 

the  r e j e c t i o n  o f the  P r in c ip le  o f th e  Excluded M iddle and e x is te n c e  

theorem s. The more p o s i t iv e  s id e  o f  a c o n s tru c t iv e ,  in t u i t i v e  

m athem atics was obscured  by th e  d ram atic  in p a c t made by B rouw er's 

n e g a tiv e  and c r i t i c a l  c la im s , which d id  n o t have th e  in ten d ed  e f f e c t  

o f draw ing a t t e n t i o n  away from th e  l i n g u i s t i c  domain. Many com m entators, 

w h ile  d ism iss in g  h is  p o s i t iv e  p h ilo sophy  o f  m athem atics, acc la im  h is  

n e g a tiv e  c o n t r ib u t io n s :  E r r e t t  B ishop, who has l i t t l e  tim e f o r  B rouw er's

'p re o c c u p a tio n  w ith  the  p h ilo so p h ic a l a sp ec ts  o f  c o n s tru c t iv is m '^ ,  

s t a t e s :  'B ro u w e r's  g re a t  c o n tr ib u t io n  was to  an a ly se  in te n s iv e ly  the

in ad eq u ac ie s  o f  c l a s s i c a l  m a th em a tic s '^ ,

Brouwer h im se lf ,  in  r e t r o s p e c t ,  c h a ra c te r iz e s  h is  a c t i v i t y  d u rin g  

th i s  p e r io d  -  th e  f i r s t  a c t  o f  in tu i t io n is m  -  as p u rg in g  m athem atics 

from  th e  non-m athem atical elem ents o f  language and lo g ic :  'The f i r s t

a c t  o f  in tu i t io n is m  com plete ly  s e p a ra te s  m athem atics from m athem atical 

lan g u ag e , in  p a r t i c u l a r  from the  phenomena o f  language which a re

2

E, B ishop . Founda t io n s  o f C o n s tru c tiv e  An a l y s i s . New York I 967 , p . 6,

E . B ishop , M athem atics as a num erical language (u n p u b lish e d ); 
o f ,  a ls o :  E , B e th , C o n s tru c tiv i t v  in  M athem atic s ,  and Foundations 
o f  M athem atics.
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d e sc rib e d  by th e o r e t i c a l  lo g ic ,  and reco g n izes  th a t  i n t u i t i o n i s t  

m athem atics i s  an e s s e n t i a l ly  la n g u ag e le ss  a c t i v i t y  o f  th e  mind’ ^ , and 

ac c e p ts  elsew here^ th a t  t h i s  n eg a tiv e  programme ’ seems n e c e s s a r i ly  to  

lo a d  to  d e s t r u c t iv e  and s t e r i l i z i n g  consequences’ .

As th e  f u l l  im p lic a tio n s  o f r e je c t io n  o f language and lo g ic  and 

C a n to r 's  naive  s e t  th e o ry  became g ra d u a lly  c l e a r e r ,^  Brouwer r e a l iz e d  

th a t  th e  c o n s tru c t io n  o f  i n t u i t i v e  m athem atics was no t as sim ple an 

a f f a i r  as h is  f i r s t  c h a p te r  o f Gnondslagon m ight su g g es t. Under the  

above r e s t r i c t i o n s ,  and 'w ith  the  b a s ic  o p e ra tio n  o f m athem atical 

c o n s tru c t io n ,  th e  m ental c r e a t io n  o f  tw o - i t y ',  i t  was p o s s ib le  ' t o  

g en e ra te  each n a tu r a l  number, the  i n f i n i t e l y  p roceed in g  sequence o f 

th e  n a tu r a l  num bers, a r b i t r a r y  f i n i t e  sequences, and i n f i n i t e l y  p ro 

ceed in g  sequences o f  m athem atical system s p re v io u s ly  a c q u ire d , f i n a l l y  

a c o n t in u a l ly  ex ten d in g  s to ck  o f m athem atical system s co rresp o n d in g  to  the  

" se p a ra b le "  system s of c l a s s i c a l  m a th em atic s '* .

E lsew h ere , however, Brouwer had a lre a d y  c re d i te d  the  ' p re -  

i n t u i t i o n i s t  s c h o o l' w ith  e s ta b l i s h in g  autonomy and a  p r i o r i t y  f o r  th e  

' s e p a ra b le  p a r t s '  o f  a r ith m e tic  and a lg e b ra : 'F o r  th e se  p a r ts  o f

m athem atics th ey  p o s tu la te d  an e x is te n c e  and ex ac tn ess  independent o f 

language and l o g i c , and regarded  t h e i r  n o n -c o n tra d ic to r i ty  as c e r t a in ,  

even w ith o u t lo g i c a l  p ro o f. For the  continuum , however, th ey  seem not 

to  have sought an o r ig in  ex traneous to  language and l o g i c ' ,  ® Brouwer 
reco g n ized  th e  r e l ia n c e  o f  th e  p r e - i n t u i t i o n i s t  school on lo g ic  and s e t -  

th e o r e t i c a l  methods in  t h e i r  tre a tm e n t o f m easu re-theo ry  and th e  

continuum . He a lso  r e a l iz e d  th e  inadequacy o f  h is  own tre a tm e n t o f 

th e  continuum  in  3^07^,
Both h is  o b je c tio n s  to  lo g ic  and ax iom atic  s e t- th e o ry  had become 

c r y s t a l l i z e d  in  th e  r e je c t i o n  o f th e  lo g ic a l  P r in c ip le  o f  th e  E xcluded 

FdddlG and th e  axiom of com prehension. He now s e t  h im se lf  th e  am bitious 

ta s k  o f  r e c o n s tru c t in g  th e  whole o f  m athem atics on th e  b a s is  o f avoidance 

o f  th e  PEM, e x is te n c e  theorem s, as w e ll as  th e  d is c ip l in e  o f  a  form al 

system .

1 1952B. p . IhO .

12^ ,  p . 2 ,
Of, B rouw er's  rem ark in  a  fo o tn o te  of 1921A: ' i n  my e a r l i e r
p u b lic a t io n s  the  im p lic a tio n s  o f  in tu i t io n is m  were n o t f u l l y  c le a r  
to  m e ,' (p . 8 0 l ) .

1 2 3 3 , p . 2 .
19j2B , p , 140,



-  I l l  -

Hg com pleted th e  f i r s t  p a r t  o f ’ a sy stem a tic  c o n s tru c t io n  o f 

i n t u i t i o n i s t  s e t  th e o ry '^  in  191?: 'Foundations o f  so t th e o ry  independ

e n t o f  th e  lo g i c a l  p r in c ip le  o f  th e  excluded m idd le , (P a r t  I ,  G eneral 

Theory o f S o t s ' ,  122:AA:) ; fo llow ed  a y e a r  l a t e r  by an i n t u i t i o n i s t  

'r e -w o rk in g ' o f  the th e o ry  o f p lane p o in t s e ts  (P a r t  I I ,  Theory o f 

P o in t S e ts ,  1919A) . In  1923 a s t a r t  was made w ith  an i n t u i t i o n i s t  

tre a tm e n t o f  fu n c tio n  th e o ry  ( 'F oundations o f th e  th eo ry  o f fu n c tio n s  

independen t o f  the lo g ic a l  p r in c ip le  o f  the  excluded m idd le . P a r t  I ,  

C o n tin u ity ,  M e a s u ra b il i ty ,  D e r iv a b i l i t y ' ( 1923A); P a r t  I I  never 
a p p e a re d ) .

The ex p ress  m ention o f avoidance o f th e  PEI,I in  th o se  t i t l e s  

t y p i f i e s  B rouw er's programme a t  t h i s  s ta g e ,  which had become com plete ly  

c e n tre d  round th e  problem  o f the  PEM and i t s  lo g ic a l  im p lic a tio n s . 

L ib e r a l i z a t io n  o f  m athem atics from the sh ack le s  o f language and lo g ic  

proved i t s e l f  to  bo a h e a v ie r  bu rden , and e a r l i e r  e n th u s ia s t ic  support 

f o r  th e  programme began to  wane. Hopes th a t  w ith  th e  ' second a c t  o f 

in tu i t io n is m ' , i . e .  re c o g n it io n  o f  th e  p o s s i b i l i t y  o f  g e n e ra tin g  nev; 

m a them atica l e n t i t i e s  in  th e  form o f  i n f i n i t e l y  p ro ceed in g  sequences 

and m a them atica l s p e c ie s ,  a ' much w ider f i e l d  o f developm ent was 

opened up^which in c lu d e s  a n a ly s is  and in  s e v e ra l p la c e s  f a r  exceeds the  

f r o n t i e r s  o f  c l a s s i c a l  m a th e m a tic s 'v e re  no t im m ediately f u l f i l l e d ,  

Brouwer had to  adm it: 'I n tu i t io n is m  in  g e n e ra l subm its m athem atics to

a programme o f  com plete re c o n s tru c tio n ;  u n fo r tu n a te ly ,  m athem atics 

must in  t h i s  p ro cess  o f te n  lo s e  i t s  smooth and e le g a n t c h a ra c te r  and 

assume much more r i g i d ,  av/kward and com plica ted  form s. But th e re  i t  

i s ,  th e  sp h eres  o f t r u t h  a r e ,  r e g r e t ta b ly ,  l e s s  perm eable th a n  th o se  o f 

i l l u s i o n '
A re v is e d  v e rs io n  o f  th e  f i r s t  p a r t  o f  th e  'F o undations o f s e t  

th e o ry ' ( 1918A) was p u b lish e d  in  1925, 1926 and 1927,^ and some a ttem p ts  

were made a t  r e c o n s tru c t in g  p a r ts  o f  c l a s s i c a l  m athem atics on 

i n t u i t i o n i s t  l i n e s ;  e .g .  ' I n t u i t i o n i s t  p ro o f o f  th e  theorem  o f the 

Jo rd an  c u rv e ' ® , ' I n t u i t i o n i s t  p ro o f o f  th e  fundam ental theorem  of 

a lg e b ra ' ® , 'The i n t u i t i o n i s t  form o f  the  H eine-B orel theorem ' ? .

The programme was, however, e f f e c t iv e ly  abandoned by Brouwer in  1927.

Cf. r^ g iA , p . 798 .

1232B, p. 142,

m i ,  p- 60.

I 225E, 122^  and 1327k .

i225<L.
® 1924? and G; o f . a ls o  1924? and K 

’  192SE and F,

5
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C H A P T E R  I I I  

LANGUAGE AND LOGIC

1 .1  Language

The r a d ic a l  r e j e c t i o n  o f  language as in  any way c o n tr ib u to ry  to  

m athem atics, th e  most fundam ental th e s i s  o f  B rouw er's in tu i t io n is m ,  

seems to  fo llo w  n a tu r a l ly  from h is  n o tio n  of m athem atics as i n t u i t i v e  

c o n s tru c t iv e  a c t i v i t y ;  in  th e  p r im o rd ia l i n t u i t i o n  and subsequent 

i n t u i t i v e  c o n s tru c t io n s ,  th e  q u e s tio n  o f  language sim ply does n o t a r i s e .

B rouw er's  view s on th e  r e l a t i o n  between m athem atics and lan g u ag e , 

hov/ever, were undoubted ly  in f lu e n c e d  by h is  a t t i t u d e  tow ards language , 

h is  m oral d is a p p ro v a l o f  c o o p e ra tio n  and com m unication. T his a t t i t u d e  

o r ig in a te d  in  h is  s o l i p s i s t i c  view  o f s o l i t a r y  man, i s o la te d  w ith in  th e  

u n iv e rse  o f  h is  own co n sc io u sn e ss , unable to  communicate w ith  o th e r  

m inds. In  t h i s  way, i t  can be a rg u ed , B rouw er's n o tio n  o f m athem atics 

stems from , o r  i s  a t  l e a s t  in s p ir e d  by , h is  view s on language.

D is l ik e  o f  a x io m a tis a tio n  and fo rm a liz a t io n  i s  e v id e n t in  L even . 

K unst en M ystiek ( 1903) and in  Grondslag en  ( 19O7 ) . The in c re a s in g  

em phasis i n  c u r re n t  m athem atical p r a c t ic e  on th e se  ' l i n g u i s t i c  a s p e c ts ' 

provoked B rouw er's r e a c t io n  and caused him to  c o n c e n tra te  on th e  problem  

o f th e  n a tu re  o f language and i t s  r e l a t i o n  to  m athem atics.

A t th e  tim e th a t  Brouwer was w r i t in g  h is  d i s s e r t a t i o n  and g e n e ra lly  

c o n s tru c t in g  h is  i n t u i t i o n i s t i c  m a th em atic s , the  phenomenon o f  language 

had become th e  c e n tre  o f  i n t e r e s t  o f  p h ilo so p h e rs  o f d i f f e r e n t  k in d s , 

o f m a th em a tic ian s , and o f  s o c io lo g is ts .  To a l l ,  the  is s u e  was th e  ro le  

and n a tu re  o f  lan g u ag e , and th e  r e l a t i o n  o f language to  what i t  

d e s c r ib e s .  In  C hapter I I ,  v;e m entioned B e rg so n 's  I n tro d u c t io n  to  

M etaphysics ( l 9 0 3 ) w h e r e  Bergson d istingu ished  betw een i n t u i t i v e  

know ledge, which i s  la n g u a g e le s s , and a n a ly t ic  s c ie n c e , which is  

e x p re s s ib le  in  sym bols, and warned a g a in s t  th e  danger o f 'r e p la c in g  in  

ou r minds th e  o r ig in a l  by i t s  sym bo ls '.

M authner had p u b lish e d  h is  B eitrK ge zu e in e r  K r i t ilc d e r  Sprache 

( 1901) ,  in  which he defended a  s im i la r  s c e p t ic a l  view  o f language ,^

2

See above, p . 72; c f .  a lso  our fo o tn o te  on LeRoy and B ergson, 183; 
LeR oy's p u b l ic a t io n  'S u r  l a  lo g iq u e  de 1 ' in v e n tio n ' , Revue de Meta
physique e t  de M orale, v o l. 13 ( 19O3 ) ,  PP. 193 -  223.

E .g . p . 3 4 : 'By means o f language men made i t  fo re v e r  im possib le  
to  g e t to  know one a n o th e r . '
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Two o f B re n ta n o 's  s tu d e n ts ,  Edmund H u sse rl and A lex iu s  Meinong, 

p u b lish e d  t h e i r  m ajor work on language a t  about th e  same tim e^ , ta k in g  

i n t e n t i o n a l i t y  as t h e i r  p o in t  o f d e p a r tu re .

On th e  p e r ip h e ry  o f p h ilo so p h y , more on th e  s o c io lo g ic a l  p la n e . 

Lady V ic to r i a  W elby 's What i s Meaning? p u b lish e d  in  1903, saw language 

as a source  o f in s ig h t  in to  human n a tu re  and s ta r t e d  what was l a t e r  

c a l le d  th e  ’ S ig n if ie  Movement’ ,  ̂ S im ila r  views were expounded by

G. Mannoury a t  th e  U n iv e rs ity  o f Amsterdam; he den ied  a com plete ly  

o b je c tiv e  meaning to  a l l  forms o f language in c lu d in g  the  symbolic 
language o f  m athem atics.

I t  i s  n o t w ith o u t s ig n if ic a n c e  th a t  many o f th o se  re s e a rc h e rs  in to  

language were m athem atic ians by p ro fe s s io n ,  such as F reg e , H u sse rl and 
Mannoury.

1 .2  Communication and th e  n a tu re  o f  l a nguage

B rouw er's p h ilo sophy  o f language c e n tre s  round th e  im p o s s ib i l i ty  o f 

r e a l  com munication and the  n a tu re  of language as  a s ig n .

E . H u sse r l ,  L ogische Untersuchungen. ( 19OI -  1902, e s p e c ia l ly  th e  
f i r s t  e s sa y , 'E x p re s s io n  and M ean ing ');
A. Meinong, Uber Anna.hmen . 1902.

Of. a lso  h e r  l a t e r  p u b lic a tio n s .  Sig n i f i e s  and Language. 1911, and
O.K. Ogden and I .A . R ic h a rd s , The Meaning o f  M eaning;
C.L. S tevenson , 'P e rsu a s iv e  D e f in it io n s ',  M ind. 1938.

The S ig n if ie  Movement was in tro d u ced  in  H olland by F re d e r ik  van Eeden, 
a n a t io n a l  p o e t ,  who g re a t ly  in f lu e n c e d  B rouw er's  th in k in g  in  h is  
e a r l i e r  y e a rs  and w ith  whom Brouwer l a t e r  c o lla b o ra te d  in  th e  S ig n if ie  
C ir c le .  S ig n if ie s  c la im s to  be a sc ien ce  whose o b je c t  i s  th e  s tudy  o f 
human com m unication in  a l l  i t s  a s p e c ts .  G reat em phasis i s  l a i d  on 
a n a ly s is  o f  meaning in to  in d ic a t iv e ,  em otional and v o l i t i o n a l  e lem en ts. 
The m athem atic ians Mannoury and Brouwer, shared  a  common i n t e r e s t  in  
th e  phenomenon o f  language. Mannoury was m ainly  in te r e s te d  in  th e  
s o c ia l  a s p e c ts  o f  language and he determ ined  th e  g e n e ra l course  o f  the  
S ig n i f ie  Movement. Even though Brouwer in  many o f  h is  id e a s  was 
in f lu e n c e d  by Mannoury, and th e  g en e ra l d i r e c t io n  o f  th e  movement 
betw een th e  two w orld wars became more 's o c i a l '  due to  th e  p o s s ib le  
c a ta s t ro p h ic  e f f e c t s  o f  propaganda, Brouwer was b a s ic a l ly  an in d iv id u a 
l i s t ,  and h is  u lt im a te  m o tiv a tio n  was a  s tro n g  su sp ic io n  o f  language 
as an adequa te  means o f  com munication.

The ' I n te r n a t io n a l  I n s t i t u t e  f o r  P h ilo so p h y ' v;as founded in  1917 
by Brouw er, Mannoury, F re d e r ik  van Eeden and Jacob I s r a e l  de Haan, 
and changed in to  'The S ig n if ie  C irc le ' in  1922.
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I t  has been  m ain ta ined  th a t  Brouwer tended  to  a s o l i p s i s t i c  

p h ilo so p h y  tow ards the  end o f h is  l i f e . ^  There i s  a c e r t a in  in c re a s e  o f 

non-m athem atica l a c t i v i t y  and involvem ent in  the  S ig n if ie  Movement in  the  

p e rio d  o f  's i le n c e *  and a f t e r ;  th e re  i s ,  however, a rem arkab le con

s is te n c y  and v e ry  l i t t l e  developm ent in  B rouw er's view s on language .

These view s were most f o r c ib ly  exp ressed  in  Leven. Kuns t  en M ystiek

( 1905) and in  more m oderate te rm s, b u t e s s e n t i a l l y  the same, i n  h is  l a t e r  

work on th e  fo u n d a tio n s  o f m athem atics, I 9O7 , 19Q8B . 1912A, I 929A and 1948C,

His s o l i p s i s t i c  view  o f  man made him em phasize the g e n e ra lly  

accep ted  im p o s s ib i l i ty  o f  d i r e c t  communication betw een minds : 'From l i f e

in  th e  mind fo llo w s th e  jjnpos s i b i l i t y  to  communicate d i r e c t l y o r  

in s t i n c t i v e l y  by g e s tu re  o r  looks o r ,  even more s p i r i t u a l l y  (Du. m a te r-  

i e lo o z e r ) , th rough  a l l  s e p a ra t io n  o f d is ta n c e .  People th e n  t r y  and 

t r a i n  t h e i r  o f f s p r in g  in  some form o f m utual u n d e rs tan d in g  by means o f 

crude sounds, la b o r io u s ly  and h e lp le s s ly ,  f o r  never has anyone been ab le  

to  communicate h is  so u l by means o f la n g u a g e '.^  The most e f f e c t iv e  means 

o f  r e a l  com m unication i s  a v;ork o f  a r t ,  where ' r e a l  t r u t h '  i s  to  be 

found.^  I n  1948: th e re  i s  no exchange o f  thought . . . .  by so

c a l le d  exchange w ith  an o th e r  b e in g  the  s u b je c t only  touches th e  o u te r  

v /a lls  o f  an  automaton. ' 4 The im p o s s ib i l i ty  o f  any r e a l  communication 

a lso  fo llo w s  from  B rouw er's co n cep tio n  o f th e  n a tu re  o f language.

In  th e  p ro cess  o f in d i r e c t  communi c a t i o n , i . e .  th rough  language , 

Brouwer seems to  d is t in g u is h  fo u r  e lem en ts:

1® m ental a c t i v i t y ;

2® the  a c t  o f  e x p re s s in g  o r  re c o rd in g  th i s  m ental a c t i v i t y  in  language , 

spoken, w r i t t e n  o r  o th e rw ise ;

3® th e  r e s u l t i n g  spoken o r v n ritten  re c o rd ;

4® th e  h e a r in g  o r  read in g  o f  th i s  re c o rd , which evokes a  r e la te d  m ental 

a c t i v i t y  in  an o th e r mind o r  in  the se lf-sam e  mind a t  a d i f f e r e n t  

p o in t  in  time.®

H. F re u d e n th a l and A. H ey ting , 'L e v e n sb e ric h t van L .S .J .  Brouwer*, 
Jaa rb o ek  d e r  Ned erlan d  se Akademie van We te n se  happen. I 966 -  19&7, 
p. 335 ; A. Heyting, '•Yn Memoriam ïi .É é J . Brouwer' . Algemoon Neder
la n d  s T i j d s c h r i f t  voor W ijsbe g e e r te en P sy ch o lo g ie , v o l . 59 (1967). 
L e t t e r  A. H eyting to  W.P. Van S t i g t ,  29 th  O ctober, 1969.

1223, p . 37.
1905 , pp. 47 f f .  S im ila r  views v;ere ex p ressed  by B ergson in  ' Le r i r e : 
de quoi r i t - o n .  pourquoi  r i t - o n ? I 884

1 2 4 8 2 , p . 1240.
T h is  d i s t i n c t i o n  is  f re q u e n tly  in p l ie d  in  B rouw er's re fe re n c e  to  
language as ' a means o f com m unication' and 'a n  a id  to  memory .
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B rouw er's  m ental a c t i v i t y  i s  m athem atical a c t i v i t y ,  id e n t i f i e d  in  

C hap ter I I  w ith  i n t u i t i o n .  There is  in  h is  work no s y s te m a tic a lly  

graded  h ie ra rc h y  o f  m ental o b je c ts  and judgem ents, no t even in  th e  manner 

o f  M einong's Objec t s  o f  Thought o r  I n v e s t ig a t io n s  in to  th e  Theory of 

O b jects  and P sycho logy . I 9O4 . N e ith e r  i s  Brouwer concerned v /ith  e p i s -  

te m o lo g ic a l a n a ly s is  o f  th e  a c t  o f  p e rc e p tio n  and th e  r e l a t i o n  betw een 

o b je c ts  and m ental a c t s ,  as were B ren tan o , H u sse r l , and Meinong, even 

though he does ex p ress  a s u b je c t iv i s t  o p in io n  s im i la r  to  th a t  o f  

H u sse r l ,^  In  r e s t r i c t i n g  h im se lf  in  most o f h is  w r i t in g  to  m athem atical 

m ental a c t i v i t y ,  Brouwer does no t n e c e s s a r i ly  imply th a t  a l l  m ental 

a c t i v i t y  i s  m a th em a tica l, even i f  h is  domain o f m athem atics s t r e tc h e s  

f u r th e r  th a n  is  commonly acc ep ted . The g e n e ra l term  'm en ta l a c t i v i t y '  

covers th e  b a s ic  i n t u i t i v e  concep ts and th e  m ental c o n s tru c t io n  r e s u l t in g  
from them.

B rouw er's  i n t e r e s t  in  sem antics v/as c e n tre d  round th e  n a tu re  o f 

language as a s ig n . U nlike m anufactured o b je c ts  th a t  by t h e i r  v e ry  

s t r u c tu r e  denote t h e i r  fu n c tio n  and m eaning, o r  s ig n s  th a t  resem ble 

what th ey  s ig n i f y ,  such as p h o to g rap h s, onom atopoeia, e t c . ,  language i s  

a s s o c ia te d  w ith  what i t  s ig n i f i e s  by conven tion  o n ly . T his type o f 

s ig n ,  w hether i t  i s  a spoken o r  w r i t t e n  word o r  a symbol o f  some o th e r  

form , i s  an o b je c t  th a t  conveys a meaning which cannot be found by c lo se  

s tu d y  o f th e  o b je c t  i t s e l f .  By meaning here i s  understood  an a s s o c ia t io n  

o f  th e  s ig n  and th a t  which i t  s i g n i f i e s ,  an a s s o c ia t io n  which i s  t o t a l l y  

a r b i t r a r y .  The a c tu a l  d iv e r s i ty  o f human languages i l l u s t r a t e s  t h e i r  

a r b i t r a r i n e s s .  T h is a s s o c ia t io n  o f  th e  s ig n  w ith  what i t  s ig n i f i e s  

comes in to  b e in g  by an a c t  o f the  w i l l ^ , and th e re fo re  even when a word 

r e l a t e s  to  a p h y s ic a l o b je c t ,  i t  can o n ly  do so v ia  the  human mind.

P u re ly  as  an o b je c t  i t  has no meaning : 'Language by i t s e l f  has no

1 E .g . 'About such concep ts as " tr ia n g le "  th e re  w i l l  be l i t t l e  mis
u n d e rs ta n d in g , b u t even here tv/o d i f f e r e n t  people w i l l  never th in k  
o f  e x a c tly  th e  same th in g . ' ( l2 2 3 , P* 57 .)
Brouwer sees th e  whole p ro cess  o f  communication th rough  language 
w ith in  the  sphere o f  th e  w i l l ,  even to  the e x te n t  o f  c la im in g  th a t  
th e  so le  purpose o f com m unication, and language in  p a r t i c u l a r ,  i s  
th e  im p o s itio n  o f  the  s p e a k e r 's  w i l l ,  a f a v o u r i te  theme in  th e  
S ig n i f ie  Movement and a lso  o f  Schopenhauer. T his ag a in  i s  as  s tro n g ly
ex p ressed  in  I 9O5 as, i n  1£2§A and 1948C: 'The purpose o f  language 
i s  to  keep th e  w i l l  (Du. w ilsb ew ee^  on one p a th ' ( l9 0 5 . p . 38 ); 
c f .  I 929A . ' W illen sau fe rleg u n g  durch L au te ' , p . 153; a ls o  pp. 157-158.
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m ean in g '^ , i t  becomes a s ig n  on ly  when a meaning has been g iven  to  i t ,

A p r i o r i  e x is te n c e  o f  th e  s ig n i f ie d  fo llo w s from th e  n a tu re  o f  th e  s ig n  
i t s e l f .

As to  the  n a tu re  o f  th e  * s ig n if ie d .’ , Brouwer avo ids such p h ilo so p h ic a l 

q u e s tio n s  as w h eth er, in  the case  o f  p h y s ic a l o b je c ts ,  th e  a s s o c ia t io n  

i s  w ith  th e  o b je c t i t s e l f ,  o r  w ith  th e  o b je c t as i t  has been  p e rce iv ed  

by th e  sp eak er. He u su a lly  r e s t r i c t s  h im se lf  to  m athem atical  la n g u a g e , 

i . e .  th e  language to  communicate m athem atics.^  The b a s ic  m athem atical 

c o n s tru c ts  a re  i n t u i t i v e  c o n c e p ts , and so a re  a l l  f u r th e r  p a r t s  o f  

m athem atics c o n s tru c te d  from th e se .

Brouwer’ s main argument concern ing  th e  inadequacy o f  m athem atical 

language i s  based  on th e  g e n e ra l n a tu re  o f language as a s ig n . Even 

i f  some form o f  i n t e r s u b je c t iv i t y  o f  the  p r im o rd ia l i n t u i t i o n  o f tw o - ity  

were a c c e p ta b le ^ , m utual agreem ent on the  co n n ec tio n  o f  th i s  concept 

(and  f u r th e r  co n cep ts) and the  symbol s ig n ify in g  i t  i s  b rough t about by 

e x p la n a tio n  o r  in s t r u c t io n  u s in g  common language . I n  la n g u ag e , 

in s is te n c e  on a p r i o r i  e x is te n c e  o f meaning le a d s  u l t im a te ly  to  the  

im p o s s ib i l i ty  o f com munication th rough  language o r  s ig n s ,  o r  a t  l e a s t  

o f  p e r f e c t  accu racy  o f  such com m unication. Brouwer’ s r e s e rv a t io n s  on 

m athem atical t r u t h  a re  no t the  r e s u l t  o f  e p is te m o lo g ic a l s c e p tic ism  o r 

su b je c tiv ism ; he f u l l y  m a in ta in s  v a l i d i t y  and t r u t h  o f  m athem atics 

b ased  on th e  p r im o rd ia l  i n t u i t i o n  and c o n s tru c t io n  in  each in d iv id u a l 

mind: 'P u re  m athem atics can be e x a c t when p r a c t is e d  in  s o li tu d e  in  a

human mind endowed w ith  u n lim ite d  power o f  memory . . .  t h i s  e x a c tn e s s , 

how ever, would be l o s t  in  m athem atical com m unication betw een p e o p le ’ .^

He doub ts th e  p o s s i b i l i t y  o f  p roducing  agreem ent p u re ly  by means of 

lan g u ag e . In d eed , the  whole o f C hapter IV o f  1903. ' On Language’ , i s

1
1223, p . 4D.
As to  m athem atica l lan g u ag e , Brouwer does n o t see any e s s e n t i a l  
d if f e re n c e  betw een o rd in a ry  language and sym bolic language; c f .  
e .g .  ’J u s t  as any m athem atical lan g u ag e , so can a ls o  th i s  language 
(o f  c l a s s i c a l  lo g ic )  w ithou t d i f f i c u l t y  be condensed to  sy m b o ls .’
(1222 , p . 141, fo o tn o te ) .  When Brouwer u ses  th e  word ’ ta a l*  (language) , 
he has in  mind a  c o n c re te , m eaningful e x p re ss io n  in  sounds o r  sym bols, 
no t a t o t a l i t y  o f words to g e th e r  w ith  gram m atical and s y n ta c t ic a l  
r u le s .  We s h a l l  use th e  word ’lan g u ag e’ in  th e  Brouwer sense o f 
’ a  v e rb a l  d e s c r ip t io n * .

See above p . 98 .

1233, p. 38.
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devoted  to  s t r e s s in g  th e  n e c e s s i ty  o f  ’p r e - e x is t in g  harmony o f w i l l ’ , 

o r  even p r e - e x i s t in g  u n d e rs tan d in g  b e fo re  com m unication.^ T y p ic a l i s  

h is  s ig h  o f  d e s p e ra t io n  a t  th e  b eg inn ing  o f  194BC. where he e x p re sse s  

h is  f e a r s  th a t  t h i s  m utual u n d ers tan d in g  i s  la c k in g  and h is  l e c tu r e  
m ight ’ rem ain  a s o l i lo q u y ’ .

Brouw er’ s concep t o f language had f a r - r e a c h in g  consequences and 

a f f e c te d  h is  view s on many to p ic s  such as lo g i c ,  e x is te n c e  and mathe

m atics  i t s e l f .  We w i l l  hero  c o n s id e r  th re e  dom inant themes th a t  ru n  

th rough  h is  work and which fo llo w  im m ediately  from h is  concept of language : 

1® The e s s e n t i a l  inadequacy o f  language as a medium o f com munication; ( l . 3 )  

2® The s e p a ra t io n  betw een m athem atics and i t s  re c o rd in g ; ( I . 4 )

3° M athem atics as an a c t i v i t y  o f th e  mind, ( l . h )

1 .3  The inadequacy o f  language f o r  com municating m ental a c t i v i t y  i s

a theme th a t  can be found in  a l l  Brouwer’ s work on th e  fo u n d a tio n s  o f 

m a them atics, i t  i s  even echoed in  th e  work o f  h is  most prom inent s tu d e n t 
Arend H ey ting i^

In  12P7: ' . . .  lan g u ag e , which i s  on ly  a d e fe c tiv e  means o f  communicating

m athem atics and has n o th in g  to  do w ith  m athem atics i t s e l f  

excep t as i t s  accom panim ent.’ *̂ (p . I 41)

’ . . .  th e  language o f  m athem atics ,  which i t s e l f  i s  not 

m athem atics b u t on ly  a d e fe c tiv e  medium o f  communicating 

m athem atics and an a id  to  memory.’ (p . I 69)

I n  1912A: . . .  n e i th e r  o rd in a ry  language n o r any sym bolic language can

have any o th e r  ro le  th a n  th a t  o f  s e rv in g  as a non-m athem atical 

a u x i l i a r y . ’ (p . 13)

How much Brouwur s t i l l  stood  by liis  id e a s  as ex p ressed  in  th i s  
C h ap te r i s  e v id e n t from a l e t t e r  to  Mr. A. H i l l  ( 6 th  Septem ber, 1964) .
I n  o rd e r  t a  show t h a t  a n -S n g lish  p u b lic a t io n  o f  Leven. K unst en  M ystiek 
was a w orthw hile e x e r c is e ,  Brouwer s i n g e d  ou t t h i s  C hap ter f o r  
t r a n s l a t i o n .

There a re  many in s ta n c e s ;  ty p ic a l  i s  th e  opening l i n e  o f  h is  most 
im p o rtan t v/ork, 'D ie  i n t u i t i o n i s t i s c h e  M athem atik i s t  e in e  D enk tB tig - 
k e i t  unde jed e  S prache, auch d ie  f o r m a l is t i s c h e ,  i s t  f i i r  s ie  nur 
H i l f s m i t te l  zu r M it te i lu n g ’ . (D ie fo rm alen  R egain  d e r  i n t u i t i o n i s t i s c h e n  
L og ik ’ j S itz u n g s b e r ich te  d e r pre u sz isc h e n  Akademie von W issen sch aften , 
p h y sik a lisch -m a th em a tisch e  K la s s e , 1930, p . 142.

Brouwer f r e q u e n t ly  u ses  th e  D utch word ’b e g e le id in g ’ in  th i s  c o n te x t,  
in  l a t e r  E n g lis h  p u b lic a t io n s  u s u a lly  ’accompaniment’ which i s  the 
l i t e r a l  t r a n s l a t i o n .  He a lso  u ses  th e  e x p re ss io n  ’ t a a l p a r a l l e l ’ 
( l i n g u i s t i c  p a r a l l e l ) ,  e .g .  1907. p . 173 . I n  o th e r  p la c e s  he speaks 
o f  th e  p r o je c t io n  o f  m athem atics in to  language.
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In  I 929A: 'Even f o r  pure m athem atics th e re  i s  no c e r t a in  language ,

i . e .  a language which excludes a l l  m isu n d erstan d in g  and 

e r r o r  in  com m unication, and when used as an a id  to  memory.'

(p . 157)
In  1953* 'B ecause o f  th e  n a tu re  o f  lan g u ag e , e r r o r s  and m istak es  can 

never be com plete ly  p rev en ted , (p . 54)

In  1947B: . . .  in  i n t u i t i o n i s t i c  th in k in g  the  ro le  o f m athem atical

language can only  be th a t  o f an a id  to  help  memorize mathe

m a tic a l c o n s tru c t io n s  o r  c o n s tru c t io n  m ethods, o r  to  sug g est 

them to  o th e r s ,  s u f f i c i e n t  f o r  a l l  p r a c t i c a l  p u rp o ses , b u t 

n e v e r th e le s s  nev er com plete ly  sa feg u ard in g  a g a in s t  e r r o r  . . . ,  

i n t u i t i o n i s t i c  m athem atics i s  th e re fo re  an e s s e n t i a l ly  language
l e s s  a c t i v i t y , ' (p . 339)

1952B. p . 140 and ^1233, P» 2 , a re  l i t e r a l  re s ta te m e n ts  o f th i s  l a s t  

p a ssag e . The inadequacy o f language in  e x p re ss in g  m athem atics was th e  

fundam ental rea so n  f o r  B rouw er's c la im , lo n g  b e fo re  G-Bdel’ s p ro o f in  

1931 , t h a t  form al system s a re  n e c e s s a r i ly  incom ple te ,

1 .4  I t  i s  th e  com plete s e p a ra t io n  o f  m athem atics and i t s  d e s c r ib in g

language th a t  Brouwer l a t e r  saw as h is  main achievem ent: 'The f i r s t

a c t  o f  in tu i t io n is m  com plete ly  s e p a ra te s  m athem atics from m athem atical 

lan g u ag e , in  p a r t i c u l a r  from the  phenomenon o f  language which a re  

d e sc r ib e d  by th e o r e t i c a l  lo g ic ,  and reco g n izes  th a t  i n t u i t i o n i s t  

m athem atics i s  an  e s s e n t i a l ly  la n g u a g e le ss  a c t i v i t y  o f  th e  m in d . . . '^

The a b so lu te  d i s t i n c t i o n  betw een m athem atics and i t s  e x p re ss io n  was 

o f fe re d  by Brouwer as th e  cure o f  th e  c r i s i s  in  th e  fo u n d a tio n s  o f 

m athem atics. In  Gronds lag en  he had a lre a d y  c r i t i c i z e d  P o in c a re ^ fo r  

n o t go ing  f a r  enough in  h is  c r i t i c i s m  o f  lo g ic ism  and can to rism ;

'He does no t go to  th e  ro o t o f  th e  t r o u b le ,  which l i e s  much d eep e r,

i . e .  th e  co n fu s io n  o f  the  a c t  o f c o n s tru c t in g  m athem atics and th e  

language o f  m a th e m a tic s . '^

H ere , Brouwer indeed p u ts  h is  f in g e r  on th e  main d if fe re n c e  betw een 

h im se lf  and th e  ' p r e - i n t u i t i o n i s t s P o i n c a r e ,  B o re l and Lebesgue.

1 1212B, p. 149.
1907. p . 176 ; in  th i s  p a ssa g e , Brouwer r e f e r s  to  P o in c a re 's  a r t i c l e s  
in  Revue de M étaphysique e t  de M orale , v o l .  13 (1 9 0 5 ), pp. 815 -  835 
and v o l 14  (1906j ,  pp. i f  -  34. Cf 1912A. p . 13 fo o tn o te ;  a lso  p . 1 4 .

A term  used  by Brouwer in  l a t e r  p u b lic a t io n s  ( e .g .  1952B. p . I 40) .
I t  i s  i n t e r e s t in g  to  compare th i s  to  th e  e a r l i e r  term  'n e o - i n t u i t i o n i s t '  
( e .g .  1912A. p . 12) ,  used f o r  a l l  those  in  the i n t u i t i o n i s t i c  movement 
in c lu d in g  h im se lf .



- 119 -

Whereas they  a re  a l l  i n  agreem ent on m athem atics as a human m ental 

a c t i v i t y ,  th e  p r e - i n t u i t i o n i s t s  see e x p re ss io n  in  language o r  symbols 

as an e s s e n t i a l  p a r t  o f m athem atics,^  B rouw er's p o in t  o f  v iew , 

how ever, was n o t e n t i r e ly  o r ig in a l ,  P o in c a re 's  s tan d  on language and 

m athem atics was fo rm u la ted  m ainly as the r e s u l t  o f  a p u b l ic a t io n  by 

E, LeRoy in  th e  Revue de Metaphysique e t  de M orale,^  LeRoy e x p re sse s  

views v e ry  s im i la r  to  those  o f Brouwer: 'S c ien ce  c o n ta in s  two elem ents

o f  v e ry  d i f f e r e n t  c h a ra c te r ,  an a ^ t  by v/hich i t  i s  in s p ir e d  and v/hich 

form s i t s  o r ig in ,  and a r e p ^ s e n t a t v / h i c h ,  as f a r  as p o s s ib le ,  

e x p re sse s  the  acq u ired  r e s u l t s .  P ro g ress  i s  due to  th e  fo rm er, th e  

l a t t e r  p ro v id es  a language more o r l e s s  w e ll ad ap ted , b u t no t a tru e  
source o f v e r i f i c a t io n , '®

In  h is  c r i t i c i s m  o f  LeRoy, Poincare*" m a in ta ined  th a t  c e r t a in ty  o f  

a m athem atica l theorem  can on ly  be th e  r e s u l t  o f  an argum entative  

p ro o f ,  and th a t  a  concept i s  on ly  t r u ly  m athem atical i f  i t  can  be 

d e f in e d  in  a f i n i t e  number o f  v/ords and is  f r e e  from c o n tra d ic t io n ,^
In  t h i s ,  P o in ca re  may seem to  come v ery  n ea r H i lb e r t 's  o r ig in a l  p o in t

B o r e l 's  ' r e a l i s t i c '  v iew poin t demands o f m athem atical o b je c ts  th a t  
we can p u t them in to  language ( c f .  Legons su r  l e s  s e r ie s  a term es 
p o s i t i f s . P a r i s ,  1902, p . 169) .
Lebesgue a ls o  demands o f  m athem atical o b je c ts  th a t  th ey  are  
'N om m ables', ( c f . ' Sur l e s  fo n c tio n s  r e p re s e n ta b le s a n a ly tiq u e m e n t '.  
Jo u rn a l de m athém atiques pur e e t  a p p liq u é e s . Cf. a lso  'S u r  le s  
c o n tro v e rse s  su r  l a  th é o r ie  des ensem bles e t  l a  q u e s tio n  des 
fo n d e m e n ts ', Les E n t r e t ie n s de Z u r ic h , p . I I 8 ) .  ^
In  th e  quoted p assag e , Brouv/er m a in ta in s  th a t  P o in c a re 's  c h ie f  
o b je c t io n  to  lo g ic ism  and can to rism  was p e t i t i o  p r i n c i p i i  and 
accep tan ce  o f  th e  a c tu a l  in f in i te *  I n  a l l  f a i r n e s s  to  P o in c a ré , i t  
must be sa id  th a t  he based  h is  o p p o s itio n  to  lo g ic ism  in  tho-se 
a r t i c l e s  on:
i .  The inadequacy o f  lo g ic  in  i t s  choice o f axiom s,and
i i .  in  d e c id in g  which course to  fo llo w  th rough  th e  v a s t  number o f 

lo g i c a l  com binations w ith o u t th e  guidance o f  i n t u i t i o n ,
(o p . c i t .  12257.P* 817) .

i i i .  The need o f  th e  p r in c ip le  o f  m athem atical com plete in d u c tio n  
o r  th e  i n t u i t i o n  o f the sequence o f  th e  n a tu ra l  numbers
(op . c i t .  1906 , pp. 27 -  30; c f .  a lso  La Science ok L 'H ypo thèse . 
P a r is  1902, pp. 20 f f . )

I t  i s  ty p ic a l  o f Brouv/er to  m ention here  only  th e  p o in ts  o f  d is 
agreem ent. On th e  o th e r  hand, he uses i i i  in  G-rondslagen (p p ,170-171) 
to  prove a p r i o r i t y  o f  m athem atics w ith  r e s p e c t  to  lo g ic ,  and c la im s 
l a t e r  (1928A. p . 375) th a t  ' t h i s  f i r s t  appeared in  w r i t in g  in  G n œ ^ -  
la g e n '. a lth o u g h  he adm its here th a t  'a  case had been p rep ared  by
P o in o are l
'S u r  l a  lo g iq u e  de l ' i n v e n t i o n ’ . Revue de M étaphysique e t  de M orale , 
v o l .  1 3 , ( 1905) pp. 193 -  223.
Ib idem , p . 203. , See f u r th e r  ou r comment on Bergson and LeRoy, p . 183. 

Op. o i t . , p . 226...
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o f  view , Hovreviir., in  th e  r o le s  a sc r ib e d  to  com plete in d u c tio n  th e re  

i s  an e s s e n t i a l  d i f f e r e n c e ,  and a lso  in  th e  d e f in i t io n s  o f  m athem atics. 

The l o g i c i s t  (and  fo rm a l is t )  view  as expressed  by C o u tu ra t, ' Pure 

m athem atics i s  a c o l le c t io n  o f  fo rm al im p lic a tio n s  independent o f 

c o n te n t‘d, was s tro n g ly  a t ta c k e d  by P o in c a re , even though he seems 

r a th e r  vague about th e  e x is te n c e  o f  m athem atical c o n te n t,^  O p p o sitio n  

to  t h i s  r a d ic a l  fo rm alism , and em phasis on the ro le  o f  th e  human mind 

b e fo re  e x p re s s io n  in  lan g u ag e , form th e  b a s is  o f  a common f r o n t  o f  

b o th  Brouwer and th e  p r e - i n t u i t i o n i s t s ,  w h ile  th e  d if fe re n c e  between 

Brouwer and th e  p r e - i n t u i t i o n i s t s  i s  m ainly B rouw er's more r a d ic a l  
view o f  lan g u ag e .

K. Popper in  h is  a r t i c l e ,  'E p istem ology  w ithou t a knowing s u b je c t '® , 

seems unaware o f  t h i s ,  and i s  e s s e n t i a l ly  on the  s ide  o f  th e  p re -  

i n t u i t i o n i s t s .  I n  t h i s  a r t i c l e ,  which i s  meant as a t r i b u t e  to  Brouwer,'* 

he c la im s i t  to jbe B rouw er's main achievem ent th a t  'h e  showed th a t  

m athem atics i s  c re a te d  by man^, and th a t  ' m athem atical o b je c ts  must 

e x i s t  b e fo re  we can t a lk  about t h e m b u t  on th e  o th e r  hand he r e j e c t s  

B rouw er's s e p a ra t io n  o f m athem atics and language. As to  th e  ' man-made' 

c h a ra c te r  o f  m athem atics, t h i s  had a lre a d y  been claim ed by Poincare^ as  

e a r ly  as 1894^; i t  a lso  was th e  main theme o f  B o re l 's  a n th ro p o lo g ic a l 

re a l is m .

 ̂ 'L es  p r in c ip e s  de m a th ém a tiq u es '. Revue de M étaphysique e t  de M orale . 
v o l .  12 ( 1904) ,  p . 21.

® Cf. p . 76 , T h is  i n t u i t i o n  sometimes seems to  be p u re ly  p sy c h o lo g ic a l,  
( 'L 'in v e n t io n  m a thém atique ', L 'Enseignem ent m athém atique, v o l .  10 
( 19O8 ) ,  pp. 337 -  371) ,  sometimes more r a t i o n a l .

® L o g ic . M ethodology and P h ilosophy  o f Science I I I . P roceed ings o f th e  
t h i r d  in t e r n a t io n a l  congress f o r  lo g ic ,  methodology and ph ilo sophy  
o f  s c ie n c e , Amsterdam I 967 , ed. B. van R o o tse la a r  and J .F .  S ta a l ,
pp. 333 -  373.

'* Ib idem , p . 333.

5 Ib idem , p . 358.
® 'S u r  l a  n a tu re  de raisonnem ent m a thém atique ', Revue de M etaphysique 

e t  de M o ra le , v o l .  2 (l8 9 4 ) , pp. 371 -  374*
C f. 'L a  lo g iq u e  e t  l ' i n t u i t i o n  en m a th ém a tiq u es '. Revue de Méta
physique e t  de M orale, v o l.  15 ( 19O7 ) ,  pp. 273 -  283, f u r th e r  
developed  e s p e c ia l ly  in  Leçons ^ ^ r  l a  th é o r ie  des F a r is
I 898 w ith  a d d i tio n s  o f  1928 e d i t io rT fn o te s  IV, V , V I, é îZ  V I l ) , and 
in  'L a  th é o r ie  des ensem bles e t  l e s  p ro g rè s  ré c e n ts  de l a  th é o r ie  
des f o n c t io n s ' , Revue géné ra le  des sc ie n c e s  pu res e t  aj3ulj:jquee_s , 
v o l .  20 ( 1909) , pp. 315 -  324 .
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P opper’ s r e j e c t i o n  o f  B rouw er's s e p a ra t io n  o f  language and 

m athem atics i s  based  on the  c o n v ic tio n  th a t  i n t e r a c t io n  betw een 

m athem atic ians th ro u g h  argum entative  language c o n t r ib u te s  s u b s ta n t i a l ly  

to  m athem atical know ledge^, and th a t  language can be 'e x o so m a tic ' and 
c o n s t i tu te  a l i n g u i s t i c  th i r d  world.®

Even though Brouwer had h is  s u b je c t iv i s t  su sp ic io n s  about th e  

v a lu e  o f s c i e n t i f i c  debate® , he c e r t a in ly  in  h is  l i f e ' s  p r a c t ic e  and 

in  h is  w r itin g s^  conceded the p o s s i b i l i t y  o f c o o p e ra tio n  betw een 

m athem atic ians and th e  va lu e  o f  r ig o ro u s  c r i t ic i s m .  But t h i s  would 

n o t n e c e s s a r i ly  a l t e r  h is  main t h e s i s ,  no r i s  the  d i s t i n c t i o n  between 

d e s c r ip t iv e  and a rgum en ta tive  language convincing . In  th e  in t e r a c t io n  

r e s u l t in g  from argum en ta tive  lan g u ag e , as in  a l l  m athem atical a c t i v i t y ,  

th e  'c o o p e ra t iv e ' c r e a t io n  o f  m athem atics ta k es  p la ce  in  th e  in d iv id u a l  

m inds, in f lu e n c in g  each o th e r  and communicating th rough  a  medium which 

-  e s p e c ia l ly  in  argument -  has i t s  d e f ic ie n c ie s .  While no t ex c lu d in g  

in t e r a c t io n  and v a r io u s  o u ts id e  in f lu e n c e s  o r  more complex s i t u a t io n s ,  

Brouwer reduced  th e  r e l a t i o n  betw een m athem atics and language to  th a t  

o f  th e  s ig n  and th e  s ig n i f i e d ,  tv/o elem ents o f  e n t i r e ly  d i f f e r e n t  

n a tu re ,  each w ith  i t s  own s e t  o f  r u le s .  His main c o n c lu s io n  i s  th a t  

language by i t s e l f  cannot c o n tr ib u te  any th ing  to  m athem atics.

As to  P o p p e r 's  l i n g u i s t i c  ' t h i r d  w orld ' o f 'books in  th em selves, 

th e o r ie s  in  th e m se lv es , problem s in  them se lv es ' ^ th i s  i s  no t a 

d isag reem en t on m inor p o in ts  b u t i s  d ia m e tr ic a l ly  opposed to  B rouw er's

 ̂ Op. c i t . , p . 361 .

® Ib idem , p . 34-6. Popper claim s t h a t  Brouwer sometimes adm its th a t  
o b je c ts  o f m athem atics owe th e i r  e x is te n c e  p a r t l y  to  language , and 
he th e n  quotes 1925D where Brouv/er says 'D er M athem atik l i e g t  e in e  
unbegrenzto  Folge von Z eichen bzw en d lich en  Z e ich en re ih e  zugrunde. . . '  
T h is ,  Popper c la im s , shows th a t  Brouwer was aware th a t  signs were 
needed to  c a r ry  o u t c o n s tru c t io n s .  In  1947B. p . 339, however, 
Brouwer p o in ts  a t  some id e n t i f i c a t i o n  o f s ig n  and s ig n i f ie d  f o r  
p r a c t i c a l  p u rp o ses : 'Because o f th e  la n g u ag e le ssn ess  o f  m athem atics, 
th e  word s ig n  ( Zeichen) and e s p e c ia l ly  the  word num erical compound 
(Z iffe rnkom plex ) must be thought o f as t h o u g h t - s i ^  (Du. gedach ten - 
te e k e n s ) , c o n s is t in g  in  m athem atical e n t i t i e s  (Du. denkbaarheden, 
i . e .  l i t e r a l l y :  t h i n k a b i l i t i e s )  a lre a d y  c o n s tru c te d .

® C f. 1905 . C hap ter I I I .

" Cf. 1928A. pp. 374-, 375.

® Op. c i t .  p . 342 .
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fundam ental th in k in g  on language .^  P o p p e r 's  case  a g a in s t  language as 

p u re ly  a medium o f com munication i s  no t v ery  s tro n g ,  n e i th e r  does h is  

a ttem p t to  undermine the  e s s e n t i a l  r e l a t i o n  o f language and th e  human 

mind sound v e ry  conv in c in g . The case o f  th e  hook th a t  rem ains a book 

even 'w ith o u t th e  r e a d e r ' ,  l i k e  ' t h e  d e se r te d  w asp 's  n e s t  even a f t e r  

i t  has been  deserted® , seems im m ateria l in  th i s  c o n te x t ,  e s p e c ia l ly  

when Popper adm its th a t  a  book in  o rd e r  to  belong  to  th e  w orld o f 

o b je c tiv e  know ledge, in  p r in c i p le ,  o r  v i r t u a l l y  should be capab le  o f 

b e in g  g rasped  by somebody.® Popper cla im s t h a t ,  l ik e  Brouwer and 

u n lik e  P la to ,  he w ants th i s  t h i r d  w orld to  be man-made, b u t in  o rd e r  

to  s t r e s s  th e  autonomy o f h is  th i r d  world he cannot he lp  q u o tin g  the 

lo g a rith m  book e n t i r e ly  w r i t t e n  and produced by machine,

B rouw er's sim ple case rem ains: th a t  a human mind has a t ta c h e d

-  q u ite  a r b i t r a r i l y  -  a meaning to  a p h y s ic a l o b je c t ,  which can th e n  

communicate t h i s  meaning to  a mind which knows th e  a s s o c ia t io n ;  th a t  

w ith o u t ' the re a d e r ' i t  would nev er be a  s ig n  b u t sim ply rem ain th e  

p h y s ic a l o b je c t  i t  was. The h y p o th e tic a l  case o f  the  human race  

d e s tro y e d  and books su rv iv in g , subseq u en tly  d ec ip h ered  and read  by 

v i s i t o r s  o f o u te r  space'*, does n o t a l t e r  th i s  s in g le  f a c t  no r d isp rove  

Brouwer’ s in s is te n c e  on the  s e p a ra t io n  o f  m athem atics and i t s  l i n g u i s t i c  

d e s c r ip t io n .

1 .5  M athem atics as m ental ac t i v i t y

In  h is  p h i lo so p h ic a l  a n a ly s is  o f th e  n a tu re  o f m athem atics, 

' i n t u i t i v e  m ental a c t i v i t y ’ (s e e  above C hapter I I ) ,  Brouwer s t a r t s  

w ith  th e  human mind, a  com plete b la n k , and a r r iv e s  a t  th e  concept o f

 ̂ Cf. th e  whole o f  C hapter I I I ,  1905. ty p ic a l  o f which i s  : 'Language
by i t s e l f  has no meaning and a l l  ph ilo sophy  w hich looked f o r  c e r t a in ty  
in  th a t  d i r e c t io n  cameto g r i e f  . . .  a language which t r i e s  to  l i v e  on 
in d e p en d en tly  in  th e  s o -c a l le d  pure concep t i s  an a b s u rd ity ,  s im ila r  
to  a f r o g 's  h e a r t  th a t  acco rd in g  to  p h y s io lo g is ts  i s  'k e p t  a l iv e  
even when se p a ra te d  from i t s  o r g a n s '. (p . 40)
Cf. a lso  1907 . p . 177 : ' one should  no t reg a rd  m athem atical form ulae 
as  t r u th s  le a d in g  an independent e x i s t e n c e , . . '

In  1935 Brouwer c l e a r ly  condemned th e  c o n v ic tio n  ' t h a t  a f t e r  the 
e x t in c t io n  o f  hum anity m athem atical t r u t h s ,  j u s t  as laws o f  n a tu re ,  
w i l l  sLirvive. ' (p . I I 3 )
Cf. a ls o  19480. p . 1245.

® Op. c i t .  p . 341 . .

® Ib idem , p . 342.

 ̂ Ibidem, p. 342.
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tw o - ity  th rough  aw areness o f  p a s t and p re s e n t s e n sa tio n s  and m athe
m a tic a l a b s t r a c t io n .

On the  o th e r  hand, he was enough of a r e a l i s t  to  know t h a t  th i s  

i s  no t tho u su a l p ro cess  by which people le a r n  about th e  n a tu r a l  numbers. 

I n  f a c t  th e  v e ry  f i r s t  l i n e  o f G rondslagen s t a r t s :  ’One, two, th r e e ,

, the  sequence o f  sounds we have a l l  le a rn e d  by h e a r t  . . . ’^

Language i s  accep ted  as ’a means o f communicating m athem atics’ , even 

i f  i t  i s  a d e fe c tiv e  one; i t  i s ,  however, s t r e s s e d  th at m athem atical 

co n c e p ts , even th e  s im p le s t ,  a re  .not g rasped  a t  f i r s t  s ig h t  o r h e a r in g , 

b u t t h a t  in  th e  f i n a l  a n a ly s is  they  a re  only f u l l y  a s s im ila te d  as th e  

r e s u l t  o f  an a c t iv e  p ro cess  o f re c o n s tru c tio n .  I f  o r ig in a l  mathe

m a tics  i s  a c o n s tru c t io n  in  the  mind, m athem atics communicated th rough  

language i s  the  same p ro cess  re p e a te d  in  a n o th e r  mind, no t a p a ss iv e  

undergo ing  o f  a m athem atical programme w ith  n e c e s s a r i ly  fo llo w in g  

u n d e rs ta n d in g : 'M athem atical language o r ig in a te s  i n  th e  human w i l l  to

evoke (Du. te  doen o p r ijz e n )  in  o th e rs  by means o f  sounds and symbols 

a copy o f t h e i r  ovm m athem atical c o n s t r u c t io n .’ ® I t  i s  t h i s  em phasis 

on a c t iv e  r e c o n s tru c t io n  th a t  made Brouwer in  h is  a n a ly s is  th in k  o f  

s e t s ,  r e a l  numbers and fu n c tio n s  as p ro ced u res .

There i s ,  hov/evor, no language th a t  can g u aran tee  a b so lu te  

i d e n t i t y  o f  the  c o n s tru c t io n  and i t s  ’copy*, re c o n s tru c te d  in  a n o th e r 

mind. (See ’I n t e r s u b j e c t i v i t y ’®).

2 .1  L oeic

The g e n e ra l i n t e r e s t  in  language tow ards th e  end o f  the  n in e te e n th  

c e n tu ry  was c lo s e ly  a l l i e d  to  a r e v iv a l  o f  i n t e r e s t  in  fo rm al log ic .- 

T h is  r e v iv a l  was la r g e ly  due to  the  p u b lic a t io n  in  1047 o f do Morgan’ s 

Form al L o^ic and e s p e c ia l ly  B oole’ s M athem atical A n a ly s is  o f Lo g ic ; h is  

d isc o v e ry  o f  the  a lg e b ra ic  s t r u c tu re  o f lo g ic  and h is  a ttem p t a t  a 

sym bolic n o ta t io n  s ta r t e d  a f r e s h  l i n e  o f re s e a rc h  (m ain ly  in  E n g lan d )* ,

1907 . p . 3.
1 2 ^ ,  p . 128. j

See above, p . 96 . |

F i r s t  in  E ng land , W.S. devons. Pure Logic . I 864  (but see fo o tn o te  ,p. 1 2 4 ), 
J .  Venn, Symbolic Log ic .  I 88I ;  J .  N. K eynes, Studies__and E x e rc ise s  
in  Form al Lo g ic . 1884; W.E. Johnson ’The lo g ic a l  c a lc u lu s ’ , Mind 
1892 ; l a t e r  in  America (C .S . P e i r c e ) ,  Germany (F rege and Schrdder) 
and I t a l y  (P eano).
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in  v/hich m athem atics and lo g ic  wore c lo s e ly  lin k e d . On th e  C o n tin e n t, 

t r a d i t i o n a l  A r i s to te l i a n  lo g ic  re ta in e d  i t s  a u th o r i ty  much lo n g e r ,  

p a r t ly  due to  the g re a t  in f lu e n c e  o f K an t’ s ph ilo sophy  and h i s  com

p la c e n t view  o f lo g ic  ’as having  to  a l l  apearances reached  i t s  com pletion* , 

and p a r t l y , e s p e c ia l ly  in  Germany and H o llan d , because o f  th e  t r a d i t i o n a l  

c h a ra c te r  o f  th e  u n iv e r s i t i e s .

The m athem atic ian  Boole co n ce n tra te d  h is  e f f o r t s  on th e  mathe

m a tic a l a s p e c ts  o f  t r a d i t i o n a l  lo g ic  and showed s u c c e s s fu lly  th e  b e n e f i t s  

o f  sym bolic m ethods. In  no way d id  he a ttem p t to  e s ta b l i s h  a more 

fundam ental r e l a t i o n  betw een lo g ic  and m athem atics; m athem atics and 

lo g ic  were s t i l l  seen  as two autonomous d is c ip l in e s .^

In  t h i s  r e s p e c t ,  B oo le’ s approach d i f f e r s  e s s e n t i a l ly  from 

L e ib n iz ’ s e a r l i e r  e f f o r t  to  c re a te  ’a m a th esis  u n iv e r s a l i s ’ , which 

v/as to  p ro v id e  th e  fundam ental p r in c ip le s  o f ev ery  sc ien ce  to g e th e r  

w ith  a sym bolic n o ta t io n  and c a lc u lu s .  The advances in  sym bolic lo g ic ,  

how ever, le d  to  renewed a ttem p ts  by the end o f  the  n in e te e n th  c e n tu ry  

to  seek  th e  u lt im a te  fo u n d a tio n s  o f m athem atics in  lo g ic  i t s e l f .

P e ir c e ,  Dedekind and C antor were the f i r s t  to  base t h e i r  number concept 

on lo g i c a l  a n a ly s i s ,  and in  t h i s  v/ay p laced  th e  fo u n d a tio n s  o f  

m athem atics e f f e c t iv e l y  w ith in  th e  domain o f  lo g ic .  G ottlob  Frege 

went a s te p  f u r th e r .  In  h is  B e g r i f f s s c h r i f t  ( 1879) he in v en ted  a new 

system  o f  sym bolic lo g ic ;  he th e n  used th i s  r ig o ro u s ly  to  base th e  

whole o f  a r i th m e t ic  on lo g ic  and i t s  s e c u r i ty  on th e  law s o f  lo g ic .

A l e s s  fundam ental a t t i t u d e  had been adopted  by Peano, who s e t  ou t to  

show th a t  a r i th m e t ic  and a lg e b ra  can be c o n s tru c te d  on th e  b a s is  o f 

a fev/ undefined  p r im it iv e  concep ts and undem onstrated  p r im itiv e  propo

s i t i o n s .  Brouwer in  p a r t i c u l a r  d ire c te d  h is  main c r i t i c i s m  a g a in s t  

Peano, Dedekind and C an to r, and nov/here m entions the  name o f  F rege.

A n x ie ty  on th e  p a r t  o f  lo g ic ia n s  no t to  be dom inated by m athem atics 
i s  w e ll ex p ressed  by devons ( Pure L og ic) . who wanted to  show the 
’ r e a l  s t r u c tu r e  o f  B o o le 's  lo g ic  by d iv e s t in g  h is  system  o f  a 
m a them atica l d r e s s ,  w hich, to  say th e  l e a s t ,  i s  no t e s s e n t i a l  to  i t ’ . 
I t  i s  in t e r e s t i n g  to  compare t h i s  q u o ta tio n  w ith  one by B outroux, 
v/ho in  1 ’Id e a l  S c ie n t i f i q u e des Mathémati c i e n s , (p . 2 03 ), ex p resses  
a re v e rs e  a n x ie ty ,  v e ry  much in  l i n e  w ith  Brouwer’ s id e a s :
’The m athem atical f a c t  i s  independent o f  th e  lo g ic  o r  a lg e b ra ic  
d re s s  in  which we seek to  r e p re s e n t  i t .  ’
Brouwer showed h is  a p p re c ia t io n  o f b o th  Boole and devons in
1233, p. 113 .
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Edmund H u sse r l ,  a m athem atic ian  o f g re a t  re p u te  on th e  C o n tin e n ta l 

sc e n e , r e je c te d  fo rm al lo g ic  h u t d e riv e d  th e  n e c e s s i ty  o f  m athem atical 

p r in c ip le s  from the  lav/s o f  l o g i c ,  f i r s t  a kind o f lo g ic  based  on 

psychology^ b u t l a t e r  a ’pure l o g i c ’ concerned w ith  th e  concep ts  common 
to  a l l  s c ie n c e s .^

In  1903 , R u s s e ll  p u b lish ed  h is  P r m c ip les of I% th ^ a " ^ c ^ . in  

which he s e t  h im se lf  a tw ofo ld  ta s k :  ’The p re s e n t work has to  f u l f i l

tv/o o b je c ts ;  f i r s t ,  to  show th a t  a l l  m athem atics fo llo w s from sym bolic 

lo g i c ,  and seco n d ly , to  d is c o v e r ,  as f a r  as p o s s ib le ,  what a re  th e  

p r in c ip le s  o f sym bolic lo g ic  i t s e l f . S ince th e  I n te r n a t io n a l  

Congress o f P h ilosophy  and M athem atics in  P a r is  in  I 9OO, the  ro le  o f 

lo g ic  i n  m athem atics had become th e  s u b je c t  o f  an i n t e r n a t io n a l  d e b a te , 

th e  R u s se ll -  P o in ca re  deb a te ,  m ainly  conducted in  th e  Revue do 

M etaphysique e t  de Moral e .  The d isco v e ry  o f R u s s e l l ’ s antinomy^had 

shaken th e  s e c u r i ty  o f  s e t  th e o ry  and lo g ic  as th e  u lt im a te  fo u n d a tio n s  
o f  m athem atics,

2 ,2  I t  was a t  t h i s  time th a t  Brouwer v/as w r i t in g  h is  d o c to ra l

d i s s e r t a t i o n  a t  th e  U n iv e rs ity  o f  Amsterdam, His s u p e rv is o r .

P ro fe s s o r  D .J , Koorfoveg, s tro n g ly  encouraged an i n t e r e s t  in  th e  to p ic a l  

c o n tro v e rsy  o f  Foundation  s tu d y  in  H olland ,

Brouwer saw the  d ebate  in  a much w ider c o n te x t ,  the  c e n t r a l  is su e  

b e in g  th e  b a s is  o f  the  v a l i d i t y  o f  m athem atics. On,page 94 o f 

.(^^ÇOUUslagen he says : ’The c l a s s i c a l  problem s o f space and tim e , which

were f o r  some tim e n eg lec te d  by th o se  m athem atic ians engaged in  foun

d a t io n  s tu d y , have been  b ro u g h t to  the  fo re  ag a in  by B,A.W, R u s s e ll  in  

h is  work E ssay  on the  F oundations o f  G eom etry ,’ '̂  I t  i s  th i s  work.

P h ilo so p h ie  d e r  A rithm ctiiv , I 89I .

L qgische U ntersuchungen, I 9OI and Phânomenqgie des G e is te s , I 9IO.
There i s  no d i r e c t  ev idence th a t  Brouwer a t  th e  tim e o f  h is  Gro n d slag en  
was in f lu e n c e d  by H u sse r l ,  o r  even was f a m i l i a r  w ith  h is  w r i t in g s ,  
even i f  t h i s  i s  most l i lc e ly  in  view o f H u ss e r l’ s fam e, s im i la r i ty  o f  
i n t e r e s t s  and c e r t a in  s t r ik i n g  s i m i l a r i t i e s  in  d e f in i t io n s  o f lo g ic ,  
e t c .  I n te r e s t in g  to  no te  i s  Brouwer’ s l a t e r  f r ie n d s h ip  w ith  H u sse rl 
a t  a  tim e when H u sse rl tended more and more tow ards a s o l i p s i s t i c  k ind  
o f id e a lis m , abandoning h is  e a r l i e r  demands f o r  o b je c t iv i t y ,  so ch a ra c 
t e r i s t i c  o f  h is  L o g ischo U ntersuchungen,

P u b lish ed  in  P r in c ip le s  o f hQ^Qajy^cs , London I 903 , p a r . 78 and 
C hap ter X, E a r l i e r  d isc o v e ry  o f an tinom ies (C an to r 1895, B u ra l i -  
F o r t i  1897) was no t w idely  known, nor tak en  s e r io u s ly ,  Cf, A, Fraenl-cel,
Y, B a r - H il le l  -  F o u n d a tions._of_ S e t T heo ry , pp. 1 -  18,

122Z, p. 94.
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acc o rd in g  to  Brouwer, th a t  i n i t i a t e d  the  debate  . . .  and le d  to  con tinued  

d is c u s s  io n s  in  the  Reyua _MoraJ^e betw een C o u tu r a t ,

Poincare*", L ech a las  and th e  a u th o r  (R u sse ll)  h im s e lf ’ . L a te r^ ,  Brouwer 

d e sc r ib e s  th e  d ebate  as sim ply betw een the  G erm an -Ita lia n  schoo l 

( l o g i c i s t s  and fo rm a l is ts )  on the  one hand, and the  F rench  ( i n t u i t i o n i s t )  

t r a d i t i o n  on th e  o th e r .  In  p la y in g  down th e  ro le  o f lo g ic  as th e  

c e n t r a l  is s u e  o f  th e  R u s s e ll—P oin ca re  d e b a te , Brouwer was c e r t a in ly  

in f lu e n c e d  by h is  ov/n view s on language and lo g ic ,  and th e  m inor ro le  he 

a s c r ib e s  to  lo g ic  in  m athem atics.

Even i f  o p in io n s  on Brouw er’ s p o s i t iv e  c o n t r ib u t io n  to  m athem atics 

v a ry ^ , he i s  g e n e ra l ly  g iven  c r e d i t  f o r  h is  c o n s is te n c y  and ra d ic a lism , 

Brouwer’ s c o n s is te n c y  in  r e j e c t i n g  D edekind’ s and R u s s e l l ’ s re d u c tio n  

o f  m athem atics^ to  lo g ic ,  P asch ’ s and H i lb e r t ’ s ax iom atic  fo rm a l iz a t io n ,  

C a n to r’ s and Z erm elo 's  th e o ry  o f s e ts  and t r a n s f i n i t e  num bers, as w e ll 

as P o in c a re ’ s accep tan ce  o f  n o n - c o n tr a d ic to r i ty ,  o r ig in a te s  in  h is  

com plete d e n ia l  o f  any c o n tr ib u to ry  ro le  o f  language in  m athem atics.

In  s p i te  o f  a l l  t h e i r  d i f f e r e n c e s ,  Brouwer b ra c k e ts  a l l  th e se  mathe

m a tic ia n s  as a p o s tle s  o f th e  word: ’The q u e s tio n  as to  where mathe

m a tic a l ex a c tn e ss  e x i s t s  i s  answered d i f f e r e n t ly  by b o th  s id e s ;  the  

i n t u i t i o n i s t  says : in  the  i n t e l l e c t ,  the  fo rm a l is t  say s : on p a p e r ,’ 4

In  G rondslagen he c a r e f u l ly  d is t in g u is h e s  betw een a x io m a t io is ts ,  

c a n to r ia n s ,  l o g i c i s t s  and f o r m a l i s t s ,  and th e  whole o f  C hapter I I I ,  

( ’M athem atics and L o g ic ’ ) ,  i s  devoted to  r e f u t in g  one system  a f t e r

1 •1912A.. p, 7 .

Cf. e ,g ,  Weyl, P h ilo sophy  o f M athem atics and N a tu ra l S c ie n ce , 
P r in c e to n  1949, p . 54* ’M athem atics w ith  Brouwer g a in s  i t s  h ig h e s t 
i n t u i t i v e  c l a r i t y . '  E , B ishop: ’M athem atics as a num erical
language (u n p u b lish e d ) , p . 1 : ’Brouw er’ s g re a t c o n t r ib u t io n  was to
an a ly ze  in te n s iv e ly  th e  in a d eq u ac ies  o f  c l a s s i c a l  m athem atics, '
Cf. a lso  E. B e th , op, c i t ,  p , 70,

Brouwer i s  more outspoken  in  h is  a t ta c k s  on D edekind, Peano and C antor 
(and l a t e r  on H ilb e r t )  th a n  on R u s s e ll ,  Even though R u s s e ll  showed 
th e  l o g i c i s t  in te n t io n  o f  red u c in g  m athem atics to  lo g ic  e q u a lly  
c l e a r ly ,  i f  no t more c l e a r l y ,  Brouwer s in g le d  ou t Dedekind f o r  a 
p e rs o n a l a t t a c k  on t h i s  sco re  ( l9 0 7 . p . 1 38 ), As i s  c l e a r  from 
C hap ter I I  o f  G rondslagen . Brouwer id e n t i f i e d  R u s s e ll  w ith  the  a ttem p t 
to  re v iv e  the  ’more fun d am en ta l’ is s u e s  o f tim e and space . A f te r  
condemning th o se  m athem atic ians who igno red  th e se  q u e s tio n s ,  he con
t in u e s :  ’Only r e c e n t ly  a book has been p u b lish e d  th a t  in  th e  l i g h t  o f
th e  l a t e s t  r e s u l t s  in  m athem atics has ag a in  posed th e se  p h ilo so p h ic a l 
q u e s t io n s ,  and t h i s  v/ork by B.A.W, R u s s e l l ,  An E ssay  on th e  Foun
d a tio n s  o f  Geome t r y ,  has rece iv ed  g e n e ra l a t t e n t i o n ’ . ( 1907. P. 94)

1912A. p. 7.
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a n o th e r . In  most o f  h is  l a t e r  p u b lic a tio n s  he r e f e r s  to  them a l l  as 

th e  ‘F o rm a lis t S choo l' o r 'th e  Old F o rm a lis t School*^ , ' . . .  which 

morged lo g ic  and m athem atics in to  a s in g le  l i n g u i s t i c  s c ie n c e , o p e ra t in g  

on m e a n in ^ e s s  words o r  symbols by means o f  lo g ic a l  r u l e s ,  th u s  d iv e s t in g  

lo g ic  and m athem atics o f  t h e i r  d if fe re n c e  in  c h a ra c te r  as w e ll as t h e i r  
au tonom y.' ^

P oincaré ' had a lre a d y  shov/n th a t  l o g i c i s t s  d id  acc ep t some funda

m ental und efin ed  concep ts  and p r in c ip le s ,  such as im p lic a tio n , lo g ic a l  

sum and p ro d u c t, n e g a tio n , and th e  p r in c ip le  o f sy llo g ism , a p o in t 

conceded by R u s s e ll  and C o u tu ra t,^  The fo rm a l is t  s o lu t io n ,  and in  

p a r t i c u l a r  H i l b e r t 's  a ttem p t to  use words w ith o u t re fe re n c e  to  m eaning, 

to  reduce  m athem atics to  p u re ly  fo rm al sy stem s, re p re se n te d  a more 

extrem e ch a lle n g e  to  B rouw er's co n cep tio n  o f  m athem atics, language and 

lo g ic ,  Brouwer con tin u ed  to  a t ta c k  in  h is  l a t e r  work the  m isuse o f  

lo g ic  and lo g i c a l  p r in c ip le s ,  e s p e c ia l ly  the  P r in c ip le  o f  th e  Excluded 

M iddle, b u t th e  main t a r g e t  o f h is  con tin u ed  and sometimes v io le n t  

a t t a c k  v/as fo rm alism , no t lo g ic ism ,

2 ,3  Brouwer d id  no t a t ta c k  lo g ic  as such; he reco g n ized  lo g ic  as an

autonomous sc ie n c e  and l a t e r  in  l i f e  ex p ressed  a p p re c ia t io n  f o r  advances 

made in  sym bolic lo g ic :  'C la s s ic a l  a lg e b ra  o f  lo g ic   ̂ has i t s  m e rits

q u ite  a p a r t  from th e  q u e s tio n  o f  i t s  a p p l i c a b i l i t y  to  m athem atics.

4

In  h is  in a u g u ra l ad d ress  ( 1912A) . he sim ply r e f e r s  to  ' t h e  fo rm a l is ts  
f o r  whom th e se  m eaning less s e r ie s  o f r e l a t i o n s ,  to  which m athem atics 
has been red u ce d , have m athem atical e x is te n c e  o n ly  when th ey  have been 
re p re se n te d  in  spoken o r  v /r i t te n  la n g u ag e , to g e th e r  w ith  th e  mathe
m a t ic a l - lo g ic a l  law s upon which t h e i r  developm ent depends, thus 
form ing what i s  c a l le d  sym bolic l o g i c ' ,  (p . 9)
In  1932B. p , 139 : The Old  Form ali s t  S ch o o l. (D edekind, C an to r,
Peano, H i lb e r t ,  R u s s e l l ,  Zerm elo, C ou tu ra t) f i n a l l y  f o r  th e  purpose 
o f  a r ig o ro u s  tre a tm e n t o f  m athem atics and lo g i c ,  r e je c te d  any 
e lem ent ex tran eo u s  to  language and lo g i c ’ .

19^ ,  p. 1 .
See p . 119 , fo o tn o te  2,

i . e .  as ’founded by B oole, developed by de Morgan, devons, P e ir c e ,  
and p e r fe c te d  by SclirBdor’ (1953. p . 139).
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’Not only  as a fo rm al image o f  th e  techn ique  o f  com m on-sensical th in k in g  

has i t  reached  a h igh  degree of p e r f e c t io n ,  hu t a ls o  in  i t s e l f ,  as an 

e d i f i c e  o f  th o u g h t, i t  i s  a th in g  o f e x c e p tio n a l harmony and b eau ty . 

In d eed , i t s  s u c c e s s o r ,  th e  sumptuous symbolic lo g ic  o f th e  tw e n tie th  

c e n tu ry , which a t  p re s e n t i s  c o n t in u a lly  r a i s in g  th e  most c a p t iv a t in g  

problem s and making the  most s u rp r is in g  and p e n e tra t in g  d is c o v e r ie s ,  

l ik e w ise  i s  f o r  a g re a t  p a r t  c u l t iv a te d  f o r  i t s  own sake,

In  G rondslagen . Brouwer d is t in g u is h e s  betw een:

1° I n tu i t i v e  lo g i c a l  d ed u c tio n ;

2® T h e o re tic a l  lo g i c ,  l a t e r  ex tended  to  in c lu d e  th e  lo g ic  o f r e la t io n s ;
3® L o g i s t i c s i

Even when Brouwer sometimes conforms to  contem porary usage and 

speaks o f  lo g ic  as ’l i f e  in  th e  m ind’ ^ , o r  o f lo g i c a l  law s as 'law s 

o f  th o u g h t '^ ,  he c e r t a in ly  does no t w ish to  im ply th a t  lo g ic  d e a ls  w ith  

th e  m ental p ro cess  o f  th in k in g ,^  N e ith e r  must ^Brouwer’ s lo g i c ’

(se e  f u r th e r  page 9 5 ) be seen  as an and-ysis o f th e  p ro cess  o f  m ental 

c o n s tru c t io n s .  In d eed , the  com plete s e p a ra t io n  betw een m athem atics as 

a m ental p ro cess  and lo g ic  i s  based  on h is  f irm  b e l i e f  th a t  lo g ic  only  

d e a ls  w ith  th e  v e rb a l  e x p re s s io n  o f  a  narrow f i e l d  o f  human th o u g h t,

1° When Brouwer speaks o f  i n t u i t i v e  lo g ic a l  rea so n in g  he does 

r e f e r  to  th e  m ental p ro cess  o f  m athem atical th in k in g  b u t he s t r e s s e s  

t h a t  t h i s  on ly  a p p l ie s  to  th e  form  o f  some o f  ou r m athem atical th in k in g , 

namely th a t  p a r t  o f  our th in k in g  th a t  concerns i t s e l f  w ith  the  r e l a t i o n  

o f  ’w hole’ and ’p a r t ’ , w ith  th e  q u e s tio n , how m athem atical o b je c ts  

r e l a t e  to  elem ents o r  p a r t s  o f a m athem atical s t r u c tu r e :

’ , , ,  i n t u i t i v e  lo g i c a l  rea so n in g  i s  th a t  s p e c ia l  k ind  o f  m athem atical 

re a so n in g  th a t  rem ains when one, in  c o n s id e r in g  m athem atical system s, 

r e s t r i c t s  o n e s e lf  e x c lu s iv e ly  to  th e  r e la t io n s  o f v/hole and p a r t  *. ®

Brouwer em phasizes th a t  th e re  i s  no th in g  fundam ental about t h i s  

r e l a t i o n  and th a t  t h i s  p a t te r n  i s  not n ece ssa ry  to  m athem atical th in k in g .

1 2 ^ ,  p , 116 ,

1 2 2 ^ , p . 37.

122Z, p. 125.
F re g e , a lm ost s im u lta n e o u sly , ex p ressed  h is  concern  about the  
c o n fu s io n  o f th o u g h t, judgement and a s s e r t io n ,  ( ’The th o u g h t: 
a lo g i c a l  in q u i r y ’ , t r a n s la te d  and r e p r in te d  in  M ind, v o l, 65
(1 9 5 6 ) , pp . 289 -  311) .

1907. p. 127.
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In d eed , t h i s  form i s  o f te n  superim posed on m athem atica l th in k in g  and 

i t s  v e rb a l d e s c r ip t io n ;  * , , ,  even in  m athem atics where r e l a t io n s  o f 

whole and p a r t  do n o t e n te r  in to  th e  m ental c o n s tru c t io n ,  th e  r e l a t io n s  

th a t  were in  th e  mind a re  o f te n  -  f o r  th e  purpose o f com munication to  

o th e rs  -  I r a j l â ï ^ ^ e d  J.nt^^ r e l a t io n s  o f whole and p a r t , so th a t  th e  

u su a l language o f g:cneral m athem atics i s  f u l l  o f the  modes o f ex p re ss io n  
o f  lo g i c a l  r e a s o n in g . '*

Any v e rb a l  d e s c r ip t io n  o f a m athem atical c o n s tru c t io n  in  th i s  

d ed u c tiv e  form , Brouwer c a l l s  th e  l a nguage o f  lo g ic a l  re a so n in g .^

Both i n t u i t i v e  lo g ic a l  th in k in g  and the  language o f lo g ic a l  

re a so n in g  a re  c u l tu r a l  conven tions r a th e r  th an  som ething u n iv e rs a l ly  

and e s s e n t i a l l y  human. Brouwer even le a v e s  open the p o s s i b i l i t y  

' . . .  t h a t  w ith  th e  same o rg a n iz a tio n  o f  th e  human i n t e l l e c t  -  and 

th e re fo re  w ith  the  same m athem atics -  a d i f f e r e n t  language o f under

s ta n d in g  had emerged in  which th e re  was no room f o r  ou r language o f  

lo g i c a l  re a so n in g . P robably  th e re  a re  people l iv in g  o u ts id e  our 

c u l tu r a l  sphere where t h i s  v/ould be the  ca se . N e ith e r  can we p rec lu d e  

th e  p o s s i b i l i t y  t h a t  a t  a f u r th e r  s ta g e  of developm ent, lo g ic a l  

re a so n in g  w i l l  lo s e  i t s  p o s i t io n  in  the  language o f  our c u l tu r e . '^

2° T heore t i c a l  lo g ic  i s  th e  m athem atical s tudy  and a n a ly s is  o f th e  

language o f  lo g i c a l  re a so n in g , the  c l a s s i c a l  A r i s to te l i a n  and s c h o la s t ic  

lo g ic .  In  G rondslagen Brouwer em phasizes th e  m athem atical s im p l ic i ty  

o f th e  s t r u c tu r e  o f  lo g i c a l  re a so n in g , ' a t r a n s i t i o n  o f r e la t io n s  

th rough  t a u t o l o g y a n d  o f th e  m athem atical s t r u c tu r e  o f  the  v e rb a l 

re n d e r in g  o f  t h i s  lo g i c a l  re a so n in g , i . e .  the  th e o ry  o f  sy llo g ism .

He ex p re sse s  here  a lre a d y  some doubt as to  th e  u s e fu ln e s s  o f th e  

P r in c ip le  o f  the  Excluded M iddle, w hich, he s a y s , i s  m eaningless :

'A theorem  such a s ,  "a  fu n c tio n  i s  e i t h e r  d i f f e r e n t i a b l e  o r  n o t d i f f e r 

e n t ia b le " ,  says n o th in g , ex p re sse s  th e  same a s ,  " i f  a f u n c t io n  i s  no t 

d i f f e r e n t i a b l e ,  i t  i s  no t d i f f e r e n t i a b l e " .  ^ With some r e s e rv a t io n  as

1 1907 . p . 128 fo o tn o te .

See p . l i é ,  fo o tn o te  2,

1907 . p . 129 . 

liO Z , p , 131 .
1907 , p. 131 , Soon a f t e r ,  Brouwer took  up a much more a g g re ss iv e  
p o s i t io n .  In  f a c t ,  t h i s  i s  one o f  the  few passages th a t  Brouwer has 
e v e r  v/ithdrawn -  1917A . p . 442,
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to  i t s  m athem atical i n t e r e s t  and th e  use o f  th e  P r in c ip le  o f  the  

Excluded M iddle , Brouwer accep ted  c l a s s i c a l  th e o r e t i c a l  l o g i c ,  h u t th e  

r e g u la r i ty  observed  and th e  v a lid ity  o f the  s o -c a l le d  lo g i c a l  p r in c ip le s  

were due to  th e  m athem atics i t  d e sc r ib e d . As lo n g  as m athem atical 

sy stem s, a lre a d y  c o n s tru c te d , were d e s c r ib e d , the  ' l i n g u i s t i c  phenomenon' 

o f  a c o n t r a d ic t io n  could n o t occur and 'v/e can s a fe ly  in tro d u c e  lo g ic a l  

sura, lo g i c a l  p ro d u c t and complementary s e t  . . .  and s a f e ly  app ly  th e  

p r in c ip le s  o f  i d e n t i t y ,  sy llo g ism , d i s t r i b u t io n ,  c o n t ra d ic t io n ,  and 
te r t iu m  non d a t u r ' . ^

3° T h e o re tic a l  lo g ic  had nev er claim ed to  be the  u lt im a te  fo u n d a tio n  

o f  m athem atics. I t  i s  the  lo g ic i s t s  -  L e ib n iz , Peano, R u s s e ll and 

o th e r s ,  who tak e  th e se  lo g ic a l  p r in c ip le s  to  be ru le s  f o r  m athem atics, 

ap p ly in g  to  the domain 'o f  a  c h im e ric a l a l l ' , who a re  th e  r e a l  t a rg e t  

o f  B rouw er's  c r i t i c i s m .  He d e f in e s  l o g i s t i c s  as the  s tu d y  o f  th e  

m a them atica l s t r u c tu r e  o f any v e rb a l  d e s c r ip t io n  o f a m athem atical 

c o n s tru c t io n ^ ,  ex ten d in g  beyond th e  ' l o g i c a l '  r e l a t i o n  o f  whole and 

p a r t ,  supp lem enting  c l a s s i c a l  lo g ic  w ith  th e  s o -c a lle d  lo g ic  o f  r e l a t io n s  

' v/hich s tu d ie s  th e  language o f  m athem atics in  g e n e ra l ,  s t a r t i n g  from 

th e  words " fo llo v / on", , , ,  ( i . e .  to  be su ccesso r o f ) ,  the  most funda

m ental a c t  o f m athem atica l b u i ld in g ’ .^ In  id e n t i f y in g  lo g ic  w ith  the  

r e l a t i o n  whole and p a r t  o r  w ith  A r i s to te l i a n  lo g i c ,  Brouwer in  some way 

fo llo w ed  a l i n e  ta k e n  by Poincare'", Both agreed co nce rn ing  c l a s s i c a l  

lo g ic  ' t h a t  t h i s  pure  lo g ic  can  on ly  le a d  to  ta u to lo g ie s  and c re a te  

n o th in g  new; no sc ien c e  can o r ig in a te  from i t  . . .  "^ P o incare  a tta c k e d  

th e  l o g i c i s t s  f o r  ex ten d in g  the  domain o f  c l a s s i c a l  lo g ic   ̂ to  in c lu d e  

p r in c ip le s  th a t  would e f f e c t iv e ly  le a d  to  th e  p r in c ip le  o f com plete

1 i^ q z ,  p , 160,

122Z, P- 129. 

p . 169.
H, Poincare", La v a le u r  de l a  S c ie n ce , P a r is  1905, p . 20,

'L es  m athém atiques e t  l a  lo g iq u e ’ (H. P o in c a re , Revue de M étaphysique 
e t  de M orale , v o l ,  13 (1 9 0 5 ), p , 1 2 9 ), was tak en  by C ou tu ra t to  show 
t h a t  Poincare" sav/ lo g ic  as A r i s to te l i a n  lo g ic  by defin ition** ’T his 
would im ply th a t  by d e f in i t i o n  only  th o se  p r in c ip le s  fo rm u la ted  by 
A r i s to t l e  and th e  s c h o la s t i c i  a re  lo g ic a l  p r i n c i p l e s ' ,  (L, C o u tu ra t, 
'P o u r l a  L o g is t iq u e ’ , Revue de M étaphysique e t  de M orale , v o l ,  1 4 ,
(1 9 0 6 ), p , 217.
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in d u c tio n . The co n tro v e rsy  "between P o incare  and C o u tu ra t i s  concerned 

w ith  th o se  p r in c ip le s  thornselves in  so f a r  as they  do o r  do no t be long  
to  the  domain o f lo g ic .^

2 .4  B rouw er's  main concern  i s  no t w ith  th e se  p r in c ip le s  , no r w ith

lo g ic  i t s e l f ,  b u t w ith  the  ro le  o f  lo g ic  and th e  r e l a t i o n  betw een 

lo g ic  and m athem atics and e s p e c ia l ly  w ith  the  l o g i c i s t  c la im  o f p r i o r i t y  

o f  lo g ic  o ver m athem atics. His views can  be b r i e f l y  summed up as 
fo llo w s  :

1° A p r i o r i t y  o f  m athem atics w ith  re s p e c t  to  lo g i c ,  based  on th e  view 

th a t  lo g ic  i s  m athem atical a n a ly s is  o f the  v e rb a l d e s c r ip t io n  o f 

m athem atics; independence o f  m athem atics.

2° T h e re fo re  lo g ic  i s  n o t a source o f  nev; m athem atical knowledge.

3° The s o -c a l le d  lo g ic a l  p r in c ip le s  on ly  app ly  to  th e  m athem atical 

system  from which they  have been  d e r iv e d  by r e t r o s p e c t io n ,

1° The o b je c t o f  c l a s s i c a l  lo g ic ,  w ith  i t s  r e s t r i c t i o n  to  the 

r e l a t i o n  whole and p a r t ,  b u t a lso  o f th e  'ex te n d ed  lo g i c '  o f  l o g i c i s t s  

and fo r m a l is ts  i s  u l t im a te ly  th e  v e rb a l  e x p re ss io n  o f  a m athem atical 

c o n s tru c t io n .  T h is view  o f th e  e s s e n t i a l l y  l i n g u i s t i c  n a tu re  o f lo g ic  

i s  a p p a re n t from B rouw er's  f re q u e n t use o f  th e  d e ro g a to ry  ' taalgebouw ’ 

( i . e .  v e rb a l  e d i f i c e ) .

M athem atical a n a ly s is  o f  th i s  language may re v e a l r e g u la r i ty  and 

a c e r ta in , th o u g h  s im p le , m athem atical s t r u c tu r e ;  i t  may even be 

p o s s ib le  to  ex p re ss  t h i s  in  s o -c a l le d  lo g ic a l  p r in c ip le s .  These 

p r in c i p l e s ,  however, a re  no t what gu ides th e  m athem atica l c o n s tru c t io n  

d e s c r ib e d , b u t a re  ex p re ss io n s  o f r e g u la r i ty  in  th e  accompanying 

lan g u ag e , observed  a p o s t e r i o r i  and o r ig in a t in g  in  th e  m athem atics i t  

d e s c r ib e s ,^  'T h a t in  th e  language accompanying m athem atics the

 ̂ Poincare": 'S u r  l a  n a tu re  do raisonnem ent m a th ém a tiq u e ', Revue de 
M etaphysique e t  de Mora l e ,  v o l,  2 ( I 894) , p p .^371 -  384.

- 'L es m athém atiques e t  l a  l o g i q u e ', Revue de Métaphysique 
e t  de M orale, v o l .  13 (1 9 0 9 ), pp. 819 -  839; v o l ,  14
( l 90é) ', ppV 17 - 3 k .

L, C o u tu ra t: 'L es  p r in c ip e s  do m a th ém a tiq u e s ', Revue de Méta
physique e t  de M orale, v o l ,  12 ( 1904) ,  pp. 19 -  90 , 
pp . 211 - '2 4 b 'r i^ . '" 6 6 4  -  698 , pp. 810 -  844; v o l .  13 
( 1905) ,  pp . 224 -  256,
'L og ique e t  P h ilo so p h ie  des S c ie n c e s ', Revue de Méta
physiq u e e t  de Mora l e ,  v o l .  12 ( 19O4 ) ,  pp. 1037 -  1077. 
'P o u r  l a  l o g i s t i q u e ' ,  (Réponse à  M, P o in c a re ) ,  Revue de 
M étaphysique e t  de M ora le , v o l. 14 ( l 9 0 é ) , pp. 208 -  250,

 ̂ C f. 19O8B, p . 7.
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‘ sequence o f  words fo llo w s c e r t a in  ru le s  i s  obv ious; the  f a u l t  l i e s  

in  re g a rd in g  th e se  law s as a guide in  th e  c o n s tru c t io n  o f m athem atics. 

Brouwer th e re fo re  spealcs o f lo g ic  and lo g i s t i c s  as ' e m p ir ic a l sc ie n c e s  

and a p p l ic a t io n s  o f  m athem atics ' and c o n tin u e s : ' I t  i s  a s  absurd  to

c a l l  " th e  language o f lo g i c a l  reaso n in g "  an a p p l ic a t io n  o f  th e o r e t i c a l  

lo g ic  as i t  i s  to  say th a t  th e  human body i s  an a p p l ic a t io n  o f anatom y.'  ̂

As m entioned e a r l i e r ,  th e re  a re  a lre a d y  s ig n s  in  G rondalagen 

o f h is  doubts a s  to  w hether th e  so s o -c a l le d  lo g ic a l  law s do indeed 

r e f l e c t  th e  s t r u c tu r e  o f a t r u ly  m athem atical c o n s tru c t io n . These 

doubts a re  more a p p a re n t in  1900B (The U n tru s tw o rth in ess  o f th e  

P r in c ip le s  o f B ogie) , when he launched h is  a t ta c k  on the P r in c ip le  o f 

th e  Excluded M iddle, But even when Brouwer became more and more 

invo lved  in  lo g i c ,  even to  th e  e x te n t o f  develop ing  h is  ovm log ic® , 

he co n tin u ed  to  see th e  r o le  o f  lo g ic  as an e s s e n t i a l l y  a p o s t e r i o r i  

c o r ro b o ra t io n ,  and t h i s  view  i s  in  f a c t  the  u lt im a te  rea so n  f o r  h is  

r e j e c t i o n  o f  th e  P r in c ip le  o f  the  Excluded M iddle.^

2° T h is  p o s t factum  c h a ra c te r  o f lo g ic  and lo g i c a l  p r in c ip le s  i s  

a lso  th e  rea so n  f o r  B rouw er's c la im  o f ' independence o f  m athem atics 

from l o g i c ' ,  ( l9 0 7 . p . 125) , ' dependence o f  lo g ic  on m a th e m a tic s ',

(p . 127) , and h is  r e j e c t i o n  o f  lo g ic  as a  source o f  new m athem atical 

know ledge. Poincare'" had based h is  r e j e c t i o n  on th e  ta u to lo g ic a l  

c h a r a c te r  o f  c l a s s i c a l  lo g ic  and was u n w ill in g  to  a cc ep t new ex ten s io n s  

to  lo g i c ,  Brouwer r e j e c t s  lo g ic  as an in s tru m en t ' t o  d is c o v e r  new

1 1907 . p , 165 . I n  th i s  c o n te x t,  i t  i s  in t e r e s t in g  to  see B rouw er's
view s on E u c lid . Ho d id  a c c e p t lo g ic a l  im p e rfe c tio n s  in  E u c l id 's
geom etry b u t le a v e s  opon th e  p o s s i b i l i t y  th a t  E u c lid  t r u l y  mathe
m a tic a l ly  c o n s tru c te d  h is  geom etry, and th a t  h is  rea so n in g s  as they  
have come dovm to  us a re  on ly  a l o g i c a l ,  v e rb a l 'accom panim ent o f 
an  e x p lo ra t io n  o f  t h i s  s t r u c tu r e  c o n s tru c te d  b e fo re  . . . '  He 
c o n tin u e s : ' . . .  I t  i s  o f  cou rse  a ls o  p o s s ib le  th a t  E u c lid  d id  no t 
see  i t  t h i s  v/ay and f e l l  in to  th e  same tr a p  as many o th e rs  who 
th o u g h t th a t  i t  was p o s s ib le  to  re a so n  lo g i c a l ly  about th in g s ,  
d i f f e r e n t  from th e  m athem atical system  they  had c o n s tru c te d  in  
a d v a n c e ,' ( l9Q 7. p . 135)

m z ,  p. 130 ,

122^ , p . 3 .
E ,g , I 923B . I 929A . I 952B , 1933,; c f ,  a lso  A. H ey tin g , 'D ie fo rm alen  
R egeln  d e r  i n t u i t i o n i s t i s c h c n  L o g ik ’ , S itz u n e s b o r ic h te  d e r 
p re u sz isc h e n  Akademio von W issens p h a f to n , p h y sik a lisch -m ath em atisch e  
K la s s e ,  1930 ,

Cf, 1907 . s t e l l i n g  I I I .
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t r u t h s ’ ou t o f  hand^, because o f  i t s  e s s e n t i a l ly  l i n g u i s t i c  n a tu re .

T h is  i s  th e  main theme o f  th e  whole o f  C hapter I I I  o f G rondslagen and 

o f  most o f  h is  work on th e  fo u n d a tio n s  o f  m athem atics. I n  2 ^ ^  

vanités: 'The w ording o f  a m athem atical theorem has no sense u n le ss  i t

in d ic a te s  th e  c o n s tru c t io n  e i t h e r  o f  an a c tu a l  m athem atical e n t i t y  o r  

o f  an in c o m p a tib i l i ty  . . .  so th a t  m athem atical la n g u ag e , in  p a r t i c u l a r  

lo g i c ,  can n ev er by i t s e l f  c r e a te  new m athem atical e n t i t i e s ,  n o r deduce 
a m athem atica l s t a t e  o f  t h i n g s , '^

3® I f  Brouwer accep ted  th a t  lo g ic a l  p r in c ip le s  may in  some sense be 

s a id  to  app ly  to  th e  m athem atical system  from which they  had been 

d e r iv e d  by r e t r o s p e c t io n ,  ho w holly  r e j e c t s  th e  l o g i c i s t  a ttem p t to  

tak e  them ou t o f t h e i r  m athem atical c o n te x t and app ly  them to  o th e r  

p a r ts  o f  m a th e m tic s  o r  to  a d i f f e r e n t  m athem atical system® , o r  more 

g e n e ra l ly  to  use them as a p o in t o f  d e p a r tu re  in  th e  c o n s tru c t io n  o f 

th e  whole o f  m athem atics. The ro o t  o f a l l  d e v ia t io n s  o f l o g i c i s t s  and 

c a n to r ia n s  i s ,  ' t h a t  th ey  c re a te  n o th in g  b u t ve rb a l  e d i f i c e s  which can

n ev er be tra n s fb rE d  in to  th e  m athem atics p r o p e r ...............wo must l im i t

o u rse lv e s  to  what can be c o n s tru c te d  in  i n t u i t i o n  and n o t t r y  and 

ex tend  th i s  by lo g i c a l  com binations which cannot be r e a l i z e d ' ,  ( i , e ,  in  

m athem atics p ro p er)^ ,. The m athem atics o f  l o g i c i s t s  becomes a p u re ly  

v e rb a l  s t r u c tu r e  in  which th e re  i s  no guaran tee  o f n o n -c o n tr a d ic to r i ty ,  

'S in c e  R u s s e l l 's  lo g ic  i s  n o th in g  b u t a  v e rb a l  system  (Du, w oordsystoem ), 

w ith o u t a p resupposed  m athem atical system  to  which i t  r e l a t e s ,  th e re  is  

no re a so n  why c o n tra d ic t io n s  should  no t o c c u r . ' ® T his i s ,  i n  f a c t ,  

B rouw er's  e x p la n a tio n  of the paradoxes in  1907. R e fe rr in g  to  th e se  

paradoxes in  1908 he says : 'T hese paradoxes o r ig in a te  in  th e  same e r r o r

as th e  paradoxes o f  E pim enides: r e g u la r i ty  in  language accompanying

m athem atics has been  extended to  a language which does no t accompany 

m athem atics; l o g i s t i c s  concerns i t s e l f  w ith  m athem atical language

1 12.0Z, p . 177; o f .  a ls o  l^OZ, p , 135 and p , 59.

-1933. p . 3; o f ,  a lso  1928A, p , 3 .
Or any o th e r  domain: 'L o g ic a l p r in c ip le s  a re  on ly  v a l id  f o r  the  
language o f m athem atic s, f o r  o th e r  v e rb a l  sy stem s, iiov/ovcr c lo s e ly  
connected  w ith  m athem atics, th e y  need no t be v a l i d , '  ( 1907. p , l é l ) ,

1907 . p , 176 , R e co g n itio n  o f the  e s s e n t i a l  d i f f e re n c e  between th e  
lo g ic  o f  language and th e  laws o f  m athem atical c o n s tru c t io n  came l a t e r  
a lso  from o u ts id e  th e  I n t u i t i o n i s t  School e .g .  G, Gentzon ( l9 3 9 ) •
'The fo rm a l iz a t io n  o f  lo g i c a l  in fe re n c e , as developed in  p a r t i c u l a r  by 
F re g e , R u s s e ll  and H i lb e r t ,  d e v ia te s  c o n s id e ra b ly  from the  v/ay con
c lu s io n s  a re  made in  m athem atical p ro o fs , '

5 Ig g Z , p . 1 6 3 .

4
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' r a t h e r  th an  m athem atics i t s e l f  .

Summing up h is  views on l o g i s t i c s :  'The c o n c lu s io n s  concern ing

l o g i s t i c s  must th e re fo re  b e : i t  cannot te ach  any th in g zb o u t the  foun

d a t io n s  o f m athem atics s in c e  i t  rem ains ir re v o c a b ly  se p a ra te d  from 

m athem atics; on th e  c o n tra ry ,  in  o rd e r  to  g uaran tee  i t s  s u rv iv a l  

as a sc ien c e  in  i t s  ov/n r ig h t  and secu re  i t s e l f  a g a in s t  c o n t r a d ic t io n s ,  

i t  w i l l  have to  r e j e c t  a l l  i t s  own s p e c ia l  p r in c ip le s  and r e s t r i c t  

i t s e l f  to  be ing  a f a i t h f u l ,  m ech an ica l, s ten o g rap h ic  copy o f  the  

lan^ua^e o f  m athem atics . which i s  no t m athem atics i t s e l f ,  b u t on ly  a 

d e fe c t iv e  means o f co m m un ica tion ...'®  The f i n a l  sen ten ce  o f h is  

G rondslagen s t a r t s :  'A p u re ly  lo g i c a l  c o n s tru c t io n  independent o f th e

m athem atical i n t u i t i o n  i s  im p o ss ib le , s in ce  in  th i s  way wo o b ta in  

n o th in g  b u t a v e rb a l  system  th a t  rem ains ir re v o c a b ly  s e p a ra te d  from 

m athem atics p ro p e r  . , . ' ®

2 .5  Brouwer d id  c o n s id e r  th e  p o s s i b i l i t y  o f some form o f compromise

betw een th e se  two extrem es o f  m athem atics a l l  c o n s tru c te d  in  the mind 

and th e  lo g i c a l  p r in c ip le s  b e in g  j u s t  a p o s t factum  a n a ly s is  on the  one 

hand, and th e  l o g i c i s t  re d u c tio n  o f  m athem atics to  lo g ic  on th e  o th e r .

I n  ' The U n tru s tw o rth in e ss  o f  th e  P r in c d r le s  o f  Log ic  he asks h im se lf  

th e  q u e s tio n  w hether one can le av e  th e  r e a l  m athem atical s t r u c tu re  and 

work w ith in  i t s  p r o je c t io n  -  the  v e rb a l e d i f ic e  -  a long  th e  lo g ic a l  

p r in c ip le s  e s ta b l is h e d  f o r  th a t  m athem atical system , in  o th e r  w ords, 

work as most m athem atic ians do^ 'T here  s t i l l  rem ains th e  more s p e c if ic  

q u e s tio n : can one in  pure m athem atical c o n s tru c t io n s  and tra n s fo rm a tio n s

te m p o ra r ily  n e g le c t th e  c o n s tru c te d  m athem atical system  and move w ith in  

th e  accompanying language s t r u c tu r e  guided  by th e  p r in c ip le s  o f  sy llo g ism , 

c o n t r a d ic t io n  and te r t iu m  exclusum , c o n fid e n t th a t  whenever one r e tu rn s  

to  th e  m athem atical c o n s tru c t io n ,  every  p a r t  o f  th e  reasoned  argum ent 

w i l l  be con firm ed ? '  ̂ Almost f i f t y  y e a rs  l a t e r  he poses the same 

q u e s tio n , b u t here  th e  emphasis is  on th e  e x is te n c e  o f a m athem atical 

c o n s tru c t io n  p a r a l l e l  to  the  co n tin u ed  lo g ic a l  argum ent: 'Suppose

th a t  an i n t u i t i o n i s t  m athem atical c o n s tru c t io n  has been c a r e fu l ly

 ̂ 1908B. p . 8 .

" m i ,  p. 169 .
122Z, p . 180.

" 1908B. p . 8 .
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* d es c r ib e d  by means o f  w ords, and th e n , the in t ro s p e c t iv e  c h a ra c te r  o f  

the  m athem atical c o n s tru c t io n  b e in g  ignored  f o r  a moment, i t s  l i n g u i s t i c  

d e s c r ip t io n  i s  co n s id e re d  by i t s e l f  and subm itted  to  a l i n g u i s t i c  

a p p l ic a t io n  o f  a p r in c ip le  o f  c l a s s i c a l  lo g ic .  I s  i t  th e n  always 

p o s s ib le  to  perform  a la n g u ag c lo ss  m athem atical c o n s tru c t io n ,  f in d in g  

i t s  e x p re s s io n  in  th e  l o g i c o - l i n g u i s t i c  f ig u re  in  q u e s tio n ? '^

B rouw er's  ansv/er to  b o th  q u es tio n s  is 'y ed * , as f a r  as th e  p r in c ip le  o f  

c o n t r a d ic t io n  and sy llo g ism  a re  concerned , a lth o u g h  even here  he 

cannot h e lp  w arning f o r  p o s s ib le  e r r o r s  due to  't h e  in e v i ta b le  inadequacy 

o f  language as a mode o f  d e s c r ip t io n ',®  As f a r  as th e  P r in c ip le  o f 

th e  Excluded Middle i s  concerned , h is  answ er was sim ply 'n o ' in  I j 52 ; 

in  he s l i g h t l y  q u a l i f i e s  th i s  and adm its th a t  f o r  ' f i n i t e  d is c r e te

system s ' t h i s  p r in c ip le  does a p p ly , ' s in c e  th i s  k ind  o f in v e s t ig a t io n  

can  be perform ed even by machines o r  an anim al s u i ta b ly  tra in e d ',®

The q u e s tio n  o f  th e  e x is te n c e  o f a  m athem atical system  co rresp o n d in g  

to  a p u re ly  lo g ic a l  system  had been r a is e d  by Brouwer in  JL20%: 'Suppose

we have somehow proved -  w ith o u t th in k in g  o f any m athem atical i n t e r 

p r e t a t i o n  -  th a t  a lo g i c a l  system  b u i l t  up from some v e rb a l  axioms i s  

n o n -c o n tra d ic to ry , i , e ,  th a t  a t  no p o in t  o f  th e  developm ent o f th e  

system  two c o n tra d ic to ry  s ta tem en ts  occu r; i f  wo th e n  f in d  a mathe

m a tic a l in t e r p r e t a t i o n  f o r  th e  aecioms, does i t  th e n  fo llo w  from the  

n o n -c o n tr a d ic to r i ty  d f .the lo g i c a l  system  th a t  such a m athem atical 

c o n s tru c t io n  does indeed  _exist? But th i s  has n ev er been proved by 

a x io m a t io is ts ,  n o t even f o r  th e  case th a t  th e  axioms in c lu d e  th e  

c o n d itio n  th a t  th e  system  i s  m a th em a tica lly  c o n s t r u c t ib le ;  th u s  i t  

has never been  proved  th a t  i f  a f i n i t e  number must s a t i s f y  a s e t  o f 

c o n d itio n s  which can bo show n,to be n o n -c o n tra d ic to ry , t h i s  number 

th e n  a c tu a l ly  exists,'4 k s  an exanple Brouwer th en  quotes C a n to r 's  

second c la s s  o f  t r a n s f i n i t o  num bers, w hich, acco rd in g  to  him, i s  non

c o n tra d ic to ry  b u t does no t e x i s t .

 ̂ 1952B. p . 141 .

° Ibidem ,

'  1908B. p . 10.

“ 1907. p. 141 .
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3 .1  T ru th and n o n -c o n tra d ic to r i tv

Complote r e j e c t i o n  o f  P la to n ic  o r  r e a l i s t i c  e x is te n c e  o f  mathe

m a tic a l o b je c ts ,  independent o f human th o u g h t, exc ludes th e  n o tio n  o f  

t r u t h  as confo rm ity  o f  though t to  o b je c t .  E q u a lly  u n acc ep tab le  to  

Brouwer was th e  f o r m a l is t  n o tio n  o f t r u t h  as d o r iv a b i l i ty  w ith in  a 

fo rm al system  and com ple te ly  f re e  'a c c e p ta b i l i t y '  o f th e  system  as a 
w hole, as  f o r  example proposed by H ask e ll B. C urry .^

Even i f  Brouwer i s  r a th e r  vague about t r u t h  in  h is  p h ilo so p h ic a l 

w r i t in g s ,  ( ' I r u t j i  i s  on ly  in  r e a l t y ; ,  i . e .  in  th e  p re s e n t  and p a s t  

ex p e rie n c e s  o f  c o n s c io u s n e s s ') ,  and th i s  vagueness i s  f r e e ly  adm itted  

by Heyting®, h is  f re q u e n t d i s t i n c t i o n s  betw een tru e  and m ean ing less 

s ta te m e n ts , and betw een tru e  and f a l s e  s ta te m e n ts , le av e  no doubt about 

h is  sim ple i d e n t i f i c a t i o n  o f t r u t h  and e x is te n c e  in  th e  Brouwer se n se , 

t h e i r  'h a v in g  been c o n s tru c te d  i n t u i t i v e l y ' .  In  a m athem atical con

s t r u c t io n ,  u l t im a te ly  w ith  th e  t ru e  atom ic concep ts  o f  i n t u i t i o n ,  the  

t r u t h  o f  a theorem  i s  th e  e x is te n c e  o f a m athem atical c o n s tru c t io n  

su p p o r tin g , o r  r a t h e r ,  c re a tin g  i t .  Unknovm t r u t h s ,  n e i th e r  g iven  in  

i n t u i t i o n  nor proved by m athem atical c o n s tru c t io n ,  do n o t e x i s t :

'T h ere  a re  no n o n -experienccd  t r u th s  . . .  expected  e x p e rie n c e s , and 

ex p e rie n c e s  a t t r i b u t e d  to  o th e rs  a rc  on ly  tru e  as  a n t ic ip a t io n s  and 

hy p o th eses; in  t h e i r  c o n te n ts  th e re  i s  no t r u t h , '  ̂ A theorem  which 

i s  t r u e  is  a theorem  to g e th e r  w ith  i t s  com plete c o n s tru c t io n . As to  

th e  t r u t h  o f  th e  p ro o f o f  t h i s  theorem : th e  c o n s tru c t io n  a t  any o f

i t s  s ta g e s ,  each o f  th e  elem ents c o n s t i tu t in g  th e  c o n s tru c t io n ,  

in c lu d in g  th e  dynam ic, i . e .  th e  c o n s tru c t iv e  o p e ra t io n s ,  i s  a  mathe

m a tic a l o b je c t ,  a m athem atical t r u t h ,  o r ig in a t in g  by c o n s tru c t io n  

u l t im a te ly  in  th e  p r im o rd ia l i n t u i t i o n .

S t r i c t l y  w ith in  th e  domain o f m athem atics, i . e .  c o n s tru c t iv e  

m en tal a c t i v i t y ,  th e re  i s  on ly  room f o r  t r u t h .  The reco rd in g  o f

O u tl in es o f a  Forma l i s t  P h ilosophy  o f Mathema t i c s ,  Amsterdam 1951, 
p . 59.

1943C. p , 1243.
H ask e ll B., C u rry , Op, c i t ,  p . 5; o f . a lso  H ey ting , ' In tu i t io n is m  
in  M a th e m a tic s ', P h i lo sophy in  th e  Mid-c e n tu ry , A S urvey .
F ire n z e  1958, p . 107, where H ey ting  says : * , . .  a theorem does no t 
ex p re ss  th a t  a theorem  i s  t r u e ;  i t  ex p re sse s  th e  success o f a 
c e r t a in  m athem atica l c o n s t r u c t io n , '

19480. p, 1243,
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a m athem atica l c o n s tru c t io n  i s  a tru e  s ta te m e n t, which i s  o f a com plete ly  

d i f f e r e n t  n a tu re  from a  n o n -c o n tra d ic to iy  s ta tem en t o r  even a  f a l s e  

s ta te m e n t in  th e  Brouwer se n se , which a re  b o th  ro o ted  in  language,

3 .2  To Brouwer, a _cp nk r a d i c t  i on i s  ’a p u re ly  l i n g u i s t i c  phenom enon',^

'a  l i n g u i s t i c  f ig u r e ' (Du. h e t t a a l f ig u u r  d e r  c o n tra d ic t ie )® . In  

a v e rb a l  d e s c r ip t io n  o f a tru e y  m athem atical c o n s tru c t io n ,  a c o n tra d ic t io n  

cannot a r i s e :  'tw o c o n tra d ic to ry  theorem s cannot be tru e  o f  a mathe

m a tic a l  c o n s tru c t io n . '®  N o n -c o n tra d ic to r ity  i s ,  th e r e f o r e ,  accep ted  

as a n e c e ssa ry  c o n d itio n  f o r  m athem atical e x is te n c e . There i s ,  

how ever, a c e r t a in  in c o n s is te n c y  in  B rouw er's s t r i c t  demands f o r  mathe

m a tic a l t ru e  s ta tem en ts  and h is  use o f th e  c o n t ra d ic t io n  as th e  b a s is  

f o r  h is  n e g a tio n . C o n tra d ic to r i ty  i s  d e sc r ib e d  as a k ind  o f  incom

p a t i b i l i t y  o f two m athem atical c o n s t ru c t io n s ,  o r  to  use B rouw er's 

p h ra s e , 'tw o  system s do no t f i t  in to  each o t h e r ' . ^  The v e rb a l c o n tra 

d ic t io n  r e p o r ts  an end o f  th e  road o f  a m athem atical c o n s tru c t io n ; 

a d d re s s in g  th e  lo g ic ia n ,  Brouwer says : ' t h e  words o f y o u r m athem atical

d em o n stra tio n  a re  on ly  th e  accompaniment o f a w ord less m athem atical 

b u i ld in g . and where you pronounce a c o n t ra d ic t io n ,  I  sim ply observe 

th a t  th e  c o n s tru c t io n  cannot go f u r th e r ,  t h a t  in  th e  g iven  c o n s tru c t io n  

th e re  i s  no room f o r  th e  p o s ite d  s tru c tu re , '®  The word 'p o s i t e d ' here  

in d ic a te s  th a t  Brouwer indeed had in  mind a v e rb a l h y p o th e s is  as the  

c o n s tru c t iv e  p a r t  o f a f a l s e  s ta te m e n t. Whereas th e  c o n s tru c t io n  

le a d in g  to  a p o s i t iv e  theorem  o r  s ta te m e n t is  a b u ild in g  upwards, 

f irm ly  grounded in  th e  atom ic concep ts o f i n t u i t i o n ,  o r  o th e r  c o n s tru c te d  

m athem atica l e n t i t i e s ,  th e  s t a r t  o f  th e  c o n s tru c t iv e  f a l s e  s ta tem en t 

i s  a h y p o th e s is ,  a m athem atical n o n -e n ti ty  which le a d s  to  an a b su rd ity  

such as 1 = 0 .  Such an u n re a l iz a b le  su p p o s itio n  i s  th e  s t a r t  of 

B rouw er's  and H e y tin g 's  p ro o f o f  th e  theorem , 'A square  c i r c l e  cannot 

e x i s t ' . °  T h is was c l e a r ly  s ta te d  in  th e  famous passage o f  I 9O8B:

'T h is  p r in c ip le  ( i . e .  th e  EEM) re q u ire s  th a t  every  s u p p o s i t io n

'  I9OZ, p. 132.

'  m i ,  pp. 57 -  58; c f .  12m ,  p . 160.

 ̂ 120Z, p . 137 .
'  120SB, p . 10..

S 1907 . p . 127 .
H ey tin g , I n t u i t i o n ism. An In tro d u c t io n .  Amsterdam 1956, p . 120.6



-  138 -

(Du. o n d ers t e l l i n g )  i s  e i t h e r  t r u e  o r  f a l s e . I f  th e  t r u t h  o r  

v a l i d i t y  o f the  c o n s tru c t iv e  p ro o f i s  i t s  m athem atica l e x is te n c e  a t  

every  s ta g e ,  th e n  the v a l i d i t y  o f  the  c o n s tru c t iv e  p ro o f le a d in g  to  

ab su rd i t y  seems in  doubt because o f  the  n o t on ly  d o u b tfu l b u t u n re a l

iz a b le  c h a ra c te r  o f  i t s  b a s ic  in g re d ie n t ,  Brouwer’s in s is te n c e  on 

th e  co m ple te ly  m a th em a tica l, i . e .  la n g u a g e le ss , n a tu re  o f  th e  Brouwer 
n eg a tio n  does n o t seem j u s t i f i e d .

3 .3  In  r e j e c t i n g  non-c o n trad  ic  t  o r i t y  as a s u f f i c i e n t  c o n d itio n  f o r

m athem atical e x is te n c e ,  Brouwer no t on ly  re p u d ia te d  contem porary 

l o g i c i s t  view s o f F rege and R u s s e ll  and th e  e a r l i e r  views of H i lb e r t ,  

b u t even th e  view o f  Poincare '', who in s i s te d  th a t  m athem atical e x is te n c e  

i s  n o th in g  b u t freedom  from c o n tra d ic tio n .®  Ind eed , h is  main a t ta c k  

on n o n - c o n tr a d ic to r i ty  in  _Grond^s^lagen (and in  lg l2A ) i s  d i r e c te d  a g a in s t 

P o in c a re : 'L og ic ism  and can to rism  have a lre a d y  been s tro n g ly  c r i t i c i z e d

by Poincare" in  th e  Revue de Métaphysique e t  de Mo ra le  1905, No. 6 ,

1906 , N o .l ,  3; he c h ie f ly  a t ta c k s  lo g ic ism  f o r  p e t i t i o  p r i n c i p i i  and 

can to rism  f o r  a c c e p tin g  the  a c tu a l  i n f i n i t e .  He th e re fo re  does no t 

go to  th e  h e a r t  o f  th e  m a tte r  which l i e s  much d e e p e r, i . e .  th e  con

fu s io n  o f  th e  a c t  o f  c o n s tru c t in g  m athem atics and the  language o f 

m a th e m a tic s . ' ®

B rouw er's  main and sim ple argument a g a in s t  P o incare  i s  th a t  

c o n t r a d ic t io n  l i e s  w ith in  th e  medium o f language; w ith in  t h i s  medium 

even a p e t i t i o  p r i n c i p i i  i s  a c c e p ta b le .^  'Freedom  from c o n tra d ic t io n  

i s  o f l i t t l e  im portance to  th e  m athem atic ian  and should only  be o f  

i n t e r e s t  to  th e  l o g i c i a n , '  ^ A s im i la r  d i s t i n c t i o n  betw een 'm a th em a tica l'

120® ,  p . 9 .
Brouv/er quo tes P o in c a ré "as say in g : 'En m athém atiques l e  mot e x i s t e r
ne p eu t pas a v o ir  qu 'un  se n s , i l  s i g n i f i e  exempt de c o n t r a d ic t io n ';  
(can  be found in  'L es M athém atiques e t  l a  L ogique' , Revue de _Mét_a-

, v o l .  13 ( 19O5) , p . 819 .

m i, p. 176.
Ib idem . 'P e t i t i o  p r i n c i p i i  i s  in  some sense p e rm is s ib le ,  because 
v/hen a p p lie d  in  th e  a c t  o f  c o n s tru c t in g  th e  v e rb a l system , i t  does 
n o t in t e r f e r e  w ith  th e  com pleteness (Du. volkom enheid, i . e .  com
p le te n e s s ,  p e r f e c t io n )  o f th a t  v e rb a l  system  as such . . .  The m istake 
o f  th e  lo g ic ia n s  c o n s is ts  in  c re a t in g  n o th in g  b u t a v e rb a l  e d i f i c e ,  
t h a t  can n ev er be t r a n s f e r r e d  to  m athem atics p r o p e r . '

igoz.
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and ‘ l o g i c a l ’ im portance can be found on p . 139: ’M athem atical

im portance can th e re fo re  no t be a ffo rd ed  to  D edekind’ s system ; to  give 

i t  any lo g ic a l  meaning an independent p ro o f o f  i t s  n o n -c o n tr a d ic to r i ty  

would have been n ece ssa ry  and t h i s  Dedekind d id  no t g ive e i t h e r , '^

The fundam ental d isag reem en t betw een Poincare" and Brouwer i s  on the  

n a tu re  o f  m athem atical e x is te n c e  and th e  ro le  o f  language . P o incare  

accep ted  d e f in i t i o n  o f  m athem atical o b je c ts  by axioms®, a lth o u g h  

r e s t r i c t e d  by th e  demand th a t  th e se  axioms should  no t le a d  to  c o n tra 

d ic t io n s ;  in  so f a r ,  he seems v ery  c lo se  to  th e  e a r l i e r  view s o f 

H i lb e r t .  He d i f f e r s  from H ilb e r t  in  u s in g  th e  p r in c ip le  o f  com plete 

in d u c tio n  to  prove n o n -c o n tr a d ic to r i ty  o f axioms and c la im in g  th a t  th e  

p r in c ip le  o f  com plete in d u c tio n  i s  no t a lo g i c a l  b u t a  m athem atical 

p r in c ip le .  He demanded d e f in a b i l i t y  in  a f i n i t e  number o f  words as 

a c o n d itio n  f o r  m athem atical e x is te n c e :  ' I  am o f th e  o p in io n  -  and

I  am n o t a lo n e  in  th i s  -  th a t  i t  i s  o f  th e  u tm ost im portance to  

in tro d u c e  on ly  o b je c ts  which can be com ple te ly  d e fin e d  in  a f i n i t e  

number o f  w ords.'®  In  t h i s  he agreed  w ith  B orel and L ebesgue^, 

a lth o u g h  b o th  d isa g re e d  w ith  P o in c a ré "on n o n -c o n tr a d ic to r i ty :  

'M ath em atica l r e a l i t y  cannot be th e  r e s u l t  o f  th e  p u re ly  n eg a tiv e  

p ro p e r ty  o f  b e in g  f r e e  o f  c o n t r a d ic t io n . ’  ̂ Both th e se  view s were 

c l e a r ly  denounced by Brouwer on th e  grounds o f t h e i r  p u re ly  l i n g u i s t i c  

n a tu re : 'N e i th e r  th e  o rd in a ry  language n o r any symbolic language can

have any o th e r  r o le  th a n  t h a t  o f  se rv in g  as a non-m athem atical 

a u x i l i a r y ,  . . .  For t h i s  re a s o n , th e  i n t u i t i o n i s t  can n ev er f e e l  

a ssu red  o f  th e  ex ac tn ess  o f a m athem atical th e o ry  by such gu aran tees  

as th e  p ro o f o f  i t s  b e in g  n o n -c o n tr a d ic to ry ,  th e  p o s s i b i l i t y  o f 

d e f in in g  i t s  concep ts by a f i n i t e  number o f  w ords, ( s e e ,  however, 

P o in ca re  in  ^ c i e ^ i a .  No, XXIV, p . 6 ) ,  o r  th e  p r a c t i c a l  c e r t a in ty

1907 , p . 139.
Sc ien ce  e t  M éthode. P a r is  1908, pp l 6 l  -  162.

Op. c i t .  p . 41.

B o re l ,  Leçons su r  l a  T héo rie  des F o n c tio n s , P a r is  I 898 , ed. 1928, 
pp. 204. - * 205 . Cf. a lso  Lebesgue, 'S u r  l e s  fo n c tio n s  re p re s e n ta b le s  
a n a ly tiq u e m e n t '.  J o u rn a l de Mathémat iq u e s  pures e t  a p p l iquées,
v o l .  10 ( 1905) ,  p . 205.

B o re l ,  op. c i t .  p , 222; c f .  Lebesgue, 'S u r  l e s  c o n tro v e rse s  su r  
l a  th é o r ie  des ensem bles e t  l a  q u e s tio n  des fo n d em en ts '.
Les E n t r e t ie n s  de Zuric h ,  p , 118.
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' t h a t  i t  w i l l  never le a d  to  a m isu n d erstan d in g  in  human r e l a t io n s .

(S ee , however, B o re l in  Revue du M ois. No. 80, p . 2 2 l ) . '^

Po incare’" never w ithdrew  the  demands f o r  d e f in a b i l i t y  and non- 

c o n t r a d ic to r i ty ,  even though in  h is  d is c u s s io n  w ith  C o u tu ra t and 

R u s s e ll  on n a tu ra l  numbers he p rov ided  a co n cre te  example o f  the  

inadequacy o f  lo g ic  in  th e  c o n s tru c t io n  o f m athem atics, Brouwer w ith  

h is  r e s t r i c t i v e  views on language and lo g ic  could  ta k e  f u l l  advantage 

o f th e se  argum ents and p re s e n t a much more co h eren t v ie w , b a s in g  bo th  

th e  n a tu r a l  numbers, the  p r in c ip le  o f com plete in d u c tio n  and th e  whole 

o f  m athem atics f irm ly  on in t u i t i o n  and banning d e f in i t io n s  in  axioms 

and n o n -c o n tr a d ic to r i ty  to  th e  m a th em a tica lly  i r r e l e v a n t  domain o f 

language and. lo g ic .

In  1907. Brouwer rep roached  Poincare" f o r  ' lo o k in g  v e ry  much l i k e  

h is  opponent R u s s e ll '® , in  h is  demand f o r  n o n -c o n tr a d ic to r i ty  and ' no t 

se e in g  th e  co n fu s io n  o f  th e  a c t  o f  c o n s tru c t in g  m athem atics and th e  

language o f  m athem atics '.®  H is l a t e r ,  more m atu re , view  reco g n izes  

th e  t ru e  s p i r i t  and m e rit o f  Poincare": . 'F o r th e se  " s e p a ra b le ” p a r ts

o f  m a them atics, ( i . e .  n a tu r a l  numbers, p r in c ip le  o f  com plete in d u c tio n  

and a l l  m athem atical e n t i t i e s  and th e o r ie s  sp r in g in g  from th i s  s o u rc e ) , 

th e y , (P o in c a re , B orel and L ebesgue), p o s tu la te d  an e x is te n c e  and 

ex ac tn ess  independent o f  language and lo g ic  . , .  '

3 .4  T his change o f h e a r t  is  p a r t l y  due to  B rouw er's d i f f e r e n t  views

on n o n -c o n tr a d ic to r i ty  a f t e r  1923, when he p u b lish e d  h is  'C a lc u lu s  o f  

a b s u r d i t y ',  ( 1923C) . N o n -c o n tra d ic to r i ty ,  p re v io u s ly  o f te n  r e f e r r e d  

to  as freedom  from c o n t r a d ic t io n  and d ism issed  as m a th em a tica lly  

i r r e l e v a n t ,  i s  g iven  th e  c o n s tru c t iv e  meaning o f 'a b s u r d i ty  o f  a b s u r d i ty '.  

R e a l iz a t io n  o f  th e  eq u iv a len ce  o f  n o n -c o n tr a d ic to r i ty  and a b s u rd ity  o f  

a b s u rd ity  may have been  g ra d u a l. I n  1948C he f r e q u e n t ly  eq u a tes  th e  

tw o, e .g .  ' . . .  th e  n o n - c o n tr a d ic to r i ty ,  i . e .  th e  a b s u rd ity  o f  th e  

a b s u rd ity  ,®’and 'b y  n o n -c o n tr a d ic to r i ty  v/e u n d ers tan d  th e  a b s u rd ity  o f

1912A . p .  13 .

= 1222, P- 177'.
3 1907. p . 176.-
“ 1952B. p . 140.

5 19480. p .  1245..



— 141 -

c o n t r a d i c t o r i l y . '  ïh o rc  i s  no doubt about Brouw er’ s views on th e  

c o n s tru c t iv e  c h a ra c te r  o f 'a b s u r d i t y ':  in  1?24N he speaks o f th e

a s s e r t io n  of a b s u rd ity  as an o p e ra to r ;  in  p o in t o f  f a c t ,  th e  v/hole 

c a lc u lu s  o f a b s u rd ity  in  A9_25B forms a s h o r t  in t ro d u c t io n

( le s s  th a n  h a l f  a page) in  an a r t i c l e  on r e l a t i o n s ,  a l l  g en era ted  by 

a p p l ic a t io n  o f th e  o p e ra to rs  o f a b s u rd ity  and o f  a b s u rd ity  o f a b s u rd i ty ,  

le a d in g  him d an g ero u sly  in to  th e  f i e l d  o f lo g ic  i t s e l f .

Even i f  in  1927® he s t i l l  speaks d isa p p ro v in g ly  o f  those  who seem 

to  maJce freedom  from c o n t ra d ic t io n  th e  norm f o r  m athem atical t r u t h  and 

c o n tin u es  to  r e f e r  s c a th in g ly  to  i t s  l i n g u i s t i c  n a tu re ,  n o n -co n tra 

d i c t o r i t y  i s  now tak en  s e r io u s ly .  Whole s e c tio n s  o f  19284, 1929A ,

1933 , 1948c , 1933 and 1933 a re  devoted  to  an a ly z in g  the  FEM and to  

exam ining in  hov/ f a r  to  r e s u l t s  o b ta in ed  by th e  use o f  th i s  p r in c ip le ,  

n o n -c o n tr a d ic to r i ty  can be a s c r ib e d .

N o n -c o n tra d ic to r i ty  th e n  s tan d s  f o r  d e r iv a b i l i t y  of a  s in g le  

r e s u l t  w ith in  a c o n s is te n t  system , as w ell as f o r  th e  c o n s is te n c y  o f 
th e  system  i t s e l f .

4 .1  The P r in c ip le  o f  th e  E xcluded Midd le  ( PEM)

B rouw er's  in tu i t io n is m  i s  p ro b ab ly  b e s t  known f o r  i t s  r e je c t i o n  

o f  th e  u n iv e rs a l  v a l i d i t y  o f th e  P r in c ip le  o f th e  Excluded M iddle.

T his r e j e c t i o n  i s  a ls o  B rouv/er's most o r ig in a l  c o n tr ib u t io n  to  the  

s tu d y  o f  th e  fo u n d a tio n s  o f m athem atics. Even i f  th e  r e j e c t i o n  o f 

the  PEM is  to  be found in  some o f  B o r e l 's  work®, B o re l adm its th a t  he 

does n o t re g a rd  accep tan ce  o f  ' e m p ir ic a l lo g ic ' as o f  g re a t  m athem atical 
im portance."^ A lso , h is  r e j e c t i o n  d a te s  from w ell a f t e r  I 9O8 .

1948c . p . 1248 . But a lre a d y  i n . I 923B n o n -c o n tr a d ic to r i ty  i s  seen  as 
im p o s s ib i l i ty  o f c o n t r a d i c t o r i l y : ' . . . a n  in c o r r e c t  th e o ry  th a t  cannot 
be in h ib i te d  by any c o n t r a d ic t io n ',  ( p . 2)

I 929A. p . I 6O; a ls o  1933 . pp. 37- 3 8 : 'These in v e s t ig a t io n s  concern  
w ords, th e  w orld o f  m athem atical id e as  supposed ly  ex p ressed  by th e se  
words i s  k e p t o u t o f  c o n s id e ra t io n . T h e ir  main aim , n o t by f a r  y e t 
ach ie v e d , c o n s is ts  in  th e  c o n s tru c t io n  o f  a l i n g u i s t i c  mechanism which 
-  a p a r t  from  some d r a s t i c  am putations -  i s  capab le  o f p roducing  a 
l i n g u i s t i c  p r o je c t io n  o f  the  whole o f  m athem atic s , known to  th e  p re s e n t 
day , and in  whose fu n c tio n in g  th e  appearance o f th e  l i n g u i s t i c  
f ig u re  o f  th e  c o n t ra d ic t io n  i s  e x c lu d e d . '

Leçons s u r  l a  T héo rie  do F o n c tio n s , ed, I 928 (n o te  V I l ) ,  p . 219.
C f. a l s o : 'S u r l ' i l l u s i o n  d o s" d e f in i t io n s  n u m é riq u es '. Comptes rendus 
hebdom adaires des Seances de l 'Académie des S c ie n c e s , v o l. 224 
( 1947) ,  pp. 763 , 767 ; a ïso  'S u r  l e s  d i f f i o u l t é s  de% d é f in i t io n s  
a sy m p to tiq u e s’ , I b id .  pp. 1597 -  1599.
'A propos de l a  ré c e n te  d is c u s s io n  e n tre  M . R. Wavre e t  M.P. Levy' , 
Revue de M étaphysique e t  de M orale, v o l. 34 ( l9 2 7 ) ,  pP. 271 -  276 .
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Because o f  th i s  o r i g i n a l i t y ,  i t  i s  im p o rtan t to  t r a c e  B rouw er's 

r e j e c t i o n  o f the  EEM back to  i t s  e a r l i e s t  forms and developm ent.

In  I 928A. page 375, Brouwer s t a t e s  th a t  ' t h e  second in s ig h t  o f 

i n t u i t i o n i s m ',  ( i . e .  th e  r e j e c t i o n  o f  th e  th o u g h tle s s  use o f th e  

lo g i c a l  p r in c ip le  o f excluded m id d le ) , 'was found in  l i t e r a t u r e  f o r  th e  

f i r s t  tim e in  Brouwer in^l^OSB, ’ What ho c a l l s  th e  t h i r d  in s ig h t ,  

the  i d e n t i f i c a t i o n  o f  the  PEM w ith  th e  p r in c ip le  o f s o lv a b i l i t y  o f a l l  

m athem atica l p rob lem s, i s  indeed found f o r  the  f i r s t  tim e in  1208A, 

pages 9 and 10, b u t as wo s ta te d  e a r l i e r ^ ,  a lre a d y  in  1907 Brouwer 

e x p re sse s  h is  r e s e rv a t io n s  as to  th e  v a lu e  o f th e  PEM, In  the  

passage  th e re  qu o ted , (_1927, pp. I 3I  -  132) ,  ho p la y s  down th e  v a lu e  

o f  th e  PEM by red u c in g  i t  to  a mere ta u to lo g y , in  su p p o rt o f h is  

g e n e ra l th e s i s  th a t  language cannot be a source o f  nev/ m athem atical 

know ledge, bann ing  th e  PEM to  th e  domain o f  language: 'C o n s id e rin g  the

words o f the  sen ten ce  ( i . e .  a fu n c tio n  i s  e i t h e r  d i f f e r e n t i a b l e  o r  no t 

d i f f e r e n t i a b l e )  and d isc o v e rin g  r e g u la r  b eh av io u r in  th e  sequence o f 

th e  words o f  t h i s  sen tence and s im i la r  s e n te n c e s , th e  lo g ic ia n  p ro je o ts  

even h ere  a m athem atical system  and c a l l s  such a sen ten ce  an a p p l ic a t io n  

o f th e  p r in c ip le  te r t iu m  non dat u r . ' ® On page I 60 (19O7 ) , he acc ep ts  

th e  PEM to g e th e r  w ith  o th e r  lo g i c a l  p r in c i p le s ,  p rov ided  th e y  occu r in  

a d e s c r ip t io n  o f  a  p re v io u s ly  c o n s tru c te d  m athem atical system  and a re  

no t used as a s t a r t i n g - p o in t ,  ap p ly in g  to  a 'c h im e r ic a l  a l l  ' .

A lthough b o th  passages  a re  w ithdraw n in  1917A ( r e s p e c t iv e ly  p . 442 and 

p . 444) ,  th e  second passage (p . I 60) seems to  ag ree  w ith  B rouw er's 

m odified  view  and accep tance  o f  the  PEM as r e s t r i c t e d  to  f i n i t e  c a se s .

S im i la r ly ,  Brouwer a lre a d y  in  1907 . page 142, shows h is  doubts 

about the  so lv a b ility  o f  a l l  m athem atical p roblem s. This fo llo w s h is  

th e s i s  th a t  n o n - c o n tr a d ic to r i ty  does no t im ply m athem atical e x is te n c e .

In  a fo o tn o te ,  he rem arks : ' I t  i s  th e re fo re  a f o r t i o r i  n o t c e r t a in  

t h a t  o f  every  m athem atical problem  e i th e r  a s o lu t io n  can be g iv e n , o r  

i t  can be lo g i c a l l y  shov/n th a t  i t  i s  u n so lv a b le , o f  w hich, a cco rd in g  to  

H i lb e r t  in  'M athcm atische P ro b lè m e ', every  m athem atic ian  is  most deep ly  

convinced . But o f c o u rse , i t  i s  no t c e r t a in  t h a t  th i s  q u e s tio n  i t s e l f  

can o ver be d e a l t  w ith®, i . e .  th a t  i t  can be shown e i t h e r  to  have been  

so lved  o r  to  be u n s o lv a b le . '

See above, p . I 30 .

" 122Z, PP- 131 -  132 .
® Brouwer l a t e r  u ses  th e  word ' t e s t '  ( e .g .  1923B. p . 1 and 1944^ »  P« 1245), 

o r  ' ju d g e ' ( e .g .  1952B. p . 141; o f . a lso  1955 . p . 114).
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The f u l l  r e a l i z a t i o n  th a t  the  u n lim ite d  a p p l ic a t io n  o f  th e  PEM in  

m athem atics i s  a lso  a problem  of e x is te n c e  and p resupposes the 

s o lv a b i l i t y  o f  every  m athem atical probelm  came in  I 9O8B. The a c tu a l  

passage in  which Brouwer r e j e c t s  th e  PEM i s  s h o r t  and we quote i t  in  

f u l l :  'Now th e  P r in c ip le  o f  the  Excluded M iddle; t h i s  a s s e r t s  th a t

every  s u p p o s itio n  i s  c i t h e r  t r u e  o r  f a l s e ;  m a th e m a tic a lly , th a t  f o r  

every  h y p o th e sis  th a t  two system s f i t  in to  one a n o th e r  in  a  c e r t a in  

way, we can always e i t h e r  com plete th e  c o n s tru c t io n  o r  w i l l  meet w ith  

im p o s s ib i l i ty .  ( L i t e r a l l y ,  'e i t h e r  i t s  com pletion  can be c o n s tru c te d , 

o r  i t s  c o l l i s i o n  w ith  im p o s s ib l i ty ' ) ,  The q u e s tio n  o f  th e  v a l i d i t y  

o f  th e  EEM i s ,  th e r e f o r e ,  e q u iv a le n t w ith  the  q u e s tio n  o f the  p o s s i b i l i t y  

o f  u n so lv ab le  ma th e m a tic a l p irob lems. F o r the  sometimes ( i l b e r t )  

ex p ressed  c o n v ic tio n  th a t  u n so lv ab le  m athem atical problem s do no t e x i s t ,  

th e re  i s  no t even a  h in t  o f p ro o f . As long  as on ly  f i n i t e  d is c r e te  

system s a re  c o n s id e re d , th e  in v e s t ig a t io n  in to  th e  p o s s i b i l i t y  o r  

im p o s s ib i l i ty  can  be te rm in a ted  and le a d  to  an answer and th e n  th e  PEM 

i s  a r e l i a b l e  p r i n c i p l e . '^

Most o f  B rouw er's work a f t e r  th e  f i r s t  w orld war c o n s is ts  o f  

r e c o n s tru c t io n s  o f m athem atics e x p re s s ly  w ith o u t th e  use o f  th e  PEM,

When in  some o f  h is  work, 19.21A, fo o tn o te  p . 798, 1925B. pp. 1 -  2 ,

p. 158, 121^, p . 5 5 , I2 6 ë s , p . 1247, 1 9 5 ^ , p. 142 , p. 5 ,
1955 . pp. 113 -  114 , he d is c u s s e s  thp PEM i t s e l f ,  ho g iv es  an h i s t o r i c a l  

i n t e r p r e t a t i o n ,  in v a r ia b ly  ex p ressed  in  th e  same te rm s. T his i s  

b a s ic a l ly  a summing up o f  h is  views on language and lo g ic  and t h e i r  

r e l a t i o n  to  m athem atics. Ho d e s c r ib e s  ' t h e  dogma o f th e  PEM' as a 

phenomenon o f th e  h is to r y  o f c i v i l i z a t i o n  o f th e  same k ind  as th e  o ld -  

tim e b e l i e f  in  th e  r a t i o n a l i t y  o f  7 7 - o r th e  r o t a t i o n  o f th e  u n iv e rse  on 

an  a x is  th rough  th e  e a r th .  F i r s t  c l a s s i c a l  lo g ic  was a b s tr a c te d  from 

th e  language o f  th e  m athem atics o f  'p a r t  s e t s '  o f  a  c e r t a in  f i n i t e  

system . A p r i o r i  e x is te n c e  independen t o f  th i s  m athem atics was th en  

a t t r ib u t e d  to  th i s  lo g i c ,  and on th e  b a s is  o f  t h i s  a p r i o r i t y  the  ru le s  

o f  lo g ic  were th e n  a p p lie d  to  th e  m athem atics o f  i n f i n i t e  s e t s .  The 

reaso n s  Brouwer gave f o r  th e  p e r s is te n c e  o f  th i s  dogma w ere: th e  obvious

n o n -c o n tr a d ic to r i ty  o f th e  p r in c ip le  f o r  an a r b i t r a r y  s in g le  a s s e r t io n  

and th e  p r a c t i c a l  v a l i d i t y  o f th e  whole o f c l a s s i c a l  lo g ic  f o r  an ex te n s iv e

19Q8B. pp. 9 -  10.



-  I4 f -

group o f s im p le , ev ery -d ay  phenomena. The f i r s t  rea so n  accoun ts f o r  

the  c lu m sin ess  o f  the  counterexam ples g iven  by Brouwer to  r e f u te  th e  

PEM, A part from th e se  counterexam ples and the  above h i s t o r i c a l  

i n t e r p r e t a t i o n ,  Brouwer d id  no t e la b o ra te  on th e  grounds f o r  h is  

r e j e c t i o n  o f  th e  PEM. I t  may be going too  f a r  to  t r a c e  i t  down to  

Schopenhauerian  a v e rs io n  to  H e g e l 's  d i a l e c t i c ;  Brouwer was c l e a r ly  

su sp ic io u s  o f any dev ice  th a t  would seem to  produce m athem atical know

led g e  from  a p u re ly  v e rb a l  h y p o th e s is . I t  i s  in  t h i s  c o n te x t and on 

th e se  grounds th a t  he r e j e c t s  th e  PEM ou t o f  hand, in  1907 as m ean in g le ss , 
an i from I 9O8 as u n ju s t i f i e d .

Most o f the  in g re d ie n ts  o f th i s  r e j e c t i o n  can a lre a d y  be found in  

1907 : th e  i d e n t i f i c a t i o n  o f  'm a th e m a tic a lly  e x i s t e n t '  w ith  ' hav ing  been 

c o n s tru c te d , B rouw er's  c o n s tru c t iv e  views o f  a p o s i t iv e  m athem atical 

s ta tem en t 'r e c o rd in g  the f i t t i n g  o f  a c o n s tru c te d  m athem atical e n t i ty  

w ith in  th e  s t r u c tu r e  o f a m athem atical s y s te m ', r e f le c te d  by a  lo g ic a l  

in fe re n c e  o f  th e  sim ple p a t te r n  o f  'w hole and p a r t ' .  T h is demand f o r  

a  c o n s tru c t iv e  p ro o f f o r  ovory m athem atical s ta te m e n t, im p lie s  th e  

n e c e s s i ty  o f a c o n s tru c t iv e  p ro o f f o r  th e  n e g a tiv e  s ta tem en t and le a v e s  

open th e  p o s s i b i l i t y  o f  a t h i r d  a l t e r n a t iv e ;  the  pure absence o f  a 

p ro o f e i t h e r  way. Even though Brouwer shov/s on page I 3I ,  1907. th a t  

he was n o t q u ite  su re  about the  c o n s tru c t iv e  p ro o f f o r  a n e g a tiv e  

s ta te m e n t, he d id  in  one in s ta n c e  draw th i s  c o n c lu sio n  and demanded a
I

p o s i t iv e  p ro o f f o r  th e  u n s o lv a b i l i ty  o f  a l l  m athem atica l problem s >

(se e  above-quo ted  fo o tn o te ) ,  |

What i s  new in  3^08B i s  a c l e a r ,  c o n s tru c t iv e  d e f in i t i o n  o f  a j

n e g a tiv e  s ta tem en t in  term s o f  a c o n tra d ic tio n .®  19Q8B demanded f o r  .

the  n e g a tiv e  s ta tem en t p a c o n s tru c t iv e  p ro o f o f  th e  c o n t r a d ic to r i ty  o f p.'

1

3

Brouwer was w e ll aware o f  th i s  and , seem ingly in  d e s p e ra t io n , s ig h s :  
'T h a t c l a s s i c a l  m athem atics canno t be s ile n c e d  in  a sim ple way i s  
because o f th e  fa v o u ra b le  f a c t  t h a t  -  i f  one l i m i t s  o n e s e lf  to  f i n i t e  
groups o f  p r o p e r t i e s  -  th e  PEM in  s p i te  o f  b e in g  in c o r r e c t  i s  non
c o n t ra d ic to ry ,  so th a t  in tu i t io n is m ,  in  i t s  f i g h t  a g a in s t  th e  e r r o r s  
o f c l a s s i c a l  m athem atics, i s  d ep riv ed  o f th e  most c u r re n t  means o f 
re p re s s io n ,  i . e .  r e d u e t ie  ad absurdum, and has to  r e ly  e x c lu s iv e ly  on 
adm onition  to  use re a so n  (Du. r e d o l i jk e  b o z in n in g ) , ' 1933» p . 63 .

1907 . p . 177 .
A re c o rd in g  o f an end o f  th e  road  o f  a c o n s tru c t io n ,  't h e r e  b e in g  no 
room f o r  th e  p o s ite d  s t r u c tu r e  w ith in  th e  g iven  c o n s t r u c t io n '.
See above, p . 1 3 7 .'
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I t  i s  t h i s  d e f in i t i o n  o f  n e g a tio n  th a t  i s  th e  key to  most o f  Brouwer’ s 
d iv e rg e n t v iew s,^

The c o n s is te n t  demand o f l^QZ an a c tu a l  c o n s tru c t iv e  p ro o f f o r  

every  m athem atical s ta tem en t in ro lies  the  com plete r e j e c t i o n  o f  th e  

EEM. A cceptance o f the EEM f o r  th e  f i n i t e  case im p lie s  a q u a l i f i c a t io n  

o f  th i s  req u irem en t th a t  every  m athem atical s ta tem en t i s  a re c o rd  o f  a 

p rev io u s  c o n s tru c t io n .  A f te r  1907, Brouwer dropped th i s  requ irem en t 

and v/as s a t i s f i e d  w ith  th e  prom ise and p o s s i b i l i t y  o f  such a con

s t r u c t io n .  In d eed , the  whole q u e s tio n  o f  th e  v a ld i ty  o f  the  EEM in  

the  p e r io d  I 9O8 -  1923 was a q u e s tio n  o f th e  p o s s i b i l i t y  o f  c o r ro b o ra tio n  

by in v e s t ig a t io n  and id e n t i f i e d  w ith  the  q u e s tio n  o f  the  s o lv a b i l i t y  

o f  every  m athem atical problem.® Because o f  i t s  f i n i t e  c h a ra c te r ,

Brouwer claim ed in  I 9O0B th a t  ’ such an in v e s t ig a t io n  can be te rm in a te d  

and le a d  to  an answ er and th e  EEM i s  a r e l i a b l e  p r in c i p l e ’ ;® and in  

I 923B: ’F or p r o p e r t ie s  d e riv e d  w ith in  a  s p e c if ic  f i n i t e  main system

by means o f th e  EEM, i t  i s  alv/ays c e r t a in  th a t  we can a r r iv e  a t  t h e i r  

e m p ir ic a l c o r ro b o ra t io n  i f  we have a s u f f i c i e n t  amount o f  tim e a t  our 

d i s p o s a l . T h e r e  i s  no doubt th a t  by ’ r e l i a b l e '  Brouwer m eant,

' le a d in g  to  t ru e  s ta te m e n ts '.  As l a t e  as 1923, he s t a t e s :  ' . . .  f o r

p r o p e r t ie s  conceived  w ith in  a s p e c if ic  f i n i t e  main system , th e  P r in c ip le  

o f  th e  Excluded M iddle h o ld s , i . e .  th e  p r in c ip le  th a t  f o r  every  system  

every  p ro p e r ty  i s  e i t h e r  c o r r e c t  o r im p o ss ib le , and in  p a r t i c u l a r  th e  

p r in c ip le  o f  th e  r e c ip r o c i ty  o f  t he complem entary  s p e c ie s , i . e .  th e  

p r in c ip le  th a t  f o r  every  system  th e  c o r re c tn e s s  o f  a  p ro p e r ty  fo llo w s 

from the  im p o s s ib i l i ty  o f th e  im p o s s ib i l i ty  o f t h i s  p r o p e r ty . ' ®

 ̂ See above pp. 137 PP.

® See q u o ta tio n  on p . 142 above; a lso  1921A. p . 797, and 1928C. p . 375.

I 9Q8B. p . 10 .

 ̂ I 923B . pp. 1 -  2. I n te r e s t in g  a re  th e  examples Brouwer g ives o f th e
v a l id  use o f th e  EEM: ' I f ,  f o r  exam ple, th e  u n ion  (p ,q )  o f  two
m athem atical sp e c ie s  p and q c o n ta in s  a t  l e a s t  e le v e n  e lem en ts ,
i t  fo llo w s on th e  b a s is  o f  th e  EEM (w hich in  t h i s  case  a ls o  appears 
as " th e  p r in c ip le  o f  d is ju n c t io n " )  th a t  e i t h e r  p o r  q c o n ta in s  
a t  l e a s t  s ix  e lem en ts . L ik ew ise , i f  we have proved in  e lem entary  
a r i th m e t ic  t h a t ,  whenever none o f th e  p o s i t iv e  in te g e r s  a±, a g , . . . a ^  
i s  d iv i d i s l e  by a prim e number c ,  th e  p ro d u c t a ^ , a s . . ..a%  i s  no t 
d iv i s i b l e  by c e i t h e r ;  i t  fo llo w s  on th e  b a s is  o f  th e  r e c ip r o c i ty  
o f  th e  com plementary sp e c ie s  t h a t ,  i f  the  p ro d u c t a i . a s  . . .  i s  
d iv i s i b l e  by th e  prim o number c , a t  l e a s t  ono o f th e  f a c to r s  o f  the  
p ro d u c t i s  d iv i s i b le  by c , ’

® 1923B. p .  1.
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Brouwer*s s tan d  on the  EEM in  th e  p e r io d  I 9O8 -  1923 can he 

summed up as fo llo w s :

1® The q u e s tio n  o f  the  EEM i  to  be id e n t i f i e d  w ith  the  q u e s tio n  o f  the

p o s s i b i l i t y  o f a c tu a l ly  c a r ry in g  ou t the  in v e s t ig a t io n .

2° W ith in  a f i n i t e  main m athem atica l system , such an in v e s t ig a t io n  can 

be te rm in a te d , and th e  EEM i s  a v a l id  b u t t r i v i a l ^  p r in c i p le ,  

le a d in g  to  t r u e  m athem atical s ta te m e n ts .

3° In  an i n f i n i t e  m athem atical system , th e  use o f  the  EEM i s  not

j u s t i f i e d .

4° Even th e  u n ju s t i f i e d  use o f  th e  EEM w i l l  never le a d  to  c o n tra d ic tio n ,®  

3® Freedom from c o n t ra d ic t io n  i s ,  th e r e f o r e ,  no t a g u aran tee  o f the  

v a l i d i t y  o f  a m athem atica l argum ent.

4 .2  The EEM a f t e r  1923 and th e  c a lc u lu s  o f  a b s u r d i t ie s

On th e  23rd  November, 1923, Brouwer p re se n te d  a p ap e r to  the

Royal Dutch Academy e n t i t l e d ,  ’I n t u i t i o n i s t i s c h e  s p l i t s i n g  van 

m athcm atische g rondbegrippen* , ( l i t , ,  ’ I n t u i t i o n i s t i c  s p l i t t i n g  mf 

some fundam ental concep ts  o f  m athem atics’) , 1223C, in  which he developed 

h is  w ell-know n c a lc u lu s  o f  a b s u rd ity .  I t  marks an im p o rtan t s h i f t  in  

h is  view s on th e  EEM, on n o n -c o n tra d ic to rity ®  and t r u t h ,  and a  tem porary 

change in  h is  a t t i t u d e  tow ards lo g ic .

The opening l i n e s  o f  th e  D utch v e rs io n  seem to  in d ic a te  a com plete 

r e j e c t i o n  o f  th e  EEM: ’The i n t u i t i o n i s t i c  co n ce p tio n  o f  m athem atics

n o t on ly  r e j e c t s  th e  p rin c ip iu m  t e r t i i  e x c lu s i  co m p le te ly , (Du. ' i n  

z i j n  g e h e e l ' , i . e .  in  i t s  e n t i r e t y ) ,  b u t a ls o  th e  s p e c ia l  case which 

i s  ro o ted  in  th e  p r in c ip le  o f  r e c ip r o c i ty  o f th e  com plementary s p e c ie s ,  

i . e .  th e  p r in c ip le  th a t  f o r  an a r b i t r a r y  system  th e  c o r re c tn e s s  o f  

a  p ro p e r ty  may be in f e r r e d  from th e  a b s u rd ity  o f th e  a b s u rd ity  o f  

th a t  p r o p e r ty , '^  The re fe re n c e  to  ' a r b i t r a r y  system s' could  in d ic a te  

agreem ent w ith  B rouw er's  p rev io u s  g e n e ra l s ta te m e n ts  which allow ed an 

e x c e p tio n  f o r  the  f i n i t e  c a s e , e s p e c ia l ly  s in c e  in  i t s  German v e rs io n  

th e  above passage was changed in to :  'T h is  a r t i c l e  d e a ls  w ith  some

 ̂ C f. Brouwer' 5 rem arks on m achines and s u i ta b ly  t r a in e d  an im als in  
1908b . p . 10 , quoted on p . 135'' ubova,

" C f. p . 11,

® Cf, p ,1 3 6  above,

“ 1923c . p , 877,
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* co n c lu sio n s  from th e  i n t u i t i o n i s t i c  th e s i s  which m a in ta in s  th a t  th e  

lo g i c a l  P r in c ip le  o f  th e  Excluded M iddle only  a p p lie s  w ith  u n lim ite d  

v a l i d i t y  to  p a r t s  o f  m athem atics w ith in  a d e f in i t e  f i n i t e  sy stem , and 

th e re fo re  on ly  to  those  p a r t s  o f n a tu ra l  sc ie n c e s  on which a  d e f in i te  

f i n i t e  m athem atical system  can be p r o je c te d . '^  The s tro n g e r  s ta tem en t 

in  th e  Dutch v e r s io n  may w e ll be th e  b e t t e r  r e f l e c t i o n  o f  B rouw er's 

r e a l  th o u g h ts  a t  the  tim e , w hile  the  German v e rs io n  r e f l e c t s  a more 

c a u tio u s  l i n e  a t  th e  tim e o f a  h ea ted  co n tro v e rsy  w ith  H ilb e rt.®

M oreover, r e j e c t i o n  o f  th e  c l a s s i c a l  double n e g a tio n , as s e t  o u t in  

1923c . underm ines th e  v a l i d i t y  o f  the  EEM even f o r  th e  f i n i t e  case : 

'C la s s i c a l  m athem atics p o s tu la te s  f o r  every  p ro p e r ty  the  a l t e r n a t iv e s  

as  e i t h e r  c o r r e c t  o r  ab su rd , and , th e r e f o r e ,  eq u iv a len ce  o f c o r re c tn e s s  

and a b s u rd ity  o f a b s u rd ity .  F o r the  i n t u i t i o n i s t ,  a b s u rd ity  o f 

a b s u rd ity  i s  n o t e q u iv a le n t to  c o r re c tn e s s  b u t fo llo w s from  i t . ' ®

A b su rd ity , and a b s u rd ity  o f a b s u rd i ty ,  a re  th e n  u n iv e r s a l ly  a p p lie d  to  

r e l a t io n s  w ith o u t any d i s t i n c t i o n  b e in g  made betw een f i n i t e  and i n f i n i t e  

sy s te m s .4 (The ' l o g i c a l  n a tu re ' o f  B rouw er's argument in  1923C w i l l  

be f u r th e r  d isc u sse d  in  C hapter IV , 'The P r in c ip le  o f  R e c ip ro c ity  o f 

C om p lem en ta rity ') .

The com plete r e j e c t i o n  o f  th e  EEM as a lo g ic a l  p r in c ip le  producing  

tru e  m athem atical s ta tem en ts  can be found in  1928C. 1933 . ^24§C, 1953 

and 1955 . A part from  t ru e  s ta te m e n ts , Brouwer here  d is t in g u is h e d  

betw een th o se  th a t  a re  f a l s e  o r  a b su rd , and th o se  th a t  a re  non

c o n tra d ic to ry .  A lready  in  I 9Q8B Brouwer had h in te d  a t  such a d i s t i n c t i o n :  

'T h e re fo re ,  in  m athem atics, one should  in  a l l  th e  theorem s th a t  a re  

u s u a lly  accep ted  as hav ing  been p roved , d is t in g u is h  betw een th o se  th a t  

a re  c o r r e c t  and th o se  t h a t  a rc  n o n -c o n tr a d ic to ry . ' ®

1 1925B. p . 251.

The added re fe re n c e  to  n a tu r a l  sc ie n c e s  m ight a ls o  p o in t  to  t h i s ,
I 928A. m ainly d i r e c te d  a t  H i lb e r t ,  c l e a r ly  shows B rouw er's a n x ie ty  
to  prove t ’* :t  h is  views in  p r a c t ic e  had been  adopted by H ilb e r t .  8 f . p . 39,

1923c . p . 877.
See f u r t h e r ,  p . 217,

I 9O8B, p . 12 fo o tn o te .
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But a p a r t  from  tho nowly found more c o n s tru c t iv e  meaning o f 

'a b s u r d i ty  o f  a b s u r d i t y ',  and i t :  g r e a te r  r e s p e c t a b i l i t y ,  non- 

c o n t r a d ic to r i ty  i s  now a sc r ib e d  w ith in  ^inijbo system s: 'F in a l ly ,  we 

observe th a t  th e  PEM in  i n t u i t i o n i s t i c  m athem atics, even i f  n o t c o r r e c t ,  

i s  f r e e  from c o n tra d ic t io n s  i f  one l im i t s  o n s e lf  e x c lu s iv e ly  to  f i n i t e  

sp e c ie s  o f  p r o p e r t i e s ,  which f i r s t  e x p la in s  why e r r o r s  in  c l a s s i c a l  

m athem atics could  f o r  so lo n g  su rv iv e , and seco n d ly , has encouraged 

f o r m a l is t i c  te n d e n c ie s . On th e  b a s is  o f  i n t u i t i o n i s t i c  in s ig h t s ,  

th e r e f o r e ,  th e re  a r e ,  a p a r t  from a c c u ra te  th e o r ie s  which can be developed 

in d ep en d en tly  o f th e  PEM, non-co n tr a d io to ry  t h e o r i e s , w hich, w ith  th e  

above r e s t r i c t i o n , can be d e riv e d  w ith  th e  h e lp  o f  th e  PEM, and which 

co v er a much l a r g e r  p a r t  o f  c l a s s i c a l  m athem atics th an  th e  c o r r e c t  

th e o r ie s .  An a p p ro p r ia te  m ech an iza tio n  o f  th e  language of such 

i n t u i t i o n i s t i c  n o n -c o n tra d ic to ry  m athem atics w i l l  in  t h i s  way p rov ide  

what the  fo rm a l is t  school i s  aim ing a t . ' ^

W ith in  an i n f i n i t e  main m athem atical system , th e re  i s  no such 

g u aran tee  f o r  n o n -c o n tr a d ic to r i ty .  T h is  Brouwer t r i e d  to  prove in  

h is  coun terexam ples,

4 .3  Counterexam ples r e f u t in g  th e PEM

In  keep ing  w ith  h is  view s a t  th e  tim e , Brouwer r e f u te s  th e  PEM in  

1908 by sim ply q u o tin g  m athem atical problem s th a t  have n o t y e t  been 

so lv ed , such as : ' I s  th e re  in  th e  decimad. expansion  o f  7T a number

th a t  i s  found more f r e q u e n t ly  th a n  o th e r s ? ' And: 'A re th e re  in  the

decim al expansion  o f  tt i n f i n i t e l y  many p a i r s  o f  th e  same subsequent 

d i g i t s ? ’ ®

F e rm a t 's  problem  i s  a  f a v o u r i te  example o f  an unso lved  problem  

r e f u t in g  th e  PEM in  h is  l a t e r  work.® I t  i s  q u ite  c l e a r  here  -  as w e ll 

as  from Brouwer' 3 g e n e ra l view s on m a them atica l e x is te n c e  and a p r i o r i  

pronouncem ents on m athem atics -  th a t  Brouwer d id  n o t have in  mind 

problem s th a t  a re  e s s e n t i a l l y  u n so lv ab le  o r  u n d ecidab le  in  G B del's 

s en se : ' F u rth e rm o re , we remaiic th a t  an  a s s e r t io n  which is  in  th e  f o u r th
c a se ^ , may a t  some tim e p ass  in to  one o f  th e  o th e r  c a s e s ,  n o t only

 ̂ V ienna L e c tu re ,  1 0 th  M arch, 1928; 1929A. p . I 63.

® I 9O8B. p . 12 .

® 1948C. p . 963 fo o tn o te ;  1955 . p . 114.
Cf. f u r t h e r  p . 154.
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'b ecau se  f u r th e r  th in k in g  may g e n e ra te  a c o n s tru c t io n  accom plish ing  th i s  

p a ssag e , b u t a lso  because in  i n t u i t i o n i s t  m athem atics, a m athem atical 

e n t i t y  i s  no t n e c e s s a r i ly  p re d e te rm in a te , and may in  i t s  s t a t e  o f f r e e  

grow th, a t  some tim e acq u ire  a  p ro p e r ty  which i t  d id  no t p o sse ss  b e fo re . 

An example o f  tho f o u r th  case i s  th e  a s s e r t io n :  "Three n a tu ra l  num bers,

a ,  b , n, cannot s a t i s f y  th e  e q u a tio n  + b^  = c^  f o r  n > 2", Each 

m athem atical a s s e r t io n  which i s  in  th e  fo u r th  case y ie ld s  a r e f u ta t io n  

o f  th e  p r in c ip le  o f  tho  excluded th i r d ,

P reo ccu p a tio n  w ith  th e  r a t i o n a l i t y  o f  tt i s  e v id e n t in  h is  l a t e r  

coun terexam ples, b u t a f t e r  1923 i t  i s  used to  show up c o n t ra d ic t io n  due 

to  tho use o f  the  PEM, an aim he ex p ressed  in  1928: 'The sim ultaneous

e n u n c ia tio n  o f th e  PEM f o r  a r b i t r a r y  sp e c ie s  o f  p r o p e r t i e s  can in d e ed 

be cont r a d i c t o ry,® In d eed , the  c o n t r a d ic to r i ty  o f th e  p r in c ip le  th a t  

" a l l  r e a l  numbers a re  e i t h e r  r a t i o n a l  o r  i r r a t i o n a l " ,  can bo p r o v e d . ' ® 

The p ro o f v/as g iv en  by Brouwer in  19230^ . where ho c o n s tru c te d  a r e a l  

number r  which was no t r a t i o n a l  b u t whose r a t i o n a l i t y  could  no t 

p o s s ib ly  be ab su rd . In  h is  d e f in i t i o n  o f th e  term s o f  th e  sequence 

converg ing  to  r ,  Brouwer made th e  v a lu e  o f  th e  term s and o f  r  dep

enden t on th e  o ccu rren ce  o f th e  sequence 0123436789 in  th e  decim al 

expansion  o f 77- :

'L e t  dy be the  v - t h  d i g i t  a f t e r  th e  decim al p o in t in  th e

decim al expansion  o f  TT and l o t  m=k^ i f ,  as th e  decim al expansion  o f

Ti i s  p ro g re s s iv e ly  w r i t t e n ,  i t  happens a t  d^ f o r  th e  n th  tim e th a t  

th e  segment * ^m + 1 * ^m + 9 t h i s  decim al expansion  forms

th e  sequence 0123436789. F u r th e r ,  l e t  c = ( -  i f  w > - k ^ ,

o th e rw ise  l e t  c^  ~ ( "  | ) ^  . Then th e  sequence c ^ , Cg, Cg , 

converges to  a r e a l  number r .

I f  we c a l l  a r e a l  number g r a t i o n a l ,  i f  two in te g e r s  p and q

can be c a lc u la te d  whose q u o tie n t  eq u a ls  g, th e  r  c an o t be c a l le d

r a t i o n a l ,  b u t on th e  o th e r  hand, th e  r a t i o n a l i t y  o f  r  cannot p o s s ib ly  

be absu rd  f o r  in  th a t  case  k i could  n o t p o s s ib ly  e x i s t ,  which would 

im ply th a t  r  = 0 and th e re fo re  i s  r a t i o n a l . ’ ^

" Î S 1 5 ,  p . 114 .
 ̂ I t a l i c s  a ro  mine.

® 1929A. p . 164.

“ C f. a ls o  1928A. p . 378.

® m i l ,  p .  8 7 7 .
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The same exançle  had been g iven  in  1923B. b u t here Brouwer 

c o n c e n tra te d  on the  f a c t  th a t  f o r  r  none o f th e  c o n d itio n s  r  = 0 , 

r  > 0 , r  < 0 h o ld s , and on those  grounds r e je c te d  th e  view  th a t  the  

p o in ts  o f  th e  continuum  form an o rd ered  p o in t s p e c ie s ,  as w e ll as the 

n o tio n  o f  th e  L - in te g r a l ,^  The sp e c ie s  o f  the  p o s i t iv e  in te g e rs  

Ijy , d e f in e d  above, p rov ided  Brouwer w ith  a counterexam ple r e f u t in g  

th e  maxim th a t  every  m athem atical sp e c ie s  i s  e i t h e r  f i n i t e  o r  i n f i n i t e ;  

th i s  r e s u l te d  in  th e  r e j e c t i o n  o f th e  B o lzano -W eierstrasz  theorem  as 
w e ll as th e  H eine-B ore l co v erin g  theorem .^

The occurrence  o f  th e  sequence 012343^769 in  the  decim al expansion  

ofTT i s  j u s t  an example o f  a more g e n e ra l p ro p e r ty  x ,  whose e x is te n c e  

o r  im p o s s ib i l i ty  can be d e riv e d  f o r  every  d e f in i t e  p o s i t iv e  in te g e r ,  

a lth o u g h  n e i th e r  can any p o s i t iv e  in te g e r  be determ ined  which p o sse sse s  

X ,  n o r can th e  im p o s s ib i l i ty  o f  x be proved f o r  a l l  p o s i t iv e  in te g e r s .  

L a te r ,  ( 1929A. 1933 . 1948C, 1252B, 1953 and 1953) ,  Brouwer would r e f e r  

to  t h i s  p ro p e r ty  as a f le e in g  p ro p e r ty ,  (Du. v luch ten d e  e igenschap ;

Germ, f l ie h e n d e  E ig e n s c h a f t)  a.nd to  th e  sequence as a d r i f t .^ On the  

b a s is  o f  th i s  g e n e ra liz e d  p ro p e r ty ,  he th e n  r e f u te s  th e  HSM and such 

c l a s s i c a l  theorem s as : f o r  two s t r a i g h t  l i n e s  o f  th e  p r o je c t iv e  p lan e

a t  l e a s t  one common p o in t  can be d e te rm in ed , B olzano’ s theorem , and 

R o l le ' 8 theorem .^

4.4 The co n tro v er s y  c oncern in g  'th e  B ro u w er-lo g ic '

B rouw er's  sea rch  f o r  p ro o f o f  c o n t r a d ic to r i ly  o f  th e  EEM in  an 

i n f i n i t e  system  v/as suddenly  h a l te d  by a  p u b l ic a t io n  o f G livenko in  

1928 , which fo llo w ed  a s e r ie s  o f  c o n t ro v e r s ia l  a r t i c l e s  on B rouw er's

1 'T h is  n o tio n  o f in t e g r a l  i s  bound to  th e  n o tio n  o f 'm easu rab le  
fu n c t io n ' and -  as in d ic a te d  in  th e  above example -  no t even a 
c o n s ta n t fu n c t io n  s a t i s f i e s  th e  c o n d itio n  o f  m e a s u ra b il i ty .  *

1923B . pp. 337 -  339 .

T his f l e e in g  p ro p e r ty  i s  g e n e ra l ly  d e sc rib e d  by Brouwer as a  p ro p e r ty  
f  o f  n a tu r a l  numbers s a t i s f y in g  th e  fo llo w in g  c o n d itio n s : 
i )  F or each n a tu r a l  number n i t  can  be dec id ed  w hether o r  no t 

n p o sse sse s  th e  p ro p e r ty  f ;  
i i )  No way i s  known to  c a lc u la te  a n a tu r a l  number p o s se ss in g  f ; 

i i i )  The assum ption  th a t  a t  l e a s t  one n a tu r a l  number p o sse sse s  f  
i s  n o t known to  bo c o n tra d ic to ry .

■ 1933 . p . 61 e t  a l .
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c a lc u lu s  o f a b s u rd ity  and the  EEM,^

R. Wavre was th e  f i r s t  to  p ro c la im  Brouwer’ s c a lc u lu s  o f a b s u rd ity  

as the  b a s is  f o r  a 'lo g iq u e  b ro u w e rie n n e '. H is c o n t r ib u t io n :  'S u r  

l e  p r in c ip e  du t i e r s  e x c l u ' p u b l i c i z e d  B rouw er's c a lc u lu s  o f  a b s u rd ity  

and s ta r t e d  a co n tro v e rsy  on th e  Brouwer lo g ic ,  m ain ly  conducted in  the  

B u l le t in  de l'A cadém ie Royale de B e lg iq u e ,

M, B arz in  and A. E r r e r a  in  'S u r  l a  lo g iq u e  de M, B rouw er', showed 

com plete la c k  o f  u n d e rs tan d in g  o f  B rouw er's views on n e g a tio n  and the  

REM by in tro d u c in g  a th i r d  t r u t h  v a lu e  ' t i e r c e ' ,  and u s in g  c l a s s i c a l  

n e g a tio n  s id e  by s id e  w ith  th e  Brouwer n e g a tio n , even to  th e  e x te n t  o f 

ad o p tin g  th e  'p r in c i p le  o f th e  excluded f o u r t h ' .  They claim ed to  prove

R. Wavre, 'Y - a - t - i l  une c r i s e  des mathemat ique s ? A propos de l a  n o tio n  
d 'e x is te n c e  e t  d 'u n e  a p p l ic a t io n  su sp e c te  du p r in c ip e  du 
t i e r s  e x c lu . ' Revue de M étaphysique e t  de M orale , v o l* 31 
(1 9 2 ^ ), pp. 435 ^ W Ô : "

R. Wavre, 'Logique fo rm o llo  o t  Logique em piristd*. Revue de M étaphysique 
e t  de M orale, v o l .  33 ( 1926) ,  No, 1 , pp, 63 -  73.

R. W av re ,'S u r l e  p r in c ip e  du t i e r s  exclu’. Revue de M étaphysique e t  
de M o ra le , v o l .  33 ( 1926) ,  pp. 423 -  43O.

M, B arz in  e t  A, E r r e r a ,  'S u r  l a  lo g iq u e  de M, B ro u w er', Académie 
Royale de B e lg iq u e , B u l le t in  de l a  C lasse  des S c ie n c e s , 
v o l .  13 ( 1927) ,  pp. 36 -  71 .

P a u l Levy, 'S u r  l e  p r in c ip e  du t i e r s  ex c lu  e t  su r  l e s  theorom es non 
s u s c e p t ib le s  de d é m o n s tr a t io n ', Revue de M étaphysique e t  
de M orale , v o l ,  33 (1 9 2 6 ), pp. 233 -  238.

P au l Levy, 'C r i t iq u e  de l a  lo g iq u e  em p iriq u e . Repense a M. Robin
Y /avre ', Revue do M étaphysique e t  de Mor a l e . v o l .  33 ( l 926) ,  
pp. 343 -  331 .

P au l Levy, 'L ogique c la s s iq u e .  Logique brouvferienne e t  Logique m ix te ' , 
Académie Royale de Belg iq u e .  B u l l e t i n , v o l .  13 ( 1927) ,
pp. 236 -  266 ,

E. B o re l,  'A propos de l a  re c e n te ^ d is c u s s io n  e n tre  fflvl R, Wavre e t
M, P. Levy' , Rpvuq de M étaphysique e t  de M o rale , v o l .  34
( 1927) ,  pp . 271“  276 .

8 . A v s itid y sk y , 'N ote r e l a t i v e  au t r a v a i l  de M  B arz in  e t  E r r e r a ,
"Sur l a  lo g iq u e  de M. Brouwer"' , Ac. R. de B e lg ... 
B u l l e t in ,  v o l .  17 ( 1927) ,  pp . 724  -  730 .

A. K h in tc h in e , 'O b je c tio n  a une no te  de M  B arz in  o t  E r r e r a ' ,
Ac. R. de B elg . . B u l l e t i n , v o l 14 ( l9 2 8 ) ,  pp. 223 -  224.

V. G livenko , 'S u r  l a  lo g iq u e  de M, B rouw er', Ac. R. d ^ B e ]^ .
B u llo t i n .  v o l .  14  ( 1928) ,  pp . '225 -  228"

V. G livehko , 'S u r  quelques p o in ts  de l a  lo g iq u e  de M. B rouw er',
Ac. R. do B elg ique . B u l l e t i n ,  v o l .  13 ( l9 2 9 ) ,  
pp. 1 8 3 ' -  188 .

See fo o tn o te   ̂ above.
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th a t  w ith in  th e  Brouwer lo g i c ,  t h i s  th i r d  t r u t h  v a lu e  le a d s  to  c o n tra d ic t io n .

Subsequent a r t i c l e s  by P au l Levy and Serge A v sitid y sk y  a re  

a ttem p ts  to  improve B arz in  and E r r e r a ,  b o th  based  on th e  c o n v ic tio n  

th a t  th e  th i r d  t r u t h  va lu e  't i e r c e *  i s  an e s s e n t i a l  elem ent in  
B rouw er's lo g ic .

K h in tc h in e , in  'O b je c tio n  a une no te  de IM, B arz in  e t  E r r e r a ' , 

does no t ex p ress  such a p o s i t io n  b u t sim ply p o in ts  a t  some lo g ic a l  

flaw s in  B arzinb and E r r e r a 's argum ent. ^

Brouwer h im se lf  d id  n o t d i r e c t l y  take  p a r t  in  th i s  d e b a te . A man 

so deep ly  concerned w ith  p u b lic  re c o g n i t io n  -  as i s  shov/n in  h is  

co n tro v e rsy  w ith  H ilb e r t  -  must c e r t a in ly  have been f l a t t e r e d  b e in g  the  

c e n tre  o f  th i s  p u b lic  c o n tro v e rsy  and b e in g  h e ra ld ed  by some as the  

re v o lu t io n a ry  in n o v a to r  o f  th e  c e n tu ry  in  th e  f i e l d  o f  lo g ic .  On th e  

o th e r  hand, he showed a sense  o f d isco m fo rt in  th e  f i e l d  o f sym bolic 

lo g ic  where he p ro fe s se d  h im se lf  to  be an o u ts id e r ^ ,  and h is  deep- 

ro o ted  su s p ic io n  o f lo g ic  rem ained w ith  him f o r  th e  whole o f  h is  l i f e .

V, G liv e n k o 's  'S u r  l a  lo g iq u e  de M. Brouwer' rem ained more t ru e  

to  th e  s p i r i t  o f  Brouvjer. He showed th a t  th e  in t ro d u c t io n  of a th i r d  

t r u t h  v a lu e  ( ' t i e r c e ' )  i s  as i l l e g i t im a te  in  Brouwer’ s lo g ic  as i t  

i s  in  c l a s s i c a l  lo g ic .  He made th e  f i r s t  a ttem p t a t  fo rm a liz in g  

i n t u i t i o n i s t i c  lo g ic  by s t a t in g  and l i s t i n g  th e  axioms a c c e p ta b le  to  

Brouwer and p ro v in g  some o f  B rouw er's  r e s u l t s . ^

K h in tc h in e  shows th a t  th e  c o n t r a d ic t io n  B a rz in  and E r r e r a  claim ed to  
have found i s  based on the  f a l s e  assum ption  o f some ' g e n e ra lly  
accep ted  lo g i c a l  r u l e s ' , w hich, however, T fill e q u a lly  le a d  to  c o n tra 
d ic t io n  in  c l a s s i c a l  lo g ic .

Much o f  H e y tin g 's  f o rm a l iz a t io n  o f  lo g ic  (l9 3 0 ) was based  on G livenko, 
(C f. r e fe re n c e s  in  H ey ting , 1930, pp. 43 , 44 , 49, 3 2 ). G livenko 
l i s t e d  th e  lo g i c a l  axioms a c c e p ta b le  to  Brouwer as :
I  P D P
I I  p D q  : D : q D r .  d ,p  d r
I I I  pq 3  p IV pq 3  q
V r D p  : D  Z r o q . D . r D p q
VI p ^  p V q V II q 3  p V q
V III  p D r  : 3  : q 3 r . 3 . p v q 3 r
IX p 3  q : 3  : P 3  - q  . 3  . - p
G livenko a lso  observed  th a t  adding  p v ~ p to  th e se  axioms produces
th e  c l a s s i c a l  p ro p o s i t io n a l  c a lc u lu s  (p . 226). (Cf,  a lso  G livenko 1929,
p . 183 , where he proved com pleteness o f  th e  system ).
To th e  axiom s, G livenko added th e  p r in c ip le s  d e r iv a b le  from  I  -  IX:
p r in c ip le  o f  c o n t ra d ic t io n  ~ (  ~ p . p)
XI p 3  -  q . 3 .  q o ~ P
XII p 3  q . 3 . - q  3  - p
Brouwer accep ted  p 3 ~ (  ~ p) as an axiom, H eyting adm its in  1930 
(p . 49) t h a t  he changed h is  mind because o f  th e  work o f  G livenko.
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A com parison betw een th e  ty p i c a l ly  in fo rm al p ro o f o f  Brouwer and 

th e  co rresp o n d in g  p ro o f o f  G livenko shows th e  e s s e n t i a l  agreem ent 

betw een th e  tw o, and the  e legance and s u p e r io r i ty  o f  the  l a t t e r :

Brouwer: A b su rd ity  o f  a b s u rd ity  c f  a b s u rd ity  i s  eq u iT c lo n t w ith  a b s u rd ity .
P ro o f: a) When th e  p ro p e r ty  y fo llo w s from th e  p ro p e r ty  x 

th e  a b s u rd ity  o f x fo llo w s from th e  a b s u rd ity  o f  y .

T h e re fo re , s in c e  from c o r re c tn e s s  fo llo w s a b s u rd ity  of 

a b s u rd i ty ,  a b s u rd ity  must fo llo w  from th e  a b s u rd ity  o f  th e  

a b s u rd ity  o f  th e  a b s u rd ity .

b) S ince a b s u rd ity  o f a b s u rd ity  o f a p ro p e r ty  fo llo w s from 

i t s  c o r r e c tn e s s ,  in  p a r t i c u l a r  a b s u rd ity  o f th e  a b s u rd ity  o f  

th e  a b s u rd ity  must fo llo w  from th e  c o r re c tn e s s  o f  a b s u rd ity .^

G livenko: I n  th e  Brouwer lo g i c ,  th e  f a l s i t y  o f th e  f a l s i t y  of th e  

f a l s i t y  o f  a p ro p o s i t io n  q im p lie s  th e  f a l s i t y  o f  the  

p ro p o s it io n  q:

( ~ ( ~ q) )
P ro o f:

( ~ (  ~ a ) )  D

( ~( ~ q ) )

(X II)

Most d is tu r b in g ,  however, to  Brouwer must have been G livenko’ s 

f i r s t  theorem : ' I n  th e  Brouwer lo g i c ,  th e  p ro p o s i t io n ,  " th e  p ro p o s it io n  

«S' p V p i s  a b su rd " , i s  absurd  in  th e  Brouwer s e n se , o r  ~ (  ~ ( ^ p  v p ) ) ’ 

T his amounts to  a c c e p tin g  th e  u n iv e rs a l  n o n -c o n tr a d ic to r i ty  o f  th e  PEM. 

I n  the  p ro o f , G livenko makes use o f  V I, V I I ,  IX and X II , a l l  a c c e p ta b le  

to  Brouwer,

Brouwer* s im mediate r e a c t io n  i s  d i f f i c u l t  to  measure from h is  

w r i t in g s .  Both 1928A and I 929A were p u b lic a t io n s  o f  l e c tu r e s  g iven  

b e fo re  G liv e n k o 's  a r t i c l e  appeared  ( r e s p e c t iv e ly  1 7 th  December, 1927, 

and 1 0 th  M arch, 1928). W ith th e  e x c e p tio n  o f  1933 -  w hich i s  f o r  th e  

main p a r t s  an  a lm ost l i t e r a l  t r a n s l a t i o n  o f  1929A -  Brouwer does no t

 ̂ 1921C. p , 878 and 1925B. p .  253.

 ̂ Op. o i t .  p . 226.
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m ention the  PEM u n t i l  1948, T his alm ost com plete s i l e n c e ,  s t a r t i n g  

im ciGdiately a f t e r  GliverQco’s p u b l ic a t io n ,  could  by i t s e l f  be an 

in d ic a t io n  o f B rouw er's r e a c t io n .  A ccording  to  G, K r e i s e l ,  t h i s  

s i le n c e  i s  due to  i n t e l l e c t u a l  shock due to  th e  p u b l ic a t io n  o f papers 

by H eyting ( 1930) and Gbdel ( l 9 3 l ) .^  I f  th e re  has been such a  shock , 

i t  seems more l i k e ly  to  have been s t a r t e d  by G liv en k o 's  p u b l ic a t io n ,  

which c o in c id e s  w ith  th e  b eg inn ing  o f t h i s  p e rio d  o f s i l e n c e ,  r a th e r  

th an  by th e  p u b l ic a t io n  o f  G B del's v/ork th re e  y e a rs  l a t e r .  M oreover, 

G b d e l's  work on th e  incom pleteness o f  fo rm al system s confirm ed B rouw er's 

views even i f  G B del's methods of p ro o f were d i f f e r e n t ,  B ro u w r l a t e r ,  

in  an in te rv iew *  showed how l i t t l e  he was im pressed by GBdel’ s p ro o f 

and shrugged i t  o f f .  As f a r  as H e y tin g 's  f o rm a l iz a t io n  o f  i n t u i t i o n i s t i c  

lo g ic  i s  concerned , th i s  came as no s u rp r is e  to  Brouwer, who was to  

some e x te n t  in v o lv ed  in  i t s  p u b lic a t io n ,

4 .3  In  h is  p o s t-w ar p u b l ic a t io n s ,  Brouwer rem ains adamant in  h is

r e f u s a l  to  a cc ep t th e  PEM as 'a n  in s tru m en t to  d isc o v e r  new m athem atica l 

t r u t h ' , ^  In  m athem atics p ro p e r , on ly  fo u r  s i tu a t io n s  may a r i s e ;  

a c c o rd in g ly , in  th e  language o f me '.vom atics, d i s t i n c t i o n  can be made 

betw een s ta te m e n ts  which a re :

1° T r i^ ,  i . e .  have been proved;

2® F a ls e , i . e .  the  su p p o s itio n  o f  which has le d  to  a c o n t ra d ic t io n ,  
such as 1 = 0 ;

3® N e ith e r  t r u e  no r f a l s e ,  b u t an  a lg o rith m  i s  known le a d in g  to  

a d e c is io n  th a t  th e y  a re  tru e  o r  f a l s e ;

4® N e ith e r  t r u e  no r f a l s e ,  no r do we know an a lg o rith m  le a d in g  to  th e  

d e c is io n  th a t  th ey  a re  tru e  o r  f a l s e . ^

The PEM, here  a ls o  r e f e r r e d  to  as th e  p r in c ip le  o f  ju d g e a b i l i ty ,  

i s  r e fu te d  by th e  v e ry  e x is te n c e  o f  s ta te m e n ts  o f  th e  f o u r th  k in d ,

'e a c h  m athem atical a s s e r t io n  which i s  in  th e  fo u r th  case y ie ld s  a 

r e f u ta t io n  o f  th e  p r in c ip le  o f th e  excluded  t h i r d G r a n t i n g  th e  PEM 

in  the  f i n i t e  c a s e ,  ( ' a n  a s s e r t io n  o f  p o s s i b i l i t y  o f  some c o n s tru c t io n  

o f  bounded f i n i t e  c h a ra c te r  in  some f i n i t e  m athem atical sp e c ie s  i s

 ̂ B io g ra p h ic a l Memoir o f  L u itz e n  E g b ert us Jan  Bromver, R oyal S o c ie ty ,
( 1970) ,  p . 45 .
In te rv ie w  w ith  A. H i l l .

1948C. p . 124ii-; c f .  a lso  19_33 and I 935 .

1 2 2 2 , p . 114 .
® Ibidem.
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n e c e s s a r i ly  ju d g e a b lc ' ) ^ , does no t amount to  more th a n  a c c e p tin g  th a t  

's u c h  a c o n s tru c t io n  can be a ttem p ted  only  in  a f i n i t e  number o f ways, 

each o f which w i l l  succeed o r  f a i l  a f t e r  a f i n i t e  number o f s t e p s ' . ^

The PEM i t s e l f ;  and s ta te m e n ts  about the  PEM, i t s  t r u t h  o r  c o n tra -  

d i c t o r i t y ,  a re  'a s s e r t io n s  abou t a s s e r t i o n s ' ,  and be long  to  th e  

' i n t r o s p e c t iv e  th e o ry  o f  m athem atical a s s e r t io n s ,  a  th e o ry  which w i t h  

some r ig h t  may be c a l le d  i n t u i t i o n i s t  m athem atical lo g ic .*

3 .1  Symbo l i c  n o ta t i o n and fo rm a l iz a t io n

In  1907 Brouwer accep ted  t l ia t  th e re  is  no e s s e n t i a l  d if f e re n c e  

betw een th e  use o f  language and th a t  o f  sym bolic n o ta t io n  in  mathe

m a tics  o r  in  lo g ic :  'J u s t  as a l l  m athem atical lan g u ag e , so can a lso

th i s  lan g u ag e , ( i . e .  o f  c l a s s i c a l  l o g i c ) ,  w ith o u t d i f f i c u l t y ,  be 

condensod to  sy m b o ls .'  ̂ (Ho th e n , a p p ro v in g ly , quo tes W hitehead 's  

A T re a t i s e  o f  Univ e r s a l  A lg eb ra .)  Y et th e re  i s  th ro u g h o u t B rouw er's 

work a re lc u ta n c o  to  malce use o f  w idely  accep ted  sym bolic n o ta t io n .

Long p h ra se s  a re  p r e f e r r e d  to  co n c ise  sym bols, n o t only  in  h is  ' l o g i c a l '  

c o n t r ib u t io n s , ( e .g .  'The a b s u rd ity  o f  th e  a b s u rd ity  o f  th e  a b s u rd ity  

fo llo w s from the  c o r re c tn e s s  of th e  a b s u r d i ty ''^ ) ,  b u t a ls o  in  h is  

m athem atica l work; s e t - t h e o r e t i c a l  symbols U fl c  e a re  n ev er 

u sed , th e  only  co n ce ss io n  made here  i s  th e  o c c a s io n a l use o f 0^ f o r  

un ion  and ZD f o r  in t e r s e c t io n .  Much o f  th e  a l le g e d  in c o m p re h e n s ib ility  

o f B rouw er's w r it in g s  i s  due to  h is  r e f u s a l  to  conform to  common 

p r a c t ic e  and to  make use o f  a c l e a r  and co n c ise  sym bolic n o ta t io n .

p . 114 . 

p . 3.
Even w ith in  t h i s  domain o f  i n t u i t i o n i s t  lo g i c ,  Brouwer i s  e q u a lly  
i n s i s t e n t  th a t  t r u t h  on ly  fo llo w s  ' r e a l i z a t i o n ' .  Extended p r in c ip le s ,  
i . e .  p r in c ip le s  co nce rn ing  an i n f i n i t e  domain o f  a s s e r t io n s ,  can 
nev er be t r u e  s in c e  i t  i s  im p o ssib le  to  com plete v e r i f i c a t i o n  o f  a l l  
in d iv id u a l  a s s e r t io n s :  ' I n  in tu i t io n is m , o f  c o u rse , a l l  th e se
p r in c i p le s ,  b e in g  a s s e r t io n s  about a s s e r t io n s ,  a re  only  th e n  " r e a l i z e d " ,  
i . e .  on ly  th e n  convoy t r u t h s ,  when th e se  t r u th s  have been  ex p e rien ced .
On t h i s  b a s i s ,  i t  can  be proved th a t  th e  extended p r in c ip le s  a re  no t 
o n ly  no t t r u e ,  b u t even c o n t r a d ic to r y . ' ( l9 3 3 . p . 3 .)

MSZ, p. 159.
1923c . p. 878; 1923%. p . 233.
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Brouwer, h im se lf ,  ex p la in ed  h is  o p p o s itio n  to  sym bolic usage by 

s t r e s s in g  th a t  e x p re s s io n  o f a m ental c o n s tru c t io n  would be f u r th e r  

co m p lica ted , i f  f i r s t  an e x p la n a tio n  had to  be g iven  o f  an agreed  

symbol; m oreover, th a t  th i s  e x p la n a tio n  had to  be g iven  in  o rd in a ry  

la n g u ag e , ^

A ss o c ia tio n  o f  sym bolic n o ta t io n  w ith  lo g ic ism  and fo rm alism  lias 

c e r t a in ly  been a c o n t r ib u t in g  f a c t o r  to  B rouw er's d i s l i k e  o f  symbolism». 

By the  tim e th a t  moot o f  th e  symbols had become g e n e ra lly  e s ta b l is h e d ,  

and did  no t need p r io r  e x p la n a tio n , B rouw er's  a t t i t u d e  had hardened and 

became more l i k e  a s tu b b o rn  r e f u s a l  to  'r e c e iv e  b e n e fa c tio n s  from 

fo rm a lism ',*  B e s id e s , f o rm a l is t  em phasis on symbols to  Brouwer 

p re se n te d  th e  r e a l  danger o f  draw ing a t t e n t i o n  away from the  r e a l  

n a tu re  o f  m athem c.tical o b je c ts ;  sym bols, more th an  lan g u ag e , could  be 

used as p r im itiv e  c o n s tru c ts  w ith o u t any p r io r  m eaning, a f o rm a l is t  

p r a c t ic e  a lre a d y  condemned in  ]^_07: 'H i lb e r t  even d e c la re s  e x p l i c i t l y

th a t  w ith  words such as "Punlct", "G erado", "zw ischen", one should  no t 

th in k  o f any m athem atica l i n t e r p r e t a t i o n , '^

However, the  most fundam ental re a so n  f o r  B rouw er's re lu c ta n c e  to  

uso symbols i s  p ro b ab ly  an a p r i o r i  u n w illin g n e ss  to  accep t the  

p o s s i b i l i t y  o f  a p re c is e  fo rm u la tio n  o f  a m ental c o n s tru c t io n .  In  

c o n t r a s t  w ith  a l i v i n g  lan g u ag e , w hich i s  no t p r e c i s e ,  vfhero v/ords 

have v a r io u s  co n n o ta tio n s  and shades o f m eaning, a fo rm al symbol c la im s 

to  convey a d e f in i t e  and p r e c i s e  meaning. As in s tru m e n ts  conveying 

m athem atical t r u t h  mecha n i c a l l y . n e c e s s a r i ly  and co m p le te ly , b o th  
language and fo rm al symbols had been  r e je c te d  because o f  b o th  th e  

' s p i r i t u a l '  n a tu re  o f  m athem atics as m e n ta l, ' l i v i n g '  a c t i v i t y ,  and th e  

n a tu re  o f  language as a s ig n . P a ra d o x ic a lly ,  because o f  th e  very  

vagueness o f  l iv in g ' lan g u ag e , Brouwer c la im s , t r u t h  can be found 

th rough  language. In  Levon, Kunst  on Myst i e k . Brouwer r id i c u le s  

p r e c i s io n  in  lan g u ag e , ' t o  bo ab le  to  speak f o r  some tim e w ith o u t b e in g  

caugh t in  c o n t r a d ic t io n  and w ith o u t making s i l e n t  assum ptions i s  indeed  

a g re a t  a r t ,  to  be va lu ed  in  an acrobat'"^ , b u t c la im s th a t  t r u t h  can

 ̂ As quoted by A. H eyting d u rin g  a p r iv a te  c o n v e rs a tio n , (Logic 
Conference., B edford C o lleg e , 197o)..

* I 928A. as quoted above, p . 31.

1221 , P- 137.
P^ w .



-  137

bo found th rough  ’works o f a r t '  and ' i n  p o e try  more so th an  in  p r o s e '.^  

T his power o f  th e  l iv in g  language to  convey t r u t h  tra n sc e n d s  th e  

immédiate p re c is e  meaning o f  words o r  symbols,

3*2 T his B ergson ian  u n w illin g n e ss  to  accep t th e  p o s s i b i l i t y  o f

g ra sp in g  l i v i n g m athem atical r e a l i t y  com ple te ly  and e x h a u s tiv e ly  in  

d e f i n i t e ,  p re d e fin e d  words o r  symbols i s  th e  fundam ental rea so n  f o r  

B rouw er's c o n s is te n t  o p p o s itio n  to  form alism  and to  any fo rm a l iz a t io n  

o f  m athem atics, 'P o s t  fac tum ' fo rm al a n a ly s is  o f h is  own i n t u i t i o n i s t  

m athem atics and lo g ic  he reg ard ed  as  a  f u t i l e  academic e x e rc is e ;  to  

any such a t te m p t ,  he re a c te d  w ith  the  i r r i t a t i o n  o f the  a r t i s t  who sees 

h is  ovm work ana lyzed  and e x p la in e d  av;ay by e x p e r ts .  Above a l l ,  he 

recogn ized  th e  im p o s s ib i l i ty  o f r e c o n c i l in g  th e  p o s t factum  n a tu re  o f 

such a n a ly s is  w ith  the  tru e  s p i r i t  o f H i lb e r t 's  fo rm al ax iom atic  

method, a c o n t r a d ic t io ' in  te rm in is ,  P o in ca re  had r e je c te d  fo rm al 

methods as no t s u f f i c i e n t ;  he appealed  to  i n t u i t i o n  as th e  guide in  

s e le c t in g  th e  s ig n i f i c a n t ,*  Brouwer r e je c te d  fo rm a liz a t io n  on the  

grounds o f  i t s  a r b i t r a r y  r e s t r i c t i o n  o f  th e  'freedom  o f  m a th e m a tic s ', 

which 'c a n  n ev er be exhausted  in  any one system , and develops in  a 

s e lf -u n fo ld in g  guided by a f r e e  a r b i t r a r i n e s s ' . ^

The im p o s s ib i l i ty  o f fo rm a l iz a t io n  T /ithout ap p ea l to  i n t u i t i v e  

m athem atics was re p e a te d ly  s t r e s s e d :  ' I t  p resupposes th e  i n t u i t i v e

m athem atics o f th e  s e t  o f  n a tu r a l  n u m b e r s ' and in  1907. c r i t i c i s i n g  

H i l b e r t 's  G rundlagen d o r G eom etric . 'H i l b e r t 's  fo rm a l iz a tio n  needs 

i n t u i t i v e  a c ts  even more th an  P e a n o ' s . ' ^

However, the  main re a so n  f o r  B rouw er's r e j e c t i o n  o f  fo rm alism  

and fo rm a l iz a t io n  i s  th e  non -pu re-m athem atica l n a tu re  o f  fo rm a lize d  

m athem atics. T his i s  i l l u s t r a t e d  in  an a n ly s is  o f  H i lb e r t 's  fo rm al

i z a t io n  ( i n  G rondslagon) in to  e ig h t  su ccess iv e  s ta g e s  ( ' i n  g e n e tic  

o r d e r ') :

1° The pure c o n s tru c t io n  o f i n t u i t i v e  m a them atica l system s;

2® The v e rb a l  p a r a l l e l  o f m athem atics, m athem atica l language;

3° The m athem atica l a n a ly s is  o f  t h i s  lan g u ag e , which re v e a ls  th e  

lo g ic a l  s t r u c tu r e  o f  t h i s  v e rb a l  e d i f i c e ;

1903. pp. 45 and 49.
See above p . 76 ,

1907 . p. 119; see above p. 98.

laaOA , p . 373.
® 1222 ,  p . 174 .
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4® A b s tra c tio n  from th e  moaning o f th e  elem ents o f  th e se  lo g ic a l

s t r u c t u r e s ,  and r e c o n s tru c t in g  th e  lo g i c a l  s t r u c tu r e s  in  a mathe
m a tic s  o f the  second o rd e r ;

5® The v e rb a l  e x p re s s io n s  o f th e se  l o g i c i s t  s t r u c tu r e s  in  symbolic 

system s (keano , k u s s e l l j ;

6° The m athem atical a n a ly s is  o f  th i s  language (H i lb e r t ) ;

7® A b s tra c tio n  from th e  meaning o f  t h i s  lan g u ag e , le a d in g  to  a mathe

m a tic a l system  o f  the  t h i r d  o rd e r ;

8° The v e rb a l  p a r a l l e l  o f t h i s  m athem atical system  o f th e  th i r d  o rd e r ,

m o tiv a tin g  i t s  c o n s tru c t io n  and d em o n stra tin g  i t s  n o n -c o n tra d ic to r i ty ,^  

As f a r  as th e  m athem atica l re le v an ce  o f  lo g ic  and fo rm a liz a tio n  i s  

concerned , Brouwer le a v e s  us in  no doubt : m athem atics p ro p e r i s  only

found in  s ta g e  1 ° : ' I n  p r a c t i c a l  ev ery -d ay  l i f e  we cannot d isp en se

w ith  la n g u a g e , s tag e  2  ̂ , ' but  t h i s  s tag e  rem ains a non-m athem atical 

a c t i v i t y * ' , as do indeed  a l l  f u r th e r  s ta g e s  which depend on i t ,

5 .3  B rouw er's lo& ic

M athem atical lo g ic  in  th e  Brouwer sense  has been d e sc r ib e d  in  th i s  

C hap ter a s ,  'p o s t  factum  a n a ly s is  o f v e rb a l o r  sym bolic re c o rd in g  o f 

i n t u i t i v e  c o n s t r u c t io n s ', v e ry  much on th e  l i n e s  o f  a s tudy  o f  grammar 

o f  o n e 's  m other to n g u e , which does no t p re s c r ib e  hovf one ought to  speak 

b u t m erely  o bserves and a n a ly se s  spoken lan g u ag e . As p o s t factum  

a n a ly s is  o f  an  ev er-g ro w in g , never com p le te ly  c lo sed  domain o f  a mathe

m a tic a l a c t i v i t y ,  i n t u i t i o n i s t i c  lo g ic  la c k s  com p le ten ess, u n iv e r s a l i ty ,  

and a p r i o r i t y  w ith  re s p e c t  to  th e  m athem atica l a c t i v i t y ,

A com prehensive, sy s tem a tic  a n a ly s is  o f  the  'lan g u a g e  o f  i n t u i t i o n i s t  

m athem atics to  d a te ' vfas nev er produced by Brouwer h im se lf ,  even i f  he 

c la im s th a t  ' i n t u i t i o n i s t  m athem atics has i t s  g e n e ra l in t ro s p e c t iv e  

th e o ry  o f  m athem atical a s s e r t io n s ,  w hich, w ith  some r i g h t ,  may be 

c a l le d  i n t u i t i o n i s t  l o g i c ' , ^  N e ith e r  does Brouwer here  r e f e r  to  

H e y tin g 's  fo rm a liz a tio n ;  re fe re n c e  here  i s  to  h is  own fragm en tary  

o b se rv a tio n s  on such to p ic s  as th e  FEM, th e  Brouv/er n e g a t iv e , non- 

c o n t r a d ic to r i ty  and m athem atical a s s e r t io n s .^

1202 , pp. 173 -  173 .

m i,  p - 175 .  

m i,  p . 3 .
See above p . 134»
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5 .4  Heyting* s forma l i z a t i on

The f i r s t  a ttem p t a t  a sy s tem a tic  fo rm a l iz a t io n  o f i n t u i t i o n i s t i c  

m athem atics and lo g ic  was made by Arend H eyting^ , th e  most lo y a l  and 

e n th u s ia s t ic  i n t u i t i o n i s t  su p p o r te r  among B rouw er's s tu d e n ts .  F raen k e l 

c la im s i t  to  be ' t h e  most d e c is iv e  s tep  s in ce  th e  e s ta b lish m e n t o f neo- 

in tu i t io n is m  in  1907’ .^  In  h is  d o c to ra l  th e s i s ,  I n tu i t i o n i s t i s c h e  

A xiom atiok d e r  P ro .je c tiev e  M eetkunde. H eyting had a lre a d y  shovm a  more 

p o s i t iv e  a p p re c ia t io n  o f  fo rm al m ethods. In  re p ly  to  a ch a llen g e  by 

Mannoury, he produced in  1928 a f i r s t  fo rm a liz a tio n  o f  i n t u i t i o n i s t  

lo g ic  and m athem atics (n o t p u b lis h e d ) ,  which was awarded a p r iz e  by 

th e  W iskundig G enootschap. T h is  v/ork formed th e  b a s is  f o r  H e y tin g 's  

w ell-know n fo rm a l iz a tio n  o f i n t u i t i o n i s t i c  lo g ic  and m athem atics, which 

appeared  a s :

'D io fo rm alen  R egeln  dor i n t u i t i o n i s t i s c h e n  L og ik^ , ( S itz u n g s -  

b e r ic h to  d e r  p r eu s s i s c h en Akadcmie von Wissonschaf t e n .  phys. math.

K la s s e ,  1930, pp. 42 -  56 ;)

'D ie  fo rm alen  R egeln d e r  i n t u i t i o n i s t i s c h e n  M ath em atik ', I I  and I I I ,  

ib idem , 1930 , pp. 57 -  71 and pp. 158 -  169 .

Brouwer* s r e a c t io n  to  H e y tin g 's  fo rm a liz a tio n ^  has been d e sc rib e d  

by H eyting as  ' n e g a t i v e ' .  ̂ Brouwer rem ained unconvinced o f th e  v a lu e  

o f  th e  e x o rc is e ;  he ag reed  to  i t s  p u b l ic a t io n ,  m ainly because o f 

H e y tin g 's  ex p ressed  su p p o rt f o r  B rouw er's view s on language and lo g ic  

and t h e i r  r e l a t io n s  to  m athem atics: ' I n t u i t i o n i s t  m athem atics i s  an

a c t i v i t y  o f th e  m ind, and ever^r la n g u ag e , in c lu d in g  th e  f o r m a l is t ic  

la n g u a g e , o n ly  a  means o f  com m unication. I t  i s  in  p r in c ip le  im possib le  

to  c o n s tru c t  from  form ulae a system  w hich i s  e q u iv a le n t to  i n t u i t i o n i s t i c  

m athem atics, s in ce  th e  p o s s i b i l i t i e s  o f  human th in lc ing  canno t bo reduced

1 A com plete b ib lio g ra p h y  o f H e y tin g 's  work i s  g iven  in  A .S . T r o e l s t r a ,  
'The s c i e n t i f i c  work o f  A. H e y tin g ', Logic and th e  Foundations o f 
M athem atics . Groningen I 96G, ( 'd e d ic a te d  to  P ro f , A. H eyting on h is  
70 th  b i r t h d a y ') .

A. F raen k e l and Y , .B a r - H i l le l ,  F oundations o f  S e t T h eo ry .
Amsterdam 1958, p . 223.

For an account o f  H e y tin g 's  f o rm a l iz a t io n ,  see e . g . ,
A. F raen k e l and Y . .B a r - H i l l e l ,  op. c i t .  pp. 229 f f .
G.T. K neebone, M athem atical Logic and th e  Fo undations o f  Math e m a tic s .

Van N ostrand 19& 3,"pp."254 f fZ  
A. M ostowski, T h i r ty  Yea r s o f F oundation  S tu d y . A cta  P h ilo so p h ic a  

F e n n ic a , Faso . XVII, H e ls in k i 1965, pp. lO f f .

I n  a p e rso n a l in te rv ie v f a t  th e  Logic C onference, B edford C o lleg e , 1970.
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*to a f i n i t e  number o f  r u l e s ,  l a i d  down in  a d v a n c e '^ , and as f o r  the  

fo rm a l iz a t io n  o f  i n t u i t i o n i s t  lo g ic :  ’The fo rm u la tio n  o f  g e n e ra lly

v a l id  lo g i c a l  r u le s  i s  no t needed f o r  the  c o n s tru c t io n  o f  m athem atics; 

in  each in d iv id u a l  c a s e ,  those  laws a re  d isco v ered  anew as v a l id  f o r  

th e  m athem atical system  under c o n s id e r a t io n .’ *

There i s ,  how ever, in  H ey ting , as indeed in  a l l  l a t e r  i n t u i t i o n i s t  

s u p p o r te r s ,  a more p o s i t iv e  a p p re c ia t io n  o f  lan g u ag e , sym bolic language 
and fo rm a l iz a t io n .

While Brouwer i n s i s t e d  on the  la n g u a g e le ss  n a tu re  o f  m athem atics 

and cou ld  only  b r in g  h im se lf  as f a r  as to  adm it th a t  ' language in  

p r a c t i c a l  everyday p r a c t ic e  i s  d i f f i c u l t  to  d isp en se  w i t h ’ , f o r  

H ey ting , 'u n d e rs ta n d in g  betw een m athem atic ians i s  e s s e n t i a l ' , ^

In  h is  in t ro d u c t io n ,  H eyting  a ls o  ex p ressed  a d e f in i t e  p re fe re n c e  

f o r  sym bolic language over o rd in a ry  language: 'The a ttem p t to  express

th e  most im p o rtan t p a r t s  o f  m athem atics in  fo rm al language i s  j u s t i f i e d  

on th e  grounds o f  i t s  g r e a te r  co n c ise n ess  and d e f in i te n e s s  (g rb s se re  

B ünd igke it und B estim m theit) , as compared w ith  o rd in a ry  lan g u ag e . '. ,

' , . .  p r o p e r t i e s  which h e lp  deeper u n d e rs tan d in g  o f  th e  i n t u i t i o n i s t  

co n cep ts  and t h e i r  a p p l ic a t io n  in  f u r th e r  r e s e a r c h . ' ^
H eyting has c o n s is te n t ly  den ied  any c la im s th a t  h is  fo rm a l iz a t io n  

shou ld  co m p le te ly  r e f l e c t  th e  whole o f  i n t u i t i o n i s t  m athem atics^

He a ls o  co n tin u ed  to  ex p ress  h is  lo y a l ty  to  Brouwer’ s fundam ental

4

'D ie  fo rm alen  R egeln d e r  i n t u i t i o n i s t i s c h e n  L o g ü c ', p . 42.

Ibidem .

A. H ey tin g , 'I n tu i t io n i s m  in  M a th e m a tic s ', P h ilo sophy  in  the  
Midcentu r y .  F iren ze  1958, p . 103 .

H ey tin g , more th a n  h is  m aste r Brouwer, was concerned w ith  
d ia lo g u e  betw een m a th em a tic ian s , and e s p e c ia l ly  betw een ' t h e  t\7o 
v /arring  f a c t io n s  in  t h i s  r u th le s s  c o n t e s t ' ,  ( i . e .  th e  Brouwer- 
H i lb e r t  c o n tro v e rsy ) . I n  Septem ber 1930, he re p re s e n te d  the  
i n t u i t i o n i s t  v iew po in t a t  th e  synposium a t  K bn igsberg , where re p 
r e s e n ta t iv e s  o f  lo g ic is m , fo rm alism , and in tu i t io n is m  met f o r  the 
f i r s t  tim e . Even i f  H eyting  a t  t h i s  o cca s io n  d id  n o t go as f a r  as 
Hahn, v/ho rem arked th a t  he co n s id e red  in tu i t io n is m  and form alism  
as im p o rtan t in v e s t ig a t io n s  in s id e  m athem atics, he ex p ressed  th e  
o p in io n  t h a t ,  ' t h e  problem s y e t  to  bo so lved  wore more o f  a  te c h n ic a l  
th an  a fundam ental n a tu r e . '  (Cf.  'A f te r  t h i r t y  y e a r s ' , D o ^ ic . 
M ethodology and P h ilo s ophy o f  S c ie n c e . P ro c . I 96O I n te r n a t io n a l  
C ongress, S tan fo rd  19& ^

'D io  fo rm alen  R egeln  do r i n t u i t i o n i s t i s c h e n  Logik', p . 42.

Cf, e .g .  'L ogique e t  in t u i t i o n i s m e ', A ctes du 2e co llo q u e  i n t e r 
n a t io n a l  de lo g iq u e m athém atique. P a r is  1954, pp. 75 -  82.
A lso , I n tu i t io n is m . An I n t r o d u c t io n . Amsterdam 1956.
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maxim th a t  'e v e ry  m athem atical o r  lo g i c a l  theorem  must ex p ress  th e

r e s u l t  o f  a m athem atical c o n s t r u c t io n , '^  ( ' t h e  p r in c ip le  o f  p o s i t i v i t y ' , 
H e y tin g .)

But in  s p i te  o f  those  assu ran ces  o f  lo y a l ty  to  B rouw er's i n t u i t i o n i s t  

p h ilo so p h y  o f m athem atics, H e y tin g 's  e f f o r t s  to  combine the  b e s t  o f  

fo rm alism  and in tu i t io n is m  le d  to  a compromise in  which some o f  B rouw er's  

m ajor p r in c ip le s  became u n te n a b le , and were su rre n d e re d ,

B rouw er's o u tr ig h t  r e j e c t i o n  o f fo rm a liz a tio n  was b ased  on the  

c o n v ic tio n  th a t  fo rm a liz a tio n  was in c o n p a tib le  w ith  vdiat he regard ed  to  be 

th e  o n ly  tru e  co n ce p tio n  o f  m athem atics. ^ In  lo g ic  as a p o s t factum  

a n a ly s i s ,  th e re  i s  no p la ce  f o r  p r in c ip le s  ap p ly in g  u n iv e r s a l ly  to  an 

i n f i n i t e  m athem atical domain.* The v a lu e  o f  such p r in c ip le s  l i e s  in  

th e  g u a ran tee  o f c o r re c tn e s s  in  t h e i r  a p p l ic a t io n .  T h is  was to  some 

e x te n t  a ls o  claim ed by H eyting: 'The r e l a t i o n  betw een th i s  system ,

( i . e .  p r o p o s i t io n a l  c a lc u lu s ) ,  and m athem atics, i s  t h i s ,  t h a t  w ith  a 

p a r t i c u l a r  in t e r p r e ta t io n  o f  c o n s ta n ts ,  and w ith  c e r t a in  r e s t r i c t i o n s  as 

to  th e  s u b s t i tu t io n  o f v a r ia b le s ,  every  fo rm ula r e p re s e n ts  a c o r r e c t  

m athem atical s ta te m e n t. ' His added v/arning th a t  th e  v a l i d i t y  o f  a 

lo g i c a l  p r in c ip le  must be a s c e r ta in e d  every  tim e i t  i s  a p p lie d  in  a 

m athem atica l proof,® no t only  im p lie s  su sp ic io n  o f  th e  v a l i d i t y  o f  such 

p r in c i p l e s ,  b u t d e s tro y s  t h e i r  u se fu ln e s s  as s a fe  w orking p r in c ip le s  in  

m athem atics. H eyting  r e c e n t ly  s ta te d  ^ th a t  he would n o t co up le t e ly  

endorse  h is  e a r l i e r  views on th e  ro le  o f  lo g ic a l  p r in c ip le s .

As f o r  th e  need o r  n e c e s s i ty  o f f o rm a l iz a t io n ,  H ey ting  ex p re sse s  

in  1930 h is  com plete agreem ent w ith  Brouwer: 'F o r  th e  c o n s tru c t io n  o f

m ath em atic s , th e  fo rm u la tio n  o f u n iv e r s a l ly  v a l id  lo g i c a l  r u le s  i s  no t 

n e c e s s a r y . '^  However, in  I 969 ho v / r i te s ,  ' Brouwer has .rtLways m ain ta ined

1 ' I n tu i t io n i s m  in  m a th e m a tic s '.  P h ilosophy  in  th e  M idccn tu ry .
F ire n z e  1958, p . 108.

 ̂ H ey ting  took  a much more l i b e r a l  v iew : 'No d i r e c t io n  o f re s e a rc h  has
any lo n g e r  th e  p re te n s io n  to  r e p re s e n t  th e  only  t r u e  m a th em a tic s .' 
( ' A f t e r  t h i r t y  y e a r s ' ,  p . 194 .)

 ̂ I n  th e  l i g h t  o f B rouw er's n o tio n  o f p o s t factum  a n a ly s i s ,  i t  seems 
s ig n i f i c a n t  t h a t  H eyting  in te r p r e te d  h is  fo rm a l iz a t io n  in  1931 as 
a c a lc u lu s  o f in ten d ed  c o n s tru c t io n s .  ( 'D i e  i n t u i t i o n i s t i s c h e  Grund- 
legung  d e r  M athem atik ' , E rk en n tn is  2 ( 1931) ,  pp. 121 -  122).

 ̂ 'D ie  fo rm alen  R egeln  d e r  in t u i t i o n i s t i s c h e n  Logik* , p . 42.

® Cf. B e th , op. c i t .  p . 434.

® P r iv a te  c o n v e rsa tio n . Logic C onference, B edford C o lle g e , 1970.

^ 'D ie  fo rm alen  R egeln  d e r  in t u i t i o n i s t i s c h e n  Logik?, p . 42.
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' t h a t  fo rm a liz in g  m athem atics i s  a f r u i t l e s s  e x o rc is e ,  as m athem atics 

i s  a c o n s tru c t io n  in  th e  mind, o f which lan g u ag e , and th e re fo re  a lso  

any fo rm al system , can on ly  g ive an in adequate  r e p r e s e n ta t io n ,  I  have 

become more and more convinced t h a t ,  a t  l e a s t  in  th e  com m unication o f 

m a th em atics , fo rm a l iz a t io n  has i t s  g re a t  ad v an tag es . From re c e n t 

re s e a rc h  in to  th e  n o tio n  o f  cho ice sequences, i t  has oven appeared  th a t  

fo rm a l iz a t io n  i s  n ece ssa ry  f o r  any s u f f i c i e n t ly  c l e a r  r e p re s e n ta t io n ,

I  r o r e r  here  to  the  o u t l in e  g iven  by A ,S , T r o e ls t r a  i n  h is  P r in c ip le s  
o f  I n tu i t io n is m . ' ^

H e y tin g 's  f o rm a l iz a t io n  le d  to  a g ro a t many in v e s t ig a t io n s  by 

Kolmogorov, GBdel, Jaskow sk i, G ontzon, T a r s k i ,  S to n e , McKinsey, 

M ostow ski, F i tc h ,  Henkin and o th e rs ,*

L e t t e r  A, H eyting  to  W.P. Van S t i g t ,  29 th  O ctober, 19^9.

A.M. Kolmogorov, 'Z u r Doutung do r i n t u i t i o n i s t i s c h e n  L ogik ' ,
M athem atische Z e i t s c h r i f t . v o l .  35 (1 9 3 2 ), pp. 58 -  65.

K, G 8dol, 'Z u r i n t u i t i o n i s t i s c h e n  A rith m e tik  und Z a h le n th e o r ie ' ,
E rg eb n issc  o inos m athem atischen K ollogu ium s. H eft 2 , 1933, 
pp. 34 -  38 .

S. Jaskov/sk i, 'R e s e irh e s  su r  l e  système de l a  lo g iq u e  i n t u i t i o n i s t e ' ,
A ctes du Congres I n te r n a t io n a l  de P h ilo so p h ie  S c ie n t i f i q u e , 
v o l .  6 , P a r is  1936, pp. 58 -  61 ,

G. G entzen , 'D ie  IT id o rsp ru c h sfla ih e it d e r  r e in c n  E a h le n th e o r ie ', , MA, 
v o l .  1 2 , pp. 493 -  565 ; a l s o ,  ' U ntersuchungon ü b er das 
lo g isc h e  S c h lie s s e n ’ , M athem atische Z e i t s c h r i f t . v o l .  39
( 1934) ,  pp. 176 -  2 1 0 ,4 0 5  -  431 .

A, T a r s k i ,  'D e r A s s a ^ n k a lk h l  und d ie  T o p o lo g ie ' , Fundamcnta M athem atics,
v o l .  30 , ( 1936) ,  pp . 103 -  104 .

M.E. S to n e , 'T o p o lo g ic a l r e p re s e n ta t io n s  o f  d i s t r i b u t iv e  l a t t i c e s
and Brouw erian l o g i c s ' , C asopis pro  p e s to v a n i m athm atiky
a f y s ik y . v o l .  67 (1 9 3 8 ), pp. 1 -  25.

J .C .C , McKinsey, 'P ro o f  o f  th e  independence o f  th e  p r im itiv e  symbols
o f H e y tin g 's  c a lc u lu s  o f p r o p o s i t i o n s ', Jo u rn .
Symb. L o g ic , v o l .  4 , ( l9 3 9 ) ,  pp. 155 -  158.

'A s o lu t io n  o f  the  d e c is io n  problem  f o r  th e  Lewis 
Systems 82 and S4, w ith  an  a p p l ic a t io n  to  to p o lo g y ' ,
Jo u rn. Symb , L o g ic , v o l.  6 ( l9 4 l )

A» M ostow ski, ^Proofs o f  n o n -d e d u c ib il i ty  in  i n t u i t i o n i s t i c  f u n c t io n a l  
c a l c u l u s ' ,  Jo u rn . Symb. L o g ic , v o l .  13 (1948).

F . B. F i tc h ,  ' I n t u i t i o n i s t i c  modal lo g ic  w ith  q u a n t i f i e r s ' ,
P o r tu a l ic e M ath ., v o l .  7 ( l9 4 9 ) , pp. 113 -  I I 8 .

L. H enkin, 'An a lg e b ra ic  c h a ra c h to r iz a t io n  o f  q u a n t i f i e r s ' .
Fundamenta  Math . . v o l .  37 ( l 9 5 l ) ,  PP. 63 -  74.

F o r romment on th e se  c o n t r ib u t io n s ,  see A, F raen k e l and Y. B a r - H i l l e l , 
F oundations o f  S e t T heory . Amsterdam 1958, pp. 229 f P . ; o f . a lso  
E . B o th , The Foundations o f M athem atics. Amsterdam I 968 , pp. 435 f f .
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5 .3  More r e c e n t ly ,  now fo rm a liz a tio n s  o f  i n t u i t i o n i s t i c  m athem atics
have been a ttem p ted  by:

C, K leeno and R.E, V e s lc y , The Foundations o f  I n t u i t i o n i s t i c  M athem atics,

Amsterdam 1965;

G. K r e i s e l ,  'M athem atica l L o g i c ', Le c tu re s  in  Modern M athem atics. London 

19&3, pp. 95 -  195;
G. K r e is e l  e t  a l . .  Repor t  o f th e  Sem inar on the  F oundations of A n a ly s is .

(M im eographed), S ta n fo rd  I 963;

J .  M y h ill , 'N o tes tow ards an A x io m a tisa tio n  o f I n t u i t i o n i s t i c  A n a ly s i s ', 

Logique o t  Ana d y s e . v o l .  33 ( 1967) ,  pp. 280 -  297; 

a l s o ,  ' Form al Systems o f I n t u i t i o n i s t i c  A n a ly s i s ' , L o g ic . Method

ology and P h i losophy o f  S c ie n c e , v o l .  I l l  (e d . B. van  R oot- 

s e la a r  and J .F .  S t a a l ) , Amsterdam I 968 .

A ,S. T r o e l s t r a ,  'The Theory o f  Choice Sequences' , L.qgie^ M ethodology and 

P h ilo sophy of Sc ie n c e , v o l .  I l l ,  Amsterdam i 960 ,

pp. 201 -  223;

a l s o .  P r in c ip le s  o f  I n t u i t i o n ism , L ec tu re  Notes in  M athem atics

95 , S p rin g e r V o rlag  I 969 .
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C H A P T E R  IV 

THEORY OF SETS AM) THE C0MIMJU1Æ

B rouw er's f i r s t  sy s tem a tic  tre a tm e n t o f  th e  th e o ry  o f  s e ts  and the  

continuum  i s  found in . 'Begründung d e r  M engenlehre unabhângig vom 

lo g isc h e n  S atz  vom au sg esch lo ssen en  B r i t t e n '  ( 19I 8A and I 919A) . In  

t h i s  and a whole s e r ie s  o f  c o n tr ib u tio n s  d u rin g  th e  fo llo w in g  te n  y e a r s ,  

an i n t u i t i o n i s t  th e o ry  o f  s e ts  and th e  continuum  i s  developed which no t 

on ly  d iv e rg e s  from th e  c l a s s i c a l  th e o ry  b u t a lso  in tro d u c e s  many n o tio n s  

which a re  com plete ly  new and d i f f e r e n t  from h is  view s on s e t  th e o iy  as 

found in  h is  e a r l i e r  w r i t in g s .

1 .1  Theory o f  s e ts  and the  continuum  b e fo re  I 9I 8

B rouw er's  view s on s e t  th eo ry  and th e  continuum  in  t h i s  p e r io d  can 

be found in :  Be G rondslagen d e r  V/iskunde ( 190?) ,

'D ie  mB^liche H â c h tig k e ite n ' ( I 9O8A) ,

In tu i t io n is m e  en Forma lism e  (1912A; a ls o  I 913A ), and 

*Review o f ^ choen flies*  (D ie E ntw ickelung  d e r  M engenlehre 

und i h r e r  Anwendungen) ( 1913B) .

De G rondslagen d e r  Y/iskunde r e f l e c t s  th e  a t t i t u d e  o f  th e  n e o - in t u i t i o n i s t  

camp a t  th e  tim e when C a n to r 's  n a iv e  s e t- th e o ry  was dom inating  the  

m athem atical sc e n e , an a t t i t t u d e  which was c r i t i c a l  o f  C antorism  and 

m ainly  n e g a tiv e . I t  sea rch es  f o r  th e  weaker a sp e c ts  in  C a n to r 's  s e t -  

th e o ry  and d i r e c t s  i t s  a t ta c k  on i t s  i d e a l i s t i c  and lo g i c a l  b a s i s ,  A 

g re a t  p a r t  o f  1907 i s  devo ted  to  p o in t in g  o u t th a t  C a n to r 's  s e t- th e o ry  

i s  p u re ly  lo g ic a l  and th e re fo re  m a th em a tica lly  i i r r e le v a n t .

B rouw er's w orst su sp ic io n s  were confirm ed when Zerm elo, i n  'G rund

la g e n  d e r  M en g en leh re '^ ,. made a f i r s t  a t te n p t  a t  a  r ig o ro u s  a x io m a tis a tio n  

o f  s e t  th e o ry . The lo g ic a l  and f o r m a l is t i c  n a tu re  o f  n o n - in t u i t i o n i s t  

s e t  th e o ry , c r y s t a l l i z e d  in  th e  axiom o f cho ice  and com prehension, 

became th e  main t a r g e t  o f B rouw er's  a t ta c k  on fo rm alism  in  h is  in a u g u ra l 

a d d re ss  (1912A) , and helped  him to  c l a r i f y  h is  own th in lc ing  on c e r t a in  

a s p e c ts  o f s e t  th e o iy  and to  fo rm u la te  h is  p o s i t io n  more c l e a r ly .

1 .2  D e f in i t io n  o f  s e t

T y p ic a l o f  th e  n e g a tiv e  a t t i t u d e  tow ards s e t - th e o r y  i s  the  

c o n p le te  absencq  o f  any d e f in i t i o n  o f  s e t  in  B rouw er's  e a r l i e r  w r i t in g s .

MA, v o l .  65 ( 19O8 ) , pp . 261 -  281.
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There i s  no a ttem p t to  re p la c e  C a n to r 's  d e f in i t i o n  o f  a s e t  as  :

'th e  com prehension (Zusaimnenfassung) o f d i s t i n c t  o b je c ts  in to  a 

t o t a l i t y '^ .  At t h i s  s tag e  Brouwer, to g e th e r  w ith  Poincare^ and B o re l, 

seems to  be o f the  o p in io n  th a t  th e  n o tio n  o f  s e t  i s  s u f f i c i e n t ly  

p r im itiv e * ,  and c o n c e n tra te s  on th e  n a tu re  o f i t s  e lem en ts , th e  

fo rm atio n  o f  s o t s ,  and th e  power o f s e ts .

1 ,3  The n a tu re  o f th e  elem ents o f s e ts  .

While C a n to r 's  d e f in i t i o n  o f  a s e t  se g re g a te s  a p a r t  o f  a p re 

e x is t in g  u n iv e rs e  o f in d iv id u a l  o b je c ts ,  B rouw er's elem ents a re  e i th e r  

g iven  in  th e  p rim ary  i n t u i t i o n  o r  a re  th e  r e s u l t  o f  a  m athem atical 

c o n s tru c t io n .  In  a su b se c tio n  o f  C hapter I  ( l£ 0 7 ) headed , 'M athe

m atics  can on ly  d e a l w ith  o b je c ts  th a t  i t  has c o n s tru c te d  i t s e l f , he 

makes t h i s  c o n s tru c t iv e  demand f o r  th e  whole o f  m athem atics. Whole 

system s can  become 'e le m e n ts ' w ith in  a n o th e r  system , b u t on ly  in  so f a r  

as  t h e i r  c o n s tru c t io n  has been  com pleted (and ' a t  every  s ta g e  o f the 

c o n s t r u c t io n '* ) .  I t  i s  on ly  a f t e r  th e  s e t  o f  n a tu ra l  numbers 

( 'p o s i t i v e  o r d in a l s ')  have been g en era ted  by means o f  th e  p rim o rd ia l 

i n t u i t i o n  th a t  Brouwer speaks o f  them as a ' s e t ' .  The i r r a t i o n a l s  

a re  in tro d u c e d  as ‘a sym bolic agg lom erate  o f  numbers p re v io u s ly  

in tro d u ced  . . .  I t  th e re fo re  fo llo w s th a t  a t  any s tag e  o f  developm ent 

o f  th e  th e o ry  th e  t o t a l i t y  o f  known numbers rem ains c o u n t a b l e ' A n d  

in  I 912A: 'From th e  p re s e n t p o in t  o f  view  o f  in tu i t io n is m  a l l  s e ts  o f 

m athem atica l e n t i t i e s  d e se rv in g  o f  t h i s  name can be c o n s tru c te d  from 

th e  p r im o rd ia l i n t u i t i o n ,  and t h i s  can o n ly  be done by a f i n i t e  com

b in a t io n  o f th e  o p e ra t io n  o f  " c r e a t in g  a f i n i t e  o rd in a l  number" and 

" c re a t in g  an i n f i n i t e  o rd in a l  number ®

The c a n to r ia n  e x te n s io n  o f  s e ts  o f e lem ents beyond th e  c o n s tru c t iv e  

has le d  to  paradoxes and t h i s  -  on lo g ic a l  grounds a lone  -  should  have 

been  s u f f i c i e n t  re a so n  f o r  th e  C an to rian s  to  drop t h i s  k ind  o f s e t

 ̂ 'B e it ra g e  z u r Begründung d o r t r a n s f i n i t e n  M engen leh re ',
v o l .  46 , ( 1895) ,  p . 481.

° T h is  in  s p i te  o f  the  f a c t  t h a t  Brouwer d isa g re e d  w ith  thorn on
th e  va lu e  o f  d e f in i t io n s  in  g e n e ra l.  Cf, a ls o  p . 119 above,

 ̂ 1222 , p. 77; c f. also ISpaA, p. 569 .

" 122Z, PP- 6 -  7.

® 22m ,  p . 13 .
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l i k e  a h o t b r ic k :  'The c a n to r ia n s  should have r e je c te d  im m ediately

as non-m athem atical a concep t which le a d s  to  c o n t r a d ic t io n s ’ ^.

1 L Form ation  o f s e t s '

C lo se ly  a l l i e d  to  th e  n o n -c o n s tru c tiv e  c h a ra c te r  o f  C a n to r 's  

e lem ents i s  the  id e a  o f  'com prehension ' (Zusammonfassung) -  which goes 

back to  B o o le 's  o p e ra t io n  o f 'e l e c t i o n '  -  and no t only  p resupposes th e  

e x is te n c e  o f  a u n iv e rse  o f  in d iv id u a l  o b je c ts  b u t a ls o  th a t  o f ,  as y e t ,  

no t a t t r ib u t e d  p r e d ic a te s .  C a n to r 's  p r in c ip le  o f th e  fo rm atio n  o f 

s e ts*  as 'th e  a l lo c a t io n  o f n o n -c o n tra d ic to ry  p re d ic a te s  to  " e in  

e ig e n s c h a f ts lo s o s  Ding . . ,  w olchor in  uns geschlum m ert" i s  quoted in  

f u l l * ;  Brouwer th e n  sim ply rem arks th a t  t h i s  must be r e je c te d  on th e  

same grounds as  a x io m a tic s .^

In  1907 -  o r  any o th e r  v /r i t in g  b e fo re  I 918 -  Brouwer does no t y e t

d is t in g u is h  betw een s e ts  and s p e c ie s .  A p ro p e r ty  i s  vaguely  d e sc r ib e d

as ' t h e  p o s s i b i l i t y  o f  f i t t i n g  in  new system s w ith in  a main system ' . ®

Whenever in  t h i s  p e r io d  he speaks o f  s e t s ,  he r e s t r i c t s  h im se lf  to

ag g reg a te s  which a re  g en era ted  by th e  p ro g re s s iv e  c o n s tru c t io n  o f t h e i r
6

e lem en ts , and th e re fo re  a l l  r e a l  s e ts  a re  denum erablc and l i n e a r ly  

o rd e re d ..  ..The in d u c tiv e  n a tu re  o f th e  p r im o rd ia l i n t u i t i o n ,  which l i e s  

a t  th e  b a s is  o f B rouw er's number system , determ ines th e  o rd in a l 

c h a ra c te r  o f th e  n a tu r a l  numbers ( to  which Brouwer always r e f e r s  as  

' t h e  p o s i t iv e  o rd in a l  n u m b e rs ') . A ll  'p ro p e r ' s e ts  to  him a rc  

th e r e f o r e ,  sequences, y d i s t i n c t io n s  betw een th e se  l i n e a r ly  o rd ered  

s e ts  i s  on th e  b a s is  o f  o rd e r :  the  o rd e r  type 0; ( n a tu r a l  o r d e r ) ,  cp*

( re v e rs e  n a tu ra l  o rd e r)  o r the  o rd e r  type ry o f  th e  r a t i o n a l  numbers

l .R  Axiom o f  com prehension and Axiom o f ch o ice

What Brouwer r e j e c t s  in  th e  axioms o f  cho ice and com prehension 

i s  n o t th e  m ental a c t i v i t i e s  o f  'c h o o s in g ' and 'com prehend ing ': th e se

indeed  p la y  a s ig n i f i c a n t  r o le  in  B rouw er's  oi,vn th e o ry  o f  s e ts  and th e

1
1222, p . 144.
Grundla g e n  e in e r  a llg em cin cn  Ma n n ig fa l t i ^ e i t a L e h r e , p , 43.

iiqz, pp. 143 -144.
He had e a r l i e r  r e je c te d  th e  ax io m atic  method as b e in g  p u re ly  
v e rb a l o r  l o g i c a l ,  w ith o u t any m a th em a tica l, i . e .  c o n s t ru c t iv e ,  
b a s i s .

m i ,  p . 78.
iâOSA, p . 571.
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continuum . In  h is  a n a ly s is  o f tho p r im o rd ia l in t u i t i o n ,^  Brouwor 

re p e a te d ly  s t r e s s e s  the a b i l i t y  o f th e  human mind to  ’ th in k  to g e th e r ’

(Du. sam endenken), which i s  u l t im a te ly  th e  o r ig in  o f th e  concep t o f 

number and which is  most a d eq u a te ly  ex p ressed  by th e  word 'com prehension*. 

S im ila r ly ,  th e  r o le  o f  human cho ice  in  B rouw er's th e o ry  o f  s e ts  and th e  

continuum is  l a r g e r  th a n  in  any o th e r  schoo l o f  m athem atics.

The main reaso n  f o r  h is  r e j e c t i o n  o f  b o th  axioms i s :  ’ the  p re 

s u p p o s itio n  o f a w orld o f  m athem atical e n t i t i e s ,  e x i s t in g  in d ep en d en tly  

o f a th in k in g  in d iv id u a l  and governed by the  law s o f  c l a s s i c a l  lo g ic ,  

which among them selves should  p o sse ss  th e  " r e la t io n  o f  a c o l l e c t i on t o 

i t s  e le m e n ts " '* ,  in  o th e r  words: th e  com plete absence o f a human

mind which a lo n e  i s  capab le  o f choosing  and com prehending. L a te r* , 

Brouwer sees th e  r e j e c t i o n  o f  th e  axiom o f  com prehension as h is  main 

c o n tr ib u t io n  to  the  co n tro v e rsy  o f s e t- th e o ry  d u rin g  t h i s  p e r io d .

Even when in  1918 sp e c ie s  a re  in tro d u c e d , an  i n t u i t i o n i s t  e q u i

v a le n t  to  c l a s s i c a l  s e t s ,  Brouwer w i l l  i n s i s t  on th e  c o n s tru c t io n  o f 

m athem atical e n t i t i e s  p roceed ing  the c o n s t i tu t i o n  o f  a sp e c ie s  on the  

b a s is  o f p ro p e r ty  and independent o f  i t .

In  th e  p re -1918  p e rio d  B rouw er's s e ts  a re  formed by the  'b in d in g ' 

o r  ' l i n k in g ' a sp e c t o f the  p r im o rd ia l i n t u i t i o n  which c re a te s  ' tr/o ' 

and as  a b in a ry  'o p e r a t io n ' g e n e ra te s  th e  n a tu r a l  numbers; a l l  o th e r  

s e ts  a re  formed by a s e t t i n g  up o f a one-one correspondence w ith  t h i s  

sequence o r  w ith  any o th e r  p re v io u s ly  c o n s tru c te d  s e t ,  and here  ag a in  

th e  'b in d in g ' i n t u i t i o n  p la y s  th e  c r e a t iv e  r o le .

1 ,6  Power o f s e ts

Two o f th e  th e se s  o f fe re d  by Brouwer f o r  p u b lic  ( o r a l )  defence 

a t  th e  o ccasio n  of tho  d o c to ra l g ra d u a tio n  ceremony^ concern  powers 

o f  s e t s ;  they  summarize h is  view s on powers d u rin g  t h i s  p e r io d :

1 See above p* 83 .

1 3 1 ^ ,  p .  14.

1221A, p. 797.
19 th  F eb ru a ry , I 9O7 ; th e se  th e se s  have been p u b lish e d  as a 
supplem ent to  th e  d i s s e r t a t i o n  (19O7 ) ;  th e  tv/o th e se s  in  q u e s tio n  
ap p ea r on pp. 4 -  3 o f  t h i s  supplem ent; s im i la r  s ta te m e n ts  can be 
found in  I 9OZ, p . 149; p . 371.
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T h esis  X II: 'The only  p o s s ib le  powers a re :  tho f i n i t e ,

th e  denum erably i n f i n i t e , 

th e  u n f in ish e d  denum erably 

i n f i n i t e ,

th e  continuum .

T h es is  X II I :  'C a n to r 's  second number c la s s  does no t e x i s t ' .

Even i f  Brouwer h e re , as  e lsew h ere , u ses th e  word power 

(Du. M achtigheid) when r e f e r r in g  to  th e  f i n i t e  and th e  v a r io u s  degrees 

o f  i n f i n i t y ,  th e re  i s  s u f f i c i e n t  ev idence th a t  in  each in s ta n c e  the  

word power r e f e r s  to  d i f f e r e n t  concep ts  as do indeed  th e  words e x is te n c e  

gnd s e ts .

In  th e  nex t few p arag raphs wo w i l l  d is c u s s :

1® The f i n i t e  and th e  denum erablc, th e  on ly  powers ad m issib le  on th e  

b a s is  o f a c o n s tru c t iv e  s o t;

2° B rouw er's r e j e c t i o n  o f  C a n to r 's  t r a n s f i n i t e powers;

3® What meaning must bo g iven  to  th e  power o f  'th e  denum erably

u n f in ish e d  i n f i n i t e .  The continuum  and th e  power o f th e  continuum  

w i l l  be d isc u sse d  s e p a ra te ly  in  the  fo llo w in g  s e c tio n ,

1® Fi n i t e

The extrem e c o n s tru c t iv e  demand of IgCg which eq u a tes  m athem atical 

e x is te n c e  to  ' hav ing  boon c o n s t r u c te d '^ ,  on ly  allow s f i n i t e  s e ts ;  in  

t h i s  sense  Brouwer may bo c a l le d  a  ' f i n i t i s t ' * .  S ince the  em phasis 

in  ' denum erablc ' i s  on th e  o rd e r ,  Brouwer o f te n  speaks o f donumerable 

s e ts  when e x c lu s iv e ly  f i n i t e  s o ts  a re  in te n d e d , e .g .  ' t h e  system  o f 

c o n s tru c te d  numbe rs  i s  donum erable a t  every  s ta g e  o f th e  th e o ry '.*

A denum erably i n f i n i t e  s o t i s  a s o t to  which always new elem ents 

can  be added. T h is  u n r e s t r ic te d  p o s s i b i l i t y  o r ig in a te s  in  th e  p r im o rd ia l 

i n t u i t i o n ,  th e  i n t u i t i v e  "and-so-on"4^ and i s  th e  b a s is  o f  in d u c tio n .

In  some sense B rouw er's i n f i n i t e  can bo c a l le d  n e g a tiv e  as i t  o n ly  

r e f e r s  to  th e  absence o f any r e s t r i c t i o n  o f  t h i s  freedom . L a te r  

( i n  1918) ,  in  o rd e r  to  accommodate f i n i t e  s e ts  w ith in  h is  d e f in i t i o n  of 

s e t s ,  Brouwer w i l l  f in d  i t  n e c e ssa ry  to  m ention th e  p o s s i b i l i t y  o f  

p o s i t i v e ly  'a r r e s t i n g '  th e  p ro c e ss , s

' 1222, p. 177.
* J .A . B e rn a d e tte , i n f i n i t y ,  Oxford I 964.

" 120Z, p . 10 .

" 1227, p. 142 .
® Cf, 1918A. p.  3; .19214 . p.  798; l i 2̂ D , p.  244 .
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The c o n s tru c t iv e  demand f o r  the  g e n e ra tio n  o f  a l l  s e ts  -  by 

p ro g re s s iv e  g e n e ra tio n  o f  each o f  t h e i r  e lem ents and on the  b a s is  o f 

eq u ipo tency  u l t im a te ly  w ith  th e  so t o f  n a tu r a l  numbers -  can  on ly  le a d  

to  donum erable s o ts .  T h is  Brouwer s t a t e s  in  many in s ta n c e s :  

d is c u s s in g  'c u t s '  o f n a t io n a ls  in  IgO ?, p . 7 : 'A t every  s ta g e  o f the  

c o n s tru c t io n  the  t o t a l i t y  o f known numbers rem ains donum erable, f o r  

a donum erable number o f donumerable q u a n t i t i e s  i s  by a  sim ple p ro o f 

o f  C an to r a ls o  donum erab le '.

On page 10: 'C a n to r  m a in ta in s  th a t  n o t a l l  p o in ts  o f  th e  continuum

a re  donum erable, i . e .  t h a t  b e s id e s  every  denum erablc number o f  such 

p o in ts  th e re  a re  s t i l l  o th e r s ,  v/hereas we have seen  th a t  th e  system  o f 

c o n s tru c te d  numbers i s  donum erable a t  every  s ta g e  o f  th e  th e o r y '.

On page 62: ' Only donum erable q u a n t i t i e s  can be c re a te d  by th e

m athem atical i n t u i t i o n  as in d iv id u a l iz e d ',  and on page 142: 'we can

only  c r e a te  m a th em a tica lly : f i n i t e  sequences on the  b a s is  o f  i n t u i t i o n ,

f u r th e r  th e  o rd e r  type a; 0^ th e  b a s is  o f  the  i n t u i t i v e l y  c l e a r  

" a n d -so -o n " ' .

I n  I 9O8A . page 371* 'T here e x i s t s  only  one power f o r  m athem atical 

i n f i n i t e  s e t s :  th e  donum erab le '.

In  1912A. page 23: 'The i n t u i t i o n i s t  can only  c o n s tru c t  donumerable

s e ts  o f  m athem atical o b j e c t s ' ,  and on page 13: 'T h e re fo re  th e  i n t u i t i o n i s t

on ly  knows denum erable s e t s ,  i . e .  s o ts  whose elem ents can  be p u t in to  

one-one co rrespondence e i t h e r  w ith  a  f i n i t e  o rd in a l  number o r  the 

i n f i n i t e  o rd in a l  number ' . e t c . ,  e tc .

T h is  i n f i n i t e  o rd in a l  number qj cannot be though t o f  in  th e  same 

v/ay as any f i n i t e  number, which i s  th e  r e s u l t  o f  a com pleted p ro cess  

o f  c o n s tru c t io n  and i s  a s s o c ia te d  w ith  th e  t o t a l i t y  o f  i t s  p re d e c e sso rs .

As to  th e  e x a c t n a tu re  o f  th e  i n f i n i t e  o rd in a l  number cü , Brouwer 

rem ains r a th e r  vague and c o n fu s in g . He speaks o f :  ' th e  s m a lle s t

i n f i n i t e  o rd in a l  numb e r  by c o n s id e r in g  t h i s  p ro cess  ( i . e .  con

s t r u c t in g  tho  n ex t number) as b e in g  re p e a te d  i n d e f i n i t e l y . '*  Ho a lso  

a c c e p ts  C a n to r 's  d e f in i t i o n  o f  w e ll-o rd e re d  s e ts  and th e  c o n s tru c t io n

1 The d i s t i n c t io n s  w ith in  th e  concep t o f  equ ipo tency  d a te  from I 9I 8 . 
As to  th e  'n e g a t iv e ' a s p e c ts  o f  i n f i n i t y :  Brouwor r e f e r s  to  th e
v a rio u s  d eg rees  o f i n f i n i t y  as ' t h e  n e g a tiv e  p a r t  o f  the  th e o ry  o f  
p o te n c ie s '.  1912/1. p . 26.

12.12A, p. 12.
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o f (jjW ; 'Thoro i s  no o b je c tio n  to  c o n s id e r in g  cü as a nov; o rd in a l  

number and to  s t a r t  co u n tin g  ag a in  w , ûU +1 + 2 ,  . . .  2w + 1 , . . .

mct) + ri y # # *

T hat Brouwor had in  mind sim ply an  o rd e r in g  and in  no way in tended  

to  in c lu d e  th e  concep t o f  a consummated c o n s tru c t io n  o f  th e  i n f i n i t e  

i s  c l e a r  from h is  uncom prising  o p p o s itio n  to  C a n to r 's  t r a n s f i n i t e  s o ts .

2® B rouw er's  views on i n f i n i t e  s e ts  a re  d ia m e tr ic a l ly  opposed to  

C a n to r 's  as ex p ressed  in  h is  'E ssay  on L in e a r  A g g re g a te s ',  in  which 

he launched h is  th e o ry  o f th e  t r a n s f i n i t e  in  1883:

' I t  i s  t r a d i t i o n a l  to  re g a rd  th e  i n f i n i t e  a s  th e  in d e f i n i t e ly  growing 

o r  in  th e  c lo s e ly  r e la te d  form o f  a convergen t sequence, a form  i t  a cq u ired  

a cq u ired  d u rin g  the  sev e n te e n th  c e n tu ry . As a g a in s t  t h i s ,  I  conceive 

th e  i n f i n i t e  in  th e  d e f in i t e  form o f som ething consummated, som ething 

capab le  no t on ly  o f  m athem atical fo rm u la tio n , b u t o f  d e f in i t i o n  by 

number. T h is  co n cep tio n  o f  th e  i n f i n i t e  i s  opposed to  t r a d i t i o n s  

which have grown d ea r to  me, and i t  i s  much a g a in s t  my own w i l l  t h a t  

I  have been fo rc e d  to  acc ep t t h i s  view . But many y e a rs  o f  s c i e n t i f i c  

s p e c u la tio n  and t r i a l  p o in t to  th e se  co n c lu sio n s  as to  a  lo g i c a l  

n e c e s s i ty ,  and f o r  t h i s  re a so n  I  am c o n fid e n t t h a t  no v a l id  o b je c tio n s  

cou ld  be r a is e d  which I  would no t be in  a p o s i t io n  to  m e e t ',

Because o f i t s  p u re ly  lo g i c a l  b a s i s ,  Brouwer r e j e c t s  th e  whole 

o f C a n to r 's  th e o ry  o f  th e  t r a n s f i n i t e  as m eaning less and t r i v i a l .

Even when c o n c e n tra tin g  some tim es h is  a t ta c k  on some d e t a i l ,  such as 

C a n to r 's  continuum  h y p o th e s is* , th e  S c h rb d e r-B e rn s te in  theorem *, o r  the 

w e ll-o rd e r in g  theorem ^, in  th e  l a s t  r e s o r t  he d ism isse s  them a l l  as 

s e l f - e v id e n t ,  t r i v i a l  o r  m eaning less : 'We knew a lre a d y  from th e  s t a r t '  

( 1907 . pp. 147 , I 5 3 , 159)3 'A p ro p o s i t io n  w ith o u t any r e a l  meaning 

to  th e  i n t u i t i o n i s t '  ( 1912A. pp. 22, 23, e t c . ) .  'From our p o in t  o f 

view  th e se  argum ents o f  C an to r a re  m ean in g less ; th e  only  th in g  wq can 

make o f i t  -  w ith  some a l t e r a t i o n s  -  i s  th e  fo llo w in g  t r i v i a l i t y :

I f  we in tro d u c e  th e  lo g ic a l  e n t i ty  T (power o f  th e  second c la s s )  th e n  

th e  axiom T = A, (A i s  th e  power o f  w ) would in  th e  lo g i c a l  s t r u c tu re  

le a d  to  a  c o n tra d ic t io n ;  so would th e  in t ro d u c t io n  o f  a  lo g i c a l  

e n t i t y  I  which would f u l f i l l  th e  lo g i c a l  fu n c tio n  o f a power and

1222, P- 144 .

“ 1222 , p . 149 .

® 1222, P- 153 .

« 1222, p . 152 .
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* s a t i s f y  th e  axioms A < I  < T, T his i s  tho  l o g i c a l ,  m a th em a tica lly  

w o rth le ss  r e s u l t  o f th o se  p ro o fs  o f C a n to r '.^

A y e a r  l a t e r ,  ho i s  no t so o u tr ig h t  in  h is  condem nation and g ra n ts  

th a t  th e re  i s  some m athem atical sense  in  the method o f c o n s tru c t in g  

c e r t a in  m athem atical sy stem s, qu o tin g  as examples 't h e  t o t a l i t y  o f  

numbers o f  th e  second c l a s s ,  the  t o t a l i t y  o f d e f in a b le  p o in ts  on th e  

continuum , and th e  t o t a l i t y  o f m athem atical s y s te m s ',  b u t he i n s i s t s  

th a t  ' i t  i s  wrong to  c a l l  t h i s  whole system  a s e t . fo r  i t  i s  im possib le  

to  c o n s tru c t  i t  as  com plete from th e  m athem atical p r im o rd ia l i n t u i t i o n ' . *  

For Brouwer, the  m athem atical a c tu a l  i n f i n i t e  d id  no t e x i s t ,  as i t  

d id  no t f o r  P o in ca re  and B o re l.^  A s e t  cannot be co n sid ered  as a 

c lo se d  t o t a l i t y  u n le s s  each o f  i t s  elem ents has been  in d iv id u a l ly  

c o n s tru c te d . S ince f o r  i n f i n i t e l y  many elem ents t h i s  i s  im p o ss ib le , 

th e  i n f i n i t e  s e t  as a t o t a l i t y  does no t e x i s t .  In  h i s  d e f in i t i o n  o f 

tho second number c l a s s ,  C antor assumes the e x is te n c e  o f  an  i n f i n i t e  

t o t a l i t y :  'W ir d e f in i r e n  dahor d ie  zw eite  Z ah lo n c la ssc  a l s  den I n b c g r i f f

a l l e r  m it H ülfe d e r  b e id en  S rzcu g u n g sp rin c ip e  b i ld b a re n  in  bestim m ter 

S u ccess io n  fo r ts c h re i to n d e n  Zalilen a : a

w elche d e r  Bedingungen un terv /orfon  s in d ,  dass a l io  d e r  Zahl a v o ra u f-  

gohondon Z ah len , von I  an , e in e  Monge von dor M ach tig k c it d e r e r s te n  

Z a h le n c la sse  b id d e n '.4

Brouwer d en ie s  th e  second number c la s s  any m athem atical e x is te n c e  

on th e  grounds th a t  th e  ' I n b c g r i f f  a l l e r '  can n ev er bo c o n s tru c te d : 

'N o tic e  th e  " I n b e g r i f f  a l l e r " ; ho speaks here  o f  som ething th a t  cannot 

be th o u g h t, i . e .  t h a t  canno t be c o n s tru c te d  m a th e m a tic a lly ' f  E ls e 

where in  a  seem ingly c i r c u l a r  argum ent he sim ply s t a t e s :  'Such

a system  as a whole can n ev er be c o n s tru c te d , s in c e  i t  i s  supposed to  

be n o n -d en u m erab le '. 6

1 122Z, P- 147.
12P8A, p . 569.
Poincare^ R e f le c t io n s  s u r  l e s  deux n o te s  p ré c é d e n te s , A cta M athem atica. 
v o l .  32 ( 1909) ,  pp. 193 -  200; o f f  Obcr t r a n s f i n i t e  Z a lilen 'T ^ ix th  
le c tu r e  i n  ' Sechs Vort râge üb e r  aus^ew&lilte G oeenstande. L e ip z ig  -  
B e r l in .  I 910T; B o re l, Leçons su r  l a  th é o r ie  des f o n c t io n s ,  P a r i s ,
1898, Ch. I .  " ' .........................

G rundlagen . p . 35. ( i t a l i c s  a re  mine WVS),

1907 . p. 145.
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Through some improvoiDont by H ilb e rt^  the  second number c la s s  can 

bo g ran te d  p u re ly  lo g i c a l  e x is te n c e  ( i . e .  n o n - c o n t r a d ic to r i ty ) ,  b u t 

no t any m athem atical e x is te n c e  as i s  done by C antor: 'C a n to r  speaks

o f  h is  second number c la s s  as i f  he sav/ i t  b e fo re  h is  v e ry  eyes; th e  

way ho ex p re sse s  h im se lf  does no t in d ic a te  th a t  a l l  he had in  mind i s  
a p u re ly  lo g i c a l  sy s te m '.*

3® I f  Brouwer i s  p rep ared  to  say an y th in g  a t  a l l  abou t th e  t o t a l i t y  

o f th e  s e t  o f w e ll-o rd e re d  numbers, i t  i s  w ith  r e s e rv a t io n s  and , l i k e  

G auss*, on ly  as a  manner o f speech: 'The power of th e  t o t a l i t y  o f

w e ll-o rd e re d  numbe rs  i s  co u n tab ly  incomp l e t e ; under a co u n tab ly  

incom plete  s e t  v/e mean a s e t  o f which on ly  a co u n tab le  group can be 

g iven  as w e ll-d e f in e d  and when a t  th e  same tim e from each o f such a 

co u n tab le  g roup , by means o f  some p re v io u s ly  d e fin e d  m athem atical 

p ro c e s s , new elem ents can  be d e r iv e d  which can a ls o  be sa id  to  belong  

to  th e  s e t  in  q u e s tio n . But s t r i c t l y  m a th em a tica lly  sp eak in g , th i s  

s e t  does no t e x i s t  as a t o t a l i t y ,  n e i th e r  does i t s  power; we may, 

how ever, in tro d u c e  th o se  words as an a r b i t r a r y  e x p re s s io n  f o r  a known 

i n t e n t i o n ' . ^

N othing i s  sa id  here  o f th e  t o t a l i t y  as su ch , b u t only  o f a 

method which a t  any s ta g e  o f i t s  use can only  produce a donum erable 

s e t :  w ith  such a method -  as always in  m athem atics -  o n ly  denumer

ab le  s e t s  can be c o n s t r u c te d . ' ®

The i n f i n i t e ,  b o th  th e  sim ply denum erable and th e  denum erable 

in co m p le te , i s  e s s e n t i a l l y  u n f in ish e d ; b o th  a re  denum erable ( c f .  f o o t 

n o te  1907 . p . 149* ’ . . .  one can say th a t  th e  u n f in ish e d  denum erable

and th e  sim ply denum erable s e ts  a re  e q u ip o te n t ,  s in ce  every  u n f in ish e d  

denum erable s o t  can be made to  co rrespond  to  w * . ' )  The 'u n f in is h e d ' 

hero  r e f e r s  to  th e  co rrespondence i t s e l f .

1 H ilb e r t  in tro d u ced  "das I n b e g r i f f  a l l e r "  as a lo g i c a l  e n t i t y  in :  
Verhandelungen des in te r n a t io n a le n  M atheraatiker Congress in  
H e id e lb e rg . ( 19OW , pp . 183 -  184.

1907 . p . 146 .
G au ss 's  l e t t e r  to  Schumacher in  I 83I ,  where he w r i te s :  ' I  must
p r o te s t  most vehem ently a g a in s t  y o u r use  o f th e  i n f i n i t e  as 
som ething consummated, as  t h i s  i s  n ev e r p e rm itte d  in  m athem atics, 
The i n f i n i t e  i s  b u t a faço n  de p a r l e r  . . .  ' .  Cf. a lso  Waisraan, 
I n t ro d u c tio n  to  M athem atical T h in k in g . London 1931, p . 128.

.1222, p . 148. 

p . 569 .
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Brouwer concludes h is  c o n t r ib u t io n  ’On p o s s ib le  pow ers’ 

by s ta t in g :  'T h e re fo re  th e re  e x i s t s  only  one power f o r  i n f i n i t e

m athem atical s e t s ,  i . e .  th e  donum erable. One could  add to  t h i s :

1® the denum erable u n f in i s h e d , b u t th en  one r e f e r s  to  a m ethod, no t a set# 

2® the  co n tin u o u s; th e n , in d e ed , som ething com plete i s  r e f e r r e d  to  

b u t on ly  as a m a tr ix . n o t as a s e t . ' ^

The continuum  b e fo re  1918 

2*1 The in t u i t i v e  co n tin u u m

The p r im o rd ia l i n t u i t i o n  o f tw o - i ty ,  tho  i n t u i t i o n  o f  tim e , i s  

th e  human mind l in k in g  a p re s e n t s e n s a tio n  to  th e  memory o f a p a s t  

s e n s a tio n .*  From t h i s  i n t u i t i o n  b o th  th e  ' l i n k i n g ' ,  tho com prehension, 

to  which Brouwer r e f e r s  as ' th in k in g - in tc - o n e ' (Du. sam endenken), and 

d i s t i n c tn e s s  emerge s im u ltan eo u sly  as e q u a lly  b a s ic  e lem en ts . T h is 

re c o g n i t io n  made Brouwer sp e a k .o f  th e  con tinuous and th e  d is c r e te  as 

one and th e  same i n t u i t i o n ,  'a p p e a r in g  as  each o th e r 's  com plem ent'.*

I t  i s  th e  l in k in g  elem ent o f  the p r im o rd ia l i n t u i t i o n  t h a t  Brouwer sees 

as th e  con tinuous : 'N ot only  i s  th e re  a new elem ent in  the  t o t a l i t y  of

two, b u t a ls o  in  th a t  which b in d s  them: th a t  which i s  n o t t h i s  t o t a l i t y

i t s e l f ,  no r th e  c o n s t i tu t in g  e l e m e n t s ' 4. And: ' I n  th e  p r im o rd ia l

i n t u i t i o n  o f  tw o-one-ness th e  in t u i t i o n s  o f  th e  con tin u o u s and d i s c r e te  

m eet; ' f i r s t '  and ' second ' a re  b e in g  h o ld  to g e th e r  and in  t h i s  

h o ld in g - to g e th e r  c o n s is ts  th e  i n t u i t i o n  o f  th e  co n tin u o u s (c o n tin e re  = 

ho ld  to g e th e r ) ' .  ^

He a lso  r e f e r s  to  th e  con tinuous as  th e  ' f l u i d '  , ' th e  "between" 

th a t  n ev e r ex h au sts  i t s e l f  by in s e r t io n  o f  new e n t i t i e s *  .6 A lso in  

1912: 'F i n a l l y ,  w ith  th e  p r im o rd ia l i n t u i t i o n  o f  m athem atics in  which

th e  connected  and th e  s e p a ra te ,  th e  con tinuous and th e  d is c r e te  a re  

u n i te d ,  th e  i n t u i t i o n  o f  th e  l i n e a r  continuum  i s  im m ediately  p r e s e n t .

 ̂ 1903A. p. 571.

^ 1907 . pp. 8 and 119; soe a lso  a tove  p. 81.

® 1 2 2 2 ,  p .  8 .
“ i 2 2 2 ,  p .  1 2 0 .
® 1908A. p. 569.

® 1 2 2 2 .  p .  8 .
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i . e .  tho i n t u i t i o n  o f  the  "between" th a t  w i l l  nev er be exhausted  by 

in s e r t io n  o f  nev; e n t i t i e s  and th e re fo re  can never be though t o f  as 

a c o l le c t io n  o f  u n i t s ' . ^  T h is p o s s i b i l i t y  o f  in s e r t io n  i s  'one o f  

th e  s y n th e t ic  a p r i o r i  ju d g m en ts '* , one o f  th e  c o n s tru c t io n s  th a t  can 

be tra c e d  to  th e  p r im o rd ia l i n t u i t i o n  i t s e l f  and which p re p a re s  the  

way f o r  B rouw er's l a t e r  'medium o f f r e e  becom ing '.

The com plementary c h a ra c te r  o f  the  d i s c r e t e  and the  con tinuous 

make i t  im p o ssib le  to  c o n s id e r  the  continuum as an ag g reg a te  o f  f ix e d  

elem ents (L e ib n iz ,  C antor) o r  to  a ttem p t a c o n s tru c t io n  o f th e  one in  

term s o f  th e  o th e r :  ' When th e re fo re  in  th e  p r im o rd ia l i n t u i t i o n  b o th

th e  con tinuous and th e  d is c r e te  ap p ea r as in s e p a ra b le  com plem ents, b o th  

coequa l (Du. g c l i jk g e re c h tig d )  and e q u a lly  c l e a r ,  i t  i s  im possib le  to  

l i m i t  o n e s e lf  to  one as th e  o r ig in a l  e n t i ty  and to  c o n s tru c t  th e  o th e r  

from i t '*  . . .  'The c o n tinuum as a whole i s  i n t u i t i v e l y  g iven ; a 

c o n s tru c t io n  o r  a c t  which v;ould c r e a te  " a l l "  i t s  p o in ts  in d iv id u a l ly  

by means o f  th e  m athem atical i n t u i t i o n  i s  u n th in k a b le  and im p o s s ib le '.4

B o re l and L usin  a lso  accep ted  th e  continuum  as i n t u i t i v e l y  g iven : 

' t h e  geom etric  con tin u u m '. But u n lik e  B rouw er's i n t u i t i v e  continuum , 

t h e i r s  was a s e t ,  th e  t o t a l i t y  o f  a l l  p o in ts  o f an in te r v a l  (B o re l) ,  

th e  t o t a l i t y  o f a l l  r e a l  numbers (B ore l and L u s in ) . There i s  a 

c e r t a in  in c o n s is te n c y  betw een ' th e  e f f e c t iv e ly  g iv e n ' ( i . e .  a l l  elem ents 

g en e ra ted  th rough  f i n i t e  p rocedu re) which B ore l demands f o r  a l l  s e ts  

and th i s  concep t o f  th e  continuum : 'We acc ep t t h a t  the  s e t  C o f

numbers betw een 0 and 1 i s  g iv en  w ith o u t in v e s t ig a t in g  how they  

can be e f f e c t iv e ly  g iv e n '. ^

1912A, p . 12. 

m z ,  p . 119. 

l^OZ, p . 8.

1907. p . 62.
B orel Leçons su r  l a  th é o r ie  des f onc t i o n s , P a r is  I 898 (ed . 1928 
p . 16 j .  ^ h is  in c o n s is te n c y  was p o in te d  ou t by A. F raen k e l in  
'D is c o n tin u  e t  c o n t in u ', T ravaux du IXe Congres i n t .  de p h ilo so p h ie  
(V I. Logique e t  raathdm atiqüel, A c tu a l i té s  s c ie n t i f iq u e s  e t  in d u s
t r i e l l e s ,  No. 335, pp. 193 -  200) .  F or B rouw er's c r i t ic i s m s  see 
p .179 . A ccord ing  to  B orel and P o in c a re , we can speak o f  a l l  p o in ts  
o f  th e  continuum , s in ce  t h i s  c o l le c t io n  as  a  whole i s  g iv e n , b u t no t 
o f every  a r b i t r a r y  p o in t  s in c e  n o t every  p o in t (o r  r e a l  number) i s  
d e f in a b le  in  a f i n i t e  number o f words o r  can be a r r iv e d  a t  th rough  
a f i n i t e  p ro ced u re . In  a d i f f e r e n t  v/ay, (by R ic h a rd 's  p ro o f in  
'S u r  un paradoxe do l a  th e d r ie  des ensem bles e t  su r  l 'a x io m e  do 
Z erm elo ', L 'E nseignem ent mathéma t iq u e , v o l .  9 (1 9 0 7 ), pp. 94 -  9 8 ), 
th ey  a r r iv e  a t  th e  same c o n c lu s io n  as Brouwer d id :  a l l  s e ts  o f
p o in ts  in  th e  continuum  a re  denum erable (See PoincarcT, 'U ber 
t r a n s f i n i t e  Z ah len , Op. c i t . ) .
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Brouwer a ttem p ted  a d e f in i t i o n  o f  th e  continuum  which avo ids the 

id e a  o f  a whole to  be an aly sed  in to  p o in ts  as i t s  p a r ts  o r  th e  b u ild in g  

up o f p o in ts  in to  a continuum . The ’continuum i s  th e  m a trix  in  which 

p o in ts  can be though t to g e th e r '^  (Du. h e t m a trix  van samen te  denken 

p u n te n ) , In  th i s  d e f in i t i o n ,  th e  continuum  appears  as more s t a t i c  

th a n  Brouwer’ s l a t e r  ’medium o f f r e e  b eco m in g ', b u t th e re  i s  no t o t a l i t y  

o f atom ic p o in ts  no r an a ttem p t to  b rid g e  th e  chasm betw een a s e t  o f  

d i s c r e t e  elem ents and the continuum , which a re  d i f f e r e n t  in  k in d .

2 .2  The m easurable c o n tin uum

Even i f  th e re  i s  a developm ent o f  th e  n o tio n  o f  r e a l  number in  

G rondslagen . th i s  i s  on ly  done -  a t  t h i s  s tag e  -  in  r e l a t i o n  to  powers 

o f  s e ts  and in  answ er to  C an to r’ s continuum  problem  as re p e a te d  by 

H i lb e r t  in  'M athem atische P ro b lèm e '^ , F o r Brouw er’s oirvn tre a tm e n t o f  

th e  b a s ic  a r i th m e t ic a l  o p e ra tio n s  c h a ra c te r iz e d  as  g ro u p - th e o re t ic a l  

tr a n s fo rm a tio n s ^ , a  sim ple e x te n s io n  o f th e  n a t io n a ls  was s u f f i c i e n t ,  

d e sc r ib e d  as ’m ak i%  the  continuum  m e a s u r a b l e ’

( i t  i s  ty p ic a l  o f B rouw er's r e j e c t i o n  o f  c u r re n t  views on th e  

continuum , even th o se  o f  th e  p r e - i n t u i t i o n i s t s , 'who d id  no t seek  f o r  

th e  continuum  an o r ig in  ex tran eo u s to  language and l o g i c ’ t h a t  in  th e  

whole o f  C hapter I  o f  Grond slag o n  th e  words ' r e a l  num ber’ a re  no t 

m en tio n ed ).

T h is  ’making th e  continuum  m e asu ra b le ’ c o n s is ts  i n  th e  p r o je c t io n  

o f  an everyw here dense s c a le  o f  n a t io n a ls  on th e  i n t u i t i v e  one-d im ensional 

continuum :

F i r s t :  'A row o f  p o in ts  o f the  o rd e r  type o f a l l  p o s i t iv e  and

n e g a tiv e  numbers can e a s i l y  be c o n s tru c te d  on i t ;  we th e n  tak e  in

1 1222, p . 9; c f .  a lso  1908, p . 570.

H i lb e r t ,  M athem athische P ro b lème, problem  no. 1 (p . 2 6 j) :  'To
prove C a n to r 's  ’ continuum  h y p o th e s is ’ , t h a t  any s e t  o f  r e a l  numbers 
can be p u t in to  o n e-to -o n e  correspondence e i t h e r  w ith  the  s e t  o f 
n a tu ra l  numbers o r  w ith  th e  s o t o f a l l  r e a l  numbers ( i . e .  th e  con tinuum )’

R esearch  in  t h i s  d i r e c t io n  was con tinued  in  h is  more to p o lo g ic a l  
work; a d e ta i le d  a n a ly s is  o f  th e  g ro u p - th e o re t ic a l  c h a r a c te r iz a t io n  
o f  o p e ra tio n s  on th e  m easurable continuum was g iven  in  'D ie  T heorie  
d e r  e n d lic h e n  k o n t in u ie r l ic h e n  G-ruppen, unabhhngig von den Axiom 
von L ie ’ , I 9O9B.

1207 , p . 11-
1952B. p . 140 .
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'e a c h  in t e r v a l  a n o th e r  p o in t ,  and in  each o f  th e  r e s u l t in g  in t e r v a l s  

a n o th e r  p o in t ,  e t c , '^  Then th e  s c a le  i s  made everyw here dense by 

' th in k in g  as c o n tra c te d  in to  one p o in t every  segment in  which the 

sc a le  does no t p e n e t r a te ,  in  o th e r  w ords: we re g a rd  two p o in ts  on ly

th e n  as d i f f e r e n t  i f  t h e i r  d u a l expansions d i f f e r  a f t e r  a  f i n i t e  number 

o f  f i g u r e s ' , ^

F in a l ly ,  ' i f  we on th e  c o n s tru c te d  s c a le  adopt one p o in t as the  

zero  p o in t ,  th e  s c a le  has made th e  continuum in to  a m easurable 

co n tin u u m .'  ̂ On th e  b a s is  o f t h i s  m easurable continuum , o p e ra tio n s  

o f  a d d i t io n  and m u l t ip l ic a t io n  a re  d e fin e d  as  ' s h i f t - t r a n s f o r m a t io n s '  ̂

and geom etry i s  th e n  a r i th m e t iz e d .^

2 .3  The power o f  the  c o n tin uum

The m easurable  continuum  p re s e rv e s  i t s  i n t u i t i v e  c h a ra c te r ,  

i . e .  th a t  o f  't h e  betw een th a t  n ev er ex h au sts  i t s e l f  by in s e r t io n  o f 

new e n t i t i e s '  ®and th e re fo re  cannot have in d iv i s i s b le  p o in ts  as i t s  

atom ic p a r t s .

Even i f  Brouwer d is t in g u is h e s  betw een 't h e  denum erably u n f in ish e d ' 

and ' t h e  c o n tin u o u s ' (soe  above p .17 3) ' th e  t o t a l i t y  o f  d e f in a b le  p o in ts  

on th e  continuum ' i s  g iv en  as  an example o f  th e  denum erably u n f in ish e d .

The power o f  th e  continuum  as a p o in t - s e t  in  B rouw er's view s is  

p robab ly  b e s t  c h a ra c te r iz e d  as p u re ly  n e g a tiv e  in  the  sense  th a t  i t  

i s  non-denum erable; in  accordance w ith  C a n to r 's  p ro o f ,  Brouwer m erely 

a c c e p ts  t h a t  ' i t  can be proved s a t i s f a c t o r i l y  f o r  th e  i n t u i t i o n i s t  as 

w ell as th e  fo rm a l is t  th a t  f o r  every  denum erably i n f i n i t e  s e t  o f  r e a l  

numbers betw een 0 and 1 im m ediately  a r e a l  number betw een 0 and 1 

can be in d ic a te d  which does no t belong to  t h a t  s e t '? .  Brouwer th en  

draws th e  in e v i ta b le  c o n c lu s io n  th a t  ' a l l  denum erably u n f in ish e d  s e ts

" 122Z, p. 9.
 ̂ Op. c i t .  p . 10.

® Op. c i t .  p . 11.

 ̂ Op. c i t .  pp. 12 f f .

® Op, c i t .  pp . 35 f f .

® Op, c i t .  p . 8 ; 1208A, p . 570. See

I 912A, pp. 22 -  23 .
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'•have th e  same pow er'^ and C a n to r 's  continuum  problem , ( 'a r e  th e re  any 

s e ts  o f  r e a l  numbers betw een 0 and 1 whoso power i s  sm a lle r  th a n  the  

continuum  b u t g r e a te r  th an  a lep h  n u l l ? ) , i s  d ism issed  as m ean in g le ss ,^  

Grondsla g e n . fo llo w in g  th e  a ttem p t a t  'm aking s e ts  c o n tin u o u s '

( to  be d isc u sse d  b e lo w ), 'e v e ry  p o in t - s e t  on the  m easurable continuum  

which i s  n o t denumerable has th e  power o f th e  continuum ' and Brouwer 

c lo se s  th e  s e c t io n  w ith : ' I n  t h i s  v/ay, the  continuum  problem  s ta te d

by C antor in  1873 und r e - s t a t e d  by H ilb e r t  as b e in g  s t i l l  to p ic a l  

seems to  have been so lv e d , i . e .  by s t r i c t l y  ob serv in g  th e  views th a t  

we cannot speak o f  a continuum  as a ' s e t '  o f p o in ts  ex cep t in  r e l a t i o n  

to  a s c a le  o f  o rd e r  type 77 ' ^ .

2 . 4  ' C/Om p le t in g  in t o  a continuum

Of g r e a te r  s ig n if ic a n c e  in  view  o f l a t e r  developm ents a re  some o f 

B rouw er's id e a s  w hich in  122% a.re on ly  ex p ressed  in  th e  c o n te x t o f 

C a n to r 's  continuum  h y p o th e s is , b u t g ra d u a lly  in  the  cou rse  o f I 9O8A. 

I 912A. I 913B and I 917A become more p rom inen t.

G rondslagon (p . 62) c o n s id e rs  th e  p o s s i b i l i t y  o f  c o n s tru c t in g  a 

continuum on a s c a le  o f  o rd e r  type 77 ; 'The m athem atical i n t u i t i o n  

can indeed  c o n s tru c t  a s c a le  o rd e r  ty p e 77 and th en  p la c e  over i t  

a  continuum  as a w ho le , which continuum  can th e n  ag a in  be ta k en  as 

m a tr ix  o f  th e  p o in ts  o f  th e  s c a le '

Brouwer s t a t e s  here  th re e  p r in c ip le s  o f  c o n s tru c t io n ,  o f which one 

was l a t e r  withdrawn.6 Two p r in c ip le s  a re  concerned w ith  what Brouwer 

c a l l s  'c o m p le tin g  in to  a  co n tin u u m 's (D u .  co m p le teerin g  t o t  een 

continuum ) o r  ' making co n tin u o u s ' (Germ. O p era tio n  des C o n tin u ie r -
7

lichm achens ) and c o n ta in  th e  b a s ic  in g re d ie n ts  o f  B rouw er's l a t e r  

developm ents o f  cho ice  sequences:

 ̂ I 912A. p . 2 4 , fo o tn o te :  ' C a llin g  denum erably u n f in ish e d  a l l  s e ts  o f
which th e  e lem ents can be in d iv id u a l ly  r e a l i z e d ,  and in  which f o r  
every  denum erably i n f i n i t e  su b se t th e re  e x i s t s  an elem ent no t 
b e lo n g in g  to  t h i s  s u b s e t ,  v/e can say in  g e n e ra l ,  in  accordance w ith  
th e  d e f in i t i o n s  o f th e  t e x t ,  "A ll denum erably u n f in ish e d  s e t s  have 
th e  same p o w er '.

2 Ibidem  p . 23.
3 122Z, p. 67 .

1222, p . 62.
1917A. p . 440; o f .  a ls o  1913B. p . 79. 

1907. p . 66.
19084. p . 570.
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A sc a le  o f  o rd e r type Tj d e f in e s  a de numerable c o l le c t io n  o f 

p a i r s  o f  p o in ts  and in t e r v a l s .  Each o f  th e se  in te r v a ls  can bo made 

dense w ith  ’ i r r a t i o n a l '  p o in ts  ( i . e .  r e l a t i v e  to  the  d u a l s c a le  in  i t )  

by a  p ro cess  o f  i n f i n i t e  r e m if ic a t io n ,  w hile  b lo t t i n g  o u t the  

' r a t i o n a l '  p o in ts  o f  th e  s c a le .

In  G rondslagen t h i s  d e n s ity  i s  ex p ressed  and i l l u s t r a t e d  in  the 

fo llo w in g  vfay: 'T h is  d e n s ity  can be c h a ra c te r iz e d  in  th e  fo llo w in g

way, by approx im ating  to  an everyw here dense du a l s c a le  c o n s tru c te d  

on th e  segment under c o n s id e ra tio n  ta k en  as u n i t  segment: th e  f ix in g

o f each fo llo w in g  d u a l f ig u r e  i s  e i th e r  determ ined  by th e  p rev io u s  one 

o r  le a v e s  a cho ice  betw een two; in  th e  l a t t e r  case  f o r  e i th e r  choice 

the nex t d u a l f ig u re  a g a in  i s  e i t h e r  determ ined  o r  le a v e s  a cho ice 

betw een tw o, which can be i l l u s t r a t e d  by a  f ig u r e  o f  t h i s  form :

e tc ,

I f  v/e b re a k  o f f  every  b ran ch  which n ev er r s m if ie s  ag a in  th e re  rem ains 

in  th e  end e i t h e r  n o th in g  o r a co n tin u ed  se I f - m u l t ip ly in g  b if u r c a t io n .

In  th e  l a t t e r  c a s e ,  the  c o l l e c t io n  i s  dense in  th e  i n t e r v a l ,  in  the 

form er i t  i s  n o t ' . ^

In  I 9O8A th e  o p e ra t io n  o f 'm aking co n tin u o u s ’ i s  ex p la in ed  in  a 

s im i la r  way, b u t th e  freedom  of cho ice  i s  more e x p l i c i t l y  m entioned:

’we now c o n s tru c t  a ra m if ie d  ch a in  in  which every  b ran ch  sim ply co n tin u es  

i f  th e  cho ice  i s  n o t f r e e ,  and s p l i t s  i t s e l f  in to  two when th e  cho ice  

i s  f r e e ,  and th e n  d e s tro y  every  b ranch  th a t  does n o t s p l i t  i t s e l f  a g a in ’ 

19133 makes a f u r th e r  g e n e r a l iz a t io n  and c o n s id e rs  th e  s p l i t t i n g  in to  

more th a n  two su b -b ran ch es^ , le a d in g  to  Brouwer’ s l a t e r  developm ent o f

 ̂ 1907 j pp. 6if -  65 (The only  i l l u s t r a t i o n  in  G rondslagen ) .

® 122êà, p. 5 70 . 
® 1913B . p . 79.
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' AusfüllungsGlmente ' and 'ErgcînzungsGlmente',

Brouwer l a t e r  reco g n ized  th a t  in  the  above p ro c e ss  o f r a m if ic a t io n  
tv/o t a c i t  assum ptions were made:

1° T hat the  p o in t - s e t  can be c o n s tru c te d  as ’ in d iv id u a l iz e d ’ , i . e .  

such th a t  two d i f f e r e n t  i n d e f in i t e ly  p ro ceed in g  b ran ch es alv/ays le a d  

to  tv/o d i f f e r e n t  p o in ts ;

2° T hat t h i s  in d iv id u a l iz e d  c o n s tru c te d  p o in t - s e t  can be analyzed  

i n t e r n a l l y ,  i . e .  t h a t  th e  p ro cess  o f  b re a k in g  o f f  can indeed be 
ex ecu ted .^

H is j u s t i f i c a t i o n  f o r  making th e se  assum ptions seems le s s  con

v in c in g : ’One has th e  r ig h t  to  c o n s id e r  as im p l ic i t l y  co n ta in ed  in

th e  p r in c ip le s  o f  c o n s tru c t io n  such su p p o s itio n s  as a re  d e s ir a b le  f o r  

the  sake o f  v i a b i l i t y  o f  th e  th e o ry ’ ^. In d eed , in  l a t e r  developm ents, 

he t r i e s  to  avo id  r e ly in g  on th e se  assum ptions.

As observed above, th e re  i s  no t y e t  a t  t h i s  s ta g e  a sy stem a tic  

tre a tm e n t o f  th e  r e a l  numbers and th e  b a s ic  o p e ra tio n s  on th e  b a s is  

o f  th e  r e a l  numbers in  th e  above sen se . T hat Brouwer a lre a d y  saw 

e a r ly  on th e  p o s s i b i l i t y  o f such developm ent i s  c l e a r  from a rem ark in  

h is  in a u g u ra l a d d re ss  where he m entions th e  p o s s i b i l i t y  o f  a d m ittin g  

’ f r e e  cho ice  sequences as an elem ent o f c o n s tru c t io n  o f  r e a l  numbers 

betw een 0 and 1 ’ .^

Nov/here in  h is  e a r l i e r  work i s  th e re  y e t any d e f in i t i o n  o f r e a l  

numbers as  convergen t sequences o f  n e s ted  in t e r v a l s .  B rouw er's own 

h i s t o r i c a l  r e f l e c t i o n s  on t h i s  p e r io d ,  however, em phasize th e  

in s u f f ic ie n c y  o f  th e  c l a s s i c a l  and p r e - i n t u i t i o n i s t  tre a tm e n t o f th e  

r e a l  numbers and th e  continuum , ( in c lu d in g  B o ro l’ s 'p r a c t i c a l  continuum ’ ) ,  

on th e  grounds t h a t  ’ th e  m easure o f  t h i s  ’’e r s a tz  continuum ” i s  z e r o ’ 4;

’In  doing  so , th ey  seem to  have overlooked  th a t  such an e v e r-u n f in is h e d  

and ever-denum erab le  system  o f  " r e a l  numbers” i s  in c ap ab le  o f f u l f i l l i n g  

th e  m athem atical fu n c tio n s  o f  th e  continuum , f o r  th e  sim ple re a so n  th a t  

i t  canno t have a measure p o s i t i v e ly  d i f f e r in g  from  z e r o . ’ &

 ̂ 1917A. p . 441,
 ̂ Ibidem .

 ̂ 1912A.. p . 23.

" 1929A . p . 2.

6 1992E. p . 140
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E a r ly  t r a c e s  o f Brouw er’s views on the  in te r v a l  as th e  fundam ental 

co n s tiru c tiv e  elem ent o f th e  continuum can a lre a d y  be found in  some o f 

h is  to p o lo g ic a l  work, e s p e c ia l ly  in  ’Über A bbildung von M a n n ig fa ltig -  

k e i t e n ’ ( 19I I I ) and 'In v a r ia n z  des n -d im ensionalen  G e b ie ts ’ ( 19I I J ) , 

where sim ply connected  p ie ces , o f which th e  space i s  composed a re  ta k en  

as th e  fundam ental c o n s tru c ts .^

Perhaps even a rem ark in  G rondslagon could  p o in t in  th i s  d i r e c t io n ,  

where Brouwer d e s c r ib e s  th e  ’making m easu rab le ’ o f th e  continuum  as 

’ c o n s tru c t in g  th e  continuum  from in d iv id u a l iz e d  m easurable  p ie c e s^ .

3 .1  Theory o f  s e ts  and th e  continuum  a f t e r  1917

B eth claim s th a t  ’ th e  c e n t r a l  p la c e  in  i n t u i t i o n i s t i c  m athem atics 

i s  occupied  by the  th e o ry  o f  the continuum ’^. In d eed , Brouwer’ s 

i n t e r p r e t a t i o n  o f  th e  continuum  and r e a l  numbers forms th e  b a s is  o f 

an ’ i n t u i t i o n i s t  a n a l y s i s ’ , com plete ly  d iv e rg e n t from th e  c l a s s i c a l ,  

and in s p ir e d  an i n t u i t i o n i s t  s e t  th e o ry  which could  accommodate th i s  

continuum .

S y s te m a tiz a tio n  o f th i s  i n t u i t i o n i s t  s e t  th e o ry  and a n a ly s is  

dom inates Brouwer’ s work in  the  p e rio d  1917 -  1927, and the  is s u e s  

in v o lv e d , a p a r t  from th e  Brouwer lo g i c ,  have become alm ost th e  so le  

o b je c t  o f  re s e a rc h  w ith in  th e  i n t u i t i o n i s t  schoo l.

Need f o r  an i n t u i t i o n i s t  s e t  th e o ry

E r r e t t  Bishop in  h is  e x c e lle n t book. Foundations o f C o n s tru c tiv e  

A n a ly s is . r id i c u le s  Brouw er’s p re o c c u p a tio n  w ith  th e  continuum :

’A bugaboo o f  b o th  Brouwer and th e  lo g ic ia n s  has been  com pulsive 

s p e c u la tio n  about th e  n a tu re  o f  th e  continuum ’ , b u t he d iagnoses one 

o f  th e  c h ie f  rea so n s  f o r  t h i s  p re o c c u p a tio n : ’ In  Brouw er’ s c a se , th e re

seems to  have been a nagging s u sp ic io n  th a t  u n le ss  he p e rs o n a lly  

in te rv e n e d  to  p re v e n t i t ,  th e  continuum  would tu rn  ou t to  be d i s c r e t e ’ .^  

The in c re a s in g  prom inence o f m e asu re -th eo ry , and th e  r e l i a n c e  even o f

1 Weyl made t h i s  th e  s t a r t i n g  p o in t  o f  an in v e s t ig a t io n  in to  methods 
o f  c o n s tru c t in g  spaces by con tin u ed  in s e r t io n  o f  ’n e t - p o i n t s ’ , 
(Tiber d ie  neue G rund lagenk rise  d e r  M athem atik’ , p . 7 8 ).

P- 67.
B eth , The Foundations o f  M athem atics, p . 422,

E , B ishop , The F oundations o f  C o n s tru c tiv e  A n a ly s is ,  p . 6
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such ' n e o - in tu i t io n i s t s ' as Lchosgue and B o rc l ' on lo g i c a l ,  C antor 

s o t - t h e o r e t i c a l  methods in  t h e i r  tre a tm e n t, h ig h l ig h te d  the  need f o r  

a th e o ry  o f  th e  continuum  which could  b r id g e  th e  gap betw een th e  

continuum  and the  'everyw here dense s e t  o f  d e f in a b le  numbers o f  th e  

l i n e a r  continuum , whose measure i s  z e ro ’^. T h is  need had a lso  

in s p ire d  Weyl to  w r ite  B^as^j^ntinuum in  1917, an a ttem p t abandoned by

Weyl a few y e a rs  l a t e r  in  fa v o u rv o f B rouw er's 'continuum  o f f r e e

becom ing '^ .

We have a lre a d y  m entioned Brouwer’ s d i s s a t i s f a c t i o n  w ith  the 

’ lo g ic a l  tre a tm e n t o f  th e  continuum ’ ' .̂ R eal numbers as Dedekind c u ts  

o f  n a t io n a ls  were u n accep tab le  to  Brouwer because o f  th e  p resum ption  

o f  th e  axiom o f ch o ice ; m oreover, they  on ly  d e fin e d  a p a r t  o f what 

Brouwer would c a l l  'th e  reduced continuum ' whose m easure i s  z e ro .

C a n to r 's  th e o ry  o f  r e a l  numbers as sequences, in  which a d e f in i t i o n  o f

r e a l  numbers as  sequences o f n e s te d  in t e r v a ls  can e a s i ly  be accommodated ® 

had obvious a t t r a c t i o n s ,  b u t a p a r t  from o b je c tio n s  a g a in s t  B rouw er's 

concep t o f  s e t s ,  t h i s  d e f in i t i o n  was in adequate  f o r  a l l  p o in ts  o f the  

continuum  f o r  th e  same reaso n s  as th e  Dedekind c u ts .

B rouw er's fundam ental views concern ing  th e  continuum  and s e ts  had 

rem ained v i r t u a l l y  the  same. The sim ple m easurab le  continuum  had 

proved in a d eq u a te ,an d  f u r th e r  developm ent o f  r e a l  numbers on th e  b a s is  

o f  an ' i n d e f i n i t e l y  p roceed ing  sequence* needed th e  r ig o ro u s  framework 

o f  a s e t  th e o ry . Brouwer co n fessed  in  1919* ' In  my n o n -p h ilo so p h ic a l

c o n tr ib u t io n s  I  have made r e g u la r  use o f  o ld  m ethods, alw ays ta k in g  

c a r e ,  how ever, to  d e r iv e ,  as f a r  as  p o s s ib le ,  on ly  such r e s u l t s  as 

could  be expected  to  f in d  a p la c e  (may be w ith  some m o d if ic a tio n , b u t 

s u b s t a n t i a l l y  the  same) in  an i n t u i t i o n i s t i c  s e t  th e o ry , a f t e r  th i s  

had been s y s te m a tic a l ly  c o n s t r u c te d . '?  S ince th e  more g e n e ra l r e j e c t i o n  

o f  lo g ic  and th e  demand f o r  c o n s tru c t io n  had become more s p e c if ic  in

 ̂ Cf. B rouw er's  rem ark on B o rc l 's  p r a c t i c a l  continuum  quoted above (p .lT S )
2 B o re l .  'Los Paradoxes de l ’ i n f i n i ' ,  L 'A v en ir de l a  Science 

v o l .  25, p . 189.
Weyl, 'U ber d ie  neue G rund lagenkrise  d e r  M athem atik*, p . 5ô* 
'T h e re fo re  I  abandon now my own a ttem p t and jo in  Brouwer*. Weyl ’ s 
' a to m ic ' continuum  was s im i la r  to  B orel*s p r a c t i c a l  continuum  and 
f a i l e d  on th e  same grounds.

See above p . 179.

® 1228Ç, p . 5.
® P. Waisman, In tro d u c t io n  to  M athem atical T h in k in g , London 1951, p . 194. 

1221A, p . 798.7
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th e  r e j e c t i o n  o f  the  P r in c ip le  o f  the Excluded Middle and th e  axiom 

o f  c h o ic e , such a s y s te m a tiz a tio n  had become more f e a s ib l e .

I t  i s  beyond th e  scope o f t h i s  p re s e n t work to  g iv e  a d e ta i le d  

account o f  B rouw er's s e t  th e o ry  and a n a ly s is .^

We w i l l  concern  o u rse lv e s  h ere  m ainly  w ith  th e  Brouwer s e t  as  

a fundam ental to o l  and c o n s id e r  B rouw er's a ttem p t to  in tro d u c e  t h i s  

new n o tio n  o f  a s e t ,  which on th e  one hand s a t i s f i e s  h is  s t r i c t  

c o n s tru c t iv e  demands and re p la c e s  th e  lo g ic a l ly -b a s e d  C antor s e t ,  

and w hich, on th e  o th e r  hand, i s  wide enough to  accommodate ' s e t s '  o f  

c l a s s i c a l  c a rd in a l  number 2 * " °and s e t s  whose elem ents a r e 'e s s e n t i a l l y  

u n f in i s h e d ',

T h is w i l l  be done in  th e  fo llo w in g  s e c tio n s :

1° The Brouwer s e t  in s p ire d  by Brouwer’ s n o tio n  o f  the  continuum ; the  

continuum  as ' medium o f f r e e  b eco m in g ';

2® B rouw er's s e t  th e o ry : s e ts  and sp e c ie s ;

3° The s p l i t t i n g  o f  equ ipo tency ;

4^ O rdering ;

5° The Brouwer continuum  and th e  r e a l  numbers.

3 .2  For th e  developm ent o f  th e  se p a ra b le  p a r t s  o f  m athem atics

th e  p r im o rd ia l i n t u i t i o n  o f  tim e was s u f f i c i e n t .  F o r th e  system  o f 

n a tu ra l  numbers and i t s  im m ediate ex te n s io n s  th e re  i s  no need f o r  any 

s e t - t h e o r e t i c a l  fo u n d a tio n s . M oreover, B rouw er's  s e t  th e o ry  p r e 

supposes th e  e x is te n c e  o f th e  sequence o f  n a tu r a l  numbers; t h i s  i s  

c l e a r  from th e  v e ry  f i r s t  l i n e  o f  B rouw er's  s y s te m a tiz a tio n  o f  s e t  

th e o ry : 'A t th e  b a s is  o f  s o t th e o ry  l i e s  an u n lim ite d  sequence o f

sym bols, which i s  determ ined  by a f i r s t  symbol and th e  r u le  t h a t  from 

each o f  th e se  symbols d e r iv e s  i t s  su c c e sso r. Among the  many r u le s  

th a t  can be u se d , th e  most a p p ro p r ia te  appears to  be th e  one w hich 

g e n e ra te s  th e  sequence ^  o f  th e  num erals 1 , 2 , 3 , 4 ,  5 ,
C antor ex p ressed  s u rp r is e  when, in  th e  cou rse  o f th e  developm ent 

o f  h is  s e t  th e o ry , he met such concep ts  as th e  'a c t u a l  i n f i n i t e '  which

A ll s tu d ie s  o f i n t u i t i o n i s t i c  m athem atics so f a r  c o n ta in  a d d i t io n s  
and e x te n s io n s  o f  B rouw er's v e rs io n . Among th e se  we may m ention:
A. H ey tin g . I n t u i t io n is m -  An In tro d u c t i o n .  Amsterdam 193^;
S.C . K leene and R.E. Y es ley , The F oundations o f  I n t u i t i o n i s t i c  
M athem atics . Amsterdam I 964 . (C h ap te r I I I  i s  a re v is e d  e d i t io n  o f  
V e s le y 's  Ph.D. t h e s i s  on 'The I n t u i t i o n i s t  C ontinuum '; hero c a r e fu l  
d i s t i n c t i o n  i s  made betw een B rouw er's  th e o ry  and a d d i t io n  by o th e rs .  
A .S , T r o e l s t r a ,  P r in c ip le s  o f I n tu i t io n i s m . (L ec tu re  n o te s  in  
M athem atics, v o l .  35T, B e rlin -H e id e lî:erg-New York 19&9.

1218A, p. 3; c f. M2^D, p. 244 .
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he was 'fo rc e d  to  a cc ep t much a g a in s t  h is  w i l l '^ ,  Brouwer so t ou t 

to  c o n s tru c t  a s o t th e o ry  as  a  t o o l ,  found n ece ssa ry  in  h is  i n t e r 

p r e ta t io n  o f the  continuum  and com plete ly  determ ined  by i t .  I n  o rd e r  

to  em phasize t h i s ,  Brouwer s t a r t s  h is  v a r io u s  c o n tr ib u tio n s  on 

i n t u i t i o n i s t  s e t  th e o ry  ( l^ Ç A , I92QB, I g jlA , 1925P) . no t w ith  the 

much s im p le r  n o tio n  o f  sp e c ie s  ( o f  which v e ry  l i t t l e  i s  s a id  and which 

i s  much more in  l i n e  w ith  th e  t r a d i t i o n a l  d e f in i t i o n  o f s e t ) , b u t w ith  

th e  h ig h ly  complex n o tio n  o f a s e t  ('M onge ') which can on ly  be f u l l y  

understood  in  th e  c o n te x t o f  th e  continuum .

3 .3  The Brouv/c r  continuum , 'medium o f f r e e  becom ing'

'To Brouwer we owe th e  new s o lu t io n  o f  th e  problem  o f

th e  co n tin u u m .* ^
H. Weyl.

W ith th e  p u b l ic a t io n  o f  L 'E v o lu t io n  Cr é a t r i c e . B ergson had 

rev iv e d  Z eno 's  paradoxes and i n i t i a t e d  an in te r n a t io n a l  d ebate  on the  

continuum .^ He accepted th e  -b ed ck in d -W eie rstrass-C an to r s o lu t io n  to

G, C an to r, 'On l i n e a r  a g g re g a te s ';  f o r  f u l l  q u o ta tio n  see above p . 170.

H, Weyl, 'ITber d ie  neue G rund lagenk rise  d e r  M athem atik ' , p . $6.

A lthough th e re  i s  no d i r e c t  ev idence th a t  Brouwer was in f lu e n c e d  by 
Bergson and th e re  i s  no re fe re n c e  to  B ergson anywhere in  B rouw er's 
w r i t in g s ,  (ex ce p t th e  g e n e ra l re fe re n c e  to  't h e  F rench  i n t u i t i o n i s t  
sch o o l' o f  which Bergson was th e  fo u n d er and most prom inent re p 
r e s e n ta t iv e )  , th e re  a re  undoubted ly  many l in k s  betw een Brouv/er and 
Bergson, In  C hap ter I I , we p o in te d  a t  th e  s im i la r i ty  o f t h e i r  
view s on i n t u i t i o n .  I t  seems h ig h ly  u n l ik e ly  th a t  th e  w r it in g s  o f 
such an em inent contem porary i n t u i t i o n i s t  were unknovm to  Brouvrer .  
B e rg so n 's  famous a r t i c l e  on i n t u i t i o n ,  'I n t r o d u c t io n  a l a  M étap h y siq u e ', 
appeared  in  th e  Revue de M étaphysique e t  de M orale ( 19O3) a t  the  
tim e o f  th e  R u sse ll-P o in c a re ’̂ d e b a te , vrhich Brouwer fo llo w ed  c lo s e ly  
( 1907 , p . 94) .  A gain , i t  i s  p o s s ib le  t h a t  B rouw er's new s o lu t io n  
o f  th e  continuum  as medium o f ' f r e e  becom ing' i s  co m ple te ly  
independen t from  B erg so n 's  'becom ing ' o f  con tinuous tim e; b u t i t  
i s  r a th e r  u n lik e ly  t h a t  Brouwer was unaware o f the  d eb a te  on 
B erg so n 's  tim e as 'b e c o m in g ', which invo lved  p h ilo so p h e rs  and 
m athem atic ians ( a .o .  W hitehead and P o in c a re ) .
E lse w h e re , page 119,we m entioned th e  c lo se  s im i la r i ty  o f B rouw er's 
and L e ro y 's  view s on language and lo g ic ;  Brouwer was vfell 
æqaintcd w ith  L e ro y 's  views which were c r i t i c i z e d  in  an a r t i c l e  by 
Poincare '’, which in  tu r n  was c r i t i c i z e d  by Brouwer in  1907 . p . 176. 
Edward Leroy was an i n t u i t i o n i s t  and s tro n g  su p p o r te r  o f  Bergson; 
in  h is  book on B ergson , Une p h ilo so p h ic  n o u v e lle : H enri B ergson .
P a r is  1912 , (v e ry  much approved o f by B ergson h im s e lf j ,  th e  problem  
o f tim e and th e  continuum  a re  d isc u sse d  in  g re a t  d e t a i l  and so 
B e rg so n 's  'b eco m in g '. I t  i s  p o s s ib le  t h a t  th e  l i n k  B ergson -  
Brouwer i s  v ia  Leroy,
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the  problem  o f th e  m athem atical continuum ; Z eno 's paradoxes sim ply 

a ro se  because o f  i d e n t i f i c a t i o n  o f  tim e and th e  everyv/here-dense 

m athem atical l i n e a r  continuum . B ergson d id  no t c o n s id e r  tim e 

in t e r v a l s  seen  r e t r o s p e c iv e ly  which indeed  -  as James and W hitehead 

would p o in t out^ -  a re  isom orphic w ith  the  m athem atical l i n e a r  

continuum . Time to  him was tim e as i t  i s  l i v e d ,  w ith  i t s  own n a tu ra l  

tem poral o rd e r ,  a  con tinuous 'becom ing '^  which adm its o f  a d is c re te n e s s  

o f 'b e f o r e ' and ' a f t e r ' ;  (tim e in  t h i s  sense i s  the  b a s is  o f  B rouw er's 

p r im o rd ia l i n t u i t i o n  o f tw o - i ty ) .  The im p o s s ib i l i ty  o f  an isom orphism  

betw een th e  p e rce iv ed  o rd e r  o f 'te m p o ra l becom ing’ and th e  dense o rd e r  

o f  th e  m athem atical l i n e a r  continuum has r e c e n t ly  been  p o in ted  ou t by 

A. Grilnbaum^ , b u t th e n  th e  m athem atical continuum  i s  tak en  as th e  

com pleted t o t a l i t y  in  th e  c l a s s i c a l  sen se .

B erg so n 's  'becom ing o f tim e and m otion i s  a com plete d e n ia l  o f  a 

com position  o f  e i t h e r  th rough  su c c e ss iv e  s t a t e s  o r  im m o b ilitie s ; 

r e f e r r in g  to  Z eno 's  paradox o f th e  arrow , he say s : 'A t bo ttom , th e

i l l u s i o n  a r i s e s  from  t h i s  th a t  th e  movement, once e f f e c te d ,  has l a id  

a lo n g  i t s  course  a m o tio n le ss  t r a j e c t o r y  on which we can count as many 

im m o b ilitie s  as wo w i l l  . . . '  and 'The arrow  never i s  a t  any p o in t o f  

i t s  cou rse  . . .  To suppose th a t  th e  moving body i s  a t  a 'p o i n t '  i s  

in  e f f e c t  p u t t in g  a s to p  to  th e  m ovement.' ^

Brouwer in  a s im i la r  v/ay had a lre a d y  upheld  t h i s  complementary 

c h a r a c te r  o f  th e  d i s c r e te  and th e  con tinuous v /ith  r e s p e c t  to  the 

m athem atical continuum ; he now t r i e d  to  ex tend  th e  'becom ing ' to  th e  

n a tu ra l  dense o rd e r  o f  th e  m athem atical l i n e a r  continuum , th e  continuum 

based on th e  r e l a t i o n  o f betw eenness. I t  could  be s a id  th a t  Brouwer 

c la im s th e  dynamic 'becom ing ' o f  B e rg so n 's  tim e continuum  f o r  the  

m athem atical continuum , ( A r i s t o t l e 's  p o te n t i a l  i n f i n i t e  in  the  r e a l  

sen se : d x /v d j je t  ) ,̂  and r e tu r n s  to  the  p re -W e ie rs tra s s  -  C an tor s ta g e , 

(when fu n c tio n s  wore h e ld  ' t o  move' and 'r e a c h ' a l i m i t ) ,  in  co n ce iv in g  

a 'p o in t  o f th e  continuum ' as  an ' i n d e f in i t e ly  p ro ceed in g  sequence '

 ̂ A,N. W hitehead, P ro cess and R e a l i ty .  New York 1929.
W, Jam es, Some Problems of  Phi l osophy . London-New York 1948.

 ̂ Cf. Time and F ree  Wil l ,  pp. 73 -  85.
 ̂ A. Grünbaum. Modern Science and Z eno 's  Parad o x es . London I 96S.

 ̂ C re a tiv e  E v o lu tio n , London-New York I 9I I ,  C hap ter V.

® P h y sics  263^ . 28.
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which i s  nev er com pleted , n e i th e r  as a ’set*^  nor even always as a 

method. Brouv^er had e a r l i e r  in tro d u ced  ' f re e -c h o ic e  seq u en ces ' to  

show the in s u f f ic ie n c y  o f  the  d e f in i t i o n  o f p o in ts  o f th e  continuum  

in  term s o f sequences w e ll-d e f in e d  in  th e  c l a s s i c a l  sen se . Now the  

f re e -c h o ic e  sequence is  used to  em phasize the  'b e c o m in g ', growing 

a sp e c t o f  a l l  i n f i n i t e  sequences, and th e  d if fe re n c e  betw een the  

d i s c r e t e  p o in t and th e  'p o in t  o f the  con tinuum '. I n  th e  same way 

th a t  in  B erg so n 's  tim e as 'becom ing' th e re  is  no p la ce  f o r  an a to m is t ic ,  

d i s c r e t  Vi^w', th e re  i s  u l t im a te ly  in  the  Brouwer continuum  no room f o r  

a s i c r e t e  p o in t ,  B rouw er's r e f u s a l  to  a c c e p t th e  continuum  as a 

' t o t a l i t y  o f  d i s c r e te  p o in t s ' becomes more th an  ju s t  a m a tte r  o f 

p o te n cy , i t  a f f e c t s  th e  n a tu re  o f  th e  p o in t  o f the  continuum . The 

f a c t  th a t  in  some way sequences determ ined  by an a lg o rith m  can be 

though t o f  as f in i s h e d ,  i . e .  as a law , has obscured  th e  tru e  n a tu re  o f  

th e  i n f i t e  m a them atica l sequence which i s  th e  p ro g re s s iv e  a l lo c a t io n  

o f  v a lu es  by th e  human mind, acco rd in g  to  a p re d e te rm in a te  law  o r  

o th e rw is e , and th i s  ad in f in i tu m , i . e .  n ev er end ing  o r  f o r  ev e r  

p ro ceed in g . T h is  'b e c o m in g ', grow ing, u n f in ish e d  c h a r a c te r ,  so w ell 

i l l u s t r a t e d  by th e  f re e -c h o ic e  sequence b u t a ls o  p re s e n t in  th e  la w - lik e  

sequence, d is t in g u is h e s  th e  p o in t  o f the  continuum  from th e  d i s c r e t e .

E , B ish o p 's  comment th a t  'B rouw er in tro d u ced  th e  method o f f re e -c h o ic e  

sequences f o r  c o n s tru c t in g  th e  continuum , as a obnscquenoG o f.w h ic h  th e  

continuum  canno t be d i s c r e t e  because i t  i s  n o t v /e ll enough d e f in e d '^ ,  

m ight w e ll in  some way have a p p lie d  to  B rouw er's  e a r l i e r  'co m p le tin g  

in to  a co n tin u u m ', which indeed he in tro d u ced  to  d isp ro v e  th e  c a n to r ia n  

d is c r e te n e s s  o f  th e  continuum . W ith the  new em phasis on 'becom ing*, 

th e  f r e e -c h o ic e  sequence i l l u s t r a t e s  th e  p o s s i b i l i t y  o f g e n e ra l iz a t io n  

o f  th e  concep t o f  th e  i n f i n i t e  sequence, in  w hich th e  manner o f  i t s  

c o n t in u a tio n  i s  im m ateria l and which as a  n ev er f in i s h e d ,  alv/ays 

growing m athem atical e n t i t y ,  c h a ra c te r iz e s  th e  p o in t  o f  th e  continuum  

and th e  continuum  i t s e l f .  Weyl recogn ized  t h i s :  'When a sequence i s

g en era ted  s te p  by s te p  by means o f  f r e e  a c ts  o f c h o ic e , i t  must be 

seen  as a  sequence th a t  i s  'becom ing ' (e in o  werdende W ahlfo lge)^ ; i t  i s

 ̂ 'S e t '  here  in  th e  sense o f  Brouwer 1908; see above pp. 1?2 -  173.

 ̂ E . B ishop , op. c i t .  p . 6.

® 'D ie  neue G rund lagenk rise  d e r  M athem atik ' , p . 50.
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because o f  the  becoming c h a ra c te r  o f Brouwer* s continuum  th a t  he was 

a t t r a c t e d  to  in tu i t io n is m . R e fe r r in g  to  h is  own p rev io u s  a tte m p t, 

he abandons i t  ' f u l l y  consc ious th a t  i t  does n o t c a tc h  th e  i n t u i t i v e  

continuum  , . .  b u t B rouw er's a ttem p t c o n ta in s  th e  prom ise to  do f u l l  

j u s t i c e  to  th e  'becom ing ' in  a v a l id  and l a s t i n g  m an n er'.^

S e t th e orv

4 .1  The Brouwer  s e t

B rouw er's s e t  th e o ry  i s  p r im a r ily  an a ttem p t to  c o n s tru c t  a 

framework f o r  th i s  more g e n e ra liz e d  n o tio n  o f  the  sequence.

D ^^ ^n itio n

As s ta te d  above, th e  d e f in i t i o n  o f  s e t  s t a r t s  from th e  e x is te n c e  

o f  a denum erable sequence o f  'sy m b o ls ' (Z e ich en , 19l 8A) , ' symbols o r  

f i n i t e  rows o f  sym bols' (Z eichen  bzw. e n d lic h e n  Z e ich en re ih en , I 923D) 

most a p p ro p r ia te ly  re p re se n te d  by th e  sequence o f  th e  num erals 

1 , 2 , 3 , 4 , 5 , . . .  ̂ We give here  the  d e f in i t i o n  o f I 9I 8A:

'A s e t  (Menge) i s  a r u l a ,  on th e  b a s is  o f  which -  whenever an 

a r b i t r a r y  num eral complex (Ziffom com plex) o f  th e  sequence i s  

chosen -  every  cho ice  g e n e ra te s  e i t h e r  a d e f in i te  symbol o r  

n o th in g , o r  causes the  a r r e s t i n g  (Hemmung) o f th e  p ro cess  

and th e  d e f in i t e  d e s t r u c t io n  o f  i t s  r e s u l t ,  w hile f o r  every  

n > 1 a f t e r  every  n o n -a r re s te d  sequence o f n -  1 c h o ic e s ,

a t  l e a s t  one numeraJL-comp le x  can be in d ic a te d  w hich, when 

chosen as the  n - th  num eral conq)lex, w i l l  no t e f f e c t  the  

a r r e s t i n g  o f  th e  p ro c e s s . E very  sequence o f symbols -  

g en e ra ted  in  t h i s  way by an u n lim ite d  sequence o f  ch o ices  

(and th e re fo re  i n  g e n e ra l no t p re s e n ta b le  as f in is h e d )  -  

i s  c a l le d  an elem ent o f  th e  s e t .  We w i l l  r e f e r  to  th e  

common mode o f  g e n e ra tin g  e lem ents o f  the  s o t  M, a lso  as 

th e  s e t  M. ' ^

'D i e  n eu e  G r u n d l a g e n k r i s e  d e r  M a t h e m a t i k ' , p .  5 1 .

I n  I 947B ( p .  3 3 9 ) B rouw er re m a rk s  : 'B e c a u s e  o f  t h e  l a n g u a g e l e s s
n a t u r e  o f  m a t h e m a t i c s ,  t h e  v/ord sym bol ( Z e ic h e n )  an d  e s p e c i a l l y  
t h e  word  n u m e ra l - c o m p le x  ( Z i f f e r n k o m p lo x )  i n  t h i s  d e f i n i t i o n  
m ust  b e  u n d e r s t o o d  a s  t h o u g h t - s i g n s  (Du. g e d a c h t o n t e e k e n s ) , 
c o n s i s t i n g  i n  m a t h e m a t i c a l  m e n ta l  e n t i t i e s  (Du. d e n k b a a rh e d e n )  
p r e v i o u s l y  a c q u i r e d , '

pp. 3 - 4 .
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The same d e f in i t i o n  i s  g iven  in  2339^>  w ith  some

change o f  v/ording, a ls o  in  1$25D; ( 'e a c h  o f  th o se  ch o ices  e i t h e r  

g e n e ra te s  a sequence o f symbols -  w ith  o r  w ith o u t th e  te rm in a tio n  

o f  th e  p ro c e ss  -  o r  the  a r r e s t i n g  of the  p r o c e s s '^ ) .  I n  a  fo o tn o te  

to  th e  I 923D d e f in i t i o n ,  Brouwer ap o lo g izes  f o r  th e  'in e v i ta b le  

lo n g w in d e d n e ss ', and in  qu o tin g  th e  continuum as  a sim ple example o f  

a s e t ,  he g iv e s  an in d ic a t io n  o f what in s p ire d  h is  n o tio n  o f  s e t .^  

B rouw er's p o s t-w a r  in te r p r e ta t io n s  s t a r t  w ith  th e  d e f in i t i o n  o f  

elem ents o f  th e  s e t  ( f o r  th e  f i r s t  tim e r e f e r r e d  to  as a 's p r e a d '^ ) ,

' t h e  i n f i n i t e l y  p ro ceed in g  s e q u e n c e s ',  a method g e n e ra lly  adopted by 

o th e r  i n t u i t i o n i s t s / *

Even i f  Brouwer uses th e  word ' s e t '  (Du. v e rza m elin g , Germ. Menge), 

th e  Brouwer s e t  from 1917 onwards can in  no way be tak en  as a t o t a l i t y  

o f  i t s  e lem en ts , u n lik e  h is  e a r l i e r  p r a c t ic e  ( 19O7 . 19Q8A. and 1913B) . 

when he d id  use th e  word s e t  in  i t s  t r a d i t i o n a l  sense o f  a t o t a l i t y ,  

w e l l - d i s t i n c t  from a 'm e th o d 'f

The Brouwer s e t  i s  sim ply d e fin ed  as a ' r u l e ' ,  a law  ( e in  G e so tz ) , 

in  I 924H even as 'a n  a lg o rith m ' ^ law , however, must h e re  bo tak en  

in  the more g e n e ra l sense o f  a p re s c r ib e d ,  e f f e c t iv e  p rocedure 

( ' common mode o f  g e n e ra t in g ')  f o r  g e n e ra tin g  th e  s p e c ia l  k in d  o f 

elem ents th a t  Brouwer had in  mind : sequences in  th e  w id es t se n se ,

in c lu d in g  th o se  whose components a re  determ ined  by such unorthodox 

methods as f r e e  c h o ic e , o r  tlirow ing o f d ic e ; a more complex procedure 

th a n  th e  c l a s s i c a l  a lg o rith m  which g e n e ra te s  denum erable s e t s ,  one
'.A

th a t  cou ld  g e n e ra te  s e ts  o f  c l a s s i c a l  c a rd in a l  number 2‘ ®

The main req u irem en t f o r  th i s  lav; in  th e  g e n e ra l d e f in i t i o n  o f  

s e t  i s  a g u a ran tee  o f  th e  ' i n f i n i t e  p r o c e e d a b i l i ty ' o f  each o f  the  

elem ents o f  th e  s e t :  ' f o r  every  n > 1 a f t e r  every  n o n -a r re s te d

sequence o f  n -  1 c h o ic e s , a t  l e a s t  one num eral can be found th a t

w i l l  n o t e f f e c t  th e  a r r e s t i n g  o f  the p r o c e s s '.  T his i s  a ls o  em phasized

1
m s p .,  p- 244 .
Ibidem .

I 947B, p . 339 (Du. s p re id in g ) ,
H ey ting , I n tu i t io n is m . An In tro d u c t io n .  Amsterdam 1956;
K leene and V esley , The Foundations o f I n t u i t i o n i s t i c M athem atics, 
Amsterdam I 965 .

See above pp. 172 -  173.

'Algorithmus' , 1924-H. p. I 89 .
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b y  w h a t  _1_920B ( 1921A) c a l l s  ' t h e  e s s e n t i a l l y  u n f i n i s h e d  c h a r a c t e r  o f

t h e  e l e m e n t s ’ ^ ,  23329 . '  ' i t s  f r e e d o m  t o  p r o c e e d '  ( F o r s e t z b a r k e i t s f r e i h e i t )  ^ ,

I 942A : ' t h e  p o s s i b i l i t y  t o  p r o c e e d '  ( F o r s e t z b a r k e i t s m B g l i g k c i t ) ^ .

When a  se q u e n c e  i s  ' a r r e s t e d ' ,  i t  i s  s im p ly  e l i m i n a t e d  a s  an  e le m e n t  

o f  t h e  s e t ,  i t  c a u s e s  ' d i e  d e f i n i t i v e  V e r n i c h t u n g  s e i n e s  R é s u l t a t s ' ,

(W eyl ev e n  more d r a m a t i c a l l y  spealcs o f  'd e n  A b b ru c h  d e s  P r o z e s s e s ,  

i h r e n  e i g e n e n  Tod ( d c a t h ) ^ ) .

When a  s e q u e n c e  i s  s im p ly  t e r m i n a t e d ,  t h e  p r o c e s s  o f  c h o o s in g  c a n  s t i l l  bo 

th o u g h t  o f  a s  c o n t i n u i n g  b u t  ' a f t e r  a  c e r t a i n  c h o i c e ,  i n s t e a d  o f  

g e n e r a t i n g  a  s e r i e s  o f  s y m b o ls ,  e v e r y  f u r t h e r  c h o i c e  p r o d u c e s  n o t h i n g ' . 5 

The law  r e g u l a t e s  t h e  p r o c e s s  o f  g e n e r a t i n g  a n  e l e m e n t .  T h i s  

i n  B r o u w e r 's  d e f i n i t i o n  i s  d e s c r i b e d  a s :
6

1 A p r o g r e s s i v e  s e l e c t i o n  f ro m  a  p r e - d e f i n e d  f u n d a m e n ta l  se q u e n c e  o f  

sym bo ls  ( 1923D: sym bols  o r  f i n i t e  s e r i e s  o f  s y m b o l s ) ,  r e p r e s e n t e d

by  t h e  n u m e ra ls  (Nummern) 1 ,  2 ,  3 ,  . . .  ?

2°  A c o r r e l a t i o n  o f  e a c h  o f  t h e  c h o s e n  n u m e ra l s  t o  ' a  d e f i n i t e  s y m b o l '

(.I2 I 8 A) , ( 1925D : ' a  d e f i n i t e  s i g n  s e r i e s ' ;  1952B : ' a  m a t h e m a t i c a l

e n t i t y  p r e v i o u s l y  a c q u i r e d ) , o r  t o  n o t h i n g ,  o r  t o  t h e  a r r e s t i n g  o f  

t h e  p r o c e s s .

T h i s  d u a l  a s p e c t  o f  t h e  g e n e r a t i n g  p r o c e s s  i s  i l l u s t r a t e d  by  t h e  

v e r y  f i r s t  exam ple  o f  a  s e t  i n  39329.3 w here  t h e  f u n d a m e n ta l  s e q u e n c e  i s

t h e  s e t  ^  and  t h e  s u b s e q u e n t  c o r r e s p o n d e n c e  i s  w i t h  t h e  num bers them 

s e l v e s :  'T o  h e l p  u n d e r s t a n d i n g ,  I  may h e r e  a l r e a d y  p o i n t  a t  a  s p e c i a l

c a s e :  when t h e r e  i s  no t e r m i n a t i o n  n o r  a r r e s t i n g  o f  t h e  p r o c e s s ,  an d

1

a

2

p. 950; _]^21A, p. 799.

I 925D . p .  2 4 5 , f o o t n o t e

1942A. p. 323.
W eyl,  o p ,  c i t .  p .  6 5 .

I 925D . p .  2 4 4 , f o o t n o t e

1942A c o n s i d e r s  t h e  p o s s i b i l i t y  o f  ' f l o a t i n g  s e t s '  ( s c h w e b e n d e r  
Mengen) w here  t h e  fu n d a m e n ta l  se q u e n c e  -  i n s t e a d  o f  b e i n g  f i x e d  
i n  ad v a n c e  -  i s  p r o c e e d i n g  i n d e f i n i t e l y ,  o r  a s  B rouw er p u t s  i t ,
' i s  i n  f r e e  b e c o m i n g ' , ( b o f i n d e t  s i c h  im " f r e i e n  W erden” ) .  1942C 
p r o v i d e s  t h e  p r o o f  t h a t  s u c h  a  s o t  M ' o f  s ec o n d  o r d e r '  c o n s t i t u t e s  
a  s u b - s p e c i e s  o f  a  s o t  d e r i v a b l e  f ro m  M, and t h a t  t h e r e f o r e  
su c h  a  s e t  o f  sec o n d  o r d e r  -  and s i m i l a r l y  t h o s e  o f  h i g h e r  o r d e r  -  
a r e  n o t  a  fu n d a m e n ta l  n o t i o n  i n  i n t u i t i o n i s t  m a th e m a t i c s .

See above, p .186,
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'w hen, m oreover, every  cho ice  o f a number g e n e ra te s  th a t  number i t s e l f .  

T his case produces the  s e t  C '.^  The d u a l r o le  o f  the  Brouwer s o t as 

a law  le d  to  H e y tin g 's  d i s t i n c t i o n  betw een th e  'sp re a d  la v ; ',  govern ing  

th e  choice from th e  s e t  ^  , and 'th e  complementary law ' which c o r r e la te s  

a p a r t i c u l a r  m athem atical o b je c t  to  each o f  th e  n u m era ls .^  T his usage 

v;as never adopted  by Brouwer h im se lf^  , n e i th e r  v;as th e  d i s t i n c t i o n  

betw een th e  v a r io u s  k inds o f i n f i n i t e l y  p ro ceed in g  seq uences, i . e .  in to  

la w less^ ch o ic e -se q u en ces  and la w lik c .

The term  'c h o ic e  sequ en ces ' (W ahlfolgen) i s  used in  th e  most 

g e n e ra l sense and covers a l l  i n f i n i t e  sequences, th e  c l a s s i c a l  w e ll-  

d e fin e d  la w lik e  as  w ell as  th o se  where no r e s t r i c t i o n  i s  imposed on 

th e  freedom  o f ch o ice ; they  a re  b e s t  c h a ra c te r iz e d  by B rouw er's non

commit a l  'more o r  l e s s  f r e e ly  c h o s e n ' T h e  r e s t r i c t i o n s  on freedom  

o f  cho ice were n o t s y s te m a tic a l ly  analyzed  by Brouwer; ( r e c e n t  and 

p re se n t r e s e a rc h  w ith in  th e  i n t u i t i o n i s t  sc h o o l, b o th  in  H olland and 

A m erica, i s  c o n c e n tra te d  on th e  im p lic a tio n s  o f cho ice sequences, 6

F or B rouw er's im mediate purpose o f  d e f in in g  th e  continuum  and th e  

r e a l  num bers, th e  b road  d i s t i n c t i o n  betw een com plete freedom , 

p ro g re s s iv e ly  r e s t r i c t e d  freedom  o f  cho ice  and com plete p ro -d e te rm in a tio n  

s u f f ic e s .  A lthough no t e x p l i c i t l y  m entioned , p ro g re s s iv e  r e s t r i c t i o n  

o f  cho ice  i s  a llo w ab le  w ith in  th e  d e f in i t i o n  o f  1918A. ^ 3 2 9  s t a t e s

in  a fo o tn o te  vaguely  th a t  ' t h i s  freedom  to  proceed  can be narrowed 

a r b i t r a r i l y  a f t e r  every  c h o ic e , even up to  th e  p o in t  o f  com plete 

d e te rm in a tio n  (B e s tim m th e it) , b u t in  every  case  in  accordance w ith  the  

s e t - l a w '.^  1942A c l a r i f i e s  th i s  f u r th e r  by s t r e s s in g  th a t  ' indeed the

23329.3 p . 244.
H ey ting , I n tu i t io n i s m . An In tro d u c t i o n . Amsterdam 1956, pp. 3 4 - 3 5 .

The 'M engengesetz ' ( s e tla w )  m entioned in  1925D ( fo o tn o te  ^ ) ,  p . 245, 
i s  to  bo in te r p r e s te d  a p p o s i t io n a l ly , i . e .  th e  lav; which i s  the  s e t .

1 ^ ^ ,  p. 142,
C f, e .g .  G, K r e i s e l ,  'L aw less sequences o f  n a tu r a l  nu m b ers ', 
Com positio M athem atic a . v o l .  20 (a ls o  as Logic and F oundations o f  
Mathema t i c s . Amsterdam I 968 , pp . 222 -  248;

4

6

J .R , M y h ill , 'N o tes tow ards an a x io m a tiz a tio n  o f  i n t u i t i o n i s t i c  
a n a l y s i s ' .  Logique e t  A n a ly se . v o l .  35 (1967) ,  pp . 280 -  297;
A. S, T r o e l s t r a ,  'The th e o ry  o f  cho ice  s e q u e n c e s '.  L og ic , Method 
ology and P h ilo sophy  o f S cience I I I ,  Amsterdam I 968 , pp . 201 -  223; 
A, S, T r o e l s t r a ,  P r in c ip le s  o f I n t u i t i o n i sm. B erlin -H eidelbcrg-N ew  
York 1969 , R esearch  on cho ice  sequences i s  con tinued  a t  p re s e n t  by 
M y h ill , K r e is e l  and T r o e l s t r a .

1925D. p. 245, footnote ^.
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a r b i t r a r in e s s  o f  th e se  r e s t r i c t i v e  c la u se s  which can be a s s o c ia te d  w ith  

each in d iv id u a l  cho ice -  p rov ided  p ro c e e d a b i l i ty  i s  sa feg u ard ed  -  

c o n s t i tu te s  an e s s e n t i a l  c h a r a c t e r i s t i c  o f  th e  'f r e e  becom ing' o f  the  

elem ents o f  th e  s e t '^ ,  (The f u r th e r  su g g e s tio n  o f  a  r e s t r i c t i v e  

c la u se  o f second o rd e r ,  ' r e s t r i c t i n g  freedom  to  r e s t r i c t  in  f u t u r e ' , 

was l a t e r  w ithdraw n: 'T h is  adm ission  i s  not j u s t i f i e d  by c lo se  in to -

sp o c tio n  and , m oreover, would endanger th e  s im p l ic i ty  and r ig o u r  o f 

f u r th e r  d ev e lo p m en t'.^

P a r t i c u l a r  ca ses  o f  r e s t r i c t i o n s  a re  th e  Brouwer f i n i t e  so ts  

(see  below ). The most ty p ic a l  exanç le  o f  a s e t  i s  th e  continuum .

We quote i t  hero as g iven  by Brouwer in  l^ lB A , s in c e  i t  a l s o  i l l u s t r a t e s  

th e  way Brouwer d e f in e s  a p a r t i c u l a r  s e t :

'The s e t  C i s  th e  s e t  o f  u n lim ite d ly  p ro ceed in g  sequences o f 

num erals o f  ^  , we deno te  i t s  c a rd in a l  number by c . . .

I f  we l e t  th e  sequence o f p o s i t iv e  v/hole numbers a ^ , a g , a g , . . .  

co rrespond  to  th e  r e a l  number:

+1 + . . .
2^ 1  2^^ ^ 2  2^^ + 9-a

C appears  to  be th e  means o f  g e n e ra tin g  th e  r e a l  numbers betw een 

0 and 1 ,  in c lu d in g  1 b u t ex c lu d in g  0.

I f  we a s s o c ia te  th e  fundam ental sequence a±^ a g , ag . . .  w ith  the  

r e a l  number: 1

3-1

ag

th e  s e t  C appears as th e  g e n e ra to r  o f  th e  i r r a t i o n a l  numbers betw een 

0 and 1 '.®

4 .2  F in i t e n e ss
1° 'E n d lich e  Mengen* ^

The n o tio n  o f  th e  Brouwer s e t  was p r im a r ily  in tro d u c e d  to  accommodate 

th e  superdenum erable s e t .  S e ts  t h a t  a re  f i n i t e  in  th e  c l a s s i c a l  sense

" p . 323.
® 1952B, p . 142 , fo o tn o te .

1918A. p. 9.
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do e x i s t ,  as th e  above example o f th e  s o t M i l l u s t r a t e s ,  Brouv/er 

th e n  u ses  th e  word 'e n d lic h * . No d e f in i t i o n  o f th e  f i n i t e  s e t  in  th i s  

sense i s  g iv e n , b u t as a s p e c ia l  case o f  s p e c ie s ,  th e  'e n d lic h e  Menge' 

could be d e fin e d  as 'e q u ip o te n t  w ith  an i n i t i a l  e v e n tu a lly  te rm in a tin g  

segment o f  th e  sequence 4 ' . ^

In  accordance w ith  h is  r e j e c t i o n  o f  the PEM, Brouwer s t r e s s e s  th a t  

th e re  is  no ground f o r  m a in ta in in g  th a t  every  s e t  (o r  s p e c ie s )  i s  e i t h e r  

f i n i t e  (e n d lic h )  o r  i n f i n i t e  (u n e n d lic h ) , ^

2° ' F in i t e Mengen'

A nother Brouw erian d iv ergence  from c o n v en tio n a l usage i s  h is  

s o -c a l le d  ' f i n i t e  M enge', r e f e r r e d  to  by Brouwer in  h is  p o s t-w ar E n g lish  

c o n tr ib u tio n s  as 'f a n '^  and in  p re s e n t i n t u i t i o n i s t i c  usage as ' f i n i t a r y  
s p r e a d '.

The f i n i t e  here does no t r e f e r  to  ' t h e  number o f  e lem en ts ' o f the 

s e t s ,  n o r  to  th e  i n i t i a l  segment o f each  e lem en t, b u t to  th e  fundam ental 

sequence from which th e  ch o ices  a re  made.

The ' f i n i t e  s e t '  does no t app ea r in  th e  l^lSA  v e r s io n  b u t can f in d  

i t s  p la c e  in  th a t  d e f in i t i o n  as a p a r t i c u l a r  r e s t r i c t i o n  o f  the  freedom  

o f c h o ice , 1925D in tro d u c e s  i t  as a  r e s t r i c t i o n  which i s  p ro g re ss iv e  

in  th e  sense  th a t  th e  r e s t r i c t e d  number i s  made dependent on the  

p a r t i c u l a r  ch o ice : ' I f  f o r  every  n ±n ^  a number i s  d e f in e d ,

such t h a t ,  T/hen f o r  the  n th  cho ice  a number in  ^  i s  chosen ly in g  

h ig h e r  th a n  k ^ , the  p ro c e ss  i s  a r r e s te d ,  th e  s e t  i s  c a l le d  f i n i t e '^ .

The example g iven  here  i s  th e  s e t  o f  ' a l l  u n lim ite d ly  p ro ceed in g  

sequences o f  s i n ^ e  d i g i t  num bers ',

A s p e c ia l  case  i s  B rouw er's l a t e r  ' n - f  i n i t e  M ongo', when th e

number i s  f ix e d  f o r  th e  whole s e t ,  shows how th e  u n i t  continuum

can bo g en era ted  by th e  3“*f’i n i t e  s e t  ® th e  e a r l i e r  b i f u r c a t io n  o f

1907 can  be seen  as a p re c u rs o r  o f  th e  2 - f i n i t e  s e t .

The ' f i n i t e  s e t '  proved i t s  u s e fu ln e s s  and became g ra d u a lly  more 

prom inent as  a means o f  r e s t r i c t i n g  in t e r v a l s  in  th e  r e p re s e n ta t io n  o f 

th e  u n it-co n tin u u m .

 ̂ I 918A. p . 5 (w ith  c o r r e c t io n  from 1919A. p , 34; 1925D. p . 2 4 3 .) ,

 ̂ Ib idem ,

" 1 2 2 2 , p. 245.
5 1928C, p. 5.
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3° I n i t i a l  segment

The most im p o rtan t f i n i t e  a sp e c t o f th e  Brouwer s e t  d e r iv e s  from 

th e  'becoming* c h a ra c te r  o f th e  elem ents i t s e l f ;  sequences which a re  

f i n i t e  a t  every  s ta g e  o f t h e i r  grow th, where only  f i n i t e  i n i t i a l  segments 

p o ssess  th e  s t ro n g e s t  form o f  e x is te n c e  ( i . e .  hav ing  been  c o n s tru c te d ) .

When c o n s id e r in g  th e  continuum  as a w hole, i t s  power and such 

to p o lo g ic a l  p r o p e r t i e s  as  d e n s i ty ,  s e p a r a b i l i t y ,  and com pactness^, 

the  em phasis i s  on th e  p o s s i b i l i t y  to  proceed in d e f i n i t e ly .  In  th e  

c o n te x t o f  th e  th e o ry  o f fu n c t io n s ,  s p e c ia l  a t t e n t i o n  needs to  be p a id  

to  p r o p e r t ie s  p o sse ssed  by th e  f i n i t e  i n i t i a l  segments o f th e  sequence 

and th e  r e s t r i c t i o n s  on f u r th e r  ch o ices  in  o rd e r  to  make a fu n c tio n  on 

a Brouwer s e t  a t  a l l  m ean ingfu l. B rouw er's  s t r i c t  in t e r p r e ta t io n  o f  

fu n c tio n s  demanded th a t  i f  a fu n c tio n  f  i s  to  a s s ig n  a d e f in i t e  o b je c t 

f (x )  to  an elem ent x o f  a Brouwer s e t ,  f ( x )  should be determ ined on 

th e  b a s is  o f  a f i n i t e  i n i t i a l  segment o f the  i n f i n i t e  sequence th a t  

c o n s t i tu te s  x ,^  T hat Brouwer was w e ll aware o f  t h i s  a lre a d y  in  1917, 

i s  shown in  a p ro o f o f 191uA th a t  th e  power o f  th e  s e t  C i s  g r e a te r  

th a n  th a t  o f  th e  (denum erable) s e t  A: * A ru le  t h a t  a s s o c ia te s  an

elem ent h o f  A to  every  elem ent g o f  C must have d e fin e d  th e  

elem ent h com ple te ly  a f t e r  a c e r t a in  i n i t i a l  segment ol o f  th e  number 

sequence g. But th e n  w ith  every  elem ent o f  C which has a as  i t s  

i n i t i a l  segment th e  same elem ent h i s  a s s o c ia te d . I t  i s  th e re fo re  

im p o ss ib le  to  a s s o c ia te  w ith  every  elem ent o f C a d i f f e r e n t  elem ent 

o f  A '.^  The req u irem en t o f  ' s e c u r a b i l i t y ' on the  b a s is  o f  a f i n i t e  

i n i t i a l  segment i s  r e in fo rc e d  by B rouw er's  l a t e r  e x te n s io n  o f  th e  n o tio n  

o f  fu n c tio n  re p la c in g  th e  ' sh a rp ' lav; o f  e a r l i e r  d e f in i t io n s  o f  fu n c tio n s  

( 1923A) by a ' f r e e  a s s o c ia t in g ' on th e  l i n e s  o f  th e  Brouwer s e t :

' I  have f o r  some tim e shown in  my l e c tu r e s  th a t  an a r b i t r a rv  con tinuous 

fu n c tio n  grows ' in  f r e e  becom ing' in  e x a c tly  th e  same way as an a r b i t r a r y  

p o in t  o f  th e  con tin u u m .' ( 'N o te  on th e  f r e e  becom ing o f  s e ts  and 

f u n c t io n s ’ ^ ) .

1 See f u r th e r  p. 223.

For an accoun t o f  the  r e s u l t i n g  'b a r  theorem ' and 'f a n  theorem ' 
see : K leene and V esley , op. c i t .  pp . 43 f f ; B eth , op, c i t .
pp. 427 f f ; see above p . 35.

191SA. p. 13; 1925P. p . 253 ( s l i g h t  m o d if ic a t io n ) .
1942A. p . 322 .
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4 .3  A part from th e  n o tio n  o f  the Brouwer s e t  i t s e l f ,  th e re  i s  no 

d e ta i le d  sy s te m a tic  tre a tm e n t in  l^lQA^ n o r in  1925D. o f the  th eo ry  

of Brouwer s e t s .

T y p ica l o f  B rouw er's su sp ic io n  o f fo rm a l iz a t io n  and fo rm a l is t  

symbolism i s  th e  a lm ost com plete absence o f a s tan d a rd  ( o r  any o th e r)  

n o ta t io n ;  (n o t even U, n , c  , o r e  ; the  on ly  co n cessio n  made i s  U v (M,N) 

(Germ, D u rc h sc h n itt)  f o r  in t e r s e c t io n  and (5  (M,n) (V erein igung) f o r  

u n io n ). We w i l l  use the symbols fj and (j r e s p e c t iv e ly  f o r  i n t e r 

s e c tio n  and un ion .

S ince th e  Brouwer s e t  i s  p r im a r ily  a p rocedu re  f o r  c o n s tru c t in g  

each e lem en t, th e  on ly  im m ediate, n a tu ra l  e q u a l i ty  o f Brouwer s e ts  

would be th e  t r i v i a l  e q u a l i ty  o f  p ro ced u re . Any e q u a l i ty  o f  s e ts  in  

term s o f t h e i r  elem ents ( o f ,  Weyl’ s 'Umfang' ( e x te n t ) ^ ) ,  can only  be 

on th e  b a s is  o f  a p ro p e r ty  possessed  by th e  elem ents and i s  an e q u a l i ty  

n a tu ra l  to  c l a s s i c a l  s e ts  and th e  Brouwer 's p e c i e s ' .  Because o f  t h e i r  

common mode o f g e n e ra tin g , Brouv/er s e ts  a re  sp e c ie s  ( 's e ts  a re  s p e c ia l  

ca ses  o f  sp e c ie s  o f  the  f i r s t  o r d e r '^ ) ,  and as such can be s u b je c t  to  

o p e ra t io n s  on s p e c ie s .

Because o f  t h i s  'w eak er' e q u a l i ty  ( i . e .  r e l a t i n g  to  i t  as a sp e c ie s  

no t as a  s e t ) , th e  th e o ry  o f  Brouwer s e ts  c o n ta in s  some unexpected 

r e s u l t s ;  a l s o ,  w ith  th e  em phasis on th e  elem ents and t h e i r  e q u a l i ty ,  

i t  i s  q u ite  n a tu ra l  th a t  the  's p e c ie s ' dom inates I 918A (and I 923D ), 

in  s p i te  o f i t s  t i t l e ,  'BogrÜndung d e r  Mengenle h re ' .

Some im p o rtan t d e f in i t i o n s  and r e s u l t s  :

E q u a l i ty :
'Two elem ents o f  a  se t^  a re  e^quad o r  i d e n t i c a l  when one i s  c e r t a in  

th a t  f o r  every  n , th e  n - th  cho ice  f o r  b o th  elem ents g e n e ra te s  th e  same 

s e r ie s  o f sy m b o ls .'

'Two elem ents o f  a s e t  a re  c a l le d  d i s t i n c t  (v e rsc h ie d e n ) i f  the  

im p o s s ib i l i ty  o f  t h e i r  e q u a l i ty  has been  e s ta b l is h e d ,  i . e .  v;hen one i s  

c e r t a in  th a t  in  th e  cou rse  o f  t h e i r  g e n e ra tio n  t h e i r  e q u a l i ty  can never 

be p ro v e d . '

 ̂ Weyl, 'U ber d ie  neue G rundlagenlcriso d e r  Mathematil^, p . 41.

® 1918A. p .  4; 1925D. p . 245.
® The t e x t  has 'K eng en e lo m en te ', which means l i t e r a l l y  's o t  e lem en ts '

and can a ls o  be in te r p r e te d  as two elem ents o f  two d i f f e r e n t  s e t s .
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' two s e ts  a re  sa id  to  be equal o r id e n t ic a l  i f  f o r  every  elem ent 

o f one s e t  an equal elem ent o f th e  o th e r  s e t  can be g iven ,
I n d iv idu a l iz e d  :

'A s e t  i s  sa id  to  be in d iv i d u a l i zed ( in d i v id u a l i z i e r t )  i f  

d i f f e r e n t  n o n -a r re s te d  sequences o f  ch o ices  always le a d  to  d i f f e r e n t  

sequences o f s y m b o l- s e r io s , ' ^

Subset :

’The s e t  M is  s a id  to  be a su b se t (T eilm enge, i . e .  p a r t - s e t )  

o f the  s e t  N, i f  f o r  every  elem ent o f  M th e re  e x i s t s  an elem ent o f 
N e q u a l to  it.*®

Union and in t e r s e c t io n

N e ith e r  union  nor in t e r s e c t io n  a re  s p e c ia l ly  d e f in e d  f o r  s e t s ,  bu t 

im plied  in  the  d e f in i t i o n  o f  un ion  and in t e r s e c t io n  o f  sp e c ie s . A ll 

th a t  Brouwer s t a t e s  co n cern in g  un ion  and in t e r s e c t io n  o f  s e ts  i s  the 

fo llo w in g :

'The u n ion  o f two s e ts  i s  a g a in  a s e t .  The u n io n , however, o f  two 

in d iv id u a l iz e d  s e ts  need no t be an  in d iv id u a l iz e d  se t.* '*

'The in t e r s e c t io n  of tv/o s e ts  need be a s e t . '   ̂ 'T h a t th e  

i n t e r s e c t io n  o f  tv;o s e ts  need n o t be a s e t  can be seen , when v;e ta k e  

M to  be th e  s e t  c o n ta in in g  one s in g le  i n f i n i t e  d u a l f r a c t io n  a ,  
and N th e  s e t  c o n ta in in g  th e  s in g le  i n f i n i t e  d u a l f r a c t i o n  b , and 

when, m oreover, we can  n e i th e r  prove th a t  a and b a re  eq u a l no r 

t h a t  they a re  d i s t i n c t ,  ®

4 .4  S p ec ies

The n o tio n  o f  's p e c ie s ' i s  q u ie t ly  in tro d u c e d  in  I 918A where i t s  

d e f in i t i o n  on ly  occup ies one l i n e .  A f te r  r e s e rv in g  th e  ph rase  

'm a th em atica l e n t i t y '  on ly  f o r  ' s e t s  and elem ents o f  s e t s ' ,

' a  sp e c ie s  o f th e  f i r s t  o rd e r ' i s  d e fin e d  as  ' a p ro p e r ty  which only  

a m athem atical e n t i t y  can p o s s e s s . ' ? 1925D adds: 'a  p ro p e r ty

d e fin e d  in  a c o n c e p tu a lly  com pleted fo rm ', ( b e g r i f f l i c h  f e r t i g  

d e f in i e r t e  E ig e n sc h a f t ) ,  8

These d e f in i t io n s  a re  on ly  g iven  in  23329.3 in  19184. 

1918A. p . 3; 1925p . p . 245 .

23329.3 P- 245 .
122g . ,  p. 247.

12m ,  p. 4.
li25D. p. 247.
1918A. p . 4 .

1925D, p . 245.
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1920B ( 1921A) sim ply s t a t e s :  'On th e  n o tio n  o f  s e t  r e s t s  f u r th e r

th e  d e f in i t i o n  o f  th e  n o tio n  "m athem atical sp ec ie s"  (Du. s o o r t ,  i . e .  k in d ) , 

which c o n ta in s  the  n o tio n  s e t  as a  s p e c ia l  c a s e . ’ (page 52 )

In  B rouw er's l a t e r  w r it in g s  i t  ach iev es  g r e a te r  prom inence and i s  

h e ra ld ed  as ' a  new m athem atica l e n t i t y '  as th e  r e s u l t  o f th e  second a c t  

o f  in tu i t io n is m : 'A much w ider f i e l d  o f developm ent which in c lu d es

a n a ly s is  i s  opened up by th e  second a c t  o f in tu i t io n is m  which reco g n izes  

the  p o s s i b i l i t y  o f g e n e ra tin g  new m athem atical e n t i t i e s ,  f i r s t  in  the 

form o f i n f i n i t e l y  p ro ceed in g  sequences . . .  secondly  in  th e  form of 

m athem atical s p e c ie s ,  i . e .  p ro p e r t ie s  supposable  f o r  m athem atical 

e n t i t i e s  p re v io u s ly  acq u ired  and s a t i s f y in g  the  c o n d itio n  th a t  i f  they  

hold  f o r  a c e r t a in  m a them atica l e n t i t y ,  th ey  a lso  hold  f o r  a l l  mathe

m a tic a l e n t i t i e s  which have been  d e fin e d  to  be equal to  i t . ' ^

L ike  th e  Brouwer s e t ,  th e  sp e c ie s  i s  n o t th e  t o t a l i t y  o f  i t s  

e le m e n ts , b u t a means o f g e n e ra tin g  elem ents by s e le c t io n  from 

'p re v io u s ly  acq u ired  m athem atical e n t i t i e s ,  and so c o n s t i tu te s  an 

i n t u i t i o n i s t  form o f  th e  p r in c ip le  o f  com prehension, based on the 

req u irem en t th a t  the elem ents a re  s e le c te d  -  no t from a c a n to r ia n  

u n iv e rse  -  b u t from  elem ents th a t  have been  c o n s tru c te d . I n  th i s  way, 

n o t on ly  w i l l  R u s s e l l 's  paradox be av o id ed , b u t a lso  th e  ' c i r c u la s  

v i t i o s u s ' o f  ' S tu fe n b ild u n g ' r e je c te d  by Weyl in  h is  ' Das Kontinuum 2  

Brouwer a ls o  develops a  h ie ra rc h y  o f  sp e c ie s  o f  second o rd e r  . . .  n th  

o rd e r :  ( 'E y  a  sp e c ie s  o f second o rd e r  we u n d ers tan d  a  p ro p e r ty  th a t

on ly  m a them atica l e n t i t i e s  o r  sp ec ie s  o f  f i r s t  o rd e r  can p o sse ss  . . .

I n  a s im i la r  way we d e f in e  sp e c ie s  o f  n - th  o rd e r . '® )  But whereas 

Weyl' s 'S tu fe n b ild u n g ' f o r  i t s  f i r s t  s ta g e  r e s o r t s  to  lo g i c a l  p ro p e r t ie s  

and r e l a t io n s  which a re  ' o r i g i n a l ' , Brouwer demands e x is te n c e  as 

' a m attiem atical e n t i t y '  f o r  h is  sp e c ie s  o f  f i r s t  o rd e r .
E q u a l i ty  i s  th e n  d e fin e d  w ith in  each o rd e r  o f  s p e c ie s :  'Two

sp e c ie s  o f  n - th  o rd e r  a re  eq u a l o r  id e n t i c a l  when f o r  every  elem ent o f  

one sp e c ie s  an eq u a l elem ent o f  th e  o th e r  can be s p e c if ie d .  '

 ̂ 1952B. p . 142.
® Weyl, Das Kontinuum. 1917 (rep rin ted  C helsea Puhl. C o .) , p. 23. 

® 19184. p. 4; 1925D. p . 246.

1925D. p. 246.
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4# 5 D ivergence from the  c l a s s i c a l  th e o ry  o f s e ts  i s  caused  m ainly by

th e  s tro n g  Brouwer n e g a tio n  and i s  more e v id e n t in  1923D, ( a f t e r  

B rouw er's p u b lic a t io n  o f  th e  c a lc u lu s  o f  a b s u rd i ty ^ ) ,  th a n  in  I 918A.

T his i s  c l e a r  from th e  fo llo w in g  d e f in i t io n s  :

D is t in c t

'Two sp e c ie s  a re  sa id  to  bo d_ist_inct (v e rsch ie d en ) i f  th e  imposs

i b i l i t y  o f  t h e i r  e q u a l i ty  has been a s c e r ta in e d . '®  (Not found in  I 9I 8A). 

D is c re te

'A sp e c ie s  o f w hich any two elem ents can bo reco g n ized  as e i t h e r  

eq u a l o r  d i s t i n c t  i s  s a id  to  be d is c r e te . '®

S ubspecies

'A sp e c ie s  M i s  sa id  to  bo a  su b sp ec ies  o f  th e  sp e c ie s  N i f  

f o r  every  elem ent o f  M an equal elem ent o f  N e x i s t s .  I f ,  m oreover, 

an elem ent o f N can be s p e c if ie d  t h a t  canno t  be an elem ent o f M,

th en  M i s  sa id  to  be a jproper su b sp e c ie s  o f  N . ( I 9I 8A only  h as:

'a n  elem ent o f N which ^ s_ n q t an elem ent o f  M.' )

'S ta n d in g  o u t '

'Wo say th a t  th e  sp e c ie s  M s ta n d s  ou t (h e ra u s ra g t)  from  the 

sp e c ie s  N, i f  N has an elem ent d i s t i n c t  from every  elem ent o f  M .'5  

(Not i n  I 9I 8A) .

Congruen t

'Two g iven  sp e c ie s  a re  sa id  to  be congruen t i f  n e i th e r  can s ta n d  ou t 

from th e  o th e r ,  i n  o th e r  w ords, v/hen every  p ro p e r ty ,  im possib le  f o r  th e  

e lem ents o f  one sp e c ie s  i s  a lso  im p o ss ib le  f o r  th e  e lem en ts o f the  o t h e r . '6 

H a l f - id e n t ic a l

' I f  a su b sp ec ies  M o f N i s  congruen t to  N, i t  i s  s a id  to  be

h a l f - i d e n t i c a l  w ith  N, ’

Union

'The sp e c ie s  which c o n ta in s  th o se  elem ents th a t  be long  e i t h e r  to  

th e  sp e c ie s  M o r  to  th e  sp e c ie s  N, i s  c a l le d  th e  union  o f  H and N 

and i s  denoted  byU (M,N) ®

 ̂ See f u r th e r  : PEM a f t e r  1923 , p* 146.

1925D. p . 246 .
® Ibidem ,
 ̂ Ibidem .

 ̂ Ibidem  

® Ibidem

? Ibidem ; a lso  in  I 9IGA. p . 4, as c o r re c te d  in  32939:> P* 523.

® I 925D. p . 247 , n o te : Entw eder . . .  oder.
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D is jo in t

'Two sp e c ie s  M and N a re  sa id  to  be d i s j o i n t  (E lem entefrem d) 

i f  they  a re  d i s t i n c t  and i t  i s  im possib le  th a t  an elem ent o f M and 

an elem ent o f N e x i s t  which a re  i d e n t i c a l . '  ̂ ( 19I 8A: 'No elem ent

can e x i s t  which belongs to  M as w ell as N ,')

4 .6  Complementary  sp e c ie s

As can be e x p e c te d , th e  g r e a te s t  d iv ergence  from c l a s s i c a l  p r a c t ic e  

i s  found in  th e  s e t ( s p e c i e s ) th e o r e t i c a l  e q u iv a le n t to  n e g a tio n . The 

c a n to r ia n  concep t o f a s e t  as a t o t a l i t y  allow s a  subsequent p a r t i t i o n  

on the  b a s is  o f  th e  p r in c ip le  o f  c o n t ra d ic t io n  in to  a s e t  and i t s  

complement.

The Brouwer sp e c ie s  (and th e  Brouwer su b sp e c ie s )  i s  d e fin e d  as  th e

p ro p e r ty  i t s e l f ,  and only  e x i s t s  as a p ro p e r ty . I f  the  Brouwer sp e c ie s

in  any way i s  to  be seen  as  an ag g reg a te  of i t s  e lem en ts , i t  i s  the  

ag g reg a te  which r e s u l t s  from an e f f e c t iv e  s e le c t io n  on th e  b a s is  o f  a 

p ro p e r ty  from m athem atical e n t i t i e s  p re v io u s ly  a c q u ire d .

Brouwer does n o t deny th e  p r in c ip le  o f c o n t ra d ic t io n ;  he d e n ie s  th e  

p o s s i b i l i t y  o f  e f f e c t iv e  d e c is io n  in  a l l  c a se s  w hich alone can g en e ra te  

a sp e c ie s  -  o r  su b sp e c ie s . A s in g le  p ro p e r ty  ct and th e  Brouwer 

n e g a tio n  o f th a t  p ro p e r ty   ̂ a  ̂ g en e ra te  two s u b sp e c ie s , th e  su b sp ec ies  

o f  th o se  elem ents o f  which i t  can  be decided  th a t  they  p o sse ss  th e  

p ro p e r ty  a ,  and th e  su b sp ec ies  o f  th o se  elem ents o f v/hich i t  can be 

dec ided  th a t  they  cannot p o s s ib ly  p o sse ss  th e  p ro p e r ty  <%.

T his i n t e r p r e t a t i o n  o f  su b sp e c ie s  a llo w s a d i s t i n c t i o n  in  th e  manner 

in  which a .spec ies  can be composed o f su b sp e c ie s , Brouwer d is t in g u is h e s  

betw een ' zusammensetzen ' (com p o sitio n ) and ' z e r le g e n ' ( s p l i t t in g ) ® ,  

which r e s u l t s  in  r e s p e c t iv e ly  'K om plem entarspezies ' (com plem entary 

sp e c ie s )  and ' k o n ju g ie r te  Z e r lo g u n g sp e z ie s ' (c o n ju g a te  s p l i t t i n g  sp e c ie s ) ,  

1° ' I f  M' and M" a re  d i s j o i n t  and su b sp ec ies  o f N, and 

U (M' ,M") i s  h a l f  id e n t ic a l  w ith  N, v/e say th a t  N i s  composed of 

M' and M", and we c a l l  M' and M" m u tu a lly  com plementary sp e c ie s  

in  N .' ®

1 2 2 5 D ,  p .  247.

C f. a ls o  I 929A: 'We say th a t  th e  sp e c ie s  P i s  composed o f i t s
d i s j o i n t  su b sp ec ies  Q and R i f  th e  e x is te n c e  o f an  elem ent o f P
d i s t i n c t  from (j (Q,R) le a d s  to  a b s u rd ity .  We f u r th e r  say th a t  th e
sp e c ie s  P i s  s p l i t  in to  i t s  d i s j o i n t  su b sp ec ies  Q and R i f
P = U (Q ,R ) . ' (p . 10)
I 925D. p . 247; iS i^ A  v/here th e  d e f in i t i o n  o f  'h a l f  i d e n t i c a l '  i s
g iven  in  term s o f  ' congruence ' , th e  c o n d itio n  i s  : ' I f  u (M',M")
and N a re  co n g ru en t ' (.1913A, p . 4 ) .



-  1 9 8  -

2° * I f  M’ and M" a re  d i s j o i n t  and su b sp ec ies  o f N and

U i s  id e n t i c a l  w ith  N, we say th a t  N i s  s p l i t  in to  M*

and M" and we c a l l  M' and M" co n ju g a te  s p l i t t i n g  sp e c ie s  o f N 

and b o th  M' and M" se p a ra b le  su b sp ec ies  o f  N,

I t  must be no ted  th a t  in  b o th  cases  ’ com plem en tarity ' i s  r e l a t i v e  

to  a g iven  sp e c ie s  (N -  M) and t h a t ,  m oreover, M must be a su b sp e c ies  

o f  N.

B rouw er's  r e j e c t i o n  o f the EEM could  in  s p e c ie s - th e o r e t i c a l  term s 

sim ply be fo rm u la ted  as : in  g e n e ra l a w e ll-d e f in e d  p ro p e r ty  w i l l

decompose, b u t n o t n e c e s s a r i ly  s p l i t  a sp e c ie s .

R e je c tio n  o f  th e  EEIvi i s  no t s p e c i f i c a l ly  m entioned in  e i t h e r  

I 918A nor in  1925D. (e x c e p t in  th e  t i t l e  o f  1918A.) . no r a re  g e n e ra l 

r u le s  g iven  as to  when a sp e c ie s  s p l i t s  in to  su b sp ec ies  on th e  b a s is  of 

a p ro p e r ty ,  a lth o u g h  th e  example o f  com plementary sp e c ie s  g iven  here  i s  

th e  f a v o u r i te  example r e f u t in g  th e  EEM: ( 'T h is  i s  th e  case  v;hen N

c o n ta in s  whole (sS m tlich e )  num bers, M’ th o se  which as  in d ic e s  o f  th e  

Ferm at e q u a tio n  make t h i s  e q u a tio n  s o lv a b le ,  and M" th o se  which as 

in d ic e s  o f th e  Ferm at e q u a tio n  make t h i s  e q u a tio n  u n s o lv a b le .’ ® A lso , 

th e  example o f s p l i t t i n g  su b sp e c ies  r e f e r s  to  a p ro p e r ty  which can 

alw ays be a s c e r ta in e d  because o f i t s  f i n i t e n e s s :  ( 'T h e  case when N

c o n ta in s  whole num bers, M' th o se  which have a t  most f iv e  d ig i t s  and 

M" th o se  w hich have more th a n  f iv e  d ig i t s . '®  (A ll  B rouw er's exanples 

r e f u t in g  th e  EEM w i l l  c o n s is t  in  q u o tin g  a sp e c ie s  and a p ro p e rty  

which w i l l  no t s p l i t  th a t  sp e c ie s  by in d ic a t in g  one o r  more elem ents 

f o r  which th e  p ro p e r ty  cannot be d e c id e d ) ,

4 .7  The p r in c ip le  o f  r e c ip r o c i ty  o f  com plem entaritv

I n  h is  s e t - t h e o r e t i c a l  c o n tr ib u tio n s  ( 1918A. 1919A. 1920B. 1921A. 

I 923D . I 926A and I 927A) . Brouwer does n o t m ention th e  p r in c ip le  o f 

r e c i p r o c i ty o f  complem entary s p e c ie s ,  th e  c a n to r ia n  p r in c ip le  (A ') ' = A.

1923c ( 1925b) d e f in e s  ' the  p r in c ip le  o f  r e c ip r o c i ty  o f  complementary

 ̂ p . 247 .
® Ibidem
3 Ibidem; see also p. 148,
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s p e c ie s ' as a l o g i c a l  p r in c ip le :  't h e  p r in c ip le  which concludes the

t r u t h  o f  a p ro p e r ty  from the  a b s u rd ity  o f i t s  a b s u r d i ty ',^  I t  i s  

r e f e r r e d  to  in  1923C as ' a s p e c ia l  case  o f  the  EEM' and in  19329  a.s 
' a  c o r o l la r y  o f th e  EEM'.

Brouwer su b seq u en tly  recogn ized  th a t  a p p l ic a t io n  o f  th e  c a lc u lu s  

o f  a b s u r d i t ie s  ( a = a) le a d s  to  th e  v a l i d i t y  o f  th e  p r in c ip le

o f r e c ip r o c i ty  o f a com plem entarity  f o r  s ta te m e n ts  in v o lv in g  n eg a tiv e  

p r o p e r t i e s ;  w ith  t h i s  'w id e r  f i e l d  o f  v a l i d i t y ' ,  th e  p r in c ip le  o f 

r e c ip r o c i ty  o f  complementarity can h a rd ly  be c a l le d  a s p e c ia l  case o f 

th e  EEM: 'The eq u iv a len ce  o f  the  EEM and th e  p r in c ip le  o f  r e c ip r o c i ty

o f co m plem en tarity , m entioned th e r e ,  ( i . e .  1923C) . in  a fo o tn o te  by way 

o f  rem ark , has been reco g n ized  as n o n -e x is te n t .  In  f a c t ,  as was a lso  

shown in  th e  p re s e n t p a p e r , th e  f i e l d s  o f  v a l id i t y  o f  th e se  p r in c ip le s  

have tu rn ed  ou t to  be e s s e n t i a l l y  d i f f e r e n t . '®

T h is  co n fu s io n  i s  p a r t l y  due to  an in c o n s is te n c y  in  B rouw er's 

tre a tm e n t o f  lo g ic  and s p e c ie s .

In  th e  case o f th e  ( lo g ic a l )  p r in c ip le  o f th e  r e c ip r o c i ty  o f 

com plem entary s p e c ie s ,  Brouwer makes a  d e f in i t e  d i s t i n c t i o n  betw een 

a p o s i t iv e  and an ( e s s e n t i a l ly )  n e g a tiv e  p ro p e r ty . F or a  s ta tem en t 

a a s s o r t in g  a p o s i t iv e  p ro p e r ty : a b u t in  th e  case  o f  a

s ta te m e n t (3 a s s e r t in g  a n eg a tiv e  p ro p e r ty : ""-jG = /3,

However, in  B rouw er's s e t - t h e o r e t i c a l  tre a tm e n t o f complcmentar?/ 

s p e c ie s . n e i th e r  o f  the  com plementary su b sp e c ie s  a re  g iv en  as  a  p o s i t iv e  

no r as a  n eg a tiv e  p ro p e r ty . They a re  d e f in e d  as two su b sp e c ie s , M' 

and M" o f  N, which a re  d i s j o i n t  in  th e  sense o f  Brouwer, i . e .  m u tually  

e x c lu s iv e , ev e iy  elem ent o f M' cannot p o s s ib ly  belong  to  M" and every  

elem ent o f M" cannot p o s s ib ly  be long  to  M' , w hile  m oreover M' (j M" 

i s  no t presumed id e n t ic a l  w ith  N. W ith in  th i s  d e f in i t i o n  o f  comple

m entary sp e c ie s  th e re  i s  no room f o r  r e c ip r o c i ty ,  (where such r e c ip r o c i ty  

cou ld  be p roved , i . e .  in  th e  case o f  'c o n ju g a te  s p l i t t i n g  s p e c i e s ' ,  no 

a ttem p t i s  made a t  d e f in in g  a l im ite d  p r in c ip le  o f  r e c i p r o c i t y ) .

B rouw er's  d i s t i n c t i o n  betw een p o s i t iv e  and n eg a tiv e  p ro p e r t ie s  in  

h is  lo g i c a l  tre a tm e n t o f  th e  c a lc u lu s  o f  a b s u r d i t ie s  can th e re fo re  no t 

be based  on n o tio n  o f  (m athem atica l) com plementary s p e c ie s ,  in  s p i te  o f 

h is  usage o f  'com plem entary s p e c ie s '.  N e ith e r  can th e  lo g i c a l  

c a lc u lu s  o f a b s u r d i t ie s  be c a l le d  a 'p o s t  factum  a n a ly s is  o f  the  

lan g u ag e ' o f  B rouv/er's m athem atical th e o ry  o f  sp e c ie s .

 ̂ 1923C. p. 877; 1925B. p . 252.

® 1953 . p. 14 footnote.
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5 .1  S p l i t t i n g  o f E guipo tonciGs

In  s p i te  o f  Brouwer*s c la im  in  1907 * to  have f i n a l l y  so lved  

C a n to r 's  continuum  h y p o th e s i s ',  ( i n  agreem ent w ith  C an to r, b u t on th e  

b a s is  o f  a crude d i s t i n c t i o n  betw een denum erable and non-denum crab le)^ , 

th e  q u e s tio n  o f th e  power o f the  continuum  and of i n f i n i t e  s e ts  con

tin u e d  to  occupy him f o r  y e a rs  to  come. In  1912 he c o n fe ssed , ' t h i s  

q u e s tio n  i s  s t i l l  w a it in g  f o r  an ansv/er, and i s  one o f th e  most 

d i f f i c u l t  and fundam ental o f m athem atical p ro b le m s ',^

In  a fo o tn o te  to  191^A, (n o t in  1912A) . he 'd e f in e s '  a su b se t o f  

th e  continuum whose power i s  g r e a te r  th.an the de numerable b u t sm a lle r  

tlrnn th e  continuum : ' I f  vie suppose th a t  th e  problem  co ncern ing  the

p a i r s  o f d ig i t s  in  th e  decim al f r a c t io n  developm ent o f  77- g_a_nnot be 

s o lv e d . th e n  th e  q u e s tio n  o f th e  t e x t ,  ( i . e .  I s  i t  im po ssib le  to  c o n s tru c t  

i n f i n i t e  s e ts  o f  r e a l  numbers betw een 0 and 1 , whose power i s  l e s s  

th a n  th a t  o f  th e  continuum , b u t g r e a te r  than  a le p h - n u l l? ) , must be 

answ ered n e g a t iv e ly . F o r l o t  us deno te by Z th e  s e t  o f th o se  i n f i n i t e  

b in a ry  f r a c t io n s  whose n - th  d i g i t  i s  1 i f  th e  n - th  p a i r  o f  d i g i t s  in  

th e  decim al f r a c t i o n  developm ent o f  tt  c o n s is ts  o f  unequal d i g i t s ;  l e t  

us f u r th e r  deno te  by X th e  s e t  o f  a l l  f i n i t e  b in a ry  f r a c t io n s .  Then 

th e  power o f Z + X i s  g r e a te r  th a n  a le p h -n u ll  b u t l e s s  th a n  th a t  o f 

th e  continuum . '  ̂ A t t h i s  s ta g e , hov/ever, th i s  k ind  o f  'd e f i n i t i o n '  i s  

s t i l l  b randed  as f o r m a l is t i c  and no t a c c e p ta b le  to  Brouwer as a con

s tru c t io n ; '^  Brouvær s t i l l  a c c e p ts  C an to r’ s continuum  h y p o th e s is .

W ith th e  in t ro d u c t io n  o f s p e c ie s ,  s e ts  o f t h i s  type could be 

c o n s id e re d ; in d eed , t h i s  same example i s  used in  1917A to  r e f u te  

C a n to r 's  continuum  h y p o th e s is  b u t th e  e a r l i e r  crude d i s t i n c t i o n  

betw een denumerable and non-donum erable p roves i n s u f f i c i e n t .  F u r th e r  

a n a ly s is  o f th e  continuum  em phasized th e  need f o r  s u b t le r  s u b d is t ic t io n s .

C an to ria n  com parison o f  powers o f two s e ts  A and B allow s 

th re e  p o s s i b i l i t i e s :  (u s in g  a f o r  C a n to r 's  n o ta t io n  A ):

 ̂1907 . p . 67 ; f u l l  q u o ta tio n  above p . 177 .

1912A. p . 23; 1213A, p , 92 .

* M l M , p .  9 2 .

^ Ibidem : ' I f  " c o n s tru c t"  here were re p la c e d  by "d e fin e"  in  the  
f o rm a l is t  s e n s e , . , '

5 1917A. p. W -.
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1° G qui po tency  (eq u iv a le n c e )  î a = j3 ( th e r e  i s  a o ne-one correspondence
betw een elem ents o f A and o f  B)

2® o f g r e a te r  power: a ^  (a  ^  ^  and th e re  i s  a  su b se t B' o f B

such th a t  a = /?' , o r  in  o th e r  w ords, th e re  i s  a one-one c o r re s 

pondence betw een A and a p ro p e r su b se t o f  B)

3° o f  s m a lle r  povror: a < ^  ( s im i la r ly :  a /  and a ' = /?).

Both C a n to r ia n  eq u iv a len ce  and non -equ iva lence  a re  based  on a one-one 

co rrespondence ; the  on ly  p o s s i b i l i t i e s  co n sid e red  a re  a one-one c o r re s 

pondence betw een A and B, and a one-one correspondence betw een A and 

B*, ( o r  v ic e  v e rs a : A’ and B),

Brouwer made v a r io u s  d i s t i n c t io n s  w ith in  tlio concep t o f eq u ipo tency .

F i r s t ,  th e  g e n e ra l n o tio n  o f e q u ip o te n c y . (s im p ly  d e f in e d  as a one-one

co rresp o n d en ce ^ ), i s  d is t in g u is h e d  from a s t r i c t e r  r e l a t i o n  o f eq u i

va len ce  . w hich i s  d e f in e d  as fo llo w s : 'Two sp e c ie s  M and N (and

t h e i r  co rresp o n d in g  c a rd in a l  numbers m and n) a re  sa id  to  be eq u i

v a l e n t . i f  by a law  w ith  each elem ent o f M such an elem ent o f

N i s  a s s o c ia te d ,  th a t  equal elem ents o f N co rrespond  to  eq u a l and 

only  eq u a l e lem ents o f  M, and when by a law  Gg w ith  every  elem ent o f

N such an elem ent o f  M i s  a s s o c ia te d ,  th a t  eq u a l e lem ents o f M

correspond  to  eq u a l and on ly  eq u a l e lem ents o f N, a p ro p e r ty  which we 

a lso  ex p ress  by means o f  th e  fo rm ula  m = n, ' ^

B rouv/er's s p l i t t i n g  o f  th e  n o tio n  o f eq u ip o ten cy  i s  based  on h is  

d i s t i n c t i o n  betw een id e n t i c a l  and h a l f - i d e n t i c a l  s p e c ie s . I n  th e  

p ro cess  o f  r e l a t i n g  tvfo sp e c ie s  M and N, a one-one correspondence

can be s e t  up , no t on ly  betw een M and a  su b sp ec ies  N* o f  N (and

v ic e  v e r s a ) , b u t a lso  betw een a su b sp ec ies  M' o f  M and a su b sp ec ies

E qu ipo tency  (G le ic h m B ch tig k e it): ' I f  betw een tv/o sp e c ie s  M and
N a one-one correspondence can be e s ta b l i s h e d ,  which a s s o c ia te s  w ith  
each elem ent a o f  M an' elem ent o f  N, such th a t  each elem ent 
o f  N coresponds to  one and on ly  one d e f in i t e  elem ent o f M, we w r ite  

and say M and N have th e  same power o r  c a rd in a l  number. '
( 1918A . p . 5)# I n  t h i s  c o n te x t,  Brouwer a ls o  d e f in e s  a  n o tio n  o f 

s e m i-e q u ip o lle n t : ' I f  w ith  each elem ent a o f M a  d i f f e r e n t
elem ent ^  o f  N i s  a s s o c ia te d  in  such a way th a t  th e  sp e c ie s  o f  
th e  /5 i s  h a l f - i d e n t i c a l  w ith  N, th e n  M and N a re  s a id  to  be 

s e m i-e q u ip o lle n t (h a lb g lc ic h m B ch tig ) . '  (The t e x t ,  1918A. p . 5 , has 
' i d e n t i c a l  w ith  N ', w hich must be a  m is p r in t ,  even i f  i t  i s  no t 
in c lu d ed  in  the  l i s t  o f  e r r a t a  o f  1 ^ ^ ,  p . 34. C f. a ls o  1925D. p . 248).

1925D. p. 252; of. 191GA. p. 10.
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N* o f N, and b o th  M' and N' ( o r :  e i t h e r  M' o r  N’ ) can  be

id e n t ic a l  o r h a l f - i d e n t i c a l  w ith  r e s p e c t iv e ly  M and N.

The p ro cess  o f g e n e ra tin g  v a r io u s  r e l a t io n s  can be g e n e ra liz e d  in  
th e  fo llo w in g  v/ay:^

The g e n e ra l n o tio n  o f  eq u ip o ten cy  (sa y  = ) r e s t s  on the  r e l a t i o n  < . 

By com binations o f t h i s  r e l a t i o n  and th e  Brouwer n e g a tio n , the  

r e la t io n s  = and < a re  g en era ted ;

1*̂  m = n : i f  b o th  m ^  and n < m.
• T

2® m <  n : i f m ^ n  and i t  i s  im possib le  t h a t  n -^  m ,
• • f

Because o f th e  r e j e c t i o n  o f  th e  PEM, i t  fo llo w s in  g e n e ra l th a t :

1® m ^  n does no t n e c e s s a r i ly  im ply th a t  e i t h e r  m = n o r  m < n;

2° th e  r e l a t io n s  m = n , m < n , and m > n a re  m u tua lly  e x c lu s iv e ;

3® m = n and n = p => m = p ;

4° m > n and n > p => m > p ;
•  •  •

m > n and n > p => m > p .:0

5 .2  The v a r io u s  r e la t io n s  and e q u ip o te n c io s  as g en era ted  by Brouwer

a re  g iv en  h e re  in  t h e i r  German names o f  1925D; a t r a n s l a t i o n ,  e s p e c ia l ly  

o f  th e  co rresp o n d in g  degrees o f donumerabi l i t y , i s  w e ll-n ig h  im p o ss ib le .^

i .  ü b crg eo rd n e t ( S )

'A sp e c ie s  M, and i t s  c a rd in a l  number m, i s  Ü bergeordnet  (o v e r -  

a s s o c ia te d )  w ith  r e s p e c t  to  N, and i t s  c a rd in a l  number n , and v/e 

w rite  m > n , i f  w ith  every  elem ent a o f a c e r t a in  su b sp ec ies  

Ml o f  M always an  elem ent ^ o f  N i s  a s s o c ia te d  in  such a way 

th a t  th e  sp e c ie s  N’ o f  th e  ^  i s  h a l f - i d e n t i c a l  w ith  N

In  a l l  c ases  th e  n o tio n  o f  e q u ip o lle n t  i s  g en e ra ted  by a com bination  
o f  m< n and n <  m, excep t i n  th e  case  o f  e q u iv a le n c e , where

d e f in i t i o n s  o f  < ( s m a l le r  th a n ) ,  and > ( g r e a te r  th a n ) ,  < and > 
fo llo v ; th e  d e f in i t i o n  o f  eq u iv a le n c e . ( 1918A. p . 10 ; 1925D. p . 2 5 2 ) . '

F o rm ula tion  o f  1918A and 1925D v ary  c o n s id e ra b ly : 
ü b e r la g e r t  o f  1925D = s u p e rp o n ie r t o f  1918A; 
su p e rp o n ie r t  o f  lg 2 g ) i s  l e f t  ou t in  19184;
I n  th e  n o ta t io n  o f  1913A Brouwer uses ^ •• and •5.* re s p .

f o r  ü b e rg e o rd n e t, su p e rp o n ie r t and ü b erd eck t,

1925D. p. 253.
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von grëszQrem Umfang ( >• )

' I f  th e  sp e c ie s  M i s  o v o ra s so c ia te d  w ith  r e s p e c t  to  N, b u t the  sp e c ie s  

E canno t p o s s ib ly  be o v e ra s s o c ia te d  w ith  re s p e c t  to  M, th e n  M (o r  m) 

i s  s a id  to  be o f  (Umfang) th an  N ( o r  n) and we w r ite
m * n . '1

von g le ichon. Umfang ( = )

' M ( o r  m) and N ( o r  n) a re  sa id  to  be o f • e q u a l range i f : b o th  m 9 n and

n ° m, ' ^

I n  a  s im i la r  manner:

i i .  ü b e r la g e r t  ( £  ) ( l i t e r a l l y :  o v e r la id )

'D ie  Spozles M h e i s s t  N ü b e r la g e r t ' i f :  m ^ n and N' i s

id e n t i c a l  w ith  H.

von g ro szer e r  W eite ( 5 ) ( l i t e r a l l y :  o f  g r e a te r  w idth)

The sp e c ie s  M i s  o f g r e a te r  w id th  th a n  N i f :

m > n b u t i t  i s  im po ssib le  th a t  n > m.

von g le ic h e r  W eite ( -  ) ( l i t e r a l l y :  o f eq u a l w idth)

The sp ec ie s  M i s  o f th e  same w id th  as N i f  b o th : m > n and

n > m ,

i i i .  superpon i e r t  ( != )

' M h e i s s t  N s u p e rp o n ie r t ' i f  m ° n and i s  id e n t i c a l  w ith  M,

von g ro s z e re r  Ausdehnung ( V) ( l i t e r a l l y :  o f  g r e a te r  e x ten sio n )

' M i s  s a id  to  bo o f  g r e a te r  e x te n s io n  th a n  N, i f :

m y  n  b u t i t  i s  im p o ssib le  t l ia t  n V m •

von g le ic h e r  Ausdehnung ( =  ) ( l i t e r a l l y :  o f eq u a l ex ten s io n )

' M i s  o f  th e  same e x te n s io n  as N i f  b o th  m > n and n *> m *

iv .  ü b e rd ec k t ( |^ )  ( l i t e r a l l y :  co vers)

M i s  s a id  to  cov er N, i f  m > n , i s  i d e n t ic a l  v /ith  M and N*

i s  i d e n t i c a l  w ith  N,
von grüszcrem  Gewicht ( *>*) ( l i t e r a l l y ;  o f  g r e a te r  w eight)
M i s  o f  g r e a te r  w eigh t th a n  N i f  m ^  n b u t i t  i s  im p o ssib le  th a t
n T  m .

von g leichem  Gewicht ( "= ) ( l i t e r a l l y :  o f  eq u a l w eight)

M i s  s a id  to  be o f  eq u a l w eight as N i f  b o th  m n and n *>/ m

1 1925D. p . 254.
 ̂ Ï 925D. p , 254. (D e f in i t io n s  o f  a l l  o th e r  r e l a t i o n s  a re  tak en  o r  

re c o n s tru c te d  from  pp. 253, 254 , and 255) .
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Do numorab i l i t y

The above r e la t io n s  a p p lie d  to  sp ec ie s , and th e  s e t  A and i t s  

c a rd in a l  number a (sym bols sequences o f  ^  ) produce th e  fo llo w in g  

d i s t i n c t i o n s  w ith in  th e  c l a s s i c a l  denum erable:

A sp e c ie s  M i s  s a id  to  be: 

a b zh h lb a r i f  m ^  a ,

zh h lb a r i f  th e re  i s  a one-one correspondence betw een M and a sep a rab le  

su b sp e c ie s  o f  A, 

nach zh h lb ar i f  m = a ,  

au sz h h lb a r i f  m< a ,

Ü berzhh lbar i f  m £  a ,  

du rc h z h h lb a r i f  m < a . 

a u fz h h lb a r  i f  m a ,^

Examplos o f  sp e c ie s  o f v a r io u s  ’Z h h lb a rk e ite ' a re  g iven  in  1925D. 

pp. 255 -  256. Very l i t t l e  use has been made by i n t u i t i o n i s t s ,  and indeed 

by Brouwer h im se lf ,  o f th e se  e la b o ra te  d i s t i n c t i o n s ;  some proved t h e i r  

u s e fu ln e s s ,  e .g .  'ü b e r l a g e r t ,  (and 'ü b e ra b z ü h lb a r)   ̂ i n 'd i e  S tru lc tu r des 

Kontinuums' ( 19 280 . p . 4 ) , 'z h h lb a r ' i n  'w e l l - o r d e r in g '^ ,  e t c .  S ince 

th e se  r e l a t io n s  concern  sp e c ie s  o f p re v io u s ly  c o n s tru c te d  e lem en ts , th e  

s p l i t t i n g  o f equ ip o ten cy  does no t he lp  in  g e n e ra tin g  ev e r  h ig h e r powers.

 ̂ I n  I 9I 8A th e  v a r io u s  form s o f  ' numerabi l i t y '  a re  g iv en  (p . ?) b e fo re  
th e  g e n e ra l s p l i t t i n g  o f equ ip o ten cy  (p . 10 f f . ) and d e fin e d  as :
( no te  fo o tn o te  ^ , page 20 2 above).
'A sp e c ie s  i s  ab zh h lb a r i f  a lav/ e x i s t s  which a s s o c ia te s  a  d i s t i n c t  
num eral complex o f ^  w ith  every  one o f  i t s  e lem en ts . I n  p a r t i c u l a r ,  
i t  i s  c a l le d  zh h lb a r  i f  t h i s  law  a llow s a d e c is io n  f o r  every  numeral 
complex o f ^  e i t h e r  w ith  which elem ent o f th e  sp e c ie s  i t  i s  a s s o c ia te d  
o r  th a t  i t  i s  no t a s s o c ia te d  w ith  any elem ent o f  th e  s p e c ie s . A 
sp e c ie s  i s  c a l le d  au szh h lb a r  i f  an elem ent ^ o f S i s  a s s o c ia te d  
w ith  every  elem ent a o f  a c e r t a in  su b sp ec ies  Â_ o f  A in  such a way 
th a t  th e  su b sp ec ies  o f  jS i s  h a l f - i d e n t i c a l  w ith  S. I f ,  m oreover,
Aj_ i s  i d e n t i c a l  w ith  A th e n  S i s  sa id  to  be d u rch zü h lb a r.
F in a l ly ,  i f  th e  sp e c ie s  o f  th e  (3 i s  i d e n t i c a l  v /ith  S th e n  S i s  
c a l le d  a u fz ü h lb a r , '

 ̂ 'tT borabzühlbar' on pp. 5 and 6 o f  1928C i s  to  be ta k e n  in  the  sense 
o f  ' super-denum erabl e ' ;  (Brouwer speaks here  o f  'd i e  f e r t i g e  
ü b erab za lilb are  V ie l f a c h h e i t  des K o n tin u u m s') , w e l l - d i s t i n c t  from  the 
' ü b e rz ü h lb a r '.

° S .g . 19184. p. 30; 12274 , p. 455;
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Powers h ig h e r  th a n  the  continuum  a re  no t c o n s id e re d . The theorem  

th a t  ’ th e  s e t  F o f a l l  r e a l -v a lu e d  fu n c tio n s  has power g r e a te r  th a n  

o ' ,  accep ted  w ith  some r e s e rv a t io n s  in  1907^. i s  now r e je c te d  and 

re p la c e d  by th e  theorem , 'The sp e c ie s  S o f con tinuous fu n c tio n s  o f 

a v a r ia b le  betw een 0 and 1 i s  e q u iv a le n t w ith  th e  s o t C. A lso : 

th e  sp e c ie s  S and C, as can e a s i l y  be seen , a re  o f the  same ' Umfang' 

(ran g e) and 'Ausdehnung' ( e x te n s io n ) , '^

O rdering  and W ell-O rdering

6 .1  O rder and v i r t u a l  o rd e r

I n  I 918A th e  c l a s s i c a l  d e f in i t i o n  o f  o r d e r - r e la t io n  i s  s t i l l  

unquestioned  and a p p lie d  to  th e  continuum . H ere , an 'o rd e re d  species*  

i s  d e f in e d  as ' a sp e c ie s  where betw een every  two elem en ts a  and b o f

th e  sp e c ie s  -  known as d i s t i n c t  -  an asym m etric r e l a t i o n ,  r e f e r r e d  to

as an o rd e r in g  r e l a t i o n , i s  d e fin e d  in  one sense o r  a b o th e r . (We 

ex p ress  t h i s  one sense by ' a  < b ' , o r  ' a b e fo re  b* , o r  ' a to  th e

l e f t  o f b ' , o r  b > a ,  o r  'b  a f t e r  a ' ,  o r  *b to  the  r ig h t  o f a ’ ;

th e  o th e r  sense by 'a  > b ’ , o r  ' a a f t e r  b ' , o r  ' a to  th e  r ig h t  o f  b * , 

o r  'b  < a ' ,  o r  ' b b e fo re  a* , o r  'b  to  th e  l e f t  o f a ' , ) ,  such th a t  

th e  r e l a t i o n  a < c fo llo w s from th e  r e l a t io n s  a < b and b < c . '^

T h is  d i f f e r s  from  th e  c l a s s i c a l  d e f in i t i o n  in  th a t  th e  elem ents 

a and b a re  re q u ire d  to  be *kno ,̂7n as d is t in c t* '* ,  and th e  r e la t io n s

_> and ^  aro  exc luded ,

I 9I 8A a lso  presum es th a t  the  s e t  C can be o rd e red  * i n  a n a tu ra l  

o r d e r in g ': 'The o rd in a l  number o f  th e  s e t  C, o rd e red  on th e  b a s is  o f

th e  n a tu r a l  o rd e r in g  in  correspondence w ith  th e  r e a l  numbers betw een 

0 and 1 ( in c lu d in g  1 b u t ex c lu d in g  O) v /i l l  be deno ted  by 0 1

and th e  o rd in a l  1 •+ 0 i by 0 ’ .
The o rd in a l  numbers 0 and rj e re  compared and a complex c h a ra c te r 

i z a t io n  o f 0 i s  g iven :

'E very  o rd e red  sp e c ie s  P which c o n ta in s  a denum erably (ab zh h lb ar) 

i n f i n i t e  su b sp ec ies  M which i s  everyr/here dense in  th e  s t r i c t  sense 

in  such a  way th a t :

 ̂ 12P2 , pp. 158 -  159.

° 1918A.. p. 13 .
® Ibidom ,

" Cf. a ls o  1920B (1921A. p . 799: 'w h ich  have appeared  to  be d i f f e r e n t . ' )
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1° Between every  two elem ents o f  P th e re  l i e  e lem ents o f  M;

2° th e  sp e c ie s  o f  e lem ents o f  M ly in g  b e fo re  an a r b i t r a r y  elem ent

P a re  a sep a rab le  su b sp ec ies  o f M, which is e i t h e r  empty ( e le m e n t lo s ) , 

o r  p o sse sse s  a t  l e a s t  one d e f in a b le  (bestim m bares) e lem ent;

Ÿ  f o r  every  fundam ental sequence o f  r e l a t io n s  ’a f t e r '  o r  ' no t a f t e r '  

jo in e d  to  elem ents o f M in  accordance w ith  th e  o rd e r in g  r e l a t i o n ,  

an elem ent o f  P can be c o n s tru c te d  which s a t i s f i e s  th e se  r e l a t i o n s ,

p o sse sse s  th e  o rd in a l  number 6 . ' ^

The f i r s t  change o f  mind co ncern ing  th e  o rd e r in g  o f  th e  continuum  

can be found in  1923B ( 'T h e  ro le  o f th e  PEM in  m athem atics e s p e c ia l ly  

in  th e  th e o ry  o f f u n c t i o n s ') .  The 'fu n d am en ta l p r o p e r ty ',  th a t  th e  

p o in ts  o f th e  continuum  form  a re  o rd ered  p o in t  s p e c ie s ,  i s  quoted as 

one o f  th e  cases  where th e  use o f th e  PEM has le d  to  wrong co n c lu sio n s  

in  c l a s s i c a l  m athem atics,^  A r e a l  number r  i s  d e f in e d  (dependent 

on th e  o ccu rrence  o f  th e  sequence 0123456789 in  th e  decim al expansion  

o f 7r ^ ) ,  * f o r  which none of the  c o n d itio n s  r  = 0 ,  r  > 0 o r  r  < 0 

h o l d ' ,

'D ie  S tru k tu r  des Kontinuum s' ( 1928C) goes f u r th e r  and m a in ta in s  

th a t  n o t only  such a n a tu ra l  o rd e r in g  i s  ou t o f  th e  q u e s tio n , b u t 

' one can a ls o  shov/ t h a t  any o th e r  o rd e r in g  ( e in e  an d e rw e itig e  Ordnung) 

o f  th e  i n t u i t i o n i s t  continuum  has no hope ( i s t  h o f fn u n g lo s ) , a r e s u l t  

which s tan d s  in  s ta r k  c o n t ra d ic t io n  w ith  th e  u n t i l  r e c e n t ly  g e n e ra lly  

h e ld  b e l i e f ,  t h a t  th e  continuum  could  n o t on ly  bo o rd e red  in  th e  most 

v a r ie d  w ays, b u t even w e l l -o rd e re d '.^

V i r tu a l  o rd e r
Faced w ith  th e  i n p o s s ib i l i t y  o f  o rd e r in g  th e  continuum , Brouwer, 

in  I 926A. in tro d u c e s  th e  concep t o f 'v i r t u a l  o r d e r in g ',  a w eaker o rd e r  

r e l a t i o n  which does no t o rd e r  a l l  e lem ents o f a sp e c ie s  b u t is  only 

d e f in e d  f o r  e lem en ts o f a su b sp e c ie s :
'A sp e c ie s  P i s  s a id  to  be v i r t u a l l y  o rdered  i f  an  asym m etric r e l a t i o n ,  

r e f e r r e d  to  as  th e  o rd e r in g  r e l a t i o n  ( < o r  > ) ,  i s  d e f in e d  f o r

I 9I 8A. p . 20; I  have added th e  numbers 1®, 2®, 3^ , to  f a c i l i t a t e  
re a d in g , WVS.

 ̂ p . 3.
 ̂ See a ls o  above p . I 48 . 

4 1928C. p. 8,
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't h e  elem ents o f the  su b sp e c ie s  o f  th e  sp e c ie s  o f p a i r s  ( a ,b  ) o f 

elem ents o f P . . .  I f  thon  id e n t i t y  o f two elem ents p and q o f  

P i s  ex p ressed  by "p = q " , th e  o rd e r in g  p ro p e r t ie s  a re :

1® The r e la t io n s  r  = s ,  r  < s and r> s a re  m u tually  e x c lu s iv e ;

2® from r  = u , s = v and r  < s fo llo w s u < v ;

3° from th e  s im ultaneous a b s u rd ity  o f th e  r e l a t io n s  r  > s and

r  = s fo llo w s r  < s ;

4® from th e  sim u ltaneous a b s u rd ity  o f the  r e l a t i o n s  r  > s and

r  < s fo llo w s  r  = s ;

5° from r  < 3 and s < t  fo llo w s  r  < t . ' ^

( In  I 926A th e  ’ o rd ered  sp e c ie s  P ’ i s  th en  sim ply d e fin e d  a s : 'one

whore the above o r d e r - r e la t io n  a p p l ie s  to  every  p a i r  ( a ,b  ) o f 

elem ents o f P ’ ; in  p a r t i c u l a r  a d i s c r e te  o rd ered  sp e c ie s  i s  r e f e r r e d  

to  as com ple te ly  o rd e re d ,^

6 .2  V ir tu a l  o rd e r in g  o f  the  continuum

Brouwer’ s d e f in i t i o n  o f r e a l  numbers as ' in te r c a la t io n - e le m e n ts ' 

(E in sch a ltu n g se lem en te ) w i l l  be d isc u sse d  in  th e  n ex t s e c tio n . F or 

a  v i r t u a l  o rd e r in g  o f  th e  continuum  i t  v / i l l  be s u f f i c i e n t  i f  v/e tak e

an in te r c a la t io n -e le m e n t  o to  be th e  sp e c ie s  o f  c o in c id in g  p a r  . t i t  ions

t^  o f  e lem ents o f  a denum erable i n f i n i t e  sp e c ie s  M (each  p a r t i t i o n  

t  c o n s t i tu te s  two su b sp ec ies  L e f t  and R ig h t o f  e lem ents o f M),

A v i r t u a l  o rd e r in g  ( in d ic a te d  by < ,  ^  and =) o f  elem ents e 

o f  th e  continuum  can be e s ta b l is h e d  on th e  b a s is  o f  th e  r e l a t i o n  <& 

d e f in e d  as fo llo w s :

1® o ’ <0 e" ( in  1951: e ’ "m easurably  sm a lle r  th an  "o")® ; i f  a

p a r t i t i o n  t ’ o f  o ' can be s p e c if ie d  and a  p a r t i t i o n  t"  o f  e" and

. a ls o  elem ents g ^  and g^ o f  M, which r e s p e c t iv e ly  belong  to  the

R ig h t su b sp ec ies  o f t ’ and th e  L e f t  su b sp ec ies  o f  t " .

2® e ’ ^  e": i f  e ' ©> e" i s  im p o ss ib le ,
'The r e l a t i o n  e ' < e" : i f  o ' o" and e /  e" s a t i s f i e s  th e  f iv e  

s t ip u l a t i o n s  o f th e  v i r t u a l  o r d e r i n g ' 4  ̂ -  r e f e r r e d  to  as ' t h e  f iv e

I 926A, p , 453. 

 ̂ 1926A. p , 455.
3 1951 . p . 357.

 ̂ I 926A. p , 467 ; K le c n c 's  'On o rd e r  in  th e  continuum ' i s  an i n v e s t i 
g a t io n  in to  th e  p ro p e r t ie s  betw een r e a l  numbers r e s u l t in g  from  th e se  
r e l a t i o n s ,  (K leene and V esley , op, c i t .  C hap ter IV ),
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axioms o f  v i r t u a l  o rd e r in g  in  19280  ̂ -  and e s ta b l is h e s  a  v i r t u a l  o rd e r in g  

o f  th e  continuum , o r  as Brouwer p u ts  i t :  'Wo oalX th e  sp e c ie s  o f

in to rc a la t io n -e le m c n ts  o f  M, v i r t u a l l y  o rdered  in  t h i s  way, th e  

continuum  over M. and denote i t  by K (M ).^

6 .3  W e ll-o rd e r in g

Z erm elo 's  proof^ th a t  every  s e t  can  be w e ll-o rd e re d  had a lre a d y  

been r e je c te d  by Brouwer in  190?: 'We know t h a t ,  a p a r t  from denum erable

s e ts  whore th i s  theorem  c e r t a in ly  a p p l ie s ,  th e re  i s  on ly  th e  continuum  

f o r  w hich the  theorem  c e r t a in ly  does n o t app ly ; f i r s t ,  because we must 

c o n s id e r  th e  g r e a te r  p a r t  o f e lem ents o f  th e  continuum  as unknown and 

we c a n n o t, th e r e f o r e ,  o rd e r  them in d iv id u a l ly ,  and seco n d ly , because 

a l l  w e ll-o rd e re d  s e ts  a rc  denum erable. T h e re fo re , t h i s  q u e s tio n  

rem ains i l lu s o r y .  ' T his c o n v ic tio n  was a g a in  ex p ressed  in  1913B:

* No n-de numerable w e ll-o rd e re d  s o ts  canno t e x i s t '  ® ard  i n  1917A:

'A p o in t  s e t  o f  power g r e a te r  th a n  th e  denum erable, (Du, a f t e lb a a r ,  

i . e .  Germ, a b z ü h lb a r ) , can c e r t a in ly  no t be w e ll -o rd e re d . ' ®

Even i f  in  1918A. 1927A and 1927B. and f u r th e r  in  1953 . Brouwer 

develops a  w e ll-o rd e r in g  th e o ry , t h i s  has l i t t l e  in  common wdth th e  

c l a s s i c a l  th e o ry  o f  w e ll -o rd e r in g , save th e  name.

The c l a s s i c a l  d e f in i t i o n  o f  a w e ll-o rd e re d  s e t  ( a  t o t a l l y  o rdered  

s e t  in  which evo iy  non-enp ty  su b se t has a f i r s t  elem ent) i s  r e je c te d  

and i s  re p la c e d  by a c o n s tru e t iyq  d e f in i t i o n  o f a w e ll-o rd e re d  sp ec ie s  

on th e  b a s is  o f  C a n to r 's  f i r s t  a rd  second p r in c ip le  o f  c o n s tru c t io n .

1918A d e f in e s  a w e ll-o rd e re d  sp e c ie s  in  the  fo llo w in g  way:
t n O1 A sp e c ie s  w ith o u t an elem ent o r  w ith  one s in g le  elem ent i s  a w e ll-

8 > .
o rd ered  sp e c ie s  and i s  r e f e r r e d  to  as  the  'b a s i c '  sp e c ie s  (U rsp e z ie s j;

" 1928C. p . 9.

= 1926A. p . h&7.

^ M ,  v o l .  59 , pp. 514 -  516 , ( fo llo w in g  C a n to r 's  problem  i n  C rundlagen , 
pp6 ); a ls o  r e je c te d  th e  fo llo w in g  y e a r  by B orol in  MA v o l .  60
( 1905) ,  pp . 194 -  195. 

" 122Z, p. 153..
6 1913B. p . 81.

6 19174. p p . 443 -  444.

7 1920B; 19214. p . 800.

'An a r b i t r a r y  elem ent o f  a  w e ll-o rd e re d  sp ec ie s  i s  e i t h e r  an elem ent 
o f  th e  f i r s t  k in d , c a l le d  a  f u l l  e le m e n t, o r  an elem ent o f  th e  second 
k in d , c a l le d  a n u ll-e lem o n t.^ ' ( 1927A , p . 451 .)

8
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' 2® from known w o ll-o rd o rc d  spooios f u r th e r  w e ll-o rd e re d  sp e c ie s  can 

be d e riv e d  by two g e n e ra tin g  o p e ra tio n s  which c o n s is t  in  a d d i t io n  

o f  two known w e ll-o rd e re d  sp e c ie s  o r  a fundam ental sequence o f  known 

w e ll-o rd e re d  s p e c ie s , '^

O rd in a l a d d i t io n  had been  d isc u sse d  e a r l i e r  ( r e s p e c t iv e ly  19184. 

p , 15 , and 1926a . pp. 456 -  457; c f .  a lso  1955. pp. 9 -  lO ) .

The o rd in a l  sum M o f sp e c ie s  N can bo d e f in e d  as th e  sum-

sp e c ie s  M = U ( N ) ,  v i r t u a l l y  o rdered  in  th e  fo llo w in g  v/ay:

i )  L e t R be a v i r t u a l l y  o rd ered  sp e c ie s  o f v i r t u a l l y  o rd e red  sp e c ie s  

No (O rder r e l a t i o n s :  <• , <.•, = )

A r e l a t i o n  <o d e fin e d  on th e  elem ents e o f  M, such th a t  

1® f o r  every  e ' o f  N’ and e" o f N", e ’ =r e" im p lie s  N' =-N";

2® i f  N’ =■ N" th ey  a re  v i r t u a l l y  o rd ered  in  th e  same way;
3® e* o> i f  e i t h e r  N' N"̂  o r  N' = N" and e ’ e " ;

4° e9 e" i f  e ’ <o e" i s  im p o ss ib le ,

i i )  The r e l a t i o n  > d e f in e d  by: e ' > e" i f f '  b o th  e* a> e"' and

e ' 7̂  e"^ v i r t u a l l y  o rd e rs  M,

In  an  a ttem p t to  e s t a b l i s h  some i n t u i t i o n i s t  form  o f  t r a n s f i n i t e  

in d u c tio n , Brouwer an a ly se s  a c o n s tru c te d  w e ll-o rd e re d  sp e c ie s  w orking 

backw ards i

'E v ery  w e ll-o rd e re d  sp e c ie s  w hich p lay ed  a ro le  in  th e  c o n s tru c t io n  o f 

a w e ll-o rd e re d  sp e c ie s  F i s  c a l le d  a c o n s tru c t iv e  u n d e r -sp e c ie s^ o f 

F , The c o n s tru c t iv e  u n d e r-sp e c ie s  which p lay ed  a ro le  in  th e  l a s t  

g e n e ra tin g  o p e ra t io n  o f F a re  c a l le d  c o n s tru c t iv e  u n d e rsp ec ie s  o f  F 

o f  th e  f i r s t  o rd e r  and a re  d i s tin g u is lie d  from each  o th e r  by an index  

and a re  th e re fo re  denoted by F ^ , F s , F3 . , ,  F^ o r  F ^ , Fg, F3 ,

Each o f  th e  F has i t s  c o n s tru c t iv e  u n d e rsp e c ie s , which a re  th e n  

c o n s tru c t iv e  u n d e rsp ec ie s  o f  F o f  th e  second o rd e r .  T h is , and the  

a l lo c a t io n  o f  in d ic e s  could  be i l l u s t r a t e d  in  t h i s  way:
F

c o n s tr ,  u n d o rsp ec io s  o f c -
th e  f i r s t  o rd e r  o f  F

c o n s tr ,  u n d ersp ec ies  o f  
th e  2nd o rd e r  o f  F

F v/2.
 ̂\  ' : \

191 8 4 . p . 22 . . . - .

A lthough Brouwer h im se lf  in  1 2 ^  u ses  th e  word ’ s u b s p e c ie s ',  we 
have p re f e r r e d  th e  l i t e r a l  t r a n s l a t i o n  'u n d e rs p e c ie s ' to  d is t in g u is h  
i t  from su b sp e c ies  ( T e i l s p e z ie s ) ,

19184. p. 22; 19274. p. 451.
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In  t h i s  u n d e rs tru c tu re  o f  F every  'b a s ic  s p e c ie s ' th a t  has been 

used must appear as a c o n s tru c t iv e  u n d e rsp ec ie s  of f i n i t e  o rd e r  o f  F ^  

and ac c o rd in g ly  t h e i r  in d ic e s  a re  f i n i t e  num eral sequences. Both the 

sp e c ie s  o f  'row s o f  in d ic e s  ( in d iz e s re ih e n )  o f  th e se  elem ents and th e  

c o n s tru c t iv e  u n d ersp ec ies  o f  F form a se p a ra b le  su b sp ec ies  o f  the  

sp e c ie s  o f f i n i t e  num eral se q u e n c e s ',^

From th e se  d e f in i t io n s  and t h i s  a n a ly s i s ,  Brouwer d e r iv e s  two 

fundam ental theorem s con ce rn in g  w e ll-o rd e re d  sp e c ie s :

1® 'A w e ll-o rd e re d  sp e c ie s  F i s  e i t h e r  f i n i t e  o r  denum erably 

(abzB hlbar) i n f i n i t e ,  and th e  sp e c ie s  o f i t s  f u l l  e lem ents i s  

zB hlbar. ' ( 1927A)^

( 1916A:'E v e ry  w e ll-o rd e re d  sp e c ie s  i s  zM h lb ar ',^ )

2® 'A law  which in  a w e ll -o rd e re d  sp e c ie s  F s p e c i f ie s  a c o n s tru c t iv e
(  ^  )u n d e rsp e c ie s  F ' and w ith  every  F^ a lre a d y  s p e c if ie d  a sso c ia te s , 

e i t h e r  th e  a r r e s t i n g  o f  th e  p ro cess  o r  a c o n s tru c t iv e  u n d e rsp ec ie s  
f ( ^  ly in g  in  F b e fo re  ^  ^ , c e r t a in ly  s p e c i f i e s  a n a tu ra l

number n and a  co rresp o n d in g  u n d e rsp ec ie s  F^^^ w ith  which i t  

a s s o c ia te s  th e  a r r e s t i n g  o f  th e  process,
T his l a s t  theorem  -  th a t  every  descend ing  c h a in  i s  f i n i t e  -  

r e p la c e s  th e  fundam ental c l a s s i c a l  assum ption  o f w e ll-o rd e re d  s e t s ,

( i , e ,  every  su b se t o f  a  w e ll-o rd e re d  s e t  has a f i r s t  e le m e n t) , and 

forms th e  b a s is  f o r  an i n t u i t i o n i s t  th e o iy  o f  t r a n s f i n i t e  in d u c tio n .

The im p lic a tio n s  o f  B rouw er's  w e ll-o rd e r in g  f o r  th e  th e o ry  o f  fu n c tio n s  

and f o r  p ro o f th e o ry  were a lre a d y  ap p a re n t in  1927B and have been th o  

s u b je c t  o f  v a r io u s  s tu d ie s :

S,C, K leen e , 'On n o ta t io n  f o r  o r d i n a l s ' ,  J,f,S .ym b, L o g ic , v o l .  3

( 1938) ,  pp. 150 -  155;
a lso  I n t r o d u c t ion to  Metamat hem atic s.. Ams t  e rdam-Gro ninge n- 

New Y ork-T oron to , 1952,*
C, S p e c to r , 'R e c u rs iv e  w e 1 1 -o rd e r in g s ', J .f .S y m b ,L o g ic . v o l .  20

( 1955) ,  pp . 151 -  163 ;
A. H eyting, ' I n f i n i t i s t i c  methods from a f i n i t 1 s t .po in t o f  v ie w ', Proc.

the  Symposium on t ho F oundations o f  M athem atics. Warsaw 1959, 

pp . 185 -  192;

1918A. p . 23; 1927A. p . 452; o f .  a ls o  I g ^ ,  p . 10.

1927A. p. 455. 

m S à ,  p .  30.
L i t e r a l l y  th e  same in  1918A. p . 30 and 1927A. p . 455.
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IQ-eone and V e s le y , The Foundations o f  I n t u i t i o n i s t i c  Mathem atics

esp ec i a l l y  i n r e l a t i o n to  R ecu rsive  F u n c tio n s , 

Amsterdam 196$;

iY.A, Howard and G. K r e i s e l ,  'T r a n s f in i te  in d u c tio n  and B a r- in d u c tio n

o f  typos zero  and one and th e  ro le  o f  c o n t in u i ty  

in  i n t u i t i o n i s t i c  a n a l y s i s ' ,  J .f .S y m b. L og ic , 

v o l .  31 ( 1966) ,  pp. 325 -  328;

A ,8. T r o e l s t r a ,  'T heory  o f  cho ice  s e q u e n c e s ',  L o g ic . M ethodology and 

P h ilo so phy of  S c ience I I I ,  Amsterdam I 968; 

a lso  P r in c ip les o f I n t u i t i o n i sm. L ec tu re  n o te s  in  Mathe

m atics  v o l .  95, B erlin -H eidelberg -N ew  York 19&9;

( c f .  a lso  C, P a rso n s , 'I n t r o d u c t io n  to  r e p r in t  o f  B rouw er's 1927B 

(On the  domains o f  d e f in i t i o n  o f  fu n c tio n s )  in  J .  van  H e ije n o o r t,

From Frege to  G ftdel. H.U.P. I 967) ,

^  ̂ The Brouwer continuum  and th e  r e a l  numbers

In  'Begrlindung d o r M engenlehre' ( I 918A and 1919A) re fe re n c e s  to  

r e a l  numbers a re  few. I n  1919A ( 'T h eo ry  o f  p o in t  s e t s ' ) ,  th e  p o s s i b i l i t y  

is  p o in te d  o u t o f ex ten d in g  th e  d e f in i t i o n  o f a  p o in t o f  th e  continuum  

to  th e  r e a l  l i n e  and n -d im en sio n a l sp ace^ , b u t th e  p lane i s  s in g le d  ou t 

f o r  tre a tm e n t th ro u g h o u t. A f te r  in t e r v a ls  (sq u a re s  \  ) have been 

d e f in e d , th e  p o in t  o f  th e  p lan e  i s  d e f in e d  as 'a n  u n lim ite d ly  p roceed ing  

sequences o f  squares A. o f  which each one is  co n ta in ed  in  th e  i n t e r i o r  

(im  In n e n g e b ie te )  o f i t s  p r e d e c e s s o r '.^

Weyl, in  h is  'tTber d ie  noue G rund lagenk rise  d e r  M athem atik ' ( 1921) , 

r i g h t ly  in te r p r e te d  B rouw er's c h a r a c te r i z a t io n  o f  a r e a l  number as :

'a n  i n f i n i t e  sequence o f  du a l in t e r v a l s  i  , i '  , i"  , such th a t  

every  in t e r v a l  of t h i s  sequence c o n ta in s  i t s  s u c c e s s o r ; '^  and e lsew here :

' Brouwer see s  th e  e s s e n t i a l  c h a ra c te r  o f th e  continuum  no t in  th e  

r e l a t i o n  betw een elem ent and s e t ,  b u t in  th a t  betw een p a r t  and whole.

Weyl a lso  p o in ts  ou t th a t  ' i t  i s  an i n e s s e n t i a l  s im p l i f ic a t io n  i f  we 

in s te a d  o f  sequences o f n e s te d  in t e r v a ls  c o n s id e r  u n lim ite d  sequences o f  

n a tu r a l  num bers'.®

i i l J A ,  p . 3.

Ibidem ,

Op. c i t ,  p , 49.
P h ilo sophy  o f M athem atics and Natur a l  S c ie n c e . P r in c e to n  1949, p . 52, 

® Ibidem  ° ,
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However,'■Weyl* s subsequent in t e r p r e t a t i o n  of B rouw er's r e a l  number 

seems to  m iss an im p o rtan t p o in t ;  in  h is  e x p la n a tio n  o f  tho  d if fe re n c e  

betw een ' a  la w - l ik e ' sequence and a sequence g en era ted  by f r e e  c h o ic e , 

Weyl c h a ra c te r iz e s  th e  r e a l  number as d e fin ed  by a c e r t a in  law  and th e  

continuum  as 'becom ing' and g en e ra ted  by f r e e  ch o ice : 'W hereas the

lav/ (p which d e f in e s  a sequence ad in f in itu m  reporesents a s in g le  r e a l  

number, the  «hoice sequence , which i s  no t r e s t r i c t e d  i n  th e  freedom  o f 

i t s  developm ent, r e p re s e n ts  th e  co n tin u u m '^ , and: 'Brouwer has noted  ■ 

som ething sim ple b u t v e ry  deep: here  a  "continuum" i s  g en e ra ted  in

w hich th e  r e a l  numbers f in d  t h e i r  p la c e ,  w hich, how ever, does no t 

re s o lv e  i t s e l f  in to  a s e t  o f ready-m ade ( f e r t i g  se ie n d e r)  r e a l  numbers, 

b u t i s  f a r  more a medium o f f r ee becom ing. ' ^

B rouw er's a r t i c l e ,  'Does every  r e a l  number have a decim al 

expan sio n ? ' (1 9 2 IB ), cou ld  a lm ost be in te r p r e te d  as a c o r r e c t io n  o f 

Weyl*s in t e r p r e ta t io n .^  Here Brouwer s t r e s s e s  th e  d if f e re n c e  betw een 

p o in ts  o f th e  continuum  as fundamen ta l  sequences o f  n e s te d  in te r v a ls  

and as u n lim ite d ly  p roceed ing  sequences o f  n es ted  i n t e r v a l s :  'The

d e f in i t i o n  o f a  p o in t o f th e  continuum  s u f f e r s  a c o n s id e ra b le  l im i t a t i o n  

i f  we road  fundam ental s e quence in s te a d  o f  u n lim ite d ly  p ro ceed in g  

sequence,*'* The exam ples g iven  in  IS lQ A ^ might indeed  su p p o rt W eyl's  

in t e r p r e t a t i o n  o f  B rouw er's r e a l  number in  th e  r e s t r i c t e d  se n se , 

a lth o u g h  in  a fo o tn o te  in  I 919A. Brouwer had a lre a d y  warned th a t  ' th e  

ph rase  p o in t  o f the s t r a ig h t  l i n e  o r  p o in t  o f  th e  n -d im en sio n a l 

C a r te s ia n  space has a lre a d y  been  used in  P a r t  I ,  page 10 , b u t in  a 

d i f f e r e n t  sense from tho d e f in i t i o n  h e r e . '^

B o re l d is t in g u is h e d ?  betw een tho p o in ts  o f th e  continuum  (g eom etric  

oontinuum) and th e  s e t  o f  d e f in a b le  r e a l  numbers ( p r a c t i c a l  continuum ).

 ̂ 'tTber d ie  neuo G rundlagonkriso  d o r M athem atik ' , p . 50.
 ̂ Ibidem .

® A lthough B rouw er's  1921B was p u b lish e d  in  th e  same y e a r  a s  W eyl's
a r t i c l e ,  i t  was read  as a p ap e r by Brouv/er a t  th e  N a tu rfo rsc h e rv e r-
sammlung in  Bad-Ncuheim on 22nd September-, 1920.

 ̂ 1921B'. p , 80A.
® I 918A. p , 9 , quoted  above p . I 9O.

6 1919A. p . 4.
? E, B o re l, Leçons su r  l a  th e o r io  des F u n c tio n s . P a r is  I 898 ; od. 1928,

pp. 165 -  l6 ë ;  a lso  p . 210; see a ls o  above p.-174.
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B-rouwer makes a s im i la r  d i s t i n c t i o n  betw een th e  f u l l  continuum  and 

the reduced  continuum , b u t he claim ed f o r  th o se  elem ents o f  th e  f u l l  

continuum  which do n o t b e long  to  th e  reduced  continuum  th e  f u l l  s ta tu a  

o f  p o in t  o f  th e  continuum ;^ he rem ains r e lu c ta n t  to  use th e  word 

r e a l  number.

Both the  c a n to r ia n  c h a r a c te r iz a t io n  o f r e a l  number^ and r e a l  

numbers as Dedekind c u ts  a re  r e je c te d  on lo g i c a l  grounds (because  o f  

t h e i r  r e l i a n c e  on th e  e x is te n c e  o f  an upper bound^, b u t m ainly because 

'th e y  on ly  form  a p a r t  o f  th e  continuum ; to  th i s  p a r t  o f  th e  continuum 

we w i l l  r e f e r  as th e  reduced continuum  which o v erla y s  (ü b e rla g e rt '* )  th e  

system  o f r a t i o n a l  n u m bers '. 5

Brouwer was w e ll aware th a t  betw een c h a r a c te r iz a t io n  in  term s of 

n e s te d  in te r v a ls  and c u ts  th e re  i s  no e s s e n t i a l  d i f f e r e n c e ;  1921B 

d e f in e s  p o in ts  o f  th e  continuum  as sequences o f n e s te d  in t e r v a l s ,  

w hereas the  in t e r c a l a t io n  elem ents o f  1927A could  w e ll be d e sc rib e d  

as Brouwer c u ts .  Both a re  g en e ra ted  by i n f i n i t e  sequences and an 

isom orphic correspondence can be e s ta b l is h e d  betw een them.® In  f a c t ,  

1928C sim ply r e f e r s  to  convergen t sequences o f  r a t i o n a l  numbers o r  dual 

f r a c t io n s .  B rouv/er's e x te n s io n  o f  tho  r e a l  numbers beyond th o se  o f 

th e  reduced  continuum  is  m ainly th e  e x te n s io n  o f sequences beyond the  

c l a s s i c a l  n o tio n  o f  sequences by in c lu d in g  those  le s s  v /e ll-d e f in e d  

sequences o f  h is  famous counterexam ples r e f u t in g  th e  EEM^and cho ice  

sequences.

a

8

I n  the  v/hole o f  1919A th e  words r e a l  number a re  n o t used; n e i th e r  
a re  they  used in  D ie S tru k tu r  des Kontinuums ( l928C) . 1921B uses
r e e l l e  Z ahlen  in  th e  t i t l e  and s u b t i t l e s ,  in  th e  te x t  on ly  in  th e  
com bination  a lg e b ra ic  r e a l  numbers (p . 8 0 8 ) , and in  th e  f i n a l  sen tence 
'As to  th e  examples o f  r e a l  numbers w ith o u t a decim al ex p ansion , 
th e re  i s  alw ays th e  p o s s i b i l i t y ,  v /ith  th e  f u r th e r  developm ent o f 
m athem atics, th a t  they  w i l l  be e l im in a te d , b u t th e n  th ey  can alv/ays 
be re p la c e d  by o th e rs  which have r e ta in e d  th e i r  v a l i d i t y ,  ' (p , 812)

Given by Brouv/er a s ,  's p e c ie s  o f  sp e c ie s  o f to g e th e r-b e lo n g in g  
co nvergen t fundam ental sequences o f r a t i o n a l  num bers ', ( 1928C. pp. 2 
and a) ,  a tre a tm e n t v/hich he d e s c r ib e s  as ' o l d - i n t u i t i o n i s t i c ' 
and a s c r ib e s  to  P o in ca re  and B o re l.

1928C. p . 3.

^ See above p , 203.

5 1928C. p . 4.
® Cf. F. Waisman, I n t ro d u c t io n  to  M athem atical T h in k in g . London 1951$ 

p . 205.
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B efore d is c u s s in g  th e  reduced  continuum  and th e  f u l l  continuum , we 

w i l l  g ive a b r i e f  accoun t o f  tv/o a s p e c ts  o f Brouv/er’ s tre a tm e n t o f  r e a l  

numbers: th e  r e l a t i o n  o f  c o in c id en c e  and in e q u a l i t i e s ,  and r e a l  numbers

as Brouwer c u ts .

7 .2  C oincidence

For th e  v a r io u s  i n t e r p r e t a t i o n s  o f  r e a l  numbers (sequ en ces  o f n es ted  

i n t e r v a l s ,  Brouwer c u ts  o r  sim ple sequences) Brouwer d e f in e s  a r e l a t i o n  

o f  c o in c id e n c e ( Germ. Zusam m enfalien). P o s t war c o n tr ib u tio n s^  a l l

d e sc r ib e  i t  a s ,  ' s e l f  e x p la n a to ry '.  I t  i s  th e  é q u iv a le n e e - r e la t io n  to  

which 19.52B r e f e r s  in  the g e n e ra l d e f in i t i o n  o f  s p e c ie s :  'P r o p e r t ie s

supposab le  f o r  m athem atica l e n t i t i e s  p re v io u s ly  a c q u ire d , and s a t i s 

fy in g  tho c o n d it io n  t h a t ,  i f  th ey  ho ld  f o r  a c e r t a in  m a them atica l 

e n t i t y ,  th ey  a lso  hold  f o r  a l l  m athem atica l e n t i t i e s  which have been 

d e f in e d  to  be eq u a l to  i t ,  r e l a t i o n s  o f  e q u a l i ty  having to  be sym m etric, 

r e f le x iv e  and t r a n s i t i v e .  ' ^

In  term s o f  n e s te d  i n t e r v a l s :  'Two seq u en ces, - jF ^ , 1F 2 , 1̂ 3 , . . .

and 2̂ 1 , 2̂ 2 , 2F3 , . . .  a re  c o in c id e n t i f  ev ery  ^Fy has an  elem ent in  

common w ith  ev ery  gPy . ' ^

In  th e  case  o f  th e  Brouwer c u t ,  where v a r io u s  'a r b i t r a r y  en u m era tio n s’ 

o f  th e  s e t  M o f  n a t io n a ls  a rc  a llo v /ed , ' i n t e r c a l a t i o n  p a r t i t i o n s  t  

c o in c id e  i f  an elem en t o f th e  L e f t  su b sp ec ies  o f  one p a r t i t i o n  never 

l i e s  to  th e  r i g h t  o f  an elem ent o f  th e  R ig h t su b sp e c ie s  o f a n o th e r '. '*

The co in c id en c e  r e l a t i o n  in  th e  tre a tm e n t o f 192GC (co n v erg en t sequences 

o f r a t i o n a l  numbers) i s  d e sc r ib e d  as a r e l a t i o n  o f  ’b e lo n g in g  to g e th e r '

( Germ. zusamm engehBrig). ® I n  accordance w ith  B rouw er's req u irem en ts

f o r  co inc idence ., r e l a t io n s  and a  fo rm u la tio n  o f  th e  r e l a t i o n  o f  apartness,®

'  p. 143 ; p. 4; 12^ ,  p. 104 .
1952B. p . 142 .

 ̂ 1921B. p . 805 , a ls o  1919A. p . 5 and 1925C. p . 878 : 'Two p o in ts  P^
and P 2 c o in c id e  i f  every  square  o f  c o n ta in s  a square  o f  P2
and every  square  o f  P- c o n ta in s  a  square o f  P ^ . ' ( a ls o  1925B. p . 253).

 ̂ I 926A. p . 467 .
 ̂ 19280 . pp. 3 , 4 , 5 . T o g e th e r-b e lo n g in g  ( zusammengehBrig) was d e fin e d  in

I 918A. p . 1 6 , f o r  two m onotonie in c re a s in g  and f o r  two m onotonie d e c re a s 
in g  fundam ental sequences: 'Two monotonie sequences w ith  re s p . elem ents 
a i ,  &2 , 23 , . . .  and b ^ , b 2 , b3 , . . .  a re  sa id  to  belong  to g e th e r  i f  
f o r  every  a ^  a., by > ajj  can  be in d ic a te d  and f o r  every  an
a y > b can  b c /in d 'io a te d ,-  >&ibiilarly f o r  d e c re a s in g  fundam ental 
soquQ-ncGS. ’

6 From 1 9 ^ ,  p. 1 2 4 6 .
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t h i s  cou ld  be ex p ressed  as  fo llo w s : I f  th e  r e a l  numbers a and b a re

d e fin e d  r e s p e c t iv e ly  by th e  convergen t sequences o f  r a t i o n a l  numbers 

a ± , 22 , a s ,  and b i ,  b g , b g , . . .  , a  c o in c id e s  w ith  b i f  f o r  

every  n a tu r a l  number n a  n a tu r a l  number m can  be c a lc u la te d  such th a t  

I b y -  ay  I < 2 f o r  a l l  ^  m.

The s p e c ie s  o f  c o in c id e n t sequences o f  n e s te d  i n t e r v a l s ,  o r  c o in c id e n t 

in t e r c a l a t i o n  p a r t i t i o n s ,  o r  to g e th e r -b e lo n g in g  co nvergen t sequences o f  

r a t i o n a l  numbers a re  th e n  th e  eq u iv a len c e  c la s s  c o n s t i tu t in g  th e  r e a l  

number, a  s p e c ie s  o f second o rd e r . Brouwer p r e f e r s  to  c a l l  them 

’ number c o r e s ’ ( 1955) . ' l i m i t i n g  p o in t  c o re s ' ( 1952B) . o r  sim ply ' c o re s ' 

( 1954A) .

A p artn ess

W ith in  th e  co ncep t o f  in e q u a l i t y ,  Brouwer makes some unusual 
d i s t i n c t i o n s .

The n o tio n  o f  a p a r tn e s s  was a lre a d y  in tro d u c e d  in  1919A. page 3 

under th e  name lo c a l ly  d i s t i n c t  (Germ, B r t l i c h  v e r s c h ie d e n ) , he re  

ap p ly in g  to  two p o in ts :  ' I f  a  square q^ o f  th e  p o in t  P i and a

square  i. qg o f  l i e  o u ts id e  one a n o th e r  (a u s s e rh a lb  v o n e in an d er

l i o g e n ) , P i and Pg a re  s a id  to  be lo c a l ly  d i s t i n c t , '^  1923C uses  

b o th  e x p re s s io n s , l o c a l l y  d i s t i n c t  and l y i ng a p a r t . (Du. van  e lk a a r  

v e rw ijd e rd ; Germ, ( 1925B) v o n e in an d er e n t f e r n t ) , and ad d s , ' i f  squares  

q i and qg can  be i n d i c a t e d ' . ^

1923c a ls o  d e f in e s  th e  r e l a t i o n  o f a p a r tn e s s  f o r  two sp e c ie s  o f 

p o in t s :  'Two sp e c ie s  o f  p o in t s ,  Q and R a re  s a id  to  l i e  a p a r t ,  i f

one sp e c ie s  c o n ta in s  a  p o in t  w hich l i e s  a p a r t  from  th e  o th e r  s p e c ie s ,  

i , e ,  ' i f  i t  l i e s  a p a r t  from  every  p o in t  o f th e  o th e r  s p e c ie s ', '*

19480 and 1955 su g g es t th e  fo llo w in g  d e f i n i t i o n  o f  a p a r tn e s s  f o r  

r e a l  numbers : ®

Two r e a l  numbers a  and b d e f in e d  r e s p e c t iv e ly  by th e  convergen t 

sequences o f  r a t i o n a l  numbers a i , a g , a g , . . .  and b i ,  b g , b g , . . .

"  1 2 m .  p .  3 .
 ̂ 1923c . p . 878.

® Ibidem, p . 880,

" Ibidem, p. 879.

® I948C . p. 1246 fo o tn o te .
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a re  sa id  to  l i e  a p a r t  i f  two n a tu r a l  numbers m and n can bo

c a lc u la te d  such t h a t  | b^ -  a^  | > 2"*  ̂ f o r  a l l v  > m.

D e v ia tio n

A w eaker r e l a t i o n  th a n  a p a r tn e s s ,  d e v ia t io n  can  sim ply be d e sc r ib e d  

a s  th e  a b s u rd i ty  o f th e  i d e n t i t y  r e l a t i o n /  I n  1948C a n o ta t io n  i s  

su g g es ted : ' I f  a  = b i s  a b su rd , we w r ite  a /  b . '^

D e v ia t io n (Du. a fw ijk in g ; Germ. Abv/eichung) was in tro d u c e d  in  

1923c a s ,  ' t h e  a b s u rd i ty  o f  co in c id en c e  o f  tv/o p o in ts '® . ' Two sp e c ie s  

o f  p o in ts  a re  s a id  to  d e v ia te  from  one a n o th e r  i f  one sp e c ie s  c o n ta in s  

a p o in t  t h a t  d e v ia te s  from  the o th e r  s p e c ie s . ''*  1953 u ses  b o th  th e  

word d e v ia te  and d i s t i n c t : ' I f  th e  s p e c ie s  M p o s se s se s  an  elem ent

w hich canno t p o s s ib ly  b e lo n g  to  th e  sp e c ie s  N, v/e s h a l l  say  th a t  M

d e v ia te s  from N' (page 6 ) ,  and: 'Two s p e c ie s  a re  s a id  to  be eq u a l o r

id e n t i c a l  i f  f o r  each  elem ent o f  e i t h e r ,  an elem ent o f  th e  o th e r ,  eq u a l 

to  i t ,  can  be in d ic a te d .  They a re  c a l le d  d i f f e r e n t  i f  t h e i r  e q u a l i ty  
i s  a b su rd . ' (page 6)^

I n  1923c Brouv/er p ro ceed s to  app ly  h is  c a lc u lu s  o f a b s u rd i ty  
to  th e se  ' t h r e e  fundam ental r e l a t i o n s '  o f  c o in c id e n c e , a p a r tn e s s  and 

d e v ia t io n  betw een s p e c ie s  o f  p o in ts  and g e n e ra te s  a l to g e th e r  n ine

1 i . e .  The s t r i c t  i d e n t i t y  r e l a t i o n  as  g iven  f o r  sp e c ie s  on p . 1-96 
C f. th e  d e f i n i t i o n  o f  d i s t i n c tn e s s  r e f . ^  on fo llo w in g  page.

I 948C. p . 1246 . T h is  r e l a t i o n  i s  to  be d is t in g u is h e d  from 
th e  's h a rp  d i f f e r e n c e ' d e f in e d  in  19.28C.; R .E . V esley  has shown 
(K leene and V e s le y , Founda t io n s  o f  I n t u i t i o n i s t i c  M athem atics , 
pp. 133 f f . )  t h a t  t h i s  's h a rp  d i f f e r e n c e ' i s  e q u iv a le n t w ith  th e  
a p a r tn e s s  r e l a t i o n ;  he u s e s ,  how ever, th e  n o ta t io n  ^  f o r  
' sharp  d i f f e r e n c e '.

1923c . p . 478; l ig ^ B , p . 252 ; th e  n o tio n  o f  d i s t i n c tn e s s  
( see above p . ) was in  a d d i t io n  o f  1925D. p . 246, no t found 
in  1918A.

1923c .  p . 880.

See above footnote ®.
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r e l a t i o n s  betvæon s p e c ie s  o f  p o in ts ^ .  I n  h is  f u r th e r  w r i t in g s ,  

how ever, o n ly  th e  th r e e  fundam ental r e l a t i o n s ,  end o f co u rse  the  r e l a t i o n  

o f  i d e n t i t y ,  p la y  a m ajor r o l e /

7 .3  The Brouwer Cut  o r  I n t e r c a l a t i o n  Elem ent

The n o tio n  o f i n t e r c a l a t i o n  e lem en t (E in sc lia ltu n g se le m e n t) , to  

which wo have r e f e r r e d  as  tho  Brouwer c u t ,  i s  developed in  1926A.®

Brouwer d e f in e s  th e  i n t e r c a l a t i o n  elem en t in  g e n e ra l f o r  a sp e c ie s  M 

which i s  o rd e re d , denum erably (a b z h h lb a r)  i n f i n i t e ,  and everyw here 

dense in  tho  s t r i c t  sen se .

We s h a l l  d e f in e  i n t e r c a l a t i o n  e lem ent in  tho  s p e c ie s  Q o f 

r a t i o n a l  numbers.

As has been  s ta te d  e lse w h e re , th e  s o - c a l le d  c a lc u lu s  o f  a b s u rd ity  
on ly  o ccu p ies  h a l f  a page o f  1923C; th e  main p a r t  o f  1923C i s  
concerned  w ith  th e  lo g i c a l  g e n e ra tio n  o f  r e l a t i o n s  betw een tv/o p o in ts  
(3  r e l a t i o n s ) ,  p o in ts  and sp e c ie s  (6  r e l a t i o n s ) , and betw een s p e c ie s  
o f  p o in ts  (9  r e l a t i o n s . )

'U sin g  the  sym bols: a  <— > b ( i . e .  a  and b a re  c o n t r a d ic to r y ) ,
a —> b (b fo llo w s  from  a ) , symbols w hich have th e  p ro p e r ty  
th a t  from  a —> b and b <—> c fo llo w s  a  <—> c , and from 
e  —> b and b, c fo llo w s  a —> c ' , (p . 879), Brouwer p roduces 
th e  fo llo w in g  f ig u r e  by a p p l ic a t io n  o f a b s u rd i ty ,  and a b s u rd ity  
o f  a b s u rd i ty :

a p a r tn e s s  > s e p a ra t io n  <

d e v ia t io n  - detachm ent <-

> agreem ent
A

•> congruence 
... >

co in c id en ce > in t e r t r / in in g  <------- > d i s s o c ia t io n

d is s o c ia t io n  (Du. lo s w ik k e lin g ; Germ, Loswindung) : a b s u rd ity  o f
th e  a b s u rd i ty  o f  c o in c id e n c e ;

in te r tw in in g  (Du. in e e n v le c h tin g ; Germ, V e r f le c h tu n g ) : a b s u rd ity
o f  c o in c id e n c e ;

congruence a b s u rd i ty  o f  d e v ia t io n ;

detachm ent (Du. lo s h e c h t in g ;  Germ. lo s lB s u n g ) : a b s u rd ity  o f  th e
a b s u rd i ty  o f  d e v ia t io n ;

agreem ent (Du. overeenstem m ing; Germ, U bereinstim m ung): a b s u rd ity  
o f  a p a r tn e s s ;

s e p a ra t io n  a b s u rd i ty  o f  th e  a b s u rd i ty  o f  a p a r tn e s s

^  But cong ruen t in  th i s  sense i s  u se d , e .g .  1953 . p . 6.
8 I 926A . pp. 467 -  469 .
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F i r s t ,  tho  aiem onts o f  Q aro  a rb i t r a r i l y donum erated^ . i . o .  

th e  e lem en ts  o f  Q a rc  p la c e d  a r b i t r a r i l y  in  a  sequence: r ^ , r g , r g , . . .

L e t Sy = U ( r q ,  rg ,  rg , . . .  ) .

An i n t e r c a l a t i on p a r t i t i o n  t  in  Q i s  e s ta b l is h e d  by g e n e ra tin g  

in  Q a  L e f t  and a  R ig h t su b sp e c ie s  in  an u n lim ite d  sequences o f  ch o ices  

by a s s ig n in g  th e  p r e d ic a te s  L e f t  and R ig h t to  each  r  in  Q, such th a t :

1® The L e f t  and th e  R ig h t su b sp e c ie s  a re  de term ined  s u c c e s s iv e ly  in

f Sg, Sg , . . .  ;

2® An elem ent o f  th e  L e f t  su b sp e c ie s  alw ays p reced es  any elem ent o f  

th e  R ig h t su b sp e c ie s ; (p re c e d in g : in  th e  n a tu r a l  o rd e r  o f  Q)

3® At ev ery  s ta g e  y  o n ly  one elem ent r^^  may be l e f t  in d e te rm in a te ; 

a t  any subsequen t s tag e  y  + 1 t h i s  elem ent can rem ain  i'^ d e te rm in a te

( r , E r^  ) ;  i f  th e  l a s t  e lem en t r ,  , in  s , .  i sq; i-1  v + i  y + i
l o f t  in d e te rm in a te  and i s  n o t i d e n t i c a l  w ith  th e  p re v io u s  e x c e p tio n  

r  , th e n  to  r  i s  a s s ig n e d  th e  p r e d ic a te  L e f t  o r  R igh t 

a cc o rd in g  to  i t s  n a tu r a l  o rd e r  r e l a t i o n  to  ^ ^  ^ ± . ^

Tho a r b i t r a r i n e s s  i n  th e  denum era tion  o f  the  sequence r ^ .  r g , r g ,

a llo w s v a r io u s  i n t e r c a l a t i o n  p a r t i t i o n s ,  t^  and tg  o r  more: 

( 'a c c o r d in g  to  d i f f e r e n t  d i s t i n c t  d e n u m e ra tio n s ') ,  and a co in c id en ce  

r e l a t i o n  betw een such d i f f e r e n t  i n t e r c a l a t i o n  p a r t i t i o n s :

'Two in t e r c a l a t i o n  p a r t i t i o n s  t^  and tg  a re  s a id  to  c o in c id e  i f  no

elem ent o f  th e  L e f t  su b sp e c ie s  o f  t±  l i e s  r ig i i t  o f  any elem ent o f  th e

R ig h t su b sp e c ie s  o f  t g , and v ic e  v e r s a , '

The 'c o in c idence c l a s s '  e o f  i n t e r c a l a t i o n  p a r t i t i o n s  t  o f Q.

c o in c id in g  w ith  a c e r t a i n  i n t e r c a l a t i o n  p a r t i t i o n  t i  i s  c a l le d  an 

i n t e r c a l a t i o n  e lem ent o f  Q ; each  t  c o in c id in g  w ith  t ^ ,  as  w e ll as

i s  c a l le d  a  p a r t i t i o n  o f  th e  i n t e r c a l a t i o n  elem ent e .

'A r b i t r a r i l y  eenum erated by th e  fundam ental sequence g^ , gg, gg , . . . '

'F o r  ev e ry  s,^ o n ly  one s in g le  e lem ent r ^  o f  Sy may rem ain

ex cluded ; f o r  ev e ry  y  th e  elem en t r  if- it  e x i s t s ,  i s  e i t h e r
®y Ï

i d e n t i c a l  w ith  r^  ^  o r  w ith  ^ y  ^  ̂ . ' (p .  4-67)

Brouv/er o n ly  s t a t e s  th a t  a t  any s ta g e  in  t h i s  p ro c e s s  one may no t
le a v e  more th a n  one elem ent in d e te rm in a te ;  i f  one le a v e s  th e  l a s t
elem ent in  s in d e te rm in a te , th e n  a l l  o th e r  e lem en ts in  sy+i '  y + 1
have been  a ss ig n ed  e i t h e r  th e  p re d ic a te  L e f t  o r  R ig h t.

I t  i s  im p o rta n t to  remember t h a t  Brouwer i s  no t d e s c r ib in g  an 
a lre a d y  e x i s t in g  c u t ,  b u t g iv e s  a p ro ced u re  by which one p ro g re s s iv e ly  
g e n e ra te s  an i n t e r c a l a t i o n  p a r t i t i o n .
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T his c h a r a c te r i z a t io n  o f  p o in ts  o f  the  continuum  in  1926 was due 

to  a grov/ing r e a l i z a t i o n  o f  th e  im p o s s ib i l i ty  o f o rd e r in g  th e  continuum  

on th e  b a s is  o f  B rouw er's  e a r l i e r ^  i n t e r p r e t a t i o n  o f p o in ts  as sequences 

o f  n e s te d  i n t e r v a l s .  A part from  th e  im p o s s ib i l i ty  o f  accommodating 

th o se  r e a l  numbers whose d e f i n i t i o n  depends on th e  occurrence o f th e  

sequence 0123456739 in  th e  decim al expan sio n  o f  TT , th e  d e f in i t i o n  

o f  E r g ^ j^ i^ s e le m  1921B a llo w s co in c id en c e  o f in d iv id u a l ly

d i f f e r e n t  Erghnzungelem en te  ̂ . To overcome t h i s  l a s t  d i f f i c u l t y ,  

H e y tin g 's  d i s s e r t a t i o n ,  w r i t t e n  in  1925 under th e  s u p e rv is io n  o f  Brouwer, 

in tro d u c e d  tiio concep t o f pseudo o rd e r in g , a n a tu r a l  o rd e r in g  o f 

E rghnzungselom ento which a re  l o c a l ly  d i s t i n c t  ( l i e  ap a rt)® , V ir tu a l

or d e r in g , in tro d u c e d  by Brouwer in  2 2 ^ ,  in c lu d e s  th e  req u irem en t th a t  

'x  = y , X < y and x > y  a re  m u tu a lly  e x c l u s i v e ',  and can be a p p lie d  

to  a l l  i n t e r c a l a t i o n  e lem en ts . ( s e e  above page 207)

( C h a ra c te r iz a t io n  o f p o in ts  o f  th e  continuum  as n e s te d  in t e r v a l s  i s  

s t i l l  u sed , e s p e c ia l ly  in  th e  tre a tm e n t o f fu n c t io n s ;  e .g .  in  1927B:

'By a p o in t  o f  th e  continuum  we u n d e rs tan d  an u n lim ite d  sequence o f 

in te rv a ls '* ^  ( th e  g e n e ra tin g  in t e r v a l s  o f th e  p o in t)  such t h a t  each  o f 

them i s  c o n ta in e d , in  th e  s t r i c t  se n se , in  th e  p rece d in g  one and t h e i r  

s i z e ,  th e r e f o r e ,  converges p o s i t i v e ly  to  z e r o , ' ® Brouwer th e n  sim ply

1 1919A and 1921B.

C f. A. H ey tin g , I n t u i t i o n i s t i s c h e  A xiom atiek  d e r  F ro .je c tie v e  M eetkunde. 
D i s s e r ta t i o n .  Amsterdam 1925, p . 8 .

Ibidem ; o f . a ls o  A. H ey tin g , I n t u i t i o n ism . An I n t r o d u c t io n .
Amsterdam 1956, p . 156, e d i t io n  1966, ST*
E q u iv a le n t to  B rouw er's  <o (m easu rab ly  sm a lle r)  o f  1926 (se e  above 
p . 207 ) ,  th e  pseudo o rd e r in g  ( < in  H e y tin g 's  n o ta t io n )  i s  r e la te d
to  th e  v i r t u a l  o rd e r in g  { k  in  H e y tin g 's  n o ta tio n )  by
X c y i f  X /  y and x /  y .

I 925D, p . 253 , d e s c r ib e s  th e  A in t e r v a l  a s ,  'a n  in t e r v a l  in  th e  
number continuum  w ith  th e  e n d p o in ts  a . 2“ ^  and ( a  + 2 ) .  2 ,
where a i s  an a r b i t r a r y  i n t e g e r  (ganze r a t i o n a le  Zahl) and n an
a r b i t r a r y  n a tu r a l  number' .

I n  1923B. pp . 5 - 6  th e  d i s t i n c t i o n  was made botiveen p o s i t iv e  and 
n e g a tiv e  convergenoe. A n o n - o s c i l l a t in g  i n f i n i t e  sum sequence s 
i s  '1® n e g a t iv e ly  oonvergon t . i f  th e re  e x i s t s  a  r e a l  number s 
w ith  th e  p ro p e r ty  t h a t  f o r  every  e > 0 , th e  im p o s s ib i l i ty  has been  
e s ta b l is h e d  o f  th e  e x is te n c e  o f  an i n f i n i t e  sequence o f in d e f i n i t e ly  
in c re a s in g  p o s i t i v e  v/hole numbers n ^ , ng , ng , . . .  such th a t  

I s -  Sn I > £■ f o r  a l l  ;
2® p o s i t i v e ly  c o n v e rg e n t, i f  th e re  e x i s t s  a r e a l  number s w ith  th e  
p ro p e r ty  th a t  f o r  every  6 > 0 th e re  e x i s t s  a  v/hole p o s i t iv e  number 
n ^  such th a t  | s -  s^  | < c f o r  a l l  n > n^- , '
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s t a t e s  f u r t h e r ,  ' t h e  p o in t  co re s  o f  th e  l i n e a r  continuum  can a ls o  be 

v i r t u a l l y  o rd e red  in  a v/ay s im i la r  to  th e  v i r t u a l  o rd e r in g  o f  th e  i n t e r 

c a l a t i o n  e le m e n t s ', and e s ta b l i s h e s  a ' s im i l a r i t y  co rrespondence betw een 

th i s  continuum  and K (m) / ^

By a llo w in g  th e  e x c e p tio n a l case  ( 3 ° ) ,  the  Brouv/er cu t d is t in g u is h e s  

i t s e l f  from  th e  D edekind c u t .  I t  in c lu d e s  th o se  s p e c ia l  r e a l  numbers 

to  w hich Brouwer r e f e r s  as 'P e n d a lz a h l ' (pendulum num ber).^ On th e  

ev idence  o f  t h i s  p a r t i c u l a r  k in d  o f  r e a l  number, Brouwer c la im s  th a t

' t h e  d e f in i t i o n  by means o f  Dedekind c u ts  and as s p e c ie s  o f  to g e th e r -

b e lo n g in g  co n v erg en t fundam ental sequences en th e  i n t u i t i o n i s t i c  b a s is  

a re  no t e q u iv a le n t ',®  D edekind c u ts  a re  th e re fo r e  a  p a r t i c u l a r  case  o f  

th e  Brouwer c u t ;  th e y  a re  s a id  ( 19280) ' t o  have a  degree o f  p r e c i s io n  

(P rh s is io n s la g e )  o f  o rd e r  o n e ''* , o r  i n  1921B: 'The E rghnzungselem ente 

o f  f i r s t  o rd e r  o f  H co rresp o n d  to  th e  Dedekind c u ts  o f  H .'  ̂ More

o v e r , th e  D edekind c u ts  a re  o n ly  e lem en ts  o f  th e  Reduced Continuum w ith

th i s  f i r s t  deg ree  o f p r e c i s io n .  T his had been  s t r e s s e d  b e fo re  th e  

in t r o d u c t io n  o f th e  te rm  reduced  continuum ; 1223A ends: ' I t  must be

no ted  t h a t  th e  l i n e a r  continuum  -  even w ith  th e  above-m entioned r e s 

t r i c t i o n  o f  th e  'n o tio n  o f  p o in t  o f  th e  continuum  ( i . e .  re a d in g 'fu n d a m e n ta l

Brouwer convergence and d iv e rg e n ce  v/as th e  s u b je c t  o f  a  d i s s e r t a t i o n  
by J .G , D ijkm a, C onvergen tie  en  D iv e rg e n tie  in  de I n t u i t i o n i s t i s c h e  
W iskunde, ' s Gravenhage 1952.

122TB, p . 60 : th e  sp e c ie s  o f  i n t e r c a l a t i o n  e lem en ts  o v e r M
Csee page 2 08 ).

See p . 148.

1928C. p .  3.

* 1921B. pp . 804 -  805; 19264. pp. 46? ~ 469 and 19280. p . 4 , in t ro d u c e ,
w ith  s l i g h t  v a r i a t i o n s ,  a  h ie ra rc h y  o f  o rd e rs  o f  p r e c i s io n .  I n  th e  
19280 v e r s io n :

'An elem ent 1 h a s ,  in  r e l a t i o n  to  th e  fundam ental sequence r ^ ,  r g , rg , . .  
a  degree  o f  p r e c i s io n  o f
1 s t  o r d e r ,  i f  f o r  any n i t  can be d ec id ed  w hether l > . r  o r  1 < r  ,
2nd o r d e r ,  1 s t  k in d ,  i f  f o r  any n i t  can be dec id ed  w hetfier ^

l _ > r  o r  1 < r  ,
2nd o rd e r ,  2nd k in d , (3 rd  o r i 'b r  1S21B) i f  f o r  any n i t  can bo

d ec id ed  w hether 1 ^  r  o r  1 > r  ,
3 rd  o rd e r  ( n o t i n  1921B) i f  f o r  any n one o? th e  r e l a t i o n s

1 o> r  , 1 <o r  , o r  1 = r  can  be e s ta b l is h e d ,n '  n ' n

® 1921B■ p. 806.
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seq u en ces ' in s te a d  o f  'u n l im ite d ly  p ro cee d in g  se q u e n c e s ')  -  c o n ta in s  

c o n s id e ra b ly  more th a n  th e  c l a s s i c a l  n o tio n  o f  p o in t  o f  th e  continuum  

on th e  b a s is  o f  a  c u t . '^

7 .4  Reduced c o n tin uum and f u l l  continuum

The d i s t i n c t i o n  betw een th e  reduced  continuum  and th e  f u l l  continuum  

i s  based  on th e  d i s t i n c t i o n  betw een fundam ental sequences and f r e e  ch o ice  

sequences. The fundam ental sequence v/as d e f in e d  in  19184 and 19264 a s ,

' an  o rd e re d sp e c ie s  o f o rd in a l  numbered ' .  ®

The reduced  continuum  i s  d e f in e d  a s ,  ' t h e  s p e c ie s  o f  sp e c ie s  o f 

to g e th e r -b e lo n g in g  co nvergen t fundam ental sequences o f  r a t i o n a l  n u m b ers '/  

I t  in c lu d e s  th e  c l a s s i c a l  r e a l  numbers as  w e ll as th o se  a llow ed  w ith in  

B rouv/er's d e f i n i t i o n  o f  th e  e x c e p tio n a l  case,'*

I 928C r e i t e r a t e s  th e  c la im  o f  1921B ' t h a t  th e  elem ents o f  th e  

reduced  continuum  form on ly  a  p a r t  o f  th e  continuum '.®  T h is  i s  

em phasized a g a in  in  th e  d e f i n i t i o n  o f  tho  f u l l  continuum , ' in  th e  

i n t u i t i o n i s t i c  th e o ry ,  in  o rd e r  to  o b ta in  ( e rh a l to n )  th e  f u l l  u n i t  

continuum  v/hich o v e r la y s  ( ü b e r la g e r t )  th e  r a t i o n a l  numbers w ith in  th e  

u n i t  continuum  ( o r  th e  decim al f r a c t i o n s ) ,  i t  i s  n e c e ssa ry  to  in tro d u c e  

b e s id e s  ( neben) th e  f in i s h e d  e lem en ts  o f  th e  reduced  continuum  a ls o  

u n f in ish e d  e lem en ts  by a d m itt in g  -  b e s id e s  th e  convergen t fundam ental 

sequences o f  r a t i o n a l  numbers -  a ls o  converg en t sequences o f  r a t i o n a l  

numbers g e n e ra te d  by f r e e  c h o ic e . ' ®

I t  i s  q u i te  c l e a r  from tho  use o f  th e  word e lem en ts and b e s id e s  

t h a t  Brouwer h e re  c la im s f o r  th e se  ch o ice  seq u en ces, l i k e  th e  fundam ental 

seq u en ces, to  g e n e ra te  a p o in t o f  th e  continuum .

I n  Weyl*s and F ra e h k e l 's  i n t e r p r e t a t i o n ,  th e  cho ice  sequence i s  

a  p a r t  o f  tho  continuum : 'The f r e e  cho ice  sequence does n o t endeavour

to  y ie ld  a s in g le  o b je c t ( say a  r e a l  num ber), b u t  to  produce an 

a g g reg a te  w hich i s  c o n t in u o u s . ' ?

19214. p . 802; 1920B. p . 208.

® 1918A. p. 14; 1926A. p. 455.
® 1928C. p . 4.
‘‘ Seo abovo p.

® 1928C. p. 4.
1928C. p. 5.
A. F ra e n k e l and Y. B a r - H i l l e l ,  F oundations o f  S e t T h eo ry . 
Amsterdam 1958, p . 249; f o r  Weyl see above p . 183 ff»

6
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At any s ta g e  o f  i t s  c o n s t r u c t io n ,  a t  th e  n - th  s te p ,  the  cho ice  

s te p  i s :

1® A f i n i t e  sequence o f  n m ath em atica l o b je c ts  ( ’n o d e s ')  which 

have each  been  s e le c te d  a t  each  su c c e ss iv e  s to p ,  ( t h i s  f i n i t e

sequence i s  r e f e r r e d  to  as a 'r o d ' i n  1953)>

2® The p o s s i b i l i t y  o f  choosing  one s in g le  e n t i t y  a t  th e  (n  + l ) t h ,

(n  + 2 ) th ,  (n  + 3 ) th ,  . . .  s te p  from  a Brouwer s e t .  ( i n  th e  case  

o f  a co m p le te ly  f r e e  ch o ice  t h i s  would be a  u n iv e rs a l  s e t ,  o r  a 

f i n i t e  s e t ) .

The s i t u a t i o n  a t  th e  n - th  s te p  o f  a cho ice  sequence in  a 3 - f i n i t e

s e t  can th e n  be re p re s e n te d  by a  ' rod  o f  o rd e r  n ' , and th e  p o s s i b i l i t y

to  p roceed  a lo n g  a  c e r t a in  p a th  o f  a  ' f a n ' .

1 2  3 4 ...................................

Weyl' s and F ra e n k e l 's  i n t e r p r e t a t i o n  im p lie s  t h a t  th i s  fa n  a t  the  

n - th  node form s p a r t  o f  th e  ch o ice  sequence . However, a p a r t  from th e  

d i f f e r e n c e  in  e x is te n c e  betw een th e  com pleted  rod and f a n  o r  Brouwer 

s e t ,  th e  ch o ice  a t  ar\y s ta g e  means th e  s e l e c t io n  o f one o b je c t  and th i s  

in d u c t iv e ly  ad in f in itu m , 1928C le a v e s  a s id e  th e  q u e s tio n  o f  the  

n a tu re  o f  th e  in d iv id u a l  p o in t  o f th e  continuum  and th a t  o f  th e  in d iv id u a l  

ch o ice  sequence . The Brouwer s e t  (h e re  th e  ' 3 ~ f in i te  M enge') i s  i n t r o 

duced a t  t h i s  s ta g e  to  ' e x p re s s  th e  sup e r -d e  nume rab  i l  i t y  o f  t h i s  f u l l  

continuum '  ̂ and so to  f in d  a  b a s is  f o r  a  m easure d i f f e r e n t  from zero,®

T hat Brouv/er meant th e  in d iv id u a l  cho ice  sequence to  g e n e ra te  a  s in g le  

p o in t  i s  e v id e n t from  1953 . where a  d i s t i n c t i o n  i s  made betw een an arrow  

and a  s p re ad , and betw een th e  g e n e ra l ch o ice  sequence (arrow ) and the 

'p re d e te rm in a te ' sequence (sh a rp  a r ro w ):

1928C. p. 3 .

'O nly  t h i s  deg ree  o f  m u l t i p l i c i t y ,  w hich i s  an e s s e n t i a l  c h a ra c te r 
i s t i c  o f  th e  p u re  n - f i n i t e  s e t  and w hich has e x t e n d ib i l i ty  
(A usdehnungscharak ter) by v i r t u e  o f  i t s  adm ission  o f  u n f in ish e d  
e le m e n ts , a llo w s th e  in t ro d u c t io n  o f  a c o n te n t d i f f e r e n t  from zero  
f o r  a  su b sp e c ie s  o f  th e  continuum . ' (j-928C, p . 5 ) .
F o r Brouwer th e o ry  o f  m easure , see f u r th e r  1952B. and B. van  
R o o ts e la a r ,  Gen e r a l i z a t i o n  o f  th e  Brouwer I n t e g r a l . Amsterdam 1954, 
( d i s s e r t a t io n T ,  and C.G. G ibson, The Radon I n te g r a l  in  I n tu i t io n i s m . 
G roningen I 967 , ( d i s s e r t a t i o n ) .
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’ An i n f i n i t e  (n o t  n e c e s s a r i ly  p r e dete rm in a te )  sequence o f nodes 

c o n s is t in g  o /  a node P i o f  o rd e r  1 , an im m ediate descendan t 

P 2 o f  p i ,  an im iaediate descen d an t pg o f  p g , and so on ad in f in i tu m , 

w i l l  be c a l le d  an arro w .

N a tu ra l ly  an arrow  may grow in  com plete freedom , i . e .  w ith  th e  

p assag e  from p.̂ , to  p ^  + ± > th e  ch o ice  o f  a new c o n s t i tu e n t  p ^  ̂

to  be jo in e d  to  th o se  o f  p may bo com p le te ly  f r e e  f o r  each  K , 

on th e  o th e r  hand , t h i s  freedom  in  th e  g e n e ra tio n  o f  tho arrow  may a t  

any s ta g e  be co m p le te ly  a b o l i s h e d . . .  From t h i s  moment th e  arrow  epn- 

cerned  w i l l  be c a l le d  a  sharp  arrow . . . .  F u rtherm ore th e  freedom  in  

th e  g e n e ra tio n  o f  th e  arrow , w ith o u t b e in g  co m p le te ly  a b o l is h e d , may 

a t  any p ^  undergo some r e s t r i c t i o n , , . '®

A lthough a  p o in t  o f tho  continuum  i s  d e f in e d  as  a  sp e c ie s  o f  

c o in c id e n t co n v erg en t seq u en ces, one in d iv id u a l  ch o ice  sequence i s  

s u f f i c i e n t  to  g e n e ra te  a p o in t .

7 .5  P r o p e r t ie s  o f  th e  continuum

P a r t  I I  o f  D ie S tru k tu r  des Kontinuums ( l9 2 8 C) s u c c e s iv e ly  r e f u te s  

seven  c l a s s i c a l  p r o p e r t ie s  o f  th e  continuum  (d is c re te n e s s ® , o rd e r ,  

d e n s i ty  in  i t s e l f ,  s e p a r a b i l i t y  in  i t s e l f ,  co n n ec ted n ess , everyw here 

d e n s i ty ,  co m p ac tn ess), i n  a l l  c a se s  u s in g  th e  c o u n te rex an p le  o f  th e  

'P e n d e lz a h l ' o r  'L ë su n g sz a h l ' o f  a f l e e in g  p ro p e r ty .^  F or each  o f 

th e se  p r o p e r t i e s ,  e x ce p t d i s c r e t e n e s s ,  an  i n t u i t i o n i s t i c  analogue i s  

e s ta b l i s h e d  (Brouwer c a l l s  t h i s  ' a  lo g i c a l  tr a n s fo rm a tio n  o f  th e  

d e f i n i t i o n ') ,  w hich i s  a p p l ic a b le  to  th e  i n t u i t i o n i s t  continuum  o r ,  in  

some c a s e s ,  o n ly  to  th e  reduced  continuum .

These p r o p e r t i e s  have been  s tu d ie d  by R .E. V esley  in  h is  

d i s s e r t a t i o n ,  (S .C . K leene and R .E. V e s le y , The F ound a tio n s  o f  

I n t u i t i o n i s t i c  M ath em atics . Amsterdam I 965 , C hap ter I I I ;  o f .  a ls o  

A .S . T r o e l s t r a ,  I n t u i t i o n i s t i c  G eneral T opology. G roningen I 966 ,

( d i s s e r t a t i o n ) .

1 The t e x t ,  v / r i t te n  in  E n g lis h  by Brouwer, has o r  i n  s e v e ra l  p la c e s  
in s te a d  o f  _gf a  ty p ic a l  D utch m is ta k e , (D utch _of = E n g lis h  o r . 
D utch van  = E n g lis h  o f ) .

1 2 ^ ,  P- 7 .
See above p . I 96 ,

See above p. I 50 ,
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C H A P T E R  V 

CONCLUSIONS

1*1 B rouw er's  p h ilo sp h y  o f  l i f e  and h is  m y s tic a l te n d e n c ie s  a re

r e le v a n t  to  h is  p h ilo so p h y  o f  m athem atics and i n t u i t i o n i s t  m athem atics 

i t s e l f .  Not o n ly  do th e y  p ro v id e  a  m o tiv a tio n  f o r  th e  co u rse  he to o k ,

b u t o f te n  c l a r i f y  h is  v iew s,

1 .2  L even. Runs t  on My st i c k  p ro v es  th a 't B rouw er's  m ystic  and 

s o l i p s i s t i c  id e a s  wore n o t an  a b e r r a t io n  o f  o ld  age. These view s 

were h e ld  by Brouwer a t  th e  tim e he was w r it in g  h is  d i s s e r t a t i o n ,  and 

changed v e ry  l i t t l e  d u rin g  h is  l i f e t i m e .

1 .3  Levon. K unst on M ystiok i s  a source  o f  in fo rm a tio n  on B rouw er's

g e n e ra l view s on l i f e ,  s c ie n c e ,  la n g u ag e , lo g ic  and in t u i t i o n .  I n

s p i te  o f  th e  t r i v i a l i t y  o f  some o f  i t s  c o n te n t ,  i t  should  be in c lu d ed

i n  B rouw er's  com plete works and be p re se rv e d  f o r  p o s t e r i t y .  (Only 

v e ry  few c o p ie s  o f  th e  o r ig in a l  D utch v e r s io n  a re  s t i l l  a v a i l a b l e ) .

2 .1  There a re  undoub ted ly  in  B rouw er's  g e n e ra l p h ilo so p h y  e lem ents

o f  S ch o p en h au er's  pessim ism , B e rg so n 's  in tu i t io n i s m ,  and E a s te rn  

p h i lo s o p h ie s .  B rouw er's  p h ilo so p h y  i s  unique in  a s s im i la t in g  c e r t a in  

p a r t s  o f  v a r io u s  forms o f id e a lis m  and in  p r e s s in g  f o r  a predom inant 

r o le  o f  m athem atics in  tho  g e n e ra l p ro c e s s  o f human th in k in g .

2*2 B rouw er's  p h ilo so p h y  has been  th e  sou rce  and in s p i r a t io n  o f  h is

p a r t i c u l a r  view  o f m athem atics and th e  r o le  o f  language and lo g ic  in  

m athem atics. I n  t i i i s  way, Brouwer has d em o n stra ted  th e  im portance 

o f  p h ilo so p h y  f o r  m athem atics, how a change i n  p h ilo so p h y  can have 

f a r - r e a c h in g  r e s u l t s  and even a f f e c t  th e  c o n te n t o f  m athem atics.

2 .3  I t  has been  m ain tained^ t h a t  i n t u i t i o n i s t  m athem atics can be 

p r a c t i s e d  w ith o u t s u b sc r ib in g  to  B rouw er's  p h ilo so p h y .

Many o f  B rouw er's  n y s t i c a l  and p h ilo s o p h ic a l  view s a re  i r r e l e v a n t  

in  i n t u i t i o n i s t  p r a c t ic e  o f  m a th em atic s, and o th e rs  may need d r a s t i c  

r e v i s io n ,  (su c h  as  h is  low v a lu a t io n  o f  com m unication and 'communal 

m en tal a c t i v i t y ' ,  see p .  3 8 l) ;  how ever, a  c l e a r  p h ilo so p h y  o f m ath em atic s, 

o f  i t s  r e l a t i o n  to  o th e r  a re a s  o f human a c t i v i t y ,  and o f  i t s  fundam ental

1 C f. H ey tin g , 'I n tu i t io n i s m  in  M a th e m a tic s ',  P h ilo sophy  in  th e
M id -cen tu ry .  F lo rence 1958, p . 102; E , B e th , ^Remarks on i n t u i t i o n i s t i c
Logic* , Cons t ru e  t i v  i t y  in  M athem atics ; Amsterdam 1959?
E . B ishop , F oun d a tio n s  o f  C o n s tru c t ive A n a ly s is ,  New York 1967, p . 6.
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concep ts  and p r in c ip le s  seems e s s e n t i a l  f o r  any schoo l o f  m athem atics. 

M athem atical methods and m athem atics i t s e l f  a re  n o t s u f f i c i e n t  in  

d e c id in g  th e se  fundam ental i s s u e s .

2 .4  To s e t  a s id e  i n t u i t i o n i s t  p h ilo so p h y , and s t a r t  from  a dogm atic 

accep tan ce  o f c e r t a i n  p r in c ip le s  and r e s t r i c t i o n s  as  th e  b a s is  o f 

i n t u i t i o n i s t  m a th em atic s ,^  i s  c o n t ra d ic to ry  to  th e  s p i r i t  o f Brouwer, 

who den ied  com ple teness to  m ath em atica l system s f o r  which ho claim ed  

a  freedom  alw ays to  develop  f u r th e r .

The fundam ental re a so n  f o r  B rouw er's  o p p o s it io n  to  fo rm a l iz a t io n  

was i t s  c la im  to  f i x  n o tio n s  and p r in c ip le s  in  advance.

M oreover, nev/ developm ents d u r in g  Brouw er' s l i f e t i m e ,  n o ta b ly  

th a t  o f  ch o ice  seq u en ces, were n o t alw ays an a p p l ic a t io n  o f  p re v io u s ly  

accep ted  i n t u i t i o n i s t i c  p r in c ip le s  b u t fo llo w  from  h is  p a r t i c u l a r  

p h ilo so p h y  o f m athem atics,

2 .5  B rouw er's  approach  to  th e  fo u n d a tio n  o f  m athem atics was 

p h i lo s o p h ic a l ,  n o t 'a n  approach  from  w i t h i n ' , as  c laim ed by B eth  

( i . e .  a m a th em atica l c o n s id e ra t io n  o f  m a th em a tic s),

3 .1  B rouw er's  p r im o rd ia l  i n t u i t i o n  o f  tim e ' has l i t t l e  in  common 

w ith  K a n t 's  a  p r i o r i  form  of i n t u i t i o n  o f  t im e , in  s p i te  o f B rouw er's  

own c la im . T here i s  some resem blance t o  B e rg so n 's  i n t u i t i o n ;  

hov/ever, as  aw areness o f  tim e , le a d in g  to  th e  n o tio n s  o f  d i s c r e t e  and 

c o n tin u o u s , th e  p r im o rd ia l  i n t u i t i o n  o f  tim e i s  an  o r ig i n a l  n o tio n

o f Brouwer,

3 .2  The p r im o rd ia l  i n t u i t i o n  o f tim e p ro v id e s  an  adequate  b a s is  f o r

th e  co n c e p tio n  o f  number and c o n t in u i ty ,  Brouwer has n o t proved i t s  

a p r i o r i t y ,  i . e .  th e  n e c e s s i ty  o f  th e  p r im o rd ia l  i n t u i t i o n  o f  tim e as

th e  o n ly  b a s i s  f o r  th e  number concep t and f o r  m athem atics.

3 .3  I n  th e  p r im o rd ia l  i n t u i t i o n  o f  tim e , th e  co n tinuous ap p ears  as

an  even more fundam ental co n cep t th a n  th e  d i s c r e t e ;  Brouwer c la im s 

th a t  th e y  a re  ' c o - e q u a l ',

3 .4  The n o tio n  o f  ' i n t u i t i v e '  i s ,  i n  Brouv/er' s p h ilo so p h y , n o t to  be

id e n t i f i e d  w ith  ' s e l f - e v i d e n t ' , which im p lie s  e l im in a t io n  o f  e f f o r t  

on th e  p a r t  o f th e  s u b je c t ,  th e  ev idence  b e in g  su p p lie d  by th e  o b je c t  

known.

 ̂ C f. J ,  M y h ill ,  'By " i n t u i t i o n i s t i c  m athem atics" we mean ro u g h ly  
th e  p r a c t i c e  o f  Brouwer and H e y tin g '. ( 'F o rm a l system s o f  
i n t u i t i o n i s t i c  a n a l y s i s ' , L o g ic . M ethodology and P h ilo so p h y  o f 
S c ienc e . I l l ,  Amsterdam 19^8, p , 162,
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3 .5  I n t u i t i o n  in  th o  g e n e ra l sense  i s  to  be i d e n t i f i e d  with, human

co n sc io u sn ess  a c t in g  in d e p en d en tly  o f  ex p e rien ce  (e x c e p t f o r  th e  

f a c t  o f  hav ing  s e n s a t io n s .)

3 .6  The ro le  o f  i n t u i t i o n  in  m athem atics i s  n o t co n fin ed  to  th e

i n i t i a l  s ta g e s  o f  th e  co n c e p tio n  o f  n a tu r a l  numbers; i t  d e te rm in es  

m athem atics a t  ev e ry  s ta g e  and a llo w s th e  p o s s i b i l i t y  o f  'new 

i n s i g h t s ' .  B rouw er's  in tu i t io n is m  i s  more th a n  a  K ro n eck erian  

c o n s tru c t iv e  sch o o l o f  m athem atics; n o t on ly  does i t  seek  to  con

s t r u c t  th e  n a tu r a l  numbers and t r e a t  th e  co n tin u o u s as e q u a lly  funda

m en tal as th e  d i s c r e t e ,  i t  a c c e p ts  i n t u i t i o n  as  i t s  f i n a l  a r b i t e r ,

3 .7  In  id e n t i f y in g  m athem atics w ith  i n t u i t i v e  m ental a c t i v i t y ,  Brouwer 

has succeeded  in  p ro v id in g  a com prehensive d e f in i t i o n  o f m athem atics 

w hich d e l im i ts  th e  domain o f  m athem atics and d e te rm in es  i t s  m ethods,

3 .8  S o l i p s i s t i c  u n w illin g n e ss  to  a c c e p t ' communal m ental a c t i v i t y '

and r e c o g n i t io n  o f  th e  l i m i t a t i o n s  o f  each  in d iv id u a l  human mind le d  

to  B rouw er's  in t r o d u c t io n  o f  th e  'c r e a t i v e  s u b je c t ' in  1933. While 

rem ain ing  e s s e n t i a l l y  human ( th e r e  w i l l  s t i l l  be unso lved  m ath em atica l 

p rob lem s, th e  i n f i n i t e  s t i l l  rem ains u n f in is h e d ,  e t c . ) ,  th e  c r e a t iv e  

s u b je c t  i s  an ' i d e a l i z e d  m a th em a tic ian ' i n  th e  sense  t h a t  th i s

' h y p o th e t ic a l  human b e in g ' i s  empowered v /ith  'u n l im ite d  memory'.

Removing f u r t h e r  l im i t a t i o n s  in h e re n t  in  th e  in d iv id u a l  human mind, 

such as r e s t r i c t i o n s  o f  powers o f c o n c e n tr a t io n ,  i n t e l l e c t ,  ag e , e t c . ,  

one would be d r iv e n  d an g ero u sly  in to  tho rea lm s o f  p h a n ta sy , o r  a t  

l e a s t  some P la to n ic  r e a l  w orld ,

B rouw er's  view s on tho  n a tu re  o f  language may w e ll have been  

in s p ir e d  by a  lev/ v a lu a t io n  o f  com m unication. I t  seem s, how ever, 

p o s s ib le  to  a c c e p t h is  a n a ly s is  o f  language w ith o u t n e c e s s a r i ly  sub

s c r ib in g  to  h is  extrem e s o l i p s i s t i c  v iew s, B rouw er's  n o tio n  o f  

m athem atics and h is  r e s e r v a t io n s  on language do no t exc lude  th e  

p o s s i b i l i t y  o f  m athem atics as  communal m ental a c t i v i t y . The h y p o th e s is  

o f  i n t e r s u b j a c t i v i t y  o f  th e  p r im o rd ia l  i n t u i t i o n ,  n e c e ssa ry  f o r  

m athem atics as  communal m ental a c t i v i t y ,  i s  more a c c e p ta b le  th a n  th e  

hypo theses re q u ire d  by the th e o ry  o f  ' th e  id e a l iz e d  m a th e m a tic ia n '.

W ith H ey tin g , in tu i t io n is m  has reco g n ized  th e  n e c e s s i ty  o f  

com m unication betw een m a th em a tic ian s . A ccep ting  th e  p o s s i b i l i t y  o f  

m athem atics a s  communal m ental a c t i v i t y  o b v ia te s  th e  need f o r  th e  

id e a l iz e d  m ath em atic ian .
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4 .1  I t  i s  ono o f  B rouw er's  g ro a t m e ri ts  to  have drawn a t t e n t i o n  to  

th e  e s s e n t i a l l y  d i f f e r e n t  n a tu re  o f  m athem atics and language -  th a t  

language as a s ig n  can  only  convey a m eaning which has been  g iven  to  i t ;  

t h a t  a  symbol w ith o u t a meaning i s  a c o n t r a d ic t io  in  te rm in is ;

t h a t  language as  such cannot c o n tr ib u te  a n y th in g  to  m athem atics; 

and ' t h a t  i t  fo llo w s  from  th e  n a tu re  o f  language th a t  e r r o r s  and 

m istak es  can  n ev e r be co m p le te ly  p rev en ted  in  th e  re c o rd in g  o f 

m a th e m a tic s ',

4 .2  F orm alism , lo g ic is m , and even th e  'p r e - in t u i t i o n i s m ' o f  B orel 

and P o in c a re ,  were r e je c te d  by Brouwer u l t im a te ly  because o f  t h e i r  

r e l ia n c e  on lan g u ag e .

5 .1  L o g ic , d e s c r ib e d  by Brouwer as p o s t fac tum  a n a ly s is  o f  a 

m a th em atica l r e c o rd in g  in  la n g u ag e , i s  r e je c te d  as c o n tr ib u to ry  to  

m athem atics on th o  same g rounds.

5 .2  L ike  B oo le , Brouwer a c c e p ts  m a th em a tica l lo g ic  as 'a p p l ie d  

m a th e m a tic s ',  ' m a them atica l c o n s id e ra t io n  o f  th e  language o f  

m a th e m a tic s '.  Logic i s  n o t th o  fo u n d a tio n  o f  m a th e m tic s ,  no r can 

lo g i c a l  p r in c i p le s  produce m ath em atica l r e s u l t s  no t o b ta in a b le  

o th e rw ise .

5 .3  U n accep tab le  to  Brouwer a re  'e x te n d e d  lo g i c a l  p r i n c i p l e s ' ,  

i . e .  u n iv e r s a l  s ta te m e n ts  abou t an i n f i n i t e  domain o f s ta te m e n ts .

5 .4  Brouwer i d e n t i f i e s  m a th em atica l t r u t h  w ith  th e  com p le tio n  o f  

i t s  c o n s tru c t io n ;  a  theorem  which i s  t r u e  i s  a theorem  to g e th e r  

w ith  i t s  c o n s t r u c t io n ,  th e  p ro o f  i s  th e  c o n s tru c t io n  i t s e l f .  A 

s ta te m e n t i s  t r u e  i f  i t  r e p o r ts  th e  co m p le tio n  o f  a  c o n s tr u c t io n ,  and 

on ly  in  so f a r  as  th e  c o n s tru c t io n  has been  com pleted .

5 .5  N o n -c o n tra d ic to r i ty  and th e  Brouwer n e g a tiv e  a re  b o th  ro o te d  in  

la n g u ag e , and have a  w eaker form o f  c o n s tru c t iv e  e x is te n c e .  The 

Brouwer n e g a tiv e  i s  b ased  on a v e rb a l  h y p o th e s is ,  an  u n re a l iz a b le  

s u p p o s i tio n ,

A h ie ra rc h y  o f  d eg rees  o f m a th em a tica l e x is te n c e  can  be seen  

in  B rouw er's  enum eration  o f  m a th em a tica l s ta te m e n ts  o f  1955. ( s e c  

above page 154  ) ,  in to :  1° t r u e  s ta te m e n ts ,  i . e .  th o se  which have 

been  proved ;

2® f a l s e  s ta te m e n ts ,  i . e . t h o s e  th o  s u p p o s i tio n  o f  which has le d  to  

a  c o n t r a d ic t io n ,  such as 1 = 0 ;

3® ju d g e ab le  s ta te m e n ts ,  i . e .  s ta te m e n ts  f o r  w hich an a lg o rith m  i s  

known w hich v ; i l l  le a d  to  a d e c is io n  t i ia t  th e y  a re  t r u e  o r  th a t  th e y  

a re  f a l s e ;
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4° s ta te m e n ts  w hich a re  n e i th e r  t r u e  no r f a l s e ,  and f o r  w hich th e re  

i s  no a lg o rith m  le a d in g  to  th e  d e c is io n  th a t  th e y  a re  t r u e  o r  t h a t  

th e y  a re  f a l s e ,^

5 .6  An a f f i rm a t iv e  i n t u i t i o n i s t  mathema-tics on th e  l i n e s  o f  van 

D antzig^  i s  more i n  accordance w ith  B rouw er's  s t r i c t  c o n s tru c t iv e  

demands th a n  B rouw er's  own i n t u i t i o n i s t  m athem atics on th e  b a s is  o f 

tho  Brouwer n e g a tio n ,

5 .7  B rouw er's  n o tio n  o f  m athem atics and o f th e  r o le  he a s c r ib e d  to  

language and lo g ic  in  m athem atics le d  to  h is  r e j e c t i o n  o f  th e  IPSM.,

The im portance o f  th e  FEM f o r  in tu i t io n is m  has been  unduly em phasized , 

as has indeed  th a t  o f  B rouw er's  co un terexam ples . In  'm athem atics 

p r o p e r ',  th e  q u e s tio n  o f  th e  PEM does no t a r i s e ,  n e i th e r  do th e  ' r e a l  

num bers' o f B rouw er's  coun terexam ples p la y  any r o le  in  B rouv/er's 

sy s te m a tic  developm ent o f  i n t u i t i o n i s t  m athem atics, (D uring th e  

p e r io d  1923 -  1927, Brouwer became in v o lv ed  in  th e  ' l o g i c a l  argum ent' 

co n ce rn in g  n o n - c o n tr a d ic to r i ty  and th e  PEM, I n  h is  p o s t-w ar 

p u b l ic a t io n s ,  he r e tu r n s  to  h is  o r ig in a l  p o s i t io n  v/hero n o n -c o n tra 

d i c t o r i t y  and the PEM a re  t r e a te d  as m a th e m a tic a lly  i r r e l e v a n t ) .

5 .8  B rouw er's  lo g i c a l  c a lc u lu s  o f  a b s u r d i t ie s  and th e  r e j e c t i o n  o f

' t h e  p r in c ip le  o f  r e c ip r o c i ty  o f  th e  co iip lem entary  s p e c i e s ' ,

-> a ) ,  canno t be b ased  on h is  m ath em atica l th e o ry  o f

com plem entary s p e c ie s ,  ( s e e  8 .2 )

6 .1  B rouw er's  r e lu c ta n c e  to  use sym bolic n o ta t io n  d e r iv e s  from

an u n w ill in g n e s s  to  a c c e p t th e  p o s s i b i l i t y  o f  p re c is e  and e x h au s tiv e  

e x p re s s io n  o f  m ath em atica l a c t i v i t y .

He reco g n ized  t h a t  th e re  i s  no e s s e n t i a l  d if f e r e n c e  betw een 

language and sym bols. I t  i s  p o s s ib le ,  in  acco rdance  w ith  B rouw er's  

p r in c i p l e s ,  to  ex p re ss  a  m a th em atica l e n t i t y  o r  o p e ra t io n  i n  a  sym bol, 

b u t o n ly  a f t e r  t h i s  e n t i t y  has been  m a th em a tic a lly  c o n s tru c te d .

1 C f. a ls o  H e y tin g 's  h ie ra rc h y  o f  d eg rees o f  s e lf - e v id e n c e ,  
( 'I n t u i t i o n i s m  i n  m a th em atics ' , p . 103 , and 'A f t e r  T h ir ty  Y ea rs ' , 
p . 195) ,  o r  B e th 's  h ie ra rc h y  o f  sphoros o f  r e a l i t y ,  (The F oundations  
o f  M athoma.tics . p . 644) .

When H ey ting  r e j e c t s  ' t r u t h  i n  m athem atics ' as ' i n t u i t i o n i s t i c a l l y  
i r r e l e v a n t ' , he means t r u t h  as co n fo rm ity  w ith  e x te rn a l  r e a l i t y ,  
( 'O v e r  w aarhe id  in  de vfiskunde ' , p . I 29) . O f, a ls o  above p . '

Van D a n tz ig 's  a f f i r m a t iv e ,  s ta b le  m athem atics; a ls o  G -riss 's  
n e g a t io n le s s  i n t u i t i o n i s t i c  m athem atics; c f .  above pp. 40 and 137 .
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6 .2  F o rm a liz a t io n  o f i n t u i t i o n i s t  m ath em atic s , s t a r t i n g  from  symbols 

and la y in g  dovm r u le s  in  advance, i s  c o n t ra d ic to ry  to  th e  s p i r i t  o f  

B rouw er's  in tu i t io n is m ,

6 .3  I n  many o f  i t s  a s p e c t s ,  B rouw er's  co n c e p tio n  o f  m athem atics can

be i l l u s t r a t e d  by com parison w ith  music : l i k e  m usic , m athem atics

e x i s t s  in  tim e; th e  m usica l sco re  i s  no t m usic i t s e l f ,  b u t a  means 

o f  r e a c t iv a t in g  i t ;  th e  c r e a t iv e  a r t i s t ,  th e  com poser, i s  no t 

guided by th e  p r in c ip le s  d isc o v e re d  by m u s ic o lo g is ts  in  o th e r  com

p o s i t i o n s ,  n o r r e s t r i c t e d  by them , e tc ,

7 .1  The Brouwer s e t  (sp re a d )  was n o t developed  as an  a tte m p t a t  

r e c o n s tr u c t in g  c a n to r ia n  s e t  th e o ry  w hile  av o id in g  i t s  a n tin o m ie s , 

n e i th e r  i s  an  i n t u i t i o n i s t  s e t  th e o ry  needed as  th e  fo u n d a tio n  o f  

n a tu r a l  numbers and t h e i r  e x te n s io n s .

The Brouwer so t v;as s p e c i f i c a l l y  in te n d e d  as a g e n e ra l framework 

f o r  th e  continuum  and th e  r e a l  numbers.

7 .2  I n  no v/ay can Brouwer s e t s  ( o r  s p e c ie s )  bo talcen as com pleted 

t o t a l i t i e s  o f  t h e i r  e lem en ts ,

7 . 3  F o r th o  Brouwer s e t ,  th e  e x is te n c e  o f  th e  sequence o f n a tu r a l

numbers i s  p resu p p o sed ,

7 . 4  The Brouwer s e t  i s  an e f f e c t iv e  p ro ced u re  f o r  g e n e ra tin g  th e

s p e c ia l  k in d  o f  e lem en ts  t h a t  Brouwer had in  mind: sequences in  th e

w id es t s e n se . As a p rocedu re  f o r  a c t iv e  g e n e ra tio n  o f  an i n f i n i t e  

sequence by p ro g re s s iv e  a l l o c a t io n  o f  v a lu e s  in  tim e , th e  Brouwer s e t  

i s  a t r u l y  c o n s tru c t iv e  to o l  w ith in  th e  i n t u i t i o n i s t  co n ce p tio n  o f  

m athem atics,

7 . 5  The te rm  ' c h o ic e -se q u e n c e s ' (W ahlfo lge) i n  B rouw er's  w r i t in g s  i s

to  be ta k e n  in  i t s  most g e n e ra l s e n se , and co v ers  a l l  i n f i n i t e  sequences. 

I t  em phasizes th e  human r o le  in  th e  g e n e ra tio n  o f  a  sequence and th e  

e s s e n t i a l l y  u n f in ish e d  c h a r a c te r  o f  the  i n f i n i t e  sequence. I t  a llow s 

a g e n e r a l iz a t io n  o f th e  n o tio n  o f  an i n f i n i t e  sequence by a b s t r a c t io n  

from  th e  manner o f  i t s  c o n t in u a tio n .

7 .6  The dynamic 'becom ing ' i s  an a sp e c t o f  each  i n f i n i t e  sequence

('w erd en d e  W ah lfo lg e ' ) ;  i t  c h a r a c te r iz e s  n o t o n ly  th e  continuum  b u t 

each  p o in t  o f  th e  continuum ,

7 . 7  There i s  a  c lo se  p a r a l l e l  betw een B e rg so n 's  tim e as 'becom ing '

and B rouw er's  m ath em atica l continuum . I t  i s  B rouw er's  o r ig in a l  id e a  

to  ex tend  th e  dynaruic c h a r a c te r  o f  B e rg so n 's  tim e continuum  to  th e  

m ath em atica l continuum , w hich u n t i l  th en  had been  t r e a te d  -  a ls o  by 

B ergson -  as s t a t i c .
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J u s t  a s  i n  B ergson’ s tim e as becoming th e re  i s  no room f o r  

an a to m is t ic ,  d i s c r e t e  ’ now’ , so th e re  i s  in  Brouw er’ s continuum  no 

room f o r  a d i s c r e t e  p o in t ,

7 ,8  From t h i s  c o n c e p tio n  o f sequence , and Brouw er’ s s t r i c t  c o n s tru c t iv e

demand f o r  m a th em atica l e x is te n c e  ( ’hav ing  been  c o n s t r u c t e d ') ,  i t  

fo llo w s  th a t  o n ly  f i n i t e  i n i t i a l  segm ents can  be c o n s id e re d  when the  

a c tu a l  seq u en ces, p o in ts  o f the  continuum , become th e  b a s is  f o r  

f u r t h e r  c o n s tru c t io n .  T h is  i s  th e  case  when p o in ts  o f th o  continuum  

form  th e  domain o f  fu n c t io n s ;  i t  le a d s  u l t im a te ly  to  B rouw er's  B ar 

and Fan theorem s and th e  un ifo rm  c o n t in u i ty  theorem  f o r  a l l  fu n c t io n s ,

8 .1  Even i f  th e  i n t u i t i o n i s t  n o tio n  o f  sp e c ie s  may re a so n a b ly  be

r e f e r r e d  to  as  th e  i n t u i t i o n i s t  e q u iv a le n t  o f th e  c l a s s i c a l  s e t ,  th e re  

a re  im p o rtan t d i f f e r e n c e s :  th e  s p e c ie s  i s  p r im a r i ly  a  p ro p e r ty ; i f

th e  sp e c ie s  i s  in  any way to  be seen  as an a g g re g a te  o f  e lem en ts , i t  

i s  th e  a g g re g a te  r e s u l t i n g  from  an e f f e c t iv e  s e le c t io n  on th e  b a s is

o f  t h i s  p ro p e r ty  from  m athem atica l e n t i t i e s  p re v io u s ly  c o n s tru c te d ,

8 .2  I n  B rouw er's  n o tio n  o f  com plem entary s p e c ie s ,  n e i th e r  o f th e  two

com plem entary s p e c ie s  ( o r  o f th e  co n ju g a te  s p l i t t i n g  sp e c ie s )  ap pears  

as  a p o s i t iv e  p ro p e r ty .

8 .3  I n  B rouw er's  s p l i t t i n g  o f  fundam ental m ath em atica l c o n c e p ts ,

r e l a t i o n s  a rc  g e n e ra te d  by a p p l ic a t io n  o f  h is  c a lc u lu s  o f a b s u r d i t i e s .  

T h is i s  a  lo g i c a l  o p e ra t io n  in  th e  s t r i c t  Brouwer se n se .

9. Of B rouw er's  g r e a t  q u a l i t i e s  as a  p ro fe s s io n a l  m a th em atic ian ,

h is  to p o lo g ic a l  work i s  s u f f i c i e n t  p ro o f .

Y et Brouwer w i l l  undoub ted ly  alw ays be remembered, n o t so much 

f o r  th i s  vfork, no r f o r  h is  add ing  y e t  a n o th e r  s e c t  to  th e  sch o o ls  o f 

m a th em atic s , b u t f o r  th e  i n t a c t  he has made on g e n e ra l m athem atical 

th in k in g  w e ll beyond th e  t in y  m in o r ity  o f  p ro fe s se d  i n t u i t i o n i s t s .

O u tside  in f lu e n c e s  and c irc u m stan c es  have d e f i n i t e l y  determ ined  ,3
y

many o f  B rouw er's  v iew s, and made B rouw er's  d ram a tic  im pact a t  th e  i

tim e p o s s ib le ,  b u t th e  r e a l  key to  i t s  su ccess  l i e s  in  th e  p e rso n  o f  ■

Brouwer h im s e lf ,  a  co m bination  o f  p e rs o n a l q u a l i t i e s ,  and in  a  c l e a r  

v i s io n  o f  th e  n a tu re  o f m athem atics w hich was pursued  c o n s i s te n t ly  , 

r e g a rd le s s  . o f  th e  consequences to  which i t  m ight le a d .

At th e  r o o t  o f  B rouw er's  q u e s tio n in g  o f  c u r r e n t  m a them atica l 

p r a c t ic e  l i e s  th e  d e s i r e  to  j u s t i f y  h is  work as a m a th em atic ian  and 

to  r e l a t e  i t  to  h is  d eep e r p h i lo s o p h ic a l  c o n v ic tio n s .  Brouwer was 

a  r e v o lu t io n a ry  in  th e  sense  t h a t  he was n o t p rep a red  to  p la y  h is
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s p e c ia l iz e d  r o le  as a m ath em atic ian  in  co n fo rm ity  w ith  c u r re n t  

co n v en tio n s  and j u s t  a cc ep t th e  t r u t h  o f  th e  fundam ental assum ptions 

o f  h is  d i s c i p l in e .

Having succeeded  in  f in d in g  a p h ilo so p h y  o f  m athem atics in  

agreem ent w ith  h is  m y s tic a l b e l i e f s  and h is  p h ilo so p h y  o f  l i f e ,  he 

c o n s i s te n t ly  drew h is  d a r in g  c o n c lu s io n s , p rep a red  to  s a c r i f i c e  some 

o f  th e  c o n te n t o f  m athem atics in  th e  p ro c e s s . Brouwer had th e  

courage to  f l o u t  p u b lic  m a them atica l o p in io n ; he la c k e d  academ ic 

m odesty , and p a s s io n a te ly  b e l ie v e d  th a t  h is  c o n c e p tio n  o f  m athem atics 

v/as th e  o n ly  t r u e  one. He saw h is  ta s k  as t h a t  o f  a  re fo rm er o f  

g e n e ra l m athem atica l p r a c t i c e .

Through h is  p e r s i s t e n t  and extrem e c la im s , Brouwer alarm ed many 

m a th em a tic ian s , w hile  o th e rs  wore in s p ir e d  by h is  v i s io n  o f  

m e.thom atical r e a l i t y  beyond a m echan ical h a n d lin g  o f  s ig n s  and 

sym bols, d eep er and more human, and y e t  demanding u tm ost r ig o u r .

A t a c r i t i c a l  s ta g e  i n  th e  h is to r y  o f m a th em a tic s , Brouwer 

h a l te d  a  g e n e ra l movement in  m athem atics tow ards o v e r - r e l ia n c e  on 

la n g u ag e , lo g ic  and fo rm a l iz a t io n .  The f a c t  t h a t  on many m ajor 

is s u e s  he was l a t e r  p roved r i g h t  i s  ev idence o f  h is  gen iu s  and th e  

soundness o f  h i s  approach  to  m athem atics.

i'P
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