
1534-4320 (c) 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TNSRE.2018.2803019, IEEE
Transactions on Neural Systems and Rehabilitation Engineering

 

Abstract - Objective: Provide a definitive analysis of the 

spectrum of a motor unit action potential train elicited by 

mechanical vibratory stimulation via a detailed and concise 

mathematical formulation. Experimental studies demonstrated 

that motor unit action potentials are not exactly synchronized with 

the vibratory stimulus but show a variable latency jitter, whose 

effects have not been investigated yet. Methods: Synchronized 

action potential train was represented as a quasi-periodic sequence 

of a given motor unit waveform. The latency jitter of action 

potentials was modeled as a Gaussian stochastic process, in 

accordance to previous experimental studies. Results: A 

mathematical expression for power spectrum of a synchronized 

motor unit action potential train has been derived. The spectrum 

comprises a significant continuous component and discrete 

components at the vibratory frequency and its harmonics. Their 

relevance is correlated to the level of synchronization: the weaker 

the synchronization, the more relevant the continuous spectrum. 

EMG rectification enhances the discrete components. Conclusion: 

The derived equations have general validity and well describe the 

power spectrum of actual EMG recordings during vibratory 

stimulation. Results are obtained by appropriately setting the level 

of synchronization and vibration frequency. 

Significance: This study definitively clarifies the nature of changes 

in spectrum of raw EMG recordings from muscles undergoing 

vibratory stimulation. Results confirm the need of motion artifact 

filtering for raw EMG recordings during stimulation and strongly 

suggests to avoid EMG rectification that significantly alters the 

spectrum characteristics.  

 
Index Terms—EMG spectrum, motion artifact, motor unit 

action potential train, whole body vibration 

 

I. INTRODUCTION 

ECHANICAL vibrations applied to skeletal muscles elicit a 

reflex contraction known as the tonic vibration reflex 

(TVR). TVR mainly arises from the activity of the intrafusal 

muscle spindle’s Ia fibers (naturally sensitive to muscle 

stretch), which can be modulated by external applied vibration 

[1, 2]. The discharge rate of muscle spindles is indeed modified 

as result of vibratory stimulation when marked muscle length 

changes are recorded [3-5]. Interestingly, spindles reveal a one-
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to-one response to each cycle of a sinusoidal vibration up to 

about 100 Hz [6]. 

Muscle spindle’s Ia fibers are excitatory afferents for the 

corresponding alpha motor neuron, however they are only one 

of the motor neuron’s afferent inputs and can only facilitate its 

firing. Supraspinal signals, Ib afferents and other sensory 

pathways (either monosynaptic or polysynaptic) also provide 

other sources of input [7]. 

The Motor Unit (MU) activity may be modulated by the 

mechanical vibration; proof of synchronization can be found in 

the existing literature where single MUs’ action potentials 

(MUAP) have been directly recorded with thin wire electrodes 

placed into muscles [8-14]. 

TVR and the relative MU synchronization, are often cited as 

working principle for Whole Body Vibration (WBV) 

treatments. In WBV, mechanical vibration is delivered to the 

whole patient’s body (as opposed to local stimulation) via 

oscillating platforms on which the subject can stand, or hold 

various postures. Although a proper TVR requires the stimulus 

to be applied at the tendons or muscle level and target a single 

muscle or group [15], this convenient vibration delivery method 

has made WBV a popular complement, or even an alternative, 

to physical training and rehabilitation [16, 17]. 

To assess and measure muscular response during stimulation, 

surface EMG and its RMS are largely utilized as evidence of 

WBV efficacy [18]. Ambiguities and contradictions however 

arise in assessing EMG recordings during vibration treatments 

since the periodic component of the EMG power spectrum is 

linked with a strong motion artifact induced by the vibration 

itself [3, 13, 19-23]. Artifacts are generated by the relative 

motion between electrodes and the underlying tissues, the 

mechanical alterations induced between skin layers, and the 

stretching of the skin under the electrodes. Motion artifacts 

appear as cyclic waveforms at the vibration frequency 

superimposed to the EMG signal and the resultant spectrum 

shows sharp impulses at the vibration frequency and its 

harmonics. 

Not all the existing literature however contemplates the 

motion artifacts contribution, and most of the spectrum changes 
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are attributed to MUAP synchronization [24, 25]. Indeed, MUs 

exactly synchronized with the vibration stimulus generate 

rigorously periodical MUAP trains (MUAPT) and their 

spectrum is discrete (i.e. concentrated at the harmonics of the 

vibration frequency). This conclusion is debatable, and 

concerns were also raised on experimental recording 

methodology [26]. 

Moreover, alpha motor neurons cannot respond to 

frequencies higher than 50 Hz [27]. They can eventually 

synchronize at sub-harmonic frequencies if vibratory 

stimulation exceeds those values. Even in this case however, 

MUAPT should result periodic and the relative spectrum 

discrete. Actually, the actual spectrum of EMG recordings 

under vibratory stimulation consist of both discrete and 

continuous components. 

Taking into account the physiology of muscle contraction 

summarized above and the presence of artifacts, it is reasonable 

to consider both components as parts of the surface EMG signal 

[28]. Discerning between the two contributions is however 

challenging: artifacts and MUAPs are both synchronized with 

the vibration frequency, therefore their spectra overlap and 

artifact filtering strategies using notch or comb filters inevitably 

remove part of the genuine EMG signal [3, 20-22, 28]. 

This study aimed at obtaining a definitive analysis of the 

MUAPT spectrum during vibratory stimulation via a detailed 

mathematical formulation considering the peculiar variable 

synchronization revealed by direct experimental MU 

recordings found in literature. Concise formulation of MUAPT 

signal and strict mathematical computations are provided in the 

Methods and Appendix sections. Conclusive mathematical 

formulation and derived analyses on spectrum contents 

variations (continuous vs discrete) are presented in the Results 

section. 

In summary, this study revealed that the actual, non-exact 

synchronization of a MUAP with the vibration cycles (i.e. the 

latency jitter) contributes to broaden the spectrum, no longer 

concentrated at the vibration frequency and its harmonics only. 

It is worth clarifying that this study focused on MUAP trains 

synchronized with vibration and does not intend to analyze the 

effect of other non-synchronous MUs that can coexist within 

EMG. 

II. METHODS 

In this section, the elements for a concise mathematical 

formulation of MUAPT under vibratory stimulation are 

proposed. MUAP was formalized as derivative of Gaussian 

pulses and synchronization jitter was modeled as a stochastic 

process. A concise form for MUAPT expression was finally 

derived to assess the effects on MUAPT, and in turn on EMG 

spectrum. 

A. Motor unit action potential 

The MUAP waveform, i.e. the voltage recorded by the 

depolarization of the specific MU at the recording site, depends 

on the relative positioning between the electrodes and the MU 

muscle fibers, and can have different shapes (i.e. biphasic, 

triphasic or polyphasic). 

In this study biphasic MUAP waveforms were mainly 

considered, in accordance to real recordings [29], however 

results are easily generalizable to other waveforms. 

A biphasic MUAP waveform can be obtained as the 

derivative of a Gaussian pulse:  
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Whereas m(t) represents the MUAP waveform in time domain 

(obtained differentiating a Gaussian pulse p(t)) and M() its 

spectrum (=2f), determines the time duration of the 

MUAP. Equation 1 provides a simple, yet realistic 

representation of a MUAP and its Fourier transform, the reader 

can found more accurate simulations and sophisticated MUAP 

descriptions in literature [30, 31]. Fig. 1 shows an example of 

biphasic MUAP (panel a, solid line) and its spectrum (panel b, 

solid line) obtained using equation 1: in this example  is set to 

1.5 ms that correspond to a MUAP duration of about 12 ms (in 

accordance to [32-38]). As it is possible to infer from the figure, 

the MUAP Fourier transform resembles the typical EMG 

spectrum. 

 

 

(a) 

 

(b) 

Fig. 1.  (a) Biphasic MUAP waveform; (b) Normalized power spectrum of the 

MUAP. Rectified version of the MUAP and its power spectrum are shown 

superimposed to the previous images as dashed lines. 

 

Moreover, since some authors use the rectified EMG signal 
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instead of the raw EMG [29], the rectified version of the MUAP 

waveform and its spectrum were also computed and reported in 

Fig. 1 (dashed lines) to facilitate comparison.  

Rectification is a non-linear operator and alters the EMG 

power spectrum [29, 30]. The rectified EMG spectrum content 

is concentrated more towards low frequencies (see Fig. 1b). 

B. MUAP latency modeling 

The variability of MUs activation time with respect to the 

stretch stimulus strongly affects the spectrum of EMG signal 

related to the synchronized MUs. A proper mathematical 

formulation of MUAPT is indeed necessary. During vibratory 

stimulation, the discharge patterns of motor neurons correlate 

with the vibratory pulses, however MUAPs show a variable 

latency jitter with respect to the vibration cycle onset [8]. 

Actually, there is not a unique or precise phase relationship 

between MUAP and the vibration period but rather a 

statistically significant link. Fig. 2 reports an example of 

temporal distribution of MUAPs related to the vibration cycle.  

 

 
Fig. 2. Sketch of the activity of a single motor unit during muscle mechanical 

vibration. The figure is based on real data recorded in vivo with wire electrodes 

(e.g. [8]). The top trace depicts the vibration cycle, the following resemble the 

recording of MUAP relative to n vibration cycles. A part a given, constant delay 

from the vibration onset, the MUAPs do not show a perfect phase-lock to the 

vibration but rather a variable latency jitter. At the bottom a histogram of the 

latencies, as those provided by different studies [8, 13, 19, 39] based on a large 

number of recordings is depicted. 

 

Standard Deviation (SD) of the latencies of the MUAP has 

been investigated for different muscles as a function of the 

vibration frequency and has been found dependent on the 

stimulus frequency. At low vibration frequencies, the stimulus 

period is indeed long enough for both monosynaptic and 

polysynaptic events to occur, spreading the latency jitter [9, 12, 

14]. In more details, SDs of latency have been found ranged 0.4 

- 1.3 ms at 83 Hz [8], while lower vibration frequencies 

correlate with increased SDs; 3 ms were reported at 30 Hz [39]. 

A study that combined experimental recording and EMG 

simulation considered even wider SDs of latency reaching up 

to 6 ms [23]. 

In this study, latency jitter of the MUAP was modeled as a 

sequence of independent, identically distributed (IID) samples 

taken from a strictly stationary continuous stochastic (SSS) 

process . 
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The process  accounts for the not exact synchronization 

and can be assumed normally distributed with a zero mean and 

variance 2 (Fig. 2): 

 

C. Actually synchronized MUAP train description  

According to experimental recordings, a single MUAPT 

(reported here as x(t)) synchronized with a vibration can be 

assumed as a time series of given MUAP waveforms m(t) and 

written as: 

    
k kskTtmtx       (3) 

 

Where Ts is the period of the stimulus; k is an integer number 

that represents the iteration and k is the specific latency jitter 

of the alpha motor neuron kth action potential.  

MUAPT signal can be equivalently obtained as a convolution 

product between a Dirac impulses train r(t) and the MUAP 

waveform m(t) or, equally, as the output of a linear time-

invariant filter with a sequence of Dirac delta functions as input 

[40-42]:  

     tmtrtx          (4) 

Whereas r(t) is the impulses train and the asterisk represents 

the convolution product: 

    
k kskTttr        (5) 

Using equation 4 the spectrum of the MUAPT x(t) can be 

obtained by multiplying the Fourier transforms of the impulses 

sequence r(t) and the MUAP waveform m(t). 

III. RESULTS 

Beginning from the equations 3 and 4, and after some 

mathematical manipulations, Sxx(f) the power spectrum of the 

actually synchronized MUAPT signal x(t) has been formalized. 

The details of the entire procedure are reported in the appendix. 

Sxx(f) is given by: 
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The second term of equation 6 can, for simplicity of 

explanation, be divided in two factors: 
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Whereas A(f) is the Fourier transform of the zero-mean 

Gaussian PDF of the  stochastic process representing the 

latency jitter of the MUAP (eq. 2). In particular, given that the 

Fourier transform of a Gaussian remains Gaussian, A(f) is: 
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 Equation 6 clearly shows that the power spectrum of an 

actually synchronized MUAPT comprises both a continuous 

and a discrete component (factor 2) multiplied by the MUAP 

spectrum M(f) (factor 1). 

Focusing only on factor 2, it is easy to recognize that the 

continuous part is given by the first two addenda and depends 

on the σ of the Gaussian distribution: the larger is its standard 

deviation the wider is the spectrum.  

In details, the weaker is the synchronization of the MUAPs 

with the mechanical vibration, the more relevant becomes the 

continuous part of the power spectrum. If the MUAPs are 

instead perfectly synchronized (i.e. the standard deviation of 

is zero) the spectrum comprises only the discrete addendum. 

Note that the discrete part of the power spectrum is limited to 

the vibration frequency and its harmonics, as expected.  

The power spectrum of the actually synchronized MUAPT is 

therefore the sum of impulses (discrete component) and a 

continuous component distributed across all frequencies. The 

continuous component becomes predominant at higher 

frequencies while the discrete is greater at low frequencies. 

A graphical representation of the factor 2 of the equation 6 is 

reported in Fig. 3. In this example the SD of the latency jitter 

(the  in equation 7) of a MUAP is set to 3 ms and the vibration 

frequency to 25 Hz. 

 

Percentage of the signal power contained at the vibration 

frequency and its harmonics with respect to the total power was 

calculated. This is particularly important when these tiny bands 

are suppressed by notch, comb filters to reduce motion artifacts. 

Clearly, this percentage depends on the level of 

synchronization. 

Fig. 4 shows the percentage of the continuous power 

spectrum with respect to the SD of the MUAP latency jitter. The 

complement to 100 of this percentage represents the power of 

the MUAPT at the vibration frequency and its harmonics. The 

figure includes a series of curves obtained by integrating the 

power spectrum within different bands of interest (i.e. 0-250, 0-

300, 0-350, 0-400,0-450 Hz). 

 

 
Fig. 4.  Percentage of the continuous power spectrum (equation 6, only factor 

2) with respect to the SD of the MUAP latency jitter. The successive five curves 

from the bottom upwards were obtained by integrating the power spectrum 

within different bands of interest: 0-250, 0-300, 0-350, 0-400, 0-450 Hz. 

 

If the SD is equal to 0 there is a perfect synchronization of 

the MUAP with the vibration (exact phase-lock), the MUAPT 

is periodic and therefore all the power is concentrated at the 

vibration frequency and its harmonics (there is not a continuous 

spectrum). When the latency jitter increases, more a more 

power is spread into the continuous part of the spectrum. The 

continuous spectrum becomes already relevant (more than the 

50%) for SD values greater than 1 millisecond.  

With latency jitters values of about 3 ms (associated with the 

commonly utilized WBV frequencies) the continuous spectrum 

contains about 85% of the total power. Percentages tend 

asymptotically to 100% for greater SDs. 

Finally, to obtain the MUAPT spectrum and assess the 

overall variations, we need to multiply both factors (i.e. 

multiply factor 2 by the spectrum of the MUAP waveform 

M(f)). Actually, factor 1 simply acts as a filter. Although 

individual MUAP waveform can vary, the spectrum is 

contained within that of the EMG. Without loss of generality, 

Fig. 5a shows the final spectrum obtained by multiplying the 

spectrum represented in Fig. 3 with that of the MUAP 

represented in Fig. 2(a), to provide an effective example. 

Similarly, Fig. 5b shows the final spectrum when the rectified 

MUAP waveform is considered. 

 

 
Fig. 3.  Example of the power spectrum of a MUAP train (see equation 6, only 

factor 2, and equation 7) without considering the filtering effect due to MUAP 

waveform.  The SD of the MUAP latency jitter was set to 3 ms and the 

vibration frequency was set to 25 Hz. 
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(a) 

 

(b) 

Fig. 5. Example of the final power spectrum of a MUAP train (a) and its 

rectified version (b). The MUAP waveform has been obtained by equation 5 

with set to 1.5 ms.SD of the MUAP latency jitter was set to 3 ms, the vibration 

frequency to 25 Hz. 

 

As before (see Fig. 4), the percentage of the power contained 

in the continuous spectrum taking into account the MUAP 

waveform can be re-calculated by varying the latency jitter. 

Results are shown in Fig. 6.  

 

 
Fig. 6. Percentage of the continuous power spectrum with respect to the SD of 

the MUAP latency jitter. MUAP waveform influence is here reported: the solid 

line is obtained by using the raw MUAP, while the dashed and dotted line is 

obtained by using the rectified MUAP. 

 

The solid-line curve was obtained using the raw MUAP as 

described in equation 5 with set to 1.5 ms. The dash-dotted 

line was instead obtained using the rectified MUAP. With the 

rectified MUAP the final spectrum is different and increased at 

the lowest frequencies (see Fig. 2b), where the discrete peaks 

are dominant, whereas it is attenuated at central frequencies. As 

a consequence, by using rectified EMG the power of the 

continuous spectrum is smaller. 

Table 1 concisely shows the percentage of continuous 

spectrum values obtained by varying the MUAP duration and 

its shape. Similarly, to the biphasic waveform (see eq. (1) and 

Fig.1), a triphasic MUAP waveform was modeled as the second 

derivative of the Gaussian pulse. The far right column values 

were obtained using a rectified version of the selected MUAP. 

All data are calculated for a SD of MUAP latency jitter of 3 ms. 

 
TABLE I 

 

MUAP 

type 

value of 

 [ms] 

MUAP 

duration 

Continuous 

spectrum at 

 = 3 ms 

Continuous 

spectrum 

(rectified) 

bi-phasic 1.0   8 ms 93 % 66 % 

bi-phasic   1.5 * 12 ms 87 % 56 % 

bi-phasic 2.0 16 ms 78 % 49 % 

bi-phasic 2.5 20 ms 71 % 44 % 

bi-phasic 3.0 24 ms 62 % 42 % 

tri-phasic 1.0   8 ms 96 % 68 % 

tri-phasic 1.5 12 ms 94 % 58 % 

tri-phasic 2.0 16 ms 91 % 51 % 

tri-phasic 2.5 20 ms 86 % 47 % 

tri-phasic 3.0 24 ms 79 % 46 % 
 

Percentages of the continuous spectrum at =3 ms when changing MUAP 

duration e and shape. (*) corresponds to the  considered for the waveform in 

Fig. 1. 

IV. DISCUSSION 

This study provides a mathematical formulation of the power 

spectrum of action potential trains of a motor unit actually 

synchronized with mechanical vibration. Indeed, as reported by 

previous experimental studies involving direct measurement 

with needle electrodes under mechanical vibratory stimulation, 

the synchronization of the relative  motor neuron shows a 

variable latency.  

The results of this study are of particular importance since 

clarify the nature of the variations in spectrum of raw EMG 

recordings of muscles undergoing vibratory stimulation. The 

derived equations have a general validity, but it is worth 

analyzing the effect of the latency jitter on practical cases. 

There is in fact an ongoing debate on whether the increased 

power at the vibration frequency and harmonics is due to motor 

unit synchronization or rather to the motion artifact.  

Reasonably, both effects are present. 

An exact synchronization (i.e. a pure periodic signal) of 

motor unit activity can only produce a discrete spectrum at the 

fundamental vibration frequency and its harmonics. Instead, the 

natural latency jitter of the synchronized MUs spreads the 

spectral power density over a larger band as sum of discrete 

components (impulses) and a continuous contribution 

distributed across all frequencies. 

Using the concise formulation derived within this study, a 

quantitative analysis was performed and the power ratio of the 

continuous part of the spectrum (with respect to the whole 



1534-4320 (c) 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TNSRE.2018.2803019, IEEE
Transactions on Neural Systems and Rehabilitation Engineering

spectrum) computed by varying the degree of motor unit 

synchronization. This is either dependent on the standard 

deviation of the latency jitter and on the possible rectification 

applied to the raw recording.  

In WBV treatments the vibration frequencies are confined 

below 45Hz with latency jitter of few milliseconds (e.g. 3 ms at 

30 Hz). In this case, using our mathematical model, the 

spectrum is predominantly continuous with only a small 

amount pertaining to vibration frequency and its harmonics. 

This justifies the use of notch filters to eliminate the motion 

artifact embedded in the EMG recordings.  

Moreover, rectification consistently alters the action 

potential spectrum, which appears concentrated towards lower 

frequencies, and reduces the continuous spectrum contribution. 

Indeed, the rectification introduces undesired filtering of the 

central frequencies of the EMG (resulting in an overall smaller 

percentage of the power in the continuous spectrum) and, at the 

same time, enhances the lower frequencies where the discrete 

spectrum and the motion artifact are relevant. The intensity of 

the motion artifact is usually unknown but certainly contributes 

to overestimate the muscle response to vibration. 

For applications involving higher vibration frequencies, it is 

reasonable to consider the motor unit synchronized with sub-

harmonics of the vibration frequency, as  motor neuron 

maximum firing rate is limited. In this case our model remains 

valid if a sub-harmonic is used for simulations instead of the 

vibration frequency itself. Moreover, at higher vibration 

frequencies (e.g. greater than 50 Hz [8]) latency jitters are 

smaller and a greater percentage of the power density belongs 

to the discrete spectrum. In this case the artifact removal via 

notch filtering is more penalizing in assessing muscle 

performance. 

It is finally worth noting that, the ideal case of  motor 

neuron activated monosynaptically by muscle spindle Ia fiber 

was assumed. Polysynaptic pathways are however also possible 

in motor neuron activation, resulting in more variability of the 

MUAP synchronization within the vibration stimulus and in an 

increased latency jitter. Hence, in real applications the expected 

amount of continuous spectrum related to a synchronized MU 

may be higher than that predicted by this study. 

V. CONCLUSION 

The derived mathematical formulation well describes the 

changes observable in the power spectrum of a motor unit 

action potential train stimulated by vibration accounting for the 

level of synchronization. It should be underlined that this study 

deals only with the spectrum of synchronized motor units and 

not of the whole EMG. Indeed, in a vibrating muscle both 

synchronized and not synchronized motor units can coexist. 

The entire EMG spectrum will obviously result from the 

overlapping of both groups of motor units. However, some 

WBV studies evaluate the increase in muscle activity by 

calculating concise EMG parameters (e.g. RMS value): this can 

lead to error if the motion artifact is not properly removed. 

Motion artifact spectrum is purely discrete at the harmonics of 

vibration and can be cancelled by opportune comb notch filters. 

The results of this study confirm that, by deleting these 

harmonics, only a relatively small percentage of the 

synchronized MU spectrum is lost; most of the spectrum is 

indeed continuous. In addition, our results strongly recommend 

to avoid the mere rectification of the raw EMG signal for WBV 

applications, as it significantly alters the information contained 

in the spectrum and does not eliminate the artifact. These 

recommendations can help in more accurate assessment of 

muscle response to vibratory stimulation 

APPENDIX 

This appendix reports the complete sequence of 

mathematical steps to obtain the power spectrum of the 

MUAPT starting from equation (2) and (3). As previously 

shown, a single MUAPT x(t) quasi-synchronized with a 

mechanical vibration stimulus can be written as a specific time 

sequence of a given MUAP waveform m(t):   
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kskTtmtx        (8) 

Hence, the MUAPT signal can be described by: 

     tmtrtx          (9) 

Where r(t) is the quasi-synchronized Dirac pulses train (eq. 

(5)). The autocorrelation of a cyclostationary random process 

with period Ts(i.e. r(t)) can be computed as the time average of 

the ensemble autocorrelation function: 

   dttR
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s

s

LT
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r

s

Lr 



2
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 ,
1

lim      (10) 

Where: 

        trtrEtRr  ,      (11) 

Therefore 

     







 

i j

jsisr jTtiTtEtR , (12) 

By substituting k = i-j , the equation becomes: 

        
k i

kiisisr tkTiTtEtR  )(, (13) 

Hence, also Rr(t,) results a periodic function in t with a 

period Ts, and merging equation (10) and (13) we obtain: 
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 (14) 

Consider a new process , which sequence k=i-i-k. Since 

k is stationary, the statistics of k depend only on time 

difference k. Taking the integration inside the expectation 

operator and after some manipulations, we obtain: 

     
k

ks

s

r kTE
T

R   
1     (15) 

Let PA() be the probability density function of the random 

variable k, and let PB() be the probability function of the 

random variable k. Hence, by definition of expectation: 
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  

      sBk
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sBk
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kTE




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
 (16) 

By substituting equation (16) in equation (15): 

    
k

sBk

s

r kTP
T

R 
1

   (17) 

Therefore, PBk(-kTs) represents a sequence of impulses 

centered on kTs. This equation can be rewritten as: 

      
k

Bks

s

r PkT
T

R 
1

  (18) 

The spectrum of the MUAPT m(t)signal can be obtained by 

Fourier transform of equation (18), PBk(b) should be evaluated 

for all k to compute the autocorrelation function Rr(). The 

values of the sequence k are independent and identically 

distributed random variables, therefore the values i and i-k are 

independent. The probability density function PBk() results to 

be the convolution of the PA() and PA(-) [43]. 
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By substituting equation (19) in the equation (18) the 

autocorrelation function becomes: 
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Srr(f) of the signal r(t) is obtained by taking the Fourier 

transform of the autocorrelation function Rr().  

Let A(f) be the Fourier transform of PA(). Since PA() is real, 

the Fourier transform B(f) of PB() results: 

       
2

fAfAfAfB  
    (21) 

 

Srr(f) then results: 
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Finally, Sxx(f) of the signal x(t) is given by: 
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Where M(f) is the Spectrum of the MUAP waveform m(t) 

(see equation (5)). Equation (23) is equal to the equation (6) in 

the result section of the main text Q.E.D..  
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