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Worksheet 2

In the following exercises we denote with D′
r(z0) = {z ∈ C | 0 < |z−z0| < R} an

open disc with radius r and center z0 removed. Recall also the notation Ar,R(z0)
for the open annulus with center z0, inner radius r and outer radius R.

Exercise 1. Find the singularities of the following functions and determine their
type. If they are poles, find also their order.

(a) f(z) =
(z − 1)3

z3 − 1
, (b) f(z) =

2(cos z)2 − 1

(4z − π)2
,

(c) f(z) = sin
( π

(4z − i)3
)
, (d) f(z) =

sin(πz)− 2z

(1− 2z)2
,

(e) f(z) =
sin(z)− 1

(z − π/2)2
, (f) f(z) = cot(z2),

Exercise 2. Determine all the singularities of the function

f(z) =
1

1− e1/z
.

Determine the type of the isolated singularities. Is 0 an isolated singularity? deter-
mine the order of the poles.

Exercise 3. Let f : Ar,∞(0) → C be a holomorphic function which is not a poly-
nomial. Show that z 7→ f(1/z) has an essential singularity in 0.

Exercise 4. Let f : C→ C be an injective entire function. Prove that

(1) f is a polynomial;
(2) f has degree one.

Exercise 5. Let us consider the function f(z) = e1/z. If r is an arbitrary positive
number, describe the set f(D′

r(0)).

Exercise 6. Let f : Dr(z0)→ C be a non-constant holomorphic function such that
f(z0) = 0.

(1) Determine the order of the pole of the function 1
f(z) in z0. Hint: look at

the smallest k such that f (k)(z0) 6= 0.

(2) Let g : Dr(z0) → C be a holomorphic function. When does g(z)
f(z) have a

removable singularity in z0? If the singularity is not removable, determine
the order of the pole. Hint: look at the smallest h such that g(h)(z0) 6= 0.

Exercise 7. Find the singularities of the function

f(z) = cos
( 2

z − i

)
· z3 + z2 − z − 1

(cos z − 1)(z + 1)(z3 − 1)2
.

Determine their type and compute the order of the poles.
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