5.4. Limited formulas, limited
indiscernibles, x-definability, normal form.

We fix M = (A,<,0,1,+,-,+,1,109,E,c1,C2,...) as given by
Lemma 5.3.18.

DEFINITION 5.4.1. Let L(E) be the first order predicate
calculus with equality, using <,0,1,+,-,°,%,1l0og,E, where E
is l-ary. The c¢'s are not included in L(E). We will always
write t € E instead of E(t).

We follow the convention that @(vi,...,Vkx) represents a
formula of L(E) whose free variables are among vi, ..., Vk.
This does not require that vy be free or even appear in @.
Recall that all variables are of the form v,, where n = 1.

In this section, we will only be concerned with what we
call the E formulas of L(E).

DEFINITION 5.4.2. The E formulas of L(E) are inductively
defined as follows.

i) Every atomic formula of L(E) is an E formula;
ii) If @,¢ are E formulas then (-¢), (pAY), (ovy), (9o—¢),
(p=>y) are E formulas;

iii) If @ is an E formula and n = 1, then (dv, € E) (¢), (Vv,
€ E) (p) are E formulas.

DEFINITION 5.4.3. We take
(Ava € E) (@), (Vv, € E) (@)
to be abbreviations of
(Avy) (v €E E A @), (Vv (vh E E — @) .
Although general formulas of L(E) will arise in this
section, attention will be focused on their

relativizations, which are E formulas of L(E).

DEFINITION 5.4.4. Let @(vi,...,Vvk) be a formula of L(E) and

v be a variable not among vi,...,vk. We let @(vi,...,Vvy)" Dbe
the result of bounding all quantifiers in @ (vi,...,Vvk) to
EN [0,v].

I.e., we replace each quantifier



(Vu) by (Vu € E N [0,v])
(u) by (du € E N [0,v]).

These bounded quantifiers should be expanded in the usual
way to create an actual formula in L(E).

We now define a very important 6-ary relation.
DEFINITION 5.4.5. We define A(r,n,m,@,a,b) if and only if

i) r,n,m,a,b € N\{0}, n < m;

ii) @ = @ (vi,...,Vvy) 1s a formula of L(E); i.e., all free
variables of @ are among vi, ...,Vy;

iii) Let X1, ...,xr € E N [0,cy]. Then @ (X1, ...,x.) " <
aCODE (CwsCny » « =y Cm-1,X1, .- -, Xr) th € E.

LEMMA 5.4.1. Let r,n = 1 and @(vi,...,Vy) be a quantifier
free formula of L. There exist a,b such that
A(r,n,n+l,p,a,b).

Proof: Let r,n,@ be as given. Note that ¢°“" = @.

By Lemma 5.3.18 vii), let a,b € N\{0} be such that the
following holds. Let n = 1 and x1,...,%X: € E N [0, ca].

(Hy € E) (y = |Cn,X1,---,Xr|/M AY = X1, %] A
CP(CnlxllooolerY))
s
(Hy € E) (y = |Cn,X1,---,Xr|/M A p(cnlxll°°°lxrly))
s

aCODE (Cn+17Cn, X1, .- -, Xr) th € E.

CP(Xll---er) <>
aCODE (Cn+17Cn, X1, .- -, Xv) tbh € E.

Hence A(r,n,n+l,@,a,b). QED

Note that in the proof of Lemma 5.4.1, the second displayed
formula is subject to Lemma 5.3.18 wvii). The formula p used
can be read off easily from the first displayed formula. We
will be using this style of exposition throughout this
section.

LEMMA 5.4.2. Let r = 1 and ¢ be t € E, where t(vy,...,vy) 1is
a term of L. There exist a,b such that the following holds.
Let n =z 1. Then A(r,n,ntl,p,a,b).



Proof: Let r,p,t be as given.

Let p = 2 be such that for all xi1,...,%X € A, t(X1,...,Xy) <
Mo (Ix1,...,%|). By Lemma 5.3.18 vii), let a,b € N\{0} be

such that the following holds. Let n = 1 and xX1,...,%X: € E N
[0,cn]. Then

(Hy € E) (y = Tp(|cn/X1/---/Xr|) Ay = (X, ,Xe))
(Hy € E) (y = Tp(|cn/X1/---/Xr|) A p(cnlxll---erIY))

aCODE (Cn+17Cny X1, .- -y Xy) th € E.

t(xllo..,Xr) EEe
aCODE (Cn+17Cn, X1, .- -, Xr) th € E.

Hence A(r,n,n+l,@,a,b). QED

LEMMA 5.4.3. Let A(r,n,m,@,a,b). There exist d,e such that
A(r,n,m,-@,d,e).

Proof: Let A(r,n,m,9,a,b). By Lemma 5.3.18 vi), fix i,7 €
N\ {0} such that the following holds. Let x; € a(E;1,<»).
Then

(Ax, € E) (X = X1 A Xy = X1) <
iX1+j $ E.

Clearly for all x; € o(E;1,<»),
1) x1 EE < ix;+] & E.

Now let xi,...,x, € E N [0,cy]. By A(r,n,m,p,a,b),

2) CP(X]_,...,XK)C_H <
aCODE (Cn/Cny e« + s Cn-1s X1, - - ., Xy)tTh € E.
By Lemma 5.3.18 wviii),
CODE (CnsCny «» =y Cm-1, X1, - - ., X¢) E E.

By 1),

3) a(CODE(Cun;Cny+«+sCu-17X1y...,Xr))+tb € E <=
ia (CODE (Cn; Cny e+ vy Cmois X1y« .., X)) +ib+] €& E.



By 2),3),

_'CP(Xll .. .’Xr)c_n <>

ia (CODE (Cn;Cny »+«yCm-1, X1, - - -, Xz) ) +ib+] € E.
Therefore A(r,n,m,-@,ia,ib+j). QED
LEMMA 5.4.4. Let a,b,d,e € N\{0}. There exist f,g € N\{0}
such that the following holds. Let w € a(E;1,<%). Then
(aw+tb € E A dwte € E) < fw+tg € E.

Proof: Let a,b,d,e € N\{0}. Let p = max(a,b,d,e).

By Lemma 5.3.18 vi), let f,g € N\{0} such that the
following holds. Let w € o (E;1,<®). Then

(dy,z € E) (y,z = pwtp A ¥

= aw+b A z = cw+d) <
fw+g € E.

(dy,z € E) (y = aw+tb A z = cwt+d) <
fw+g € E.

(aw+b € E A cw+td € E) <
fw+g € E.

QED

LEMMA 5.4.5. Let A(r,n,m,9p,a,b) and A(r,n,m,y,d,e). There
exist f,g such that A(r,n,m, oAy, f,qg).

Proof: Assume A(r,n,m,p,a,b), A(r,n,m,p,d,e). Let x1,...,Xs
&€ E N [0,ch], Then

l) CP(Xll---er)c_n <>
aCODE (CwnsCny »« =y Cm-1,X1, .- -, Xr) th € E.
U;)(Xll---lxr)c_n <>

dCODE (Cwms;Cny » « sy Cm-1, X1, - - -y Xe) t€e € E.

Let f,g be given by Lemma 5.4.4 using a,b,d,e. By Lemma
5.3.18 viii),

CODE (CnsCny «» «yCm-1, X1, - - ., Xr) € E.
Hence by Lemma 5.4.4,

2) aCODE (CnsCnys e+ +r7Cun-1,X1,...,X¢)+b € E A



dCODE (CnmsCny » « s Cm-1, X1y - - -y Xr)te € E

<>

fCODE (Cp;Cny + v »yCr-1, X1, -+ ., X¢)+g € E.

By 1),2),
((QPAY) (X1, 0n e, Xe)) "
<
CP(Xll---er)c_n A 1p(xll---lxr)c_n
<
fCODE (CniCny +++ s Cn-1s7 X1y« ., %) +g € E.
QED

LEMMA 5.4.6. Let 1 = i = r and A(r,n,m,9,a,b). There exists
d,e such that A(r,n,m+1, (Ivy) (p),d,e).

Proof: Let 1 =1 = r and A(r,n,m,,a,b). Let X1,...,%X, € E N
[0,cn] . Then
l) CP(Xll---er)c_n <>
aCODE (CwnsCny » « s Cm-1,X1, .- -, Xr) th € E.

By Lemma 5.3.18 vii), let d,e € N\{0} be such that the
following holds, using m for n. Let xi,...,x € E N [0,ca].
Then

(Axi,w € E) (x1,w = cul? A x4 = Cn A
W = aCODE (Cm;Cny « - +7Cm-1sX1y - - - s Xr) b))

L d
(dz,w €E E) (z,w = cull A z2 = Cn A
W = ACODE (Cm;Cny « 7 Cm-17 X1y « » oy Xi-1yZ, Xit1ys - - - Xyr) D))
L d
(HZ/W € E) (z,w = CmH A p(Cnr---rCmrxlr---,Xr,Z,W))
L d

dCODE (Cn+17Cnys + » «yCns X1y - - -y Xr) te € E.

(Axi,w € E) (x4 = Ccp A
W = aCODE (Cm;Cny « - +7Cm-1sX1y - - - y Xr) b))

<>

dCODE (Cn+17Cnys + » «yCns X1, - - -y Xr) te € E.

2) (HXI = E) (Xi = Ch A
aCODE (CwnsCny » « s Cm-1,X1, - - -y X¢) Tb € E)

<>

dCODE (Cn+17Cnys + » «yCns X1, - - -y Xr) te € E.



By 1)12)1
(Ax; € E) (X3 < Cn A Q(X1, ..., %)) <
dCODE (Cn+17Cnys + » «yCns X1y - - -y Xr) te € E.
(Ixi) (@(x1, vy xe)) "
L d
dCODE (Cn+17Cnys + » «yCns X1, - - -y Xr) te € E.

Hence A(r,n,m+1, (3vi) (9),d,e). QED

LEMMA 5.4.7. Let m = m’ and A(r,n,m,p,a,b). There exist d,e
such that A(r,n,m’,@,d,e).

Proof: Let m < m’ and A(r,n,m,9,a,b). Let X1,...,X, € E N
[0,cn]. Then

l) CP(Xll ...’Xr)c_n <>

aCODE (CwmsCny =« s Cm-1,X1, .- -, Xr) th € E.

By Lemma 5.3.18 vii), let d,e € N\{0} be such that the
following holds. Let x1,...,x € E N [0,c,]. Then

(dy € E) (v = cu?? Ay = aCODE (CpiCny e+ vy Cu-lsXiy - - -, Xr) +b)

LS d
(Hy € E) (y = Cm'/rlr A p(cn/---/Cm'—llxllo--erIY)

LS d

dCODE (Cm’7Cny «« «yCr-1,X1, - - -y Xyr) te € E.

(dy € E) (y = aCODE(Cu;Cny « = +yCm-1sX1y + .., Xy) Th) <
dCODE (Cm’7Cny +« «yCmr=1, X1, - - -y Xyr) te € E
2) aCODE (CnsCny e+ +7Crn-1sX1y,.+..,Xr)+tb € E <=
dCODE (Cm’7Cny +« «yCmr=1, X1, - - -y Xyr) te € E
By 1)12)1
CP(Xll---er)c_n <>
dCODE (Cm’7Cny «« «yCr-1,X1, - - -y Xyr) te € E.

Therefore A(r,n,m’,p,d,e). QED

LEMMA 5.4.8. Let r = r’ and A(rx’,n,m,9,a,b), where all free
variables of ¢ are among vi,...,vy. There exist d,e such
that A(r,n,mt+l,p,d,e).



Proof: Let r,r'n,m,9p,a,b be as given. By A(r’',n,m,p,a,b),
for all xi,...,%X:» € E N [0,cu],

l) CP(Xlrooorxr’)C_n <>
ACODE (Cn7Cnys e« +7Cm-17X1y - - -, Xy ) +b € E.
Note that @(x1,...,%x:)%" = @(X1,...,%:)". Hence for all
X1y oo oy Xy EE N [O/Cn]l
2) CP(Xll---er)C_n g
ACODE (Cm7Cny « e « s Cm-17X1y « e =y Xy Xpy - - -, X)) th € E.

By Lemma 5.3.18 vii), let d,e € N\{0} be such that the
following holds. Let x1,...,x € E N [0,c,]. Then

(dz € E) (z = cu?? A z = aCODE (Cn7Cny ++ +y Cne

17 X1y oo erXepXep oo o Xy))
L d
(Az € E) (z = co) A pP(Cayev ey CurXiyeee,Xe,2)
L d
dCODE (Cn+17Cnys + « «yCns X1, - - -y Xr) te € E.
3) ACODE(Cun;Chny e+ «rCm1r Xy o1 X, Xy oo, Xp)+b € E <
dCODE (Cn+17Cnys + + «yCns X1y - - -y Xr) te € E.

By 2),3), for all xi1,...,x € E N [0,cal,

CP(Xll ...’Xr)c_n <>
dCODE (Cn+17Cnys + » «yCns X1, - - -y Xr) te € E.

Hence A(r,n,m+1,,d,e). QED

LEMMA 5.4.9. Let r,n =z 1 and @(x1,...,%X,) be a formula of
L(E). There exists m,a,b such that A(r,n,m,@,a,b).

Proof: By induction on the complexity of @. Without loss of
generality, we can assume that @ uses only the connectives

-,A, and only the quantifier 3. For our purposes, we define
c(p) as the total number of occurrences of connectives and

quantifiers in @.

We prove the following by induction on p = 0. Let r,n =1
and @(vi,...,vy) be a formula of L(E) with c(p) = p. There
exist m,a,b such that A(r,n,m,@,a,b).

We first handle the basis case p = 0. Let r,n,9 be as
given. Then @ has no connectives and no quantifiers, and so



@ is an atomic formula of L(E). Now use Lemmas 5.4.1 and
5.4.2 with m = n+1.

Now assume that the statement holds of p = 0. Let r,n = 1
and @(vi,...,vy) be a formula of L(E) with c(p) = ptl.

case 1. @(vi,...,Vy) = =Y (V1,...,Vy). By the induction
hypothesis, let A(r,n,m,{y,a,b). By Lemma 5.4.3, there exist
d,e such that A(r,n,m,p,d,e).

case 2. Q(Viy ..., Vvy) = YP(Vi, ..., Ve) A P(VL,...,Vy). By the
induction hypothesis, let A(r,n,m,¢y,a,b),A(r,n,m’,p,d,e).
By Lemma 5.4.7, let A(r,n,max(m,m’),y,a’,b"),
A(r,n,max(m,m’"),p,d",e’). By Lemma 5.4.5, there exists f,g
such that A(r,n,max(m,m’"),e,£,qg).

case 3. @(vi,...,vy) = (Fvi)(Y), 1 = i = r. Then we can write
Y = Y(vi,...,Vvy) because has all free variables of ¢ are
among Vvi, ...,Vy. By the induction hypothesis, let

A(r,n,m,yP,a,b). By Lemma 5.4.6, there exist d,e such that
A(r,n,mt+l,,d,e).

case 4. @(vi,...,vy) = (Ivi) (Y), 1 > r. Then ¢ has all free
variables among vi,...,vi, and we an write Y = P(vi, ...,Vi).
By the induction hypothesis, let A(i,n,m,¢y,a,b). By Lemma
5.4.6, let A(i,n,mt+l,p,d,e). By Lemma 5.4.8, there exists
f,g such that A(r,n,m+2,@,£f,q9).

QED

We now extend the indiscernibility in Lemma 5.3.18 iv) to
formulas.

LEMMA 5.4.10. Let r = 1 and @(vi,...,Vsr) be a formula in

L(E). Let 1 = i4,...,12r < n, where (iy,...,1,) and
(ir+17 - ..,12¢r) have the same order type and the same min. Let
Yir-+-s¥r € E, Vi,...,¥Yr = min(ci 1,...,Ci ). Then

CP(Ci_ll «+-r7Cirr¥Yis ... yYe) e CP(Ci_rJrl/ «+-rCi 207 Y17 - - - P Ve)
Proof: Let r,@,i1,...,12r be as given. Let n > i;,...,1i2,. By

Lemma 5.4.9, let m,a,b be such that the following holds.
For all xXi,...,%+ € E N [0,cal,

CP(Xll . . -IX2r)C_n <>
aCODE (CmsCny » = s Cm-1, X1, - - -, X2r) b € E.

Let vyi,...,VYr be as given. Then



n

l) CP(Ci_lr---/Ci_rIY1/---IYr)C_ <>
aCODE (CniCny+ v« s/ Cm-1/Ci 17+« +7Ci r/Y1sr.-.,Y:) Tb € E.

CP(Ci_rJrl/ «+-rCi 207 Y17 - - - yYe) e
aCODE (CniCny +««7Cm-1/Ci r417 +»+7Ci 207 Y1y - .-, YY) tO € E.

By Lemma 5.3.18 ix),

2) aCODE(CmiCns+++sCmn-1/Ci 17 +++-sCi rs/Y1s---,Yr)tb € E <
aCODE (Cn/ Cny « « « s Cn-1y Ci r+17 ««-rCi 2¢/ Y17 - - - ,Yr)th € E.

By 1),2),

cn
CP(Ci_lr ---lci_rly1l ---IYI) - <>

cn
CP(Ci_rJrl/ -7 Ci 2r7 Y1y .- /Yr) - .

QED

LEMMA 5.4.11. Let k,n =2 1 and @(vi,...,vx) be a formula of
L(E). There exist m,a,b € N\{0}, n <m, and Vn,...,¥yn € E N
[0,Ch+1] such that for all xi,...,%X € E N [0,cnl,
CP(Xll---le)c_n <>
aCODE (Ym7; Vays « « «r Ym-1s X1, - - -, Xx) tb € E.

Proof: Let k,n,p be as given. By Lemma 5.4.9, there exist
m,a,b € N\{0} such that

l) (Vxll---lxk E E m [Olcn]) (CP(Xll---er)c_n

<>

aCODE (CmsCny «« s Cn-1,X1, - .., X¢)tb € E) .

2) (Ayns .-y yn € B) (Vxq, ..., xx € E N [0,Cnl)

n

(CP(Xll .. -/Xr)c_ <> aCODE(Vn/ Vns «++r¥Yn-1sX1, ..., %) tb € E) .

3) (Aynsever¥m € E) (Vx1, ..., xc € E N [0,cn])

) c_n

(P (X1, v, Xy < (dz € E) (z = aCODE (Vu; Vs « - « s Y-

17X1y .., %) tD) )

By Lemma 5.3.18 1iii), choose t so large that

4y Ayn, ., yn €E E N [0,ce]) (VX1, ..., % € E N
[ 1) (@ (X1, -« pxy) "
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<>

(3z € E N [0,ce41]) (z = aCODE (Vi Vny « v o7 Yn-1r X1y« « -y Xe) D)) .

By Lemma 5.4.10,

5) (HYn/-../ymEEﬂ [O,Cn+1])(VX1,...,XkEEﬂ
[0,cnl) (CP(Xll...,Xr)C—n <

(3z € E N [0,Cns2]) (z = aCODE (Vmi Vs « « -7 Ym-17 X1y - - -y X¢) +D) ) .

0) (HYn/-../ymEEﬂ [O,Cn+1])(VX1,...,XkEEﬂ
[0,cnl) (CP(Xll...,Xr)C—n <

(dz € E) (z = aCODE (Vu; Yoy « =« s Yie1r X1y « - -y Xz) D)) .

7) (HYn/-../ymEEﬂ [O,Cn+1])(VX1,...,XkEEﬂ
[0,cnl) (CP(Xll...,Xr)C—n <

aCODE (Ym7; Vays « « « sy Ym-1s7 X1y - - - s X¢) tb € E) .
QED

Recall that a(E) is the set of all values of terms in L at
arguments from E (Definition 5.3.3).

LEMMA 5.4.12. a(E) = E-E. Let n = 1. a(E N [0,c,]) € (E N
[Olcn+1]) - (E ﬂ [Olcn+1])-

Proof: Since E-E C a(E), it suffices to prove a(E) C E-E.
Let t(vi,...,Vx) be a term in L, and let xXi,...,Xx € E.

be such that xi1,...,xXx < Cn.

Note that by Lemma 5.3.18 iv),v),

E(xX1,...,%k) < Cns1.
2Cni1tt (X1, « oo, Xx) , 3Ch1tE (X1, ..., Xx) € O(E;1,<®).
3(2cps1t+t (X1, .., %xx))+1l, 2(3cpmtt(x1,...,xXx))+1l € E.
6Cnt1+t3t (X1, ..., Xx)+1l, 6Ch1+t2E (X1, ...,Xx)+]l € E.
(6Cn1+3t (X1, « v o, Xx) F1) = (6Ch1+2E (X1, +« ., Xx) +1) =

t(Xl, ...,Xk) € E-E.

Thus we have written t(xy,...,Xx) as the difference between
two elements of E. This establishes the first claim.

For the second claim, let n = 1. Let t(viy,...,Vvk) be a term
in L. By the proof of the first claim,

l) (Vxll---lxk € E m [Olcn]) (HYIZ € E m [Olcn+2])
(E(X1y ooy xk) = y-2) .

Let n
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By Lemma 5.4.10,
2) (Vxll---lxk E E m [Olcn]) (HYIZ E E m [OlCnJrl])
(E (X1, eve/xXx) = y—2).
QED
LEMMA 5.4.13. Let k,r =2 1 and X1, ...,Xx, V1, -..,Yr € A. Then
P(y11---IYrIX11---IXk) = P(P(y11---IYr)IX11 -lxk)-
Proof: Recall the definition of P in section 5.3, right
after the proof of Lemma 5.3.10. We prove the following by
induction on r = 1:
for all k = 1 and %1, ...,Xx, Y1/ - ,Vr € A,
P(y11---IYrIX11---IXk) = P(P(er---,Yr),Xu- -lxk)-
For the basis case r = 1, this asserts that for all k =1
P(yi,X1,...,%xx) = P(P(y1),X1, .., Xx)
which follows from P(y1) = vyi.
Fix r = 1. Suppose that for all k = 1 and
Xlr oo o7 XkrYir oo o7 Yry
l) P(y11---IYrIX11---IXk) =
P(P(yll°°°Iyr)lxll°°°lxk)°
= 1 and

We want to verify that for all k

Xlr oo o7 XkrYir oo oy Yr+lys
P(YiyeeerVYrs1rXiy o« oy Xk)
P(P(YiyewerVes1) r X1y e ey Xx) .

Let k =21 and X1, ...,Xxk, V1, .--,¥r+1 € A. By the induction
hypothesis 1) using k = k+1,
2) P(VisevoerVe+t1r X1y oe.,Xx) =
P(P(YiyewerVe) rYes1r X1y o ooy Xx) o
By the definition of P,
P(P(y11---IYr)IYI+1IX11 -lxk) =
rVr) r Y1) r X1y o oo Xk)

3)
P(P(P(yis..-



12

By the induction hypothesis 1) using k = 1,

4) P(P(Y1, ---IYr)IYIJrl) =
P(Y1, ---1Yr+1) .

By 2),3),4),

P(YiyeeerVYrs1rXiy o« -, Xk) =
P(P(Y1, ---IYrJrl)le/ e ey Xx)

as required. QED

LEMMA 5.4.14. Let k,n,r =2 1, and 9 (vi,...,Vrx) be a formula
of L(E). Let vi,...,vr € E N [0,c,]. There exist
d,e,f,g,h,i,3,p € E N [0,cp+1] such that for all xi;,...,xx €
E N [0,cul,
CP(er---rYr/Xu---/Xk)C_n <>
(d-e)CODE (f-g;h-1,x1, ...,Xx)+(J-p) € E.

Proof: Let k,n,r,p be as given. By Lemma 5.4.11, let m,a,b
€ N\{0}, n <m, and Z,,...,20n € E N [0,cns1], be such that
for all vi, ..., Vr,X1,...,X € E N [0,cnl,
CP(er---rYr/Xu---/Xk)C_n <>
aCODE (Zm; Zny « e « 7 Zm-17Y1s « = =7 Yrr X1, - - -, Xx) tb € E.

By the definition of CODE introduced right after the proof
of Lemma 5.3.10,
l) CP(er---rYr/Xu---/Xk)C_n <>
a(8((log(2m))T+P(an---er—er1r---rYr,Xu---,Xk))"'l)"'b € E.

Now fix vi,...,yYr as given. These are in addition to the
already fixed z,,...,zZn € E.

By Lemma 5.4.13 and 1), for all xi,...,xx € E N [0,cq],

c[)(3711 e ooy Yrr X1y ...’Xk)c_n <>

a(8((lOg(Zm))T+P(P(Zn/ e s Zu-1rYir e e s Ye) s X1, ..., Xx))H1l) b €
E.

n

2) CP(er---rYr/Xu---/Xk)c_ <>
aCODE (Zm; P(Zny « e ey Zm-17Y1s « = <1 ¥Yr) 1 X1, - - -, Xx) T € E.

By Lemma 5.4.12, let a = d-e, zZn = f-9, P(Zn, « ..y Zm
1/Y1r +++,¥r) = h-1i, b = j-p, where d,e,f,g,h,i,j,p € E N
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[0,Cn+2] . Make these substitutions for a,zw, P(zn, ..., Zn-
1,Y1s --.,Yr) , 0, respectively, in 2).

The Lemma requires that d,e,f,g,h,i,j,p € E N [0,cn+1], and
we only have d,e,f,g,h,i,3,p € E N [0,cn:2] . However, we can
apply Lemma 5.4.10 in the obvious way to reduce to E N

[O, Cn+1] . QED

LEMMA 5.4.15. For all k = 1 there exists a term

t(vi, ...,Vksg) Oof L(E) such that the following holds. Let n,r
=1, ¢(vVi,...,Vex) be a formula of L(E), and yi,...,yr € E N
[0,cn]. There exists wi,...,wg € E N [0,cns1] such that for
all xX1,...,% € E N [0,cnl,

c n

CP(er---rYr/Xu---/Xk)_ <>
t(Xl,...,Xk,Wl,...,Wg) € E.
Proof: Let k = 1. Let t(vi,...,Vxig) be the obvious term of

L(E) such that for all X1, ...,Xx,W1,..,Wg € A,

t(xll e ooy Xky Wiy oo °IW8) =
(Wi—w2) CODE (W3—W4; W5=We, X15 « « ., Xx) + (W7—Wg) .

Let n,r,9,vY1,..-,Yr be as given. By Lemma 5.4.14, there
exist wi,...,wg € E N [0,cCps1] such that for all xi,...,xx €
E N [0,cal,

c[)(3711 e ooy Yrr X1y ...’Xk)c_n <>

(Wwi—wy) CODE (W3—W4; Ws—Wg, X1, - . - y Xx) T (W7—Wg) € E.
QED

DEFINITION 5.4.6. Let k = 1 and x € E. An x-definable k-ary
relation i1s a relation R of the form

R = {(x1,...,%x) €E“N [0,x]": @(x1,...,%)7%}

where p =2 k, @(vi,...,Vp) 1s a formula of L(E), and
Xii1y .- .7Xp € E N [0,x].

It is essential that x-definability requires boundedness.
These are the internal relations, and this requirement is
in analogy with the set/class distinct in set (class)
theory.

LEMMA 5.4.16. Let k,n = 1 and R be a cyp-definable k-ary
relation. Let tyx is the term of L(E) given by Lemma 5.4.15.
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There exists vi,...,v8 € E N [0,cn+1] such that R =
{(x1,...,xx) €E*N [0,ca]®: tu(X1,ener X, y1s.-.,v¥s8) € E}.

Proof: Let n = 1 and R be a c,~definable k-ary relation.
Write

R = {(X1,...,%x) € E“N [0,cal™: @(x1,...,%)"}

where p =2 k =2 1, @(vi,...,vp) 1s a formula of L(E), and
Xii1y -0 Xp € E N [0,cn].

We now apply Lemma 5.4.15 to the formula
@ (Viy oo ey Vp) = Q(Vpktis oo e rVprVig e ooy Vpk) -

We use the present Xxi1,...,Xp for the parameters yi,...,yr
in Lemma 5.4.15.

Let vi,...,¥8 € E N [0,cCn+1], where for all x1,...,Xx € E N
[0,cnl,

n C

c n
CP, (Xk+1/---lxplxll~~~lxk)_ <> cp(xll°°°lxp - <>

)
R(X1,...,Xx) < tp(X1,...,%Xxk,21,..-,28) € E.
QED

Below, the new features over Lemma 5.3.18 are items vi) and
vii).

LEMMA 5.4.17. There exists a countable structure M =
(A,<,0,1,+,-,+,1,109,E,c1,C2,...), and terms ti,t,... of L,
where for all i, t; has variables among vi,...,Vi+g, Such
that the following holds.

i) (A,<,0,1,+,-,°,1,log) satisfies TR(IT%;,L);

ii) E € A\{0};

iii) The c,, n = 1, form a strictly increasing sequence of
nonstandard elements in E\a(E;2,<®) with no upper bound in
A;

iv) Let r,n =21 and t(vy,...,vy) be a term of L, and

X1y eeeyXy = Ch. Then t (X1, ...,Xr) < Cn+is

v) 200(E;1,<®)+1, 30(E;1,<x)+1 C E;

vi) Let k,n = 1 and R be a cy-definable k-ary relation.
There exists vi,...,v8 € E N [0,cn+1] such that R =
{(x1,...,x) € E°N [0,cal®: tulx1,en, X, ¥1,--.,v8) € E};
vii) Let r = 1 and @(vi,...,Vay) be a formula of L(E). Let 1
=< ii,...,12r < n, where (ii,...,1ir) and (iy41,...,12r) have the
same order type and the same min. Let vyi,...,y: € E,
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' c n
Vir+-«r¥Yr < min(ci 1,...,¢Ci ). Then @(Ci 1/ .+.,Ci rsyYir---r¥r) ~

cn
<> CP(Ci_rJrl/ «++rCi 2r7 Y1y .- /Yr) -

Proof: The t's are given by Lemma 5.4.15. i)-v) are from
Lemma 5.3.18 i)-v). vi) is by Lemma 5.4.16. vii) is by
Lemma 5.4.10. QED



