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Lecture 3 — Introduction to tensors and vectors

KINEMATICS OF DEFORMATIONS

x = p(X,t)
thermo-mechanical loads

laws of nature .
CONSERVATION OF MASS
BALANCE OF LINEAR MOMENTUM
BALANCE OF ANGULAR MOMENTUM
LAWS OF THERMODYNAMICS

16 unknown fields + b5 equations

reference
configuration

CONTINUOUS
MEDIA

continuously varying fields
(time and space averages over
the underlying structure)

Experimental
mechanics and
thermodynamics

atomic/
micro/meso
structure
is revealed

Multi-scale
approaches

Tensor algebra
Tensor analysis

deformed
configuration

CONSTITUTIVE
EQUATIONS
11 equations

Empirical
observation



Lecture 3 — Introduction to tensors and vectors

Review (transformation rules)

Tensors: real-valued multi-linear functions of vectors

1-order tensor (vector) 2-order tensor
a; = ale;] A;; = Ale;, ej]  coordinate invariant
/ /! _
a; = Qui Qq Ay = QaidapQp;

transformation rules

@) =Q'la] [A] =QT[4]Q

QT — Q_l Properties of the transformation matrix
det(Q) =1 (proper orthogonal = orthogonal + positive determinant)
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Tensor algebra

Tensor operations Prove
Addition: Cla,b] = Ala, b] + Bla, b] @""
Cij ZAij—l—Bij «— (C=A+B

- Magnification: B[a, b] — )\A[a, b] Bz’j = )\AZJ <— B=)A

- Transpose: Bla,b| = A[b, a] Bijj=Aj; <= B=A"

- Tensor product: Dla, b, c| = Ala, b]v|c]
Dijk:Aijvk@D:A@)v

Dyad: a second-order tensor formed by the tensor product of two vectors

Aij — Clz'bj ~— A=a®b @_[lyid_in matrix notation
a®®b#b®a




Tensor algebra

Tensor operations

- Contraction:
COHtij T = T[al, ey i —1,€f, Ajt 1y, A5—1, €L, Ajt1..., an]

v|a] = Contys D = D|a, ey, ex] <= v; = D

- Contracted multiplication:
+ v]a] = Contysz(A[a, bjulc]) = Ala, e;|ule;]
v; = Ajpur <= v = Au @—I\ﬂairii( notation

+ Cla, b] = Contys(Ala, c|B|d, b]) = Ala, e;|Bleg, b|
Cij = Az‘kBkj ~— C=AB

+ Cfij == Az‘kBjk — C = ABT Cz'j == AkiBjk — C = ATBT
C@j = Akinj — (C = ATB

6



Tensor algebra

Tensor operations

- Contraction:
COHtij T = T[al, ey i —1,€f, Ajt 1y, A5—1, €L, Ajt1..., an]

v|a] = Contys D = D|a, ey, ex] <= v; = D
- Scalar contraction:

(2-order)  trA = Cont12A = tr[A] = Ay detA = det[A]

(1-order) a-b= Contlg(a &) b) = a;b;

@_det(a ® b)
(double contraction of two 2-order tensors)

A:B= AijBij A--B = Aiiji
- (double contraction of a 4-order tensor and a 2-order tensor)

E : Bl;j = E;juuBr, |E--Bl;j = Eiju B




Tensor algebra
Tensor operations

— O O O O S S S S S S S S S S S S S S e S S e e e e e e e e s e



Tensor algebra

Tensor basis

- Tensor product of vectors can be used to define basis for tensors.

(2-order) — can be written as a linear combination of dyads (i.e., a dyadic)
A dyadic of two (linearly independent) dyads for ng = 2

A=a®b+c®d
A dyadic of three (linearly independent) dyads for , ; = 3

A=a@b+tcxxd+exf
... but also (i.e., the decomposition is not unique)
where ¢. e; form linearly independent basis.
(4-order)
E=Lje®e e, e



Properties of (second order) tensors

Orthogonal tensors

@ is orthogonal if (Qa) - (Qb)=a-b Va,b e R"

The tensor preservers the magnitude of, and the angle between,
the vectors on which it operates.

Necessary and sufficient condition: Q7 = Q! (det@ = 1)

proper orthogonal

1 /
Proper orthogonal tensors represent rotations, .e.g., e| = Qe;
/
ey = Qe
A
e; = Qes

NOTE: Recall the matrix that links
two bases {e;}and {e;} .. e =0Q; e;
Though [@Q] = Q, they represent very different ideas!
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Properties of (second order) tensors

Symmetrical and antisymmetrical tensors

S is a symmetric if S;; = 5;;, <= S = st

A is an antisymmetric if 4;; = -4, <= A= —AT

Any tensor T;; can be decomposed into a symmetric part
Tijy = 5(T5; + T);) and an antisymmetric Tj;;) = %(TZ — Tji)
so that T = Taizy + T

Axial vector: Given A, 3w st. Aa=w xa Va cR3

Contraction of symmetric and antisymmetric tensors:

showthat S : A = Siinj =0
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Properties of (second order) tensors

Principal values and directions
Nontrivial solutions [i.e., \G (eigenvalue)and A G (eigenvector)] require

det(G — \I) =0

Characteristic equation and principal invariants

The characteristic equation of G (for nqg = 3) is
— N+ LGN — LGN+ 13(G)=0
where the principal invariants of G are
IL(G) =tr(G)
L(G) = L[(trG)? — tr G?]
I3(G) = detG

- Symmetric tensor: @—




Properties of (second order) tensors

Principal values and directions
(principal basis, completeness relation, spectral decomposition)

Symmetric tensor § € R3
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Properties of (second order) tensors

Cayley-Hamilton theorem (7 on R?)
T° =1,(T)T? — I,(T)T + I3(T)I

(i.e., T satisfies its own characteristic equation).
T = (1?2 —L)T?+ (Is — L L)T + I IsI
T° = ...

NOTE: Recall that [T°];; = TipTonnTh;
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Properties of (second order) tensors

Symmetric positive-definite tensors
S is positive definite iff Q(x) = S;jx;z; > 0 Ve e R™, z # 0
S is positive definite iff A2 > 0, Vo

+ Now we can define the square root:

If S is positive definite, then IR, s.t. R*= S
For S on R, v/§ =357 _ /AS(AS @ AS)

.... notice that we choose the ‘positive-definite’ square root!

Note: the scalar function Q(x) = S;;x;z;
is called the quadratic form of §'.
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Properties of (second order) tensors

Isotropic tensors (... important for constitutive relations)

- Anisotropic tensor is a tensor whose components are unchanged by
coordinate transformation.

QaiQsilas = Ti; , VQ € group of rotation matrices

+ Zeroth-order: All zeroth-order tensors are isotropic.
+ First-order:  The only isotropic first-order tensor is the zero vector.

+ Second-order: All isotropic second-order tensors are proportional to
the identity tensor.

+ Third-order: All isotropic (hemitropic) third-order tensors are
proportional to the permutation symbol.

+ Forth-order: All isotropic fourth-order tensors can be written as
Cijkl = @ 030k + B 0i051 + 7y 0i10k
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Lecture 3 — Introduction to tensors and vectors

Any questions?




