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FOREWORD 

This i. the first time I n.,e had the responsibility of prepatina 

the For«',,",ord fot Lhe AnnuaJ TKbnicaJ Session pf()(~inll. Pt:rhape 

it i. appropriate that 1 take this opportunlt.y t.o thank the 

memberthip for the honor &ecorded me AS tht' elKl«1 hainnan of 

SSRC. On bt-haJr of tht' membership I must upr~ our ApprKialioli 

to Past. Chairman John Springfield (or hi. four fearlll of eITKtive, 

conscient.ious and dili,enl leadership; we look forward to hi. cont.inued 

counsel on the Executive Committee. 

·St.abilit.y of ircular Stiffened Shells- was the tille of th .. 

Theme SdJeion of the SSRC 1987 Annual Technical ~ion heJd a .. 

the Adam'. Mark lIotel in Houston on March 24-25, 1987 In 

addition 1.0 the ThefTM' Se.ion, the 24 p.a~rI thaL .... ere prewnted &1110 

covered topic. lumane to the SSRC lUll: ,tou". and reporters, and 

are the .ub.l&nct' of thew Proceedinp. A hiShlisht o( th .. (on( .. rf:.nc .. 

was th~ "lIullt'nt Tuesday luncheon pr~ntation by Cor Lansewi. on 

"Conoc:;o's Grc~t:n Canyon Tension lAS W"II Plat(orm l'rojec: .... , the 

first tension leI platform dcsilnt'<i (or Norlh Ameri.:an watt'rs. 

Appro,;imal .. ly 100 IWOple (rom 6 (Ountriea Allende<! tM nlfttin,s, 

dt'Spite the curr"nt dtprt'lMd condition of the oil industfY . We trust 

that a far larler numbt'r of en&inftf'S will find lhtsf' print~ 

Proceedinll to bt of valu ... 

My thanks to C. D. MiIl .. r, D. R. Shuman, 

R. M. M .. ilh and It . K. Kinra v.ho st'rvt'd M tht Th .. nw: Scoaion 

Prosram Commiuee, and C . F. FOIl, L. S. £ked!e, J . L. Durkft and 

G. S. Stt'wart who It.rYed as lht' ~ion. Prosralll Comlllitlt'e 

We alAO appr!'cia~ the assistanc!' of lhOlM' .... ho hl"lpffi with the 

local arranlemenla, indudinl S. X. Cunnlman, J . W. Cox, and 

\\ . J . Austin and a continsent of Rice University student hf'lV"rL 

The facilities and suvice providl'!'d by the Adam's Mara lIo1el .... er .. 

oUlalandina_ 

'\0 U. &I", moo' Iraleful ,. .. , aponlOr'I . W. thana ,h. 
American Iron aod Steel Innitul.e, Chevron L5A, Inc., Shell Oil 

CompAny aod ,h. En,ineerin« Research Center r., Advanced 

Technolou r., Larle Structural SysWcI1ll (ATLSS) a' l...t'hiah 

UniYetiity for their contributions toward the fundin, of the con(uf:nce. 

1 



11 

Thf' Annual TKhnical Session "'Quid Ilot bto tht' 5U(C~ it is 

without the (OIlKli"" talentl of the Coun«:il'. lIeadquarter. llArr led 

by the DirKlor, Lynn S. ~le. Our thanks to Lynn, the TKhnical 

Secretary, Graham Slt'"".rt, thf' Admini,trative SKff'tary. Letlei,h 

fMuinic and J)iana Walsh, Headquarters IKnlary. A special thankl 

to SUt' Slt,<,ul (or hef help at the r",ialfation area this yeM. Thl' 

arran,in, of all the many, many det.ail. and the lmootbne.t with 

which the snaions run i •• U due La thest folk •. 

We invite you to look ahead with UI to future scheduled 

meetinp: 

1988 

1989 

1990 

Minneapolis, MnnNOt. 
-COmputer Tec:hnolou Applied t.o 

Structural Stability" 

New York City 
4th Int.e.rnational Colloquium -

'"Stability of Met.a1 Structures" 

St. Louis, Mi.ouri 
IJBrid,es" 

I look forward to Sft:inS you at these ~ion •. 

Samuel J Errf'r. 
Chairman 

Bethlehem. Pennsylvania 
AuCUSl 1981 
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BEHAVIOR AND STRENGTH OF NONPROPQRTIONALLY LOADED IHPERFECT 
BEAK-COLUMNS RESTRAINED PARTIALLY 

INTRODU(.'TION 

Zia Razzaq and S1va Prasad Darbh •• ulla 
Old Do.inion Unlveraity 
Norfolk, Virgtnia 2)~O~ 

Bea.-colu.n relearch in the past haa been heavily oriented toward 
.tudles baud on proportional loadings (Ref •• 2,3, and 5). ThuI, the axial 
foree and bendinl .aaenta are all incre •• ed al.ult8neou81y in a 
proportional .anner until the load-canytng capacity of the a.aber h 
reached. The re.\,Ilta of • preU.tRary study of four dlfrerent 
oonproportional load patha for uniaxially loaded bu.-colu.n. have been 
preaented previa .... ly by the authors (Ref. 4). tn the preeent paper, • 
detailed theoretical acudy 1. au.aarlzed for both uniaxlally and biaxially 
loaded I-nectoR Maa-coluana aubjected to varioua load patha. For the 
biaxially loaded bea.-co lu.na, the torsional effecu are neglected in thiB 
study. The toralonal effect ... y be negligible when width-to-depth ratio 
of a wide-flange .ection i. nearly 1.0 a • • hown by Shar .. and Gaylord 
(Ret. b) in a atudy of biaxially loaded beaa-coluWla aubJected to 
proportional load in,. The behavior of bea.-coluMa 1a exple1ned in the 
preaence of reaidual atreaaea, initial out-of-atraightneaa, rotational end 
reatralnta, and .aterial unloading . Alec, strength interaction curvea are 
obtained and co.pared to thoae baaed on the tangent aodulua theory. 

PROBLEH DEPINITION 

Figure ahow. an i.perfect beall-column with biaxial partial 
rotational end reatrainta aubjected to an axial load P and external equal 
end ~.enta Hand H . The rotational end reatrainta have linear 
characteriatica xwith atlffneaaea k and k about the x and y axe •• The 
initial out-ot-atraightne.a in theXxz and yl plane. ia repreaented by u

i and Vi' reapectively, and aaau.ed a. half-aine wavea .ach havina an 
a .. plitude ot LtI,OOO. The lIaterlal of the beall-colulln 1a 
elaatic-pertectly-plaatic with E-29,OOO kai and a yield atreaa of 36 kai . 
Lehigh-type initial reaidual atreaaea are adopted lRef. 5) with a lIaxillull 
collpreaatve reaidual atreaa of 0.3 ti .. a the .. terial yi.ld .tr •••• 

UN lAX lALLY LOADED B!.\H-COLt1HNS 

The atudy pre.ented tn Ref . 4 by the authora ahowed that .. jor axia 
rupon .. of beaa-coluana is not load path dependant for aU practical 
purpeae.. A lao , it waa found that the .tnor ada reapena. is toad path 
dependant when elaatic rotational reatr.inta are uaed. Therefore, in the 
detailed atudy preaented herein, beaa-coluMa are loaded about the lIinor 
axia in the preaence of elaatic partial rotational equal end r.atr.inta. 

Table 1 au .. ariaea the .. xi.uII external loada for uniaxially loaded 

1 
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iaperfect W8x)1 ~. __ oolu~s with partial rotational equal end restraints 
subjected to two different load paths . It. toed of six beaa-colu.n. 
nUllbered I through h are Investigated to encoap ••• three lenscha (L-S, 12. 
and 1& ft . ), and two end reatraint s[iffnesses, kZ and KJ • Biven by: 

k2 - 11.333 In-kip/rad 

k3 • 24.000 In-kip/rad 

These k v.lues were used previously by the author. (Ref . 5) in 8 restraint 
modelling effect .cudy on the strength of beall-columna. The pInned-end 
_embers do not exhibit signIficant elastic unloading and are not included 
here . The behavior of fixed-end members is qualitatively simila r to those 
with k-k. In this and subsequent table. and figurel, p and II are the 
dillenslonfe •• axial load, and .,ment values, respectively. The axial load 
la nondl.enaianallxed by the cross-sectional aquaah load , P • The .. jor 
axis -aaent is nondlaensionalized relative to the aajor axis yIeld -ament, 
Myx' while the ainor axia -a-ent is nondi.ensianalized relative to the 
ainor axis yield -aMnt, "ty ' of the croas section. 

The two diffe~ent load paths adopted are deaisnated aa LP a-p and 
LP p-. and are defined aa follows: 

LP p-. 

Load path in which the external equal end -a.ent H ia applied 
flnt incre.entally and held constant , followed bJ a sradually 
increaains axial load P until the .e.ber load-carryins capacity 
ia reached. 

The axial load correspondins to the load carrying capacity 
obtatned tn LP a-p is applied firat incre.entally and held 
conatant, followed by gradually increasins equal end moaents 
untll the .ember Load-carrying capacity is reached. 

The .axiaua external loada 
J and 

p and. for the varioua beaa-coluana analyzed 
plotted in Figurea 2 through 4 in the for. of 
p and a. The correaponding tangent aodulua 
for LP alp and included in these figurea for 

are Biven in Table 
interaction curvea between 
curvea were allO obtained 

Fisur. 2 for L-8 ft . ahows that for the lnter.ediate p and. values, 
LP a-p reaulta In peak loada higher than thoae obtained by LP p-a. Thia is 
becauae alsnlficant aaterial unloading takes place when LP a-p ia used. 
The tangent aodulus curve is, surpriaingly, unconaervative for a 
aubatantial range o[ p and. values. Theae concluaiona aay not neceaaarily 
be valid for other valuea of L as seen fro. the Interaction curves in 
Figures 3 and 4 for L-12 and 16 ft ., reapectively. In Filure 3, LP a-p 
curve reaults in peak load. lower than those obtained by LP p-. when p is 
relatively large, whereaa the converse ia true for a.aller p valuea . The 
tangent aodulu. cur"e ia conserva tive a8 coapared to the curve for LP .-p. 
However, it i. uneanaervative co.pared to the LP p-a curve when a i8 
relatively larle. The interact ian curves in Filure 4 with L-16 ft . exhibit 
aiatlar character .a those in Figure 3 , except that the tangent .odulus 
curve is unconaervative tor relatively larle valuea of a co.pared to the 
curvea for both the load path • • 



Ii lAX tALL 't LOADED SEAM-COLUHNS 

Table 2 show •• co.parhon of predicted p values and thoae pubUshed 
in Reference. I and 6 for pinned-end bea.-coluana subjected to a biaxtally 
eccentric load . The ero.. section length. and the equal end 
eccentricities e and e of the load for the be •• -colu ..... are al., 
given in this lable . TKe relulta fro. Reference I are baaed on an 
expertllental Lnveatigetion, whereas thole fro. Referance 6 are 
theoretical. The ratio of predicted to the reference lIaxl.ulI. p valuea 18 
siven in the l.'t column. Clearly , the result. are In BPOd agree.ent. 

Table) gives the aaxl.u. external load, (or biaxlally loaded 
illperfect W8xJI bea.-oolullna (L-12 ft.) with partial rotatIonal equal end 
restnint. subjected to various load patha . The biaxial end .,lICnta .. 
and .. are applied 'imultaneously while holding their ratio pnlportionaI 
to th~ retia of the .ectional radii of gyration about the rnpectlve axes, 
that ia, 

II III • r Ir • x Y x Y 

The rnult. given In thil table are plotted in Figure 5 in the fora of 
interact ton curve. between p and .. . The mHnt II can be found uaing 
the equation given above . The LP .-pYcurve 18 above lhe LP p-II curve for 
the entire range of p and a values. However, the tang.ot mdulua 
interactton curve with LP .-p h found to be quit. unconaervatlve for a 
conaiderable unge of the peak loada . A plauaible explanation for thh 
phenolle:non could btl aa followa . The tangent IIOdulua approach reaulta in a 
.He "ductlle" behavior than that obtained with the analyah which 
includea aaterial unloading. Although it .. y appear that auch ductile 
reaponae would lead to a conaervative aet of peak loada , it .. y alao 
result in a fictitioua diatribution of atraina in the llellber partieularly 
in the preaence of rotational end reatrainta. The approach baaed on 
material unloading ia free of auch fictitious straina , thua the ensuing 
deflections are correct , which following the principle of leaat work IIUSt 
therefore reault in lower peak loads. However , thi. type of behavtor ia 
not observed when relatively large axial load or large end IIOHnta are 
applied aince tn theae cases the P-Delta effecta are leas predollinant tn 
collparhan to thole encountered in the "intermediate" range of p and II 

value •• 

CONCWSLONS 

The effect of various load paths on the behavior and atrength of 
bea_colUllna loaded uniaxhlly about the atnor axh I. IIDre pnlnounced 
than thst on the biaxially losded onea. Neglecting algnificant .. terial 
unloadln, due to nonpnlp!Htlonal loada "Y lead to unconaervative 
estiaation of the load-carrylna capacitiea of bea..-colullna . Thua, the 
tangent IIOdulus aPPnlach la found to be unconaervative for a nuaber of 
uniaxially loaded bea.-colullna. Even a Ireater degree of 
unconaer~ativene'a ia notIced for the biaxially loaded beaa-coluans 
studied herein . 

J 
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Tabl~ I MaxiMO. external loads tor uniaxIally load~d 'aperfect be •• -
O1lUIII08 with partial rotational equal end r •• train t 8 and 
YIIrioua load patha {W 8x)I} • 

... - L • Load path 
Kaxlaua External Loade colu.n (tt. ) l LP) 

• U. OOO a.on 0.131 a .Ybl --0-, 
a 3. 211 '.000 1.500 O. COO --I 8 '2 • O.COO 0.07) 0.737 0 . 961 -.... a ) . 211 2 . 990 1. 133 0.000 -
• O. COO 0 .1 69 0 .669 0 . 865 O.Y5H a-, 
a 4.6HY 4.COO 2.500 1.000 0.000 , • " • U. COO 0.169 0 . &69 0.865 0 . 958 .-a 
a ' . 689 ' . \90 2 . lS~ 1.U4 0 . 084 

• O. COO 0.238 0.749 0 . 867 --a-, • 3. 73& ' . COO 1. 500 0 . 001 --, 12 " • O. COO 0 . 238 0 .749 0 . 867 --.-a a ).736 3 . 344 0 . 845 0 .1 44 --
• 0. 000 0 . 3&0 0.550 0.144 O. HIJJ a-, 
a 5. 014 4.500 ' . COO 1. 500 O. COO 

4 12 " • 0.000 0.'60 0.550 0 . 744 0. 89' .-a a 5. 014 3.842 3 •• 76 1.82S 0.,58 

• O. COO 0.182 0.27) 0 . 496 0 . 751 a-. a 5.5ftl 4.500 '.COO 1.500 0. 000 
5 I. " • U. OOO 0 . 182 0.273 0 . 49b O. Hl p-a 

a 5 . 5&1 3. 032 J. 5'JO 1.593 0 . 001 

• 0.000 0 . 100 0 . 152 0 . 649 0.795 a-. a 6.98) 6. COO 4 . 500 1.>00 U.UOO • I. " • O. COO 0 . 100 0 . 352 0 . 649 O.11J5 .-a a 6.983 5.483 3.'123 2 . 081 U.38& 
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Table 2 eo.parillon of predicted ud previoully published aadaua load. 
for pinned-end be'.-colu.", with biadally eccentric lo.d-, 

Reference Cro .. L • • 2 2udicted 
nu.ber leet ton ( tn. ) ( t~ . ) (lK. ) Predicted Re erence preference 

I H 6x6 96 1.61 2. 78 0.426 0.421 1.01 
I H ~x5 120 2.)8 2.51 0.Z84 0.297 0.96 
6 W 12x65 180 18.40 3.76 0.186 0 .1 99 0 .9) 

• w 11..65 210 18.40 3 . 76 0.167 0.169 0 .99 • W 12x65 360 18.40 3.76 0 . 149 0.144 0 .97 

Table 3 Hax1a.&. external lo.d. for btaxtally loaded t.perfect be .... 
coluan. with ~rtt.l rot.tional equal end reltratnta and 
various load p.tha n-lZ ft. ; W 8x)i). 

IBea.- k load path 
"adau. External Lo.d, columl (LP) 

• 0 . 000 0 . 251 0.525 0.876 0.869 
a-. 0 1.078 0 . 864 0.405 0. 070 0.000 

a x 
0.631 0.506 0.2)7 0. 041 0.000 

1 k2 
Y 

• 0.000 0.250 0 . 500 0 . 750 0 . 869 ,-0 a 1.078 0.864 0 . 405 0. 070 0.000 
a x 

0.631 O. )Oft 0. 237 0 . 041 0.000 y 

• 0 . 000 0.21& 0.~3 0.919 U.904 
'-p a 1.255 0.952 0.411 O . OJ~ 0.000 x 

0.735 0.558 0 . 276 0 . 023 0 . 000 a 
8 kJ 

Y 

• 0.000 0 . 250 0. 500 0. 150 0.904 
p-o a 1.255 0.952 0.471 0 . 039 0.000 

a x 
0 . 735 0.558 0.276 0 . 023 0.000 y 
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Figure 1 Imperfect Bea.-Colunn with Biaxi.l Restraints 
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DYNAMIC INSTABILITY OF 
FRAMES HAVING THINYALLED COLUMNS 

By Srinivasan SrLdharan and H. Ashraf Ali 
Department of Civil Engineering 

Washington University in St. Louis, MO 

Dynamic instability of single story frames haVing thin-walled columns 

has been investigated. The lateral loads sustained by the frame are step 

loads, while the axial loads are deemed to be quast-statically applied. The 

analytical model employed by the authors has the capability of modelling 

the combined ection of two ftcompanionft local modes whose amplitudes are 

variable along the length of the column and any type of end conditions of 

the lIembers. 

For given levels of axial loads sustained by the columna, the 

magnitudes of lateral loads causIng instability can be significantly 

smaller than those corresponding to static buckling, provided the dynamic 

load is of sufficient duration. There exists, however, a threshold value of 

axial force carried by the columns, below which there is no elastic 

instability - static or dynamiC. 

For columns with overall critical loads several times greater than the 

local critical load, there is no danger of elastic instability. but the 

deflections undet dynamic lateral loads of less than 1\ of the axial load 

may reach such huge values that there is a serious danger of localized 

plastic collapse. It is also shown that moment frames having thin-walled 

columns such as fabricated out of cold formed steel are extremaly 

vulnerable to moderate seismic excitations. 
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INTROPUCTION 

Local buckling and the interaction of local with overall buckling are 

prl.ary considerations In the d •• lg" of thlow.IIed columns . A .eriou4 

con •• quence of local buckling 1. the reduction of atlffn ••• of the column-

.ection in Ita re.iatance to bending. Thus overall buckling occur. at a 

load .uch ••• Ller than the Euler crLtical load of the column. The 

pheno •• non la knovn to be i_perfectLon-.ensitive when the ratLo (0) of the 

overall critical atress (00) to the local critical str ••• (01) La clo •• to 

unlty.I-3 

The utILIzatIon of the po.thuckling strength of plata at.menta in the 

d •• lgn of the thin-walled columns such a. made of coldformed at •• 1 ia not 

thereCore po •• lbl. without ... terLng the associated problem of interactive 

buckling. In a recent paper4 the authora h.ve diacuaaed a at.ta of the art 

analytical model for the inter.ctive buckling problea . The model ia 

pri .. rily intanded for doubly a,...tric column aactiona. Extanalon to more 

seneral cro •• · •• ction.l .hape. ha. been accomplished recantlyS. but in the 

pre.ent p.per attention i. re.tricted to the doubly .ymaetric c •••. 

F •• tur.s of this ~odel will be briefly r.c.pitulated in thie paper. 

In the pr.eent paper the dyna~ic behavior of thinwalled columns ia 

lnveatisated u.in& the interactive buckling model developed by the authora. 

Axial compreaaion ia conalder.d to be the prl~ary aource of inatabillty and 

the dynamic response i. tri&gered by suddenly applied l.t.r.l loada. The 

.nalytical model employed ha. the capability of modelling the action of two 

·co.panion· local .ode. whose amplltudes .r. v.riable along the length of 

the coluan and can depict any type of end conditions Thua the lnt.ractiv. 

buckling in members of frameworks can be studied. For aimplicity. attention 

la confin.d in the present atudy to a aingle atory fra~. conalating of two 

flexible thin walled co luana connected by a rlgid Dember. Buckling und.r 



.Cap loadIng and ba •• excitation ia studied. Co.parisona ara .. de with the 

atatlc ca •• wherever applicable. 

['1 rut •• 9f the new AnAlytic.1 model 

The •••• ntl.1 f •• ture, of the new analytIcal model are .ua.arlzad In 

the •• quel. For. detailed treatment, the lotare,ted re.der t, reeerred to 

raf. ~ and S: 

1. The lotereetlon of overall bendLng/bucklln& of the column with the 

local bucklins mode ."oelated with the low •• t crltlcal .tr ••• (at) 

henceforth celled the ·pri •• ry local .od,- . tril,er. 8 •• condary 

local bucklin, .ode having the .... waveleoath a. the prl .. ry one . tn 

• r •• li,tlc interactLve buckling analyste of • doubly ay..etric 

compre.,ion m •• ber, thee. ·companLooM mod •• mUlt ba conaldered 

togathar . If the prl .. ry .ode i. syametric (anti.y .. etric) with 

re.pect to the axia of bending, then the aecondary .ade i. 

antisymaetric (symmetric) with respect to the aame axis. This feature 

wa. demonstrated in ref. (4) and (6). Thua, the new analytical model 

incorporate. the two companion local modes . 

2. The a.plitudes of the two local mode. do not re.ain constant, but .uat 

be given freedom to vary along the length of the member Thi. 

pheno .. non of -.. plitude .adulation- is demon.trated in ref (4) snd 

ia accounted for in tha model in an elsgant .. nner using the concept 

of. -slowly varying- function fir.t introduced by Koiter (7). 

3. The model e.ploys a new bea. ele .. nt which has cubic polyno.ial .hape 

functions for the description of overall axial and lateral 

displacements and linear variations for the functions .odulating the 

local amplitude. , Th. cro •• · •• ctional d.Cor •• tlons .s glv.n by the 

15 



local .oda. togathar with the as.ociated .econd order field. are duly 

a.baddad into tha ala.ant, Tha deacription of ovarall diaplaca.anta in 

tara. of a F.E. dodal .akes it po •• ibla to deal with arbitrarily 

prescribed end-condition. and to account for changee in the overall 

di.place~ent profile which occur due to interaction with tha local 

modaa under continued loading. 

EXAMPLES 

Simplifi.d mod.l of a aingle atory fra.e (Fig. 1) con.i.ting of two 

column. connact.d by a rigid beam at thair top lav.l. la the example 

.tudi.d in this paper The fr •• e is d .... d to carry axial load. of P 

appli.d to aach column and a lateral load Q applied at the leval of the 

beam , Whil. P ia deemed to b. alwaya applied statically and prior to Q. the 

latt.r .. y be appli.d .tatically or dyna.ically. Thi •• ituatlon i. typical 

of fra.e. in thin-wallad .. tal building •. The relation.hip between P and 

Q(Q.) in the context of .tatic instability wa. touchad upon in r.f, 4 , A 

similar r.lationship between P and a audd.nly applied (at.p load) Q(Qd) is 

inveatigatad in the pre.ent paper. The instability in this case i. one in 

which the frame would los. its ability to oscillat. and exhibit divergence 

. the ch.ract.ristic .od. of dynamic inatability of con.ervative .yate.a . 

In the axampl., the fra~a ia deemed to carry ma •••• at tha l.vel of the 

beam each .qual to PIg (Fig. 1) where P ia the axial load carried by tha 

column. and liven in &ravitational unit. and g i. the acc.leration due to 

graVity Th •• a ...... ar. due to the daad weight of the .uper .tructure 

.upport.d by the column. Tha material is aasumed to b •• tructural ata.l 

with E - 30,000 kai, ~ - 0 , 3, specific gravity of 7 . 32 In all tha 

calculation. raported harein, tha column waa divid.d into 5 el ... nta. For 

the extraction of tha .tgen .odes and tha s.cond order fi.lda, advantage is 
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taken of the ay.aetry and 24 strip elemente vere used over half the colu.n . 

Thes. have be.n shown to b. adequate to obtain r •• ults of engine.rtng , 
accuracy. 

1.11,,100 coll1gn 

FLg. 2(a) ahows the cros.- •• ctional datail. of the column and 2(b-c) 

the local mod •• of buckling. The lateral loading 1. applied eo a. to cau •• 

bending about the we.ker axi •. An Inltlal imparleLelon Ln the shape of the 

priury local buckHng -od_ with a ... xL.WI .. pl1tu,'. of O.lt h ."UlHd for 

the column. In all the calculatLona 'c' va ••• t to be 0 , 1 1n , and this 

value la typIcal for cold formed sheet at.al. For a column length of 2000t 

(0 - 1 . 06) the natural period of overall oscIllatIons of the frame 

including the .upert.po.ed ...... works out to be 4 . 7 .ec and 6 4 aec 

re.pectively for PIP equal 0.60 and 0.76 . (Pc is tha critical load c, , 
corre.pondin, to the primary local buckling moda) , A time atep of 0.5 aac 

wa. found to yield .ufficiently accurate raaults for the deflectiona and 

produced convarsence in 2-4 iterations in all the cases inv.ati,ated . 

The dynamic re.ponse for Q < Qd is illustrated in fig. 3 . The axial 

load on the column. 1s 0.6 P
Cl 

and Q/Qd • 0.44 (Qd - 0.101 kipa) . It is 

found that the structure has an oscillatory raapon.e Unlike in the lInear 

proble., the aaxi.u. amplitudes are .ora than twice the corre.ponding 

static deflections. Thi. i. because of the increa.inS los. of atiffne •• due 

to local buckling of the atructure with lncrea.lng daflaction • . Nota that 

the local .ad.s are driven by the overall bend in, and their fraquencie' 

coincide with that of tha overall o.cillation of tha fr... Note also that 

the deflectiona in the for. of .econdary local .ode vani.h aa tha .tructura 

returns to ita .traight configuration. To lataral load. aqual or graatar 
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than the critical local Qd' the structure re.ponds by deflectiona which 

incr •••• indefinitely with time (not Lilustrated). 

Fig. 4(a·b) shows the relationship between PIP and Qd/P for two c 1 c t 

c ••••. with lengths of 2000t (0 - 1.06, cas. (a» and 1760t (0 - 1.37, 

ca •• (b» respectively. For each ca •• the corre.ponding relationship 

between PIP and Q IP La also shown In the Fig. 4(.·b). Not. that Q. and c
t 

• c 1 

Q
d 

are the lateral loads corresponding to elastic Lnst.bilLty (statLc and 

dyna.ic respectively) with no limit .et on the yiald atr ••• 0y of the 

.aterial . 

Fro. FLg . 4( •• b) it ta seen that thare 1. a thr •• hold value of axial 

load below which no al •• tic buckling - static or dynamic· occurs. In this 

range column respond. to the lateral load by developin& deflection. (.tatic 

ca •• ) .nd o.cill.tion. (dynamic c •• e). The defl.ctlon. and the amplitudes 

of oscill.tions incr •••• indefinitely with Q. Column thus behav •• like a 

.olid Eul.r column with. r.duced critical lo.d. 

For values ofaxi.l loads above the threshold value, Qs Is always 

found to be greater than Qd' Fig. 4(a.b) a1ao plots ~, the reduction due to 

the .uddenne •• of .pplication of the lateral load expressed aa a p.rcentage 

of Q" (i .•.• - CI·Qd/Q.) x 100) again.t PIP . A. the axlal load 
'1 

incr ••••• both Q. and Qd .pproach zero but at differing r.te •. For a value 

of .xial load about 70, of P ,the percentaBe reduction~, in the case of 
'1 

column (a) i. seen to be about 28, • a significant r.duction which should 

be important in de.ign. 

Though qualitatively ai_ilar, the behavior of columns Cal and (b) do 

differ froa each other noticeably. The range of PIP over which el •• tic 
'1 

buckling i •• problem in the presence of the later.l load reduce. to 0.19. 



(0.91> PIP > 0.72) for the shorter column (b) from 0.26 (0 .81> PIP c 1 c
1 

> 0.55) of column Ca). Aa the length decre •• ea further, there i •• 

continued reductIon of this range (not illustrated). There occurs too. 

reduction In the valu •• of • for column (b) over the entIre range over 

which dynamic Loat_bilLey 1_ a problem. 

The .... fr ... (with l· •• etlon columna, ce •• (a» La nov Love.tis_ted 

for a.t,.ic r •• pon ••. An idealized ground acceleratLon with a peak value of 

20 in/.ee2 (- 0.05,) 1_ conaldered (FLg. Sa). The total duratIon of the 

.arthquake la ••• uaed to b. 3 aec. The column carrL •• an axlal load of P -

O,6P • 

" 
In Fig. 'b the lateral dL.pl.c.~nt at the top of the column (W .. x) 

18 plotted _,_lnat tl •• , E. Not. that the Ltr.gul_rLty 1n the r •• pon •• at t 

- 3 .ec ,. due to the tran.ition from foread vibration to the free 

vibration pha.e. Th •• tructur. o.cillate. fre.ly r.achin, defl.etion. of 

.or. than Ll50. Th. p.ak. ot loeal bueklin, aaplitude once a,ain, 

.ynehronize with tho •• of the lat.r.l di.placement. Not. that the pariod of 

vibration i. mora than twice the period of vlbratlon of the fra~e whleh i. 

obtained n.Sleetlna the loeal buekling defor-atlon. 

Even though the frame vibrate. without apparently lo.lng it. 

atability, the .tr ••••• at eritieal •• etiona aa ,iv.n by the .la.tie 

analyai. r.ach auch .agnitude. aa .ay very well cau •• yielding in practiee. 

At ti.e i - 4.5 .ec, the fr •• e reaches it fir.t p.ak of diaplaca .. nt. It i. 

found th.t with 0y _ 50 k.i, aoat of the fl.nga would have ytelded tn 

compr ••• ton or tan.ion. Thu. thera exi.t. a potenttal danser of col lap •• 

dua to fr.quent excur.ions of the .at.rial into the pla.tie range. Th. 

analy.t. i. repreated twie., in one ea.e incr •• slng the pe.k ,round 

19 
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acceleration to 30 Ln/aec2 (- 0.078 g) (ca •• (11» and In the other keeplng 

the ground acceleration as 0.05g bue increa.ing the ax!al load P to O.6~4 

P {ca •• (111». In either case, the structure beco ... dyna.ically 
c 1 

unstable developing displacements which Lnere ••• lndefinitely with time. 

CONCYJSIONS 

Dyna.ic lnstability of aingla story [r .... having thin-walled columns 

ha. b •• n lnve.tigated. The lateral load. auatained by the frame ate dynamic 

in character, while the axial load. ata d ••• ed to b. qua.i-atatLcally 

applied. 

Under laterat step load. (of InfInIte duration) the fr •••• dave lop 

divergance type of Instability at loads which can b. significantly ... ller 

than the corr •• ponding atatic load causing instability. However there 

exiata a threaho1d value of the axial force carried by the columna, below 

which there i. no e1aatic in.tability, atatic or dyna.ic. Th. elaatic 

b.havior of the columns ia controlled by the two para •• tera Q and 1. 

For columna with Q » 1, th.r. is no danger of .lastic instability, 

but the deflections under dynamic lateral loads of 1e.s than 1\ of axial 

load .ay reach such huge values as may very w.l1 precipitate localized 

p1a.tic col1apae. 

Ho •• nt fr •••• having thin walled columns auch a. made up of cold 

form.d steel .r •• e.n to be extremely vulner.ble to moderate aeis.ic 

quantifi.d only by .tudying the col laps. behavior with plasticity duly 

accounted for. 



ACKNOVLtPCMENt 

The work reported In this paper vaa funded by • srant fro. the 

National SeLene. Foundation (Crant No. CEE·8318423). Any opinions .xpr •••• d 

herein ar. aolely the re.ponsibility of the author. and do not n.c •••• rlly 

reflect tho •• of the NSF. 

REfERENCES 

1. w. T. Koiter and H. Skaloud. MInterventions-, compartment Poat· 

critique d •• Plaque. Utili •••• en construction Hemoir •• de 1. Societe 

Royale de. Selene •• de Liage; 5m• Serte, vol. VII, { •• C, S, pp. 64·68, 

10)-104, (1963). 

2. V. Tverg •• rd -lap.rractlon-Sensitivity of • vide Integrally Stiffenad 

Panel under Compre •• lon- Int·J, Solida and Structur •• , vol. 9, 

pp. 177-192 (1973). 

3. Benito. R. and Srldharan, S, -Interactive Buckling Analyaia with 

FinLte strips-, Intarnational Journal for Nuaerical Hathods In 

En,ina.rin" vol. 21, pp. 145·161 (1985). 

4. S. Sridharan and H Aahraf Ali -Interactive Bucklin, in Thin·vall.d 

a ••• ·Coluan.·. Journ.l of Engineering Hechanic., ASCE. Vol. III. 

No 12. pp. 1670-1486. (1985). 

5. H. A.hraf Ali, ·A Nev Analytic Hodel for Elastic Interactive 

Buckling-. The.is Submitted to Uashinston University in parti.l 

fulf111 .. nt of the raqulre .. nt. [or the D.Sc Degre., Dec. 1986. 

6. S. Sridharan and H. Aahraf Ali -An Improvad Interactiv. Buckling 

AnaLysi. of Thin·val1ed Columns Havins Coubly SymmetriC Section.­

International Journal of Solid. and Structure •. Vol. 22. No.4, 

pp. 429-443 (1986). 

21 



22 

7 . W. T. Kolter and H. Pl&nataro -An Alternate Approach to the 

E 

L 

p 

Q 

• 
• 

'. 

Interaction Between Local and Ovarall Buckling In Stiffened Panels-, 

lUTAH Sy~po.Lua, Cambridge, HA (1974). ( -Buckling of Structures-, 

B. Bud Lanaky, Ed .• SprLnger Verlag, 1976, pp . Ill . l48). 

APPENDIX I ' NOTATION 

Young'. modulus 

Length of column 

AxLal load carr Led by column 

Critical value of P corr •• ponding to local buckling 1n the 

prL .. ry ~d. 

Lateral load carr Led by frame 

Static lateral load causing al •• tic LnstabilLty 

Dynamic lataral load causing el •• tic Lnst.billey 

Maxi.um value of W, the lateral displacement of the column 

~o/Ol 

AaplLtud •• of the pri.ary and .econdary local .ad •• 

The critical stt ••• corresponding to overall buckling 

The crLtical str ••• corr •• ponding to the pri.ary and .econdary 

local bucklin& .odes respectively 
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Paat-Buokling Behaviour and .ftective W1dth 

ot Edge-Stiffened Plate Ele.ent. 

Under Co~blned Compresalon and Bending 

by 

Xuh0ll6 Zllou* and SlJl .all8*. 

The po8t-buokllas behaTigur and efteottve w1dth ot adS'­
.ttttened plate ,l •• ent. under Go.bined Go.pre.,ion and 
bending are inT.atlgated th.or~tlo&lll and Ixperi.entally 
1n tbt. paper. ~ aaml-energr method 1. u'8d. Beoau •• of tha 
oomplexity 1n both boundary oODditions and loading oondition. 
the detleotion along th, tran.Ter •• 'Iotion 1 •• a.uaad to b. 
a transoendental funotion at_1lar to the vibration runotlon 
ot beam., wbo.e eigenvalues are d.t.~lned by the boundary 
oonditione of the unloaded edgea.Tbe strele funotion oan tbu. 
be .01Ted by wabatttuting th' detleotion tunotion into Ton 
xarm&n" oompatlbl11t, equation. U.ing the prinoi»l. ot ita­
tionary potential energy a set at .imultaneou. non-linear 
ala-brio equation. tor 4etermining tne parameters ot the 4e­
tleotion tunotion oan be dariTed. Ba.ed on the Stowell-llyu­
ehin theorem, a criterion tor pOlt-buokling .tr.nstn i. 
e.tabli.hed. Theretore, the ultimate load tor suob plate 
ele.ent. can be determined. For delign purpo.e •• implitl.4 
ettectlve widtb formula i. prelented. 
~ •• oretioal re.ult. are v.ritled by a total ot 28 oold-tor.ed 
lipped obean.l ant li~Pl4 aoclt ooluan te.t •• Th •• peoi •• nl 
are d.slen.4 ln Tariou. wldth-to-th1ckn ••• rat10', •• peot 
ratio. and .coentrioitil'. ~ aompari'oD at tbeoretioal ulti­
.ate load. wlth experi.lntal r •• ult. 1. pre.entld and agree­
•• nt 1s .een to be ,ood. 

INTRODUCTION 

cold-toraed open .eotion. haT1nc lip •• .uch a. llpped 
channell',lipped anglea, hat leotion' .to., are wldlly u.ed 
aa atructual ce.bers. Tbe tlansea or leg. in .uoh ,Iotion' 
ar. ooamonl1 treated aa .dc.-attttened plate ele.ente , whoae 
ultimate etre~tb is oonaiderabll larger tban tbat ot a un­
attttened plate ele~ent at .i.ilar di.enlloo. and .aterial 
properti ••• 
The bebavlour ot edse-.tittene' plate Ile.ent. under un1tora 
compresaion were Btudied theoretioally and experi.entally bl 

-ae.earob and reaohing ~8ei.tant,DeRt. of CiTi1 Engineering, 
Hunan UniT., Changaba, Hunan, China. 

-.prot •• aor, Dept. ot CiTl1 Engineering, Hunan UniT. 
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28 n. •• on4. et a1 (1). Rhodea and KarvI, exaalned tne poet­
buokling behaviour ot ecoentriaally loaded plate wlth the un-
10adla ,dgel elasticall, restrained &&&108t rotation using 
J1tz .,thod (f,3) . Bo •• ?er. their theoret1cal boundary oon-
41tlone I ••• to be 1 ••• practloal tban condition. ot at11t,n.t 
edgel. 
ThiS paper t. aonaerned w1th an e1.etto large 'etleotlon 
ana1,s18 ot edge-It1ftened plate 11 •• ,nta under ao.blne' oom­
preBsion and bend In<<. the •• thad developed bl Bod •• and HarT'l 
(2,3) 1. extended 1n tbte paper. 

!KIORITICAL A!ALYSIS 

1. Ballo ••• uaptlou and ~un4.r1 Condl tiona 

tbe balta ••• uaptlon •• &4. 1n the anal,.ia ara the tollo_inc: 
(1) onl1 th' el.8t10 bebaTlour 1. oon.itered; (2) .~ at1ftl­
Dlr 1. an ,1 •• t10al17 lupporte' be .. , who ••• tteot ot rota­
tional reltratnts on tbl tl~ 1s 1enor.d. l3) at the wlb­
tlanse Junot10n the ao.ent appl1,d to the tlance 1. propor­
t10nal to the rotat10nl ot th •• d .... l') th. unloB~.d eda •• 
at tlanae are tree tram noaal and ,bear Itr, •• el. (~) th. 
10a4.4 14gl. are compres.ed in such a w.y that their in-plan • 
• 0~'.lnt. ~.r.r l1ne.rlT alone tb. wldth ot tb. plat. and tr •• 
tram ,bear etra ••••• 
!b, edae-Itittenld plat. ele.entl in tbi_ etudy are abown in 
71S.1. Tb. 4etl.oted tora ot • 1. tak.n &a 

( 1 ) 

wb.r. e_Lj",b. m 1. th. numb.r ot bu.okle .. alt-w.,. •• 
• Pp17 i ns !,.(1), lt 1. '.'n tbat the to110.1n& boun4&rT oon­
ditione can be obtain.d 

Y.I.~_-o 

Y:I •. t -~Y~ I •• t 
OlF OWl 

T •• I •• t- - OriUl 1.-1"'0 0.1 •• _- OXI e.' -0 

(n-v(..!..)'Y.) -. eb ••• 

( 2) 

( 3) 

(4' 

(D) 

(6) 

(' ) 

(8) 

U(O)-U" u(b)-u1-UI(1-i) tor 0 •• ' 1; (9a ) 
u(O)-ul-ul(I-l), u(b)-ul tor oa •• 2. (9b) 

wber. alb i. detln,d al tbl rotational rl,tralnt aattiollnt 
and ,.arle. b,tw,en 0 tor a .lapl1 .upport.d e4,e and ~ tor a 
oiallp.d ed~ J 7 i, a1l'J' Itres. tullOtloDI 1= ao •• nt at inertia 
at thl era .... otlon at atittlnlr about ite oWD aentroid &Ii. 
,e.rallel to the nanga; ~,15~ = ........ r stre •• 1n tb, I-7 pla.nt 



and direat .trel. in the 1 directloD; ,_~ 
u, 

2 . Defleotion FUnot1on and Stre •• JUnotion 

~h. runotlon. or Yn (7) art obo •• n •• vibrat ion funotions ot 
be .. at the t ora 

Y( )d , .. , •• , .. '" • 1/ - ,.8In- b- + dJ. cuaT + d,os"T + d •• CA_;_ (10 ) 

wbere d .. _ d " are oonet&J1ta to be Aeterai nad. 
SUba t ltutlng TU (T) Into .~ •• ( 2 ) . ( 3), ( 5) and ( 6) , ••• ri •• at 
bo.oseneoul linear a1«lbrl 0 .quatlo~ can thul be obtained 
a. r ollo". 

d •• _ - tJ,. 

fl l.R +2d lol . + d,.R-0 

d,. [,: +v (~)'J 'ln " +d,. {[ ,: +v( ~)'J <ooA.+ 
+[,:-v (m dA.}+d,.[ v (~)'- ':}A'._O 

d h { A:CC)jI). . +(2- v) (~) 'Xoco.)., + ~!: 8In)..1 + 

+J,. {A.! (SA". - ain)..)- CZ - v>( ~r), . ( S,l,).. +.ln). . ) 

+ B~:; (co.)'. -cA)'. )} + d)· f(2- V ) (~) t . )..d)..-

(11) 
(12) 

( 18 ) 

£ 1. · } 
- ). ~c1I).. + Detb $.Ii).. -0 ( 14 ) 

The nontrivial lolutionl at th ••• equationl can be tound b7 
equati ng to ~.ro the tol lo_lng determinant 

R 21. R 

), : +V(~) ').fn ).. 

: ). : ( .... )..-.In).. )-

).!+(Z-~) (~r )..) - i -(Z-V)(-i)'A.(sll)..+ 
£ 1. ' 

- co.A. + De'b am).. £ 1.' 
+atn)..)+ De' b (co.). . 

-cI!),.) 

-0 (l~) 

I t i l pollible to lol ve tranloendental. eQ.uation. (16 ) ror A. 
SUboUtutlD4 the nlu .. or A . into Zq,.(ll )- ( U ) an4 oettiD4 
d, . _I , tbe oOJletQtl dl. -d •• are c1ehr-.1nec1. 
Jor ei.pliai t " introduoe IT_bol ot oprrat i on aa rolla •• 

()I~ ()I'J oJ.: aJ'l . d J
': a"l 

L(("Il-~ ' Oiii o;ii'~-!~ '~ (16) 

fne s trel. di ltri bution in plate .u.t no. obey von KAraan'. 
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JO coat>ati bUi ty eQ.uation 

V'F 
I 

- ,EL (W.W ) 

Subatitutinc rrom EQ..(l) tor. gi?ea 

V' F_ ,E~b" E'i.:. A .. A.( F~V~-I ~I .)..,..(Y~Y:-r~)'~)C()ll~) 
e .. , " 1 eb 

Thua • aolut10. tor atreaa runotion oan be obtai ned in 
~Ol'll 

F F :!:tI F_ ,(11)+ ,(II)co.Cb 
Fro_ SQ..(18) it oan be aeen that 

( 17) 

(18) 

th. 

( 19) 

( 20) 

F 2 , . 1 ( /I )-Z( :: r F~(y) + ( !~ r F ,(y) -

_ £.' EEA .. A.(Y .. Y:-y~n) 
ze'b ' ... "1 (21) 

Inte«ratln« Bq. ( 20) twice ~.e. 
£:r. 1 ~ • 

F~(Y)--b-EEA .. A.Y .Y.+B,y-B, ( 20) I .te' I .. , . -, 

The integrat t on oonstants B, and B~are used to .at t ar, the 
oondltlona on the loaded edge .a wl11 be .een later . 
to obtaln a solutl0D. 72 :lq. (10) 1. used. Th •• olutlon to Sq. 
( 21) tak •• the tOrD 

£.' • • 
F.(y )_~_EEA.A.+ •• (") ( 22 ) 2e' o' ... .. . , 

partloular aolutton i. 

wb. re 

E,,· •• -
1!J(1I) - ze'b-~~A..A.+ •• (JI) 

- A .. Y . A.II A I A .. y A.II 
. ... (y)_A1 • • ain Taln-b-+ I.,a nb"f!OeT 

• ). .. Y A.y ). .. 11 II A.y 
+.A, .. . aln-b-sllT+A ••• ainTc b 

A./I )..11 )..y II )..11 
+AI ... C08bc08T+.A···~bs b 

). .. 11).011 )../1 11)..11 
+A'.'~bcII-b- +A, •• sll-.-S ... 

A. JI h)..y 11). .. 11 1I).,.y 
+A, ... sIlTC T+A, ••. c T C -.- ( 211) 

Subetltutln« T" and F,(J/) into :lq.( 21 ) , we obtain a a.rie. ot 
at .ultan' oua linear algebrio 'Q.uatlona t o deter. ine oonatane 

A, • .().!+A:+6).!).!+,( ': )'().!+).!) +( ~' ),) 
(U) 



.f' • . [l~A:+ 6A! ).' +z( Z; r O,;+A! H' ( 2;'1 r) 
.... 4A, •• ( A! + A.; (2;'1 )')A.A. _ b4 -Zd ,.d,.A.>.. - d, .. d,o(A!+A!) 

.f ••• (A! + A!-6A!A! + 2( ~ftr<A! -)' D+( ~ftr) 

+4A, •• ( ).!-A!+ ( '!~~ rJ)" .. )". - b-Cd1_d lO<A:-)"! )+Zd,.dI.)" .. ),,.J 

..... (A! +A:-'A!A!+'( '; ), (A! - A!>+ ( ';' )') 

+4A ••• ( )'!-A!+ ( ~ft )')".). •• b4Cd, .. d4.().!-).!)+ 2d,.dI .. )..)..J 

- 4A .... ().! +).! + ( 2e
ft 

)'])".)..+A, • .( )..!+),,! + 6).!).: 

+ 2( '!c
ft 

),(A!+A!)+ { Z; )"J--b'(dl.d1o)"o+d ... d •• A .. n. 

-tA , • • [ A! - A! + ( 2e
ft 

)')" .. A. + A .... ( ),,!- 6).!A! + ).! 

- Z( Z; )'<A:-).!)+ ( 2; rJ --bl :dl.d,.(A!-A!)+Zd, . d •• A_).. l 

...... ( A! - A!- ( '; )'JA.A ...... , • .( A! +A : - ,A!A! 

-Z( Ze" )'CA!-).!)+( z; r) -b4 .d, .. d .. ().!-).! ) -zd ... d,.).. )".) 

A .... ( ),,!+A!+6).!A:-Z ( Ze
x 

),<A! +)'D +( Ze'IC )'] 

+ 4A ..... ( A!+)'! - ( Ze" )'JA.)..-b'(d,,,d,.Ao-d.-d • .>. .. ) •• 

A ... {).!+A! +CI).!),,:-Z { z; ),()'!+)'D+ ( Ze
ft rJ 

+.A .... ( ).!+).! - ( Ze
x 

) ' ) • • )..- tro(d,. d,.<A! +).! )-zd4 .. d.J. . )'.) 

.A._.( A! +A! - ( ~. ) ') A .. A.+A ..... ( A! +A ! +6). !).! 

-2( ~" )' CA!+AD+ ( ~. )') _b4Cd'"dlJ..- -d, .d,.A .. ) •• 

!he .olutton to Iq.(21) t. oO.JOund.4 iro. the 
integral and oompl ••• ntar7 runotion .01ut10~. 

T ZII 2ft . .... b)- ••• (11) +AI1 ... CA-eoIl+A" •• sA-;;;-II+ 

(Z 5 J 

(Z 6 ) 

(Z 7 ) 

(Z 8 J 

(Z 9 J 

(30 J 

(31 J 

(3Z ) 

(33) 

JI Zft JI ZII 
+A,J.' 1"derll+Au ... t;S"rill (U) 

SUb.~1tu~1ng X~.(19J 1n~. I~ •• (') and (7) .b~.1n,t.ur .on. 
d1t10n • •• tollo •• 

+ •• (0)-0 . +~.(O)-o. + •• (6)-0. +:.(6)-0 (a'J 
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)2 
!hl.t oonditionl are latl.tled it 

A" ... - -(A . ... +A, ... +A, .... ) I 
A'I'" ( !" ) +..4" ... - -(A, •• +A_ •• +A .... »), .. -A .... ).. 

2. z. 2- Za 
A .. .. .c'7 + All-de +A1, .... cAT + A\4 .... d~e 

_ - A, ••• ln). • • ln).. - AIo •• ain). .. cod.o - A . .... ln). .. s").. 

- A._alnk .. cAl)... - .A._~), .. cod •• - A, ... ca.)....s4>... 

- A, ... oo.). .. c,\).. - A ... ..sA).. sAl).. 

- A ... ..sAA .. cAA. - A .... cA .. cA).. 

... " ... ( ~. )Slt 2; +Au ... ( !- )cA !- +Au .. {cA !1l + 

+( ~. }s" ~. )+Au_( sf ~. + ~. cit ~. ) 
- A' • ..)."'n), • • in).. + ( A .... + A, ... » ... -

-(At •• + A, ... »,.).in),,,u*).. + (A .... ). .. 

- A ... .A.)., n). .. sllA. + ( A ,,,J. .. - A, • .>...) .in). .. cAo).. 

- A, ... ). .. wd, .. coa}, .• - (A, .. .>... + A, •• ), .. )co.). .. sll).. 

- (A~ .. J.. .. + A ••• )..)c.). .. cA)..- A, .. .J...sA). .. sII).. 

- (A .... +A.. ... »)..+(A" ... +A" ... » ... Uh). .. cA).. 

(J6 ) 

(J1 ) 

(J 8 ) 

-A .... ). .. c.)..cll)... (39 ) 
SolTing tn. lin •• r algobrio _q •. (36).(~?).(38) and (39). tn. 

con.tant. Au ... -A ..... are 4etena1ne4. 
Iq. ( 8) ta l.ttlt114 lrrelptctlTt ot tnt tore. ot ~ &Ad f,. 
Acoording to the theor7 or lager detleotion an4 der1T&tloD 
aboT'. th, in-plane di.plaoe.ent of the plate .1441. aurtao. 
in the direotion 7 1. 

( ) J'... f'''[ I (.'F .'F) I ( .~ )'}I •• _ -dr_ _ __ ._ -_ - r 
• Or • Eav' Oz' 20r 

L aiL·· L --E F: -..,..,.".,.EEA.A,Y . Y. -_. (8 •• -8.) 
Z lei,,' .. '-1 ZE 

_q.( 9) i. lattatied it 
,E 

BI---rr"lt 
zE 

B'--T'" ror 0 ... 1; 

zE 
B'-u",t 

ZE B.- -T",(l-l) ror OU' 2 . 

3~ An&l7Ii. ot .n.r«r Method 

(fO) 

(fl.) 

(~b) 

The total atratn enerCJ etore4 in the buokle plate ',Ite. 1a 
«1TIIl b7 

V_VI_V.+V,+V,+V, 

tn whioh . , • T,= atraln Iner«ie. ot b.n4il1C and aid-pla.ne de­
tora,tiona ot the t1anc-: V,- .train energr at the elast1oaIl, 
rl.tralng .ediu. at the unloaded edce re.tra1ned tro. rota­
Uon; l._ ltra1n enerD ot tne ed,e atltt,ner; ',= ~t.nt1al 



energr o~ tne external ~oroe •• 7ne.e energtee are gl.en by 
the ~ollo.ln& expres.lon8 

, )'f'( • )' 7b . ~A.Y~ dlJ 

v _Qj.'" ( a'~ +va'~ ) (~) dx_ Qj'" ~I aal 
J 2., ' Oll' orl ,.f Off ,.. 2 ' ~ "O!ll _. , ' ou .. f dI 

DL • • 
- - EEA.A.Y:( 0 )Y:( 0) " .. , .. , 
El j" ( a'~' LEI (_)'" V.__ _) dx _ _ _ '_ EEA.A.Y . (')Y .(') 
2 -. I Orl , . t eb eb '" • • , 

.ote that the expre.sions tor V, and T2 ha.e been alapl!!!. ' 
bl uI1nI the orthogonallty ot Xn (7) and the str.l. boundarl 
oondltlon.,re.peotl •• 1,. 1 ••. 

f'.l'. I L(F F)drd({.'+" (~. O'F dr .... £. , O' F d({)- O 
t ' 1'r O!J or' O~I o({or 

where Pr -- lntegrstton sloD« the ed« •• ot nange. 

It 1. unnecea.arl t o ttnd an expre •• lon tor ' 5 11noe Vs 1. 
not related to the ooetftclente 4", 
low &"lylng the oonditlon ot ,tationary potenttal energr 
obtatne 

- ____ EEEA.A.A. "Y.Y.Y.Y,-av Lt E,' • .' J'{ 
0 14 , de-b" .. , .. ~., I 

- ( +:.-( ~: ro .. J( .:.-+.:-( ;: )'(+,.-+.,) Jld" 
- f Lt:t l I' LD~I f 'l"}" d .... ~A .. t::!t'lbIBI ,I- .. Y:!ld y ..,. rib' . .. , !I-

-~v·y~r-.-r:.Y '; _!::E.. }-":con';(O) 
~t'lbl " , 

-Y'(O)Y.(O) - LEI,' :y.(')V'(" 'l 
' .. . 2e' b' 

_A i!:E. f'(Y .. - (-' j'Y' jdU-. t! I rb' 

(42) 
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.qa.(42) are a •• t at atault&Deoua non-linear al«_brio equa­
tion. in tbe ooetfiolente. Canoelllna tbe non-linear teras • 
• et at linear ho.o~n.ou. equatlon. oan be obtalned. rhe 0;1-
ttoal a14-pl&1l1 displaoe •• ot ", .. d •• orlbl118 bU'uroatlon aa.n 
thus b. found by equat1n& to zero the determinant ot oott1-
ahnta. 
Uaing equll1brlua oondition and .q.(3~) the load on the 
flange 1. tound trom 

p- - I J: o.dll- - II: F~(II)dll 
I 111£1 •• J' 

-bIB'-"2 b'tB,- .4e1b' 
~~A.A •• Y"Y.dy (U) 

M - - 'I: o.lJdJ/- - If: F~(II)lIdll 
I . 1 fflEt •• J' 

--2bI18'-"36118,- 4e1h' ~~A.A • • Y.Y,JIdll (44) 

Setting M -Pd obtaina 

bO' (.!.d-..!.. b)S,-bt(d--2
1 . )BJ_ XI,E.t EEA .. A.J) y.y .(II-d}du-O (.~) 

2 3 4e J _, '-1 • 

wbere d 18 eJ:~re •• ed in term. ot a_~ . 1 ••• 
a, 

2 
I-TO 

1 1--
2
- 0 

1 
1--3-. 

1 
I-Til 

• - -2-

• 
2 

tor oau 1; 

ror oa •• 2 . (i6b ) 

In poat-buoklin« analys18, the Taluel or I and ooert1c1entl 
.-i,-A . oorrespond1ng to a g1 ven 1.1, ( 1.1, > 1.1 ,", ) can be .round bl 
lolv1ng N + 1 non- linear Iq8. (42) and (45 ). ~8 tb1e 1nveeti­
gation le not reall, conoerned wltn load. sreater than about 
three tices tbe buckllng load, the use o.r only one or two 
teras ln derleotlon aerle. wl11 g1ve 8ut t1c1ent aoourao1 tor 
engineering praotice.7inall, the plate displaoeMents, etre­
eeee, eot . • are all f ound f rom the theory of large derleotlon • 

•• Crlterion of POlt-BuokliD4 Strength 

~ooordlDC to Sto •• ll-ll7U.~ln'. tbeore., th. oondltlon or 
pla.tic li.ld or plate oan be approxiaatel, expre.led al 
~ollow. (i) 

o .. - t • (n) 
• ~ere o •• _ lIIulmwa .tre •• in tbe plate in x "lr.otlon atter 
buoklins. including non-lin.ar .e.bran. and bendinc etre •• ea; 
t,=11eld etrengtb or plate. 
It tbe condition or Eq. ( 47) i ••• ti.tied, tbe load on tbe 
plate reache. the ulti •• te capaoitY". ~he noainal .tr •• e 0, 

oorre.pond1ns to the ultimate load ie oonaidered .a poat­
buoklinc Itrea.gth 0, of the plate ele.enta. 



5. Itt.otl~e .1dt~ •• taod 

lOr de.lan vurpo.e, aotual buakl.~ plAt. 1. replaoed b7 a 
equiTalent unbuokl.d plat. aa ahown 1n 'lg.2. The w14th ot 
equl~alent plate ia '0 oalled .tteotl~. wldth. Tbe prinoipl. 
of Iqui~allnee 1a Ca) tal lo&d-oarr,rlna o_paoitl •• ot bota 
plate are .qual: and (b) when tnl no.1na! .axlau. atria. o~ 
the aotual plate reaohla poat- buokl1na .trlnct~ o • • the 
noalnal a&%laua .tre •• of the equ1~alent plate reaohe. 711ld 
atren&tb t , . It toll ow. that tbe .tt.ot1~. wldth 1. 

b.- b ~(2_0'" J (2-0)' + 10 J C4e) 
-4 r o . 

UPERIUnS 

I%perl.ental ln~eatl .. tlon ot 28 oold-toraed 11pped ohann.l 
and 11pped &Dgl. ooluan. undlr load wlth .ar1oua eoo.ntrl­
oitle. baa b.en carrled out at KUA&D Un1~er.lt7.tb.e oro •• -
•• at10nal ab.ape. at the lpeol.ena are .bown in 11«.3. thelr 
dl •• nalonl and .eotlonal propertle. are .1.en in Table 1. It 
oan be alln that the, are d •• lgned ln tl •• lort. ot w14tb­
to-tblokne •• ratl01 (b/t-30,40,50,60 and 90). A thlok plate 
•• 1 welded to .acb. .nd ot tbe lpeol.enl, and botn endl wlrl 
.e.t.d on oruoltoraknlte .upporte. 
~he theoretical ultt.ate 10ad8 are coapared wlth experl.en­
tal reaulte 10 ~.ble 1. 

COICLUSIOJ 

14&e-Ititteoed plate ele'lnte und.r combined oo.preeelon and 
bendlng re.ll, h ••• load-o.rr,rlng c.paolt, atter buokling. 
It c.n be u.ed 10 de.iID. B.eed on tnl tneoretioal .n.lyat. 
1n tni. paper, tne Talue. at .tt.ctl~1 widtn at edse­
.tlftlned plate Ileaente oan be tabulated tor de.lgn purpo ... 
In order to oonalder tne etteota at iaperteotlon., atrain 
b.ardins, nonllne.rlt, at •• ter1al and 1nteraotlon buokling 
at ooluan., further atudy le underw.y. 
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Ko.ST2, Feb., 1981. 

2. Rhode., I. &nd aar~e1, J. Y.,·The Po.t-Buokling Beba.lor 
ot Tb1n 1l.t Pl.te. in Co.pre.alon wlth The Unloaded Edgea 
Klast10all, Reatrained .gainst Rotation,· I. Wlon. Ens. 
501., '01.13, Io.2, 1971. 

3. Rbode., I. and B.r.e1, I. M.,"~t~eot. at .oclntr1oit, o~ 
Lo.d or Coapre.eion on The Buokling and Po.t~Buokl1n& 
Blba.10ur ot Pl.t Pl.t ••• • Int. I. Weoh. 501. Vol.13,1971. 

4. Ble1on, r.,"BuokI1ng Strength ot y.tal Struot~ee, 
MoGraw-Blll, Wew Tork 19~2. 
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p:r=bperi.ental oritioal load at buokllnc (JCa>. 
p!, p .... = bperi.ental and tb.roretioal ulti.ate load. 

ot .peal.en. (K&), 

L =Coluan. leD&th; 

A ==Slenderne •• ratlo; 

1.025 
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0 . 90 0 

' . 2·5 
..... 'S .. 

'.127 
.~n5 

1.C'jU 
,:). ~9" 
0.982 

C.983 
1.' 63 
1.132 
1 . 12~ 
0. 9S6 
1 . 135 
0.;;0 
0 . ~22 

O. 9 .. ~ 
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0, applle. to edae .t1ttener, all lIb.own in lig.lo.) 

_ Flexural buoklin&' ot oolU5J1.; 

Tr.io~al-tlexural buokllns ot ooluana. 
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GENERAL BUCKLING OF SHELL-LIKE STRUCTURES 
SUMMARY OF CLOSED FORM SOLUTIONS 

by Kenneth P. Buchert, Prof •• aor of Engin.ering, 
South.rn Illinoi. Univer.ity of Edward.ville 

I. INTRODUCTION 

A ahell-like .tructure i. one that r •• i.t. load. in a ~ann.r 
.imilar to that of a thin .hell. That ia, the major mode of 
r •• i.tance ia by ~'mbrane action by which force. ar. carri.d 
froD point to point by bia~ial ten. ion or co_pr.s.ion and by 
Ihear in the plane of the ehell. In addition to the 
membrane relietance, the .hell-lilte Itructure hal bending 
r •• iltance to help resi.t loade. It also has in-plane .hear 
re.i.tance. E~ampl.1 of Ihell-like Itructure. are latticed 
Ihalls, reticulated .helll, Itiffened .halll, orthotrOp.lc 
Ihalll , .andwich Ihell., framed Ihalll, concrete .hell., 
wooden Ihelll and compo.ite Ihaili. Figure 1 illultrat •• 
• evaral kindl of .hell-like Itructurae. CtwJ~rt!,tc or 

;:;eAU~ . f . Wood 
-v51;,1/-t ~ ~ 

~":I 
5firft!l7~d Skil ~"",.6o.s';-/~ shell , 

Figure 1. Typal of Shell-Like Structure •. 
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The clo.ed forlll equations of ahell-llke atructur •• involve 
what i. called an equivalent .embrane thickn... C"" and an 
equivalent bending thickne.. tIS ' The equivalent membrane 
thickn ••• i. found by equating the tenaile or compre •• ive 
effective ar •• per unit length to the m •• bran. thickn ••• . 
The equivalent bending thickn ••• i. found by equating the 
bending Doment of inertia per unit length to the bending 
moment of inertia of an equivalent un.tiff.ned .hell. (See 
Referenc •• 1. 2. and 3). Por •• ample the equivalent 
membrane and bending thickne •• of a atitt.ned ahell are 
9iv80 by: 

t,., c '% + t 
where A i. the area of ., atiff.ner, d 1. the atift.ner 
apacing and ~ i. the combined moment of inertia of the ahell 
and atitfener over a length d . It the .tittener. vary in 
.ize and apacing in different direction. equivalent .embrane 
and bending thickne •• are found for the principal direction. 
and are then aub.tituted in the proper equation.. For 
a.ample, a .tiftened cylinder will u.ually have ~ifferent 
lIIeJDbrane and bending propertie. in the a)l'ial and 
circumferential direClina. 

II. CLoSED FORM GENERAL BUCKLING EQUATIONS (Se. Reterence. 1'2) 

1. Spherical .hell-llke .tructure. with C~ and t~ are 
the .ame in the principal direction. 

0;,. %n.,. = ~ . .3S( t8;tJ1!Z 
where tr,,. i. the critical bu~k,ling .tre •• (in the ca.e 
of e.ternal pre •• ure 11;,. = I'~t,.. ). /i. i. the radiu. of 
curvature.? i. the pl •• ticity reduction factor. E i. 
the modulu. of ela.ticity. !~ i. the equivalent 
membrane thickne •• and t il i. the equivalent bending 
thickn.... Th. plasticity reduction tactor i. given by 

1.' ir ( Er r Fsh) 
where Er i. the tangent modulua at 0;,. and Es i. the 
.ecant JDodulua. The original wave length of buckle ia 

w.). :; 2(t".~fz tlr"t_14-
In order for the equationa to be applicable, th.re mu.t 
be two or three atiffenera within the wave l.ngth of 
buckle. The effect. of d.viation. frOID a perfect 
.urtace are covered in Section III. 



2. Spherical .hell-like atructur •• with different t". and t4 1n the pri'ncipal direction •. 

o;,R 
? £ t", 

D=W.I., 
fI..J • .J. z ) 

G = f Df. f- d(I-O).; .. d(l-o) 2 

r .... .o(/-IJ] -1-/0(;-"'(1-rf D YE, -I) c 0 ~ l 

l' 2 (E -I) o~ (/ -D)t-i: (t; -/ ),f/( I-P) 
7' ' ~ 

+f..(E,-I) /)(1- of ... fz (c, -/YI - D) 

iI= fO~-f ~ O(I-D).J. i (I-/)/' 

.I . ~ f IfF-I) + f(p-//+Vr-If 

rf Ff+t;:~(I-F)1-1 ;:(/-Fl 

'"f 7-('/-Ff 

/) i. t.he ratio of t.he wave length. in the 1 and 2 
direction •. t7;;. .... ill occur ",hen I) i. lelected luch 
that tr',.. will be II. minimum. ':'he effect. of deviation. 
from a perfect lurfae. are covered in Section III. 
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3. 

4. 

Spherical Segment when wave length i. re.tricted (for 
e~ample buckling between atiffeners of a atiffened 
ahell when the spacing between Itiffener. i. Ie •• than 
the wave length of buckle of an un.tiffened ahell.) 

t 2 ~ 
<7;, _ 0 0 2/d t + 5'. 7t 

C/'? - . 02 b"RJ dJ/i? 
where t~ i. the ahell thlcknes8. The effecta of 
deviations from a perfect aurface are covered in 
Section I II . 



Figure 2 - Notation 

5. Cylindrical ahell-like atructur •• or .hell-like 
structure. with Eero Gaussian curvature 
a. Cylindrlcal shell-like atructures under external 

pre •• ure: 

4 ) 
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b. 

where ~~ i. the critical buckling atr ••• in the 
circumferential direction. I? u the racHul of the 
cylinder. t,.. , h the equivalent meDlbrane thicKne •• 
in the axial di r ection . t. l. i. the equivalent 
membrane thickn.s. in tl'ie circumferenti a l 
direction , "t. , and t~ are the equivalent bending 
thickn ••• e. and L i. the length of the cylinder. 

'l~ (E,i' )'12(f ~ t z) 
" -= /,3 Plf: L i c. Yr /t VI' 

W,)(I I &/£;"1 



6. 

3 

I + 
t-~z 

t:/ 

c. Cylindrical shell-like structure under radial 

d. 

cOOIpre •• ion: ',4" ,. 
CTu"f( _ -t"" ~41 ~ 

~:;.::;-:- _ o. 6', --"',:,-"",......,,..--
'1 E t .. L ell,. L 

The wave length of buckle i. appro.imately one 
forth of the circumference. The plasticity 
reduction factor is ¥2. 

'[ :: (Est;) 
£ 

Cylindr~cal shell-like .tfuctu~e under shear 

Ma.a R _ 0 (,J t,.:' t 42. .e '/4-
n E - . t Vt, t I7/f I.. '/2... 
c.. ..,~ " 

.... here t\I,""Y""i8 the critical shear load per unit. 
length. 

Shell-like structures .... ith negatIve Gaus.ian curvature. 
Tor a hyperbolic paraboloid I 

_ 2 l (t8{1z L 
~v - V3E C"" t=:,J q'£' 

where ~~ri. the critical vertical pre •• ure. C i. the 
corn.r/~levation. 0 i. the length along the)( .,'1. and h 
i. the length along the Y.,.i8. The equation for the 
FlP i. 

The wave length of buckle is 
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111. EFFECT OF DEVIATIONS FROM A PERFECT SURFACE ON THE BUCKLING 
LOAD. 

Deviation. from a perfect aurfaee may be due to a 
combination of many causes. Some of these caUa •• are the 
deviation. of the "as-built" structure, deviation. or 
deflections caused by the e.ternal load. acting upon the 
"as-built" structure, deviations caused by the deflections 
of the boundry, deviations due to concentrated loads, 
deviations due to non-linear effects such .s concrete 
cracking, deviation. due to connection effects such as 
yielding of attachment welds , deviations due to the 
corobination of applied loads and residual stres •• s and many 
other effect.. In applications . the 8um of all the 
deviations are added together and their effect. are 
deternmined over the wave length of buckle. See Figure 3. 

Figure 3 - l) aa a function of Wave Length. 
If the sum of the deviation. i. A the quantity A/t~ 18 
determined. The reduction factor can then be determined by 
u.ing Figure 4. 

/ .0 j 
0;,. 

~d 10 

0.' 
(~\.o .5" 

0 .4 

0 · 2 2 
I 

0 1.0 2.0 Io 

A/t: 
'" Figure 4 - Effect. of Deviation. from a Perfect Surface 

onthe Buckling Load. 



The curves apply to the reductions for spherical ahell-llke 
structure., ahell-like structure. with positive Gau •• ian 
curvature, cylindrical shell-like structure. under external 
pr ••• ure, .xi.1 compre •• ion, shear and ahell-like structure. 
with negative Gau •• ian curvature. In general deviation. do 
not have a significant effect on cylinders under radial 
pre •• ure. 

IV. SUMMARY 

The previous .ections give aome of the details for 
determining the initial general buckling load of • number of 
ahell-like structure.. After initial general buckling, the 
structural will continue to deflect and in moat case. 
ultimate failure ..,il1 result. Stiffened ahell-like 
structure. can buckle locally betw •• n atiffeners in some 
ca •• s and the overall structure can remain stable against 
general buckling. References 1 and 2 give more complete 
details and give esamples on the basic results for buckling 
of sh.ll and .hell-like structures. Hundreds of tests have 
b.en conducted on shell-like structures. Deviations from 
perf.ct surfaces have been measured on many of the •• tests 
and the r •• ults generally agree with the equations pr.sented 
h.r.in. It should be noted that the deviations can be large 
.nough to give essentially zero buckling loads. In 
addition, numerous te.ts have shown that the zero deviation 
buckling load can be reached with accurately built 
structures. Hodels used to determine buckling loads must 
.imulate actual conditions . For esampl., plastic models 
cannot be used to simulate compos1te con.truction for 
concrete-steel structures because. in genlral, concrete 
cracking and steel yielding and effects of residual stresses 
cannot be .imulated with plastic . Non-linear computer and 
clo.ed form equations are often used to find the deviations 
from a perfect surface t.hat are then used in the closed form 
equations. Since, in general . the wav. length of buckle is 
relatively small . the buckling of .hell-like .tructures with 
non-uniform loads can be determined using the formulas given 
her.in by calculat.ing the local compressive stress and 
comparing it to the buckling load calculated by the 
.quations pres.nted herein. 
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THE BUCKLING BEHAVIOUR OF SINGLE LAYER , SHALLOW BRACED DOMES 

R.E. McConnel 

Depart.ent of Engineering , UnIversity of Cambridge 

The author presented a paper to the same general title at the 
1984 SSHe MetIng in San Francisco (Ref. 1) . This present paper 
wIll review the current state of the continuing numerical and 
experimental work beIng carried out at CambrIdge on the behaviour or 
shallow sIngle layer braced domes, and wIll conclude that there Is 
still .uch work to be done. 

1. NONLINEAR C04P\.m:R PROORAH DEVELOPP£NT 

The stabilIty theory employed in the prograas developed in 
conjunction with the work reported in this paper, was briefly 
outlined in the 1984 SSRC peper (Ref. I), and has been covered In 
detail elsewhere by See and McConnel IRef. 2) , and by Kani and 
McCOnnel (Ref . 3). Brtefly stated, buckling Is indicated if any 
eIgenvector of the full current tangent stiffness matrix becomes 
negative during the load history. This theory is based on lhe form 
of the spectural resolution of the tangent stiffness matrix, i.e. 
its fon. when transformed into its own eigenvector space , and not on 
the more usual energy arguments . This means that in princIple at 
least the development should hold for elaste-plastic .alertals. 
However, this is impractical, as it would require a consideratIon of 
all possIble tangent stiffness aatrlces at the current dIsplacement, 
given that any yielded .. terial in the structure .lght unload in the 
next displace..nt incre.ent in a bifurcation -ade . In spite of 
these problemo t successful nonlinear material calculations have been 
perfonaed (see Ref. ~, and below I on imperfect structures whIch show 
a clear li.it point response with no bifurcation. This is beCause 
the problems outlined above can be avoided in such Situations, as 
the strain history Is largely uni-directional . 

Returning to the basic elastic theory t the exaa1nat.1on of • ..,en 
one eigenvalue at every iteration step In a large nonlinear 
iteration analysis would be quite t.practical. Fortunately, in 
elastic probleas , it can be shown that there is a one to one 
relationship between negative eigenvector' and negative .. in 
diagonal terms in the decomposed stiffness matrix (Refs. ~, SIt so 
that it is only necessary to observe these main diagonal tensa 
during each matrix decompoSition to detect InstabilIty . 

With the earliest program developed in the current progr .... 
(See t Ref. 2), it was necessary to repeat any analysis that detected 
bifurcation 'Iia negathe diagonal tertl0 . Thh repeated analysla 
needed to be ' deflected ' onto its bifurcation path by either InItial 
seo-etric or load l.perfection In the for. of the eigenvector 
aS30Ciated with the negative eigenvalue. The current pl"'Ogr .. avoids 
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the necessity of stopping the analysis and beginning again , by 
introducing a suitable local imper fection into the analysis just 
prIor to the load level at which the negatIve dIagonal was detected . 
If this imperfectIon is very small (and it need not be large to set 
orf the birurcation -ode) , and if it Is re.oved shortly after the 
solution procedure Is established on the bIfurcation path, the 
program will generate the structures theorectlcal (perfect I prl .. ry 
and blrurcation paths . This form of analysis Is illustrated In FiS. 
1 (reproduced here from Ref. 3) as the 'perturbed perfect analYSis ' 
path. 

Such bifurcation (or secondary) equilIbrium paths can also be 
obtained from energy based formulations. However, while such 
methods can adequately deal with 3 degree-of-freedom problems of the 
type shown In Fig. 1, they cannot be applIed to multi-degree-of­
freed<a systeas such as those shown in Fia. 2. Such a_H.ations do 
not apply to tansent stiffness based nu.erical calculstions . 

2. IMPERFECTIONS 

It is well known that rand<a u.perfeetions in real structures 
.ean that any elastic critical bifurcation predicted by the 
theoretical analysis of a perfect (s)Wllltric) .ade! of the structure 
never occurs in practice . A Simple numerical explanation of this 
observed real behaviour can be easily deduced fraa the spectral 
resolution of the tangent stiffness -.trh . If therefore , randoa 
imperfections of either shape and/or load are introduced to any 
perfect numerical model, then all bifurcation points should be 
avoided and only realistic limit point behaviour should result . It 
would , however , still be advisable to retain checks for negative 
diagonals during decomposition. Such an approach also has other 
advantages in relation to the analysis of materially nonlinear 
structures , as discussed above in section I. 

Unfortunately , the inclusion of imperfections normally requires 
the introduction of at least one extra node per member , which leads 
to • two , three , or more fold increase in the size of the tangent 
stiffness matrix . Because of this problee, a study was directed at 
developina; a n .... rical method for the introduction of 1&perfections 
which avoided extra a1d~ber nodes by considering thea directly in 
the formulation of the element analysed to produce the .ember 
stiffness matrix (Ref . 6) . The results of a typical calculation are 
shown in Fig. 2 , where it can be seen that the use of imperfect two 
noded .embers has set off the appropriate buckling .ad~ . 

3 . VARIABLE JOINT STIFFNESS 

A long ter. alai of the work s..-riMd in this paper has been 
to investiaate the influences of joint .i~e and bendina; continUity 
on the behaviour of shallow do.es . To this effect , and because of 
the problems outlined in the previous section , n .... rical techniques 
have been developed to include the relevant Joint proper ties In a 



two noded member model. Extensive tests have been carried out on a 
nleber of domes of 8 lletre span constructed vith HERO joints Isee 
fig. 2) usinc two different ..-ber Sizes to obtain experl.-nw,l d~ 
response data for different .eaber-to-joint brnd1ng stiffness 
ratios. Thi. work is presented In brief detail in Aef . 6 and viII 
be more extensively reported in the near future. 

4. GENERAL RD4AJOCS 

A great deal of work has been carried out since that reported 
in 1984 IRef. 1) was completed . Unfortunately , In a general sense, 
not much PrQgress has been made. This is because, although the two 
main program developments limperfections and joint variable 
stiffness) perfon. well with Simple examples , the programs 1n which 
they are incorporated fail to converge for many analyses of even 
.ooerate ahe. Thel"8fore , the hoped for ability to ntaer1cally 
study the general effecta on dome behaviOUr of lIIperfectlon$ , dcee 
geometry, Joint properties, and load patterns, by analys1ng .any 
structures using a prQgram extensively tested asainst a .aderate 
nt.aber of experi.ental da.es, has so far proved to be lmprac:tical. 

On the positive Side , the results that have been obtained in 
the last three years have generally supported the Seneral 
conclusion. reported in 1984; nuely that the response of real daaes 
is dcalnated by i_perfections in node heights , and that the 
inclusion of reslistie joint continuity gives reasonably shallow 
unloading paths . Also , although the cOll'lputer programs have not so 
far proved to be practical for the analysis of a larse num~r of 
dOIlIeS , they have been capable of following particular experidlental 
results with reasonable accuracy provided sufficient ti.e has been 
available to aort out the numerical convergence proble.s associated 
with a particular dome . The realistic analY3is of one-off d~. can 
therefore be approached with some confidence . 

Despite the rather barren returns sained 80 far f~ the 
investigations undertaken over the last three years, work is 
continuing at Cambridge to overca.e the progra. difficulties noted 
in this report , and to assemble sufficient data to .ake reliable 
predictions of the seneral behaviour of shallow braced do.e" . 
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THE EFFECT OF STRUCTURAL STIFFNESS ON THE 

PROGRESSIVE COLLAPSE OF SPACE TRUSSES 

by Nicholas F . Morris 
Manhattan College 

Riverdale, New York 10471 

INTRODUCTJON 

Space trusses are highly redundant structures. Hence one 
would eXDect them to be able to carry a sUbstantial overload 
even after several members have failed either by yielding or 
buckling. Recent problems with constructed space truss 
structures (7) have lead to questions concerning their abil­
ity to carry load and the influence of redundancy on their 
overload capacity. Methods for the progressive collapse 
analysis of space trusses have been presented in (2,4,5 , 7, 
8). In each reference except (8). the behavior of buckled 
members was modeled by following the unstable branch of the 
tluust-axial shortening curve and using the tangent modulus 
of this curve to define the member's negative post-buckling 
stiffness . While this approach appears to be reasonable, 
it overlooks the fact that in order for a member to follow 
the unstable branch of a stress-strain curve, the loading 
device must be stiffer than the member being loaded . Ref­
erence (8) errs in the other direction in that it is 
assumed that the member is always stiffer than the loading 
device so that jump instability always occurs . 

A typical set of axial load-axial shortening curves is 
presented in Figure 1 (3,6,7,9). Such curves are usually 
linear along the rising branch OA and are assumed to be so 
herein. The situation after the buckling load is reached 
is the more interesting portion of the corve. Perfect 
columns , with low slenderness ratios can be expected to 
follow the curve a shown in Figure 1 . There is a rapid 
drop off in load with increased axial shortening . Since 
the loading device which is unloading the specimen must be 
stiffer than the specimen, which is unlikely for a member 
with such a large negative tangent modulus as that which 
occurs at A, the unloading curve cannot be followed. The 
member must unload suddenly and the axial force must jump 
to the value at C. Curve b shows the typical curve for a 
member with some imperfections such as an initial deflec­
tion and applied transverse load. or a high slenderness 
ratio. There usually is some slip at constant load and 
then a negative axial load-axial shortening curve. Whether 
this curve is actually followed also depends on the stiff­
ness of the loading device. If the stiffness of the device 
is greater that that defined by the negative tangent 
modulus at any point , the curve can be followed. If, how­
ever, the testing device is less rigid than the member, the 
axial force must jump to that portion of the load-deflection 
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curve where the tangent modulus is less than that of the 
loading device. 

The loading device for an individual member in a space truss 
is the remainder of the structure . Therefore, one cannot 
determine the negative branch of the axial load-shortening 
curve unless one investigates the structure with the buckled 
member removed to determine the axial stiffness of the re­
maining structure against relative motion of the end joints 
toward each other. Herein . an attempt will be made to in­
vestigate the effect of this fact on the computation of the 
progres.ive collapse load of space trusses. 

ANALYSIS 

Three approaches to the computation of the collapse load are 
considered herein. In all cases , the member is assumed to 
follow the compressive axial load-deflection curve shown in 
Figure 1; the tensile curve is the usual ideal elastic­
plastic curve. Unloading is assumed to be elastic. Non­
linear geometry is included in the analysis of structure. 
With the exception of minor details, the method of analysis 
is described in (4). The variation from the previous method 
of analysis is presented herein. 

The first approach completely neglects the effect of the sur­
rounding structure on member post-buckling behavior. A 
buckled member i8 assumed to follow the compressive force­
axial shortening curve . This is the traditional method for 
the computation of the progressive collapse load. Since 
this method does not assume any jump in axial force, it can 
be expected to yield an upper bound to the failure load. It 
is also the most simple analysis to carry out since the 
collapse load is computed with a single analysis. 

The second method of analysis is an interactive analysis. The 
structure is analyzed as in method one until the first member 
buckles. At this point. the nonlinear analysis is stopped. 
A linear analysis of the structure, with the buckled member 
removed, is carried out to determine the stiffness of the 
structure in the direction of the member (This i. accom­
plished by analy:ing the structure subjected to unit loads 
at the end joints of the removed members and computing the 
relative movement of the joints). If the structure stiffness 
exceeds that of the bar on the unstable branch, the analysis 
is restarted with the buckled member following the curve AB . 
On the other hand. if the member stiffness is greater than 
that of the structure, the load in the member is lowered to 
S' and the analysis is restarted . The process is repeated 
when the next member buckles . A new linear analysis of the 
structure is carried out with the two buckled members re­
moved to determine if member unloading is to occur along 
the negative axial force-shortening curve or by jumps to a 
new branch of the curve , B' C. The nonlinear analysis i. re­
started at this point and continues until the next member or 
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58 member a buckle. Then the procedure ia repeated. This 
approach ia, admittedly, much more complicated than the 
first method of analysis. Nonetheless, it can easily be im­
plemented. In addition, it should be noted that as members 
buckle, the structure's stiffness can be expected to drop 
off sharply so that once the analysis reveals that a jump 
will occur, it can usually be assumed that jumps will occur 
for each additional buckled member. 

The third approach is a dynamic analysis. A member cannot 
jump from one equilibrium position to another one stati­
cally. Hence the jump load is an impact load on the 
structure. In addition, the structure which was in equi­
librium under static load when the stiffness of the 
buckled member was defined by its positive clastic modulus 
must move to a new equilibrium position when that member 
has a stiffness defined by the negative tangent modulus 
alonq curve ~C. This can only be done dynamically. There­
fore an analysie procedure similar to approach two can be 
carried out until it is determined that some buckled member 
must undergo a jump. A restart analysis is again carried 
out but the analysis, in this case, is a dynamic one. An 
impact analysis of the structure is carried out; a full 
period should be sufficient to determine whether additional 
members will buckle. If no new members buckle, the atatic 
analysie ie continued until another member buckles and, if 
a jump occura, another dynamic analysia is carried out. If 
any members fail during the dynamic analysia, it ia assumed 
that these members have failed at the load level at which 
the original member which has undergone a jump has failed. 
A atatic analysis is continued until another member under­
goes a jump, at which point a new dynamic analysia is 
carried out. The procedure is repeated until the collapse 
load ia found. 

NUMERICAL RESULTS 

The preceding analyses were carried out for the double 
layered space truss shown in Figure 2. Figure 2 depicts 
a quarter plan of the first Hartford Coliseum roof (7). 
Thia atructure was chosen because complete axial load­
axial shorteninq curves were available for ita members (7). 
No attempt waa made to form an exact model of the roof. 
The roof aa built had a design error in all east-west 
membera; defective bracing made their effective length 
larger than the 15 ft assumed by the deaigner. No flaw 
existed in the north-BOuth members. Herein it ia aasumed 
that all top chord members have this defect. This 
approach was followed because it was desired that the 
failure path be unknown at the start of the analysia. It 
ahould be noted that more than 50 different member types 
were employed in the model so space is not available to 
give the member details. The only support other than the 
symmetry conditions along lines 1-37, 37-42, 43-68 and 
68-72 ia a vertical support at the bottom node 51. Hence 
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the force distribution resembles the moment distribution in 
a flat slab. The design load is 70 psf on the top surface. 

The results of the usual buckling analysis is presented in 
Table 1. As can be seen, the failure pressure ia 62 . 24 psf 
which is 40 percent larger than the load at which the first 
member buckled . It is interesting to note that nonlinear 
behavior is not apparent from an analysis of the load­
deflection curve for node 37 until the structure is at the 
failure state. Table 2 presents the analysis wherein jump 
instability is permitted. No jump occurs when member 31 
buckles but jumps do occur at the buckling of all other 
members. Failure occurs at a pressure - 59.51 paf 80 the 
two analyses differ slightly for this structure. 

It may seem surprising that the effect of jumps is not that 
large . The reason for this is the rapid unloading of 
buckled elements which reach the curve S' C in one or at 
most two load steps when no jumps are assumed. Therefore , 
the jump phenomenon has little influence on the structure ' s 
static behavior, at least for the structure under investi­
gation. 

Although a dynamic analysis at each load step wherein a 
member buckles can be time-consuming, there is no need to 
be 80 refined. If it is assumed that the ultimate failure 
path will be unchanged by any dynamic jump and that the 
effect of a dynamic analysis will be the same failure path 
at a reduced load level, the interactive analysis used to 
compute the structural stiffness at a buckled member can 
be used to estimate the influence of an impact load. The 
change in tension due to a unit unloading force is com­
puted in this analysis . Since the change in force due to 
the jump in compressive stress is known , the static effect 
of the jump can be computed. Although the actual dynamic 
load factor is unknown , one would expect it to be around 
1.20 to 1 . 60 . Hence it is possible to est i mate which 
members will buckle due to the dynamic effect of the jump 
instability. Using this approach it is seen that member 
18 also buckles at a pressure. 49.00 psf. This has very 
little effect on the structure ' s overall behavior because 
the dynamic jump for this member is only around 42 kips. 
The critical load is p • 54 . 24 psf at which 3 members fail . 
This will cause a progressive failure of the structure and 
result in a failure pressure· 56.0 psf . 

CONCLUSION 

The numerical results obtained by the methodology intro­
duced herein is insufficient to permit one to make broad 
generalizations . For the structure investigated herein , 
the difference between the two methods of static analysiS 
is not large, leading one to conclude that interactive 
modeling need not be done for static failure analysis. 
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TABLE 1. USUAL BUCKLING ANALYSIS 

P Ipsf) "37 Buckled Members 

43.76 .619 31 

45.51 .645 26 

47.24 .676 none 

49 . 00 . 726 21 

50 . 76 . 763 18 

52 . 51 .851 13 

54.24 . 919 none 

56.00 1. iliI4 16,23 , 39 , 50 

57.76 1. 096 7,8 

59.51 1. 343 3 , 11 ,4 4,45 , 46 , 47 , 169 

61. 24 4.865 failure 

TABLE 2. INTERACTIVE BUCKLING MEMBERS 

plpsf) "37 Buckled Members 

43.76 . 619 31 

45.51 . 645 26 

47.24 .694 none 
49.00 . 727 21 

50.76 .816 18 

52 . 51 . 876 13 

54.24 .966 16 , 39 , 50 

56.00 1.137 7 , 8 , 44 

57 . 76 1. 439 2 , 3 , 4,11 , 23 , 164 , 169 

59.51 8 . 401 failure 
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Although the influence of dynamic behavior i. more pro­
nounced , it muat be admitted that the existence of a 
dynamic jump instability effect haa not, to this writer's 
knowledge, been observed in any experiment_ on space 
trusses. Nonetheles., such jumps can be expected if the 
curves drawn in Figure 1 correctly describe the post­
buckling curve. It the dynamic jump. postulated herein 
do not occur there muat be 80me other mechanism acting 
which haa not been hitherto considered. 
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•• oolh •• ooat.ct ............ Tb. lo.di., .... co.troll.d ••••• 11,.. thro.,h 
.dJa.t ••• t of the hydr.allc pr •••• r. . Darla, lb. 10.d1D, ph •••• th. r.t • 
.... •• I,t.I •••• t .ppro.l •• t.l,. 50 tN/.io, .od •• 11'.10 1'.1. of 0.003/.', 
darla, aal0.dl.,. lb. po.t- altl •• t. b.h •• lor .... tollow.d to .boat 30. o( 
th. ,ltl .. U 10 ••• 
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1 •• t •• 4 of (1 •• 4 1014ia, ~ •• dl. hiD,.d ID' b •• rla, •• hioh ,110." rotatloD 
shoet 0 •••• l, .er •••• 4. Th •• p.ot-••• "1" pOlltlo •• d 100 •• trl0111, to 
iBtro~ho. I ••• 11 8011 •• t ia coaJD.ctJoa .ith the •• hl load. T •• tlB, 
proc •• d.d II tor th •• t.b-col ..... 

lb ••• 1,1 load .... iotro'ucsd throD,h 10. trlctloo .pblrloal b •• ria, •• ith 
•• Ic •• lly aOlltnite. 10,000 kH lot.ltor . Afhl' tb. pu'alanl.I' uhl 
load "a. r ••• h,d, two equal latorll 10a4 •• ore .ppUad .Hh ,,",0-

coatrolhd act •• tOri "hile tba ,aial load .... tapt coutnt. lAteral 
10,d. ID' r •• otlo ••• are letro'uoed to tb, ,pI.i ••• throa,h alopel •• 110.4 
10.4 001111'1. TrnslatiOD ot tba load and c .. otioe poJoli ... p .... itt.d 
by tb •••• of ,nvil, 10a4 al.ulatora. tbo. avoidiD, 1IS1 lOBIHudiDal 
foro. o_po ••• t.. Esolpt tor the eaial loed •• 11 lo.d co.trol and d.t • 
• cqal.ltl0 •••• do ••• Jt~ a co.pot.r co.troll.d t •• tia, .y.t ... 

( . ) , • 1 ..... ..-..1 ..... 1~ ••••• t %10 asl .1 1'" 

Th •••• p.ou. ••••• r. t •• t.d 1. the •• ly.r •• 1 t •• tia, fr ••••• u.il.r to the 
.~ort b • ...-ool..... n ...... pll.ric.l be. ria, •• Idoll •• r .... d for til. 
10 •• p.o ....... n .. ploy.d bn aad til •• p.ci •••••• u .olted to tl. 
lo.dia, plat ••• t •• rlo ••• cc •• trt.itl... Te.tla, proc •• d.d •• for t •• t. 
of tb •• bort.r .... colaaa •• 

lD .11 tb t .. t •• 011. 10a,Ulldia.l ...... ld ... po.llio •• d to ooiDcld • 
• itb tb •• aal ... aal.l co-pr ••• to •• tr •••• 

l" t ,.. ... U,.; 

Por .11 tb •• p.cl ••••• load •• d strot ••••• u.n •• nt •• a ••• 11 •• tb. 
101l,hudilial .traiD dhtriblltlol1 ill tba tut .actiOIi. at fou.r 100aUoo • 
• roo.d the circuraullc •••• u r.cord.d. Die •• t.r ch.o, •••••• 11 a. 
latar.l dl.pl.c •••• t ••• r ••••• ar.d for th. b • ...-ool\1 ••• p.cl •••• «b). 
(c) .1115 (d» .t ,irtb •• 115 loc.tloa.. StniD ,., .... n po.Ulo .. d at 
.tat.,ie loc.tiou 011 th. oat.ld ..... 11 .. tb. i.aid. o( the tub .. to 
d.tact the o ••• t or loc.1 buctlio,. Nu..rOa' dlapho ••• at aad .tnh 
••••• r •••• t ••• r. tat.a to .uppl •• e.t tb. prl.ary data r.cord •• 

Sp.d ... hhn iot ... " I ... : 

All .p.cl •••• ulatbltad •• I •• ltaaeoa. yieldh, •• d bacUla, b.havior at 
IIItl •• t. load .Ith •• tylll, rat. of dec.y aft.r tb. IIlti •• t. lo.d b.d b ••• 
nached. I. , ••• nl, loc.l yhldla, .t.rt.d .roa.d the ,irlh .eld 100, 
b.lor. a .id .. pread yJald.d nrhc. coold b. d.tacted la the •• Id-fr .. 
raato.. I. til •• ore .laad.r .p.ci.e •• (. - 7.'). .0-•• l .. tlo bacUtaa 
••• ob •• n.d b.lor •• pla.tic baI,a d •• elop.d o •• r • loc.lh.d .r ••• ta 
.0.1 c .... oppo.it. the Jallctio. of • 10.,itodh.1 Slut ,irtb •• I d. n • 
• or. coap.ol .p.cl •• II. (0 - SI . O) and.r ••• t •• t,IIIUc •• t • • o •• t of 
,ieldl., barore • plastic bucU. hUlat.d the dac.)' or re.late.ca. n • 
• r .... ,.tr.d by • bacU •• as oo •• id.rebI, lar,.r •• 15 baokl .. , ... rally 
ute.d.d o· ... r tb. ,Irtll •• 115. Ia tb. , ... 15 10 • 10., .p.cl •••• «c) 
(d». col .... bacUla, follo •• d .0011 .fter • local buU .... t ••• d th • 
•• ctIOIl, L.tenl .0 •••• lIt " •• rath.r abrupt ( .Ublll a ra ••• colld.) d •• 
to th. r.la ••• of .l .. tlc .Dar,y 1a th •• p.cl •• o .nd reactioD fn.... A­
t •• t 10 pro,r ••• o •• 10 • 10D, b • ..-col ... 1 •• bo.a la Pi , . 2. 
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Three dl.tiaet type. of buctl •• could be ob"eYed. II ,hO.D fa ' I , . J: 

(1) •• i.,11 .y ••• tric rio, buctl. that eJ:te.ded oVlr tb, Illtir' 
eo_pre.lioD 11"'. For tbe Itub-colo.nl, it ,.tended arou.d tbe lull 
plti.'ter, which i. oftl. d •• cribed II ID -,lepbl.t (oot- buctl •• 

(ii) • Iy.aetric a1tenntiD, .. t of budl .. with tb, initial buctle Ja 
tbe re,ioD of .&:1:1._ coapt •• lioll, nlnted by ••• 1101' buctle. OD 
eitber lid •• 

(iii) ID I.y ••• tric pair of buctle. on eitber ,i4e of tb, auiaWl 
coapt.l.ioD Ion.. A further •• t of ••• 11er buctl •• often developed 
belld, th .... 

In _11 teat., 00 dlGiliolat end effect ... ere obnrved. Ou1y 0.1 10 • 
lou, bUIl- cohall .pecilil. (BC-06) hUed at tb, 10,d oollu. but ollly 
.fter • hi,her tbl. ,vlrl,' Itr ••• level .... r •• ched in tb, r •• ,lnl •• telt 
relioD ot tbe Ipecimen. 

a •• i ••• l Str.il' 

The 'Iai.~ .e1' induce' coapre •• i~e relidoll .trlin. in tb. 10n.ito'Ia.l 
.irectlon .ere foun' to be con.iltently .boat b.lf the yhid .tt.ia. lad 
uten'ed fot Iboot 1/8 of tbe circu.hccace on .ither Ii'e ot tbe weI •• 
• t.ttial fro. tbe e'l' of tb. be.t Iffecte' aone. Th. wei' aone ltl.lf i • 
• eaerll1y bellev.' to be .trline' beyond yiel' la ten. ion. No II,aific.at 
.illereace .1. fona' in the .trlln. oa the iDIi'. In' oatlid. lurhc.. A 
fe •• electe' .traJD ,.,e re,'In,. confine. the .ecb.DIe.lly aellare' 
.tuhu. ( P t l. 4 ) 

Di,\o,t l o • • ' ad .I •• li ..... t 

Di.tortioo. c.u •• d by the IODlitu~io.l .e~ •• 1 ••• r. the •• jor r ••• oo for 
.i .. ll,na,at .t tbe ,irtb .,1' .• n' aecII.lt.t,' loa, cold foraia, lad 
c l .apin, to t.cl l it.t, .,Idln,. A typic.I dev.lop,' .urt.ce prolil. ot • 
• ia,le c.n be tOt' In' .tt,r .el.in, i •• ho.n In Pil . S. 

The .urt.ce protile ot .. cO'plete .pecia.n. in Pil. 6 • • bo •• c.n 
'etotll.tio.,. .n' aillU, .. ent .t tbe .irth .e14. the ntent ot wbich iI 
typic.lly Ibown in P i l. 1 . h. Tab l . 1 . tb. ,1 .. li,II •• nt ill tb. 
coapr.l.ion r"icD i. ,1y,a {or .11 the .irth wei. locltion •• 

St"'lt' I . t' llettol 

The .ctu.l .ai.l lo.d .n' b.u.iul loaeat (incla'in, .,con' ord.r .tf.ctl) 
.t nltll.t •• t • critlc.l lecti oD .re .ener.lly enter.d iDto • tin •• r 
Illt.r.ction tOtllol. of tbe type: 

p 

+ 2i 1.0 (1) 

.blch rutrich th' le.ber cap.city to th' poiDt of first yield hi the 
eatra.e cOlprelaion fiber. 
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nen full phstification of a section is regarded as tlu criterion for 
failure, the interaction formula becomes: 

• P 
2 sin2 [ -- 1 

• p 
y 

1.0 

Both formul.s .re shown in the inter.ction dia,r.m (Pi,. I) to,ether with 
tho tost dah. 

As opposed to the pure arial load clse where initial yield coincides with 
full plastific.tion, the attainment of full plntic moment capacity 
requires compreslion strains far beyond yielding. The reduced load 
carrying oap.oity due to pl.stio local buckling is typified by a propoled 
set of reduced interaction curve, [1,2,3,11,13], shown for the two seotion 
slenderness rltioa tested . 

Stabil i ty I ' I 'llc tlo. 

The overall buoklin, of a beam-column is typic.lly treated with an 
interaction of the form: 

p 

+ 
1 

[-,-- ", 
1.0 (3) 

The member slendern.s, is incorpor.ted in the oritioal bucklin, load Pc • 
The total moment is approximated by mnltiplyin, the firat order moment 61 
with an amplification factor l/(l-P/PE) while the moment resiltanoe .111 
geoerally inoorporate 100al bnckling reduction factorl and .ay be bas.d on 
the elaltic (..,.) or plastic (~) moment capaoity. Stability interaction 
curves from IOveral popullr specifications (1,2,3] are shown in Pi . _ " 
togeth.r with the tost data from the S m and 10 m long belm- colUJlln 
.rperiments. 

LoI4- d.(opaat lop 

For the purpole of uniformity the non-dimension.lized 10ld par.meter 

..... 1 plott.d .,.inlt the compression fibre strain. The vllue Il - 1 
represents the ons.t of yield in the ertreme compression fiber. Typic.l 
lo.d-deform.tion curves are sho.n in Pi • • 10. 

DISCUSSION ... CX!NCLDSIONS 

Within the scope of this experimental study, • few iIIport'nt pOints .re 
highlight.d her.. While further evaluation of the d.ta is und.r ..... y . a f.w 
tentative conclu.ions c.n be made .t this time. 

Altbough fabrio.tion proc.dures introduced signifioant imperfeotions in 
the tube •• nO direct oorrel.tion 11'" .pp.rent betwe.n the imperf.ction 
level .od the ultim.te loads. 

In considering the cross-section.l strength .t the f.itu;!:'e location, tbe 
stub-coluao fpecimens beh.ved II predicted. re.ching the full yield load 
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be.ed 0. th. coapo. properU... 'itb eo iocre .. i •• ao.e.t co-po.a.t. it 
b.oa.a •• ida.t tbet fall pla.tifieetioD egald oot b. eobio.ad. 

no ta.t ra •• lt. , •• 01'.11), are 10"01' tb.o predicted b)' tba atuo,UI 
iotaraoUo. eorvoa. Tho au.,aatad .trao.th .aehuh. co.pare ... all .. itb 
upad.ntel r .. ulh of tub .. nbjeotod to pure bend hi., [14.111. na 
i.t.raotion bet".e. axial load and bendio" bo"aver, .0, ba.l b. do.cribod 
'dtb a liallr nhtioD.hip "Hb tbe .. ae reducod bendia, caplOH, .. tha 
1i.it for ao.eat •• 

T"o dlltincti •• treDd. OlD b. observed for tb. difhreDt .lead.rn ... 
ratio. (. - 1.' aDd 9.0). Tho .ore .le.dar .pacl.eD' .bow a .uted 
r.ductio. fro- tba pradiotad capacit, "itb tb. exceptioa of .paci.a. DC-6, 
whiob hUad at tba load coller. ratber tbaa at 01:11 of the tbne ,irtb 
weld looatiol". 

na .tabilit, iatanctioo eq'Oltioo (3) aho ... a r ... ooable a.r ... eDt "itb 
Ixpariaa.tall, obllrTod capacitiaa. Th. llr,er .. ouot of ,catlar il 
axp.olad aioca tha .Icood order ao.a.t. ara appro:d.atad "ilh 00 

approxi.ata a.plifioatioo factor. 

AD axtl •• lve a.al)'tlcal .tad, 1. uadlewa, at tbo Oalvar.it, of Toroato to 
aodal tba babavior of rabricatod tabalar baa.-colaaaa and tb •• paralt tha 
axtrapolation of tba axpariaaatel re.uila for aoro ,aoeral ,ao-etric 
.troD.th pare.atar •• 

D 

• • 
" L 

~ .. 
}, 
:0 
P" 
PE 
P, 
r 
S, Z 
t 

No.l.II out.lda di •• ater 
Latlrel .eaber daflaotloa et fallara 
JO.D,', .odo1.a, tete. la 10'.000 MPa 
Coo po. ,iald .tra •• 
Effacti.a .paela.D 1a.,tb 
Pla.tie .o.eDt capacity - F,·Z 
Mo.aot raai.taoca Mr - .w. 
Raduead pla.tie ao.eot eepacit,. due to local buetllo • 
Jiald ... a.t - P,·S 
Appliad band i., ao.ent (Iir.t ordor) 
Totel band In, a .. ent (aeeond order) 
Applied axial load 
Axial buotli., load 
Ea1er load 
Axial ,laid load 
Radi.a of "ration 
Elaatic, pIa. tic .ectio •• odala. 
1.11 thickn"l 

Loed per .. atar 
Parforae.ea fector 
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Ul TI~TE BEHAVIOUR Of CIRCUlAR TUBUlAR MEMBERS 

WITH 

LARGE INITIAL IMPERFECTIONS 

by 

Jon Taby and Torg.ir Moan 

Division of Mlrine Structures, The Norwegian Institute of rlchnoloy, 

The University of Trondhei. 

The piper presents • .ethod for calculating the lOld-displace .. nt behaviour 
of tubulars with large ;niti.l i.perfections, subjected to coabined Ixf,l 
co.pression .nd bending .a.ent. 

Fr ... analys.s Ire nor •• ,ly carried out with be •• -colu.n .'e.ent. without 
accounting for the effect of locil i.perfections of the circularity of 
tubes. Effects such .s local buckling of the cross section in the post­
col laps. region Ire neither considered. 

Pre.ature locil buckling of the tube Will is nor •• l'y avoided in structures 
•• d, of unstiffened tUbulars by choosino • sufficiently low Oft ratio or by 
use of • reduced yield strength. But even by taking this precaution, local 
buckling .ight occur if • dent is present. This is because abnor .. ' i~r­
fection. are not accounted for by deter.ining the safe Olt ratio given in 
codes. 

In the .. thad presented the effect of pre.ature loc.l buckling and buckling 
defor.ation of the cross section in the post~collapse region is accounted 
for. The .. thad is assu.ed to be valid for any .agnitude of initial i.per­
fections in ter.s of overell bee. defor.etion and local dent depth . 

The theory is supported by • relatively large nu_ber of experi .. ntal 
results. Three series of tests ~;th si_ply supported tubes, one series 
~ith tubes ~ith cla~d end conditions and one series ~ith eccentrically 
loaded tubes have been carried out, 107 specl .. n. in all. 

The correlation between theoretical predictions and experi .. ntal results is 
discuss~. 

The .. thOd has been i~l ... nted on PC's as well as .. in-fra .. ca-puters 
(VAX, 1M and NORD). 
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INTRODUCTION 

To .. ke decisions regarding safety and eco~ during design and operation, 
it is i.portent to have knowledge about the ulti •• te strength .ftar pro­
babl. accidents hive caused d •• age in for. of large g~tric.' i.perfec­
tions. 

The verification of residual structural strength is in .cst cases done bV 
eeans of linear Methods. Especially for damaged trussworks such Methods 
yield too conservative values. Methods which account for the geoeetrical 
and .ateri.l non-linearitles associated with load redistribution should 
therefore be applied. 

However, such .ethods are norMally based on ordinary be •• -colu.n .'eaents 
without accounting for the occurrence of dents. Effect of further defor­
.ation of the cross-section in the post-collapse region are neither con· 
sidered. locil buckling of the tube Will is nor.ally avoided in structures 
.ade of unstiffened tubulars by Choosing a sufficient low dilmeter to 
thickness ratio or by using I reduced yield strength. But even by taking 
this precaution, local buckling .igh occur if a dent is present because the 
safe Oft ratio or the reduction in yield strengh found in the various 
design codes Ire not accounting for abnor •• l i.pefections. 

Rigorous analysis of dented tubes •• y in principle be carried out by .eans 
of non-linear finite ele.ent shell analysis: such Ina lysis requires, 
however. a ~ajor investment of ti.e and effort. Henee. si.plified .ethods 
for calculating the strength of da.aged tubular structures are needed. 

Pr...,i ous Work 

The effect of da.age on the behaviour of tubular .e~bers SUbjected to axial 
cOMpression was first studied by Sith et .1. /1/. They reported results 
fro. experi.ents with unda.aged Ind slightly da.aged tubular ~.bers. The 
damage was in the for. of latera' bending and/or local denting. These 
results indicated a substantial loss of strength due to relatively smal' 
da",ages. 

Later S.ith /2/ presented a se.i·e.pirical .ethod to account fOr dents 
based on finite el..ants and e.pirical reduction factors for yield strength 
and .. terial stiffness. The eNpirica' factors were based on experi.ental 
results carried out at AMTE /1.3/ and in Trondhei. /4/. 

ShOrtCOMings were, however. observed with respect to the post·collapse 
behaviour due to local buckling of thin-walled cross-sections. 

Ellin.s /5/ used the analytical aooel presented in Ref. /6/ in ca.bination 
with ordinary bea. colo.n theory to evaluate ulti.ate strength of axially 
coepressed tubes with denting and bending da.ages. Ell;n.s seees to be .are 
interested in I lower bound solution. but the .ethod see.s to give dif­
ferent degree of under-esti.ation depending on tube geo.etry and degree of 
daMage. It is found that the method corresponds quite closely to experi­
-!ntal results for slender tubes (~ > 0.6). While for .are stocky tubes 
(A • 0 .• ) the .. thad gives rather conservative results at s •• ll initi.l 
deflections and non-conservative values at large initial laterel deflec-



tions. The under-estl •• tfon further increases with incr •• sing dent depth; 
and decreas.s with increasing Ol t ratio. A .. in reason for too low '5t; •• -
tes for deeper dents •• y be the fact that the eccentricity acting at the 
short dented length is treated .s if it was the .~litud. of •• inusoid,l 
initial later,' deflection curve Over the whol • .e.cer. FurtherMOre, thi • 
.. thod only gives the ultt •• t. load and •• y not be used effectively in I 
progressive col laps. analysis. 

Rashed and Taby / •• 6.7/ developed during 1980 • si.plifitd .. thod for the 
coaputer progr •• DEHTA based on results fro. 2. dented tlst sp&Ci.ens. 
DENTA was deSigned to siaulata partly d •• aged tubes where the d ••• oe had 
the tor. of • dent only. The .ftect of initi.l lateral deflection .,s not 
included. However, the .ethod WIS later .edified to include initial 
lateral deflections too /8/. 

Present Work 

The present paper deals .ainly with the further develop.ent of the theory 
behind DENTA. Fro. the expe~i8ental results carried out in ref. /1/ there 
were observed SOM discrepancy between experi .. ntal and tMoretical 
results: 

Buckling strength of thick-walled tube were under-esti.ated by the pre­
sent .. thod. 

Buckling strength of thin-walled tubes were -are influenced by pr ... -
ture local buckling of the tube wall than expected. 

The post-col laps. strength WIS to a large extent influenced by 
increasing distortion of the cross-section during loading. 

In the case of restrained end supports it was found that effective 
buckling length of • dented tube differs fro. an undented one. 

The refined 8ethod ts based on , physically realistic, but Si8plified 
characterization of the dented length of the tube. The siap,t'ications 
.ade have been Justified by a large nuaber of test results. 

Expert .. nts with 107 tubular speei .. ns, wtth a various extent of da.age 
have been carried out. The expert_ntal result fro. these tubes have been 
the basis for the se.i-e.pirical .. thods used for describing the interac­
tion with pr ... ture local buckling and the increasing cross-sectional 
defor .. tion in the post-collapse region. 

Further. the validity of the .. thad ;s de.onstrated by co.parative tests 
between expert .. ntal and theoretical results. 

At the end of the paper, SQ8e para .. tric studies are carried out. The 
influence of dent depth, dent length, .agnitude of overall bending d .. age 
and the location of the dent are ex .. ined. 

BASIC OBJECTIVES Of THE THEORETICAL METHOD 

The analysis -adel .ay be divided into four .ain aodes of behaviour. na .. 'y 
(as shown in Fig. 1.): 
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(i) 
(HI 
(H i) 
(1vl 

Elastic behaviour up to first yield. Py• 
El.stic-plastic behaviour up to ulti •• te load, Py. 
Transition to ful,y plastic behaviour. 
Fully plastic post-collapse behaviour. 

In the following the theoretical .ode1 is briefly described. This includes 
the idealization of the dented tube, the representation of pr ... ture local 
buckling and the growing cross-sectiona' defor~ation. For a .are detailed 
description s.e ref /9/. 

Idealization of • O&nted TUbe 

As shoHn in Fig. 2 the .eMber is MOdelled by three cOftponentsi the dented 
length and the two parts adjacent to this. 

The dented length is further divided into two part, n •• ely the dented part 
of the cross-section and the unda.aged part. 

The dented part of the cross section is substituted by • force, Fd. which 
.ay increase to I .Ixi.u. vllue which causes a yield hinge to be developed 
in the botta. of the dent. This .axi.u. force. Fdp' is derived froa 8 

single flat. bent plate analogy. An .-piric.' lin.ar correction flctor. 
C~. due to the restraining effect of the rest of the cross-section is intro­
duced. Thick-walled tubes are by this si.ulated properly. Fdp .ay then be 
written as: 

Fdp • Cdp Uy 04«(4n l • t l - 2~1 

where: 
Cdp 
o 

80 • tIC 
dia .. ter to .id-thickness 
wall thickness 
yield stress 
the distlnce fro. the line of action of 
to the line at the bottOll of the dent 

• (sin ala - cos a) 0/2 
• arccos (1 - 2Cd/O, (see Fig. 21 

dent depth 

the force Fdp 

(II 

(21 

(31 
('1 

The neutral axis of the unda.aged part of the cross section at the dented 
length is eccentrically located to the neutral axis of the unda.aged cir­
cular cross-section. Nor.ally the dented length is relatively short 
ca.pared to the overall length and it's influence on the overall deflection 
during loading in the elastic region is noraa"y ,aa11. of the order of l' 
at first yield. 

Loading UP to first yield 

The behaviour up to first yield ;5 analyzed by two different .. thods 
depending on the boundary condiHons: 

(il In the case of si.ply supported tubes the load deflection relations 
are calculated analytically by .. ans of a siaplified •• plification 



factor. 7. to .ccount for second order .ffects. This factor ts 
approxiMately calcul.ted .s 

y • 1 • Cd/(PEr - P) (5) 

where Cd is • correction factor to account for the loc.tion of the 
dent. PEr i. an appro.t .. te value tor a reduced Euler load of • 
dented tube u~r the .ssu.pfton of • sinusoidal buckling ~. 
The pri .. ry deflection to be uplifted by thts hetor is the su. of 
the initial deflection and the deflection caused by the bending --.nt 
in the dented length caused by the eccentricity. The load level at 
first yield at .olt stressed fibre adjacent to the dent in the dented 
cross-section. Py• ts then found analytically. 

(ti) In the CIS' of end conditions other than stMply supported, • secant 
stiffness •• tri. i. derived fro. the differentt" equation of the 
idealized dented colu.n under the .ssu.ption of • sinusoidal bending 
d ... ge. A tangential stiffness .. trix ts establtshed and the analysts 
is perfor.ed in steps by incre.enting the axial load 110/. 

Pr ... ture local buckling 

Interaction with pr ... ture local buckling is accounted for by replacing the 
yield stress, ay ' with a critical local buckling strlSS, 
at_ The critical buckling stre5S is derived fro. a re;ress~on analysis 
whicn included results fro. 11 speei.ens. The .. tnod is based on "r.a1" 
stress at a da~aged Cross-section and not a fictitious average stress 
derived fro. an intact cross section. Replac ... nt of the yield stress by 
the critical buckli"9 stress is perfor.ed during calculation of first yield 
and ulti.ate load. The critical local buckling stress .ay for .eabers 
wnicn are .ffected by pl.sticity be written as; 

O'c •• O'y (S) 

where. is an e.pirical function related to the structural .lender~ss and 
O'y is the yield strengtn. Several slenderness par ... ters .. y be used . 
... re, the so-called redueed slenderness, I, is adopted for Plall i~rfec­
tions (dents): 

(T) 

where O'E is tne ela,tic shell buckling stres •. One expression for. as a 
function of 1 .ay be obtained fro. a st.pl. interaction approach, 
(Merchant-Rankine approach) 

ae • 
(-) . 
aE 

a • 
(...£) • 1 
a
y 

(0) 

By coebfnation of Eqs. (6). (T) and (8), the following result is obtained, 

•• ItYi-;-r& (0) 
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By definitionl 

1101 

where p is the knockdown f.ctor and acl is the classic.l buckling stress 
for cy,indric.' shells under axial cOMpression given by: 

acl • 0.606 Et/R 1111 

An analytical expression for the knockdown factor. p. is obtained frOM Ref. 
/11/ 

p • c;; [r-;-; 1 I - ,1,1 II - ~I~) - I , (12) 

where w is considered as an "effective" i.perfection e.plitude .. asured 
over a length , • ,flit. 
FrOM a regression it was found, /11/, that a best fit for cylinders with 
"nor.el" i~rfection. was obtained for 

w • 0.0022 • ,(Ai 113) 

The iMperfection para.eter w is not a physica' quantity. However. by taking 
w as the actual iMperfection theoretical results compare well with 
experiMental ones. Hence. Eq. (12) is adopted in the present theory in 
order to take "nor.al'y appearing iaperfeetions" {SMall dents) into 
.ccount. The MiniMUM dent depth is set equal to w derived frOM Eq. (13). 

The above for.ulation is developed on the basis of cylindrical shell theory 
valid for relatively s.al1 iMPIrfections in re'ation to .ost frequent dent 
sizes. Consequently. it has been necessary to derive another expression 
for. to aceount for larger dents. 

To obtain an estiMate for •• a regression analysis heve been carried out 
using experiMenta' data frOM 107 tubes with different dents sizes and noMi­
nal gea-etrfes. However, in only 11 cases pr"ature local buckling 
occurred. For each test speciMen a value for. was adopted for which 
theoretiCal and experiMental ulti.ate load was equal (+ ( 1 in 11 cases). 
The tube parameters which Might influence ~ were judged to be ott. E/ay 
and the dent depth expressed in terMS of: sin(a) • 1. (see Eq. ('» . 

• • ~E/ay (t/D [1 • stn aJ (14) 

and a regression equation of the for_ 

(15) 

was assUMed .nd values of the coefficients '0' a\ and a2 were coeputed 
using a least-squares .. thod to provide a best f t to the "true" value of 
•. The equ.tion fin.,ly obtained was 



• • 11.095 • - 30,41 •• 
1.0 

1.0 

• < 0.164 
• > 0.164 110) 

~E/.y It/O» 0.08 

The last ter. in Eq. (16) is overriding the two other if satisfied. This 
ter. is .'.ast identical to what suggested by Ost_penko /12/ for undented 
tubes. He suggested. 1i.it value of 0.07. 

Fig. 3 shows £q. (9) and Eq. (16) I' function of the dent depth. The knock­
down f!ctor is calculated according to Eq. (12) and the i~rfection para­
.. ter w is substituted by the dent depth Dd and set equal to I .in value 
according to Eq. (13). The curves are dr.~n for I tube with ott • 118.8, 
cy • 290 MP, and E • 2.01 • 10' MPa. For this particular tubl. OnV App. C 
reca..ends I value of • equll to O,g, due to the high Ott r.tl0. As seen 
fra. the figure this is obviously not enough if the tube had. dent d ... ge 
of about 0.02 t1 ... the di.~ter. 

The curve derived froe Eq. (16) i.plies an increasing buckling stress with 
increasino dent depth and .ay see. paradoxia'. Nevertheless, it is logica' 
since the theory used ;n DENTA accounts for a dent and is not using any 
fictitious average stress based on intact cross-section. 

Fig. 4 IhowS the theoreticil ulti.ate load ca-pared to the experiMentl' ones 
for the 11 tubes sensitive to pr .. ature locil buckling before and Ifter a 
reduction of the yield strength. 

The .. thad is based on equilibriu. between ;nternll and external forces 
whil. the ItreSs" are kept within the yield surflce. 0y i. repllced by 0c 
if pr .. lture locil buckling is likely to occur. 
The llterll deflection is incremented until the Ixill laid stlrt. to drop It 
the level of the ulti~ate load, Pu' 
The plastic defor.ation is assu.ed to be li.ited to I length equal to the 
dented length or the diameter, whichever is largest. 

Otfor .. tfon of the cross 'ection in post-collapse region 

Buckling of the tube wall in the post-collapse region i. not a phenoaenon 
addre.sed exclusively to initially dented tubes. This effect Ilso influen­
ces th_ post-collapse behaviour of all tubular .eMbers, however, to I dif­
ferent extent, Itrongly in clse of thin-walled tubes, Ind insignificantly 
to tubes with I Dlt rltio lower thin lbout 30. 
For tUbel with I Olt ratIo lbove 60 it is Issumed in DENTA thlt a certlin 
degree of the (cro.s-sectional) defor.ation. dependent on Olt rltio. tlkes 
place during the transition fra. elastic-plastic stlte to I fully plastic 
one. The trln.ition to fully plastic stlte is necesslry in order to bring 
the tube to I condition which is consistent to the yield-hinge theory used 
for the post-collapse plrt of the analysis. 
In the fully plastic stlte the rate of the further defor.atfon i. 
controlled by an eMpiricll function Ind the current laId condition. This 
function is derived fra. I regreSSion analysis whi ch includes results fro~ 
ec •• periaents. The buckling is treated as it should have been I dent 
whi ch i. growing deeper. The curren t dent depth is found pos.ibl. to 
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describe 'S • function of the no.inal geoeetry and the current relative 
load level. This is at least true if the bending of the tube is only 
caused by the axi.l ca-pression load: 

The growing dent depth DOg. as function of post-collapse load .IY be 
expressed as 

117) 

where 

Cd dent depth at the beginning of the plastic post-collapse 

01 0 . 00254 Olt • 5.093 • lO·',O/t)'· 3.465 • IO·'(O/t») 
-0.03847 ~ 0 (18) 

02 3.056 (uy/E)(O/t) • 8.02'Gl - 29.2. Gt· 
• 34.12G1·· 0.8525 ~ 0 (19) 

f;1 • 0[11 - P/Pp)'" - II 

fg2 • 010.25 P/4Pu )sin (1,57 (Pu - P)/Pu ) 

120) 

121) 

In Fig. 5 the effect of cross-sectional defar •• tion on the load end­
shortening behaviour is de.onstrated and ca.pared to experi.ental results. 
In this ease the Oft ratio is as high as 18. However, the effect is .150 
significant for Olt ratios as low as 40. 

Post-coll.ps. behaviour 

The post-collapse behaviour is calculated by .. ans of • yield-hinge theory 
introduced by Ueda et. a1 in Ref. / 13/. The yield-hinge i. inserted at the 
location of the _ost stressed cross section, aost often the dented cross­
section. 

By this .ethod the plastic interaction relationship betHeen moment and 
axtal force is regarded as a plastic potential describing the behaviour of 
the plastic hinge. The interaction relationship is influenced by the 
growing defor.ation of the cross section; and this effect is regarded Hhen 
a tangential stiffness _atrix is established. The post-collapse behaviour 
is then c.lculated by increMenting the axial load. 
The plastic interaction curve for a dented tube is assumed to be expressed 
as: 

r • H/ Hp - B - siny + 0.5 sina • 0 

where: 

8 

H current moeent 

(22) 

123) 



ha l f the sector with tension 
• o.S[ft - a • OOdp/oy - ftP/Pp] 

y 
124) 

a halt the dented sector (Eq. 4) 

Odp the ••• t.ua ca-pressive stress in the dent 
• FdplIDt.) 

the theoretical fully plastic .a.ent clpaeity 
• DllOy 

EXPERI"ENTAL INVESTIGATION 

12.) 

12.) 

The pri •• ry geo.etricll parlMeter of • dented tube, beside. the dent 
itself , is t he Olt ratio. There fore t he tubes tested •• y in general in 
t his cont ext. be divided into three groups: 

"Tnick-walled" tUbeSI tube wi t h a Olt ratio lower than about 35. 
When the Ott ratio decr •• ses below 35, the influence of • dent is 
decreasing substanti."y . 

"Nor."-thick-w"1ed" tubes; tube with. Ol t ratio be~n 35 and 
100. Above the upper li.it, preuture local buckling Ny be 
expected, especially if • dent is present. 

"Thin-walled" tubes; tube with' Of t ratio higher than 100. Tubes 
within this group are at least if a dent is present, likely to have 
their ulti.ate strength influenced by pre.ature loeal buckling. 

Several para~ters .ay be used to classify types of tests. Here, the load­
.nd boundary conditions are used for dividing the tubes into groups. In 
general three types of tests h.ve been perfor.ed : 

(t) 69 tubes under central a.ial coapression and sf.ply supported end 
conditions. All tubes but 3 thin-walled ones a.an; tne., were sub­
Jected to d •• age in for. of a dent or a coabination of a dent and 
overall bendi ng. 

( i f' 10 tubes under central axial cOMpression and c l •• ped end condition. 
All tubes in this category were subjected to • lateral load under 
fully cl.aped end condition (both a.ially and rotationally). 

(iii) 13 tubes under eccentrical ax;al coapression. All tubes were sub­
Jected to a coabfned overall bending and denting da.age. 

In order to have .ore ductile .. teria' without residual stresses, all the 
tubes, but four, were stress relieved. The four tubes not heat - treated had 
a df ... ter/ thickness ratio of about 135 and a stress relieving process could 
easily affect their circul.r shape. 

The overl" bendfng dl.lge Ind/ or the ~nt were in a" CISes .ade by In 
indenter with I straight edge with I tip radius of .bout 5... The dent 
WIS oriented 90' to the tube's a.is. 
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Co.pression tests were carried out under displac,..nt control in I 
hydraulic testing •• ch;ne after initial .easure.ents of di.~ter to .id 
thickness, 0; thickness t; initial lateral displ.c~nt. &0. and dent 
depth. Dd. were carried out. 

Static yield stress, ay. ~as obtained fr~ ten.il. speci .. ns. No correc­
tions for I possibly, higher yield stress 1n co.pression have been .. de. 

In order to obtain static ultiaate load. both tensile tests and the final 
co.press;on test of the tubes were carried out at si.ilar Iverage .train 
rate of about 3 • to·'/sec. Fig. 6 shows the arrangeMent for testing 
SiMply supported tubes. 

Tables 1 - 5 su .. arize the .ain para.eters of the tested specl .. n •. 

Sl!ply supported tube, 

Host of the tubes hive been tested under si~ply supported end condition. 
with Olt ranging fro. 12 to 135. Tables 1 ~ 3 show diMensions and .. terial 
properties. 
In Fig. 1 experi.ental ultiaate loads fro. 89 siaply supported tubes are 
ca.pared with theoretical predictions. 

C1a-pM tuMS 

For und •• aged tubes the effect of the boundary conditions is nor.ally 
accounted for by use of an effective buckling length. In order to decide 
by which confidence a si.ilar procedure could be used for dented tubes, 10 
tubas with cla.ped end condition were tested /8/. Oi •• nsions were chosen 
to cover a D/t range from 12 to 18. Table' ShOWS diMensions and .aterial 
properties of these tubes. 

A lateral lo.d si.ulating a colliding object was prior to coepression test, 
applied centrally •• king a d •• age in for. of a coebination of dent and 
overall bending. The tube ends were prevented froe both axial .nd rot.­
tional .ov",nt during this process. 

Two .. thods h.ve been used to predict the theoretical strength. In the 
first ease by .. ans of OENTA by si.ulating a ela.ped tube by use of si.ply 
supported tube with a buekling length equal to t/2. Thereafter by ... ns of 
OENTA-2 where the real boundary conditions are taken into aceount /10/. 8y 
eoaparing both theoretical results with test results, /9/, it was found 
that a use of buckling length equal to 1/2 gave eonservative results. It 
see.s to be two reaSOns for this: 

The effective buckling length: The true length between the two inflec­
tion points goes to zero when the stiffness at the dent approaches 
zero. 

The residual strength .t the ends: The strength at the ends is the sa.e 
in dent~ and intact c.ses. 

In Figs. 8 and 9 theoretical results obtained with OEHTA and OEHTA-2 are 
coepared to experiMental results. 



Eeeent~fc."y loaded tubes 

13 tubes were lo.ded eccentrically with the eccentricity equal at .Ich end, 
•• king an "S"-type ~nt .'ong the tube. The eccentrfcity WIS so chosen 
for .ost of the tubes that the end .oMents CluSed • bending stra's at ends 
equI' to 2~ of the Ixi., nor •• 1 stress. Speci~ns with load retfos of 10\ 
and .0\ were .1so tested. 

Denting and bending d ... ge WIS applied at ditferent locations .s indicated 
in Tlbl. 5. tn SOMe of the clses the dent WIS located It the tension side 
of the applied end .a.ent. .,1 tubes including those with. dent on the 
tension side of the end .a.ent collapsed due to the dent. As snown in Fig. 
10, theoretic.' calculations derived by DENTA-2 WIS in r •• sonabl. agree.ent 
with test results. 

THEORY COMPARED TO EXPERtMEJrITS 

The presented .. thod hive been used to analyze tubes tested It NTH. Fig. 
11 shows th.t experi .. ntal ulti.ate loads ca.pared well to theoretical 
ultiaate lo.ds. Fig. 12 presents test results coapared ~tth • charac­
teristic strength defined IS theoretical .. an .inus 2 st. dev. (0.08 Pp)' 
As seen fro. the figure, only results for three tubes (which probably 
should hive ~n disregarded) llY on the unsafe side. 

CONCLUSIONS 

The present study has addressed i.portant aspects relating to the collapse 
behaviour of partly da.aged unstiffened tubulars. In addition, interesting 
observations are .ade regarding cross-sectional defor.ation of tUbulars in 
general. The effect of this defor .. tion is i.portant for progressive 
collapse analysis, especially if the structure is constructed of ...cers 
~ith a di ... ter to thickness e~ceeding SC. 

The study hiS also reve,led I relatively large drop ;n collapse-load for 
relatively •• all dents in tubes subjected to pr .. ature local buckling. 

A .. thod is proposed to represent the behaviour of tubes ~ith or ~ithout 
da.age in fon. of a dent or lateral bending defor.ation or a coabinatton of 
these. The .. thod accounts for pr .. ature local buckling and cross sectional 
deforaation in the post-collapse region. 

The proposed theory is .. inly based on a s;aplificltion of the physical 
behaviour of the dented area of a tube subjected to axtal load and bending. 
Obtained results correlate well with 107 experi .. ntal tests conducted. 
~ver, pr .. ature local buckling. which affect. the behaviour of thin­
~alled tubes, and post-ulti .. te r.te of defor .. tion of the cross-section 
are accounted for by using SOMe of the experf .. ntal results to establish a 
s .. f-"pirical appro.ch. 

The .a~i.u. bending to axial stress ratio ~hich the tneoretfcal .odel has 
been checked against, is that of a tube with reduced slenderness of about 
0.8 and initi., ,.taral deflection equal to 0.03 • f. The.odel seeas to 
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give, It least for tubes within the .entioned range. reasonable results for 
dent depths between zero and 0/2. 
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Fig. 6 Test ing It~ly supported tubes. 
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Tabl. 2 
Spec. Di ... Thiek lengt Yi.ld Young'. Sl.nder Reduced .... 

no. to .td .. .. .tr ••• fitodulu. ne .. .lencter- initial 
thfek- (.ss~) ne .. l.ter.l .... deflection 

0 t J • Dlt J/r A '0 y 

I_I 1_1 1_1 IN/_'1 IN/_'1 1_1 
1.1.15 109.33 4.95 2000 ,.2 207000 22.06 51.69 .saa 7.02 
IBIS 109.33 4.92 · "2 

.. 22.19 51.69 .SB8 21.62 
ICIS :~o. \9 5.:: · '62 · 21.24 51.75 .689 11.42 
JDIS 00.11 5. l ' · "2 · 2 .. 34 5 .. 70 .6a9 4.0a 
JAIlS 105.99 8.'0 · 475 · 12.61 53.20 .811 25.68 
IBIIS 105.88 8.53 · 475 · 12.41 53.26 .a12 58.54 
ICIIS 105.99 11.41 · 475 · 12.59 53.20 .811 9.72 
IDU~ 106.25 8.03 · '00 · 1J.22 53.09 .910 26.32 
lAS 11 •. 47 1.51 · ,OJ · 78.15 '7.74 .654 1.'6 
185 118.4. 1.51 · '5. · 78.41 47 .74 .115 4.72 
ICS 1111.47 1.52 · 47. · 77.89 47.75 .730 11.50 
IDS " •. 52 I 1.51 · 430 · 78 ..... '7 .73 .692 '.82 
lIAS 123.12 2.09 · 224 · 58.77 45.94 .... 1 2.52 
IIBS 123.19 2.09 · 22' · 5a.75 45.91 .... 1 5.91 
IICS 123.17 2.07 · 22. · 59.42 45 .92 • tiS 1.'. 
liDS 12'.10 2.07 · 22. · 59.43 '5 .91 .'.5 4.32 
I lIAS 157.49 2.49 · '55 · 63.27 35.91 .536 1.12 
IlIBS 157 ..... 2.50 · '55 · 63.10 35.93 .536 3.80 
IIlCS 157.46 2.49 · 470 · 63.14 35.92 .545 D." 
IUDS 157.47 12.,0 · 470 · 63.32 35.92 .545 3.20 
IVAS 202.03 1.50 '5DO 2 •• 200000 135.1 49 .00 .590 0.77 
IYBS 202.09 1.50 · 2 •• · 135.0 "'.98 .590 O.DO 
IVCS 201.911 1.50 · 2 •• · 134.3 49 .01 .590 4.2' 
IVOS 202.06 11.49 · 2.' · 1"5.' 48.99 .590 7.60 
* Theor.tic.l value. adopt~ because of dubious aecuracy of str.in .. asur ... nt 

~ ~ 

. C III III =:J ' 

Depth 
of 

, 
, 

Dent 

I 0.10 
I 

0.0699 
0.1292 
0.n85 
0.0628 
0.0543 
0.1335 
0.0591 I 

0.120' 
0.0480 
0.1266 

0::16. 
0.1146 
0.0588 
0.1157 
0.0652 
0.110' 
0.0490 
0.1025 
0.0602 
0.115' 
0.0431 
0.0663 
0.1070 
0.20n 

~ 
~ 



'."'. ~ 
Spec. Di •. Thick lengt Yield Young's Reduced Inithl 

no . to .id .... stress Modulus slender-- 'ateral 
thick- (nsUMd)* ness deflectio 
ness 

0 t • a D/t A '. Y 

r.l 1.1 1.1 rH,.,1 rH,.,1 1.1 
lAM 118.14 \.00 2500 290 201000 118.14 0.710 I.'. IABa tu.ae \.00 · · · 111.0' 0.107 \.29 
lAce 118.80 1.00 · · · 11'.80 0.709 '.35 
lACe 118.915 0.99 · · · 120.15 0.108 2.97 
I- 118.92 1.00 · · · 118.12 0.708 2.95 
IADC IUl.U 0.99 · · · 120.35 0.101' ".88 
tAEC 118.89 1.01 " .. .. 117.71 0.109 17.8 

I .... 124.19 1.74 · 312 · 100.115 0.10' 0.42 
IBBB 124.30 1.25 · · " 99.44 0.703 1.16 
IBce 123.53 1.24 · · · 99.12 0.707 3.19 
IBce 123.92 \.24 · · · 99.9' 0.105 1.88 
lBDB 124.11 1.25 · " · 91.3' 0.704 2.33 
IBDC 12'.37 1.25 · " " 98.71 0.703 '.02 
18Et 127.10 1.26 " · · 101.27 0 . 585 11.12 

leM 133.55 1.41 · 29. " 90.85 0.636 0.19 
IceB 134.05 1.4' · · · 11.82 0.634 1.22 
ICCI IJl.19 1.51 · · · ".11 0.635 0.97 
Icce 133.89 1.52 · · · 8'.09 0.635 LB' 
ICOB 133.81 1.42 · · · 94.23 0.1535 '.72 
leDC 133.95 1.47 · " · 91.12 0.634 5.96 

' IeEe 133.50 \..3 " · · " .3' 0.636 2\.BI 
* T~rettcal values adopted because of dubious accuracy of .train .. asur ... nt. 

oj:" T : 
L...- "' I III 3' 

Depth Supports 
.f during 
c..t denting 

Dc!" 

1.1 
0.00 -
'.63 'AI 
6.'7 CA) 
7,95 ca) 

11.12 CA) 
13.89 ca) 
25.70 CB) 

0.00 -
',15 CA) 
1.57 CA) 
7.36 ca) 

14.33 CA) 
13." ca) 
25.51 ca) 

0.00 -
3.31 CA) 
'.30 CA) 

10.31 ca) 
15.153 CA) 
18 . 87 l:: 3\.12 

~ 
" " (A) 

t 
,.---. A (8) 

§ 



Tab)e 4 
"-. Dia •. Thick length Yield Young's Slender- Reduced 

no. to .id .... stress Modulus ness slender-
thick- (ass..-ed)* ness 
ness 

0 t , a 
y Olt Jk/r 'k 

' .. ' ' .. ' '-' '.1_" '.1_" 
lAIC 109.18 5.06 20QQ 362 207000 21.56 25.86 .345 
IBIC 109.36 4 .95 " 362 " 22.10 25.84 .344 

IAlIC 106.04 8.24 " 600 " 12.88 21S.59 .456 
18IIC 101S.01 8.25 .. 600 .. 12.85 26.60 .456 

lAC 118.47 1.51 3500 420 .. 78 .• 6 41. 78 .599 
18C 118.48 1.50 .. 350 .. 18.93 U.17 .547 

HAC 123.21 2.10 " 213 .. 58.67 40.17 . UO 
IIBC 123.20 2.08 .. 

21' 
.. 59.37 40.17 .416 

lIlAC 151.f8 2.50 .. .62 .. 62.99 31.43 .473 
IlIaC 157.46 2 .• 9 .. 44. .. 63.21 31..3 .• 66 
~ - ----~-- .-

Buckling length. J • is set to J/2 wheniC is calculated 
* Theoretical valbes adopted becaus~ of ~ubious accuracy of strain .. asure.ent 

1/2 1/2 

Max 
initial 
hteral 
deflection 

'0 
r_1 
1.36 
4.26 

5.12 
15.70 

6.69 
H.46 

2.59 
6.79 

2.66 
6.76 

Depth 
of 
Dent 

0.10 

0.0552 
0.1042 

0.0503 
O.llH; 

, 

0.10'0 I 

0.1850 : 

0.0501 
0.1199 

0.05.1 
0.1199 

~ 

o 
~ 



,au, .. '" 
SpeC. Di ••. Thick- length Yield Young's Reduced Initi.l Depth 

no. to .id ness stres Modulus slender lueral of 
thick- (assUlMd)1fI no •• deflection Dent 
ness -

0 t J a Olt ;; '0 DdlD 
Y 

[-] [ .. ] [-] N/-'1 [N/_]' [-] [-] 

2M88 122.51 2.51 2500 ... 207000 41.6 0.8607 1.41 9.39 
2BASS 122.58 2.51 .. .. , 0 n.7C 0.8591 13.57 18.15 
'CAB8 122.59 2.51 .. .. 3 0 n.7( 0.802 25.68 25.16 

2ASSS 122.60 2.51 .. '.9 0 n.7( 0.860 -0.75 10.50 
2SSSS 122.63 2.56 0 .. 9 0 47.9 0.8546 7.39 17.14 
2eSSS 122.61 2.56 .. , .. 0 41.8 0.8500 11.64 24.87 

2AC8S 122.59 2.51 0 "9 0 41.7 0.8644 ' .00 10.16 
2SCSS 122.58 2.58 .. .. , 0 4'7.5 0.84&3 6.81 16.36 
2cess 122.62 2.58 0 '.6 0 U.S 0.8613 14.33 23.20 

'8CAB 123.01 2.05 .. .52 0 60.0 0.85'5 3.25 11.42 
2SCCS 122.04 3.04 0 520 0 '0.1 0.92'1 4.12 11.58 

2SCSA 122.64 2.55 0 , .. . 48.0 0.8536 4.03 11.69 
28CSC 122.59 2.51 0 '.7 0 41.1 0.8530 3.98 10.86 

• Theoretical value .dopted because of dubious accur.cy of str.in ... sur ... nt 

p 

--,. -~ 
( -,- • p 

I 31/4 -----J.. Ii' ..j 

Eccent"; Pl.ce 
cities of 

dent 

• 
[-] 

6.25 (A) 
6.25 (A) 
6.25 (A) 

6.25 (8) 
6.25 (8) 
6.25 (8) 

6.25 (e) 
6.25 (e) 
6.25 (e) 

6.00 (e) 
6.00 (e) 

3.00 (e) 
12.50 (e) 

Bending 
to nor •• l 
stress 
at ends 

rlb/tl. 

[,] 

'0 
0 

0 

.. .. .. 
0 .. .. 

I" 
0 

10 
'0 

~ 
o 
~ 
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At tb. eDd of 198, • project OD .... p.rl ••• hl iII 'U.ti,ltIOD or 
_ltl •• te caplclty of d ••• ,ld t1l,b1l1ar be •• coha.1 Cc:.aIIlCld at A/S 
V.due ira 0,10. Thil papal' preunt. tb. ,0111 of the .t.d,.. and lb. 
u:plri ••• tal teohDiqll.' wblch Ire beiD, .,ed, Th. purpose of the 
projeot is to del.nlhI. lapari •• ntlll,. the ao ••• t VI. 11:1&1 forc. v •• 
rotatiOD rel.tlo.shlp. for d ••• ,ld tabolar .t •• 1 .I.ber., Thil 
lotonetioD •• 7 tbu, b .... d 10 tb •••• hatIOD IDd "edUcation of tb. 
rl,ld.l1 .tra.,tb of d ••• ,ld ofr.hore Itructar •• I.d to (.rtb_r d.v.lop 
I.d ''''rif, InllytiCilI .odell. n ••• in tnt .. top enlbl .. adat forel 
1.4 ao ••• t 011 the dialed rl,ioll to ba .pacifled lod cOllt1'011.4 
,1 •• 1t ••• oull,. lod lacS-plndently . COliputlr CODtrolhd t01dial lod 
displace •• ot II •• 11 II co-pater basad data aeqai_itioa ara baia •• sed 
to obtaia co.plata loadia. and collapse bahavior of tha danted re.ioa as 
wall as tha .lobll .a.ber baha.ior. 

• A!S Varilae, Bovik, Norwl,.. 1986/87 Vhitia. Pror..,or . Dept. oC 
Civil ED.tneerin., MeMlster Dai.erllt,., aa.iltoft. 

e. napt. of Civil £n.laa.rla •• Valverslt,. o( Toroato. 
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Tubular member. are used for the construction of jacket structurel and 
otber otf.horo structures Inch as jack-up. and certain type. of steel 
gravity ,tructurilil. Also deck tru.ses lilly be compaud of tubular 
members. 

The externll load, in luch structures are carried ,lmo.t esololively by 
axial forces in the lIIambers - compression or ten51on. The loading. 
which .'Y influence the compression capacity of tubular beam-colwnnl 
includes be ••• bending due to wive and current, fr ••• bondin, due to 
global dofor.ations, internal or external prellure and to a leller 
dearee torsion and shear. 

The primary failure lIIode of me.bers subjeoted to u :ial compreasion is 
column buckling. Looal failure .odes may. however, interact with the 
slobal member buckling depending on the geometry, material data and the 
10adioa. The detrimental effects of imperfections with respeot to 
compression capacity is well reoognized. Damage to tubular members in 
offshore structures will further reduce the compression c.pacity of 
tubular members. After damage has occurred the sbility of the structure 
to withstand the functional and environmental loads is questiOned. 
Also, repair of dlmaged members below w.ter level is difficult and very 
costly. Therefore, decisions resarding .oceptable damage in tubular 
lIe.bers have to be lIade. After dama,e has been reported, it is 
i.portant to be able to .. sess quickly and accurately the residual 
stren,th of the dama.ed me.ber or the structure in order to tlke the 
preoautions when necessary. 

The purpose of the present project Is to ,ain lIore esperimental data OD 
cap.citiel of dalla,ed be •• colullns which c.n be und in reaidual 
Itrenlth ev.lu.tions. Other rese.rchers (Refs. I, 2, 3, 4) have 
'ppro.ched the d •••• ed tubular problem in recent ye.r. froll both 
theoretical and experimental standpointa. Thil Itudy hal been destined 
to provide data which is bro.dly applicable to .nalytioal treatment and 
extrapolation, and which oomplements the reported experimental work of 
otherl. 



ID or4 ... to u'rhe at ..... !tl practical ror d •• 11. verifhuUoa it h •• 
b ••• decided to d •• crib. tba capacity of tb, dialed re,ioD by forc •• I.d 
rotationl "Ilat,d to .lctio.1 of tbe tuba1a .. outside tbe d •• "ld ... ,iOD, 
••• 'I, . 1. Pro. tbe M-P-9 .. e1atioo. II .bo •• IOb •• '1Iell1y I. PI,. 2, 
it .bou1d be poulb1e to deterata_ tbe .... itb'l stU.,lb of d ••• ,ld 
b ... -coI1I.a.a1 b ... d oa l.alyUcal •• thod., ud it .hoo1d aho include 
enoG,1I data to pI .. Cora I ao .. e ,dYIII,old reaid •• 1 ItteD,tb 1.11,11, of • 
plltfo ... IceDaatiD, for tbe po.tbackll., beblvior of tbe ••• bl .. 1 .,i., . 
flnita ol •••• t (or •• latlon. 

n. project co_eDcld .t A!S Vatltle in 0.10 .t the end of 19B5 and is 
pllDDld to be (Iol.hed wlthl. 1987. 

n ... a!ltl · ... 1000ltry of the t.buhrs to b. t •• ted cort •• pond, to tbat 
of typical ••• ban ia jaeket stnetur .. with D/t-ratios of 31 and 47. 
Th. di ••• t.r of tha test speci.eas is 140 ... 

Th. d.at (d ••••• ) depths .re .pprosi •• tely 0.1 • D .ad 0.2 • D. Tbr.e 
coupons (or specl.erts) fro. the end of e.ch tubuler will be hsted to 
obtain a typical Ivera.e croaa- .. ~tiollal yhld atrasa. The specl.ells 
.re t.stad at I strain rste cf 10-'/lec. At e atraill of 0.002 the t.at 
is stopp.d .t cOllst.nt straiD until • static str .. a level is r.aehed. 
Th!s procedure i. rep.'ted .t , .tr.in of 0.00'. Th. low •• t .tebl. lo.d 
racordad daria, the atop at , .,Jat,Jaad atrlia J, a,ed to c,lcal,Ce Che 
.tetic yield .tr •••• 

Th •• eurial ' .... d for the .pecl.enl h St,l-N for D/t - 31 nd St44-N 
for Olt - 47 correspond in. to typical yield strea.ths a.ed ia off.bore 
t.bullr coa.traction ••• b.rl. Approzi.,t.ly 30 t.bal.r .e.ber ,plcl.e.1 
will be tested in the current pro,r ••• 

Th. lo,din, condition •• re ladlcsted In Tebl. 1 for 00' typ. of .pecl •• n 
.eo.etry. The e.hI load is to be tept con.tent wbile the specl.ln is 
.obj.ctld to la lacrea.ia •• 000ent clu.ed by laterll IOldia •• 

T.at No. hill force aend iD, MOlieat 

COItpr .. sioa Teaalon h 

• h dent deat 

1 0 z 
1 0 z , 

" z 
4 " z , 

" z 
6 " z 
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DI!IITIN9 

D'.',I of the tobdars 11 .t..uiated in • dentin, ria with the a.abar 
fhed 1,liaat n,d rotation. but free to aove lOD,itudiaally. Thh Is 
achieved by lupportiD, the a.abor at • diatloce Lt4 fro. it. I.d" wbere 
L t, ••• bor tOD,th. 

The ••• ber o •• d tor doottol h ••• wed, •• hapo with 10 ad'l radiol of 20 
_. To acbievI the specified dent depth the deotln, Is perrot.ad in 
atopa by IOldiG, ud uoloadia, in order to sepanta the elastic and 
plr.lolnt defor •• UoD" The dent width (in • plaoe Dor •• t to the 
.I.ber/ioadin, plane) and the depth Ire .... ured durin, tho deotinl 
proc •••• 

A ria (or ,oOlletry .... or ••• ot. ha. beeo conatrucUd , The .peel •• D it 
aouoted io this ril in ••• rticIl positioD lod the IUrr.CI ahape of the 
tubular i ••••• o.rad .11D, displace.eDt trll ... doolr. : •• cb •• atio 
repr .. entation of the ri, h .ho_ in Pi ,. 5. Nellure.ent. of the 
radial .urface po.ition .re obtained around the circuaference throu,h a 
rotation of the tubullr lIe.ber in .tep. of 5 de,n ... ne o·nlh.tion 
.nd the out-ol-.tr.i,htne •• o.n then be c.lcu.lated .ccordiD, to the 
procedure ,iven in let. 5 for •••• ure.ent. of toler.nce. on .hell •• 

A te.t ri, ha. been de.i,ned yhere I con.t.nt .xi.1 10ld cln be Ipplied 
.i.ultlneou.ly yith In incre •• in, unifor. bend in, .o.ent over the 
centr.l d ••• ,ed re,ion of the te.t .peci.en, .ee P i , . 4 . ne con.t.nt 
.xial lo.d h 'pplied by ... n. of • servo-hydraulic Ictu.tor opera tin, 
in force control lIode. The .o.ent i. created by tbe vertiCil hydraulic 
cylindlr. conDectld to ,ravity lo.d .i.ul.tor •• ucb tbat the tr.n.ver.e 
force. are actin, nora.l to tbe axia l load a:rh. The fore •• in tbe.e 
vertic.l cylinder. Ire oontrolled •• nu.lly. 

The teat pro,re •• ia .onitored throu,h •••• ur ••• nt of 

vertic.l di.pl.ce •• nt. It the tr.nav.r •• lo.d point. 

hort,ontal di.plac ••• nt •• 10DI the .p.ct •• n 

rot.tion •• t the cODnectionl betY •• n tbe Ipeci •• n Ind the 
lateral IOld Ictultorl (in.ide the con.tant aOlient relion) 

ax.ial 10ld 

Throulh a co.puter b •• ed control/d.t. Itlquhition .y.te. the force Ind 
.o.ent in the d.nted relion c.n be .pecified .nd controll.d 
li.ult.neoully or indep.nd.ntly. 
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Th •• tudy de.crlbed h.r,la 1 •• apported by • Jolut Indu.try pro, .... lad 
i •• elll,dol.d for co.platioD "ariD, the CDrr •• t ,..... Aft .... period of 
cODU4hathlity. tlll ... I •• tt •• UI proylde Yah,lIIt. ••• d.tl for I 
"o"Jn, bod, of hllor.ltJOD oud hi: tb. r.lhbh .. ht, ........ nt 01 
d ••••• " .t •• 1 stroct.r ••. 
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1. IIITRODUCTIOH 

STUDY or CARRYING CAPACITY OF FABRlCATEU 
TUBULAR COLUMNS UHOER AXIAL COHPRESSIO~ 

XI80-Hln: Yanl.Cuo-Zhou U.n. and Shao-Fu Li 
Department of Civil En,lne.rln~ 

Talnahua Univeraily 
Beijing ,China 

Fabricatad tubular coLumna are the b •• ie element. of ate.l oCf'hore 
platforn.a. Thh kind of coiul:ln hal a lot of advantages ill lIoC!challica. but It 
alao ha. inevitable imperfactions, becau •• it involv.. a cow~llc.ted 

.. nuf.ct~rln~ proce... The .. nut.eturing process of • rabrlcated lubular 
coLut;;;.n induce. thue .. in steps: (1) RoLLin, {ru. at.ed nat ptate. to [O[WI 
• cylinder; (2.) l.:eldln& of t he lOIl,lludlnal seall of the cylincttH to CC'[III .. 

caUi and (3) Transvarae weldin, of the canl to for •• Ion; colum:l. AU the 
above uep ... y ruult 111 .lcnHicallt residual Itre .... and &enu,etdc.l 
iQperfel;tion •• The.e facton, •• it is kl.own, .. y h.ve i.port.nt effo.:cta on 
the ulLlwte a.tr.n .. th end bucklinc beh.vior of axially lo.ded column •• 

l'herefore , it &lu.l lie con. ide red for. re •• oll.ble det1l11 of .x1ally 
lo.dec colu I,. tl'at '.1 actual colu~1l is .. eolluically alld wterially 
iloverfect, .. HI it .ho frequently subjected t.o bendin, IIOllenu n.ulting 
(ro. un.voidable end eccentrldtie •• nd .upport re.tralnt •• In the la.t 
dec.~. , .owe re.earch work on the bucklic& behavior of f.bric.ted tubul.r 
coluan. h .... .., been dOI,e(8)(9). UnpiLe theae research eHort5, tne beh .... ior 
of this kind of lIeliber h stUI not fully undeutood .nd .. mj)lu of 
av.Uable te.t data .re too 5ull to re.ch • reli.ble concluslou f(or then 
column.. Up to tne pre.ent, the de.ibn method oC th •• e column. 1a .till 
basec' 00 el.pirical Corllula. . A need cle.rly .xists tor ,cculat. and 
effective Elcl!lot! of a •• e.siu; the effect. of all the fa ... t(l(" t:I:H r. .. y 
4ff~":1 the 1Il1c'<11.,,, b<l.h.vlcl· a,~~ ultl all:! IItl.en,th of 3)(1 •• 11), ),·lulet. 
f.brt.:tltcd tubulu celU.llti so .s to 1al the fou .. dation. for t:laklng the 
re •• onable d •• i.n cur .... of the.e colulln •• 

lIereln , all ujlerllr.ental .nd theoreti~t1 .tudy un the IJucklll .... behavior 
a •• d ultl .. te .trenlth of fabricated tubular column. ul(.('r axially l<l,u!e(; 
coudillon 11 carrh:d out . In the experlc,ental inv •• t1&atlon .nt.(' lIIedlu. and 
lang coluLn leats and It. corre.pondln, lenaion caupon te.t. and .lub 
.:olulln leat. are cot,pleted. ua.e(. un finite c1lfh:[(!I.ce prll,ciple 41,d 
Newt(\'C' •• Raph.on Iteutl .... t.chniqulI!, all ela.tlc.-plutlc .naly.h .. ethod of 
bea .·c..,lu,l,a 11 ad ... a,.cec1 for the. entire ran.e. oC IKIliotonlc axl.1 loadln. up 
to u1th.ate load lnc.ludini poU·buckllnl unlaadll1~, and itl corre.pandll1i 
cOlllputer pro&ralll In YOKT.\Afl is .ha C::eveloped. To tie~.I.tr.t. the validity 
of the coo.puter probraa, co~parlson. betweell rhe ~<,:-pute" re.ults and 
te.led reault. r.,f aleel Cfllucne are ... de. U.lI ... the Cot'puter probra., 
ay.teutlc.l .tudh. of the eflect.s of lou.ltudinal re.h:ual .tre.se. elld 
Initial oUl·of·.trai_htnea. illlperCectio ... on the ultlut •• trength aud 
buddilll bahavior o{ fabricated tubul.r column. Ale completed and, finally, 
a rea.onable colul:..n .treliith cur ... e {or this killd of column 11 ob tained and 
cOllpareti wilh the current design curves .peclfled in different dula'. 
code •• 

113 



114 

2. tXP£RIH£llTAL lNVESTICATION 

The tasl program include. six medlu. and lonk column t •• ta with 
slendern... utlo ranging fro. 43 to 72 and with diameter-lo-thlckne •• 
ratio of ~O. thre. stub column testa with length of 500 __ , and thirty 
len_ioD coupon te.tl. A dla,rall 1. ahown in Pl,.l of the dimenalona of the 
speeillen, I. fabricated . All thea. tesla were conduc.ted in the Englneer t nb 
Structu r a Labonto r y,Talnghua University , Beijina. China. 

2. 1,Ten.10n Coupon T •• tl and Stub Column Teat. 

(t Is ••• entls1 Cor the prediction of the buc~llnR load and behav i or 
of • medium or lonG tubular column to know the .aterial properties. The 
materL.I properties that have the moat effectl on the behavior of •• teel 
tubuhr column are the modulus of elasticity. E, the yield I t rUI , C::S; , and 
the Itrela - Itrain curve.Tenlile specimen teltl and Itub column telts were 
conducted to obtain the material properties, r~apectivelYI in tenlion state 
and compreslion state. 

(a) TensU •• pecilllen te.tl ; To obtain a .tatistical avera~e value of 
.. terial property, 30 lenlile apeclmen. that were taken fro. 5 flat plates, 
6 'pecl.enl per flat plate, were te.ted . The lize of the .peclmen and 
l •• tina m.thod of the Ipecimen conformed to Chine.1 Standard. (GB 228-76) 
(1) . The te.t results of the statistical avera.e values of the .adulul of 
elasticity. E, and the yield streas . "', are ,tven In Tab.l • it also ~1ves 
the corre.pondlnG .... luel •• cOllt.ined In the mill report accolllpanylnli:, the 
(lal platel . The typical Itrell-straln curve of the steel o{ ten.ile 
.pec:h .. !n I •• hown in t'la . 2 and it i. found that the Itre.I-Ilrain curve .;.an 
be c l o •• ly .pproximated by the elastic-perf.ctlv pl.stic curve before 
sual .. hardening re&10n 11 reachec!. 

(b) Stub colullln t •• t. A stub colur"n aay be deflned.s • enlumn Ion. 
enouah to retain the ntt,inal lIII&nilude of Iluidual .tresse. in the leetlon 
and .horl enouah lo prevenl any preQlture fai lure nceurtni before the yield 
lo.d of the section I. reacht:d . A stub column leat is perfo£:med in order to 
obt.ln an aver.;,e Itrea.-.train C.urve for th. couplele croas-aectinn whieh 
take. into account the effeels of re.idu.l stre..... The .tub column teat. 
wert! conducted in a 500 ton coclprellion teslillG, machine alld the teal riG. is 
.hown in flG. . 5 DurinG the te.ting. the slrains at .1c1hd"ht Df thl' .tub 
co 1 Ulllh were lIeaaured by electric resisUllce .train iaies and the 
corre.pondinG, relative mover~enta between the IIlIchlne head. were also 
me •• ured by electric dlel ,ages. A typica' stress-.tratn curve for Itub 
en)"'"1l is .hDwn in Fl, . ). Theae stress-strain eurve. fo£: stub colullns .re 
sianiflcanl diHerent frenl those for tenlUe coupon telt., whieh is due to 
the effects ot r~ai~u.l stresses 1n the cro •• -.eetions of stub colu~n •• 

Goo~ corr.lation tl found between the 
tests aud stub colUllln tellS for the -.oclulus 
.treas Gi , whIch i. aivell 1n Tab.l • 

2.2 Residual Strene. 

result. obtaine~ frOG 
of ela.ticlty, E, and 

tension 
yield 

There at<. two ~aJol types of residual .tre.... ill the fabricateu 
tubular colua.n • . They are clrcul;l(erenllal residual atresses due to for, ina 
of a nat plate into a cyllhder , and 101l~1 tudlna! residual .tr •• ses due to 



weldin~ of. cylinder Into a can. The lOD&ltudln.l re.tdu.l .tr ••••• are 
believed to have -ore 'i&niClcant effectl on the behavior and ultl .. l e 
atreoath of • labrie.ted tubular column; henca, they mUll b. con.ldered in 
• rea.onabl. theoratlcal analy.l. of be •• · colu.n. The lonaltudlnal re.id ual 
• tr..... in the ean. were .ea.ured by. ".1 lei nc" technique( 11) . The 
di.tribution of the me •• ured longitudinal residual atrl •• e. of t he.. can. 
i •• hown in Fl, . 4. It i. found that the curve can be cl0.ely approxi .. ted 
by {ollowln& equation : 

or (~)-1.0662-6.1227 fJ +9.3851 / ·5 . 9125 1 +1 . 6488 l-o . 1669 ~$ 

In which ~ ·udlan. rotating frOIl weld; ~r( ~ )-nondllJlen.tona' rUldual 
.tra..... The curva in Fl&.4 i •• imilar to the curve of 10nRitudinai 
relidual Itrall diltrlbutl~n me.sured by D. A. RoII and w.r.Chen (1976)(12) . 

In the t •• t proBraCi. six ~edlu .. Ind 101., colur"nl with oller.ll leuith 
of 3D aMl !u .. ,each of ,..lIlcll c(\I~.ilt5 of U ree Cl1l5 were tll!lt£l! to I'tovid,­
the .... t. for chack up tl,e theoretical aualYlis . 

AI tha Inlthl out - of-atr.i,htne .. II one of the 1i0It iII.portallt 
factor. affcctina the ultlaate load of axi.lly coapre •• ed colu nl. an 
extenllve lliea.ure .. ent of the Initial crookedness of eech coluCln lola. carried 
out befora lauille. ' Typical Ipacl.en out-of-Itul,hlllcllel ara Ihown I" 
,ig . o . To allow the col""11 buckl1nt; ill itl weakel t direction , two Ipherical 
baarlr:t~1 ware ula<: at both end. oC t.he co1ulOonl durin, le.t.In, . It alao 
provides a real pin-ended condition willcll allows valuable inform.tion 011 
colurn bah.vior to be collected. The te.ting rI.. is .h",wn in Fie.S The 
deflection •• t. 1 acctlon. In bucklln, direction were lIIe .. ured by al~ctrlc 

dial ,a,a.. and the I.eflection. in perpem!lcular dl rection wera allo 
Iilealured at 3 of thale lectiol1l . The .tralns in the laLla lection. weu 
alao mealurad with electric-uul.t.nce .t.raJn ,a,e,. Refora te.tlilg . 
align .. ent In which t he centar of each end of specilllen tl aligned wi l h the 
cantar o{ the .ph~\ic:al bearin& at that en~ ,.. •• c.re[ully ~~e and lhe 
unlnten.lonal end eccentricities were lIeasured by the ~.e •• urill' sets . The 
axial load wa. appl1ed in III.:rements and the statlc nadine. of coluAin 
behavior we r e recorded. 

The l..eoll.tricAl proper tie •• ud collapse loadl of It.ediu •• nd lon& 
colulln. are .uII"'-lri&ed In Table 2. In Fig . 7. tha test dau r.c()rd~d of 
ultiNt.a lo.d were alvan .ud co.p.red with other test r.sults o[ t he ..... 
sort (8)(9), APt dule" curve (6) , ECCS/DnV-OS desten curves (.l)(4) , and 
SSRC multiple curvel (1) . It. 1a found that. the tut d.ta here tund t o the 
a,reellent with t.he lest data obtalnec by fOI •• r la.earch.ls and ~Sl of the 
test results are above the IIIO.t of desi,n curves. 

l. TUEOlUTlCAL ANALYSIS 

3.1 Cen.ral 

because It. II unavoidabla for an actual co I Ut.1I to have so e 
impedectionl such a. inlthl crookedne •• , end eccontricltiel , r.lidu.1 
.lra •• es, end ra.t.raints and so on , which hav., to v.lyina d.'r •••• effects 
or. the buckling bah.vior of AI< .d.Uy loaded colu'''ll, it II rea.obabie t.hat 

us 
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.n .clual coluun ia analyzed as an elastic-pl •• tic be'lII-column. An an.Lya'l 
oC an elastic-pl .. tle. bUIl-colulin can be fall into two ataps: (1) The 
gellerltlon of the behavior of • colUII1D sa,_ent, H-P-f rel.tlonl; (2) then, 
uslnG thl. as Input cata, Lhe load-deflection behavior of • b.a.-colllliln h 
calculated and, therefore, the ultlaate ItreDith of the b.all-colulln I. allo 
deler .. lncd. 

In this p.per, I finlte difference principle h liut u •• d to turn 
the equilibriull differential equation of bealll-columna into .n a.t of 
al,ebralc equatlonl, which lIIakes it .asy to lreat de.£[ecent .nd restraints 
and varying kinds of Inlti.l crookedn.... and then a Uewton-Raphean 
itf,lraUvI technique 1& u.ed to solve tllta •• t of equations. A ~en.ul 
solution of el .. tlc bealll-column h also derived .. inilhl stale of the 
iterntive proce... The a •• umption. adopted In followin& theoretical 
derivation are a. follows: 

(1) Phlle leCllon re~lain. plane after the deformation. 
(2) The deflection. are sull aud the slope anglu in radian are 

neillgible cocll/lred to unlty. 
(3) The behavior of the .. terial along the colUDn ha. not deference •• 
(~) Th.,e are no occurrence of local buckling and twl.tlng during 

load In • • 
() Ther. au no variation. of residual .tr ••••• along the colunln. 

3.2 Equillbrlu. Equation 

;(eferill'; to the colu~,n .hown in Fig.S, the equlibrlu. equation of a 
,eneral b.a .. -colu.n can be derived aa follow.: 

whete p-cf.lcpre •• tor. load; z-deflectif.ln of column due to co_preaalon 
v-initial crookedne.a of the column; e., e,, "end eccentrlcJtl •• at end 

... ,'. -.lope an,le. at end ... ,BiC •• c . .. end reatralnt coefficient. at 
A •• I;I. ... bcntlL.' LX>s:.ellt of the aeclif.ln at a dtaunce x fro .. the leCt end A 
co lumu . All the above qu.ntltles are nondlmenalonal quantitlea and 
dhlenaional quautltie. corresponding to above quanti tie. ar.: 
H-II:.~la; p·p.Ps; 0 .. ~.'I\i e.- , •. 8); B . .. ... . 91 i Ca-c..Ca ; Cb-c ... e. ; 

c ... tI/L; Ha"'J '~i PI·A .~; "s-:ia/Elj es "L.I&.si 
Z"z .q. i V"V .q.i r.-e. . q" i E"-e,,.qlti X-x.Lj q .. -W/A . 

of 
the 

wl.ere A-croaa-scctional area ilO;,lI.olllent of InerUa of the ,ectlon ; W-,ection 
modululi L-Iel'!ith of bea~-coluwil. 

3.3 CI.lI)ual Solution (If Elastic Bcam-coluCln 

In the .l •• tlc ran,. t}·e beut!lnb nolllent .Dl, has a almple relation 
with the CUIV.tUt.,~ , al Col lows: 

( 2) 

and theu it I. ea6) to obtain the aolution of the equatlul. (1). 1£ wo! 

defil.c l} ai<>: 

(J) 

(4) 



.n~ ex.atl. l~1I! initlal crl). Kedn ••• , v ••• : .. 
v( x).I" Ai SIN( 1 Jrx) 

'" 
the solution of an elastic beaa-coluan can be flb tai ned : 

0) 

I , 
z(x)" --- (z., SIN(bx-b)-z. SIN( bx)"" -( I.. (l-x)+r. ~ )t)+u (6) 

r $IN(b) P 
where r. •• z. 81'. defined as: 

z. ... (D. c. (b' . ~+C lo 0 10 )-(0, Clio -0. )( b' e. -, II ... » 
z~·r.. (0, c. (b

l 
e. -c. D. )-(Os c. -0) Hlf e. +c. u.» 

and 0. ,O, .Da , U •• 010 ,and E. SC. ,iven as follows: 

and 

D.-SIH(b)-b 
0, -bCOS( b) -SlN( b) 
o,-b SlN(b) 

D • • 'l'i..!!. na" 
I /- .... 

• • ·~f ,"::.08,,(-1) 

z .. ·pSIH( b) /(0: c. c.-(u, c.. -OJ )(01 C. -OJ» 

U· ~ ._",;" -.SlH(nwx) in which .. " "b1/(m,i 

In the ca •• of pin-ended condition, the equation (b) beco~ •• 

3.4 Ho~.n l-Curv.lur. Rat.tlona of Column Segment 

(7) 

(8) 

( 9) 
(10) 
( 11) 

(12) 

( 13) 

(14) 

(I,) 

In the d •• tic-pla.tic range, lhe equation (2) can nOl be true and 
aenerally apeakina . the bending me.en t • i. a functi o n ot th •• tr ••• - .train 
behavior of the mat.rial and the residual Itrelle. in the seclion. To 
derive out a ,.nenl I1Olllent-curvature relatloll of an arb! trary .ection 
con.idering arbitrary .hapes o f .tress-Itra in curve and relidual Itrellel 
in longitudinal dinction. a ,.neral Itrain diatrlbutlon of the crol'­
lection il firlt derived a. followl: 

where e -Itrain. f. -.traln at centre of for_ , t.r - relidual Itrain .all the 
.train are non-dll1ell.ional1zed with re.pect to the yiald Itrain 6 .; 
.f -radial dhtancc in th. polar coordinate. located in the c.ntre of for. 
of .ecuoD non-di.enllonaUzed with re.pect to i.-I/W; « .an,le batween y­
axis and the neutral axi.; "-the anile In the polar coordinate located in 
the centre of for. of the .ection. 

A ,aneral .tre •• -.train r.lation.hip in uniaxial Itre,1 telt condition 
can b. .xpr •••• d by : 

(18) 

117 



11B 

Subatltulln .. equation (17) Into equation (16). the stren diatribution In 
the sec lion call be obtained .~ Collows: 

Thus the generalized atrea.es 
c.ollputed by: 

p • .Li .. dA 
A • 

my_'!' 5.~ zdA 
VI • 

., • .Lf.(f ydA 
W, 

bending mom~ntl and axi.l force, are 

( 20) 

(21) 

(22) 

The aquatlon. (20),(21),(22) and (19) give a jtenual .olllelll·thrulIl­
c.urvature rehtionahip of any seelion. Aa the H-P-~ cueve u5ually cannot be 
cOllpuled by direct lIIethoda becauae of the nonlinear behavior of the atresa· 
atrain relationship, an iterative procedure ~U.l be applied to treat the 
nonlinear probl.~.The iterative procedure adopted In thi. paper I. aa 
Collo .... : 

(1) Ueteriline the following quantltlu: 
• Range of the thrust, P • and Ita Increment, dp 
* R.n~. of the curvature Ii • and ita increment, d_ 

(2) Set tha load p-p-t"dp for ith loop 
(3) S~t the curvatura ••• Td~ for jth loop 
(4) Cet E.. fro .. equation (20) by Newton-Raphaon Ilethod 
(5) Subtituta e.and ~ into equations (21) ,(22) to ,at..,. , III. 
(6) Coto stap (3) for jTlth loop of ~ 
(7) ~oto Hap (2) for iTlth loop of p 
(8) Output the ~-P-' matrix 

Basad on tha above al&orithl,a • an cOlllputer proaulII in FORTRAN ,HCTAP, 
ha. been coded and the comparilon of the co~putad re.ult. with analyaia 
re.ult. of lome aectiona has also been lIIade. It laavea no doubt a. to the 
validity of the computer progralll.Uaing tha computer pro,ra. extenlive 
atudies of the effecta of the longitudinal reaidual atreaaea and the 
direction of applied bending IIIOlllent with Tespect to t he l onaitudlna l weld 
on the tl-P-IJ curves have been carried out. It h found that the.e factora 
have aicoilicallt effect. on the M-P-IJ curv... The effect of reaidual 
atreasea on M-P-' curve ia shown In Fi~.9 and the rasulta cOllputed in SOga 
directiona are shown in Pl,.lO-12. 

3.5 Aualya .. of EI .. tic-PlaUic Bea .. -Colu.na 

As the Iloeent-thrust-curvature relationahip in plaatic ranga behavea 
nonlinearly, recourla muat be .. de to nUlllerical methoda to obtain the 
aolution of the equation (1). Here, a finita difference principle ia uaed 
to reduce the differential equation to a lat of algebraic equationa ,and 
then a Newton-Raphaon iterativa technique is uaed to aolve thla aet of 
equationa. 

The difference foreulationa uled in tha transfor .. tion of the 
differential equation to the aet of algebraic equations are: 



• I ( %,- 12ft- -z,_ , ,,"16z1_, -30'",+16&1., 

• I ( 
zl-1\' ~I_I -2&,+z", ) 

lot -zl;:<-3z; ,toz i .. , -ZitI 

z,-t;,.<z;"'\. -4z i-1+ lz , ) 

t-Z,l, •.. ,n-l 

\-0 

whera 'l-deU.clion at ilh node; h-conatant, )( -lh. Subltltutlni 
.bove difference formulations Into the governln& equation (1), .Iel 
algebraic. equatloll6 can be obtained •• followa: 

' ... -tz~, 

(23) 

tho 
of 

( 24) 

( 2» 

Ualo& Newton-Raph.on iterative technique and con.ld~rln& 
(22). the set "'{ equation. (24) can be .oIved takln& the 
aquatlclI (6) •• the lei tiel "alues oC the firat 11'-[l'IliOIi 
the intell'0latlnt; valutl5 a. the Che. 

equation. (1'.i1)­
cla.llc .~luIJon 
a,.d lilt'll Itlkl .. , 

B •• ed 011 th. above for.:.uhtlona •• cOll'lputar pro&ra .. in FORTRAN, neAP, 
h.. been developed and lome of comperlaen between the lIedlum and lone 
colUMn telt r •• ultl and the corre.pondlna computed rClultl ara &lven In 
"&.13-16. The further comparhon of the re.ult. betweeu tut .nd 
computation fa ,hen In Fi,.I7. It 1a found that the identity between tha 
both II ,ood and the related coefficiant equal. 0.9896 • 

3.6 Column Str.oath Curve. 

Ulloa the eo.puter prO&ralll, SCAl', .ome colulllO Inen&th curve. of 
fabriCated tubular column. ate developed con.ider!n& the lon~itudlnal 
re.idual Itra •••• in Flg . 4 and 0.11 initial crookedne •• , and the relultl 
thlt are correapondln& to different buckling directiona of column with 
rupect to the longitudinal weld at"f! shown in Fi&.18 . It is found that the 
curve who.e buckling direction is opposite to the 101l&itudinal weld &lve. 
the lowe.t column .trenath. Therefore ,it .. y be adopted.. the d •• ian 
curv. for tha fabricated tubular columna. The IU&aelted colulln atrenlth 
curva can ba elouly approximated by the followina equation: 

p-tk(1+t.+J\'.-l(1.,. t...,.h!> -4.\:) ( 2&) 

where Ec ·O.1826.\.; ".-14./""~ ,nondlMnllonal .lenderne .. rallo. 

A co.parilon between the IUIaelted curv. and API deilin curve a. well 
a. SSRC .ultlple curve. i •• hown in Fl&.19 • It 1. found that the IUlae.ted 
curve 11 .1gnlf1cautly lower than the API curve and the SSRC curva "I" but 
hl&her than the SSRC curve "2" • The compariloD belween the IUli.lt.d curve 
and lCCS/DnV-OS curve. I. given In Fl,.20 and It i. .hown that the 
IUIC •• ted curv. h clolt to the ECCS/DnV-OS curve "a" but 111Chtly h1ahu 
than it. 
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4. COllCLUSIONS 

(xperi_ental .n~ analytical studies of the ulli.ata carrylnb capacity 
of axially loaded fablicateG tubular columna have been toade. An analysis 
tethorl a_sed on finiLc difference principle and Newlon·aaphaon iterative 
tachuique t. u •• d to c.oillpute the loac·deflection curv •• of b.a .. -colunn. 
fOL the entire ranGe u( I;lOliotonlc 10adln& up to ulliwle load including 
posl-buddin; unloadin& . Dssed on thla lIethed ,. computer prolr •• ,DCAP, 
in FORTItAN ha. alao been developed and ita nUdity wa. delllOnstrated by 
the !.Iedlum .nd 10n& cnlumn lestS, which are as • part oC thl •• tudy. and 
uLher teat results. Uslllg the c/)IlIputer program. accurate and .yatematical 
a tudies of the streng th and behavior of real fabricated lubular steel 
colUUlns cOJulderlll& resleual streu,es initial crookedne.. end 
eccenlricitilu ant. end restralntl, can b. carried out ea.ily. f'ro .. this 
",.per, the followlu& conclulions appear valid : 

(1) The tut re.ult. of 6 fabricaled tubular colUllns were cons15tant 
with the results of previou. teltl of the lame .ort and collaple 
Itreu~th of thes~ coluillns 15 found to be IIOltly above the 
strength cunu contained in A1'I, ECCS/l>uV-OS, and SSKC duian 
recolllL.endationl. 

(2) By the eom!-'uter progr.!:!, lJCAP, theoretical prediction of the 
Itrfll: .. th a/ld behavior of theae test specl •• ns was In lood 
a .. ree ,ent wlth the ex-peri",ellta l re.ults and the comparison 
betwe~n tne both is shown In fi,.17 • 

(3) Usln .. the co"puter prolratl, the effects of l onalludlnal residual 
litre.... on the H-P-' curves and the colUmn strength curvel of 
fabrlcated tubular columna vere studied and it il found that the 
lon,ltu<:1nal residual .tres.el and it. location with respect to 
lhe buckling direction have eon.iderable effect. nn the.e curves. 

(4) Alilong the above colullln strength curve., lhe one wlm.e buckling 
direction i. opposite to the longitudinal weld &ivel the lowest 
column atren.th, therefore, it may be adopled for the de.lgn of 
fabricated tubular COl ulIIlIlI. 'rhe .ullellt.d columu .trength curve 
cal be closely approxh,ated by the equation (26). 

(5) COlllpuisons between the su"flated colunnl .trength curve and API, 
tCeS/OnV-OS, and SSRC c urves are .hovn In Fi, .19 and )o'i&.20 • It 
Is found that the suggested curve h cloae to the ECCS/DnV-OS 
curve "a" but slight higher than it. 
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T.ble 1 H.terial Properti •• 

Yield Stre •• Hodulus of El •• ticity 
(ka/cml. ) (kg/ellll ) 

Hill Report 3290.0 -
Ten.lon Te.t 32f.O . 0 2.206£6 
Stub Column Te.t 3189.0 2 . 1951:6 

Table 2 Long Colu,",. : Derived P.ra_ura .:,t! Coll.pae Loada 

Specimen t:;Hec.tive Collapae Collap.e Col. S t ra. 
No . Length k/, lI. Lo ••. s Strela --- -------

Lo ( .. ) ( tOI,) (k./e .. · ) lie. Stra. 

Ze-l 3.lts7 45.'11:> 0 . 5644 71.1 3130.3 0 . 9544 
ZC - J 3.Hs7 45.9b 0 • .5(.044 7fJ.2 321~ . b 0 . 9804 
ZC - 5 3.Its7 45 . 9b 0 . 5644 75.4 3061. 3 0.9333 
Col 5.187 74 . b4 0.9185 70 . 0 2t142 . 1 0 . 0665 
C-J 5.1b7 74.84 O.(Hb~ 72.1) 2fJ55.7 U.9011 
Co, 5 . Un 7t..64 O. 'ild5 62.4 2533 . 5 0.7742 
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APPLICATION OF THE NUMERICAL INTEGRATlON METHOD 
TO STABILITY OF RING-STIFFENED CYLINDERS 

John E. Goldberg, Prote .. oe 'f.aeritua, Purdue University 
Dlvaker v. Pathak, Consultine Engineer, Ypailanti, Michl,an 

Introduction 

Thi. 1 •• brief description of the Nu.erical lot.,ratlon Hethod and 
ita application to atability proble .. of rIng-stiffened cylinder •• The 
cyUnder' •• Y have elOled enda: spheroidal, pu·.bololdal, conoidal a. well 
aa flat; and the stiffener. .. y be internal or external and IIIIIY have any 
practical prof tie including closed sectiona . In tact, the progt.. which 
haa been written for the atability proble. include. a catalog of .t1£feD­
ing ring. : flat, angle , jay, tee and flanged tee; and • catalog of clo­
surea; both of the cataloga can be readily expanded. Radial pre .. ure and 
lonaitudind loada a~ handled. and both of theae .. y vary in the lonaitu­
dinal direction. 

The. procedure and proln. are bued on the firat-order _thod, ao .. -
ti.n called the Nu.erical Integration Method, oriainated by Coldbera and 
BOidanoff 11) for atreaa. atability and vibration analyaia o[ ahella of 
revolution. Two ailnif1caot featurea of thb -ethod are ita abiUty to 
handle ahella of revolution of arbitrary ahape with arbitrary variationa 
of thickneaa and .. terial properties, and ita direct handling of all phy­
aically po.aible boundaty conditiona . For atability analyat., aince only 
the loweat ellenvalue La required, the nu.erical intalration .ethod ia 
coupled with ao iteration procedure. 

The governilll equationa are derived with the dd of chllicd ahell 
theoty . The atreaa-di.placellent relationa and the differential equil1briu. 
for a defonaed ahell in generalized orthogond curvilinear coordinatea are 
taken fro. Love (6) and the atre.8-atrain relationa are taken frOIl Novo­
zhllov 11 J. The coordinate., a and e , define poinu on the Riddle aurface 
of the ahell and on the .tddle aurfacea of the atiffenera i with a and e, 
reapectively. being the dbtance along the .eridional curve, and the. angle 
between the .. ridional plane through the point and a reference _ridional 
plane . The third coordinate, Z, ia the norul diatanca trOll the .iddle 
aurface and b poaitive inward . It b convenient alao to define the anale. 
f. between the nor .. l and the axia of the ahell. 

Taking the aolution in the fona conaistent and generalized Fourier 
aeriea, tM baaic parti&l differential equatiolW are reduced to uncoupled 
aeta of ordinary differential equations. It .. y be noted that the Fourier 
aeriea repreaentation U aaaociated directly with the buckU .. and vibra­
tional .odea . In accordance with a beaic prinCiple of the Goldberl­
Bogdanoff .. thod, the differential equatiOns are written in firat-order 
for., which ia p.rticularly convenient for nu-erical lnt81ration, and in 
terwa of phyaicaUy aeaningful variables: stre .. and lIoaent reaultanta 
and diaplace .. nta in the local coordinate directiona. 
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The Una! lona of the equariollB foe .n arbitnry c!rcu.ferent1.1 ",.ve 
nu.ber or indell, n, b .how 1n Appendix n. The .et of equation. 1. of 
e1ahth order, conaL'tina of eIght firat-order alaultaneoua ordinary dif­
ferent1.l equation.. In ay-..e.trlcal c. •• e.. n beco.e. aero end the ut 
reduce. properly and identlcdly to .hth orde". 

Stability ~ 

The ,tability proble- 18 .oIved In two It.,... The firat ata,., 
which .. , be called the pcebuckllng atage, deter.1nel the atate of atre •• 
throughout the .yate. due to ay..etrlcally applied pr' •• ure and longitudi­
nal loading dlltribution and a convenient unit or reference .. ,nHude. The 
.econd atage, ",hieh •• y be called the buckllns at.ge. deter.lnea the 
eigenvalue, which is the IIIJltlple of the unit or reference loading at 
which the .yatea will buckle. The eigenvalue il obtained through the Ule 
of In iterative procedure (with which the name. of Schwarz, Engeaaer, 
Vienello and Stodole are aaaociated) in conjunction with the nu.erical 
intelration .. thod. 

To apply the iterative procedure for a apecific C1rcuafereotial wave 
nu.ber, 0, a leo .. trically ad.Jaalble .ode ahape ia aaau.ed. The producta 
of the prebucklina atreaa reaultant. and atre.. couple. ti.e. the 
approprIate defon.atioBa of the a.au.ed .ode .hape are taken .. a di.tri­
buted applied loadina, and a new set of defor.ationl i. calculated by 
intelrltina the ahell equatiOns preaented in Appendix II. A teat for con­
versence ia applied. (f convergence to a desited deltee haa not been 
attained, the calculated deforaationa are noraalhed and the procna 1& 
repeated until aatilfactory convergence ia attained. 

Theoretically, the proceaa h .. converled when the retio of the prev1-
OUI diaplace .. nta to the newly calculated diaplace.enu ia unlfor. over 
all intelration point •• Froa a practical atandpoint, a certain tolerance 
ia acceptable and it can be ,,8ulled aufficient when the difference between 
the ~1_ and .in1MU11 deflection ratios doe. not exceed a .pecified per­
centase which .. y be eet at the diacretion of the analy.t. The newly cal­
culated di.placementa ahould not be nor .. lized prior to calculating the 
deflection ratioa. It i. likely that the ratioa behave erratically at 
pointa where the calculated noraal deflection 1a ... 11 coapared to the 
.. xI.ua calculated nor.al deflection. Conlequently, when calculating .. x­
i.u. and .1nl.ua ratioa at the ecd of one cycle, 1t ia adviaable to diare­
gard the ratiol for theae pointa where the deflectionl are 1 .. 11 . The 
entire procedure lIU.t be repeated for other valuft ot n, the Fourier index 
nu.ber, until the lowelt buckling load (.ultiple of the unit or reference 
value) ia found. It ahould be noted that the coaputer calculatel the 
deflectionl (by uae of the d1ff~rential equation.) ao that the deflection 
ratlOl can be calculated within the coaputer. 

co.putational Procedure 

The dilferential equationa, which are liven in the Appendix, lor. a 
ayate. of alaht li.ultaneous fir.t-order ditferential equations 10 the 
coapleca set ot ei«ht intrinsic variable •• The intrinaic vatiabl .. are the 
aaplitude. of the three orthosooal diaplaca .. nta, the rotation in the 



aerldlonal plane and four atre.. re801eant. . With appropriate initial 
value. of theae variablea , the equation .. y be intesrated nu.erical1y 
u.ing any atable technique luch .. the Runge-Kutta proce •• , Ad .. ;, a.thod 
or a predictOr-corrector .ethod. The proble., con,latins of the let of 
equation. together w1th appropriate boundary conditione at the lnltlal 
edle, 8 • 0, and at the te~n.l edge, , ••• for. a two-point boundary 
value preble • • The proble_, therefore, 11 tranaforMed into a cone.ponding 
aet of 1n1thl value preble.. by the technique deacrlbed belov o It 1, 
•• au.ed that the .yate. 1, of eighth order; however, '11th obvlou. changea, 
the technique .y be applied to .yate .. of higher order .. wU •• of 
lower o rder auch •• the a lxth-order 'yatea corresponding to the pre buck­
Ung Itlte . 

The proe.a. of tranaloraation to an initlal value proble. ia 
explained with the aid of the table which follo~ . Let p , p ,p and p 
repres.nt, In any convenient order, the initial valuel of ~he 6fouf vari! 
ablel which ar. apec1fied, and let p , p , P3' P4 repnsent initial valuel 
of the re .. in1ng unapecified varhbla. , five solutionl, ~bered 0, I, 2 , 
3, and " are constructed by nUMrical integration . For lolutlon 0, the 
nonha.ogeneou. ter.. (loadingl) in the differential equationl are 
retained, and PI' P2' P, and P4 are taken to be zero. For Solution 1 to 4, 
the nonhollOgel'leous tefll' and Ps to Ps are deleted; and the initial values 
of PI to P4 are takeo to have conveiilent arbitrary non&ero valuel and one 
and only one of these is retained for each lolution. 

~l ut 1 on I t '" 1 0 
I \'/ 0 \ ",c.~ IN h on ollOgeneoua 

Ho . PI P . 
2 , P3 P, , 

PS-Ps Ter.s 

0 0 0 f 0 
, 

0 Include Include 
1 J 0 0 0 0 Delete 
2 0 1 0 , 0 0 Delete 

I 
3 0 0 1 , 0 0 Delete , 0 0 0 1 0 Delete 

The correct aolution is the aum of the non hollOgeneoul lolu t ion (SoLu­
tion 0) plu. the linear co.bination of the hOllOgeneoul .olutio~ (Solu­
tions 1, 2, 3, 4) which latilfiel the let of terainal boundary conditiona . 
It .hould be noted that each of the five aolutioOl (SOlutions 0 to 4) 
yieldl ter.ind valuel for each of the eight intrindc variablea (dh­
place.entl and Itrels relultants: u, v, w, 8, Nt' T. V

t
, "I) ' Thus with 

Pi (j - I, • •• ,8) denoting the initial valuel of the intrinalc vsriablel .. 
u'ied in the h.adiDl of Table I. let q k reprelent terw.inal valuel at I -
It obtained by integration in accordanc~ with Table 1 . The luperlcript II 

iridicat., the Solution Nu.ber, the 'u 
bscriptl j correlpond to the lub-
.cripta io the heading of Table 1, and the aubacriptl k (k 1, ••• ,H) 
define the lilt of variables fra. which the four variablel for which ter­
ainal va.luea have been apec1fied. Allo let fit be the defined valuel. 

To these definitiona, add the definition ai' a" a
3

, a4 are the fac­
tori by which the four hollOgeneoUi lolutions .u.t 5e .ultiplied to obtain 
the co.plete and proper lolution . For Hlllple, let f" f ,f6 and fl be 
the valuel of the four intrinaic variables whicfi aJ lpedf1ed a the 
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tentlnu • . "'en the folloving equation can be written 

r , , 3 'I 
t 3] "3 1 "3 '3 "3 q3 : 

all 
01 1 , 3 , I 

:j II 
5 "5 '5 '5 ' " ,I (I) , 

" 
3 

8

3J 6 6 '6 

':1 , , 3 
f, 

") " " " '1. 8, 

\/hen the .'. have been calculated. •• ingle and final 1ntegratlon of [he 

equationl with the nonho.ogeneous [e<U included wUl provide the value. 
at any location between a - 0 and 8 • , . 

[ 

Alternatively, if the result. of Integratina the equationa according 
to the table above had been atored for all of the intervening dlvhion 
point., the ••• tored valuea .. y be .ultlplled by the calculated v.lu~. of 
the .'. to obtain the values of all of the lntrin.Ie variablea at thoae 
poInt •• 

It 1. 1411 knovn that. depending on geo_try and wave nu.ber. the 
effect of conditions i_poaed at one end of •• hell generally attenuate 
.. rkedly with diat.nce fro- that end. Under thea. circu •• tance. the .olu­
tion .ay be greatly daaaged by round-off and truncation errora. and the 
.. trix equation, Eq. (1). yields an undependable or perhaps totally 
incorrect set of values for the aolution coefficienta . An efficient tech­
nique for .. intaLning numerical atability has been deviaed (4,5) and has 
proved to be very useful. particularly ao for stiffened shells. 

The first step in u.lng this technique is to divide the co_pIece pach 
of Lntesr.tion in the shell body into seg.ents each of which is suffi­
ciently short eo preclude numerical inatabiliey. In the caae of ring­
stiffened shells, the poLnts of ate.cb.ent of the stiffeners should be 
tsken as division poInts with one or more inter-ediata division polnta if 
needed for nu.erlcal atability. The next step is to conatruct five solu­
tlons , .. li.ted In Table I, for the flr.t aeg.ent. which terminates at • 
• at' It ia convenient to take the four co-ponenta of diaplace.ent 
(u

1
, VI' W .81.) to be p ••••• P4. The teralnal boundary condition. for 

So utiOn b (Which retalna the nonha.ogeoua ter .. ) are that the four co.­
ponent. of di.place_nt at a are equal to tero; that ia, the: "edge" at 8 

• II i. cla.ped . For each Af the re .. lning four solutions. one diaplace­
.ent at a • sl 1a set equal to zero and the reaaining diaplace.enta equal 
to zero. The boundary condition equation (at a • a I ) beca.ea , 3 u v w f r 

u u u u " " ", " I 0 0 0 -u 

1 , 3 , u y w • 0 
0 

v y y v ., " " " 0 1 0 -y 

, , 3 , • 0 ( ') 
u v • 0 0 I 0 • • • • ·3 8 3 8 3 "3 

-w 

.' .' .3 .' u v • • 0 0 0 _.0 ., ., ", ., 



The ele.enta of the fint .. trix and the 1 •• t colu.n of the third .. tr1x 
are dlaplaee.nta at. • .. given by the .olutioOi of Eq . (1) with 
inputs .. directed by Table 1. Jre.ultlpl1catlon of both ddu of Eq. (2) 
by the invarae of the Hut .. uix provide. the nu.erical vduea of the 
,'e. 

The tractioM at 8 • the end of the Hrat 'e,_nt. un now be calcu­
lated for any pr •• cribeA let of the (four) dlaplace.enta at that location. 
Thus, in particular, the tractioM (N • T, V • H ) which would exi.t If 
the U rat •• ,_nt vere cl •• ped at a .181 are 1 1 

o 0 1 0 
(F), - (F ), + {F I , (. ), 

or 

:'1 
.0 .' .2 .3 .4 0 , , , , , " 
TO T' i T3 

T4 0 
'2 

(F)O _ + 
v2 v3 v' 0 

(3) , 

''I 
yO VI , , , , , '3 
o , 2 "3 4 0 ", , ", ", , ", " 

When a[bit rary diaphceMnta, represented by the c.olum vector (d} • are 
l_poud at , • 'I' the CraetiOM due only to thea. displace_nu artl liven 
by 

(4) , 
in which IF IlIa the 4 x 4 aquare .. trix in Eq. () and (AlI. the 4 x 4 
aquare .. trix .. de up of the first four columna of the ae!ond .. trlx In 
Eq . (2). The total tractloilli at a - a

l 
due to loadlns and dlaplace.enta, 

(d) I' impoaed at the location are 

(5) 

Before proceedina to the aecond aegment, the .. trh (A) I and the vector 
(d 1) are atored in the cOtiputer for use in future atepe of the analyah . 

1ntesration over the ~cond aes.ent proceed a in accordance with Table 
where PI' P2' Pl , P4 represent the diaplace.enta u, v, v, 8 and 

PS' P6' P7' Pe represent the tractions st 'I obtained fro. the influence 
coefficienta of the first aegment . 1he nonho.ogeneoua solutlon for the 
aecond aes-ent ia conatructed by aetting the initial value& of the dia­
place_nn equal to zero, and taking the tractlona .. (F) • If thue b a 
aharp chanse in direction at a\, the traction vector ahoulA be tranafor.ed 
appropriately. The four ho.oSfneoua solutLona are taken aa sLven in Table 
1, and the Lnitial values of the tractions are the vector (F) fro. Eq. 
(4), tranafofWId directionally if neceaaary. n.e Lnittal vhuea of the 
tra6tlona uaed for the nonhomogeneous solutLon are atored aa a vector, aay 
(5)2' and the initial value. of the traction. uaed for the four hoDOgene­
oua integrationa are atored .. the columna of s 4 x 4 .. trix (5)2 .. trix 
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{Al z and vector (d}2 are .110 atored . 

Integration OYer the third and subsequent •• g.ent. proceed. 1n the 
••• ..nner •• for the •• cond aepent un&l1 the ba.t leg_nC 1. reached. 
Hatr1e •• (51 and {Al. and the vecton (5). and {d }. are noted fo r each 
aeg __ nt . ~e fInal segment •• y be handled in, ••• ene1811y, the a.m • 
.. nner .. the preceding aeg.enta but taking aCCQunt of the fact that the 
teralnal boundary condition. are known. 

Ring atiffenen l18y be located at any parallel circle of the ahell 
but it 1. convenient to place a division point at t hat locatIon . A 8clif­
ne .. 1Iolttrix ahould be obtained fo r the junction edge and t hen added . after 
proper di r ectiond tranaforaatlon, to the atlffne .... t r ix of the "lncoa­
lng" lepent of the ahell . It is advl •• ble to due the 1ntelr8t1008 over 
the stiffener. by starting at the free edae. of the .tiffener and 
integrating toward the .hell . Ii any of the atiffener. are identical . the 
ho.ogeneoua aolutiona for one atiffener .. y be uaed for all of the identi­
cal .tiffeners. 
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Illustrative Examples 

By vay of Hiu.rutive eu.ples. 8 part of the re.ulta for two aeta 
o! unifora cylindrical ahella having healapherlcal closure. of the •• me 
thlckne .. at both end. are preaented. The radius of nch shell 11 10 
fnehn and the apadna of the niffenera for shella A2. Al, and 82 h 2.5 
Lnche.. Other geoaetrlcal properties are presented 1n the following 
table. 

~hell L h Type 

Al 20 0.5 -
A2 20 0.5 Flat 
AJ 20 0.5 Tee 
81 5 1.0 -
82 5 1.0 Flat 

DL.enaiona are in inch •• 

L • l.nlth of cylindrical body 
h - thickne •• of cylinder and closurea 
a • au.bet of .tLffenera 

c..l •. fT .. __ , .. 1 

· -... ...... IILtr • • S 

, 1.lI> '.191 ••• 
1 !.2!l L!It .. , 
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b - flanse width 
d - web depth 
h • thicltne •• 

I 
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RETROFITTING OF A LOCA LLY BUCKLED TUBU LA R COLUMN 

ABSTRACT 

A. OIl.penko and S.C. Apte 
lnp&rlmenl of Civil Encineerin& 

Lehi,h Univ~mly 
~thl~h~m. PA 18015 

Loc::&Jly buckled or df:nltd tubular column. in Itruclura, luch .. off.hore plat.­
form., r~uire a meant ror simple and quick repairs, even ir only or • tempor.ry na­
ture. A Itudy of repAirin, by stiffeners bridsln, over the local bucklet i. preeenltd. 

A .horl tubular column with local buckles from. previoul lett. "'AI reinforced with 
lix Itiffenf'rI and then re-leIt.ed. Full capacit)' was rel_ined (tom the 25~ of the 
capacity aft.., the local bucklin, tat. Tbe tat IpKimen had .. dj&.llW~r of 0.585 m 
and 0 t 591. The stiffeners wert desi,ntd usin, ... imp~ procedure and the AISC 

pKifiulion( 197 ) limitations. The attachment to the buckled lube ... all r~uirtd no 
IPKial fittin, ainee the attachment palnu WItrf' oulaide the budded porlion. 

The Ip«imu W&I a1~ analyHd by usin, the finite elellM'nt. p,osram ADINA, and 
the It~ and tM pcMItbucldin, behavior showed reuonable ac~llM'nt. with the t t. 
o.,vationl. The ultimate loAd, however, w .. !IOr1'W:what. Io .... er than in the lest. ap­
parently beeauw the conlpULalion&l yield stre. wy taken (rom the \.eMile coupon daLa 
and, thul, the incn:ue due to *,r";n hardenin, was not t..ken into account. 

The repair Iyl\.em studied il proposed as a practical nwthod for expedient retrolit.­
lin, o( loc&lly buckled or dented ,tructural tubulars. 

I. INTRODUCTION 

1. 1. Badclround 

Cylindrical tubular C'olumnl are common ly used in many Ilructures luch .. , 
('Ievaled Ilor"Be lanka. transmission to .. ers and off'shore plat(orma. A ludden ovrrload 
or impact by a Ihip may 'f'ad to the (ormalion o( local budles and .'or df'nu and t.o 
li,nilirant. reduction of column capacity. M-.jor repairs and/ or rf'plannw:nt of the 
dama,ed columnJ (or conlinued operation o( the platform can be too time--conluminl 
and not feuible under .d¥etlC' weather condition.. Thus, a limple and quid: fMlhod 
o( retroliltinl IU(h columnl in the field ill n~t'd; pe.rm&nf'nt repai,.. can be compl('\f'd 
later whr:n conditions permit. 

A Il\f'lbod (or tempor.." retrofininB by weldinl a system o( ltiff'ene,. to bridle 
over the kKaI ddormaholll .. deacribed here. 

The uw of a I,.Slem of stiffeners 'N&I rKently eJilplored a' Lehilh UniVf:flity." I 
The IpKillM'n ..... a Ioc:.lly buckled tubular column (rom a previoUJI uial tf'St,' The 
n:pair IYllern conliltt'd of Ii. Itiffeners rabricatt'd (rom ItHI platf'S and TH a«tionl, 
arranlt'd Iymmf'trically ..,ound the circumrerence and au.ached 1.0 the column by br&t:k­
ell ulinl fillet "eld .. 

An a.ial load tet' Ill" conducted, but. the load did not reach the full CApMit.y or 

135 



136 this repair .y.l~m bKaulf: of the unroreaHn railure by the yieldin, and rrACture of the 
weld. at the lower brackets. 

1.S. Objed.lv. or Prf!HJlt Raearcb 

The first. obj«ti". of the: rHNICh repolled Mn ... lO npair and moeMy the: 
'p«imen &lid retest it. to determine: the rull .tren,th of the relfofitled .pecimen. The: 
'pecimen, then, ,..... lO be analysed u.in& a finile element procram in the lar,e­
denKtion el&llto-plulic ranle. Then, the accuracy of the desiln procedure for the .tif­
ff'nel'l u~ in the prniou. work "' .. to be re:--uamined and any ntceta&ry corrKtion. 
and/or modification •• ugested as indicated by the results from the ttlt and the finite 
('Iement analy.i •. 

2 EXPERlMENTAL WORK 

2.1. Te.t Specimen 

The ori,ina! lest .p«imen "'AI fabricated from ASTM A36 .1.«1. It w .. 122 m 
lonl with a diameter of 0.S8 m and a plate thidtnlW of 9.73 mm. The firs' axial tetL 
resulted in local buckle. at the lowe.r fOnd of the IpKi men. On ly the upper portion of 
0.87 m rf'lTlAint'd Slrai,ht and the onrall len,th shorlened to 1.1 m.' 

The first attempt at rdrofiuin, conaist~ of _eldin, si" .tiffeMrs _hkh brid,rd 
0\ I'r the l«aJ buc:kles. T.' As .ho.".n in ri .... 1 and 2, the .tiffeners _ere fabric.led 
from a ISO mm JI 2S mm nanee plate and a T~ M!Clion cut from a Wl2xl" wide­
nUle section. The brac.ket.s at the ends of the stiffenel'l ,.,ere 75 mm wide and 
2S mm tbick. The nance plates and the brac.kell _ere made of ASTM A S88 Crade 
SO .teel and the T~ section was made or ASTM AS72 Crade 50 Iteet All the con­
neclionl "'ere made b, fillet "l'.lds. Due to the location or lhe bucklfOS cloee to one 
end or the IpKimen, the .tiffener connections to the column were dirrere.nt at t.he two 
ends. The axial t:apac.it, of tbl'. reinrorced spKimen ... as limi~ b, tM prl'.matur. and 
unup«~ yield in, and fracture of the shear _elda conneclinc tbl'. lower brackeU lO 
the tube wall and, thus, did not indKate the rull amount or Itrenlth that could be 
re,ained throuah the UM or stiffeners. 

In the tu rr .. nt l.ro,rAm, in order to focus on the upper (onneelion which w .. in­
t('nded to rropr nt a connection in a Ions column as it would uis' in a full-Kale 
st.ructure, previoul dt'firit'ncies wrore corrKted b, re.".eldinl the fract.ured portions and 
tAckwelJin, An additional ba.se plate be.low each stirrener, thus full, supportinc iu oyror­
hAn, beyond the but rin, throush di~t bearinl .. shown in Fip. 3 and S. This en­
.urKi that the capllCity ,.,ould be controlled b, the failure or the: stirre.ner proper or or 
t.he lube ",aJl a1. the upper I'.nd. 

2.2. Telt Setup and Proc:edure 

The specimen .... 1 led und .. r axial compreaion in a 2500 lOn (5,000,000 Ib) 
rapacity Baldwin hydraulic uni\el""l&.l latin, mac.hinl'.. The 'pKimen _as placed be-­
l"'Hn • movable. pedestal and the m..:hine hf'ad with a layer of lIydro-Slone ,rout at 
rach end of t.M llpKimen.(.'i,. S) A preload of 9 kN w .. applied to form level conLac1. 
lurfacl'S befo~ the I'0ut ..... allo ... ed lO Rt. The ,rout layers ensured a cOflcentric 
and uniform appltcatton of the load to the specimen. 

Three dial ,aces .... ere u....d to nw .. ure the lonlitudinal deformatioo of the 
.pecimen. They were moun~ around the sp«imen on the bottom pedest.a.l ",itb a 
fine wire leadina rrom the dial saBeli to the maenell attached lO tbe undersid .. or tbe 



mMhine head. The wire wa.s yielded by hand to produce a Itrai,ht and taut lint:, fr~ 137 
of kink .. 

With the ultimate capa.c:ity expected to be about 6300 leN, a load incrt:ment of 
220 leN wa.s used at the bt,inin, to capture any initial adjustm nll in tht: load· 
deformation relationship and then increased to 44:; iN. Laler, AI can be ~en in 
Fi,. 4 , the load incrementa "'ere reduced when thf' phases of yield in, and failure ap­
proached. The loadin, was continued beyond the maximum of 6540 liN to more 
closely observe the failure paltern and the load·deformation relationship lUI the load 
continued to drop with incrrasin, deformation . After the load had dropped to 
4000 leN , the specimen Wall unloaded with load steps of 133:; leN. 

3. TEST RESULTS 

The ultimate capacity of the specimen wu 6540 kN. This yaJue il very close to 
the capacity of the orilinal unbuckled specimen of 6580 kN.' 

3.1. Axial Deformation 

The plot of the load-y .. oyerall deformation (Fi,. 4) Ihows an initial non· lin.ar 
re,ion up to lh. load of 890 leN. This ean be allributed to the apparent redistribu­
tion of forces throu,h the loadin, system. From 890 leN to 3780 kN, the plot is linear 
indiratin, an elastK behavior of the specimen. Then, it sli,htly deviates from linearity 
for the loads from 3780 leN to 4670 kN renec:lin, the initiftlion of yit'ldin, in the 
specimen. From lhas sleee on , an increased load could not be . u.Lained at the same 
level as it I tarted droppin, by 20 to 2S kN after ea.c:h load increment . From th. load 
of 4670 leN on. extensive denec:tion of the tube wall Wall obeerYed. Finally. as the 
load rea.c:hed 6540 leN. the lpecimen could not lustain the load for lonl. Thi. wu 
then con idued to be the ultimate capacity of the specimen. Furth., loadin, of the 
lpecimen resulted in droppin, of the load with a rapid incrt'ase of the d.nl'(:tion. 
Loadin, wu continued in order to obtain the load·d~formation r.lationship beyond the 
ultimate poinl . 

After the load had dropped to 4000 leN, lhe unloadin, phase wu I tarted . ne.. 
l .... cen 4000 k~ and 1335 kN, the unloadinK curve il approximately parallel to the in­
ilial el&$li" ranee. Below 1335 kN, the "urye is shallow, indicatin& reducNJ #tif(fleM. 

The permant:nt plastK deformation .... 'u 35 mm. 

3.2. Test Dehavlor 

~o yi ible chanles were observed till the load rea.c:hed 4000 kN . Tht'n. the nakina 
of the white .... ash on the surfa.c:e &nd the appt'arance of yield lines in the upper ..... eb of 
the . tirrent'll near the bracketa indicated lh. prOlres6ion of yield in,. The nakin& was 
also obeer ... ed in the .pot ",elds connKtin, the stiffen.,. to the baR plates. The yield 
lines had .. pattern of a lieries of shallow arca parallel to the lonsitudinal axil of the 
.... eb. Each load increment in this ranKe was accompanied by a ali,hl drop-off. 

Approximately above the load of 6320 k~ . Ihallow bul,es appearro on the ..... all 
neM the upper connec:tion of the .tiffene ..... &nd the bra.c:ket top' .... e~ pUlhed inlide 
thul formin, denLs in the tube wall. More yield lines appeanci on the ItiITt'ner wt'b in 
the form of horitontal lines indicatins hiSh sht'arin, .tre.lel. As the loadin, continued, 
the denu in the tube wall bKame more and more pronounced and the yi~ld lines conw 
tinued to ,row in the Itirrener .... eb and in the bra.c:ket at the upper f'nd [v.ntually, 
these ddormation. and the yield in, in the tube ..... all made tht' specimen ft'a.c:h the ul· 
timate capacity at the 16ad of 6540 kN (fi,. 6) . 



138 At this time, cracks appeared in the weld between the stiffener web and the inner 
nanse plate at the upper end. At one of the stiffeners the weld between the bracht 
and the tube wall cracked completely, thus separatins the stiffener, whereas at other 
stiffeners, the cracks were slower to appear. These cracks were due to local shearing 
stresses induced in the upper web of the Itiffeners and a complu effect of Ilrea con· 
centralion and residual Itrf!SSel. 

As the test continued beyond the maximum load, the crack! and the dents in· 
creased and the load dropped off. See the crack at the lop of the left Itiffener in 
FiS. 6. A bansing noise wy heard when the load dropped to <4670 kN. It WY PlOIr 
ably caused by the fracture of the web at the upper end of one of the Itiffenera. Fur· 
ther on, the weld on the lower bracket also cracked. The overall deformation increased 
as the specimen continued to crush without offering much resistance. The loading wy 
slopped when the load dropped to 4000 kN which represented about 60% of the ul· 
timate capacity . 

• . FINITE ELEMENT ANALYSIS 

4.1. Description of Analytical Model 

Theoretical analysil of the specimen W&II made by usinS the finite element prosram 
ADINA. I • 2. 4 Non.linear material properties and larse deformationl were considertd. 
Since the spt!'Cimt'n W&II IUpposed to repr~nt a locally buckled portion of a Ions 
column, &II is the cue in the field, the analytical model wy &IIumed to be Iymmetri· 
cal with respect to the buckled portion of the tube with each half repr~nLed by the 
upper portion of the !.est lpec.imen and with identical connection at both t'nda. 

As the six stiffeners were identical in si&e and were Iymmdrically placed around 
the circumference of the lube, only one-lixth of the circumft'rence with a stiffener at 
the center WAI discreti&ed. This closely matched the actual behavior of the lpecimen 
as revealed by t.est resultt. Due to the symmetry in the lonsitudinal direction, just 
one half of the It'nsth was considered . To minimiu local dilturbancea in the area of 
the stifft'nt'f ftttachmt'nta due to the applied loads, the loaded end W&ll eet at a suf· 
ficient distance (FiS. 2). 

Four finite elt'ment models \\;ere explored to determine which would give a better 
correlation wilh test results. 

The first three models had different type!! and numbers or elemenl.ll in order to 
check their relative suitability. Since the variation in the resulu Crom these three 
models WAIl less than 2%, Model 3, with a smallt'r number of elementl but with a 
hisher·order elemf'nl type, was considered to be sufficiently accurate. 

In these three models, the buckled portion or the column wall W&ll discnti&ed as a 
'sap', and, thus, the contribution of the buckled wall W&II nf's'ecled. 1I0 .... ever, in view 
of the sisnifiCll.nt capacity of the spt!'Cimen after local bud:linS revealed by the earlier 
testl , another model (Model -4) WAIl prepared which considered the .lrenlth of the 
buckled wall. 

Model -4 W&ll identical to Model 3 Hcept that the buckled portion of the wall was 
disc:retiled by rt'ducing the thicknHS or the bottom row or the wall element.. and the 
'lap' W&II closed by e.Lending these e~menta 1.0 the line of support. Furthermore, the 
hf'isht of these element.. was also reduced to match the len,th of the buckled portion. 
The reduction in thicknHS was proportional to the reduction of the capacity of the 
column .fter bucklin, in the orisinal test. The reduced thickne. was about 30% of 
the original LhicknCSII - 2.8 mm venus 9.73 mm. 



4.2. Modellinl Boundary Condition. 

The modelled .pecimen portion wu deacribed in a cylindrical coordinate .ystt:m. 
The top ed,e wu free to move only in the 10n,it.udinaJ direction. The .ide ed,s were 
free to move in the lon,itudinal and radial direction., but., due to Iymmetry, not in 
the circumfe~ntial direction, nor could they rotate. Since the tranllational de,ree of 
freedom in the circumferential direct.ion for one side of the model did not. coinc.ide with 
the IJobaJ ax~. the reatr"int Ill" provided by uBin« additionaJ ('JemenLi at ('aeh node 
of this lide. A ri,id bum element. was connected on both lid of each node in the 
radial direction with only the translational deBree of freedom alon, its axis relt:Med. 
Thil allov.ed the node to move freely in the radial and lonsitudinal directions, while 
the circumfert:ntial motion and the rotation in the horitonlal plane were prevented 
(Fi,. 7) . 

Similar ri,id beam elemenu weu also connec:t.ed to the bottom end of t.he Itiffener 
since thil t:nd alto could move only in the radial direc:tion. In Model. I, 2 and 3, the 
buckled portion, that is, the bottom ed,e of the t.ube wall WAI a&lumed to be frtf! to 
move in any direction. In Model 4, the bottom tdse was fully retLtained . 

4.3. finite Element Typce. and MaterIal Propertlce. 

In Modell I and 2 , t.he tube wall was discretiled ulin, :J..node, trian,ulAr, nat 
plate/ shell "I"ments (EIf'fflf'nt No.6 in the ADINA el"rTW:nt library) . - Modell had 56 
elemenu whereu ~1odel 1 had 84 elemenu (Fi,. 10). Modt:11 3 And 4 (Fip.1I and 
12) uwd 28 9-node Ih,,11 elemenU! (No.7) with 8 inlesration pc»nts. Thil i. a hi,her 
order curvilineAr elt:ment which better matches the cylindrica1 Ihape of the lpec;imen 

For all rour models, the material was assumed to have the ideaJi&ed bilin"ar 
elastic· plastic relationlhip (Fi,. 8) with von M:ise. yi"ld criterion and iaotropic strain 
harden in,. The yit:ld Itr~ ...... set 1.0 336 MPa, that is, tht: same u in the original 
lest IpKirrlf'n , the modulus of elUlicity to E 203,400 MPa and the strain hardenin, 
modulul to E.r 210 MPa. 

The Sliffenera and brackeu ""'ere di!ICretiled usin, idenlicaJ elemenu and malt'ri.1 
properties for all four models.(Fi,. 13) The stiffener .... eb and bracket were moddlf'<l 
usin, 2-D, plant: stress elements (No.2) and the nanget v.Ne modelled with 2·nodt:, 3· 
o ~am ('I"m"nu (:"lo. 4) . Modt:ls I and 2 used 3 eh'mentl for the brACkt:l and 4 ele­
ments for the atirrt:nt:r, WhUt:AS ModeJs 3 and of used 5 and 6 t:temt:nu, respt:(lively. 
The yit:ld stretll WAS taken to be 345 Mra with E 203,"00 MPA and 
ET 210 MPa. This daLa il lummariled in Table !. 

4.4. Loadina 

The loadin, w .. applied at the nodes of the top boundary as a If:riea of equal 
&Xial (orces. The loading incrementa were larger in the elastic ranae and smaller after 
tht: initiation of yit:lding u can be Aeen in Fig. 9. 

5. RESULTS OF FINITE ELEMENT ANALYSIS 

The ~havior and ultimate loadl of Models I, 2 and 3 were computed to be Hllen· 
lially the same (in all lhfH the buckled portion carried uro lo.d). See Table I. The 
ultimate load of .IIS kN for Modell iocreaM<t by over ~ 1.0 562S kN aftu the 
model was modified to ~lodt:1 4 by indudins the post.·ultimate I lrt:nalh of the bucklfOd 
portion of the tube wall. This gave a much beuet correlalion with the Leat relu1u, 
and Model 4 is used in further diKul8ion. 

139 



140 5.1. Lolld·Deror mation Relationship 

A plot of the laad·vlI-lonsitudin&l deformation computed for Model .. is shown in 
FiS. 9. The relationship is linear up to a load of 2670 kN. In the load range of 
2670 kN to 3560 kN, the plO1- deviates sliShtly from linearity. In this range, the tube 
wall portion near the brackd connection and the upper par~ of the web had slarted 
yieldins· 

Further loading resulted in extensive deformations and yieldins in the tube wall 
and the 'Neb of the stiffener. At the load step which would have increased the total 
load to 5625 kN, there was no convergence within the prHCribed num~r of iterations. 
This load was taken as the ultimate capacity. 

5.2 . Comparison with Telt Res ult. 

The ultimAte CApacity of the specimen from the finite element analysis was 
5625 kN, that is, 85% of the ultimate capacity obtained from the test on the original 
unbuckled lpecimen (6580 kN) or on the retrofitted specimen (6540 kN). 

One possible reason fo r the lower computed capacity may be the use of the yield 
stress of 336 MPa obtained from the tensile couponl in the original tetlt program.' 
The actual yield stresa in the fabricated specimen was probably higher due to cold· 
rolling and .... elding. 

Another reason could be the finite element modelling of the connedionl. In the 
model, the connf:(;tion between the bracket and the lube wall and the bracket and the 
stiffener was only at the nodes and not continuous as in the actual specimen. This 
might have affected the load transfer through the stiffeners and reduced their capaci1-y, 

However, the overall behAvior of the AnAlytical model was consistent wilh that or 
the teal specimen. The deformation pattern of the lube wall near the bracket connec· 
tion and of the stiffener (Figs. 14 and 15) was similar to that observed in the test. 
This included the bulginS in the tube w&ll above the bracket connection, the bracke1-
pushing into the wall to (orm a dent and the bending of the upper part of the !ltif· 
fenf'r. The strc$I pattern, thAt is, the development of bending stresses in the tube wall 
And of high r;ht'Aring stresses in the stiffenu web, was also consistent with the obser­
VAtions made on the test specimen. 

6. COM MENTS ON T H E nEPAIR SYSTEM 

6.1. Oblervatlonl 

CompArison of the test results indicates that the burkled specimen rrgained its full 
rapAcity through the lise of the retrofitting system designed according to the AISC al· 
lo ..... able stress method.3 This procedure is simple and quick enough to be Applied to 
field problems and a! such is considered satisfactory and accurate. 

AlthouSh the designed stiffener sY!ltem was unsymmetrical with respect to the 
buckles beocause of the location of these buc:kles on the test specimen, the sa.me proce-­
dure can easily be used (or a symmetrical case by making the connections at both 
side!l of the buckled portion the same as the top connection in the specimen. This 
would rt'prC'\ent the (ase of a longer column as would exi!lt in the field. 



6.2. Recommendation. (or Improvement 

Even lhoueh the orieinal column cApacity was restored, the immediate jlOf~ 

ultimate streneth in the test was drastically reduced by the (racture and open inc-up of 
the joint between the web and the inner nanee (let" Fi,. 6). To rf'lieve thf' hi&h 
shearin, and tf'nsile str~ in this area, it. is r«:ommended to "'f'ld an additional plate 
at the fOnd. of the stifff'nf''''. 

It. i. proposed to desiln this plate to resist ~ of t.hf' brndin, moment df'vf'loped 
about the innf'r cornf'r betw~n the bracket and the innf'r nanle used as a pivot point 
durin& the transfer of the load. 

For the spec:imf'n at hand, the plate sil.e was workf'd out to be 75 mm wide and 
12 mm thick and connKtf'd to thf' stiffenf'r with a wf'ld 260 mm lon& u shown in 
FiC. 16. 

7. SUMMARY AND CONCLUSIONS 

Locally buckled or df'nt.ed tubular columns in offshore plat(orrNI ntt<! simple and 
quick rf'pain, at leut, o( temporary nature to rf'Store thf'ir capacity . A limple system 
may be a Rl of I tifff'nen that bridees over thf' damaeed portion o( tnf' mf'mber. 

In a prnioul reM-arch, a ahort, locally buckled , tubular apf'<:imen was rf'inforcNi by 
a system of ix fabricated ,liffenf'ra. 1I0~evf'r. in a compreaaivf' tnt performf'd on the 
. pecil"l'len, the Iliffc.ner Iyl tem faiif'd prf'mAtureiy due to tbe failure of the connKtionl 
at one ud. 

In the current prolr&m, the specimen was ff'paired 1.0 Itrf'n,lhf'n the rallN! conn«:­
tionl and thf'n retested to determine ill aJliai capacity Thf' ultimate capacity WAI 

found to be 6MO kN which i, \ery doae to 6580 k , the capacity of thf' ori,inal un­
buckled lpec:imen. 

A finite elf'ment analYli. WAI pt'rformed on a mood which rf'prf'Rnted a locally 
bucklNl portion of a lon&er column AI would exist in the fif'ld Thf' ultimate rapacity 
was found to be 5625 kN which rf'prf'S(!nll 85% of the ultimall" rapacity rrom the test 
on the ori,inal unbuckled l pecinwn or on the rf'inrorced test IpKilllt'n . The lower 
\'alue or the ultimate npacity obtained (rom thf' analysil may be due to a hither 
value or the actual yif'ld I treu ror the l pecimen bf.cau5f' or the cold rollin, lind ""l"ldinS 
durin, its fabrication and due to the discontinuous analytical mood or the cOlln4'(tion 
or thf' Itifff'nf'r to the column wall. 1I0wever, th .. deformation And Itresa paUcrns in 
the analytical modf') were consi~tent with those of the leet specimen. 

It was concluded rrom the lest resuh ... that the desien procedure for the stiffl'nf'H 
.... as simple and adf'quat .. and that the finite elt'ment p,ocram AI>I"'lA can ~ uM'd (or 
more accurate analYlil. 

It il rKommended that the poat-ultimate I treneth can hfo improved by .... "'din' an 
additional plate at tM fOnds or the retrofittin& l 'iITenen.. 
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TA OLE I : D~suipti oll or Finite Element MOtIt'I. 

Tube Wall Elf'.m, Type Plale 
'lo, of Elem'l 

W,b Elem.TJpe 
No. of Elem', 

Stiffener 
FIan.e EI~m.Type 

'i'o. of EMm'. 

Bracht EIf'm.Type2· 0 PI.Str_ 
No. or Ekm', 

Rnulu of Analy.is Ultim. Load 

MODEL I 

Plate 
56 

' ·0 PI ,St~ 

• 
2·0 Beam 

• 
2·0 PI.Str_ , 
4090 liN 

MODEL 2 

Shell .. 
2· 0 PI.St ..... 

' · 0 0. ... 

• 
' · 0 PI .Str_ , 
4115 liN 

\toOEL 'I' 

28 

' · 0 PI,Str_ 

• 
2· 0 0. ... 

• 
, 
4115 liN 

/ 562) liN 
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Fig. IO Mesh for Model 2 

Fig.12 Mesh for Model .. 

Fig .1I Mesh for Model 3 
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Fi,. 13 Mesh for Stiffener 
of Model .. 
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THE EFFECT OF ELASTIC SUPPORT AND SHEAR DEFORHATION 

ON 

STATIC AND DYNAMIC CHARACTERISTICS 
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C.P. Pant.lides, Reeearch ~slstant 

Civil EngineerIng Oepart.ent 
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Rolla , HO 65401 

INTRODUCTION 

The theoretical analysis of the flexural vIbration of be •• s was 
generally based on the Bernoulli-Euler theory with consider atton of 
lateral inertia (orces and bending deformations . Ever sInce TlMOShenko 
pointed out that the .frects of cross-~ctlonal dimensions on the 
frequencies of be.as could be significant (15) •• conaiderable a.ount of 
research work based on Tlmoahenko ' s beam theory has been published . 
Early reeearchere studIed the vibrations of 11moshenko beams with 
varioue boundary conditlons (1 ,2.3 . 13) . Later Investlgator~ employed 
the Tl.oshenko theory in developing n~merical technlque~ ror electronic 
computation such a& consistent ~s ~trice~ and dyn .. lc stirrness 
.atrices by Archer (4) and Cheng (5) , respectively . Cheng then extended 
his rormulatlone ro r the rrequency ana1ysi~ or thin wall member grid 
~ystellls (6). and ror the respon~e analysl~ of continuous beam~ and 
fraMs with various types of externallY applled rorces and foundation 
...,vea.enu (7) . 

It has been well recognl~ed that the axial rorce acting on a member 
can signlrlcantly atrect the natural frequenclee of that .ember . DJodJo 
studied the combined errecte or axial load~ and Tl.ashenko theory on the 
natJral rrequenclee of beam~ (11), Howson and Wlillam~ lnveetlg.ted the 
combined ertect b.~ed on both the analytIcal and experimental results 
(12) . Cheng and his as&Ociates further extended his dynaalc stitrne~s 
approach for plan, rraMs of which the con~t1tuent ._bers .. y have 
axlal rorces , tran~verse and rotatory inertia , and bending and shear 
defor.atlons (7 .8) . He also ~tudled the combined ,rr'ctS on th' 
rrequencles and reeponses or space structures based on the rlnlte 
el ... nt approach (9). 

The errects or elastic .dla on the rlexural vlbratlona were 
examined by a number of researchers (11 . 14 , 18). Cheng employed the 
Bernoulli-Euler theory and the transfer matrix technique (17) , to derive 
the dyna.lc etlftnesa and flexlbility .strlces for transverse and 
longitudinal vtbratlon~ (10). 
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This paper Is an extension of Cheng's work of dynamic stiffness 
formulation to include elastic media of Winkler type, axial forces , 
lateral and rotatory inertia, and shear and bending defor .. tlons. 
Further.ore, the ror.ulatlon~ presented herein consist of two new 
approaches as to how the shear ca.ponent of the axial torce Ie acting on 
• cro~s-~ectlon. In the first approach the shear component or the axial 
load 1s assumed to act perpendicular to the tangent line of the total 
elope which coneists of the bending and shear slope; In the second 
approach the shear component of the axial load Is acting perpendicular 
to the tangent line or the bending slope. The resulting stittness 
coefricients and flxed-end torces are general and can be applied to 
large structural ~y~tem~ ~1th the numerical procedure~ pre~1o~ly 
present.ed by the senior ~riter. In addition, the sttrfnetls coefficients 
and the fixed-end force formulatto n~ are distingUished in the sense that 
the complex roots are not treated separately as solved previously in 
Cheng's work (5 .8). These resulting formulations are expressed In terms 
of nondimenslonal parameters associated with the effects of lateral and 
rotatory inertia, axial force , elastic media, and shear and bending 
formations . When the individual effect 15 not considered then the 
associated para .. ter can be dropped. Numerical results are provided to 
show the significant effects of the Individual parameters and that of 
the two approaches on natural frequencies, and dyna.lc response 
behavior. 

BASIC DYNAMIC EQUATIONS 

Consider the bea. element shown in Fig. 1. The total slope 3y/3x ttl 

a combination of the bending slope •• and the shearing slope i . 

!r -3x ••• S • •••••••••• •• •••••• • ••• •• •••• • ••••••••• • •••••••• • • • •• (1) 

The equilibrium equations tor the tree-body diagram shown In Fig . 1 
yield 

;:. pA ~ - W. qy . ...... . . .. ......... . ........ . . . . .......... (2) 

v .. ;: - N *. pI *' ......................................... (3) 

where p .. l/g. N .. axial torce, V .. shear , H .. bending moment, w .. 
lateral load, q • toundation constant, A .. cross~sectional area, g .. 

acceleration of gravity , Y" weight per unit volume . Fro. structural 
mechanics the bending moment , H or a Tlmoshenko-beam Is 

H .. - EI ¥X .......... ........... .. ..... .............. .. ... .. .. . (11) 

in which E .. modulus ot elasticity and I .. moment or inertia ot cross­
section. 

Differential Equations Based on First Approach .--From fig. 2 t9~ ~h'Ar 
component of the axial load N, on the cross-section I~ N sin (~).~. 
COnsidering shear deformations 



v li li 
N ax· (ax - .) •• ••• .... •••••••••••••·• .................... (5) 

• CA 
1 .............. .. ........ ....... ......... .... ........ . ... (6) 

In which G • .odulua of rigidity and l - shear factor for cros8-~ctlon . 

By eU_inating • and y t'rOCD Eq~. 2-5 . the following co.plete 
equations 1n y and. are obtained 

EI, ft: • ,(A, .9.l.) ~ • (N - gg) ~ _ 1,(, • EA) ~ ax • at + ax • ax at 
.e....:.!! a~y 1 illw alw ... art" + QY -. (~- E aiT) - W - 0 ....... . . ........ . (7) 

EIe; ~ .. peA .. S!) ~ .. ax • at (N - gg) f.J - I ( • EA) ~ • ax Pt. ax at 
m a'. aw 

t att q. ax - 0 .•••.•••.•.....••••••••••••••••.•••. (8) 

where 

- !! ,·1 ......... .. .. .. .............. .... ............ .... ...... (9) 

'tl~~~~r;]~*~~-!~~~~~¥t;;-;;;FrOlll f'1g. 3 the l'hear ~ Is Nt. which can be 
expressed as 

v • Nf - <* -.) • " ................... .... ....... .. .......... {IO) 

By eU_In.tlng • and y fro.. £Qa. 2.3 . " and 10, the following 
dlrferentlal equations In y and. are obtained 

EI ft: . ,(Av • .9.l.) ~ • (Nv - gg) f{- 1,(1, EA) ~ ax • at • ax + ax at 
pllA a"y 1 pal~ Ea l ", ... at'" .. qvy - i (at - --axr) - W\I- 0 ........ . ...... (11) 

EI ~ • ,(Av • ~) f.-t . (Nv - T) fxJ - 1,(1, ~A) ax!;:' 

e;u. ft-' .. q". - "'::.0 . ..... ... ....................... (12) 

1n \ot11c::h 

v • 1 N ......... . .... . .... ..... . .............................. (1J) 

BASIC STATIC ~UATIOHS 

Differential Equations Based on First Approac::h.--COnsider the be •• 
element shown in F1g. I. sUbJec::t to a static:: !Ilal load H and static:: 
lateral foree w. As shown, the total slope, dx' Is a coablnation of the 

bending slope •• , and the shearing slope. i, * .... i ..................................................... (liI) 
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Because the tl .. fUnction IS not considered , the elopes. ~h •• r& . and 
moments ~k.tch.d In Fig. 1 should now be expressed In tot.l dltrerentlal 
equatIon as shown 1n £q" 1. , 15 and 16 . The equl11brlu. conditions for 
the rree-body cst,sra. t'hown In Fig. I yield: 

dV dX.qy-w ••• .. ••••• • ••• .. ..••• • •••••••• •• ••• • •.•••••• ••• ••••• (15) 

~=-v N* ...• . . ..• .. ..• ... . •... . •. .. . • ....•.... . ... . . . .• .. . (l6) 

In which Q ... al.eLlc Nedt_ con~tant , V ... ~he.r. and M - ~ndln& .oment. 
Fro. structural .echanice 

H--EI~ • . •• . • . .••• • •••• • •..••.•••••••••••••• •. •• . • . •••• . ••• (17) 

The two .pprOlche~ differ In ter.& or the a,sumed shear co.ponent or the 
.xlal load actina on the cross-section '.d~own 18 Fila . 2 and 3. In 
the rtrt't approach It Is equal to N sin (~) ... N 21; In t.he Hcond 
approach It I~ .q~l to N ~ln • _ N.. r8~ the f~~~t approach the 
rorce·deror_tlon relatlonMip or the ~hear uy be expre:-~ed u 

v • N ~ • (& _ .) GA. 
dx dx l .• ....•.. .•••.••• . ..•• . ...• . ..••••.... ( '8) 

1n which G • ~d~lJ~ or rigidity , A • area of cross-~ctlon, and 1 • 
shear ractor . Fro. Eqs. 1_-16 , the rollowln& dirrerentlal equations are 
derived 

Ell; ~ + (N T) fxt . qy + :1 fx; - w • 0 • ..• •••• . •••••••• . (19) 

E1, ~ • (N _ lli) ~ • q+ _ dw O • •••• ••••••• • , •• • • , •• •• , • • (20) 
dx • dx dx 

',:-!',!.~~~:-::. ~: Mown In Fl, . 3. 
~ on the croas-~ection Is 

taken as N. which the rorce-derormation relationship 18 

v + N •• '* -.) ..................... .. ........... ............ (21) 

Us In, Eqs. 15-17 and 21 yteld:- the followln, dirrerentlal eqlatlon:-

El %it- + (Ny - ¥> fx.I • vqy • !I fx; - w • 0 ..... . ........ . . (22) 

E1 ~ dx 
(N _!is) d' • + ,~. _ dw 

Y • (tiT .... Y dx - 0 . .. •.•...... . .....•.•• . (23) 

In which v - I • N/ •• 

SAMPLE STUDIES OF DYNAMIC CASE 

ObHrvetion or the Frequencle!'l based on the TWo Approaohe!'! . Pr"ented 
herein la the erreot or t wo appr oaches on the fundamental and hlsher 
frequenoles of. tYPical !lImply supported beam . Using the rirllt 
approach yleld8 the rollowlng frequency equation 



nl.I(~rl • sl).,. ~)'-.(nl.·81(~nl •• - ~).~(n' •• 8 •• ,)]) . (2.) 
• s • • 

where n - BOde number, rl • 1/(AL1 )(assoclated with rotatory inertia), 
and s· - EI/(.LI)(a~sOolated with shear deformations). When the shear 
defor.atlons and rotatory inertia ettects are Ignored 

PE~ - ~ [n~."(Li!.l - ni:ipA) • ;t.J .... ...................... . (25) 

For the second approach , the rrequency equation may be expressed .s 

~ 9Llr' 
P2~-21{(n·.·(r·+!'·)+\I. ) 

When the shear deter_tlons and rotatory inertia are nesl.cted, Eqs. 26 
beco .. s identical to Eg . 25 . 

Using the para.ters or 1.1 • 0 . 25 (Pols~n's ratio). l ·1.5 p. 
7829 kgm-' , and E. 212 .95 kMD-·, a plot or Pl/PE and PZIPE vers~s NINE 
Is given In Fig. 4, tor gIg. - 0 , and two slenderness ratios , LIft - 40 
and LJR • 20. PI, PE and PZ are the natural trequenct.~ ot the tir~t 
ttve .odes fro. £qs. 211, 2S and 26 r.~pecttvely. HE U the tllnda.ntal 
Euler bockling load (.IEI/LI ). It.ay be obseryed that the Tl.oehenko 
theory has significant ettect on a smaller LlR and a higher rreq~ency 
and that the ditterences between PI/PE and P2/PE becoee ~lgniticant for 
higher .odes and for larger axial loads. 

The ratios ot PI and P2 are glyen in Fig. 5 tor the tirst ftye modes 
associated wI th q/qe - O. The tigure ~hovs that the (trst approach 
yields lower trequency than the secondj the ditterence becomes .are 
pronounced tor higher axial loads and lower slenderness rattos. 

SAMPLE STUDIES OF STATIC CASE 

Parametric Studies or a TyPical Beam-Colum.-For a simply-supported 
beam-column on elastic media, one obtains the critical load Ncr 
associated with the first approaCh 

HE QL· 1 1 
(k· + ~ (-•• kiNE»). 

(1. HE kl) • • 
k· \,2,3 .. ....... (27) 

where k is an integer corresponding to the number of buckling .odetl~fd 
HE is the Euler buckling load tor a ~lmplY-~ · lpport.E.'d ('o 1..uII'I, (HE- L:T'L 

SI.llarl" on. aay obtain the buckling load assocIated with the 
aecond approach as 

-(1- ~l'((I- ~)" ! (~ 
H. k • • k • • • " 
cr 21. 

• NEkl • ~»1/2 
k • . • . ••• (28) 

When shear detoraatlons are not included , A - 0, then 1/, - OJ Eqa. 21 
and 28 yield the buckllng load with bending deformations and elutlc 
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media only . If no elastic media 1~ pre~ent . q - 0 , then Eqs. 27 and 28 
become the buckling load expressions with both bending and ~h.ar 
deformations, It 18 worthwhile of noting that when the shear 
de(or.atlons are neglected , Eq~. 21 and 28 should be identical which can 
be abta ined as tollows: 

Ncr - NE (k l 
<0 ki~~;£) ......... ........ " ...... . ..... ....... .. . (29) 

A plot or Eq~. 21 and 29 Is shown In Fig. 6, tor comparison of the 
critical load with and without shear deformations. The critical load Is 
expressed as a (unction or the elastic media constant , Q. tor a 
slenderness r atio, L/R • 20 , and tor the f1 r st three buckling modes (k • 
1,2 .3). The numerical data used tor this figure are: E - 29000 kat (200 
x 10· kN/m l ), A - 20 in l (.012903 ml), I. 1211 In~ <3 . 01315 x lO- ~ III"), 
~ • 0 . 25, ). • 1. 5; where A • area or cross-~ect ion. I • moment or 
inertia or ~ection and ~ • Poisson ' s ratio. It i~ ob~erved froc Fis. 6 
that the Inclusion or shear deformations yields less bucklins load, than 
that when it Is ignored. 

Figure 1 shows a plot tor L/R • 40 , with the same n~rlcal data as 
given tor Fig . 6. Collparlns these two tlglres reveals that ~hear 
deformation eftects are more important at low slenderness ratiOS. We 
may also note from Fig . 7 that second~de bdckllng governs . for q ~ 

2.18 ksl when !'Ihear detorlUtions are included (point A), an(!; Q l 2 .• " 
ksi If shear detor_tions are Ignored (point B). The value ot q for 
which a transition occurs froc one buckling .ode to another (POints A 
and B In Fig . 6) . can ~ Obtained from Eq. 30 ~tch Is derived fro. 
Eq . 27 

Figure 8 , is a plot ot the first three buckling mode shapes (k • 
1,2,3) for LlR • 60 and 80 . It may be observed that the higher the 
slenderness ratio , the lese the value of Qt at which a buckling mode 
changes. 

Equation 30 can be u~d to determine the buckling load and its 
associated mode when q and the propertte!'l ot the beam are known . The 
buckling .ode-!'Ihape k, can be obtained first by solving Eq. 30, and then 
the buCk11ns load N can be obtained from Eq. 27 . Numerical examples 
demonstrate these p~Scedures as tollows: 

a. Using L· 16 ft (4 .8768.) . q. 5 ksl (3447. kN/.') , E· 29000 
ksl (200 x 10' kN/IIII), A - 32 .9 In' (0.02123. 1

). I. 719 In~ (0.29927 x 
10. 1 

. - ), ~ • 0.25 . and ). - 1. 5 we have NE - 5582 kips (24832 kN) , •• 
25".27 kips (1.13174 x 10' kN). Fro. Eq. 30, k - 0.975. Hence the 
first buckling mode '01111 occur . let k - I , then Eq . 27 yields Ncr • 
2"38 kips (107371 kN) . Si.llarly for the second approach Eq . 28 yields 
Ncr· 2.,48 kips (107415 kN) . 

b. USing L - 32 rt (9 .7536.) , q. 3 k!'1 (206811 kN/II,I) and other 
Information given above , we have He - 1396 kip!' (6208 kN) and •• 254427 
kips (1.13114 x 10' kN) . frOID Eq. 30 k - 1.974 . Hence the second 



buckling mode will occur . Let k - 2 , fro. Eq . 27 we obtatn N - 16669 
kips (1_1_7 kN) tor the ftrst approach and fro. Eq. 28 N - i~677 klp~ 
(7"83 kN) tor the second approach . It Is ~en that bot~rapproaches 
give 51_lIar answers. However they differ tor low slenderness ratios as 
can be ~en fro. Fig. 6 tor L/R - 20. Fro. Figs. 6 , 1 and 8 we not. 
that higher orders or buckling modes are possible tor beam-columns with 
larger slenderness ratios . 

OBSERVATION REMARKS 

Comparison or the two approaches shows that the second approach 
gives higher natural frequency values and the dirference Increases with 
Increasing axial load and decreasing slenderness ratio. Furthermore the 
two approaches result In dlrterent values tor static stlrfness 
coetficlents . The effect of the ela~tic media (q-parameter) on the 
natural frequencies shows that q-values affect the fundamental frequenoy 
.ore than they affect the higher frequencies . The elastic media causes 
the frequenCies to be increased. The effect of shear defor .. tlon~ and 
rotato~y inertia beco.e~ ~Ignlrlcant at hlghe~ modes. 

The o~de~ of the bUCkling .ode Is affected by the .. gnltude of the 
ela~tlc media. Depending on the beam-col.., p~ope~ties , and the ul 'Je 
of the elastic .edi_ constant , buckling may occu~ In a hlghe~ .ode than 
the fi~st. Fo~ given p~ope~tles of the beam-column, the value of the 
elastiC .edla constant, fo~ which a transition from one bUCkling mode to 
a hlghe~ mode OCCU~8 , was de~lved . It was observed that the higher the 
slende~ness ~atio, the less the value of the elastic .. dla at the 
t~ansltlon polnt. 

The two app~oaches yield dtffe~ent critical axial load fo~ low 
slenderness ~atlos. When shear dero~matlon Is conslde~ed the c~ittcal 
axial load is reduced fo~ both app~oaches, expectally tor beam-columns 
with low slende~nes~ ratios. 
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1. Introduction 

The 19 September 1985 Mexico earthQuake left IUny buUdings In 
Mexico City that suCtered various degrees or damage. 

NKK partIcIpated in the construction ot a steel_kina shop In 
Lazaro city n •• r the epicenter and the structural na.l traaework or 
this shop was near oo.pletlon . 

Thb shop was not dalIaged all .uoh as antIcIpated. However. anchor 
bolts and lateral bracIng .embers were partially damaged . (9, 10) 

The object or this paper Is to pr-esent the elastic-plastic frue 
analysis .ethod, applied to a computer program, and oompare the 
computed results with observed daAage, then study the reason why the 
damage was slight. 

2. Response charaoteristics of observed earthquake 

In the epicentral region, there .,as a network of strong llIotion 
observation instruments by National Autonomous University of Mexioo 
(UNAH) and California State University(Pig. 1)(1). 

A strong raotion instru:aent 3et on bedrock at Villita near the aite 
recorded earthquake acceleration as shown in Pig . q. 

The .. plitude of the ob3erved acceleration response spectra ia 
ahown in Pig. 8. The predominant period is 0.5 - 0. 6 seo . 

3. Building structure and outlines of damage 

This building was deSigned according to the a3eissatic de3ign 
standards which provided that 83eisaatic design force coefrioient 
distributes in inverted triangular shape of which the ba3e shear 
ooerncient is 0.2 in ela3tic design. Pig. 2 shows the building plan 
and damage of anchor bolts and bracing me~bers. 

In the transverse 
building is one-story 
head cranes(Pig. 3). 

direction, which ooincides with NS direotion, the 
with a three-span gabled roof frue having over­
The lover part or the oolUlins are lattice buil t-
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up lIIember~ and the upper part or the colUllns and beaJU are tull web 
ae.bers. The bracing members are installed under a working deok . 

SectIonal .a.ent or inertia ot the upper part ot the colu.n Is less 
than 10 peroent ot that value ot the lowe... part. thererore input 
earthquake tore. ot c.rtaln grid 11ne tra.. oan I t be expected to 
dbtrJ.bute to anothe... one, even a3.SWIln.g tMt plane ri&ldity of the 
root Is infinite. 

Yield ot anchor bolts, buckling ot bracing aembers and breakages ot 
clUlllping •• tals ot crane rails were remarkably found In the transverse 
direction. Damage ot end gables was slightly larsar than that ot inne'" 
grid lIne f ...... s.(Flgs. 26, 21) 

In the longitudinal direotion, the building has • braced frame 
structure, the oelUllns are full web and the beaaa are buIlt-up .embers . 
tn this direction d.",8 was negligible. 

_. Si.ulated input acceleration for analysis 

The site soU consists of sand. and the .xiel of the boring log is 
shown io Fts . 5. Shear-ing aodulu.s is taken fro. Fig. 6, cor-ruponding 
to N-value, assu.1ng that the d.-ping r-atio is 5 per-cent.(2) 

Site gr-ound surface response was ca-puted by .eans of inputting the 
observed Villita aooebration into bearing 3tratWi layer-ad 23 .eters 
under the ground. level, assuming that aCloeleration of bearina stratWi 
is equal to the value of bedrock of Villita. 

Simulated ground surface acceleratiOn is shown in Fig. 7 and its 
aoceleration responSe spectra in Fig. 9. 

There are two peak3 in the response spectra : the first predominant 
period is 1.1 - 1._ aec, and the second period is 0.5 - 0.7 sec. 

5. Elastic-plastic fra.e analysis .. thod 

(1) Beam-column el_ent 

Plastic stress and. strain inore.ents are derived aathematically 
fl"Oll the plastic pohntial flow theory, usu.ing that relatiOn between 
generalized stren and strain is perfectly plastio, and yield function 
expressed by ,eneralized stress alao represents the plastio 
potential. (3) 

It the process of loading is continued after the yield point has 
been reached, a uterial work-hardens and the initial yield surfaoe 
will ohange ita for. depending On the inoreasing plastio 
deformation. (3). 

In order to desoribe work-hardening .athemetically, two theoretioal 
hypotheses are presented. One is isotropio work-hardening whioh 
presents the situation when the yield surfaoe expands uniforaly and 
retains its initial shape. (Fig. 10). The other is kineMUo work­
hardenIng whioh assumes that the yield surface undergoes a translation, 
like a rig1d body without ohanging its Initial fof'll (Fia. 11) . 



Here Q is the &eneral1t.ed $tress , 0( denotes tM translat.1.ons of 
the center of the yield surface. and u c:: represents the plastio work 
done in the deformation process . (O ! e { 1) . 

W. Pras_r has proposed the folloving hypothesis: 

dd ~ H d,' 
where 

tI.~ = incretlent or c; 
dIP = increment or plastic strain g.1* 

H = positIve constant ot kinematio work-har dening 

The strain iocr.ent vector lies in the exterior nor.al of the 
yield surtace at the stress poInt . (Fig . 12) 

Y. Ueda applied the plastic flow rule to the plastio hinge method 
and derived the elastlc- plastic stiffness utrlx of beH-oolWln 
elHentPO . H. Hana! applied a kinematic work-handenlng rule(5), then 
the authors added both isotropio and kinematio work-hardening rules to 
the stiffness matrix presented by Y. Ueda . (6) 

In this study I yield function " for ~tructural 3ection~ of beu­
column el .. ent~ ~ubjected to thrust and bi-axial bending .aments having 
a trape~id section about the thrust load axis, ts sha~n in ftg . 13 , 

where 
N • actual thrust load 

Np 
My,Hz 

HPY',Hpz 
(!J 

~ full plastic thrust load 
actual bending .a.ent about 

~ full plastic bending moment 
~ parameter defines the yield 

(2) Bractng systems 

y, z ... ber axis 
about y, z ... ber 
sur race rora 

axis 

The authors presented the numerical analy~i~ ~ethod~ or bracing 
~y~teu subjected to repeated thru~t loading by applying the open ror.. 
~tirrne~~ to the pla~tic hinge ~ethod.(7) 

In thi~ analytical model , the brace is assumed to remain linear . 
whenever loaded in thru~t , except ror a central plastic hinge location. 

Iln_tic hardening and isotropiC hardening rule~ are applied to 
the plutic hinge, and the plastic derormation is decided by the 
plutic potential theory. u~ing the appropriate yield (unotion . ror 
the member ~ection u ~hown in Fig. 14. 

fig. 15 ~hows the relation between thrust load Nand displaoe.ent x 
or bracing sy~tems subjeoted to alternattng thrust load under con~tant 
di~place .. nt amplitude . 

fig. 16 shov~ the stress hy~teresis proceu bet~een thrust load M 
and bending .a.ent H aoting at plastic hinge. Numerals written in Pig. 
15 and Pig. 16 repre~ent the ~tres~ state or plastic hinge and 
correspond to each other. Each ~tres~ state is described as rollow~ . 

(1) ST018-0 

Hesber is perrectly straight and perrorms ela~tic behavior. 
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Member buckle3 at the c r itical load , then plastIc hinge Is for.ed . 
In this study, the author used the critical load proposed by 

Architectural In.stltute ot Japan as shown in Pig . 17 , where ~ 13 a 
nondtmensional slenderness ratlo . (8) 

(111) STATE- 2 

Member is continuing plastic flow at plastic hinge under the 
oondition of unloading compression force . 

(Iv) STATE ~ 3 . 3 ' 

Member perform') elastically under the condition that plastic hinge 
rotation is locked. 

(v) STATE-lI 

Hember pertoras sallarly to STATE-2, except tor yield tunction, 
direotion of thrust load and plastIc hinge rotation. 

(vi) STAT£-5 

Hember stress 13 pure tendon and loeatad at the corner poInt ot 
yield function. 

(3) Anchor Bolt 

Bond stress between anchor bolt and concrete was originally 
el111.1nated by grease In construction . Restoring rorce-displacement 
characteristics or anchor bolt was modeled as a bi-linear tension 
yielding type. The yield strength Np is calculated rrom the reduced 
erfective sectional area. 

6. Non- linear dynamio response analysis 

We selected the 22th grid line frame as the typical rrame in the 
transverse direction and replaced it with a lumped mass model presented 
in Fig . 16 . To evaluate the efreot or traveling crane girders, 
appropriate stirrness tie beams are installed within crane span AS and 
CD . In this case, crane loading is assumed to be empty . 

Results of the eigenvalue are shown in Fig. 16 . The first natural 
period is 1.26 sec . and the seoond is 0 . 62 sec. These periods 
eventually coincide with predo.inant periods or ground response spectra 
shown in Fig. 9 . 

In this analysis, H/H and IJ are asSlWed to be 0.9 and 0.4, where H 
is s..... or the isotropic and kinesatic work- hardening coerficient and 
taken to be 1 percent or elastic stirfness (Fig. 12) . 

The input acceleration used in non-linear response analysis is a 
part or the si.ulated aoceleration reoords and its duration U_e is 10 
seconds . (Fig. 21). 



Fig.19 and P'lg.20 show the aaxlllUII absolute response accelerations 
and the Ux1I1U11 response displacements in her1'Zontal direction I 
respectively . Valun shown in parenthes8.s are those or the struoture 
of which the ~b.rs are elastic and oolumn bases are clumped 
perhctly. COIIIIpared with the perrect ela3tlc response, non·11.n,.,. 
respon". decreases to 30-40 percent in acceleration and 60.80 percent 
in dhplacement. 

Figs . 23. 24 and 25 show the time history or the axial foroe ratio 
and the axial (orce-ductility ratio hysteres1s or anohor bolts and 
braCing lIIe.bers respeotively in <a) and (b) . 

Fig. 26 shows the bracing member of which the details are shown in 
Ftg . 28, buckled about the weak axis out or the struotural plane. 

The N-H hyster-ads at the plastic hinge of .ember 81 i~ shown In 
Flg . 29. 

The llaxlmum duotility ratio of members, computed frca response 
ana1ysls, is shown in Flg . 30. Ductility ratio of beam-oolumn elements 
was less than 2.0, therefore this influence is negligible. 

7. C~pari30n between analytical results and ob3erved damage 

Analytically cOIIputed ductility ratio)ok of the anchor bolts at the 
intersection of the grid 11ne3 22th and A vu 11.62 - 6 .77 . (Fig . 30), 
Measured plastio elongation 0 p = 5arI(Flg . 2) and bolt length I b • 
1110u, therefore the plastic strain € p "SplLb z 0 . 00115 . Yield point 
Iff = 2. 11 t/cll2 and Young ' s lIOdulus E :; 2100 t/CII2, thus the yhld 
strain £' y :I: ~y/E II: 0. 0011 . Therefore , observed ductility ratio 
}J. becOllles )/. :1: 1 + ( p/£,y = 5.1. As a result , ductility ratio of 
anchor bolts P.t and }l .. ooincide falrly well. 

The bracing members buckled about the weak axis out 
structural plane, however pla3tic elongatlon wa3 not me.uured 
damage investigation. 

Notable damage of beam-column members was not observed . 

8 . Conclusion 

of the 
in this 

The authors presented the elastic-plastic fralle analysiS method 
applied to a computer progru and cOlDpared the oomputed results with 
the observed damage. The following conclusions can be derived . 

1) Elastlc-plastic analysis using our proposed numerlcal _thods 
can slmulate observed damage falrly well. 

2) Coapared with the perfect elastic response, the non- linear 
respon3e decreases to 30- 110 percent in acceleration and 60-80 
percent in displacement . 

3) In other words, 3els.1c force decreases if the me.bers possess 
enough pla3tio deformation capacity . 

II) On the whole, damage Is slight and negligible on repair. 
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BRACE FAILURES AND COLUMN BUCKLING IN STEEL STRUCTURES 

by 

Subhash C. Goel and xiaodong Tang 
Department of Civil Engineering 

The university of Michigan 
Ann Arbor , Michigan 

INTRODUCTION 

In the current design practice concentrically braced 
structures are not considered as ductile structurea. The 
non-ductile behavior of these structures mainly results from 
eaely cracking and fracture of bracing members due to local 
buckling in regions of plastlc hinges which form durlng cyclic 
post-buckling deformations . The building codes recognize this 
fact and attempt to take care of this problem by speCifying 
increased design forces for braced frames in general. This 
practice ~y not alwaYI result in safer structurea , however, 
since the fracture life of less slender braclng members may be 
smaller than that of more slender ones . Purthermore, columns 
_ay allo be subjected to buckling leading to posslble collapse 
of 80me atuctures. 

The above ~ntloned problems may be more crltlcal 1n 
braced structures In which no backup ductile me.ent frames are 
provided . These structures are quite common and insplte of 
increased design forces they generally turn out to be more 
economical because of simple connections between the beams and 
columns. The problems associated with column buckling and 
early failure of bracing members in non-moment resiating 
braced structures during severe earthquake motlons are studied 
in this paper. A practical and rational ~thod for safe 
design of such structures is also presented. 

The structure selected for this study is patterned after 
the six-story, full-scale test structure (shown in Pig. I. 
With concentric K-braclng in one bay of the middle frame in 
the direction of loading, which was used in the U.S.-Japan 
Cooperative Earthquake Research Program . The floor plan. 
dimensions and gravity loads are kept the same, but thia 
structure has no backup moment-resisting frames. Thus , the 
braced bay provides all the lateral force resistance for the 
entire structure. 

fRAME Pi 

The structure is first des\gned in strl~t co~pllance with 
the requirements of current Unlform Building Code, 1982 
edltion (6) , and allowable design procedure of the current 
AISC SpeCification (1) . W sections in A36 steel are used for 
beams and columns, and square structural tubes of A500 grade 8 
steel for the braCing members. The connections of beams with 
columns are Simple, non-mo~ent type . The resulting member 
Slzes of the braced frame are shown in Fig. 2. This frame 
WhlCh provides all the lateral force resistance for the entire 
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176 structure is designated as Fl in this study. 

The inelastiC response of Frame Fl is computed for the NS 
component of the 1978 Miyagi-ken Oki earthquake with the peak 
acceleration scaled to 500 gals (1 gal • I em/sq. em). This 
ground motion ~as also used in the final pseudodynamic test of 
the U.S . -Japan concentrically braced structure. Some response 
results of Frame FI are shown in Figs. 3 and 4. ORAlN-20 
program originally developed at UC Berkeley (6) and later 
enhanced at the University of Michigan [5,8) was used for this 
study. It is noticed from Fig. 3 that the horizontal 
displacements at upper three floors are quite large. Few 
plastic hinges formed in the beams and inspite of large 
displacements at the upper floors brace buckling occurred cnly 
in the second and third stories , Fig. 4. This figure also 
shows that plastic hinges formed at a number of locations in 
the columns even though the columns received only small 
moments from the bracing members. This indicates that columns 
1n this frame were subjected to large axial forces which led 
to buckling in three of them , also shown in rig. 4. Column 
buckling commenced as early as 4 seconds into the response. 
Buckling of columns resulted in large tilt of the frame in 
upper four stories as shown in Fig. 4. 

Buckling of columns is perhaps the most significant and 
undesirable aspect of the response of Frame Fl resulting in 
large displacements at upper floor levels. Buckling in 
columns (local or overall) due to large axial force reversals 
may cause instability and complete collapse of braced 
structures under certain conditions . This aspect seems to 
have played an important role in the observed behavior of Pino 
Suarez buildings during the 1985 Mexico City earthquake (2) . 

FRAME F2 

In order to eliminate the problem of column buckling 
during a severe earthquake motion the design procedure for 
columns was modified in Frame F2. In this frame the braces 
and beams were kept the same as in Frame Fl. An upper bound 
on the required ultimate strength for the columns is 
calculated due to 1.3 times the design dead and live loads, 
and the vertical component of maximum compressive strength of 
the braces. The sections for columns in the braced bay were 
then selected according to the requirements of AISC 
Specification part 2 (Plastic Design). This frame is called 
F2 and the member sizes are shown in Fig. 5 . Increase in 
column sizes in the braced bay as compared with those 1n 
Frame FI is apparent. 

Response of Frame F2 to the same ground motion is shown in 
Figs. 6 - 8. It is noticed that inspite of formation of 
plastic hinges in beams as well as columns no buckling 
occurred in the columns. However, the braces in the second , 
third and fourth stories underwent cyclic buckling to the 
extent that they fractured quite early during the response. 
This caused very large drifts in those stories and large 
overall floor displacements. Inspite of this the structure 



did not become un. table. The reason for this is that the 
columns in those stories could develop moments due to 
continuity in the stories where the braces did not fracture, 
thus, providing a second line of defense for the atructure. 
Nevertheless, it lS questionable whether the columns could 
re .. ln stable under such large story drifts and associated 
plastlc rotations. 

The fracture criteria for the rectangular tube bracing 
members used in the analysis is rather simple and crude which 
is based on recent tests at The University of Michigan (3,1J. 
The detailed derivation of the criteria is given in Ref. 8. 
It is empirical in nature and can be expressed as follows: 

Nf • C IKL/rllb/dl/llb-2tl/tJ 2 KL/r ~ 60 

where, Nf number of equivalnet cycles to tailure 
e • 262, an empirical constant 
KL/r • effective slenderness ratlo of the member 
bId • width to depth ratio of the section , and 

(b-2t)/t • clear width-thickness ratio of the flanges. 

It should be pointed out that the width-thickness ratio of 
tubular bracing .embers used in Frames F1 and F2 ~et the Il_lt 
specified by the AISe Plastic Design criteria 11J. 

FRAME F3 

It should be clear from the above fracture criteria that 
fracture life of tubular bracing members can be increased by 
using significantly smaller width-thickness ratioa. Thus, the 
tubular bracing members of Frame F) were designed by limiting 
the width- thicknesa ratios to 951ir , which is exactly halt of 
that allowed by the current A1Se SpXcification Part 2 Ill. For 
nominal yield strength of 46 ksi for A500 grade B steel this 
would amount to a limit of 14. 

Modern building codes generally allow smaller design 
seismic forces for ductile structures while impoaing 
·penalties" for less ductile structures or structural 
elements. According to the current Uniform Building eode 
buildings having ductile moment resisting space frames can be 
designed With a horiZontal force factor of 0.67 or 0.8. For 
buildings in Seismic Zone Nos. 3 and 4 , and for buildings with 
importance factor greater than L.O in Zone No.2 . all members 
in braced frames must be designed for 1.25 timea the force 
determined otherwise. Since, the ductility of the braCing 
members in Frame F3 ia ensured by using lower width-thickness 
r.tios it was decided to delete the ·penalty" factor of 1.25 
in their design. The columns were designed by following the 
procedure as in fra~ F2. The resulting member sizes for the 
braced frame F3 are shown in Fig. 9. 

The computed response of Frame F3 is shown 1n Figa. La -
12. It is noticed that the horizontal floor displacements are 
much smaller than those of Frame F2. Plastic hinges formed in 
several beams and colUmns but no column buckling was 
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118 encountered. Cyclic buck11ng occurred in all braces. Axial 
deformation histor1es of some brac es are shown in F1g. 12, 
which are quite severe. However , due to much more compact 
sections their integrity is ensured. Thus , it can be 
concluded that Frame F3 should perform satisfactorily when 
subjected to a severe ground motion such as the one used in 
this study. 

CONCLUSIONS 

Based on the results and discussion presented in this 
paper the following conclusions can be drawn: 

1. Columns in braced non-moment resisting structures may be 
subjected to large forces cusing them to buckle during a 
severe earthquake . It is necessary to check their buckling 
strength by an ultimate strength method such as the one 
8uggested in this study. 

2. The allowable width-thlckne88 ratio specified by the AISC 
Specif1cation for rectangular tubular bracing memebers should 
be reduced in order to increase their ductility and energy 
dissipation capacity for surv1val during a severe earthquake. 

3. If the ductility of bracing members is ensured th design of 
concentric braced structures can be based on forces smaller 
than those specified by current building code&. 
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COMPRESSIVE TESTS OF GUSSET PLATE CONNECTIONS 

by J.J. Rooer Cheng l and S.Z. Hu 2 

ABSTRACT 

The compre •• ive behavior and buckling atrength of thin­
walled Qu •• et plate connectiona were examined on the b.si. of an 
experimental lny.atlO«tlon of full-scale diagonal bracing 
connection.. Such connections are commonly used to transrer 
forces fro. a bracing member to the beam and column through the 
gus.et plate. A total of 14 teats were run on six connection 
specimens. Plate thickness, geometric conflguration, boundary 
condition., eccentricity and reinforcement were considered in 
planning the t •• ts. All of the tests failed in plate buckling 
except the t •• t. with eccentricity which tailed 1n bend1no 
yielding of the spliced plates. The test results were evaluated 
based on load and deloraation data. An atte.pt was made to 
correlate the test results with the analytical studies using the 
finite ele.ent program BASP. The comparison is shown to be in 
reasonable agreement. Current design practices are di.cu •• ed 
briefly and the .ethod. are found to be very uncon.ervative 
compared with test re.ults. 

INTRODUCTION 

One of the .ost comaon methods of connecting two or more 
members tooether i. by a gusset plate which is u.ed to tran.ter 
forces fr~ one member to another such as connections in tru •••• 
or brac.d .te.l fram.s. In the latter ca.e, eith.r tensile or 
compressive loads from a bracing member which i. designed to 
re.ist horizontal forces are transferred to the beam and column 
through the gus •• t plate. The gusset plate i. normally bolted to 
the bracing member, in which the spliced plat. mayor may not be 
used dep.nding upon member geometry, and connected to the column 
and beam by bolta or welds . Fig. I illustrates such a 
connection. Although it ia customary to assume that the bracing 
me.bera in this arrangement are loaded only in th.ir axial 
dir.ction, the delivery of these loads will produce bending, 
sh.ar and noraal forc.s in the gusset plate. 

Despite the popularity of this type ot connection, the 
gusset plate ha. rec.ived r.latively little att.ntion in te~ ot 
strength, behavior and design investigation. Current de.ign 
sp.cification. only .. ntion the deaign philoaophy and no specific 
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formulas for evaluating the dimension and thickness of the gusset 
plate (AASHTO, 1983). The traditional method of gusset plate 
design (Gaylord et al., 1972) is primarily based on elastic 
analysis and uses beam theory to check the stresses at selected 
sections. It has been recognized that the applicability of the 
beam theory to the confiQuration of gusset plates is 
questionable. An alternative method is performed by evaluating 
the critical normal stress using Whitmore's effective width 
concept (Whitmore, 1952). The normal stress on this effective 
area should not exceed the allowable stress permitted by the 
appropriate specification. 

Recently, a few studies have been conducted to determine the 
behavior and ultimate strength of gusset plate connections which 
aimed at providing a rational design method . A test waa 
conducted by Bjorhovde et al. (1985) to determine the ultimate 
tensile strength of a gusset plate used in a diagonal bracing 
connection. The physical tests done by Bjorhovde et al . (1985) 
allowed Richard et al. (1983) to model gusset plate behavior 
using the finite element method. Based on these investigations, 
Hardash et al. (1985) derived the block-shear concept of coped 
beam-to-column connections into the gusset plate loaded in 
tension. It was concluded that the governing block-shear model 
was to be the one incorporating tensile ultimate stress on the 
net area between the last row of bolts and a uniform effective 
shear stress acting on the gross area along the outside bolt 
lines. However, these studies did not address the problem of the 
compressive gusset plate connections, nor the related probleM of 
gusset plate buckling. 

Using compressive diagonal members increases the complexity 
of the connection . Common yielding stress analysis cannot 
represent the actual stresses because of load concentrations, 
warping of the plate section, local yielding and local 
eccentricity. All of these may cause buckling or crippling in 
the gusset plate adjacent to the diagonal member or to the 
spliced location. In addition , due to the uncertainty of 
boundary conditions, the prediction of buckling load becomes 
extremely difficult. Besides, compression stresses along free 
edges of gusset plates may cause local buckling and insufficient 
gusset plate thickness may cause unacceptable deformations in the 
connection. In order to avoid the local buckling along free 
edges of gusset plate, AASHTO (1983) limits the length of an 
unsupported edge of a gusset plate to a maximum of 930/1r- times 
its thickness. It is assumed that the free edge behaves Xs a 
unit width column with a fixed-fixed boundary condition. From 
the previous discussion, it can be easily found that the above 
provision ia oversimplified and very conservative. 

A research project was undertaken by the authors to 
investigate the behavior of compressive gusset plate connections 
sponsored by the Canadian Steel Construction Council. This paper 
presents the results of the test phase of this project. The 
principal purpose of the tests was to provide experimental data 



for the various design parameters 80 the ultimate goal of 
designing such a connection could be established. The test 
results will be compared with the analytical studies using the 
finite element program BASP and current design practices are 
briefly discussed. 

EXPERIMENTAL PROGRAM 

The experimental program was designed to represent the 
conditions of actual gusset plate connections. Thus, full-scale 
single gusset plate connections of a diagonal bracing ~ember at 
the joint ot a beam and a column as shown in FiO . l{a) were 
used . The gusset plate was bolted to the bracing member by using 
spliced plates and then bolted to the column and beam through 
pre-welded end plates. The variables chosen for investigation 
are plate thickness, plate size, boundary condition, eccentricity 
and reinforcement . Two loading conditions, namely concentrical 
and eccentrical loadings, were used by arranging various 
positions of the spliced plates (see Fig. 4). To simplify the 
problem, thin plates were used in the test specimens. It was 
planned that most of the tests would fail in elastic buckling. 

The test series consisted of six gusset plate speci~ens with 
varying plate thickness and plate size as given in Table 1 . Two 
different thicknesses of splice plate used in each gusset plate 
specimen are also given in the Table. The detail of the two 
different plate sizes (850 mm x 100 mm and 850 mm x 550 mm) used 
in the test specimens are shown in Fig . 2. The gusset plate 
specimens were designed to be loaded in 4S· by the bracing 
member. Plates Cl to C4 were loaded concentrically while plates 
E5 and E6 were loaded eccentrically. For comparison purposes, 
plates ~S and E6 have the identical cross-sectional properties as 
plates CI and C3 respectively but have different loading 
conditions. The major material properties of the gusset plate 
specimens and the spliced plates are summarized in Table 2. 

To simplify the test set-up , the gusset plate was loaded as 
shown in Fig. 3 and the forces that exist in the beam and column 
to balance the compressive load from the bracing member were 
neglected. A schematic test set-up is shown in FiO. 3. The test 
frame consisted of two W310 x 97 members as beam and column and 
one W250 x 58 acting as bracing member . The gusset plate was 
braced at the spliced plate locations as shown in Fig . 3 by 
tension bars and was allowed to move laterally by placing an 
additional pair of rollers underneath the test frame. The 
magnitude of the applied load and overall displacement of the 
specimens were monitored by the HTS test machine and a .et of 
LVDTs and dial gages as shown in Fig. 4. Strain gages were 
placed in various locations of each specimen in pairs, one .et on 
either side of the gusset plate. to measure the strain 
distribution. A pair of rosette gag9S waS located on the gusset 
plate adjacent to the end of the spliced plate. For the 
specimens subjected to an eccentric load , a pair of strain gages 
was put on the spliced plate where a bending yield might occur. 
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Fourteen tests were run on the six specimens in order to 

best utilize the material. Eight concentric loading tests were 
run on plates Cl to C4, in which two tests were conducted for 
each plate. One, named Mfree case-, allowed the bottom of the 
test frame free to move and the other, called -fixed case- did 
not allow movement. The test procedure was generally the same 
tor plates Cl to C4 . First, the specimen was tested in the free 
case and the test was terminated when the lateral displacement of 
the roller underneath the test frame became excessive, around 
30 mm. Then the specimen sprang back to its original position 
when the load was removed. Stoppers were provided subsequently 
at the roller locations. A new test , fixed case, was then 
conducted until the maximum load was reached. Another six tests 
were performed on plates E5 and E6 with eccentric loading , in 
which three cases were tested for each plate and they were called 
-free without reinforcement-, -free with reinforcement- and 
-fixed with reinforcement-, respectively. The details of the 
three different cases were shown in Fig. 4. The test procedure 
followed the sequence of the above three cases. The first test 
was terminated when the maximum load was reached and unloading 
occurred or the lateral displacement of the rollers underneath 
the test frame became excessive, around 30 mm. In the second 
test the specimen was forced back to its original position and 
reinforcement was added at the spliced plate location and the 
specimen was reloaded, again, until it reached the maximum 
load. For the last case, fixed with reinforcement, the stopper 
was provided at the bottom of the rollers and the test procedure 
was the same as before. 

TEST RESULTS ANO GENERAL BEHAVIOR 

The test results are divided into two groups: concentric 
and eccentric loadings. The concentric loading tests will be 
discussed first , followed by the eccentric loading tests. A 
summary of the highest measured applied loads , Pmax ' is given in 
Table 3. 

Concentric Loading Tests 

An examination of the reduced data showed that a plot of 
applied load versus critical lateral deflection reading gave the 
best representation of bockling phenomena of the test specimens. 
The tinal deflected shapes also afforded the best description of 
the failure due to plate buckling. 

Because of the similarity of the behavior, only two plate 
specimens, C3 and C4 of which the thicknesses are 6.7 rom and 3.1 
mm respectively, will be shown and discussed here. Two loading 
cases, free and fixed, will be discussed separately. 

Free Case - All specimens failed as a result of overall buckling 
of the plates. The maximum deflection occurred at the roller 
locations. There was no yielding observed during the tests. The 
curves of applied load versus lateral deflection of the rollers 



for the plate Cl and C4 are shown in FiO_ 5. The curve for 6.7 
.. plate, specimen e3, shows a typical plate buckling curve with 
a distlnctive buckling load. for 3.1 .. plate. speci.en C4, the 
eurye gradually increa ••• to the maximum load. Thi. can be 
attributed to the large Lntial imperfection of the plate section 
which was induced by the end plate welding. The buckling shap •• 
of the specimens C3 and C4 along two free edge. and the center 
line of spliced plate were plotted in FiO' 6(e). 

Pixed C.s. - The lateral translation of the test trame was 
prohibited in this ca... The maximum deflection of the plat •• 
occurred at the mid-point of the longer free edoe as shown in 
Fig. 6(b). Yield lines were observed on the spliced plate neat 
the top of the gusset plate for both Cl and C3 due to the high 
axial load and the large lateral deformation of the gusset 
plate. A typical curve of load versus lateral deflection at the 
aid-point of the longer free edge is shown in Pig. 1(a). The 
load versus lateral deflection curve for test C4 as shown in Pig. 
1(b) is different from other tests. The reason was that before 
reaching the maximum load two free edges of the plate were 
deflected in the opposite direction due to the large initial 
i~erfection. After reaching its .. xi.um load, the plate was 
forced to buckle in the same direction with a sharp decreasing 
load. 

Eccentric Loading Tests 

It is customary to neglect the eccentricity in designing 
gusset plate connections. However, some actual practice showed 
that the eccentricity may cause a significant reduction of the 
carrying capacity of gusset plates. Six test. run on two plate 
apecimens , E5 and £6, also show the importance of the 
eccentricity. Due to the similar load-deflection curves and 
buckled shapes to the concentric loading tests, only the oeneral 
behavior of three loading cases of the eccentric loading test. 
will be discu.sed below. 

Free without Reinforcement - Both of the specimens f.iled by the 
yielding of the spliced plate. Yield lines were observed on the 
.pliced plate at the last row of the bolts of the bracing 
member. The load decreased when the maximum load was reached. 
Per~nent deformation was in the spliced plate after unloading. 

Free with Reinforce~ent - Same speci.ens wete stiffened and 
tested in the same boundary condition as the previous case to 
evaluate the effect of the reinforcement. Only one stiffener was 
provided for the plate £5 while three additional spliced plate. 
were placed on the other side of the plate E6 (Fig. 4). The load 
carrying capacity of the specimens increased significantly which 
was approxi.ately three times higher than previous ca.e for plate 
E5 and six ti .. s for plate £6. However, both teat. were unable 
to reach the loada of plates Cl and CJ in the free ca.e. Again, 
the plate £5 failed due to the load exceeded the catrying 
capacity of the combined spliced plate and stiffener. Por the 

195 



196 

plate E6, the specimen failed in overall buckling of the gusset 
plate and no sign of yielding was found on the spliced plate. 
The maximum load of the test reached 89' of the plate C3 in the 
free case. 

Fixed with Reinforcement - The same plates with the same 
stiffeners were used to perform another set of test with the 
stopper provided at the bottom the test frame. 80th of the 
specimens failed in the loads less than the maximum loads of the 
plates Cl and C3 in the fixed case . Yielding in the spliced 
plate and stiffeners was observed durino the tests. Slidino 
between the spliced plate and stiffeners also occurred for the 
plate E6. 

DISCUSSION OF TEST RESULTS 

The highest applied load of each test, Pm x' is used for 
primary comparison and is summarized in Table~. The 
corresponding load carrying capacity of each plate calculated 
according to the effective ~idth concept (Whitmore, 1952) was 
also listed in the Table. As expected the effective width 
concept which is primarily based on the material strength of a 
gusset plate at the end of a bracing member gives much higher 
predicted values than th~ P~ax' Since the test specimens were 
purposely designed to fall 1n plate buckling. 

The computer program B~SP which can handle plate buckling 
with stiffeners originally written by Akay et al. (1977) was used 
to compare with the test results. In the analysis, the gusset 
plates were assumed to be fixed at the boundaries of beam and 
column and fixed but allowing out-of-plane translation at the top 
of the plate for the free cases and fixed both rotation and 
tranSlation for the fixed cases as shown 1n Fig. 8. The plates 
were idealized by two-dimensional finite elements while the 
thicker elements were used for the spliced plate locations. The 
applied loads were assumed uniformly distributed among the 
numbers of bolt on the gusset plate. The problems solved by this 
program are treated as a linear-elastic buckling problem. The 
results of the BASP are summarized in Table 3. The comparison 
with the test results is shown to be in reasonable agreement. 
Ho~ever, large discrepancy exists for the free and fixed cases of 
the plate CI and the fixed case of the plate C3. There are two 
major reasons . One is the simplified assumptions of the spliced 
plate thickness and uniform distribution of the applied load. 
The other is the yielding that occurred in the spliced plates due 
to the high axial load in the spliced plate and large lateral 
deformation of the gusset plate. The yielding reduced the 
rotational reslraint at the spliced plate locations and 
consequently reduced the buckling capacity of the gusset plate. 
The analysis phase of this project which is in progress shows 
that the rotational restraint is a very important parameter for 
the bUCkling capacity of the gusset plate. The local buckling 
provisions of the AASHTO specification (1983) was calculated and 
shown in Table 3. The provisions yield very conservative results 



as expected. 

It was found fr~ the tests conducted on the plates E5 and 
£6 that the eccentricity initiated the yielding in the spliced 
plate and eventually caused the failure of the connection. Thus, 
the beam-column formulus of a rectangular cross-section t~SCE, 
1971) was used to calculate the cross-sectional strength of the 
spliced plates at the conjunction of the bracing member and the 
gusset plate . Good correlation exists between the test results 
and the predicted values. The conservatism of the beam-column 
fo~las applied to the fixed with reinforcement case of the 
plate ES is because that the yielding in the spliced plate is not 
the final mechanism of the gusset plate. Comparino the cases 
with reinforcement to the cases without ~einfo~cement indicates 
that the eccent~icity could curtail the carrying capacity of 
ousset plates sionificantly. However, it a180 implies that the 
~eduction of the st~ength could be minimized o~ even avoided by 
p~oviding the 8ufficient stiffeners at the spliced plate 
locations. 

SUMMARY AND CONCLUSIONS 

The compressive behavio~ and bucklino strength of thin­
walled gusset plate connections we~e examined by an experimental 
investigation of full-scale diagonal bracing connections. The 
tests considered paramete~8 such as plate thickness, plate size, 
boundary condition, eccentricity and reinforcement. A total of 
14 tests were run on six connection specimens. Current design 
p~actices and finite element solutions were used to compare the 
test results. The following is a summa~y of the findings. 

1. For the concentric loading cases that we~e examined, the 
primary failure mode for the free cases is ove~all buckling of 
the plate. The maximum deflection occurred at the rolle~ 
locations. For the fixed cases, the failure ia lnltiated at 
the f~ee edges due to the local buckling of the plate . The 
maximum deflection occurred at the mid-point of the longer 
free edge. 

2 . Another type of failure may occur in spliced plate due to the 
existance of the eccentricity. This has been shown in the 
cases of free without reinforcement of the plates E5 and E6. 
The reduction of the st~enoth may be significant. 

l. The cases of reinforcement of the plates E5 and E6 shows that 
the reduction of the strength due to the eccentricity could be 
minimized by providing sufficient stiffeners at the spliced 
plate locations. 

4. The effective width concept which is cu~~ently used in 
designing gusset plates was found to be very unconservative if 
the prima~y failu~e mode is the plate buckling. The local 
buckling provision adopted by the AASHTO appears to be very 
conse~vative and doesn ' t cove~ the various bounda~y 
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conditions. 

5 . The finite element solutions is shown to be in reasonable 
agreement with the test results . The beam-column formulua of 
a rectangular cross-section gives reasonable prediction for 
the carrying capacity of the eccentrically loaded gusset 
platea. 

6 . The available design methods for compressive loaded gusset 
plates ha. been found to be inappropriate for determining the 
compressive behavior and failure of the gusset plate. The 
effects of variables such as thickness, size , bou ndary 
condition , etc . on the compressive strength of • gusset plate 
should be further investigated for the improvement of the 
existing design methods. 

7. The requirement of the stiffeners for gusset plates and 
spliced plates should also be studied. 
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Table l. Geometric Properties 

Test Thickness Size Thickne •• of Splice 
Specimen """ mm x mm Plate Used, IMI 

Cl 6.70 850 x 550 13 
C2 1.11 850 x 550 11 
Cl 6.70 850 x 700 11 
C4 1.11 8S0 x 700 13 
£5 6.70 850 x 550 8.1 
£6 6.70 850 x 700 8.1 

Table 2 . Material Properties 

Static 
Elastic rield Ultimate 

Haterial Used Modulus St renuth Strength 
(MPa) (MPa) (MPa) 

6.70 mm Gusset Plate 211 ,000 505 595 
1.11 fMI Gusset Plate 191,000 2'0 1 40 
13.0 mm Splice Plate 205 , 000 260 '20 
8.1 fMI Splice Plate 211,000 105 495 
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Table 3. Summary and Comparison of Test Results 

plate Size Load Case 
~rAf 

Effective BASP AASHTO Beam 
Width (kN) (kN) (kN) Column 

Cl 850x5SDx6.7 Free 441.7 1142 944 
C2 850xS50x3.1 Free 122 ... 529 120 
C3 850x700x6.7 Free 380.1 1142 382 
C4 850x700x3.1 Free 89.6 529 43 

Cl 850x550x6.7 fixed 914.0 1142 1314 137 
C2 850x550x3.1 Fixed 140.6 529 152 43 
C3 850x700x6.7 Fixed 678.2 1142 108) 137 
C4 850x700x3.1 Fixed 145.5 529 130 43 

E5 8S0 x5S0x6.7 Free w/ o Reinf. 80.4 1142 13.7 
E6 850x7QOx6.7 Free w/ o Reinf. 55.8 1142 73.7 

E5 8S0xSSOx6.7 Free wI Reinf. 232.8 1142 251 
E6 8S0x100x6.7 free wI Reinf. 338.6 1H2 518 

E5 850xS50x6.7 Fixed wi Rein!. )92.5 1142 251 
E6 850x700x6.7 Fixed wi Reinf. 523.2 1142 518 



jLf-_._-. 

(.) (.) 

"9. 1. Typical Cu ••• t Plate connectionl of • DiaOonal Bracing 
Me_ber 

,_) eso x 100 

8 

= 
.,. 

(b) 8S0 x SOO 

201 

1>. 



202 

-ift----------s'Uu Phu 

sehe.atic Test Setup 

w/ o 
Rein! . 

wi w/ o 

(b) speci •• n!6 

Pig . 4. lnstru •• ptation and Splice Plate Details 

wi 
Rei n! . 



c • 

• • • 

(a) sp.cl •• n C) 

rlQ. 5. ~d-L.t.~.l Dl.pl.c ••• nt Curv •• tor ,~ •• C •••• 

I 
I 
I 
I 
I 
I 
I 

~' . ' g: 
• • • • 
I 
! 
I 

o '-0111 .. 
a ........ 
• """' •• u ... 

I C3 C4 -L-______ ~ 

~IkooI~' 

(a) Fre. C •••• 

rlO. 6. Nar.aUzed BuckllnQ Shapes 

• I 

• I 

• • , 
I 

• 
~ . .' 
~: • • • • 
i 
! 
I 

0"- .... 0_.'_ 
• _ • • 1.' ... 

j C3 C4 !L-______________ ~----' 

II " MJJIf"A..ilro OI~T " If 

(b) Flx.d C •••• 

203 



204 

! 

nC) Side 

! 

! 

Ca) SpecL •• n C3 

Fig. 7. Load-Laterlal Oi.place.ent Curve. for Pi_ed c •••• 

' ->r---S~lice Plate 

" ,~'<f.--- Applied Load 

Pig . 8 . pinite Element Model 



CONCENTRIC AXIALLY COHPR!SS!D ANGL! COLUMNS 4 -coHPAlISON OF 
EXPERrM!NTAL AND CALCULATED FAILURE STRESSES 

by 

Hurty I. S. Hadugula and S. Hohan 
Dept. of CiviL Engg . , UnJv. of Wlndeor, Wlnd.or, Ont.rio, Canada 

ABSTRACT 

The paper pUNnt •• review of the de.lgn practice. of hot-rolled .nd 
cold-for .. d .teel .1ngle.nd double .ngle .eaber. under concentric .xi.l 
coapre •• lon . Specific.tlon. of the American In.titute of Steel 
Con.truction, American Iron .nd Steel In.titute, ~ric.n Society of Civil 
Engineer., Canadi.n Standard. Aseociatlon, Indian Standard. In.titution, 
.nd Standard. A'lOciation of Au.tr.lia are included in the review. 
F.ILure .tre.... computed according to the above .peclflc.tlon. are 
comp.red with the availabLe experiaental failure .tre •• e. of concentric 
axially coapre.aed hot-rolled and cold-for.ed .ingle .nd double anIle. . A 
total of 269 hot-rolled .nd 22 cold-for.ed angh te.t reaulU .re included 
in the p.per. 

NOTATlON 

• 
A .. 
:'t 
Cr 
! 
Fcr 
F. 
Fain 

- dl.tanee between connector. in buIlt-up .ngle eo.pre •• ion 
- full, effective cro •• -sectional area of cold-formed anale 
- effective area of cold-formed 'nala .e.ber in eoapre •• lon 
- Iro ••• rea of 'nale 
• width-to-thlekne.a ratio of anale leg 
- factored compre.aion reaiat.nce 
• aodulu. of el.aticlt, 
• critic.l .tre.a at failure 
- critical toraional or flexural-tor.ional elaatic buckl!", .tre •• 
- critical elaatLc buckling atre •• , which ia the leaat of the 
atre.~a for Euler flexural, tor.ional, .nd tor.ional-flexural 
elastic bucklina 

Fy • yield .trength 
FYeff • effectLve yield .trength In ASCE Manuel No. 52 
(KL/r) •• modified alenderne •• ratIo of built-up anale co.prel.lon .ember 
(lL/r)o - alenderne •• ratio of buIlt-up angle coapre •• Lon meaber .ctlng aa 

Q 
rain 
t 
vlt 

• , , 

a unit 
• full reductlon factor for .lender anglea in co.preaalon 
• alnlau .. radiua of gyration of a COMponent angle 
• thicknell of 'nale leg 
• fl.t width-to-thlcknea. ratio of anale leg 
• re.l.tance factor 
• Pol •• on'. ratIo 
• non-dLMnalonal alenderne •• ratlo 

INT1tODUCTION 

AnaIe. are the .o.t co..on Itructural ahape. used In latticed 
electrical tran.al.alon tower. and antenna-.upportlng tover. . Angle. are 
.lao exten.ively used In nuclear pover plant. aa pipe aupport.. They are 
.lao UM:d a. chord and web .eaber. of tru.se', aa veb .aber. of lonl-.p.n 
open-veb .teel joLlt., and a. bracing _aber. to provide lateral aupport 
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206 to the prl .. ry load-carrying ._hera of a Itructun. Analel are uly to 
fabricate Ind erect becaute of the baaic li.plicity of their 
croal-.ection . They are claaaified la equIl- or unequal-leg Inglel, 
.ingle or built-up (i.e., compound) analea, hot-rolled or cold-for.ed 
analel . They can be plaln angle., lipped analel or bulb lnalel, of Iteel 
or aluidniu. . Analel are loaded concentrically or eccentrlcallYI Izially 
or tranlver.ely . inducing Itreltel etther below or beyond the proportional 
li.it of the .. terial . thil pIper deal. with hot-rolled and cold-foraed 
ateel angle. (without lipl) under concentric axial coaprel.ion. 

REVIEW OP DESIGN SPECIFICATIONS 

(a) AISC-LRFD apecification for hot-rolled anglea 

Factored compreaaion reaiatance for flexural buckllng: 

c - 0.85 A P r I or 
Q,2 

For AclQ ' 1. 5, F _ Q(0.658 c)F 
or y 

(1) 

(2 ) 

For 'o/Q > 1. 5, , · [~ I'y or ,2 
(3) 

0 

<Lit where A • _ .;t 
c rw E (4 ) 

Angle tection. ahould .teo be checked tor torlional and flexural-tor.ional 
buckling al followl: 

Q,2 
'or './Q < 1. 5, • • Q(O.658 ·)Fy (5 ) or 

For AelQ > 1.5, Fer · [ 0. 871 
IFy (6) ,2 

• 
where , ·If (7 ) • • 

in which Fe • critlcat torlional or flexural-torlional elaltic buckling 
atn... If the width-to-thickneu ratio doel not exceed 76/rF; (where Fy 
ia the yietd atrength in k.i), the angle ia non-compact and the value of Q 
i. 1.0 for anale without lipl. If bIt ratio exceeda 761"1. the anale ia 
alender, and the vatue of Q for un.tiffened afl8lel ia detenl1ned al 
followa: 

When 76/11, < bit < 155/~' 
Q • 1.340 - 0.00447 (b/t)ir (8) , 

When bit ) 1551";' 

Q • 15 5OO/(',(b/t)') (0) 



(b) AISI apeclflcatlon for cold-for.ed anglea 

Thla la an allowable atreaa apeclflc.tion. Hovever, In thla paper, 
the factor of .. fety la taken aa 1.0. 

(10) 

'or 'ain (0.5 'y' Fer - Fain (11) 

'.In la the Leaat of the eLa.tic flexural. tor.lonal, and toraional-tlex­
ural bucklins .tr.... 'or .1nS1e angle aectlona wLth unatLtfened nansa., 
Fer shall be taken aa the ... llar of Fer calculated fro. &q. (to) or (11) 
and Fer slv.n by Eq. (12). 

• cr 
," 

2S.69(w/t)2 
(12 ) 

(e) ASCE Manual No. 52 - Reco..endatlona for hot-rolled and cold-formed 
angle. 

(. ) 'or wIt ( 80/"1 (where 'y la the yield atrenath In k.t): 

If nlr ( Cel 'cr • [I-i (¥ )'), 
c y 

( Il) 

It KL/r > Ce • , cr - 286 OOO/eKL/r)2 (l4) 

(IS) 

(ii) For vlt > 80/fly (where Fy 1a the yield atn:ngth In hi): 

The valun of 'Yeff given by Eq. (16) and (17) akou1d be aubat1-
tuted for 'Y In Eq. (13) and (15). 

It 80/IFy < wIt ( 144/IFy: 

P
Yeff 

• [1.671 - 0.671 

It wIt> 144/tr: 
y 

'Yeff - 9S00/(w/t)2 

v/t )p 
(8011') y 

y 

(d) CAN/CSA-S37-M86 and CAN3-S16.1-H84 for hot-rolled anale De.bera 

(16) 

(17) 

The.. lia1t atatea deals" Bpec.iflc.tlona UN SSRC Colu.n Curve 2 .a 
the b.atc curve for deur.in1na the factored cOisoeaa1ve r.alatance Cr of 
hot-rolled anal .. with bIt ratloa not exceeding - (whan' la the yield 
atrength In MPa): IF., y 

For a ( A ( O. 15, Cr •• A F Y 

Por 0.15 ( A ( 1.00, Cr - • A 'y[I.03S - 0.2021. - 0.222 AlJ 
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20S For 1.0 , A , 2.00, e 
r - • A 'y(-O,11l + O.636/A + a.e8l/A2] (1S) 

For 2. 0 , A , 3. 6, e r - • A F
y

[0.009 + a.8ll/A2) 

For A ) 3. 6, e r 
_ • A Fy/).2 

where A • KL 

" IQE (19) 

If bit ratio exceed. 200 • singly sya1ll!trle angle Mction' with t , 4. 5 •• 
rr; 

.hall be designed 
Iteel .tructural 
analysts. 

according to eSA Standard CAH3-S 136-M84 (cold-formed 
members); thicker sectLons muat be deatgned by ratIonal 

(e) CAN3-S136-H84 for cold-formed angle. 

The facto red compre •• Lve resistance 

(20) 

~re the coapre •• ive limit atres. Fcr I, obtained from Eq . (21) or (22). 
whichever 18 applicable: 

When Fp (- 0 . 833 Fain) > 0.5 Fy • 

F • F - p2/4P 
cr y y p 

(21) 

When r p (- 0 . 833 Fain) , 0 . 5 Fy • 

F • F 
cr p 

(22) 

The factored cOllpre .. 1ve resistance of single anglea 1. further It.ited .a 
follow. : 

t(O.SO)lr2!A 

12( 1_~2)(w/t)2 
(23) 

In Eq. (20) to (23), A, Ae' '.In' v/t, • and ~ are aa defined In the. nota­
tIon. 

(f) IndIan Standard 15:800-1984 

Thl. 1 •• n allowable atre.a apecification. (In this paper the factor 
of aafety 18 taken a. 1.0.) The crItIcal .trea. la calculated uslng the 
Merchant-Rankine formula. Wldth-to-thickne •• ratio (bIt ratio) i. li.lted 
to 256/1'fJ or 16, whic.hever 1. leas (where Fy 18 the yIeld acre .. In MPa) . 
If the bIt r.tio exceeda this li.it, the exc.ea. aaterial ahall be 
neglected In ealculating the effective geometrlcal propertiea of the 
aectlon . 

(24 ) 



where '0 . Euler critical atreaa -~ 
(lL/r)2 

(a) Standarda A .. ocietion of Auatrdia AS: 1250--1981 

Thia h aho en alloweble .tre .. 8pectflcation. (Tn thl. paper, the 
factor of safety ia takan aa 1.0.) Critical .tr •• a i. 1!ven by Eq. (25) . 
Wldth-to-thicknua utio (b/t retio) is U.tted to 208/", (where 'y 1a 
the yIeld atre •• 10 HPa). W .... n the value of bIt for any anale uceede 
thia li.lt, the crttical .tr •• a ia further ll_ited to 0.833 'y. 

, +(11+1)' / 
p • [Y 0 [ 

e< 2 -

where 11 - O.3(KL/lOOr)2 

, +(rt+1)' 2 
Y 0 I 

2 - , , I 
Y 0 

and '0· Euler critical atre.a •• 2E/(KL/r)2 

(h) Dulsn Require.enta for Built-up Analu 

(25) 

AlSC and CAH3-SJJHS4 apedfte.a.Uoo. require the -odifieation of the 
alenderoe.. ratio for bucklin, about the built-up ... ber axl •• 
IS:800-1984 and A$:1250-1981 require a .1ni.u. of two lnterconnector •• 
Table I ~ ... rhe. the requireMent. of varlou •• pecification. re,ardtna 
built-up anale COMpre.aton ... ber •• 

EXPERIMENTAL INVESTIGATIONS 

The re~lt. of the followl", experiMentd Inve.UsaUon. are tncluded 
tn thla paper: 

(a) Teat. on Hot-rolled Anale. 

(1) U.S. Bureau of Standard. (1924): 
Sped .. n. wlth aquare ena. (11 to AID) - 10 
Spect .. n. with one bolt ln each lea (01 to l8) - 11 
Specl_n. with tvo or IIOre bolu In uch le~ (Oil to £32)- 37 

(11 ) hhida (1968~: 
Se.i-Itllled llh .trenath 'SHY' .ted anile spectMens: 
75 x 75 x 6 .. atxe apeel .. na (IA20 to ClOO and 2A40 to S70)- 24 
65 x 65 x 6 .. abe apeel .. na (040 to 90) - 6 

(111) Yoltoo, Wakabayashi and Nonaka (1968): 
90 x 90 x 7 .. alxe .tld .teel a"lla apeel .. na (1020 to 1150)-10 

(tv) Harsh ~1971~: 
2 1/2 x 2 I 2 x 1/8 In. 'pecl .. na (l to 4) - Ienath 24, ". 6' 

ud 74 In. - 4 
2 1/2 x 2 1/2 x 3/16 In. apechlena (5 to 8) - l_nath 24, 34. 64 

and 74 In. - 4 
2 1/2 • 2 • 3/16 In. epeet_ne (9 to 11) - le"lth 24, 34, and 

74 In. - ) 

2 1/2 .2. 1/' In. apeclMen. (12 to 15) - leRith 24. 34, 64 and 
7' In. - . 

2 1/2 • 1 1/2 I: 3/16 In. apeel_na (16 to 19) - IaRith 2 •• 3 •• 
6' aM 74 In. - 4 
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210 (Y) 
~~~~~~[G~~a'081e .truta, with both hinged and fixed 

end condition. were teated at the Unlveralty of Wlndeor. To obtain • 
atati.tlcal average ot the critical atre •• , three struta tn each category 
were teated. Double angle .trut. had one loter.edl.te connector at 
.1d-lens t h. 

(vi) Short (1977): 
Fourteen teat. were carried uut by Short on double angle. 

arr'need back to back (with 10 .. gap between the. and connected together 
at lSO .. lnterv.l.) to inveatigate thelr bucklIng about the .. terl.l .xl, 
(xx-.xla), while thirteen teat. were perforM.d on double 'nglea arranged 
back to back with 30 m. sap between them to Inve.tlgate theLr buckling 
.bout the .,.-tric yy-.xl •• 

(viL) Hueller and Erzurualu (1983); 
j It j It 1/4 In. apecl.ena - 4 

(vIlt) Kltlpornchal and Lee (1984): 
The e_perl.ental progra. conelsted of teating two eeries of 

pln-ended nrut.. For each .trut size and length, tvo .cruts were 
prepared end teated to obtatn an average failure lo.d. A total of 42 
.nale atruta were teated, compriaing 14 alngle equ.l angle etruta, 12 
.inale unequal angle .truts, 12 double equal angle .trut., and 4 double 
unequal anale atruts. Double .ngle .truta had tvo lnter.ediate connector • 
.. alUring 5 .. (sap) x 25 .. x leg length. For double unequal angle 
.truta, long leg a vere conoected. 

(ix) Wilhoite (1986): 
Detall. of eeven po.t anglea used in a full aule trenealaaion 

tower teat are stven In Table 2. 

(b) Teata on Cold-for.ed Angle. 

(i) Chaj •• , Fena .nd Winter (1966): 
lnel.atlc equal leg cold-for.ed anale. - 6 

(Ii) Had~ula, Prabhu, and Temple (1983): 
15 x 45 x 3 .. apecl.ena (S45-1 to 8) - 8 
65 x 65 x 4 .. apeci .. na (S65-1 to 8) - 8 

OOHPARISON OF EXPERIHENTAL AND CALCULATED FAILURE STRESSES 

The expert_ntal and calculated fallure atr.asea for 
apeci_n. deacribed above are presented in Table. 3 and 4 for 
and cold-for.ed anglea, reepectively. The followln.g coa.enta 
Table. 3 and 4: 

(. ) Por U.S. Bureau of Standard a te.t eped_na, ,he followln.g 
leR8th ractor. are used: 

the teat 
hot-rolled 
apply to 

effective 

(1) angle. vith aquare end. - no bolta : • • 1/1. 9 
(11) analea '11th ooe bolt tn each leg: • • 1/1. 3 

(111 ) angle a '11th two or -ore bolta in each lea: • • 1/1.5 

(b) For 40uble angle apeci_o. SI to SI) teated by Short (1977). the 00.-
lnal alenderoeaa ratl0 (KL/r)y vaa calculated fro. a radlua of gyra-



tlon ba.d on a atni .... Hparatlon of 8 _ between anaha, althouah 
the bara a. t •• ted had a aap of 30 _. 

(c) The calculated valuea for the telt apecl.en. by Har.h (1971) are 
baeed on the noainal yhld atru. of 44 kai. 

(d) Por hot-rolled angle ten 'pecl.en. having bIt ratio suater th.n 
200/1'f'j (where f fa the yield Itre .. In HPa) and thickne .. sreater 
than 4.5 _. failure .tre ..... ccordlng to CAN/CSA-S37-H86 .re not 
calculated. 

(e) The factor of .. tety i. t.ken a. 1.0 for fallure .tre.... calculated 
tro. AIS1. IS:800-1984 and SAA:AS 1250-1981. 

(f) For CAN/CSA-S37-H86 .nd CAN3-S136-H84. fatlure .tre.. i. ob-
tatned by dividing the f.ctored co.pre.live re.l.tance Cr by the area 
of croa.-sectlon, 1.e •• reaL.tance factor. of 0.9 i. included tn tlw 
calculated value I. If. 11 t.ken a. 1.0, the fallure .tre .... 101111 
be 10/9 ti.ee the tabulated value • . 

(8) The following double angle sectiona whtch did not .atl.fy the 
require_nt. of varlou. .peclfication. are treated a. two atnlle 
anglee: 

(1) Doubl. anIle apecl_ne which did not .e.t the require.ent. of 
ASCE H.nual No. 52 : 
Short (1971): Speel_n. SI, 2,3, 5, 6 7,9, 10 .nd 12. 
Kltipornchal and Lee (1984): DA8. 

(11) Double angle .peel.en. which dtd not Met the requlre_nta of 
IS:800-1984: 
Kennedy aDd Hurty (1972): All double angle .pect_n •• 
Short (1977): SI, 2, 3, 5, 6, 7, 9, 10, 12 ud 13. 
litipornchai and Lee (1984): DA8. 

(111) Double angle apeel_o. which dtd not Het the requlre_nta of 
SAA:AS 1250-1981: 
Kennedy .nd Hurty (1972): All double .ngle .pecl .. n • . 
Short (1977): 51,2,3. 5, 6, 9, 10, 12 and 13 . 

CONCLUSIONS 

(. ) 

(b) 

A .tudy of Table. 3 .nd ,. I.ada to the following general conclu.ion.: 

The fallure .tr ..... c.lculated according to ASCE M.nud No. 52 .re 
the hlshe.t .nd .re the clo .. at to the expert_ntal fat lure nre.u • • 
(In a few c.ee., the calculated .tre.... even exceeded , the 
experl_nul v.lue •• ) ~". 

n.e at re .M. calculated 
CAN3-S136-H84 .re the loweat. 

accordina to 
U..,.. 

"'I -; t · L."FO .nd 

(c) The requir ... nta tn eo.e .peclficatlon. reg.rding the ... lau. 'pact"' 
and alni.u. nuaber of interconnector. for double 'OSI. struta lead 
to unnece ... rlly conarv.ttve value •• 
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Spec.1f1catlon 

AISC-LRFD 

TABLE 1 

Built-up Angle eoapre .. lon He.bera 

(0 ) _L_ of coapoMnt angle between f •• tener. l 
t.ln 
governing alenderne.8 tatio of buLlt-up member. 

(b) for buckling about bulLt-up ._ber axil productng 
,hear forcel In the connector. between individual 
angle., the Blenderoe .. ratio La -odifled a. 
follow.: 
(i) For anug-tiaht bolted connector. 

( <L) • / ( <L )2 + ( _0_ )2 
r a r 0 rain 

(ii) For welded connector. and for fully tilhtened 
bolted connectors aa required for sUp-
critical 10lnta: 

With _0- > 50: 
r.in 

( !!,) ./ ( It )' + (_0 __ 50)2 
r a r 0 r.in 

With _a_ < 50: (l<L) (l<L) 
'a1n ' •• , 0 

----------~--~----~~---
_L_ of coaponent angle between .tttch bolt. ~ 
'a1n 

AseE 

CAN/CSA-S37-H86 

and CAN3-S16. 1-M84 

CAN3-S136-H84 

15:800-1984 

(a) 

0.75 tl •• the governing alenderne .. ratio of the 
bullt-up angle .abet . 

(b) The I18xiflum 8pacing of aUtch bolta l 24 In . 

_L_ ot co.ponent angle between f,utener. l .lender­
raIn 
neaa ratio of buLlt-up angle •• ber . 

Modify slenderne •• ratio about built-up ._ber ad •• 

( <L) • / ( KL )2 + (..!.... )2 
r a r 0 r. ln 

(0) _L_ of coaponent anglea between f •• tener. l 
r.in 
0.6 tillll!:. the governing Ilenderne .. ratio of 
built-up -.eaber or 40, whichever i. le ... 

(b) Min. no. of interconnectorl • 2, equally apaced. 
---'--""-----
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214 SAA:AS 1150-1981 (.) _L_ of co_ponent angle between t .. teDers ~ 0.6 
'aln tt._ the governing alenderne .. raUo of built-up 
._ber or 50, whichever 1. le ••. 

(b) Hin. DO. of IntercoDDectorl • 2, equally .paced. 

TABLE 2 

Detat II of Poat Anstu - Full Scale Tover Teat - Wllholte (1986) 

Speci_n She (in) KL/r F (ltal) 
y 

1 3 1/2 x 3 1/2 :It 1/4 84 55 
2 3 x 3 x 1/4 78 58 
3 5 x 5 x 5/16 76 57 
4 4 x , x 1/' 76 61 
6 5 x 5 x 3/8 81 56 
7 4 x , x 1/' 70 52 
8 , x 4 x 1/' 45 52 

~ (followa Table 4) 

TABLE 4 

Co.p.~ll1On of Expert .. ntal and Calculated FaLlure StreaMI 
for Cold-for.ed A~le. 

Calculated faIlure atre •• (hi) 
according t. 

Expert_nral F.flure AIS] AseE CANJ-SJ36-f184 
Teat Speci.en Stre .. (kai) (,.5 .-1.0) (t - 0. 9) 

(I) (2 ) (3 ) (' ) (5) 

(1) Chajet et 01. (1966) 
A-ll 38.3 30.0 35.1 27.0 
A-12 38.3 34.S 39.3 JI.9 
0\-13 33.2 26. 6 32.7 24.9 
A-14 33.2 26.5 32 . 4 24.6 
A-IS 32.2 27.5 32.0 24 .6 
A-16 22.S 24.S 26.3 22.7 

(11) Haduluh et -t. (1983) 

S4S - I, 2 14.6 13.5 15.2 11.2 
S4S - 3, , 9.1 8.5 9.1 7.1 
S4S - 5, 6 6. 2 5.8 6.1 4.8 
s4S - 7, 8 4.8 4.3 4.4 3.5 
565 - 1. 2 27.9 23.3 30.0 19.3 
S6S - 3, 4 15.8 13.9 16.4 1l.6 
S6S - S, 6 9.8 9.0 9.9 7.5 
S6S - 7, 8 6.0 6.1 6.5 5.1 



~ 

eo_p.ri.on of Eapert.ental .nd C.leulated 'allure Stre .... for Hot-rolled Anale. 

C.lcuhted failure .tre .... (kat) accordlna to 

Expert_ ntal AISC-LItPD ASC. CAN/CSA-S)7-HS6 15:800-1984 SAA:AS 12So-19S1 
Te.t Spec1_n 'allure Stre .. (kat) (t-I 0 ) (toO.9) (F.S.-1.0) (' . 5.-1.0) 

(I) (2) (3) (' ) (S) (6) (1) 

(1) U.S. Bureau of Standard. 
AI 4b.d 24.7 ]J . & 32 . 4 )1. I 
A2 26.S 20. 2 24.6 19 . ) IS.6 
Al IO.n 10. 8 11. S 10.7 9.3 .. 37.0 30 . 9 36 . 0 31.1 35.9 )5.9 
A5 36.0 30.2 33.7 27.9 32 . 0 32.8 
A6 32.5 26.9 29. 9 22.9 25 . 5 26.2 
A1 25.0 21.1 24 . 5 16 . 1 19 . 2 18.4 
AS 16.58 15.4 16.5 12.3 14 . 2 12.S 
A9 10.n 10.8 11 . 5 9.' 10.7 9.2 
AlO 9. 0 1.9 8.' 1.' 8.2 6.9 
01 13.82 11.3 12 . 1 II. 2 9.1 
02 10.98 1.3 1. 1 1.6 6.4 
03 11 . 62 11. 3 12.1 9. & 11.2 9.1 
D4 9.76 1.3 1.1 6. S 1. 6 6.' 
05 13.7 lL.3 12. I 9. 8 11.1 9.6 
09 9.0 1.3 1.1 6. 8 1.1 6.' 
010 6.13 5.0 5.4 , . & 5.5 '.5 
!I 5.96 1. 3 1.1 1.6 6.3 
.2 4.S3 ' . 0 5.' 5.5 '.4 
!J 5.0 3. 1 3.9 4. 1 3.3 
U 3. 93 5. 0 5.4 ,.& S.S '.4 
011 36.8 24 . 5 31. 9 29.0 30.2 
012 26.05 21.3 25 . S 20.5 20.0 
Oil 32.4 29.4 JI.& 25.4 28 . 7 29.1 
014 29.9 22.2 25.7 11 . 9 20 . 3 19 . 5 
DIS 29.9 22.0 25.5 11.8 20 . 2 19.6 
016 22 . 1 15 . 1 16.1 12.1 14 . 0 12 . S 
DIS 25 . 0 22 . 6 26.2 18. 1 20 . 6 20 . 2 

N 
~ 
~ 



::! 
'" 

(I) (2) () (' ) (S) (6) (1 ) 
D19 17.7 l~. 1 16.1 12.2 14. I 12.6 
D20 19.9 15.1 16.1 12.2 14.0 12.6 
D21 15 . 8 15.1 16.1 12. J 14. I 12.7 
D22 41.0 25.1 35.6 )S.8 31. I 
D23 )S.S 30.7 )S.S 30.8 35.2 35.4 
OZ, 36.0 32.2 34.9 30. ) 34.7 34.8 
D2S 3S.) 29.0 31.4 25.1 28.3 29.) 
D26 35.5 34.0 )S.6 30.9 35 . 4 ]5.5 
D28 )).8 29.5 31.9 2S.S 28.7 29.8 
D)1 )6.0 32.4 36.7 31.8 36.4 )6.6 
D)) 34.0 30.2 32.8 26.1 29.4 30.7 
D)' 38.0 33.8 )6.S 31.7 36 . 2 36.4 
D3S 34.9 30.1 32.6 26.0 29.) 30.5 
D)6 41.8 36.3 37.4 32.) 37.0 31.3 
D31 34.1 30.6 33.3 26.4 29.8 31. 1 
BID 14.25 14.8 16. J U.S 12.1, 
E1' 33.5 23.9 31.0 28.2 29.1 
EI1 30.0 28.8 31.1 24.9 28.2 29.1 
E18 31.6 24.7 34.4 34.8 30.2 
E19 22.8 21.0 25.2 20.2 19.7 
no 20.0 15.0 16. I 12.1 13.9 12.5 
E21 37.5 24.6 34.4 34.4 29.9 
EZS 31.0 33.1 34.6 30.1 34.4 34.5 
'26 ]0.2 24. 1 30.9 28.4 29.4 
'21 28.3 30.5 35.3 )0.6 35.1 35.2 
.28 27.9 29.) 31.7 2S.) 28.6 29.6 
.29 l1.n 22.2 25.6 11.9 20.3 19.8 
no 31.1 34.0 n.7 30.9 35.4 lS.S 
'31 3S.0 29.5 32.0 25.5 28.8 29.9 
E)2 28.82 29.S 32.0 25.5 28.8 29.9 

(11 ) hhlda ~19682 
1A 20 57.2 46.4 62. S 62 . 5 S).2 

40 56.3 44.9 58.5 .5.5.6 S).2 
so 50.6 44.2 55.5 .50.2 SJ.2 
60 44 . 7 43.8 51.9 44 . 3 SO.S 
10 40.4 40 . 2 48.1 38.9 43.7 



(I) (2 ) (3) (4 ) (5 ) (6) (1) 
SO 37.2 ]5.6 42 .9 33.5 36.3 

100 27 . 6 26. 5 2S. 6 24.8 24.9 

• 40 66.8 45.5 62.0 60.3 62.5 
50 60.5 45.2 58 . 6 52.3 62 . 5 
60 53 . 2 44 . S 54 . 4 44.2 56.6 
70 45.2 41 . S 49. ) 36 . 5 46.8 
80 45.1 36.5 43.7 30.5 38.1 

100 )0 . 0 26.7 28.6 21.6 25.7 
C 40 54 . 4 45.4 60 . 5 57 . 3 55.2 

50 47.2 44 . 7 H.3 51.5 55 . 2 
60 42.9 44 . 2 H.4 45.3 51.9 
70 42.9 40 . 6 49.1 39 . 5 44.5 
80 37.7 35.8 43.6 33.9 36.7 
90 36.9 31.1 37 . 3 29.0 30.3 

100 27.3 26.5 28. 6 25.0 25. I 
D 4D 58 . 5 46.9 59.1 56.1 53.S 

50 56.6 46.9 56.6 51.0 54.4 
60 48.1 45.5 52.S 44.9 51.) 
70 48.9 40 . 8 48.2 39.0 4J.8 
SO 40 .9 35 . 9 43.0 )3 . 5 36.3 
90 37.2 31.2 37.1 2S . 8 )0 . 0 

2' 40 48.1 42 . 3 54.2 51.9 48.9 
80 36.0 34.0 40 . 7 32 . 1 34.6 

S 60 38.4 ]3.0 36.9 33.6 35.5 
70 38.1 31.5 35.0 30.5 32.3 

(111) Yokoo et al. (1968) 
1020 42.1 )4 .7 43.5 43 . 5 36.7 
1040 42.1 )4.0 41.6 40.5 36.7 
1060 40.9 33.6 18 . 4 34 . 7 36 . 7 
1070 41.6 32 . 2 36.3 31.3 33.5 
1080 37.6 29.5 33.9 28.0 29.4 
1090 33.3 26 . 7 31.2 24 . 8 25 . 4 
1100 31.4 23.8 28.2 21.9 21.7 
1110 27.2 21. I 24.9 19.3 18.6 
11)0 18 .9 15.9 16.9 15.1 13.9 
1150 14 . 2 11.9 12.7 12.0 10.7 

N 
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N 
~ 
~ 

(1) (2) () (4 ) ( 5) (6 ) (7) 
(h) Kush ~19712 

I 42 . 0 20 . 6 29 . 9 32 . 8 36.1 
2 35 . 3 20 . 3 2B.O 23.8 34 . 2 
) 17 . 7 IS.7 18 . 3 9.2 14 . 3 

• 13.6 12 . 3 13 . 1 7. 0 10. 9 
5 44.1 31.9 40 . 2 38.1 36.7 

• 35.1 31 . 3 36.4 31.5 33 . 7 
7 16 . 3 15.7 16 . 8 15 . 0 13 . 8 
B 12 . 8 11 . 8 12.5 11.9 10 . 5 
9 51.1 34 . 8 39 . 1 )6.0 36 . 7 

10 39. 6 29 . 1 34.1 28.2 29.B 
II 9.9 9.1 9.7 9. 5 B.2 
12 40 . 2 36 . 3 38.9 31.5 35 . 7 37.9 
13 37 , 3 29 . 9 33 . B 2S.1 27.9 29 . 3 
14 13.1 11. 7 12.4 10 . 5 11 . 8 10 . 4 
IS 9. 0 B. B 9.' B. 3 9.2 8.0 
I. 28.1 30.7 35.6 30.3 32.3 
17 22 . 4 22 . 7 27 . 1 21.0 20.6 
IB 6 . B 7. I 7.6 7 •• 6.5 
19 5. 0 5.3 5.7 S.B ' . 9 

(Y) ~nnedl and Kurtz ~1972~ 
S81-I,2,3 j3 , 27 . 5 32.3 2).0 29.4 
582-1,2,3 39.9 31.8 38.2 29.6 )1.7 
5KJ - I, 2. 3 37.S 2) . 8 31.2 23.3 36.3 
S84-I,2.3 42 . S 34.4 41. 1 31.8 38.8 
SKS-l,2,3 40 . 1 ]6 . 4 42.4 34 . S 38.5 
5H6-1,2,3 45.3 36.8 44.6 38.2 42.9 
srl-I.2,3 44 . 3 34 . 4 41.4 33 . 1 39.6 
SF2-1,2.3 36. 6 27.2 37.7 32 . 4 31.6 
SP3 - 1. 2. 3 42 . 9 37 . 8 41.6 32.5 36 . 3 40.1 
SF' - I, 2, ) 48 . 0 36 . 2 41.7 43 . 9 44 . 8 
SPS - 1. 2, 3 53.2 42.0 53.9 51. 1 49.1 
SF6 - I, 2, 3 38.1 24 . 6 3S . 1 41.5 40 . 2 
DRI - I, 2, 3 32 . 4 22 . 2 32.1 13.0 11.8 
D82-1,2,3 34.4 24.8 33 . B 16 . 2 15.0 
D83-1,2,3 3B. 0 27.) 36. 9 26.2 15 . 7 14 . 7 



( 1) (2 ) (3) (4 ) (' ) (0) (7) 
DH4-1,2.3 41.6 32.5 41.9 22 . 0 22 . 1 
DKS-l,2,3 46 . 1 37.9 47.2 28.6 30.6 
DH6-1.2.3 40.0 23.3 35 . 4 29 . 4 37.8 
orl-l,2.3 43.1 ]1 . 0 44.5 32 . 8 30. 0 
OFl-l,l,] 3 •• 5 25,6 40 . 4 )3.9 ) .. ) 
OF3-I , 2,3 41.0 35 . 2 43.7 36.9 34 . 7 37.9 
DP4-1,2,] 45 . 4 34 . 0 49 . 9 42 . 9 41 . 5 
OF'S - I, 2. 3 53 . 2 40 . 2 55.2 49.8 47.6 
D'6-I,2 . 3 42.1 23.8 36 . 8 46.S 43 . 1 
(vi) Short ~ 19712 

A I, 14 . 5 18.6 19 . 9 15.0 17.3 16.2 
2y 13 . 6 18.5 19 . 9 17. I 16.1 
3, 16.2 18 . 6 19 . 9 18.5 17.7 
4y 16 . 8 18.7 19 . 9 18 . S 17 . 7 
5. 17. J 18 . 7 19 . 9 18 . 6 17 . 5 
0, 23 . 1 25 . I )0 •• 24 . 3 24 . S 
7, 19 . 4 2 • • 3 28 . 6 24.5 24 . 7 
8. 20 . 3 25 . 5 30. ) 24 . 3 24 . 2 .. 25.4 32 .0 41.5 32 . 6 35 . 2 

lOy 25.2 35 . 0 42 . 2 33 . 0 35 . 1 
11. 22.6 33 . 3 39 . 7 32 . 8 35 . 1 
12, 31.2 37 . 7 49 . 9 43 . 0 48.6 
13, )1.0 40 . 6 51. 1 43 . 8 49 . 7 
14. 28 . 9 J7 . 3 46 . 2 42.3 47 . 2 

S 1 18 . 0 10 . 6 9.5 ' . 0 8. 0 
2 18 . 7 13.9 9. 5 ' . 0 8 •• 
3 20.5 15 . 7 9.5 ' . 0 8.0 
4 23.8 17 . 2 19 . 9 18.3 11.5 
5 22.6 15 . 2 13.7 20 . 6 13 . 2 l2.1 

• 23.2 20 . 0 13.7 13 . 4 12.) 
7 25 . 2 22 . 6 13 . 7 20 . 7 13.3 24 . 0 
8 2 •• 7 24.6 30.0 24 . 0 24.2 

• 32 . 6 23.7 21 . 3 19.3 18.6 
10 36. 4 28.2 21.3 19 . 3 18.6 
11 35 . 5 31.9 40 . 9 32 . 2 34.8 
12 39. 5 35 . 0 37 . 3 37 . 4 28 . 9 30.' 

N 
~ 
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N 
N 
0 

(I) (2 ) (3) (' ) ( 5) (6) (7) 
13 40.2 35.4 46.3 36.2 28. 4 29.9 

(vU) Mueller and Zrautualu ~1983~ 
52 HH 36-2 9. , 6.8 7.2 7.' 6.5 
51 KH 50-1 30.6 19.4 20.1 18.7 11.9 
51 HH 36-2 34.7 19.4 20.1 18.6 17.7 
SO IS 50-1 27.8 11.6 12.4 12.1 11.0 

(vl11) Kitll!:0rnchal and Lee (19842 
SAl-a,b 39.S 31.9 40.9 39.0 37.1 
SA2 - .0 b 41.0 31.7 39.6 36.7 37.1 
SAl-a,b 35.2 28.3 36.0 35.2 36.0 
SA4 - Ao b 32 . 3 28.1 34.4 31.9 34.3 
SoO-a,b 31. I 27.9 33.2 29.7 31.9 
SA6 - ., b 33.0 26.7 32.8 30.6 32.2 
SA7 - .0 b 31.6 26.6 32.1 29.3 30.8 
SAB - ., b 38.6 32.0 36.2 32 . 8 34.9 
SA9 - .0 b 36.9 27.7 32.4 27.0 28. J 
SAlD - at b 35.3 29.8 32.4 31.3 33.8 
SAll - at b 30.4 25.6 29.0 25.3 26.3 
SA12 - at b 36.5 28.8 31.5 29 . 8 31.9 
SAI3 - .0 b 25.1 24.7 ·U· ~ 24.1 24.9 
OAI - ., b 33.0 26.1 32.1 30.5 32.4 
DA2-a,b 31.0 30.6 35.2 29.0 33.1 34.3 
DAl - ., b 38.0 29.1 36.0 33.0 34.0 
DA4-a,b 35.2 24.5 31. 1 29 . 4 30.8 
DAS-a.b 35.2 27.1 33.5 30.8 31.5 
DA6 - at b 36.1 24.8 32.5 32 . 6 31.4 DA7 - _, b 

35.2 26.7 35.1 27.1 30.1 32.0 DA,8 - _, b 30.9 23.5 12>S" 22.3 1t.7 25.6 
(ill) Wllho1t:. (19862 

1 32.2 29.3 35.5 26.2 30.2 
2 37.5 33.4 40.1 31 . 6 34.5 
3 34.9 29.1 35.7 24 . 6 35.4 

• 36.8 29.8 36.3 23 . 9 36.6 
6 37.9 31.0 37.6 29.0 32.1 
7 36.4 28.3 35.9 28.0 37.1 
8 40.2 29.0 40.9 40.9 43.3 



THE INTERCONNECTION OF WIDELY SPACED ANCLES 

Hurray C. Te-ple and Joo-Chai Tan 
Depart.ent of Civil Engineering, Univer.ity of Windsor 

Windsor, Ontario N9S )P4 

INTRODUCTION 

Double anale. are frequently uMd a. web .aber. in tru ••• and a. 
brac1na ._ber.. a..ically Onl! of th ree configuration. can be cho.n if 
double anal •• ara uaed and tha.e a re, a. 1l1u.trated in Fig . I , 
back-to-back , atarred and boxed . The back-to-back configuration i. used 
.o.t frequently. 

Each type of double anale hia. Ita advantage. and di .. dvantage • • 
Bolted connection. in the back-to-back configuration make effective uae 
of bolta .tnce they are u.ed in double ahear whereas bolt. In .tarred 
angle. are In aingle .hear. The only practical .. thod of .. king. 
connection with boxed analea ia by welding . Boxed a"lle ... ke effective 
u.e of the .. terial a. the .1nl~ • .oment of Lnertia i • .och sr.ater than 
when the .. me anglea are uMd In the back-to-back configuration . In an 
at.o.phere where cleanlinea. i. i.portant, narred anllea are 
advantageoua aince all surface. are acce.dble for .. Lotenance. 

The back-to-back arrange_nt can be ueed with different typea of 
chord _mbera and hence the apacing between anglea vartea conaiderably. 
If the chord of the truu ia a tee section, then the lfPacinl between 
a"lha i. relatively .. 11. In other caee., however, the chord lleaber. 
conai.t of atructural tubing whi ch result. in a lfPacing between anslea 
that i. rel.tively large and hence the_ double angle . can be resarded aa 
"widel y apaced" angle. . Fi8. 2 illu.trate. wLdely apu:ed anglea in the 
back-to-back confiauration that are being ueed a. web .ember. in a tru •• . 

Recent reMarch (6, 7) on the interconnection of atarred and boxed 
angle co.prea.ion member. indicate. that two interconnectora, one at each 
of the third point., should be used in the .. double angle lDelDber. to make 
thelD act a. an integral unit . The Canadian Standard (4) and American 
Specification (I) require only one interconnecto r . Thu • ., .. concern haa 
been expreued with regard to the interconnection of widely lfPaced 
back-to-back a",le •• 

In thi. research project 44 widely spaced a"llea were teated. Two 
different colu.n lensth. were ueed but the ansle. were the Mae .he. 
Ho.t of the coluan. were te.ted with pinned end. but a few u.t. were 
conducted where the coluan. were pinned about the y axia .nd fixed about 
the x axt •• The coordtnate axe a are .hown in Fig. 3. 

Four para.ter. were atudied, which are: 

(I) the nullber of interconnector., 
(2) the back-to-back .pacing of angle., 
(3) the thickne .. of the interconnecton, and 
(4) the veld pattern used to connect the interconnectora to the 

a"lle. 
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222 INTERCONNECTION REQUIREMENTS IN STANDARDS AND SPECIPICATIONS 

(a) eSA Standard 516.1 (4) . One of the realOna for conducting this 
reaurch wa. to deter.ine whether or not the require_ntl for the 
interconnect ion of double angles aa contained in CSA 516.1 are adequate 
for the back-to-back arrangelllent. Clauae 18.1.3 state. that "Unles, 
cloaer spacinK i. required for transfer of load or for eealing 
inacce .. ible aurface. the longitudinal ,pacing, in 11ne. between 
intenMdiate bolt, or clear longitudinal ,pacing between inter.ittent 
welds in built-up compresaion -eabera ahall not exceed the following. as 
appltcable: Ca) for compression members coaposed of two or .are rolled 
shape, in contact or separated f r Od one another by intermittent fillera , 
the alendente .. ratio of any shape between points of interconnection 
,hall not exceed the ,lenderneu ratio of the built-up .aber . The lea't 
radius of Iyration of each co.ponent part shall be uHd Ln computing: the 
slenderneaa ratio of that part between pointa of interconnection with 
other component parta; " 

The preceding can be expressed aa 

K,d 

r, 
(I) 

where Ki' Kc • the effectlve length factor of an individual angle and of 
the built-up aection, respectively; d distance between pointa of 
interconnection; r z • rx alni.um radius of gyration of an individual 
angle and of the built-up aection, respectively (aee Fi, . 3); and L· the 
length of the built-up aember. The ,eo_tric properties of the double 
angle back-to-back co.preasion members .. de fro~ equal leg angles are 
such that the eean value of the ratio rx/rz • 1.56 with a atandard devia­
tion of 0. 01. These valuea were co.puted using the dua for aU the 
back-to-back double angles .. de frca equal leg ansle. listed in the 
Canadian Institute of Steel Construction'a H.ndbook of Steel Conatruction 
(3). With this relationship the minimo. nu~ber of inte rconnecto r s 
r equired by eSA 516.1 can be calculated. Sub.tituting rx/r z • 1. 56 and 
LId. n+l . where n· the number of inte r connectora, i nto Eq . II) relults 
in a value of n of 0. 56. Thus only one interconnecto r ia required for a 
double angle back-co-back co.pres.ion ... ber made from equal leg angles . 

(b) AISC Specification (I) . 
require_nts aa CSA 516.1. 

Thia apecHication haa the aame 

(c) DIN 4114 (5) . There are two criteria uaed in this atandard to 
deteralne the spacing of interconnectora. These are 

!.( 50 (2) 
r ­, 

or a alniwa of tvo interconnectora at the third pointa, vhlchever sivea 
the .. lleat apaeing. 

Cd) BS 5950 (2). Thla atandard haa tvo requirementa for the apacing 
of lnterconnectora which are 



d < 50 r, _ 

1.4d 'cL 
<-r, - r. 

The .lnillUll number of Interc:onnec:torl, In addition to 
11 tvo, .a that the .,.ber 18 divided Into U 
approxl .. tely equal length. The lnterconnectora 
oppoalte each other at pOint, of interconnection 
cruel for., but thla doe. not .ee. to be applicable 
'"l1e •• 
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I') 

the end connector', 
le •• t three bly. of 
ahould be placed 
110 that they for. a 
to widely .paced 

(e) Exa .. ple . 
ae.ber 96.0 in. 
anglea. The nU!M)er 

Conatder a back-co-back double angle compre'ILon 
long which conatata ot tvo 2 1/2 x 2 1/2 x 5/16 In. 
of lnterconnectora required by each aundard la: 

(1) CSA 516.1 and the AlSC Specification require only one 
Interc.onnector, and 

(11) DIN 4114 and BS 5950 require three lnterc.onnector •• 

If the length of the lame aeaber I, reduced to 48.S In. the nuaber 
of Lnterconnector. required by each atandard i. 

(i) CSA S16.1 and AtSC Specification .till require only one 
lnterconnector, and 

(ii) DIN 4114 and BS 5950 require two intercoonector •• 

(f) lnterconnection of Double Angle. With Fixed End. About the Weak 
Axia . The lnterconnectlon require.ente for double angle. pinned about 
the y axla and fbed about the x axi. were deter.ined Ln accordance wLth 
CSA SI6.1 . Uaing Eq. {I) and a x.c of 0 . 65, .. recoJIIIH:nded by the else 
Handbook (3) a. an approximation of the: ideal fixed ended conditiona, 
relUlta in a requirement of two Lnterconnectora for any back-to-back 
anale .. de fro. equal leg anglea. 

(g) Force and Moment Require_nt. In the lnterconnector. Standard. 
and apecLficatLona generally .tate force and/or .cHIent requlre_nt. for 
"lacing" and IIbettena". Due to the arrange.nt and .padnl of a"lle. in 
a widely .paced double angle co.presslon member 1t 1a unl1kely that 
bucklLng wIll occur about the y axis whIch would be ai.tlar to bucklL~ 
of a battened COllllln, tn which case the Interconnector would behave 11ke 
a batten . It t. -are lIkely that buckling wtll occur about the x-axle 
which 1. an Euler type of buckHng. Thus the stttching on double al'llies 
doe. not, tn ,eneral, behave a. ladng or battenl and .Jght .ore 
correctly be ter_d an tnterconnector. Present practtce ta to UN an 
tnterconnector ot .. nageable proporttons whtch t. welded wIth a ttllet 
weld to the anales. 

EXPERIMENTAL PROCRAH 

The expert_ntal tnv.stigatton conalsted of teata on "inter_diate 
length" and ".lender" widely .paced double angle.. Etghteen 1 nter_diate 
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224 lenath and 26 .lender column. were teated of which 15 inter_diste length 
and 23 slender colUllna were teated with pinned ench . The other alx 
apecimens , of which three were of intermedLate le"8th and three slender , 
were: te.ted with end condition. which were pinned about the y axil .nd 
fixed about the x 8x18 (aee Fig. 3) . 

tn order to reduce the number of variable' the ... dze angle. , 
2 1/2 x 2 1/2 .. 5/16 In •• were u~d for all CUt. . The lelltth of the 
spedMna wefe either 96 or 48.5 In. The back-to-bac.k Hpantion between 
angle. wa. either 3 or 5 In , , the outer dLMnllon. of the st ructural 
tubin, used to repuMnt the upper and lower chorda ot the t ru.. . The 
number of interconnectors wa. varied froll zero to two . The 
interconnector. were 2 In. wide wIth 8 thickness of either 5/32 or 3/8 
In. and a length to wit the back-t o-back apacing of the anglel . It i l 
not IlUgge8ted that the 5/32 In. interconnecto r 11 a puctical 
interconnector but the a .. ll thicknesl wal _lected aa aOJDe conce r n waa 
exp rea.ed a. to whether or not the atrainl in a th i cker interconnecto r 
would be luge enough to be lIu.ured . The 5/32 in . thi ck 
interconnectorl were welded to the anglel with a 0.1 in . weld while a 
3/16 in . weld waa uaed with the 3/8 in. thick interconnector. HOlt of 
the Interconnectorl were welded to the angles on three lidea , a no r all 
weld pattern, al ahown 1n Plg . 4(a) , but in a few calea the 
interconnectora were welded to the anglel with welda on the inlide only , 
a apedal weld pattern, as ./'town 1n fIg. 4(b} . Strdn g.ugea were 
attached to both facea of the interconnectora in order to deteralM the 
axial forcel and bending -.enta in the interconnectora. Three different 
collbinationl of thickne811 of interconnector Ind weld pattern were uled 
and the_ w11l be delignated a. followa : 

(a) Type A - a 5/32 • o. thick 1 nterconnector with • norall weld 
pattern (lee Fig . 4(a». 

(b) Type 8 - a 3/8 in . thick interconnector with • norall .. ld 
pattern (_e Fig . 4(a», and 

(c) Type C - I 3/8 In . thick interconnector with • apectal weld 
pattern (aee Fll. 4(b». 

D.-i8nltLon of Spechlru,a . Each teat apecimen will be duLgnated by 
a teat aertea nUliber . For eXI.ple , 96. 0B2.5.1 indicate. that the colUlin 
h.a a length of 96.0 in., had two type 8 inte r connectora, there wa. a 5 
i n. leparation between anglel , and the 1 •• t digit indicate. tha t thia 
w .. the flut .peel_n of this type. In the cale of 96 . 05B1 . 3 . 1 the "s" 
indicate. that the .pec1Mn wa. teated wLth speeLal end conditione which 
were fixed about the x ad. and pinned about the y axt. (_e F11. 3) . 

Preparatlon of snd_n.. The apechlena in thil Itudy were 
fabricated trOll 2 ~2 x 2 1/2 x 5/16 in . .teel angle ... de trOll 
G40.2J-M30OW Iteel (44 k.! yJeld). The ends of the anglel were welded to 
6 Ln. long piece. of structural tubiOl .. de fro. G40.21-M35OW .teel (50 
kai yield). With the large diMnlion of the Itructural tubing placed 
horizontally a 5 in. _paration between anglea wa. obtained . With the 
large dimen.ion vertical a 3 In . aeparation wa. achieved . The outer 
race of each piece of Itructural tubing contained two hole' which were 
uled to falten the aped .. n to the knife edge. . The initial 
out-of-Itraiahtne .. of each 96 . 0 in. .pecimen W'I HallUred at the 
aid-height Ind the quarter pointa prior to each telt. 



Loadina Syate.. tach .trut was teated ualng the .et-up ahown In 225 
Fil. 5. The lo.d wa. applted at the base of the colu.n by .. an. of a 100 
kip c.pacity .echantca! Jack. The Jack was phced tn a traM which 
.llowed the top of the j.ck to .ave freely In the vertical dt~ctton but 
prevented rotatIon of the ends of the .pecl.,n. The .. ,nltude of the 
load waa deter.ined u.l"3 • lo.d cell. The stralna in the interc:onnector 
were deter.tned by uaina a .train indicator. The latl!Jul dl.placements 
of each of the .nab. In both the x and y direction. ~re dete,..ined with 
dial .ause. located at .ld-helght of the speelmen as .hown in Pig. 6. 

The reaular end condition., which .re pinned-pinned, were obtained 
in the l.bor.tory by u.lng double knife edgea. The knife edge •• llowed 
the colu.n to rotate freely about .ach ot the principal axea. The knife 
edge. were arr.nsed In such ... nner th.t the effective le"th of the 
.pecl .. n. about each of the perpendicuhr axea la the aallt. The double 
kn1fe edges are IHuatrated in Fig. 7. 

The apeelal end conditione, fixed about the x axla and pinned about 
the y .xl., were obtained by ueing a eingle knife edRe. 

RESllLTS 

The resulte for the 44 apeel_na are su ... rlzed In Tabl •• 1 and 2. 
The factored compreadve nut.tancee were c.lculated tn .ccord.nce with 
Clau .. 13.3.1 of CAN3-S16.1-f184 (4). The yield atre ... nd .adulua ot 
eh.tlclty, aa dete,..tned fro. etandard ten.lle testa, were taken a. 49.3 
and 29,560 kai, reapect1vely. The perforunce f.ctor ...... t.ken a. 1.0. 

96.0 tn. Spect_n. 

Thea •• pect_n., with. etenderne .. ratto of 126, can be ct.a.lfted 
•• slender colu.ne. The upper and lower ll.it. of the .lendernea. ratio 
for .lender column. for C40.21-H300w ateel were .Iven In a for.er 
atandard •• 200 and 96.1, re~ct1vely. 

Zero Interconnectora. Since the individual anile. are not 
Interconnt"cted, except at the emh. it can be aallUaed tMt each angle 
act. Independently. The Euhr buckling load for an Individual angle when 
It bucklea about the z axl. (aee Fi,. 3) is 11 . 1 kips and hence 22 . 2 kip. 
for both anale. in the back-to-back double .ngle co.preaalon ... ber. The 
Euler load for buckling about the minor principal axil of the co.blned 
cross a.ction, the x .xl., ia 53. 8 kipa. The co.presatve realat.nce 
calculated in accordance .... ith eSA 516 . 1, It the .ectlon met the 
interconnectlon' require_nt., I. 44.7 kipa. The experl .. ntal fat lure 
lo.da for the three apeci.en. ranged from 40 . 9 to 42.9 klpa, a. ll.ted In 
T.ble 1. TOOa, •• eXpf!cted, the a",lea .re neither pinned to the ends nor 
doe. the cro .. .ectlon act •• an integral unit. The .verage f.llure lo.d 
waa 95% ot the failure lo.d .a co.puted tn accordance wlth eSA S16.I, but 
1. only 79% of the Euler loed. 

The fallure aode of the apecl_ns w •• basically one of flexure .bout 
both the x and y axla, which la terlHd • "cOllbined" t.llure. At failure 
the detltlct10n in the y dlrectlon w •• about four UMa that In the x 
direction. 

The rewita Indicate that at leaat one lnterconnector, the nUllber 
required by e5A 516.1, lIU.t be ulled. 



226 One intereonneetor. With a baek-t.o-back Hparation of ~ tn . and 
one Type A interconnector, two of the three sped.ens had fallu re loads 
leas than that specified by the .randard. \lIth one Type II 
interconnector, however , all three spedmen. had loads Ireater than that 
specified by the standard . WIth one Type B interconnector and a 1 in. 
aeparation, all failu re loads were once agatn greater than that specified 
by the standard and were ,1.Uar in _gn1tude to tho. ohtained with a .5 
In. .paration. 

In order to deter.ine the effect of the weld pattern, ttve specimens 
were tested with a Type e t nterconnector. All failure loads were greater 
than that specified by eSA 516.1 and were of similar lIagnltude to those 
obtained with spectmens which contained the nor .. l weld pattern . Stnce 
thia weld patte r n doea not offer significant rotational restraint to the 
angle., the conservative approach would be to avoid this weld pattern, 

The double anglea with double knife edgea behaved conal.tently and 
buckled about the x axia , the weak axis of the entire croas section. 

As shown at the end of Table I, three apeelllfin. were te.ted with 
apecial end conditiona, that t., fixed about the x axis and pinned about 
the y axi.. Theoretically the .ped_n. should have faUed by buckling 
about the y axis at a load of 89.1 kipa . In all ca •• the failure load. 
were greater than that apecified but the failure IIOde waa one of buckling 
about both the x and y axea. The failure load of 89. 1 kip a w.a 
calculated uaing an effective length about the x axia equal to 0 . 6S 
ti_a the centre-to-centre dlatance between the atructural tubea. 
Although e5A 516.1 requirea two lnterconnectora for the .. colu.ns only 
one waa uaed in the teats and that aeeaed to be adequate . 

Two Interconnectora. Three specimens with two Type A 
interconnectora and a .5 in. separation were teated . All had tailure 
16lda greater than that .pecified by eSA SI6 . 1. With two Type II 
interconnector. and the ..... ..paration the fallure loada were 
easentially equal to or greate r than that specified. The average tailure 
load of apeci.ena with two interconnectora v'a eaHnUaHy the 881M!: a. 
that of 'imilar specimens with one interconnector . 

The failu re mode was one of buckling about the x axi •• 

48 . 5 in . Speci .. na 

These colullns, which had a slenderness ratio of 64, can be cla'fled 
,. inter_diate length colulln •• ince in , previou. atandard the upper and 
lower li.its for interaediate colu.ns .. de fro. C40. 21-H300w ateel were 
given as 96.1 and 20, re.pectively. 

The resulta for the .. colu.ns are given in Table 2. The failure 
loada of all .pecimena, except tho. with zero interconnectors , were 
greater than thoae ~ectf1ed in eSA 516.1. In these teata only the 
thicker interconnector, 3/8 in •• wa. used beeaule of experience gained 
fro. te.ting the Ilender colullnl wtth a S/32 In. tnterconn.ctor. Once 
agatn, chlngtng the back-to-back aeparation fro. 3 to 5 tn. or chanalng 
the nUllber of tnterconnectorl fro. one to two dtd not a1gntficantly 
effect the fallure loada. The three ~ec1Hna with a Type e 
interconnector and the .peelal weld pattern had faUure load a st.U8r to 



thOH apeci .. n. which u.ed the regular weld pattern to wId the 227 
interconnector. to the angle •• 

The aped_n. with the .pedal end conditionl ~d fallure load. 
equal to or greater than that specified in CSA SI6.1. 

The failure -ode of the 48.5 in. apedmen. WSI the Mille a. for the 
96.0 in. apeci_ns. With zero interconnectora and with the special end 
condltlonl, the failure !lOde tnvolved buckli"l about both the x and y 
axil while .pect_na with one or .ore lnterconnector. fat led by buckllng 
sbout the x axis, the weak axis of the co_poaite crol •• ection. 

Forcel and Homenti tn Interconnectora 

The atraln ... asured in 
and .000ent. are very -..11. 
3.5 in . -kip were .. asured In 
Ipeci .. n. 

the tnterconnector. indicatel 
The largeat force of 0 . 9 kipi 

Type e interconnector. but not 

that force. 
and IIOtIIent of 
In the .. 1M 

CONCLUSIONS 

The follovi"l concluliona can be .ade baaed on the precedins work: 

Ca) There 1a a great variation with regard to the dealSn of the 
interconnectorl tor the back-to-back double a"lle ca.pre •• lon ... bera 
between North American and :uropean .tandards. 

(b) To aati.ty the require .. nt. of eSA S16.1 and the AISC 
Specification, only one Interconnect or ia required at aid-heiaht ot any 
back-to-back double anale .. de fro. equal leB a"Cha. 

(c) Strut. with zero tnterconnectora had 
involved buckling about both the x and y axe •• 
tnterconnector. conal.tently failed by buckltng 
weak axil of the cOllpo.lte crou section. 

a f .. llure 
Coluanl with 

about tt-, x 

.ode which 
one or IlIOre 
axla, the 

(d) Coluans wlt~ one or more lnterconnector. had a failure load 
which La at lea.t equal to and in BO.t ca"l1 Breater t~an the co.preaalYe 
rnlatance .peclfied by CSA SI6.1. 

(e) Axial torcel and MOMenta In the tnterconnectorl are very .. 11. 

(0 The weld pattern u.ed to veld the interconnectora to the anBle., 
Whether welded on three aldes or the inllde only, did not affect the 
tallure load. ConHrvatively, hovever, It aiBht be beat to use a fIOrtial 
veld pattern of weld on three aldel of the tnterconnector. 

(a) For back-to-back double angle co.preallon .. abera .ade fro. 
equal leB a"lla., only one interconnector at aid-helaht tl required . 
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TABLE I . - RESULTS POR 96 . 0 'N. SPECIMENS 22. 

UST AcnJAL EXPERIMENTAL PAILURE PtlCr,a 
HtJH.8ER FACTORED FAILURE HOD! 

C(»tPRESSIV! LOAD (X) 
RESISTANCE, P f (kip.) 

CSA S16 . 1 
C r,a (kip') 

96.0AO. 5.1 44.7 42.9 Co_blned .6 
96.0AO.5.2 44 . 7 42 . 9 COlllblned 96 
96 . 0AO . 5.3 44 . 7 40.9 Co.b1ned .2 

96 . 0AI.5.1 44.7 42 . 0 x axil 94 
96.0AI.5.2 44.7 46.1 x ax11 103 
96.0Al . 5.3 44.7 44 . 1 x Ixl. 99 

96 . 0A2.5 . 1 44 . 7 49 . 9 x axl. ll 2 
96.0A2.5 . 2 44 . 7 49.9 x Ixl. 112 
96. 0AZ . 5.3 44 . 7 47 . 0 x axt. 105 

96.0111.5.1 44 . 7 51.9 x axi. 116 
96 . 081 .5.2 44.7 51.0 x axl. 116 
96.0.81 . 5.3 44.7 47.0 x axil 105 

96.0.82.5.1 44.7 55 . 1 K aKI. 123 
96 . 0.82 . 5 . 2 44.7 44 . 1 x axil 99 
96.0'2.5.3 44.7 49 . 9 x axla ll2 

96 . 0.81.3 . 1 44.7 49 . 0 K axl1 llO 
96.0.81.3.2 44 . 7 48.1 x axil lOB 
96.0Bl.3.3 44.7 51 . 0 x axl. 116 

96 . OC1.5 . 1 44.1 49.9 x axil 112 
96 . OC1.5 .2 44 . 7 47.0 x axil 105 
96.OCI.5 . 3 44.1 47 . 0 x ax1. 105 
96 . 001.5 . 4 44 . 7 48 .1 x axi. 108 
96 . OC1.5.5 44.7 48.1 x axia lOS 

96 . 0S81 .3.1 89.1 100.7 eo.bined ll3 
96 . 05BIo3.2 89 . 1 9S.0 Combined 110 
96 . 05B 1.3.3 89.1 103.0 Combined 116 



230 TABLE Z. - RESULTS FOR 48.5 IN. SPECIHENS 

TEST ACnJAL EXPERIHENTAL FAILURE PrIer •• 
NlIt8ER FACTORED FAILURE HOOE 

C(I4PRESSIVE LOAD (%) 
RESISTANCE, P f (kip.) 

eSA 516.1 
C r.e. (Up.) 

48.5AO.S.l 103.5 95.1 Combined .2 
48.5AO.5.2 103.5 95.1 Combined .2 
48 . 5AO . 5.3 103.5 94.0 Co.bined ., 
48 • .581.5.1 103.5 107 . 9 x axL. 104 
48.5BI.5.2 103.5 10'.' x axl1 106 
48.581.5.3 103.5 112.0 x Ixl. 108 

48.582.5.1 103.5 103.0 x axl. 100 
48.sB2.5.2 103.5 109.0 x axle 105 
48.582.5.3 103.5 107.0 Jt axl. 103 

48.581.3.1 103.5 106.1 x ,xl. 103 
48 . 581.3.2 103 . 5 109.0 x axil 105 
48 . 5Bl . 3.3 103.5 104.1 x axLa 101 

4a.Se1.S.1 103.5 109.9 x axl. 105 
4a . SCI . S.l 103 . 5 107.0 x axl. 103 
4a.SCI.S.l 103.5 105.0 x axle 101 

48.5581.3.1 129.4 136.0 Co.bined 105 
48.55BI.3.2 129.4 133.1 Co.bined 103 
48.5SB1.3.3 129 . 4 133.1 Co.bLned 103 
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STABILITY OF STEEL BOX GIRDERS RESULTING FROM MODEL STUDIES 

Zblgniew Manko 
Department of CIvIl and Env1ronmental Eng1neerlng 
Florida International UniversIty, MIami, Fl. 33199 

ABSTRACT 

This peper presents the resul ts of experimental studies 
the aIm of which was to determine the limitIng load carryIng 
capacItIes and the forms of stability loss In box spans. The 
studies were conducted for four schemes of loading on 12 
models of such spans made of sheet brass. RelationshIps be­
tween the schemes of loadIng and the local forms of of 
stabIlIty 1088 were found . Moreover, the load capacity of such 
spans was found to be greatly dependent on the deck stiffness 
and the character of the load. The kind of deck plate and the 
arrangement along the length of the span of such elements ss 
diaphragms, cantilever ribs, webs, stiffening, etc. , have a 
special influence on structures of this type. This paper 
presents aleo a comparison of the obtained results vith the 
results obtained by the Finite Strips Method. 

INTRODUCTION 

The problem of the stability of a thin-valled construc­
tion (K16ppel et al. 1966; Massonnet et al. 1972) is currently 
the subject of videspread research, in consequence of numerous 
breakdovns, especially of steel spans of box bridges. The 
problem seems to be serious considering the numerous damages 
ot steel bridge spans vhich were shown at the Xth and XIth 
IABSE Congresses (Tokyo 1976 and Vienna 1980) and at the Con­
ferences of the Steel Construction (London 1973 and Moscow 
1978). Some results are presented of research into the be­
havior of models of box spans under destructive loads. The 
purpose of the research was to determine the maximum load 
capacity of the spans and of the plate deck, a8 well 8S the 
character of the stability loss in this type of structure. 

MODEL AND RESEARCH DESCRIPTION 

All the models were one-span, free supported by a M63 
brass plate of varying thickness for particular elements of 
the span. All the elements were joined by tin soldering. 
Transverse and longitudinal cross-sections as well as the 
detailed arrangement of dial indicators and strain gauges are 
shovn in Fig. 1. The basic types of models vere tested . Type I 
vas a box with a plate deck in the shape of an orthotropic 
plate and it vas stiffened with diaphragms. Type II differed 
from Type I in that it had no intermediate diaphragm. In Type 
III, the plate deck vas an isotropiC plate with closer diaph­
ragm spacing than in Type I. Altogether, 12 models for tour 
load schemes presented in Fig. 1 vere tested. There were tvo 
models of type r - 11 and 12; three models of type II - II1, 
112 and 113; and one model of type III - 1111. 
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Model I 

, , 
• I I I I 

, , 1'-108 =1185 - 21 

' 230 " 

_ :;~_. m" Ytr,;eo'fi"ii! Sid] YO OW F=l:~: F~ Mod.la G.b : I I I 

20 " 3)(1 . 510 11 20 21 I' 511.108 =51.0 iL!! I' 559 " " 582 " 

Fig. 1. Types of models and loading schemes . 

Fig. 2 . General viev of the test 
stand. 

After full l'allure tests had been carried out on models of 
types, I and III . end the damaged panel between the tvo dlaph-



ragms had been cut out, six additional modele of shorter span 235 
... ere bullt. The follo ... ing three independent measuring systells 
... ere used in the tests: 
1. A system ... hich controlled and recorded the realized loads. 
2. A system which measured unit strains, on the basis of which 

noraal stresses in selected pOints of all the longitudinal 
ribs and in the upper and the lover plate could be deter­
mined. 

3. A system which measured vertical and horizontal displace­
ments in the longitudinal riba, in selected points ot webs, 
the deck and the lower plate . 

Detailed arrangements of dial and strain gauges for each model 
are shown in Fig. 1, and a general vie ... of the tests stand is 
shown in Fig. 2. 

MODEL I 
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ftg_ J_ Ul ti.ate diagrams or the transverse cross-sec t Ion dis-
placements ot the half-length of the apans a! lIodel I 
under destructive force action. 

The models vere subjected to loads lIonotolically increasing at 
every 0.25 kN up to the destructive force or ultimate 
strength . The destructive torce or ulti •• te strength W8S 
defined as the value of the load at which local 10fuses of 
stability In the deck or webs ... ere accompanied by plastic 
detormation in theae elements . In the caae of large detorma-



236 tions , divisIons of the liaterial sometimes occurred, e . g . 
sheet puncture or crackIng of welda. 

TEST RESUI.TS 

Some test reeul ta obtained froll measurements made at the 
half-length of the spans are presented. The ultimate values of 
the cross-section displacements, under the destructive force 
for three types of lIodels and various schemes of loadIng are 
shown In Fig . 3 for lIodel I and in Fig. 4 tor .odele II and 
Ill. Fig. 5 shovs the relatIonshIp betveen (load) force P and 
the vertical displacement w of 8 selected cross-section point 
characteristic of all the models in half-span for the full 
range of loadIng , at every 1 kN , untIl destruction . 

.. 
"' 

U2 

U3 

o 
N 

MODEL II 

P .9.639kN 

~ 

~ 
~ 
N , 

MODEL III 

~ ~ fD 
~ N 0 = -

.,, " !!Iii" i !i """ i!! Ii " iii i! 

P=1S.610:Cr.: 

.. 
~ 

o 
N 

11\ ii, 

Fig. 4. Ultimate diagrams ot the transverse cross-section dis­
placements of the halt-length ot the span models II 
and III under destructive torce action. 

The characteristic points are: point 5 (the middle rib or the 
center ot the plate) or point e ( above the .... eb of the box) 
depending on .... hich element of the span had failed or been 
destroyed. Fig . 5 also sho .... s the relationshIp P • P( f,) tor 
point 5 of some selected models. The ultl.ate diagrams of the 
local torms of buckling (tlnal forms of destruction) for all 



the .odel a and the loadIng schelDea atter unloading are 2]7 
presented i n Fig . 6 (lIIodel 1) a nd In Fig . 7 (modela II and 
III) . The vie w of the deck puncture In model 12a for loading 
scheme A Is shown In FIg. 8 . The antisy.metric for. of the 
deck plastIc straIn in lIIodel I2b and the vie w ot its convex 
web destroyed by scheme 8 loading are presented In Fig . 9 and 
10 respectively . The vie .... of model II dest r oyed by scheme B 
loadIng Is shown In Fig. 11. FIg . 12 pr esents the vIew ot the 
deck and web of model 1111 destroyed by schelDe B loadIng 
(sy.metrlc form); and Fig. 13 shows lDodel III1. destroyed by 
scheme C loadIng . Furtherm:ore, the cOllparison ot results ob­
tained tor model II (at 1 kN) wI th results obtaIned by Manko 
et al . 1977-1980 and 1984-1985 with the tlnlte strIps method 
tor tour schemes of loadIng 1$ presented In Fi B. 14. 
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IstIc poInts 5 and 8 at the half-length of the span. 



238 ANALYSIS OF RESULTS 

It was tound that the deformation range of the load car­
rying plate varied according to the type of top deck plate 
(lao-orthotroplc) and the kind of stiffening (with or without 
diaphragms). The range of strains for the load carrying plate 
deck 18 different . In spans with an orthotropic plate and 
diaphragms - lIodel r - only three inter-diaphragms! sections 
clearly mate along the span length. However, in the C8se or 
local vertical loads in spans without diaphragms - model II -
matIng occurs along the whole span length but the displace­
ments are considerably greater (Fig . 5). In isotropIc plate 
span - model III - the deck sheet mates over the whole span 
length and conSiderable deflections are observed between the 
diaphragms in the directly loaded section. In csse models II 
and III , meting of the cross-section between the webs is ob­
served over the whole deck width, even at narrow loads 
(schemes A and B. Figs. 4 and 12) but deflections Dlodel III 
are greater. Spans lose their carrying capacity as a result of 
the local buckling of deck elements, ribs or webs, depending 
on the scheme ot loading. The loss at stability in the case of 
loeding schemes A and B is the results buckling ot the middle 
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Fig . 6. Ultimate diagrams 
the crass-section 
model 1. 

of the local torms ot buckling in 
at the half-length of the span for 
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Fig. 7 . Ultimate diagra., ot the local foraa at buckling In 
the croes-aeetion at the halt-length of the apan tor 
aodels II and Ill. 

FIg. 8 . View ot the 
deck puncture 
In model 12. 
for scheme A 
loading. 

rib or 8 puncture of the deck (acheae A - aodel 128, Figa. 6 
and 8); and In the caae ot loading achea.a C and 0, it 18 the 
outco.e of the web buckling under loading , l •• ding to cracking 
of the velda which join the vebe to the deck plate. 
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Fig. 10. View of the 
convex web 
In model 12b 
reBul ting 
from loading 
scheme B. 

Fig. 9. View of the 
entlaymmetrlc 
form of the 
deck plastic 
strain In model 
12b under load­
ing scheme B. 

Fig. 11. View of model 
II destroyed 
by loading 
scheme B. 

Buckling of a web occurred only In model II under scheme B 
loading (Fig . 11) end it was accompanied by 8 considerable sag 
In the dIrectly loaded ribs. In the case, the incressing load 
ceuses the closing of the cross-section (reductIon of the dis­
tance between the webs at the top of the span) I which Is at­
tributable to the lack of intermediate diaphragms. It should 



also be noted that the buckling of webs which results troll 241 
loading according schelles A and B develops I$ym.etrically to 
the outside ot the epan, except for model 12b (Figs. 6 and 
10>, and the buckling which results from loading according to 
schemes C and D develops to the inside ot the span. 

Fig. 12. View of the sym­
metric form ot 
the destructIon 
ot lIIodel IIl1 
under loading 
scheme B. 

The unsymmetrical loss of stability by the webs could be 
caused by the eccentr ic posi tionIng of the load or to inac­
curacies In the construction of the models. Graphs ot the 
relationship P • P(w) and P • P(£> have linear character tor 
all the 1I0dels. A Change in the graph's slope occurred only in 
the case ot model 12a, loaded according to scheme A, 
presumably premature tsilure of the middle rib (Fig. 5). 

Fig . 13. Side view ot 
model III1a 
destroyed by 
loading schelle C. 

The greatest load capacities are achieved by the models in 
which the loade ere transferred directly onto the webs (schelle 
D - lIodels I1b and 1II1b), when the deck, irrepective ot its 
type, i8 loaded by an evenly distrIbuted load, and the highe8t 
values are reached by those modele with orthotropic plate8. At 
the 88me tille, models or smaller span achieve load capacities, 
for the selle loading scheme, which are similar to those ot 
models ot greater span (models 11 and 12b). However, the 
deflections of the tir8t are smaller. For the same loading 
schelles, the deflections ot the models with isotropic plates 
and those with orthotroplc plates are ailloat similar (llodele 
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11 and I II 1 }. For scheme B load Ing I the lIode Is without d 18ph­
raSIDS (models II1 and II2) achieve about halt the load 
capacity o~ those with dIaphragms (model 11 and 12, Fig . 5). 

R ... are" 

., 
N 
N 

Flnit. Strip Method 

on 

!l-
on 
N 
N 

Fig. 14 . Comparison of re8ults obtained tor the model II for 
tour schemes of loading. 

Studies of this scheme of loading conducted on two .odele gave 
results whIch vere In close agreement (Fig . 4). At the 8811e 
time, model II has 8 aillilar load capacity 88 the models with 
diaphragms (model 12) when loadIng scheme C is applied. The 
comparison of computatIonal results and those obtained ex­
perillentally tor model II has shown relatively high agreement 
of the results (Fig. 14). 

CONCLUSIONS 

As 8 result of the studies conducted on the models of box 
spans, a relationship was found between the schemes of loading 



and the local forlDs of stability loss. Deck stiffness and the 243 
character of the load have a decisive influence on the load 
capacity of box spans vhich is higher for .odels with an or­
thotropic phte and for loading schemes C and D. The kind of 
deck plate and the arrangement along the length at the span ot 
such elements as dlephragllls, cantileVer ribs, webs , stltt­
ening, etc ., acquire special signIficance for structures of 
thIs type . Moreover , this paper presents a comparison of the 
obtained results with the results by the Finite Strips Method . 
This method can be successfully eppl1ed to constructions of 
this type tor solving various analytical problems . The studies 
conducted so far represent the first stage of the work which 
is to tackle the above problellls. Studies on large scale steel 
spans will be made in the futu r e . 
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APP"ICATION OF THE FINITE STRIPS METHOO 
TO STEE" BOX GIROERS STABI"ITY ANA"YSIS 

Zblgnlev Manko 
Department of Civil and Environmental Engineering 
Florida International University , Miami , Fl . 33199 

ABSTRACT 

The paper presenta the attempt to apply the Finite Stripe 
Method to the analysis of the thin-walled simple-supported box 
girders. The possib1lity of the application of this lIethod is 
connected vi th the construction of such atructures charac­
terized by the stable geometrical and physical properties 
along the analyzed span. The advantage of this method Is that 
it lDakes use of functions orthogonal to the longitudinal ap­
prOXillBtion , leading to the separation of the equations of 
equilibrium for the particular harmonics . This allow8 tor 
remarkable econollY of calculations by co_parison vi th the 
standard method of finite elements. 

The lIain .i_ ot this approach is the presentation of the 
analysis of buckling of such constructions under the arbitrary 
loads vith the application of the Finite Strips Method and 
complex trajectories of the primary stress and interconnected 
buckling shapes. The examples of one and three-chamber box 
girders Yere treated for various loads schelles . The analysis 
of the results shoys convergence depending on the number of 
strips and terms and the comparison yith the other solution 
was lIade . Additionally the influence of orthotropy on the 
stability of such girders was taken into consideration . 

INTRODUCTION 

The stabil1ty of thin-walled construction is a problem 
which is presently the subject of v ide research because of 
numerous breakdowns , especially of steel spans at box girders. 
The problem seells to be remarkable , considering the numerous 
damages of the steel bridge spans which vas shown at Xth and 
Xlth IABSE Congresses (Tokyo 1976 ; Vienna 1980) and at the 
Conferences of Steel Construction (London 1973; Moscov 1978). 
Solution methods have depended on the complexity of the par­
ticular structure , the nature of the loading and support con­
ditions, the type of buckling considered and the required ac­
curacy . The completely general method employs finite elellents 
(Przelllieniecki 1973; Zienkiewicz 1977) . However , the we11-
knovn expand veness of Unite elelllents can lIake other .ethods 
competitive for particular types of structure and it 18 tor 
this reason that the finite strips method has received atten­
tion (Cheung 1968 and 1976; Manko 1975 . 1978 . 1980) . 

The paper presents the attempt to apply the Finite St r ips 
Method to the analysis of the prismatic thin-va11ed 8illple­
supported box girders . The possib1lity ot the application of 
this method 1a connected with the construction of such struc­
tures, characterized by the stable geometrical and physical 
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246 properttes along the analyzed apan. The advantage of this 
method 18 that it makes use of the functions orthogonal to the 
longItudInal approxImation , leading to the separation of the 
equatIons of equilibriulII for the particular harmonica, which 
allow8 for remarkable economy of the calculations by com­
parison with the standard Finite Elements Method . 

The main aIm of this approach is to present the analysis 
of the buckling of such constructions under the arbItrary 
loads vlth the application of the Finite Strips Method and 
complex trajectorIes of the primary stresses and coupled buc­
kling ahapes (Graves Smith 1978; Plank and WItt rIck 1974 i 
M8~ko et al. 1984 and 1985) . 

BOX GIRDERS DISCRETIZATION 

Analyzed box gtrders (Fig. 18 and h) have been d1vided 
into a set of narrow longitudinal strips connected along the 
edges. Properties of each strip are assumed to be constant 
along the whole surface , they can be, however , various for 
particular strips . The strips are flat elements subjected to 
the forces active in the plane (plane state) and to bending 
(bending state) . The state of the strain of the forces active 
in the plane is explicitly described by the composites u and 
v , and the stete of strain by bending is described by It and 
parameter 9 (Fig. 1b). Behavior of the typical strip is 
described by the displacements being the local degrees of 
freedoll on their edges in the set qi[i - 1, . .. , 4(M+N»); where 
M and N are numbers of the harmonics, expressed by the har­
monic Fourier series in the longitudinal direction and polyno­
mial linear functions for the plane state and of the cubic 
ones for the bending state in the transverse direction of the 
strip (Cheung 1968; Manko 1975) . 

In the dimensionless co-ordinates y - y/l and 'Z- x/b 
corresponding displacement functions show as follows 

u • [1m(1)·in(m"~) , 10 - 1 .•• M, (1 ) 

v • [2m(~)co.(m"'¥) + ... g(~)l(1/2 - 'f), (2) 

v • [3n(1 )ain(n lrY) , n _ 1 • •• N , (3) 

where the functions f11'\' f2m ' f 30 ' are given in details in 
the papers of Cheung 96~ and 1976) and Ma~ko (1975 and 
1978) . It can be showed relatively easily that the second term 
in the equation (2) allows for the equilibrium of the strips 
when the final stress G~ is described by 

In this way, choosing suitable functions g(2) for the strips, 
various systems of the longitudinal final stresses can be 
modeled for the construction as the whole. In order to obtain 
the non-conjugate equations of transfor.ations between the 
global X, Y, Z (Fig. 1c) and local degrees of freedom, the 
nodes displacelDent u, v, wand & are assumed to be defined by 
the equations 
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248 U • U.sin(.,..,), (5) 

V • vlllcos(m,..,> + fl(1/2 - ,), (6) 

W • Wnoin(n "y), (7) 

& • 9n oin(n "y), (6) 

where 
nodal 
plete 
nated 
nodal 
there 

U I V I Itn' and 9n are the degrees of freedom In any 
Ifne w~11e ~ 1s the value of ~g(2) in the node. The com­
collection of the global degrees of freedom is deslg­
by Qj • [j • , ... 2{H+N)J], where J Is the number ot the 
11nel. Compatibility then requIres that tor each strip, 
is 8 linear relationshIp between Ql and 01 of the form 

(9) 

where the transformation matrix Tij 1s establIshed by the pro­
cedures ot the stIffness method of structural analysIs (Cheung 
1976; Zlenkievicz 1977). 
Transverse load of the construction 18 distributed into com­
ponents D, V, q, M (Fig. 1b) correspondIng to the globel dis­
placements whIch are then developed into the a ••• serle. a. 
the displacements (Cheung 1968; Manko 1975; Zienkiewicz 1977). 

PRIMARY FORM OF THE TRAJECTORY OF EQUI~IBRIUM 

In order to obtain the equilibrium trajectory the total 
potential energy V of the deformed construction under 8 con­
servative load system in the function ot the global degrees of 
freedom Qi should be defined . This energy is composed ot the 
internal strain energy U and the potential energy W of the 
loads. The internal strain energy for strip Us 18 found froll 
the result of equation 

Et J (2 2 1 _2 J U • t + oy + 2-1ExEy + -2 (1 - ~ )'xy dA + o 2(1 _ .2) A x 

+ 

where the strain components are defined according to the dis­
place.ent by the following non-linear strain-displacement 
relations 

au [(~)2 (~)2 (~)2J (11 ) Ex . ax + - + + 
2 ax ox ax ' 

ilv 1 [(~)2 (~)2 (~)2J (12) Ey • ay +2 + 
oy ay oy , 

l'xy • 
au ov [~ ou ov ov OV ~J. ( 13) ay + ax ay + ax -- + -rx ax oy lIy 



In the expression enclosed In the square bracket. of the 249 
equations (11-1,) the displacements 'Ii' and u together aodel the 
shapes or general (overall) buckling aodes in the ca •• when 
the nodal 11nea ot structures are subject to re.arkable dia­
placeaent., the shape or the local buckling aodee 1. codeled 
by V, wh1le v has no consIderable influence. The potential 
energy of the loads connected W'lth the strip Wa 18 atated by 
the expression 

by. 1 
w •• -tJ [OyVy ] dx. (14) 

o y • 0 

where B 18 slven by Craves Smith (1978) end Haflko at al. 
(1981, f984 , 1985). After doing the proper subetitutiona of 
the displacement functions (1-3) and IntegratIon the equation 
tor V. can be defined 

(15) 

So, the total potential energy of the construction according 
to the global degree a of freedom can be found by substituting 
the equations of transformation su •• ing lor the strips and ad­
ding the lateral loads potential energy (-e B iQi)' where B i 
are corresponding coefficients depending onPt~e loads. Hence, 
one obtains 

(16 ) 

where 

(i , j, k - 1, .•.• 2(M + N)J; p' - 1 ••. 4J]. ( 17) 

Use of the principle of the stationary potential energy 8ini­
a.Uzetion, the equilibrium paths can be found by ditteren­
tiating V with respect to Qi and equating the obtained deriva­
tives Ei to zero. In thia way the follo wing equation is tor.ed 

E1(A. •• p. QI) • -""I - .pBpl + (A1j - AC1j)Qj + 

1 
+ ~AljkQjQk • O. ( 1B) 

frail which the required number of the non-linear equations are 
obtained for the unknowns Qi 8S functions of the load 
parametera ~ and e • 

The corresPOnBing non-linear prilllary trajectories can be 
alao obtained by lIeans of perturbation (Croll et al. 1972) or 
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the other lIethode; but the paths got in this way ere eo very 
close to the linear in lIIost practIcal cases the complications 
involved would not seen to be necessary. The present approach 
considers only the linear solutions obtained fro. equation the 
(18) by taking into account the tirst three ter •• and solving 

-~1 - .pBp1 • A1jQj • O. 

The solution of the equation (19) takes the general tora 

01 • AD t + 'pEp!. 

(19) 

( 20) 

In which the primary trajectories are produced by Indepen­
dently changing ~ and ~o . Since the displacement IUnctIons (1-
3) ara orthogonal, tne eoeffieienta corresponding to the 
varioue har.onlca are uncoupled, enabUng solutions to be ob­
tained vith computatIonal effort only lInearly proportIonal to 
the number ot harmonics considered. 

THE SECONDARY EQUILIBRIUM PATH 

For the sake of the simplicity of analysis, the construc­
tion behavior under the end load and constant leteral load a 
(ClgEpi) vss solely examined . Then the corresponding primary 
path of equilibrium takes the shape 

(21 ) 

where Fi • e £ i (£q.19) are the initial displacementa fro. 
the lateral 19a8e . Supposing that the secondary path branches 
trom the primary trajectory at ""c' its displacementa can be 
vritten as 

( 22) 

vhere Q~ are the primary trajectory displacements tor the 
same ~. The derivatives of potential energy V corresponding to 
the secondary path E...1.v can be obtained by substituting the 
equation (22) into (16) 

1 
E1

v • E1P • (A1j - AC1j • A'jkQkP)6Qj • -zjA1jk.Qj.Qk' (23) 

vhere 

E1P • E1(A. QjPl • O. (24) 

From the equation (24) one obtains displace.enta ot the 
primary path, because it results trom the definition (EiP • 
0), that this i8 an equilibrium trajectory. Thus 

E1
V (A. oQjl • [A1j • A1jkFk - ~(C1j - A1jkDk)]oQj • 

1 
• -zjA1jkoQj·Qk· (25) 



The secondary path can be described by meana of the perturba­
tion method (Croll et al . 1972) assuming that it branches ott 
troll the prillary trajectory at the pOint (A.,AQt) • (~C' 0) . 
Then , in order to state the increaae along this trajectory ar­
bItrary parameter e should be selected . When supposing A and 
~Ql are analytIc functions of E 

where 

t , r • 
drr 

d€r 

(26) 

r • 1 , • • • R, (27) 

(28) 

The secondary path is the equilibrium path (£1'" • 0) for all 
the values £. and therefore all derivatives o£ the hIgher or­
der ElvIn relation to £. at the branching point equal zero . 
Hence, the seta R of the perturbatIon equations can be derived a. 
[E1• r

W](n.c • 0) • O. (r. 1 •... • R). (29) 

The equatIon (29) 18 sufficient In the aspect of number for 
stating the unknowns '" rand bQt r if e is taken IS one of 
these unknowns . Thus if e.::t, tn\!n it. 1 • 1, t\. I' • 0 (r > 1) 
and there are then sufficient equationh to obta i n dQi r ' Con­
Sidering only the first set of the perturbation equat i ons and 
differentiating the equation (25) one obtains the expression 

[El . 1W](~. 0) • [A1J • A1JkFk - n.c(C1J - A1JkDk)]6QJ.1 • o. 

which leads either to the trivial solution dQ1 i • 
indeterminable solution for the particular ~hlue 
which the following determinant equals zero 

(30) 
o or to the 
of "'c for 

This is the standard proble. of the eingenvalues and the slIal­
lest values A of the 2(H+N)J satisfying the equation (1) 
states the crirical load buckling of the given construction . 

NUMERICAL EXAMPLES 

On the basls ot the algorithm presented, a calculation 
procedure in ALGOL-1900 was elaborated. The calculations were 
executed on the comp1Jter OORA 1305 in the Computer Center of 
Wroclsw Technical University. The applicability of the finite 
strips .ethod to the analysis ot lIore complex structures is 
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illustrated by the CBse of the thin-walled box girder ahown In 
Fig . 1h and it W88 compared with the results gIven In the work 
by Craves Smith (1978) . Critical (bifurcationsl) strains In 
the strIp of constant thickness can be expressed In the [or. 
gIven by Tl.oehenko and Cere (1961) 

Ncr :r-20 
- --k -- . 

t b2t 
6'cr - (32) 

where k Is the dimensionless coefficient dependent on the way 
of loadIng, conditions of support and length of plate's aides 
ratio. 

One Box Girder Under Partial Web Loading 

The analysis was made for the two linear loads, each of 
the length of I, t placed above webs symmetrically with the 
relation to the span's longitudinal axis (F1g. 1h). The cal­
culation were verified end optimized by ditterent methods 
whIch , among others, consisted in assuming the arbitrary num­
ber of strIps p and the har.onlcs H (Fig . 11) . The results of 
buckling coefficients for the rstios 11/1 - 0.25, 0 . 50 and 
1.00 are shown in Table 1. 

Table 1 . Comparison of the obtained results for one-cell 
girder 

Load 11/1 M P k P M k 
scheme 

Smith H8~ko Smith Manko 

4 3 . 351 5 3.327 3.392 
8 3 . 245 3.342 7 3.227 3.287 

10 3 . 305 9 3.205 3.237 
0.25 7 10· 3.292 11 3 . 200 3 . 201 

12 3.227 3.287 12 19 3 . 196 
16 3.220 3.215 
20 3.216 3.198 

8 2.423 1 2.732 
16 2 . 412 16 5 2 . 487 

0 . 50 7 9 2 . 410 
19 2.406 

8 1.738 1 2.013 
16 1.734 16 5 1.811 

1.00 7 9 1. 736 
19 1. 733 

• - the strip with higher order 



Three - cell Box Girders Under The Arbitrary Load 

The FInite Strips Method vas also appUed to the cOllpli­
cated thin-val led box gtrder given In Fig . 18 tor difterent 
load schemes. Four load scheliles were here analyzed (Fig . 
1d ,e,! ,g). The first load WS8 identicel with the one In Elt­
•• ple 1 , the second load equaled half of it, the third formed 

Table 2 . JuxtapositIon of the obtained results tor three-

Load 
scheme 

1 

2 

3 

4 

M 

9 

9 

9 

9 

chamber girder 

p 

12 
15 
18 
22 

12 
15 
18 
22 

12 
15 
18 
22 

12 
15 
18 
22 

k 

0 . 25 0 . 50 1. 00 

4.623 4.025 3 . 326 
4.604 4.012 3.303 
4.591 4.001 3.292 
4.587 3. 902 3.288 

5 . 325 4. 734 4.010 
5.301 4.692 3.962 
5.282 4.668 3.939 
5.272 4.649 3. 912 

4.038 3.425 2.732 
4.001 3. 384 2.698 
3.980 3.361 2.669 
3.969 3. 342 2. 648 

6.125 5.384 4.123 
6.040 5 . 332 4. 024 
5 .981 5.299 4.001 
5 . 937 5.278 3.998 

p M 

1 
5 

18 9 
19 

1 
5 

18 9 
19 

1 
5 

18 9 
19 

1 
5 

18 9 
19 

k 

0 . 25 0.50 1.00 

4.987 5.032 4.133 
4.713 4.128 3.677 
4.591 4.001 3 . 292 
4.583 3. 892 3.279 

5.923 4.908 4. 423 
5.308 4.702 4.041 
5.282 4.668 3. 939 
5.265 4.639 3.913 

4. 325 3.623 2.983 
4.081 3.427 2. 712 
3.980 3.361 2.669 
3.962 3.341 2.642 

6.432 5.621 4.325 
6.182 5. 342 4.132 
5.981 5.299 4.001 
5 .936 5 . 270 3.996 

8 uniform load placed along the whole width of the span , and 
the fourth W.8 s1milar to the load according to the scheme :3 
while ita width occupied only the middle cell. The lengths of 
loads In the four load schemes were identical and equaled 1}12 
• 0.25, 0.50 and 1.00. The elasticity constants E • 3 . 3 eN III 
and y. 0.375 vere assu~ed as in the case of metaplex (Manko 
1975), and E • 106 CN/. and ~. 0.348 as in the case of brass 
(Manko et 01. 1977, 1978, 1979, 1980 , 1984 and 1985). 

The results vere analyzed according to the number of 
strips and the harmonics used 1n the solution. The 1nfluence 
of the number of strips p on the final result W8S snalyzed 
firstly. Four different dIvis10ns vere !Dade of girder's ele­
ments into strips, diatinguishing 12, 15, 18 and 22 strips 
(Fig. 1d,e,f,g). Assuming the divisions, considerably s.all 
influence of nUliber of strips vas found out on the tinal 
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result. Then, for the optimal dIvisions of box gIrder into 18 
strips optimizetion vas done according to the number of har­
monics , 1 , 5, 9 and 19 harmonIcs vere 8ssumed . Considerable 
fsst stabilizatIon was found out 88 convergence of results 
depending on the number of harmonics (ter_a). It can be stated 
that 9 terms are sufficient to assess the correct results of 
coefficient k. All the results of analysIs were given in Table 
2. 

The Influence Of Materiel Orthotropy 

The influence of material orthotropy on the stability of 
some one- and multi-box girders in compression was addi­
tIonally analyzed . All the computed results (Fig . 2) are 
presented graphically, I.e. the dimensionless buckling stress 
18 plotted against the dimensionless half wavelength of the 
buckling mode. As such results only give an indication of the 
effects of orthotropy on the buckling stress Bnd the half 
wavelength values. No attempt has been made to directly il­
lustrate the influence of orthotropy on the buckling mode. The 
procedure adopted for the lliustrating the influence of the 
orthotropy on the structural response to compressive loading 
consists of comparing various orthotropic results with 
geometrically sllllilar and equal weight, isotropiC results for 
each type of one- and multi-box structures in turn (equal 
weight, isotropiC results are obtained by reducing the plate 
thickness in the ratio of the densities of the isotropic and 
orthotropic materials). Fig. 2a shows a plot of the initial 
buckling stress against halt wavelength)J. of the buckle for 
the series of doubly symmetriC, rectangular, brass boxes. This 
graph has been included tor the sake ot completeness, since it 
illustrates the influence of variations in the geometriC 
parameters. rather than the material psrallleters, for par­
ticular structure. 

In contrast to this, Fig. 2b illustrates the signi!1cant 
variations in the initial buckling stress that the material 
orthotropy may give rise to when the geometriC paramete r s at'e 
lIIaintained constant. Mot'eover, the 8upet'position of the buc­
kling curves for equal weight and geomett'ically similar brass 
boxes gives and indication of the structural efficiency of 
metaplexes - metaplex being approximately seven times lighter 
than brass . Furthermore, Fig. 2b confirms for multi-plate 
structures what is well known for single , specially or­
thotropic plates, namely, that lIIaterial orthott'opy has a sig­
nificant influence not only on the initial buckling stress but 
also on the wavelength at which this occurs. Thus the initial 
buckling minimum stress value occurs at longer wavelengths for 
higher values of the longitudinal elastic modulus and this ap­
pears to apply throughout the resul ts presented in thi.5 work. 
Since this computer progra. handles rather .ore complicated 
structural types than the other two examples, the computa­
tional times involved in producing the same quantity of 
results are rather lIIore lengthy. Hence, more emphaSiS has been 
placed on demonstrating the versatility of the prograll and 80 
results for number of ditferent structural types are 
presented, somewhat at the expense ot achieving concrete in-
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formation about the effects of orthotropy. These reaul ts for 
multi-box spans ere presented in Fig. 2c and d. Once ega in the 
influence or orthotropy see.s to be quite signIficant . 

CONC['USIONS 

The presented numerical examples ahow that critical 
stress for complicated structures such 8S box girders cen be 
effectively and with high accuracy calculated by means of the 
Finite Strips Method . The presented algorithm based on this 
method is an effective tool for box girder atability analysIs. 
In relation to 1I0re general programs based on the method of 
Hnite elements the worked out program contributes to con­
siderable decrease of calculatIon time. It is particularly 
seen in the csse of structures simple-supported on both op­
posite edges. Still in each case the dimension of the matrix 
diminishes because of the generally small number of tini te 
strips. It 1a consequently followed by the simplification of 
input data. 

Graphe of initial buckling stress against the half 
wavelength of the buckling mode have been computed for a vide 
range of hotropic and orthotropic box girders in a state of 
of uniform compression and under the arbitrary loads. 
By co.paring the orthotropic results against the equal weight 
and geo.etrically silllilar isotropic results, it has been 
demonstrated that the material orthotropy can significantly 
alter both the initial buckling stress and the half wavelength 
at which buckling occurs . By use of this algorithm a rela­
tively narrow strip matrix of construction is obtained. Hence , 
the expenditure of work for calculations is conslderably smal­
ler compared with the finite elements method, and moreover, 
only a few harmonics are necessary to obtain the proper 
results . 
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INTRODUCTION 

fiSPC 4th H'HTJON OF CIJIr"lr -
CHAPTFP PN ~TlrFPNF.O rVLI nFP~ 

Donald R. Sherman 
University of \-1isconsin-!lilwa.Jkee 

The p~imary purpose of this paper is to introduce the 
topic of stiffened cylinders and provide the backqround for 
the research and design papers that follow. A nood way to 
accomplish this is to summarize what the SSRC Guido has t o 
say about stlffened cylinders. The Jed edition of the Guide 
was the first to have a charter devoted to Cylindrical Tubes 
and Shells. In the 4th edition . this chapter ha~ heen 
updated as well as rearranQed for clarity and to provide more 
definitive guidelines . As in other chapters of the Guide, 
the stability criteria are based on theory which has been 
empirically modified to aqree with test data. 

The seven sections of Chapter 14 can be divided into 
three topic groups: unstiffened cyli~ders, stiffened 
cylinders and interactive effects . Althouqh much of thp 
material on unstiffened cylinders forms the basis of th~ 
stability criteria for stiffe~ed cylinders . this paper will 
be devoted to s~mmarizinQ the two sections concernin" th~ 
latter topic. Since the eQ~ations and detailed discussion 
appear in the Guide . only a qualitative summary wi 11 be 
provided. 

Figure I defines the key terminoloqy used with stiffened 
cylinders . Both ring and strtnqer stiffeners can be used 
alone or in combination on either the outside or inside of 
the cylindrical shell. Alternate terminology for the 
stiffeners are circumferencial and lonqitudinal . Thp 
stiffeners can be projecting plates or heavier sections such 
as angles . tees, channels or wide flanqe shapes . In modern 
fabrication, the stiffeners are welded to the shell . usually 
contin~o~sly although intermittent welds can be used. The 
bulkhead in Figure 1 is a diaphram that keeps the shell 
circ~lar where it is attached . Heavy rinqs or end cl08ures 
can act as bulkheads for stability purposes . 

RING STIFFENERS 
Aside from column bUCkling under axial compressio~, rinn 

stiffened cylinders fail in one of three modes: 

1. Axisymmetric collapse of the shell between adjacent rtnQ 
stiffeners. This mode is inelastic bucklinq and i8 
characterized by acordion-shaped pleats around the 
circumference of the shell . 

2. Asymmetric or lobar buckling of the shell hetwecn adjacent 
ring stiffeners. This is the elastic bucklinQ mode as is 
characterized by two or more dimples ~round the 
circ~mference. 
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3 . General collapse characterized by large dished-in portions 
where both stiffeners and shell deflect together . 

The first two instability modes are shell bUCkling and are 
qoverned by the criteria for unstiffened cylinders. These 
will occ~r if the rings have the stiffness and strenQth to 
act as b~lkheads . The third mode occurs with li~hter rinas. 

Ring stiffeners have little or no effect on column 
buckling . Therefore, they are used to enhance the local 
buckling strength. In order to accomplish this, they must be 
spaced closely enough so that length is a parameter in the 
bucklinq equations for the unstiffened shell between the 
rlngs . In the sections of the Guide dealing with unstiffened 
cylinders. Qroups of equations for critical loads are qiven 
for various loading conditions . A parameter that includes 
length defines the applicable ranqe for each equation . One 
equation in a group applies to infinitely lon~ cylinders 
where end boundary conditions do not effect the stahility. 
The lcnqth parameter which defines when this equation is 
applIcable also indicates a spacinq above which rinq 
stiffeners should have no influence. 

Under axial loads. the implied critical lenoth is 
LID ( 1.22/107t . This is an extremely short spacinQ relative 
to the critical lenQth for pressure loads and WOuld seldom be 
encountered in practice. Therefore. it can be concluded that 
ring stiffening is a very inefficient method of reinforcinq 
a cylinder for axial loads or that the presence of rinqs will 
seldom influence the critical axial load. 

Por e l astic buckling in flexure. the critical stress 
equatio~s for axial loads are frequently used. This 
indicates that a very close spacing would aQain be required 
for rings to be effective . However , it is also known t hat 
ovalization is a factor in the buckling of cylinders due to 
flexure while it does not occur under axial loads . 
Therefore. rings may have more influence in flexural 
buckling. especially when it is inelastic . The houndary 
conditions for flexural buckling have not been thorouQh l y 
investiqated so that specific recommendations for rinQ 
stiffeners are not given . However. it is believed that they 
would still need to be closely spaced and WOuld be efficient 
only in re~ions of steep moment gradients. 

The implied critical rinq spacing for torsional loads is 
much larger than for axial loads . implying that this type of 
stiffener could be efficient . However , no infor~ation is 
available on the the interaction of shell and rinQ bucklinQ . 
This is needed to determine the reouired stiffener size to 
act as a bulkhead . The lack of information could be due to 
the fact that torsional loading in thin cylinders seldom 
occurs in practice. 
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Ring stiffeners are most frequently used to i~crease the 

local buckling strength of cylinders subject to external 
pressure. Numerous studies of ring stiffened cylinder 
subject to pressure are cited and a history of criteria 
development is outlined in the Guide. 

According to the solutions for unstiffened cylinders 
under external pressure, the critical spacinq of rinqs is 
LID < 2 .1/D7t for the hydrostatic loadinq case. The 
recommended equation for the critical bucklinq pressure 
involves the sum of a shell term and a ring term. 

where 

2E ~4 EI.(n2 - I) 
Pc -W"'7":"t + (1) 

UH (n 2 + (il2) _ I) (n2 + A2)2 l R R2 
foe 

A :B iTO/2Lrt 
Ro - the outside radius of the shell 
Rc • the radius to the centroid of the ring and an 

effective width of shell 
Ie • moment of inertia of ring and effective width 

of shell 
Lf a center-to-center spacing of ringR 
Lb = length between bulkheads or equivalent 

n is the number of circumferential lobes existing at collapse 
and the correct value is that which produces the minimum 
critical pressure. for larQe stiffpner spacings, there is 
little restraint to shell buckling and n is equal to 2. for 
closer spacings, the second term in fqu . I dominates . 
Equations are given in the Guide for determining the 
effective width of the shell. 

The larqest effective ring size is determined when the 
critical buckling pressure from EQu. I equals that for an 
unstiffened shell with a length equal to the rinq spacin~. 
Larger rings will not increase the critical pressure . The 
determination of the optimum ring size involves both an 
iterative solution for n and a trial solution for the size. 

In some applications, there are a series of small 
uniformly spaced rings and at greater intervals there are 
heavier rings, also uniformly spaced . An empirical equation 
for the critical pressure when the buckling pattern includes 
both set of rinqs is reconmended in the Guide . This is a 
complex equation co use and it involves applying fou. I for 
both sets of rings. It can. however. be used to determine 
when the large rings will act as bulkheads, 

Equ . I can be modified to account for inelastic hehavior . 
for the shell term that is based on membrane stiffness, the 
value of E should be replaced by ~ • while in the ring term 
that reflects bending stiffness , E 1S replaced by the tangent 
modulus, Et, In order to determine the tangent and secant 
mOduli, the stress field at the stiffener and in the shell 
mjdway between stiffeners must be known. Equations for the 



stress field Are provided . The moduli are then determined 
from a representative stress-s t rain curve of the ma t e rI al . 
Charts in the ASMF Roiler , Pressure vessel Code can also he 
~sed to determine reduced moduli for different materials at 
various temperature. This ~rocedure is illustrated for 
~n8tiffened cylinders and can be used for stiffened 
cylinders. 

Imperfections can also effect the critical pressure for 
instability. An approximate equation for the bendinq stress 
in a ring due to out-of-roundness is given . Another type of 
stress is induced it the ring is initially tilted. When the 
sum of hoop stresses , the bendinq stress anrl the tilt induced 
stresses reaches yield , collapse in a qeneral instability mode 
i. likely to occur . 

STRINGER STIPPENERS 
Strinqer stiffeners are very effective in increasing the 

axial load and bendIng capacity of cylinders. In addition to 
raising the critical stress for instability of the shell, 
they decrease the stress level by increasing the area and 
section modulus. They also i~fluence thp critical pressure 
but are not as efficient as rinq stiffeners in this respect. 
Due to the larQe number of para~eters involved when the are 
used with rino stiffeners and the mUltiple potential 
mechanisms of failure, it is difficult to achieve a universal 
set of design formulas substantiated by tests . Therefore, 
this section of the Chapter is limited to a oeneral 
discussion of the methods that can be used to evaluate 
critlcal axial stresses and critical pressures. 

ror the case of axial compression , five failure modes 
are discussed: 

COLur-m RUCKLING - The strinqer stiffenen should be included 
in th~ calculation of the radius-of-qyrat i on of the column 
cross section. If rinqs are also present , they have no 
effect . 

LOCAL WITH ,SFVERAL ~TPIN(;f'RS - This mode usually occurs with 
closely spaced strinqers and they can be treated as if 
uniformly distributed on the shell's circumference. (Inder 
thiS assumption, the stiffened shell is is modeled as an 
equivalent orthotropic shell. 

PANFL BUCKLING - If the strinqers a~d rinQs (if they are 
present) are sufficiently rioid, the cylinder can he 
treated as a series of curved panels each of which is 
supported alonQ four edQes. If thp pa~el is short a~d its 
curvature small, the panel buckles essentially as if it 
were a flat plate , which is treated in Chapter 4 . ror lonq 
panels or those with larqer curvature , an estimatp of the 
elastic bucklino strenQth can be obtained by usi~q the 
equatIons for moderately long unstiffened cylinders. 
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INDIVIDUAl. STRINGERS - B.Jcklinq of individual strinllers can 
be investigated by treating the stiffener and an effective 
width of shell as as a column. The critical load of a 
typical strinqer and effective shell skin is obtained by 
ass.Jming it to behave as a column on an elastic foundation. 
Ring stiffeners act as the foundation . and depending on 
their spacing and area , the foundation is considered to be 
continuous or made up of elastic or rigid point supports . 

LOCAL YlfLDING - This is morc of a stress analysis p r oblem 
than a stability problem , but it muat be given 
consideration. 

R~ference is made to Chapter 4 for a better understadinq of 
stiffened plate behavior, which has some similarity to 
stringer stiffened cylinders in compression. 

If stringers are spaced more closely than the bucklinQ 
wave length of the shell. they will increase the critical 
p~e8sure. Very little information is current available on 
this topic but test proqrams are currently underway to study 
the influence of size and spacing of &trinqer stiffeners on 
the critical pressure. 

CONCLUSIONS 
Rinq stiffeners are used primarily to increase the 

critical external pressure while strinqer stiffeners are most 
effective fOl axial compression and bendinQ. A larQe volume 
of equations would be required to treat all the combinations 
of parameters and potential failure modes. The Guide 
recommends equations and details of procedures for 
determininQ critical pressures of rinQ stiffened cylinders. 
However. the treatment of strinQer and combined stiffener 
arrangments and other loads is largely qualitative. 



SUMMARY 

ON T HE OEflAVJOUR OF DAMAGED AND INTACf 
STIFFENED CYUNDRICAL SII EUJi 

Patrick J Dowlinl and 8c.verlc.y F Ronalds 
Department of Civil En&inecrina 

Imperial CoIlCIC, London, Engla nd 

This paper brieny summarises work " Imperial College on the inelastic buckling 
strength of rinl-Stiffened and siringer-stirfened cylindrica l steel shells under axial and 
combined axial and pressure loadin,_ II then concentra tes on the most recent research 
relatin, to the dentin, of such shells and the residua l strenllh of the damaged shells. 
The results or experimental programs and I new numerically based computer package, 
fINAS, have been used to valida te simple analytically based methods. These are 
intended (or use by desi,ners to eslimate the extut of damage caused by, uy, • 
supply ship impactinl the lei of an oil ril and thereafter 10 u ti mate the knock-down 
in stren,th of the dama,ed shell compared with that of the ori,inal undama,ed or 
intact shell. 

INTRODUCTION 

Over a perKN:! of nearly len years a number of studies ttave been undenaken at 
Imperial Colle,e concernin, the ultimate load behaviour of stiffened C)'lindrka l shells 
used in onshore structures. This 'IIIOrk brouaht proaressive dew:lopments In analytical 
techniques u we.1I as in the fabrication and testina of small-scale models. Rlnl­
stiffened , strinaer-stirfened and onhoaonall~tirrened shells have been tt"Sted under 
combinations of .. ial compression and external pressure Ioadinll . 

Early analytical work concentrated on inter-rinl bucklin, of rinl-stirrene:d ,hells, USini 
a finite difference approach (1) . Subsequent numerical analy56 have been undertaken 
usinl the finite element package, FINAS, which WilS developed at Imperial College . 
The inclusion of an eiaht-noded isop30rametric shell element, and a compatible SlIUener 
capable of representing any open--sc:ction stiffener with crou--sc:ction comprisin, 
rcctanaular elements, makes: this packaae particularly suited to stiffened shell IIructures. 
In addition to FINAS severa l simpler mechanism approaches have been developed to 
model various aspects of shell behaviour. These anal)'KS have becn correlated with 
both FINAS and the tut results. 

The research proarammes are very brieny outlined in the followina sections with 
emphasis placed on the most recent results concernin, the effect of local damale in 
the shells . 

I . RESEARCH ON tNT ACT STIFFENED CYUNDERS 

1.1 Lontitudinally-stifrened Shells 

Several test series have been undertaken on strinler-stifkned sheils, firstly under 
concentr;c and eccentric axial compression. and later under combmed axial and pressure 
Ioadina All models had either twenty or fony strinaers for ease of fabrication 
There were no intermediate rings Calthou,h strona rinp were a ttached to each end) 
and thus the models represented one bay of an onhoaonally-stiffcned shtll Three bay 
ortho,onally-stiffened models have been fabricated more recently and used In the 
damale tests dlsc:usscd in a later section. The ranle of Jcometfles chOien in the tests 
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ensured tbat f.llure occurred In different modes Both IOCiI buddin, of tbe shell 
between stfineen aM ,cnera' buddin, of the strinacr-tliffcned bay were produced 
ex~rimenu.lly . 

Corrtspondin, analytical worlr: has concentrlled on the kK&1 failure mode of the 
ioter-slrin,er panels A sin,le stiffener between two adjacent half paneb was modelled 
usin, the finite. ekment ""cbae FINAS (1] The centre-lines of the panels Mre 
.. wned to be lines of symmetry, and symmetry .... s alto invoked around the 
cin::umferential centre-line . Comparison betwun this model .nd test results can be 
seen in Fi,. 1. SubKque.ntJy. parametric study was (.Irried out on I rlnle of 
,eometries .nd adinp _hkh produced local panel '.!lura ud the results of the sludy 
were used In • dCtllled c .. minal;on of available desi,n ,ui,dance . 

In another approach • lenera' collapse mechanism theory was CJtabliJhed usin, rlaid 
panel elements (ll , The method is closely parallel to the development of rl,id-plutlc 
finite elements. Correlation between the mechanism unloadln, curve for a curved 
panel and the correspondin, FINAS results is sho....., in FI,. 2. 

1.2 Rinl~d((ened Shells 

T~ medunlsm analyses have been developed (Of" rln'~liffenc:d $ben. (I) The fint 
looked at inter-rin, panel failure unckr interactive mdin, while the second considered 
overall failure of the cylinder. includio, the. rinp. under predominant pressure mdin, . 
8y combinin, the ,...:. mechanisms lOt" a ,iven size of Itlerener. the point at wtuch the 
two failure modes -..ere predK:ted to be coincident coukt be oblainc:d (Ke Fi,. J) . 
Conversely. by varyin, the. NK of the .tiffener. the optimum luffenc:r area required to 
just prevent ovenll bucklin, coukt be obtained An example of a deai,n chart 
produced In this .... y is shown in Fi,. 4. Finite dement anal~s ..... used to validate 
the results and abo to provide data beyond the ran,e of apphcabtlity of the 
tnC;chaniJms (for example. In the ,eometrlcal nn,es appropriate to rJastic budclina) . 
T~ series of tests -..ere also conducted to provide data under interactive load in,. 

2. DAMAGE TESTS ON STIFFENED CYUNOERS 

Over twenty damllae tests have been conducte:d on rln,-sliffened (2 - SJ and 
orthoforully-stiffeMd 16-91 cy/indrial shells in the sJendernea ranee JJJ < R I t < 267. 
The damaae ..... applied USinl a wedle~haped Indenter with II radlused nose, alilned 
perpendicular to the Ionlitudlrul axis of the cylinder. The Indenter ..... poIitioned at 
difft.rt.nt Ion,ltudinal Iocadons in relation to the rlnp to ,enerate botb near-rinl and 
mid-bay dents. Ruldual <knt depths of up to S" of the dtameter were produced 
The deformed shelll were subKquently loaded In axial compression to dete:rmlne tbe 
eff«t of the damaae on their bucklinl behaviour Analytical techniques hllve been 
developed for both tbe dentin, and compression phases o( the tests 

2.1 Loncitudinaily-stl(fened Shells 

A plastic mechanism analya;i. or the de.ntln, process WIIS developed In which the 
stiffenc:d shell was divided into a number of ima,inary Ionlitudinal beam. 181. The 
beams bec:ome mcied as the dented area ,radually incruKS and this load is carried in 
uial teoslon lind bendin,. The analya;is iJ compared with test data (or lin 

ortholonally~tiffened shell In Fl,. S. A ltep increase In md carryin, capacity is 
predicted when the dent edae (as mf"tiured by 'I'd reaches II Slrlnaer The Iymbol '1', 
Indicates when the Intermediate rinl ltiffe.nc:n beain to deflect ndially at a strlnler 
position, which produces a small reduction in lateral atiffnw 
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The thinner dashed line in the Filwe is • membrane solution found by t"umin, that 
the ltrlSoik strut In the cknted beam am,. is at ),KId . This s.mpko: approxlI'IUIltOn 
compares Mil 'Mth both the more ripollS medunism solution .rid the tfit points 
The ends of the wits Wltre restrained durin, dentin, by "iff end blocks, cnablin, 
IM-mbrane effects to become the dominant mode of latenl rtllStJnCC. The actual 
development of membtlne stresses In the dent zone durin, lateral loadlR, Is I!lusulled 
in Fia. 6 

In the comprtalon tUts the dent was found to carry ve.ry lillie lon,itudina' mea 
This luuestcd In Inalysis of lhe axial response "'hich limply ne,lected the dam'Ied 
material PI, The load .... s redistributed circumfe~ntially to the effective .re of 
undama,ed material, Wlth the muimum stresses occurTin, immediately adjacent to the 
dent The dam.,cd cylindcn failed ... hen the mulmum Slre.s.sd allalned the collapse 
Strulth of the inllCl ~hell ,eometry. This approach ,ave ,ood correlation ... lth the 
experimental results, a~ ~hown in Fil' 7. In this dia,ram the residual stren,th iJ 
dra...-n a~ a functaon of dent depth for three valuu of comprUlaon ~d eccentriCity 
from the cylindt.r centre The trian,1e.s n:prestnt te$t points f(K Oftho,onaIlY""luf(ued 
mockls in ... hw;:h the net load ...a~ .ppUed a ~mall distance ..... y from the centre 
(O.04S ( «el R ( 0.086). Rina""lll((ened cylinden were ~ckd concentrK":ally 
(<<cl R :0: 0) and the results are marked usin, circles. 

The ~ &lender models fell bdow the predictWlIU In Fla. 7 and the addittonal 
weakness was uUled by the material nut to the dent , Thi~ matuilli. althou,h 
"undamaaed-, tlad ImperfecdonJ cawed by its pro](imity to the dent Findy. it had 
~,nlracant radial dJitortion Superimposed on the initial detkcttoM formed durin, 
fabration was an out...ard bul,e produced under lateral ~dln, to help relieve the 
circumferential lhonenina in the dent and to reduce the local circumferential curvature. 
Secondly. comprUlive stresses were ,ener.ted here durin, dentin, (FI,. 6) .nd some 
residual StrUS may have remained after the lateral load h.d bun removed These 
imperfectioM were quantined for a typical rin,-stiffened cylinder usln, FINAS .nd are 
diJcussed below 

2.2 Rinl-ttlffened Shells 

For rin,-stiffened shells the lateral loadin, process ...as modelled usin, finite. element 
'""ysis Pl. The resulu I've a deuik!d picture of lUetSef and deformatiOns durin, 
both ~din, and \In~din, .nd the latter enabled the residual &late of the dented shell 
\0 be determined Computed r~Ul.1 detkctions and ~tresses are ploued in FI, 8. 
The: left ~ of the daa,ram thows the den«taon profile around the circumferential 
centre line of the dent, \0 In uauerated Kale, and the rl,ht lUte thoM the avoera,e 
Ion,itudinal ruklual Slfe:sKI at mid-pand. A peale outward bul,e of .pprolimately 
0.12'0 occurred adj.c~nl to the dent in a re,ion of terulle ruktual struses of up to 
06c:ry. CompfUllve stlUla of O.lay occurred further round the dn::umference, 
combined with dimlnishin, outward ddlections whkh eYentually buame In...ard kKally. 

The compreaion tests of the dama,ed rin,-stiffened ~Us were also analysed w.in, 
FlNAS (4.5). Wlth aood correlalton bein, achieved F11. 9 compares the analys.IJ and 
test results for a typical rin,-sllffened model. A flnite element prediction of the 
response of the corrupondin, undama,ed ,cometry is Included to tho ... the "I"neu 
.nd stren,th lou caused by dentin,. 

These 1'Il10 numerleal models were combined in a parametric study (S) of mnder rln,­
stiffened shells In the ran,e 300 ( RI. ( .soo, .hleb ...as outskte the KOpe of the 
tests Elperlmc.ntal results bad pointed to...ards an increase in Kl\SltiVity to dama,e for 
more slender ,COmetries. (FI, 7) pclUibly due to the denl de(ormltWlnJ actin, IS a 
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sympathclK imperfection . The paramttrk siudy was Intended to examine the 
implications of such • trend. Initially perfect shells were analysed 10 InvestJ,lte the 
possible interaction between the dent form and different modes of collapse Inltillly 
Imptrfect shells were abo e:umined to enable In assessment of the effect of acneral 
imperfections to be made . Preliminary results indicated that there was Iinle Increase in 
the Kns.itivhy 10 dulin, IS tM. slenderness increased . The study showed that the 
simple dfccti..-e I«llon IpprOfich would still ,iYe JOOd stren,lh estimates In this slender 
raRae or ,comellie.s. with • 10960 reduction in the predictions provklin, safe resulu 
However (urther work is necessary to confirm the ranae of leometries In which these 
cOnclUlions rem.in Vllid . 

CONCLUSIONS 

.) New experimental and theoretical results arc available to Improve current desi,n 
rules (or stirte.ned cylindrical shells. 

b) A powerful numerkal prolnm, FINAS, has been produced to deal spec:lncaUy 
with the non-linear Inelastic bucklinl of stiffened shells and was used In the 
dul,n of the nl'$t Tension Lei Platform. 

c) Verifted simple new methods to predict the utent of dama,c to shell. caU$ed by 
Impact are now available . 

d) A verined SImple new method to predict the residual 5tren,th of dama,ed .hells 
is abo .""llable . 
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STHNCTIJ or DAKACm UtIC STl rPElfPJ) CfLlND!1.S SUIJICTID 10 SIMULTANEOUS 27$ 
DTlIJfAL PIISSUU Nfl) AllAL CXlMPUSS l YB LOADING. 

A.C. walke r ; S. ~Ca11; M.I . I-ok 
[»par t __ at of Mee.han.le.d ID«1aeer11l1 . Daiveratt,. of Surn,.. 

Cui Id.ford. D.I. 

urnODOCrI(MI 

Thi. paper prelentl the Rthodolog,. ott and resultl fro., a series 
of tUti on rinl stiffened c,Undera which vere tnithlly aubjected to 
.i~Iated collilion da.age and then loaded to f.llure vith a combination 
of external pre •• ure and axial cOllpre.alon . Thes. teet. are one 
co.ponent of a reaesrch pro~raame tnltlated and funded 101ntly by the UK 
Depart_nt of Energy and the Science and !n~lneedng R.aearch Council, 
Marine Technology Directorate . The research vaa a e.o-operatlve venture 
involvlnJi\: a nUliber of Unlvera1tlea In the UK: coherence v .... intained 
b,. the appolnt_nt of a St .. rlng eo..tttee and an lndultrlal eo.pany 
(J.P. ~nny , Partner, Ltd., London) to act .... nalera . full detalla 
of the typea of Ihells tuted, thr loading pa.nlletera and telt reaulta 
are contaIned In the final report 1,2) prepared by the .. na.ine eo.pan,. 
and the reaea rche ra. 

The .t1~lua for the teau reported here cowa fro. a r"utr_.nt 
for englneen to be a"I"'e of the lapl1e.atlona whIch .lnor da"Jll:e .. ,. 
have for the atrentth of thln_aUed atiffened sheUI whtch co..onl, 
fora co.ponenta In floatinR offahore atructurea . Whereas a larRe date­
baae ullCa for the atrenath of &I-buUt ahella there 11 relethel, 
Uttle Jnforutton on the corresponding enern abaorption and da .. se 
tolerance charactertsttc.. A recent lIIurveytJ) h.a aho"," that II1nor 
t.pacta are not rare event a and ao da .. ~e tolerance, etc . , haa 
conalderable practical atlntftcance. 

tn the t .. t t ng reported here , tt vaa decided It the outlet to 
l.pole the da .. ge to the teat ahell uatng I knife edJII:ed indenter vith 
ita uh It right Ingl., to the Ixt. of the ,hell. In practice , of 
coune , da .. ge can be inflicted on a ahell In a variety of vaya; an 
attendant ve .. d .y htt the .rructural •• ber vith tta bow, atern or 
atde . The ve.sel .. y be aore or Ie.a IIItructurall, rt,td than the 'hell 
.nd thl1 absorba .,re or Ie .. of the coll11ton eneray. It vaa 
conatdered hen that the u .. of a rigid knJfe-edged tndenter vould 
tnf Het dau.e on the teat ahell, which would und to be .,re aeven 
than the corre.pondtng practical clreu .. tance. . Thla I, open to debate 
but Mv.rthele .. the lnfo""t10n obtained fro. teeta on .hells thu. 
da"ged vill certalnl, atve valuable tnlllight to the behaviour of .hella 
v ith other forwe of da .. ge . 

OESCUP'YIOll Of' TEST PROCIAJIIIm 

The Rt!OIIetrtee of the teat .hell. are ,hovn In ' l g . l. The 
al~lated dau,e, t . e . the dent, va, i_poaed at aid-length of each 
,hell , .0 that for the plaIn ring atitfenen the d .... g. occurred on a 
panel, aidva,. betveen two rtnl" The tndenter vaa applied in the plane 
of aT-ring atlft.ner tn the caae' of sheIla RJ and R4. In the te.ta 
reported here, the .heUa vere to be subjected to da .. ge and then 



276 loaded with a C(MIblnation of ezternal hydrouatlc: pre .. ure and ada! 
eo.pre •• ive loading until f.ilure occurred . Tabl. I pre •• nta t~ level 
of rnidual d.uge. 1. • . dent depth , dr' and the lpedtted _gnttude of 
the applied hydro8tatlc pre,aure . 

TdLZ I. TBSTPAUME1'ZlS 

Sholl Codo typo 41['<-> P (N/_2) 

II PI,ln rIng atiffeners 5 . 3 (9,) 0 . 5 
R2 - - 5. 3 (9,) 1. 0 
R3 T-r:"8 ,tiffenen 3. 0 (5,) 1.0 

"' 3.0 (5,) 0 . 5 

where t I, the thickn ••• of the ahell akin. 

The 1-r1n81 of ,heth R3 and R4 vera dulgned to have approxi .. tely the 
•• .e value of second -aaent of are •••• the platn rinK In ahell. HI 
and 1l2 . 

The ahelle had been Manufactured uling technique. developed In 
previou. progra..ea of lnveatigetion into .hell buckling. The 
f.bricated .helh were nre .. -relieved and attached to ristd end rina. 
uat", •• txtunt of •• nd and Araldtte. Thi' h .. Men found to Rive end 
conditions to the .helL which very do.ely reproduce d •• sic.l enc •• tre 
condition.. The .veraRed .. terial ch.racterbtice .r. liven 1n T.ble 
2. All the sh.lls had their initial i_perfect tons •• sured .nd 
.nalysed U.tbtlc.l1y to provide. beet-fit cyltnder. The .. gnitudes 
of the i.perfectlon. In .11 the .hell. were found to be Ie .. th.n tho.e 
corre.pondin" to code toler.nce. . Details of th... re.ults .re 
pre.ented in Ref.l. 

'I'AILB 2. 

Shell Skin; 
Plain Ring Stiffenera 
T-Ring Sttffener. 

• 
E - 208 X 10,; 
£ - 208 x 10 ; 
£-205xl0 1

; 

\I - 0 . 29 
OJ - 0 . 29 
\I • 0. 29 

where a h the ten.Ue yhld etrele, E ie Young'e .:>duLua end OJ is 
Polaaon ~ ratio. 

The sheIla ~re .11 very extensively .train gauled, both for the dent ina 
teat •• nd tor the failure teete . A l.yer of brittle Lacquer w ••• lao 
.pplied to the .helL. to provide inforastion on the develop.nt of the 
d ... ge re,ion during the denting test. The failure t •• ts were 
perforwed in • hyperbadc ch •• her In the University of Surrey: the 
cha.her h.d the t.clilties to apply .xlal load ina to the teat .hell and 
to perait atr.ln. and deflect tons to be .... ur.d durlna the teat. 

smetAlT or TIIST U SULTS 

The followl", 1 •• .ery brief su ... ry of the result. of the v.rlous 
ph.aea ot the te.t progra.-e 



Shell, al a nd 112 

The re.ult. frCMI the denting teat In at h con. Ide red here, the 
re.ult. fro. the corresponding teat on R2 were, within engineering 
accuracy, identicaL. FiRure 2 .hows the external view of .hell R1 on 
co_pIetion of the dentlnlt teatl; it •• y be leen fro_ the crazing 
pattern in the brittle lacquer that the dent pAttern extenda through the 
rinl Ittffenel'l. Except for the ... 11 reglon. with no cracking, the 
.hape of the denf boundariel 101'.' very al.11ar to that obeerved on 
uR.tllfened Ihella 5}. Thia at.llarity I, reinforced by the re.ulta in 
FiR. 4 which .how thllt the relationship between the appUed denting 
load, " and the corre.ponding reatdual dent depth, d • I .e. that which 
reMain. when' - 0, ~n be predicted u.lntt an an.ly,f. deveLoped for .. 
plain Ihell (4). It would lee. that the plaln Itlffenerl are lubJected 
to very larRe valuel of tensile and cOllprealive Itrl1na durinlj: the 
denting procell, see Fllj: . 4 for atrain gauA;e layout and Flgl. 5 & 6 for 
typical relulta. The pURes on the ItHfener at the dent centre 11ne 
Ihow that even for very 1 .. 11 uluea of Indenter lo.td. Itutn values 
well tn exceal of the .. terial yield Itrain are induced. The 88ugea at 
pOIHion 13 ahow that for an indenter load up to 2ltN the attffe.ner h 
auhJect to .,derate valuel of cOllprel8ive Itratnl . At that load the 
yield atr.in II induced and the stiffener 1. quickly Itrained to s Itate 
where plaatic trtppin~ occura. Thia local bucklLnR of the attffener La 
shown in Fig.7 which h a photograph of the interior of the ahell Rl 
luhlequent to ttl faUure. It vould appear frCHI the relultl of the 
teatl on Rl and R2 that this fOnl of stiffener providel virtually no 
lupport to the Ihell in relilting lateral illpact loadIng . 

ShelL. Rl and R2 were each loaded in external prellure aublequent 
to the dentin, . Figure 8 il a recording of prellur~ VI. tl_ for ahell 
RI. It lIay he seen that at a preslure of 0 . 4 N/.. the Ihell luffered 
a locdhed buckling, aa indicated by the audden drop in applied 
prealure due to the ch.n~e in volulle of the Ihell a. it buckled. It la 
evident froa Filj:.9, that the Itiffener wa, aeverely atrained by the 
application of the prellure . When the Itrain level developed 
sufficiently beyond the material yield atraln the ring ItLffener 
developed 8 plaatie _chanha and could no 10nKer auatain inere .. lng 
preuun loading . When the stiffener neareat the initial da"Red 
region buckled due to the prealure, the loading on all the other 
atLfhnere were requind to carry conlldeubly increaled loading 
drcuaferentially, in the line of the original damaRe region . That 
they could not auataln thia loading and buckled il evident froa 
FiR . 7. It .. y be lundaed that if the 'hell had been longer and 
incorporated .,re plain ring stiffenera , they in turn vould have 
collapaed in a ·calcade- efhct and the lensth of the buckle would be 
lialted only by the proviaion of rigid ring atiffneaa or diaphra~ . 

Sub,equent to thla initial buckling , the ahella RI and R2 
atabiliaed and were capable of carry~nK increaaed prelaure loading. 
Shell Rl WII preuuriaed to 0.5 N/_ and , with thla prellure held 
conatant, waa loaded In axial co.presaive loading until collaple 
occurred at P - 29 . 6kN . Shell R2 was lubJected to dowly increutng 
prea,ure loadins In an atteapt to reach the Ipeclfled preaaure of 1 . 0 
N/_2 . Colhpae occurred at 0 . 55 N/_2 . It ia evident froa Figa. 10 
- 12 that apart trOll the dalUge &one, which waa very levenly extended 
and defor .. d by pr euure 10adinJi\:, collapse occurred due to inter-ring 
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buekltn~ . In other word., it would .ee. that if the .hell had not been 
d'''Red the leuRlch of the ringa would have been adequate to prevent 
Reneral buckling . However, the plain dng stiffeners tea ted here were 
quite unable to provide the ahell with .erength to withstand the effect. 
of the i_pOled d ... ge . 

She.Ua tl a ad R4 . 

The denting testa on Shells RJ and R4 yIeld virtually identical 
ruult.. Filj:uru 13 and 14 ahow external and internal view of Shell 
RJ at the end of the denting test . Evidently conaldenble deforaatlon 
ha. been i.poled but there is no indication that local atiffener 
bucklin~ had occurred . The development of the d ... ge region appear, to 
have beM re.e r lcted by the dRg stiffeners. Figure 15 showl the test 
result' re l ating the appUed dent i ng load, F. to the correspondi ng 
residual dent depth, d , and compares thea to value. obtained f r Oll an 
analysla of a plain ahell having the .ame radiua and thickneaa as R3 but 
with a length of 48 .. , I . e. the distance between the outer T-ring 
atiffeners . The T-rin~ stiffeners obviously have an i.portant effect 
in aupporting the shell against da .. ge. This co~nt la supported by 
atrain gauge reaults shown in Figs 17 and 18 , the atr.lns at poaition I , 
see fig. 16 on the inalde face of the T-riRR stiffener exceed yIeld bot 
are alch s.aller than the atrains recorded on the plain ring ItHfne .. 
for the aallle pOlition and corresponding load. None of the stralna 
recorded in testa on the T-ring stiffenera showl any indication of local 
budding. The longitudinal straina between the stiffeners exceed the 
yield strain , aee Fi~ 18 ' (f, would be expected with the develop.ent of a 
plastic da .. ~e aechania. . 

Subsequent to the denting teat the T-ring stiffened .helh vere 
able to carry their specified pressure and were loaded to fallure by 
applying a alowly increasing axial cOllpreasive loadIng in conjunction 
wIth. constant pressure. Figure. 19-21 ahow the deformed state of the 
ahella after collapll!le and it la evident that the da .. ge Eone had not 
extended aignificantly and that collapae waa cauaed by inte r -ring 
buckling. 

Table 3 ~ivea the collapse loads for the four shells conside r ed 
here. 

Shell code 

RI 
R2 
RJ 
R4 

OONa.uSlQNS 

TABL! 3 . LOAD I"; STAnS AT SHELL OOLLAPS! 
Hydrostatic Preasure(N/ .. 2) Axial eo.presaive Load (kN) 

0.5 
0.55 
1 . 0 
0.5 

29.6 

58.4 
123.0 

One alat be tentative In drawing conclusiona fro. so few teats and 
in the abaence of valid analytical .adela. However, it would aee. 
evident that the T-ring atHfenera in R3 and R4 were very alch .,re 
efficacious in reslating the effects of da .. ge than werl!! the piain rIng 
atlffl!!neta of 11 and R2. Indeed the latter seem to be quitl!! vduele .. 
in that tuk while the T-rlng atiffenera lligniflcantly Increaaed the 



da .. ge tolerance of the ehells and were able to lIuataln the apecifted 
pre •• ure load 1n the d .... ged atate. Another eonc.lulLen which •• y be 
drawn is that if, for any reason, plain rlng atiffenera a1at be uBed It 
is vital that .cronger ring stiffeners or dhphra~1U lNat be 
Incorporated along the length of the shell to prevent die.atrous 
buckling of the d.lIUIIged zone occunlng when the ehell 1a aubjected to 
quite low value of e~tern.l pres.ure loading . 

The authors gratefully acknowledge the support of the UK Department 
of Energy 1n funding the teating reported here. 
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I'Ig.ll External view of ~ on 9lell R2. 

Fig. 14 Internal view of &Mage on shell Rl 
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Pig.I. Erten'lal. view of R3 after oo1.laple 

1'19. 20 External view of R4 after oollapee 

Pig.21 Internal view of R4 after oollapee. 



SIJIIARY 

API BUllETIN ZU INTERACTION EQUATION FOR ST IFFE NEO CYLINDERS 
SUBJECTEO TO AXIAL COMPRESSION AND EXTERNAL PRESSURE 

C. D. Miller and J , F. Yojt. 
CBI Industries. Inc . 
Research laboratory 
Plainfield, 1111n01s 

The offshore all industry 1n the U.S. has developed a need for design 
rules for the buckltng strength of cylinders having diameter/thickness 
ratios exceeding 300, and for rtng and stringer stiffened cyHnders . API 
Bullettn 2U 1s being prepared for this purpose. 

One '"",ortant port 1 on of 8u 11et t n 2U contal ns 1 nteraet 1 on equat 10ns 
to dete".fne stability of cylinders under cOflt)lnatfons of utal. bending. 
and e.terna 1 pressure load! "gs. Th 1$ new 1 nteract I on equat 1 on Is of 
quadratlc fOfm , oot its shape changes with stress magnftude, cylinder 
geOJ!1etry . and buckling mode. It applies to a wide spectrum of geOMetries 
and vessel stiffening patterns. 

Thts paper discusses the interaction equation , provides a brief guide 
to using it 1n Bulh:tin 2U, and presents c~ar1sons of its predictions 
vith numerous large scale .ode! tests of fabricated stiffened and 
unst iffened cy 11 nders. The paper is 1 ntended to present an understandi ng 
of this equation and its use. rather than att~t to promote or compare 
its strengths against other techniques . 

INTROIlUCTlON 

tn recent years considerable interest has been focused on the 
buck 11 ng strength of st 1 ffened cy11 ndri ca 1 she 11 s subjected to va r1 ous 
comb1 nat 1 ons ofaxia 1 and extern a 1 pressure loadf ng condf t ions. This 1 s 
part 1 cu Iar ly true for the offshore 011 industry ",here deep vater drl111 n9 
platforMS such as tenslon leg platforms have become a reallty . These 
requlre stabflity desfgns for cylinders vith geometric paral'l'leters not 
previously tested or formulated to a sufficient degree. 

In the lklfted States the II"IOst cOOIOOnly used rules for design of 
cylinders for offshore structures are those given by the American 
Petroleum Institute 1n API RP 2A (1). The rules are liMited . however , to 
unstHfened and ring stiffened cyl1nders with diaMeter/thickness (D/ t) 
ratios of 300 or less. EconOllical offshore designs. howeyer. are now 
investigating ring and str1nger stiffened cylinders having Dlt values up 
to 1000. 

Det Norske Veritas (2) updated its criteria for buckl1ng strength 
evaluation in 1982. These rules can be applied to unstiffened. ring 
stiffened , stringer stiffened , or ring and stringer stiffened cyl1nders 
havi ng larger D/t values. Howeyer . DNV e~has tzes very close s tri nger 
spaci ng and other seemi n91y conservat he techniques. These ru les a Iso 
appear to be inconsistent wfth more recent test results . 
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Tests have recently been perfonned to provide data for some of the 

missing parameter values. For exa~le, buckling tests were reported (3) 
1n 1983 on 66 large scale fabricated r1ng stiffened and r1ng and stringer 
stiffened cylfnders with Olt rat10s to 1000 and subjected to cOfIIbfnattons 
of ax tal load and external pressure . Us1ng the add1tional test data. the 
American PetroleUIII Institute will publ1sh API Bullettn lU (4) 1n April . 
1987. Thfs bulletin presents a design/analysts procedure based on sefllf· 
e""frfcal (0".,lat10n5 for evaluating the buckling strength of 
unstHfened. r1ng stiffened. stringer stHfened. or r1ng and stringer 
stiffened steel shells. It follows the design methods of ASHE Code Case 
N284 (14) with modifications based upon tests and analytical studfes 
conducted since 1979. Bulletin 2U is applfcable to Oft ratios up to 2000 
and uses a unique interaction equation to determine stabi l ity under 
general loading cases of combined axial load and exte rnal pressure . 

The interaction equation In Bulletin 2U is of quadratic form but Its 
shape changC!s with cylinder geometry, stress level , and buckling rode . 
This equation essentially covers the full spectru~ of geometry and loading 
condItIons anticipated for current designs in accordance with API Bulletin 
2U. This paper will discuss this interaction equation, its use, and will 
compare it against some current test results . 

API BULLETI N 2U STABI LITY APPROACH 

The general equations in Bulletin tu to predict she11 buckling 
stresses are (Eqs. 3·1 and 3-2 in Bulletin 2U): 

Fiej • alJ O teJ 

Flcj • ,Flej 

(for elastic shell buckling) 

(for -inelastic· shell buckling) 

(Eq. I) 

(Eq. 2) 

where 0tef is the theoretical elastfc buckl1ng stress based on classtcal 
l1near th~ory and aff and Tl are reduction factors which account for the 
effects of imperfections . boundary conditions . residual stresses, and 
nonl1nearfty of material properties . The reduction factors were 
determined from test data. The subscripts (see nomenclature and Bulletin 
2U) typically are as follows: 

I • denotes direction (and load); subscripts are •• 9. x, h. r . 
e.c • denotes elastic or inelastic stresses. respectively 
j • denotes shell buckling faflure mode (l • local shell buckling, 

B • bay instab111ty, G • general Instability) 

The above equations are used to calculate predicted buckling stresses 
for the specHtc uniaxial load cases of axial load only (Fxef and Fxc ·)' 
and radial external pressure only (Fre_i and Fret). Factors 0'1 safety ~nd 
other such design considerations can bt entered'nto the design by methods 
dtscussed in Bulletin 2U. 

The calculation of uniaxial stresses F c.i and Fr fare ..ade 
separate Iy for each of the she 11 buck If ng InOdes t\o'ta 1 she 11 %tlck li ng (j • 
L), bay Instability (j • 8) or general Instability (j • G)). Other "",des 
(stringer tripping or column buckling), are controlled by other checks In 
the bulletin. Design teChniques are also presented to preclude 
interactton bet~en the buckling modes. 



API BULLETI " 2IJ IIITERACTlOII EQUATlOII 

Having calculated Fxct and Fret for each selected buckl1ng mode, 
interactton ~uat1on5 can "'OW be u$ird to deteMlltne the failure stresses 
for various cOlllbtnations of axial load and external pressure. Based on 
Ref. 5 it was deemed reasonable and conservative to treat stresses trOll! 
full section bending as equivalent membrane axial stresses. Section 6 of 
API Bullettn 2U provides the rules for use of the tnteractton equations. 

For cases Involving net axial tens ton combined with hoop compression 
a bl-11near stress envelope Is used.~wtl1 not be further discussed. 

For the more cOfIWIIOn cases 1 nvo I'll n9 net uia 1 co~ress 1 on combt ned 
with hoop compression, a spec'al quadratic fat lure enveope is utfJ1zed. 
The ax'al stresses are no~llzed by the predicted unfax1al failure stress 
Fxcj ' wh1le the hoop stresses are normalized by the predicted uniaxial 
hoop stress F c1' The end pofnts of the curve are both equal to -1.0 
{s 19n convent (orr discussed later). Load combi nat ions 1.)'1 ng f ns1 de the 
curve are cons1dered accepUble. those outside are unaccepUble. The 
interaction curve is: 

I R/ - cRaRh + Rh 2 1.0 I (£q. J) 

\IIhere: 

R, F +ej/F xcj 

Rh F eej IF rcj 

c • coefficient dependent on cylinder stfffening conf1guration. 
load magn1tude. and buckl1ng mode 

F.cj and Fe" • c01ncfdent faflure stresses 1n the ax1al and hoop 
d1rectTons (after applying mod1f1cation factors Kej and K. J ) 

Investigations (6,7) of various ring stiffened model tests noted that 
the form of the fnteraction curve tends to flatten out for elastfc 
buckl1ng and approaches the ellipt1cal Hencky-von Mfses faf lure curve for 
highly inelastic buckl1ng. When this occurs. h1gher cOfllPressive utal 
stresses can occur under combined loads than for utal load alone. 
Expandfng the approach to rfng and str1nger stiffened cylinders. the 
coefficient c 1n Eq . 3 was thus formulated to better predfct the Shape. 

Figure 1 deMOnstrates various forms of the interaction curve wMch 
result fra. varying ·c· in Eq. 3. When c • +1.0. the Hencky-von Mfses 
curve results. When c • 0, a ctrcle results. When c • -1 . 0 the curve has 
become quite flat. The hypothetical case of c • -2.0 would be a stra1ght 
line. 

API Sulletin 2U suggests the foll~ing fo~lae for detenafning ·c·. 
I) Unstiffened and Rfng Stfffened Cylinders (both shell buckling 

IIIOdes. J • L. G) 
F F 

xcl + rc1 _ I 0 c • F • (£q. 4) 
y 
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2) Stringer Sttffened and Rtng and Stringer Stiffened Cylinders 
.) LocI' buckl1ng .,de (j • L) 

(F + F ) xcj rcj _ O.B 
Fy 

0.4 
(Eq. 5) e • 

b) Bay Instability and general InstabIlIty -.des (j • B. G) 

e • (Eq. 6) 

where Fy • effective yield stress (use the greater of Fys. 

Fxej • or Frej ) 

For design/analysts purposes the tnteract10n curve can be used many 
ways. As one eumple, assulltE!: a geOfltetry has been decided and we want to 
detenlltne owhat max1munt net ax1al load eN ) that can be sustained for a 
selected pressure load (Ha). Assume loct, buckl1ng is considered (j • 
l). The steps are: 

I} Deter.1ne Fllel and Frel for ge~try by Eqs. lind 2 and methods 

tn Sectton 4 of Bullettn 2U. 
2) C,'culate c troa Eqs. 4, 5, or 6. Generate tnteractton curve by 

Eq. 3 (-Ra• -Rh quadrant) ustng end points (-1 . 0, O) and (0, 

-1.0) 

3) For He • pRo. calculate feel· -~ KaL where KaL adjusts 

for the effect of ring stiffener on shell 

4) Calculate desfred Rh • FacL/FrcL 

5) From fnteraction curve ffnd correspondtng Ra value; calculate 

F.CL • Ra/FrcL 
6) Calculate maxi""'l11 net axial load, N. 

" •• F .el • t • K. l 
where " •• .axt""'l11 net axial load (axfal plus bending) 

N .~+.; 
• .. .. R 

COMPARISON OF llITERACTlON EQUATION WI TH TEST RESULTS 

Co...,,,.15ons between interaction Eq. 3 and a variety of test results 
wtll n~ be presented. The test results cover a wide range of geometries. 
sttffener spacing. load ratios, and shell buckling modes. In addition the 
test I"IOdels were fabricated cylinders utilizing rolled plates and welded 
joints. SoN IIOdels were stress relieved while others were not. The 
plasticity factor (0 in Eq. 2) accounted for either possibility. 

The following tnterlctiOll equatton curves Ind test points have both 
been nonnaltzed by actull uniaxial stress values. This tends to isolate 



the cOfl'4lartson (rOIl ong01ng changes tn fOraJ1at1on and techniques for 
calculating F.ct and Fr ..c:.l ' It should also be noted that during tests it 
is generally qil'lte dtrrl'tult to uniquely depict shell buckling MOdes for 
loca 1 buck 11 n9 and bay t nstabil tty . These MOdes occur as an ongol"9 
serhs of SN 11 \IIlVes (oMlli n9 over a range of loadS or pressures. The 
test points shown here generally relate to the first such deplcted sign of 
the respective shell buckling MOde . 

In the c~lrtson plots that follow, test results plotted outside of 
the t nttract t on curve denote an underpredl ct 10n; those fa 111"9 1 ns t de 
depict an overprediction. 

Figure 2 shows results (rOffl shor t unstHfened tubular columns under 
vartous co~blnltlons of axl.1 load. external pressure , and bending moment 
(8). There were four values of Olt , ranging from Olt • 31 (Group 1) to 
Olt • 74 (Group 4). These are short stocky colutlltls which have net axtal 
plus bending stresses approaching (or slightly exceeding) the yield 
stress. The uniaxial hoop stresses , h~ver, vary frOal about O.S Fy to 
1.0 F . The uniaxial stresses are shown for reference purposes . For 
theseYcases the tnteractlon curves are approaching the Hencky-von Mhes 
cur ... e . The tnterlCtlon curve appears to predict the results .,derately 
we 11 . In a 11 but Group 1 the de ... 1 at Ions are underpredl ct Ions of the 
actual strength . It IIIlght also be noted tt14t for these cases the 
cyHnders were cap.ble of sustaining axtal loads near. or .bove , yield 
stress levels for Rh .... lues up to about O. B. 

Tests by Sheman (9) showed that for cy11 nders with Olt ... a lues less 
than 48 the buckltng stresses related to bending .re higher than axial. 
Bulletin 2U conser .... tlvely neglects this effect . 

Figure 3 shows results for axial and external pressure loaded ring 
stiffened cylinders (3 . 10. 11) . Groups 1. 2. 3, 4 (Ref. 10) were for 
local buckltng failure lo.dS (ring stiffeners Intentionally o ... erdeslgned) 
with D/t ... alues trOll'l 48 to 96 . !'Ix • 8.8 to 24 . 1. and two different 
strength Nterlals. These stocky models were deSigned for uniaxial hoop 
stresses to range trOl'l\ ,boot 0.5 f to 0.9 f .. 1th high .,,161 only 
stresses . Group 6 (Ref . 11) 15 for lcif.l bucklfng of a thinner shell with 
moderately short ring stiffener spacing (O/t • 1000." • 6.01). Group I­
e h for stress relieved .,dels (3) having a thin shefl with a short rtng 
stiffener spICing (O/t • 600 and "x • 3. 4) . In Figure 3 the correlation 
h again reasonably good. with the better predictions s~lngly occurring 
for the .,re el.stlc thin shell cases. 

Figures 4 and 5 present cOlllp.risons of the Interaction equation with 
the results of • series of 44 tests of ring and stringer stiffened 
cylinders for Conoco/ASS . et al (Ref . 3). A follow-up series of tests has 
also been perfonllltd. but the results are not .... allable for release .t this 
tl.. . The tests presented here were made on large scale f.brlc.ted MOdels 
(dta .. ters of 28.5 IncheS to 75 Inches) having generally elastic behavior 
and the following r.nges of paraMeters: O/t· 380 to 1000. "x • 6.9 to 
17.9. Me • 2.2 to 6. 0 and various combinations of .xlal 10.d and extern.' 
pressure. Two nomln.l Nterial yield strengths \lftre used (SO kst and 80 
kst) and most of the models were stress reHe ... ed. Welding sizes and 
procedures were close ly sea led to actua 1 condl t Ions. .nd typtca 1 she 11 
I~erfectlons were also tncurred during fabrication . All models exhibited 
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local buckling and bay instabl11ty (pressure cases only) but none failed 
by general instability where rlng collapse would be involved. 

Figure 4 shO'lis the c~arisons for the local buckl1ng mode while 
Figure 5 presents the cOfl'4lartson for the bay tnstabl Hty aode. It should 
be noted Vlese are all slender shells with large Dlt -walues. The larger 
uia 1 F xc t (re ht he to uniaxia 1 hoop F rei) 1 ndt cates the strengtheni n9 
effects Of stringer stiffeners. The va ues of ·c· are all negative 
indicating a curve 'lthlch 1s flatter than the circular shape (c • 0.0). 
Cons 1 der1 n9 the wi de range of parameters. the corre 1 at t on appears to be 
very good for both Figures 4 and 5, However. there 15 a lack of data 
points at the higher a)(ia1 stress levels . The follow-up tests should 
furnish some of this missing data. 

OISCUSS I~ OF INTERACTION EQUATIONS 

There are numerous test results for welded steel cylindrtcal shells 
for either axtal cOqlresston alone or external pressure alone. Most of 
these are for unstiffened or rtng stiffened cylinders. Except for the 
Conoco/ABS tests , there ts very little publtshed data available for almost 
any fOrJII of stringer stiffened or ring and stringer stiffened cylinders . 
It 15 not surprising , then , that there are nUf!lerous foMl'lS of interaction 
equations in existence. The intent of this paper 1s simply to present the 
fOMII to be used in API Bulletin 2U and to shOlll SOfl'le of its correlations 
wfth test data. As further test data becomes avaf lable further reffnement 
of the methods is expected . 

Some methods currently 1n use are: (1) I1near , as per the ECCS code 
(12), (1t) circular , as per the ONV code (2), (111) 11 near/quadrat1c, as 
suggested by Odland (13) and (h) variable quadrat'c, as discussed in th15 
paper . The l1near and circular forms are essentially the same as Eq . 3 
when c • -2. 0 and c • 0. 0 respect1vely. The linear caSe is obviously the 
most conservative. 

All110st all of the methods are intended to be lower bound predictors 
and safety factors will be applied to obtain allowable stresses. 

CONClUS IONS 

The interact i on equat i on presented here can be app 11 ed to a wi de 
spectrum of cy 11 ndri ca I she 11 shes . st tffener spac1 ng, and cOl'lbi nat 10ns 
ofax1 a I , pressure , and externa 1 pressure load1 ng condt t ions • Reasonably 
good correlation was shown for numerous fabricated steel scale models 
representative of those in the offshore industry and other fields 
involving Stability design/analysis of cylindrical sections. 

Note: The teMltS not defined here are uniquely defined in the sections tn 
which they are used . 
subscript denoting direction and load 
• longitudinal direction and any load combination 
e hoop direction and any load combtnation 
x longitudinal direction and ax1l1 cOqlresston load only (Ne ·0) 
h hoop direction and hydrostatic external pressure (N./Ne ·0. 5) 
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r - hOop direction and radial external pressure (N •• 0) 
subscript denoting buckling failure ~de 
L - local shell buckling 
B - bay instabiltty 
G - general instability 
stringer spaCing ~asured as arc length along shell .ie-thickness 
centerlfne diameter of shefl 
predicted tnelastic shell buckling stress for fabricated shell 
predicted elasttc shell buckling stress for fabricated shell 
yield stress of material 
stattc yteld stress of material {zero strain rate, 

"d K 1 
axVll and hoop stress adjustment factors , see API Bul1ettn 2U 
r1"9 spaci n9 
applied bending moment across fu l l cylinder cross-sectton 
Lr./ilff 
b1ilff 
axtal load per untt of circumference 
circumferential load per untt of length 
applied external pressure 
applied axial load 
radius to centerline of shell 
F +<j/F ,cj 
F'c 1/Frcl 
raa1us t~ outside of shell 
thickness of shell 
capacity reduction factor to account for the dHference between 
classical theory and predicted instab1lity stresses for fabr1cated 
she 115 
plasticity reduction factor which accounts for the nonltnearHy of 
material properties and the effects of residual stresses . 
theoretical elastic instability stress 

PARTIAL GLOSSARY - BUCKLIIIG IIlO£ TERMS 

Bay Instability Simu ltaneous lateral buckl1ng of the she l l and 
stringers with rings remainlng essent1al ly round 

Genenl Instabt 11ty Overall collapse of the combined shel l and 
stiffening system inc luding lateral buck l ing of ri ng 
st 1 ffeners 

loc.l Buckling 8uckling of shell plate between stHfeners without 
significant stiffener distortion 
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The paper presents recent advances in the general buckling of cylindrical 

shells . the presentation i . based on vork carried out at Det norake Verlta. /11 

and at the Norwegian Institute of Technology /2/ . Special attention ia qiven to 

the energy for.ulation for the cylinder vall where the eKPres.ionl for 

extensional and inextensional theory are discussed . 

Axial co.pression , external pressure and shear loading are included in the 
tor.ulation together With the stiffening effect of an elastic .ediu • . 

Co.parisen i. aade with test re.ults on ring stitfened cylinders . Based on the 

energy foraulations design for.ulas for ela.tic buckl1nq of r1nq and ,tr1nqer 

st1tfened shells are presented toqether with analys1s exa.ple. on real struc­

tures . Co.pa[ison is .ade between the for.ulations . 

I . IHTROWCTIOH 

The bucklinq .odes of an orthoqonally stiffened cylindrical shell aay con­

veniently be cateqorized as follows /1/ . 

a . Shell byckling : Bucklinq of shell between stiffners . 

b. Local stiffener buckling : The shell reaains undeforaed . 

c . Pinel buckling : Bucklinq of stiffened panels between [inqs, see Fiqure 1. 

d . ceneral buckling : Bucklinq of shell includinq stiffeners (rinqs and 

strinqers) , Fiqure 1. 

e . OVerall buckling: Coluan buckl1nq of the cyl1nder . 

• No rwegian Institut e of Technology, Tr ondhel • 

•• De t Hank.e Vedtaa , Oal0 

... The Fo undat ion of Scient ific and IndUB trlal Resea r ch , SI NTEr, Trondhe i a 
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The present work de.l. with -ode d. OD gener.l buckl i nq . one objective of the 

study hal been to develop Ilaplified for.ula. for nece ••• ry .tiffener dl.en­

Ilonl 10 II to exclude gefteral buckllD9 a. the .oat Clltlc.l f.ilure .ode. The 

second .i. of the wort i . to coae up with Ilaple coaputer pcoqr ... tor use 1n 

des19n . based on lerl •• expanSlon &Ad ener9Y a.thad • . 

Advanced nuaerical techniques for handling ,hell buckllng problea, hive recently 
been deveLoped 13,4/ baled on finite ele.ent foraulation With nonlinear geo­
a.tIie and .. terial effect. included . However, for a de.i9fter .iapler for.u ­

lations should be available in the fora of either delign tor.ula. or .aal1 
progIa. packaqel for use on PC- type of co.puter •. An ex •• ple on this type of 

prDqr .. i. given in the paper . 

The need for a .l.ple co.puter proqra. as an alternative to for.uta. 1. aDre 
strengthened in the ca.e of cylinders surrounded by ela.tlc and ela.topla.tic 

.edla, where al.o a l.yered dl.tribution of .oil .tlffne •• i. lnput . The new 

concept. of 9ravity platfor •• for .oft .oil. include .uch proble .. a. pene­

tration .k~rt. are belng u.ed to en.ure .oil/.tructure interaction , .ee Fi9ure 

2. It .hould al.o be .entioned that based on the proqra •• y.te. rEMRlS 131 a 

proJect 1. 90ing on in Norway 151 to co.e up with a nonlLnear proqra •• y.te. for 

inteqrated analy.i. of gravity plat for •• including cyclic degradation of the 

.oil . 

In the pre.ent .tudy .pecial e.phasis ha. been given to the buckllng behaviour 

of the cylindrical .hell and to consider the dlfference between extensional and 

inexten.ional energy expre.sion • . 
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2. BASIC TI£ORY 

The present chapter 91V.I two versions of energy forauletlon in the .enle that 

potential fUnc tlons a. veIL &. vlrtual work eKpre •• l0nl are belng u.ed . The 

latter could be -.nti-varled- lnto • potential but troa the plogra .. lnq point ot 
Vlew thiS i. not nece'lary and Iepresent, extra vork . 

2 . 1 ENERGY EXPRESSIONS 

In the subsequent derivation. U ia being used a. the Ir-bol for .train energy 

aDd the a •• oclated variatlonal tar. l' 60 . Further, R 1. the potential of 

e.ternal loadl and the total potential function read, 

• • U + H (2.1) 

The DnY /1/ verlion of the study 11 based on the following ."U. ptiORS : 

t . Llnear a.abrane theory for the PIebuckling Itate . Include. only a.abrane 

stre •• '1 uncoupled to the bendlng .ade of deforaation . 

b, Energy contrlbutions tro. torl~on detlection in ring direction and warping 

are neglected for ringl and str~ngerl , 

C , Effective cro.1 lections are uled tor ring aDd It ringer stittnellel , 

The energy contribution tor the shell fro_ prebuckling .tate into the buckled 

contlguxation co_e. out to be, lee detlnitionl in Figure J : 

D 
L2u • Ulh • '2 J J H", U • 

Vl
yy

)" - 20-'11) {VI •• W'yy - (V'.y) H dsdy 
0 0 

• L 2u (2 . 2) 

+ 2£ J J {(F , u + F )' - 2(Hv) [F,aaF,yy - (F'.y)Z11 dady 
o 0 

'yy 
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For the 

aDd for 

stringer, the staple expression used b 

"at 

the 

u • , 

_ 1 El 
, L 
[ I 2 set i _, 

0 

ring stiffeners 

, 
,,,'xx' 'X Y- Yi 

• !!"')' d 
2 x-x . Y , > 

The external loads are Ox in axial coapreSSlon, p in external pressure and 
0xy 1n torsion with the potential contribution : 

i (Ha,lox 
L " 

(" );2 . . - I I 'x dxdy 
o 0 

L2n 
.!!... - p I I [ Hr ''''YY Il_dy 

o 0 " L 2u 
tso XY I I "'X"'ydXdy 

o 0 

(2.3) 

(2.4) 

\2 . 5) 

The relat~on bet"een Airy ' s .tzess function F and lateral deflection accord1ng 

to linear theory reads 

• E 
VF-i"'xx 

The lnterpolation of lateral deflection" is taken a. 

" • c ·sinl!! x - ~ yl 1 L , 

"here a is the nuaber ~f half waves in longitudinal direction and n 1S the 

nuaber of full "ave. in the circu.ferential directlon. 

(2 . 7) 

The expression (2 .1) doe. not satisfy su.ply supported boun4ary conditions at 

the ends, but .. y be used for aediua length and long cyllnders where the end 

condit10ns have ainor influence on the critical load . 
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2 .2 I£Fl"£O SHELL tHEORY 

B.led upon the notatlon in Figure 4 the six equilibriu. equations on co_ponent 

tor. read /2/ . 

[It • 0 • • xx,x + • ya,'I + p. ,. 0 

(J( ·0 
r • 'If,Y 

+ • xy,x ~+ P • 0 , r 

[M • 0 • 
u. ·0 r 

Qy,y + 
• 

Ox •• + -;a- - p~ 

• + '1'1.'1 "Xy,X - "Xy,w'x 

" N - H +...l!_o 
xy 'IX r 

including 9eo.etric effect •. 

• 0 

- "yy ,w'Y- 0'1 • 0 

12.81 

12. " 

12 . 101 

12.111 

12.121 

12.1) I 

Denoting by an upper bar the virtual displace.ent the virtualized for. of Eql . 

(2.8 - 2.13) bcco.ea 

• +1I..llv.u . ' 
- ~ !f (MyV v'r + "aYV' x + "Xyw'xv + "'IV W'y' v] dA 
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· If [PaY 
A 

- If [N . 
A 

xx 

+ PrY . . 
'x 

. . 
'y 

+ p"v] ciA 

·'x + N"y(v,y . w,.+ " x . . '1'1') + ~V'Y 'x 

+ J (Hx 'U + My ' v] dl 
c 

·'x 

(2 . 14' 

where the left-hand side represents internal virtual work and the tight hand 
side il external work . 

Introducing nov the Flu9ge /6/ stress-stra1n relations the following equation 

e.elgel for the first variation of internal shell ener9Y : 

6U sh • Dil ((v'xx ~ u' a: + v(v'yy- f V'y)]6v'J:x 

1 J 
.. (1-v)(2v,yx+ 2[ U'y - 2r v,.) 6V,yX 

- v 'v'xx ' 6v ,x 

.. (1 w + 
t 'fY 

.!. v) 

r' 
6'1) ciA 

(2 . 15) 



+~ 
1-./ 

• (v, ... 1 w + ).) dA Y r v ' u'x V'y 

... ~ I.' (-,' w ... v,,. v·u~ )'6" dA 
II l-i) A 

:lOS 

The last lntegral 1. of h19her order and ia neglected 1n the subsequent con-

11.defatlcn •. 

It should be eapha'l%ed that the above expression. have been obtalned tro. 

equll1brlua equation. 1n detoraed configuration through virtuali&.tion. The 

alternative way of obtalnlng a shell energy i. to ule the .s.uaption behind Eq. 

(2.2) n •• ely that bending and aeabrane energy .. y be separated 1n the way 

(2. ") 

a. described in /7/ with the curvature expression. 

KX • v'xx 

, • 1 • t ""yy , 
" 

(2 . 11) 

'x, 
.1 v'x ... v'fa , 

Th. curvature. introduced in Eq,12.15) dltter by 

(2.18) 
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Coabini nv £q • . (2 . 16, 2. 11) vives the follovi nq fi rst var i .ti on of straLft enerqy: 

6U.h • 0 iI ([V'K. + v (;2" + W'yy )] 611, •• 

+ (l -v)( - ~ v 'x + 2 v'v.) 611,yX 

f2(1 - v)' (1 
r V' x 

II ([u. + v(v, + 1 II)] 6U
x A x y r 

I - v 
• --2-- (u fy + V' x "(6U,y + bV,x) 

1 
+ (V 'y + r II + y ·u,.) 6v' yl dA 

(2 . 19) 

Co.paring nov Eq • . (2.15, 2 . 19) shows that the two alternative tor.ulationa give 

aostlv identic.l energy tera • . The discrepancy is partly due to the fact that 

thick .hell effects are incorporated in Eq . (2 . 15 ) and partly caused by 

differences in geo.etrical coftsid&rationl Oft the deforaed shell . 

The present study will investivate how this difference also effect the buckling 
load as well a. the buckling .ade . 
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Specialization of £ql . (2 . 15 , 2. 19) .. y be perforaed tOt loc.lled iociteosiOQll 

~ bplyio9 

(2 . 20) 

or with .tr.in~di.pl.ce.ent relations incorporated 

U' x • au, • • 0 

+ 1 v • 6 + 1 Ow • 0 v' r r V'y r (2 . 21) 

and the two toraul.tiona give identical results. 

For the subsequent derlvations Eq.(2 . 15) i, taken al the ba.ic variational prin­

ciple . In the develop.ent of • co.puter prograa the lnterpolation fUDctions 

•• su.ed are .i.pLy 

u • A'col ~y ",in ~ y 

au • fA ·co. !! x' sin ! y 
L r 

.. n 
v • 8 " in r- "COl r Y 

6v • 68 · ,in !! X' COI ! y 
L r 

Iv • fC ' lio !! Y' lin ! y 
L r 

(2 . 22) 



s&tistying hinged supports with no tangent dilplace.ents at the ends 

w - w'xx - v ~ 0 for x • O,L (2 . 23) 

2. 3 IMPLEMENTATIOM OF SURROUNDING ELASTIC MEDIUM 

The proble. of a cylindrical Iklrt penetrating into the soil il illustrated in 

Figure 5. The buckling of the shell has to be checked taking lnto account the 

interaction with surrounding soil which also .. y be layered . The below deri­

vations are based upon the assu.ption that the soil behaves linearly elastic . 

Specifying an elastic soil relistance constant Esoil[MH/.'] for the lateral 

deflection of the shell the contribution to strain energy variation beco.es 

(2 . 2') 

where integration 1S taken over the shell surface and possibly over loil layers 

wlth different stiffnesses . The last .edification is easily incorporated in the 

prograa by predefining the thickness of each layer . 



J09 

3 . CESIGN FU1IIJU.S 

The tvo energy foraulationa presented in Section 2. 1 and 2.2, respectively, have 

been used 1n the develo~ent of design foraula! tor ring and stringer stiffened 

sheIla /1 . 1 A SUaa&ry of this work is given below . For a broader discussion of 

design foraula. and code application reference i. aade to /9,10/ . 

3. 1 INTERACTION FORMULA 

Based on Eqa . (2 . 2 - 2. 41 the co.binaticR of axial co.preslion, lateral preasure 

and torsion a.y be checked by the foraula 

where 

n • nL 
or 

In Eq . (J . 1) .x' .y and .Xy are nandi.ensional loading paraaeteII 

for axial stress, circuaferential stress and shear stress, respectively 

(3 . 1) 

(3 . 2) 

• • o( 1_v2 lIE (3 . 3) 

Further, ~. and 'R are geoaetric paraaeters related to stringer. and 
tlngs, respectively 

., . '2(1 -i)~ 
II lit' 

2.JL ' • • 12(1-v I 
Lt' 

(3 . 4) 
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and .s and aR are the area coeffisienta 

(3 . 5) 

Fro. the general expression (3 . 1) specialized capacity toraulas .. y be derived 

tor the three basic load cases . These foraulas are given below on the for. 

usuallv applied for plate bucklin; 

lEt 2 
f1 • Co -'-2.1

1 
,c-_!,;,)_ I~) 13.6) 

where the buckling coefficient Co depends on the loading . In the expression 

(3 .6) i.perfections are not included so that a knock-down factor Q should be 

applied 

13.7) 

The i.perfection sensitivity for a stiffened shell is different froa that of an 

unstittened shell. Thus, the stiffener qeoaetry and ,pacing has to be accounted 

for when defining o. 

3 . 2 AXIAL COMPRESSION 

The solution for axial co.pression is illustrated in Figure 6 where the buckling 

coefficient 

is plotted against the Batdorf's paraaeter Z. 

The general solution for Cox fro. Eqs . (2 . 2 - 2. 5) co.es out to be 

-, 
(1+al ) cox · Ys•

2 
+ YR :2 + 

(3 . 8) 

13 . 9) 

The buckling coefficient for lh2Lt cylinders is obtained for •• 1, n • 0, that 

is the axisyaaetric .ode . The result is (neglected the last tera in Eq.(3 . '» 
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1) . 10) 

Eq . (J . l0) indicates that the buckling coefficIent i. independent of Batdorf', 

para.eter only effected by the stringer propertIes . The buckling .tre •• l' like 

the tor.ula for & vide plate. 

For IQdcrately loog cylinders a • 1 is also .Bauaed . "inl.ilation with re.pect 
to n gives 

n • 2.42 

and 

4/3 

T •• 
In Figure 6 Eq . (J . 12) is shown by 

e& (2) • (ha,' Cox 

The curve for ex(1) represent. the exact alntau. of the general 

foraula (3.'1 for a • 1. 

For application of Eq . (J . l1 - 3.12) the Batdorf', par .. eter i. li.ited by 

2 
a . 55 ll.:.Ll, 

11+-1.'2 

3.3 EXTER"AL PRESSURE 

( 1+",., 
1.42 ---, 

(1+"'1 '2 

1) . 11) 

1).12) 

1) . 13) 

(3 . 14) 

The results for external prea.ure are presented in Figure 7. The lowest value of 

Coe alvay. i. associated with one half wave in the longitudinal direction, 

• • 1. 
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[Hn2]l '2 
+ + -,' -, . 

n 4. 
(3. '5) 

and the .1n1.u. of this torlula is denoted ce(l) in Fiqure 7. 

(3 . 16) 

The .oat interesting case is the one for ,gderotely 19n9 cylinders, siaplified 

into 

3 
4 /6 (1+"R>'i 

Coe - r.- (l+&R' 

with the buckling .ade 

n • 

, 
(6.2I,i , 
( alR)i 

r 
L 

Eq . (3 . 171 ia illustrated by ce (2) in Fiqure 7. 

The li,it.tioD of Batdorf's par •• cter tor applying Eq . (3 . 17) i, 

C 
(1) . 

8 1n 

(3 . '5). 

, 
[1+(1+'R"2 

9 
(1+'R,16 

Figure 7 gives the exact ainilul of the qeneral forlula 

l . 4 SHEAR ANO TORS[ON 

(3.17) 

(3. '8) 

(3 . '9) 

It i. essuled that the cylinder under sheal loading .. y satisfactorily be 

treated by the expressions for loading in tor'10n . The illustrations are given 

in Figure 8 where the solutions for Coxe are plotted directly as function 
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of the Batdorf', PAra.etcr, for ao4cr1t,lv 19Qq cylinder. the folloving solution 

appears IS reprelented by C (2) in Figure 8: xa 

5 3 
COX8 • 0 . 442 't(1+~R'i z 4 13 . 20) 

where .t . 1.937 ; 11 a correlatlon factor for errora in boundary conditions 

arls1ng fro. the • • au.ed detor .. tion aode in Eq . (2 .7) 

The •• sociated buckling .ode reads 

13 . 21) 

• • 1 

For large values of Z Eq.(3 . 201 has to be checked Ivainst the tor.ula for I lRDg 

cylinder 

0.])1 'd 
COd · 1 (h() , 563 

(1 _,,1 )4 

with 'd • O . 8~8, aee Figure 8 curve cxe () The curve for 

C (1) in Figure' i. the exact .iniaua for short and .aderately long xa 
cylinders for a • 1. 

13 . 22) 
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4. MlfEl/IeA/. SnJOIES 

In this chapter two ex •• ples on analysis of un.tittened shell. are given by the 

energy foraul.tins described in Chapter 2. The first case i. a aenaitivety study 

on the buckling ofaxieally loaded cylinders while the aecond cxaapic il1u­

,tratel the application on a real dClign proble • . 

4 . 1 BUCKLING UNDER AXIAL LOADING 

The folloving data are 9iven : 

Gegactry ; Length 

Radius 

Thickne .. 

Batdorf'. parautor 

MateriAl : Youngs aodulus 

PoilSon '. ratio 

L • 1000 .. 

I-200 .. 

t • 0 .5 - ' . 61 .. 

1_0. 95 _10' 0 .12 . 103 

E • 2 . 10 - 10S "Pa 

..... 0.3 

Coapariaon i. aade between three alterntive procedure •. Thele arc the energy 

expressions in Section 2. 1 and the retined theory in Section 2. 2 t09cther with 

e.pirie.l foraula 18/ . 

The value of the Batdorf's par •• etcr indicates that the cylinders exaained all 

are classitied as 10n9 cylinders, see Section 3. 2 tor the unstittened ca.e with 

'R-'.-O. 

rhe buckl~n9 coefficient a. function of the Batdorf'. paraaeter il shown in 

Fi9ure , tor the three alternative procedurel . It is seen that the two 

foraulations in section 2. 1 and 2.2 only differ by 5 percent aDd that a knock 

down tactor in the range 0.35 - 0.15 has to be i.ple.ented 10 al to reach the 

e.pirical deli9n curve. 

Fiqure 10 shows the nuaber at half waves in conqitudinal direction for the 

refined ener9Y toraulations toqether with the nuaber at half wave. accordinq to 



the a.lara-ettic .ade tor ahort cylinders. 

The dependency of the solution for critical load on the nuaber of LongitudinaL 

and circuMferential wavel i • .ore clearly depicted by the graphical plots 1ft 

Fivure 1" where value. of Batdorf's para.eter equal to 0.715 " 0' and 0.477 -104 

are considered . It 11 aeen that the solution ia highly sensitive with regard 

31S 

to the nu.ber of circuaterential waves n as opposed to the nUMber of longitu­

dinal halt waves • . As • conclusion tro. this figure the .ade in circu.ferential 

direction is the .olt i.portant to represent correctly . 

4.2 ANALYSIS OF CONCRETE PENETRATION S~IRT 

The present ex •• ple concerns the buckling analysis of the .oil penetratlon sklrt 

of • Condeep type of graVity platforM where the effect of the sur%ounding elas­

tic .ediu. is included . The effect fro. soil stiffness Esoil on buckling 

.ode aad corresponding buckling stress is studied . 

The real probleM is illustrated in Figure 2 while Figure 12 show. the aodelling . 

The shell data ate: 

Gegletry: Length 

Average radius 

Wall thickness 

Batdorf ' s para.eter 

L • 22 • 

r • 13 . 8 • 

t • 0 . 4 I 

Z • 84 

Mlterial : Young. aodulus concrete • 2.0 · 10' MPa 

Poisson ' , ratio concrete • 0 . 2 

Lateral stiffness soil • 0 .0 - 100 "",.l 
The loading consists of axial co.presaion together vith external %adial pres­

sure . The external preaaure is applied as an axisyaaetric pressure plus a 

varying contribution according to the deforaation .ode . 

Figure 13 shows the dependency of axial buckling coefficient on lateral aoil 

stiffness ratio . The stiffne •• ratio is taten a. Esoil relative to MeMbrane 

rlng stiffness of the .hell. A clear indication is given on the stiffening 
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effect fro. the .oil. 

The saa. figure also .bowl the variation in buckling .ade a. fUDction of .o~l 

.tiffne •• ratio . It is seen that the nuaber of half waves in longitudinal 

direction a decrea.es rapidly fro. l for zero .oil .tiffne •• down to 1, while 

the nu.bet of circuaferential waves increase. fro. initial 5 up to 7 at the 

highest soil .tiffne •• . 

5. COHCtUSICIIS 

Alternative energy expressions have been presented for the buckling analysis of 

stiffened Ihell • . The foraulations differ by the strain energy function. for the 

shell wall . 

Design for.ulas for buckllng under axial load. external pre,.ure and ahear have 

been derived . The effect of • ,u[[ounding ela.tic aediua hal allo been included 

on energy fon . 

The conclusions fro. the Du.erical studies on unstittened shells are that the 

li.plified energy exprealion. give reaults that liea 5 percent on the 

nonconaervative side . Further I the exa.ples de.onltrate that an attractive 

alternative to the use ot explicit delign for.ulas ia to develop .i.ple co.puter 

progra •• by which sensitivity studies .ay ealily be carried out . Such progra.s 

viII al.o be useful for estiaating the .ost critical bucklin; -odes before a 

detailed finite ele.ent .odel for nonlinear analysis is for.ed. In .any cases 

the finite ele.ent .odel .. y be reduced by introducing boundary conditions that 

satisfY the critical .ode of buckling . 

The nu.erical exa.plea alia deaonstrate that the nuaber of circu.terential 

waves lS the aost i.portant .ode para.eter to .odel correctly. 

The vork in Norvay vill continue into the developaent of coaputer codes for 

calculating stresles and &aplitudes of deforaation . This is necessary for 

obtaining a full delign package . 
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The theme of this PUei Seuioa -Stability of Circular Stiffend Shells - From Research 
to Practice· is certainly of interest to ADS both on the research end and the practice 
side. The majority of our classification and certification work il concerned with new 
and existin. structures that arc in service or soon will be. However, new research 
results must be reviewed and incorporated into Our exiuin, standards to prevent them 
from becomin, dated . rrobably the best way to brin, research results into practice is 
to incorporate them into accepted standards. The two other speakers on thc pro,ram 
spoke of matters havilll to do with Tension lei Platforms. I would like to .. ay with 
that subject. I wish I could rattle orr the lIames of a several TLPs that ADS has 
classed or certified ud recoullt our service u:perience with them. I am unable to do 
that since there is ollly olle TLP ill service - the COIIOCO Hutton Platform in the UK 
Sector of the North Sca and ADS was Dot involved with its certification. 

Howe\'er, Conoeo is procecdinl with its second TLP which will be inualled iD Green 
Cuyon Block 114 in the Gulf of Mexico iD 1760 ft. of water The proposed 
inSllllllion date is mid-19'9. ASS will be involved with the review ud verification 
of the structural desi,n of this TLP. 

I would like to focus on ADS' effort to prepare itself to offer meaninlful certification 
services to the operat : rs of the future TLPs since it involve. research and a 
considerable effott 10 prepare TLP standards. 

I believe il will be helpful to provide a bit of history about ADS and its .tandard 
makinl function 

ABS was formed in 1162 due primarily to the efforlS of the insurance industry. (This 
is our 125th year of operation) ADS' initial function was 10 cerlify ship captains lind 
the company was orilinally called the American ShipmaUers Association . Thc 
insuruce companies e..,identally reasoned that havin, I qUllified ship captlin went a 
lon, way towards asturinl a safe voyale. 

Over the yean Ihe work of ASS moved Iway from evaluatin, personnel and 
concentrated on the ships themselves. 

TodlY the mljor Classification Societies of the world produce standards - called Rules 
- which contain requircment for the structure. machincry plant. materials, electrical 
systems, pipin, systems. fire detectioG and fire (ilhtinS systems, etc .. III of which 
have to do with the sare operation o( the vessel 

Most Clau Societies illitially were concerned uclusively with the .hips however, mOst 
have utended their eerlification activities to include offshore instillations such as 
MODUs, fi.ed and floa .in, production platforms, sinlle point moorinls and undersea 
pipelines. The Societiel have produced Rules or Guidcs Ipplicable to Ihese kinds of 
installations. 



326 Now back to the TLP. The TLP is a relatively Dew concept that orrers economic 
adnntages over conventional jack.et structures (or deep water production applications. 
By deep water I mean over about 1500 feet water depth. 

1 would like to recount some of ADS' efforts in research and standards preparation 
applicable to Tension Leg Platforms. 

The TLP looks similar to a semi-submersible MODU hlVinl corner columns and lower 
pontoons, however there are significant differences. The TLP is not floating at her 
natural waterline - she is held deeper in the water by the tension tels on tendons. The 
tendons arc anchored to a fouodation template which in turn is attached to the seabed 
usually by means of piles. 

The corner columns of the TLP are circular stiffened shells of large diameter 
subjected to combined loading i.e. external water pressure, compression due to deck 
loads and tension or compression from tendon reactions. depending on the loeation of 
the tendon attachment points. 

The structural desilner is faced with difficulties and uncertainties when he starts to 
design this type of structure. For RI c ratios Ireater than 150 there is very little test 
data on the bucklinl strenlth of such structures particularly under combined loading. 
and with an ortholonal stiffenina system. The actual structures will be built with 
residual stresses and fabrication imperfections. All of these factors should be: 
considered in the desian to the maximum extent practical. 

The Conoeo Hutton TLP has corner columns of .sa ft . diameter and these arc ring 
stirrened. At the conclusion of their design effort on the Hutton TLP. Conoeo 
realized that there was potential for more efficient des ian of this type of stirrened 
cylindrical structure if applicable test data were available and a reliability based 
desiln standard could be developed and used. The belief was that nfe structures 
could be desilned with considerable weiaht sninls when compared to whit could then 
be done. 

Conoeo approached ADS is late 1981 to solicit support for a Joint Industry sponsored 
Stiffened Cylinder Test Program that would utilize configurations and loadings that 
would yield test data applicable to TLP structures. 

This prOlram belao in 1981 with the following partIcIpants: Conoeo. Mitsubishi 
Heavy Industries. United Kingdom Department of Energy. Standard Oil Company of 
Camornia and ADS as Administrator. 

Teslinl was done at the University of GIISIOW under Prof. 001.11 
Faulkoer and at CDI under direction of C. Miller. 

Phase t was completed in 1984. 

Phase II testinl was done at CDI and is just now complete - Phase II 
Participants - all Phase I. Shell Development Co. FLUOR. and U.s. Coast 
Guard . 

Under the Phase 1 Prolram CDI tested 4 riog stiffened and .... orcholonally stiffened 
cylinders. University of GIISIOW tested II rinl stiffened cylinders. This Phase I test 
prOlram has been reported upon in the followinl papers: 



C.s. Miller, P.A. Frieze, R.A. Zimmer, H.Y. Jan - -Collapse Tesls or Fabricated 
Slirrued Steel C"Uoder ... der Co_bind Loads· - ASME, 4th National 
Conference on Pressure Vessels Ii. Piping Technology, PorUand, Oregon, June 
1913 

Y.N. Cben, R.A. Zimmer, J.G. de Oliveira, H.Y. Jan - -Butkllo. ud UIUmaie 
Siruith or SUtrned C"lIoders: Model [xpnlmuts •• d Sirultb Form.laUons· 
• OTe 485). 1911 

When Conaco first approached ASS to solicit support for the cylinder test proaram, 
they also proposed a second related project to develop a reliability based limit state 
desian standard for the main structural components of the TLP. This project got 
under way in early 1982 and a TLP Rules Case Committee (RCC) was formed to 
develop this standard. The Committee met 13 times· about once a month· and had its 
final meetina in March 1983. The results of this RCC work is a Model Code for 
Structural Design of TLP and is dated 1984. 

The RCC had the followina members: 

Prof. D. Faulkner - University of Glasgow . Chairman 
R. Van Hooft - Conoco 
W. Schott -
C. Miller - CBI 
P. Wirsching - University of Arizona 
Y.N. Chen - ADS 
H.Y. Jan - ABS - Secretary 

Two other visitors who represented organizations who supported the BUCkling Test 
Proaram should be mentioned since they made important contributions to the work: 

Gerry Burns - Standard Oil Company of California 
Vic Davey - U.K. Department of Energy 

There is not time for me to so into detail about the Model Code, however, the RCC 
did include 4 recommendations that say quite a bit about the Code and point out areas 
where more work is needed. t would like to ao over these recommendations: 

1) The strength formulations for cylindrical structures were derived on the basis 
of test data available 10 the Committee, at the time. They may need furl her 
development when all the test results (Phase I &. II) are compiled and 
interpreted . The effect of residual stresses should be examined and accounted 
for in the strength formulations. 

2) In the Model Code the Tarset Safety Inde,;'" was Jentativel y selected as 3.72, 
corresponding to a probability of failure of 10- . The Committee felt that a 
~ of 3.72 was on the conservative side. If direct design procedures using 
appropriate level II algorithms could be used in place of code-specified PSF's a 
lower target safety inde,; is possible. 

Model uncertainties and economic considerations should be further studied as 
to their implications on the p selection process. 

3) The interim loading model in the Model Code considers that the design level s 
of wave, wind and current act on the structure in the same directions and their 
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328 load componcl'lU can be. directly superimposed to dctcrmioc extreme load 
effecls. 

This direct superposition is done only for convenience. The Model Code could 
directly account for the situation of dirrcrent directions if known and if 
required. For TLP type structures. the maximum extreme environmental 
effects such as 100 year storm wave may not produce maximum loadings in a 
structural component. Model Code accounts for this 100 . 

• ) The main objective of the RCC was to take the development of • reliability­
based design standard to the stage where its validity could be demonstrated so 
that further development could be carried OUI. The Commitlec had focused its 
effort on only one limit statc, namely. ultimate strength of cylindrical 
structures under extreme loading. Further work may be required before the 
suggested strengtb formulations can be finalized. Other design limit states 
relating to serviceability during operation and installation have yet to be 
considered. Thus the recommended Design Code, while it may serve 15 the 
basis for a reliability-based design standard cannot be utilized as a complete 
design tool at this time. 

ABS is currently working on its own Rules for TLP's. Our plan is to produce a 
standard built around the working stress format but to also include a reliability based 
alternative which will build upon the framework of the Model Code. 

Our work at ABS has been hampered by lack of continuous sustained effort applied to 
developing this Code. The downturn in the price of oil and cutbacks in deepwater 
exploration had raised questions in our minds as to when the next TLP will be 
installed. However, we did make a commitment to complete the TLP Rules and have 
again taken up the task. We plan to have a version far enough along to submit to our 
Committee by end of 1987. 

The largest effort made to prepare a design standard for TLP's that I know of was 
that undertaken by the United Stales offshore oil industry and administered by API. 
This effort has produced API RP-2T plus two supplementary Bulletins Le.: 

Bulletin 2U • ·Stability Design of Cylindrical Shells· 
Bulletin 2V . ·Design of Flat Plate Structures· 

These three documents arc to be published this year and will be available by mid·year. 

The buckling formulations in the three standards I mentioned: Model Code, ADS Rules 
which are in preparation and API·Rp·2T and Bulletin 2U, all reflect the work done in 
the ADS administered Joint Industry sponsored Test Prosram plus the considerable 
experience and expertise of some very Sood people from industry and academia. 

We are looking forward to reviewing the structural desisn of the new Conoco TLP. 
Conoco provided the impetus to establish the Joint Industry Test prosram, and the 
RCC that produced the Model Code. Their people were very active in the API·Rp·2T 
effort. We hope the test prosram results and the standard making erfort has helped 
with their TLP design . 



Introduction 

DEVELOPMENT OF API BULLETIN 2U 
FOR STABILITY DESICN OF CYLINDRICAL SHELLS 

by 

R.K. Kinra, Staff Civil Engineer 
Shell 011 Co.pany. Hou8ton, Tex •• 

C.D . HIller, Director of Structural Re.earch 
CBI Reaearch Corp ., PlainfIeld, IllInois 

Thi. paper brlefly dileua.ea the background and developaent of • guLde 
for the atability deaign of cylindrical ahell. for off.hore atructurea, 
API Bulletin 2U (Reference 1). The firat edition of the guLde will be 
publlahed in Hay 1987 by the ~rlc.n Petrole~ In.titute (API). Work 
on the suLde wa. atarted approxLaately four yeara 8S0 by the API Ta.k 
Croup on Tension Leg Platfor- Structural DeaLgn . rhi, task group v •• 
one of nine taak group. for.ed in 1982 by the newly foraed API 
Subco .. ittee 2T, which was cha~ged by the API Standa~diEation Co .. ittee 
on Offaho~e Structure. (Co .. ittee 2) with the developaent of a 
Reco.-ended P~actice for the Design of Tension Leg Platfor-s (TLP~a). 
The diligent efforta of the nine task groupa cul.inated in Harch 1987 in 
the publication of the firat edition of API RP 2T, Reco.-ended Practice 
for Planning, ne.igning and Constructing Tenaion Leg PI.tfor.a 
(Reference 2). Bulletin 2U was developed by the Taak Croup on TLP 
Structu~al Deaign as a aupplement to the chapter on TLP Structu~al 

Deaign in API RP 2T. A companion document , API Bulletin 2V (Reference 
3) , wa. also developed to p~ovide guidance fo~ the deaign of flat plste 
atructu~e • • 

The develop.ent of Bulletin 2U was unde~taken for aeve~al .ajor reaaon • • 
The col u.n. and pontoona of tenaion leg platfor. hull at~uctu~e. , auch 
aa depicted in Pigu~e I, often include very large diaaete~ 

orthogonally-atiffened ahells . De,ign guidance fo~ .uch la~le dia.eter 
o~tholonally-atiffened ahella under co.bined loading ia cur~.ntly not 
available in any United States code of practice. The API Recoamended 
Practice for Fixed Offaho~e Structu~es, API RP 2A (Refe~ence 4) only 
cove~. low Dl t unatiffened and ring stiffened cylindera . The broader 
acope ASHE Code eaae N-284 (Reference 5) iaaued in 1980 ha. not yet been 
fo~ .. lly adopted snd ha. not been updated to include the reaulta of 
extenaive new fab~icated cylinder teat data that have becoae available 
aince 1979. Bulletin 2U ia intended to fill thia gap in deaign guidance 
for large dia .. te~ orthogonally-atiffened ahella. 
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Scope of Bulletin 2U 

Bulletin 2U covera .11 the cylinder geo~trle., buckling .odes and 
loading conditions pertinent for offshore structure.. Th. cylinder 
geo.etrie. and buckling .odes included are illustrated Ln Figure 2. The 
loads and load co.binationa covered in the bulletin include: 

Axial coapt.aaLon 
BendIng 
Radial or hydrostatLc external pre.aure 
Axial compreaslon, bending and hoop coapre.aLon 
Axial tenaion, bending and hoop compre.alon. 

SUi-empLrical DealS" A.pproach 

The design approach adopted in Bulletin 2U 1a aeal-empirical . The a.ae 
b.aic approach I, used for all the different bucklIng aodea. For a 
given buckling .ode, the elastic buckling atre •• 1. coaputed troa: 

where ueL - the theoretical ela.tic buckling .tc~ •• , .nd 

B • a reduction factor. 

The reduction factor, a , is an e~pirical factor which accounts for the 
effect of geometric imperfections, boundary conditions, etc. If the 
elastic buckling stress, FeL' is above the proportional limit of the 
material, the effects of inelasticity must be considered. This is done 
by applying a plasticity reduction factor: 

where ~. the plaaticity reduction factor. 

The pl.aticity reduction factors in Bulletin 2U are empirical factors 
deter.ined on the basis of ava~lable teat data . Por a given cylinder, 
the failure -ode and corresponding buckling .tre.. a re deter-ined by 
evaluating the lowest buckling at rea. a.ong all the poaaible buckling 
.ode. for the cylinder. 

!!l Featurea of Bulletin 2U 

So-. key features of Bulletin 2U are discuaaed below: 



1. Vorkina .tre •• d •• ign approach - Bulletin 2U I, baaed on , work!na 
.tre •• delilD approaeh. The IVlilable telt data at. used to develop 
•• piriesl lover-bound buckling curve. . The allowable .tr..... are 
obtained by divIdIng the bucklIng atte •••• by •• fety flctorl cholen 
to refleet the lover-bound nature of the bucklIn, .tte •••• • 

2. Reco..ended •• fety factora - In order to account for the Ir.ater 
sensitivity to leo.'tric i.perfectionl of cylinders which buckl, in 
the el •• tic range , • variable factor of •• fety equal to 1.67. for 
noraal d'llgn condition. I, r,co .. ended. The partial .,fety factor 
• depend, on the buckling .tre •• • The reco.-ended value of • t, 1.2 
when the buckling .tre •• i, ,l,.tic and 1. 0 when the bucklIng .t~e •• 
equal. the yield .t~e... A linea~ v.~i.tion t. ~eco .. e nd.d between 
th •• e liait.. 'o~ ext~eae loading condition. , wh.r. a one-third 
inc~ea.e in allowable .tre.ae. i. appropriate. a facto~ of .afety 
equal to 1.25. i. ~.coa-ended. 

l. Hode .epa~ation - Th. buckling .tre •• equation. in Bull.tin 2U we~e 

developed on the baai. of no interaction between the buckling .ode • • 
The buckling .t~e •• e. for local .hell buckling. hovev.~. ..y be 
reduc.d if the predicted buckling .tre •• for .ither bay in.tability 
o~ leneral in.tability 1. approxi .. tely equal to the predicted local 
buckling .t~e.. . Siailarly. if the predicted lener.l in.tability 
.tr ••• 1. 'pproai .. t.ly equ.l to the bay in.tability .tr.... the 
.ctu.l buckling .tr... for eithe~ of the •• .ode ... y be 1 ••• than 
predict.d. 

Hode int.~.ction c.n be avoided by applying • factor 8 to the 
.t~ain. co~re.ponding to the buckling .tre..... It i. de.ir.ble to 
provide • hie~.rchy fo~ f.ilure with gener.l in.tability preceded by 
bay in.tability and bay in. t ability p~eceded by loc.l .hell 
buckling , becau.e local .hell buckling i. generally auch Ie •• 
cata.trophic than bay or 8ene~al inatability . A a1ntaua factor of 
1. 2 i. ~eco.aended for 8 for both the ba, .nd general in.tabtltt, 
.ode. . The de.igner a.y el.ct to chao ••• high.r 8 v.lue fo~ the 
general tn.t.bility .ode. 

4. Co ... ntary - A det.iled co..ent.ry ia provided tn the bulletin, 
de.cribing the background of the reco ... nded buckling .t~e •• 
equ.tion. and .hoving coapari.on. of the equation. with all the 
available f.brieated cylinder te.t d.t •• 

Su...ry ~ "bricated Cylinder Teat. 

Table 1 .~~ize. all the bucklin, te.t. c.rri.d out in the United 
Stat.. on fabricated .teel cylinder. th.t are found In the publi.hed 
literature. T.at. on .. nufactu red .teel cylinder. and c,lindera .. de of 
othe~ .. teri.l •• uch •• aluainwa and .ylar a r a not included, becau •• it 
i. felt that the.e .. y not provide re.li.tic i.pe~fection ~eductlon 
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faetora and plaatieity reduetion faetora for fabricated eylindera auch 
aa are uaed in offahore platforaa, due to dlfferencea in geoaetric 
i.perfectiona and realdual atreaaea. Table 1 liata 176 teata on 
unstiffened cylinders, 249 teata on ring atiffened cylindera, 28 teata 
on atrlnler atiffened eylindera and 51 teata on ring and at ringer 
atiffened cylinders. The leoaetry of the cylindera, the .. terial yield 
atrength and the loadinl conditiona are deacribed in the table. 

Result. fro. the teat. liated in Table 1 have been uaed to develop the 
empirical reduction factora and plasticity reduction factora recommended 
in Bulletin 2U. The table ahovs that a long 40 year hiatus folloved the 
early teata on unatiffened cylinders under axial eoapression conducted 
in the 1930's at the University of Illinois. In the .id-aeventies, the 
oil Induatry realized the i.portance of fabricated cylinder teats and 
began a aerlea of test. starting with tests on cylinders under axial 
coapreaaion at Lehigh University. Thi. va. followed by .. ny te.t 
prosra.a funded by the Amerlcan Petroleu. Institute and joint industry 
cooperative efforts. Hany of the test prosraas have been conducted at 
Southvest Research Institute and CBI Researeh Corporation, which have 
excellent test faellities for hydroatatie pressure loadlng. 

figur •• 3, 4 and 5 fro. Bulletin 2U have been aelected to illu.trate the 
type of calibration. carried out between available test results and the 
aeai-e.pirieal buekllng atress equations reco .. ended in Bulletin 2U. 
Pisure. 3 and 4 ahow the results for elaatic and inelastie local 
buekling of unstitfened cylinders under axial co.preasion . Figure 5 
ahows the calibration for loeal ahell buckling at atrin,er atiffened 
cylinders under axial load. The Bulletin 2U Co..entary contains .. ny 
siatlar fi,urea, which cover the other cylinder geoaetriea and bucklin, 
aode, Included in Bulletin 2U. 

Verification of Bulletin 2U 

Late in 1985 the Taak Group on TLP Structural Deaign decided that it waa 
neceaaary to carry out an independent evaluation and verification of 
Bulletin 2U before it va, sub.itted for approval to the TLP 
Subeo .. ittee. A joint induatry project aupported by ten eo.p,nies was 
organized and ad.iniatered by Earl and Wright Conaultin, Engineers. The 
verificatLon work, docuaented in Reference 6, waa carried out by Earl 
and Wrilht, CBI Reaearch and J . P. Kenny. The intenaive verification 
effort resulted in aoae i.portant auggeations for ehangea in Bulletin 
2U, which have already been lapleaeneed. 

A .. jor part of the effort carried out by J.P. Kenny vaa to coapare the 
Bulletin 2U for.ulationa with the atrength forau1ationa reco .. ended by 
European codea and with the reaults of fabricated cylinder teata carried 
out in Europe. In general, the Bulletin 2U foraulationa were found to 
coapare favorably vith teat reaults and foraulationa froa other code •• 
For eXlapl., Figure 6 .how. a coapariaon of t.at reaulta for loeal 
bucklin, of ring atiffened cylindera under axial co.pre.aion vith the 
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buckliftl foraulationa ceco.mended by Bulletin 2U, ASH! Code Ca •• N-284, 
the DNV-oS Rule. (Reference 1) and the lCeS Reco ... ndation. (Refecenc. 
8). The fi8uce ahow. that Bulletin 2U co.p.cea favoc.bly with the oth.r 
.vailable code., providing a ceaaon.ble lower bound to the teat reaulta 
.nd alightly lea. acatter of the te.t ceaulta than the other code 
foc~l.tiona. Refecence 6 contain a .. ny aimilar co.pariaona for other 
cylinder 8eo.etriea and loading condition •• 

Conclu.ion. and Reco • .endationa 

The c.l •••• of the firat edition of API 
i.portant .ll •• ton. in the developaent of 
cylindric.l ahella. Much wock, however, 
futuc.. So .. reeo-aendatlona for further 

Bulletin 2U 
deai8n 8uidanc. 
ceuin. to be 
re.earch follow: 

repreaenta an 
for fabric.ted 
done in the 

I. Reli.bility-ba.ed de.i8n approach - A. diacu.aed , Bulletin 2U i. 
b.aed on a workins atceaa deai8n approach uain, e.,entl,lly lover 
bound foc~l.tlon.. Further work with the exi.ting te.t d.t •• hould 
focu. on co.prehenaive .t.t1atlc.l .n.ly.i. of the t •• t data lead in, 
to a reliability-b •• ed deaign .ppro.ch .nd -are con.i.tent •• fety 
f.ctor level •• 

2. Additional -adel te.ta - In.pite of the hundred. of .odel teata on 
f.bclc.ted cylindera liated 1n T.ble I, it ia obvious that the d.t. 
bale il f.r frOM COMplete. For exaaple, the nUMber of teatl on 
atrin,er .tiffened .nd ring .nd atringer atiffened cylindec. ia 
woefully in.dequate . Addition.l te.t •• re r.quir.d to fill in g'P' 
in the d.ta baae .nd i.prove the bucklin8 for.ul.tlona reco..ended 
in Bulletin 2U. 

3. An.lytical c.libretion of teat reault. - There i.. gre.t need to 
develop efficient finite ele .. nt .ethod. which c.n con.ider the 
effect of .... ured i.pecfection. on buckling lo.d. . Si8nlfic.nt 
progre.. in thia regard ia being .. de in Eucope , p.rticul.rly .t 
Iaperial College In London. Earlier effort. were atyaled by the 
prohibitive expenae of .ccurate analyae. with .v.il.ble finite 
element .n.lyai. pcogr... . Recent progre.e In developing i.proved 
finite el ... nt aethoda .nd coaputer pr08raae offer. ei8nific.nt 
proaiae for the future. Succeaaful c.llbr.tion of .n.lytic.l and 
-adel t.at reault. viII pave the w.y for future reliance on 
.nalytical .. thod. rather than expen.ive -adel te.t •• 

4. Review of Bulletin 2U - Periodic review .nd upd.tin8 of Bulletin 2U 
~at be undert.ken in order to uintain it#. at.te-of-the-.rt 
etatu.. Proble. are.a encountered .nd reported by bulletin uaere 
-u.t be inveati,.ted and neceaaary change. i.pleaented 
.xpeditioualy. Feedback fro. the ueer COMMunity viiI play an 
i.port.nt role in the future evolution of Bulletin 2U. 
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TULE 1 - SlHWlt OF IUClC.L lHC nsTS lit STEEL Ct LlHDr.kS 

Oat. ••• Ceo_try ., Loads 
T •• tl 

1/, L/l (b1) 

LttSnf"~EU 

19)3 21 1l9-990 1.0-24.7 25-t.6 Axhl eo.pr •• don 
U)7 18 )5-98 14.8-60 ) 1-40 Axia l Co_pre •• lon 
1917 I. 42-124 2.6-5.8 SO ,94 Axial eo.pre.,lon 
1918 lJ 2),)' 4.3-59 3. AIl!"l eo.pre •• 1on 
19eo , 38-11l 4.0-5.1 ]5-52 lui till Co~rus1on 
1981 2 lS. 0.58 37 ,47 Axhl eo.pr ... lon 
1981 lJ ... 2 •• JO Ax l'l Co~n .. lon 

(with end without 
openlnAI) 

1982 1 24 
" 

36,50 Axial T,n,lon , 
External Pre •• url 

198) 16 9-48 24-48 36 , 50 aendin, 
1911 , lU,2ZZ 2.0-2 •• U,55 Adlll Colllpru,lon 

!endlnl 
1985 66 16-'0 6 35-'3 ~h,\ Co.prt:ss\on 

Bending , & 
Externa 1 Pressurt: 
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TAIL! 1 - SlI1HAI.t or aucU.lHC nsTS at STEEL CILlHDE.RS (c:ontlnwtdl 

D.te No . Ceo_try . , Load • 
T •• t. 

lit L/l ("I) 

RLNC STlFfEtIED 

1976 " 2S0-S00 0.05-1.24 29-79 Axi.l CoMprl.,lon 
1978 32 500 0 . 09-1.08 '0 Axhl Co.pre .. ton 

, F.xtern.1 Pre'lure 
1981 20 16-64 1-' 36,W f.ltternn I "re."fUf(' 
1981 3 128,2lJ 0.2,1.0 " Axh' eo"pre""ton 
1981 • lSD,250 0.:)) ,1.0 36-47 Axtal Co.preilion 
1982 8 312 0.8-3 . 4 SO , 80 Axbl Co"preuton 
1982 6 4>. 0 .1 8 30 Ecc:eulrlc Mlal 

eo"preilion 
1982 35 17-48 3-6 36,50 AxIAl Ten.lon " 

F.xtern.l Pre'.url 
1983 22 ISO.300 0.1-0 . 4 50 Axi.l CoMpre •• lon 

" tAtern.1 Pr.uure 
198) 2 228 0.38 50 Eltterna I PU:',"r(l 
198) 33 23-47 1.7-).5 37-52 Axhl eollpr ... lon 

" Elttarn,l Pu"ure 
198) 3<) 23-47 1.7-).5 36,50 Axial eo_preulOfl 

& Ex lernllt Pr ... ure 
198) 5 267 0.15 50\ A.,tlll r.oMl'n',ulnll 

" ulerl1nl I'n:.'ture 
1986 4 300 0.2 47 Axial Compressfon 

& External Pr~ssure 

StRINCER STIFFENED 

1981 6 1'10 0.41 ,1.125 '0 Ax I,,1 CONllrt',"lun 
f.culltrle AIIlal 
ColIPr ... lon 

1981 I' 200-360 0 . 40-1.56 41-49 Axial Co_pre •• lon 
1981 2 95,272 1.)3,1.56 )).44 Axial eo.pr ... lon 
198) 12 190 0.4-1.2 ., A.tAI C0M9r~'llon 

, FJilternal Pr'''"ure 

l!HC ~D STl.lHCEIl St1FF~!D 

1981 1 196 1.11 36 Axhl Co.p r ... Ion 
1983 ,. 190-'00 0. 2-1.0 '0.80 Axhl COlllpre .. lon 

, utern.l Pre •• ure 

1986 5 31lO-500 0.8-1.0 54-57 Axil 1 C~ress1on 
& Externa Pressure 

I 300 0.1 52 External Pressure 
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FIGURE 1. EXAMPLE TENSION LEG PLATFORM 
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