


Selected Title s i n Thi s Serie s 

16 Victo r P . Snaith , Editor , Algebrai c K-Theory , 199 7 

15 Stephe n P . Braham , Jac k D . Gegenberg , an d Rober t J . McKellar , Editors , Sixt h 

Canadian conferenc e o n genera l relativit y an d relativisti c astrophysics , 199 7 

14 Moura d E . H . Ismail , Davi d R . Masson , an d Miza n Rahman , Editors , Specia l 

functions, g-serie s an d relate d topics , 199 7 

13 Pete r A . Fillmor e an d Jame s A . Mingo , Editors , Operato r algebra s an d thei r 

applications, 199 7 

12 Dan-Virgi l Voiculescu , Editor , Fre e probabilit y theory , 199 7 

11 Collee n D . Cutle r an d Danie l T . Kaplan , Editors , Nonlinea r dynamic s an d tim e 

series: Buildin g a  bridg e betwee n th e natura l an d statistica l sciences , 199 7 
10 Jerrol d E . Marsden , Georg e W . Patrick , an d Wil l ia m F . Shadwick , Editors , 

Integration algorithm s an d classica l mechanics , 199 6 
9 W . H . Kl iemann , W . F . Langford , an d N . S . Namachchivaya , Editors , Nonlinea r 

dynamics an d stochasti c mechanics , 199 6 

8 Larr y M . Bate s an d Davi d L . Rod , Editors , Conservativ e system s an d quantu m 

chaos, 199 6 

7 Wil l ia m F . Shadwick , Perinkula m Sambamurth y Krishnaprasad , an d Tudo r 

Stefan Rat iu , Editors , Mechanic s day , 199 6 

6 Ann a T . Lawnicza k an d Raymon d Kapral , Editors , Patter n formatio n an d lattic e 

gas automata , 199 6 

5 Joh n Chadam , Marti n Golubitsky , Wil l ia m Langford , an d Bria n Wet ton , 

Editors, Patter n formation : Symmetr y method s an d applications , 199 6 

4 Wil l ia m F . Langfor d an d Wayn e Nagata , Editors , Norma l form s an d homoclini c 

chaos, 199 5 

3 Anthon y Bloch , Editor , Hamiltonia n an d gradien t flows , algorithm s an d control , 199 4 

2 K . A . Morris , Editor , Contro l o f flexible  structures , 199 3 
1 Michae l J . Enos , Editor , Dynamic s an d contro l o f mechanica l systems : Th e fallin g ca t 

and relate d problems , 199 3 



This page intentionally left blank



FIELDS INSTITUT E 

COMMUNICATIONS 

T H E FIELD S INSTITUT E FO R RESEARC H I N MATHEMATICA L SCIENCE S 

Algebraic K-Theor y 
Victor P . Snait h 

Editor 

American Mathematica l Societ y 
Providence, Rhode Islan d 

http://dx.doi.org/10.1090/fic/016



The Field s Institut e 
for Researc h i n Mathematica l Science s 

T h e Field s Ins t i tu t e i s name d i n honou r o f th e Canad ia n ma themat i c i a n Joh n Charle s 
Fields (1863-1932) . Field s wa s a  visionar y wh o receive d man y honour s fo r hi s scientifi c 
work, includin g electio n t o t h e Roya l Societ y o f C a n a d a i n 190 9 an d t o th e Roya l Societ y o f 
London i n 1913 . Amon g othe r accomplishment s i n t h e servic e o f t h e internat iona l ma t h -
emat ics community , Field s wa s responsibl e fo r establishin g th e world' s mos t prestigiou s 
prize fo r ma themat i c s research—th e Field s Medal . 

T h e Field s Ins t i tu t e fo r Researc h i n Mathemat ica l Science s i s suppor te d b y grant s fro m 
the Ontar i o Ministr y o f Educa t io n an d Trainin g an d th e Na tu ra l Science s an d Engineerin g 
Research Counci l o f Canada . T h e Ins t i tu t e i s sponsore d b y McMaste r University , t h e 
University o f Toronto , t h e Universit y o f Water loo , an d Yor k Universit y an d ha s affiliate d 
universities i n Ontar i o an d acros s Canada . 

1991 Mathematics  Subject  Classification.  P r i m a r y 19-06 . 

Library o f Congres s Cataloging-in-Publicatio n D a t a 

Algebraic K-Theor y /  Victo r P . Snaith , editor . 
p. cm . —  (Field s Institut e Communications , ISS N 1069-526 5 ;  v. 16 ) 

Papers fro m th e Secon d Grea t Lake s Conferenc e o n Algebrai c K-Theory , hel d Mar . 199 6 a t th e 
Fields Institut e fo r Researc h i n Mathematica l Science s i n memor y o f Rober t Wayn e Thomason . 

Includes bibliographica l references . 
ISBN 0-8218-0818- 4 (alk . paper ) 
1. K-theory—Congresses . 2 . Geometry , Algebraic—Congresses . 3 . Topology—Congresses . 

I. Snaith , V . P . (Victo r Percy) , 1944 - .  II . Thomason , Rober t Wayne , 1952-1995 . III . Grea t 
Lakes Conferenc e o n Algebrai c K-Theor y (2n d :  199 6 :  Field s Institut e fo r Researc h i n Mathe -
matical Sciences ) IV . Series . 
QA612.33.A384 199 7 
512/.55—dc21 97-2024 3 

CIP 

Copying an d reprinting . Materia l i n this boo k ma y be reproduced b y any means for educationa l 
and scientifi c purpose s withou t fe e o r permissio n wit h th e exceptio n o f reproductio n b y service s 
that collec t fee s fo r deliver y o f documents an d provide d tha t th e customar y acknowledgmen t o f th e 
source i s given. Thi s consen t doe s no t exten d t o othe r kind s o f copying fo r genera l distribution , fo r 
advertising o r promotiona l purposes , o r fo r resale . Request s fo r permissio n fo r commercia l us e o f 
material shoul d b e addresse d t o th e Assistan t t o th e Publisher , America n Mathematica l Society , 
P. O. Bo x 6248 , Providence , Rhod e Islan d 02940-6248 . Request s ca n als o b e mad e b y e-mai l t o 
reprint-permissionOams.org. 

Excluded fro m thes e provision s i s materia l i n article s fo r whic h th e autho r hold s copyright . I n 
such cases , request s fo r permissio n t o us e o r reprin t shoul d b e addresse d directl y t o th e author(s) . 
(Copyright ownershi p i s indicate d i n th e notic e i n th e lowe r right-han d corne r o f th e first  pag e o f 
each article. ) 

© 199 7 b y th e America n Mathematica l Society . Al l right s reserved . 
The America n Mathematica l Societ y retain s al l right s 

except thos e grante d t o th e Unite d State s Government . 
Printed i n th e Unite d State s o f America . 

@ Th e pape r use d i n thi s boo k i s acid-fre e an d fall s withi n th e guideline s 
established t o ensur e permanenc e an d durability . 

This publicatio n wa s prepare d b y th e Field s Institute . 
Visit th e AM S homepag e a t URL : ht tp: / /www.ams.org / 

10 9  8 7  6  5  4  3  2  1  0 2 0 1 0 0 9 9 9 8 9 7 



Contents 

Preface vi i 

Robert W . Thomaso n (1952-1995 ) i x 

Quaternionic Exercise s i n K-Theor y Galoi s Modul e Structur e 1 
T E D CHINBURG , MANFRE D KOLSTER , GEORG E PAPPA S 

and VICTO R P . SNAIT H 

The Bloch-Ogus-Gabbe r Theore m 3 1 
JEAN-LOUIS COLLIOT-THELENE , RAYMON D T . HOOBLE R 

and BRUN O KAH N 

Milnor's Conjectur e an d Galoi s Theor y I  9 5 
WENFENG GA O an d JA N MlNA C 

Ultraproducts an d th e Discret e Cohomolog y o f Algebraic Group s 11 1 
J. F . JARDIN E 

Lambda-Operations, K-Theor y an d Motivi c Cohomolog y 13 1 
MARC LEVIN E 

Quasi-Motives o f Curve s 18 5 
STEPHEN LICHTENBAU M 

A Chai n Comple x fo r th e Spectru m Homolog y o f the Algebrai c 19 9 
K-Theory o f an Exac t Categor y 
RANDY MCCARTH Y 

Hypercohomology Spectr a an d Thomason' s Descen t Theore m 22 1 
STEPHEN A . MITCHEL L 

Kahler Differential s o f Certai n Cusp s 27 9 
LESLIE G . ROBERT S 



vi 

Local Fundamenta l Classe s Derive d fro m Higher-Dimensiona l 
K-Groups 
VICTOR P . SNAIT H 

Local Fundamenta l Classe s Derive d fro m Higher-Dimensiona l 
K-Groups: I I 
VICTOR P . SNAIT H 

Weak Approximation , R-Equivalenc e an d Whitehea d Group s 
NGUYEN QUO C THAN G 

Appendix I 

Appendix I I 



Preface 

The Second Great Lakes Conference on Algebraic K-Theory was hosted by The 
Fields Institut e fo r Researc h i n Mathematica l Science s i n Marc h 1996 . I t prove d 
to b e a  mathematicall y ver y excitin g occasio n wit h man y interestin g ne w result s 
being unveiled. Th e success of the meeting together with a desire to commemorat e 
Bob Thomason , on e of K-theory's mos t influentia l figures,  le d to thi s Proceeding s 
volume. 

As editor, I  would like to express my thanks and those of the organizers of the 
conference to the staff o f The Fields Institute who made this meeting so rewarding 
and enjoyable . I n particular , I  wish to exten d specia l thank s to th e Presiden t an d 
Scientific Director , Joh n Chadam , fo r invitin g th e Grea t Lake s K-Theory Confer -
ence t o Th e Field s Institute , an d t o th e Publication s Assistant , Ern a Unrau , fo r 
making the editing of this volume so easy for me. 

Victor Snait h 



This page intentionally left blank



Robert Wayn e THOMASO N 
1952-1995 

In the mi d 1970's , when Bob Thomason wa s a star graduat e studen t a t Prince -
ton University , algebrai c K-theor y wa s i n a  ver y tentativ e state . I t ha d begu n 
as Whitehead-ia n algebra-to-capture-geometry , showin g lot s o f low-dimensiona l 
promise. Then , wit h th e wor k o f Quillen , algebrai c K-theor y ha d suddenl y ex -
panded int o a  grand cosmologica l entity wit h it s own, extremely fascinating , ontol -
ogy and epistomology. I t was clear that th e subject constitute d a  major mathemat -
ical nexus bu t th e evidenc e was in the for m o f hard-won hint s abou t ho w Quillen' s 
K-theory migh t unify such diverse phenomena as homotopy types of diffeomorphis m 
groups of manifolds, specia l values of L-functions, polylogarithms , intersectio n the -
ory o f algebrai c varieties , Wei l cohomology theorie s an d s o on. A s a  result , n o on e 
was sure whether K-theor y wa s the domain of topologists, algebraist s or some othe r 
mathematical species . I n man y place s thi s hardl y mattered , th e subjec t coul d stil l 
easily be shrugged of f as a  new fad wit h fine ambitions, lot s of conjectured promise , 
but wit h n o "bi g theorem" t o mar k som e post-Quille n progress . 

Bob Thomaso n wa s the on e who wa s to provid e suc h a  "bi g theorem" . 

ix 



x Rober t Wayn e THOMASO N 1952-199 5 

It mus t hav e bee n clea r al l th e wa y u p th e educationa l ladde r tha t Bo b wa s 
exceptionally clever . Fo r example , a t eightee n h e ha d wo n firs t priz e i n th e Nort h 
America wid e competitio n entitle d "Grea t Book s o f th e Wester n World" . Conse -
quently, I  was unaware tha t Bo b wa s stil l a  graduate studen t whe n I  firs t me t hi m 
around 1976 . Andr e Wei l i s repute d t o hav e advise d tha t on e shoul d lear n fro m 
"the masters , no t th e students " -  I  ca n onl y conclud e tha t h e di d no t hav e Bo b 
Thomason i n mind ! 

My friendshi p wit h Bo b go t of f t o a  rathe r shak y start . I n 197 5 topologists ' 
contributions t o algebrai c K-theor y ofte n too k th e for m o f result s abou t infinit e 
loopspaces. l b Madsen , J0rge n Tornehav e an d I  ha d recentl y resolve d al l o f Pete r 
May's conjecture s relatin g t o th e infinit e loopspace s o f geometri c topology . Pran k 
Adams, a s an editor , suggeste d sendin g th e pape r t o the Annal s o f Mathematics i n 
Princeton. Midwester n homotop y theor y was evidently no t s o popular i n Princeto n 
and th e typescrip t gathere d a  lo t o f cobwebs , bu t a n edito r gav e a  cop y t o Bo b t o 
read. Eventuall y Adam s too k th e pape r awa y i n disgust , publishin g i t a  fe w week s 
later i n the Proceedings o f the Cambridg e Philosophica l Society . Anyway , the poin t 
is that I  was feelin g anythin g bu t cheerfu l toward s Bo b a t ou r firs t meeting , whic h 
took plac e a t a  conferenc e i n Evanston . However , withi n minute s o f meetin g Bo b 
it wa s clea r t o anyon e tha t her e wa s someon e wh o ha d n o patienc e fo r intr a Iv y 
League politics . Her e wa s someon e inten t o n doin g mathematic s fo r it s ow n sake ! 

During th e nex t fe w years , mostl y throug h listenin g an d no t understanding , 
I learne d a  lo t fro m Bo b abou t th e prevailin g visio n fo r K-theory . Hi s intensit y 
notwithstanding, Bo b Thomaso n wa s alway s ver y approachabl e -  focusse d o n re -
search goals , h e invariabl y ha d tim e patientl y t o explai n thing s t o lesse r mortal s 
such a s myself . Also , h e ha d a  knac k fo r puttin g acros s th e conceptual  picture . I n 
the lat e 1970' s he, Bil l Dwyer, Eri c Priedlander an d I  got involve d i n studying mo d 
p K-theory whic h ha s bee n inflicte d wit h Bot t periodicity . Whe n A  i s a  commu -
tative rin g ther e i s a  ma p o f grade d rings , TT^(BA^)  — • K*(A),  fro m th e stabl e 
homotopy o f the classifyin g spac e o f the unit s o f A  (wit h a  disjoin t poin t attached ) 
to th e algebrai c K-theor y o f A.  Thi s ma p come s fro m Quillen' s group-completio n 
theorem an d exist s als o fo r homotop y wit h coefficients . I n orde r t o sa y somethin g 
about thi s map I  had manage d t o calculate the stable homotopy when inflicted wit h 
Bott periodicit y an d ha d therefor e inflicte d algebrai c K-theory wit h simila r period -
icities so as to be able to detect th e asymptotic residues of this map. I  had obtaine d 
a fe w rudimentar y result s abou t ne w element s i n K-theory , bu t Bo b immediatel y 
saw tha t m y Bot t periodicitie s wer e reall y connecte d wit h th e periodicit y i n etal e 
cohomology. Fo r som e tim e h e ha d bee n tryin g t o establis h Quillen' s predictio n 
that K-theor y wa s relate d t o etal e cohomology , afte r som e lo w dimensiona l excep -
tions. Bo b alread y possesse d a  numbe r o f very origina l construction s i n whic h on e 
did homologica l algebr a with spectra an d stabl e homotopy theor y instea d o f group s 
and modules . Wit h thes e technique s h e ha d bee n tryin g t o prov e rathe r to o muc h 
about th e predicte d connection . However , wit h th e ai d o f ou r four-autho r paper , 
Bob soo n ha d th e require d theore m -  tha t Bot t periodi c algebrai c K-theor y mo d 
pn o f an y reasonabl e schem e ha d a n Atiyah-Hirzebruc h spectra l sequenc e startin g 
with etal e cohomology . Thi s wa s exactl y a  resul t o f the much-sought-afte r type . I t 
showed that , i n hig h dimensions , th e predicte d connectio n betwee n K-theor y an d 
cohomology existed . 

This connection , togethe r wit h it s concomitan t insights , serve d a s the basi s fo r 
many of Bob best theorems . No w he had a  machine through whic h to funnel result s 
from topologica l K-theor y int o algebrai c K-theory , a  sheet-ancho r givin g muc h o f 
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the stabilit y o f purpos e t o hi s late r research . Hi s subsequen t strin g o f importan t 
results form s th e backbon e o f moder n K-theory , particularl y i n it s application s t o 
arithmetic an d algebrai c geometry . Hi s main theorem was a tour d e force. I t i s very 
hard goin g an d a  prope r stud y take s a  lon g time , lot s o f wor k durin g whic h on e 
passes throug h phase s whic h Bo b wryl y describe d a s th e progressio n fro m "thril l 
seeker" t o "reckles s cheat " t o "hones t man" . Personally , I  doub t tha t I  eve r mad e 
it pas t th e "reckles s cheat " phase . However , man y othe r author s hav e studie d th e 
ideas an d methods . I  a m ver y gratefu l t o Stev e Mitchel l who , i n thi s volume , 
has writte n a n "essay  whic h wil l smoot h th e wa y fo r others " throug h Thomason' s 
Theorem. 

I alway s fel t a  certai n sadness , an d her e I  a m no t referrin g t o hi s untimel y 
death, abou t Bob' s career . Befor e comin g t o Nort h Americ a i t ha d neve r occurre d 
to m e tha t on e mus t no t onl y prov e th e "right " theore m bu t on e mus t prov e i t i n 
the "right " place . Th e fictions , fad s an d faction s o f mathematica l societ y ar e quit e 
clear to me now, but i n those days I never understood wh y Bob's achievements wen t 
so comparativel y unrewarded . T o hi s K-theoreti c friends , therefore , i t cam e a s n o 
great surpris e when , i n Octobe r 1989 , Bob move d t o a  positio n i n the C.N.R.S . a t 
the Unversit e d e Pari s 7 . Wit h tha t move , Bo b wa s mathematicall y wher e h e fel t 
most a t home . 

Sadly, a t th e heigh t o f hi s mathematica l powers , Bo b died , tragically . H e 
would hav e bee n forty-thre e year s ol d o n Novembe r 5 , 1995 . A  longtim e diabete s 
sufferer, jus t befor e hi s birthda y h e wen t int o diabeti c shoc k an d die d i n hi s Pari s 
apartment. H e wil l b e misse d immensel y but , I  lik e t o think , mathematicall y hi s 
name wil l survive a s long as does the subjec t algebrai c K-theory , whic h h e loved so 
much. An d tha t wil l b e a  ver y lon g time ! 

Victor Snait h 
February 199 7 
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Appendix I 

The Secon d Grea t Lake s Conferenc e 
on Algebrai c K-Theor y 

Program Lis t o f Speaker s an d Topic s 

T. Chinbur g 

J.-L. Colliot-Thelen e 

E. Friedlande r 

S. Lichtenbau m 

R. McCarth y 

V. Voevodsk y 

C. Weibe l 

Galois Structur e o f deRham Cohomolog y 

Brauer Group s an d Zero-Cycles on Varities 
over Loca l Field s 

Cohomology o f Finite Grou p Scheme s ove r a  Fiel d 

Motives o f Curves 

A Chai n Comple x fo r the Spectrum Homolog y 
of the Algebraic K-Theor y o f an Exact Categor y 

Cohomological Operation s i n Motivic Cohomolog y 

The Wor k o f Bob Thomasa n (195 2 - 1995 ) 
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