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ABSTRACT. In the literature, several definitions of a preponderant derivative
exist. An old result of Jarnik implies that a typical continuous function on
[0,1] has a (strong) preponderant derivative at no point. We show that a
typical continuous function on [0,1] has an infinite (weak) preponderant
derivative at each point from a c-dense subset of (0,1).

1. INTRODUCTION

Let C denote the set of continuous real functions defined on [0,1] furnished with
the metric of uniform convergence. As usual, when we say a typical f € C' has a
certain property, we mean that the set of f € C' with this property is residual in
C. References concerning differentiability properties of typical continuous functions
can be found in [2] and [11]. The first results of this type ([1], [7]) imply that a
typical f € C has a derivative at no point. A result of Jarnik [5] (cf. [11],
Theorem J, (iii)) immediately implies that a typical f € C' has a preponderant
derivative (finite or infinite) at no point of (0,1), if we use a strong definition of a
preponderant derivative (cf. Definition 1 below) which was used e.g. by Bruckner
[3]. The same result holds true if we consider a slightly weaker definition of a
preponderant derivative used in [8].

The main result of the present article says that the situation changes if we use
another weaker notion of a preponderant derivative (cf. Definition 2 below), which
is still stronger than the notion of a preponderant derivative used by Denjoy [4].
Namely we prove that a typical function f € C has this weaker preponderant
derivative f;/w (x) = 0o at each point x from a c-dense subset of (0,1). Note that
the infiniteness of the preponderant derivative is essential, since a theorem of Jarnik
[5] (cf. [11], Theorem J, (ii)) immediately implies that a typical f € C has at
no point a finite preponderant derivative (any existing definition of a preponderant
derivative can be used here). Further note that a slightly weaker version of the main
result of the present article is stated without a proof in [11] (Theorem 4, (ii)). The
main tools for the proof of our result is the Banach-Mazur game and an unusual
monotonicity theorem of [6].
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2. PRELIMINARIES

If a > b, then the symbol (a,b) will denote the open interval (b, a). The symbol
w1 will denote the Lebesgue measure on R. The open ball in a metric space P with
the center ¢ € P and the radius r > 0 is denoted by B(c,r).

The definition of the strong preponderant derivative used in [3] and mentioned
in the Introduction is the following.

Definition 1. We say that A is a strong preponderant derivative of a function f
at a point a € R if there exists a measurable set £ C R such that

 uEn@ath) 1 p(EN(a-ha)
lim;, oy h > 3 limy, o4 h >

N =

and

L@ S,
r—a,x€FE Tr—a

We shall work with the following weaker definition.
Definition 2. We say that a function f has at a point a the preponderant

derivative fz;r (a) = A if there exists a measurable set E C R such that

T f@

r—a,x€FE r—a

“(f;?)] ) > % for every interval I containing a .

and

One of the main tools of the present article is the Banach-Mazur game. It is the
following infinite game between two players.

Let P be a metric space and let @ C P be given. In the first step the first
player chooses an open ball B(g1, é1). In the second step the second player chooses
an open ball B(f1,e1) C B(g1,61) , in the third step the first player chooses an
open ball B(ga,62) C B(f1,e1), and so on. If

() B(fiei) CQ,

i=1

then the second player wins. In the opposite case the first player wins.
We shall need the following theorem essentially due to Banach.

Theorem BM. The second player has the winning strategy in the Banach-Mazur
game if and only if Q is a residual subset of P.

A proof of this theorem can be found in [10] in the case P = (0,1) ; the proof
in the general situation (cf. [9]) is essentially the same.

The second essential tool is the following basic lemma which is an easy conse-
quence of the main result of [6].
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Lemma 1. Let ¢ be a continuous function on [a,b] , let S be a countable set
and let 2O=2 5 [ Then there exists x € (a,b)\ S for which

b—a

(1) u{zG(m,y):%>K}>%(y—z) for all y € (z,b] and

p(2) = p()

1
— >K}>§(:C—y) for all y € [a,x).

(2) w{z € (y,) :

Proof. Choose € > 0 such that ¢(b) — ¢(a) > (K +¢)(b — a) and consider the
function f(x) := (K 4+ ¢)z — ¢(z) . Since f(b) < f(a) and the conditions (B),
(C), (D) of Theorem 1 from [6] are clearly satisfied for « = 1/2 , we obtain that
(A) does not hold. Consequently there exists x € (a,b) \ S such that

3) plz € (2,9) : (K+6)2—p(2) > (K+e)u—p(z)} < %(yﬁ) for all y € (z,1]
and

(4) p{z € (y,x): (K+e)z—¢(z) > (K+e)r—p(x)} > z(x—y) for all y € [a,x).
).

1
2

It is easy to see that (3) immediately implies (1). Since f is continuous, it is

easy to prove that (4) implies (2).
We shall also need the following two easy lemmas.

Lemma 2. Let f be a measurable real function, let x € R and let a, / x and
b, \ T be strictly monotone sequences such that, for all natural numbers n ,
[z —yl

S = f=)

u{z € (y,x) : P >n} > 5
whenever y € [an, ant1] or y € [bny1,bn]. Then f;r(:p) = o0.
Proof. Fix a natural n . The function

f(z) = f(x)

h(y) = :
) = e e s L2
is clearly continuous on [ay, @p41]U[bp+1, by]. Consequently there exists an e, > 0
such that ) - f()
2)— f(x
w{z € (y,z) : — > n} > |z —yl(e, +1/2)

for each y € [an, ant1] U [bnt1,bn] . Therefore we can find h, > 0 such that

plz € )\ (b ) : LI E Sy o ey

for each y € [an, ant1] U [bnt1,bn] . Now we put

— X

E = (—00,a1) U (b1, 00) U U ({z: M >n}t\ (=hn, bn)).

It is easy to prove that E has the properties from Definition 2 (with a =2 and
A=c0).
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Lemma 3. Let 0<p<a<b<1l K>0 and f e C . Suppose that, for all

y € [a,b],
f(z) = f(p)
zZ—p

iz € (p,y) : >K}>%(y*p)-

Then there exists 0 <n < a—p such that the conditions || f — f*|| <n, |p*—p| <n
and y € [a,b] imply
fr(z) = ")

S *, :
iz € (p*y) T

> K} > %(y—p*)-

Proof. Suppose that no such 7 exists.
Then there exist sequences f* € C, p* € [0,1], yn € [a,b] such that f* — f in
C, pl —p and

o) B ) 1 An) < 5 (00— 27,

where

An={ze0,1]: S ZJalh) o gy
2= Pn
We can and will suppose that y, — y, where y € [a, b]. Putting
A={z€0,1]: —f(zz_j:(p) > K1,

we know that
() PR (,9)) > 500~ D).

But for each fixed z € (p,y) obviously

fa(z) = fn(pn) - f(z) = f(p)
Z—=Dpr Z—p

and therefore

(7) AN (py) C liminf(A, 0 (p,y))-

Using (7) and (5) we obtain

p(AN (p,y) <liminf (A 0 (p,y))

<limsup(u(An, N (P}, yn)) + [p5 — | + lys — yl)

n—oo

. 1 * 1
<limsup §(yn —pn) ==y —n),

n—oo 2

which contradicts (6).
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3. MAIN RESULT

Theorem. For a typical f € C the sets {x: f;T(:v) =00} and {z: fz/,r(:v) =
—oo} are c-dense in (0,1).

Proof. Since the mapping h — —h is a homeomorphism of C' on C' and h;r(z) =
—oo iff (fh);)r (x) = o0, it is sufficient to prove that {z : fz;r (x) = oo} is c-dense
for a typical f € C' . Consequently it is sufficient to prove that for each fixed
interval (a, §) with rational endpoints the set

Q={feC: card{z € (o, ) : fz;r(:c) = oo} =c}

is residual.

By Theorem BM it is sufficient to find a winning strategy for the second player
in the Banach-Mazur game for P = C and . To describe this strategy, put
S, ={0,1}" and S = {0,1}", where n € N and N = {1,2,...}. By our strategy
the second player will construct in his nth move not only a ball B(f,,&,) C C but
also numbers &, > 0, ¢, > 0 and 2" points {zf : s € S, } such that the following
conditions (8)-(13) hold (where we have put a8 = x5 — 50§, , b5 = x5 + 50¢,) :

(8) {la;,,b}] : s € Sp} are pairwise disjoint subintervals of (a, 5);

if we fix an arbitrary s = (s1,...,8,) € S, and denote xj = x,(csl""’s’“) , ap =

al™ ") and by = b for 1<k <mn, then

(9) [anabn] - (:En—l - 4571—17:571—1 + 4571—1) for n > 1;
(10) fn is linear on |2, — 5&,, xpn + 5Ey], constant on the intervals
fn(bn) — fnlan)

[@n, Tn — BEn], [Tn + 5En, by] and =qn, > 10(n+1);

bn_an

if n > 1, then for each z € [z, — 4&,, 2, +4&,] and  f € B(fn,en) we have

(11) pf{z € (y,x): W >n—1}> %(z —y) for y € [an_1,a,] and
12 alze@y: TETID 0 sty for e b
(13) BFaren) © Blgn, 6n) and e, < %gn.

If we prove that the second player can play according to this strategy in all moves,
we shall be done. In fact, (9) and (13) imply that &, — 0, &, — 0, (), —; B(fn.€n)

consists of one function f and the set ﬂzozl[agfl"”’s”), bgfl’“"S")] consists of

one point zs € (a,b) for each s = (s1,s2,...) € S . Lemma 2, (9), (11) and (12)
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easily imply that f;r(xs) = co. Since (8) implies that x5 # x4 for s # s* | we
obtain f e @ .

Thus suppose that, for a fixed natural number m, the second player has played
m — 1 moves and the first player has played m moves such that the conditions
(8)-(13) hold for each n < m. We know that B(gm,0m) C B(fm—1,em—1) (if
m > 1) and we can clearly suppose without any loss of generality that g,, is a
piece-wise linear function. Our task is to construct

fmugmugmaqm and {xfn NGRS Sm}

such that the conditions (8)-(13) hold for n=m .

If m = 1, then the conditions (9), (11) and (12) are trivially satisfied and the
construction of f1,e1,&1,q1 and zgo),:cgl) such that the conditions (8), (10) and
(13) are satisfied for n =1 is quite easy.

If m > 1, we shall consider an arbitrary (s1,...,8m—1) € Sm—1 and the
function ¢, on the interval

[am—1, bna] = a7 By ),

Since (13) implies ||gm — fm—-1|| < em-1 < %émfl < %(bm,1 — am—1), we have

gm(bm—l) - gm(am—l) > fm—l(bm—l) - fm—l(am—l)
bmfl — Gm—1 bmfl — Qm—1

—1=qn-1-1.

Since g, is piece-wise linear, Lemma 1 ((used for ¢ = g, [a,b] = [am—1, bm—1],
K = ¢n_1—1 ) implies that we can choose two points ;""" S’"’l’o), ggtsm-1l)
in (@m-1,bm-1) such that, denoting any of them by x,,, the following assertions

hold :

(14) gm 1s linear on a neighbourhood of zy,
(15) for each y € (T, bm—1] we have

il € (o) s L2ELZ00En) 1y Sy ) and
(16) for each y € [am—1,2m) we have

1
w{z € (y,xm) : > g1 — 1} > 5(:Cm—y).
Thus we have constructed for each s € S, a point x, (denoted above as
Zm ). In the following we shall suppose that s = (s, ..., 8;,) is fixed and we shall
put for brevity as above

Sm—1) (815--38m—1) s

(815-y8m—1) (s1
1 m ) bmflzb ITm—1 = Typ_1 y Tm = Tppy-

yee
m—1 ’



ON PREPONDERANT DIFFERENTIABILITY

795
Now we shall observe that

(17)

Tm € (szl - 4§m71;$m71 +4§m71)
In fact, suppose that (17) does not hold. We can suppose without any loss of
generality that x,, > x,,—1 , the case x,, < z,,—1 being quite symmetrical. Then

Tm € [:Em—l + 4§m—17 Tm—1+ 55771—1] or Ty € [:Em—l + 5§m—17 bm—l]-
In the first case (10) yields

fm—l (xm) me—l(xm—l + 45771—1)

= 1(En1) + 26 o brt) = Fna(am1))
=fm-1(@Tm-1) +40¢m—1&m—1.

For each z € [xy—1 + 25&m—1,bm—1] we have by (10)

fm—l(z) = fm—l(bm—l) = fm—l(xm—l) + 50qm—1§m—1 and z — T 2> 20§m—1;

consequently
fmfl(z) - fmfl(zm) < 10(]m71§m71 _ dm—1
Z—Tm 20&m—1 2
Since  ||gm — fm-1ll < %gm_l we have
gm(Z) B ng(fEm) dm—1 §m71 dm—1 +1
< < Qm-1—1
Z—Tm - 2 + 20&m—1 2 m—1

for each 2z € [x—1 4+ 25&-1,bm—1]- This clearly contradicts (15) for y = by,—1
If zp, € [®m-1+5&m—1,bm—1] , we can obviously find

Y € [Tm—1 + 5&m-1,Tm—1 + 50&,,—1] such that |y — x| = 10&,—1.
For each z € (2=l 4) we have
fm-1(xm) and

|z — | > 5&m—1. Thus, since
Hgm

fm—l(z) =
— fim—1]l < $&m—1, we have
m - Im\Lm m— 1
i) = gnlem) _ s 1
Z—Tm 5¢m—1 5
This clearly contradicts (15) (if y > @y, )

or (16) (if y < zp, ).
Further observe that (14), (15) and (17) yield the existence of v = v® such that
(18)  gm islinear on [z, — v°, @y +0°] C (Tm-1 — 4&m-1, Tm—1 + 4&m—1)
with a slope ¢ =¢° > gm-1 — 1 and the intervals

{lz5, —v°, ), +v°] : s € Sy} are pairwise disjoint.
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Using (15), we can apply Lemma 3 to

f=9m, p=2m, a=zn+v, b=0bp_1, K =qpn-1—1
and obtain 1 =7n° > 0 such that :

(19) whenever ||h — gn|| <7 and |z — x| <7, then

h(z) — h(z)

zZ—T

1
p{z € (z,y) : > m-1 =1} > 5(y —2)
for all y € [xym + v, byp—1].

Using (16) and the symmetrical version of Lemma 3, we obtain 77 =7° >0 such
that :

(20) whenever [|h—gn| <7 and |z — x| <7, then

h(z) — h(x 1
plz e ) MM s Le ey
for all y € [am—1,Tm — v].

Now choose g, so big and &, > 0 so small (note that ¢, and &,, do not depend
on s) that for each s € S,

(21) gm > max(¢®,10(m + 1)),

S S

Ui U
2qm ’ 2qm

(22) 508, < min( )s

(23) 506, < L5 and
(24) 50¢mEm < m.

On account of (21) we obtain 5, < ﬁq%qﬂ and (23) implies that

s _ 0&mgm n 506mgm

I, = [zm ¢ »fm ¢ ] - [‘rfn 7’Usa$7sn +US]'

Consequently (18) gives that {I% :s € S,,} are pairwise disjoint intervals.
On each interval I, we now define the function f,,, by the following conditions:

fm islinear on [z, — 5&m, x5, + 5Ey] with the slope  10¢y,,

50&mqm
Fonl) = G (@5) + 50 Tor @ € [, + 5,25y + Soomm)

and



ON PREPONDERANT DIFFERENTIABILITY 797

fm(z) = gm(zfn) —50¢mém for =€ [Ifn s Ty — 5&m].

. 50&m.qm
For x € [0,1] which belongs to no interval I3, , we put fn(x) = gm(2).

Using (18) we easily obtain that f,, € C. On account of (18) and the definition
of f, we easily see that || fi — gml|l < 50¢m&m- Consequently (24) implies f,,, €
B(gm,6m). Thus we can choose an €, > 0 such that

(25) BlFmrem) © B(Gmy 6m), m < %’”

and e, < min(%, %) for each s € S5,,.
Now we have to show that the conditions (8) - (13) hold for n = m.
By (21) we have [af,,b? ] C I, which implies (8).
In the following we shall suppose that an arbitrary s € S, is fixed and we shall
omit the index s.

The condition (9) easily follows from (18), since
[@mybm] C Ly C [T — v, 2 + ).

Since [am,bm] C Iy, the condition (10) follows immediately from the definition
of f.

The condition (13) is contained in (25).

Thus it is sufficient to prove (11) and (12). We shall prove (12) only, the proof
of (11) being symmetrical. To prove (12), consider arbitrary

€ [Xm — 4my Tm +4&m), [ € B(fm,em) and  y € [bm, byn—1].
We shall distinguish two possibilities :
Y E [Xm +0,bm—1] and  y € [by, zm +v).
In the first case (22) gives

n
”fm - gm“ < 50‘]m§m < 5

Consequently (25) implies ||f — gm|| < 7. By (22) also |z — x,,| <7 and conse-
quently (19) and (10) yield
(26) p{z € (z,y) :

%>10m—1}>%(y—@.

In the second case we shall estimate W separately for the cases

508 mm

(27) 2 € [Tm + 5&m, Tm + ] and

50&mdm
(28) 2 € (g + omd

y T, + V).
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In the case (27) we have

(@) < frn(@m + 4&m) = fn(Tm) +40¢m&ms  fm(2) = fr(Tm) + 50gm&m
and consequently  f,(2) — fm(2) > 10gm&m.- Since

50€,.qm 1
o< O%md +46n and  ||fm — Il < 56,
we obtain
f(Z) — f(:E) 10(1m§m - gm QQm q 1 10m —1

In the case (28) observe that we have proved

Jm(Tm + an%) — fm(z)

(@ + W) — g

z — (:Cm + 5057;%71)

>

DI

3

=¢q and consequently

HEACIE EACIIN 1. Since || fm — fIl < &m and z— x> 45&,, we have

o= f@ gy 10m=1
z—x 6 6

Consequently we have

f(z)— f(z 1
20)  plee @y LTI Sy e s> L2
From (29) and (26) we obtain (12) which completes the proof.

REFERENCES

—

. S. Banach, Uber die Differenzierbarkeit stetiger Funktionen, Studia Math. 3 (1931), 174-179.
. A. M. Bruckner, The Differentiability properties of typical functions in C|a,b], Amer. Math.
Monthly 80 (1973), 679-683. MR 47:6956

, Some observations about Denjoy’s preponderant derivative, Bull. Math. Soc. Sci.
Math. R. S. Roumanie 21(69) (1977), 1-10. MR 57:9922

4. A. Denjoy, Mémoire sur la totalisation des nombres dérivées nonsommables, Ann. Ecole Norm
Sup. 33, 34 (1916, 1917), 127-236, 181-238.

5. V. Jarnik, Sur la dérivabilité des fonctions continues, Publications de la Fac. des Sc. de
L’Univ. Charles 129 (1934), 9 pp.

6. J. Maly, D. Preiss, and L. Zajicek, An unusual monotonicity theorem with applications, Proc.
Amer. Math. Soc. 102 (1988), 925-932. MR 89e:26024

7. S. Mazurkiewicz, Sur les fonctions non dérivables, Studia Math. 3 (1931), 92-94.

8. J. L. Leonard, Some conditions implying the monotonicity of a real function, Rev. Roumaine
Math. Pures Appl. 17 (1972), 757-780. MR 46:3709

9. J. Oxtoby, The Banach-Mazur game and Banach category theorem, in: Contributions to the
Theory of Games III, Ann. of Math. Stud. 39 (1957), 159-163. MR 20:264

10. , Measure and category, Springer—Verlag, New York, 1980. MR 81;j:28003

11. L. Zajicek, The differentiability structure of typical functions in C[0,1], Real Analysis Ex-

change 13 (1987-88), 119, 103-106, 93.

N

DEPARTMENT OF MATHEMATICAL ANALYSIS, CHARLES UNIVERSITY, SOKOLOVSKA 83, 186 00
PraHA 8, CZECH REPUBLIC
E-mail address: Zajicek@karlin.mff.cuni.cz



