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Abstract. In this work we consider the analysis of unshearable, hemitropic hyper-
elastic rods under end thrust alone. Roughly speaking, a nominally straight hemitropic
rod is rotationally invariant about its centerline but lacks the reflection symmetries char-
acterizing isotropic rods. Consequently a constitutive coupling between extension and
twist is natural. We provide a rigorous bifurcation analysis for such structures under
“hard” axial loading. First, we show that the initial post-buckling behavior depends
crucially upon the boundary conditions: if both ends are clamped against rotation, the
initial buckled shape is spatial (nonplanar); if at least one end is unrestrained against
rotation, the buckled rod is twisted but the centerline is planar. Second, we show that
as with isotropic rods, nontrivial equilibria of hemitropic rods occur in discrete modes,
but unlike the isotropic case, such equilibria need not be compressive but could also be
tensile. Finally, we prove an exchange of stability between the trivial line of solutions
and “mode 1”7 bifurcating branches in accordance with the usual theory.

1. Introduction. Long slender structures often exhibit an orientation or handedness
in their natural relaxed states. Examples include biological filaments like idealized DNA
molecules and man-made objects like cables. Accordingly, a good mechanical model
of such structures should capture handedness or chirality. The simplest such model,
viz., a hemitropic rod, was proposed in [7]. Roughly speaking, a nominally straight,
hemitropic rod is rotationally invariant about its centerline but does not generally possess
the reflection symmetries characterizing isotropic rods. Hemitropy can be rigorously
obtained by starting with the class of rods having the symmetry of a regular cylindrical
helix and then taking the limit as the pitch goes to zero; cf. [g].
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In this work we consider the analysis of unshearable, hyperelastic hemitropic rods
under end thrust alone. What arises naturally here as the distinguishing feature is a
constitutive coupling between extension and twist. This phenomenon is well known in
the behavior of both wire rope [4] and long DNA molecules [13], and in each case simple
quadratic stored energy functions have been proposed. Here we give a rigorous bifurcation
analysis for such structures under “hard” axial loading. In particular, we show that the
behavior of the initial post-buckled configuration depends crucially upon the boundary
conditions: clamped rods (both ends restrained against end rotation) have nonplanar,
initial post-buckled configurations, while unclamped rods (i.e., those in which at least
one end rotation is unconstrained) always buckle in such a way that the centerline lies
in a plane.

Of course the buckling and post-buckling analysis of straight elastic rods subject to
end thrust dates back to the seminal work of Euler [5]. The literature on such problems
since that time is immense, and we make no attempt to account for it here. However,
we note that (to the best of our knowledge) the buckling and post-buckling analysis of
chiral elastic rods is absent from the literature.

The outline of this work is as follows: In Section 2 we summarize the basic field equa-
tions for hyperelastic rods, providing the definition of hemitropy and its subsequent repre-
sentation. In Section 3 we analyze a straight hemitropic rod under dead-load thrust with
fixed-free boundary conditions, i.e., one end totally clamped with the opposing, loaded
end unconstrained. Our approach here is completely classical. Exploiting hemitropy, we
introduce a semi-convected basis field, much like in the analysis of the Lagrange top [16].
We then readily demonstrate that all equilibria of the rod are characterized by a planar
centerline, generally accompanied by nonzero twist.

In Sections 4-6, which form the heart of the paper, we treat fixed-fixed hemitropic rods
subject to “hard-load” axial displacements at the ends. We employ a coordinate-free
approach and use modern bifurcation theory to study the initial post-buckling behavior,
which is completely distinct from that of fixed-free rods. In particular, we show that
the initial post-buckled shape is spatial (nonplanar). This is also in stark contrast to
the planar initial post-buckling of isotropic rods under pure end thrust. We identify and
exploit the O(2) C SO(3) symmetry inherent in the problem, which is necessary to carry
out the rigorous bifurcation analysis in Sections 4 and 5. We further conclude that all
local bifurcations are “pitchforks”. In Section 6 we examine the exchange of stability - via
minimum potential energy criterion - along the trivial (straight) solutions as the loading
parameter passes though the “first” critical value. Due to the presence of constraints, the
formulation here is not standard. Motivated by [12], we introduce appropriate projection
operators to identify an equivalent unconstrained eigenvalue problem that plays a crucial
role in the analysis of the second variation of the governing energy functional. We
demonstrate that solutions are stable for loading parameters below the first critical value.

2. General formulation. Throughout this work we denote vectors (elements of E?,
which denotes the tangent space of 3-dimensional Euclidean point space) by boldface,
lowercase symbols, e.g. a,x, etc. Linear transformations of E? into itself are denoted by
boldface, uppercase symbols, e.g. A, T, etc.
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Let {ey, ez, e3} denote a standard right-handed, orthonormal basis for E2. We consider
a Special Cosserat rod that occupies a straight, stress-free reference configuration {ses :
s € [-3,4]}. Let r(s) € E? denote the position vector (with respect to some fixed
origin) of the material point originally located at s in the reference configuration. We let
R(s) € SO(3) denote the rotation of the cross-section originally located at s and spanned
by {e1,e2}. Three unit-vector fields of an orthonormal frame field, called directors, are
defined by
d;(s) = R(s)e;, @ = 1,2,3, (2.1)
and are used in the Special Cosserat theory to quantify the orientation of each cross
section in the deformed configuration. The deformed configuration of the rod is thus
uniquely specified by the fields r(s) and R(s) on [—3, 3], as shown in Figure [l

dyfs) d(s)

Tg=S§

Fic. 1. Kinematics of the Special Cosserat rod

Differentiation of (2.1)) yields
d(s) = R/(s)RT(s)di(s), i=1,2,3. (2.2)
Since the tensor field R’R” is skew-symmetric, there is a vector field & such that
di(s) = k(s) xd(s), i = 1,2,3. (2.3)

We then express r’ and k in terms of convected coordinates v; and k;, respectively, as
follows:

I'/ = Vidi and kK = Hidi; (24)
where we employ the usual summation convention that repeated Latin indices imply
summation from 1 to 3.

We require each configuration of the rod to satisfy the nonpenetration condition

v3 = dg ¥ >0 (25)

We let n(s) and m(s) denote the internal contact force and internal contact couple,
respectively, acting on the cross-section originally at s in the reference configuration. In
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the absence of body forces and body couples, the well-known local forms of linear and
angular momentum balance are given by

n'(s) = 0 (2.6)
and
m'(s) + r'(s) xn(s) = 0, (2.7)
for all s € [—3,2]. Next we express the fields n and m also in terms of convected
components:

n = nidi and m = mzdz (28)
Let D := R? x (0,00) x R3. For homogeneous hyperelastic rods, we assume the
existence of a stored-energy function W : D — R, viz., W (v1, va, V3, K1, K2, £3), such that
ow ow
nj = — and m; = —, j = 1,2,3. (2.9)
J 81/j J aHj

We henceforth assume that W is sufficiently smooth (of class C*, k > 3). If we define
the triples n = (n1,n2,n3), m = (my,ma, m3), v= (v1,v2,v3), and k = (k1, ke, k3), and
also W(v, k) = W(v1,va, 13, K1, K2, k3), then ([2.9) takes the compact form

oW oW

Next we discuss material (cross-sectional) symmetry. Let let Ry € §6(2) denote the
rotation matrix

n =

cosf —sinf 0
Ry = sinf cosf® 0O |. (2.11)
0 0 1
We say that the rod is transversely hemitropic if
W(Rgv,Rgk) = W(v,k) forall § € R (mod 27) (2.12)
and flip symmetric if
W(Ev,Ek) = W(v, k), (2.13)
where E denotes the reflection matrix
1 0 0
E= |0 -1 0. (2.14)
0 0 1

Flip-symmetric, hemitropic rods can be rigorously derived from corresponding rods hav-
ing the material symmetry of a regular, cylindrical helix, in the limit that the pitch of
the helix goes to zero [§].

By contrast, a rod is said to be transversely isotropic if it is transversely hemitropic
and, in addition, the stored-energy function satisfies

W(Ev, —Ek) = W(v, k), (2.15)
with E as defined in (2I4]). Note the appearance of the minus sign in the second argument
above, which arises due to the change in orientation under the reflection E; cf. [7]. No

such change of sign occurs in (2.13)) since the underlying symmetry of the flip is a proper
rotation; cf. [7], [§].
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In this work, we consider only flip-symmetric, hemitropic rods that are also unshear-
able, for which the constraints v, = 0 are enforced or, equivalently,

r = Ads (2.16)

is imposed. From (ZI2)), (ZI3]), and a representation theorem of Cauchy [2], we find that
the stored energy function for an unshearable hemitropic rod has the representation

W(vi, ki) = Y(kaka,kKs3,v3), (2.17)

where we employ the convention that repeated Greek indices imply summation from 1
to 2. We henceforth assume that the 4x4 Hessian matrix,
w S W
H = V3V3( ) Vsk( ) 7 (218)
Wi, () Wik(+)
is positive definite on (0, 00) x R3. Then the vector field n,d,, is the Lagrange multiplier
that enforces the constraint ([216]).

3. Equilibria of the fixed-free rod. In this section we consider a general class of
axially loaded, unshearable, transversely hemitropic, fixed-free rods, as depicted in Figure
2l These rods are completely fixed (“welded”) to allow no displacement or rotation at
the end s = —% and are subjected to a horizontal, compressive “dead load”, —Pegs, at
the end s = %, which is otherwise unconstrained.

D)

A

Fi1G. 2. Schematic of the fixed-free rod

Here we demonstrate that all equilibria of the nonlinear problem are planar. By planar
we mean that the field r belongs to a two-dimensional subspace of E3. This is striking,
for it demonstrates that hemitropy by itself is insufficient to cause nonplanarity.

By virtue of (2I7)) and (2I8]) we have
Yyl(lﬂ?a/ﬁ)a, K3, v3) > 0 (3.1)
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for all (v3,k;) € (0,00) x R3, where TJ = a(%i;a). This boundary value problem

is comprised of the field equations (Z6) - (ZI0), ZI6) - (ZI7), and @I), and the

boundary conditions
1 1

r(—i) = 0, di(_§> = e, 1=12.3, (3.2)
n(l) = —Pe m(l) =0 (3.3)
2 — 3 2 — . .
Observe that integration of (2.6]) using ([B3)); yields
n = —Pegs, (3.4)
and then integration of ([Z7) leads to
m — Prxez = c. (3.5)

Taking the dot product of ([BH]) with e reveals that
es-m =e;3-cC, (3.6)
which together with ([B3])2 implies that
es-m = 0. (3.7)

Next we introduce a semi-convected basis field (similar to that employed in the usual
analysis of the Lagrange top; cf. [16]) as follows:

a; = cosf(costpe; + sintpey) — sinfes,
a, = —sinyYe; + cosiyes,
d; = a3 = sinf(cosype; + sintes) + cosbes, (3.8)

where v is the right-handed polar angle between e; and the unit vector €, = cosve; +
sineq, and 6 denotes the angle between e3 and d3 = az. The rationale for these
definitions lies in the fact that ds € span{é1,es}, and if ¥/(s) = 0, then dj lies within
a fixed plane. Since v’ = Ads, by (2I6), it follows that r/, and hence r, lies in a fixed
plane, and hence the solution is planar. The following calculations demonstrate that
indeed either d3 = e3 or ¢’ = 0, from which planarity follows.

Differentiation of relations (B8] yields

a, = wxa;, i= 123, (3.9)

where
w = —¢'sinfa; + 0'az + 9’ cosbas. (3.10)

We also introduce another (Euler) angle ¢ that relates the a; to the directors d;, as
follows:

a; = cos¢d; — sin¢ds,

a; = singd; + cosads, (3.11)
and we then have

K = w + ¢'ds

= 'sinfa; + 0'ay + (¢’ cosf+ ¢')ds, (3.12)
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where, again, & is such that d; = k x d;, as defined in ([Z3)). We note, in passing, that
(B12) is consistent with equations (8) on p. 386 of [11].
Inverting ([B.8)) to obtain

e; = —sinfa; + cosfags, (3.13)

recalling (84)), and employing {a;,as,a; = ds} as a fundamental basis, we obtain the
following expressions:

= P(sinfa; — cosfas),

maaa + m3d37

s E B

Koo + "53d37
W = FRea, + wsds. (3.14)
Substitution of (ZI0) and (BI4) into the moment balance equation ([27)) yields

mll — Maows3 + M3ka = 0,
my + Tiws — mgkr + APsing = 0,
mhy — MiKy + Mmak1 = O, (3.15)

where the components ws and %, are as defined in BI0) and BI2)), respectively. Noting
the invariance BoRq = Kaka, we deduce from ([Z9) and ZI7) that

g = 2V 1(RaFas k3, NEg, B = 1,2. (3.16)
Substitution of B.I6) into (B.IH)s reveals that m4(s) = 0, and finally, upon imposing the
boundary condition ([B3])2, we find that
Then, recalling (87)) and employing (313 with az = d3, we compute
0 = m-e3
= (mlal + mgag) . (— sinfa; + cos 0d3)
= —mmysinf. (3.18)
Thus, either sinf = 0 or m; = 0.
In the first case, suppose sinf = 0. Then (B8] implies that d3 = e3. Since r’ = A\d3
by (ZI4), it follows that r' = Aes, i.e. the rod is straight (parallel to the constant vector
e3) and thus planar.

In the second case, observe from Bl and (316 that mq =0 < %; =0 . Thus from
(BI2) we find that

Y’ sinf =0, (3.19)
from which we immediately conclude that 3’ = 0. This implies that 1 is constant, and

as was indicated near the beginning of this section, this also implies that the rod must
be planar. Thus we have proved the following:

THEOREM 3.1. All equilibria of an axially loaded, unshearable, hemitropic, “fixed-free”
rod are planar.
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REMARK 3.2. The proof of Theorem [B] depends crucially on (216, which is the
assumption of unshearability, or r’ = Ad3. Equilibria of shearable rods may, perhaps, be
nonplanar.

We conclude this section by summarizing the remaining field equations governing the
planar equilibria. We exclude the trivial case sinf = 0, which we demonstrated would
imply that the rod remain straight. Due to the rotational symmetry in our problem,
without loss of generality, we may choose ¢ = 0, in which case (B.8)), (310), and B.12)
specialize to

a; = cosfe; — sinfes,
az = €g,
d; = a3 = sinfle; + cosfes, (3.20)
and
w = 0ay and kK = 0ay + ¢'ds, (3.21)

respectively. With this choice, by virtue of (BI7) and the fact that 71 = 0, both (BIH),
and ([BI0)3 vanish identically, while (3I5])2 becomes

2T 1((0)2,6',M)0) + APsing = 0. (3.22)
Now (B4) and B20)5 imply that
ng = n-dz3 = —Pe3-d3 = —Pcos6. (3.23)
Using (Z9), 2I7), and BI7) we obtain
ng = T3((0")2,¢',\) = —Pcost (3.24)
and
ms = Ta((0)% ¢',)) = 0. (3.25)
From B2)2 and B20)3, it follows that
cos@(—%) = 0, (3.26)
and from [B.3)2 and (BI6]), we have
mz)dy = ma(y) = 0
& Re =0
o 9'(%) ~ 0. (3.27)

Field equations B:22)), 324, and [25)), together with boundary conditions ([B26]) and
B27), determine the planar equilibria of the rod. In view of [ZI7) and (2I8), we
conclude that [3.24]) and ([B.25]) determine A and ¢’ uniquely in terms of P, § and ', sub-
stitution of which into ([B.22)) yields a standard “generalized” elastica problem, amenable
to detailed analysis. We do not pursue this here, but refer to [I] (and the references
therein) for the analysis of similar problems for planar, nonlinearly elastic rods.
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4. The fixed-fixed rod: Governing equations, symmetry, and linearized
solutions. The fized-fized rod that we consider is clamped at each end and guided by
rollers that prevent displacement perpendicular to the ez axis and all rotation. End
displacements of equal magnitude and opposite direction along the es-axis are specified
by the parameter A € (0,00), which represents the distance between the two ends; cf.
Figure Bl

Lo

(1-x)/2 A (1-1)/2

\\ \\ \\ \\ .\ \ \ \ >x3:S

Fic. 3. Schematic of the fundamental problem

4.1. Governing equations. We again consider hemitropic, unshearable rods. For def-
initeness, we choose a specific class of hemitropy that allows both chirality and infinite
compressive force under ultimate compression, governed by the following stored energy

function: )
T = §[C’f<aama + Br2 + ®(v3) + 24k3(v3 — 1)]. (4.1)
From (29) the following consitutive equations direcly follow:
ny = g(v3) + Ak,
ms = A(l/g — 1) + Blig,
Mo = Ckaq, (4.2)

where g := @' : (0,00) — R. In view of (ZI8]), and accounting for unshearability, we see
that the moduli B,C > 0, and ¢'(-) > 0 on (0,00). Assumption (ZI8) also implies that
g'(v)B — A? > 0 for all v € (0,00). We further assume that g(v) — —oco as v — 0.

The modulus A represents the degree of hemitropy inherent in the rod and has no
restriction on its sign. As discussed in [7], the sign of A governs the chirality or “handed-
ness” of the rod. Note that the rod is isotropic if A = 0. The moduli B and C represent
the twisting and bending stiffness, respectively, and are each positive. Near the trivial
solution and when A = 0, B and C respectively correspond exactly to modulus of rigidity
“GJ” and bending stiffness “EI”, as typically denoted in linear beam theory [15]. Note
that equations (£.2); » explicitly reveal a coupling of extension and twist.

Upon substituting the constitutive laws (@2]) into the general field equations (2.6])
and (27), and nondimensionalizing the equations such that C' = 1, the boundary value
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problem for the fixed-fixed rod becomes

d%[na(s)Rea(s) + (g(vs(s)) + Ans(s) ) Res(s)] =0, (4.3)
%[HQ(S)R%(S) + (A(Vg(s) ~1) —I—B/ig(s))Reg(s)}

+r(s) x [na(s)Rea(s) n (g(l/g(s))+A/<;3(s))Re3(s)] = o, (4.4)

r'(s) -Req(s) = 0, (4.5)

r(j:%) = %Aeg, (4.6)

R(i%) - (A7)

for s € (—%, %) Note that here we enforce the unshearability explicitly via (€3 and

that the last term in (4] vanishes due to the fact that Res is parallel to r’.
With the aid of (Z1)) and ([24)), equations [@3)) - (£1) define a mapping of differentiable
functions x = (r,R,ns), « = 1,2, in

X = {CY([~=,=],E* x SO(3) x R?) s.t. (@8) and (@7 hold}

into Y = C°([—3, 1], E® x E® x R?). Denoting this mapping via F : R x X — Y, we may
represent ({3) - [@7) abstractly via

F(\x) = 0. (4.8)

4.2. Symmetries and equivariance properties. The fixed-fixed rod possesses important
symmetry properties that are exploited in our analysis. It is straightforward to show
(cf. [I4]) that the mapping (L) is equivariant with respect to the group consisting of
arbitrary rotations of magnitude 6 about the e3 axis and rotations by 7 about any axis
perpendicular to es at the center of the rod. By equivariance we mean here that the
nonlinear mapping F(},-) commutes with the group action as follows:

F(\Tx) = TF(\x), (4.9)

forall T € {Qg,EQp: X - X, 0< 60 <2r}and for allT € {Qg,£Qy: Y =V, 0<0 <
27}, Table 1 provides explicit representations of these symmetry operations on the field
variables (r,R,n,) and other relevant quantities.

TABLE 1. Symmetry transformations.

Quantity q Qvq Eq
r(s) Qor(s) Er(—s)
R(s) QiR(5)Q; | ER(—s)E
a(8) (Qo)apns(s) | —Eapns(—s)
) (Qo)3jvi(s) | —Ezvi(—s)
Ki(s) (Qo)ijki(s) | —Eijki(—s)

3
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In Table 1 the tensors Qg and E are defined by their components relative to the fixed
basis via

cosf sinf 0 1 0 0
[Qo] = | —sin® cosf 0 |, E]=]10 -1 0 |. (4.10)
0 0 1 0o 0 -1

Note that the boundary conditions ([@6]) and ([£T) are invariant under all group actions
I'(r,R,n,). The action T on @3) - @3 is defined as follows: for the first two arguments,
corresponding to the two vector-valued equations (3] - ([£4]), the action is the same as
that indicated for r in Table 1; the two scalar equations in ([@H]) transform like k,,a =
1, 2, respectively, in Table 1.

The transformations Qp (and Qp) and £ (and €) represent proper rotations. In par-
ticular, the symmetry operation £ is isomorphic to Zs and represents a “flip” (rotation
of 7 radians) about the x axis. Therefore, the underlying equations are equivariant with
respect to representations of SO(2)®Zy = O(2) C SO(3). The actions of O(2) appearing
in (£9) are each faithful on X and Y, respectively. As will be seen, the presence of the
flip £ is essential for our analysis.

4.3. Linearized equations. Observe that for any A € (0,00) the following straight so-
lution satisifies the boundary value problem (BVP) (@3] - [@7):

r(s) = Ases, R(s) = 1, na(s) = 0. (4.11)

It follows that r' = Xe3, v, = 0, v3 = A, and k; = 0,4 = 1,2,3. Physically, under
such straight solutions, the rod undergoes change of length but does not twist, bend,
or shear. Note further that within the family of straight solutions, the rod develops
both a uniform internal axial force n(s) = g(A)es and an internal axial twisting torque
m(s) = A(X — 1es.

The linearization of the BVP ([{3)) - ([@7) is obtained by perturbing the straight
solution as follows:

r(s) = Ases+ ep(s), R(s) = exp[eP(s)], na(s) = ena(s), (4.12)

where W is a skew-symmetric tensor field with axial vector ¢ = azial(®), i.e., P(s)xXv =
P(s)v for all v € E. Substituting [@I2)) into @3)) - (A1) and retaining only terms of
first order in € yields the linearize BVP:

nea + g\ xes = 0, (4.13)
(6 Np" + AY")-e3 = 0, (4.14)
P eqen + AN — 1) x e3
+ g(\)p x ez + des x (Naea + g\ xe3) = 0, (4.15)
(Ap" + BY")-e3 = 0, (4.16)
(0 —Mpxes) ea = 0, (417)
plEr) = 0 (1)
BEl) = o (4.19)

2
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Equations (4I4)) and ([£I0), boundary conditions (£I8]) and (£I9), and the convexity
condition ([ZI8) (cf. ZI7) and (@I)) imply that p and ¥ lie in span{ei,ez}.
Next we substitute (£I7)) and the integral of ([@I3) into [@IH), yielding
P+ AN-1)Y xe3 — Ag(NY = Acxes, (4.20)

where ¢ € span{ej, ez} is the constant of integration coming from [@I3]). Observe that
the integral of ([@I), with the aid of (£I8), implies

’ P(s) ds =0. (4.21)

1
2

Then the integral of ([@20), together with (19) and (£21I), gives

¥(5)~¥(—5) = Aexes (4.22)

ie., [@20), (£22) and @I9) lead to the following stand-alone BVP for 1p:
Wb AN ey — MY = W) - (), (42)
@b(j:%) = 0. (4.24)

Once we solve [@23]) and ([@24]), the other perturbative fields in (£I2) are determined
by back-substitution into (£I7) and @I3):

p(s) = A P(T) dr X e3 (4.25)
1
3
and ) -
_ 3)—¥'(—3)
Na(s)ea = g(A\)es x ¥(s) + ez x 5y (4.26)
Defining coefficients
a = a\) = AAN=1), Q=90 = —Xg(\), (4.27)
we rewrite ([£23]) as
1 1
W(s) + a'(s) x es + Qp(s) = P (5) ~¥'(—3)- (4.28)
We now define the “spatial frequencies” w; and ws as
a+va?+4Q a—+va?+4Q
w1 = f’ Wy = f’ (429)
and we note that
a = wy + wo, Q = —wiws. (4.30)
For a? + 49 > 0, the general solution of [@28) is, in component form w.r.t. {e;,es},
B cos(wys) — 2L sin &L cos(was) — 222 sin 22
Wl = G [ sin(w1 s) + G sin(wss)
sin(wy s) sin(wsas)
Cs [ — cos(wy ) + 22 sin & } + G { — cos(ws) + 22 sin 2 |’

(4.31)
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REMARK 4.1. It is also possible to write the general solution of ([428) for the case
a® +49Q < 0. However, a lengthy but straightforward calculation shows that the solution
set of the BVP ([@.28)) and ([@.24]) contains only the trivial solution.

The solution set of the BVP (£28) and ([@.24]) is a subspace of the span of the general
solution (@31]). Due to the presence of the underlying SO(2) symmetry, the dimension
of this subspace of solutions must be at least 2, which would generally pose problems in
bifurcation analysis. These problems are overcome, however, by exploiting equivariance.

In view of ([@3), we may rigorously restrict F(\,:) in [@8) to a fixed-point space
corresponding to any subgroup of O(2), e.g., [6]. We choose to work in the fixed-point
space of functions that are invariant under the “flip” &, i.e. {x = (r,R,no, o = 1,2) :
Ex = x}. Of course, this restriction is inherited by the linearization, which we now
exploit.

4.4. Linearized solutions using symmetry reduction. Flip-invariant solutions of the
linearized problem ([@I3]) - @I9) have the property that £(, p,n.) = (¢, p,n,) for
some appropriate action € of Z? representing the flip about e;. From (ZI0) and Table
1 we can read the Z? action directly as follows:

E(t(s), p(s),ma(s)) = (Ep(=s),Ep(—s), —Eapns(—s)). (4.32)

With respect to components relative to the fixed basis, flip-invariance is then equivalent
to

p1(s) = pi(=s), p2(s) = —pa(—s),
P1(s) = ¥i(—s), Pa(s) = —a(—s),
m(s) = —m(-s), n2(s) = na(—s). (4.33)

Returning to the general solution ({31 of [A.2]]), we see that [@33])2 holds iff C5 =
Cy =0, i.e., the general solutions of the reduced problem in the fixed-point space is given
by

B cos(wys) — 241 sin L cos(was) — 242 sin 2
W)l = G { sin(wlg) ’ } + G { sin(w;;) ’ }

(4.34)

With this reduction, it is enough to enforce, say, the boundary condition [{.24) at s = %,

1) = 0 (the remaining boundary condition 1(—2%) = 0 follows from Z? invariance
"7[)(2) ( g Yy 3 s

yielding the following linear equations in C7 and Cbs:
[ cos 9l — Zgin UL cos &2 — 22 gjpn 2 ] [ Ch }

o { 8 } . (4.35)

Therefore, nontrivial solutions of the linearized BVP [{{28) and ([@24) that are flip-
invariant are in 1-1 correspondence with nontrivial solutions of (£35).

sin 4L sin ¥2

2 2

Before proceeding, we note here a simple yet crucial result that will be used in the
ensuing bifurcation analysis.

THEOREM 4.2. The dimension of the space of flip-invariant nontrivial solutions of the

BVP [28) and (@24 is at most 1.
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Proof. The dimension of the solution space of the linear equations ([{.35) is clearly at
most 2. If it were 2, then each term of the matrix would be 0. This would necessitate
sin gt = cos G- =

Nontrivial solutions of (£35]) occur for values of (a, ) for which

0 for ¢ = 1,2, which obviously cannot occur. O

cos gt — Zgin Ul cos ¥2 — 22 gip &2

Q 2 2 Q 2 _— 4.
sin% sin% 0 (4.36)

Expanding the determinant, the resulting characteristic equation is
w1 —w w w
! 2+ 2w — wo) sin Lsin 22 = 0. (4.37)
2 2 2
Substituting from [@29) reveals that solutions of {37 lie on a family of characteristic

curves in the a — ) plane, labelled C; in Figure[dl These curves intersect the a-axis at the

f(a,Q) = —wiwssin

points labelled ¢;. Because f(a,$2) vanishes identically for 2 = 0, the ¢; are determined
by expanding f(a,2) about Q and determining the condition on a for which the leading
term (in this case, the second order term) vanishes. As a result, the numbers ¢; are
determined to be the positive solutions of the equation

a a
tan - = —. 4.38

5 = 3 (4.38)

The ¢; form a monotone increasing sequence such that ¢; < ¢ < ..., and they have the

property that ¢; ~ (2¢ + 1)7 as ¢ — oc.

Next, the infinite sequence of intersection points along the Q-axis coincide with the
classical (normalized) buckling loads of a compressed, planar, clamped-clamped rod; cf.
[15]. To see this, we set a = 0 in (£.37), which in view of [£29) reduces to

Qsin VQ — 4v/Qsin’ @ =0
or
Q Q Q
sin g [\/ﬁcos g — 2sin g} = 0. (4.39)

Hence, either Qg,_1 = (2n7)? or Qp, = c2,n =1,2,3, ...

300 — T T T
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We summarize below three important properties of the characteristic curves which are
suggested by inspection of Figure 4 and which have been verified.

(1) Nesting of characteristic curves. The characteristic curves are nested - that
is, they comprise a family of nonintersecting curves that that montonically em-
anate away from the origin. The curves can be enumerated Cy,Cs, ... such that
the region between C; and the a-axis contains no other characteristic curves, and
the region between C; and the a-axis strictly contains C; 1 for i = 2,3,4,....

(2) Exhaustiveness of characteristic curves. The characteristic curves C;, i =
1,2, ..., capture all solutions of (L3M). As shown above, the sequence of points
(0, (2m)?), (0,¢2), (0, (47)?), (0,c3), ... are the only nontrivial points along the
Q-axis that satisfy the characteristic equation, and the curves C; are in direct
correspondence with these points.

(3) Symmetry properties. Figure[d reveals that each modal curve is symmetrical
about the Q-axis and is equivalent to an invariance of solutions of ([@37) under
the transformation a — —a. This transformation is equivalent to a reversal of
the hemitropic sense of the rod’s material (A — —A) and demonstrates what is
intuitively obvious, viz., the emergence of a nontrivial solution should not depend
on the sense of the rod’s chiralty.

For given constitutive data (£27]), nontrivial flip-invariant solutions of the BVP (L28)
and ([LZ24) occur whenever A = ), is a root of the characteristic equation (L31), viz.,

F) = F@),2\)) = 0. (4.40)

Equivalently, the point (a(),), 2(\,)), defined in [@27), lies on a characteristic curve. In
fact, (@27) can be viewed as defining a curve (@()), Q()\)) parameterized by A. Clearly,
this parametric curve incorporates the constitutive properties given by A (degree of
hemitropy) and g (the axial load response function), and will henceforth be referred to
as the parametric constitutive curve.

With this in mind, geometrically, a nontrivial solution of the linearized BVP (£28)
and (@24) exists when a parametric constitutive curve intersects a characteristic curve.
This is illustrated in Figure [, which provides three examples of parametric constitutive
curves. The nesting property of the characteristic curves guarantees that these nontrivial
solutions occur in discrete modes, in analogy to the behavior of isotropic rods. Note that
due to [@27) and the constitutive assumption that ¢’(-) > 0 (cf. Section 4.1), solutions
for which Q > 0 (equivalently A < 1) are compressive, i.e., the ends of the rod have been
pushed toward each other. Conversely, solutions for which @ < 0 (equivalently A > 1)
are tensile, i.e., the ends of the rod have been pulled away from each other.

As is apparent in Figure [ it is possible for a given problem to generate any finite
number (including 0) or an infinite number of nontrivial solutions to the linearized BVP
(#28) and (£24)). Note that for A = 1 (which represents the reference state of the
rod, i.e. no applied end displacement), all parametric constitutive curves pass through
(a,9) = (0,0). As X is varied away from A = 1, observe that the “first” potential
bifurcations occur at the intersection of the parametric curve with the characteristic
curve C;. These solutions will be referred to as “mode 1”7 solutions.
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We now suppose that A\ = A\ is a root as in ([£40), i.e., the parametric constitutive
curve intersects one of the characteristic curves, as shown in Figuredl Then from (@33,
we may choose the nontrivial solution as follows, according to whether the characteristic
curve has an odd or even subscript, respectively:

o ]

C, = cosw?g + u%sin %, Cy = —cos% — wigsin %,
Cy = sin%g, Cy = —sinw?f7 (4.41)
where, in view of [@27) and ([@30]), we have
AQo—1) = wf+ad Ag(h) = wiud. (4.42)

The two choices in (4] ensure a nonvanishing of the constants in the isotropic case
A = 0. With the values of the constants Cy, Co,w?, and w§ given by (£4I]) and ([E.42),
equation ([{34)), and in turn (£20) and (£24), yield a nontrivial solution to the linearized

problem (@3] - (£19), which we denote by
50 = (Poﬂ/’m(no)a)- (443)

It is easy to verify that ££, =&, i.e., £, is Zo-invariant.

We now suppose that ([L.40) and (£43) are associated with mode 1, i.e., an intersection
with C1, in which case we employ the first set of constants in (£41)). In order to under-
stand the effects of hemitropy, we assume that a(\,) = A(\, — 1) is small but nonzero.
A lengthy but straightforward expansion of (£34) and (28] reveals the out-of-plane
deformation due to hemitropy, as illustrated in Figure

0 ssin27rs—% -
Yols) = { —2sin27rs] { 0 ]G(A") Tt
)\1+cos27r5 O _
p(s) = [ Oﬂ ] + [)\SHCS:Q’TS }a()\o) + ... (4.44)

F1G. 5. The centerline p,(s) corresponding to a mode 1, compressive,
helical buckled configuration (A = —37.5,g(\) = 75(A — 1)).

The first terms in each expression of ([£.44]) correspond to the classical planar solution
for an isotropic rod [15]. Observe that A > 0 (“right-handed” chirality; cf. [7]) implies
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that a(A,) < 0, in which case [#44), yields a “right-handed” helical shape. Obviously
A < 0 gives a “left-handed” helical shape, as depicted in Figure[§ Note that the reversal
of chirality via the transformation A — —A corresponds to a reflection of the solution
about the e; — e3 and e; — es planes.

5. Existence of local bifurcation of solutions of the fixed-fixed rod. In the
previous section, we thoroughly examined the linearized solutions about straight con-
figurations. Next we seek to prove that these linearized solutions correspond to local

nontrivial solutions to the original nonlinear BVP 2.1) - 24), (@3) - (7). To show
this, we verify the standard transversality condition [3]:

(€, L'(\)E,) # 0, (5.1)

where L()) denotes the linearization of the operator F (defined in ([@8])) and is such that

the linearized BVP [{I3) - [(@I9) is equivalent to L(A)E = 0; &, = [p,, Vo, (M0)a] is a
given solution ([£43), i.e. satisfying L()\,)&, = 0; &, is the adjoint null solution, satisfying
L*(\o)€, = 0; and (-, -) is the standard L? inner product, i.e.,

€& = [P pals) + 619 o) + ()alma] ds V616 (2)

In order to draw rigorous conclusions from (&), the operator L(),) must have a one-
dimensional null space. According to Theorem E2] this condition is satisfied for the
fixed-fixed rod in the Z? fixed-point space.

5.1. Adjoint operator. Given the operator L()), the adjoint operator L*(\) is deter-
mined by integration by parts, using the definition

(L*(NE.€) = (E.LVE). (5.3)
A straightforward calculation [14] shows that the adjoint BVP L*(\,)€ = 0 is equivalent
to the following:

i (s)ea + gNP (s) xes = 0, (54)
(f(NP"(s) + AP (s)-es = 0, (55)

v:bu(s) c€neq + AN - 1)12;/ X e3
+g(\)p'(s) x €5 + Aeg X (—faea +g(N)(s) x e3) = 0
(49" (s)+ BY () - es = 0
—(P(s) = Mp(s) x es) -ea = 0
1
0

f’(i§) =

~ o~ o~

By inspection, it is clear that the adjoint null solution is

éo = [ﬁad"vﬁa] = [Poawo,—(%)a}, (5.11)
where the components on the left side of (5I1) are as given in (£.43]).
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5.2. Transversality condition. Using the expressions (&.4)) - (510), we now calculate
the left side of (5.II). As demonstrated in [14],

0 L'O0)E,) = — (g’ (M) + 9(0)) / * () s + A / T (4, () x . (5)) - eads.

(5.12)
In principle, this expression may vanish for particular constitutive data but is generically
nonzero, as we now show. Recalling ([@.27)), we see that a’(A\) = A and ' (\) = —(A\g'(A\)+
g(\)). Therefore, (512]) can be rewritten as

1 1
2 2

=

&, LOWE) = 200 / " (s)2ds + (M) / () X )(5)] - esds. (5.13)

— 1
2

1
2
We now give (B13) a geometric interpretation. As in (4£40), we substitute ({.27) and
#29) into (£37), yielding

FO) = f@n), Q). (5.14)
By virtue of ([£40), we see that f has a zero at A\ = \,, and by the chain rule we have
z 0 ~ 0 - .
PO = @0, 0000700 + 2@, 202 ()
af? Of% &

Thus f has a simple zero at A, when (&.10) does not vanish, and we observe the resem-
blence between (B.13) and (B.I5). Indeed, an argument employing the shooting method
[O9] shows that (5IJ) holds iff the left side of (BI5) does not vanish. We record this
observation as

LEMMA 5.1. Given (£40), condition (5.1 is equivalent to a transverse intersection of the
parametric constitutive (a(\), Q(A)), A € RT, with a characteristic curve, given implicitly

by E3T), at A = Ao.

Proof. The right side of (G.IH) corresponds to the inner product of the tangent to
the parametric constitutive curve at the point of intersection, (a’(\,), 2'(A\s)), with the
normal to the characteristic curve, (%, 88{2 ). O

Finally we have

THEOREM 5.2. If (BI3) does not vanish, or equivalently if (B.I5]) does not vanish, then
there is a smooth local “pitchfork” curve of solutions bifurcating from (0, A,) of the form

x = [r,R,n,] = ):((e) = X, + [Py €0, €(N0) ] + 0(€),

A= Ae) = A+ o(e), (5.16)

where x, = [Ases, I, (0,0)] denotes the straight (trivial) solution (cf. (AII)) and ¥, is
the unique skew tensor field such that azial(¥,) = v, the latter of which is given in

@3).

Proof. The existence of such a curve of solutions via the Implicit Function Theo-
rem is standard; cf. [3], [I0]. It remains only to show that A'(0) = 0 in (&I6)s.
Given the nonvanishing of (5.13), then in general, A’'(0) is proportional to the quantity



BIFURCATION OF HEMITROPIC ELASTIC RODS UNDER AXIAL THRUST 747

(€, Fxx Moy X0)[€,,€,]) (cf. [I0]), where F(),-) is the mapping defined in (8] repre-
senting the nonlinear problem. From (4.9) it follows that

<féoa-FXX()‘mXO)[FﬁmFﬁoD = <f£ovffxxo‘0>x0)[£m£o]>
= <€ov]:xx(>‘07xo)[€oa€o]>a (517)

for all group actions. In particular, for the rotation I' = Q, (as detailed in Table 1), we

have Q.&, = —€, and Q,€, = —&,, the substitution of which into (5.I7) implies that
<€0"Fxx()‘0axo)[€o7£o]> = 0. O

6. Local stability analysis of equilibria of the fixed-fixed rod. Having demon-
strated the existence of locally bifurcating (nonplanar) solutions from the trivial solution,
we now turn to the question of local stability. Here we adopt the standard energy crite-
rion. An equilibrium solution is stable if it corresponds to a local minimum of the total
potential energy in the usual C'' topology (weak minimum); otherwise it is unstable.

In this section, we demonstrate that the compressed straight rod with fixed-fixed end
conditions is stable for all A € (AL, 1] and unstable for all A € (AL —¢,AL), where € > 0
is sufficiently small and where A} denotes the first transversal crossing of the parametric
constitutive curve with the characteristic curve C; as A is decreased from the reference
state A = 1 (cf. Sections 4.4 and 5.2). We note, however, that this analysis is also
valid whenever A\l > 1 is the first transversal crossing of the consitutive curve with Cj,
representing a nontrivial solution in tension (cf. Figure 4 with Q < 0). In this case, the
trivial solution is stable for all A € [1,}) and unstable for all A € (AL, AL + ¢).

o’ o

6.1. Stability of trivial solution. We begin with the potential energy functional

1

3
ViR = [
where the components of the shear force n,, are the Lagrange multiplier fields that enforce
unshearability, and Y is defined as in ([@I]). In accordance with Section 4.3, we perturb
the trivial solution via (#I2). Since (LI represents the family of straight equilibria,
we find that the first variation of the energy evaluated there vanishes, viz.,

[T(KQHONH37I/3) — nar'-Rea} ds, (6.1)

1

0V, = 4 V()\se3+ep(s),exp[e‘1’(s)];ena)} (6.2)

de

for all smooth variations p(s), ¥(s) = awxial(¥(s)), and 7, satisfying the linearized
unshearability condition (£I7) and the boundary conditions (LI8) and (ZI19).
Next we compute the second variation about the trivial line of solutions. A lengthy

b
e=0

but straightforward calculation yields

2

8%V, = d—{V(Aseg+ep(s),exp[elll(s)];ena)}

d62 e=0

= [ [0+ @) = 4G = D@l —dawg) + AgA)(WE + )

1
2
1

* /_5 [B (¥3)* + 2445 + g’(A)(pg)Q} ds, (6.3)

=
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for all admissible variations as above. Due to the assumed convexity of T (cf. (2.18) and
(1) the second of the integrals of the right side of (6.3]) is nonnegative for all A € (0, 00).
Indeed, the underlying 2x2 Hessian matrix is positive definite, and thus

Y

N : [(W5)? + (p5)?] ds

1
2

f (Bt + 2400} + o (0) (052 ds

1
2

V

> Oy’ [ w3+ p3las, (64

for some positive constant C), where the second (Poincaré) inequality follows from
the Raleigh quotient characterization of the lowest eigenvalue, subject to the linearized
boundary conditions [@I])) and @I9). Thus, it is sufficient to consider only the first of
the integrals on the right side of (G.3]).

As in Section 4.3, we first replace [@LI7) and [{IJ)) with their integral equivalent
(#Z10). We then consider the quadratic functional

I = [ [P+ @57 = A0 D~ dru) + A9 WE +0)]ds (65)
subject to (2I)) and (L24), where ¥ (s) = 1, (s)en. Integrating by parts, using (L24)
shows that (€3] has the equivalent form

TN = = [ 9+ A= DY xes = AgN)] - 6 ds, (6.6)
subject to (A2I]) and (£24)). But J in (6.6 is also related to ([A21]) and (£23) as follows:

take the dot product of (Z23) with 1 and integrate over (—3,%). Observe that the
constant term on the right side of (£23]) makes no contribution due to ([@21]). This
hints at a Rayleigh-quotient characterization of the minimum eigenvalue of the operator
associated with (£23)) and (@24]), which we now pursue.

We first introduce the projection operator P defined as

P[] = Y(s) ds. (6.7)

Clearly P maps any function in U = C?([—3, 1], E?) (equipped with the usual maximum
topology) into its average value. Further, P is both linear and continuous in both the
C? and C? topologies.

Likewise, we introduce the projection
Q=1-P, (6.8)

which maps onto the complement V = QU, where I denotes the identity operator. Note
that

1

V = {ucl: / u(s)ds = 0}. (6.9)

2

Next, in view of ([{23)) and (6.0]), we define the operator
DNy = " + AA-1)¢ xes — Mg\, (6.10)
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and we consider the following eigenvalue problem:

1 1

DY + [(5) — $(—5)] = ov, (6.11)

for all ¥ € V, subject to ([I24). A direct calculation from (6.7) and (GI0) shows that

for all such v,
1 1

PDOY = —[(3) — (-3 (612)
Next we define the linear operator H via its action
H\)y = QD(\)v, (6.13)
for all ¢ € V, and the associated eigenvalue problem
H\y = ov. (6.14)

Observe that (611)) is equivalent to (GI2) and (6I4). Note further that (6I2) is inde-
pendent of the eigenvalue o, while (6I4) contains no inhomogeneous boundary terms.
By virtue of (@8] and (21, it follows that

T = [ pls) HOw(s) ds, (6.15)

1
2
and it is easy to demonstrate that H is formally self-adjoint. Therefore, the minimization

of the quadratic functional (GI5) on the appropriate unit sphere (cf. [12]) yields the
following characterization of the minimum eigenvalue of ([GI1), denoted by o;:

1
2
TN = on [ pls) - wh(s) ds. (6.16)
~3
for all ¢p € V satistying [@24)). With this background, we now demonstrate that the trivial
solution is stable “up until” the first critical value A\l and that the stability changes as A
crosses AJ.

THEOREM 6.1. The straight (trivial) state, characterized by (11, is stable for all A €
(A5 1] (or A € [1,X9)).

Proof. Consider the eigenvalue problem (G.I1]), or equivalently (6.12]) and (€14]) on V,
which can be written as
1 1

¥+ AN DY xes + [0 A = $(5) —$(—5).  (617)

subject to ([21)) and ([£24)). But (GI7) can be solved by the same reasoning as in Section
4. In analogy with (ZZ1), we define

a = AA—1), Q= o—xg(N). (6.18)
Then (G.17) has the same form as [@28), which has nontrivial solutions iff (a,{2) belongs
to one of the characteristic curves C;, ¢ = 1,2,3,...; cf. Figure 4. Thus for any fixed
A € (0,00), we obtain a sequence of eigenvalues o;, i = 1,2,3,..., in correspondence

with the vertical line a = A(A — 1) with the characteristic curves. In particular, for any
A € (AL, 1], the least eigenvalue satisfies o1 = Q1 (A) + Ag(A) > 0, where (A(A—1),Q1(\))



750 TIMOTHY J. HEALEY anp CHRISTOPHER M. PAPADOPOULOS

denotes the point of intersection of the aforementioned vertical line with the characteristic
curve C;. The claim now follows directly from (6.16]). O

THEOREM 6.2. The straight (trivial) state, characterized by (@IIJ), is unstable for all
Ae (AL —e ML) (or A e (AL, AL +¢€)) for € > 0 sufficiently small.

o) ”to

Proof. As in Section 4.4, we restrict (6.14) to the Z? fixed point space; cf. (4.32):

Vi = {$ € V:Bih(—s) = (s) on (~3, 1)) (6.19)

In view of the equivalence of (G.I1]) and (614]), the same argument used in the proof of
Theorem 6.1 shows that H()}) has a simple zero eigenvalue with accompanying nullvector
1p,. We further assume that 1, is normalized such that (¢,,4,) = 1. Then, dotting
cach side of (@I4) with 4, integrating over (—3, %), and differentiating with respect to
A, we have

o) = [T () H(O\)ap(s) ds
(6.20)

3 2
A [ o) x i) e ds — (g () + 90 [ (o)
- —3
Note that the right side of (620) is equivalent to the right side of (512).
The local continuity of the simple eigenvalue o()\) for [A\—\l| < € is readily established
via the Implicit Function Theorem [I0], and the transversality condition (5.12]) implies
that the zero eigenvalue changes sign as A “crosses” Al. Thus we have

o) = [ ) B, (o) ds
= o(}))

< 0 forall Ae (A —¢ D). (6.21)

Finally, recalling (63]) and (G6), we choose 1,(s)e, = ¥, (s) with ¢¥3(s) = p3(s) = 0,
and thus conclude that §2V, < 0 for all A € (A} — ¢, AL). O

6.2. Local stability of mode 1 bifurcating branches. Having established the change of
stability of the trivial solution at a mode 1 bifurcation point A = Al we now turn to the
question of the local orbital stability of mode 1 bifurcating branches. We use “orbital”
here to signify that, due to (@), all nontrivial solutions belong to SO(2)-generated
orbits of solutions. Given the flip symmetry of this problem, the bifurcating branches
form “pitchforks”; cf. (BI6]). For bifurcation points A, at compressive (tensile) states, A
decreases (increases) across A, as the trivial solution passes from stable to unstable. By
virtue of standard exchange-of-stability results, e.g., [I0], we find that the compressive
(tensile) bifurcating branch is orbitally, locally stable if the pitchfork opens to the left
(right) along the positive A axis. In both cases this leads to the condition

(€, Froox (A, x)[EL, €1, €1)) < 0, (6.22)
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where x} = [}, RL, ()] = [Ases, 1, (0,0)], €1=[pl, 9}, (n})a], and &, = [}, %3, —(n})a]
are the trivial solution, linearized solution (cf. [@43])), and adjoint linearized solution (cf.

(GI00) at A = AL, respectively.
A very long but straightforward calculation reveals that

(o Froox(Nlux[EL. 1. €1))
- /__ [(=3X26(0) = SAGO)) ()] + (7 + BB)[(4(5) x (#3)'(5)) - es]?

+ AN = B)h(s)P(Was) x () (5)) - es = 16(65)a(3) ()2 ()b (s) | ds -
(6.23)

Observe that the right side of ([6:23) depends on the specific form of the eigenfunction
1/:2(5) and upon all of the principal constitutive data: the response function g(-), the

hemitropic modulus A, and twisting modulus B (and implicitly on the bending modulus
C = 1; cf. Section 4.1). Tt is difficult to verify ([G22]) at the level of generality of ([6.23)).
Nonetheless, it can be shown that the expression ([623)) is invariant under the transfor-
mation A — —A, which is reassuring. It’s also worth noting that in the case of isotropy,
A = 0, where all but the first term in the integrand of (623]) vanish, by virtue of (£44).
In particular, we find for normalized '(/)i,

(€ Fooc M xDIEL €L = 23200 +5M(0) + 047, (6:24)
In view of ([6.22]), we conclude:

THEOREM 6.3. For A? sufficiently small, the local nontrivial branch of solutions (5.16]),
associated with the a mode 1 bifurcation point at A = A,, is orbitally stable if

g\ _53g /\(/\)

for all A > 0. (6.25)

7. Conclusions. We present a description of unshearable, hemitropic rods in terms
of the Cosserat theory. Our basic model indicates what is commonly observed, viz., that
such rods have an intrinsic coupling between extension and twist. This is analogous to
the Poisson effect in which axial and transverse deformation are coupled.

We first consider unshearable hemitropic rods under fixed-free end conditions and
subject to dead axial load. We demonstrate the striking result that despite the presence
of hemitropy, all solutions are planar. A physical explanation is that under axial thrust,
although the rod twists, it does not develop internal axial torque.

We next consider the behavior of unshearable hemitropic rods under fixed-fixed end
conditions and subject to prescribed axial displacement. In this case an internal axial
torque develops in the straight loaded state, leading to an initial, nonplanar buckled
state (cf. Figure Bl). This is in stark contrast to the initial, planar buckling of isotropic
rods under end thrust. By virtue of ({£.44)), the magnitude of the out-of-plane component
of the displacement, to first order, is proportional to the hemitropic modulus A. In
particular, the linearized solutions reduce to those of the isotropic rod in the limit as
A—0.
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In analogy to the isotropic case, the bifurcating solutions for the hemitropic case occur
in discrete modes. Indeed, as illustrated in Figure [ a set of nested, nonintersecting
characteristic curves specify the general combinations of axial thrust and hemitropic
modulus that must be satisfied by any nontrivial solution within the constitutive class
that we consider. We further prove the genericity of the existence of bifurcation for rods
of our constitutive class, and in particular, present an equivalent geometric condition
that is graphically clear: if the parametrically defined constitutive data curve intersects
a characteristic curve nontangentially, then nontrivial solutions exist at that point (cf.
Figure[). We infer from Figure [ that the presence of hemitropy (A # 0) lowers the first
compressive buckling load compared to the isotropic case (A = 0). We also note that
while the determination of bifurcation is critically dependent on the hemitropic modulus
A, it is independent of the twisting modulus B (cf. (513).

In addition to the nonplanarity, the solutions of the fixed-fixed hemitropic rod differ
from the fixed-fixed isotropic rod in another important way. Nontrivial solutions for
isotropic rods are necessarily compressive; the impossibility of such nontrivial tensile
solutions can be inferred from Figure 4 (with a = 0). However, it is possible to attain
both compressive and tensile nontrivial solutions for hemitropic rods, as also illustrated
in Figure @ This is similar to the instability of highly twisted isotropic rods in tension;
cf. [I1].

Our results further provide local stability properties of equilibria of the fixed-fixed
hemitropic rod. The trivial solution is stable for all values of prescribed end displacement
below a critical threshhold. We further provide a calculation for the determination of
the orbital stability of mode 1 bifurcating branches that is, in general, dependent on
the given constitutive data. We note that while the stability of the trivial solution is
independent of the twisting modulus B (cf. Section 6.1), the stability of the bifurcating
branches generally depends on B; cf. ([623]).

The specific form of the stored energy function ([@I]) employed in Sections 4-6 is for
convenience only, i.e., we could easily obtain the same results for a more general class
of convex hemitropic stored energy functions. Finally we mention that, with the local
analysis in hand, a detailed global bifurcation analysis of the problem (@3] - (£7)) can
be carried out via methods similar to those employed in [I]. This will be pursued in a
future work.
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