Teichmiiller’s theorem and its applications

by

Daniel Berlyne

Thesis

Submitted to The University of Warwick

Mathematics Institute

March, 2015

THE UNIVERSITY OF

WARWICK



Contents

I_Overviewl

2 Quasiconformal mappings|

13 Quadratic differentials|

4.1 'The foliations for a quadratic differentiall . . . . . . . . . ... .. ... ...

[4.2  The dimension of QD(X)| . .

[ Teichmiller’s uniqueness theorem|

5.1 Statement of Teichmuller’s uniqueness and existence theorems|. . . . . . . .

5.2 Grotzsch’s problem| . . . . . .

5.3 Proot of the uniqueness theorem| . . . . . . . .. ... ... ... .. ....

|6 The Beltrami equation|
6.1 Notationl. . ... .......

6.2  'The Cauchy and Hilbert transforms| . . . . . ... .. ... ... ......

6.3 Solving the Beltrami equation|

6.4  'The measurable Riemann mapping theorem| . . . . . . . . .. ... ... ..

F Tochmiller : ] |

7.1 Teichmuller space: two definitions| . . . . . ... ... ... ... ......

I8  Applications|

ii

19
19
20
26
27

32
32
34



1 Overview

Teichmiiller theory originally arose from Oswald Teichmiiller’s development of the theory
of quasiconformal mappings in the late 1930s,[20] which was later improved upon and more
rigorously formulated by Lars Ahlfors and Lipman Bers in the 1950s.[3][5] Central to the
theory is the notion of Teichmiiller space, which is closely related to moduli space and gives
a solid foundation for study of this area. As well as Teichmiiller himself, Klein, Fricke,
Fenchel and Nielsen were the main contributors to the concept of Teichmiiller space, and
their work in fact preceded that of Teichmiiller. An overview of the history of Teichmiiller

theory can be found in [1].

The aim of this project is to prove Teichmiiller’s theorem, which states that given a qua-
siconformal homeomorphism f between two closed Riemann surfaces of genus at least 2,
there exists a canonical unique mapping homotopic to f with minimal dilatation. This is
commonly split into two parts: Teichmiiller’s existence theorem and Teichmiiller’s unique-
ness theorem. The uniqueness part was originally considered by Teichmiiller as a general-
isation of the already-known result for rectangles proved by Grotzsch in 1928, while proof
of existence requires significantly more preparation, and involves delving into the analysis

of the Beltrami equation.

We shall therefore work our way towards a proof of the uniqueness theorem first, and to
this end we will develop some theory of quasiconformal mappings, quadratic differentials
and foliations in the first three sections. In particular, we construct natural coordinates
for quadratic differentials, a very useful tool which we will frequently use. We use this to
establish a relation between quadratic differentials and foliations, and to define a singular
Euclidean metric on a Riemann surface. We also establish a lower bound for the dimension
of the vector space of quadratic differentials. With this under our belt, in section 5 we
state both parts of Teichmiiller’s theorem. We then prove Grotzsch’s problem, and by
adapting this proof we also prove the uniqueness theorem. In section 6 we explore the
Beltrami equation, solving it by means of Cauchy and Hilbert transforms. We also prove
a key theorem required for the proof of Teichmiiller’s existence theorem: the measurable
Riemann mapping theorem. Section 7 shall then assimilate all of our acquired knowledge
to focus on proving the existence theorem, as well as defining Teichmiiller space. Having
proved Teichmiiller’s theorem, in section 8 we will then apply it to define a metric on
Teichmiiller space, which is essential in taking this theory further. Using this metric, we
will introduce Teichmiiller lines and Teichmiiller discs, as well as suggesting some potential

follow-on topics.

The primary sources for this project are Farb and Margalit’s book [9] and Ahlfors’ lecture

series [4], and hence the approach we shall adopt is similar to that described in these texts.



2 Quasiconformal mappings
We begin by recalling the definition of a conformal mapping.

Definition 2.1. A mapping f: U — C on an open set U C C is conformal if f is

holomorphic with non-vanishing derivative on U.

Informally, a conformal mapping locally preserves signed angles. The idea of quasicon-
formality is to generalise the notion of a conformal mapping to allow some distortion of
angles in a controlled manner. In many instances this does not affect the validity of the-
orems concerning conformal mappings, and in fact because quasiconformal mappings are

less rigid in their definition, they are much easier to use as a tool.

Before defining a quasiconformal mapping, we shall quickly recap an idea from complex
analysis.[4, p. 6] Let f: U — f(U) be a continuously differentiable homeomorphism be-
tween open subsets of C, let z = x + iy be a coordinate on U at a point 2y, and let
f(z2) = w = u+ iv be a coordinate on f(U) at f(zp). Then f induces a linear map-
ping between the corresponding tangent spaces, and in particular a linear mapping of the
differentials

du = uzdx + uydy and dv = vydx + vydy.

From this we can derive the complex form
dw = df = f,dz + fzdz,

where f, = %(fx—ify) and fz = %(fx+ify). Note that here f, = u,+iv, and f, = uy+iv,.
Notice too that

%((um — ivg) + i(—uy +ivy)) = (f2),
1

(f)z=(u—iv): = %((Ux — ivg) + i(uy — ivy)) = 5((“96 —ivg) — i(—uy +ivy)) = (f2).

(P)e = (w=i)s = 5((4a = 02) — ity — ivy)) =

It will also be useful to establish a chain rule for differentiation with respect to z and z.
Indeed,

d(go f) = (g.0 f)df + (gzo f)df
= (gz0f) - (fodz + fzd2) + (gz 0 f) - (f)dz + (f)zdZ)
(

= (f2(gz0 )+ ()= (gz0 f))dz + (fz - (9= 0 f) + ()= - (g2 © f))dz,

hence

(gof)z:(gzof)'fz+(92°f)‘(f)z

i (2.1)
(goflz=(g:0f) fz+(gz0f) (f)z



describes our desired chain rule.

The linear map df maps the unit circle in the z—plane to an ellipse in the w-plane. We
call the amount by which the circle is distorted the complex dilatation of f at zy, which is

defined as
g

A

as seen in [I1, p. 3]. Notice that f is conformal if and only if it is holomorphic with

Kt

non-vanishing derivative, or in other words f; = 0 (which is equivalent to satisfying the
Cauchy-Riemann equations) and f, is nowhere zero. Hence f is conformal if and only if

pg = 0, that is, there is no distortion.[I1), p. 3]

Notice also that |f,|? — | fz|* = uzvy — uyv; is the Jacobian of f (see page 15 for computa-

tion), so f is orientation-preserving if and only if | f.| > |f|, or in other words |us| < 1. [4}
p- 6]

Definition 2.2. [I1, p. 3] Let U C C be open and let f: U — f(U) be an orientation-
preserving continuously differentiable homeomorphism. Then the dilatation of f at zg € U

1s defined to be
1)
|[f=(20)] = [f2(20)| 1 —1g(20)

and the maximal dilatation of f is

Dil () = LGOIl H IS0l _ L lng(z

K¢ = sup,¢yDilg(2).

If Ky < oo then we call f quasiconformal, and f is called K-quasiconformal if Ky < K.
Note that, in particular, a mapping is conformal if and only if it is 1-quasiconformal.

Locally, the mapping f can be thought of as a stretch in a particular direction. The
dilatation of f gives its stretch factor — however, we still do not know the direction of

maximal stretch. Let Df(zp) be the R-linear map given by the Jacobian matrix. Then
Df(z0)(u) = f(20)u+ fz(20)u
so by the triangle inequality
D f(20) ()] < |f2(20)| + | f=(0)].
This is an equality if and only if

fze= . —2i0 _ iarguy —2i0
et K€ = luyle €
z

is real and positive at zgp, or in other words 6 = %arg,u 7. Hence f stretches maximally in



direction %arg,uf. (This argument is based on [14] p. 60].)

It is possible to extend the definition of quasiconformality to mappings between Riemann

surfaces:

Definition 2.3. A mapping f: X — Y between Riemann surfaces is said to be K-
quasiconformal at p € X if there exist charts z: U, — C and w: V; — C around p
and q = f(p), respectively, such that wo f o z~1 is K-quasiconformal in the usual sense.

Then f is called K-quasiconformal if it is K-quasiconformal at all points p € X.

Suppose f is a quasiconformal map and g is a conformal map. Then we claim that
Kgop = Ky = Koy where the compositions make sense. Indeed, by the chain rule (2.1)

and since p1y = 0 we have

u :(gof)z:fz@zof)"‘fé(gzof)
I (9o ) flg-0 )+ Folgzo f)
_ St Fpgo f)
fz+fz(ﬂgof>
i
 fe
=y,

and so Kyo5 = Ky. On the other hand,

g:(f-09) +gz(fz09)

gz(fz © g) +gz(f2 og)

pg(fz09) + (92/9:)(fz 0 9)
fz09+4(92/9:)(fz09)

Hfog =

_ fzog
(9:/G2)(f209) +Tg(fz09)
_Gzfz0g
gz f09
9, 5
e

hence |pifoq| = |1f 0 g, and so K yoq = K. Therefore Definition 2.3 is independent of the

choice of charts, since transition maps are conformal.

Proposition 2.4. [9, p. 298] Let X be a Riemann surface. Then the set of quasiconformal
homeomorphisms X — X forms a group under composition, denoted QC(X ).

Proof. 1t is sufficient to show that the inverse of a quasiconformal homeomorphism is
quasiconformal and the composition of two quasiconformal homeomorphisms is quasicon-

formal. Let f,g: X — X be K¢-quasiconformal and K ,-quasiconformal homeomorphisms,



respectively. We claim that K;-1 = Ky, meaning f~!is quasiconformal. To show this,
write f in local coordinates as f(x + iy) = u(x + iy) + iv(x + iy). Then we can write f~!
in the form f~!(u+iv) = x(u+iv) +iy(u+iv). We obtain the following relation between
the partial derivatives of f and f~!:

-1
Ty Yu [ U uy _ 1 Vy  —Uy
Ty Yo VUx Uy UgVy — UzlUy —VUz Uy

which implies

Uy — WUy + 1y + Uy
UgVy — Vgly

_ YLzl

2 \ UgUy — Vgl
[

Uz Uy — Vglly

and similarly

_ — [z

(f = —"—

Uz Uy — Uglly
hence pip-1(2) = —ps(f~1(2)) and so Dil;—1(2z) = Dilg(f~!(2)) at each point, therefore in
particular K;-1 = Kj.

We also claim that Koy < KyK, meaning g o f is KyK y-quasiconformal. This is proved
using the chain rule (2.1). First note that

1+ |Mg|) <1+ !uf\) gzl + gD f2] + 1 £2])
L—pugl ) \ 1 — |py]

Dil, Dil, = )
UgDily < (lgz] = gz (1 f2] — | f2])

On the other hand,

(gof)z  felg-of)+ falgzo f)  fa(g.o f)+ fo(gzo f)

Bl T 9o ). T Flg-o )+ flgso f)  falgeo f) ¥ Felgzo f)]

therefore
Dil oy — L1 Moot _ 1f2lgz2 ) + folgz 0 DI+ 12920 f) + fo(gz0 /)
P Y= lpgosl | falgz0 f) + Falgz 0 )] = |f2(g: 0 F) + Fa(gz 0 f)
o |F:llg= o f1+ | Fllgz o 1 + |£llg= o 1 + | F:llgz o ]
A fellgz o fI+ 1 fzllgz o £l = | f2llg= o fI = [ f2llgz o £
_ | f2llgz o fI+ | f2llgz o f + | f2llg= o fI + | f=]lgz o /]
|szgz © f’ + |f5”gi ° f’ - ’fZng o f‘ - ’szgE © f‘
_ (’gz o f| + |92 o f‘)(‘fz| + ‘fED
(’gz © f| - |gi o f‘)(‘fz‘ - ‘f2|)’
and so Kgo5 < K Ky, as required. O



3 Quadratic differentials

Quadratic differentials are required for the statement of Teichmiiller’s theorem. They also
feature prominently throughout this paper, so we will spend some time getting to know
them.

Definition 3.1. (Generalisation of [9, p. 389].) Let {zo: Uy — C} be an atlas for a
Riemann surface X. A holomorphic (m,n)—differential on X is a collection of expressions

{¢a(2a)dz%} such that each do: 26(Us) — C is holomorphic with finitely many zeros, and

B5(25) (dﬁ)m (dﬁ) — Gulza) 3.1)

dza

for any pair of coordinate charts zq, z3.

A (2,0)—differential is known as a quadratic differential, which we shall scrutinise in this
section. Later on we will also encounter (—1,1)—differentials, which are called Beltrami
differentials.[11, p. 8]

An alternative way to describe a holomorphic quadratic differential ¢ on X is as a holo-
morphic map from the holomorphic tangent bundle of X to C.[9, p. 309] Suppose that ¢
is given by q(z) = ¢(z)dz? in some local coordinates around xg € X with z(zg) = zp. Let

v be a tangent vector to X at xo, given by a € C =~ T,,(C). Then we say

q(v) = ¢(z0)a2. (3.2)

In particular, it follows that ¢(v) = ¢(—v) for all v € Ty, (X).

3.1 Natural coordinates

It is often useful to define local coordinates for a holomorphic quadratic differential ¢ on
a compact Riemann surface X such that it has the form ¢(z) = 2"dz? for some n > 0.

These are called natural coordinates. The procedure for producing these is as follows.

The first part of this construction closely follows [14] p. 28]. Let p € X be a point such that
q(p) # 0, and choose a chart z: U — C around p such that z(p) = 0. Write ¢(z) = ¢(z)dz>
in this chart. Since ¢ has finitely many zeros, we may assume that it has no zeros in this
chart. Define a function n: 2(U) — C by

w2 = [ Vowidu.

Since ¢ is non-vanishing on U, we are able to choose a branch of the square root function,

so this is well-defined.



We then have 1/ (z) = \/¢(z) non-zero on U, hence 7 is an immersion. Moreover, restricting
to a small enough neighbourhood W C z(U) containing 0, we can assume that 7 is injective.

The natural coordinate at p is then defined to be ¢ := 1o z. Notice that

d¢* = (1 (2)dz)* = ¢(2)d2?,

hence ¢(¢) = d¢?, as desired.

Suppose w is another natural coordinate at p, defined on a chart overlapping with that of
¢, and consider the transition map h := w o (~!. Then w = h o ¢ and on the overlap we
have

d¢? = dw? = K (¢)2d¢2.

Hence h/(¢)? = 1, which means w = h({) = +( + ¢ for some constant ¢ € C. Natural

coordinates are therefore unique up to translation and rotation through an angle of .

Now let p € X be a zero of q of order n. In this case it is possible to find a local coordinate
¢ such that q(¢) = ¢"d¢%. The following construction is based on [19, §6]. Again, choose
a chart z: U — C around p such that z(p) = 0, and write ¢(z) = ¢(z)dz? in this chart.

Then ¢(z) has a zero of order n at 0, hence it has Laurent expansion

o0 (o)
o(z) = Z apz® = 2" Z ak+nzk
k=n k=0

with a, # 0. Thus, defining 1 as before, we have

2 00 % o 00
n(z) = / w2 Z Aprnw® | dw=z"2 Z by 2"
0 k=0 k=0

for some b;. Note that the term inside the parentheses, which we shall call S, can be
assumed to be non-zero if a small enough neighbourhood of the origin is taken. Thus we
can choose a particular branch of the square root of S to give a new Laurent series, so the
latter equality is justified. However, n(z) is only defined away from the origin because of

the znTH term. Now define

2

2 [e.9] n+2

C::z(n; Zbkzk> ,
k=0

choosing a particular branch of the right hand side in a small enough neighbourhood of

the origin, so that CnT“ = ”T“(n o z). Then, differentiating both sides and squaring, we

2 2 2
(’I’L—2|-2> CndC2 _ <n_2|'2> 7’]/(2)2d«22 — <n—2|_2> ¢(Z)d22-

have

Therefore we have ¢(¢) = ¢"d(?, as desired. Again, we call this a natural coordinate at p.



Note than in particular, ¢ is zero at p, since we know ¢ has a zero at p.

Taking another natural coordinate w at p, defined on a chart overlapping with that of (,

consider the transition map h = w o (~!. Then
("d¢? = Wtdw? = h(C)" R (¢)%dC?,

hence

for some constant ¢ € C. But since our natural coordinates are constructed around a zero

of ¢, any natural coordinate must have a zero at this point, so ¢ = 0. Hence

w=exp<2m}€>§

n+ 2

for some k € {1,2,...,n+ 1}. Therefore this time the natural coordinate is unique up to
rotation through an angle of % for k€ {1,2,...,n+ 1}.

Remark. Given a Riemann surface X, the set of holomorphic quadratic differentials on
X forms a vector space (this follows trivially from the definition of a holomorphic quadratic
differential).[9, p. 317) We denote this by QD(X ). We can obtain a lower bound on the
dimension of QD(X ), but first we require some knowledge of foliations and their relation

to quadratic differentials.

3.2 Induced metric

Natural coordinates for a holomorphic quadratic differential ¢ on a Riemann surface X
induce a singular Euclidean metric on the surface, that is, a metric which is flat everywhere
except at a finite number of points (the zeros of ¢).[9, p. 312] In particular, if ¢(z) = 2"dz>
in natural coordinates at a point p € X for some n > 0, then the area form of this metric
is

1 — n
Z|z”|dz ANdz = (z* +y*)2dz A dy

and the length form is
]z"|%|dz\ = (2% + )T \/da? + dy?.

The metric is described geometrically by gluing together n 4+ 2 flat rectangles around p;
see Figure 3.1.



Figure 3.1: Three rectangles glued around a point. All lines depicted are straight.

In this way, we can speak of the Euclidean area of ¢, denoted Area(q), and the Euclidean

length of a path in X with respect to ¢, denoted ;.

4 Foliations

We shall now introduce foliations on Riemann surfaces. In particular, we will explain how
holomorphic quadratic differentials induce foliations. This will give a geometric descrip-

tion of how quadratic differentials behave.

Definition 4.1. [9] p. 301] Given a closed surface X, a singular foliation F is a partition
of X into a disjoint union of 1-dimensional subsets called the leaves of F and a finite set

of points called the singular points of F, such that:

1. Each non-singular p € X has a smooth chart from a neighbourhood of p to R? which
maps leaves to horizontal line segments, and the transition maps between two such charts

take horizontal lines to horizontal lines.

2. Each singular p € X has a smooth chart from a neighbourhood of p to R? which maps

leaves to the level sets of an n-pronged saddle, for some n > 3: see Figure 4.1.

Furthermore, a foliation is called orientable if each of the leaves can be given an orientation

i such a way that the orientations are locally consistent with each other.

Remark. A singular foliation is not orientable if it has a singular point with an odd

number of prongs.
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Figure 4.1: A 3-pronged singular point, and a 4-pronged singular point with orientation.

The Euler—Poincaré formula described below determines the total number of prongs in

any foliation of a given surface.[9, pp. 301-302]

Proposition 4.2 (Euler—Poincaré Formula). Let X be a closed surface with singular foli-
ation, let S be the set of singular points of this foliation, and denote the number of prongs

of a singularity s € S by Ps. Then

2X(X) =) 2-P,

SES

We can equip singular foliations with measures. This will allow us to associate foliations

with quadratic differentials in a meaningful way.

Definition 4.3. [9, p. 302] Let X be a surface with foliation F. A smooth path o in X is
said to be transverse to F if it is transverse to each leaf of F and does not pass through

any singular points.

Definition 4.4. [9, pp. 302-303] Let o, 3: I — X be smooth paths transverse to F. A
leaf-preserving isotopy from « to 5 is a map H: I x I — X such that:

1. HI x{0}) =« and H(I x {1}) = 5;

2. H(I x {t}) is transverse to F for each t € I;

3. H{0} x I) and H({1} x I) are each contained in a single leaf.

(See Figure 4.2.)

Definition 4.5. [9, p. 303] A transverse measure on a foliation F is a function u which
assigns a positive real number to each smooth path a: I — X transverse to F. It is

absolutely continuous with respect to the Lebesgue measure on I and is invariant under

10



Figure 4.2: A leaf-preserving isotopy. Figure 4.3: A transverse measure.

leaf-preserving isotopy. A measured foliation is then defined to be a foliation equipped with

a transverse measure.

For example, consider the foliation F on the complex plane consisting of lines parallel to
the real axis. We can then define a transverse measure p on F by taking the height of a

smooth path transverse to F, as pictured in Figure 4.3.

4.1 The foliations for a quadratic differential

We shall now define two foliations arising from a holomorphic quadratic differential. Using
natural coordinates, we will then be able to define transverse measures on these to turn

them into measured foliations. This construction is based on [9, p. 310].

Definition 4.6. The horizontal foliation for a holomorphic quadratic differential ¢ on
a Riemann surface X 1is the foliation whose singular points are the zeros of q and whose
leaves are the smooth paths in X with tangent vectors that evaluate to positive real numbers
under q. The vertical foliation for q is defined in the same way, except taking paths whose

tangent vectors evaluate to negative real numbers under q.

By using natural coordinates, we can take charts around each point p € X such that ¢ has

the form q(2) = dz? if q(p) # 0, and q(z) = 2"dz? if p is a zero of order n.

Suppose we have the first case, and let v be a tangent vector at p, given by a € C in this
chart. Then ¢(v) = a2, which is a positive real number if and only if « is a non-zero real
number, and is a negative real number if and only if « is a non-zero imaginary number.
Hence in the given chart, the horizontal foliation for ¢ is given by the horizontal lines in C
and the vertical foliation is given by the vertical lines. The transverse measures for these

are those induced by |dy| and |dx|, respectively.

Proposition 4.7. Let p be a zero of order n of a holomorphic quadratic differential ¢ on

11



a Riemann surface X. Then p is an (n + 2)-pronged singular point in the horizontal and

vertical foliations for q.

Proof. (This is a proof of a comment made in [9, p. 310].) Suppose p is a zero of ¢ of order
n, and let v be a tangent vector at a point x € X near enough to p that it is still contained
in the chart given by natural coordinates z. Suppose v is given by a € C in this chart.
Then q(v) = z(x)"a?. Suppose z(x) — z(p) = z(z) = a, that is, x lies on a leaf passing
through p. Then ¢(v) = a"*? is a positive real number if and only if o = r¢* for some
k€ {0,...,n+ 1}, where ¢ is an (n + 2)th root of unity and r is a positive real number.
Hence in the given chart, the horizontal foliation for ¢ is given by an (n + 2)-pronged
singular point with prongs pointing in the directions of the roots of unity. The vertical

foliation is obtained by rotating the horizontal one through an angle of 7. O

Remark. We choose quadratic differentials in this construction because of the property
that g(—v) = q(v) for any vector v in the tangent space, which we showed earlier. Because
of this property, quadratic differentials do not induce an orientation on the constructed

foliations, so we avoid the problem of non-orientability near odd-pronged singularities.

4.2 The dimension of QD(X)

We are now ready to find a lower bound on the dimension of QD(X) for a Riemann
surface X.[9, p. 317] Let P be a finite set of points in X, and denote by Kp(X) the
vector space of meromorphic functions f: X — C which only have simple poles, each at a
point of P. Then, by the Riemann—-Roch theorem (handled in more detail in [10} §II1.4.8]):

Theorem 4.8. Let X be a closed Riemann surface of genus g and let P be a finite set of
points in X. Then
dime(Kp(X)) = [P +1—g.

This then allows us to determine a bound on QD(X).[9] p. 317]

Proposition 4.9. Let X be a closed Riemann surface of genus g. Then
dim¢(QD(X)) = 39 — 3.

Proof. (This proof elaborates on the one given in [, p. 318].) Let gy be an element
of QD(X) with only simple zeros. The fact that such a gg exists is a useful result in
Teichmiiller theory, but it is also non-trivial. A proof can be found in [I5]. The horizontal
foliation for such a gy has three prongs at each singularity, so by the Euler—Poincaré
formula, go has 49 — 4 zeros. Let P denote the set of these zeros. Then by Theorem [4.§
we have dimc(Kp(X)) > 3¢ — 3.

12



Define a map QD(X) — Kp(X) by ¢ — q%. We claim that q% is a well-defined meromor-
phic function on X with only simple poles, which are the points of P where ¢ does not
have a zero. Indeed, given an atlas {z,: U, — C} for X, ¢ and ¢g can be described in

terms of collections of expressions {¢q(zq)dz2} and {14 (24)dz2}, respectively, such that:
1. Each ¢q: 24(U,) — C is holomorphic with finitely many zeros;

2. For any two coordinate charts z,, 23, we have

and similarly for the 1,. Therefore q% is a collection of expressions {%} such that:

1. Each i—z: 24(Uqy) — C is meromorphic with only simple poles, each occurring in P;

2. For any two coordinate charts z,, 23, we have

¢ﬁ(zﬂ) _ QZ)a(za)
V5(28)  Yal2a)

In particular, property 2 shows that q% agrees on overlaps of charts. Hence we have

proved our claim. This map is also surjective, since any function f € Kp(X) can be
reached by choosing ¢ such that it is zero in the appropriate points of P and so that qlo
agrees with f everywhere else. Hence it is a vector space isomorphism, so it follows that
dime(Kp(X)) = dimc(QD(X)), which completes the proof. O

Remark. In fact, it turns out that dimcQD(X) = 3g — 3. Again, this is a consequence
of the Riemann—Roch theorem, and is proved in [10} §IIL5].

5 Teichmiiller’s uniqueness theorem

We are now ready to give exact statements of Teichmiiller’s uniqueness and existence

theorems, and with a little preparation we will be able to prove uniqueness.

5.1 Statement of Teichmiiller’s uniqueness and existence theorems

Definition 5.1. [9, p. 320] Let X and Y be closed Riemann surfaces of genus g. A
Teichmiiller mapping of horizontal stretch factor K > 0 is a homeomorphism f: X — Y
such that there exist quadratic differentials qx and qy on X and Y, respectively, with the

following properties:

1. If pe X is a zero of qx, then f(p) € Y is a zero of qy;

13



2. If p e X is not a zero of qx, then there exist natural coordinates (x for qx at p and
Cy for qv at f(p) such that

1

(Cyofoly' )z +iy) = VEx <

or, in terms of z and Z,

s () (5))

We call such qx and qy the initial differential and terminal differential, respectively.

N

Note that the dilatation of f is Dily = K if K > 1 and Dily = % if K < 1, so the dilatation
is in some sense the same as the horizontal stretch factor, since we can swap horizontal

and vertical directions if necessary to ensure K > 1.

Recall that when we stated Teichmiiller’s theorem at the beginning we spoke of a unique
mapping with minimal dilatation. Our definition of a Teichmiiller mapping makes this

more precise:

Theorem 5.2 (Teichmiiller’s existence theorem). [9, p. 321] Let f: X — Y be a home-
omorphism between closed Riemann surfaces of genus g > 2. Then there exists a Te-

ichmaller mapping h: X — Y homotopic to f.

Theorem 5.3 (Teichmiiller’s uniqueness theorem). [9, p. 322] Let h: X — Y be a Te-
ichmiiller mapping between closed Riemann surfaces of genus g > 2. Then for any quasi-

conformal homeomorphism f: X —Y homotopic to h, we have Kj, < Ky, with equality if
and only if f = h.

Remark. These theorems are also true in the case g = 1, except with the condition for
equality of dilatations relaxed to f o h™' conformal. This is a special case which must be
handled separately; see [9), §10-11].

5.2 Grotzsch’s problem

We begin by proving a special case of the uniqueness theorem known as Grotzsch’s

problem, 9 p. 325] which shall pave the way for the main proof.

Theorem 5.4 (Grotzsch’s Problem). Consider the two rectangles X = [0,a] x [0,1] and
Y =[0,Ka] x [0,1] in R? for some K > 1. Let f: X — Y be an orientation-preserving
homeomorphism which is smooth everywhere except at most a finite number of points, and
which takes horizontal sides to horizontal sides and vertical sides to vertical sides. Then
Ky > K, with equality if and only if f is affine.

14



Proof. (Based on [9, pp. 325-327].) We first show that
JDily > | f.]? (5.1)

where J; is the Jacobian determinant of f (we give an alternative proof to that in [9]).

Considering f as a function C — C in the form f(z + iy) = u(x + iy) + iv(x + iy), the

Uy Uy
Vg Uy

with determinant Jy = ug,v, — vzu, > 0 (since f is orientation-preserving). Notice that

Jacobian is

UpVy — Vplly = (4du,v, — dv,u
zVy z Uy zVy z Uy

BTN

2 2 _ .2 2
(uy + 2ugvy + vy — ug + 2uzvy — vy
2

2 — 2upuy, — ul)

Y
= (s +vy)” = (uz = 0)? + Fvs —uy)? = }(0s + )

2 2
+ vy — 20Uy +uy — v

= Yug + vy + ivg — duy > — Hup — vy + vy + duy 2
= |5(fe — ify) > = 15 (fe + ify)?
= |fz’2 - ’fZ‘Q

so that

Iy = (£ - 1)
£l + | f2])?
L (fo = if ) + 5 (Fa +ify)])?

|fz|* by the triangle inequality.

(
(

v

Next we show that
/ | fz|dA > K Area(X). (5.2)
X

First integrate with respect to x only to give

N ’/Oafxdfc

with the last inequality following from the fact that f sends vertical sides to vertical sides.

= |f(aay) - f(ovy)| > KCL,

Then integrate both sides with respect to y from 0 to 1 to give the desired inequality.

Now we have the following chain of inequalities:

(KArea(X))? < < /X | fzydA)2 (5.3)
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< </X \/TfmclA)Q (5.4)

§<Ajﬂ4><éDmmo (5.5)

< (KArea(X))(KgArea(X)) (5.6)

where (5.3) follows from (5.2), (5.4) follows from (5.1), (5.5) follows from the Cauchy—
Schwarz inequality, and (5.6) is due to the definition of Ky as the supremum of Dily over
all values of z € C and the equality [, JydA = KArea(X). Hence, by taking out a factor
of KArea(X)?, we are left with Ky > K, as required.

Finally, we shall prove that K; = K if and only if f is affine. We prove this in more detail
than [9]. Suppose first that f is affine. Then it can be expressed as a function R? — R?
in the form f(z,y) = (bx + cy + d, fx + vy + 9) for b,c,d, 5,7, € R. Since f maps (0,0)
to (0,0), we have d = 0 = 0. Since f maps (0,1) to (0,1) we have ¢ =0 and y = 1. Since
f maps (a,0) to (Ka,0) we have b= K and § = 0. Hence f(z,y) = (Kx,y). Therefore

AR
AR

(fo—if)|+15(fe +ify)l  |K+1+|K -1

Dil = —
d (fo—if) = 3(fo+ify)] K +1[—[K 1]

s K

= 1 )
2

recalling that we chose K > 1. In particular, Ky = K.

Conversely, suppose Ky = K and define A(z,y) = (Kxz,y). Then we can assume K = 1
by replacing f with A~!'o f. Since K; = K, the inequalities (5.3), (5.4), (5.5), and
(5.6) become Area(X)? < .-+ < Area(X)?2, hence they are all equalities. In particular,
Jx | fz]dA = Area(X) = a. We claim that this means f takes horizontal lines to horizontal
lines. Suppose not; that is, for some fixed y there is an interval (s,t) C [0,a] on which
|vz(z,y)| > 0. Then

/|fx|dA:/ VuZ +vide
X 0
s t a
:/ \/u§+v§dﬂc+/ Vui%—vidm%—/ Vui 4+ vide
0 s t

a a
>/ |ug|dz > ‘/ Ugdx
0 0

yielding a contradiction. Furthermore, f is conformal since Ky = K = 1, so it preserves

:a’

the perpendicularity of horizontal and vertical lines. Hence f also takes vertical lines to
vertical lines. In particular, fixing x = x¢ (or y = yo) gives u(zg,y) (or v(x,yp)) constant,

so u depends only on z, and v only on y. Thus we can write f(z,y) = (u(x),v(y)).

Note that since 1 < Dil¢(z,y) < Ky =1 for all (z,y), we must have Dily = 1. So by (5.1),

which is now an equality,
2 2
uy = | fol” = Jf = uaty — vauy = ugvy.

16



Furthermore, since f is orientation-preserving, it follows that J; > 0, hence u, = v,

2 = vfj. By equality of (5.5), we have the equality case of the

Cauchy—Schwarz inequality, so

everywhere and Jy = u

VI
\/]lec_\/ff_uiﬂ_vy

is constant. Equality of (5.6) then implies Jy = K = 1, and since f(0,0) = (0,0), it then
follows that u(z) = x and v(y) = y. So f is the identity, and in particular it is affine. [

5.3 Proof of the uniqueness theorem

Most of the adjustments that are required to be able to adapt the proof of Grotzsch’s
problem for the uniqueness theorem are trivial. However, justifying the analogue of in-
equality (5.2) is not so simple, and we require a lemma to do so (we prove a more general
version of [9, p. 328]).

Lemma 5.5. Let h: X — Y be a Teichmiiller mapping between closed Riemann surfaces
with initial differential qx and terminal differential qy. Let f: X — Y be a homeomor-
phism which s homotopic to h. Then there exists a constant M > 0 such that any path
a: I — X embedded in a leaf of the horizontal foliation for qx satisfies

gy (f(@)) > Ly, (M) — M.

Proof. (Based on [9, p. 328].) Choose a homotopy H: X x I — Y from f to h. Then
lyy o H{z} x I): X — R is continuous, and as X is compact it attains a maximum
N > 0. Let a: I — X be a path embedded in a leaf of the horizontal foliation for ¢x,
and let ag(t) = H(«(0),1 —t) and a;(t) = H(«(1),t) for t € I. Then the concatenation
ag * f(o) * a1 is endpoint-preserving homotopic to h(ca). Thus its 4, —length must be at
least that of h(«), as « is embedded in a horizontal leaf of gx and so h(«) is embedded in
a horizontal leaf of qy. Therefore
lay (M) < Lgy (a0 % f(@) * 1)

E(IY (Ozo) + EQY(f(O‘)) + ZCIY (O‘l)
foy (f(@) +2N

<
Hence 4y, (f(a)) > 44y (h()) — M, where M = 2N. O

Now we can prove the analogous inequality.[9], p. 328]

Proposition 5.6. Let h: X — Y be a Teichmiller mapping between closed Riemann
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surfaces with initial differential qx, terminal differential gy and horizontal stretch factor
K. Let f: X = Y be a homeomorphism which is homotopic to h and which is smooth

everywhere except a finite number of points. Then

/X 1£,]dA > VR Area(qy). (5.7)

Proof. (Closely follows [9) p. 329].) Define a, 1, to be the path in X which is horizontal with
respect to gx, has length 2L and is centred at p € X. Then define : X x R>9 — R>¢ by
setting d(p, L) to be the integral of | f;| along «;, 1. This is not defined within a horizontal
distance of L of a zero of qx, however since there are only finitely many zeros, the set on
which § is undefined has measure zero. As we are going to integrate J over X, we can

therefore ignore this set.

Notice that 6(p, L) = {4, (f(ap 1)) where it is defined, and the Teichmiiller map h has
horizontal stretch factor K, hence lg4, (h(op.1)) = 2LVK. Then applying Lemma
gives some M > 0 independent of p and L such that £, (f(cy.z)) > 2LV K — M. Hence

/ 5(p, L)dA = / Loy (F () dA
X X
>/ 2[IVK — MdA
X

= (2LVK — M)Area(qx).

Notice that by Fubini’s theorem,

Jownaa= [ (f LLIfx!d$> aa=2L [ |1laa,

[ 1A= (VE - 5 ) Aveata)

and so letting L tend to infinity completes the proof. O

hence

We can now adapt the proof of Grotzsch’s problem for Teichmiller’s uniqueness theorem

as follows (we elaborate on the comment given in [9, p. 330]):

1. Define the horizontal and vertical directions to be those induced by the horizontal
and vertical foliations for ¢x and gy ; in other words, replace the standard Euclidean
coordinates x and y with the natural coordinates for the initial and terminal differ-

entials.
2. Replace inequality (5.2) with the one in Proposition

3. Assume without loss of generality that horizontal stretch factor K > 1, so that K
can be replaced with Kj,.

18



4. The chain of inequalities (5.3) to (5.6) becomes

(v/KpArea(qx))? < (/ \fxldA>
()

() ([ )

< Area qy)KfArea(qX)
JE
0

| Area(qx)KyArea(qx) = KArea(gx)?.

7=

5. Replace the affine mapping A with the Teichmiiller mapping h. (Notice that since
f is in the same homotopy class as h, then A~' o f is in the same homotopy class as

the identity map, which is a Teichmiiller mapping with maximal dilatation 1.)

6 The Beltrami equation

The aim of this section is to prove the measurable Riemann mapping theorem, an impor-
tant result which is crucial to the proof of Teichmiiller’s existence theorem. It roughly
states that given a suitable function u, we can find a quasiconformal homeomorphism with

complex dilatation p. In other words, we aim to solve the Beltrami equation, namely

fz=nfz, (6.1)

where p is taken to be a measurable function with ||u||.c < k < 1 almost everywhere. We

will define what this means by setting some standard notation.

6.1 Notation

We will denote the space of k-times continuously differentiable functions on © by C*(9),
often abbreviated to C* as we will always be using Q = C. The space of k-times differen-
tiable functions with compact support is then denoted by C(’f .

We also define two other kinds of spaces:

Definition 6.1. For p € [1, 0], define LP-space as

LP(C) = {h: C — C measurable : ||h||, < o0}/ ~,
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where we define

IAll, = ( / \h\pdxdy) ifp < oo,

[|h]|oo = esssup |h| = inf{a € R : {|h| > a} has measure zero},
C

and ~ 1is the equivalence relation identifying any two functions that are equal almost ev-

erywhere.

Definition 6.2. A function h: C — C is Holder continuous with Holder exponent « if

there exists some constant ¢ > 0 such that
[h(z1) = h(z2)] < clz1 — 22®
for all z1,z9 € C. We denote the space of Hélder continuous functions by Hy(C).
Again, we often abbreviate LP(C) and H,(C) to LP and H,.
6.2 The Cauchy and Hilbert transforms

As part of our analysis of the Beltrami equation, we introduce two important transforms:

the Cauchy transform and the Hilbert transform.

Definition 6.3. [I1, p. 48] Fiz h € LP(C) for p > 2. The Cauchy transform Ph of h is
defined by
1 1 1
Ph(w) = / h(z) ( - ) dzdy.
7 Jc z—w oz

Lemma 6.4. [I1], p. 48] Ph is Hélder continuous with Hélder exponent 1 — %. That is,
the Cauchy transform is a function P: LP(C) — H,_2(C).
P

Proof. (Based on [11, p. 49].) We have

/ h(2) (z ! — - i) d:cdy’

T |Jc

1

< — [ [h(z)] dzdy
T Jc

[Ph(w)| = -

z2(z —w)

1
_ o] / |1 (2)| ———daxdy
m C

|2(2 — w)|
and then by the Holder inequality (defined in [I7, p. 63]),

Prol < ([ rh<z>|pdxdy); ([ tgdots)’ (6.2)
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where the p is the one in LP(C) and % + % = 1. Since p > 2, it follows that 1 < ¢ < 2.
Now substitute z = wu (this step is not in [I1]). Note that dzdz = wwdudu = |w|*dudu

and
dzdz = (dz + idy)(dz — idy) = dzdz — idxdy + idydx + dydy = —2idzdy,

so, writing u as z again, we have

1 \wP 2-9 1
d:ndy:/dxdy: w q/dxdy. (6.3)
/c ECE T p—T | NEEET

We claim that the last integral is convergent (this is stated without proof in [11]). To show
this, we must consider three separate cases: behaviour near oo, 0 and 1. By considering
the asymptotic behaviour near these three points, proof of the claim reduces to showing
the following are convergent:

1
1. / Taedrdy  (We can treat z — 1 as z near oo)
|z|>1 |Z’ e

1
2. / dedy (we can ignore |z31|q near 0 as it behaves nicely)
lel<3 1%

1
3. / ———dxdy  (we can ignore ﬁ near 1 as it behaves nicely).
1)<k |2 = 1]

Write z in polar form as z = re. Then integral 1 can be written as

00 2
/ e dfdr = / / —
r>1 |ret]?e 1 Jo 1
[e.e]
2
= / 27i1d7"’
1 7
which is convergent as ¢ > 1. Integral 2 can be written as
r 3 [y
/ .9d9dr:/ / —dfdr
<t |ret]a o Jo 1
1
2 2
:/ il dr,
o it

which is convergent as ¢ < 2. Similar reasoning shows integral 3 is convergent. Hence
the whole integral is convergent, so it can be regarded as a constant depending only on p.

Therefore we can define a constant K, as

1
1 1 q

K, = — —dxd
P </<c ECED y)
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Combining this with (6.2) and (6.3) then gives

2—2q 1_2
[Ph(w)] < [wl[[h][plw] e Kp = [[h][pJw] 7 Kp. (6.4)
Defining h(z) = h(z + wy), we have
~ 1 1 1
Ph(wy — =— [ h — — — | dzd
(w2 —wr) W/c (Z+w1)<z+w1_w2 z) zay,

then substituting z for z + wy gives

Pﬁ(wQ—wl)z—l/Ch(z)< LR >da;dy

T zZ—wy Z—wp

= Ph(wQ) — Ph(wl).

Then we can apply (6.4) to h to give

_2
|Ph(wi) — Ph(ws)| < ||h]|pKplwi — wa| "7 (6.5)

as desired. O

Definition 6.5. [4, p. 52] Fiz h € C3. The Hilbert transform Th of h is defined by
1 h
Th(w) = lim —/ %dwdy .
>0 T Js—w|>e (z —w)

Lemma 6.6. [4, p. 52] Given h € C2, we have Th € C', so that the Hilbert transform is
a function T': Cg — C'. Moreover,

1. (Ph)g = h,’

2. (Ph), = Th;

3. /|Th]2dxdy:/ |\h|2dxdy.
C C

Proof. (Elaboration of [4, pp. 52-53].) First note that, writing w = u + v, we have
(Ph)g = 3((Ph)y + i(Ph),) and (Ph)y, = 5((Ph)y — i(Ph),). Then we have

1 1 1 1 1 1 1
—lim = [ —= -2 - _ -
530 0 ( ﬂ/((:h(z) (z—(w+5) z> dedy + W/(Ch(z) (z—w z> dxdy)
o1 1 1 1 1 1 1
=5 (‘7r et <z_w _z—|—5> drdy+ 1 [ 0z <Z_w —z) dxdy)

. <_1/@ h(z+5<);—h(z)zlw +% (h(Zz) - hizj;)) dxdy)




:—1/ s dxdy—l/ <h(z)) dxdy.
™ Jc R W ™ JC z x

Defining Br = [—R, R] x [-R, R] and applying Stokes’ theorem, the last integral can be

expressed as

/(h(z)) dxdy = lim (h(z)) dxdy
C z z R—o0 Br z x
= lim h(Z)ds,

R—o0 9Br z

where s is a unit-speed parameter for 0Br. But h has compact support, so it vanishes
outside a compact set. Hence for R large enough, the integral over 0 Br vanishes, and in

particular the limit as R tends to infinity is zero. So in fact

1 [ h,
(Ph), = —/ dxdy.

™ JcR—W
Similarly,
1 hy
(Ph)y = —— dxdy,
™ Jc R —W
and so

1 [ hs 1 [ h.
(Ph)g = —/ dxdy and  (Ph), = —/ dxdy

m™Jc R —W ™ Jc R —W
(these two formulae are simply stated in [4] without any proof). Now let 7. be the circle
with centre w and radius ¢, and let Q. be C\ {z : |z — w| < €}, that is everything except

the region 7. encloses. Note that
dhdz = (hydz + hzdz)dz = h,dzdz + hzdzdz = —hzdzdz

(not mentioned in [4]). Then using this and Stokes’ theorem,

1 / he dady = 1 M gpdz
T Jez—w 21t Joz —w
_ 1 [ dhdz
2 Joz—w
1 dhd
=~ lim & (6.6)

27 e—0 Q2w

1
- / hdz (6.7)
a7

271 e—=0 _Z—w

The change of sign in step (6.6) is because €. and the ball B(0,¢) of radius € and centre
0 induce opposite orientations on 7. (not mentioned in [4]), noting that integrating over

C amounts to integrating over B(0,¢) and taking the limit as ¢ — oo. Step (6.7) uses
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Stokes’ theorem and also that

d(hdz>:dhdz+hd( 1 )dz
z—w z—w —w
dhd
= Z+h<
z—w
dhdz
z—w (z—w)?
dhdz

zZ—Ww

Finally, by Cauchy’s integral formula (6.7) is just A(w), so we have proved part 1. Similarly

1 h 1 dhdz
—— drdy = —
T Joz—w 21 Joz —w
1 . dhdz

= —— lim ,
2mi e—=0 Jo z—w
£

but this time we have

hdz dhdz hdzdz
d ;
z—w (z—w)?

SO

ia

1 . dhdz 1 hdz 1 hdzdz
—— lim = _ d _hazaz
271 e=0 Jo_ z — 2 Q. 0. (z —w)?
1/ hdz 1/ hdzdz
2mi e 2 W Q. (z—w)?
1 e
T Jo. (z—w)?

I
:

I
(‘f!r—-

This proves part 2.

Now observe that

P(hz)(w)z—l/c L dy + — /d dy = Th(w) — Th(0)

zZ— W

and apply parts 1 and 2 to h, to give
h.
(h ) = T(h ) = P(hzz) +T(hz)(0)a

which shows that Th € C!. Since h has compact support, then as z approaches infin-
ity, Ph = O(1). So we can use integration by parts where appropriate in the following
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calculation without producing an extra term (not mentioned in [4]):

/ |Th|?dzdy = — ! (Th)(Th)dde
C 22
1
=5 (Ph) (Ph) dzdz
(3
1
=5 (Ph) (Ph)zdzdz
1

== / Ph(Ph),sdzdz
21 C
1 .

1 / Ph((PR):)sdzd?
21 C

- l, / (Ph)h=dzdz

:—/ (Ph) shdzdz

:/hhdxdy
= / |h|?dzdy.
C

Thus we have shown part 3. ]

Remark. In proving the first two parts, we in fact only needed to use h € C}.

Part 3 of this lemma shows that T is an isometry on C2, and in fact, since C? is dense in
L?, it follows by continuity that 7" can be extended to an isometry on the whole of L?.
[4, p. 53] But we want to extend T" to LP for p > 2, since we would like to compare it with
P, which is not defined for p = 2.

We solve this problem by introducing the Calderon—Zygmund inequality, which says that

part 3 of the lemma can be replaced with
ITh[lp < Cypl[Rll

for any p > 2, with C,, = 1 as p — 2. A proof of this inequality can be found in [4,
§V.D]. We can use this to obtain some additional properties of the Cauchy and Hilbert
transforms.[4, p. 53] But first of all, we need to define what it means for an equation to

hold in the sense of distributions.

Definition 6.7. The distribution of f: C — C is the linear functional f[-]: C(C) — C
defined by integrating against test functions ¢ € C3(C):

= /C fodzdy.
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Differentiation in the sense of distributions is defined by D f[¢] := — f[D¢].

Lemma 6.8. The following hold in the sense of distributions for h € LP with p > 2:
1. (Ph)z = h;

2. (Ph), = Th.

Proof. (Based on [4, p. 53].) We want to show that for all test functions ¢ € C{,

/(C(Ph)¢5da:dy = —/(chhd:cdy and /(C(Ph)@d:cdy: —/(C¢Thdacdy.

These equations hold when h € Cg by using integration by parts and Lemma 6.6, and
we can approximate h in the LP-norm by a sequence h,, € C’g. Therefore it only remains
to show that T"h and Ph are also approximated by Th,, and Ph,. But by the Calderon—

Zygmund inequality ||[Th — Thy||, < Cp||h — hyl|p, and |P(h — hy)| < K,||h — han|z]17%
by (6.4), so this is true. O

6.3 Solving the Beltrami equation

We have now laid the groundwork required to be able to solve the Beltrami equation.
Initially we will deal with the case where p has compact support, and ||u|lcc < k& < 1.
This means the solution f will be analytic at infinity (that is, f(1) will be analytic at

z€ero).

Recall that the C), from the Calderon—Zygmund inequality approaches 1 as p — 2 from
above, so for p > 2 small enough we have kC},, < 1. Fix such a p. Then we have the

following theorem.[4, p. 54]

Theorem 6.9. Under the above assumptions, there exists a unique solution of the Beltrami
equation fz = pf, such that f(0) =0 and f, —1 € LP(C).

In order to prove this, we need Weyl’s lemma (proved in [8, §9.4]), which states:

Lemma 6.10 (Weyl’s Lemma). If f is a solution of Laplace’s equation Af = fpp+ fyy =0
in the sense of distributions, then it is also a smooth solution of Laplace’s equation in the

non-distributional sense.

Proof of theorem. (Based on [4, p. 54].) We will first prove uniqueness. Suppose f is
such a solution. Then f; = uf, € LP and P(fz) exists, and by Lemma 6.8 the function
F = f — P(f:) satisfies Fx = 0 in the sense of distributions. But F; = $(F, + iF}), so we
also have F,, + iF,,; = 0 and F,, + iF,, = 0 in the sense of distributions. Multiplying
the last equation by ¢ and subtracting from the other then gives F,, + Fy, = 0, hence
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F solves the Laplace equation in the sense of distributions. Then by Weyl’s lemma, F' is
harmonic. Since f, — 1 € LP, then F, — 1 € I” which can only be satisfied if F, = 1 by
Liouville’s theorem. Moreover, the normalisation f(0) = 0 together with Fz = 0 implies
F=zs0f=P(f:)+zand f. = T(f:) + 1 = T(uf.) + 1.

If g is another solution, then f, — g, = T(u(f. — g.)), and so by the Calderon-Zygmund
inequality, ||f, — g:|lp < kCpl|f: — gz||p- But we are assuming that kCp, < 1,s0 f, —g, =0

almost everywhere. Therefore f — g is constant, and by the normalisation we have f = g.

Now we prove existence (using a different method to [4]). Consider the operator given by
S(h) =Tu+ T(uh), where h € LP. Then

S(f) = S(g) =T(uf) —T(ug) =T(u(f —9))

so by the Calderon—Zygmund inequality

1S(f) = Sl < Cpllu(f = 9)llp < ECp[If = gllp-

But we assumed that kC), < 1, hence S is a contraction, meaning we can apply the
contraction mapping theorem on Lp—spaceﬂ to conclude that there is exactly one solution
h to S(h) = h. That is, there is exactly one h such that h = T'(uh) + Tu. Since p has
compact support and ||u||c < 1, then p(h + 1) € LP and so P(u(h + 1)) is well-defined
and continuous. For such a solution h, it follows that f = P(u(h 4 1)) + z is the solution

of the Beltrami equation, since

fo=Puth+1),+1=T(uh+1)+1=h+1 6.8
and  fz = (P(u(h+1))): = p(h +1). (6.9)
We also have f, — 1 =h € L7. O

Definition 6.11. [4, p. 55| The solution f = P(u(h+ 1)) + 2z = P(f:) + z given in the

above proof is called the normal solution of the Beltrami equation.

6.4 The measurable Riemann mapping theorem

We claim that the normal solution to the Beltrami equation is a quasiconformal homeo-

morphism with complex dilatation p. To show this, we will need a few more lemmas.

Lemma 6.12. [I1| p. 52| Let py,, p be as in the hypothesis of Theorem with uniformly
bounded supports, and let f,, f be the respective normal solutions. Suppose that p, —
almost everywhere. Then ||(fn): — f:|lp = 0 and fn, — f uniformly on compact sets.

I This is a complete metric space under the LP-norm; see [18] p. 5]
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Proof. (Elaboration of [I1), pp. 52-53].) Applying the Calderon—Zygmund inequality to

the solution h of h = T(ph) + T determined in the proof of Theorem we have
||, < kCpl|R|lp + Cpllpllp, and then solving for ||h||, gives

C
h||, < —2— .
Il < =g il
Furthermore, letting f be the normal solution, we have

[1F2llp = [liCh =+ Dllp < {lullpllAllp + el

C
< __ P
< el =2l + Nl

< K, + L0y,
= 1—kc, M T T g, M
1

Hence applying the Hélder condition (6.4) on P gives

[ = F1 = [P(Fa)2) = P(f2)] < Kpll(Fn)z — Fllplel 7

< K
= 1-kC,

1—2
[l = pllpl= 7

But p, — p almost everywhere, so f, — f uniformly. Then noticing that (6.8) gives
f-=T(uf.) + 1, we also have

[(fn)z — fZHP = [T (pn(fn)= — Mfz)Hp = [T (pn((fn)z — f2)) + T (pn — N)fZ)HP
< HT(Nn((fn)z - fz))”p + HT((NrL - :U)fZ)HP
< kCPH(fn)z - fz||p + CPH(MH - ,U)fZHP'

But py, — p almost everywhere and kC), < 1, so ||(fn): — fz|lp — 0, as required. O

Additionally, we obtain the following useful estimate by integrating (6.8):

| fwr) = fw2)] < [P(u(h+1))(wi) — P(u(h + 1)) (we)| + |w1 — w2
< Kl (4 Dllphwr —wa]' ™5 + Juwr — wp

Kp

2
< l_kcpHqulwl—wﬂl_E+|w1—w2!- (6.11)

Lemma 6.13. [4, p. 56] If u has a derivative in the sense of distributions, and p, € LP
for some p > 2, then f € C'.

To prove this lemma, we require the following result, which we quote without proof. A

full proof of it is given in [4, §V.B]J.
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Lemma 6.14. If g and h are continuous and have locally integrable derivatives in the

sense of distributions that satisfy gz = h., then there exists f € C' such that f, = g and
fg — h

Proof of Lemma[6.13. (Closely follows [4, p. 56].) Solving the Beltrami equation amounts
to solving the system of equations f, = A, fz = uA for A. By the previous lemma, this is
possible for f € C! if

Az = (BA)z = Aot + Az

or, dividing through by A,
(log\)z = p(logA), + .. (6.12)

By the same contraction mapping theorem argument that we used in the proof of Theorem
the equation h = T(uh) + T(p,) has a unique solution h € LP. Then we define
o = P(uh + pz) + ¢, where ¢ is a constant chosen so that ¢ — 0 as z — oco. Then o is

continuous and

0. =T(ph+p.) =h
0z = ph+ prz = pos + iz,

so A = €7 solves (6.12) as required. Moreover, if we normalise the solution f by setting
f(0) = 0, then we obtain the normal solution, since as z — oo, 0 — 0 and so A — 1,
meaning f, — 1 and thus f, — 1 € L”. O

The following construction is based on [4, pp. 56-57]. Recall from section 2 that the inverse
f~! of a K-quasiconformal homeomorphism is again K-quasiconformal and has complex
dilatation jip-1(2) = —pp(f(2)), hence we have |ug-1 o f| = |uys|. For convenience
of notation we shall denote s by p and py-1 by pi. Recall from the proof of Grotzsch’s
problem that the Jacobian determinant of f is | f,|?>—|fz|?. Therefore, changing coordinates

from x,y to (,n via f, we have
[ Erdcan = [ 1L - 15:P)dody
C C
< [ 1ul?1£.Pdady
C
= [ g Py

) ez . 2
< ( L dwdy) ( JAz dwdy)

= [l £=115,
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and so by (6.10),

p—2
p

- =2 _2 2 _2
el < lpllp” (1 =kCy) ?llully = (1 —kCp) »[lullp.

Then applying (6.11) to f~! with wy = f(z1) and wy = f(22) gives

—1-2

_2
|21 — 20| < Kp(1 = kCp) ™ 7o |pllplf(21) — Fz2)|' 77 + [ £(21) — f(22)]. (6.13)
Now we can prove the theorem we have been building up to. [4, p. 57]

Theorem 6.15. For any p with compact support and ||u||ec < k < 1, the normal solution

f to the Beltrami equation is a quasiconformal homeomorphism with complex dilatation p.

Proof. (Based on [4, p. 57] and [2, pp. 391-392].) We can find a sequence y, € C! such
that p, — p almost everywhere, |u,| < k and p, = 0 outside some disc, since p has
compact support and ||p||sc < k. Then the corresponding normal solutions f,, tend to f
uniformly by Lemma 6.12. The f,, satisfy (6.13), so f does too, hence f is injective, since
putting f(z1) = f(22) in (6.13) gives |21 — 22| < 0. Furthermore, the f,, are C* by Lemma
6.13, so f is too. Since f, — 1 € LP, it follows that f. — 1 as z — oo, which is enough
to show f is surjective.The inverses f; ! are then C' and f,; ! — f~! uniformly, so f~! is
C' too, and thus f is a homeomorphism. Moreover, as a uniform limit of quasiconformal
mappings, f is itself quasiconformal. We also claim that f, # 0 almost everywhere, so
that py is defined almost everywhere and is equal to p. This is true because if f, = 0
then f> = 0 too, and so the Jacobian |f.|?> — |fz|?> = 0, which cannot happen on a set of

non-zero measure. ]

We now drop the assumption that u has compact support to reach our goal: the measur-

able Riemann mapping theorem.[11l p. 54]

Theorem 6.16 (Measurable Riemann Mapping Theorem). For any p € L*°(C) with
l|tt|loo < 1, there exists a unique quasiconformal homeomorphism f* with complex dilata-

tion p which fizes 0,1, co.

Proof. (Elaboration of [I1), pp. 54-55] and [2, pp. 395-396].) First suppose p has compact
support, that is u = 0 in a neighbourhood of infinity. Let g"* denote the normal solution

to the Beltrami equation. Then g* fixes zero and infinity, so setting

gives a solution which also fixes 1. By Theorem g* is a quasiconformal homeomor-

phism with complex dilatation u, hence so is f*.
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Now suppose i = 0 in a neighbourhood of zero. We want to reduce this to the first case,

so apply a change of coordinates from z to %, using the change of coordinates formula for

Az) = C) 'zz

Then A = 0 in a neighbourhood of infinity, so there exists a quasiconformal homeomor-

a Beltrami differential to give

phism f* with complex dilatation A which fixes 0, 1, c0. We claim that

is a quasiconformal homeomorphism with complex dilatation p which fixes 0,1, 0o (this is
stated without proof in [I1] and [2]). Indeed, it fixes 0,1, 00 since f* does, and is a qua-
siconformal homeomorphism since f* is, so we only need to verify its complex dilatation.
Let i(z) = 1. Then, using the chain rule stated in (2.1),

U= (iofroi): = (froi)s(izo froi)+ (froi)z(izo f2 o)
(f*0id)z(iz 0 f o)

=iz(f2 o) +iz(f2 0 i)

=iz(gs01)

and similarly

hence f£ = pfl as required.

Finally, consider the general case. Note that any u can be written in the form y=n+ v,
where 1 and v vanish near infinity and zero, respectively. We claim that the required f*

is given by f* = f* o f¥, where

— 1 f;j o vy—1
)\_<1_Vﬂ fyz> ()

(this is stated without proof in [II] and [2]). Indeed, since n = 0 in a neighbourhood of

infinity, it follows that p = v in a neighbourhood of infinity, and so vy = vv = |v|? < 1.
Hence A = 0 in a neighbourhood of infinity, so we can use the first case to conclude

that f* exists, and by the second case f exists too. Then f* o f¥ is a quasiconformal
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homeomorphism which fixes 0, 1, 0o since f* and f” are. The complex dilatation is u:

(Frof)s=fL(f2o f)+ f7a(f2o f)
=vfl(f2o f") +F-<(Af*> o f¥)
=vfl(f2of) + — —— (2o )

ZWLU’Z ° ")

=22 e p)

(1 — vu)+nvu V(A o v
oAU )

—u (fz”(fA )+
(

Ko )

ﬁf”f; ((2)o)

= (SU(f2 o f") +

= (FS2 0 1) + 0720 1)

= (F2 0 1) +0F2(f2 0 1))

= (L2 /) + T2 0 7))

= n (£ /) + T2 e )
= ul(f* o 1)

Quasiconformal homeomorphisms with a given complex dilatation are unique up to com-
position with a conformal mapping C— @, that is, a Mobius transformation. But since
our fH fixes three points, the only possible such Mobius transformation is the identity.

Hence f* is unique. O

Remark. Additionally, this [ is smooth wherever u is, and varies complex analytically

with respect to p (see [2]).

7 Teichmailler’s existence theorem

7.1 Teichmiiller space: two definitions

We shall finally introduce a fundamental part of Teichmiiller theory which will be required

to prove the existence theorem: Teichmiiller space.
Definition 7.1. [7, p. 8] Let v be a geodesic in hyperbolic space H2. Then the complement

of v in H? consists of two components. The closure of one of these components is called

a hyperbolic half-space. A surface X with complete, finite-area hyperbolic metric is then
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said to have totally geodesic boundary if X admits an atlas {¢o: Uy — Hy} of charts to
hyperbolic half-spaces H,, bounded by geodesics o such that ¢o(Uy N OX) = ¢o(Us) N Yo

for each a.

Definition 7.2. [9, pp. 263-264] Let S be a compact surface of genus at least 2. A
hyperbolic structure on S is a diffeomorphism ¢: S — X for some surface X with a
complete, finite-area hyperbolic metric and totally geodesic boundary. The map ¢ is called
a marking, and the pair (X, @) is called a marked hyperbolic surface. Given two hyperbolic
structures ¢;: S — X; for i = 1,2, the homeomorphism ¢y o qﬁl_l: X1 — Xg is called the

change of marking map.

Two hyperbolic structures ¢;: S — X; for i = 1,2 are said to be homotopic if there is an

isometry I: X1 — Xo such that I o ¢1 and ¢p2 are homotopic.

Definition 7.3. [0, p. 264] The Teichmiiller space of a compact surface S of genus at

least 2 is the set of homotopy classes of hyperbolic structures on S. In other words,
Teich(S) = {(X, 9)}/ ~,

where two marked hyperbolic spaces are equivalent if and only if the hyperbolic structures

they define are homotopic.

Remark. By the classification of surfaces, S is determined up to homeomorphism by its
genus, so we can simply write Sy for the surface of genus g. Moreover, it turns out that
Teich(Sy) ~ R%~6 for g > 2, a fact that will be useful in proving Teichmiiller’s existence
theorem. This arises from Fenchel-Nielsen coordinates, which are studied in depth in [9,

§10.6).

As well as this one, there is also a second equivalent definition of Teichmiiller space in-
volving representations of the fundamental group of the surface. It will be useful to be
able to switch between the two while proving Teichmiiller’s existence theorem. First we

need to state exactly what we mean by a representation.

Definition 7.4. A projective representation of m1(S,) in H? is a group homomorphism
p: m1(Sg) — PSL(2,R). Such a representation is called faithful if it is injective, and
discrete if its image is discrete in PSL(2,R).

We denote the space of discrete faithful representations by DF(7(Sy), PSL(2,R)). The
group PGL(2,R) acts on this space by conjugation as follows: given v € m(S5,) and
h € PGL(2,R), we define (h - p)(y) = hp(y)h~'. Then DF(m(S,), PSL(2,R))/PGL(2,R)
is the quotient by this action.[9], p. 269]
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Proposition 7.5. [9, p. 269] For g > 2, there is a natural bijective correspondence between
the quotient DF (m1(Sy), PSL(2,R))/PGL(2,R) and Teich(Sy).

Proof. (Sketch; see [9, pp. 269-270] for more detail.) Let [(X, ¢)] be a point in Teich(S,).
If X is the metric universal cover of X , then by the uniformisation theorem there is an
isometric identification X — H? since g > 2, and the group of deck transformations is
identified with a subgroup of PSL(2,R). Moreover, the group m1(X) acts isometrically
and properly discontinuously on X, and the marking ¢ identifies 71 (S,) with 71 (X) and
hence with the group of deck transformations of X. In this way we obtain a discrete
faithful representation p: m1(Sy) — PSL(2,R). Choosing the equivalence class of this p in
DF(m1(Sy), PSL(2,R))/PGL(2,R) completes the description of one direction of the desired

bijection.

To define an inverse, first take [p] € DF(71(Sy), PSL(2,R))/PGL(2,R). We claim that p is
a covering space action on H?, and so X := H?/p(m1(S,)) has fundamental group 7 (S,).
Then by classification of surfaces X is diffeomorphic to S,;. We obtain a particular marking
by considering the homomorphism p,: 71 (S;) — m1(X) induced by p, and then taking the

unique homotopy class of homotopy equivalences from S; to X that realises p,. O

One useful corollary of this proposition is that it allows us to define a topology on
Teich(Sy).[9, pp. 270-271] Giving 71(S,) the discrete topology and PSL(2,R) its standard
topology as a Lie group, we can give the set of homomorphisms Hom(m(5,), PSL(2,R))
the compact-open topology. We then give DF (71 (S,), PSL(2,R)) the subspace topology,
and in turn DF (7 (5,), PSL(2,R))/PGL(2, R) is endowed with the quotient topology. The
above bijective correspondence then induces a topology on Teich(Sy), which is known as

the algebraic toplogy.

7.2 Proof of Teichmiiller’s existence theorem

We now have all the tools we need to prove Teichmiiller’s existence theorem. Recall the

statement:

Theorem (Teichmiiller’s Existence Theorem). Let f: X — Y be a homeomorphism be-
tween closed Riemann surfaces of genus g > 2. Then there exists a Teichmailler mapping
h: X =Y homotopic to f.

The rest of the section shall be dedicated to proving this step by step, and follows the
method used in [9, pp. 330-336].

Define a norm on the vector space QD(X) of quadratic differentials on X by

|rq||=/ gl
X
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This norm induces a metric and hence also a topology on QD(X). Denote the open unit
ball with respect to this norm by QD1 (X). The first step of our proof shall be to define
an exponential map Q: QD;(X) — Teich(S,), whereby proof of the theorem shall amount

to proving surjectivity of this map.

Given g € QD (X), we define

Ll
= lal

Then we can construct a Teichmiiller map h: X — Y with initial differential ¢ and hori-

zontal stretch factor K for some Riemann surface Y as follows:

Let Z denote the set of zeros of ¢, and consider X’ = X \ Z. Note that X’ is still
a Riemann surface; we see this by observing that its complex structure arises via the
natural coordinates of ¢ restricted to X’. Denote the underlying topological surfaces of X

and X’ by S and S’, respectively. Composing each chart of X’ with the affine map

7
VK’

gives a new atlas on S’, yielding a new Riemann surface Y’. Now, by the removable

h(z +iy) = VEKx +

singularity theorem (defined in [I2] p. 5]), the complex structure Y’ on S’ extends uniquely
to a complex structure Y on S. Moreover, there is an induced homeomorphism h: X — Y
(and an induced quadratic differential on Y'), which by construction is a Teichmiiller
mapping with initial differential ¢ and horizontal stretch factor K. We can regard X as
a point X € Teich(S,) by identifying X with Sy, and then by regarding h as a marking
h:Sy; — Y we obtain a point Y = [(Y,h)] in Teich(S,). This construction defines a
function Q: QD (X) — Teich(Sy).

Suppose €2 is surjective; this means that for every Z = [(Z, f)] € Teich(S,) there exists
some ¢q € QD (X) such that Q(q) = Z, that is there is a Teichmiiller mapping h: X — Z
in the homotopy class of the homeomorphism f: X — Z (identifying X with S;). Hence

surjectivity of €2 is sufficient to prove Teichmiiller’s existence theorem.

In order to prove surjectivity, we must first show that 2 is continuous and proper.

Proposition 7.6. [9, p. 331] The map Q: QD,(X) — Teich(Sy) is continuous.

Proof. (Based on [9, p. 335].) Let X be a Riemann surface of genus g > 2, homeo-
morphically identified with S, so that X represents a point X € Teich(S,). We shall
show continuity of 2 by splitting it into = Q9 0 Q;, where Q;: QD;(X) — L*°(U) and
Qy: L(U) — Teich(Sy), with U being the upper half-plane; we then show 2y and Q5 are

continuous.

First we define ;. Let ¢ denote the coefficient of a quadratic differential in QD;(X). We
can think of X as a quotient U/m1(X) of the upper half-plane by conformal automorphisms
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as follows:

Let X 5> X be the universal cover of X. Then by the uniformisation theorem, X is
isomorphic to U since g > 2, and X is isomorphic to U/ Deck(f( % X). But the group of

deck transformations is isomorphic to m1(X), so X is isomorphic to U/m1(X).

Given some chart of X on which ¢ is defined, we can take analytic continuationsﬂ of
q to the whole of X and lift it to obtain a holomorphic function ¢ on U. Every deck
transformation g satisfies m o g = m, so ¢ is left unchanged by deck transformations, but g

changes coordinates z in U to g(z), hence ¢ must satisfy the change of coordinates formula

i) =0 (2) (7.)

so that ¢ = (g o g)(¢')? for each deck transformation g. Since every such g corresponds
to some [y] € m1(X), we can think of each deck transformation as an action of m1(X) on
U. In this sense, ¢: U — C is a m(X)-equivariant function. In fact, ¢ € L>(U), recalling
that ¢ was chosen to be the coefficient of a bounded holomorphic quadratic differential.

(The above construction of g is not explained in detail in [9].)

If we fix the covering map U — X and the fundamental domain in U, then we obtain a
well-defined map Q;: QD (X) — L*°(U) by defining

0,(0) =0

q(2)
14(2)]

We define € like this because we want Q1 (q) to behave like a Beltrami coefficient. Indeed,

2 (a)(=) = llgll

if ¢ #0.

q transforms by dz2, so ¢ and |g| transform by dz° and dzdz, respectively, and thus Q(q)

transforms by %.

Continuity of €1 follows by the 71 (X )-equivariance of each £ (¢): if we change ¢ € QD (X)
by a small amount in one chart, then it must obey the same change of coordinates formula

as given in (7.1), so the function €2 (q) also changes by a small amount.

We then define Q9 : L>°(U) — Teich(S,) by appealing to the measurable Riemann mapping
theorem. Let p € L°(U) and reflect over the real axis to give a new p € L*°(C). We can
assume ||4]|oo < 1 since for any ¢ € QD;(X) we will have |[|Q1(¢)||c = ||¢|| < 1. Then the
measurable Riemann mapping theorem gives a unique quasiconformal homeomorphism
f#: C — C which fixes 0,1, 00 and has complex dilatation y. It is also smooth wherever
p is and varies complex analytically with respect to pu. Consider X as a representation
p: m1(X) — Isom™ (H?) by identifying PSL(2, R) with the group Isom™ (H?) of orientation-

2If f; and f» are analytic functions on domains R; and Ra, respectively, such that Ry N Ry # 0 and
fi = fo on Ri1 N Ra, then f> is called an analytic continuation of fi to Rz and vice versa. Moreover, if it
exists, the analytic continuation of fi to Rs is unique.
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preserving isomorphisms of H2. Restricting f* to U, if we conjugate every element in the
image of p by f*, we obtain a new representation, which gives a new Riemann surface X’.
In particular, f# induces a homeomorphism X — X’ which is smooth almost everywhere.
We can then regard X’ as a point of Teich(S,) by identifying X with S;. This procedure
defines our €29, which is continuous because f* varies complex analytically with respect

to p.

We need now only check that Q9 0Q; = Q. Let ¢ € QD{(X) and write ¢ in polar form

as q(u) = re? for u € U. Then Q(q) € Teich(S,) is obtained from X by stretching by a

L+]lql|
1=]lqll
Q constructs. On the other hand,

factor of in direction —%9 at that point, by definition of the Teichmiiller map which

re~" 0
— _ —1
Ql(‘])(u)—HQHW—HQHG ;
so the f21(9) determined in the definition of Qy has complex dilatation pu = ||¢|le™* at
u, and therefore dilatation K = iHZH In section 2 we showed that le(‘I) can then be

described as a stretch by a factor of K in direction %argu = —%9. Therefore Q2 = Q5 0Q4,

as required. O

Proposition 7.7. [9, p. 331] The map Q: QD (X) — Teich(S,) is proper.
Proof. (Closely follows [9, pp. 331-332].) Define : Teich(S;) — R by

h: X =Y is a quasiconformal
k(Y) =inf< Kj : homeomorphism isotopic to

the change of marking

where ) € Teich(Sy) is represented by a marked Riemann surface Y. We claim that & is

continuous.

Indeed, given two nearby elements Y, )" of Teich(S,), we can represent them by nearby
elements of DF(m(S,), PSL(2,R))/PGL(2,R) due to the bijective correspondence de-
scribed earlier in this section. Then by taking )’ sufficiently close to ), we can find
a K-quasiconformal mapping between fundamental domains of these representations for
any K > 1, with K approaching 1 as ) approaches ). By definition of x()), there
exists a quasiconformal homeomorphism h: X — Y isotopic to the change of marking
with Kj, = k(Y) + € for € > 0 arbitrarily small. We can therefore find a K(x()) + ¢)-
quasiconformal homeomorphism X — Y isotopic to the change of marking by composing
these two quasiconformal mappings. Since € is arbitrarily small and K can be made ar-
bitrarily close to 1 by taking )’ close enough to Y, it follows that x()”) can be made
arbitrarily close to x()) by taking )’ close enough to Y.

Now let A C Teich(S,;) be compact and let ¢ € Q71(A4). By definition of €, there
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exists a Teichmiiller map h: X — Q(q) isotopic to the change of marking with dilatation

L+]q||
Ky = .
h = T=lq]]

X — Q(q) isotopic to the change of marking must have dilatation at least K}, as any such

By Teichmiiller’s uniqueness theorem, any quasiconformal homeomorphism

map is then homotopic to h. Since k is continuous, k|4 attains a maximum M > 0, so
M > K, = 2l Solving for llgll, we get ||q|| < %—Ii < 1, hence Q71(A) is contained

1=lqll*
in the closed ball of radius %—j& centred on the origin in QD;(X). Then, since Q71(A) is
closed (as € is continuous), Q7 1(A) is therefore compact, and hence (2 is proper. O

In summary, we have shown that Q: QD (X) — Teich(S,) is injective (by Teichmiiller’s
uniqueness theorem), proper and continuous. We also showed that QD(X) has real dimen-
sion at least 6g — 6, hence QD1 (X) does too, and so it contains a subspace homeomorphic
to R%9~6. Additionally, we know that Teich(S,) ~ R% 6. We can therefore regard (2 as a
map R%—6 — R%~6 by restricting as appropriate.

Now we can apply Brouwer’s invariance of domain theorem (expounded in [6]) to €2, which
states that any injective continuous map R™ — R” is an open map. Since 2 is also proper,

it is therefore a closed map too; indeed, suppose U C R976 is closed and Q(U) is not

closed. Then we can pick a point p € Q(U)\ Q(U). Take a compact ball around p and pull
back to a compact subset V of R%~6. By compactness we can choose a sequence §2(ay,)
convergent to p, and by compactness of V' there is a subsequence of a; convergent in V. In
fact, by continuity of  this subsequence is convergent to Q~!(p). But then Q7 1(p) € U

by closedness, so p € Q(U), contradicting our assumption.

Hence Q(R%~6) C R%~6 is both open and closed, hence is the whole of R%~6. Thus Q is

surjective, as required.

8 Applications

8.1 The Teichmailler metric

The most important and direct application of Teichmiiller’s theorem is in defining a
metric on Teichmiiller space. This then allows us to extend this theory to study mod-
uli space, tackle problems in dynamics and even foray into string theory and computer
graphics. [16][13]

Definition 8.1. [9 p. 337] Let X',Y € Teich(Sy) be points in Teichmiiller space repre-
sented by marked Riemann surfaces X and Y, respectively, and let f: X — Y be the
change of marking map. Let h: X — Y be the unique Teichmiiller mapping in the homo-
topy class of f given by Teichmiiller’s theorem. Then the Teichmiiller distance between X
and ) 1is

dreich (X, Y) = %bg(Kh)-
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Proposition 8.2. [9], p. 337] Teichmiiller distance defines a complete metric on Teich(Sy)

called the Teichmiiller metric.

Proof. (Elaboration of [9, pp. 337-338].) By definition dryeich (X, Y) = 0 if and only if there
is a Teichmiiller mapping h: X — Y with dilatation 1 homotopic to the change of marking.
The change of marking is therefore homotopic to a conformal map, hence X = ). Re-
call that the inverse of a K-quasiconformal homeomorphism is again a K-quasiconformal
homeomorphism, S0 dreich (X,)) = dreich (Y, X). It therefore only remains to prove the
triangle inequality. Let K and K5 be the dilatations of the Teichmiiller mappings defin-
ing dreien(X,Y) and dreich (Y, £). Then composing these Teichmiiller mappings gives a
K1 Ks-quasiconformal homeomorphism which is homotopic to the Teichmiller mapping
defining dpeicn (X, Z). Denote the dilatation of this Teichmiiller mapping by K. Then by

Teichmiiller’s uniqueness theorem, K < K7 Ks, so

1 1 1 1
§log(K) < §log(K1K2) = §log(K1) + §log(K2).

Now we show completeness. Let X € Teich(S,) be a point represented by a marked
Riemann surface X and recall the map Q: QD;(X) — Teich(Sy) we defined in the proof
of Teichmiiller’s existence theorem. By definition of this map, if ) € Teich(S,) is a
distance 1log(K) from X then ||Q71(Y)|| = % Furthermore, % is a continuous
increasing function for K > 1 bounded below by 0 (attained when K = 1) and above by 1
and 1log(K) is increasing, hence Q~! takes the closed ball in Teich(S,) of radius 3log(K)
centred on X to the closed ball in QD;(X) of radius g—j& centred on 0. Since % never
reaches 1, these balls are bounded and therefore compact. But Q7! is a homeomorphism,
so this means closed balls in Teich(S,) are compact. Hence (Teich(Sy), dreich) is a proper

metric space, thus it is complete. ]

8.2 Teichmiller lines

We will now describe how to construct Teichmiiller lines,[9, pp. 322-323] which turn out

to be in direct correspondence with geodesics in (Teich(Sy), dreich)-

Let X be a closed Riemann surface, ¢ a holomorphic quadratic differential on X and K > 1
a real number. Let X’ = X \ Z, where Z is the set of zeros of ¢, and let S and S’ be the
topological surfaces underlying X and X', respectively. Note that X’ is still a Riemann
surface, as we can define its complex structure by restricting ¢ to X’ and taking natural

coordinates. Now define f: C — C by

1
\/?y,

and compose this with the charts on X’ to give a new complex structure for S’, which

flx+iy) = VKz +i
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defines a new Riemann surface Y’. Then by the removable singularity theorem we can
extend this complex structure uniquely to the whole of S to give a Riemann surface Y.
The map f induces a Teichmiiller mapping X — Y with horizontal stretch factor K, and
therefore we obtain a point in Teich(S). By varying K from 0 to oo we obtain a set of
points in Teich(S) which we call a Teichmdiller line. In particular, K = 1 gives the point
X € Teich(S) represented by X.

If we then take the bijective correspondence between (0, 00) and R given by associating K
with %log(K ), we obtain an embedding R < Teich(.S), which is isometric by definition of
dreich- Teichmiiller lines are therefore bi-infinite geodesics with respect to the Teichmiiller

metric. In fact:

Theorem 8.3. [9, p. 339] Every geodesic in (Teich(Sy), dreich) for g > 2 is part of a

Teichmdller line.

Proof. (Based on [9, p. 339].) Let v be a geodesic connecting two points X', Z € Teich(S,)
represented by marked Riemann surfaces X, Z. That is, any point ) on ~ represented by
Y satisfies d(X,Y) +d(Y, 2) = d(X, 2), or

log(nyKyZ) = log(ny) + log(Kyz) = log(KXg),

where Kxy, Kyz, Kyz are the horizontal stretch factors of the Teichmiiller maps hxyy,
hyz, hxz homotopic to the changes of marking. Then KyyKyz = Kxz. Note that
hyz o hyy has dilatation KyzKyy, so it has the same dilatation as hyz. These maps
must therefore be equal by Teichmiiller’s uniqueness theorem, and in particular the initial
differential for hxy is the same as the one for hyz. Therefore the Teichmiiller line passing
through X and ) is the same as the one passing through & and Z. Hence we have shown
that any point on a geodesic connecting two points is on the Teichmiiller line through

those two points, as required. ]

Corollary 8.4. [9, p. 339] There is a unique Teichmiiller geodesic between any two points

of Teichmiiller space.

Proof. [9, p. 339] By Teichmiiller’s uniqueness theorem, there is a unique Teichmdiiller
line passing through any two points, hence the result follows directly from the previous

theorem. O

8.3 Teichmiiller discs and beyond

A Teichmiiller disc is then defined to be a closed 1-dimensional complex submanifold of

Teich(S,) isometric to the unit disc with the Poincaré metric.[4, p. 97] The factor of 1
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in the definition of the Teichmiiller metric was introduced specifically with this isometry
in mind. Given any pair of points in a Teichmiiller disc, the geodesic between them is
contained in the disc. The study of Teichmiiller discs and geodesic flows on them is an
important topic in dynamical systems, in particular the dynamics of rational billiards.

The interested reader might look to Zorich’s survey [2I] for more on this.

Another major application of Teichmiiller’s theorem is in providing a way of defining
and working with moduli space of Riemann surfaces, an object which is a fundamental
part of many areas of geometry and topology. The Nielsen—Thurston classification of
homeomorphisms of a compact orientable surface is a key theorem in this area. These

topics are discussed in detail in [9], §12-13].
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