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ON A RELATIONSHIP BETWEEN ADJOINT ORBITS
AND CONJUGACY CLASSES OF A LIE GROUP

BY
N. J. WILDBERGER

ABSTRACT. Let G be a Lie group with adjoint orbits §; and corre-
sponding conjugacy classes C; = exp 0;, i = 1, 2, 3. We show that if G
is nilpotent or compact, there is a neighbourhood U of 0 in g such that if
8; € U then 63 C 6; + 6, if and only if C3 C C,C,.

0. Introduction. Let G be a Lie group with Lie algebra g. Let U be a neighbour-
hood of 0 in g on which the exponential map is a diffeomorphism. Let O;, O», Oz be
adjoint orbits contained in U and let C; = exp(0;) be the corresponding conjugacy
classes. We are interested in the relationship between the sets Oy + O, and C;Cj;
specifically we conjecture that O3 C Oy + O, if and only if C3 € C1C; if U is chosen
appropriately.

We prove the conjecture in two cases. The first is when G is a nilpotent connected
simply connected Lie group and U = g. The second is when G is compact and
connected, where we prove the existence of some U with the conjectured property.

The techniques in these two cases are completely different. The first case is dealt
with by establishing certain formal power series identities in a free Lie algebra on a
set of two elements. The second case uses the Weyl functional equation for characters
and the Kirillov character formula for compact Lie groups.

The result of §2 establishes the following conjecture of R. Thompson [3] in a
special case.

Conjecture. If A and B are Hermitian matrices, then there will always exist unitary

matrices U and V such that
oiApiB — Hi(UAUT'+VBY ™)

Theorem 2.1, when applied to the case G = U (n), yields the validity of the conjecture

for all A, B in a certain neighbourhood of 0.

1. Let G be a nilpotent, connected, simply-connected Lie group with Lie algebra
g. The group G acts on g via the adjoint action Ad and the orbits of this action are
called adjoint orbits. If Oy, O, C g are two adjoint orbits, their sum

O1+Oz={X1+X2IX,' €0,i=1, 2}
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is G-invariant and therefore a union of adjoint orbits. The group G also acts on G
itself by conjugation and the orbits are conjugacy classes. If C;, C; C G are two
conjugacy classes, their product

CiC, ={gi1glgi €Ci, i =1, 2}
is G-invariant and therefore a union of conjugacy classes. The exponential map exp :

g — G is a diffeomorphism and commutes with the actions of G on g and G.

THEOREM 1.1. Let G be a nilpotent, connected, simply-connected Lie group. Let
01, Oy, O3 C g be adjoint orbits and let C; = exp(0;), i = 1, 2, 3, be the
corresponding conjugacy classes. Then O3 C Oy + O, if and only if C3 C C,C,.

Proor. For X, A € g, we will denote the element

2, adA)"(X
Ad(exp AYX) = S %)'()

n=0

by XA. Every element of the adjoint orbit through X is of this form for some A € g.
For X, Y € g, we will write X - Y for [X, Y]. The element

logexp X exp Y) =X +Y +3X Y +...
will be denoted by X * Y. This infinite series is given by the Baker-Campbell-
Hausdorff formula (see Jacobson [1]).

Theorem 1.1 is equivalent to the following two statements.
1) For every X, Y € g, JA, B € g such that

X xY=X"+Y%
2) For every X, Y € g, 3C, D € g such that
X+Y =X x YP.
These statements turn out to hold formally in any Lie algebra. To make this precise

we will prove 1) and 2) in the free Lie algebra on a set {X, Y} of two elements. We
recall some notation and basic facts about such a free Lie algebra, following Jacobson

[1].
Let F be a field of characteristic zero and set M = FX @ FY. Let
F=F-1&6MPMOIM)D...

be the free algebra on the set {X, Y}, graded by setting elements in M @ --- @ M (k
times) to have degree k. Let F; denote the associated Lie algebra and let L denote
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the Lie algebra of ¥; generated by X and Y. The elements a € FL are called Lie
elements of ¥, and FL is the free Lie algebra on the set {X, Y}.
Let ¥4, denote the subspace of 7L of elements homogeneous of degree k. Then

[e.¢)
FL =) Fi.
k=1
If A,...,A; are all either X or Y, the element

(..(A1-A2)-..) - A

is homogeneous of degree k and will be called a chain of length k. An induction using
the Jacobi identity shows that if a, b € FL are chains of length k and [ respectively,
then a - b is a linear combination of chains of length k + /. It follows that FZ; is the
span of all chains of length &, and that L is the span of all chains. Also we have

FLy - FL C Fly.

Now let FL denote the Lie algebra of formal power series. Thus a typical element
of FL is
o0
=3 a
k=1

a;, € FL. FL is a Lie algebra in the obvious way. Let 7L & be the subspace of
FL consisting of elements with no ¥£; component for k < i. For a € L D and
——(i+1)
, define

a FL
la| =27".

This makes FL into a topological algebra. Then a series
[e ]
2%
i=1

of elements x; € FL converges if and only if lim; . |x;] = 0, which of course is
exactly the condition one requires to be able to sum the series componentwise.
Now note that if A € 7L, the series

A‘(A~X)+

A— .
X'=X+A-X+ o

converges. Also note that
XxY=X+Y+1iX-Y+..

is an element of FL: in fact the Baker-Campbell- Hausdorff formula expresses X * Y
as a series of chains (see-Jacobson [1]).
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PrOPOSITION 1.2. There exist A, B € FL such that

1.1 X xY=X"+Y8
Proor. The argument is familiar and does not depend on the explicit form of X * Y

past the first few terms. Let A = 5 oo ax, B = > po; br with ay, by € FLy to be
determined. We will show that (x) allows us to determine the a;’s and b;’s inductively.

Suppose that a;, by have been determined for k = 1,..., m — 1. Rewrite (1.1) as
(A - (B -
(1.2) %X-Y+---:A-X+14—(2—'~)Q+---+B-Y+B;—(123}—D+...

and consider the component in FL,,;. The only @;’s and b;’s which occur in this
component are ones with k = m, and a,,, b, only occur in one term each, namely
A-X and B - Y. We thus get

a, - X + b, -Y = some element in FL,,,,,.

Now any element of FL,,;, can be written as a linear combination of chains of length
m+ 1 and so in the form
d-X+b-Y

where &, b’ are in FL,,. Thus seta, =d, b, =b'.
To begin the induction, note that after cancellation there are no terms in (1.1) of
degree 1 so that
a - X+b - Y = %XY
and thus @, =0, b, = %X. ]

Before proving formula 2), we must observe that the Baker-Campbell-Hausdorff
formula for X * Y allows its extension to FL. That is,

AxB=A+B+3A-B+...

is a convergent series for any A, B € FL.

PROPOSITION 1.3 There exist C, D € FL such that

(1.3) X+Y =X¢ x yYP.

Proor. The equation (1.3) can be expanded as

X+Y = (X+C.x+9'—(§"—'§+...)*(Y+D~Y+IL(;—'Y—)+...>

=X+Y +1X .Y +C-X+D Y +higher degree terms.
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As in the proof of the preceding proposition, the linear terms cancel and then the
homogeneous components of C and D may be computed inductively. ]

We remark that the elements A, B, C, D € FL obtained in the previous two
propositions are not unique. One way to see this is that the chains of length & are not
independent.

We can now complete the proof of the theorem by noting that for g nilpotent (and
F = R), all elements in L are finite sums so the elements A, B, C, D obtained in
Propositions 1.2 and 1.3 can be regarded as elements of g to prove statements 1) and
2). O

We remark that the difficulty in extending this line of reasoning to more general
Lie algebras is that we have no information about the convergence of the formal series
for A, B, C, D obtained above.

2. Propositions 1.2 and 1.3 suggest that an analogue of Theorem 1.1 should hold
for other Lie groups. In this section we consider the case that G is a compact connected
Lie group. Even for SU(2) it is clear that the analogue of Theorem 1.1 can not hold
globally (that is, for arbitrary adjoint orbits). Nevertheless, the following result shows
that it holds in a neighbourhood of 0.

THEOREM 2.1. Let G be a compact connected Lie group. Then there exists a
neighbourhood U of 0 in g such that if O), O,, O3 C U are adjoint orbits and
C; = exp(0)), i = 1, 2, 3, the corresponding conjugacy classes, then O3 C O + O,
if and only if C3 C C,C;.

Proor. We will use both a formula of Weyl on the functional equation satisfied by
characters and the Kirillov character formula. Let us recall these results.
Normalize the Haar measure dg on G so that

/dgzl.
G

Let C(G) denote the space of continuous functions on G.
For functions ¢, ¢, € C(G) define p; * ¢, by

Q1 * m(g)=/c e1(8)p2(8' " g)dg’.

Let G denote the set of (equivalence classes of) irreducible unitary representations
of G. For p € G, let X, denote its character. This is a smooth function on G given by

xo(g) =trp(g) Vg €G.

We may also consider x, as a distribution on G, that is, for ¢ € C(G),

Xo(p) = trp(p)

= / Xo(8)p(g)dg.
G
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Recall that a function ¢ € C(G) is called central if
) =Oxy~")  Vx,y€G.

The Weyl functional equation states that if ¢, ¢, € C(G) are central, p € G and
d, = x,(e), then

1
2.1 Xp(p1 * p2) = T X (L)X p(P2).
)

Actually this formula is perhaps more often found in a different but equivalent form,
namely, as

1
/ Xo(gxg " 'y)dg = T X)X (Y) Vx, y€G
G p

(see Weyl [5]).
Equation (2.1) may also be derived from the well-known equations (see Weil [4])

together with the fact that the characters x, form an orthonormal basis of the central
functions in L*(G, dg). To see this, write ¢ = Y_a,¥, and ¢, = Y_b,¥,. Then

ab, _
P * ¢2:Z—Z_pxiov
P

so that

af;;” = di,, Xo(@ )Xo (2)-

The Kirillov character formula gives an expression for x, as the Fourier transform of
the invariant measure on a certain co-adjoint orbit. Let g* be the linear dual of g. Then
G acts on g* by the co-adjoint representation and the orbits of this action are called
co-adjoint orbits. Choose a Lebesgue measure dX on g and define, for ¢ € C°(q),
its Fourier transform 1" on g* by

Xo(p1 * 2) =

W) = / P PdX V€ gt
[

Every co-adjoint orbit 2 has a G-invariant measure dy, unique up to a constant. The
Kirillov character formula states that there exists a neighbourhood Uy of 0 in g on
which the exponential map is a diffeomorphism and a non-zero, real function p defined
on U satisfying p(0) = 1 with the following property. For a function ¢ with support
in exp Uy, let ¢ denote its lift to Uy; that is,

PX) = plexp X) VX € U,.
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Then there exists a co-adjoint orbit , C g* such that for all ¢ € C°(exp Uy),
2.2) Xo(p) = / (@p~ Y (HHdu(f).
Q,

For a proof and additional discussion see Kirillov [2].

Introduce a G-invariant Euclidean structure on g so that any adjoint orbit will be
contained in a sphere centered at 0. Choose r > 0 so that the ball of radius » centered
at 0 is contained in Uy. Let U be the interior of the ball of radius r /2.

Let 11, v, be G-invariant, smooth functions on g with compact support contained
in U. Then

W3 =P * Py,

the (abelian) convolution of v; and 1), will also be G-invariant and will have compact
support in Uy. Let p € G. Then since pr du=d,,

@.3) [ vdu= [ wvidu
Q, Q,

1
=7 | widu [ i
p JQ, Q,

Now let ¢; € CX(exp U) be uniquely determined by the condition
@ip_l = i, i=1,2, 3.

Then Kirillov’s character formula (2.2) together with (2.3) shows that
1
Xp(p3) = 7 Xo(PDXp(p2)-
p

On the other hand, consider the group convolution of the two central functions ¢; and
902,
P =P * P2

Then (2.1) states that {
Xp(p) = 7 Xo(@1)Xp(P2)-
p

Thus ¢ and @3 are smooth functions on G satisfying
Xp(#) = Xp(p3)

for all irreducible unitary representations p. Since the characters form an orthogonal
basis of the central functions on G, we conclude that

¢ = ¢3.
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Now since 11, 1, were arbitrary, we may conclude that for arbitrary smooth central
functions ¢;, , of compact support in exp U,

P=(pip™") * (pop™"),

(p1 * 9P~
where the convolutions of the left and right sides of the equations occur on the group
G and the Lie algebra g respectively.

Now suppose that O;, O, are adjoint orbits in U and C; = exp (0;) the correspond-
ing conjugacy classes. Find ¢, ¢y € CZ(exp U) both central, real and non-negative
with support close to C;, C; respectively. Then the support of ¢, * ¢, will be close
to C;C,. On the other hand, v¥; = @;p~! will have support close to O; and ¥, * »
will have support close to O; + 0. It follows that

exp(0) + Oy) = C1(Cy,

which is equivalent to the theorem. a
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