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Problem



Aim of this work

(b, σ) : Rd → Rd ×Md continuous, b and ‖σσ>‖ 12 with linear growth.

X = x +

∫ ·
0

b(Xs)ds +

∫ ·
0
σ(Xs)dWs

(weak solution)

Necessary and sufficient conditions for the existence of a solution X ∈ D,
given x ∈ D a closed set, i.e. D is stochastically invariant.
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Litterature

2 General answer for “smooth coefficients” : Friedman [6], Doss [3],
Bardi and Goatin [4] and Bardi and Jensen [5] (2nd order normal cone).
Da Prato and Frankowska [1] and Buckdahn et al. [7] (first order normal
cone), Tappe [10] (jump diffusions).

2 Affine or polynomial models using specific treatments : Filipović
and Mayerhofer [5], Filipović and Larsson [4] (polynomial diffusions),
Cuchiero et al. [10] (affine processes on the cone of symmetric
semi-definite matrices), Spreij and Veerman [9] (affine diffusions).

⇒ We want a general answer using the first order normal cone covering
smooth and non-smooth coefficients (e.g. σ(x) =

√
x)

Replace σ ∈ C 1,1
b by σσ> ∈ C 1,1

loc
and use the first order normal cone.
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The regular case : σ ∈ C 1,1
loc

Da Prato and Frankowska [1]
and Buckdahn, Quincampoix, Rainer & Teichmann [7]



Characterization in the regular case
Thm : Assume that σ ∈ C 1,1

loc . D is stochastically invariant if and only if

σ(x)>u = 0 and 〈u, b(x)−1
2

d∑
j=1

Dσj(x)σj(x)〉 ≤ 0, ∀ x ∈ D and u ∈ N 1
D(x),

where N 1
D(x) :=

{
u ∈ Rd : 〈u, y − x〉 ≤ o(‖y − x‖),∀ y ∈ D

}
is the

first order normal cone at x .



Necessary condition in the regular case

Suffices to check that φ(X ) ≤ 0 for φ : y 7→ 〈u, y − x〉 − κ
2 ‖y − x‖2, for

some κ > 0.

a. Apply Itô’s Lemma and Girsanov theorem to get

0 ≥
∫ t

0
[Lφ(Xs) + n‖Dφ(Xs)σ(Xs)‖2]ds +

∫ t

0
Dφ(Xs)σ(Xs)dW n

s .

Take expectation under Pn, divide by t and t → 0 :

Dφ(x)σ(x) = 0 ⇔ σ(x)>u = 0.
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Necessary condition in the regular case

b. Apply Itô’s Lemma twice :

0 ≥
∫ t

0
Lφ(Xs)ds +

∫ t

0
Dφ(Xs)σ(Xs)dWs

=

∫ t

0
Lφ(Xs)ds +

∫ t

0

[
Dφ(x)σ(x) +

∫ s

0
L(Dφσ)(Xu)du

]
dWs

+

∫ t

0

∫ s

0
D(Dφσ)(Xu)σ(Xu)dWudWs



Necessary condition.
Use Cheridito, Soner & Touzi [8], Bruder [6], Buckdahn et al. [7] (d = 1
here). Since X is Hölder continuous and the functions are continuous :

0 ≥Lφ(x)t +

∫ t

0
[Lφ(Xs)− Lφ(x)]ds︸ ︷︷ ︸

o(t)

+

∫ t

0

∫ s

0
L(Dφσ)(Xu)dudWs︸ ︷︷ ︸

O(t
3
2−ε)

+ D(Dφσ)(x)σ(x)
W 2

t − t
2

+

∫ t

0

∫ s

0
[D(Dφσ)(Xu)σ(Xu)− D(Dφσ)(x)σ(x)]dWudWs︸ ︷︷ ︸

O(t1+η)

.

Divide by t and use that lim inft→0 W 2
t /t = 0 (d = 1 here) :

0 ≥Lφ(x)− 1
2
D(Dφσ)(x)σ(x) = 〈u, b(x)− 1

2
Dσ(x)σ(x)〉.



Necessary condition.
Use Cheridito, Soner & Touzi [8], Bruder [6], Buckdahn et al. [7] (d = 1
here). Since X is Hölder continuous and the functions are continuous :

0 ≥Lφ(x)t +

∫ t

0
[Lφ(Xs)− Lφ(x)]ds︸ ︷︷ ︸

o(t)

+

∫ t

0

∫ s

0
L(Dφσ)(Xu)dudWs︸ ︷︷ ︸

O(t
3
2−ε)

+ D(Dφσ)(x)σ(x)
W 2

t − t
2

+

∫ t

0

∫ s

0
[D(Dφσ)(Xu)σ(Xu)− D(Dφσ)(x)σ(x)]dWudWs︸ ︷︷ ︸

O(t1+η)

.

Divide by t and use that lim inft→0 W 2
t /t = 0 (d = 1 here) :

0 ≥Lφ(x)− 1
2
D(Dφσ)(x)σ(x) = 〈u, b(x)− 1

2
Dσ(x)σ(x)〉.



Exemple of irregular case : σ(x) =
√
|x |



The case σ(x) =
√
|x | and X ≥ 0

We consider

X = 0 +

∫ ·
0

a(b − Xs)ds +

∫ ·
0

√
|Xs |dWs .

Can not apply Itô’s Lemma to
√
|X |...

but can just take expectation to get

0 ≤ lim
t→0

1
t
E[

∫ t

0
a(b − Xs)ds] = ab,

that turns out to be necessary and sufficient....



The case σ(x) =
√
|x | and X ≥ 0

We consider

X = 0 +

∫ ·
0

a(b − Xs)ds +

∫ ·
0

√
|Xs |dWs .

Can not apply Itô’s Lemma to
√
|X |...

but can just take expectation to get

0 ≤ lim
t→0

1
t
E[

∫ t

0
a(b − Xs)ds] = ab,

that turns out to be necessary and sufficient....



The case σ(x) =
√
|x | and X ≥ 0

We consider

X = 0 +

∫ ·
0

a(b − Xs)ds +

∫ ·
0

√
|Xs |dWs .

Can not apply Itô’s Lemma to
√
|X |...

but can just take expectation to get

0 ≤ lim
t→0

1
t
E[

∫ t

0
a(b − Xs)ds] = ab,

that turns out to be necessary and sufficient....



Regular vs Irregular case

2 Regular case : want to keep the contribution of the diffusion part ⇒
“pathwise analysis”.

2 Irregular case : want to kill the contribution of the diffusion part ⇒
“analysis in expectation”.

Need to find a way to
kill the “irregular” directions and keep the “regular” ones.
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The general case
σσ> can be extended into a C 1,1

loc function C



A toy example
We consider

X = 0 +

∫ ·
0

b(Xs)ds +

∫ ·
0

(
σ1(Xs) 0

0
√

X 2
s

)
︸ ︷︷ ︸

σ(Xs)

dWs .

with D = D1 × R+.

Take x2 = 0. We want to kill the irregular part :

0 ≥EFW1
T

[∫ t

0
Lφ(Xs)ds +

∫ t

0
Dφ(Xs)σ(Xs)dWs

]
=

∫ t

0
EFW1

T
[Lφ(Xs)]ds +

∫ t

0
EFW1

T
[D1φ(Xs)σ1(Xs)]dW 1

s

and obtain (by the same arguments as before)

0 ≥Lφ(x)− 1
2
D1(D1φσ

1)(x)σ1(x) = 〈u, b(x)− 1
2
σ1(x)D1σ

1(x)〉.



A toy example
We consider

X = 0 +

∫ ·
0

b(Xs)ds +

∫ ·
0

(
σ1(Xs) 0

0
√

X 2
s

)
︸ ︷︷ ︸

σ(Xs)

dWs .

with D = D1 × R+.

Take x2 = 0. We want to kill the irregular part :

0 ≥EFW1
T

[∫ t

0
Lφ(Xs)ds +

∫ t

0
Dφ(Xs)σ(Xs)dWs

]
=

∫ t

0
EFW1

T
[Lφ(Xs)]ds +

∫ t

0
EFW1

T
[D1φ(Xs)σ1(Xs)]dW 1

s

and obtain (by the same arguments as before)

0 ≥Lφ(x)− 1
2
D1(D1φσ

1)(x)σ1(x) = 〈u, b(x)− 1
2
σ1(x)D1σ

1(x)〉.



A toy example
We consider

X = 0 +

∫ ·
0

b(Xs)ds +

∫ ·
0

(
σ1(Xs) 0

0
√

X 2
s

)
︸ ︷︷ ︸

σ(Xs)

dWs .

with D = D1 × R+.

Take x2 = 0. We want to kill the irregular part :

0 ≥EFW1
T

[∫ t

0
Lφ(Xs)ds +

∫ t

0
Dφ(Xs)σ(Xs)dWs

]
=

∫ t

0
EFW1

T
[Lφ(Xs)]ds +

∫ t

0
EFW1

T
[D1φ(Xs)σ1(Xs)]dW 1

s

and obtain (by the same arguments as before)

0 ≥Lφ(x)− 1
2
D1(D1φσ

1)(x)σ1(x) = 〈u, b(x)− 1
2
σ1(x)D1σ

1(x)〉.



The case of a regular spectral decomposition
Assume that σσ> can be extended into a C 1,1

loc function :

C = Qdiag [λ1, . . . , λr , 0, . . . , 0] Q>

with λ1(x) > λ2(x) > · · · > λr (x) > 0 and Q(x)Q(x)> = Id , r ≤ d .

Then, σ̄ : y 7→ Q̄(y)Λ̄(y)
1
2 is C 1,1(N(x)), in which Q̄ := [q1 · · · qr 0 · · · 0]

and Λ̄ = diag[λ1, ..., λr , 0, ..., 0].

Moreover,

0 ≥
∫ t

0
Lφ(Xs)ds +

∫ t

0
Dφ(Xs)(QΛ

1
2 Q>)(Xs)dWs

=

∫ t

0
Lφ(Xs)ds +

∫ t

0
Dφ(Xs)(QΛ

1
2 )(Xs)dW̄s

and take expectation given σ((W̄ 1
s , . . . , W̄ r

s ), s ≤ T ) to get as above

0 ≥ 〈u, b(x)− 1
2

d∑
j=1

DC j(x)(CC+)j(x)〉.
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The general case

Take Aε = Q(x)diag[1− ε, (1− ε)2, . . . , (1− ε)d ]Q(x)> so that

Cε(x) = Q(x)diag[(1− ε)λ1(x), (1− ε)2λ2(x), . . . , (1− ε)dλd(x)]Q(x)>

has distinct non-zero eigenvalues and one can apply the above to

Xε := AεX = Aεx +

∫ ·
0

bε(X ε
s )ds +

∫ ·
0

Cε(X ε
s )

1
2 dWs

with respect to Dε := AεD. Then, ε→ 0.

Thm : Assume that σσ> = C on D for some C ∈ C 1,1
loc . Then, D is

stochastically invariant if and only if{
C (x)u = 0
〈u, b(x)− 1

2

∑d
j=1 DC j(x)(CC+)j(x)〉 ≤ 0

for every x ∈ D and for all u ∈ N 1
D(x).
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Extension to jump diffusions by E. Abi Jaber [1]

For the diffusion with jumps

X = x+

∫ ·
0

b(Xs)ds+

∫ ·
0
σ(Xs)dWs+

∫ ·
0

∫
ρ(Xs−, z) (µ(ds, dz)− F (dz)ds) ,

the conditions become
x + ρ(x , z) ∈ D, for F -almost all z ,∫
|〈u, ρ(x , z)〉|F (dz) <∞,

σ(x)>u = 0,
〈u, b(x)−

∫
ρ(x , z)F (dz)− 1

2

∑d
j=1 DC j(x)(CC+)j(x)〉 ≤ 0,

for all x ∈ D and u ∈ ND(x)



An example
Polynomial diffusions on parabolic concave state space



Polynomial diffusions

Definition : X is a polynomial diffusion on D if :

(i) There exist b̄i , b̃i ∈ R, 0 ≤ i ≤ 2, and Ai ∈ S2, 1 ≤ i ≤ 5, such that
b : x 7→ b(x) := (b̄(x), b̃(x)) ∈ R2 and C : x 7→ C (x) ∈ S2 have the
following form :

b̄(x) = b̄0 + b̄1x̄ + b̄2x̃ ,
b̃(x) = b̃0 + b̃1x̄ + b̃2x̃ ,
C (x) = A0 + A1x̄ + A2x̃ + A3x̄2 + A4x̄ x̃ + A5x̃2,

for all x = (x̄ , x̃) ∈ D.
(ii) C (x) ∈ Sd

+, for all x ∈ D.
When Ai = 0 for all 3 ≤ i ≤ 5, we say that X is an affine diffusion.



Parabolic concave state space

We consider :
D = {(x̄ , x̃) ∈ R2, x̃ ≥ −x̄2}.

Our conditions are equivalent to C (x) = C11(x)

(
1 −2x̄
−2x̄ 4x̄2

)
,

〈u, b(x)〉 − 1{C11(x)6=0}
2(4x̄2+1)

[
2x̄∂u(C11 − C22)(x) + (1− 4x̄2)∂uC12(x)

]
≥ 0,

for all x̄ ∈ R, x = (x̄ ,−x̄2) and u = (2x̄ , 1)> ∈ −N 1
D(x).



Necessary and sufficient conditions

2 No affine solution unless it has no diffusion part or leaves on the
boundary !

2 For polynomial diffusions, D is invariant if and only if there exist
α, β ≥ 0 such that either one the following conditions holds :
(a)

C (x) =

(
α −2αx̄
−2αx̄ (4α + β)x̄2 + βx̃

)
, for all x = (x̄ , x̃) ∈ D,

(b) b̄2 = 0 and b̃2 < 2b̄1 and (b̃1 + 2b̄0)2 ≤ 4(−b̃2 + 2b̄1)(b̃0 + α)
or
b̃2 = 2b̄1, b̃1 = −2b̄0 and b̃0 ≥ −α.

.



Necessary and sufficient conditions

2 No affine solution unless it has no diffusion part or leaves on the
boundary !

2 For polynomial diffusions, D is invariant if and only if there exist
α, β ≥ 0 such that either one the following conditions holds :
(a)

C (x) =

(
α −2αx̄
−2αx̄ (4α + β)x̄2 + βx̃

)
, for all x = (x̄ , x̃) ∈ D,

(b) b̄2 = 0 and b̃2 < 2b̄1 and (b̃1 + 2b̄0)2 ≤ 4(−b̃2 + 2b̄1)(b̃0 + α)
or
b̃2 = 2b̄1, b̃1 = −2b̄0 and b̃0 ≥ −α.

.



References

Abi Jaber, E. (2016). Stochastic invariance of closed sets for jump-diffusions with non-Lipschitz

coefficients. arXiv preprint arXiv :1612.07647.

Aubin, J. P., & Doss, H. (2003). Characterization of stochastic viability of any nonsmooth set involving its

generalized contingent curvature. Stochastic analysis and applications, 21(5), 955-981.

Aubin, J. P., & Frankowska, H. (1990). Set-valued analysis. Birkhäuser, Boston, Basel, Berlin.

Bardi, M., & Goatin, P. (1999). Invariant sets for controlled degenerate diffusions : a viscosity solutions

approach. In Stochastic analysis, control, optimization and applications (pp. 191-208). Birkhäuser Boston.

Bardi, M., & Jensen, R. (2002). A geometric characterization of viable sets for controlled degenerate

diffusions. Set-Valued Analysis, 10(2-3), 129-141.

Bruder, B. (2005). Super-replication of European options with a derivative asset under constrained finite

variation strategies. Preprint HAL http ://hal. archivesouvertes. fr/hal-00012183/fr.

Buckdahn, R., Quincampoix, M., Rainer, C., & Teichmann, J. (2010). Another proof for the equivalence

between invariance of closed sets with respect to stochastic and deterministic systems. Bulletin des sciences
mathematiques, 134(2), 207-214.

Cheridito, P., Soner, H. M., & Touzi, N. (2005a). Small time path behavior of double stochastic integrals

and applications to stochastic control. The Annals of Applied Probability, 15(4), 2472-2495.

Cheridito, P., Soner, H. M., & Touzi, N. (2005b). The multi-dimensional super-replication problem under

gamma constraints. In Annales de l’IHP Analyse non linéaire (Vol. 22, No. 5, pp. 633-666).

Cuchiero, C., Filipović, D., Mayerhofer, E., & Teichmann, J. (2011). Affine processes on positive

semidefinite matrices. The Annals of Applied Probability, 21(2), 397-463.



Da Prato, G., & Frankowska, H. (2004). Invariance of stochastic control systems with deterministic

arguments. Journal of differential equations, 200(1), 18-52.

Da Prato, G., & Frankowska, H. (2007). Stochastic viability of convex sets. Journal of mathematical

analysis and applications, 333(1), 151-163.

Doss, H. (1977). Liens entre équations différentielles stochastiques et ordinaires. In Annales de l’IHP

Probabilités et statistiques (Vol. 13, No. 2, pp. 99-125).

Filipović, D., & Larsson, M. (2016). Polynomial diffusions and applications in finance. Finance and

Stochastics, to appear.

Filipović, D., & Mayerhofer, E. (2009). Affine diffusion processes : theory and applications. Advanced

Financial Modelling, 8, 125.

Friedman, A. (1976). Stochastic differential equations and applications (Vol. 2). Academic press.

Larsson, M., and Pulido, S. (2015). Polynomial diffusions on compact quadric sets. Stochastic Processes

and their Applications, to appear.

Mayerhofer, E., Pfaffel, O., & Stelzer, R. (2011). On strong solutions for positive definite jump diffusions.

Stochastic processes and their applications, 121(9), 2072-2086.

Spreij, P., & Veerman, E. (2012). Affine diffusions with non-canonical state space. Stochastic Analysis and

Applications, 30(4), 605-641.

Tappe, S. (2009). Stochastic invariance of closed, convex sets with respect to jump-diffusions. Preprint.


