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The time dependence of a particle’s motion is 
often not as interesting as the trajectory 
along the accelerator length “s”. 

The comoving Coordinate System 
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3 dimensional ODE of 2nd order can be changed to a 
6 dimensional ODE of 1st order:  

If the force does not depend on time, as in a typical beam line magnet, the 
energy is conserved so that one can reduce the dimension to 5. The 
equation of motion is then autonomous. 

Furthermore, the time dependence is often not as interesting as the 
trajectory along the accelerator length “s”.  Using “s” as the 
independent variable reduces the dimensions to 4.  The equation of 
motion is then no longer autonomous. 

The 4D Equation of Motion 
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Usually one prefers to compute the trajectory as a function of “s” along the 
accelerator even when the energy is not conserved, as when 
accelerating cavities are in the accelerator. 

Then the energy “E” and the time “t” at which a particle arrives at the cavities 
are important.  And the equations become 6 dimensional again: 

But:                     is an especially suitable variable, since it is a phase space 
vector so that its equation of motion comes from a Hamiltonian, or by 
variation principle from a Lagrangian. 

Hamiltonian motion 

Hamiltonian motion 

The new canonical coordinates are: 

The new Hamiltonian is: 

The 6D Equation of Motion 
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The equations of motion can be determined by one function: 

The force has a Hamiltonian Jacobi Matrix: 

A linear force: 

The Jacobi Matrix of a linear force: 

The general Jacobi Matrix : or 

Hamiltonian Matrices: 

Prove : 

Significance of Hamiltonian 
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The flow of a Hamiltonian equation of motion has a symplectic Jacobi Matrix 

The flow or transport map: 

A linear flow: 

The Jacobi Matrix of a linear flow: 

The general Jacobi Matrix : or 

The Symplectic Group SP(2N) : 

K = J is a solution.  Since this is a linear ODE ,  K = J is the unique solution.  

H  i Symplectic Flows 
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For every symplectic transport map there is a Hamilton function 

The flow or transport map: 

Force vector: 

Since then: 

There is a Hamilton function H with: 

If and only if: 

Symplectic Flows i H 
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  A phase space volume does not change when it is transported by 
Hamiltonian motion. 

  Phase space trajectories move on surfaces of constant energy 

The distance d of lines with equal energy 
is proportional to 

Phase space density in 2D 
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  A phase space volume does not change when it is transported by 
Hamiltonian motion. 

Volume = 

Hamiltonian Motion 

But Hamiltonian requires symplecticity, which is 
much more than just 

Lioville’s Theorem 
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The motion of particles can be represented by Generating Functions 

Each flow or transport map: 

With a Jacobi Matrix : or 

That is Symplectic: 

Can be represented by a Generating Function: 

6-dimensional motion needs only one function !  But to 
obtain the transport map this has to be inverted. 

Generating Functions 
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Generating Functions produce symplectic tranport maps 

(function concatenation) 

Jacobi matrix of concatenated functions: 

F i SP(2N) [for notes] 
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The map from a generating function is symplectic. 

F i SP(2N) [for notes] 
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Symplectic tranport maps have a Generating Functions  

For F1 to exist it is necessary and sufficient that  

Is J h l-1 symmetric ?  Yes since:  

SP(2N) i F [for notes] 
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SP(2N) i F [for notes] 
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Hamiltonian 

Symplectic transport map Generating Functions 

ODE 

Symplectic Representations 

[from notes] 
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  Determinant of the transfer matrix of linear motion is 1: 

  One function suffices to compute the total nonlinear transfer map: 

  Therefore Taylor Expansion coefficients of the transport map are related. 

  Computer codes can numerically approximate                   with exact 

        symplectic symmetry. 

  Liouville’s Theorem for phase space densities holds. 

Advantages of Symplecticity 
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For matrices with real coefficients: 
If there is an eigenvector and eigenvalue: 
then the complex conjugates are also eigenvector and eigenvalue: 

For symplectic matrices: 
If there are eigenvectors and eigenvalues:                       with 

then 

Therefore          is orthogonal to all eigenvectors with eigenvalues that are 
not          . Since it cannot be orthogonal to all eigenvectors, there is at least 
one eigenvector with eigenvalue 

Two dimensions:       is eigenvalue 
Then          and      are eigenvalues 

Four dimensions: 

Eigenvalues of a Symplectic Matrix 
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